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MECHANICS. 


LTMECHANICS  (M^^^ai'v)  is  that  science  which  treats 
the  laws  of  equilibrium  and  motion ;  and  as  it  re- 
lates to  solid  bodies,  it  is  divided  into  Statics  and 
DtXAMics;  the  former  regardinj^  the  theory  of  their 
equilibriutn,  and  the  latter  that  of  their  motion. 

Mechanics  also  will  strictly  embrace  the  equilibrium 
and  motion  of  fluids ;  in  which  sense  we  may  consider 
both  Hydrostatic  sand  Hydeodykamics  as  branches 
of  the  science.  But  the  applications  of  mechanical 
principles  to  solids  imd  to  fluids  are  so  evidently  distinct, 
and  each  of  them,  considered  separately,  of  such 
extreme  importance  to  human  hfe,  Jthat  we  shall  not 
hesitate  to  follow  the  usual  acceptation  of  the  term, 
BIfxhakics,  as  confined  to  the  motions  and  cquih- 
hrium  of  solid  bodies,  and  treat  of  Hydrostatics 
smd  HvDRODYKAMics  separately;  prefixing  to  this 
article  a  brief  historical  sketch  of  the  rise,  progress,  and 
present  state  of  the  science  In  its  application  to  solids ; 
and  to  tlie  treatise  on  Hydrostatics^  which  will  imme- 
iUatdy  succeed  it,  a  history  of  the  application  of 
nif^chanicLd  principles  to  the  equilibrium  and  motion 
f>f  fluids. 

^%  L     Hisiorkal    skrtch   of  the  rhe  and  progress    of 
Mechamcs,  as  relating  ta  solid  bodies* 

It  is  not  our  intention,  in  the  present  article,  to 
(enter  upon  the  history  of  practical  Mechanics,  but  to 
confine  ourselves  exclusively  to  the  theory  of  dve  sci- 
ence ;  we  shall  not  therefore  have  to  travel  into  those 
(lark  ages  in  which  historical  facts  and  fables  are  so 
ilended,  that  it  is  nearly  impossible  to  distinguish  the 
ae  from  the  other.  We  learn  at  once  from  the  writings 
Aristotle,  what  the  «tatc  of  mechanical  llieory  was 
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in  his  lime  :  for  we  find  him  maintaining  that  if  one  Medianics. 
body  have  ten  times  the  density  of  another,  it  will  move  ^-^^^^"^^ 
with  ten  times  the  velocity,  and  that  both  being  let  fall  Aristotle, 
from  the  same   height,  the  one  will  fall  through  ten  ^       *^'%(k 
times  the  space  that  the  other  will  in  the  same  time ; 
that  the  velocity  of  the  same  body^  in  different  mediums^ 
is  reciprocally  as  I  heir  densities  ;    and  other  equally 
absurd  and  inconsistent  notions  ;  and  the  difficnhy  which 
Galileo   experienced    in  eradicating  these  false  hypo- 
theses, is  a  proof  that  in  the  long  interval  between 
his  time  and  that  of  the  Stagirite,  no  theory  of  motion 
of  a  more  intelligible  and  satisfactory  description  had 
appeared;    although   the    doctrine   of  equilibrium  bad 
already  begun  to  assume  a  scientific  form  in  the  hands 
of  Archimedes  and  Pappus. 

In  the  writings  of  Archimedes  that  are  still  extant,  Archimcdci. 
we  find  the  earliest  attempt  to  reduce  the  laws  of  equi- 
librium to  order  and  consistency.  His  work  **De  JEqui-  ^'  ^* 
ponderantibus,"  first  unites  and  assimilates  them  with  the 
pure  principles  of  geometry.  With  this  view,  he  began 
by  considering  the  case  of  a  lever  or  balance,  supported 
on  a  fulcmm,  and  loaded  with  a  weight  at  each  extre- 
mity ;  and  assuming  it  as  an  ajtiom,  that  when  the  two 
arms  of  the  balance  are  equal,  the  two  weights  supposed 
in  equihbrio  are  also  necessarily  equal,  he  demonstrated 
that  if  one  of  the  arms  of  this  lever  be  augmented  in 
length,  the  weight  applied  to  it  in  order  to  preserve 
the  equilibrium,  must  be  reduced  in  the  same  ratio ;  and 
hence  he  concluded,  that  generally,  when  two  weights 
suspended  from  the  unequal  arms  of  a  lever,  are  In 
equilibrio,  these  weights  ought  to  be  reciprocally 
proportional  to  the  distance  of  their  respective  point* 
of  application  from  the  centre  of  motion.  Archimedep, 
having  also  observed,  that  each  of  the  two  weights 
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McHttmlff.  pr(Kluc€d  the  same  pressure  on  tlie  fulcrum  or  point  of 
support  Vk&  ihey  would  do  if  ihey  were  immediately 
applied  at  that  point,  proceeded  to  make  this  substitu- 
tion menially,  atjd  to  combine  the  sum  of  the  two  weights 
with  a  third ;  thus  atlninin^  the  same  conclusion  for  an 
assemblage  of  Uie  three  weights  ae  for  ihc  Hr»t  two  ;  and 
so  on  for  aiiy  greater  number*  Htnce  he  demanstraled, 
step  by  step,  that  there  exists  in  every  system  of  bodies, 
as  well  as  iu  every  single  body,  regarded  as  a  system^  a 
general  centre  of  eflbrt,  which  we  denominate  the  centre 
of  gravity.  He  then  applied  this  theory  to  certain 
examples,  and  determine  a  the  centres  of  gravity  in  the 
parallelogram,  the  triangle,  the  trapesuum,  the  area  of 
the  parabola,  &"C.  &c. 

Tiiis  deduction,  as  we  have  above  ol>served»  was  the 
first  step  towards  establishing  a  rational  theory  of 
Mechanics,  and  the  surprise  expressed  by  Ilicro  at 
the  famous  assertion  of  our  philosopher,  *'  Give  me 
a  place  to  stvind  on,  and  \  will  move  the  earthy*  shows 
at  once  the  novelty  of  the  doctrine,  and  the  wretched 
state  of  mechanical  knowlcdg^e  prior  to  this  discovery. 
To  the  same  author  has  also  been  attributed  the  theory 
of  the  inclined  plane,  the  pulley,  and  the  screw.  Much 
doubt,  however,  remains  upon  this  subject,  and  he  is 
too  rich  in  honours  to  render  it  desirable  to  increase 
them  by  any  of  uncertain  authority.  The  machines  which 
he  constructed  for  the  annoyance  of  the  Roman  army, 
during  the  siege  of  Syracuse,  astonish  even  our  present 
proficients  in  the  science ;  but  as  no  writings  descriptive 
of  them  have  come  down  to  us,  we  are  in  a  great 
measure  unacquainted  with  the  nature  of  their  powers ; 
while  much  of  what  is  invaluable  has  been  lost,  much 
may  have  been  exaggerated  by  succeeding  writers,  and 
little  of  scientific  detail  can  be  relied  upon  respecting 
them.  No  theory  of  Mechanics,  with  the  exception  of 
what  little  is  found  in  the  collections  of  Pappus,  and 
which  is  chiefly  a  repetition  of  the  doctrine  of  Archi- 
medes, appeared  from  the  time  of  the  latter  philosopher 
till  near  the  end  of  the  sixteenth  century ;  but  at  this 
period  (1577)  Stevrous,  a  Flemish  matiiematician  of  no 
considerable  notoriety,  succeeded  in  demonstrating  the 

A,D,1577,jg|^s  of  the  equilibrium  of  a  body  on  an  inchned  plane, 
without  the  intervention  of  the  lever.  He  also  iUustrated 
many  questions  in  statics,  and  determined  the  conditions 
of  equihbrium  between  several  forces  concurring  in  a 
common  point,  in  a  manner  equivalent  to  the  famous 
proposition  of  theparallelo<4Tam  offerees;  though  it  does 
not  appear  that  he  was  at  all  aware  of  its  consc^quences. 

<iiiIiko.  To  Galileo,  the  great  father  of  physical  science,  we 

-  .f^rt  are  indebted  for  the  next  important  step  in  the  theory 

A.T>Ao^i*  of  Mechanics ;  so  important  indeed,  that  he  maybe  re- 
garded as  having  laid  the  foundation  for  most  of  the  sub- 
sequent discoveries  in  this  branch  of  mathematics.  This 
author,  in  l*'i9'2,  composed  a  small  treatise  on  statics, 
vrhich  he  reduced  to  one  simple  principle ;  viz,  that  it  re- 
quires an  equal  power  to  raise  two  different  bodies  to 
heights  that  are  reciprocally  proportional  to  tiic  weights; 
%o  that  whatever  force  will  raise  a  body  of  two  poimds  to 
the  height  of  one  foot,  wdl  raise  a  body  of  one  pound  to 
the  height  of  two  feet ;  a  principle  which  has  since  b^en 
adopted  and  generalized  by  modem  mathematicians,  and 
denominated  the  principle  of  rirtiml  ttlucitie^.  From  this 
it  was  easy  to  conclude,  that  in  all  machines  in  equilibrio, 
the  powers  which  are  opposed  to  each  other,  are  reci- 
procally proportional  to  the  spaces  that  they  tend  to 
de&cribe  m  thj&  ftame  time.    The  only  qttodUoa  then  isy 
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to  determine  with  accuracy  their  spaces  from  a  due  1VI«« 
consideration  of  the  disposition  of  tiie  several  parts  ol 
a  machine ;  of  which  we  may  give  an  example  in  the 
simple  mechanical  power,  the  screw;  where  it  is  obvious^ 
that  while  the  weight  is  raised  only  to  a  distance  equal 
to  that  of  the  threads  of  the  scj-ew,  the  power  itself 
must  have  passed  through  the  entire  circumference  de- 
scribed by  the  extremity  of  the  lever  which  works  it ;  and 
consequently,  the  power  is  to  the  weight  as  the  distance 
of  the  threads  is  to  that  circumference. 

Lon^  after  this,  Descartes,  in  a  small  work,  entitled 
*'  Explication  des  Machines  et  Engius,**  employed  the 
same  principle  to  determine  the  equilibrium  in  all 
machines:  though,  with  a  narrowness  of  mind  dis- 
graceful to  a  promoter  of  science,  he  neglected  to 
ascribe  it  to  Gulileo,  to  whom  he  knew  that  we  ow*ed 
the  discovery  of  the  principle. 

This  is,  however,  but  a  small  part  of  the  obligation  Ad 
which  the  Florentine  philosopher  conferred  upon  the  me-  ^^^ 
chanical  sciences:  the  theory  of  variable  motion,  wholly 
unknown  to  the  ancients,  received  its  birth  at  his  hands. 
He  discovered  the  law  of  acceleration  of  bodies  fulling 
by  the  action  of  gravity,  either  vertically  or  down  in- 
clined planes,  and  thus  established  the  general  proper- 
ties of  uniformly  accelerated  motion.  The  conformity 
of  his  theory  with  the  actual  phenomena  of  bodies 
falling  near  the  surtace  of  the  earth,  cannot  but  be 
regarded  as  one  of  the  most  pleasing  results  ever  at- 
tained by  an  investigator ;  and  as  supplying  the  tirst 
link  in  that  chain  which  uhimately  conuLCted  the  laws 
of  falling  bodies  with  the  system  of  universal  gravitation. 

To  Galileo  we  owe  also  another  memorable  discovery,  Mew 
which,  though  not  precisely  of  the  same  kind,  has  its  time 
foundation  in  the  same  principles;  viz.  that  we  tnaymea-  P*^ 
sure  time  by  the  oscillations  of  a  pendulum ;  or,  in  oilier 
words,  by  the  number  of  vibrations  made  by  a  small  body 
attached  to  a  string  of  a  given  length.  The  foundation 
of  this  theory  is,  that  the  length  of  the  thread  of  stis. 
pension  is  reciprocally  proportional  to  the  square  of  th^ 
number  of  vibrations  made  in  a  given  time  ;  whence,  for 
example,  by  knowing  the  length  of  a  pendulum  which 
vibrates  seconds,  a  simple  proportion  will  show  what 
must  be  the  leng-tla  of  another  string  that  the  pendulum 
may  vibrate  once  in  any  other  given  time;  or,  the  length 
of  the  pendulum  being  given,  the  time  may  be  deter- 
mined. 

The  theory  of  projectiles  tn  a  vacuum  is,  again,  a  ProJ 
branch  of  mechanical  science  which  we  owe  to  the  in- 
ventive genius  of  Galileo.  When  a  body  is  projected 
into  void  space,  either  in  an  oblique  or  in  a  horizontal 
direction,  it  will  describe  a  curve,  that  depends  both  upon 
the  initial  velocity  of  projection,  and  upon  the  law  ot  ac- 
celeration which  a  body  would  observe,  in  its  fall,  from 
the  action  of  gravity  ;  and  as  the  latter  was  net  known 
till  tlie  discovery  of  it  by  Galileo,  it  follows,  a  fortittri^ 
that  the  real  path  of  the  projectile  was  also  unknown 
prior  to  the  time  of  this  distingtiistied  but  persecuted 
philosopher.  He  not  only  determined  the  true  nature 
of  the  curve,  showing  it  to  be  the  common  panibola, 
but  he  also  investigated  and  discovered  various  circum- 
stances relative  to  its  motion.  He  pointed  out  the 
method  of  ascertaining  the  impetus  for  any  range 
and  elevation ;  in  what  manner  the  range  was  to 
be  found  when  the  impetus  and  elevation  were  given; 
and  how  the  elevation  may  be  deduced  from  the  range 
and  impetus.    He  demonstrated  also  that  the  velocity 
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I  of  Uie  projeciik  in  any  point  of  the  curve,  is  eqnd  to 
tbai  wtitch  would  be  gnenemted  by  a  heavy  body  in  fblling 
tlvrous:h  one-fgunh  of  the  parameter  to  the  diameter 
at  Uiat  point;  and  that  the  g^reatest  rancr^,  the  impetus 
o?  velocity  being-  the  sarne^  is  when  the  an^le  of  elevation 
18  45*,  He  likewise  proved  that  the  rang^es  are  the  same 
for  all  angle*  equally  above  and  below  that  which  g-ives 
the  maximum.  His  enquiries  were  limited,  however^ 
in  all  these  cases,  to  the  horizontal  plane.  But 
Tomcelli,  the  excellent  pupil  of  Gahleo,  pursued  tkrs 
snb^i  to  a  greater  extent,  and  added  several  curious 
propositions  to  those  already  discovered  by  im  master, 
^M*  Huygena,  next  in  order  of  time,  and  equal,  perhaps, 
in  talent  to  Galiieo,  amongst  various  of  her  pursuits 
a!!  laself  particularly  to  the  theoi*y  and  practice 

«|  ^.     At  this  time  the  motion  of  bodies  fulling; 

>U  and  alonpf  inclined  planes  was  all  that  had  been 
einpted;  but  Hnyfi:ens  extended  kb  investigations  to 
•  subject  of  a  mvjch  more  diflieult  nature,  viz.  the 
motion  of  bodies  in  curves ;  and  first  demonstrated  that 
tbe  velocity  of  a  heavy  body,  wliich  descends  alono;  any 
cuTfc,  is  the  same  at  every  instant  in  the  direction  of  the 
tangent, as  would  have  been  acquired  had  the  body  fallen 
freely  from  a  height  equal  to  the  corresponding  vertical 
absciss.  Carrying  the  same  principle  to  the  inverted 
cycloid.  He  found  that  a  body  from  whatever  part  of 
the  cycloidul  arc  it  falls,  always  arrives  at  the  lowest 
part  of  that  arc  in  the  same  time.  This  singular  pro- 
perty of  the  rvcloid  is  wliat  is  commonly  understood 
by  lu  'n  :    a  discovery  which,  alone,  would 

have  b^  lent  to  elevate  its  author  to  the  highest 

reputation. 
^^.      But  we  are  indebted  to  him  for  various  other  im- 
^H^  portant  propositions,  of  which  wc  shall  have  occasion 
^H     to  speak  in  treattus^  of  the  d»>ctrine  of  central  forces  ; 
^H     and  shall,  therefore,  at  present  merely  refer  to  his  inves- 
^™     ligation  of  the  laws  of  percussion.     In  what  wc  have 
Slated  above,  the  bodies  w  hose  motion  have  been  con- 
tidered  were  perfectly  isolated;    and  nothing  as  yet 
had  been  attempted,  at  least  successfully,  relative  to 
Mp«v    th«  action  of  bodies  upon  each  other.     This  problem, 
™'      therefore,  next  presented  iL<5elf  to  the  contemplation  of 
'^       mfttbematicians ;  and  in   1661,  Huygens,  Wallis^  and 
U6Cl,^ir  C.  Wren,   each  succeeded,  separately    and    inde- 
pendently of  each  other,    in  establishing  the  correct 
luws  of  pcrcu*sion,  which  Descartes  had  previously  at- 
ttmpled  in  vain-     For,  bein^r  led  astray  by  his  meta- 
physical prbiciples,  which  induced  him  to  suppose  that 
there  was  always  the  same  absolute  quantity  of  motion 
in  tlie  universe,   he  concluded,  that  the  snm  of  the 
raotioos  was  the  same  both  before  and  after  impact; 
^wbieh  was  only  true  in  one  particular  case:  but  the 
itheraaticians  above  named  found  that,  in  the  mutual 
ntnuon  of  many  bodies,  it  was  simply  the  absolute 
Gon  of  the  centre  of  gravity  in  the  system  that  was  the 
r  that  when  the  bodies  are  elastic, 
.^  are  the  same  both  before  and  al^ter 

Thife  property  has  since  been  generalized,  and  con- 
"     *  a&  an   inherent   principle:  and  is  frequently 
,  of  under  the  appellation  of  the  conseriation  of 
*  f5entre  of  «rravity. 

T«ro  other  celebrated  problems,  both  more  difftcult 

4in  any  which  had  been  yet  investigated  relative  to  the 

rL|««(  fOQimunication  of  motion,  were  proposed  bv  Mersenne ; 

tbe  one  requiring  the  determinaiioa  of  what  we  now 


caO  the  centre  of  oscillation  in  compound  pi^ndulums^  Mccbiuiii«. 
and  the  other  to  find  the  centre  of  percussion  in  a  '^^'■s^-^ 
system  of  bodies  revolving  about  a  fixed  axis. 

In  the  first  of  these  problems,  we  may  suppose  C«?mro  if 
several  heavy  bodies  connected  together  at  invariable  '>'cill»tjuji. 
distances^  by  threads  considered  as  without  weight, 
and  oscillating'  about  a  horizontal  fixed  axis,  which  by 
counteracting  and  modifying  each  other's  motion,  w^ll 
not  vibrate  with  the  aame  velocity  as  if  each  of  them 
oscillated  separately ;  tlie  bodies  nearest  the  axis  will 
necessarily  lose  a  part  of  their  natural  motion,  and 
transmit  it  to  the  bodies  more  distant;  whence  results  a 
compensation  between  the  motions  lost  and  the  motions 
gained.  Now  in  whatever  manner  this  equilibrium  is 
established,  there  is  necessarily  in  the  system  a  point 
at  the  same  distance  from  the  axis  of  suspension,  to 
which  if  we  apply  a  small  body  or  indivisible  particle, 
by  a  thread  without  a  weight,  it  will  oscillate  in  the 
same  time  as  the  compound  pendulum;  and  the  ques- 
tion proposed  by  Mersenne  was  to  determine  the  length 
of  that  thread ;  which  was  no  other  tlian  to  find  th* 
centre  of  oscillation  of  a  compound  pendulum. 

The  second  problem,  viz.  the  determination  of  the  Ccnt/c  u( 
centre  of  percuss  ion  (although  it  appear,  generally,  to  be  P*-'"^""  "*<''** 
the  same  point),  is  of  a  different  kind;  the  characteristic 
property  of  this  centre  being  that  it  is  found  in  the  dircc* 
tion  of  the  resultant  of  all  the  motions  of  the  bodies  in  a 
system  winch  turns  about  a  fixed  axis,  and  occupying 
in  thiti  system  a  situation  analogous  to  that  of  tlie 
centre  of  gravity  in  a  heavy  body.  Consequently,  if 
the  motion  of  thi^  point  or  centre  be  counteracted  by  the 
intervention  of  a  permunent  obstacle,  the  whole  system 
is  reduced  to  a  slate  of  momentary  equilibrium ;  there- 
fore, although  the  centres  of  oscillation  and  percuseion 
may  be  in  the  same  point,  and  the  solution  of  both 
problems  depends  upon  the  same  mechanical  principles, 
the  application  of  these  principles  is  not  the  same  in 
both  cases,  but  is  much  more  direct  and  simple  in  tlie 
latter  than  in  the  former :  to  which  we  may  also  add 
that,  a  priori,  it  would  be  impossible  in  many  cases  to 
foresee  the  coincidence*  But  Descartes  and  Robervalg 
having  found  these  two  centres  to  be  the  same  m  jtomc 
citM\^,  and  finding  the  latter  problem  to  be  by  far  the 
most  simple,  considered  both  under  the  same  poiiU  of 
view*  In  a  few  instances  they  succeeded  in  obtain- 
ing correct  solutions,  but  in  many  others  their  results 
were  erroneous ;  for  their  methods,  founded  upon  in- 
accurate and  uncertain  suppositions,  were  precarious 
and  insufficient  for  the  general  solution, 

Huygens,  agtdn,  was  here  the  first  who  resolved  ia  a  CoascfvAiiii 
complete  and  general  manner  the  former,  and,  as  we  ^iriutuTlv** 
have  said  above,  the  most  difficult  and  important  of  ^"^'^ 
these  problems :  assuming  as  a  principle,  that  atler  the 
centre  of  gravity  of  a  compound  pendulum  has  de- 
scended to  its  lowest  point,  if  the  several  bodies  of 
which  it  is  composed  are  imagined  to  be  detached  front 
one  or  other,  and  that  each  re-ascends  separately  with 
the  velocity  acquired  in  their  descent;  the  centre  of 
gravity  of  the  sy«5tem  in  this  state  will  re-ascend  to  the 
same  point  as  if  the  connection  of  the  bodies  with  each 
other  still  subsisted. 

This  principle  was  much  objected  to  by  many  of  tlie 
mathematicians  of  that  time,  who  ver>*  severely 
criticised  the  solutions  founded  upon  it.  Indeed  it  must 
be  admitted,  that  as  the  foundation  (we  might  almost 
sav)  of  a  new  science,  it  was  too  general  to  be  acceded, 
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Mcdiftitks.  to  without  a  previous^  iiivestigaiioD.  At  that  period 
this  had  not  been  attempted;  bwt  it  has  since  received 
the  most  luminous  and  incontestiblc  demotistraticm;  and 
is,  in  the  present  day^  generally  admitted  and  adopted 
under  the  name  of  comcrvatio  i  irium  xhanmu  or  the 
principle  of  the  coti^cnution  of  Iking  Jones. 

We  have  already  had  occasion  to  mention,  that  the 
Mramof  celebrated  problem  of  the  composition  of  forced  was  in 
*'"^***  some  measure  discovered  and  resolved   by  Stcvinus, 

thouj^h  he  was  not  aware  of  the  importance  and  the  exten- 
sive application  of  the  principle  which  he  had  so  nearly 
developed.  Indeed,  witli  the  e\cepti£>n  of  the  slight  appli- 
cation which  Galileo  had  made  of  it,  in  the  determination 
of  the  path  of  a  projectile,  ihis  problem  remained  un- 
applied, till  V'ari^ion  brought  it  forward  again  in  some 
sketches  ^iven  in  1687,  in  his  **  Project  for  a  new  Sys- 
tem of  Mechanics  f  the  success  of  which  encourat^ed 
the  audio r  to  enter  into  a  farther  development  of  his 
ideas  :  and  the  result  appeared,  after  a  labour  of  thirty 
years,  in  his  "  Gener«d  Mechanics:"  a  work  not  pub* 
lished  till  17'2.5,  three  years  after  the  authors  death. 
In  both  these  publications,  the  author  rests  his  investi- 
gatiou  of  the  equilibrium  of  machines  upon  the  principle 
of  the  composition  of  forces;  which  k,  that  if  two 
forces,  the  directions  of  which  meet  in  the  same  pointy 
be  such  that  each  separately  would  make  a  body  pass 
in  the  same  time  over  the  sides  of  a  parallelogram  con- 
structed upon  their  direction,  their  joint  action  would 
cause  the  same  body  to  pass  over  the  diagonal  of  that 
parallelogram  also  in  the  same  time:  whence  it  follows, 
that  if  in  a  state  of  equiUbrium  we  may  represent  any  two 
forces  by  their  virtual  effects;  that  is  to  say,  by  the 
sides  of  a  parallelogram  which  are  proportional  to  these 
forces,  and  coinciding  with  their  direction^  their  resultant 
will  necessarily  be  denoted  and  exhibited,  both  in  mag- 
nitude and  direction,  by  the  diagonal  of  the  same ;  and, 
consequently,  if  we  oppoic  to  the  two  primitive  forces 
another  force  equal  in  magnitude  and  direction  to  that 
denoted  by  the  diagotial,  the  equilibrium  will  be  esta- 
blished. 

Notwithstanding  the  extreme  giinplieity  of  this  idea, 
it  is  difficult  to  demonstrate  in  a  precise  and  sfitisfactory 
manner  the  principle  which  it  involves.  Dissatisfied 
A. i>,  17*26.  with  whathaa  hitherto  been  given  as  a  demonstration  of 
this  proposition,  which  blended  into  one  poiut  of  view 
the  composition  of  motion  with  that  of  the  composition 
of  forces,  or  as  it  is  now  more  commonly  expressed,  the 
paraUeiogram  &f  forces^  Daniel  Bernoulli  undertook 
the  investigation  of  the  latter,  entirely  independent  of 
any  consideration  of  motion.  And  many  other  mathe- 
maticians,  among  whom  are  D'Alembert  and  Laplace, 
have  demonstrated  this  same  proposition  by  dillerent 
methods.  As  the  principle  ought  to  be  established  before 
any  fardier  advances  can  be  made  in  Mechanics;  and  as 
we  can,  in  fact^  refer  to  no  elementary  treatise  that  exhi- 
bits it  with  the  conciseness  and  the  perspicuity  with 
which  it  is  desirable  that  it  should  be  treated,  we  have 
in  this  article  endeavoured  to  furnish  an  illustration  of 
this  difficult  subject,  on  principles  which  we  trust  will  be 
found  to  possess,  in  a  certain  degree,  both  the  above 
fh&racteristics. 

To  return  again  to  the  subject  of  variable  motion, 
which  involves  the  most  interesting  and  delicate  consi- 
derations of  any  of  the  branches  of  mechanical  science ; 
we  may  remark,  tliat  notwithstanding  the  important  dis- 
ioveries  o^  Galileo  and  Huygens^  little,  comparatively 
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speaking,  had  yet  been  achieved  witli  regard  to  the  Uixhm 
general  theory.  Galileo  had  discovered,  as  we  have  ^ 
stated »  the  properties  of  rectilinear  motion  uniformly 
accelerated;  and  Huygens  had  extended  his  investrga- 
tioii*  to  curvilinear  motion,  which  finally  led  to  hm 
iliQOvy  o(  cent  rut  funn  in  a  circle,  equally  applicable  to 
motion  in  any  curve,  by  considering  it  as  a  series  of  infi- 
nitely small  arcs  of  circles. 

The  laws  of  the  communication  of  motion  suggested  Flux  ion*"' 
by  Descartes,  and  followed  out  and  improved  hy.Huy-*'«Pi»^'«^^^5<' 
gens,  Walhs,  and  Wren,  tended  farther  to  the  advance- '^^''*^^^^^"*^' 
ment  of  the  science,  by  the  solution  that  Huvgens  hdd  a. D.  1704 
given  of  the  problems  of  the  centres  of  percussion  and 
oscillation.    These  discoveries  being  combined  at  length 
into  a  few  general  form u lee  by  means  of  the  subsequent 
investigation  of  the  fluxional  or  differential  calculus,  the 
science  of  Mechanics  acquired  a  new  degree  of  vigour, 
and    was  pursued    with  almost  unbounded    succesg. 
The  phtenomena  of  motion  w^erc  reduced  to  two  classes; 
containing   the  general  problems  of  the  motion  of  a 
single  isolated  body  acted  upon  by  any  given  force,  and 
in  any  given  direction;  and  the  motion  which  resulti^ 
from  the  action  and  re-action  that  several  bodies  exert 
upon  each  other,  according  to  any  proposed  law. 

In  i&olated  motion,  it  was  obvious  to  remark,  that 
matter  being  of  itself  indifferent  either  to  motion  or  to 
rest^  a  body  once  put  in  motion  would  continue  to  move 
uniformly;  and  its  velocity  would  suffer  neither  increase 
nor  diminution,  except  by  the  instantaneous  action  of 
some  constant  or  variable  force:  and  hence  resulted  the 
two  principles,  viz.  1st,  the  force  of  inertia,  and  2ndly, 
compound  motion,  upon  which  depends  the  entire 
theory  of  rectilinear  and  cunilinear  motions,  both  con- 
stant and  varying  according  to  any  given  law.  In  eon- 
sequence  of  the  fore^  of  inertia,  the  morion  at  each  in- 
stant is  essentially  rectilinear  and  uniform  ;  abstraction 
being  made  of  resistance  and  of  every  obstacle;  and  by 
the  nature  of  compound  motion,  a  body  submitted  to 
the  action  of  any  number  of  forces  which  tend  at  the 
same  time  to  change  the  quantity  and  direction  of  its 
motion,  will  take  such  a  direction  in  space  that  at  the 
last  instant  it  will  arrive  at  the  very  place,  which  it 
would  have  reached,  if  it  had  yielded  successively  to 
each  of  the  proposed  forces* 

In  opplyiug  the  former  of  these  principles  to  recti- 
linear motion  uniformly  accelerated,  we  see,  first,  that 
in  this  kind  of  motion  the  velocity  increasing  by  equal 
degrees,  or  being  proporlioiuile  to  the  time^  the  accele- 
rating force  must  be  constant,  and  consequently  the 
final  velocity  will  be  as  the  product  of  the  accelerat- 
ing force  into  the  time;  and  secondly,  that  each  ele- 
mentary space  passed  over,  being  as  the  product  of 
the  corresponding  velocity  by  the  element  of  the  time, 
the  total  space  run  over  is  as  tlie  square  of  the  time. 

Now  these  same  two  principles  equally  obtain  for  each 
element  of  any  variable  mouon:  for  nothing  need  prevent 
our  supposing  generally,  that  the  motion,  although  vari- 
able from  one  instant  to  auotlier,  is  constant  during 
each  instant,  or  only  receives  its  variations  at  the 
commencement  of  each  clement  of  time*  Thus  in  every 
rectilinear  motion,  variable  according  to  any  law,  the 
increment  of  the  velocity  is  as  the  product  of  the  accele- 
rating fon^e  into  the  element  of  the  time;  and  the  second 
fluxion  or  differential  is  as  the  product  of  the  accelerat- 
ing force  by  the  square  of  the  element  of  the  lime. 
if,  now,  with  ihia  principle  we  combine  that  of  the 
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Wiffaalri  composition,  of  motion,  we  shall  arrive  at  a  knowledge 
^^»^"^^  of  every  species  of  curvilinear  motion.  In  feet,  what- 
ever may  be  the  forces  applied  to  a  body  which  describes 
any  curve,  we  may  at  each  instant  reduce  all  these 
forces  into  two  only,  the  one  tangential,  and  t)ie  other 
perpendicular  to  the  element  of  the  curve.  To  the  first 
of  these,  which  is  essentially  rectilinear  for  every  instant, 
we  may  apply  the  principle  of  the  force  of  inertia ;  and 
to  the  second,  which  is  expressed  by  the  square  of  the 
actual  velocity  of  tlie  body,  divided  by  the  radius  of  the 
osculatory  circle,  the  theory  of  central  forces  in  a  circle; 
which  revert  again  to  the  same  principle,  t.  r.  the 
motion  m  the  direction  of  the  radius  of  the  osculatory 
circle. 
rvtxL.  Newton  did  not  write  fully  upon    the  doctrine  of 

Mechanics,  considering  it  as  a  distinct  topic :  yet  he 
laid  down  its  first  principles,  as  well  as  investigated  several 
interesting  mechanical  problems,  "which  naturally  fell  in 
his  way,  when  estabhshing  the  nature  and  investigating 
™^P^*-  the  truths  of  general  physics,  in  his  **  Principia,"  pub- 
D.1687.  lished  in  1687.  Newton  also  exhibited  three  celebrated 
axioms,  or  laws  of  motion;  which  now  find  their  way, 
either  explicitly  or  implicitely,  into  every  treatise  of 
Mechanics.    They  are  these : 

1.  Every  body  continues  in  its  state,  whether  it  be 
of  rest,  or  of  uniform  motion  in  a  right  line ;  unless  it 
be  compelled  to  change  that  state  by  extraneous 
forces. 

2.  The  alteration  of  motion  is  always  proportional  to 
the  motive  force  impressed,  and  is  in  the  direction  of  the 
right  line  in  which  that  force  acts. 

3.  To  every  action  there  is  always  opposed  an  equal 
and  opposite  re-action. 

The  mechanical  and  other  momentous  verities 
developed  in  the  Principia,  were  there  given  syntheti- 
cally.   Herman  also  proceeded  after  the  synthetical 

LD.I716.  manner  in  his  "  Phoronomia,*  a  valuable  work,  though 
containing  but  few  discoveries,  published  in  1716. 

Uer.  Euler,  in  his  Mechanics,  employs  the   same  prin- 

n-KSe.  *^^P^*  ^^'  putting  his  problems  into  equations ;  but  he 
''  follows  throughout  the  analytical  mode  of  investiga- 
tion ;  which,  by  reducing  all  the  branches  of  this  doctrine 
to  uniformity,  greatly  facilitates  the  connection  of  the 
different  parts  with  each  other.  This  work  was  pub- 
lished in  1736. 

Butalthough  the  method  hitherto  adopted  of  laying  the 
foundation  of  t&e  calculus  was  convenient,  it  was  not  the 
most  perspicuous  tb&t  might  have  been  used.  It  is  obvious, 
that  mstead  of  the  processes  employed  by  most  of  the 
foregoing  philosophers,  the  forces  and  motions  at  every 
instant  may  be  resolved  into  other  forces  and  motions 
parallel  to  fixed  lines,  having  determined  positions  in 
space.  In  which  case  it  is  only  necessary  to  apply  to 
these  motions  and  forces  the  equations  that  involve  the 
principle  of  the  force  of  inertia,  or,  as  it  is  commonly 
termed,  the  vis  inertia^  and  there  will  then  be  no  longer 
any  occasion  to  have  recourse  to  the  theorem  of 
Huygens. 

!ar!anrin.        Maclaurin,  in  his  "  Treatise  on  Fluxions,**  first  sug- 

.D.I742.  gested  this  happy  idea,  which  threw  a  new  light  on  the 
entire  theory  of  Mechanics.  But  unfortunately  this 
simple  principle  has  been  neglected  by  later  English 
authors,  and  much  of  what  our  mathematicians  at 
present  know  and  practice  of  this  method,  we  owe 
chiefly  to  the  re-importation  of  it  through  the 
aiedium  of  modem  French  works ;  and  many^  perhaps. 
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who  are  admiring  the  facility  which  is  thus  thrown  into  Mechanics, 
mechanical  investigations  of  the  greatest  difficultv,  are  ' 
unconscious  that  this  thought  had  its  origin  in  our  owh 
land.  The  same  fate  has  attended  several  other  bril- 
liant discoveries  in  the  mathematical  sciences.  The 
doctrine  of  increments,  due  to  Dr.  Brooke  Taylor ;  the^ 
limitation  in  the  irregularities  of  the  orbits  of  the  planets, 
suggested  by  Simpson;  various  important,  analytical 
deductions  discovered  by  Dr.. Waring,  and  afterwards 
re-modelled  into  the  form  of  the  calculus  of  derivations ; 
and  many  curious  properties  of  rotatory  motion  of  bodies 
about  fixed  axes,  resulting  from  the  profound  investiga- 
tions of  Landen :  are  a  few  of  the  many  instances  that 
might  be  enumerated  of  the  unpardonable  neglect  on  the 
part  of  modern  English  mathematicians,  in  yielding  to 
foreign  authors  the  honour  of  discoveries  which  ar^ 
legitimately  due  to  ourselves ;  and  which,  for  the  sake 
of  the  scientific  character  of  England,  and  in  pure  justice 
to  the  memory  of  these  distinguished  philosophers,  it  ik 
our  duty  to  assert  and  to  defend.  In  stating  this,  how- 
ever, we  by  no  means  wish  to  detract  from  the  well- 
earned  fame  of  the  French  mathematicians;  we  only 
regret  that  none  of  our  countrymen  should  have 
been  found  to  pursue  the  ideas  thus  suggested  by 
Englishmen;  and  that  the  fruit  should  not  have 
been  matured  in  the  same  soil  where  the  seed  was  first 
sown. 

Returning  from  this  digression,  and  referring  still  to 
the  method  of  resolution  proposed  by  Maclaurin;  it  is 
obvious,  that  when  the  body  moves  constantly  in  one 
plane,  two  fixed  axes  only  will  be  necessary ;  and  these 
for  the  sake  of  simplicity  we  may  suppose  at  right 
angles  to  each  other:  but  if  by  the  nature  of  the  foraei^ 
the  path  of  the  body  be  continually  changing,  so  as  t6 
describe  a  curve  of  double  cur\'ature,  three  axes  must 
be  employed  perpendicular  to  each  other,  or  forming  th6 
edges  of  a  right  angled  parallelopipedon.  This  method 
of  reducing  a  problem  into  equations  is  now  commonly, 
adopted  by  for^eign  mathematicians ;  and  the  generally 
which  is  thus  given  to  mechanical  investigations  has 
been  the  means  of  obtaining  the  solution  of  numerous 
difficult  questions  which  would  in  all  probability  have 
resisted  every  other  mode  of  research. 

Soon  after  Huyerens  first  fi:ave  his  solution  of  the  James 
problem  of  the  centre  of  oscillation,  to  which  we  have  '*c™o'»"' ' 
above  referred,  his  principle  was  objected  to  by  many  a.  d.  1686. 
mathematicians;  but  it  was  defended  by  James  Ber- 
noulli, in  the  Leipsic  acts  for  1686,  who  there  undertook 
to  give  a  direct  demonstration  of  it  by  means  of  the 
lever.  He  began  by  considering  only  two  weights 
attached  to  an  inflexible  rod  void  of  gravity,  which 
was  supposed  to  be  put  in  motion  on  a  horizontal  fixed 
axis.  Observing  then  that  the  velocity  of  the  weight, 
nearest  to  the  axis  of  rotation,  must  necessarily  be  less, 
and  that  of  the  other  greater,  than  if  each  acted  on  the 
rod  separately,  he  came  to  this  conclusion  ;  that  thia 
force  lost  and  the  force  gained  balance  each  other» 
and  that  consequently  the  product  of  the  quantity  of 
matter  in  the  one  into  the  velocity  lost,  and  that  of  the 
other  into  the  velocity  gained,  must  be  inversely  propor- 
tional to  the  arms  of  the  lever.  This  reasoning,  though 
accurate  in  the  main,  involved  a  defect  which  was'  first 
pointed  out  by  de  l*Hopital,  viz.  that  James  Bernoulli  THopital. 
be^an  by  considering  the  velocities  of  the  two  bodies  as 
fimte;  instead  of  which  he  ought  only  to  have  considered 
Uie  elementary  velocities^  and  have  compared  them  with 
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^fcHitnJcf.  tl^'  similar  vefooifies  proilnrcJ  every  instant  by  the 
^  action  of  graviUlion,     I'ljc  latter  author,  adopting  this 
method »  wilhonl  departing:  in  any  other  respect  from 
BeruouUi's   principle,  arrivt-d  at  the    same  conclusion 
ior  tivo  bodit's ;  and  in  order  tlience  to  proceed  to  a  third 
he  united  ihc  two  fornuT  at  their  centre  of  oscillation, 
and  again  proeeedtd  as  with  two  weights,  which  he  af- 
terwards coniVnned  in  tlic  same  manner,  and  so  on.  This 
induced  Bernoulli  to  revive  his  former  solution,  in  order 
to  extend  it  ^euemlly  to  any  number  of  bodies ;  a  pro- 
blem w  hieli  he  hnally  accomplished,  by  resolving'  the 
motion  of  each  body  at  every  instant  into  two  other 
motions;  the  one,  that  which  the  body  actually  takes, 
and  the  other  that  which  is  destroyed;  and  thus  forming 
equations  which  expre-ss  the  condition  of  equdibniim 
between  the  motions  lost :  by  thej^e  means  the  problem 
is  broug;ht  within  the  ranu^  of    the  ordinary  laws  of 
statics.     The  author  apphcd  the  same  prmciple  to  se- 
veral examples,  and  demo  nitrated  strictly,  and  in  the 
jnost  evident  manner,  tlic  proposition  which   Huygcns 
employed  as  the  basis  of  bis  solution,  and  which,  since 
that  time,  has  been  commonly  denominated  lUtiprinnpU 
CitfiSciTatio  liritnn  Wva/ww,  t\  e.  fhcionncrraiion  of  in i tig 
forcex  ;  which  may  be  expressed  shortly  in  the  following' 
terms  :  **  In  the  motion  of  tmy  system  of  bodies,  the 
sum  of  the  products  of  the  masses  by  the  squares  of  the 
velocities  at  every  instant   is    the  same,   whether  the 
bodies  have  descended  conjointly  rn  any  manner  whut- 
cver,  or  have  each  descenaed  freely  through  the  same 
vertical  heights^**     And  as  Bernoulli,  after  the  example 
of  Leibnitz,  had  assumed  the  mass  into  the  square  of  ihe 
velocity,   as  the  measure  of  a  force,  we   see,    in  the 
above,  the  derivation  and  origin  of  the  denomination 
**  conservatio  virium  vivanim " given  to  tlus  principle; 
^ough  it  is  not  strictly  correct  with  reference  to  the  mea- 
sure of  force  now  generally  adopted.      The  propriety  of 
the  expression  however  is  of  but  Uttle  imporfimce ;  while 
the  principle  which  it  involves  is  of  great  utility,  as  it 
affords  us  the  means  of  immediately  forming  an  equation 
between  the  velocities  of  the  bodies  and  the  variable 
quantities  which  determine  their  position  in  space;  so 
that  when,  by  the  nature  of  the  problem,  these  variable 
quantities  arc  reduced  to  one,  this  equation,  is  alone 
uufficientfor  its  solution. 

Besides  the  principle  of  the  conservation  t>f  the  vis 
nVd,  other  general  properties  or  principles  have  been 
proposed,  both  prior  and  subsequently  to  this,  the 
origin  of  some  of  which  we  have  had  occasion  to  no- 
tice in  our  preceding  remarks;  vij,  the  principle  of 
virtual  velocities  ;  die  conservation  of  the  motion  of  the 
centre  of  gravity;  the  conservaUou  of  equal  areas;  and 
the  principle  of  least  action. 

The  former,  ».  c.  the  principle  of  virtual  velocilic!^, 
we  have  already  alluded  to,  in  speaking  of  the  dis- 
coveries of  Galileo;  but  it  was  not  treated  by  that 
author  in  all  the  gencralily  which  it  has  since  at- 
t&ined.  According  to  the  preuent  signification  of  this 
expression,  it  asserts,  that  **  If  a  system,  composed  of 
any  number  of  bodies  or  points,  which  arc  drawn  in  any 
direction,  by  any  forces,  be  in  equilibrium  ;  and  a  small 
motion  be  given  to  the  system,  by  virtue  of  which  every 
point  describes  an  infinitely  small  space,  which  will  ex- 
press its  virtual  velocity ;  then  the  sum  of  the  forces, 
inu]ti[died  each  by  tlie  space  described  by  the  point  to 
which  it  is  applied,  in  the  direction  of  tlie  force,  wUl  be 
equad  to  zero ;  estimating  as  positt^-e  the  small  spaces 
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described  in  the  direction  of  the  forces :  and  as  negative ,  Bli 
those  described  in  a  contrary  direction.' 

When  the  forces  on  a  point  or  a  body,  or  a  system  of 
bodies,  are  not  so  proportioned  as  to  maintain  the  sys- 
tem in  equilibrio,  motion  necessarily  takes  place;  and 
the  laws  of  tl»is  motion  may  be  deduced  by  extending 
the  principles  which  are  employed  in  the  investigation 
of  the  state  of  equilibrium.  This  is  the  method  pur- 
sued by  l^agrange^  in  his  **  Mecanique  Analytique," 
and  subsequently  by  Laplace.  Lagrange,  with  the 
principle  of  virtual  velocities,  combines  what  is  com- 
inonlv  called  the  piiuciple  of  D'Alemb€*rt,  which  is  ex- 
tremely simple,  and  may  indeed  be  considered  as  an 
axiom ;  or  we  would  ratlier  say,  a  practical  modification 
of  Newton  5  3d  law. 

It  is  this :  •*  If  several  bodies  have  a  tendency  to  D'Alci 
motion,  with  velocities  and  in  directions  which  the^  are  **^^* 
constrained  to  change,  in  consequence  of  their  redpro-  ^^^dJ^ 
cal  fiction  on  each  other ;  then  these  motions  may  be 
considered  as  eompf>unded  of  two  others :  i.  e.  one  which 
the  bodies  actually  take,  and  the  other  such,  that  had 
they  been  acted  upon  by  these  alone,  they  would  have 
remained  in  equihbrio."  Here,  since  the  force  by  wliich 
the  second  motion  is  destroyed,  arises  merely  from  the 
connection  between  the  bodies,  whatever  such  force  may 
be,  the  body  eflectcd  by  it  will,  by  virtue  of  the  3d  lavr 
of  motion,  exert  an  equal  rc-action  on  the  other  body  or 
bodies  of  the  sy*?tem,  and  destroy  an  equal  quantity  of 
motion.  D'Alcmbert  s  proposition  simply  equates  these 
equal  quantities  of  mf>tion.  This  observation  we  regard 
as  due  to  the  impartiality  of  historical  deduction. 

The  principle  of  the  conservation  of  the  motion  of  the  f^joscrfi 
centre  of  gravity,  to  which  wc  have  already  made  some  lio"  of  tb 
reference,  is  that  which  Newton  has  adopted  in  his***"'™^ 
Principia.     He  there  demonstrates  that  the  state  of  re*  ^^^^  ' 
pose  Or  of  motion  of  the  centre  of  gravity  of  several  bodies  ' 

is  not  altered  by  the  reciprocal  action  of  the  bodies  on 
each  other  in  any  manner  whatever ;  so  that  the  centre 
of  gravity  of  bodies  which  net  upon  each  other,  either 
by  cords  or  levers,  or  by  the  laws  of  attraction,  inde- 
pendently of  any  exterior  action  or  obstacle,  remains 
always  in  repose,  or  moves  uniform  I y  in  a  right  line. 

LVAlembert  has  also  extended  this  tlieorcm,  by  show- 
ing, that  if  every  body  of  the  system  is  solicited  by  a 
constant  accelt rating  force,  acting  either  in  parallel 
lines  or  directed  towards  a  fixed  point,  and  varv'iug  witli 
the  distance ;  the  centre  of  gravity  willdescrilje  the  same 
curve  as  if  the  bcxiies  were  free.  1 1  is  evident  that  this  prin- 
ciple scnes  to  determine  the  motion  of  the  centre  of  grar 
vily  independently  of  therespeciive  motions  of  the  bodies. 

As  to  the  third  of  the  above  principles,  viz.  the  con-  p^^,^ 
servation  of  equal  areas,  it  is  of  much  more  recent  date  tiou  of 
than  those  to  which  we  have  already  refeiTed,  and  ap-  ecpuil 
pears  to  have  been  discovered  simuluneonsly  by 
Euler,  Bernoulli,  and  the  chevalier  D'Arcy,  but  under 
dilfererit  Ibrms,  According  to  the  two  former,  tiie  prin- 
ciple consists  in  this;  that  in  the  motion  of  several  bodies 
about  a  fixed  axis,  the  sum  of  the  products  of  the  mass 
of  each  body,  by  the  velocity  of  rotation  round  the 
centre,  and  by  its  distance  from  the  same  centre,  is  always 
independent  of  any  mutual  action  which  the  bodies  ^  ^^i 
may  exert  on  each  other,  and  preserves  itself  the  same 
as  long  as  there  is  no  exterior  action  or  obstacle. 
Daniel  Bernoulli  ^ve  this  principle  in  the  first  volume 
of  the  memoirs  of  the  academy  of  Berlin  in  174t>,  and 
D'Aiembert  the  same  year  b  his  *^  Opuscula."     The 
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iple  of  D'Arcy,  as  given  m  the  Memoires  de  TAcade- 
mie  dcs  Sciences  for  1746,  but  not  publifihcd  till  1752, 
Is  this:  that  the  sum  of  the  products  of  the  mass  of  each 
body^  by  the  area  traced  liy  its  radius  vector  about  a 
fixe^  point,  is  always  proportional  to  the  time.  This 
i^  nbviously  only  a  generalization  of  one  of  the  laws  of 
Kepler,  or  the  tJeautifiil  theorem  of  Newton  of  the  equa- 
"ties  of  areas  described  by  centripetal  forces:  and  to  per- 
it»ana1ogy,  or  rather  its  identity  with  that  of  Euler 
ninouUi,  it  is  sufficient  to  recollect  that  the  velo- 
ity  of  rotation  is  expressed  by  the  element  of  the  cir- 
ar  arc»  divided  by  tlie  element  of  the  time,  and  that 
irit  of  these  elements,  muhiphed  by  the  distance 
the  centre,  gives  the  efement  of  the  area  described 
I  this  centre  ;  so  that  this  last  principle  is  only  the 
renmtial  expression  of  that  of  M.  D'Arcy-  The  author 
ds  p^ve  this  principle  another  form,  viiich  rcn- 
il  still  more  anal  agon  s  to  the  prccedlnj^:  i.e.  **  that 
the  sum  of  the  products  of  the  massL*s  into  the  velocities, 
and  into  the  perpendiculars  drawn  from  the  centre  to  t!ie 
direction  of  the  forces,  is  always  a  constant  quantity," 

Under  this  point  of  view,  the  author  established  a 
species  of  metaphysical  principle,  which  he  calls  the 
conservation  of  action,  as  a  convenient  substitute  for 
the  principle  of  least  action,  Tliis  principle,  viz.  of  the 
jCooServaiion  of  action,  wliether  we  choose  to  consider 
as  an  ultimate  cause,  or  as  a  necessajy  consequence  of 
ime  other  ultimate  cause,  takes  place  in  every  system 
bodies  which  act  on  each  other  in  any  manner  what- 
V  whether  by  cords,  iiiftexible  lines,  attractions,  drc. 
whether  sohcited  by  forces  directed  to  a  centre; 
;Qd  the  same  obtains,  whether  the  system  be  entirely 
or  constrained  to  move  about  the  same  centre  :  /.  f. 
*•  the  sum  of  the  product  of  the  masses  into  the  areas 
described  about  the  centre,  and  projected  on  any  plane 
wfiatcrer,  is  always  proportional  to  the  time  ;  so  that 
Tefenine-  these  areas  f^  three  rectangular  planer,  three 
diflerential  equations  are  obtained  of  the  first  order,  be- 
fmen  the  tiiue  and  the  co-ordinates  of  the  curve  de- 
floBird  by  the  bodies ;"  and  it  is  properly  in  these  equa- 
ttcnn^  that  the  nature  of  the  principle  exists, 
^  The  fourth  of  the  principles  above  enumerated,  viz, 
tht  principle  of  least  action,  eo  called  by  Maupertius, 
and  which  the  writin^^s  of  several  eminent  autJiors  have 
§incc  rendered  cekbrated,  considered  analytically,  is  as 
follows:  ^*  that  in  the  motion  of  bodies  wliich  act  on 
<mc  nnolher,  the  sum  of  the  products  of  the  masses  into 
the  velocities,  and  into  tlie  spaces  described,  is  a  raini- 
Sdiun.*  From  this  principle,  the  anfhor  has  deduced  the 
laws  of  reflection  and  refraction  of  light;  and  Laplace 
has  lately  shown  its  application  in  investigations  relative 
lo  the  properties  of  doubly  refracting  crystals. 

It  ought  to  be  observed,  liowever,  that  these  appUca- 
tions  are  too  partial  to  estabUsh  the  truth  of  a  general 
prmciple,  besides  tliat  they  are  too  vague  and  arbi- 
dary,  which  renders  the  consequences  uncertain  with 
tegard  to  the  principle  itself.  It  ought  not  therefore 
Id  De  classed  with  the  other  principles  above  discussed; 
althf>nirh  there  is  one  point  of  view  in  which  it  may 
1  lered  more  general  than  any  of  them,  and  which 

t  merits  the  attention  of  philosophers,     Euler 

^ve  the  first  indication  of  this  in  a  treatise  on  Isoperi- 
metrical  problems  printed  at  Lausanne  in  1744  ;  show- 
ing that  in  trajectories  described  by  central  forces,  the 
integral  of  the  velocity,  multiplied  into  the  clement  of  the 
curve^  IS  always  a  maximum  or  a  miaimum. 


This  principle  was  only  known  toEwIer  as  appertaining  Mecbanict' 
to  isolated  bodies:  but  La^^nge  afterwaras  extended ''''^'^^''''^*' 
it  to  the  motion  of  bodies  which  act  on  each  other  in  any  Lagrange, 
manner  whatever ;   from  which  there  results  this  new 
general  principle,  viz.   the  sum  of  the  products  of  thc^'^* 
masses  into  the  integrals  of  the  velocities,  multiplied  into 
the  elements  of  the  spaces  described,  is  constantly  a 
maximum   or  a  minimum.      By   combining  this  with 
the  principle  of  rifs  viva,  a  solution  of  many  diflicult 
problems  in  dynamics  may  be  obtained^ 

Such  is  a  general  outline  of  the  chronological  deve- 
lopement  of  the  principles  of  Mechanics,  at  leiist  so  far 
as  the  subject  can  be  treated  without  involving  in  our 
sketch  much  that  relates  to  the  diflerential  calculus:  for 
these  two  subjects  arc  so  intimately  connected  in  many 
respects,  or  at  least  all  investigations  of  the  higher  kind 
in  dynamics,    are  so  essentiidly  dependent  upon  the  * 

principles  of  the  modern  analysis,  that  it  is  inipo&- 
^ible  to  enter  into  a  more  minute  illustration  of  the 
ibrmer,  without  embracing  more  of  tlie  latter  than  pro- 
perly  belongs  to  an  article  which  professes  only  to  give 
a  concise  view  of  the  rise,  progress,  and  present  state 
of  the  mechanical  sciences. 

The  preceding  sketch  of  the  liistory  of  Mechanics  re-  Prliidi>i3l 
lates  rather  to  the  successive  improTement^  that  have  works, 
been  introduced  into  that  science,  than  to  an  account 
of  tlie  several  works  which  have  been  written  on 
the  subject :  we  propose,  however,  in  conclusion*  to 
enumerate  some  of  the  most  important  of  these ;  those 
to  wliich  a  reader  may  mth  confidence  refer  for  the  most 
accu  ra  tc  i  n  funn  a  ti  on . 

Among  English  works  of  this  kind,  are  chiefly  lo 
be  noticed  Emerson's  Principles  of  Mechanics,  4to, : 
Gregory's  Treatise  of  Mechanics,  3  vols.  8vo. :  Bridge's 
Treatise  of  Mechanics,  8vo. :  Parkinson  s  System  of 
Mechanics,  4 to. :  and  Atwood  on  the  Rectilinear  Motion 
and  Rotation  of  Bodies,  8vo.  Eraerson*s  work,  beside* 
the  tlieory,  contains  a  variety  of  information  relative  to 
the  construction  of  many  useful  machines;  but  Gregorys 
Mechanics  has  in  a  great  measure  superseded  it,  by 
extending  both  the  theory  and  practice  of  the  science 
to  a  length  unknown  In  the  days  of  the  former  atithor. 
For  acquiring  the  first  principles  of  the  science,  the 
student  might  probidily  consult  to  advantage  Mr. 
Bridge's  book,  particularly  on  account  of  the  nume- 
rous practical  examples  with  which  it  abounds.  Par- 
kinsons Mechanics,  and  Atwood  on  the  Rectibnear  and 
Rotatory  Motion  of  Bodies,  are  each  highly  respectable 
pertbrmances,  particularly  the  latter ;  although  the 
number  of  press  errors  with  which  it  is  crowded  will 
be  found  a  great  inconvenience  to  the  student. 

The  above  are  the  principal  English  works  to  which  we 
think  it  requisite  to  refer:  and  of  foreign  authors  the 
following  are,  we  believe,  all  that  it  is  necessary  to  enu- 
merate, vi^.  Euler,  **  Tractatus  de  Motu:"  Lagrange, 
**  Mecanique  Analytique ;" — a  work  of  great  merit  and 
originality,  but  which  can  only  be  advantageously  con- 
sulted by  such  as  are  already  well  read  on  the  subject  r 
Prony  "Mecanique  Analytique," and  "Architecture  Hy- 
draulique;"  to  which  we  ought  also  to  add  the  treatises 
of  Bot<sut*  Poisson  and  Boucharlat :  Poisson*s  work  in 
particular,  which  is  contained  in  two  octavo  volumes,  we 
consider  to  be  a  very  valuable  performance,  exhibiting 
in  a  concise  and  accurate  manner,  a  complete  view  of 
the  present  improved  state  of  the  mechanical  sciences. 
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Mechanici.  §11.     StatICS. 

Definitions^  SfC.  . 
Dcfiiiitjons,      1.  Statics^  as  we  have  already  stated,  is  that  branch 
^c,  of  Mechanics  wliich  treats  of  the  equilibrium  of  solid 

bodies. 

2.  ForcCy  or  power^  is  used  to  denote  any  cause  or 
agency,  which  has  a  tendency  to  put,  or  which  actually 
puts  a  body  at  rest  into  motion,  or  which  has  a  ten- 
dency to  change  or  destroy,  or  which  actually  changes 
or  destroys  that  motion  which  a  body  may  already 
possess. . 

.  Forces  may  be  divided  into  three  distinct  classes, 
irb.  impulsive,  unifprm,  and  variable. 
.  3.  Iffiptilsixc  forces,  are  those  which  act  but  for  an 
instant,  after  which  they  cease  to  have  effect. 

4.  Uniform  forces,  are  those  which  act  constantly, 
or  incessantly,  with  the  same  degree  of  energy  i  and 
these  are  furdicr  denominated  accelerating  or  retarding 
forces,  according  as  they  are  employed  in  the  produc- 
tion or  in  the  destruction  of  motion. 
.  5.  Variable  forces  are  those  which  act  incessantly, 
but  every  instant  with  different  deerees  of  energy. 

It  is,  however,  only  the  first  and  most  general  of  the 
above  definitions  which  appertains  to  the  theory  of 
Statics. 

.  6.  A  force  acting  on  a  material  point  may  either 
attract  or  draw  towards  it,  or  repel  or  pu3h  from  it ; 
^e  former  of  these  is  called  an  attracting,  and  the  latter 
a  repelling  force ;  but  in  the  following  pages,  unless  the 
contrary  be  expressed,  an  attractive  force  is  to  be 
understood. 

7.  The  effect  of  a  force  depends,  1st,  upon  its  in- 
tensity; 2d,  upon  its  point  of  application ;  3a,  upon  the 
direction  in  which  it  is  estimated;  and  4th,  upon  its 
own  direction  with  reference  to  that  in  which  the 
estimation  is  made. 

8.  The  intensity  of  a  force  is  its  greater  or  less 
faculty  of  producing  or  destroying  motion. 

9.  A  material  point  being  urged  by  any  single  force, 
ought  necessarily  to  move  in  a  right  line ;  for  no  reason 
can  be  assigned  for  its  deviation,  either  to  the  one  side 
or  the  other.  Or  whatever  reason  we  may  imagine 
for  a  change  of  direction  on  the  one  side,  will  apply 
equally  to  a  symmetrical  change  on  the  other ;  whence, 
as  the  body  cannot  move  in  both  these  directions  at  the 
same  time,  we  conclude,  that  it  will  follow  neither,  and 
that  its  entire  direction  will  be  a  right  line. 

10.  And  the  right  line  in  which  a  force  acts,  is  called 
Its  direction. 

1 1 .  When  two  forces  act  upon  a  material  point,  or 
an  inflexible  right  line  in  equilibrio,  and  these  forces 
are  directly  opposed  to  each  other,  we  may  assume 
eitlier  of  them  arbitrarily,  provided  we  give  to  the  other 
the  same  intensity ;  and  the  same  remark  will  apply  to 
any  number  of  forces.  Whence  it  appears,  that  it  is 
the  ratio  of  forces,  and  not  their  absolute  quantity,  that 
iis  necessary  to  be  considered,  in  order  to  establish  the 
condition  of  equiUbrium. 

12.  Having  assumed  any  force  for  vnity,  another 
force  is  said  to  be  equal  to  this,  when,  being  directly 
opposed  to  it,  it  retains  a  material  point  upon  which 
they  both  act  in  equiUbrio. 

13.  Two  equal  forces  applied  to  the  same  material 
point,  and  acting  in  the  same  direction  and  in  the  same 
manner,  constil^ute  a  double  force;  and  three  such 
forces,  a  triple  force ;  and  so  on. 


.  14.  The  unit  of  force  being  arbitrary,  we  may  csti-  Blecha 
pate  it  by  any  part  of  the  right  line  which  expresses  ^^^^ 
its  direction. 

.  15.  When  a  force  is  applied  to  a  body,  all  the  points 
or  particles  of  which  are  immoveably  connectea  with 
eacn  other,  it  is  obvious  that  one  point  cannot  move 
without  a  corresponding  change  in  all  the  others ;  and 
consequently  a  force  apphed  to  any  point,  will  have  the 
same  effect  as  if  it  were  applied  at  any  other  point  taken 
in  the  directioaof  that  force,  viz.  A  B  C  D  (fig.  1 ,  plate  1, 
Statics),  representing  any  body,  and  EF  the  chrection 
of  any  force  acting  upon  it,  the  effect  of  this  force  will 
be  the  same,  whether  we  suppose  it  attached  to  the 
point  E,  or  to  any  other  point,  .M  or  N,  in  the  same  line 
of  direction.* 

It  follows  from  the  preceding  articles,  that  if  in 
the  line  of  direction  we  place  an  immoveable  obstacle, 
the  force  can  have  no  effect.  ' 

%  III.  On  the  method  of  determining  the  direction  of  a 
force  in  space* 

16.  We  know,  from  the  principles  of  geometry,  that  I>i«^*« 
the  position  of  a  point  situated  in  a  given  plane,  or  any  ^""^*- 
point  in  a  plane  curve,  may  always  be  determined  by 
means  of  two  rectangular  co-ordinates,  which  we  com- 
monly call  the  absciss  and  ordinate;  but  that  to  fix 
the  position  of  a  point  in  space,  or  to  determine  any 
point  in  a  cur\'e  of  double  curvature,  three  such  axes 
become  necessary,  and  three  only  are  sufficient  in  all 
cases. 

In  the  same  manner,  the  direction  of  any  force  acting 
in  a  given  plane,  will  be  determined  by  referring  it  to 
any  two  rectangular  axes  passing  through  its  point  of 
application  ;  and  when  the  plane  in  which  it  acts  is  not 
given,  its  direction  may  still  be  determined  by  means  of 
three  such  rectangular  axes. 

I^t  MD  (fig.  2)  denote  the  direction  of  any  force, 
M  being  its  point  of  application ;  through  which  draw 
the  three  axes  Mr,  My,  M  z,  parallel  to  the  co- 
ordinates which  determine  the  position  of  the  point  D, 
and  which  we  will  suppose  to  be  rectangular ;  then  if 
the  angles  a,  /3,  y  be  known,  which  the  line  of  direction 
MD  makes  with  each  of  those  axes,  its  position  will 
be  deterpnined;  for  there  is  a  necessary  relation  between 
these  angles,  such  that  whatever  may  be  the  value  of  two 
of  them,  the  third  always  depends  upon  the  equation, 

cos'a  -f  cos'/3  -f  cos'y  =  Y, 
radius  being  assumed  equal  to  unity. 

That  is,  the  angles  a  and  /5  being  given,  the  angle  y 
is  determined  from  the  equation 

cos  y  =  ±  >/  {1  —  cos*a  —  cos*/3.} 

The  preceding  relation  may  be  demonstrated  as  fol- 
lows. Let  X,  y,  z  (fig.  3)  be  taken  to  denote  the  three 
co-ordinates  MP,  PQ,  QD,  of  any  point  D,  taking  in 
the  direction  MD  of  the  given  force:  then  we  shall 
have  in  the  triangle  MDQ,  which  is  right  anried  at  Q, 

MD»  +  QD«  =  MD*: 
Again,  in  the  triangle  MQP,  right  angled  at  P, 

MQ*  =  MP«  +  QP»; 
and  substituting  this  value  in  the  preceding  equation^ 
we  obtain 

•  The  reader,  however,  must  here  divest  himself  of  any  idea  of 
resistance  or  weight  in  the  body ;  for  this  being  supposed,  it  will  hare 
a  motion  of  rotation,  a  consideration  which  belongs  to  the  doctrine 
of  Dynamics. 
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W«kt.  MP*  +  QP*  +  QD«  =  MD«,  or 

^T'v^^  X»  +   Y«    -f.   Z»    =  MD«. 

Bat  the  triangle  MDP,  being  right  angled  at  P,  we 
hare 

X  =  MD  cos  a;  ^  =:  MD  cos  /3,  z  =  MD  cos  y; 
coaseqaratly,  substituting  these  ralues  for  MP,  QP,  and 
QD,  we  have 

MD«  coi^a  +  MD«cos«/3  +  MD'cos'y  =  MD«; 
or,  dhriding  by  the  common  factor  MD',  we  obtain 

cos'a  -I-  cos'/3  -f  cosV=  !• 
We  ha?e  seen  that  from  this  equation  we  immediately 
deduce  the  following,  viz. 

cos  y  =  ±  -v^  {1  —  cos'a  —  cos  '/S,} 
where  the  double  sign  with  which  the  radical  is  affected, 
indicates  that  the  cosine  of  the  third  ande  may  be  arbi- 
trarily assumed  positive  or  negative,  whic^  indetermi- 
nation  ought  therefore  to  be  obviated  by  the  conditions 
of  the  problem;  viz.  we  ought  thence  to  be  able  to 
determine  whether  the  third  angle  is  acute  or  obtuse ; 
for  then,  in  the  first  case  we  know  that  the  sign  must 
be  taken  positive,  and  in  the  second  negative. 
liilKiigas      17.  As  this  method  of  fixing  the  direction  of  a  force 
rtkeco-     (although,  as  we  have  stated  in  our  historical  sketch,  it 
■^  is  due  to  Maclaurin)  is  but  little  practised  by  English 

mathematicians,  and  as  the  determination  of  the  signs 
of  the  cosines  is  of  great  importance,  we  shall  enter  a 
Uttle  minutely  into  this  question. 

If  the  line  of  direction  AB  (^g>  4)  be  in  the  plane  of 
X  y,  it  is  obvious  that  in  order  to  determine  its  position, 
it  would  be  sufficient  to  increase  the  angle  A  from  0  to 
360*,  in  the  course  of  which  the  revolving  line  must  pass 
through  the  direction,  and  the  sine  and  cosine  of  this 
angle  only  would  lie  sufficient  to  determine  the  position 
of  AB ;  but  if,  instead  of  iinagining  onlv  oile  -axis  A  x, 
we  refer  AB  to  two  axes  A  j.  Ay,  and  denoting  the  an- 
gles which  they  respectively  form  with  it  by  a,  /3,  it  will 
only  require  each  of  those  andes  to  be  increased  from  0 
to  180*,  in  order  that  one  of  we  lines  shall  pass  through 
.AB ;  viz.  the  angles  by  which  we  refer  the  direction  AB 
to  each  of  these  axes  will  be  less  than  180^  or  at  least 
cannot  exceed  that  measure ;  and  farther,  if  we  give  to 
AB  all  the  positions  it  can  have  with  regard  to  the  four 
right  angles  formed  about  the  point  A,  (as  in  figs.  5, 6, 
Ij  8)  we  shall  have — in  the  first  case,  the  angles  a  and 
/i  both  acute,  and  consequently  cos  a  and  cos/3  both 
positive :  in  the  second  case,  the  angle  a  is  obtuse  and 
fi  acute,  and  therefore  cos  a  negative  and  cos  /j  posi- 
tive :  in  the  third  case,  a  and  p  bein^  both  obtuse, 
the  cos  a  and  cos/}  will  be  both  negative:  aiid  in  the 
fourth  case,  a  being  acute  and  /3  obtuse,  cos  a  will 
be  positive  and  cos  /3  negative.  Now  it  must  be 
observed,  that  the  signs  of  these  cosines  are  those 
also  of  the  co-ordinates  x  and  y  of  the  point  B ;  for 
example,  when  the  point  B  is  situated  in  tlie  angle 
*^!f*  (fig*  6)  '  is  negative  and  y  positive,  and  we 
have  also  at  the  same  time  cos  a  negative  and  cos  /3 
positive. 

18.  When  the  line  of  direction  is  not  in  the  plane  of 
X  jr,  the  an^le  y,  which  it  forms  wkh  the  axis  A  r,  will 
be  acute  if  it  fall  above  this  plane,  and  obtuse  if  it  fall 
below,  and  consequently  cos  y  will  be  positive  in  the 
first  case,  and  negative  in  the  second.  With  regard  to 
the  signs  of  the  cosines  of  the  other  angles,  as  there 
are  lour  quarters  above  and  four  below  the  plane  of 
xjf,  the  signs  of  the  cosines  of  the  angles  a  and  /3  will 
ht  the  same  as  those  of  the  co-ordinates  x  and  y  of 
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the  point  of  application  of  the  force ;  as  follows  imme-  Mechaniet. 
diately  from  what  is  stated  above.  s^^''^^^ 

It  may  be  farther  obsen^ed,  that  the  variation  in  the 
signs  only  takes  place  in  the  cosines  of  the  angles ;  for 
as  we  have  shown  that  neither  of  these  angles  ever  ex- 
ceeds 180^  or  two  right  angles,  the  sines  are  necessarily 
positive. 

§  IV.  Of  the  composition  and  resolution  of  forces  applied 
to  a  material  point. 

19.  If  two  ibrces  act  upon  a  material  point  in  direc-  Of  the  com* 
tions  diametrically  opposite,  and  these  forces  are  equals  poaitten  of 
they  will  destroy  each  other's  efiects,  and  the  point  wfll  ^'^^' 

be  m  a  state  of  equilibrium ;  but  if  the  forces  are  un- 
e<|ual,  the  greatest  will  preponderate,  and  the  point 
will  be  acted  upon  by  a  force,  the  intensity  of  which  is 
equal  to  the  difference  between  the  two  former ;  uid 
the  same  will  apply  to  any  number  of  forces. 

This  follows  immediately  firom  our  preceding  defi- 
nitions. 

20.  When  two  forces,  acting  upon  a  material  point, 
form  between  their  lines  of  direction  any  angle,  an 
equilibrium  cannot  subsist,  whatever  may  be  the  ratio 
of  their  intensity :  for  let  us  imagine  P  and  Q  (fig.  9) 
to  be  two  forces  acting  upon  the  point  M,  and  forming 
between  them  the  angle  PMQ;  and  let  us  suppose 
that  they  are  if  possible  such  as  to  produce  an  equi* 
librium  at  the  pomt  M  :  now  since,  by  the  supposition^ 
the  point  M  is  in  equilibrio,  it  is  obvious  tnat  if  we 
introduce  into  the  system  a  third  force,  F,  equal  and 
directly  opposite  to  the  force  P,  motion  will  ensue  in 
the  direction  of  this  third  force  P' ;  but  since  P  and  P' 
are  equal  and  opposite  forces,  these  will  alone  produce 
an  equilibrium  m  the  point  M,  and  consequently  motion 
will  ensue  in  the  direction  of  the  force  Q ;  viz.  under 
the  same  circumstance,  the  point  M  will  have  a  motion 
in  two  directions  at  the  same  time,  which  is  absurd. 
Consequently  two  forces  acting  upon  a  material  point, 
and  forming  between  them  any  angle,  cannot  produce 
an  equilibrium. 

21.  Since  an  equiUbrium  cannot  subsist  between  two 
forces  forming  between  them  any  angle,  motion  will 
ensue,  and  there  must  be  some  force  whose  intensity 
and  direction  is  exactly  such  as  would  produce  that 
motion ;  and  this  latter  force  is  said  to  be  the  resultant* 
of  the  two  former,  and  the  former  the  components  of  the 
latter ;  and  the  determination  of  the  relation  between 
these  quantities  is  the  proposition  commonly  called  the 
Parallelogram  of  Forces. 

22.  In  the  first  place,  it  may  be  observed,  with  refer-  ^^^^  P«- 
ence  to  this  determination,  that  if  any  two  forces  act  5*1^®'^*** 
upon  a  material  point,  their  resultant  will  be  in  the  *^** 
plane  of  those  forces  :  for  whatever  reason  can  be  as- 
signed to  show  that  the  resultant  will  pass  through 

*  Resultant  is  not  strictly  speaking  an  English  word,  nor  is  it 
properly  a  correct  substitute  for  the  French  word  Resultante,  which 
15  nicriMy  an  adjective,  or  ratlier  the  active  participle,  used  substan- 
tively, which  the  principles  of  the  French  language  will  frequently 
admit  of:  the  meaning  in  French  is  force  resultante,  which  in  English 
therefore  requires  retuUingfffrce ;  but  as  the  constant  repetition  of 
the  word  force  would  be  irksome,  it  has  been  the  practice  of  £nglis6 
writers  to  convert  the  expression  into  one  single  subitantive,rftu/f<rN^. 
A  similar  practice  is  now  commonly  adopted  in  speaking  of  variabfe , 
constant,  and  arbitrary  quautities  ;  where,  instead  o?  saying  the 
-variable  quantity,  the  constant  quantity,  &c.  we  drop  the  subslAUttve, 
and  simply  write  the  variable,  Hxcconslant,  the  c^dtont arbitrary, d(.e. 
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a  point  aboTe  that  plane,  may  be  equally  applied  to 
prove  that  it  will  pass  through  a  point  symmetrically 
situated  below  the  same  plane;  these  forces  would 
therefore  have  two  resultants,  that  is,  the  body  would 
inove  in  two  directions  at  the  same  time,  which  is  ab* 
surd;  the  resultant  is  therefore  neither  above  nor  below, 
but  in  the  plane  itself,  of  the  two  forces. 

23.  If  two  equal  forces  PQ,  (fig.  10,)  form  between 
them  any  angle,  the  resultant  of  these  forces  will  be  in 
the  direction  of  the  right  line  MR,  which  bisects  the 
ande  PMQ  of  this  direction. 

For  whatever  reason  can  be  conceived  for  the  result- 
ant passii^  in  any  other  direction,  as  for  example 
through  the  point  r,  situated  on  one  side  of  the  bisectmg 
line  MR,  the  same  reason  may  be  assigned  to  show 
that  it  will  pass  through  the  point  s  symmetrically  si- 
tuated on  tne  other  side ;  the  resultant  therefore  can 
be  in  neither  of  these  directions.  And  the  same  may  be 
demonstrated  for  every  line  but  MR ;  this  line  is  there- 
fore in  the  direction  of  the  resultant  of  the  two  equal 
forces  P  and  Q :  and  since  the  diagonal  of  a  rhombus 
bisects  its  angle,  if  we  construct  upon  the  two  equal 
lines  representing  these  forces,  the  rhombus  or .  equi- 
lateral parallelogram  PMQR,  the  resultant  will  be 
in  the  direction  of  that  diagonal. 

This  being  established^  it  only  remains  now  to  deter- 
mine its  magnitude  or  intensity,  in  which  we  shall  adopt 
the  method  followed  by  M.  Potsson,  in  the  first  volume 
of  his  "Traitc  de  Mecanique." 

24.  Let  mA,  mB,  (fig.  U)  be  the  direction  of  any 
two  equal  forces,  or  components,  the  common  value  of 
which  let  be  denoted  by  P,  and  let  2ar  denote  angle 
AMB,  and  m  C  the  direction  of  the  resultant  whose 
intensity  is  required ;  which  as  it  bisects  the  angle 
A  m  B,  will  give  the  angle  A  mC=:BmC=rx. 

Now  the  intensity  of  this  force  can  depend  only 
upon  the  quantities  P  and  t,  of  which  it  is  therefore  some 
unknown  function;  if  therefore  the  resultant  be  de- 
noted by  R,  we  shall  have  R  equal  to  some  function  of 
P  and  X,  that  is  R  =/,  (P,  x.) 

In  this  equation,  R  and  P  are  the  only  quantities  of 
which  the  numerical  expression  varies  with  the  unit  of 
force ;  and  their  ratio  therefore  is  wholly  independent 

of  that  unit;   whence  we  may  conclude  that  p  is  a 

simple  function  of  x ;  and  consequently  that  the  func- 
tion R  =/  (P,  x)  is  of  the  form  R  =  P  ^  x ;  and  the 
ouestion  is  therefore  reduced  to  the  determination  of  the 
form  of  this  function. 

In  order  to  effect  this,  let  us  draw  thirough  the  point 
w,  the  four  lines  m  A',  m  A",  m  B',  m  B",  such, 
that  the  four  angles  Mmky  A"mA;  B'niB,  and 
B"  III  B,  may  be  equal  to  each  other,  and  let  this  angle 
be  represented  by  z ;  this  done,  let  us  suppose  the  force 
P,  acting  in  the  direction  m  A,  to  be  the  resultant  of  two 
eoual  forces  acting  in  the  direction  m  A',  m  A",  but  of 
which  the  value  is  unknown ;  then,  if  we  represent  ^ach 
of  these  two  unknown  and  equal  forces  by  Q,  we  shall 
have,  on  the  same  principles  as  above, 

P=  Q.0z; 
for  there  must  exist  the  same  relation  between  the  three 
quantities  P,  Q,  and  z,  as  between  the  three  R,  P,  And  x. 
In  the  same  manner,  the  equal  force  P,  acting  in  the 
direction  m  B,  may  be  supposed  to  be  the  resultant  of 
two  equal  forces  acting  in  the  direction  m  B',  and  m  B" ; 
and  thus  the  two  original  equal  forces  P,  P,  are  replaced, 


or  are  equivalent  to  the  four  equal  forces  Q ;  and  con-  Mechanic 
consequently  the  resultants  in  both  cases  are  the  "^^"^^^ 
same. 

Now  if  we  call  Q'  the  resultant  of  the  two  equal  forces 
Q,  actins  in  the  direction  m  A',  m  B',  and  observing  that 
the  angles  A'  m  C  =:  B'  m  C  =  x  —  z,  we  shall  have 
again 

(^  =  Q.  ^  (x  -  z.) 
In  the  same  manner,  the  resultant  of  the  two  forces  Q, 
which  act  in  the  direction  m  A!'  and  m  B",  being  denoted 
by  Q^,  we  shall  also  have 

Q"=Q.^(x-|-z.) 
Here  the  two  forces  Q'  and  Q",  acting  in  the  same 
direction  m  G,  their  resultant,  which  is  that  of  the  four 
equal  forces  Q,  and  of  the  two  equal  forces  P,  is  equal 
to  their  sum ;  that  is,  the  resultant  R  =  Q'  4-  Q" ; 

or  R  =  Q.  ^  (x  —  z)  +  Q.  ^  (x  +  z.) 
But  we  have  seen  that  R  =  P.'^  x,  and  P  :=  Q.  ^  z; 
consequently  R  =  Q.  ^  z.  ^  x ; 
and  therefore, 

Q.  ^2.  ^  X  =  Q.  ^  (x—  z)  +  Q.  ^  (x  4-  z),  Of 
^  z.  ^  X  =  ^  (x  —  z)  +  ^(x  -f  z.) 
And  it  therefore  now  only  remams  to  determine  what 
functions  of  x  and  z  possess  this  property ;  ^iz.  that 
win  establish  the  above  equalities. 

Now  we  know  from  the  principles  of  trigonometiy, 
that 

cos  X.  cos z  =  ^cos  (x  ^  z)  4-  4  cos  (x  +  z,)  and 
multiplying  this  equation  by  4,  we^ave 

2  cos  X.  2  cos  z.  =  2  cos  (x  —  z)  -{•  2  cos  (x  +  z ;) 
and  comparing  diis  with  our  preceding  equation, 

^x.  ^  z  =  ^  (x  —  z)  -H  ^  (JP  +  2,) 
it  is  o'bvious  that  we  obtain 

^  X  =  2  cos  X,  ^  z  =:  2  cos  z. 
Whence  the  equation 

R  =  P.^x, 
becomes 

R  =  P.  2  cos  X  =r  2  P  cos  X ; 
which  is  obviously  equal  to  the  diagonal  of  the  parallelo- 
gram whose  four  sides  are  each  equal  to  P,  (as  m  fig.  10) 
and  whose  angle  is  bisected  by  that  diagonal;  Tiz. 
PMQ=z2x. 

Cojuequentfy  the  resultant  of  any  two  equal  forces  is 
represented^  both  in  magnitude  and  direction,  by  the 
diagonal  of  the  rhombus,  or  equilateral  parallelogram , 
constructed  vpon  the  lines  denoting  the  magnitude  and 
direction  of  these  two  forces. 

25.  We  may  now  easily  demonstrate  that  the  result- Two  an- 
ant  of  any  two  unequal  forces  is  exhibited,  both  in«^"^^ 
magnitude  and  direction,  by  the  diagonal  of  the  parallel- 
ogram described  upon  the  two  lines  by  which  their 
intensity  and  directions  are  represented. 

Let  AB,  AD,  (fig.  12)  denote  any  two  unequal  forces, 
and  let  AC  be  the  diagonal  of  the  parallelogram  upon 
these  lines;  then  will  AC  be  their  resultant  as  well  in 
magnitude  as  direction. 

Bisect  AC  by  the  perpendicular  OP,  and  join  AP; 
bisect  AP  by  the  perpendicular  O'P',  and  join  PP; 
again  bisect  PT  by  the  perpendicular  0"F' ;  -and  so  on : 
then  it  is  obvious,  since  each  successive  point  P",  falls 
between  the  two  preceding  ones  P',  F,  Uiere  will  be  a 
continual  approximation  of  these  points  to  the  angular 
point  D;  and  consequently,  by  continuing  the  operation, 
we  shall  have  ultimately  one  of  those  points  which  either 
falls  into  the  angle  D,  or  which  approaches  to  it  mdefi- 
nitely  near.    Let  F'  be  this  point ;  then  because  P'P* 
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:r  PP^t  FP  will  he  resultant  of  two  forces  expressed 
by  FP*  (art,  24);  and  because  AF  =  FP,  AP 
will,  in  like  manner,  be  the  resikltaot  of  the  two  forces 
AF  aod  FP,  or  of  tlie  two  forces  AP"  and  FP.  In 
the  &amc  manner,  because  AP  ^  PC,  AC  will  be  the 
of  the  two  forces  AP,  PC,  or  of  the  three 
AF»  P*P,  and  PC,  which  are  obviously  equal  to 
the  two  forces  AP\  P'C,  or  to  the  two  AD  aud  AC, 
hecmsBe  the  point  F  coincides  witli  D,  and  DC  =  AC 
bein^  opposite  sides  of  a  parallel ograra. 

Cotuftjarfftlj/  the  ramltant  of  any  t^io  forces  applied  at 
ike  same  point,  and  represented  hy  hmvi  taken  in  their 
dirtciumt  fiJ»^  i^th  departing  from  the  point  of  application^ 
U  nftttitnied^  Imth  in  wagnitude  and  direction,  by 
th  dmgmai  of  ike  paraUtlogram  constructed  on  thane 

26c  Remark,  The  preceding  proposition,  which  is 
generally  spoken  of  under  the  term  parollelogrmn  of  forces, 
if  josUy  considered  one  of  the  most  important  in  the 
theory  of  statics,  and  the  demonstration  of  which  has 
engaged  the  attention  of  all  the  most  celebrated  creome- 
tndmns  since  it  was  first  attempted  by  Daniel  Bernoulli, 
to  the  Acta  Petro.  17^6;  but  many  of  these  are  so 
extremely  long  and  abstnise,  that  it  is  impossible,  what- 
e*er  may  be  their  accuracy,  to  introduce  them  into 
1  popular  theory  of  mechanics  such  as  we  have  here  in 
ticw:  we  have  endeavoured,  therefore,  by  blending 
^^  together  in  some  measure  the  principles  of  different 
^H  writers,  to  obtain  a  concise  and  sadsfactory  demon- 
^^  stralion  of  this  celebrated  proposition.  The  determina- 
tion of  the  direction  of  the  resultant  of  two  equal  forces, 
we  conceive  to  be  wholly  unobjectionable ;  and  in 
determining  the  ma^rnitude  of  the  same,  in  which  we 
have  tn  part  followed  M.  Poisson,  we  can  see  nothing 
Hiiich  oagbt  not  to  be  perfecUy  intellig^ible  to  any 
reader:  for  although  it  involves,  in  some  measure,  con- 
tidiirations  relative  to  the  calculus  of  functions,  they 
wn  BO  simple  and  obvious  as  to  be  readily  compre- 
hended by  any  one  who  has  merely  a  clear  idea  of  the 
lifjnification  of  that  expression ;  for  we  have  followed 
Ihis  author  no  further  than  where  he  brings  out  the 
•equation 

^  X.  ^  2  =  f  (r--  z)  +  ^  (r  +  z), 
ithich  we  tnen  show  is  equivalent  to  the  expression 

2  co«  X.  2  cos  c  ^  2  cos  (i  ^  i)  +  2  cos  (.r  4-  s,) 
by  a  simple  reference  to  the  well-known  tj  i^nometrical 
formula  involving  this  equation ;  and  by  this  means  we 
Lave  avoided  the  develoi>ement  of  the  above  functions, 
lad  the  successive  differenceations,  which  were  the 
rao»t  Ukely  to  impede  the  progress  of  a  student.  As 
to  the  latter  part  of  the  demonstration,  by  which,  from 
knowing  the  resultant  of  two  equal  forces,  we  pass  to 
the  determination  of  the  same  for  any  two  unequal 
forces,  it  is,  we  believe,  new ;  and  whatever  may  be  its 
defects,  they  belong  exclusively  to  ourselves, 

^7p  One  of  the  first  consequences  that  we  may  draw 
fiDni  the  preceding  proposition,  is  the  trigonometrical 
relation  between  the  two  fivrcea  P  and  Q  and  their 
lesultant  R.  In  order  to  which,  let  us  take,  on  the 
■*i»iu  directbn  of  these  forces,  (fi^,  13)  the  lines  AB,  AC, 
"^  poportioftal  to  P  and  Q  respectively ;  construct  the 
))Br«llelogniin  ABCD^  and  draw  the  diagonal  AD,  and 
wc  shall  liave 

P:Q:R  ::  AB  :  AC  :  AD : 
but  the  side  BD  being  equal  to  AC,  we  may,  instead 
^  the  three  lines  AD,  AC,  AD,  cojjsi^lcr  the  relation 


of  the  three  sides  of  the  triangle  ABD;  whence  wc  Mr^wimc«; 
shall  have  ~ 

P:Q:R  ::  AB:BD:  AD: 

and  as  the  sides  of  triangles  have  the  same  ratio  as  the 
sines  of  their  opposite  angles,  this  latter  analogy  may 
be  transformed  into 

P  :  Q  :  R  :  sin  BDA  :  sin  BAD  :  sin  ABD, 
where   it   will   be  obser\^ed  that  each  of  these   three 
forces  is  proportional  to  the  sine  of  the  angle  included 
between  the  other  two» 

28.  It  may  also  be  observed,  that  the  three  forces 
P,  Q,  R,  are  not  only  proportionaj  to  the  three  sides  of 
the  triangle  ABD,  but  that  they  are  also  proportional 
to  the  sides  of  any  triangle  formed  by  lines  drawn,  so 
as  to  form  each  respcctivtly  the  same  angle  with  the 
three  sides  AB,  BD,  DA,  of  the  triangle  BDA;  because 
it  may  be  demonstrated  geometrically,  that  every  such 
triangle  will  be  similar  to  BDA,  and  will  therefore  have 
its  sides  in  the  same  proportion :  that  is,  they  will  be 
proportional  to  the  three  forces  P,  Q,  R, 

29.  It  results  from  the  above,  that  three  of  the  six 
parts  which  constitute  the  triangle  of  forces  ABD 
being  given,  the  rest  maybe  found,  provi(!ed  only  that 
one  side  is  included  amongst  the  data. 

For  example,  suppose  the  two  components  AC  and 
BC,  and  the  angTfe  of  direction  BAC,  were  given  to  find 
the  resultant  DA  :  here  BAC  is  the  supplement  of 
ABD  ;  therefore  in  the  triangle  ABD,  we  know  the  two 
sides  AB,  BD,  and  the  contained  angle  B,  to  find  the 
third  side,  or  resultant,  DA ;  and  we  know  from  the 
principles  of  trigonometry,  that 

^       BA'  +  BD^  -  DA» 
""^^^        2BaBA: 

whence 

DA*  -  BA»  ^.  BD*--  2  cosB,  BD.  BA; 

that  is, 

R'-nP'  -h  Q'- SPQ.cosB; 
or, 

n=s/  {F  +  Q'-  2PQ.  cosB.} 
And  on  the  same  principles  we  have 

P  =  ^  |R»  _  Q^  H-  2  RQ.cosB.l 
Q-  V  {R^^  P»  +  2RP.COSB.} 
These  last  formula  apply  to  what  is  commonly 
called  the  resolution  of  forces ;  viz,  to  the  finding  of 
two  forces  equivalent  to  any  one  given  force ;  in  which 
case  it  is  obvious  tliat  either  of  the  required  forces  may 
be  assumed  at  pleasure,  provided  only  that  it  is  less 
than  the  one  proposed. 

When  the  angle  B  is  a  right  angle,  then  cos  B  ~  0, 
and  the  above  becomes  simply 

P=  ^{R*-Q^} 
Q-  v'lR'-P;} 
which  is  again  the  same,  as 

P  =  R  cos  BAD, 
Q  =  R  cos  BDA, 
We  shall  have  frequent  occasion  for  these  fonnuhe 
in  our  subsequent  enquiries* 

30»  It  is  obvious  that  we  may  also  find  the  resultant  Tt**"  torn- 
of  any  number  offerees  ail  meeting  in  a  common  point :  l'^'**^^'**"  ^'» 
we  have  for  this  purpose  merely  to  find,   first,   the   re-     **'*  ° 
sultant  of  any  two  of  these  forces,  and  to  substitute 
thi.^  one  force  instead  of  these  two;    we  must  then 
find  the   resultant  of  this  new  force,  and  one  of  the 
remaining    ones    of  the   others,  and  substitute  this  ; 
tlicn  fiad  the  resultant  of  this  last  and  anotlier,  and  so 
c2 
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Forces  not 
iathestme 


IfeclMBSet.  oa  tffl  the  hMM  are  all  redueed  to  one  feroe  oi^, 

\^^>/'^^^  which  wffl  be  the  resultant  80ug|ht 

0«mietri-        31.  A  geometrical  confitniction  of  this  proposition 

oloQostnic-  ini^  be  given  as  follows : 

*^''  Let  P,  F,  F',  &c.  (fig,  14)  represent  any  number  of 

forces,  all  meeting  in  the  common  point  A ;  and  let  AP, 
AF,  AFy  be  taken  proportional  to  these  forces  res- 
pectively :  through  P  draw  PR'  parallel  and  equal  to 
AF;  through  R\  draw  R'  R'  parallel  and  equal  to 
AF';  and  through  R%  draw  R*  R"  equal  and  oarallel 
to  AF'y  and  join  AR'^;  this  last  line  is  the  resultant  of 
the  four  given  forces  AP,  AF,  AP*,  and  AF',  as  is  ob- 
Tious :  for  by  art  25,  AR'  is  the  resultant  of  the  two 
forces  AP,  AF;  AR'  is  the  resultant  of  the  two  AR' 
and  AF',  or  of  the  three  forces  AP,  AF,  and  AF; 
and  in  the  same  manner  AR"  is  the  resultant  of  the 
four  forces  AP,  AF,  AF;  and  AF',  and  so  on  for  any 
Aumber  of  forces^ 

32.  It  follows  from  this,  that  if  the  last  point  RC^),  in 
any  number  of  forces,  fall  in  the  point  A,  the  resultant 
will  be  zero;  which  shows  that  in  such  a  case  the 
aeyeral  forces  mutually  balance  and  destroy  each  other, 
and  that  the  point  A  is  in  a  state  of  equilibrium. 

This  figure  is  frequently  called  the  polygon  of  farces. 

33.  We  may  employ  a  similar  construction  for  ascer- 
taining the  resultant  of  three  forces  not  situated  in  the 
same  plane,  but  which  concur  in  one  common  point 
Let  AP^  AF,  AF,  (fi|.  15)  represent  thr^  such 
forces ;  and  on  any  two  of  them,  as  AP,  AF,  construct 
the  pajrallelogram  APQF,  a^d  join  AQ>  so  shall  AQ 
be  the  residtant  of  these  two  forces ;  now  draw  QR 
equal  and  parallel  to  AF,  and  join  AR,  which  will  be 
the  resultant  sought. 

It  is  obvious  from  this  construction,  that  the  resultant 
AR  is  the  diagonal  of  the  parallelepiped  constructed 
upon  the  three  forces ;  on  which  account  this  is  some- 
times denominated  the  paralielopipedon  offerees. 

When  the  three  forces  are  at  right  aagles  to  each 
other,  the  paralielopipedon  will  also  be  rectangular,,  as 
in  fig.  16,  where  the  three  forces  are  represented  by 
the  Uiree  contiguous  edges  of  the  solid,  viz.  AC,  AB, 
AD,  and  their  resultant  by  AF,  which  is  obviously  the 
diagonal  of  the  paralielopipedon  ADEF. 
-    It  is  evident  from  the  above  figure,  that 
AE»=:  AB«  -f  AC»,  and  that 
AP  =  AE*  4-  AD»,  whence 
AP  =  AB*  4-  AC*  +  AD*. 
Also,  if  we  denote  angle  FAByby  a,  FAC,  by  b,  and 
FAD  by  c,  that  is  to  say,  the  angle  which  the  resultant 
makes  with  the  three  original  forces,  we  shall  have 
AB  =  AF  cos  a,  AC  =  AF  cos  b,  AD  =  AFcosc;. 
whence,  by  substitution, 

AP  =  AP  cos'a  -^  AP  cos*b  -f  AP  co8*c; 
or,  dividing  by  AP,  we  have 

cos*fl  +  008*6  -f  cos'c  =  1. 
We  shall  have  occasion  to  refer  to  this  equation  in 
some  of  our  subsequent  investigations. 

§  V.  Cfthe  estimation  offerees  applied  to  the  same  point 
and  situated  in  the  same  plane,  bt/  means  of  rectangu- 
lar co-ordinates. 

Of  the  me-       34.  Our  preceding  investigations  are  well  adapted  for 

^k^J^^ct-  conveyii^  an  idea  of  the  composition  and  resolution  of 

2J2J|[JJ^  forces,  because  they  speak  to  the  eye  and  to  the  mind 

iu  the  most  obvious  and  convincing  manner;  but  still 


they  are  not  well  tuiied  to  the  pqrposes  of  computation;  Mechn 
We  have  seen  that  every  resultant  of  two  forces  is  ^    ~ 
found  firom  the  formula 

R.=  ^/  {P  -f  0*  -  2  PQ  cosB}  (art  29) 

But  this  merely  gives  the  magnitude  or  intensity  of  it, 
and  we  have  still  to  find  its  direction ;  and  the  same 
must  be  repeated  for  every  pair  offerees,  including  the 
last  found  foroc  as  one  of  them ;  consequently  any  num- 
ber of  forces  whose  numerical  ratios,  and  the  angles 
which  they  subtend  with  each  other  being  given,  to 
find  the  numerical  value,  and  the  angle  of  direction  of 
the  resultant,  involve,  accordii^  to  the  pnnciples  above 
explained,  a  very  long  and  laborious  calculation.  In  order 
to  avoid  this,  the  method  of  rectangular  co-ordinates  is 
now.  generally  adopted,  which,  in  the  case  of  two  ftwrces, 
consists  in  drawing,  in  die  same  plane  with  the  forces,  two 
rightlines,  forming  between  them  a  right  angle;  and  in- 
stead of  denoting  the  angles  which  the  forces  make  with 
each  other,  we  only  consider  the  angles  which  they  each 
make  with  these  Unes ;  each  force  is  then  resolved  into 
two  forces  in  the  direction  of  those  axes,  by  which  means 
the  computation  and  determination  of  the  resultant, 
as  well  as  ita  direction,  is  much  facilitated ;  and  the 
method  of  effecting  this  is  what  we  i^ow  propose  to 
illustrate^ 

36.  Let  P,  F,  P,  P*',  &c.  (fig.  17)  represent  any  num- 
ber  of  forces,  all  situated  in  ^e  same  plane,  and  meeting 
in  one  common  point  A ;  let  us  draw  throu^  this  point 
the  rectangular  axes  Ax,  A ^ ;  then  representing  the 
several  forces  P,  F,  F,  dec.  by  proportional  parts  of 
their  dhrection  AP,  AF,  AP%  &c.  we  may  decompose 
each  of  these  forces  into  two  others  in  the  direction  of 
the  two  axes  A  jr,  and  A  y.  In  order  to  effect  diis,  let 
o,  a',  a',  &c.  denote  the  angles  which  the  forces 
P,  F>  P,  &c.  make  with  the  axis  A  jr,  and  /S,  /3',  pC,  &c. 
the  angles  which  they  respectively  make  with  the  axis 

Now  fVom  the  principles  of  trigonometry  we  know  that 
in  any  right  angled  triangle,  as  ABC,  (fi^.  1 8)  the  side 
adjacent  to  eiUier  acute  angle,  as  AC  is  denoted  by 
AB  cos  A,  and  the  side  opposite  the  same  ang^e  by 
ABsin  A,  we  shall  therefore  find  it  very  easy  to  com- 
pute the  components  of  P^  F,  P'',  ^.  as  referred  to 
our  two  axes  ;  for  the  force  P»  being  represented  by  the 
hypothenuse  AB,  it  makes  with  the  axis  Ax,  an  angle  a, 
and  with  the  axis  A;/,  an  angle  /3;  the  components 
of  P  will  therefore  be  denoted  by 

AC  =  Pcos a,  BC  =z  P  cos /3. 
In  the  same  manner  the  component  of  the  forces  P',  F;. 
F^,  &c.  as  referred  to  the  axis  A  x,  will  be  found 

F  cos  a',  F  cos  o*,  F'  cos  o"',  &c.-k 
and  as  referred  to  A  ^,  they  will  be 

F  cos  /3',  P"  cos  /3%  F''  cos  /3",  6ic. 
\ty  therefor^  we  now  add  together  all  the  former 
components,  and  denote  their  sum  by  X,  and  all  the 
latter,  and  call  the  sum  of  these  Y,  we  shall  have 
P  cos  a  -f  F  cos  a'  -A-  F  cos  o"  +  &c.  =  X 
P  cos  /J  +  P'  cos/>'  -f  F  cos^/3  -f  &c.  =  Y : 
and  thus  sJl  the  original  forces  are  reduced  to  two 
forces ;  the  one  X,  acting  hi  the  direction  A  x,  and  the 
other  acting  in  the  direction  Ay;  calling  therefore  the 
resultant  of  these  two  forces  R,  we  shall  have 
R»  =  X*  H-  Y*. 
36.  In  the  precedine  article  we  have  supposed  all 
the  forces  to  be  situated  in  the  angle  jf  A  x,  and  have 
therefore  given  to  each  of  the  cosines  the  positive  sign. 
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tke  angles  }mag  in  this-eue  neceuarily  acute;  but  if 
any  of  these  forces  had  fallen  in  any  other  of  the  angles 
formed  about  the  point  A,  we  must  then  have  employed^ 
the  rules  indicated  in  art.  17,  in  order  to  deternline 
the  proper  sign  to  affix  to  each. 

For  example,  let  it  be  proposed  to  ascertain  the  re* 
snltant  of  the  forces  P,  F,  F',  F",  &c.  (fig..  19)  giving 
the  positive  sign  to  the  cosines  of  the  acute  angles,  and 
the  negative  to  those  which  are  obtuse,  the  components 
will  be  as  follow,  vis. 

of  P  . . . .  +  P  cos  a    -f  P  cos  /3 
ofF  •,..+ F  cosa'   —F  COSTS' 
of  F  . .  • .  -f  F  cos  o*  —  F  COS  /S* 
ofF\.   .-F'cosa'"-.F'cos/3'' 
ofP*,...—  P*'cosa'»  -f  P*^cosj3»\ 
Whence,  adding  together  the  components  acting  in  the 
same  direction,  and  denoting  these  as  before  by  X  and 
Y,  we  shall 

Pcos  a +Fcos  o' +F'cos  a'— F^xios  a^-.P»'cos  o*^=:X, 
Pcos/S-Fcos/tr-P'cos^'-F'cos/y'-HF-cos/ff^zrY. 
But  generally  we  may  defer  the  consideration  of  the 
signs  of  the  cosines,'  till  we  come  to  the  practical  solu- 
ikm  of  the  problem,  and  therefore  generally  our  results 
may  be  expressed  by  the  equati<His 
P  cos  o  -f-  F  cos  a  -f.  P*  cos  o"  +  &c.  =  X,  (2) 
P  cos  /3  -h  F  cos  /3'  +  F  cos  i3*  -H  &c.  =  Y.     (3) 

37.  Now  the  resultant  R  being  the  dia^nal  of  a 
right  angled  parallelogram,  of  which  the  sides*  are  X 
and  Y,  we  shall  h«ve 

R  :=;  ^/  (X*  +  Y^.  (4) 

38.  At  present  we  have  only  consideved  the  intensity 
CNr  magnitude  of  the  resultant;  but  it  is  necessary  als« 
to  know  its  direction.  In  order  to  effect  this,  let  us  call 
a  and  b  the  angles  which,  this  resultant  makes  with,  the 
rectangular  co-ordinates  A  x ,  A  ^,  and  we  shall  have 

X=:  Roosa,aodY  zz  Rcos6. 
Whence, 

X  Y 

cos  a  =  -p,  and  cos  ft  =:  --,  (5) 

Bat  it  is  obvious,  smce  the  only  data  of  the  problem 

areP,F,F',&c.  cos  a,  cos  a',  cos  a',  &c.  and  cos/3, 

oos/?,  cos  /d*,  &c.  that  we  cannot  find  immediately  from 

these  the  value  of  cos  a  and  cos  b ;  but  that  we  must 

ivst  find  X  and  Y  from  equations  (2)  and  (3),  then  R 

from  equation  (4),  and  ultimately  cos  a  and  cos  b  from 

equation  (5). 

39;  The  line  of  direction  passing  through  the  point 

A,  which  we  have  assumed  a»  the  origin  of  the  co-ordi- 

lates,  the  equation  of  it  w^  be 

*   ■  sin  fl 

V  =  X  fan  ff»  or. V  =  x  ^— ; 
cos  fl 

and  observmg  farther,  that  the  angles  a  and  ft,  formed 
^  the  resultant  R,  with  the  axes  A  x,  Ay,  are  supple- 
ments of  each  other,  we  shall  have 
sin  a  ^  cos  ft ; 
*nd  therefore  the  above  equation  becomes 
cos  ft 

y  =  * ; 

cos  fl 

^  substituting  in  this  equation  the  values  of  cos  a 
^  CDS  ft^  given  by  equation  5,  we  have 
Y 

40.  In  the  case  oi  equilibrium,  the  intensity  of  the 
'^itant  R  being  aero,  formula  4  in  this  case  becomes 
V  (X*4-.Y')=:0,prX'  + Y'  =  0. 


Bat  as  every  square  is  essentially  positive)  fmd  as  the  Mcchaiiks^ 
sum  of  two  positive  quantities  cannot  be  equal  to  zera,  '^^^^'^X* 
unless  each  of  the  quantities  are  separately  equal  to  0, 
we  must  have  in  this  case 

.     X  =  0,andY  =  0. 
Such  are  the  equations  of  equilibrium  of  many  forces ; 
which,  being  situated  in  the  same  plane,  are  applied  imh 
mediately  to  any  one  point.     If  X  only  were  equal  to  0, 
we  should  have 

R  =  Y,  cos  fl  ==  0,  and  cos  ft  z=  1 ; 
which  shows  that  in  this  case  the  resultant  would  hav^ 
its  direction  coinciding  with  A  y,  which  is  otlierwise  ob- 
vious ;  and  in  the  same  manner  it  will  appear^  that  if 
Y  =  0,  the  resultant  would  coincide  in  its  direction 
with  A  X. 

41.  In  order  to  illustrate  by  example  what  we  have  Example, 
endeavoured  to  explain  generally  in  the  preceding  arti^ 

cles,  let  us  suppose  four  forces,  P,  P',  F,  F',  acting  at 
one  common  point  A,  and  whose  intensities  are  denoted 
respectively  by  the  numbers  2,  3,  4,  5 ;  let  also  the 
angle  PAF  =  30°,  P'AP''  =  15^  andP'^AP"'  =  75°; 
to  find  their  resultant  both  in  intensity  and  direction, 

First  assume  two  rectangular  co-ordinates,  ir,y,  pass- 
ing through  A ;  and  as  the  position  of  either  of  these  is 
arbitrary,  let  us  suppose  the  ^ordinate  A  x  to  coincide 
with  AP  ;  then  the  angles  which  the  several  forces  form 
with  A  X,  will  be 

P    A  JT  =      0°  =  a  ^     cos      0®  =  1 

cos    30°  =:  ^  v'  3 
cos    45^  =zl  y/  2 
cos  120°=  —  J  ^  3;. 
and  the  angles  formed  with  A^  will  be  ^ 

P   A5^=    90°  =  ^3   )    cos  90°  =0 

€08  60°=$ 

'  cos  45°  =  1^/2 

cos  30°  =  —  1^  V  3.. 
Our  equations,  therefore, 

P  cos  a  -I-  F  cos  o'  -H  P*  cos  a*  =  &c.  =  X, 
P  cos  /J  -f  P'  cos  /?  -f-  P"  cos  iS"  -f  &c.  =  Y, 
b^ome 

2-fi>/3  4-2V2  — #v^3  =  X, 
0  +  f  +^^/2  —  f^/3  =  Y, 

Whence  the  numerical  values  of  X  and  Y  are  dcter-^  i 

mined,^  and  consequently  that  of 

R  =  V  {  X«  +  Y»,} 
which  denotes  the  intensity  of  the  resultant ;  and  hence 
again, 

X  Y 

cos  fl  =  -^,  and  cos  ft  =  r^-, 
K  K 

the  angles,  of  the  directions  which  the  resultant  makes 

with  two  axes,  are  also  numerically  determined. 

§  VI.  Of  forces  any  xchcre  situated  in  space,  applied  to  ^ 
giren  point,  as  referrsd  to  three  rectangular  co-ordi' 
nates, 

42.  Let  P,  PV  P",  &c.  be  difierent  forces  soliciting  Composi- 
any  point  A,  and  let  us  draw  through  this  point  any  tion<^rcc» 
tluree  rectangular  co-ordinates  A  x,  A  t/,  A  z,  (fig.  21)  ;"j^'^* 
and  denoting  respectively  the  angles  which  the  cg-ordi-? 

nates  form  with 

P   bya,/J,y, 
Fbya',/3',y; 

.     &C  &C.  <  .     1 


ttb  A  X,  will  be 
PA4r=      QP=a  \ 
F  A  *  =    30°  =  o'  f 
P*  A*=    45<'  =  o'  X' 
P*A*=  120°=  a"  J 
d  the  angles  formed  with  ) 
P   A  y  =   90°  =  j3  ^ 
F  Aj^=  eo°  =  /3'  f 
P*  Aj».=   46°  =  ^*("' 
P*A5r=-30°=./}"J 
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^jMrnAd,  and  decomposing  each  of  Cheie  forcet  mto  otherg  m  the 
^*V  direction  or  these  co-ordinates,  we  shall  find, 

P  cos  a  ,  P  cos  /J  ,  P  cos  y  ,  for  the  components  of  P, 
F  cos  a  ,  P'cos  Pf ,  P'cos  y  ,  for  the  componente  of  F, 
JP*  cos  a%  P*co8  fy,  Fcos  /,  for  the  componenU  of  F, 

&c.  &c.  .   &c.       f 

And  if  we  reserve  the  determination  of  the  signs  of  the 
cosines,  till  we  pass  to  the  practical  solution  of  the  pro- 
blem ;  and  if  also  we  represent  by  X,  Y,  and  Z,  the  com- 
ponents of  the  resultant  R  sought,  as  in  the  preceding 
-iurticles ;  we  shall  have, 
P  cos  a  4-  F  cos  a   +  F  cos  a*  +  &c.  =  X      (6) 
P  cos  /3  -H  F  cos  j3'  -f  F  cos  /J"  +  &c.  =  Y     (7) 
P  cos  y  -H  F  cos  y  -I-  F  cos  /  +  &c.  =  Z      (8) 
43.  Now  X,  Y,  Z,  being  the  three  projections  AB, 
BC,  CD,  of  the  right  line  AD,  which  represents  the  re- 
sultant, we  shall  have 

AB'4- BC*  + CD«=  AD«j 
and  consequently, 

X« -f  Y*  +  Z«  =  R». 
And  hence  we  determine  immediately  the  intensity  or 
magnitude  of  the  resultant  R ;  viz. 

R  =  ,/  (X*  +  Y«  +  Z»)..  (9) 

.  Agam,  in  order  to  determine  its  direction,  if  we  call 
41,  6,  c,  the  angle  which  this  resultant  forms  with  each 
•oCthe  co-ordinates;  the  components  of  R,  as  referred 
to  each  of  these  axes  respectively,  will  be 

R  cos  a,  R  cos  b,  R  cos  c. 
And  as  these  components  have  been  otherwise  repre- 
^nted  by  X,  Y,  Z,  we  shall  have 

X  =z  R  cos  ff,  Y  =  R  cos  6^  Z  =  R  cos  c; 
f^hence  we  draw 


X  Y 

cos  a  =  rr ,    COS  6  =  «^ , 


co8ci=  g-; 


(10) 


where  we  may  again  observe  that  X,  Y,  Z,  are  first  to 
be  determined  by  equations  (6),  (7),  (8),  then  R  from 
equation  (9),  and  ultimately  cos  a,  cos  6,  cosr,  from 
equation  (10);  by  which  means  both  the  magnitude  and 
direction  of  R  will  be  determined. 
Equilibriam  44.  In  the  case  of  equilibrium,  the  resultant  being 
of  forces  in  equal  to  zero,  we  shall  have  from  equation  (9) 

Which  expression  being  the  sum  of  three  squares  essen- 
tially positive,  they  must  be  each  respectively  equal  to 
0,  as  It  is  otherwise  impossible  that  their  sum  should 
have  that  value ;  hence,  therefore, 

X  =  0,  Y  z=  0,  Z  =  0, 
which  values  reduce  equations  (6),  (7),  (8),  to 
P  cos  a  +  F  cos  a  -^  V^  cos  o"  -f  &c.  =  0  "I 
P cos/3  +  Fcosi3'-f  Fcos/J*  +  &c.  =  0  Wll) 
P  cos  y  +  F  cos  y  -f  F  cos  /  -f  &c.  =z  0  ) 
which  are  the  equations  of  equilibrium  of  any  system  of 
forces  situated  in  any  manner  in  space,  and  applied  to 
the  same  point 

45.  The  above  conditions  being  fulfilled,  we  may 
demonstrate,  that  any  one  of  these  forces  is  equal  and 
directly  opposed  to  the  resultant  of  all  the  others. 

Let  R'  be  the  resultant  of  all  the  forces  except 
Pcosa,  X',  Y',  2'  its  components,  and  o',  b\  c',  the 
angles  which  it  makes  with  the  three  axes ;  dien  we 
have 

Fcosa'  -f  Fcosa"  +  F'  cosa"'  -f  &C.  =  X' 
Fcos/y  -f  Fcos/3'' +  F'cos/J^'  -f  &c.  =  Y' 
F  cosy  +  F'cosV  +  F'  cosy'^  -f  &c.  =  Z'; 
and  by  means  of  these  values^  we  may  reduce  equa- 
tion (11)  to 


Pcosa +  X'  =  0, 

Pcos/?  -f  Y'  =  0, 

Pcosy  +  Z'  =  0; 

and  eliminating  X',  Y',  Z',  by  means  of  the  equations 

X'  =  R' cosfl',  Y'  =  R' cos*',  Z  =:  R' coscr', 
these  become 

P  cosa  =  —  R'  costf', ') 
P  cos/3  =z  —  R'cos*',  i  (12) 

P  cosy  =  — R' cose':) 
now  squaring  each  of  these,  and  taking  the  sum  on  each 
side,  we  have 

F(cos«a  -h  cos*/?  +  cosV)  =  R'"  (cosV  +  cos'*'-+ 
cosV) 

And  as  the  sum  of  the  squares  of  the  cosines  of  the 
angles,  which  any  force  makes  with  the  three  rectan- 
gular co-ordinates,  is  equal  to  1,  (art  33)  this  last 
equation  gives 

F=zR»,  orP=  R; 
where  it  will  be  observed  that  we  take  P  here  only  with 
a  positive  si^,  because  the  particular  sign  with  which 
it  is  efiected,  is  to  be  determined  by  the  rule  for  the 
signs  of  the  cosines  indicated  in  art.  18. 

Substituting  now  the  value  of  P  in  the  equations  of 
No.  (12),  and  suppressing  afterwards  the  common 
factor  R',  these  equations  become 

cosa  =  —  cosflf',  (13) 

cos/3=:  —cos  5',  (14) 

cosy  =:  —  cosc^;  (15) 

and  if  we  make  cosa'  =  fit,  equation  (13)  gives  us 

cosa  rr  —  m. 
Tliese  values  of  coso',  and  cosa,  indicate  that  the 
angles  a'  and  a  are  supplements  of  each  other ;  and  in 
the  same  manner  it  will  appear  that  b'  and  fi,  as  also 
c  and  y,  are  respectively  the  supplements  of  each 
other;  that  is, 

b*  is  the  supplement  of  /3,  and 
cf  is  the  supplement  of  y. 
It  results  also  firom  the  above,  that  R'  and  P  are 
directly  opposite  to  each  other;  for  if,  for  example,  P 
was  situated  below  the  plane  of  x,  jr,  in  the  quarter 
where  x  and  y  were  positive,  P  would  be  situated  in 
the  other  part  or  quarter  where  x  and  y  were  negative. 
After  having  reduced  all  the  forces  to  three  rect- 
angular forces  X,  Y,  Z,  we  have  seen  (art  33)  that 
the  resultant  R,  is  the  diagonal  of  a  parallelopipedon, 
of  which  the  contiguous  sides  AB,  BC,  CD,  (Bg.  21) 
are  denoted  by  X,  Y,  and  Z ;  consequently,  in  order 
to  determine  the  equation  of  the  resultant  R,  repre- 
sented by  AD,  it  will  be  necessary  to  find  that  of  a 
right  line  passing  through  the  origin  A,  having  its  co- 
ordinates equal  to  zero,  and  through  the  point  D, 
having  for  its  co-ordinates  X,  Y,  and  Z. 

46.  We  may  give  still  greater  generality  to  this 
problem,  by  supposing  the  point  of  application  A 
to  have  for  its  co-ordinates  *',  y,  z',  then  the  co- 
ordinates of  the  point  D,  (fig.  22)  will  be 

x' 4- X,  y  ^- Y,  /  +  z. 

This  supposed,  the  equations  of  the  resultant  being 
those  of  aright  line  in  space,  are  of  the  form 

x  =  dx  -k-  b,  ziza'y  +  b';  (16) 

and  pnttine  in  these  equations,  the  co-ordinates  of  the 
point  D,  {ng,  22)  instead  of  x,  y,  and  z,  we  shall  find 

z'H-Z=<ix^-faX-f6;z'+Z=fl'y+a'YH-*';     (17) 
and  as  the  co-ordinates  x',  y,  z',  of  the  point  A,  ought 
also  to  satisfy  equation  (16),  we  shall  have, 

z'  =  flx'  +  b;z'=:t//  +  b'i  (18) 
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and  cubtracting  UieM  equations  from  those  of  No.  17, 
we  shall  obtaia 

Z  =  aX,  Z  =:  cfYi 

Z  Z 

whence  also,  a  =«,  d  zzl  ^. 

On  the  other  hand,  eUminatine  h  and  V  by  means  of  the 
equations  (16)  and  (18),  we  shall  have 

z  — 2'=:«(x--j0.;  I  — 2'  =  if'(5f  — y); 
patting  in  these  equations,  the  values  of  a  and  t^,  we 
shall  haye  finally,  ror  the  equation  of  the  resultant^ 


\  VII.  (y  the  eqmlUfrium  of  solid  bodies^ 

47.  At  present  we  have  considered  all  our  forces  as 
acting  at  the  same  point,  and  have  therefore  only  deter> 
minea  the  conditions  necessary  for  establishing  an 
cquiKbrium  of  a  material  point ;  but  we  must  now 
extend  our  enquiries  to  the  equilibrium  of  solid  bodies, 
or  to  the  equilunrium  of  a  system  of  forces  acting  upon 
different  points  whidi  are  supposed  to  be  connected 
togedier  m  an  invariable  manner.  This  problem,  in  all 
its  extent,  involres  the  greatest  generality ;  but  we  shall 
at'  present  consider  only  two  particular  cases,  viz.  first, 
when  the  forces. are  M  parallel  to  each  other;  and, 
second,  when  they  all  act  in  the  same  plane ;  to  which 
all  the  other  cases  are  readily  referred^  as  will  be  seen 
in  the  subsequent  articles. 


0/  parallel  forces. 


hnU  48»  Let  US  first  consider  two  parallel  forces  P  and  Q,    ^  . . 

^*»  ■?-    (fig.  23)  applied  to  the  extremities  of  a  right  line  AB, 
^*?^  cutting  their  directions  at  right  angles ;  and  let  us  re- 


Multiplying  these  two  analogies,  term  for  term,  and  Mcdianfe*; 
suppressing  the  common  factor  OC  of  the  two  first ' 
products,  we  have 

OB  :  OA  ::  CL  X  KF  :  EL  x  CK. 
But  the  EL  =:  KF,  being  respectively  equal  to  AM 
and  BN,  which  are  equal  by  hypothesis,  these  factors 
in  the  two  latter  terms  may  therefore  also  be  sup* 
pressed,  and  then  wc  shall  have 

OB:OA  ::  CL:CK; 
but  CL  and  CK  are  equal  to  AP  and  BQ,  or  they  are 
equivalent  to  the  forces  P  and  Q ;  consequently, 

OB:OA  ::  P:Q;  (19) 

that  is,  the  point  of  application  O  of  the  resultant  of 
the  two  forces  P  and  Q,  divides  the  right  line  AB  inte 
two  parts  OB,  OA,  which  are  reciprocally  proportional 
to  the  intensity  of  these  forces. 

Remark,  It  may  be  objected  to  the  above  demonstra*^ 
tion,  that  we  are  reasoning  upon  a  point  of  application 
C,  which  is  out  of  the  line  AB,  of  which  we  have  been 
endeavouring  to  establish  the  laws  of  equilibrium :  but 
it  is  obvious  that  the  process  would  have  been  just  tK& 
same,  if  our  object  had  been  to  determine  the  equili* 
brium  of  a  plane  of  which  the  line  AB  was  the  bas^ 
or  which  passed  through  any  part  of  that  plane ;  and 
it  is  evident,  if  this  had  been  our  enquiry,  that  lhi6 
plane  itself  would  have  been  in  equilibrio,  and  conse- 
quently the  line  AB,  both  being  supposed  without 
weight.  ,     .^ 

49.  The  preceding  analogy  furnishes  us  with  the 
following,  viz. 

"^       ^       AO::P  +  Q:Q, 

OB  ::  P  4-  Q:P; 

R:Q) 

R:P5 


by  ccmiposition 


rfafae.  present  these  forces  by  the  right  lines  AP,  BQ,  propor- 
tional to  them.  Now  we  may  add  to  the  system  two 
other  forces  AM,  BN,  equal,  and  directly  opposed  to 
each  other,  and  substitute  for  the  four  forces  AP,  AM, 
BQ,  and  BN,  the  diagonals  AD  and  BI ;  and  as  these 
diagonals  meet  in  the  point  C,  we  may  conceive  the 
two  forces  BQ,  BN,  as  transferred  to  this  point 
(art  15);  and  taking  CE  =z  AD,  and  CF  =  Bl,  to  re- 
present theee  two  kttter  forces ;  if  we  decompose,  or 
resolve  the  two  forces  CE,  CF,  into  two  rectangular 
forces  CG,  CL,  and  CH,  CK,  these  will  be  obviously 
respectively  equal  to  the  four  former  forces  AM,  AP, 
BN  and  BQ,  of  which  GC  and  CH  are  equal  and 
direcdy  opposed,  beinr  the  equivalents  of  AM  and 
BN,  which  are  so  br  nypothesis ;  abstracting  there- 
fore from  these,  imich  destroy  each  other,  there 
remain  at  the  point  C,  only  the  two  forces  CL,  CK, 
equal  to  P  ana  Q ;  whidi  acting  both  in  the  same 
direction,  are  equivalent  to  one  force  equal  to  their 
sum;  denoting  therefore  the  resultant  by  R,  we 
obtain 

R  =  P  +  Q. 
And  as  aforoe  may  be  applied  to  any  point  in  its  direc- 
tion, we  may  suppose  dus  resultant  to  be  applied  at  O, 
and  it  will  then  only  be  necessary  to  ascertam  the  dis- 
tance of  this  point  firom  A  and  B. 

Now  the  truingles  CAO,  CEL,  being  similar,  give 

CO:AO  ::  CL:EL; 
and  in  the  same  manper,  the  similar  triangles  COB, 
CKF,  give 

OB2OC  ::  KF:CK. 


C  OB  +  OA 
I  OB  +  OA 
C  AB  :  AO  : 
I  AB  :  OB  : 
whence  we  readily  deduce 

Q:P:  R  ::  OA 


(20) 


OB:AB; 


firom  which  we  draw  immediately  the  following  conclu- 
sion ;  viz. 

The  three  forces  Q,  P,  il,  are  respectively  to  each  Theownu 
other  as  the  distances  iticluded  between  the  other  two, 

50.  By  means  of  the  above  theorem,  it  is  obvious 
that  any  three  of  the  six  terms  bein^  given,  the  others 
may  be  found ;  thus  if  Q,  P,  and  OA,  are  given^  we 
have 

Q:P::  OA:OB=  ^^^^• 


If  Q,  P,  and  OA  are  given 

P  :  Q  :  OB  :  OA  = 


Q 
we  find 
QxOB. 


J    -  ,  ^  -  —  .  ^« p 

If  AB,  BO,  and  R  be  given,  then 
AB:BO  ::  R:P  = 


BOxR. 


AB 

If  AB,  AO,  and  R  be  given,  then 

AB:AO::R:Q=A^: 

and  so  on  of  others. 

In  the  preceding  demonstration,  we  have  supposed 
the  directions  AP,  BQ,  of  the  forces  P,  Q,  to  have  been 
perpendicular  to  the  right  line  AB ;  but  if  they  were 
oblique  to  it,  as  in  fig.  24,  we  might  through  the  point 
of  application  O  of  the  resultant,  draw  CD  perpendi* 
cular  to  the  direction  of  these  forces  :  then  the  force  P 
applied  at  A,  would  have  the  same  efiect  as  if  it  were 
applied  at  C,  and  it  would  be  the  same  with  regard  to 
the=  force  Q  i^lied  at  the  point D;  and  as  we  hieive  by 
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TtnM 
foffretin 
opponte 
directioBi. 


>^^^^  the  preceding 

*^"^^*^  P  :  Q  : :  OD  :  OC, 

and  the  triangles  CAO  and   OBD  being  similari  we 
obti^  also 

P:Q  ::  OB:OA. 
51.  When  two  forces  P  and  Q  act  in  opposite  direc- 
tions, as  m  fig.  25,  the  resultant  is  equal  to  the  differ- 
•nee  of  these  forces. 

For  let  S  be  the  resultant  of  the  two  forces  P  and  R, 
which  act  in  the  same  direction,  we  shall  have,  as 
above, 

S  =  P  +  R. 
Now  replacing  S,  by  a  force  Q,  which  we  must  sup- 
pose equal  and  acting  in  a  contrary  direction,  an  equi- 
librium will  be  established  between  the  three  forces 
P,  Q,  R ;  consequently  we  may  consider  R  as  the  re- 
sultant of  P  and  Q,  and  we  have  therefore,  in  order  to 
obtain  R, 

Q  =  P  +  R,  or 
R  =  Q  -  P. 
Whence  the  point  O,  where  the  resultant  R  ought  to 
be  applied,  will  be  delermined  from  the  foUowtng  pro- 
portion; Tiz» 

AB.BO::  R:P, 

Whence 

or,  writing  for  R  its  equal  Q  —  P,  we  have 

B0  =  ^5iil. 
Q-P 

Here  it  is  evident  that  the  less  the  difference  is  between 
Q  and  P,  the  greater  will  be  the  distance  BO ;  and  con- 
sequently when  P  and  Q  are  equal,  BO  is  infinitely 
great,  and  R  infinitely  small ;  that  is,  in  this  case  no 
equilibrium  can  be  practioally  established. 

52.  We  may  apply  to  any  number  of  parallel  forces, 
|2"_^^f"  the  same  theory  as  that  given  above :  for  let  P,  P',  P^ 
UouT      P*''  ^"y  &c-  (H-  26)  ^e  ^rallel  forces  applied  to  the 

different  points  A,  B,  C,  D,  E,  &c.  connected  together 
by  inflexible  right  lines,  and  let  it  be  required  to  deter- 
mine their  resultant  and  its  point  of  application : 

Here  we  first  find  the  point  of  application  M  of  the 
resiiltant  of  the  forces  P  and  F,  by  the  proportion 

AB:AM  ::  P  +  F:?^; 

which  gives 

AM        ABxP' 

Having  then  drawn  the  right  line  MC,  we  find  the  point 
of  application  N,  of  the  resultant  of  the  forces  P,  F' 
applied  in  M,  and  the  force  P*  applied  at  C,  by  the  pro- 
portion 

MC.MN  ::  P  +  P'  -fF'iP'; 
whence  we  have 

drawing  then  the  line  ND,  we  determine  in  the  same 
manner,  the  point  <Jf  application  of  the  resultant  of 
these  three  forces  applied  at  N,  and  the  force  P^  ap- 
plied at  D ;  this  gives  us  we  will  suppose  the  point  O : 
nnally  draw  OE,  and  by  a  similar  operation  determine 
the  point  K,  which  will  be  the  resultant t)f  all  the  pro- 
posed forces. 

53.  If  any  of  the  forces  have  a  contrary  direction, 
let  them  be  denoted  by  Q,  Q',  Q';  and  we  must  then 
fSad«  first,  the  point  of  application  of  the  resultaHt  of 
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the  forces  P,  F,  P,  &c.  which  let  be  K ;  then  of  the  ^ 

forces  Q,  Q*,  Q*,  &c.  which  let  be  L ;  and  the  system 

will  thus  be  reduced  to  two  opposite  parallel  forces,  the 

one  applied 

in  the  point  K=PH-F+P'-fP"+  *c.  and  the  other 

at  the  point  L=zQ-|-Q'+Q'-fQ'"-f  &c.; 

of  which  the  resultant  and  iu  point  of  application  may 

be    found  according  to  the    principles   explained  in 

art.  51. 

54.  If  the  forces  P,  F,  P,  &c.  (fig.  27)  remaiki 
always  parallel  and  applied  to  the  same  points,  but 
taking  the  direction  AQ,  BQ*,  CQ*,  DOT/Scc,  the 
resultant  will  neither  be  changed  in  intensity  nor  in  its 
point  of  application,  but  will  merely  change  its  direc- 
tion by  becoming  parallel  to  the  general  direction  of  the 
forces ;  that  is,  instead  of  being  parallel  to  the  directibns 
AP,  BF,  CP,  &c.  it  will  now  be  parallel  to  the  new 
directions  AQ,  BQ*,  CQ*,  &c. 

For  the  operation  by  which  we  determined  the  point 
of  application  of  the  resultant,  depends  only  upon  the 
intensities  of  the  foices,  and  the  respective  distancee 
of  the  several  points  of  application ;  consequently  the 
data  will  remain  the  same,  whatever  may  be  the  duree- 
tion  of  the  forces. 

And  the  point  through  which  the  resultant  of  all  the 
forces  pass,  whatevw  may  be  their  inclinaticm,  is  called 
the  centre  of  the  paraliel  forces. 

55.  Now  in  order  to  find  the  co-ordinates  of  the  Equatk 
centre  of  any  parallel  forces,  let  M,  M',  M',  &c.  be  th«  ^^ 
points  of  application  of  the  forces  P,  P,  F,  &c   and 

let 

J,  y,  z,  be  the  co-ordinates  of  the  point  M, 
af,  Vi  i'»  the  co-ordinates  of  the  pomt  M', 
sf,  /,  7^,  those  of  the  point  M*, 

and  x^,  y„     2,, 
those  of  the  centre  of  the  parallel  forces. 

Let  us  denote  by  N,  (fig.  28)  the  point  of  application 
of  the  resultant  of  Ae  parallel  forces  P,  F,  we  shall 
have 

MM'  :  M'N  ::  F-f  P  :  P; 
and  because  of  the  similar  triangles  ML'M',  NLM',  w« 
in  like  manner  obtain 

MM'  :  M'N  ::   ML'  :  NL; 
whence  we  readily  draw  the  following  proportions, 

ML'  :  NL  :•  P  +  F  :  P; 
therefore 

(P  +  F)  NL  =z  P  -f  ML'; 
and  adding      (P  -f  P')  LK  to  both  sides 
(P  H-  P')  (NL  +  LK)  =  P  (ML'  +  KL)  +  P.KL: 
now  observing  that 

NL  4-  LK  z=  NK 
ML'  -r   KL  =  M  H', 
the  preceding:  equation  reduces  to 

(P  +  F)  NK  =  P.MH  -h  F.M'H'; 
and  if  we  call  Q  the  resultant  of  the  forces  P,  F  and 
Z,  the  ordinate  NK  of  its  point  of  application,  this 
equation  becomes 

QZ  =  Pz  -f  PV. 
Calling  aorain  Q'  the  resultant  of  the  forces  Q  and  P% 
and  Z'  the  ordinate  of  the  point  of  application  of  Q^,  wo 
shall  have, 

Q'Z'  =  QZ  -f  Fz*; 
or  substituting  for  QZ  its  value  found  above,  we  obtain 

Q'Z'  =  Pz  +  V'z'  ^  VtT  -f ♦  Ac; 
and  by  continuinj^;  the  same  operation,  it  is  obvious  that 
we  shall  have  uUimatcly 
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Rz,  =  P«  +  Ffi*  +  P'/  +  Pr +,&c.:  (21) 
R  being  the  resultant  of  all  the  forces  P,  F,  F",  &c.  and 
::,,  the  ordinate  of  its  point  of  application  in  the  direction 
of  2. 

56.  The  moment  of  a  force,  with  reference  to  any 
*  plaiic,  is  the  product  of  its  intensity  by  the  distance  of 

its  point  of  application  from  this  plane  :  the  preceding 
equation  indicates  therefore  that  the  moment  of  the 
resultant  of  any  forces  P,  P',  P*,  &c.  with  reference  to 
the  plane  of  x,  y^  is  equal  to  the  sum  of  the  moments  of 
each  of  these  forces  as  referred  to  the  same  plane;  and 
taking  the  moments  with  reference  to  two  other  co-ordi- 
nate planes,  we  shall  have  again 
R^„  =  P^  +  Fy  +  Py  +  PV'  +,  &c.  (22) 
Rx,,  z=  P*  +  py  +  PV  4-  FV"  4-,&c.  (23) 
Therefore  when  we  know  .the  co-ordmates,  x,  y,  x,  x',y, 
z\  &C.  of  the  points  of  application,  and  die  intensities 
P,  F,  P'',  &c.  of  the  forces,  we  know  also  the  resultant 
R,  which  is  equal  to  the  sum  of  these  intensities  ;  and 
consequently  we  may  calculate  the  co-ordinates  x,,^,,  z,, 
of  the  centre  of  these  parallel  forces. 

With  regard  to  the  signs,  we  consider  the  forces 
acting  in  one  direction  as  affected  with  the  positive 
sIgTi,  and  those  which  act  in  an  opposite  direction  as  af- 
fected with  the  negative ;  and  since  the  co-ordinates  are 
positive  or  n^^tive,  according  as  they  fall  on  one  side 
or  on  the  other  of  the  origin,  we  must  give  the  positive 
.sign  to  a  moment  in  which  the  force  and  that  of  its  co- 
ordinates have  the  same  sign,  and  the  negative  to  those 
which  have  contrary  signs. 

57.  If  die  points  of  application  M,  M',  M*,  M"',  &c. 
are  in  the  same  plane  MM',  (fig.  29,)  we  may  so  dis- 
pose the  co-ordinate  planes,  that  the  plane  of  x,,v,  may 
be  parallel  to  MM' ;  m  which  case  alt  the  co-ordinates 
r,  1 ,  2*,  5*,  &c.  are  equal  to  each  other,  or 

«  =  «^  =:  a:'  =  «'',  &C. 
and  if  we  represent  by  jt,,  the  ordinate  of  the  centre  of 
the  parallel  forces,. this  ordinate  will  also  be  equal  to 
2,2,  &c.;  consequendy,  in  this  case,  the  preceding 
equation 

Rz,  =  P2  +  Fz'  +  Pi*  +  &c. 
will  become  simply 

R  =  P  +  F  +  P  -h  P'  +,  &c. 
If  the  points  of  application  of  the  forces,  beside 
being  all  found  in  one  plane,  were  also  all  in  one  right 
line  AB  (fig.  30),  we  might  suppose  this  parallel  to  one 
of  the  axes,  x  finr  example,  and  then  we  should  have  at 
tbe  same  time 

«,  =:  «  =  «'=:«'  =  «''=:,  &c.  and 

y,  =  i^  =  y  =  y  =  y  =f  &c. 

tad  consequendy  in  this  case,  equaUons  21  and  22  bodi 
reduce  to 

R  =  P  +  F  -f  P  -f  P'  +,  &c.        (24) 
and  there  will  only  remain  that  of 

Rx  =  Px  H-  py  +  Px^  -♦-,  &c.        (25) 
^  may  therefore  here  dispense  with  employing  three 
reclan^Iar  co-ordinates,  by  merely  referring  x,  x*,  x*, 
^.  to  die  line  AB. 
Foreiample^let  *  =  9,*'  =  3,  a^  =  —  3,  x^'  =  —  4; 

also,P  =  -jF,P=-fP,P'=2P: 
then  putting  these  values  into  equations  24  and  25,  we 
should  have 

R  =  P-4P  — ^P-f2P  =  2P, 
Rjs,  =  9P-P  +'2P-  8P  =  2P: 
^^itence  wc  obtain  x,  =  I. 

58.  Let  us  now  endeavour  to  invesdgate  the  condi- 
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dons  of  equilibrium  in  sudi  a  system  of  parallel  forces  Mecianies. 
as  that  we  have  been  considering.  v^^^v-^./ 

In  the  first  place,  as  the  posidon  of  the  co-ordinate  Couditioiu 
planes  is  perfectly  arbitrary,  we  may  always  suppose  J>^.«^"'*i- 
die    axis  of  x  parallel  to  the   direction  of  the  forces.   ""*"* 
This,  therefore,  being  supposed,  and  having  reduced 
all  the  forces  which  act  in  one  direction  to  one  result- 
ant R,  (fig.  31),  and  all  those  that  act  in  a  contrary 
direction  to  another  resultant  R,,,  we  shall  have  an 
equihbrium  in  the  system  if  these  two  resultants  are 
equal  and  direcdy  opposed  to  each  other. 

Now,  in  order  that  the  first  of  these  conditions  may 
be  fulfilled,  the  distance  C'C  must  be  zero ;  in  order 
to  which,  it  is  necessary  that  the  co-ordinates  x,  and  v , 
fix)m  the  centre  C,  may  be  the  same  as  the  co-ordi- 
nates x^^,  V,.,  from  the  centre  C : 
consequently  we  shall  have 

and  the  second  will  be  fulfilled  if 

R,  =  -  R„.  (26) 

Now,  multiplying  the  two  first  equations  by  the  third, 
we  have 

R,x,  =  ~  R,/r,„  (27) 

V.^y,zz^^„y„  (28) 

And  by  the  property  of  moments,  (art.  b6)  we  shall 
have,  bv  calling  P,  F,  P",  &c.  the  components  of  R^, 
and  PVP**,  those  of  R^,  &c. 

Rx,    =  Px      +  Fx'    4-  Pj^  +,  &c. 
R„x^,  =  PV  +  P*'x»'  -H  PV  4-,  &c. 
And  substituting  these  values  in  equation  (27),  we  re- 
duce it  to 

Px  4-  Fx'  +  P*^  4-  P'J^'  4-  P'^**'^  +  &c.  =  0;  (29) 
and  by  a  similar  proceeding 

Py  +  py  4-  P/  4-  py  +  PV  .■+■,  &c.  =  0.  (30) 
Finally,  if  in  equation  (26)  we  substitute  the  values  of 
R',  R*',  we  obtain 

P  4-  F  4-  P*  -f  P'  -f  P*'  +,&c.  =  0 ;     (31) 

59.  When  these  latter  equations  are  satisfied,  the 
parallel  forces  are  in  equiUbrio. 

Whence,  then,  we  may  draw  the  following  general 
conclusion,  viz. 

There  ncUl  he  an  equilibrium  in  the  system^  if  the  sum  of 
the  moments  of  tht  forces^  taken  with  reference  to  two 
rectangular  planes,  parallel  to  the  common  direction,  is 
equal  to  zero;  and  ij\  at  the  same  time,  the  sum  of  the 
forces  is  also  equal  to  zero, 

60.  The  equilibrium  will  also  subsist,  if  the  resultant 
of  the  parallel  forces  pass  through  a  fixed  point ;  for  it 
will  then  be  destroyed  by  the  resistance  of  this  point 

§  VIII.  Of  forces  situated  in  a  plane,  and  applied  to  &f^ 
ferent  points  connected  together  in  an  invariable  manner, 

61.  Let  P,  F,  P^  &c.  (fig.  32)  represent  several  Forces  si- 
forces  acting  in  the  same  plane,  which  we  will  suppose  tuated  in 
to  be  that  of  x,  y,'  and  which  are  applied  to  the  points  *'j®  **' 
A,  B,  C,  D,  situated  in  this  plane,  and  invariably  con-P*""*' 
nected  together. 

First,  having  taken  the  parts  Aa,Bb,  Cc,Dd,  pro- 
portionalto  the  intensity  of  these  forces,  we  prolong  the 
right  lines  A  a,  Bb,  to  their  point  of  meeting  G,  and 
having  transferred  into  this  point  the  two  forces  A  a, 
Bb,  construct  the  parallelogram  GG',  and  its  diagonal 
GG'  will  represent  the  intensity  and  direction  of  the 
resultant  of  these  two  forces ;  prolong  aaain  GG'  and 
G  c  to  their  point  of  intersection  H;  then  having  trans- 
b 
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Mechaiiicf.  ferfed  to  this  poiilt  tbe  ivfo  fo/oe»GQ^aiid  Cc,  con- 
struct the  parallelogtam  Hlf^  of  which  the  diaffOnai 
HH',  Will  represent  the  resultant  of  the  forces  GG  and 
C  c,  arid  consequently  tho^e  of  A  a,  B  6,  C  c ;  prolong 
now  HH'  and  D  d,  till  they  intersect  in  the  point  I,  and 
ha^ine  constructed  the  parallelogram  I  \\  the  diagonal 
I  r  wm  be  the  resultant  of  tbe  entire  system. 

63.  It  should  be  observed,  that  if  amongst  the  pro- 
posed forces  there  should  be  two  or  more  parallel  to 
each  other,  these  must  be  reduced  or  coQipounded  into 
one  force  by  the  method  explained  in  the  preceding 
section ;  and  this  compounded  force  or  resultant  will  be 
equal  to  their  sum  or  difference,  according  as  they  act 
in  the  same  or  in  opposite  directions,  as  explained  in 
'articles  49  and  51. 

But  if  two  of  the  forces  are  equal,  and  not  directly 
opposed  to  each  other,  then,  as  in  this  case,  we  cannot 
assign  to  them  any  resultant  (art.  51) ;  we  must  com- 
pound each  of  these  with  other  forces  of  the  system, 
and  continue  the  operations  in  the  same  manner  as 
explained  above ;  but  if  these  two  forces,  or  if  two  such 
resultants  should  be  the  resultants  of  the  whole  system, 
then  we  must  conclude,  as  in  the  article  above  referred 
to,  that  it  is  impossible  to  reduce  the  forces  to  one 
resultant,  or,  which  is  the  same,  that  it  is  impossible 
under  those  circumstances,  to  reduce  the  system  to  an 
equilibrium.  We  may  also  farther  observe,  that  if  in 
this  construction,  the  last  resultant  is  zero,  the  sys- 
tem will  be  already  found  in  a  state  of  equilibrium. 

63.  Such  is  the  geometrical   construction  of  this 
thiSrces  P'®*^'^™*  ^"^  i^  18  not  well  suited  to  the  purposes  of 

'  computation  ;  in  order  to  accommodate  it  to  this,  we 
may  observe,  that  it  is  pirecisely  the  same  thing  as 
if  we  had  transferred  to  the  point  I,  each  of  the  original 
forces  parallel  to  themselves,  and  at  that  point  com- 
pounded them  into  one  only  as  IF. 

Let  us,  for  example,  first  take  only  three  forces, 
P,Q,S  (fig.  33),  the  resultant  DC  of  the  forces  P  and  Q, 
being  transferred  to  D'C,  we  may  resolve  D'C  into 
DT*  and  D'Q',  where  it  is  obvious  that  TYV  and  D'Q', 
are  parallel  to  DP  and  DQ,  the  parallelograms  D'C 
and  DC  being  equal. 

This  then  being  premised,  let  us  endeavour  to  inves- 
ti^te  the  analytical  conditions  of  equilibrium;  and 
with  this  view,  we  shall  consider,  at  first,  only  three 
forces  P,  P',  F',  applied  to  different  fixed  points  of  any 
system ;  now  one  of  the  necessary  conditions,  in  order 
that  these  forces  may  be  in  equilibrio,  is  that  they  all 
meet  in  one  point,  or,  which  is  the  same,  that  their 
resultant  be  equal  to  zero. 

'  As  the  forces  must  therefore  meet  in  one  point,  we 
may  assume  this  as  their  common  point  of  application, 
by  supposing  them  each  transferred  to  this  point 
parallel  to  themselves ;  then  the  conditions  of  equili- 
brium will  be  precisely  the  same  |w  those  of  forces 
acting  upon  a  material  point,  viz. 

P  cos  a  -f  P'  cos  a'  +  P*  cos  a*  =  0  1        ,    .    ^v 

P  cos  /3  -f  F  cos/y  +  F'  cos  /J^  iz  0  5  ^^^'  ^^ 
To  which  equations  we  must,  however,  in  our  present 
case,  unite  that  which  we  shall  now  proceed  to  deter- 
mine, namely  the  condition  of  the'concurrence  of  the  forces. 

64.  Let  P,  F,  and  R,  be  three  forces  which  meet  in 
thfe  tooint  A,  (fig.  34).  If  through  any  point  C,  assumed 
hi  pleasure,  we  draw  also  through  A  the  right  line 
CA,  and  fh>m  the  point  C,  demit  the  perpendiculars 
CI,  Cr,  Cr,  the  ngfai  tingled  triangles  ACF,  ACr, 


A'CI,  will  have  the  some  common  bypothenuse  AC; 
and  it  is  this  which  constitutea  the  condition  of  the 
concurrence  of  the  fofces ;  for  this  bypothenuse  is  com- 
mon to  the  three  triangles  only  in  consequence  of  their 
having  the  same  vertex  A. 

Now  if  from  the  point  A,  we  draw  AB,  at  right 
angles  to  AC,  and  from  the  extremities  of  the  rig^t 
lines  AP,  AF,  and  AR,  which  represent  the  intensities 
of  these  forces,  we  let  fall  the  perpendiculars  PD,  FD', 
RD%  on  AB,  the  right  angled  triangles  ACI,  APD, 
will  be  similar,  because  the  angle  formed  by  AP  with 
the  parallel  AC  and  PD^  are  equal ;  whence  the  fol- 
lowing proportion,  viz.  . 

AC:  CI  ::  AP:  AD; 

and  if  we  make  AC  =  c,  and  CI  =  p,  we  have 

c:p  ::  P:AD; 

whence 

AD  =  tl- 
c 
In  the  same  manner,  if  we  take  p'  and  r  to  represent 
the  perpendicular  CI'  and  CI',  we  shall  find 

AD'=  ?^'andAiy=  — : 
c  c 

now  if  R  be  the  resultant  of  P  and  P',  the  component 

of  R,  in  the  direction  of  AB,  will  be  equal  to  the  sum 

of  the  components  of  AP  and  AP^,  in  the  direction  of 

the  same  nght  line. 

The  truth  of  this  is  involved  in  our  equations  of 
equilibrium  (art.  40),  viz. 

X  =  0  andY  =  0; 
but  it  may  be  demonstrated  as  followsLp 

Construct  the  parallelogram  APRP'  (fig.  35),  and 
draw  PE  parallel  to  AB ;  Uienthe  triangles  FER.ADP 
are  equal,  and  give 

AD  =FE  =  D'D'; 
substituting  D'ly  for  AD  in  the  identical  equation 

AD^iz  AD'4-  D'D^ 
we  have 

AD"  =  AD'  -f  AD; 
that  is,  the  component  AD"  of  the  force  R,  is  equal  to 
the  two  components  AD',  AD  of  the  forces  P,  P';  and 
if  here  we    substitute  for  AD",  AD'   and  AD,  their 
values,  as  above  determined,  we  shall  have 
Rr  _  Pp        Vp' 
c    -^  T   '^     c  ' 
or 

Rr  =z  P/;   -f  P'/?'.  (32) 

But  if  the  point  C  were  situated  in  the  angle  formed 
by  the  two  forces  P,  P',  or  in  the  opposite  vertical 
angle  R,  then  in  this  case  wc  should  have 

Rr  z=  P;>  -  P'p';  (33) 

as  will  appear  obvious  by  referring  to  fig.  36. 

65.    We  have  defined  (art.  56)  the  moment  of  a  Moment 
force,  xvith  reference  to  any  plane^  to  be  the  product  of  ^J^^ 
the  intensity  of  that  force,  by  the  perpendicular  let  fall  point. 
firom  its  point  of  apphcation  to  that  plane.     And,  by 
analogy,  we  call  the  moment  of  a  force,  with  reference  to 
any  point,  the  product  of  the  perpendicular  let  fall  from 
this  point  upon  the  direction  of  the  force  into  the  force. 
Moments  therefore,  with  reference  to  a  point,  differ 
essentially  from  moments  referred  to  a  plane.     The 
latter   depend   upon  the  point  of  application  of  the 
force,  and  are  inaependent  of  its  direction ;  while  mo- 
ments, with  reference  to  a  point,  depend  entirely  on  the 
direction,  and  are  independent  of  the  point  of  applica- 
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tkm.  The  first  itfe  ody  emplo^  in  ttie  theory  of 
ptraUd  forces,  and  may  be  positive  or  negattve ;  their 
signs  being  determined  ftom  those  of  the  foisee  and  the 
ordiiiale  of  the  point  to  which  they  ave  applied,  since 
they  are  the  product  of  these  two  quantities.  On  the 
contrary,  in  momests  wkh  reference  to  a  point,  the  two 
^tors,  that  is,  the  ibroe  and  the  perpendicular  let  Ml 
upon  its  direction,  are  quantities  which  we  always 
consider  as  positive,  and  consequently  the  moments 
themselves  are  positive  also. 

Equations  (32)  and  (33)  indicate  therefore,  that  the 
moment  of  the  resultant  of  two  forces  is  equal  to  the 
sum  or  to  the  difference  of  the  moments  of  Uie  compo- 
nents, according  as  the  point  C,  which  is  called  the 
centre  of  the  nwments,  is  situated  widiout  or  within  the 
angles  formed  by  the  two  components,  or  the  vertical 
(^)posite  angle  formed  by  producing  the  lines  of  their 
direction. 

Or,'  if  we  suppose  the  positive  or  negative  sign  as 
belonging  to  the  moments  themselves,  which  must 
be  determined  by  the  conditions  of  the  question, 
then  we  may  reduce  the  two  cases  of  the  preceding 
theorem  to  one  only,  and  say. 

That  the  moment  of  any  resultant  of  two  forces  is 
equal  to  the  sum  of  the  moments  of  the  two  components. 

But  when  three  forces  retain  each  other  in  equilibrio, 
the  third  force  must  be  equal  and  directly  opposed 
to  the  resultant  of  the  other  two ;  our  diird  force  F" 
must  therefore  be  equal  to  —  R,  and  denoting  also 
the  perpendicular  demited  from  it  by  p"  zz  r,  we  shall 
have 

vp  H-  py  -f  P'p"  =  0. 
Thus  the  equations  of  equilibrium  of  three  forces,  si- 
tuated in  a  plane,  and  af^lied  to  diflfereht  points,  will 
be 

P  cos  «  -f  F  cos  o'  -f  F'  cos  o"  =  0    (34) 

Pcos/3  +  Fcos/J' -f- F'oosjS'zz  0    (35) 

Pp  +  Fp'  +  F^/  =  0.    (36) 

66.  In  order  to  proceed  now  to  the  case  in  which  the 
number  of  forces  exceed  three,  we  may  consider  P, 
as  the  resultant  of  the  two  forces  F"  and  P** ;  whence 
we  have,  as  before, 

Vp  =  P'V'  +  PV; 
and  substituting  this  value  of  Fp,  in  equation  (36),  we 
change  it  into 

Vp'  +  Fp"  +  Fy  +  F^p^  =  0; 
and  by  a  similar  proceeding,  equations  34  and  35,  be- 
come 

P  cos  a'  -f  P*  cos  a"  -f  F'  cos  a'*  +  F^  cos  a**  =  0, 
Fcos/3'  -f  P*  cos/J*  -f  F'  cos/3*'  +  P*-  cos  /3*^=  0. 
And  the  same  method  may  be  extended  to  any  greater 
number  of  forces ;  and,  consequently,  we  shall  have  for 
the  general  equations  of  equilibrium  of  any  number  of 
forces  applied  to  different  points,  but  acting  in  the 
same  plane, 

P cos  a  -f  F  cos  a'  -f  P*  cos  a*  +,  &c.  =  0,  (37) 

Pcos)3  -f.  F  cos  /3'  +  F  cosjS*  -f ,  &c.  =  0,  (38) 

Vp  -f  Fp'  H-  F/  -f,  &c.  =  0.  (39) 

67.  It  is  very  convenient,  and  we  shall  fre|uently 
«fl  ourselves  of  it,  to  denote  the  sum  of  such  quanti- 
ties as  those  above,  by  inserting  the  first  of  them  in 
psrentheses,  and  prefixing  the  Greek  2 ;  thus— 

2  (P  cos  a),  2  (P  cos  /3),  2  (Pp) ; 
iiider  which  notation,  the  above  equations  will  there- 
fore be  written, 
2(Pcosa)  =  0,  2(Pcos/J)  =  0,2(P;^)=  0,&c. 


68.  Let  figs.  (37)  and  (38)  represent  such  a  system  of  Mcclninic*. 
forces  as  we  have  been  oonsidering ;  the  former  having  '>^^'^^^^i^ 
C,  tbecentre  of  the  moments,  $jtuated  beyond  the  angle  Properiies 
of  the  two  eztjneme  forces,  and  of  their  vertical  ^pposit^  of  °>oiuciits 
angle ;  and  the  latter  having  that  point  situated  withia 
the  angle  formed  by  any  two  of  those  forces;  it  is 
obvious,  that  if  we  si^pose  the  several  forces  P,F,  F', 
&c.  to  act  by  impulsions,  and  to  remain  invariably  fixed 
to  their  respective  perpendiculars,  denoted  by  /»,  p\  pf, 
&c.  then,  in  Uie  first  of  the  above  figures,  these  forces 
will  have  a  tendency  to  make  the  perpendiculars  all 
revolve   about  the  point  C,  in  one  and  the  same  di« 
rection;    while  in  fig.  (38),  the  forces  P,  P',  P'',  will 
have  a  tendency  to  cause  the  rotation  to  take  place  in 
(me  direction,  and  the  forces  F'',  P''',  in  an  opposite 
one. 


Now  the  expressions  — ^,  — ^  , 
c      c 


&c.  represented  by 


AD,  AD',  &c.  being  affected  with  different  signs  from 
AD'",  AD'^,  ^c.  it  follows  that  the  moments  that  have 
the  same  sign,  have  a  tendency  to  cause  the  system  to  . 
revolve  in  one  direction;  and  those  with  a  different  sig^^ 
to  make  it  turn  in  the  contrary  one ;  and  therefore,  in 
the  case  of  an  equilibrium,  the  moment  of  the  resultimt 
will  be  equal  to  the  sum  of  the  moments  which  have  a 
tendency  to  make  the  system  revolve  in  the  same 
direction  as  this  resultant,  minus  the  sum  of  the  mo- 
ments which  tend  to  produce  a  revolution  in  the  oppo- 
site direction. 

Or,  if  we  consider  the  resultant  as  another  force  simi- 
lar to  the  others,  as  we  have  done  ip  establishing  our 
equations  of  equilibrium  in  the  preceding  cases,  it  fol- 
low^ from  the  equation  2  (P;>)  =  0, 
that,  in  the  case  of  an  equilibrium,  the  sum  of  the 
moments  of  the  forces  which  tend  to  produce  motion  in 
one  direction,  is  equal  to  the  sum  of  the  moments  of  the 
forces  which  tend  to  produce  a  motion  in  the  contrary 
direction. 

69.  If,  in  a  system  supposed  to  be  in  equilibrio,  we  Direction  of 
suppress  one  of  the  forces,  as  for  example  P,  the  other  the  result- 
forces  will  havea  resultant,  which  we  may  denote  by  R,  ""^ 
and  the  angles  which  it  makes  with  the  axes  by  a  and  b ; 
and  as  this  resultant  ought  to  act  in  the  opposite  direc- 
tion to  the  suppressed  force  P,  which  retained  the  other 
forces  in  equilibrio,  instead  of  the  equations  (37),  (38),. 
(39),  we  shall  have  the  fqUowing ;  viz. 
R  cos  a  =  P'  cos  a'  4-  F  cos  a"  +  P*"  cos  a",  -f,  drc. 
R  cos  6  =  F  cos  /3'  -f  P" cos/3''  +  F'  cos/J*',  -f ,  &c. 
or, 

R  cos  a  =  2  (P  cos  a)  =:  X, 

R  cos  6  =  2  (P  cos  /3)  1=  Y, 

Rr  =  2(Pp); 
and,  by  means  of  these  equations,  we  readily  obtain 
every  condition  relative  to  the  resultant  R. 
For  example,  the  first  two  equations  give 
R^  (cos^^a  4-  cos»/^)  ==  :JL*  -f-  Y«: 
or,  because  a  and  b  are  the  complements  to  each  other, 
cosV  -f  cos'^  =  1 ;  therefore 

R'=:X'+Y»: 
or 

R   -  V  {X«  -f  Y».} 
The  same  equations  give  also  the  angle  of  the  diroc^ 
tion  of  the  resultant ;  for  we  have 
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70.  Now,  in  order  to  introduce  the  resultant  into  the 
^tem,  we  must  begin  by  determining  the  position  of  the 
nght  line  A6(fi^.  39),  which  shall  pass  through  the  origin 
A,  and  be  parallel  to  the  resultant;  and  with  this  view,  it 
will  be  observed  that  the  sign  of  the  cosine  b,  will  indi- 
cate whether  the  line  AB  is  situated  above  or  below  the 
axis  of  x;  for  when  the  cos  b  is  positive,  the  right  line 
AB  must  form,  with  the  axis  of  j^,  an  acute  angle ;  and  it 
ought,  on  the  contrary,  to  form  an  obtuse  angle  when 
that  sign  is  negative. 

Similar  considerations  may  be  applied  to  the  sign 
of  the  cos  a,  and  the  consequent  position  of  AB,  with 
regard  to  the  axis  ofx;  when  the  combination  of  two 
cases  will  give  the  direction  sought. 

Having  Uius  ascertained  the  direction  of  AB,  we  draw 

through  its  origin  A,  a  perpendicular  r  =  — rr- ,  which 

perpendicular  is  denoted  by  OA,  or  O'A,  its  par- 
ticular direction  being  ascertained  by  the  preceding 
rule. 

71.  And  now,  in  order  to  obtain  the  equation  of  this 
resultant,  we  may  observe  that  in  the  most  general  case, 
as  it  cuts  the  axis  ^  in  a  pomt  B  (fig.  40),  its  equation 
ought  to  be  of  the  form 

y  =  a:  tan  D  -f  AB ;  (40) 

and  as  the  angle,  which  the  direction  of  the  resultant 
makes  with  the  axis  x,  is  represented  by  a,  we  have 
t)  ::z  a,  and  consequenliy 

^  _  sin  a  _  cos  ^  __  P  cos  ^  _  Y 
^  cos  a^  cos  a^  P  cos  a^  X' 
And  with  regard  to  the  magnitude  or  value  of  AB,  it 
it  is  given  by  the  equation 

OA  =  AB  cos  OAB. 
The  angle  OAB,  which  enters  into  this  equation,  is 
equal  to  D,  because  these  angles  are  each  complements 
of  the  angle  OAD ;  we  may  therefore,  for  OAB,  write  D 
or  a  ;  and  as  OA  is  the  perpendicular  let  fall  from  the 
centre  of  the  moments  upon  the  direction  of  the  resultant, 
which  we  have  in  the  preceding  article  denoted  by  r,  we 
have,  by  making  these  substitutions, 
r  =  AB  cos  fl, 
and  consequently 

AB=-i-. 

COS  a 

Now  writing  this  value  of  AB,  and  that  for  tan  D,  in 
equation  (40),  we  obtain 


J^  =  ^v-    + 


y  =  x—    ^ 


y  =  ' V- 


X 

Y 

X 

Y_ 

X 


or 


cos  a 
Rr 

R  cos  a 


or 


Rr 

+  -X-' 


or,  multiplying  by  X,  we  have 

xj/  =  Y  -f-  Rr,  or 

3^.r-Y  =  Rr. 
Again,  replacing  Rr  by  its  value  2  (Pp),  we  shall  have 
for  the  resulting  equation, 

And,  as  m  the  case  of  equilibrium,  XziO,  and  Y=0, 
the  equation  then  reduces  to  2  (Pp)  ==  0,  which  is 
agreeable  to  the  preceding  deduction. 

72.  Since  the  data  which  enable  us  to  determine  the 


direction  of  the  resultant  are,  first,  theintensity  of  the  Medu 
forces ;  secondly,  their  directions ;  and  thirdly,  the  co-  ^*"^^ 
ordinates  of  their  points  of  application ;  it  will  be  con-; 
venient  to  substitute  for  equation  (39),  another,  in 
which,  instead  of  p,  p',  f^y  &c.  we  introduce  the  co- 
ordinates above  referred  to.  In  order  to  this,  let  us 
place  the  origin  at  A  (fig.  41),  and  let  x  and  y  be  the 
co-ordinates  of  the  point  of  application  M,  of  a  force  P 
represented  in  intensity  by  the  right  line  MP ;  then  the 
components  of  P,  pandlel  to  the  axes  A  x,  and  Ajf, 
will  be 

MN  =  P  cos  a, 
MQ  =  P  cos  /3. 
Draw  from  the  'origin  A,  the  perpendiculars  AO,  AF, 
and  AE,  on  the  prolongation  of  MP,  and  of  its  com- 
ponents, and  we  shall  find 

OA  X  MP  =  moment  of  the  resultant  P, 
AF  X  MN  =  moment  of  the  component  P  cos  a,  . 
AE  X  MQ  =z  moment  of  the  component  P  cos  /3. 
Now  regarding  these  forces  as  acting  by  impulsions, 
the  resultant  P,  and  the  component  P  cos  a,  will 
tend  to  make  OA,  AF,  revolve  about  the  point  A  in 
the  same  direction :  let  us  therefore  assign  to  each  of 
these  moments  the  positive  sign,  and  to  the  component  P 
cos/3,  which  has  a  tendency  to  produce  a  contrary 
motion,  the  negative  sign ;  and  thus  we  shall  obtain 
the  equation 

Vp  =:  ^  P  cos  fl  — .  X  P  cos  /J. 
For  the  same  reason, 

Py  =  y  F  cos  o'  -  x'  P'  cos  j3', 
P/zz  /P"  cos  0*  -  x^  F' cos  /3^ 
Fyzz/'P^'cos  a*'-  x*'F"  cos  /3'", 
&c.  &c. 

aiwl  ^substituting.thjE^e  values  in  equation  (39)  of  mo- 
ments, it  becomes 
P  (  y  cos  a  —  X  cos  /3)  -f  F  (y  cos  a'  —  x'  cos  /3')  + 

&c.  =  0;    (41) 

and  consequently  we  have  for  that  of  the  resultant 
yX  —  X Y  =  2  {  P  (y  cos  a  —  X  cos  /3).  } 

73.  We  have  seen  that  in  order  to  detennine  the  Signs 
signs  of  the  moments,  we  must  refer  to  the  rule  given  J"0">« 
under  article  68,  which    is    somewhat  foreign  to  the^^" 
spirit  of  analysis  ;  but  when  by  a  farther  transformation 
this  equation  is  converted  into  the  form  above  given,  it 
will  be  sufficient,  in  order  to  determine  the  signs  of  the 
moments,  to  make  use  of  the  rules  given  in  art.  17, 
only  observing  to  change  the  signs  of  the  co-ordinates 
when  necessary. 

For  example,  let  a  force  be  situated  as  represented 
in  fig.  42,  with  regard  to  the  axes  A.r,  Ay;  the  mo- 
ment of  the  force  being  generally  denoted  by 

P  {y  cos  a  —  X  cos  /3) ; 
in  order  to  modify  it,  so  as  to  answer  to  this  particular 
case,  we  shall  have  x  negative^  and  y  positixe ;  cos  a 
negative,  and  cos  /3  negafire ;  therefore  the  moment  of 
this  force,  having  regard  to  the  signs,  will  become 
P  ( —  1/  cos  fl  —  .r  cos  /3). 

74.  The  equations  of  equilibrium  (34),  35),  (36),  Parti 
express  the  condition,  that  all  the  forces  of  the  system  ^^^^ 
are  reduced  to  two  equal  and  directly  opposite  forces. 

In  fact,  if  we  call  P  cos  «,  P'  cos  a\  &c.  the  compo- 
nents parallel  to  the  axes  of  x,  which  act  in  one  direc- 
tion ;  and  P"  cos  fl^,  P'"  cos  a'",  &c.  those  which  act 
in  the  opposite  one,  the  equation  will  become 
P  cos  a-f  F  cos  a'+&c.=:F  cos  a^-f  F'  cos  d^'-f  &c. 
The  forces  P  cos  a,  P'  cos  a',  &c.  being  parallel,  we 
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may,  by  the  compositioih  of  forces,  reduce  them  to  one    fulfilled,  will  be  sufHcient  to  put  the  system  mto  a  state   Mechanics. 
ooly,  X',  equal  to  their  sum  and  parallel  to  their  direc-    of  equilibrium  ;  and  it  will  be  seen  that  the  intensity  '^-^"^^'^^ 

tion ;  and  we  may  proceed  in  the  same  manner  with  of  this  resultant  is   the  pressure  exerted   upon   the               ^ 

P*  cos  (f^  P"  cos  d"^  &c.  which  we  may  denote  by  X";  point  C. 

then  the  system  of  all  the  forces,  parallel  to  the  axis  When  the  system  is  reduced  to  two  forces,  equal 

X,  is  reduced  to  the  two  equal  and  opposite  forces  X'  and  parallel,  but  not  directly  opposed ;  it  will  only  be 

and  X'' ;  and  in  the  same  manner  we  may  convert  all  necessary  to  introduce  any  new  arbitrary  force  S,  in 

the  forces  parallel  to  y  into  two  equal  and  opposite  order  to  render  the  system  capable  of  a  resultant.    In 

forces  Y'  and  Y*'.  fact,  there  can  happen  only  the  two  following  cases  ; 

Now  transferring  the  forces  X'  and  Y'  to  their  point  viz.  either  that  the  new  force  S  will  be  parallel  to  P  and 

of  intersection  M  (fig.  43),  and  the  forces  X''  and  Y"  to  Q,  or  it  will  not.     In  the  first  case,  we  may  resolve  S 

their  point  of  meeting  N,  we  may  construct  the  rect-  into  two  forces  P',  Q',  and  the  system  of  the  three 

angles  MA,  NB,  of  which  the  sides  MC,  MD,  NE,  forces  P,  Q,  S,  will  be  replaced  by  the  two  unequal 

NF,  shall  represent  the  forces  X',  Y',  X'',  Y" ;  and  as  forces  P  -f  P'  and  Q  -f  Q ,  and  consequently  a  result- 

the  homologous  sides  of  these  rectangles  are  equal,  the  ant  may  in  this  case  be  obtained. 

diagonals  MA,  NB,  will  also  be  equal,  and  tbeir  di-  And  if  the  new  force  S  be  not  parallel  to  the  two 

rections  will  be  parallel  on  account  of  the  equality  of  others,  it  is  obvious  from  all  that  has  been  before  said, 

the  triangles  AMD,  BNE.  that  a  resultant  is  in  this  case  readily  obtained,  by 

The  equations  X  =  0  and  Y  i=  0,  express  therefore  transferring  to  the  point  of  intersection  of  any  two 
the  following  condition;  viz.  that  all  the  forces  situated  of  the  forces,  that  of  the  third  force;  consequently, 
in  a  plane,  may  be  reduced  to  two  forces  MA  and  NB,  under  either  supposition,  the  introduction  of  any  third 
equal,  parallel,  and  having  opposite  directions ;  but  force  will  be  sufHcient  to  render  the  system  of  two  equal 
they  do  not  indicate  that  they  both  act  in  the  same  forces,  acting  in  opposite  directions  but  not  directly  op- 
right  line.  In  order  that  this  may  have  place,  it  is  posed,  susceptible  of  a  resultant,  and  consequenUy  of 
necessary  that  the  equation  2  (P/>)  z=  0  be  fulfilled;  an  equiUbrium, 
that  is,  assuming  R'  and  R''  to  represent  the  two  forces, 
and  r,  i^,  to  denote  the  perpendiculars  OP,  OQ,  let  fall 

from  the  point  O,  taken  beyond  the  direction  of  the  §  IX.  Of  forces  acting  in  any  manner  in  space, 
prolongation  of  these  forces ;  then  as  R'  and  R''  act  in 

a  contrary  direction,  the  moments  of  these  forces  will  75.  This  is  far  more  general  than  any  of  the  cases  Oif  forces  in 

have  different  signs,  and  the  equation  2  (P/>)  z=  0,  will  which   wc  have  yet  considered,    involving,    in   fact,  '?■<*• 

become  the  whole  of  them  in  one  comprehensive  proposition. 

R'  r'  —  R''  r*  =:  0.  We  began  first  by  treating  of  tlie  equilibrium  of  a  sys- 

Now  by  hypothesis  R'  i=  R'' ;  and  therefore  suppress-  tem  of  forces,  all  directed  to  the  same  point,  and  all 

ing  this  common  factor,  we  have  acting  in  the  same  plane ;   secondly,  the  forces,  instead 

r'  —  r*  z=  0.  of  all  acting  in  the  same  plane,  were  supposed  to  be 

Ck>n8equently    r'  iz,  t^^   or  OP  =  OQ ;    that  is,   the  situated  any  where  in  space,  but  still  all  directed  to        ♦ 

points  O  and  Q  coincide,  and  consequently  AM  and  one  and  the  same  point;  thirdly,  we  have  treated  of  the 

Kb  are  in  the  same  right  line.  equilibrium  of  forces  acting  parallel  to  each  other,  and 

And  from  this  it  follows,  that  when  the  equation  .  directed  to  different  points ;    and  fourthly,  we  have 

I  (P;>)  =:  0,  is  not  satisfied,  as  well  as  the  two  X  ii:  0,  considered  forces  not  necessarily  parallel,  but  all  acting 

and   Y  ==  0,   the  system  is  reduced  to  equal  forces  in  one  plane.     All  these  are  obviously  only  so  many 

parallel  to  each  other,  and  acting  in  opposite  directions,  particular  cases  of  the  proposition  to  which  we  are 

but  not  directly  opposed ;  in  which  case  no  equilibrium  now  arrived :  the  determination  of  the   conditions  of 

can  be  obtained,  as  is  shown  in  art.  51.  equilibrium  of  forces  any  way  situated  in  space,  and 

On  the  other  hand,  if  the  equation  2  (Pp)  zi:  0  were  acting  on  any  number  of  points  connected  together  in 
fulfilled,  but  not  the  equations  X  =  0,   and  Y  i=  0,  an  invariable  manner,  under  every  possible  arrange- 
there  would  still  be  no  equilibrium ;  because  in  this  ment  and  position,  is  here  required, 
case,  instead  of  having  R  z=  0,  we  should  have  76.  Let  P',  P",  F",  &c.  denote  the  several  forces  any 

R  n:  V  (^*  4-  Y*).  where  situated  in  space,  and  let 

And  in  this  case  the  equation  2  (P/?)  =  0,  or  rather  s!  ,y  ,2' ,  be  the  co-ordinates  ofthe  point  of  application  ofP' 

Rr  z=  0,  could  only  have  place  on  the  supposition  of  J* ,/ ,r^, of  F 

r  =0 ;  now  r  being  a  perpendicular,  let  fall  from  the  s!"ly"\7^\  of P"' 

centre  of  the  moments  upon  the  resultant,  it  follows  &c.                     &c.                     &c. 

thence  that  the  centre  of  the  moments  will  be  in  the  a' ,  /3' ,  y' ,  the  angles  formed  by  P'  with  the  axes ; 

resultant.  a" ,  /3'',  /, by  P"  with  the  axes  ; 

Thus,  when  of  the  three  equations  o"'?  /5^',  y"', by  F"  with  the  axes  ; 

S  (P  cos  a)  =  0,  2  (P  cos  /3)  =  0,  and  2  (P;>)  =  0,  &c.                    &c.                    &c. 

the  last  only  is  satisfied,   it  is   necessary,  in  order  We  have  to  investigate  the  conditions  of  equilibrium  of 

that  an  equilibrium  may  be  sustained  in  the  system,  such  a  system  of  forces,  which  we  shall  endeavour  to  do 

that  there  be  a  fixed  point  in  the  resultant :  for  ex-  by  showing  that  these  may  always  be  resolved  into  two 

ample,  if  the  forces  P,  P',  F,  F",  &c.  are  applied  to  distinct  classes  of  forces;  the  one  class  having  all  the  forces 

different  points  of  a  lever,  and  the  point  C,  through  situated  in  one  plane,  and  the  others  all  parallel  to  each 

which  the  resultant  passes,  be  a  fixed  and  immoveable  other :  also,  that  the  first  shall  coincide  with  the  pkne 

obstacle  which  destroys  the  effect  of  this  resultant ;  of  any  two  of  the  co-ordinates,  as  for  example  of  x  and 

then  the  conditions  of  the  equation  2  (Pp)  =  0  being  y^  and  the  others  be.  parallel  to  the  third  axis  z. 
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76.  If  amongst  the  forces  of  the  system  there  are 
fdand  none  which  are  parallel  to  the  plane  of  x,  y^  it 
w31  be  very  easy  to  obtain  the  decomposition  proposed. 
F6r  let  P'  (fig.  44)  be  one  of  the  forces  which  we  shall 
Irappose  applied  at  the  point  M',  we  may  prolong  its 
direction  till  it  meets  the  plane  of  x,  y,  in  any  point  C; 
knd  then  transferring  to  C'  its  point  of  application,  we 
tbf£nr  there  resolve  it  into  two  others ;  the  one  C'L,  pa- 
rallel to  the  axis  z ;  and  the  other  C'N,  situated  in  the 
plane  of  x,  y.  And  it  is  obvious,  that  the  same  may  be 
done  with  any  number  of  forces,  provided  they  are  not 
situated  in  a  direction  parallel  to  the  proposed  plane. 

77.  But  when  the  force  P'  is  parallel  to  the  plane  of 
X,  yy  this  mode  of  decomposition  cannot  be  adopted ; 
another,  therefore,  is  to  be  sought,  in  which  this  incon- 
vcSnience  may  be  avoided. 

In  order  to  this,  let  us  draw  through  the  point  M'  a 
fine  narallel  to  the  axis  z,  and  take  on  this  parallel  two 

Sual  parts  or  lines  M'O,  M'O'  (fig.  45),  which  may  be 
ken  to  denote  any  two  equal  and  oi)posite  forces  g' 
and  —  g'.  Now  the  introduction  of  these  two  forces,  as 
they  are  equal  and  diametrically  opposed,  will  not  dis- 
turb the  equilibrium,  and  by  this  means,  instead  of  the 
isingle  force  F,  we  shall  have  an  equivalent  in  the 
three  forces,  F,  g',  and — g';  we  may  now  therefore 
compound  F  with  —  g,  and  caUing  R  the  resultant, 
we  shall  find  the  force  F  replaced  by  two  forces, 
R  and  g',  both  applied  at  the  point  M,  of  which  the 
force  g'  will  be  parallel  to  the  axis  of  z,  and  the  force 
It  being  oblique  to  the  plane  of  x,  y,  may  be  resolved 
ib  the  manner  explained  above. 

78.  The  co-ordinates  of  the  points  of  application 
being  necessary  when  we  express  analytically  the  con- 
ditions of  the  equiUbrium  of  the  forces,  it  remains  for 
us  to  determine  the  co-ordinates  of  the  point  C ;  and 
this  is  readily  done  by  means  of  the  equations  of  the 
resultant  R,  which  passes  through  a  point  of  which  the 
co-ordinates  are  sf^^/y  z!.  Now  we  have  seen  (art  46) 
that  these  equations  are, 

(42) 


-/=:|-(y-y.)j 


In  these  equations,  X,  Y,  Z,  represent  the  projec- 
tions of  the  right  line  R,  on  the  co-ordinate  axes ;  and 
as  these  projections  are  equal  to  the  components  of 
R'  parallel  to  the  axes,  it  will  only  be  necessary  to 
replace  x,  y,  z,  by  these  components.  Now  R',  being 
the  resultant  of  P',  and  of  — g',  we  may  substitute  for 
F  its  three  components,  F  cos  a',  P'  cos  /3',  F  cos  y , 
and  R'  will  be  the  resultant  of  the  four  forces 
F  cos  a',  P'  cos  ^',  P'  cos  y,  and  —  g. 
But  these  forces  acting  parallel  to  the  co-ordinates, 
we  shall  have 

X  =  F  cos  a',  Y  =  F  cos  /3,  ) 
Z  =:Fcos.y,  ^.g'.  ) 

and  introducing  these  values    into  equation  (4"2),  we 
obtain  for  the  equation  of  R', 

Fcosy-g^ 
P'  cos 


(43) 


Z  ~~  Z    Z=.' 


_  F  cos  y 


(44) 


F  cos  /3' 

Now,  in  order  to  have  the  co-ordinates  of  the 
pomt  C,  where  the  right  line  R'  cuts  the  plane  of  x  y, 
It  may  be  observed  that  in  this  point  ;:  =  0 ;  and  if  we 


denote  by  «,,  and  6^,  the  other  co-ordinates,  equations  Meciw 
(43)  will,  in  this  case,  become  (since  »-— ^ 

X  =  a,,  y  =  b^y  and  s  =  0) 
,      F  cos  y  -  g' , 

F  cos  a       ^  '  " 

Fcos/3'      ^'      ^^ 
Whence  we  have 

-'Fcosfl'    • 


a,^  sf  — 


6,=y- 


P'cos  y  — 
/Fcos 


Pcosy— g'. 

Such  therefore  are  the  co-ordinates  a,  and  h^  of  the 
point  C^,  where  the  resultant  R'  cuts  the  plane  of  x,  y, 

79.  The  foroe  R'  (fig.  46)  being  represented  by  the 
part  M'R'  of  its  direction,  we  may  transfer  it  to  the 
point  C,  by  taking  CD'  zz  M'R';  then  resolving  CD' 
into  three  rectangular  forces  applied  at  C,  these  forces 
will  be  the  same  as  the  components  of  M'R';  and  con- 
sequently we  may  consider  the  point  C  as  solicited  by 
the  three  forces 

F  cos  dy  F  cos  p>y  and  F  cos  y  —  g' ; 
Uie  two  first  being  situated  in  the  plane  of  x,  y,  and 
the  third  out  of  that  plane  and  parallel  to  the  axis  of  z : 
thus,  instead  of  the  force  F  applied  at  M',  we  shall 
have 

iri  M',  Uie  force  g',  parallel  to  the  axis  z; 

in  C,         F  cos  y  —  g',  parallel  to  the  axis  z ; 

in  C,         F  cos  V,  in  the  plane  of  x,  y ; 

in  C,         F  cos  /3,  in  the  plane  of  x,  y : 

and  proceeding  in  the  same  manner  with  any  other 
forces  P",  P'",  P*',  &c.  by  me  ans  of  the  forces  g^,  —  g^; 
g",  —  ^'^ ;  g**,  —  g*^,  &c.  we  shall  be  able  to  resolve  any 
number  of  such  forces  into  two  distinct  classes ;  the  one 
acting  in  the  plane  of  x,  y,  and  the  other  parallel  to 
the  axis  z. 

Of  the  latter,  g',  g*,  g'",  &c.  will  be  the  forces  acting 
at  the  points  of  application  M',  M'',  M'*',  &c. ;  and 
F  cos  y  -  g';  F  cos  /  -  g^;  F"  cos  y'"  -  g",  &c. 
will  be  those  applied  at  the  points  C,  C,  C",  &c. ;  and  the 
former,  that  is  the  forces  acting  in  the  plane  of  x,  y, 
will  be 

C  F  cos  «',  F  cos  a'y  F"  cos  a",  &c. 
(  P'  cos  /5',  F  cos  /3^  F"  cos  P",  &c. 
We  have,  therefore,  to  consider  the  conditions  of 
equilibrium  in  these  two  classes  of  forces. 

80.  With  regard  to  those  which  are  parallel  to  the  Gondii 
axis  of  z,  the  conditions  of  equilibrium  will  be  the  same  of  equi 
as  we  have  already  found  for  parallel  forces,  article  59 ;  ^"*"^ 
which  require  that  we  make  equal  to  zero, 

the  sum  of  the  forces  parallel  to  the  axis  of  z ; 

the  sum  of  the  moments  with  reference  to  the  plane  x,  y; 

the  sum  of  the  moments  with  reference  to  the  plane  x,  z. 

The  first  of  these  conditions  gives  us 
{P'cosy-g'-hg'}  -h  {Fcosy-g^-h/}  4-&c.  =  0; 
which  reduces  to 
F  cos  y  -h  P"  cos  /  +  F"  cos  /'  -♦-  &c.  =  0.        (45) 

In  order,  now,  to  fulfil  the  second  condition,  we  have 
two  sets  of  moments  to  take ;  viz. 

1st.  Those  of  the  forces  g*,  g",  g'",  &c.  applied  to  the 
points  M',  M^  M*",  &c.  and 

2d.  Those  of  the  forces  P'  cos  y'  —  g',  F  cos  /  —  g^, 
&c.  applied  to  the  points  C,  C,  C",  &c. 

In  the  first  place,  the  moment  of  the  force  g',  (whicli 
acts  at  the  point  M'  {^.  48),  with  reference  to  the  plane 
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of  ^,  X,  »  g'  X  M'N'.     But  M'N'  =  B'D'  =  AG'  =  jp'  ; 
v"^^  whence  the  moment  somght  is  gV. 

Again,  with  regard  to  the  moment  Of  the  for€;e 
F  cos  y  —  g',  which  a«ts  at  C\  it  is  obyious  that  as 
referred'  to  the  plane  of  y,  z,  it  will  be 

(Fcosy  — g')  X  E'C/,or- 

(Fcosy-g^)'x  a,; 
therefore  the  sum'of  the  moments. of  .the  forces  g*  and 
(P  cos  y  —  g\)  with  reference  to  tl\je  plane  of  ^,  z,  will 
be  represented  by 

g'x'  -^{F'cosy'  ^^)a/.     . 
or,  introducing  here  the  value  of  a*  iound  in  article  78, 
w%  shall  have 


gV  +  (Fcosy-g')(x'- 


z'Fcosa' 

* 

F  cosy  —  g' 


or,  by  performing  the.  multipUcation  indicated  in  the 
formula,  this  reduces  to 

x'Fcosy'-^VFcoso'. 
The  same  form  also  appertains  to  each  of  the  forces 
P,  Pf,  &c.  applied  at  the  ^ints  M",  M",  &c.  C%  C'% 
&c. ;  and  the  sum  therefore,  which  according  to  the 
conditions  of  equilibrium,  is  equal  to  zero,  will  be  ex* 
pressed  by-  the  following  equation :  * 

'  FCjc'cosy  —  /cosfl',) 
^V^(xf  cos/  —  z*  coscO  +  Ac-  =  0.  (46) 

And  now,  in  order  to  obtain  the  third  equation  of  equi- 
librium for  the  parallel  forces,  the  moment  of  the  force 
g'  appli^  at  M' ,  with  regard  to  the  plane  of  s,  z,  will 
be 

^  X  M'L'=.g'xB'G'  =  g'y; 
and  that  of  the  force  F  cos  y  —  g'  applied  at  C,  will 
be 

•(Fcosy-.g')^: 
hence  we   shall   have,   for   the   sum    of  these   two 
moments, 

gy  +(Fc08y'-g')V. 

and  substituting  for  6,,  from  art.  78,  this  becomes, 
when  reduced, 

y  F  cosy' -z'F  cos jS': 
determining  again  in  the  same  manner  the  moments  of 
the  other  forces  with  reference  to  the  plane  of  x  z,  we 
shall  have,  for  the  third  equation  of  equilibrium, 
F(y'cosy'  —  z' cos/3'). 
+  F  (/  cos/  —  z  cos  /?)  -h  &c.  =  0.  (47) 

Whence,    collecting   the   three  equations  under  one 
point  of  view,  they  will  be 
(Fcos/  +  Fcos/  +  F^cos/'^  &c.  =  0, 
<  F  (**  cos/— z*  cosh') + F(a:^co«/—z*cosa'^ + &c.  ;;=  0, 
LF(yco8/— 2'cosj3')-fPXy'cosy''— z'co8^'')+&c.=:0. 
81.  Now  in  order  to  find  the  conditions  of  equili- 
ijj^T^brium  of  the  forces  situated  in  or,  y,"  it  will  be  seen  that 
Ij^j'^they  are  the  same  as  those  we  have  alresidy  determined 
for  this  particular  case,  art.  66,  et  seq. ;  viz. 

1.  The  sum  of  the  forces  parallel  to  the  axis  of  x, 
ought  to  be  equal  to  zero. 

2.  The  sum  of  the  same,  with  reference  to  the  axis 
of  y,  equal  to  zero. 

3.  The  sum  of  the  moments  of  the  forces,  with 
reference  to  the  origin,  also  equal  to  zero. 

The  two  first  of  these  conditions  are  expressed  by 
tbe  equations 

P'costf'  -h  F  cosfl*  +  F^  cosfl^  -f  &c.  =z  0,       (48) 
Fcos/y  -h  F  cos/r  +  F'  cosja"  +  &c.  =  0.       (49) 

^nd  with  regard  to  the  third  condition,  considering 
first  only  the  point  C  (fig.  49),  we  have  the  two  forces 
P"  coi^  F  cos/7, -applied  to  diir  point;  and  taking  the 


moments  of  these  forces  with  regard  to  the  origin  A,  Mechaolci^ 
the  moment  of  the  force  P'  coso',  will  be  \^^\r^ 

FsQo^a"  x  AF  =:  P'  cosa'  x  CT  =  F  cosa'  x  ^.  ^ 

In  the!  same  mann^,  the  moment  of  the  force  P'  cos/3',. 
will  bc'         ^      * 

P;  cos/3'  X  C'E'  =:  P'  cos/J'  x  A  F  -  F  cos/3'  x  a,. 
Since  these  moments  ought  to  have  contrary  sign^, 
haviuj^  tendencies  to  produce  the  rotation  in  different 
directions;  we  have,  by  considering  the  moment  in 
which  F  cosfl'  x  k,  enters  as  positive, 

P'  cosa'  x  b^  —  F  cos/3  x  fl/, 
whence  introducing  into  this  expression  the  values  of  a 
and  by  as  before,  we  find  them  changed  into  the  foU 
lowing;  viz. 

which,  by  multiplying,  reduce  to 

y  Fcosfl'-.r'Fcos/J': 
and  proceeding  in  the  same  manner  with  the  other 
forces  as  applied  to  the  points  C,  C",  &c.  we  shall 
have,  for  the  last  equation  of  equilibrium, 
F(ycosa'-y  cos/3') 
+  P;'  (/  cosoT  -  or"  cosjS'O  +  &c  -  0.       (50) 
Collectmg,  now,  all    our     six    last    equations    ofOenena 
equilibrium,  and  adopting  the  notation  explained  under  equations  of 
article  67,  we  may  write  them  thus :  equilibrium. 

I(Pcosfl)z:  0. 

2  (P  cos/3)  =  0. 

2(Pcosy)=  0. 

2  P  (y  cosa  —  X  C08/3)  =  0. 

2  P  (*  cos  y  —  z  cos  a)  =  0. 

2  P  (y  cos  y  —  z  cos/3)  zz  0, 
Such  are  the  equations  of  equilibrium  of  a  solid  body,, 
or  system  of  bodies,  free  to  move  in  every  durectioni, 
and  acted  upon  by  forces  any  where  situated  in  space. 

Let  us  now  consider  those  cases  in  which  the  system  * 

is  not  wholly  firee ;  as  for  example,  when  it  is  constrained 
to  revolve  about  a  fixed  point,  a  fixed  axis,  &c. 

82.  When  there  is  a  fixed  point  in  the  system,  all  Equilibrinra 
the  above  equations  are  not  necessary.     For  example,  of  a  system 
if  we  suppose  the  origm  in  this  pomt,  there  will  be  an  J'^8  » 
equilibrium  between  the  forces  situated  in  the  plane  of  "*^  P^*"^ 
x,y,  if  the  system  of  these  forces  cannot  turn  about  the 
fixed  point ;  and  this  condition  will  be  fiilfiUed,  if  w^ 
have 

2  P  (y  cosfl  —  X  cos/3)  =  0. 
It  then  only  remains  to  find  the  conditions  of  equilibriuiQ; 
of  the  forces  parallel  to  the  axis  z.  In  order  to  this, 
let  or,  5^,  and  0,  be  the  co-ordinates  of  the  point  where 
the  resultant  of  the  parallel  forces  meet  the  plane  of 
X,  y;  then  in  whatever  part  it  may  be  situated,  it  fol- 
lows, firom  the  property  of  parallel  forces,  that  the 
moment  of  this  resultant  with  reference  to  one  of  the 
planes  of  .r,  z,  and  of  i/,  z,  is  equal  to  the  sum  of  the 
moments  of  the  parallel  forces  as  referred  to  this  plane ; 
consequently  we  shall  have 

Ra,  =  2  P  (r  cosy  —  z  cosa) 

R  6,  =  2  P  (y  cosy  —  X  cos/3). 
Now  in  order  that  there  may  be  an  equihbrium  between 
the  parallel  forces,  it  is  necessary  that  their  resultant 
pass  through  the  fixed  point,  which  is  also  theii:  origin ; 
we  must  dierefore  have  a^  =  0,  ft^  iz  0,  which  hypo- 
thesis reduces  the  preceding  equations  to 
2  P  (jT  cosy  —  z  cosa)  =:  0, 
2P(yco8y  —  zcos/J)=;:0. 
Tlius,  when  there  is  a  fixed  point  in  the  system,  tb^rt 
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fixed  ^axis. 


^lecbaiiica.  will  bc  an  equilibrium  between  all  the  forcefl,  .when  the 
^^^■"^^^^^  equations  Nos.  54,  55,  and  56,  ire  made  to  qbtain. 
Equilibrium  83.  If  the  system  is  only  free.to  turn  about  a  ff*ed 
in  a  system  axis,  by  supposing  this  axis -to  coinci^'^th  that  of  z, 
having  a  j^j|  ^Yiq  forces  pafall^l  to  it  will  b*e  destroyed,  and  there 
will  remain  only  the  forces  directed*  according  to  the 
plane  of  j,  y.  Now,  in  order  that  these  forces  may  be 
m  equilibrio,  it  will  be  sufficient  that  their  resultant  pass 
through  the  point  A,  which  is  fixed  as  aj^ertaining 
to  the  axis  Az,  The  necessary  condition,  in  order 
that  the  resultant  should  pass  through  {his  point  is,  as 
tire  have  before  seen,  that  we  have 

2  P  (  y  cos  a  —  a:  cos  /3)  =  0  ;■ 
which  equatioh  alone,  therefore,  will  be  sufficient  for 
cstablislijng  an  equilibrium  in  a  system  having  a  fixed 
^xis  of  rotation. 

■  In  the  above,  z  is  supposed  to  be  the  fixed  axis ;  if  x 
bc  that  axis,  then  we  have  the  symmetrical"  equation 

X^iy  cosy  —  Z-C08/3)  =  0; 
-and  if  j^.is  the  fixed  axis,  the  equation  is 
2P  (.r  cosy  —  r.cosa)  =0. 

84.  We  may  also  suppose  a  system  which  is  only 
firee  to  slide  along  a -fixed  axis;  and  in  this  case,  the 
conditio^  of  equilibrium  will  obviously  be  fulfilled,  if 
we  have  •  '  •■  ' 
.   •      .              .       IP  (cosy)  =  0. 

85.  Comparing  the  conditions  of  equilibrium  of* a 
system  which  is  moveable  about  a  fixed  axis,  with  those 
which  have  place  when  the  system  is  moveable  about  a 
fixed  point ;  we  shall  find,  that  the  eqnUibriuTn  about  the 

fixed  point  will  obtain,  provided  the  same  has  place  aboMt 
each  of  the  axes  of  the  si/stem, 

86.  With  reo^ard  to  forces  acting  on  a  fixed  plane, 
it  is  evident,  that  those  which  are  perpendicular,  are 
destroyed  by  the  resistance  of  the  plane;  whence  the 
conditions  of  equilibrium  in  this  case  are  rec^ucc^id  to 
those  of  forces  situated  in  a  planer  and  consequently 
we  have  here 

IP  (cos a)   =  0, 

IP  (cos/3)  =  0,  . 

ZP  (cos  a)  —  X  cos'/3)  =  0. 

87.  But  if  the  body  rest  upon  the  plane,  so  that  it 
may  overset,  then  we  must  add  to  the  above  three  con- 
ditions, another,  viz.  that  the  resultant  of  the  forces 
perpendicular  to  the  plane,  shall  pass  through  a  point 
common  both  to  the  plane  and  to  the  body,  or  that  it 
falls  within  the  figure  formed  by  joining  the  pointy  of 
contact  with  each  other. 

88.  We  propose,  now,  to  conclude  this  section,  by  the 
solution  of  the  following  problem. 

To  find  the  equation  of  condition,  which  must  have 

Elace  in  order  that  all  the  forces  situated  in  space  may 
ave  only  one  resultant. 

There  vrill  be  but  one  resultant  in  the  system,  if  the 
resultant  of  the  forces  parallel  to  the  axis  of  z  meets  the 
plane  of  x,  y,  in  a  point  E  (fig.  50),  which  is  in  the  re- 
sultant of  the  forces  sitaated  in  that  plane.     Now,  in 
order  toex()ress  this  condition,  it  must  first  be  observed 
that  when  the  equilibrium  has  place,  it  must  also  exist 
between  the  forces  parallel  to  the  axes  of  z,  and  the 
conditions  of  equilibrium  of  these  forces  are  (art^  80) 
P  cos  y  +  F  cos  y   -f-  P"  cos  /  +  &c.  =  0, 
P(f  cosy— z  C08a)-|-F (/ cosy —z' cb8a')-f&c=:0, 
P(ycosy— zcosj3)-fF(yco8.y'— z'co8j3')-f&c.=0. 
Now,  if  we  consider  the  first  of  these  forces  as  equal 
Und  directly  opposed  to  the  resultant  of  all  the  others. 
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we  shall  have,  in  order  to  determine  the' resultant  of  the  M 
"  parallel  forces,  -  •  'V 

•  P  cos  yzzP'  cos  y'-f  P*  cos  /+  &c. 

P  (x  cos  y— z  cos  a);=P'  (jr'  COS  y  — z'  cos  oO.-f&c. 
■  P  (y  cos  V— z.cos /3)z=P'  (i/  cos  y'—z'  cos i3)V&c. 
If  the  point  of  applicati9n  of  this  resultajit  is  in  the 
plane  of  j-,  y,  and  the  three  co-ordinates  of  this  point 
'  be  r,,  y,,  arjd  0,  this  wiH  reduce  the  a^ve  equations  to 
.  P<;bsy  =  F  coiy   +  F  cos/  4-  &c.        '* 
Pt  cos  y  =  P',(jr'  cos y  —  z'  cos  a)  +  &c.  . 
P  V,  co^y  =  'F  (/  cos  y  —  z'  cos  f^)  +  &c. : 
or,  making  P  cos  y  znZ,  F  (y  cos^y  —  z'  cos  a*)  =  M^ . 
and  F  {ifvosy  —  z' cosy3')  =  -N*;  they  are  still  iii«re 
simply  exprQ3sed  hy  ,  *- 

Z    =  P'cosy  -|2,&c. 
'        •        Zx=M,   . 

Zv,=  N;    .     -. 
whence  we  nnmediately  dednce  •-   '. 

x,=  -,.andy,=i-.^  •.       .     . 

Having  thus  determined  the  co-ordinates  x^  and.jy<  '. 
where  the  resultant  of  the  parallel  forces. niest  the 
plane  of  j:,  y,  we  Aust  next  express  the  con4ition  ne- 
cessary, in  ordec  that  thfs  point  may  b^  found  in  the 
resultant  of  4he  forces  situated  in  the  plane  of  x,  y :  " 
the  equation  of.  this. j^e»ultant  (art.  72)  ifc 

Xy  — '•jYr:  IP  (y  cosa  —  js  cos/3)V    • 
6r>  denoting  the  latter  term  by  L, 

Xy-  xY  =  L;    :      . 
and  substituting^  in  this  equation,  instead  *of  x  and  y,  ; 
the  values  of  x/and  y^  above  determined ;  *this  last 
•  equation  becomes 

XN  _  MY 

Z 

or,  which  is  the  same, 

■     .   .XN  =  LX.+  MY:     '^ 
and  therefore,  wheu  tlils  equation  obtains,  the  forces 
will  be  reduced  -to  one  resultant  only ;  excepting,  hQw- 
ever,  the  particular  instance  when  X  =:  0,  Y  =  0,  and 
2  =  0. 

We  have  seen  (art.  74)  that  the  equations  X  ==  0, 
Y  =  0,  indicates  that  the  forces  situated  in  the  plane  of 
x,y,  may  be  reduced  to  two  components  R',  Tl ,  equal 
and  acting  in  opposite  directions ;  and'by  a«imilar  pro-" 
ceeding,  we  may  also  reduce  the  forces  parallel  to  the 
axis  z  to  two  forces  Z'  and  Z",  equal  and  acting  in  con- 
trary directions.  Whence,  in  the  case  where  we  have 
only  X  =  0,  Y  =  0,  the  system  of  all  pur  forces  be-^ 
comes  that  of  the  four  forces  R',  R%  Z',  Z",  which  we* 
may  reduce  to  twc^  equal  forces  acting  in  contrary  or 
opposite  directions. 


§  X.  On  the  equilibrium  of  Jlcxible  bodies. .       '    "  .- 

89.  Hitherto  our  investigations  have    been   made  Eqi 
with  reference  only  to  the  equiUbrium  of  forces,  as  ^ 
exerted  upon  certain  fixed  points  connected  with  each 
'other  by  inflexible  right  lines  in  an  invariable  manner ; 
and  it  remains  now,  in  order  to  complete  the  doctrine    ■ 
of  equilibrium,  to  consider  the  same  with  reference  to 
points  connected  by  flexible  lines,  which  may  be  consi- 
dered as  a  distinct  branch   of  the  general  theory   of 
statics. 

In  order  to  simplify  our  investigations,  we  shall  here 
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adopt  tlie  hypoliie&la,  that  Llics€  lines  or  corde  aro 
pcH^cUy  flexible;  that  they  are  void  of  i^avity;  in- 
eaten^ibfe :  and  that  they  are  reduced  to  tbeir  axeii ; 
Or  '  have  no  sensible  lateral  di men? ions. 

I  3  supposed,  we  shall  commence  by  observ* 
log,  that  if  a  cord  be  fixed  at  one  end,  and  have  a  weight 
P  suspended  at  the  other,  the  tension  of  that  line  is 
Sieasored  by,  and  is  said  to  be  equal  to  tlie  weight  P ; 
and  if  the  Exed  point  be  removed,  and  another  equal  force 
or  vdglii  Q  be  substituted  for  it,  the  tension  of  the  cord 
1%  %hU  tUe  same  as  before,  for  tire  re-action  of  the  fixed 
point  being  exactly  equal  to  the  weight  P,  it  is  now 
merely  itepUcod  by  the  action  of  the  equal  weight  Q; 
and  tfQ  exceed  P,  the  tension  of  the  line  will  still  have 
the  siOie  measure;  for  tJie  excess  of  Q  above  P,  will 
oojj  be  employed  in  producing^  motion  in  tlie  system,  in 
the  direction  of  tbe  greater  forc^. 

We  may  further  observe,  that  the  conditions  of 
equilibrium,  which  exist  between  three  cords  united 
JLogviber  by  SLjixtd  knot,  are  the  same  as  those  of  any 
^  'ither  forces  soUci ting  a  material  |>r>int;  that  ie, 
these  forces  must  be  equal,  and  directly  op- 

red,  to  the  resultant  of  the  other  two :  and  if  there 
any  greater  number  of  cords  united  in  the  same 
xaamier,  they  may  be  reduced,  as  we  have  already 
shewn  (article  31)  to  that  of  three  forces  only  :  we  shall, 
therefore  J  in  what  follows,  suppose  tliis  reduction  to 
have  been  e^cted,  and  shall  only  consider  the  action  of 
tbree  forces  at  each  knot ;  for  the  present,  also,  we  shall 
treat  of  the  conditions  of  equilibrium  in  the  case  of 
fMed  knots  only,  reserving  for  another  place  tliose  in- 
vestigations which  have  refereQce  to  running  knots  or 
moveable  rings. 

90«  Let  us  then  suppose  a  cord  perfectly  flexible  and 
tneatensible,  and  of  any  length ;  of  which,  K  and  K^ 
(t»g.  51),  are  the  two  extreme  points:  let  m,  m\  W,  &c, 
be  other  points  in  the  same  cord ;  and  suppose  the 
cords  m  A,  m'A\  m'*h'^  Arc.  attached  to  these  points, 
b  tbe  direction  of  whicli  the  forces  P»  P',  P",  &c.  are  to 
set:  let  us  apply  also  to  the  point  w,  a  given  force  A, 
acting  in  the  direction  of  the  cord  K  m ;  and  to  the  last 
frflbe  points  yn,  m',  &c,  another  given  force  A'  directed 
towarcU  the  point  K. 

Now,  in  the  case  of  an  equilibrium,  tlie  inextcnsiblecord 
wi"! "  ^iA(  Into  a  certain  polygonal  figure,  commonly 

Ca  unkular  pfiiy^on  ;  and  of  which  the  angular 

pomu  or  summits  will  be  K^  w^  7)/^  m'\  &c, :  and  the 

r^stion  is  to  determine  the  figure  of  thii*  polygon,  and 
relation  and  direction  of  the  forces,  in  order  that  an 
Sijuilibriuro  may  be  established  in  the  system. 

In  order  to  discover  these  relations,  or  the  condi- 
tions of  equilibrium,  we  shall  proceed  upon  this  evi- 
dent principle,  viz.  that  when  the  equilibrium  obtains, 
eich  of  the  cords  m  m\  rt^m",  m^iti^^  &c.  is  drawn  at  its 
tuo  extremities  by  equal  forces,  acting  in  the  direction 
of  iLi  prolongation. 

U  immediately  follows  from  this,  that  the  resultant  of 
iHe  two  forces  A  and  P,  applied  to  the  point  m,  ought 
Iti coincide  with  the  prolongation  ntfy  of  the  cord  mm\ 
Wf  may  therefore  transfer  the  point  of  application  of 
*ius  force,  to  the  point  m\  situated  in  its  direction ;  and 

II  that  point  compound  it  with  the  force  P'^  applied  at 
w>tt  same  point  in  the  direction  fn*k' ;  this  second  result- 
"ht  will  therefore  be  that  of  the  three  forces  A,  P,  F, 
*od  will  coincide  with  the  prolongatioQ  m'ff  of  the  cord 


m'm\  Wlienoe  we  may  again  transfer  this  resultant  to  M^edimici,' 
the  point  m",  which  is  necessarily  in  its  direction.  Here  ' 
again  the  resultant  of  these  three  forces^  and  the  force 
P"  being  compounded  as  before,  the  new  resultant  will 
be  that  of  the  four  forces  A,  P,  P',  P",  its  point  of  appli- 
cation m'\  and  its  direction  in  the  prolongation  p?^7*. 
Proceeding  in  a  similar  manner  from  the  other  ex- 
tremity of  the  system,  it  will  appear,  that  tbe  force 
wliich  draws  the  same  cord  at  its  other  extremity  iw*', 
and  which  ought  to  coincide  with  the  proloqgation 
fw'7^'  of  this  cord,  is  the  resultant  of  the  forces 
P"'',  P^^,  P^»  and  A',  These  two  resultants  are  there- 
fore equal  and  directly  opposed  to  each  other,  and  con- 
sequently the  resultant  of  all  the  forces  A,  P,  P',  P",  A-c, 
.•A' is  equal  to  zero.  And  we  «hall  evidently  arrive  at 
the  same  conclusion  relative  to  the  forces  acting  at  the 
extremities  of  any  of  the  other  cords. 

Hence  theu  it  follows,  that  the  forces  applied  to  th^ 
funicular  polygon,  ought  to  be  such,  that  in  transferring 
tliem,  pandlel  to  themselves,  to  one  and  the  same 
point,  they  would,  in  that  point,  produce  an  equilibrium. 
Now  the  condition  of  equilibriuin  in  tliis  case  is,  as  we 
have  shewn  (article  43),  involved  in  tliree  equations 
of  the  form 

A  cos  a  +  A*  cos  a'  +  P  cos  a  4-  P'  cos  a  -H  ,dfc.  r:  0 1 
A  cos  h  +  A'  cos  ii'  -f  P  cos/3  +  F  cos/1'  -f  ,&c,  =  0  i 
A  cos  c  i- A' cose' +  P  cosy  -f  P'cosy  -^,<!kc.  =:0| 
where  a,  a\  «,  a\  &c.  denote  the  angles  relative  to 
one  axis ;  b^  b\  ^3,  (^\  &:c.  those  relative  to  a  second ; 
and  c,  c',  y,  y ,  ic  those  relative  to  the  third. 

91.  When  the  given  forces  A,  P,  P',  &c. . .  A',  and  the 
directions  in  which  the  cords  act,  will  not  satisfy  these 
equations,  it  will  be  impossible,  whatever  figure  we  give 
to  the  polygon,  to  produce  an  equilibriumi ;  and  on  the 
other  hand,  when  these  conditions  are  found  to  obtain, 
we  may  always  give  to  the  polygon  such  a  figure  that 
the  equilibrium  shall  be  established,  and  this  indepen- 
dent of  the  lengths  of  the  sides  m  m\  mm\  &c.  But  if 
the  magnitude  of  the  forces,  and  the  lengths  of  the 
several  cords  m  m\  rnm",  rnV,  &c.  be  given,  then  the 
figure  of  the  jjolygon  is  determinable,  and  tiie  construc- 
tion of  it  may  be  eifected  as  follows : 

Knowing  the  direction  of  the  cords  K  ?/i,  and  h  m,  ac- 
cording to  which  the  two  given  forces  A  and  P  act,  it  is 
easy  to  detennine  the  magnitude  and  direction  of  the 
resultanL  On  the  prolongation  of  this  direction,  set 
ofT from  the  point  */;,  the  given  \memm;  which  boing 
done,  apply  to  the  point  fn\  the  resultant  of  A  and  P, 
on  the  line  mm\  and  tlie  ibrce  P'  in  Uie  given  direction 
of  the  cord  m' h' ;  take  the  resultant  of  these  two  forces, 
which  will  give  the  direction  of  the  cord  m^m" ;  and  on 
this  line,  from  the  point  m\  setting  off  tlic  given  line 
m  ct",  will  determine  tlie  point  m\  Now  applying  at 
the  point  m\  the  force  P',  acting  in  the  direction  ftfk", 
and  compounding  it  with  the  resultant  whose  intensity 
and  direction  are  both  given,  we  may  determine  in  the 
same  manner  the  point  m*". 

Continuing  to  proceed  in  the  same  way*  we  shall 
ultimately  arrive  at  the  last  of  tlie  knoU  w,  m\  m*,  Ac. 
which  we  will  suppose  to  be  w»^ ;  so  that  m*Ts!  may  be 
the  last  side  of  the  polygon  :  now  the  direction  of  tliis 
line  is  known,  since  it  is  supposed  to  represent  the 
force  A',  which  is  given ;  conscqaently  the  prolongation 
of  the  direction  of  the  resultant  of  the  two  forces,  ap- 
pUcd  at  the  pqint  m\'m  the  directions  m*"m\  and  tm". 
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must  coiticide  with  the  pven  direction  i»*K',  of  the  force 
A';  and  which  coincidence  must  obviously  have  place 
when  an  ec[uilibrium  obtains  in  the  system. 

If  we  draw  throucfh  the  point  K,  the  three  axes  to 
which  we  refer  the  several  directions  of  the  forces,  viz. 
tlie  ani^des  a,  a\  a,  a',  a",  &c.  6,  b%  /3,  /3',  &c,  c,  c',  y,  7', 
&c. ;  and  if  we  consider  the  co-ordinates  of  the  several 
points  m,  m\  m'\  &c.  parallel  to  these  axes,  it  is  obvious 
that  these  co-ordinates  will  be  determinate  functions  of 
the  angles,  aod  the  intensities  of  the  forces  A,  P,  P', 
ike.  and  of  the  lengths  of  the  lines  m  m\  m'm"^  &c. ;  and 
we  might  therefore  calculate,  in  functions  of  these 
quantities,  the  three  co-ordinates  of  each  point;  bnt  as 
the  comptitation  involves  very  considerable  intricacy, 
and  the  ultimate  expressions  beino^  extremely  compli- 
cated»  we  shall  dispense  with  the  o[>eralioii  in  this  place. 

When  the  i^wew  forces?  fulfil  the  conditions  of  the 
precedinie:  equations,  and  if  we  give  to  the  polygon  the 
fi^re  necessary  to  estabUsh  the  equilibrium  ;  we  know, 
before  applying  these  forces,  that  this  state  will  exist; 
and  we  may  therefore  previously  ascertain  the  tension 
of  each  of  the  cords  mm\  m'm^'^&c.  and  proportion  their 
diameters  accordingly;  for  each  of  these  cords  will  be 
drawn  in  the  direction  of  its  length,  by  two  equal  and 
contrary  forces,  applied  at  its  extremities ;  and  one  of 
these  equal  forces  will,  as  we  have  seen  (art.  89),  express 
the  tension  which  the  coni  has  to  sustain. 

It  appears,  from  the  preceding  invcstije^tions,  that 
the  tensions  of  the  different  sides  of  the  polygon,  vary 
according  to  their  res|^ective  situation  s.  The  tension  of 
the  side  wi  m'  is,  for  example,  equal  lo  the  resultant  of 
the  forces  A  and  P,  or  of  the  forces  V\  ?"\  &v.  * .  A';  that 
of  the  side  w  m',  will  be  equal  to  the  resultant  of  the 
forces  A,  P,  ?\  or  of  P,  P"',. .  A';  and  so  on  ;  whence  it 
will  be  easy  to  determine  in  each  particidar  case,  the 
tension  sustained  by  every  side  of  the  polygon,  when 
tho  magnitude  and  the  direction  of  the  forces  are  given. 

92.  If  the  two  extreme  points  K,  K',  of  the  polygon 
be  fixed  J  then  it  is  obvious  that  the  equilibrium  will 
always  obtain,  whatever  may  be  the  intensity  and  direc- 
tioa  of  the  other  forces ;  for,  in  tlii'i  case,  the  two  ex- 
treme forces  which  we  have  denoted  by  A  and  A',  and 
the  ftns:lcs  which  their  directions  make  with  the  three 
axes,  will  not  form  any  part  of  the  data  of  the 
problem,  being  themselves  deu^rminable  trora  the  con- 
ditions of  the  cqiiilibrium.  The  quantities  to  be  found, 
therefore,  are  obviously  A,  A',  and  the  angles  ft,  a\  b^  //,  c 
and  c* ;  viz.  they  are  eight  in  number,  and  will  conse- 
quently require  eight  equations:  viz.  first,  the  three 
equations  of  equihbriiim  given  in  art»  90;  secondly,  those 
of  art,  33;  viz. 

cos'd  -f  cos'^  H-  cos*e  ^  1  ) 

cos'«'  -f  cos*6'  4-  cos*c'  —  1  ) 
and  three  others  resulting  from  the  given  positions  of 
the  two  fixed  points  K,  K';  that  is  to  say,  the  co-ordi- 
nates of  the  point  K',  as  referred  to  the  three  axes  drawn 
through  the  other  point  K  being  given,  these  must  be 
equated  with  the  expressions  for  the  same,  calculated 
upon  the  principles  indicated  in  the  conclusion  of  art. 
91.  Consequently^  there  being  as  many  equations  as 
there  are  unknown  quantities,  these  latter  mav  always 
be  determined,  and  the  equilibrium  established. 

93.  Whether  the  points  K,  K',  be  fixed  or  free;  if 
otie  or  many  of  the  fixed  knots  m,  m\  m*,  <fec,  be  replaced 
by  sliding  knots,  or  moveable  rings,  this  circiimstance 


will  give  place  to  new  conditions  of  equilibrium*  Let  ^**^ 
us  suppose,  for  example,  that  wi''  is  now  a  sliding  knot,  ' 
or  a  moveable  ring,  which  glides  freely  along  the  cord 
7n\  rn'\  fti*',  &c.;  it  is,  in  the  first  place,  clear  that  in  this 
motion  the  sum  of  the  distances  m'  m",  and  w*  m''  of  the 
point  m*\  from  tlie  points  ///,  w/',  will  be  constant.  Now, 
if  the  equihbrium  exist,  it  is  obvious  that  this  state  of 
the  system  will  not  be  disturbed  by  considering  the  last 
two  points  as  fi_\ed ;  and  in  thjs  case  it  is  also  evident, 
that  the  point  m'  will  be  constrained  in  its  motion  to 
pass  over  a  part  of  the  surface  of  an  ellipsoid  of  revo- 
lution, of  which  ni  and  m"*  are  the  two  foci,  and  of 
which  the  greater  axis  is  equal  to  the  given  lengtli  of 
the  cord  rn  m"  fu^.  This  point  camiot  therefore  be  in 
equihbrio  while  the  force  P*  applied  to  it  is  resolvable 
into  two  components,  one  of  which  is  in  the  direction  of 
the  element  of  the  curve;  but  this  may  always  be  done, 
except  when  the  direction  of  the  force  is  a  normal  to 
the  curve.  Whence  it  follows  that  the  direction  of  the 
force  P*,  in  case  of  an  equihbrium,  niuat  be  a  normal  to 
the  ellipse ;  and  hence,  by  a  known  property  of  that 
curve,  it  will  bisect  the  angle  formed  by  the  radii  vcctorcs 
7/1'  m"  and  w*  ot'". 

Therefore,  when,  in  executing  the  construction  indi- 
cated in  art.  91,  we  meet  with  a  moveable  ring,  such  as 
we  have  supposed  at  f/i",  and  we  have  taken  the  resultant 
of  the  two  forces  acting  in  the  direction  ni"m*  and  m^k"^ 
which  will  determine  the  direction  of  the  cord  m"  rw"';  if 
we  find  the  angles  h"  m"  m',  and  A"  m** m*'  are  not  equal  to 
each  other,  it  must  be  concluded  that  the  equilibrium 
cannot  obtain.  If  the  direction  of  the  force  attached  to 
the  moveable  ring  be  not  given,  then  we  may  always 
determine  it  so  that  the  equilibrium  sbal!  subsist,  by 
giving  to  it  such  a  direction  as  may  fulfil  the  necessary 
conditions  ;  viz,  of  the  equality  of  the  angles  A"  w"  //*' 
and  h'  ///'  m'\ 

We  may  also  observe,  that  in  a  state  of  equilibrium 
the  tenstODB  of  the  cords  adjacent  to  the  moveable  ring 
will  be  equal  to  each  other,  in  consequence  of  each  of 
them  making  equal  angles  with  the  force  applied  to  this 
ring;  the  same  is  otherwise  obvious,  since,  in  fact,  the  two 
cords  in  this  case  may  be  considered  as  forming  only 
one  and  the  same  cord,  which  has  therefore  necessarily 
the  same  tension  throughout. 

94.  W*hat  is  stated  above,  relative  to  a  ring  con-  Gei 
strained  to  slide  along  an  mextensible  hne,  may  be  ^'"' 
extended  to  all  the  points  uf  a  system  Iw  cquilibrio,  what- 
ever may  be  the  connection  of  these  points  with  each 
other;    for  we  shall  not    disturb   this   equilibrium  by  * 
supposing  all  the  points  of  the  system  lixed  except  one 
only.      And  if  tire  connection  of  this  point  with  the 
others  be  such,  that  it  may  still  describe  a  surface,  or 
only  a  curve  line,  about  these  fixed  points;  it  is  evident 
that  the  moveable  point  will  be  situated  exactly  in  the 
same  manner  as  if  the  surface  or  curve  really  existed ; 
and  consequently  the  force,  which  is  applied  to  it  so  as 
to  produce  an  equilibrium,  must  necessarily  be  a  nor- 
mal to  that  curve. 

Hence,  then,  we  may  conclude,  that  in  every  system 
in  equilibrio,  the  force  applied  at  each  point  of  the  sys- 
tem is  perpendicular  to  the  surface,  or  to  the  cur^^e  on 
which  each  point  would  be  constrained  lo  move,  if  all 
the  other  points  with  which  it  is  connected  were  for  a 
moment  considered  as  fixed. 

When   this  condition  relative  to  the  direction  of 
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llie  forces,  and  to  the  connection  of  the  parts  of  the  sys- 
,  is  not  fulfilled,  we  may  be  certain  tliat  an  tequili- 
wili  not  obtain;  altliough  we  cannot  draw  the 
tie  conclusion  when  it  is,  for  this  condition 
fs  not  sufticient  to  ussure  the  equilibrium. 
95.  Let  us  consider  now  the  parlicular  case  where 
ill  the  forces  P,  F  P"",  &c.  apphed  to  the  funicular 
polygon,  are  weights ;  and  where  tlie  two  extreme 
points,  K  and  K',  are  conceived  to  be  fixed ;  and  for  the 
greater  simphcity,  we  shall  suppose  that  tliere  is  no 
sliding  or  moveable  ring  in  the  system,  but  that  the 
severoJ  points  m  m'  m'\  &c.  (tig.  52)  are  all  fixed  knots. 
We  have  seen,  that  in  this  case  the  equilibrium  is 
always  possible ;  and  we  have  therefore  only  to  investi- 
gate Uie  figure  of  the  polygon  proper  to  this  state. 
Now  first  it  may  be  observed^  that  all  tliese  sides  will 
be  in  the  same  plane ;  that  is  to  say,  in  the  vertical 
plane  passing  through  the  two  fixed  points  K,  K'.  This 
is  obvious  from  our  cons  tract  ion,  article  91  ;  for  the 
three  cords  which  proceed  from  each  of  the  knots 
m  m*  m"  are  in  the  same  plane,  and  the  plane  of  the  cords 
Knt,  A  171^  and  mm'  is  vertical,  because  it  conlains  in  it 
the  vertical  line  of  direction  A  m,  of  the  weight  P.  The 
plane  of  the  cords  mm\  h*  m\  and  trim",  is  also  a  vertical 
plane,  because  it  contains  in  it  the  line  of  direction  //  ?/t* 
of  the  weight  P' ;  and  as  the  two  vertical  planes  have 
la  them  one  common  line  »/  m,  they  necessarily  coin- 
cide. Hence  the  three  sides  K  ?/?,  m  m\  and  m'  m'\  are 
ia  the  sane  vertical  plane;  and  the  same  may  obviously 
be  demonstrated  with  regard  to  all  the  other  sides  of 
the  polygon. 

Tliis   being  established,    draw    in   this    plane   and 
through  the  point  K,  the  two  axes  K  x,  K //,  to  which  we 
refer  tiie  angles  a,  a',  a,  &c. ;  a\  h,  /3,  "^3',  /i",  <fec.   b\ 
(art.  90) ;  the  angles  c,  y,  y',  y^  and  c\  being  all  right 
angles.   And  if  we  take  the  axes  K  x  horizontal,  and  K  ^ 
tertacal,  the  angles  a,  a',  a'',  &c,  will  also  be  right  angles, 
and  the  angles  /3,  /3',  /3*,  &c.  each  equal  to  zero ;  the 
[nations  therefore,  above  referred  to,  become 
A  cos  a  H-  A'  cos  a'  ^  0 
A  cos  ^r  +  A'  cos  6'  -h  n  =  0  ; 
n  denDUng  the  sum  of  tlie  weighLs  P  4.  p'  +  p",  Sic. 

Let  DOW  T  denote  the  tension  of  any  side  of  the 
polygon :  then,  if  we  consider  this  force  as  applied  to 
that  extremity  of  the  side  which  Is  nearest  to  the  point 
K ;  and  if  we  represent  by  u  tlic  angle  which  its  direc- 
tion makes  with  the  horizontal  axis,  and  by  v  that 
which  it  makes  with  the  vertical  axis ;  and  by  p  the 
sum  of  the  weights  suspended  to  the  polygon  from  the" 
point  K,  to  the  first  extremity,  induijive:  the  force  T 
will  be  the  resultant  of  the  force  A  and  of  the  weight  p 
(urt  91);  consequently  we  shall  have, 

T  cos  «  ^  A  cos /I,  \       >^j. 

T  cos  T)  =  A  cos  6  -h  /.  J  ^'^  ^ 
lf;on  the  contrary,  we  regard  the  force  T  as  applied  to 
llie  other  extremity  of  the  side  of  which  it  expresses 
the  tension,  its  directioD  will  lie  opposed  to  that  which 
it  had  at  first ;  we  must  therefore  replace  the  angles  u 
wid  r  by  their  supplements ;  in  which  case  it  will  then 
be  the  resultant  of  tlic  force  A',  and  of  the  weights 
whose  sum  is  O  —  p\  and  we  have  therefore 

—  T  COB  u  zz  A'  cos  a\  }      ._^ 

-  T  cos  I-  =  A'  COS  b*  -f  (U^p).        S      ^    -^ 

tBy  means  of  these  values  of  T  cos  i/,  and  T  cos  r, 
'■  may  determine  immediately  the  tension  and  the 
^tion  of  each. side  of  the  polygon,  after  the  valued 


of  the  unknowns  A,  A*,  ff,  oV^*  's  *"»  *"'»  shall  have  been  Mcclmnicr. 
calculated  according  to  the  method  indicated  in  art.  91.  ^-^^''"^^ 

96.  Oj  the  catcnart/, — If  a  perfectly  flexible  heavy  Catenary 
chain  be  suspended  to  any  two  fixed  points  at  its  ex-   . 
tremitieSj  it  will  form  itself  into  a  certain  curve,  which 
is  called  the  cafcnan^^  from  caicna^  a  chain  ;  the  pro|>er- 
ties  of  which,  as  being  intimately  related  to  our  pre- 
ceding enquiries,  we  here  proptfse  to  investig-ate. 

In  the  first  place,  it  is  obvious,  tliat  all  which  has 
been  said  in  the  preceding  article  being  independent  of 
the  number  and  lengths  of  the  sides  of  the  polygon, 
ought  equally  to  obtain  when  this  number  becomes  in- 
definitely great,  and  each  of  the  sides  indefinitely  small. 

Let  us  then  supiM>se  K  n  K'  (fig.  5d}  to  be  a  heavy 
chain  suspended  to  two  fixed  points  K  and  K';  and  let  ws 
suppose  this  to  be  decomposed  into  an  infinite  number 
of  parts;  and  let  P,  P',  P\  &c.  be  the  weights  of  these 
elements ;  p  the  weight  of  the  part  of  the  chain  com- 
mencing at  the  point  K,  and  terminating'  at  any  point  n. 
And  if  we  suppose  the  chain  homogeneous,  ana  of  an 
equal  thickness  through  its  whole  extent,  this  weight 
will  be  proportional  to  the  length  of  that  portion  of  the 
chain  ;  so  that,  denoting  the  length  of  the  arc  K  «  by  * 
and  by  //,  a  constant  co-eflScientj  expressing  the  weight  of 
any  unit  of  lengtli  of  the  chain ;  we  shall  have  p—Is, 

After  this  decomposition,  the  catenanf  is  the  same  as 
a  polygon  of  an  infinite  number  of  skies,  each  being  in- 
definitely small ;  and  the  side  of  the  polygon  which  is 
in  contact  with  the  point  w,  will  sustain  a  tension  T,  ex- 
erted in  the  direction  of  the  prolongation  of  the  side; 
which,  in  the  present  case,  is  the  tangent  of  the  curve  at 
the  same  point  n.  Hence  the  values  T  cos  u^  and  T 
cos  r,  of  the  preceding  article,  will  give  us  the  direction 
of  this  tangent,  and  the  tension  which  has  place  at  the 
point/?;  that  is,  at  tlie  extremity  of  the  arc  s.  l\\  there- 
fore, we  take  in  the  plane  of  tlie  catenary  the  horizontal 
axis  K  JT,  and  the  vertical  axis  K  v,  for  those  of  the  co- 
ordinates ;  and  if  we  represent  by  x  and  v  the  absciss 
and  ordinate  of  the  point  n^  and  supposing  n  t  the  tan- 
gent at  the  point  n ;  we  know  that  the  diflerenlial  co-effi* 

cient  -r-9  or  the  fluxional  co-eflBcient  -V  ,  will  express 

the  tangent  of  the  angle  K  /  n.     But  because  the  line  n  t 

represents  also  the  direction  of  the  tension  T  at  the 

point  71,  which  is  determined  by  the  angles  u  and  r ;  this 

tangent  is  also  equal  to,  or  is  expressed  by  the  ratio 

cos  V 
-      ,     But  we  have  seen  (art.  95)  that 

COStt 

T  cos  If  ^  A  cos  a, 

T  cos  r  ^  A  cos  b  -^  p, 
^^Tience 

V    _  costJ  _^  Aco^b  +  p 

jj    *"  cos  If  Acosflf 

Or  replacing p  by  its  equivalent  k  *,  we  ha\^e 
If         A  cos  b  -^  h  t 


A  cosfl 


Or, 


(53) 


A  cos  ajf  —  A  cos  h  x  '^  hsi 

Let  now  K  o  be  the  tangent  to  the  point  K,  and  make 
the  angle  if*  K  a  :^  c,  tlien  jy  K  a  =:  90°  —  c  ;  and  we 
shall  have  cosrf  ■=  —  cose,  cos  ^>  ^  ^sinc.  For 
the  direction  of  the  force  A  is  the  same  as  that  of  the 
prolongation  of  the  infinitely  small  fiide  of  the  polygon 
i  2 


I 


u 
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liMhanio.  coinddiw  mih  K;  or,  whick  is  die  Mmie,  the  prolmiga- 
^'^^^^"^^^  tioB  of  tSe  tangent  to  that  point;  and  therefore  the 
angles  sKa^  and  j^  K  a  are  those  we  have  before  de* 
-  noted  by  a  and  6;  ▼!&  the  angles  by  which  we  refor 
the  direction  of  the  force  A  to  the  two  rectangular  co- 
ordinates A  X  and  Ay.     And  as  the  angles  or  K  er  and 
J  K  a'  are  supplements  of  each  other,  as  dso  the  angles 
V  K  a  and  jr  K  a ;  it  follows  that  cosa  and  cos  b  are  equal, 
but  have  contrary  signs  to  cos  e  and  sin  c.    Employing 
^refore  the  angle  c,  instead  of  the  angles  a  ana  6,  the 
•.    preceding  equation  will  become 

A  sin  c  ^  ^  Acos  cy  zz  isx,  (54) 

Eqnationof.yrhich  is  the  equation  of  the  catenary;  A  andc  being 
unknown  constant  quantities  which  still  remain  to  be 
determined. 

97.  By  making  the  above  substitutions  in  equations 
(51),  these  become 

T  cos  II  =z  —  A  cos  c, 
T  cos  t?  =  —  A  sin  c  +  hs; 
and  by  squaring 

"Pcos'ttz:  A'cos'c, 

TcosV  =:  A*  sin*c  —  2  A  ^i-*.  sine  +  ^V.    ' 
Adding  these,  and  observing  that  sin*c  +  cos'c  =1, 
and  co8*ii  +  cos*p  =  1,  we  have 

T  =  A«  -  2  AA«.  sine  +  AV.  {55) 

From  which  it  is  obvious,  that  when  *  =  0,  A  will  ex- 
press the  tension  at  the  point  K,  or  its  action  upon  the' 
fixed  point,  as  we  know  already :  we  see,  also,  tnat  the 
tension  is  variable  from  one  point  to  another,  and  that 
it  is  a  minimum  when  —  2  A  A  5.  sin  e  -f  hV  is  a  max- 
imum; thatis,  when  —  2  AA.  sine./  -f  2kUs  =  0; 

,  A.  sine 

or  when  s  =z  — r — . 
n 

Substituting,  therefore,  this  value  of  «  in  equation  {5&f, 

we  have  for  the  minimum  tension 

T*=2  A*(  1  —  sirfc)orT=:  A^cos'e;    • 

or  T  =:  A  cos  c. 

But  we  have  seen  that  generally 

Tcosw  =:  Acose. 

Consequently  when  the  tension  is  a  minimum,  cos  1/  =  1 , 

or  angle  uzzO;  that  is,  the  tangent  is  then  horizontal, 

which  answers  to  the  lowest  point  of  the  curve. 

98.  Our  equation  (54)  will  admit  of  a  more  simple 
form  by  eliminating  the  arc  s ;  which  may  be  done  by 
putting  that  equation  into  fluxions,  and  observing  that 

A  =  V  (i*  +  y);   while  X  is  considered  constant 

This  operation  gives 

•  •        •        •         • 

—  A  cosey  =  Ax  V  (j:*  +  y*); 
and  multiplying  both  sides  by 


it  becomes  . 


V(^+50 


-  Acos  ty  y      ,  •  • 

: ^^hy  X. 

s/ix'  +  f) 


But 


y  y 


^i.^+fy 


T-  =  the  fluxion*  of  V  (j*  +  f)' 


*  We  have  no  fixed  notation  for  indicating  the  fliaion  of  a  com- 
pound quantity,  except  by  inclosing  that  quantity  in  a  parenthesis, 
and  placing  the  fluxional  mark  cnct  it ;  which  is  certainly  not  soffi- 
ciently  oonspicnous.  We  shall  thefefore,  in  the  present  treatise, 
where  such  a  notation  is  necessary,  make  use  of  the  ronian  f  Ibr 
fluxion,  in  exactly  the  same  sense  as  the  French  writers  employ  the  d 
to  denote  a  difierential* 


denoting  therefore  the  latter  by  f  v'  («'  4-  yO,  Medw 

we  have  ^^^'v 

-.  Acoaef  v'(i*  +  /)  =  A3f  i; 
and  taking  the  fluents  on  both  sides,  we  have 

—  AeOBe^/(i»  +y)  =:  Ayi  +  ci, 
C  being  a  constant  arbitrary  quantity. 
Li  order  to  determine  its  value,  we  observe  that  at  the 
point  K,  where  j^  =  0,  this  equation  reduces  to 

—  Acose  s/  («*+  y^  =Cx; 

but  at  the  same  point  we  have  also  ^  =:  tan  e,  or  y  2= 

•    X 

tanc^;  where,  by  substituti^  and  dividing  by  Xy  we 
have 

—  Acos  eV  (J  -f  tan»e)  =  C  ; 

that  is,  C  =  — '  A ;  and  hence  we  ha^e  for  the  fluxional    *. 
equation  of  the  catenary, 

.     Acose  V(>+/)  =  (A-Ajf)i,  (5%) 

at  the  lowest  point  of  the  curve  jr  =  0 ;  and  conse- 
quently >/  (;r*  -h  y)  =  a:  at  that  point ;  we  have  there- 
fore, for  Ae  corresponding  value  of  y^ 

A  cose  A  =z  (A  —  A^) x; 

,                                     A(r— coic) 
whence  ^  =:  — ^ — -r -. 

Now  the  general  equation  of  the  catenary  we  have  seen 
equation  (54)  is 

•     •  •  • 

A  sineo?  —  A  cosejf  =:  A«x;  ^ 

and  if  we  substitute  the  value  of  ^  from  this  laat  equation  Lnigtl 
into  equation  (5Q^)\  we«hall  obtain  the  following  value  arc 
of  *>  viz. 

_   A8me_^/  ((A-;iy)«-A\;os«e} 
,_  — J— +  % 

In  which  expression,  the  upper  sign  n 

from  ^  =  0,  to^  =  -r-;  that  is  from  the  commencement 

.to  the  lowest  point  of  the  curve ;  and  beyond  that  point 
we  must  employ  the  plus  or  lower  sign. 

It  is  clear  from  the  above  equation,  that  the  curve  of 
the  catenary  is  rectifiable. 

99.  Hitherto  we  have  only  determined  the  fluxional 
equation  of  the  cturve ;  and  in  order  now  to  exhibit  the 
same  in  a  finite  form,  we  may  proceed  as  follows : 

Resolving  equation  (56),  with  reference  to  x,  we  find 
•  ^  ±  A  CQscy 

^  ■"  vf  {(A  -  Ay)*-.A»co8V' 
and  as  the  absciss  x  is  always  increasing,  it  is  evident 

that  we  must  take  the  upper  sign,  while  tlie  fluxion  y  is 

positive,  and  the  lower  sign  when  y  is  negative,  in  order 

to  preserve,  in  all  cases,  the  positive  sign  to  x ;  that  b, 
the  upper  sign  must  be  employed  from  the  origin 
K,  to  Uie  lowest  point  of  the  curve;  afrer  which,  as  jf  is 

then  decreasing,  and  therefore  y  negative,  we  must 
take  the  lower  or  negative  sign. 

Taking  the  fluent  of  the  preceding  fluxional  equation, 
we  have 

X- C  +  A^Alog.{A-Ay  :+:  ^)\k^hyy^ 

A  'cosV)} ; 

C  being  an  arbitrary  constant  quantity,    or  as    we 

usually  term  it^  the  correction. 


(57) 
must  be  used 


mechanics: 
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Now  wHen  x  =  0,  and  y^O,  that  is   to  say,  at 
'  ^le  point  K,  and    where  the  radical  is  posttive  ^lis 
gives 

0  =  C  +      ^^  h  log. (A  —  A  sine); 


f»-or. 


A 

^i              -A.  cos  c  , ,       . .        *    .     V 
C  = r —  h  log.  (A —  A  sin  c). 


Substituting  this  for  C  in  the  above  equation,  we  obtain 
A  cos  c 


A lo.  ^  A-AyTV{(A-%)«-AWc}  )  5g 
A  ''' I  A(l— smc):  ) 


the  curve  is  therefore  transcendental,  of  the  same  order 
as  the  logarithmic  curve. 

If,  in  this  equation,  we  substitute  the  value  of  the 
ordinate  as  before  determined  for  the  lowest  point ;  viz. 

A  (I  —cose) 

A  • 

we  have  for  the  corresponding  value  of  ir, 

A  cose,,         cose 

X  =  — J — Aloe.  = : — . 

A  ®  1— sme 

100.  It  still  remains  to  determine  the  values  of  A  and 

c,  which  depend  on  the  position  of  the  point  K'  with 

reference  to  K.     If  we  suppose,  as  the  simplest  case, 

that  the  two  points  6f  suspension  are  in  the  same  hori- 

xmtal  line ;  it  is  obvious  that  the  two  branches  of  the 

cnrre,    comprised  between  the  lowest  point  and  the 

two  fixed  points,  will  be  similar,  and  each  equal  to  half 

the  length  of  the  chain;  and  the  absciss  of  the  lowest 

point  vnll  be  equal  to  half  the  given  distance  K  K'.  Let 

this  given  length  and  given  distance  be  reiqpectively  de- 

■oted  by  I  and  f ;  then  we  have 

A  sin  c 
»^^~A~'. 

,  «      A  cose. ,         cose 
ir=_— -Alog. 


whence,  by  division, 
/        cose 


sme 


A  log. 


5"  1 = —  * 


cose 
1  —  sin  e  ' 


(59) 


from  which  the  value  of  e  may  be  determined  by  ap- 
uroximation ;  and  this  being  Known,  A  may  be  found 
from  either  of  the  above  equations! 

101.  We  shall  now,  in  conclusion,  place  under  one 
point  of  view,  the  principal  deductions  drawn  from  the 
pceoeding  investigations ; 
Let  /  denote  the  length  of  a  heavy  chain ; 
r  the  distance  of  its  two  points  of  suspension,  sup- 
posed in  the  same  horizontal  line ; 

c  the  angle  comprised  between  the  horizontal  line  or 
^lUnce  and  the  tangent  at  the  point  of  suspension; 
A  the  tension  of  the  chain  at  the  same  point ; 
T  the  tension  at  any  other  point ; 
I  any  variable  absciss; 
jf  its  ccxresponding  ordinate,  &c. ; 
« its  corresponding  arc ; 

i  the  weight  of  one  inch,  or  one  foot  of  the  chain ; 
't  I  snd  t  being  estimated  by  the  same  unit  of  measure ; 
^  y  the  greatest  ordinate* 
1.  Then,  first,  to  find  c,  we  have 


cose 


A  log. 


/        sine         "     1— sin  e 
^Qt  18  this  equation  is  transcendental,  e  must  be  found 
by  approximation,  and  cannot  be  expressed  in  finite 


2.  TafihdA,  we  have 

A  sin  e  . 


MochanW. 


A 
A  = 


hi 


2  sin  e  ' 
the  tension  at  the  point  of  suspension. 

3.  And  for  the  tension  (T)  at  any  other  point  jr,  oor- 
responding  to  a  given  arc  «,  we  have 

Tr:  ^  {A«-2AA*.  sine  +  AV}; 
which,  at  the  lowest  point  of  the  curve,  becomes 
T  =:  A  cose., 

4.  The  general  equation  of  the  curve,  in  terms  of  a 
andjf,  is 

Acose  ,,       3A— Avq:V{(A— A^)»— A*cos*e}. 

'  =  — T"^^^^-^ "— A(l-sine 

fipom  which,  either  x  or  y  may  be  determined,  the  one 
fit)m  the  other. 

5.  At  the  lowest  point  of  the  curve,  we  have,  for  the 
corresponding  ordinate, 

,      A  (1  —cose) 

y=. — I — .  • 

6.  To  which  we  may  add, 

A  sin  e         ,  ,  -     A  cos  e  . ,  cos  e 

i/=  — I — ;andi/'= — i — Alog.- 


A      '      ~  *  A      """&•  1— sine' 

from  which  two  equations,  our  first  equation  above,  is 
deduced;  and, 

7.  For  the  length  of  any  arc  «,  corresponding  to  the 
absciss  x  and  ordinate  jr,  we  have 

A  sine       ^/  {(A— Ay)'— A'cosV} 
'-  —h~'^~  A  • 

All  the  principal  properties  of  the  catenary,  both 
geometrical  and  meGhanical,  are  involved  in  the  pre- 
ceding equations. 

Let  us  propose  the  following  problem  by  way  of 
illustmtion. 

Problem. 

102.  A  heavy  flexible  chain,  100  feet  in  length,  and  Example, 
weighing  1,000  lbs.  is  suspended  at  its  extremities  to 
two  fixed  points  in  the  same  horizontal  line,  95  ft.  1  ^  in. 
asunder.  It  is  required  to  determine  the  greatest  depth 
of  the  curve,  the  tension  at  the  lowest  pointy  and  its 
tensions  at  the  points  of  suspension. 

Here,  first,  96  ft.  1  Jin.  =  95125;  and  by 

,     ^        .cose,,  cose  f      95*125 

the  formula    ,_  _  A  log. 


■"?""     100 
=  •95125; 


sm  e       "'    1  —  sin  e 

cos  c  , ,  cos  e 

we  have       -: —  A  log.-r : — 

sm  e        "^    1  —  sm  e 

which,  by  approximation,  gives  cose  =  '866  and  sin  e=: 

•5  very  nearly. 

Again,  since  100  feet  weighs  1000  lb.  A  =  10;  and 

hence 

A  /         10  X  100      ,  ^^  „ 

A=  -r-: = 1=1,000  lbs. 

2  sme  '1  . 

for  the  tension  at  the  pomt  of  suspension. 

And  T=  A  cose  =  1000  x  -866  =  -866 lbs. 
the  tension  at  the  lowest  point 

LasUy.y  =  A  (l-coso)^1000_x,-134 ^  ^3.^  ^ 

the  depth  of  the  lowest  point  below  the  horizontal  line 
of  suspension. 
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^  XI.  On  ihi:  tqmlibnttm  of  elmtk  bodies. 


briuni. 


103.  Ill  the  preceding  section,  we  have  given  the 

equations  of  equilibrium  of  a  line  supposed  perfectly 
flexible,  but  etitirely  devoid  of  elasticity;  we  propose 
now  to  consider  the  influence  of  this  quality  oi  matter 
upon  the  conditions  of  equilibrium. 

I^e^t  us  suppose  an  iuextensible  lamina  of  uniform 
dimeui^ions  tliroui^hout,  and  such  that,  when  unsoli- 
cited by  any  force,  it  assumes  the  form  of  a  rectan- 
^lar  plane  of  ^iven  dimensions.  Conceive  this  lamina 
fixed  at  one  of  its  extremities,  and  to  have  a  force 
fipplied  at  the  other,  which  chane^es  its  figpure  from  tiiat 
of  a  rectilinear  plane  to  a  curved  surface  :  the  problem 
which  wc  propose  to  investi^dte,  is  the  determination 
of  the  nature  of  this  curve. 

Let  K  K"  (%.  54)  represent  the  length  and  original 
position  of  the  elastic  lamina;  and  K'  K  its  position 
after  inflesiion;  the  curvature,  for  the  greater  g:ene- 
rality,  we  shall  supfiose  to  be  produced  by  a  force 
apphed  at  C,  KC  beins:  an  inflexible  line  attached  to 
ihe  point  K,  and  comcidin^  with  its  original  position; 
the  direction  of  this  force  beintj  in  the  plane  of  the 
curve,  and  exerted  in  the  direction  CD,  We  have  then 
to  consider  the  equilibrium  of  this  force  as  opposed  to 
the  elasticity  of  ihelaminn,  which  may  be  regarded  as 
another  force,  whose  tendency  is  to  restore  the  body  to 
its  oriy^inal  form  and  position. 

104.  In  order  to  find  the  conditions  of  this  equili- 
briimi»  we  shall  substitute  for  the  curve  K'  7/1  K,  a  poly- 
gon of  an  indefinite  number  of  sides,  of  which  the  first 
K'  H  (fi4^.  65)  is  taken  on  the  fixed  line  K'  K"  ^ven  in 
position.  Let  nt  m^  and  nt  m'  be  two  consecutive  sides ; 
and  ffi  t  and  m'  t\  their  prolonc^-ations :  and  let  us  sup- 
pose that  the  two  parts  K'  w,  K  m  of  the  polyg^on  become 
inflexible,  in  such  a  manner,  that  the  lamina  may  pre- 
serve its  flexibility  and  elasticity  only  at  the  point  m  ;  and 
let  us  imagine  njoreover  the  part  K'  m  to  be  fbted,  and 
rendered  immovable,  which  supposition  will  not  destroy 
the  existing  cquilibriiun.  The  -elasticity  has  now,  ac* 
cording  to  this  supposition,  only  a  tendency  to  cause 
the  side  m  n^  to  turn  about  the  point  m,  in  order  to  re- 
store it  to  the  same  line  of  direction  as  ihe  side  mm% 
and  we  may  therefore  consider  it  as  a  force  actio;;  per- 
pendicularly to  the  line  m  t\  and  applied  in  any  point 
of  it  as  at  B,  in  the  perpendicular  direction  BE.  i*et  F 
represent  this  unknown  force,  and  call  P  Uie  pven  force 
acting  in  the  direction  CD,  and  p  the  perpendicular  let 
fall  from  the  point  m  to  the  line  CD;  the  perpendicular 
m  B  to  the  line  BE,  being  consideredas  unity.  Then,  by 
the  theory  of  moments  (art.  65),  we  have  {since  the  point 
711  is  kept  in  equilibrio  by  the  action  of  thesetwo  force*), 

F  X  1  =  P/%  or  F  —  P/?. 
This  equation  of  equilibrium  will  obviously  have 
place  for  every  side  of  the  polygon,  that  is  in  every 
point  of  the  curve  K'  K* ;  or  rather,  if  this  equatioii 
obtain  for  every  point  of  tlie  curve,  the  equilibrium 
will  be  established, 

105.  The  force  F  Taries,  or  is  different,  in  different 
points  of  the  cune,  or  at  the  several  angular  points 
of  the  polygon  which  we  have  supposed  substituted  for 
the  curve;  and  depends  upon  the  angle  formed  between 
any  two  consecutive  tangents,  or  the  angles  formed  be- 
tween the  prolongation  of  two  adjacent  sides  of  the 
polygon  ;  as,  for  instance,  the  two  lines  m  f ,  ni  t\  which 
aiiglc  18  called  the  angle  of  coniingcncc.    Wh^l  may  be 


the  exact  relation  between  the  angle  of  contingence  and  M«c| 
the  force  which  produces  it»  is  not  positively  deter-  "^ 
mined  ;  but  it  is  usual  to  consider  them  directly  pro- 
portional: viz,  if  A  be  taken  to  denote  that  value  of 
F»  which  answers  to  any  determined  point  of  the  cune 
or  angle  of  the  polygon,  where  the  angle  of  contin- 
gence is  a,  and  if  Ji  be  the  angle  i  m  ('  at  any  other 
point  m,  we  dial  I  have 

*  F  :  A  : ;  ly  :  a ; 


whence 


F  =  A.-; 


or,  since  these  angles  are  inversely  as  the  radii  of  cur-: 
vature   of  these    points,    if  we  denote    the   radius   nF 
curvature  at  the  point  w,  viz.  wi  g^  by  r,  and  the  radius 
corresponding  to  the  angle  a  by  a,  we  have 
F  :  A  ::  a  :  r; 

or.  F=A,— . 

Since  F  varies  inversely  as  r,  while  the  lamina  is  ho- 
mogeneous, and  of  the  same  uniform  tliickness,  we  have 
Ag  =  K  constant  quantity ;  if,  therefore,  we  denote  tliis 
by  6,  we  shall  have 

F  =  P/.  =  — :  (60) 

F 

which  may  be  considered  as  the  fundamental  equation 
of  the   curve :  but  it  will    be  necessary,  in   order  to 
render  it  applicable  to  the  purposes  of  our  farther  in 
vestigations,  to  introduce  into  it  the  co-ordinates  of  the 
point  m  instead  of  the  variables  r  and  p, 

IQtJ.  Let  us  assume  the  point  K  (fig.  54)  for  the  origin 
of  the  co-ordinates;  the  line  Kr,  perpendicular  to  the 
right  line  KC,  for  the  axis  of  the  abscisses ;  and  the  pro- 
lonoration  of  this  line  K  v,  for  that  of  the  ordinates.  Let 
s  and  V  be  the  absciss  and  ordinate  of  the  point  m  ;  make 
also  KC  —  c,  and  the  angle  DCK  =:  y.  Resolve  now 
the  force  P,  acting  in  the  direction  CD,  into  two  forces, 
in  the  direction  CK  and  CA,  the  latter  being  perpen- 
dicular to  CK. 

These  components  will  be  P  cos  y,  and  P  sin  y;  and 
their  moments,  with  reference  to  the  point  m,  will  be 
equal  to  t  P  cos  y,  and  (jf  -f  c)  P  sin  y ;  whence  we 
have  (art.  65) 

Pp  =  V{tf  H-  c)  sin  y  —  X  cos  y  }      (61) 

We  know  also,  that  considering  x  as  constant,  we 
have  the  radius  of  curvature 

r  zi:  - — -T*rr- 
whence  by  means  of  equations  (60)  and  (61),  we  have 


tlici 


.           .^3   —  •  ivy     1    V—  /        -  -•'"  /J 

(.r'+yj^ 

Here,  if  we  make 

{(J  -f  c)  sin  y  —  !•  cos  y}  =  z, 
and 

and  write 

5/  &in  y  —  J  cos  y  =  I, 

z         V  em  y 

-7-  —  - — T-*—  COS  y  =  u; 

have 


sin  y  V   =  1*  i:  -h  COS  y  x 
sin  y  y    =:  t<  jr 
</  +  i^  sin*y  :r  (ti*  -f  U  «  cos  y  -J-  \)  x\ 
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Now  sttbititatuig  this  in  equation  (62),  we  obtain 


=  Pr; 


*-  b  sin*  7—7 

(?«•  4-  2  »  COB  7  +  1)^ 
and  multiplying  the  first  side  by  u  x,  and  the  second  by 
its  equal  z,  we  have 


>  sin  "y  V  « • 


==  Pzz. 


{li*  -j-  'in  cos  y  +   1)1 
If  here,  as  the  simplest  case,  we  suppose  the  force  P 
to  act  perpendicularly  to  KC,  so  that  y  cz  90®  ;  then 
cos  y  zr  0,  sm  y  =  1 ;  whence  the  above  becomes 

(!*»-+.  l)i  -  ^  ^■"* 
the  fluent  of  which  gives 

VCe*' +  1) 
C  being  the  correction,  or  a  constant  arbitrary  quantity, 
which  remains  to  be  determined.     If  we  resolve .  this 
equation  with  reference  to  v ,  we  have 

And  since,  in  the  case  of  y  =  90^,  z  =  y  +  c,  and 
by  oar  fiMrmer  substitution-:-  =  ii,  we  have  by  intro- 
dacing  these  values,  and  reducing  the  equation,    ' 

^{4  6*  -  C*  -  2  CPOr  +  cy  -P*0^  +  cY]  . 
Eat  as  we  cannot  ^d  the  flueilt  of  the  second  side  of 
this  equation,  in  finite  terms;  the  relation  of  the  absciss 
X,  and  ordinate  y,  in  the  elaatic  curve,  can  only  be  exhi- 
bited by  means  of  an  Infinite  series.. 

In  integrating  the  above  equation  in  any  manner,  it 
k  obvious  that  we  shall  have  to  introduce  into  it  another 
correction  C ;  the  value"  of  which,  as  i*ell»<L|  that  of  C, 
may  however  be^^iinined  from  -flie  following  consi- 
derations. '  ■•*... 

At  the  point  K,  the  origin  of  the  co-ordinates,  we 
have  j:  =  0,  and  y  =  0 ;  moreover,  as  the  right  line 
KC,  is  supposed  to  be  the  contiAuation  of  the  elastic 
lamma,  it  follows  that  it  is  the  tangent  at  the  point  K : 
tod  as  we  have  tak^n  K  y,  for  the  axis  of  the  ordi- 
wtes,  it  follows  that  this  tangent  will  be  perpendicular 
to  the  axis  of  the  abscisses;  whence  we  shall  ha^e  at 

the  point  K,-?.  =  0,  or-:?  =  ^*     These  two  condi-  ' 

tions,  viz.  y  =  0,  and-r  =:   0,  when  x  =   0,  will  be 

y  • 

sufficient  for  determining  the  two  constant  arbitrary 
constant  quantities  C  and  C\ 

107.  When  the  above  equation  of  the  curve  K'mK  is 
.  completely  determined,  we  may  deduce  the  value  of  any  . 
are  Km,  in  functions  of  the  ordinate  y,  of  the  point  wi; . 
and  consequently  we  shall  have  likewise  the  length  of 
the  entire  curve  K'  m  K,  in  functions  of  the  ordinate 
Kl  of  the  point  K';  and  because  this  length  is  given, 
being  equal  to  the  right  tine  K'K%  we  may  reciprocally 


When  the 
Ununais 
not  fixed. 


firom  this  determine  the  value  of  KX.  And  if  we  substitute  Bfcchanics. 
this  value,  instead  of  y  in  equation  (63),  it  will  givev 

X 

that  of  -T-  which  answers  to  the  point  K'.     This  result 

will  contain  the  quantities  c,  P,  b,  and  the  length  of  the 
lamina,  which  we  may  denote  l>y  / :  now  at  the  point 
K',  the  tangent  ofthe  curve  is  the  right  line  K'  K"  given 
in  position;  denoting  therefore  by.  0,  the  angle  K'Gy, 
which  this  right  line  makes  with  the  a;cis  K'y,  we  shall 

have  for  the  point  K',  -r  =  tan  0;  so  that  putting  for 

y         ' 


-^  this  value,  there  will  result  an  equation  of  condition 

y 

between  the  five  quantities  c,  P,  6,  /,  and  6 ;  any  four  of 
which  therefore  being  given,  the  fifth  may,  theoretically, 
be  determined ;  but,  except  in  one  of  the  most  simple 
cases,  that  is  to  say,  in  which  we  suppose  the  total  in- 
flection d  very  smsdl,  the  computation,  in  consequence 
of  the  non-integrability  of  equation  (63),  becomes  so 
compUcated  as  to  render  it  almost  or  entirely  impracti- 
cable. 

108.  We  shall  examine  the  particular  condition  above 
alluded  to  in  a  subsequent  article,  after  making  an 
observation  relative  to  the  case  in  which  the  point  K' 
is  not  fixed. 

In  the  first  place,  if  the4>oint  K'  were  entirely  firee, 
then  it  is  obvious,,  that  in  order  to  produce  the  equili- 
brium, of  which  we  have  above  given  the  conditions,  a 
force  equal  to  P  must  be  applied  at  the  point  K';  and 
.  these  two  must  be  directly  opposed  to  each  other :  bat 
if  the  point  K'  be  resisted  by  a  plane,  so  that  the  lamina 
is  at  liberty  t6  turn  about  that  point,  then  it  will  be 
sufficient,  for  establishing  the  equilibrium,  that  the  line 
of  direction  of  the  force  P  passes  through  K' ;  that  is, 
it  must  be  exerted  in  a  direction  coinciding  with  the 
line  K'C,  which  joins  the  two  pomts  of  application ;  but. 
the  figure  of  the  curve  in  this,  and  all  other  cases,  is 
essentially  the  same,  and  determinable  by  means  of 
the  general  equation  (63). 

109.  Let  us  now  attend  to  the  particular  case  above 
referred  to,  viz.  when  the  inflection  of  the  lamina  is 
very  small ;  and  for  the  sake  of  greater  simplicity,  let 
us  suppose  the  force  P  to  be  applied  immediately  at  the  . 
point  K,  so  that  c  =  0 ;  let  i\^  suppose  also,  that  the  * 
other  extremity  K'  is  merely  supported  on  a  fixed  plane 
which  will  then  require,  in  case  of  equilibrio,  that  the 
force  P  be  made  to  act  in  the  direction  of  the  rig:ht.line 
KK',  which  joins  the  poinU  of  application  K  and  K',  as  in 
fig.  56;  and  let  it  be  required,  to  find  the  particular 
relation  of  .r  and  y,  upon  the  above  supposition,  X  being 
taken  on  the  vertical  line  KK';  that  is,  KK'  is  the  axis 
ofthe  abscisses,  and  K^  that  of  the  ordinates. 

.    Referring  to  equation  (62),  and  assuming  y  =:  90% 
and  c  =:  0,  it  will  become 


-^^A^'Py, 


(**+  »''5 


(i  +  -^)i 


=   Py. 


d2 
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*     ^  plane,  toad  loaded  with  a  we^bt  P  at  iu  vtap^  extra-  Med 

Now  the  value  of  ~>  y^  the  tangent  of  the  angle  of    mity,  will  experience  no  inflection  firom  tnat  weight  ^^^ 


contingence,  is,  by  the  sapposition,  very  small;  and  we 
may  therefore,  in  our  approximation,  neglect  ail  the 
powers  of  this  quantity  higher  than  the  first;  whence 
the  above  denominator  reduces  to  imi^,  and  the  equa- 
tion itself  to 

of  which  the  complete  fluent  19 

P 

y  =  Asin(x  >/  y  +/)  ; 

k  and/  being  two  constant  arbitrary  quantities  or  cor- 
rections :  but  since,  at  the  point  K,  when  x  =  0,y  =  0, 
we  have  also  /  =  0 ;  therefore  the  equation  of  the 
curve,  in  the  case  we  have  supposed,  is 

yzz  hninx  >/— ; 

or,  writing  >/  —  =  p,  it  becomes 

y  ==  A  sin  X  |3. 
110.  Here,  since  isin  x/3  can  never  exceed  unity,  y 
can  never  exceed  h;  that  is,  the  constant  quantity  A, 
'  expresses  the  greatest  value  ofy;  or  the  greatest  in- 
flection of  the  curve  from  the  vertical  KK' :  and  in  order 
to  determine  its  value,  we  may  observe,  that  as  at  the 

rint  K',  we  have  2^  =:  0,  we  must  abo  have  its  equal 
sin  X  /3  =  0 ;  and  consequently,  either  A  =  0,  or 
sinx  /3  1=  0 :  now  sin x /3  =:  0,  when  /3  x  =r  0,  or  any 
multiple  of  IT,  the  semi-circumference  of  a  circle.  If 
therefore  we  denote  by  ir,  the  semi-circumference  of  a* 
circle  whose  radius  is  1,  orir  :=  3.14159,  &c.;  and  x 
by  /,  to  which  it  becomes  equal  in  this  case,  /  denoting 
the  length  of  the  lamina ;  also  by  i,  any  integral  number 
whatever,  we  ought  to  have 

P 

/3  X  or  /J  /  =:  /  *y  -—  =  t  ir;  or 

Q 
Pr 

-^=i«^,         (64) 

in  order  to  fulfil  the  conditions  of  ^  ir:  0 ;  or  of 

A  sin  X  jS  =::  0 ; 

or  otherwise  we  must  have  A  =  0 :  therefore  when  the 

P/» 
equation  — r —  =:  »*  t*  cannot  be  made  to  obtain,  it 
b 

follows  necessarily,  that  h  zn  0';  that  is,  the  curve  will 
then  coincide  with  its  axis,  and  there  will  be  no  inflec- 
tion. 

Equation  (64)  gives  by  division 

P  «  *J1l'. 

Inflection  in  which  6,  /,  and  w\  are  given  quantities ;  and  t  =  0, 
=:o,  under  or  some  integer.  If  i  =:  0,  then  P  =  0,  and  conse- 
a  certain  If  q^^Qijy  A  =  0 ;  if  i  =  1,  its  least  integral  value,  then 

P  ti  — —\  therefore  when  P  is  less  than  — — ^   this 

equation  will  not  obtain;  that  is,  we  shall  not  then  have 

sin  /3  X  =:  0 ;  consequently,  when  P  ^  — —,  we  must 

have  A  =  0,  in  order  to  fulfil  the  condition  ^  =  0 ;  that 

6ir* 
IS,  when  P  is  less  — ~,  there  will  be  no  inflection ;  so 

that  an  elastic  lamina,  placed  vertically  on  a  horizontal 


mit 


till  it  exceeds  the  constant  quantity — --. ' 

This  singular  result,  to  which  we  shall  have  occasion  . 
to  refer  in  treating  of  the  vertical  r^istance  of  beams 
and  columns,  was  first  obtained  by  Euler,  in  {i  memmr 
pubhshed  by  him  on  the  latter  subject;  but  as  it 
seemed  a  contradiction  to  what,  we  commonly  call  the 
law  of  contimdtyy  he  examined  the  subj^t  with  much 
attention,  in  oxder  to  explain  away  this  apparent  para-  - 
dox :  it  was  Li^range,  however,  who  first  saw  deari; 
through  the  mptery,  by  observing  that  while  P  wal 

less  than  — —^  Uie  value  of  k  was  imaginary ;  and 

hence  the  supposed  violation  of  the  above  law  remained 
no  lon^r  an  objection  to  the  condusion  derived  from 
the  analytical  investigation. 

§  XII.  0/graviiy,  and  the  ceiUre  of  gravity^ 
Definitiwu,  ^c. 

111.  Oravity  isa  termemployed  to  denote  that  force  ^ 
or  agency,  by  which  every  material  particle  is  urged 
towards  Uie  surface  of  the  earth  as  soon  as  it  •  is  left 
unsupported;  and  its  action  is  exerted  always  in  direc- 
tions perpendicular  to  this  surface.      The  earth  being 
nearly  spherical,  Aese  vertical  lines  necessarily  con-  - 
verge  towards  a  point,  situated  in  or  near  the  centre  of 
the  earth  r  hut  when  we  contemplate  the  magnitude  of 
the  terrestrial  radius,  in  comparison  with  that  of  any  * 
body  which  we  have  commonly  to  consider,  it  is  obvious, 
that  we  may  abstract  from  the  convergency  of  these 
lines,   and   regard,    without  any   sensible    error,   the 
several  directions  as  psu*allel  to  each  other  throughout 
the  extent  of  any  isolated  mass  or  material  substance. 

From  experiments  which  we  shall  have  occasion  to 
refer  to,  in  treating  of  the  motion  of  heavy  bodies,  it  has 
been  demonstrated,  that  the  intensity  of  this  gravity 
varies  in  difl*erent  parts  of  the  surface  of  the  earth :  it 
is  less  at  the  equator  than  it  is  as  we  approach  the 
poles,  and  its  increase  is  found  to  be  proportional  to  - 
the  square  of  the  sine  of  the  latitude.  It  is  known 
also,  that  in  the  same  latitude  it  diminishes  as  we 
ascend  vertically  from  the  earth's  surface,  and  that  the 
decrease  of  energy  is  inversely  proportional  to  the' 
square  of  the  distance  from  the  centre :  if,  therefore,  the 
utmost  rigour  were  used,  we  might  say  that  gravity  was 
not  constant  for  all  the  particles  of  the  same  mass,  by 
reason  of  their  different  distances  from  the  equator  and 
from  the  centre  of  attraction ;  but  this  would  obviously 
be  a  useless  refinement,  when  we  consider  the  little 
diflerence  in  this  respect  as  compared  with  the  ab- 
solute distance  of  the  centre  of  the  earth.  We  may 
then,  without  any  appreciable  error,  regard  the  ac- 
tion of  gravity  as  constant  for  every  particle  of  the 
same  body;  and  assume  that  it  is  exerted  in  right 
lines  parallel  to  each  other.  A  heavy  body  there- 
fore, under  this  point  of  view,  will  be  the  same  as  an 
assemblage  of  material  points,  to  each  of  which  is  ap- 
plied an  equal  force ;  these  forces  being  parallel,  and* 
all  exerted  in  the  same  direction ;  which  direction  is  in- 
dicated by  that  of  a  plumb  line  suspended  from  the 
point  of  application. 

1 12.  These  parallel  forces  will  have  a  resultant  equal  W< 
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BO.  to  their  sum  and  parallel  to  their  direction  (art.  54), 
^^  and  this  resultant  is  what  we  denominate  the  vxight  of 
ike  bodjf.  Gravity  and  weight  are  frequently  employed 
as  synonymous  expressions ;  they  are  however  distin- 
guishable the  one  from  the  other,  differing  as  cause  and 
efiect :  the  former  being  the  power  of  transmitting,  or  a 
tradency  to  transmit,  into  every  particle  of  matter  a 
certain  velocity  which  is  independent  of  their  number; 
and  the  latter,  the  effort  which  must  be  exerted  to 
prevent  a  given  mass  from  obeying  the  action 
unpressed  upon  it  by  gravity.  Weight  therefore  is 
depemleat  on  the  mass,  but  gravity  is  wholly  inde- 
pendent of  it. 

It  follows  from  the  above  definition  that  two  homo- 
geneous bodies  of  equal  magnitude,  will  be  of  equal 
weights ;  and  generally  in  all  such  bodies  the  weights 
are  proportional  to  the  magnitudes. 

In  heterogeneous  bodies,  this  proportionality  does  not 
necessarily  obtain;  and  we  express  the  difference  by 
saying,  Uiat  one  body  is  more  or  less  dense  than 
another. 
itf-  113.  Dtndt^  therefore  is  a  relative  expression,  by 
iriiich  we  indicate  the  proportionality  of  the  number  of 
material  particles  contained  under  equal  volumes ;  that 
body  being  said  to  have  the  greater  density  that  has  the 
neater  mass,  or  which  is  Uie  same,  the  greater  num- 
ber of  materkJ  particles  under  the  same  volume. 

The  term  density  is  seldom  used  with  reference  to 
particular  numbers ;  whenever  we  employ  specific  num- 
bers to  express  the  proportionality  above  mentioned,  it 
b  costomary  to  change  the  term  density  to  specific 

<fe  In  order  to  construct  a  table  of  the  specific  gravities 
^-  of  di&rent  bodies,  it  is  necessary  to  fix  upon  some  one 
ts  a  standard ;  and  this  body,  by  the  universal  appro- 
bation of  philosophers,  is  distilled  water,  taken  at  the 
temperature  of  its  greatest  condensation,  viz.  4^  of  the 
centigrade,  or  39^  of  Fahrenheit's  thermometer :  when 
we  say  therefore,  that  the  specific  gravity  of  gold  is  19, 
or  that  gold  has  nineteen  times  the  density  of  water ; 
ve  mean,  that  of  two  equal  volumes,  the  one  of  gold, 
ind  die  other  of  distilled  water;  the  former  is  nineteen 
times  heavier  than  the  latter. 

It  follows  firom  the  above  (since  in  all  homogeneous 
bodies  the  magnitude  is  as  the  weight),  that  if  we  write 
M  to  denote  &e  magnitude  of  a  l^y,  W  its  weight, 

and  D  its  density,  D  will  vary   as,  — ;  that  is,  we 

daHhave 

W 

^beie  c  is  a  co-efficient,  which  depends  upon  the  units 

ol  veight  and  measure  that  we  assume.     The  French 

^9kt  the  centimetre  as  the  unit  of  measure,   and  the 

^itmme  as  the  unit  of  weight ;  and  since  a  centimetre 

of  water  is  what  constitutes  the  gramme  of  weight,  it 

'oDofirs  that  when  these  are  taken  as  the  units  of 

^^  and  M,  the  co-efficient  c  becomes  =  1 ;  and  tliere- 

^<>re,  that  in  all  cases  they  have, 

W      ^ 

The  English  have  not  this  advantage,  although  by  a 

UMt  remarkable  coincidence,  considerinc:  it  as  wholly 

^^dental,  we  possess  one  neariy  equivalent,  depend- 

^*^  «pon  flris,  that  a  cubic  foot  of  water  weighs  exactly, 
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or  very  nearly,  1000  ounces,*  avoirdupois;  therefore.  Mechanic* 
calling  the  density  or  specific  gravity  of  water  1000,"^ 
and  assuming  the  ounce  avoirdupois  for  the  unit  of  W, 
and  1  foot  as  the  unit  of  M,  we  shall  have  also 

M  =  ^- 

Removing  afterwards  the  decimal  point  three  places, 
our  tables  of  densities  will  correspond  with  those  of  the 
French. 

When  we  transfer  a  body  from  one  place  to  another 
on  the  earth,  its  weight  W  varies  proportionally  to 
eravity,  although  it  is  impossible  to  ascertain  the  dif- 
ference by  means  of  a  balance;  because  both  the  weight 
and  the  body  undergo  the  same  change ;  we  must  there- 
fore employ  some  other  means,  independent  of,  or 
which  are  not  effected  by  gravity,  as  a  spring,  or  the 
elasticity  of  the  air :  we  shall  then  find  that  the  weight 
varies  with  the  gravity:  and  it  is  obvious  from  the 
above  equation,  that  in  the  same  place 

W  =  MD; 
introducing  therefore  g,  to  denote  the  relation  whicli 
subsists  between  the  gravity  at  the  place  where  the  weight 
of  the  body  is  estimated,  and  the  same  at  a  determined 
place,  which  is  assumed  as  unit  if,  we  shall  obtain 

WzzMDg; 
which  shows  that  the  weight  of  a  body  varies  as  the 
magnitude,  density,  and  gravity ;  while  the  mass  varies 
simply  as  the  magnitude  and  density,  bemg  the  same  lU 
all  places. 

Of  the  centre  of  gratiti/, 
114.  We  have  seen  (art.  1 12) .  that  under  the  point  Characicr- 
of  view  in  which  we  consider  a  heavy  body,  it  is  the  "^j.^j^'^^ 
same  as  an  assemblage  of  material  points,  to  each  of  {he  c^ntrool 
which  an  equal  force  or  weight  is  applied :  these  forces  gravity, 
being  all  parallel  to  each  other,  and  all  acting  in  the 
same  direction :  and  we  have  seen  (art.  54)  that  in  every 
such  system  of  forces,  there  is  a  certain  point  through 
which  their  resultant  will  pass  whatever  may  be  the  . 
position  of  the  system ;  and  this  point,  which  in  the 
above  article,  is  defined  the  centre  of  the  parallel  forces  y 


*  In  the  philosophical  transactions  for  1798,  we  find  a  very 
interesting  memoir,  in  part  connected  with  this  subject,  by  Sir 
George  Shuckbtirgh  Evelyn,  who  made  numeroos  accurate  experi- 
ments with  a  view  to  the  above  determination.  He  ascertained  tliat 
a  cubic  inch  of  pure  distilled  water,  when  the  barometer  stood  at 
S9*74  inches,  ana  thethennonieter  at  66^,  weighed  252*587  grains 
troy. 

Now  if  we  compute  the  weidit  of  the  same,  answering  to  the 
greatest  condensation  of  water,  viz.  39^ ;  we  shall  have  ^ 

•99845  :  1  :  :  25f-587  :  252969 grains, 
the  weight  of  a  cubic  inch  of  water,  when  the  thermometer  is  39®,  of 
in  the  greatest  state  of  condensation  of  that  fluid;  which  gives 
252-969  X  1728  =  497130-432  grains,  the  weight  of  the  cubic  foot. 
And  if  we  assume  the  ratio  of  the  pound  avoiniupois  to  the  pound 
troy,  as  7000  :  5760,  we  find 

437130-432  grs.troy=:999-6352  ounces  avoirdupois  for  the  cubic  foot 
But  if  we  take  the  ratio  of  the  two  lbs.  as  it  is  commonly  given  ; 
vix.  13999  :  11520,  we  have 

437130*432  grs.  troy  =  999-8066  o«.  avoirdupois : 
either  of  which  results  approaches  extremely  near  to  the  1000  ounces 
commonly  assumed  ;  so  neai* indeed, that  in  any  new  system  o^  weights 
and  measures,  it  is  much  to  be  desired  that  it  may  be  converted  mto 
a  complete  coincidence.  We  should  thus,  without  any  perceptible 
change  whatever,  have  as  complete  a  scientific  relation,  between  our 
units  of  weight  and  measure,  as  that  which  the  French  philosophers 
have  obtained  by  the  entire  destruction  of  their  old  system,  and  in 
direct  opposition  to  the  prrjudioes  and  long  establiafa«d  customs  of 
die  people. 

r 
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Mecbaatcs.  receives,  in  the  case  at  present  under  consideration^  the 
'^^'^y^^  particular  denomination  of  the  centre  of  grmihf. 

116.  The  characteristic  property  therefore  of  the 
centre  of  gmyity  of  a  heavy  body  is,  that  if  this  point 
is  supposed  fixed,  the  body  to  which  it  appertains  will 
remain  in  equiUbrio  in  every  possible  position  about 
that  centre;  because  in  all  these  positions,  the  resultant 
of  the  forces  applied  to  the  different  points  of  the  body 
will  pass  through  thiis  fixed  point. 

Hence,  also,  it  is  easy  to  conceive,  that  if  a  solid 
body  be  retained  by  any  other  fixed  point,  it  will  be 
necessary  for  the  equiUbrium,  and  it  will  be  sufficient 
for  it,  that  the  right  Une  which  joins  this  point  and  the 
centre  of  gravitj  be  vertical,  and  it  is  indifferent  whe- 
ther the  centre  of  gravitv  be  above  or  below  the  fixed 
E)int.  In  fact,  the  weight  of  the  body  being  a  verti(^ 
rce  applied  to  its  centre  of  gravity,  its  direction  vrill, 
according  to  our  supposition,  coincide  with  the  right 
line  whidi  joins  this  centre  and  the  fixed  point ;  and 
consequently  that  force  will  be  destroyed  by  the  resist- 
ance of  the  latter  point,  just  the  same  as  if  it  were  its 
immediate  point  ot  application. 

Another  distinguishing  characteristic  of  this  centre  is, 
that  the  product  of  each  particle  of  a  body  into  its 
respective  distance  from  any  plane,  is  equal  to  the  pro- 
duct of  the  whole  mass,  or  resultant,  into  the  distance 
of  the  centre  of  gravity  from  the  same  plane.  The 
former  of  these  properties  indicates  to  us  the  common 
mechanical  method  of  determining  the  centre  of  gravis 
in  bodies;  and  on  the  latter  depends  the  analytical 
principle  of  solution  illustrated  in  a  subsequent  article. 

To  find  the  centre  of  gravity  of  a  bo<fy  mechanicalfy. 

Centre  of  116.  In  order  to  effect  this,  it  is  only  necessary  to 
cTOTity  dispose  the  body  successively  in  two  positions  of  equi- 
luSIii^'  libnum,  by  aid  of  two  forces  in  vertical  directions,  ap- 
^'  plied  in  succession  to  two  different  points  of  the  body, 
not  diametrically  opposite ;  then  the  point  of  intersec- 
tion of  these  two  directions  will  show  the  centre  re- 
quired. This  may  be  exemplified  by  particularising  a, 
few  methods :  for  example,  it  the  body  nave  plane  faces, 
as  a  piece  of  board,  hang  it  up  by  any  point ;  then  a 
plumb-line  suspended  from  the  same  point,  will  pass 
through  the  centre  of  gravity ;  therefore  mark  that  line 
upon  it;  and  after  suspending  the  body  by  another 
point,  not  diametrically  opposite,  apply  the  plummet  to 
find  another  such  tine ;  then  will  their  intersection  give 
the  centre  of  gravity  sought 

Otherwise ;  hang  the  hoAy  from  the  same  point,  by 
two  strings  attached  to  different  parts  of  it ;  then  a 
plumb-line  hung  from  the  same  point  of  suspension, 
win  meet  the  IxSly  in  its  centre  of  mvity. 

Or  a  third  method  is,  to  lay  the  body  upon  the  edge 
of  a  triangular  prism,  or  on  any  other  similar  thing, 
movmg  it  about  till  the  parts  on  both  sides  are  in 
equiUbrio ;  then  impress  the  mark  of  the  edge  upon  the 
surface :  do  the  same  with  the  body  in  any  other  posi- 
tion, and  again  impress  the  Une  of  the  edge  upon  the 
body ;  the  point  of  the  intersection  of  the  two  lines 
will  give  the  centre  of  gravity  required.  A  similar  method 
to  the  above,  is  to  rest  the  body  partly  on  a  plane  table, 
till  you  find  it  in  equiUbrio  upon  the  edge  of  the  table ; 
draw  a  line  along  this  edge,  and  repeating  the  same  in 
another  direction,  will  give  the  point  of  mtersection  as 
before. 

Note.    All  the  preceding  methods  suppose  the  body 


to  be  merely  a  plane,  and  the  points  which  we  have  M< 
found  are,  points  upon  its  surfhce:  they  are  not  there* ^"^ 
fbre,  strictly  speaking,  the  centres  of  gravity,  except  in 
the  case  of  mere  suraces,  but  the  extremities  of  lines 
in  which  the  centres  Ue;  for  this  centre,  is,  generally 
Sjpeaking,  within  the  soUd  matter  of  the  body ;  althonsn 
there  are  some  few  exceptions;  such  for  example  as  the 
centre  of  gravity  of  a  rin^,  which  is  in  the  axis  pf  th& 
cyUnder  of  which  the  rine  is  a  part ;  and  other  instances 
of  a  similar  kind  might  be  mentioned. 

To  determine  the  centre  of  gravity  of  bodies  by  analytit. 

117.  The  general  problem  of  which  we  here  proposn^Ce 
to  give  the  solution,  is  this :  a  body  or  system  of  bo<i^F\ 
being  given,  consisting  of  any  mbnber  of  parts,  of  which  ^ 
the  centres  of  gravity  are  supposed  hnoxm,  to  find  thai  of 
the  whole  body  or  system  : 

In  order  to  resolve  this,  we  must  consider  the  weight 
of  each  part  as  a  vertical  force  applied  at  its  centre  of 
gravity ;  after  which  we  must  find,  by  means  of  tl^ 
formuls  articles  54  &  55,  viz.  equations  (21),  (22),  and 
(23),  the  co-ordinates  of  the  centre  of  these  parallel 
forces,  which  will  give  the  centre  of  ppravity  demanded. 

The  several  points  or  weights  being  supposed  invar 
riably  connected  with  each  oUier,  let  them  oe  denoted 
by  P,  F,  P*,  &c. ;  and  let  a*,  y,  z  represent  the  co-ordi- 
nates of  the  centre  of  gravity  of  P ;  j<,  y,  2*,  those  of 
P's  ^i  y>  ^9  those  of  ?*,&€.;  let  also  x,,  j^^,  2^,. be  the 
co-ordinates  of  the  centre  of  gravity  of  the  whole  body 
or  system ;  and  P,  its  weight,  orP^zzP  +  F  +  P*-!-  &c. 
P^  bieing  therefore  the  resultant,  we  shall  have  from  the 
articles  above  referred  to 

_  P«  +  F*'  +  P^  +  &c. 


y/  = 


p  +  F  +  P''  +  &c. 

_  P.y  +  Vy'  +  F/  -^  &c. 


Or, 


P  +  F  +  F  4-  &c. 

Fz  -h^z!  -i^l^zr  +  &c. 

p  4.  p  +  p»  4.  to. 


P,x,  =  Px  +  F*^  +  P**^  +  *c. 

"P.y.^Vy  -l-Fy +  F/+&C. 

P,s,  =  Pz  -h  F/  +  Fz*  +  &c. 
From  which  the  values  of  x ,  y^,  and  z^ ;  that  is,  the  co- 
ordinates of  the  centre  or  force,  or  in  this  case  the 
centre  of  gravity,  may  be  determined. 

It  a{^;>ears  m>m  the  above  equations,  that  l2ie 
situation  of  the  centre  of  gravity  is  independent  of 
gravity,  that  is  of  the  quantity  which  we  have  denoted 
hy  g,  art  113  ;  for  it  is  obvious,  that  if  we  introduced 
this  quantity  into  one  side  of  the  above  equations,  by 
writing  Fg,  Fg,  Fg,  &c.  for  P,  F,F,&c.  we  must  also 
introduce  it  into  the  other  side,  by  writing  P^g,  for  P^,  and 
it  will  therefore  be  the  .same  if  we  omit  it  on  both  sides; 
the  value  of  the  co-ordinates  x,,  y,,  z,,  &c.  being  the 
same  in  either  case :  whence  it  follbws  that  the  centre 
of  gravity  does  not  chan^  its  position  with  a  change 
of  place,  that  is  in  reihovme  the  body  firom  one  point  of 
space  to  another,  although  the  gravity  itself  be  dif- 
ferent in  these  different  places. 

Since  the  weight  of  a  body  is  as  the  mass  into 
the  gravity ;  and,  as  we  have  seen  above,  the  co-ordi- 
nates are  independent  of  gravity ;  it  is  obvious  that 
we  may  use  the  mass  instead  of  the  weight  in  all  homo- 
geneous bodies :  employing  therefore  Q^  Q,  Q',  Q',  Sic. 
to  denote  the  masses  or  quantities  of  matter,  instead  of 
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■«^  P^  P,  F,  P*,  dfc.  which  represent  their  weighu ;  the 


above  equations  are  readily  converted  into 


*.  = 


+  0'/ 


+  &c. 


«.  =  5i± 


Q'r' 


(65) 


+  &c. 


Q<: 


These  formiil«  being  wholly  independent  of  the  number 
of  parU  Q»  Q',  Q\  &c  into  which  the  mass  Q  is  divided, 
wiU  be  true  when  the  number  of  the  former  are 
infinite,  and  the  .mass  of  each  infinitely  small;  and 
hoice  it  is  that  we  aime  at  that  property  of  the  centre 
of  gntvity  which  may  be  considered  its  particular  cha* 
racteristic,  and  whidi  we  have  already  mtroduced  as  a 
definition  of  it :  viz. 

«  The  mass  of  u  bodjf^  muItipUed  by  the  distance  of  its 
cenire  of  grariijffrom  any  plane^  is  equal  to  the  sum  of 
tie  products  ^  each  of  the  elements  of  the  body,  into  its 
respectice  distance  from  the  same  plane,** 

118.  In  order  to  render  the  above  equations  sub- 
lenrient  to  the  purposes  of  computation,  it  is  necessary 
to  intioduce  considerations  depending  upon  the  prin- 
€q4es  of  the  fluxional  or  difierential  calculus;  viz.  m- 
Head  of  Q,,  we  may  use  generally,  thejhient  ofQ,  or 

Q  =  Q/,  and  instead ofQar,  Q  j;^,  Q'sf,  &c.  we  may 


the  distance  AG'  upon  the  axis  AC,  by  means  of  the  ModittHci. 
first  of  the  above  equations. 

It  is  known,  fiK>m  the  principles  of  the  fluxional 
calculus,  that  if  we  make  Ar  =  x,  PM  =  y,  and  the 
arc  AM  =:  z,  we  shall  have 

which  is  (he  quantity  denoted  by  Q  in  the  above  equa- 
tions ;  and  farther,  if  we  place  the  origin  of  the  co- 
ordinates at  the  vertex  A,  x'  and  y  will  be  the  same  as 

j:  and^;  because  z  being  indefinitely  small,  the  centre 

of  gravity  of  z  will  be  in  M :   substituting  therefor^ 

X  for  Q,  and  >/  (i*  +  jf^  for  Q,  our  two  equations  he- 
come 


(67) 


When  the  curve  is  symmetrica)  with  regard  to  any  axis, 
y  becomes  =  0,  and  wc  have  only  (he  first  equation 
to  solve ;  viz. 


X,- — ^_ — 


/ 


or 


employ  the  general  eiqpression  the  fluent  of  x'  Q, 
/  Q,  &c. :  which  abbreviations  will  be  readily  under 


/ 


(66) 


Stood  by  those  who  are  conservant  with  the  fluxional 
analysis ;  and  thus  the  above  equations  become 
fluxioHai*     differeiUiaL 

'    or>i^" 
fdQ 

fdQ 
,/^dQ 

/Q      /'^Q- 

These  equations  therefore  will  determine  the  three  co- 
ordinates of  the  centre  of  gravity  of  a  body,  as  referred 
to  three  rectangular  planes ;  and  consequently  the  posi- 
txm  of  that  centre  is  known  in  all  cases. 

It  may  not  be  improper  to  observe,  that  a/,  y ,  and  z', 
ID  the  fd)Ove  equations,  are  not  necessarily  the  same 
letters  as  those  which  in  any  particular  example  express 
tlie  fluxion  of  Q ;  being  only  employed  to  denote  the 

Stances  of  the  centre  of  gravity  of  Q  from  the  se- 
nnl  axes.  This  however  will  be  better  understood 
fron  the  following  illustration,  in  which  also  we  shall 
^  in  what  cases  these  three  equations  may  be 
Rdoced  to  two,  and  in  some  cases  to  one  equation 


(68) 

119.  If  the  figure  be  a  plane,  the  centre  of  gravity  is 
necessarily  in  the  same  plane ;  and  we  have  thereK>re 
also  in  Uus  case  z  =  0,  and  our  three  equations  are 
reduced  to  the  two 

,,=>:^,andy,=^.    ' 

/Q  /Q 

Now  m  order  to  reduce  these  to  a  form  ready  for  the 
purposes  of  computation,  le^  ABC  (fig.  58)  be  sup- 
posed to  represent  any  area  comprised  oetween  a  plane 
curve  AB,  and  the  absciss  and  oramate  AC,  CB ;  let  A  x, 
A^,  be  the  two  rectangular  co-ordinate  axes,  having  their 
origin  in  the  vertex  A ;  make  AP  rr  x  and  PM  =  y ; 

then  the  fluxion  of  the  area  P  m  or  Q,  will  he  y  x;  and 
since  PM  pm,  are  supposed  indefinitely  near  F6  =  AP 
n  X  zz  s^y  and  ;»^  =  ^  y  =  y :  whence  the  above  two 
equations  become 


m 


the  first  place,  it  is  obvious  that  when  it  is  pro- 
posed to  find  tne  centre  of  gravity  of  any  plane  curve, 
IS  AlfB  (fig.  67),  we  may  always  suppose  this  plane  to 
coincide  tl^ith  the  plane  of  the  two  rectangular  axes 
A^  Ajr;  whereby  z  =  0,  and  the  third  of  the  above 
cfiations  then  disappear.  And  if  the  curve  has  ano* 
wr  branch  AB'  symmetrical  to  AB,  since  in  this  case 
^  centre  of  gravity  must  necessarily  lie  in  the  axis 
AC,  we  may  then  make  jf  =  0,  and  merely  determine 


where  Q  denotes  the  area  ABC. 

Here  again,  if  the  plane  is  symmetrical  with  re- 
ference to  the  axis  AC,  we  may  mafcey  zz  0,  and 
reduce  the  whole  to  the  first  equation  only ;  viz.  to  the 
determination  of  the  distance  of  the  centre  of  gravity 
firom  the  vertex^  measuring  along  the  axis  AC. 

120.  When  the  figure  is  the  superficies  of  a  body  ^*^* 
generated  by  the  rotation  of  any  Bne  about  an  axis, '"P*^™^*"* 
then  also  we  may  suppose  z^=:  0  sndy,  =:  0;  and  de- 
noting the  semi-drcumference  of  a  circle  whose  radius 

is  1,  by  IT ;  viz.  w  =  3-14159,  &c.  2  r  y  will  denote  the 
circumference  of  the  generating  circle ;  and  consequently 

2iryz  =  Q  the  fluxion  of  the  surface;  wherefore 

/ijy^^y^fi.  (70) 

f^^yz  fyz 

121.  When  the  figure  is  a  solid  of  revolution,  the  Of  « solid. 
centre  of  gravity  being  in  its  axis,  we  may  take  again 

r  2 
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Maehinkt.  y^  =:  0,  x,^  0 ;  and  in  this  case  w  ^  denoting  the 

*"^'^^'  area  of  the  circle  whose  radius  is  y,  and  ir  ^  «  =z  Q 
the  fluxion  of  the  solid,  we  readily  find 
ffcy'^xx  fy*xx 

Examples.        122.  Let  us  now  illustrate  the  application  of  these 
fbrmulse  by  the  solution  of  a  few  examples : 
'    Ex.  1.    To  find  the  centre  of  gravity  of  a  right  line 
AB(fig.59): 

Here,  as  th^  centre  sought  must  lie  in  the  proposed 
line,  it  will  only  be  necessary  to  have  reference  to  one 
axis,  which  we  shall  suppose  to  pass  through  the  ex- 
tremity A :  let  AD  be  any  variable  distance  =:  x ;  then 

the  fluxion  of  the  body  denoted  by  Q,  in  equation  69, 

will  be  x;  consequently  the  equation  itself  will  now  be 

/*  * 

and  when  t  tz   a  (denoting  by  a,  the  whole  length 
AB)  we  have  x^^^l  \a. 

That  w,  the  centre  of  gravity  of  a  right  line  is  in  the 
middle  of  its  length. 

Ex.  2.  To  fmd  the  centre  of  gravity  of  a  circular 
arc: 

Here  the  plane  being  symmetrical  with  reference  to 
axis  AC  (fig.  60),  we  need  employ  only  one  co-ordinate 
axis,  which  we  shall  suppose  to  pass  through  the  point  A ; 
for  since  the  centre  sought  must  be  in  the  hue  AP, 
when  the  distance  AO  is  found,  the  centre  itself  will 
be  determined. 

From  the  middle  point  of  the  proposed  arc  MAM', 
conceive  the  line  AC  drawn  through  C,  the  centre  of 
the  circle,  on  which  let  AP  be  denoted  by  x ;  the  varia- 
ble ordinate  PM  by  y;  the  radius  AC  of  the  circle  by  r; 
and  the  half  arc  by  z. 

Then  considering  A  as  the  origin  of  the  co-ordinates, 
since  the  curve  i»  symmetrical  with  respect  to  AC,  we 
only  make  use  of  equation  (68);  in  which,  substituting 
X  for  Q,  it  becomes 


CG=:  — =  ,—  = -63662  r; 
n        -Jir 

w  denoting  as  before  the  semi-circumference  of  a  circle 

to  radius  1. 

When  the  arc  is  a  complete  circle,,  then  y  =  0 ;  and 
consequently  C  G  =  0 ;  that  is,  the  centre  of  gravity  of 
the  whole  circumference  coincides  with  the  centre  of 
the  circle,  as  is  otherwise  obvious. 

Ex.  3.  To  find  the  centre  of  gravity  of  a  circular 
segment : 

Here  again,  as  the  figure  proposed  is  symmetrical, 
the  centre  of  gravity  must  he  in  the  axis  AC ;  and  we 
need  therefore  only  find  the  distance  AG. 

Let  MAMT  (fig.  60)  be  the  proposed  segment,  and 
let  the  several  parts  be  denoted  as  in  the  last  example : 
then  taking  the  first  of  the  equations.  No.  69,  that  is 

/  !f»  ^ 

and  substituting  in  this  the  value  of  y  found  firom  the 
equation 

y=  v'(2rx  — x^; 
we  have 

jr,Q  =  /jryjrr=/jri  v'(2rjr  —  x*),  or 


X.  = 


fx^i^+f)         fXs/i^+f) 


or 


Now  the  equation  expressing  the  relation  between  the 
co-ordinates  of  a  circle  being 

y=2rx-x«; 

we  have,  by  substituting  for  j^, 

^   r    /»       XX 

*'  ""  TJ  ^/{2rx^x')  ' 
that  is,  taking  the  fluent, 

,,=  -(z-5.)  =  r-.-, 

which  needs  no  correction ;  because  when  y  =  0,  z  =:  0. 

Assuming  therefore  AG  ==  x^,  G  will  be  the  centre  of 

gravity,  and  consequently 


AGnr- 


!:^=:AC-!:^; 


whence        CG  =  AC  —  AG  = 


X 

~~^  I 

X 


that  is. 


The  distance  of  the  centre  of  gravity  of  a  circular  arc^ 
from  its  centre,  is  a  fourth  proportional  to  the  arc,  the 
racSus,  and  the  chord  of  the  arc. 

Hence  when  the  arc  is  a  semicircle,  the  chord  being 
then  double  the  radius,  we  shall  have 


'.Q 


_^(2rx^  si^i 


+  rQ,  or 


*  =  AG  =  r  - 


(PM7 


or 


*  =  AC- 


Consequently 
CG  = 


(PMy 


3Q' 

(PMy 

3areaAPM"' 
(MM)' 


3  area  APM'        1 2  area  of  the  seg. 
When  the  area  becomes  a  semicircle,  then  MM'  =:  2  r, 

and  CG  =  -J^   .    ,     =   ^^Jl,^.,  =  -42441  r. 
6  area  circle         2-356193 

Ex.  4.  To  find  the  centre  of  gravity  of  any  parabola: 


Here  the  general  equation  is  ^  = 


X" 


t—  1 


And  by 


substitution  in  the  first  equation  No.  69,  we  have 


_,/£y_f  ^J^ 


n  +  l, 


/.' 


n  +  1. 
»  +   2' 


When  n  =  ^,  as  in  the  common  parabola,  then 

x,  =  fx,  or  AG  =  ^  AC.  (fig.  61). 

When  A  =  ^,  the  figure  becomes  an  isosceles  triangle, 
and 

X,  =  f  X,  or  AG  =  f  AE.  (fig.  62) 

Ex.  5.  To  find  the  centre  of  gravity  of  any  semi* 
parabola : 

Here  the  plane  not  being  symmetrical  to  any  axis, 
we  only  know  that  the  centre  of  gravity  lies  in  the  plane 
ADC,  fig,  61 ;  and  we  therefore  in  this  case  must  have 
reference  to  two  rectangular  co-ordinate  axes  A  x,  A  y, 
which  we  shall  suppose  to  have  their  origin  at  the  vertex 
A;  and  we  must  thence  determine  the  distance  AG, 
represented  by  x,  of  the  centre  from  the  axis  A  x,  and 
then  the  distance  G  g  of  the  same  from  the  axis  Ay; 
by  which  means  the  centre  sought  will  be  determined. 

Now  the  distance  on  the  absciss  AC,  or  the  value 
of  X,  being  the  same  as  above,  is  determined  by  the 
foregomg  problem;  and  we  have  therefore  only  to  find 
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Gg.  In  order  to  which  we  have  the  aecond  equatiim, 
No.  69;  viz. 

Bj  sabfttitutiiig  for  j^  in  the  numerator  of  this  expres- 
sioDy  its  vahie  given  by  the  equation  of  the  curves  we 
hare 


.2jr.Q=y^; 


which  by  the  known  rules  for  the  finding  of  fluents,  is 

let  k  =  AC  the  height  of  the  parabola ;  then,  when 
I  zz  k,  this  becomes 

^'  ^  =  ^  ^  4;i-h- 

Or  dividing  by  the  area  Q  = r-,  we  obtain 

^Q         (ii-M)CD 

Having  thus  the  value  of  G^,  and  that  of  AG  or  A'g 
bemg  given  by  the  last  example,  the  point  g  will  be- 
come known. 

If  II  =  -^f  as  in  the  common  parabola,    then  G  g 
=  4  CD. 

.  If »  =  ly  as  in  the  isosceles  triangle,  then  G^  =  } 
CD. 

Ex.  6.  To  find  the  centre  of  gravity  of  any  parabolic 
conoid. 

Here  the  equation  of  the  curve  being  as  before,  (Ex.  4) 
n 


.«  —  1 


and  the  solid  being  one  of  revolution,  is  symmetrical 
with  reference  to  its  axis ;  if  therefore  we  reckon  the 
vertex  as  the  origin  of  the  co-ordinates,  we  have  only 
occasion  to  make  use  of  equation  (71);  viz. 

^s  =  - r; 

vhich  by  substituting  for  ^,  becomes 


^Jx x_  2n 


H-1 


sen. 


2J14-2 


J      X       X 

When  n  :r  j-,  as  in  the  common  parabola,   then 
i,  =  |x. 
When  ft  =:  I,  the  conoid  becomes    a   cone,    and 

That  is,  in  the  common  parabola  the  centre  of  gravity 
is  at  i  of  the  axis  from  the  vertex,  and  in  the  cone  it  is 
i  of  the  axis  firom  the  vertex,  or  \  from  the  centre  of 
tbehase. 

Ex.  7.  To  find  the  centre  of  gravity  of  the  segment 
of  a  spheroid. 

Here  the  solid  being  symmetrica]  to  the  axis,  if  we 
sttoimt  die  vertex  A  the  origin  of  the  co-ordinates,  we 
filiall  only  require  the  equation  for  r^,  given  No.  71 ; 


Let  the  fixed  axis  of  the  spheroid  be  called  a,  the  Mochanfci. 
revolving  axis  c,  then  the  equation  to  the  curve  is  —  — 

c*  c 

y  = -^  («*-**) or  j^  =  —  v^(aj:-x».) 

Consequently 


fy^ 


/(ax-xO* 
3* 


X,  =  f i—,  = —  X  =  AG,  the 

distance  of  the  centre  of  gravity  from  the  vertex. 

When  the  segment  becomes  a  hemisphoid  x  =  ^  a, 

and 

4  fl  —  3  r  •     ,     ,. 

x^  == -—  X  =  4  fl,  the  distance  from 

'       ofl  —  4  X 

the  vertex,   and  consequently  J  a   the  distance  from 

the  centre  of  its  base. 

When  c  =  fl  the  spheroid  becomes  a  sphere,  and  as 
the  above  result  is  independent  of  c,  the  same  expres- 
dbns  apply  to  both  solids  and  their  corresponding 
segments. 

Since  the  equation  to  the  hyperbola  is, 

y=  -^(fl'  +  J^; 

which  difiers  from  that  to  the  ellipse  only  in  the  change 
of  signs  firom  —  to  +  ;  a  similar  process  to  that  above, 
will  give  us 

.^       4fl  +  3x 
x,=:AG=- — — r-x; 
'  bfl  -f  4x 

for  the  distance  of  the  centre  of  gravity  firom  the  vertex 

of  a  hyperboloid. 

Ex.  8.  To  find  the  centre  of  gravity  of  a  sector  of  a 
sphere. 

A  spheroidal  sector  may  be  considered  as  a  solid  of 
revolution,  generated  by  the  rotation  of  a  circular 
sector ;  thus  (in  fig.  60)  if  the  circular  sector  CM  A  make 
a  complete  revolution  upon  AC  as  an  axis,  it  will  describe 
the  spheric  sector,  of  which  CM  AM'  will  be  a  section. 

This  solid  is  composed  of  a  spheric  segment  and  a 

cone;  the  centre  of  gravity  of  the  first  of  these  we 

suppose  at  G,  and  that  of  the  second  at  g.     And  if  AP 

be  denoted  by  x,  and  AC  by  r,  we  shall  have 

An  8r  —  3x  ,    „ 

AG  =:  —r r—  X,  as  m  example  7 ; 

12  r  —  4  X  '^ 

and  by  example  6, 

Cg  =  iCP  =  i(r. 

consequently, 

Ag=rAC-.C^  = 

Let  now  ir  =  3-14169,  &c.  as  before;  then,  by  the 
known  rules  for  finding  the  solidity  of  these  sohds,  we 
shall  have 

|-  7  r^x  =  content  spheric  sector ; 

^  ir  X*  (3  r  —  x)  zz    the  seraient ; 

^  ir  (  -  r  X  —  r)  (r  —  x)  the  cone. 
Now,  conceiving  each  soHd  to  be  condensed  into  its 
respective  centre  of  gravity,  we  must  divide  the  distance 
between  the  two  latter  centres,  so  that  the  product  of 
each  solid  into  the  distance  of  its  centre  of  gravity, 
from  the  required  poiut,  may  be  equal  to  each  other ; 
which  being  done,  we  shall  find 

Ag=4(2r  -h3x), 
the  distance  of  the  centre  of  gravity  of  the  spheric 
sector  from  A  the  centre  of  its  base.. 


3x  +  r 
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Kot€>  Tlie  prtceding  clivisicm  of  die  distance  between 
the  two  centres,  tii  ihit  reciprocal  ratio  of  the  mass  sup- 
posed to  be  collectetl  at  each  point,  the  reader  will 
perceive  is  founded  upon  the  genejral  property  of  the 
centre  of  gravity  of  a  body  or  6ystcm ;  viz.  that  the  sum 
of  the  products  of  each  mass  into  its  respective  distance 
from  any  plane,  is  equal  to  the  product  of  the  whole 
mass  into  its  distance  from  the  same  plane.  Now,  in 
the  present  case,  our  plane  is  supposed  to  pass  through 
the  centre  of  gravity  of  the  system  ;  The  latter  distance 
U  therefore  equal  to  zero,  and  consequently  the  sum  of 
the  other  two  products  =  0 :  that  is,  one  being  ac- 
counted positive  and  the  other  negative,  they  must  be 
«qual  to  each  other. 

Tojind  the  ctnirc  of  gravity  of  a  Mj/  by  a  geometrical 

const  ructioiu 

Oiftffof  123.  The  analytical  method  of  determining  the 
gmfrji^^  by  centre  of  gra^4ty  of  any  homogeneous  body  or  systcip 
^^^  of  bodies,  \%  the  most  general  that  it  is  possible  to  give, 
tioiL  ai  no  caae  can  ariae  which  does  not  yield  to  the  pro- 

cesses above  illustrated ;  although  it  must  be  acknow- 
ledged^ that  there  is  frequently  some  ditficulty  in  solv- 
ing the  equations  which  they  involve :  but  theoretically, 
every  problem  that  am  be  proposed «  as  to  the  deter- 
mination of  the  centre  of  gravity  of  any  body  or  system, 
has  its  solution  included  in  the  three  general  equations 
(No.  66);  it  may  still,  however,  not  be  improper  to 
explain  here  some  other  meUioda,  which,  although  less 
general  than  the  above,  are  extremely  simple  in  Uie  few 
cases  in  which  they  can  be  applied. 

124.  To  find  the  centre  of  gravity  of  the  perimeter  of 
%ny  right  lined  figure. 

If  the  figure  be  a  regular  polygon,  the  centre  of 
gravity  will  be  in  the  centre  of  its  circumscribing  or 
inscribed  circle.  But  if  it  be  irregular,  we  may  conceive 
the  particles  of  each  line  to  be  all  placed  at  their  re- 
spective centres  of  gravity ;  that  is,  in  the  middle  of  each 
line.  Therefore,  join  the  two  middle  points  of  any  two 
of  the  sides,  as  FB,  BC  (fig*  63),  by  the  line/5;  make 
/G   :   G6  ::  BC    ;    BF,or 

/G  :  jb  ::  BC  ::  BC  +  BF  : 

And  G  will  he  the  common  centre  of  gravity  of  the  two 
«ide^  BC,  BF.  Then  join  G  c,  c  being  the  middle  point 
of  a  third  side  CD,  make 

GG'  :  cG'  ::  CD  :  BF  H- BC; 
and  G'  will  be  the  centre  of  gravity  of  the  three  sides 
FB,  BC,  CD. 

In  like  manner  join  G'  and  the  middle  point  d  of  a 
fourth  line,  and  find  a  new  centre  of  gravity  G',  and  so 
on  for  all  the  other  sides  of  the  figure, 

1 25.  To  find  tlie  centre  of  gravity  of  any  plane  triangle ; 

Let  ABC  (fig*  64) be  anv  triangle;  draw  AE  from  one 
of  its  angles  to  the  middle  of  the  opposite  side ;  then 
will  AE  divide  every  line  which  can  be  drawn  in  the 
triangle  parallel  to  BC  into  two  equal  parts;  conse- 
quently the  aurfiice  of  the  triang^le  is  svm metrical  with 
regard  to  the  axis  AE,  anfl  tlierefore  the  centre  of 
gravity  will  be  found  in  that  line.  For  the  same  reason, 
if  from  anv  other  angle,  as  C,  we  draw  CD  to  the 
middle  of  the  opposite  side,  the  centre  of  gravity  of  the 
trian^l''  will  also  be  somewhere  upon  th»t  line ;  and  it 
must  therefore  be  found  in  their  common  point  of  in  tcrsec- 
tion  G*  Since  the  points  D  and  E  divide  the  sides  BA, 
BC  of  the  triangle  proportionally,  the  tine  D£,  which 


joins  them,  must  be  parallel  to  the  side  AC  :  hence  the  ^^^* 
triangles  BDE,  BAC,  are  similar,  as  are  aUo  the  trian- 
gles GDE,  GC A ;  consequently 
GD  :  GC  ::  GE  ;  GA, 
GD  :  GC  ::  DE  :  AC  ;;  BD  :  BA  ;:  1  :  2; 
therefore  AG  ^  j  AE;  CG  n  J  CD  ;  BG  =  |  BF. 
If  AB,  BC,  CA,  be  denoted  by  a,  6,  c,  and  AG,  BG^ 
CG,  by  w,  w,  r,  we  have,  by  a  well-known  tlieorera  iji 
geometry,  the  three  following  equations  : 

AB'  +  AC  =  2  BE'  +  2  AE\ 

AB-  +  BC*  =  2  CP  4- 

AC   +  BC  -=  2  AD*  -h 


or, 


{i 


2BP, 
2  CD*; 


a'  4*  i&*  =  i  c*  +  I  »% 

c'  -h  6'  =  ^  II'  +  I  r". 
Whence,  by  addition,  we  obtain 

a*  +  6*  +  c"  =  3  (m'  +  »«  +  r% 

That  is,  in  attj/  plane  tiiangk,  the  sum  of  the  squares  of 
(he  three  sides  is  egtfol  to  three  timea  the  sum  of  the  squares 
of  the  three  fines  drawn  from  each  of  its  angles  to  the 
centre  qf  gravity, 

126,^  To  find  the  centre  of  gravity  of  a  trapezium. 
Lei  AB,  CD  (fig.  66),  be  any  traperium;  divide  it  into 
two  triangles  by  the  diagonal  AC  ;  find  their  centres  of 
gravity  H  and  I,  by  the  last  proposition;  then  joiJi  IH  ; 
and  make  IG  :  IG  as  the  triangle  ABC  :  ADC  and  G 
will  be  tlie  centre  of  gravity  of  the  trapezium.  Or, 
tiivide  die  trapezium  into  two  other  triangles  by  the 
diagonal  BD ;  find  their  centres  of  gravity  E  and  F, 
and  join  EF ;  then  since  the  centre  of  gravity  must  be 
in  the  line  HI,  and  since  it  must  also  be  in  the  line  EF, 
it  must  necessarily  be  in  their  common  point  of  inter- 
section G. 

By  a  little  extension  of  the  methods  above  described, 
the  centre  of  gravity  of  any  irregular  plane  figure  may 
be  determined ;  as  also  the  centre  of  gravity  of  some 
right  lined  solids :  for  example,  any  triangular  or 
square  pyramid,  Sec.  &c.  It  would,  however,  be 
useless  to  give  many  partial  solutions  of  these  and 
similar  cases;  which,  as  we  have  before  stated,  may  all 
be  made  to  submit  to  the  general  equations  (No.  66). 

127,  A  knowledge  of  the  position  of  the  centre  of  gra-  Ceati 
vity  of  bodies  of  various  forms  being  frequently  required  S™!^| 
in  mechanical  investigations,  we  propose,  as  ready 
means  of  reference,  and  as  they  may  also  be  considered 
as  examples  for  the  practice  of  a  student^  to  give  a  few 
results  for  most  of  those  cases  which  are  more  com* 
moniy  required  in  the  practical  solution  of  mechanical 
problems* 

1.  In  a  circular  arc,  CG  =  -^ ; 

where  C  is  the  centre  of  the  circle,  r  the  radius,  t  the 
half  arc,  v  the  ordinate,  and  G  tlie  centre  of  gravity, 

2.  When  the  arc  is  a  semicircle,  CG  =  -63662  r, 

3.  In  a  circular  segment,  CG  =  -r-r — ^ 

^         '  12  area  of  seg. 

4.  Wlicn  the  «cg»  is  a  semicircle,  CG  =:  -42441  r 

4  r  V 

5.  In  a  circular  sector,  CG  —  -^-^  . 

or 

In  all  these  examples  r, y,  2,  C  and  G,  are  made  to  de- 
note the  same  as  in  example  1 . 

6.  The  centres  of  gravity  of  the  surface  of  a  cylinder, 
of  a  cone,  and  of  n  conic  frustrum,  are  respectively  at 
the  saone  db taufes  from  the  origin,  as  arc  the  centres  of 
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lioi.  gnvity  of  dieparaUelograniy  the  triangle,  and  trapezoid, 
^^  which  are  vertical  sections  of  the  respective  solicb ;  viz. 

In  tibe  parallelogram,    CG  =  -^  a. 

In  the  triangle,  CG  =:  f  a  from  vertex. 

.    *,  .^  r^r^  .  A  +  2B 

In  the  trapezoid,  CG  =  J  a  x  .       ^  ; 

from  the  centre  of  the  less  parallel  side ;  a  in  each  of 
tfiose  cases  denoting  the  altitude  of  the  figore ;  and  in 
the  last  b  and  B  are  two  parallel  sides,  b  the  less  and 
B  the  greater. 

7.  The  centre  of  gravity  of  the  surface  of  a  spheric 
segment  is  at  the  middle  of  its  height  or  versed  sine. 

8.  In  a  cone,  and  in  all  regular  pyramids,  the  centre 
of  gravity  is  at  f  of  the  axis  distant  from  the  vertex. 

9.  In  a  conic  frustmm  the  distance  on  the  axis  from 
the  centre  of  the  less  end  is 

3R«-f2Rr-hr*, 
*     •      R«+  Rr   H-r**' 
where  A  is  the  height,  R  and  r  the  radii  of  the  greater 
and  less  ends. 

10.  The  same  theorem  will  apply  to  the  frustmm  of 
any  regular  pyramid,  taking  R  and  r  in  such  cases  to 
denote  the  sides  of  the  polygonal  ends. 

1 1.  In  the  paraboloid  the  centre  of  gravity  is  at  f  of 
tlie  axis  from  the  vertex. 

12.  In  the  fhistrum  of  a  paraboloid,  the  distance  on 
die  axis  from  the  centre  of  the  less  end  is 

^  .      2R'  +  r^ 

I,  Ry  and  r  denoting  the  same  as  in  No.  9. 

S  Xin.  Of  Gvlditfs  theorem  ;  or,  tht  centrobaryc  ^ 
method, 

4tt»-       128.  Among  the  many  interesting  properties  apper« 

'^^  taining  to  the  centre  of  gravity,  there  is  one  which,  for 

its  elegance  and  simplicity,  deserves  particularly  to  be 

mentioned  in  this  place.    It  has  been  commonly  called 

the  centrobaryc  method ;   the  magnitudes  of  surfaces 

and  solida  may  thereby  ofWn  be  determined  with  great 

fiwility.     The  relation  between  the  centres  of  gravity 

el  liiiea  or  surfaces,    and  the  figures  generated  by 

thsBi,  in  their  revolution  about  a  certain  fixed  point  or 

axis,  which  is  the  foundation  of  this  method,  was  first 

tlhded  to  by  Pappus  in  the  preface  to  his  7th  book ; 

bat  it  was  not  completely  developed  till  the  time  of 

6tlier  Guldin;  who,  in  the  2d  and  3d  books  of  his 

tnatise  on  the  *^  Centre  of  Gravity,"  treated  this  me- 

Aod  very  fully,  and  shewed  its  utility  in  a  variety  of 

enmples.    The  theorem  itself  is  comprised  in  the,  fol- 

kving  propositicm. 

129.  **  If  any  line,  right  or  curved ;  or  any  plane 
fifBre,  whether  it  be  bounded  bv  right  lines  or  curves, 
molve  about  any  axis  in  the  pfane  of  the  figure ;  the 
aobce  or  solid  generated  will  be  respectively  equal  to 
the  siir£su:e  or  solid,  whose  base  is  the  given  liue  or 
figure,  and  its  height  equal  to  the  arc  described  by  the 
centre  of  gravity  of  the  said  generating  line  or  figure.** 
Of  the  same  may  be  otherwise  stated  as  follows,  '*  The 
^Qi&ce  or  solid,  generated  by  the  rotation  of  any  right 
fine  or  curve,  or  of  any  plane  figure  about  a  given  axis, 
it  equal  to  the  product  of  the  generating  line  or  plane 
^  the  circle  describing  its  centre  of  gravity." 

Let  AMD  (fiff.  61)  represent  any  curve,  g  its  centre 
^gravity,  and  AC  its  axis;  DAB  the  curve  sur&oe 


described  by  AD  in  revolving  about  the  axis  AC.  MechwiM- 
Make  w  =z  3-14159,  &c.  AP  =  x,  PM  =  y,  the  arc  ^ 
AM  =  z;  then  we  know,  from  the  principles  of  the 
fluxional  calculus,  that 

*2  ff  y  z  =  the  surface  generated  by  AMD. 


/•■ 


We  have  seen,  also  (art.  118),  that  the  distance  GglTnctdor 
'  ^  -  *  tion  of  «h« 


./vQ 


for 


^   centrobaryc 


denoted  by  y,  is  equal  to"^-^ —  ,  or  writing  z 
which  in  this  case  denotes  the  arc  AM ;  we  have 

5^,  =  ^,  or  yzzzjyz. 
Multiply  both  sides  by  2  tt,  and  we  obtain 

Now  here  2  x  ^^  is  evidently  the  circle  described  with 
the  radius  y^y  or  G  gy  and  z  is  the  arc  by  hypothesis ; 
also,  /  2  TT  ^  z  is  the  fluxional  expression  for  the  gene- 
rated surfieu;e ;  consequently,  the  surface  generated  by  any 
right  line  or  curve  about  a  Jixed  axis,  is  equal  to  the  pro^ 
duct  of  the  revoking  arc  into  the  circle  described  by  its 
centre  of  gravity. 

Again,  let  AMD  {d^,  61)  denote  any  plane  curve, 
and  g  its  centre  of  gravity ;  which  by  its  revolution 
about  the  axis  AC,  generates  the  solid  BAD.  If  we 
denote  the  plane  surface  by  Q,  we  know,  from  the         v 

principles  of  fluxions,  that  Q  =  ^  x;   and  that  the 

fluxion  of  the  solid  is  v  y*  x.  We  have  also  (art.  1 19) 
for  the  distance  of  the  centre  of  gravity  g,  from  the  axis 
ACy 

multiplying  both  sides  by  v,  we  obtain 
2wy,QzzJ*  wffi. 

Now,  2  ir  V  is  obviously  the  circle  described  with  ihe 
extremity  of  the  radius  Gg,  that  is  by  the  centre  of 
gravity  of  the  surface,  and  therefore 
2  try,  X  Q  =  the  product  of  the  path  of  the  centre  of 
gravity,  into  the  generating  area;  which  is  equal  to 
/V  y  X,  the  solid  generated  by  the  same  area. 

Whence  the  solid  generated  by  the  revolution  of  a 
plane  surface  about  any  Jixed  axisy  is  equal  to  the  product 
of  the  revolving  area  into  the  path  or  circle  described  by  its 
centre  of  gravity. 

130.  If,  instead  of  2  x,  we  mtroduce  aay  fraction  Deductions 
^  from  the 

—  IT  into   the  numerators  and  denominators  of  the  ccntrob«ryo 
n  method, 

same  formulee,  it  would  thence  be  equally  obvious,  that 
the  same  property  is  applicable  to  the  curve  surfaces 
or  the  capacities  of  figures  generated  by  a  part  of  a  re« 
volution  about  a  fixed  axis.  And  if  many  curves  com- 
prised in  the  same  plane  generate  at  once  as  many 
surfaces  and  solids;  we  may  apply  the  same  proposi* 
tion,  by  taking  the  common  centre  of  gravity  of  the 
system.  Hence,  therefore,  we  may  dr^w  the  following 
corollaries,  which  flow  immediately  from  the  above 
general  principles. 

1.  If  the  distance  of  the  centre  of  gravity  of  any  tine 
or  surface  from  the  axis  of  rotation,  and  the  magnitude 
of  the  line  or  surface  be  given ;  the  value  of  the  surface 
or  solid  generated^  by  either  a  total  or  partial  revo* 
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Medianict.  lution,  may  be  found ;  and  consequently  any  two  of  the 
"^^^^^^  three  bein^  given,  the  third  may  be  easily  determined. 
DMluctions      Thus,  if  the  rectangle,  whose  sides  are  tn  and  n,  re- 
firom  the      volve  upon  m  as  an  axis,  it  will  generate  a  cylinder, 
^^^^^^^  whose  altitude  is  m,  and  the  radius  of  its  base  «.    Now 
the  centre  of  gravity  of  a  rectangle  will  be  at  the  dis- 
tance of  ^  It  from  the  axis,  and  will  therefore  describe  in 
a  complete  rotation  the  circumference  ^iix2w=irii; 
consequently,  by  the  proposition  mn  x  irn=  irmn\ 
is  the  capacity  of  the  solid;    and  this  is  equal  to 
irn*   X  191,  the  base  of  the  cylinder  into  its  altitude,  as 
we  know,  from  other  principles,  it  ought  to  be. 

Again,  putting  b  the  base,  and  a  the  axis  of  a  semi- 
parabola,  which  by  its  rotation  generates  a  paraboloid; 
we  have  f  6,  for  the  distance  of  the  centre  of  gravity 
from  the  axis,  and 

^  b  X  2ir=:^  6ir=s  circumference  described 
by  the  centre  of  gravity.  And  since  the  area  of  the  pa- 
rabola is  J  a  6,  we  have 

^bw  X  iab:zz^ab*ir, 
for  the  content  of  the  paraboloid,  which  is  manifestly 
equal  to  half  the  circumscribing  cylinder. 

As  another  example,  let  us  take  a  sphere  whose 
radius  is  r ;  and  capacity  therefore,  -J  t  r*,  being  gene- 
rated by  the  rotation  of  a  semicircle,  whose  area  is 
4irr*.     Here 

i  IT  r*   -  *  '^^ 
the  circumference  described  by  the  centre  of  gravity; 
which,  divided  by  2  x,  gives 

fr^2ir=z  1-!^=  -42441  r, 

for  the  distance  of  the  centre  of  gravity  of  a  semicircle 
from  its  centre,  i^reeing  with  our  preceding  result 
(art.  122).  By  a  similar  process,  the  centre  of  gravity 
may  be  found  in  several  figures  more  easily  than  by  the 
direct  method. 

2.  If  the  generating  or  revolving  lines  or  surfaces  are 
equal,  but  the  distances  of  their  centres  of  gravity  from 
the  axes  unequal ;  then  the  generated  surfaces  or  solids 
will  be  directly  as  the  distances  of  their  centres  of 
gravity  from  their  respective  axes  of  motion. 

Thus,  if  two  soHd  rings  of  iron  have  both  the  same 
thickness  of  metal,  but  have  different  diameters ;  the 
capacities  of  the  rings,  or  their  weights,  will  be  as  the 
arithmetical  means  between  their  respective  inner  and 
outer  diameters. 

3.  If  the  distances  of  the  centres  of  gravity  of  the 
generating  or  revolving  lines  or  surfaces  from  the  axis 
of  motion  be  equal,  but  the  generating  lines  or  surfaces 
unequal ;  then  the  generated  surfaces  or  solids  will  be 
as  the  revolving  lines  or  surfaces. 

4.  If  neither  the  generating  lines  or  surfaces,  nor 
their  distances  from  the  axes  of  motion  be  equal ;  the 
generated  surfaces  or  solids  will  be  to  each  other,  in 
the  ratio  compounded  of  the  ratio  of  the  generating 
lines  or  surfaces,  and  that  of  the  distances  of  their 
centres  of  gravity  from  the  axis  of  motion. 

Thus,  for  example,  the  triangle  is  to  its  circumscrib- 
ing parallelogram,  as  1  :  2;  and  the  distance  of  the 
centre  of  gravity  from  the  vertex  of  the  triangle  is  J  of 
the  axis ;  but  the  distance  of  the  centre  of  gravity  of  a 
parallelogram  from  its  side  is  -^  of  the  other  side,  or  of 
the  axis;  therefore  the  distance  of  the  centre  of  gravity 
of  the  triangle  from  tlie  axis  of  rotation,  is  to  the 


distance  of  the  centre  of  gravity  of  the  parallelogram,  as  ^' 
4  to  3.     So  that  if  both  the  spaces  are  supposed  to  "^ 
revolve  about  a  line  touching  the  vertex  of  the  triangle, 
and  parallel  to  its  base;  the. solid  generated  by  the 
triangular  space  will  be  to  that  generated  by  the  paral- 
lelogram, as  4  to  6,  or  as  2  to  3. 

Or,  if  we  suppose  the  triangle  to  be  right  angled,  and 
the  rotation  to  take  place  a^ut  one  of  its  legs,  then 
the  distance  of  the  centre  of  gravity  of  the  triangle  from 
the  axis  of  motion  will  be  equal  to  ^  of  the  base,  and  the 
distance  of  the  centre  of  gravity  of  the  parallelogram 
from  the  same,  •}  its  base.  The  areas,  therefore,  being 
as  1  :  2 ;  and  the  distances  of  the  centres  of  gravity 
from  the  axis  of  motion,  as  2  to  3;  the  generated  solids 
will  be  to  each  other  as  2  to  6,  or  as  1  :  3 ;  which  is 
the  known  ratio  of  a  cone  to  its  circumscribing  cylinder* 
Again,  the  common  parabola  is  to  its  circumscribing 
parallelogram  as  2  :  3  ;  and  the  distance  of  the  centre 
of  gravity  of  the  parabola  from  the  vertex,  is  to  the 
distance  of  that  of  the  parallelogram,  from  the  same 
point  of  suspension,  as  6  to  5 ;  wherefore  the  solid 
generated  by  the  parabola  is  to  that  generated  by  the 
parallelogram,  each  revolving  about  the  same  common 
axis,  passing  through  the  vertex  of  the  parabola,  and 
parallel  to  its  base,  as  12  to  15,  or  as  4  :  5.  And  cout 
sequently  the  solid  generated  by  a  triangle,  is  to  that 
generated  by  a  parabola  of  the  same  base  and  altitude, 
and  each  revolving  about  the  vertex  in  the  ratio  com- 
pounded of  the  ratios  of  5  to  4,  and  4  to  6 :  that  is,  of 
20  :  24,  or  of  5  :  6. 

After  a  similar  manner  may  the  value  of  any  surface 
or  solid  be  found,  and  those  of  all  kinds  of  surfaces  and 
solids  be  compared  with  each  other.  For  various  other 
examples  connected  with  this  subject,  we  refer  to  Dr. 
Wallis's  "  Treatise  de  Calculo  Centri,  Gravitatis  ;*  Dr. 
Hutton  s  "  Mensuration ;"  and  Gregory's  "  Mechanics.* 

%  XIV.  Of  the  mechanical  poxvers, 

131.  A  machine  is  any  thing  which  serves  to  ang-  M 
ment,  or  to  regulate,  moving  forces  or  powers ;  or  it  is  P*' 
any  agent  designed  to  produce  motion,  so  as  to  save 
either  time  or  force.  Or  we  may,  in  general,  apply  the 
term  machines  to  the  material  agents,  by  the  aid  of  whidi 
forces  operate  one  upon  another ;  and  which  when  em- 
ployed to  second  the  effort  of  certain  powers,  enable 
them  to  overcome  others  which  may  be  more  consider- 
able. 

132.  Machines  are  distinguished  into  simple  and 
compound ;  but  a  difference  of  opinion  exists  as  to  this 
division,  some  writers  reducing  the  simple  machines  to 
three  only ;  viz.  the  lever,  the  inclined  plane  and  cordt^ 
or  as  the  latter  is  sometimes  called,  the  funicular  ma- 
chine.  Others  make  seven ;  adding  to  the  above  three, 
the  wheel  and  ade,  the  pulleiu  the  screw^  and  the  xjoedge  ; 
some  again,  rejecting  the  cords,  reckon  but  six  simple 
machines ;  or,  as  they  are  commonly  called,  mechamaU 
powers. 

In  all  these  mechanical  agents,  the  advantage 
arises  from  distributing  the  power  to  be  overcome 
amongst  the  different  parts  of  the  machine,  so  that  the 
part  sustained  bv  the  contrarv  power  shall  bear  but  a 
small  ratio  to  the  whole :  thus,  a  power  incapable  of 
communicating  motion  to  a  body,  or  of  supporting  its 
pressure  without  mechanical  assistance,  may  effect  its 
designed  purpose  by  transferring  a  part  of  the  weight 
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vpoQ  ft  fiilcFom,  distributing  it  ainonjs^  a  system  of  pul- 
leys, p)acint:^it  upon  an  incltned  plane,  &c. 

133.  Forces  of  diflferent  kinds  may,  it  is  obvious,  be 
liaKie  to  operate  so  as  to  counteract  each  others  eflects, 
hf  the  intenrentton  of  machines  ;  as,  for  example,  the 
auisciUar  force  of  men  and  animals  may  be  applied  to 
QUiciuiies  so  as  to  oppose  or  counteract  the  force  of 
gmvicy  :  but  in  such  eases,  since  the  just  and  adequate 
measures  of  these  forces  are  their  simultaneuus  ejects 
in  similar  situations^  the  theoretic  processes  must  be 
C0tidueted  in  the  same  manner,  whether  the  forces  ex- 
erted uTt?  unlike,  or  the  same.  Hence,  then,  whaterer 
b  shown  to  obtain  with  relation  to  any  two  forces 
whose  eifects  are  known,  while  their  nature  is  unde- 
fiaed,  may  be  safely  applied  to  ail  which  are  respec- 
ttvtly  equal:  and  operate  in  a  simitar  manner,  whether 

are  dead  weig'hts,  Jiving  powers,  or  forces  natu- 
e  JUS  ting'. 

134,  In  the  theory  of  simple  machines,  as  well  as  that 
«>f  marhiTif^  in  general,  they  are  first  considered  as  in  a 
lb  meed  rest;  and  when  the  ratio  of  the  forces 
h  '  d,  which  by  the  intervention  of  any  given 
maciiine  produces  such  equilibrium ;  it  is  manifest  that 
a  slight  chang-e  in  either  of  the  forces,  or  in  their 
points  of  application,  by  causing  a  preponderance  on 
the  one  side  or  the  other,  will  produce  motion.  In  ac- 
tual practice,  the  chang^e  must  always  be  made  in  fa- 
four  of  tlie  power,  which  is  to  produce  motion ;  and 
this  mmy  be  easily  accomplished,  if  the  conditions  of 
equilibrium  be  once  established. 

When  forces  act  upon  each  other  by  means  of  ma- 
chines, they  meet  with  various  obstacles,  on  account  of 
the  roughness  of  suHaces,  the  stiffness  of  cords,  &c, 
which,  if  introduced  into  the  commencement  of  our  in- 
vestigations, would  render  them  very  embarrassing  and 
mtricate;  we  shall  tlierefore  first  suppose  surfaces  per- 
fecdf  smooth,  levers  perfectly  inflexible,  cords  flexible 
Uid  inextensible,  &c.  and  shall  aftery^ards  consider  the 
drcomstances  arising  from  the  acliial  operation  of  the 
impediments  here  supposed  as  non-existing. 

With  regard  to  the  principle  upon  which  we  propose 
to  found  our  theory  of  the  ecjuilibnum  of  the  simple 
f&ediajiical  powers,  we  shall  employ,  as  the  most  na- 
tural, though  perhaps  not  the  most  general,  that  of  thp 
Qompoflition  and  resolution  of  forces  already  illustrated 
in  the  preceding  sections:  but  it  may  not  be  amiss, 
bihre  we  proceed  to  this  subject,  to  ofter  a  slight  vmni* 
dation   and  illustration   of  a  very  general   principle; 
ttmely,  that  of  lirtttot  vehcittesy  which  is  now,  by  mos;t 
fcreign    writers,    made   the    foundation    of   tht^    whole 
tlieory  nf  stating.     We  cannot,  however,  consider  il  in 
tfly  nfher  Hixht  thim  as  matter  of  induction,  which  it  is 
pv  ithcult,  if  not  impossible  to  demonstj^ate, 

"I'j  ,  1    of  results  drawn   from  other  principles; 

»nd  diprefore  not  well  or  properly  suited  to  become  the 
faomtlation  of  a  science. 
i    l35.  in  companng  with  each  other  the  conditions  of 
••luilibrium  of  the  several  simple  mechanical  powers, 
tod  looking  to  what  is  common  to  them  all,  muthema- 
ItoMU  hare  discovered  by  induction  a  general   law, 
ihwli  is  observed  by  every  system  of  bodies  in  e^piili- 
and  it  is  this  law  which  has  received  Uie  deno- 
ition  of  the  pnmip/e  of  virtual  velocities^  and  which 
y  be  dlustrated  as  follows, 
Ltt  us  represent  by  P.  F,  P ',  Sec,  the  given  forces ; 
^  «  A,  m'  A',  w"  A*,  &c.  t%.  66)  their  directions ;  and 
•UL  111. 


byw,fn',m*,  4fc.  their  poiiiU  of  application.  Those  MocImiii Hi. 
points  may  be  supposed  to  be  connected  with  each  "-^"'"^^ 
other  in  any  maimer  whatever,  by  inextensible  and 
flexible  or  inflexible  lines,  elastic  or  non-elastic,  or  by 
any  other  physical  means  that  can  be  imagined  ;  also 
all  or  any  of  those  points  may  be  conceived  to  be  resting 
on  plane  or  curve  surfaces,  and  others  wholly  innnove- 
able ;  in  short,  they  may  be  supposed  to  have  any  il- 
lation or  connection  with  each  other,  that  does  not 
involve  a  physical  impossibility. 

Now  let  us  communicate  to  this  system  of  points  an 
infinitely  small  motion,  such  that  the  point ;//  be  tran^ 
ferred  to  /»,  the  point  ?«'  to  n\  &c,  without  violating  tha 
conditions  which  connect  the  several  points  of  the  sy&- 
teju  with  each  other;  then  the  several  infinitely  small 
lines  vtn^  tn*  n\  ufn"^  &c*  are  what  we  call  tlic  virtual 
velocities  of  those  points;  and  if  we  project  one  of  these 
right  lines  on  the  direction  of  the  force  applied  at  the 
same  point,  wo  shall  have  the  virtual  velocity  of  this 
point  estimated  according  to  the  direction  of  the  force. 
Thus,  if  we  let  fall  a  perpendicular  na,  on  the  direction 
m  A  of  the  force  P.  or  on  the  prolongation  of  the  same ; 
and  from  the  point  n*  a  perpendicular  »  a'  on  the  direc- 
tion of  P',  or  on  its  prolongation,  &c.  wc  shall  In  this 
manner  have  the  hues  m  a,  »/</',  m*'a''y  &c.  for  the  vir- 
tual velocities  of  the  points  7w,  «/,  m*,  &c.  estimated 
according  to  the  direction  of  the  forces  acting  on  those 
points.  Then  giving  to  the  projections  which  fall  on 
the  direction  of  the  forces  the  sign  -|- ,  and  to  those 
which  fidl  on  the  prolongations  the  sign  — ,.  the  general 
principle  of  virtual  velocities  may  be  thus  enunciated,  viz, 

**  If  the  forces  P,  P .  P",  &c.  be  in  equilibrio,  the 
sum  of  the  forces  multiplied  respectively  by  the  virtual 
velocities  y>,  p\  //,  &r.  estimated  according  to  their 
directions,  is  equal  to  zero ;  that  is, 

i>  +  py  +  yy  +  &c.  =  o; 

and  reciprocally  the  forces  P,  P',  P",  Ax.  will  be  in  cqui- 
Ithrfo,  when  this  cqimtiou  hus  place,  for  every  infinitely 
small  motion  thut  we  can  give  to  the  system  of  |>oiuLs 

Such  is  the  general  enunciation  of  this  important 
principle;  and  with  respect  to  its  application  to  the 
solution  of  every  problem  of  statics,  it  only  require* 
thai  we  disliui^uish  in  each  particular  case  the  diflerent 
infinitely  small  motions  that  the  system  of  points 
w,  m\m'^^v,  is  susceptible  of  taking,  and  determinci^for 
each  of  ihese  motions  the  virtual  velocities  jp,/)' /r\  &c 
estimuled  according  to  the  above  principles;  which 
being  done,  the  above  equation  will  give  immediately 
the  equations  of  equilibrium,  and  these  will  be  equal  in 
number  to  those  of  the  possilile  motions.  But  as,  for 
the  reason  stated  above,  we  do  not  intend  to  employ 
thii*  principle  in  establishing  our  conditions  of  equili- 
brium, we  ihal!  enter  no  farther  in  this  place  into  the 
application  of  this  theory ;  but  shall  refer  such  of  our 
readers  who  are  desirous  of  seeing  a  fertJier  develope* 
ment  of  it  to  the  **  Mecanique  Celeste,"  of  La  Place, 
and  the  **  Mecanique  Analytique,"  by  LpE  Grange;  see 
also  Poisson  *'Traite  de  Mecanique,* 

Let  us  now  proceed  to  our  invest! cations  relative  to 
the  ecpiiiibrium  of  the  simple  mechanical  powers. 

I  XV.  Of  cords  f  or  the  funicular  machine, 

130.  We  have  already  in  our  tenth  section  invest!- Funicutjir 
gated  the  principles  and  conditions  of  equilibrittm  aa  *Jaat.niiie. 
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MecbtBioi.  connected  with  &e  funicular  machine;  we  shall  there- 
toe,  in  this  j^ace,  merely  collect  together  the  deduc- 
tions there  obtained,  and  endeavour  to  illustrate  them 
by  the  solution  of  a  few  examples ;  and  shall  adopt  here, 
as  in  the  article  above  alluded  to,  the  hypothesis  of 
cords  being  perfectly  flexible  and  inextensible,  and  as 
devoid  of  mvity  or  weight,  unless  the  contrary  be 
stated ;  and  that  they  are  reduced  to  their  axes,  or  that 
they  have  no  sensible  lateral  dimensions. 

The  deductions  to  which  we  have  above  alluded, 
may  be  stated  as  follows : 

1.  If  a  cord  be  acted  upon  at  its  two  extremities  by 
two  equal  forces  in  opposite  directions,  its  tension  will 
be  measured  by  one  of  those  forces  or  weights ;  and  if 
the  forces  are  unequal,  the  tension  vdll  be  measured  by 
the  least  of  the  two. 

2.  If  a  system  of  forces  be  made  to  act  upon  a  mate- 
rial point  by  means  of  any  number  of  flexible  Qords,  the 
conaitions  of  equilibrium  are  the  same  as  if  the  forces 
acted  through  any  other  medium ;  and  the  tension  of 
each  line  will,  when  the  system  is  in  equilibrio,  be 
equal  to  the  force  applied  at  its  extremity. 

3.  Consequently  any  such  system  of  forces  may  be 
reduced  to  that  of  three  forces  only ;  and  the  tension  of 
the  cords  by  which  this  new  state  of  equilibrium  is 
sustained,  will  be  equal  to  the  resultant  of  the  forces 
which  each  respectively  is  made  to  replace. 

4.  Hence  if  we  have  any  number  of  forces  acting  at 
different  points  of  a  flexible  line,  we  may  reduce  each 
of  those  system  of  forces  to  that  of  three  forces  only ; 
and  therefore,  in  any  investigation  connected  with  a 
system  of  this  kind,  we  may  always  suppose  this  reduc- 
tion to  have  been  effected,  and  confine  our  researches 
to  the  case  in  which  the  forces  are  connected,  three 
and  three  by  fixed  knots,  as  in  fig.  67. 

5.  This  polygon  will  be  in  equilibrio,  when  all  the 
forces  being  transferred  to  a  single  point  parallel  to 
themselves,  will  sustain  each  other  in  equilibrio  in  that 
point :  and  if  this  condition  have  not  place,  the  equili- 
brium cannot  subsist,  whatever  form  we  give  to  the 
funicular  polygon. 

6.  In  order  to  find  the  ratio  of  the  extreme  tensions 
P  and  F%  referring  to  the  above  fig. ;  let  them  be  de- 
noted by  t  and  ^,  and  the 

CanglePAFbya;    PIBAbyfl';    BCP"'    by  o^, 
{  angle  FAB  by  b ;    F1BC  by  6' ;    F'CP*^  by  b" ; 
ttien  we  shall  have 

P  :  ^  ::  sin6  :  sino, 
tit*  ::  sin6'  :  sin  a', 
^  :  P  ::  sin^"  :  sina^. 

And  multiplying  these  proportions  together,  and  can- 
celling the  common  factors ;  we  have 

P  :  P*^  ::  sin*,  sin  6'.  sin  6"  :  sin  a.  sin  a'.  sin£^: 
and  in  the  same  manner  we  may  find  the  ratio  of  any 
two  other  forces  or  tensions. 

7.  The  above  gives  only  the  ratio  of  the  tensions ; 
but  we  may  find  the  absolute  tension  of  any  side  of  the 
Dolygon,  as  for  example  BC,  by  finding  the  resultant 
of  the  two  forces  P'  and  P'%  or  of  the  three  P,  F,  P, 
supposed  acting  at  the  same  point ;  for  these  must  ob- 
Tibusly,  when  the  system  is  in  equilibrio,  be  equal  and 
directly  opposed  to  each  other. 

As  none  of  the  above  cases  can  involve  any  prac- 
tical difficulty,  except  what  may  appertain  to  the  tedi- 
ousness  of  the  comfHitation  when  Uie  number  of  forces 


is  ccmsiderable,  we  thaU  dispense  with  giving  theMeo 
solution  of  any  particolar  problem  1[>y  way  of  illus-  ^^"^ 
tration. 

8.  If  instead  of  the  fixed  knots  which  we  hwe 
hitherto  considered,  we  suppose  the  ends  of  the  cord 
to  be  fixed,  and  a  force  to  be  applied  acting  by  meanfi 
of  a  moveable  ring  or  running  knot ;  then  we  have  seett 
that  in. order  to  establish  an  eqnihbrium,  the  directiott 
of  the  force  must  be  such  as  to  become  a  normal 
to  the  ellipsoid  generated  by  an  ellipse,  which  has  the 
two  fixed  points  for  its  foci,  and  its  transverse  axSi 
equal  to  the  given  length  of  the  cord. 

As  an  example,  let  P  and  R  (fig.  68)  be  the  two  fixed 
points,  PCR  the  given  flexible  line,  AQ'  the  direction 
of  the  force  Q;  conceive  this  force  to  be  connected  with 
the  line  PR  by  means  of  a  running  knot  or  moveable 
ring  C ;  and  let  it  be  required  to  determine  the  positioti 
of  the  line  CQ,  when  that  force  is  in  equilibno ;  and 
the  tension  of  the  line  PCR. 

The  distance  of  the  points  P  and  R,  as  also  the 
length  of  the  line  PCR  being  given,  describe  with 
P  and  R  as  foci,  and  with  the  length  PCR  as  the  trans^ 
verse  diameter,  the  ellipse  ACB  in  the  plane  of  th# 
given  direction  Q'A ;  and  find  the  point  C  m  the  ellipse 
ACB,  such  that  the  tangent  to  that  point  T  t  shall  be 
perpendicular  to.  the  given  line  AQ^;  from  C  draw  CQ 
parallel  to  AQ',  and  it  will  be  the  direction  and  position 
of'  the  force  Q  as  required. 

Again,  because  by  this  construction,  the  angle  PCR 
is  bisected  by  the  continuation  of  the  line  of  direction 
QC,  the  tension  of  PC  and  CR  are  equal ;  and  there- 
fore denoting  the  tension  sought  by  f,  and  completing 
the  parallelogram  CPVR,  we  shall  have 


PC  X  Q         ,   ,1.     ,      .       ^ 
— 7TTr""~  =   <  the  tension  of 


CV  :  PC  : :  Q 

the  cord  PCR. 

137.  Itoniy  now  remains  to  consider  the  equilibrium 
and  tension  of  a  number  of  weights  connected  by  fixed 
knots  to  a  flexible,  line,  the  extremities  of  which  are 
attached  to  any  two  given  fixed  points.  This  problem 
we  have  treated  in  all  its  generality  in  art.  95, 
where  our  results  are  the  most  general  that  can  be 
obtained,  being  applicable  to  every  possible  case  that 
can  be  proposed:  but  at  the  same  time  it  must  be 
acknowledged,  that  the  computations  which  they  in- 
volve are  extremely  laborious,  and  that  in  many  cases 
we  may  obtain  the  solution  of  particular  poblems  more 
directly  by  employing  methods  which,  though  lest 
general,  are  suited  to  die  case  under  consideration ;  we 
shall  therefore  give  an  example  or  two  of  this  kind, 
and  with  them  conclude  this  article. 

Let  A  and  B  be  two  fixed  pulleys  given  in  position,  £x 
and  Wf  z(/,  i/  three  given  weights  suspended  as  repre- 
sented (fig.  69)  to  the  flexible  hne  to  ACB  z/;  it  i^ 
required  to  determine  the  point  C,  at  which  the  weight 
tu  must  be  suspended,  that  is  the  lengths  AC  and  CB, 
to  ensure  the  equilibrium  of  the  system. 

Let  the  angle  EAC  =  a,  the  angle  DBC  =  6,  AC 
=  or,  and  BC  =  y;  and  call  the  horizontal  distance 
AE  -f  DB  which  is  given,  =  rf,  EC  —  DC  =  c,  and 
the  sum  of  AC  +  BC  =  5 ;  then  we  have  four  ibllow- 
ing  equations,  viz.  as  the  weights  w  and  vf  expresir 
respectively  the  tensions  of  the  cords  AC,  CB ;  these, 
with  the  weight  w\  are  the  three  forces  which  keep  the 
point  C  in  equilibrio ;  we  must  therefore  have 
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9  COifl  —  W*  COS^  ^  0, 

w  nm  a  -^  n/*  an  b  :=  Tt!\ 

X  cosa  4-  V    coai  :^  </, 

J  SID  a  —  y    sin  ^  ^  c« 
From  wliich  the  four  unknown  quantities   x,  y,  cosa, 
nd  €os^,  may  be  detorttjined ;  but  as  their  solution 
takf  Inquires  the  common  operations  of  algebra,  we 
iball  leave  ii  for  the  amusement  of  the  reader,  aod 

Let  A  and  B  (fig.  70)  denote  two  pulleys  given  in 
position,  over  whidk  are  made  to  pass  the  two  extre- 
nilies  of  the  flexible  cord  AC  DEB,  of  wliich  the 
Mveral  parts  AC^  CD,  DE,  &c,  are  given;  as  iilso  tlxe 
three  weight*  it?,  w\  vf\  and  let  it  be  required  to  find 
the  weights  P  and  Q  which  are  requisite  to  presence 
the  iystem  in  equilibrio,  and  to  detemiine  tlie  form  of 
the  funicular  polygon. 

Here  we  have  eight  unknown  quantities  which  must 
be  determined  in  order  to  arrive  at  the  complete  solu- 
tion of  the  problem ;  \\i,  the  weights  P  and  Q,  or  the 
tensions  of  the  cords  AC,  EB;  the  tensions  of  CD 
&nd  D£ ;  and  the  angles  wliich  thtse  four  lines  make 
with  the  horizontal  axis  A  j,  or  ky^  for  the  angles  made 
by  the  directions  of  these  lines  with  one  of  those 
axes  being  known,  the  other  may  be  immediately  deter- 
mmed. 

Let  the  given  lengtlis  of  the  four  cords  AC»  CD,  DE, 
EB,  be  denoted  by  a,  a\  a^,  <i"' ;  and  their  tensions  by 
I,  <',  i'^  f^ ;  their  angles  of  direction  with  the  vertical 
axia  A,v,  by  a,  a',  a",  a"*;  also  let  the  co-ordinates  of  the 
point  B,  viz.  AK  and  KB  be  called  m  and  n. 

Then  the  equations  of  these  co-ordinates,  and  the 
tesolution  and  comparigons  of  the  tensions,  give 
a  cosa  4-  a'  cos«'  -f  tf  cosa^  H-  a*'  cos^'"  r:  «, 
a  sin  o  +  a'  sin  a'  -h  o^  ein  </  +  « "  sin  a"*  =  m, 

i    sina  --  ^   sinfl'  ^  o, 

t  *coBa  —  i'  cosa'  —  XL\ 

f  sin  0*  —  r  sin  a*  ^^  o, 

f  cosa'  —  i"  cosfl*  —  xi^, 

f  sin  a*  —  ^'  sin  «'"  —  «, 

r  cosflT  —  r"*  cos  a"'  =  ti". 
The  solution  of  which  eight  equations  will  give  the 
nlue  of  the  eight  unknown  quantities  sought,  but  the 
actual  operation  is  necessarily  attended  with  consider- 
able labour;  let  us  therefore,  for  the  sake  of  simplification, 
suppose  the  points  A  and  B  to  be  in  the  *ame  horizon- 
lai  line  which  makes  n  ■=.  a;  the  four  lengths  (i,a\ii^,a'^ 
to  be  all  equal;  as  also  the  three  weights  tr,  w\  vf.  By 
thii  means  the  above  equations  will  be  reduced  to  tlie 
foor  following;  viz. 

Etna  -f-     sma  =77-* 

i  sin  a  —  t'  sin  a*  =  0, 

t  cosa  —  t'  cosa'  zi:  tr, 
2f'  cosa'  iz  w\ 
wluch  admit  of  an  easy  and  ready  solution :  the  actual 
openition  of  wliich  we  leave  as  before  for  the  practice 
of  the  student. 

I  XVI.  Of  the  lever. 

\^B.  A  icter  is  an  inflexible  bar  or  rod,  which  may 
k  iubjected  to  the  action  of  two  or  more  forces,  or 
P^CTs,  at  different  points,  while  it  is  supported  on  a 
fclcrum  or  prop  about  which  it  is  firee  to  move, 

'twere  are  two  kinds  of  levers  which  differ  essentially 


from  each  other;  viz.  those  iu  wliich  the  forces  act  on  Mcchanict. 
CQntmrjf  sides  of  the  prop  or  fuclrum,  and  those  in ' 
which  tliey  act  on  the  same  side.  They  are,  however, 
usually  distinguished  into  three  kinds  according  to  the 
respective  positions  of  the  prop,  with  reference  to  the 
situation  of  the  power  and  tiie  resistance.  In  levers  of 
i\iQ  first  kind,  the  fulcrum  is  between  the  jKiwer  and  the 
r&jiictAJiecy  CL0  ill  fig.  V  i  :  in  the  sevmid  kind,  the  resist* 
ance  is  between  the  fulcrum  and  power,  as  in  fig.  72  : 
and  in  tlie  thirdf  the  power  is  between  the  prop  and 
resistance,  as  in  fig,  73. 

139.  For  the  greater  simplicity,  we  may,  in  the  first 
instance,  consider  the  lever  as  void  of  gravity,  and 
reduced  to  a  right  line  coinciding  with  its  axis;  and 
the  power  and  weight  as  two  forces  applied  perpendi- 
cularly to  it;  in  which  case  the  equilibrium  of  the  lever 
differs  in  no  respect  irora  what  we  have  already  con- 
sidered under  articles  48  and  49 ;  viz.  the  eqiulibrium  of 
parallel  forces,  from  which  we  have  drawn  the  follow* 
ing  general  tlieorem ;  viz- 

**  There  will  be  an  equilibrium  between  three  parallel 
forces,  w  hen  each  of  them  is  directly  proportional  to 
the  distance  of  the  points  of  application  of  the  other 
two,*' 

130.  In  treating  of  the  lever,  it  is  usual  with  English  Propertk* 
writers,  to  distinguish  the  forces  by  the  names^  power,  <^f  the  kvcr. 
and  weight,  or  power  and  resistance ;  terms  that  liave 

merely  a  reference  to  the  common  application  of  the 
machine,  and  must  not  be  understood  as  implying  any 
necessary  distinction  of  the  two  forces. 

Denoting  then  the  power  by  P,  and  Uie  weight  by  W^ 
we  shall  have  from  the  preceding  theorem  (and  refer- 
ing  to  figs.  71,  72^  and  73),  the  following  analogies: 

P  :  W  ::  FB  :  FA; 
or  the  power  and  weight,  in  c-ase  of  equilibrio,   are 
reciprocally  to  each  other  as  their  respective  distancesi 
from  the  fulcrum,  or  centre  of  motion*     From  these 
also  we  have 

P  :  P  4-  W  ::  FB  :  FB  -h  FA, 

W  :  P  +  W  ::  FA  :  FB  -h  FA. 
Which  proportions  are  equally  applicable  to  all  the  tliree 
kinds  of  levers ;  as  they  are  also  to  levers  of  every 
form ;  observing  only,  that  in  all  cases,  FA  and  FB 
must  be  taken  to  denote  the  distance  of  the  points  of 
application  of  the  forces  from  a  plane  passing  through 
the  fulcrum  F  perpendicularly  to  the  direction  of  the 
lever ;  that  is,  the  bent  lever  AB  (fig.  74)  will  be  id 
equilibrio  when 

P  ;  W  r.  FB  :  FA,  orB'fr  :  A'a : 
for  it  is  obvious,  that  we  may  suppose  the  power  to  be 
applied  at  A,   and  the  weight  at  B»  without  in  any 
resfiect  affecting  the  equilibrium;    these  points  being 
each  in  the  direction  of  its  respective  force. 

131.  When  the  power  and  weight  act  obliquely  upon 
the  lever^  as  in  fig.  75,  and  the  lever  itself  turns  on  a 
fixed  pivot  instead  of  simply  resting  on  the  fulcrum;  then 
we  must  resolve  each  of  these  forces  iiito  two  forces,  the 
one  perpendicular,  and  the  other  parallel,  to  the  lever; 
that  is,  denoting  the  power  P  by  DA,  and  the  weight 
W  by  BG;  also  calling  the  angle  DAC  =:  a,  and 
GBE  —  /3;  we  must  resolve  the  former  into  the  two 
forces  AC  =  P  sin  a,  and  DE  =  P  cosa;  and  the 
latter  into  BE  =  W  sinjS,  and  EG  —  W  cos/3;  and 
then,  in  case  of  equilibrio,  wa  shall  have 

Psina  :  Wiin/3  ::  FB  :  FA. 

But  if  the  lever  merely  rest  upon -a  fulcrum,  on  which 
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h  it  flree  io  slide,  tben,  beside  the  above  pnpdttioiv  we 
must  hifve  an  equality  in  the  horizontal  forces  P  cos  a, 
and  W  cos/3;  that  is,  we  OMist,  in  addition  to  the  pre- 
ceding  analogy,  have 

P  :  W  ::  cos /J  :  coscu 

132.  When  several  forces,  as  P,  F,  P,  and  W,  W, 
W,  acting  on  the.  rontrary  sides  of  the  fulcrum  F 
(fig.  76),  these  will  be  in  equilibffio  wh^  tb*  «um  of 
the  products  of  each  force  into  its  respective  distance 
from  the  fulcrum  on  the  one  side,  is  equal  to  the  sum  of 
the  like  products  on  the  other  side;  that  is,  when 

P.  FA.+  F.  FA'  +  P*  FA%&c.  =W.  FB + W  FB'  + 
W  FB*,  &c. 

as  is  evident  from  what  we  have  already  demonstrated 
in  the  chapter  on  parallel  forces ;  the  fulcrum  in  this 
case  answering  to  what  is  there  defined  the  centre  of  the 
parallel  forces. 

But  if  there  are  many  forces  acting  at  different  angles 
of  direction,  then,  denoting  these  angles  by  a,  a',  a% 
&c.  and  /3,  (i\  fi",  &c.  the  lever  will  be  in  equilibrio, 
supposing  it  only  free  to  revolve  about  a  fixed  axis;  when 

P  sina  .FA+F  sina'.  FA'+F  sina".  FA'+&c.  =: 

Wsin j3.  FB+ W'sin/3'.  FB'+W-'sin/J^  FB^+Ac. 
But  when  the  lever  merely  rests  upon  a  fulcrum  on 
which  it  is  fiee  to  slide,  then  the  equilibrium  cannot 
obtain  unless  there  is  also  an  equality  in  the  horizontal 
forces ;  viz.  unless, 

P  cos  a + F  cos  o' +P*  cos  o'= W  cos /3 + W' cos /J' + 
W'cos/J*; 

as  we  have  already  shown  for  two  forces  in  the  pre- 
ceding article. 

133.  And  in  all  the  preceding  cases  of  equilibrium, 
the  same  will  obtain  (when  the  lever  acts  on  a  fixed 
axis)  whatever  may  be  its  inclination  with  the  horizon, 
because  the  distances  of  the  several  lines  of  direction 
will  still  have  the  same  proportionality  to  each  otlier; 
but  if  the  lever  merely  rest  upon  a  fulcrum,  it  will  im- 
mediately slide  upon  it  as  soon  as  it  is  disturbed  from 
its  horizontal  position ;  and  therefore  an  equilibrium  is 
in  this  case  impossible. 

126.  The  compoimd  lever ^  is  a  combination  of  two  or 
more  levers  acting  upon  each  other  as  in  fig.  77,  where 
the  extremity  B  of  the  first  lever,  presses  upon  A'  of 
the  second  lever,  and  the  extremity  B'  of  the  second, 
upon  the  point  A^  of  the  third ;  and  so  on  for  any  far- 
ther combinations.  And  it  is  obvious  here,  from  what 
has  been  already  stated  of  the  simple  lever,  that  when 
P  and  W  are  in  equilibrio,  we  shall  have 

P  X  FA  X  F'A'  X  F''A''=  W  x  FB  x  F'B'  x  F'B''. 

134.  Hitherto  we  have  considered  the  lever  as 
without  weight;  but  it  is  necessary  in  all  practical 
cases  to  have  reference  to  this  datum,  which  we  must 
regard  as  a  force  acting  at  its  centre  of  gravity ;  and  in 
all  cases  of  equilibrium,  the  moment  of  this  force  must 
be  included  with  those  acting  on  the  same  side  of  the 
fulcrum  as  itself;  that  is,  denoting  the  weight  of  the 
lever  by  Q,  and  its  distance  FG  of  tlic  centre  of  gravity 
from  the  fulcrum  by  ^, 

The  equilibrium  will  require  in 

fig.  71,     P,FA  +  Q(7=W.FB;  (1) 

fig.  72,  ) 

fig.  73,  \  P.FA  =  W.FB  -h  Q  (7 ; 
fig.  74,  ) 

fig.  75,      P  sin  a  FA  =  W  sin  /3.  FB  +  Q  7 ;     (3) 
'P.FA-f.FFA'+&c.=  } 


(2) 


%.76,    J 


W.FB  -f.  W.FB'  -f  &c.  -f  Q^;  i 


(4) 


and  to  estimate  the  pressure  upon  the  prop  in  anj  of  ^ 
the  above  cases,  it  will  only  be  neoesMrr  to  oompnte  ^ 
the  weight  which,  apting  at  that  part  of  the  brer  in  an 
opposite  direction,  would  produce  an  eqoilibrium  in  the 
system. 

135.  Such  are  the  mechanical  properties  of  the  lever; 
which  it  may  not  be  amiss  to  illustrate  by  a  few  pnM> . 
tirpi  pvamples. 

Ex.  1.  What  powar  will  W.^ainfid  by  a,  Ipver  100^ 
efiective  inches  in.Ien^,    haying  a  mlawi,.  about 
which  it  turns,  at  the  distance  oil  ^  inches  firom  tli^ ' 
extremity  where  the  resistance  is  anpUed.     Or,  what 
weight  will  a  man,  who  presses  witn  a  force  equal  to 
1  ^  cwt  or  168  lb.  be  able  to  raise  by  such  a  lever« 

Here  the  two  arms  of  the  lever  are  7  ^  inches  anil 
92 finches;  whence,  denoting  the requirod weight bf 
W,  we  shall  have  fi-om  equation  (1),  rejecting  Q  as  ii^* 
considerable, 

168  X  92^  =  7^  X  W;  \ 

whence  W=  ^^^  ^  ^^^  z=  2072 lbs. 

7i 
If  we  suppose  the  weight  of  the  lever  to  be  20  lb.  and 
that  it  is  a  uniform  bar,  having  its  centre  of  gravity  50 
inches  from  each  end,  or  42  \  inches  fit>m  the  fulcrum^ 
then 

168  X  92|  +  20  X  42^  =z  7  i  W, 

andWr:^^^^^^\|^^>^"^*  =  2187ilbs, 

Ex.  2.  The  length  and  weight  of  the  lever,  as  also 
the  power  remaining  the  same,  what  weight  will  the 
same  man  be  able  to  raise,  supposing  the  resistance  to 
be  placed  between  the  fulcrum  and  power  as  in  fie.  72. 

Here  FA  =  100,  FB  =  7 1,  and  FG  =  50 ;  whence 
by  equation  (2),  we  have 

168  X  100  =  W  X  7|  +  50  X  20; 
or,  W  =  168  X  100^-50x20  ^  ^^ 

Ex.  3.  A  tapering  piece  of  timber,  24  feet  long,  it 
balanced,  when  resting  on  a  prop  1 3  feet  from  the  less 
end ;  whereas,  when  the  prop  is  placed  in  the  middle 
of  its  length,  a  weight  of  210  lb.  suspended  at  the 
least  end,  exactly  produces  the  equilibrium ;  required 
the  weight  of  tlie  tree. 

Here,  since  the  piece  balances  itself  when  the  prop  is 
1 3  feet  from  the  less  end,  the  centre  of  gravity  must  there 
be  vertically  over  tlie  prop.  Supposing,  therefore,  the 
whole  weight  of  the  tree  to  be  accumulated  in  that  point, 
the  length  of  the  arm  of  the  lever  by  which  it  acts  in 
the  second  position  of  the  prop  will  be  1  foot,  and  the 
arm  by  which  the  power  210  lbs.  acts,  will  be  12  feet; 
calling,  therefore,  tlie  required  weight  W,  we  have 
210  X  12  ==  1  X  W,  or 
W  =  2520  lbs. 

Ex.  4.  In  a  false  balance ;  viz.  one  in  the  which  the 
arms  are  of  unequal  length ;  a  body  appesurs  to  weigh, 
when  placed  in  one  scale,  and  the  weight  in  the  other, 
:3()  lbs. ;  but  wlicuwcighed  in  the  other,  49  lbs. :  what  is 
its  real  weijjfht, 

Writing:  Jc  and  v  to  donote  tlie  lengths  of  the  unequal 
arms,  and  xc  the  weit^ht  of  the  body,  we  have 
i  3Ga:=:y  zi?, 
(  49  V  :=.x  xo\ 
multiplying  these  equations  together, 

36  X  49  X  y  z=.  x  y  w' ; 
or,  "ii''  =:  36  x  49 ; 
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kM.  and  therefoie  w  =:  >/  (36  x  49)  =  6  x  7  =:  42 lbs.; 
^^  that  ia,  the  reftl,:weight  U  a  geometrical  mean  between 
the  two  fabe  weights  shown  by  the  balance. 

Some  of  the  best  constructions  of  the  balance  are  ex- 
plained in  the  Alphabetical  department  of  this  work. 
«d.  136.  The  Roman  statera  or  steel-yard,  is  a  particular 
application  of  the  principles  of  the  lever  of  the  first 
kmdy  haying  unequal  arms,  and  is  so  contrived,  that  one 
weight  alone  may  serve  to  counterpoise  a  great  variety 
of  others,  by  sliding  it  to  different  distances  from 
Ite  iMMBi  oi  suspension  upon  the  longer  arm  of  the 
uier^ 

Let  W,  W,  W,  &c.  denote  the  weights  which  are 
tttpoided  anoceflshrely  from  B  (fig.  78),  w  the  invari- 
able distaiice  FB,  and  f,  /?',  p'  the  variable  distances 
FD,  FIX,  &G.  (at  which  the  constant  weight  P  must  be 
hm^)  from  the  fnlcrum,  in  order  to  keep  the  beam  in 
eqau3>rio ;  let  also  Q  denote  the  weight  of  the  beam, 
and  q  the  distance  of  the  centre  of  gravity  from  the 
fiilcnim;  then,  our  equation  (1)  gives  us  the  following 
leries  of  equation : 

W  w  =  Pp  +Q(7, 
Ww-Vp'  ^qq, 

&c.     =z       &c. ; 


P  = 


_  Wy-Qg  _  4-2  _ 


=  2  for  21b. 
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whence  we  have 


f^ 


'  = P ' 

P         ' 
w  —  Q  y 


W 


&c.  =  &c. ; 

consequently,  these  several  distances  are  readily  deter- 
mined. 

Note.  We  have  here  supposed  the  centre  of  gravity 
of  the  beam  to  be  in  the  longer  arm  ;  if  it  should  be 
(bond  on  the  other  side  of  the  fulcrum,  then  Q  ^  in  our 
fnt  equations  will  be  negative,  and,  consequently,  in 
the  last  positive.  And  if  the  fulcrum  be  found  imme- 
diately in  the  centre  of  gravity,  then  Q  ^  =:  0,  and  we 
have 

Ww      ,       W'tt    _^       Vfio    , 
P  =  -p-»  P  =  -p->  /  =  -p->  &c- 

As  an  example,  let  us  suppose  the  constant  weight  P  to 
be  1  lb.  the  length  of  the  beam  36  inches,  its  weight 
28).  and  the  centre  of  gravity  1  inch  from  the  fulcrum, 
yi\aAi  latter  is  2  inches  from  the  extremity  of  the  beam, 
vfcere  the  hook  is  suspended;  to  find  the  greatest 
weig;ht  that  the  steel-yaid  will  ascertain,  and  the  divi- 
UODS  on  the  longer  arm  for  all  the  intermediate  lbs. 
between  the  greatest  and  least  weight : 

Here  the  longer  arm  from  the  fulcnim  being  34 
inches,  and  the  constant  weight  1  lb.  the  greatest  mo- 
ment will  be  1  X  34  =  34;  also,  2  x  1=2,  will  be 
the  moment  arising  from  the  centre  of  gravity ;  consc- 

34  +  2 
quently, —  =  18  lbs.  the  greatest  weight.     And 

apposing  the  weight  P  to  be  removed  entirely  over  the 
Mcnim,  the  least  weight  is  obviously  1  lb. ;  we  have 
*^erefore  to  find  the  several  distances  answering  to  2  lb. 
3lb.  &c.  181b.;  that  is,  we  have  to  substitute  for  W 
"f W",  Sec. ;  the  numbers  2,  3,  4,  &c.  in  which  case 
our  equations  become 


•^.^AjJ?.^-Am 


&c,  &c.  &c. 

Steel-yards  admit  of  a  variety  of  constructions^  as  will 
be  shown  in  the  Miscellaneous  department  of  this  work. 

§  XVII.  Of  the  vhtei  autiufk. 

137.  The  wheel  ami  axk;  or  as  it  is  often  called,  the  TThajMnf 
axi*    in  periirockioi  is  a   machine   coosiatiiig   of  audt. 
cylinder  and  a  wheel  havmgthe  same  axis ;  at  the  twaMWUbpt  • 
extreiaities  of  the  former  areoivotaon  whiehboth  may 

tuiA.  The  power  ia  apjpliod  at  thiQ.e^tremity  oi  the  wheel,- 
generally  in  the  direction  of  a  tangent,  and  a  cord  itf 
wrapped  about  the  cylinder,  in  order  to  overcome  the 
resistance  or  to  elevate  the  weight. 

This  machine  is  sometimes,  without  any  impropriety, 
called  the  perpetual  lever;  it  being,  in  reality,  a  lever 
on  whose  arms  the  power  and  weight  may  always  act 
perpendicularly,  although  the  lever  turns  about  its  ful- 
crum. It  is  frequently  constructed  of  the  form  repre- 
sented in  fig.  79,  where  CD  is  the  cylinder,  at  the  ends 
of  which  are  the  pivots  £F,  tumine  in  the  solid  pfeces 
of  timber  HF,  AE;  and  the  weight  W  is  raised  by 
means  of  a  rope  coiled  about  the  cylinder ;  the  powcF 
being  applied  to  the  wheel  SSB,  either  by  the  cord  II, 
or  by  the  handles  S,  S,  S.  Sometimes,  instead  of  the 
wheel,  we  find  the  machine  made  up  of  levers  fixed 
into  the  cylinder,  as  spokes  into  the  nave  of  a  wheel ; 
at  others,  a  simple  handle  serves  for  the  application  of 
the  power,  as  in  fig.  80 ;  but  the  efiect  is  still  the  same, 
except  that  the  rotation  is  less  uniform.  In  some  cases, 
the  cylinder  is  horizontal,  as  in  the  figures  above  referred 
to ;  as  it  is  also  in  some  description  of  cranes ;  while  in 
others  it  is  vertical,  as  in  the  capstan,  &c.  But  whe- 
ther the  cylinder  be  horizontal  or  vertical,  this  machine 
has  a  manifest  advantage  over  the  simple  lever  in  point 
of  convenience ;  for  by  the  continual  rotation  of  the 
wheel,  the  weight  may  be  raised  to  any  height,  or  from 
any  depth,  while  it  could  be  raised  only  to  a  very  small 
altitude  by  the  former  machine. 

138.  In  the  wheel -and  axle,  if  the  power  acts  per- General 
pendicularly  to  the  radius  of  the  former,  and  the  weight  property, 
perpendicular  to  that  of  the  latter,  there  will   be  an 
equilibrium  when  the  weight  and  the  power  are  recipro- 
cally as  the  radii  or  distances  at  which  they  act. 

This  will  be  evident  by  referring  to  fig,  81,  which  we 
may  conceive  to  be  a  vertical  section  of  the  machine 
perpendicular  to  the  axis ;  and  since  the  cfibrt  of  the 
weight  to  tiuTi  the  axle  round  is  the  same  at  whatever 
point  of  that  axle  it  be  applied,  suppose  both  the 
power  P  and  the  weight  W,  or  the  resistance,  to  have 
their  points  of  application  A  and  B  in  the  same  plane 
perpendicular  to  the  axis  of  rotation.  Then,  whether 
the  power  P  acts  at  A  or  A',  since  it  acts  perpcndicu» 
larly  to  the  radius  CA,  CA',  while  the  weight  acts  per^* 
pendicularly  to  CB,  it  is  manifest  that  either  ACB, 
or  A'CB  may  be  considered  as  a  lever,  whose  fulcrum 
is  C,  and  consequently 

P  :  W  ::  CB  :  CA. 

139.  The  above  i<  the  general  theoretical  property  of 
this  very  convenient  mech^cal  power :  but  it  may  not 
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Mecliatuci  be  aniisii  to  add  a  few  remarks  as  to  the  practical  pro- 
^^"^^"■^^  per  tics  of  it  under  certain  and  particular  esses. 

First,  wt?  may  observe,  that  if  the  power  act  in  any 
other  direction  than  the  tangential  one,  as  in  AT'  for 
example,  then  drawing  from  C,  the  hue  CD,  perpendi- 
cular to  the  direction  of  the  power,  we  have 

P  :  W::  CB  ;  CD; 
whence,  because  CD  is  always  less  than  AC,  it  is  ob- 
vious that   the  tangential   is  the  naost  advantageous 
direction  in  whicli  the  power  can  be  apphed* 

Again,  since  we  have,  as  shown  above, 
P:  W::CB;CA;  or 
CA   X    P  =  CB  X   W; 
it  follows  that  when  the  power  is  variable,  if  tlie  dia- 
meter of  the  wheel  increase  in  the  same  proportion  as 
ihe   power  diminishes,  and  vice  versa,  the  force   with 
whicli  the  wheel  will  continue  to  revolve  will  always 
be  of  the  same  magnitude.      An  example  of  the  ap- 
pheation  of  this  principle  is  ingeniously  introduced  into 
the  construction  of  the  fuzee  of  a  watch,  and  into  the 
main  spring  on  the  tumbler  of  gim  locks. 

When  the  moving^  force  is  applied  by  means  of  han- 
dles, as  at  S,  S,  S  (fig,  79),  it  frequently  hfipjiens  that 
many  forces  act  simultaneously,  one  at  each  handle ; 
tlicn  if  they  all  act  in  directions  [>crpeudiculiirly  to  the 
respective  radii,  there  will  be  an  equilibriunt  when  the 


^ 


this  part  of  the  system,  will  be  |  A.    The  weight  V  will  Mt 

act  at  C,  the  centre  of  the  wheel ;  therefore  the  pressure  ^^ 

i  V.BC        .  ^       V.AG 

upon  A    =    -j^,  and  upon  B  =  -^^, 

as  follows  from  the  principle  stated,  relatively  to  the 
pressure  of  the  lever,  art,  134;  these  being  the  weights 
that  would  he  reqoisite  to  efjuilibrate  the"  weight  V,  if 
applied  at  the  same  points,  and  in  opposite  directions^  to 
the  pressure  on  the  pivots. 

The  forces  P  and  VV.  may  be  considered  as  acting 
together  at  their  common  centre ;  that  t»,  if  J  l>e  the 
centre  of  a  section  of  the  axle  where  W  acts,  and 

ID:  DC  ::  p  :  w, 

D  will  be  the  point  where  P  -f  W  will  act  together; 
hence  the  third  pressure  u[ion  A,  will  be 

=  (P  +  W)  1^,  and  upon  B  =  (P  +  W)  ^^: 

consequently,  in  the  case  of  an  equilibrium,  the  entire 
pressure  upon 

V.BC   +  ^P  +  W)  Bl> 


A  =  A  A  + 


B  = 


J  A 


V.AC  + 


AB 

(P  +  W)AD 


AB 


i 


140.  If  a  series  of  wheels  and  axles  be  so  connected  w^ 

by  cords   as    to  act  upon   each   other,    the    powers  "!«' 

sum  of  all  the  powers  is  to  the  weight  m  the  radius  of    being  applied   tangentially  to   the   first  wheel,     and  P<*^ 


tlie  wheel  to  the  mean  distance  at  which  the  powers 
act ;  or  when  the  sum  of  the  moments  of  the  powers  ia 
equal  to  the  moment  of  the  weight. 

When  the  power  acts  by  means  of  a  rope  having 
any  sensible  thickness,  compared  with  that  of  the  axle, 
there  will  he  an  equilibrium  when  the  power  is  to  the 
weight  as  the  sum  of  the  radii  of  the  axle  and  rope  to 
the  sum  of  the  radii  of  the  wheel  and  rope.  For  the 
action  of  both  forces  is  transmitted  by  the  axis  of  the 
rope,  and  consequently,  its  radius  ought  to  be  added 
both  to  that  of  the  axle  and  to  that  of  the  wheel 

It  is  obvious,  from  the  above,  that  the  greater  tlie 
rope  is,  the  less  will  be  the  power  gained  by  this  ma- 
chine; for  the  terms  of  a  ratio  increased,  each  by  the 
same  constant  quantity,  i\  r,  in  this  case,  half  the 
thickness  of  the  rope,  the  quantity  of  that  ratio  will  be 
diminished ;  and  consequently,  if  the  rope  be  so  folded 
on  tlie  axle  as  to  cover  the  surface,  and  the  weight  act 
by  a  second  spire  of  rope,  the  power  must  be  aug- 
mented to  maintain  an  equilibrium;  and  so  on  conti- 
nually for  every  increased  course  of  rope  upon  the  axle. 

Lastly,  we  may  observe,  that  the  distajice  which  tlie 
weight  hangs  from  tlie  axle  will  make  no  ditlerence  in 
the  result,  except  that  which  may  be  occasioned  by  tlie 
weight  of  the  rope,  or  that  which  might  be  caused  by  a 
Varying  force  of  gravity,  at  diflerent  distances  from  the 
emrthV  centre ;  this  last,  however,  must  be  a  mere  theo- 
retical consideration,  and  will  never  become  sensible  in 
any  practical  application  of  this  machine. 

When  the  weight  and  power  act  in  parallel  directions, 
and  on  opposite  sides  of  the  horizontal  axis  of  motion,  the 
pressure  upon  tlie  pivots  will  arise  conjointly  fh)m  tl»c 
ECtion  of  the  weight,  that  of  the  power,  the  weight  of  the 
wheel,  and  that  of  the  axle  :  let  us  denote  the  weight  of 
the  axle  by  A,  that  of  the  wheel  by  V,  the  power  and 
resistance  to  be  overcome,  being  represented  as  before 
by  F*  and  W.  Then  {d^,  8I-«)  the  weight  A  may  be 
considered  as  acting  in  the  middle  of  the  axle,  and  con- 
sequently the  pressiire  upon  each  pivot,  as  arising  from 


the  weight,  in  like  manner,  to  the  last  axle ;  there  will 
be  an  equilibrium  when  the  power  is  to  the  weight  as 
the  continued  product  of  the  radii  of  the  axles  to  the 
coutinued  product  of  the  radii  of  the  wheeh  For  let 
such  a  system  of  wheels  and  axles  be  represented  in 
fig»  82,  and  let  a  force  Q,  in  the  direction  OF,  balance 
P,  acting  at  G;  and  a  force  Q',  in  the  direction  NE, 
balance  Q;  then,  from  what  is  shown  (art.  138),  we 
have 

P   ;Q  :;  OD:DG. 

Q  :Q'::  CN  ;  CF, 

Q'  ;W::  AB  :AE; 
whence,  by  compounding  the  ratios,  we  have 
P  ;  W  ::  OD.CN.AB  ;  DG.CKAE ; 
that  IS,  the  power  is  to  the  weight,  as  the  continued 
product  of  the  radii  of  the  axles  to  the  continued  pro- 
duct of  the  radii  of  the  wheels. 

141,  We  may  here  remark  again,  with  respect  to  the  p^d 
practical  application  of  this  cfiinpouud  machine,  that  if  upen 
the  w*hcels  and  axles,  instead  of  being  at  a  distance 
from  each  other,  and  connected  by  cords,  are  placed  as 
in  ii'^*  83,  and  the  axle  of  one  wheel  be  made  to  act  on 
the  circumference  of  another,  by  means  of  equal  teeth, 
the  proportion  between  the  power  and  weight  will  still 
be  tlie  same  as  above ;  for  each  wheel  and  axle  will  act 
as  a  lever,  whose  fulcrum  is  at  the  centre  of  the  axle, 
and  its  arms  respectively  equal  to  the  radii  of  the  wheel 
and  the  axle. 

This  is  commonly  called  foufh  and  pinion  work ;  the 
axle,  when  its  surface  is  indented,  being  called  a 
ptmon ;  and  because  the  number  of  the  teeth  in  the 
wheels  and  axles  are  to  each  other  as  their  peripheries, 
or  as  their  radii,  it  follows,  that  the  power  is  to  the 
weight,  as  the  continued  product  of  the  teeth  in  the 
pinions  is  to  the  rontinued  protbict  of  the  teeth  in  the 
wheels.  Or,  if  P  act  on  the  wheel  A  by  a  cord,  and 
W  be  suspended  from  the  axle  c  by  another,  we  shall 
have 

P  :  W  :;  ve^tf*^'-  rad.  c  :  T.r.r.r'.  rad.  A, 
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wbere  I, «',  f*,  &c.  T,  T,  T,  &c.  denote,  respectively, 
tfae  number  of  teeth  in  the  axles  a^  b^  c,  &c,  and  iu  the 
wbeeU  B,  C,  D,  &c. ;  and  in  whatever  other  mamicr 
the  mppUcation  may  be  made  or  the  motion  comniuni- 
^■Miy  still  the  ratio  of  the  weight  to  the  power  wilt  be 
obCMied  on  the  same  principles^  and  by  a  similar 
prooe9s« 

If  the  wheels  be  all  equal  to  each  other,  and  the 
ajctes  equal  to  each  other;  or  if  each  wheel  be  to  the 
axle  on  which  it  is  fixed  in  a  constant  ratio,  as  for  in- 
fta&ce  that  of  r  :  *,  afid  if  n  be  the  number  of  wheels  or 
ftsde*,  tbea  we  shall  have 

P  ;  w  ::  r- :  «*, 

Let  us  suppose,  for  example,  tliat  the  radius  of  the 
wheel  is  to  that  of  the  axle  as  10  to  1,  and  that  there 
are  three  wheels  and  three  axles,  then 

F  :  w  :;  W  :  V  ::  looo  :  l; 

sud  if  there  were  four  such  wheels,  then 

P  :  W  :;  10,000  :  l,  and  SQ  on. 
Since,  when  a  toothed  pinion  works  a  wheel,  tlie 
peripheries  of  both  work  with  the  same  velocity,  and 
the  pinion  of  the  second  wheel  moves  the  third  wheel 
with  a  less  velocity  than  the  second  moves,  being  at  a 
leas  distance  from  the  centre  of  motion  j  and  th^jt  the 
same  obtains  throughout  the  system :  it  follows,  that 
tn  a  combination  of  wheels  in  motion,  the  number  of 
rerolutions  of  the  wheel,  where  the  power  acts,  is 
ID  the  number  of  revolutions  of  the  wheel  where 
the  wei^t  is  uppUed,  aa  the  product  of  the  radii ,  or 
the  teeth  of  the  wheels,  to  the  product  of  those  of 
the  axles  ;  and,  consequently,  tlie  velocity  of  the  powef 
11  to  that  of  the  weig^ht  in  the  same  ratio,  which 
again  return'*  to  this:  that  the  product  of  the  power 
into  its  velocity  is  equal  to  that  of  the  weight  into  its 
velocity  ;  a  general  property  belonging  to  every  species 
nf  machine,  and  which,  as  we  have  stated  (art.  135), 
is  made  by  Lagrange,  and  some  other  modem  writers, 
the  fundamental  property,  or  that  on  which  they  have 
founded  the  whole  theory  of  mechanics,  under  the  de* 
Domination  of  virtual  Tehcities. 

142.  Before  we  dismiss  this  part  of  our  subject,  it 
may  not  be  improper  to  observe,  that  in  forming  the 
teethe  it  is  of  considerable  importance  to  determine 
tbeir  proper  curvature,  so  tliat  the  motion  may  be  com* 
maaicated  equally  and  with  as  Uttle  friction  as  pos- 
fible. 

Two  methods  of  accomph&hing  this  end  have  been 
recommended ;  of  which  the  first  was  originally  pro- 
posed by  M,  de  la  Hire,  who  endeavoured  to  demon- 
stiate  that  the  pressure  would  be  imilibrm  if  the  teeth 
W€re  formed  into  epicycloids ;  and  Camus,  in  his  Cours 
dii  Mathematiques,  has  adopted  the  same  idea^   and 
ipplied  it  to  the  various  cases  that  are  likely  to  arise  in 
fnctice.     This  construction,  however,  is  subject  to  cer- 
twi  limitations,  on  which  account  a  second  method  has 
been  proposed,  which  secures  a  perfect  uniformity  of 
•ction  without  being  liable  to  any  limitation.      This 
^<^bts   in   making  both    teeth  and    pinions   of   the 
^^tm  o£  circles:   thus  let  IHF,  KE  6  {fig.  84),  be 
*«c  wheels  to  which  the   teelh  are   to  be  accommo- 
«4tfd,  the  acting  face  of  (he  tooth  tf,  must  have  the 
ftfin  of  the  curve  traced  by  the  extremity  H,    of  the 
%tible    line    F  a  H,  as  it  evolves    from    the    circum- 
.'^'^ce ;  and,  in  like   manner*  the  actinc^  face  of  the 
.  A  must  be  formed  by  evolving  of  a  thread  from  the 
^^'^mference  of  the  circle  KE  b.    The  line  FCE,  drawn 


to  touch  both  circles,  will  cut  the  surface  of  the  two  >Iecbaiwci. 

teeth  in  C,  the  point  where  they  touch  each  other;  and  '^•^^""'''^^^ 

the  faces  of  both  teeth  will  always  touch  each  other  at 

a  point  in  the  common  tangenta  to  both  circles ;  and 

the  force  arising  from  their  mutual  pressure,  will  always 

act  in  the  direction  of  the  circumference  of  the  wheels 

E  and  F.     This  form,  by  allowing  the  teeth  to  act  on 

each  other  through  the  whole  extent  of  the  line  FCE, 

will   admit  several   teeth  to  act  at   the  same   time^ 

and   thus,   by  dividing   tlie  pressure  amongst  njJHiy, 

will  diminish  its  quantity  upon  any  one  of  tliem,  and 

therefore  diminisli  the  cause  of  the  indentations  they 

unavoidably  make  upon  each  other  :  and  consequently, 

a  considerable  number  of  teeth  thus  formed,  and  acting 

at  the  same  tinie»  will  have  a  tendency  to  produce  ai 

very  regular  ai^d  uuifonn  motion.     But  more  of  this, 

in  the  Miscellaneous  department. 

%  XVIIL  Of  the  pulley. 

142,  The  pulley  is  a  wheel  of  wood,  brass,  or  iron,  Pdley. 
turning  on  an  axis,  and  enclosed  in  a  kind  of  frame  or  DeJuiitioa. 
case,  called  a  block ,  which  admits  of  the  rope  to  pass 

freely  over  the  circumference  of  the  pulley  ;  in  the  latter 
there  is  usually  a  groove,  to  prevent  the  rope  from  slip- 
ping ofl"".  The  pulley  ts  said  to  be  ^led  or  moveable^ 
according  as  its  block  is  fixed,  or  rises  and  falls  with 
the  weight.  An  assemblage  of  several  pulleys  is  called  a 
system  of  pulleys,  a  tmrjit  or  polyspac ton,  of  which  some 
are  in  fixed  blocks,  and  others  in  a  moveable  one. 

The  properties  and  application  of  the  pulley  hate, 
by  some  writers,  been  explained,  by  considering  a  fixed 
pulley  as  a  lever  of  the  first  order,  and  a  moveable  one 
as  a  lever  of  the  second  order ;  but  one  of  the  most 
simple  and  natural  methods  of  computing  the  power, 
and  explaining  the  etfects  of  the  pulley,  appears  to  be, 
that  every  moveable  pulley  hangs  by  two  parts  of  the 
same  rope  equally  stretrhed,  and  which  must  therefore 
sustain  equal  parts  of  Uie  weight ;  and  consequently, 
when  one  and  the  same  rope  passes  over  several  fixed 
and  moveable  pulleys,  since  all  its  parts  are  equally 
stretched,  the  entfre  weight  must  be  equally  divided 
amongst  all  the  ropes  by  which  the  moveable  pulleys 
ore  suspended  :  hence,  if  the  power  which  acts  on  one 
rope,  be  equal  to  the  weight  divided  by  the  number  of 
ropes,  the  power  and  weight  will  mutually  balance  eacli 
other,  and  establish  an  equilibrium  in  the  system. 

This  principle  may  be  applied  with  facility  to  most 
eases  which  occur  in  practice,  where  the  directions  of 
the  several  cords  are  parallel,  or  very  nearly  parallel,  to 
each  other,  as  in  the  several  systems  exhibited  in 
fig.  85 ;  but  when  the  ropes  are  drawn  in  directions 
which  are  not  parallel,  some  modification  of  the  above 
principle  becomes  necessary  *  viz;  we  must  introduce 
into  our  computation,  considerations  founded  upon  the 
principles  of  the  composition  and  resolution  of  forces, 
similar  to  those  employed  in  treating  of  the  funicular 
polygon:  on  which  account  we  prefer  giving  one 
general  proposition,  depending  npon  the  pure  principles 
of  equilibrium,  from  which  the  application  to  particular 
cases  may  be  readily  deduced. 

143.  l\et   DEC  (fio;,  S6)  represent   a  pulley   kept  -pixt^ 
in    equilibrio  by   three  forces  P,  W,  R  ;  of  which  the  pulley, 
two  former  act  by  a  rojie  PEGDW,   which  touchei 

the  pulley  throughout  the  arc  EGD;  and  the  latter 
acting  by  a  rope  or  bar  RG,  whose  direction  passes 
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Moefatalct.  througli  C,  the  axTs  of  the  pulley.  Now  since  the  whole 
^^'^^^'^'^  is  in  equilibrio,  tlie  force  R  is  equal  and  opposite  to  the 
resultant  of  the  other  two :  but  this  resultant  is  de- 
stroyed or  counterbalanced  by  the  centre  C  of  the  pulley, 
and  therefore  necessarily  passes  through  that  point; 
consequently  it  bisects  the  angle  DRE,  whence  DC  z= 
CE,  or  P  =  W.  Produce  therefore  WD,  PE,  till 
they  meet  CR ;  and  setting  off,  from  the  point  of  con- 
course, the  equal  distances  RA,  RB,  on  the  direction 
of  the  powers  to  represent  them;  and  complete  the 
parallelogram  RAIB,  then  we  shall  have 

P:W  :R::  RB  :  Bl :  IR. 

But  the  triangles  RBI,  ECD,  having  their  sides  respec- 
tively proportional  to  each  other,  are  similar;  conse- 
quently, 

.  P:  w  ::  R::  CE:  CD  :  DE; 

that  is,  each  of  two  forces  in  equilibrio  about  a  pulley  ^  is  to 
that  which  retains  the  aiis,  as  the  radius  of  the  pulley  is  to 
the  chord  of  that  arc  with  which  the  rope  ts  in  contact. 

Moreable         144.  When  the  direction  of  the  power  and  weight 
V^^J'        are  parallel,  viz.  when  WD  is  parallel  to  PE,  CD  and 
CE  would  coincide  with  the  semi-chords  FD,  FE,  and 
we  should  have  P  =  W,  or  the  power  equal  to  the 
weight,  as  in  the  fixed  pulley  with  parallel  ropes.     Or 
supposing  the  figure  inverted,  the  rope  fixed   at  one 
end  as  W,  and  the  power  acting  at  the  other  end  P,  R 
^would  then  be  the  weight,  and  would  be  equal  to  2  P. 
And  if  the  angle  DRE  be  denoted  by  2  a,  then  will 
R  =  2  P  cos  a; 
for  Since 

P:R::  CE :  de, 

we  have 

^nd  because 

DE=2FE  =  2CEcosfl, 


R  =  P 


2  CE  cos  a 


CE 


=  2  P  cos  a. 


Consequently,  if  DRE  z=  120°,  then,  because  cos  a 
=:  ^  rad.  we  have  P  =  W  =  R ;  that  is,  the  power, 
the  weight,  and  resistance,  are  all  equal  to  each  other. 
System  of  145,  We  have  at  present  only  considered  the  pro- 
**^^*'  peities  of  a  single  pulley  fixed  and  moveable:  it  re- 
mains now,  therefore,  to  examine  the  case  of  a  system 
of  moveable  pulleys. 

Let  the  weight  W  (fi^,  87)  be  kept  in  equilibrio  by 
the  power  P,  through  the  medium  of  the  pulleys 
A,  A*,  A",  &c. ;  the  angles  n  AA',  n  A'A'',  &c.  made  at 
each,  being  denoted  by  2  «,  2  a\  2  «",  &c. ;  and  let 
/,  ^,  ^,  &c.  be  the  tensions  of  the  cords  by  which  the 
pulleys  A,  A',  A",  &c.  are  supported;  then,  by  the  pre- 
ceding article,  we  shall  have 

W  =:  2  ^'  cos  fl, 
/  =  2  ^'  cos  a' J 
t'zz  2f  cos  afy 
Ac.  =  &c. 
t  C»»— 1.)  =z  2  /C«)  cos  a(»); 
«nulttplytng  together  the  first  two,  the  first  three,  &c. 
of  tliese  equations,  and  we  shall  have  the  tensions  of 
the  several  cords  in  succession ;  also  multiplying  to- 
gether the  whole  system  of  the  equations,  the  product 
will  exhibit  the  relation  between  P  the  power,  and  the 
weight  W,  viz. 

W  =  2"  P  (cos  a,  cos  a',  cos  a^.  cos  a"'. .  cos  a")  : 
ibat  is,  M  a  system  of  moveable  pulleys,  each  of  which  has 


a  separate  rope,  the  pawn  is  to  the  weighty  as  radius  to  M<eh 
the  continued  product  of  the  cosineihof  half  the  angles y^^^^ 
made  by  the  rope  sustaining  each  pulley,  into  that  power  of 
2  whose  exponent  is  equal  to  the  number  of  pulleys. 

If  the  cords  be  parallel,  as  in  ^^,  88,  then  will 
COS  a  zz  cos  a'  =  cos  of,  &c.  =:  1,  and  the  preceding 
equation  becomes 

W  =  2"P. 
And  if  the  angles  be  all  equal  to  each  other,  but  not 
all  parallel  with  a  vertical,  then 

W  =  2-Pcos"i7, 
as  is  obvious. 

146.   The   systems  of  pulleys,   whose  powers  wePnci 
have  investigated,  and  of  which  we  have  given  a  repre-  <*•«* 
sentation  in  the  figures  above  referred  to,  include  all  ^*'"* 
those  in  most  common  use,  although  a  variety  of  other 
systems  might  have  been  exhibited.    This  machine  pos- 
sesses  many  very    important    advantages;   such  for 
example,  that  it  is  comparatively  of  small  weight,  and 
readily  transferable  fi-om  place  to  place,  and  that  it  can 
be  made  to  act  in  any  required  direction ;  and  is,  in 
many  cases,  applicable  where  we  should  find  it  difficult 
to  apply  any  other  mechanical  power.      But  it  must  be 
acknowledged  that  its  disadvantages  are  also  consider- 
able, arising  principally  fi-om  the  friction,  which  is,  in 
some  cases,  very  great ;  and  from  the  rigidity  of  the 
ropes  with  which  the  pulleys  are  necessarily  connected. 

Several  ingenious  contrivances  have  been  devised  for  WU 
removing,  in  a  great  degree,  these  and  other  inconve*  *^* 
niences ;  of  which,  the  merit  of  one  of  the  most  im- 
portant is  due  to  Mr.  White,  who  obtained  a  patent 
for  his  invention,  of  which  he  gives  the  following  de- 
scription : 

The  machine  is  exhibited  in  ^^,  89,  and  consists  of 
two  pulleys  Q  and  R ;  one  fixed  and  the  other  move- 
able. E^ch  has  six  concentric  grooves  capable  of 
having  a  cord  passed  round  them,  and  thus  acting  Uke 
as  many  different  pulleys,  having  diameters  equal  to 
those  or  the  grooves.  Now  if  we  suppose  each  of  these 
grooves  to  be  a  distinct  pulley,  and  that  all  their  dia- 
meters are  equal,  it  is  evident,  that  if  any  weight,  for 
instance  144  lbs.  were  to  be  raised  by  pullinc  at  S  till 
the  pulleys  touch  each  other,  the  first  pulley  must 
receive  the  length  of  the  string  as  many  times  as  there 
are  parts  of  the  string  hanging  between  it  and  the  lower 
pulley. 

In  the  present  case  there  are  twelve  strings,  *,  </,/*, 
&c.  between  the  two  principal  pulleys,  formed  by  the 
passing  of  the  cord  over  the  six  upper  and  sa  lower 
grooves ;  whence  as  much  line  must  pass  over  the  up* 
permost  pulley  as  is  equal  to  twelve  times  the  distance 
of  the  two.  But  from  an  inspection  of  the  figure,  it  is 
obvious  that  the  second  pulley  cannot  receive  the  fiill 
quantity  of  cord,  by  as  much  as  is  equal  to  the  dis- 
tance between  it  and  the  first.  In  like  manner,  the 
third  pulley  receives  less  cord  than  the  first,  by  as  much 
as  is  the  distance  between  the  first  and  third ;  and  so  on  to 
the  last,  which  receives  only  one-twelfthof  the  whole:  for 
this  receives  its  portion  of  the  line  or  cord  n,  from  a  fixed 
point  in  the  upper  frame,  from  which  it  gains  nothing; 
while  all  the  others  in  the  frame  receive  the  line  partly 
by  turning  to  meet  it,  and  partly  by  its  meeting  them. 
Supposing  now  these  pulleys  to  be  equal  in  size,  and  to 
move  fi-eely  as  the  lines  determine  them;  then  it  will  be 
evident,  from  the  nature  of  the  system,  that  the  number 
of  their  revolutions,  and  consequently  their  velocities. 
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ma.  dinst  be  m  proportion  to  the  number  of  suflpendiDg 
"^^  ptrts  that  are  between  the  fixed  point  above  mentioned, 
and  each  puUey  respectiyely.  Thus  the  outermost 
polley  would  go  twelve  times  round  in  the  time  that 
the  pulley,  under  which  the  part  n  of  the  line,  if  equal 
to  ity  wcmld  revolve  once ;  and  the  intermediate  times 
and  velocities,  would  be  a  series  of  arithmetical  propor- 
tionals, of  which,  if  the  first  were  1,  the  last  wtmld 
always  be  equal  to  the  whole  number  of  terms. 
-  Since,  then,  the  revolutions  of  equal  and  distinct  pul* 
leys  are  measured  by  their  velocities,  and  that  it  is  pos- 
siUe  to  fiiul  any  proportion  of  velocity  on  a  single  body 
running  on  a  centre,  viz.  by  finding  proportional  dis- 
tances firom  that  centre ;  it  follows,  that  if  the  diameter 
of  certain  grooves,  in  the  same  substance,  be  exactly 
adapted  to  the  above  series  (the  line  itself  being  sup- 
posed inextensible,  and  of  no  sensible  magnitude^,  the 
necessi^  of  using  several  pulleys  in  one  frame  will  be 
obviated.,  and  with  that  some  of  the  inconveniences  to 
which  the  use  of  the  pulley  is  liable,  in  practice,  how- 
ever, the  diameter  of  the  rope  employed,  without  which 
the  smaller  grooves,  to  which  the  said  diameter  bears  a 
hrger  proportion  than  to  the  larger  ones,  will  tend  to 
rise  and  fall  fieister  than  they,  and  thus  introduce  worse 
defects  than  those  which  they  are  intended  to  obviate. 
The  principal  advantage  of  this  kind  of  pullev  is,  that 
it  destroys  that  lateral  friction,  and  the  shaking  mo- 
tion that  is  so  extremely  inconvenient  in  the  common 
pulley. 

^  XIX.  Of  the  inclined  plane. 

ti         147.  The  inclined  plane^  considered  as  a  mechanical 
power,  is  any  plane  forming  an  angle  with  the  horizon 
on  which  a  body  may  be  kept  in  equilibrio  by  the  action 
-  of  other  forces. 

Let  M  (fig.  90)  denote  any  body,  the  weight  of  which, 
W,  let  us  consider  as  attached  to  its  centre  of  gravity 
by  a  vertical  line  MW. 

Now,  in  order  that  this  body  may  be  in  equilibrio  on 
the  inclined  plane  by  the  action  of  a  power  P,  the  first 
condition  necessarily  is,  that  these  forces  have  only  one 
resultant ;  consequently  their  directions  must  meet  in 
the  point  M;  and  since  M  is  in  the  vertical  which 
passes  through  the  centre  of  gravity,  the  plane  WMP 
vill  also  be  vertical,  and  contain  in  it  the  centre  of  gra- 
rity  M.  The  first  condition,  therefore,  involves  this 
vnaciple:  that  the  power  P  must  have  its  direction 
■W  m  a  vertical  plane  passing  through  the  centre  of 
grarityofthe  body. 

The  second  condition  is,  that  the  resultant  MN  of 

4e  forces  W,  P,  be  destroyed  by  the  resistance  of  the 

iadined  plane ;  which  cannot  have  place,  unless  the  re- 

nltant  be  perpendicular  to  tlie  plane,  and  coincide  with 

Mme  point  of  the  body   which  is  in  contact  with  it. 

Tbis  second  condition  is,  in  a  certain  degree,  modified, 

iit  die  case  where  the  body  comes  in  contact  with  the 

pbne  in  several  points  only ;   for  then,  joining  those 

points  by  right  lines,  it  will  be  sufficient  if  the  point,  in 

^ich  the  resultant  meets  the  plane,  falls  within  the 

.  polygon  formed  by  joining  the  above  |K)ints. 

148.  These  conditions  being  fulfilled,  lot  KL  denote 
^y  body  retained  in  equilibrio  on  the  inclined  plane 
^C,  by  a  force  or  power  P  ;  and  let  us  take  the  parts 
*J£,  MF,  respectively  proportional  to  the  weight  W 
*>Ml  ponrer  P,  and  construct  the  parallelogram  FMER ; 
VOL.  iir. 


then  the  diagonal  MR  will  represent  the  pressure  that  ^eUuuiics. 
the  body  exerts  on  the  plane  AC ;    ME  or  FR,  the ' 
weight  W ;  and  MF  or  ER,  the  power  P  :  it  is  obvious, 
therefore,  that  we  shall  have  immediately 
P  :  W:R::  MF:  FR:  MR;  or 
P  :  W  :  R  : :  sin  WMR  :  sin  PMR  ;  sin  WMP. 
Also,  in  consequence  of  the  similar  triangles  AOW  and 
OMN,  the  angle  WMR  and  CAB  are  equal ;  whence 

CB 
sin  WMR  =  sin  A  =  -^— . 

Substituting  now  this  value  in  the  above  proportions,  we 
obtain,  after  multiplying  the  three  last  terms  by  AC, 

P  :  W  :  R  ::  CB  :  AC  sin  PMR  :  AC  sin  WMP. 

This  ratio  obtains,  whatever  may  be  tlie  direction  of 
the  power  MP ;  but  when  this  becomes  parallel  to  the 
length  of  the  inclined  plane  AC,  then  the  triangles  MER 
and  ACB  are  similar,  because  the  angles  C  and  E  are 
then  each  equal  to  the  angle  MOC;  whence  it  follows, 
that  in  this  case  we  have 

ER:ME  ::  CBrCA; 
but  ER  denotes  the  power  P,  and  ME  the  weight  W ; 
whence  again 

P:  w  ::  CB:CA; 

that  is,  when  the  power  acts  parallel  to  the  inclined 
plane,  we  shall  have  an  equilibrium  when  the  power  is  to 
the  weight  as  the  height  of  the  plane  is  to  the  length,  or  as 
the  sine  of  inclination  to  radius. 

If  the  power,  or  the  line  MF  which  denotes  it,  be- 
oome  parallel  to  the  base  of  the  plane,  the  triangles 
MER,  CAB,  which  will  then  be  similar,  will  give 
ER:ME  ::  CB:  AB;  or 
P:   W  ::  CB:  AB; 
that  is,  when  the  power  acts  parallel  to  the  base,  there 
will  be  an  equilibrium  when  the  power  is  to  the  weight  as 
the  height  of'  the  plane  to  its  base. 

Consequently,  if  in  this  last  case,  the  angle  A  be  half 
a  right  angle,  the  power  and  weight  will  be  equal  to  each 
other ;  but  if  the  angle  be  less  than  half  a  right  angle, 
the  power  will  be  less  than  the  weight ;  and  if  greater, 
the  weight  will  be  less  than  the  power.  It  follows,  fix)m 
the  above  investigations,  that  the  most  advantageous  di- 
rection in  which  Uie  power  can  act,  is  when  it  is  parallel 
to  the  face  of  the  plane  AC. 

149.  When  a  heavy  body  is  suj^rted  upon  two  Of  a  body 
planes,  as  in  fig.  91,  and  it  is  required  to  determine  ""'^^^J^* 
the  pressure  sustained  upon  each  plane,  we  may  *^*^  P^**** 
draw  through  G,  the  centre  of  gravity  of  the  body,  a 
vertical  line  F  b ;  and  at  the  points  of  contact  of  the  body 
with  each  plane,  erect  the  two  perpendiculars  EF  and 
CF,  which  must  necessarily  intersect  each  other  in  the 
vertical  F  A,  for  otherwise  the  equilibrium  would  not  be 
sustained :  consequently,  if  firom  ant/  point  F  in  that 
vertical,  perpendiculars  be  demitted  to  the  planes, 
these  will  either  pass  through  the  points  of  contact,  or 
be  parallel  to  the  lines  which  pass  through  them.  Let 
these  be  FE  and  CF,  and  take  F  6  to  denote  the  weight 
of  the  body;  on  which,  as  a  diagonal,  complete  the 
parallelogram  cF  bey  two  of  the  sides  of  which  fall  upon 
FC,  FE ;  then  will  ¥  c  or  e  6,  represent  the  pressure  P 
upon  the  plane  AB,  and  F  c  or  c  6,  the  pressure  P'  upon 
the  plane  BD.  Hence,  if  KL  be  drawn  parallel  to  HI, 
the  sides  of  the  triangle  BKL  will  be  respectively  per- 
pendicular to  the  sides  of  the  triangle  c  FB,  and  we 
shall  have 

W:P    :  F  ::  F6:  Feibc:: 

KL  :  BL  :  BK  ::  sin  ABD  :  sin  ABH  :  sin  DBI : 


50 


MECHANICS. 


that  18,  if  the  weight  of  the  hod^  he  repreeentedhf  the  sine 
of  the  angle  comprehended  between  the  two  planet^  the 
preeiures  upon  them  are  reciprocally  proportional  to  the 
tines  of  the  inclination  of  thoie  planes  with  the  horizon. 

When  a  body  is  sustained  by  three  planes,  we  must, 
in  a  similar  manner,  demit  perpendiculars  from  somcf 
point  in  the  yertical,  passing  through  its  centre  of  gra- 
Tity  upon  those  planes;  and  upon  them  construct  a 
paralleiopipedon  whose  vertical  diagonal  shall  represent 
the  weight  of  the  body ;  then  will  its  three  contiguous 
edges  denote  the  pressure  upon  the  planes  to  whidi 
they  are  perpendicular. 

S  XX.    Of  the  screw. 

Sorevr.  150.  The  screw  is  a  mechanical  power  principally 

Defiattion.  employed  in  pressing  bodies  close,  and  sometimes  in 
raising  wei|^hts ;  but  its  character,  as  a  simple  mechani- 
cal power,  IS  cerUdnly  very  questionable,  although  it  is 
b^  most  writers  considered  as  fallin?  under  that  deno- 
mination. It  consists  of  a  spiral  thread  revolving 
round  a  cylinder,  and  combines  in  itself  the  properties 
of  the  lever  and  the  inclined  plane. 

If  an  isosceles  triangle  BFG,  turn  about  the  axle 
AZ  {^%.  92),  there  will  be  generated  by  that  revolution 
two  conic  frustrums,  united  by  their  greater  ends : 
conceive  now,  that  besides  the  motion  of  rotation,  this 
triangle  has  also  a  motion  of  translation  in  the  direction 
of  the  axis  AZ,  so  that  while  the  triangle  makes  a 
complete  revolution,  the  point  B  is  moved  to  G,  and  the 
whole  t^angle  is  found  in  the  position GFG,  and  so  on: 
the  solid  thus  generated,  is  called  the  interior  screWy 
and  the  height  GB  is  called  the  distance  of  the  threads : 
the  exterior  screw  is  so  adapted  to  the  other  as  if  it  were 
its  mould,  and  is  no  other  than  the  solid  generated  by 
the  polygon  HGFBC,  supposing  it  to  partake  of  the 
same  motion  as  the  triangle  BGF.  For  the  sake  of 
distinction,  we  may  apply  the  name  spindle  to  denote 


ay  apply 
ir,  callin] 


the  interior  screw,  calling  the  exterior  one  only  the 
screw. 

The  spindle,  then,  is  a  cylinder  encompassed  with  a 
npiral  band  of  uniform  thickness,  and  of  which  the  in- 
clination, with  respect  to  the  axis  of  the  cylinder,  is 
constant :  the  screw,  on  the  contrary,  is  a  solid,  having 
a  corresponding  spiral  hollow.  In  some  cases  the 
spindle  is  fixed  in  a  solid  block,  as  AB  (fig.  93),  while 
the  screw  £  is  moved  upon  it  by  means  of  a  lever  DC ; 
in  other  cases  the  screw  is  fixed  and  the  spindle  is 
moveable ;  but  this  difference  of  action  causes  no  dif-. 
ference  whatever  in  the  theory. 

The  curve,  which  any  one  of  the  points  of  the  gene- 
rating polygon,  as  for  example  N,  describes  about  AZ,  is 
obviously  traced  on  the  surface  of  a  right  cylinder  whose 
axis  is  AZ,  and  radius  of  its  base  EN  \i[ig.  92).  If  we  de- 
velop this,  then  d  c  (fig.  94),  being  the  circumference 
which  lias  EN  for  its  radius,  and  taking  the  perpendi- 
cular h  c,  equal  to  the  distance  between  two  contiguous 
threads,  the  hypothenuse  d  b  will  be  the  developement 
of  an  entire  revolution  of  the  point  N.  In  fact,  the  helix 
being  throughout  of  constant  inclination,  with  respect 
to  any  position  whatever  of  the  generating  line  of  the 
cylinder,  every  parallel  to  AD  will  make,  with  the  deve- 
lopement of  that  curve,  the  same  angle;  thus  the  deve- 
lopement will  be^a  right  line,  as  6  (/ ;  and  in  like  manner, 
the  right  line  a/f  will  be  the  developement  of  a  second 
revolution. 


151.  In  brder  now  to  investigate  the  power  gained  Medw 
by  the  mechanical  properties  of  this  madiine,  let  us  "^^^ 
suppose  the  spindle  AB  (fig.  93)  to  be  fixed,  and  that  *^^ 
the  screw  is  moveable  by  the  aid  of  a  power  P,  applied  ^tte 
to  the  extremity  C,  of  a  lever  CE  =  R,  acting  horizon- icreir* 
tally  and  perpendicular  to  the  lever.  LetW  be  the  weight 
of  the  screw,  or  that  which  the  screw  supports,  or  the 
resistance  opposed  by  the  screw  to  the  power  P.  If  the 
screw  press  only  on  one  of  the  points  of  tne  spindle,  sup* 
pose  it  to  be  at  the  distance  r  firom  the  axis,  and  that 
Its  position  on  the  developement  dboi  the  spiral  be  at 
iiy  tnen  will  the  pressure  on  the  spindle  be  exactly  the 
same  as  on  the  inclined  plane  d  c ;  whence  (art  148)  the 
power  M,  which  we  have  supposed  applied  horizontally 
in  the  direction  M  i»,  must,  in  order  to  retain  the  equilt* 
brium,  fulfil  the  conditions  of  the  analogy 

M:  w  ::  c6:c(f; 

whence  M  =  W--^  =  W--i- , 

cd  2irr  ' 

where  ^  =  6  c,  and  v  =  3*14159  &c. ;  t.  e,  the  semi- 
circumference  of  a  circle  whose  radius  is  1. 

Now  substituting  for  this  subsidiary  power  M,  the 
power  P,  acting  at  the  distance  R,  we  have^  firom  the 
principles  of  the  lever, 

PR  =  Mr, 
the  lengths  of  the  arms  being  R  and  r. 

And  if  for  M,  in  this  equation,  we  substitute  its 
value  in  the  former,  there  will  be  obtained  the  equa- 
tion 

2irRP  +  W;i. 

This  equation  not  containing  r,  is  wholly  independent 
of  the  distance  that  the  point  n  is  supposed  to  be  from 
{he  axis,  and  it  will  therefore  be  the  same  if  we  suppose 
that  point  any  where  else  on  the  spindle ;  and  hence 
we  deduce  the  general  result;  for  this  equation  will 
obviously  still  obtain  if  we  suppose  the  screw,  instead 
of  touching  in  a  single  point,  to  touch  in  any  number  of 
points  whatever ;  in  which  latter  case,  every  point  on 
the  thread  of  the  spindle  bears  a  portion  of  the  weight 
W :  these  portions  being  denoted  by  W,  W,  W*',  &c. 
give 

W'  +  W  -I-  W"  +,  &c.  =  W. 

But  on  the  other  hand,  the  force  P,  which  suppotts 
these  weights,  may  be  considered  as  the  sum  of  as  many 
forces  P',  F',  F'',  &c.  as  there  are  points  of  con- 
tact, each  of  which  is  employed  in  supporting  its  cor- 
responding weight  W,  W",  W'",  &c.  And  as  to  each 
of  these  the  last  equation  applies,  we  have 

Wh-2ir  RP',  WA  z=  2  »  RP^  W'A  =  2  X  RP",  &c. 
and  since 

W  +  W  -I-  Vf"'  4-,  &c.  =  W, 
F  +  P*  +  P"'  -l-,&c.  =  P; 
we  evidently  obtain 

W  ^  =  2  IT  RP  ; 
that  is,  in  case  of  equilibrium,  the  product  of  the  weight 
into  the  distance  of  the  threads,  is  equal  to  the  product 
of  the  power  into  the  circumference  which  it  describes 
in  one  entire  revolution. 

Or,  which  is  the  same,  there  will  be  an  equilibrium  in  the 
screw  when  the  power  is  to  the  resistance  as  the  distance 
between  two  contiguous  threads^  in  a  direction  parallel  to 
the  axis  to  the  circumference  described  by  a  complete  revo- 
lution of  the  power. 

It  may  not  be  amiss  to  observe  here,  that  if  the 
screw  had  a  square  or  rectangular  fillet,  instead  of  a 
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■in.  triaiipdar  one,  the  concluBion  would  still  be  the  same, 
"^^  u  tlus  is  wholly  independent  of  the  figure  of  the  gene^ 
laling  polygon. 

In  the  endless  or  perpetual  screw  BC  (fig.  95),  which 
drires  the  teeth  of  the  wheel  FD,  we  shall,  in  die  case 
of  an  eqnilihrium,  h^ve 

CP  X  AB  X  rad.  ofFD=  - 
(  W  X  dist.  of  threads  x  rad.  of  the  axle. 
For  the  perpetual  screw  is  a  combination  of  the  axis 
in  peritrochio  and  the  screw. ' 
t^  152.  The  screw  is  of  very  extensive  use  in  mecha- 

«-  Dies,  its  great  power  rendering  it  more  eligible  for 
com)»essing  bodies  than  most  o&er  machines,  at  least, 
if  we  except  the  hydrostatic  press ;  and  the  great  dis- 
parity between  the  velocity  of  the  handle  and  that  of 
the  Uireads  of  the  screw,  renders  it  proper  for  dividing 
space  into  an  almost  infinite  number  of  parts,  which  is 
another  important  application  of  this  engine.  Hence, 
in  the  construction  of  many  mathematical  instruments, 
such  as  telescopes,  where  it  is  necessary  to  acyust  the 
focus  to  the  eyes  of  different,  people,  the  screw  is  al- 
ways made  use  of,  in  order  to  move  the  eye-^ass,  by 
almost  imperceptibly  small  quantities.  In  the  Philo- 
sophical Transactions,  vol.  71,  a  "new  method  of  ap- 
plying the  screw,  so  as  to  make  it  act  with  greater  ac- 
curacy, is  described  by  Mr.  Hunter.  These  methods 
depend  upon  the  followmg  general  principles,  which  are 
applicaUe  to  most  machines. 

1.  That  the  strength  of  the  several  parts  of  the  en- 
gine be  adjusted  in  such  a  manner  to  the  force  they  are 
intended  to  exert,  that  they  shall  not  break  under  the 
weight  they  are  intended  to  counteract;  nor  yet  en- 
cumber the  motion  by  a  greater  quantity  of  matter  than 
is  necessary  to  give  them  the  requisite  degree  of 
strength.. 

2.  That  the  increase  of  power,  by  means  of  the  ma- 
diine,  may  be  so  regulated,  that  while  the  force  is 
thereby  rendered  adequate  to  the  effect,  it  may  not  be 
retarded  by  procuring  it  more  than  is  absolutely  ne- 
cessary. 

3.  That  (he  machine  be  as  simple  as  consistent  with 
the  other  conditions. 

4.  That  it  be  as  portable  and  as  little  complicated  as 
possible  in  its  application. 

5.  That  the  moving  power  be  applied  in  such  a  man- 
ner as  to  act  to  the  greatest  advantage,  and  that  the 
motion  ultimately  produced  may  have  that  direction 
snd  velocity  which  is  most  adapted  to  the  execution  of 
&  ultimate  design  of  the  machine. 

6.  Of  two  machines,  in  other  respects  equal,  that  is 
to  be  preferred  in  which  the  friction  least  diminishes 

^^        tlie  efiect  proposed  to  be  accomplished. 

*J*^'      To  attain  all  these  advanta^s  in  any  one  machine  is, 

perhaps,  impossible ;  but  Mr.  Huntei's  method  Of  ap- 

plybg  the  screw  certainly  combines  a  great  portion  of 

ttem.    Let  AB  (fig.  96)  be  a  plate  of  metal  in  which 

the  screw  CD  plays,  having  a  certain  number  of  threads 

ni  an  inch,  suppose  10.     Within  the  screw  CD  there  is 

^exterior  screw,  which  receives  the  smaller  screw  D£ 

<>f  1 1  threads  in  an  inch,  which  is  kept  from  moving 

^ut  with  the  former  by  means  of  the  apparatus 

AP6B.     Now  if  the  handle  CKL  be  turned  10  times 

*Ound,  the  screw  CD  will  advance  an  inch  upwards ; 

^iid  if  we  suppose  the  screw  DE  to  move  along  with  CD, 

Q)e  point  E  will  advance  an  inch.    And  if  then  we  turn 

^  screw  DE  ten  times  backward,  the  point  E  will 


move  down  |f  ths  of  an  inch,  and  the  result  of  bodi  Mechanics, 
motions  will  be  to  lift  the  point  E  -^th  of  an  inch  up-  s^'v/^'^^ 
wards.  But  if,  while  the  screw  CD  is  turned  10  times 
round,  DE  be  kept  from  moving,  the  effect  will  be  the 
same  as  if  it  had  moved  10  times  round  with  CD,  and 
then  been  turned  back  again  10  times ;  that  is,  it  will 
advance  -^th  of  an  inch :  at  one  turn,  theref6re,  it  will 
advance  -f^  of  •^,  or  xhr^  P^^  ^^  ^^  '^^^*  Conse* 
quently,  if  we  suppose  me  handle  to  be  only  6  inches 
long,  the  power  to  produce  an  equilibrium  must  be  to 
the  weight,  as 

1  to  110  X  6  X  2n  =  4146-912. 
Hence  the  force  of  this  machine  is  found  greatly  supe^ 
rior  to  that  of  the  common  screw ;  for  in  the  latter,  to 
gain  the  same  power,  we  must  have  110  threads  in  an 
inch,  which  would  render  them  too  weak  to  resist  any 
considerable  violence. 

With  regard  to  the  second  general  maxim,  both 
kinds  of  screws  are  generally  applicable ;  only  that  the 
more  complicated  structure,  and  consequently  the 
greater  expence  of  Mr.  Hunter's  screw,  render  it  con- 
venient to  use  the  common  one  where  only  a  small 
degree  of  power  is  requisite,  and  the  improved  one 
where  a  great  power  is  wanted.  The  handle  of  this 
machine  being  short,  makes  it  accord  with  the  fourth 
of  the  above  maxims;  to  aniswer  the  fifth,  both  seem 
equally  proper ;  but  for  the  sixth,  the  preference  must 
be  given  to  such  as  best  answer  the  specific  purpose 
proposed.  Thus,  if  the  screw  DE  be  designed  to  carry 
an  index,  which  must  turn  round  at  the  same  time  that 
it  rises  upwards,  the  common  screw  appears  preferable; 
though  Mr.  Hunter  proposes  a  method  by  which  his 
construction  may  answer  the  same  purpose.  With  this 
view,  a  still  smaller  screw  ought  to  play  within  DE,  and 
be  connected  with  CD,  so  as  to  move  along  with  it  It 
must  have,  according  to  the  foregoing  proportions.  111 
threads  in  an  inch,  and  they  must  he  in  a  contrary 
direction  to  those  of  CD ;  so  that  when  ^ey  are  both 
turned  together,  and  CD  moves  upwards,  this  other 
may  move  downwards.  At  one  turn  tlus  will  move  up- 
wards Trlrir^  ^^  ^^  vach^  and^  at  the  same  time  wdl 
move  in  a  circular  direction. 

Similar  methods  may  be  applied  in  many  other  cases : 
indeed,  they  have  lately  found  very  frequent  applica- 
tion, though  few  of  those  who  have  adopted  them  have 
acl^iowledged  by  whom  they  were  first  proposed:  a 
want  of  lili^rality  which  is  inconsistent  with  the  spirit 
of  true  genius. 

§  XXI.    0/theuedge. 

153.  The  'wedge  is  a  triangular  prism,  or  a  solid  con-  Wedge, 
sidered  to  be  generated  by  the  motion  of  a  plane  Dcfinitioii. 
triangle  parallel  to  itself,  upon  a  straight  line  which 
passes  through  one  of  its  angular  points;  and  it  is 
called  isosceles,  rectangular,  or  scalene,  according  as  the 
generating  triangle  is  of  the  one  or  other  of  these 
descriptions. 

The  wedge  is  frequently  used  in  cleaving  wood,  and 
sometimes  in  raising  great  weights ;  most  cutting  in- 
struments, as  knives,  scissars,  the  hatchet,  &c.  are  in 
part  a  species  of  the  wedge,  to  which  they  are  com*- 
monly  referred. 

The  method  of  application  is,  as  is  very  well  known, 
by  introducing  the  edge  of  the  prism  or  wedge  into  a 
•mall  opening  in  the  subitance  intended  to  be  separatedt 
h2 
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MncWiic*,  oad  wliicb,  by  repeated  blows  upon  the  head  of  the 
^"^'^^''^^^  wedge,  is  rendert-d  prealer  and  greater,  till  the  end 
proposed  is  accomplished.    The  part  of  the  prism  which 
first  enters  is  called  the  r%«%  die  face  opposite  to  it  the 
htadf  and  the  two  rectangular  gides  the  /nct-v. 
Mechanical       Let  ABC  {dp  97)  be  a  rectangtdar  wed^e,  whose 
jirupcrtiei.   edge  is  C^  face  BC,  and  back  AB;  and  let  this  wed^e 
slide  freely  alon^  the  plane  LN,  the  body  E  being  drawn 
or  urged  in  the  direction  KE,  aje^.iinst  tlie  face  of  the 
wedg;e,  and  let  it  be  kept  in  that  direction  by  a  force 
acting  perpen die ukrly  to  KE,  as  in  the  line  DE.     Now 
there  are  three  forces  actinfr  on  the  body  E,  viz.  the  re- 
sisting force  KE,  the  sustaining  force   DE,  and  the 
re-action  of  the  wed^  in  the  direction  AE,  perpendicu- 
lar to  the  surface  BC\ 

On  ED  let  fidl  the  peipendicular  AG ;  and  since  the 
three  forces  are  in  equilibrio,  they  will  be  to  each  other 
as  the  sides  of  the  triangle  AEG,  drawn  parallel  to 
their  directions.  Draw  EF  perpendicular  to  AC,  and 
the  force  AE  will  be  resolved  into  two,  one  of  which 
EF  presses  the  wedge  perpendicularly  against  LN,  and 
is  balanced  by  the  re-action  of  the  plane ;  the  other  FA 
tetids  to  move  the  wedge  upwards  along  the  plane  LN, 
and  is  balanced  by  the  power  on  the  back  of  the  wcdgje, 
if,  therefore,  AG  represent  the  force  KE,  EG  will  be 
the  sustaining  force,  and  AF  the  power  applied  to  the 
back  of  the  wedge  when  these  forces  balance  each 
other;  therefore  makin^r  AE  radius,  AF  is  the  sine  of 
the  angle  AEF,  or  ACB ;  and  AG  is  the  s'me  of  the 
angle  AEG,  or  KEC ;  these  two  angles  being  tlie  com- 
pknnents  of  AEK:  hence, 

li'hrn  n  rcmling  bodff  is  sustained  against  the  face  of' 
a  wcdgt\  bij  n  force  acting  at  right  angtes  to  its  direct ian^ 
in  the  case  of  ttpiiiihnumy  the:  porcer  is  to  the  resistmice^ 
«!,*  the  mae  of  half  the  angle  of  the  wedge  to  the  sine  af 
the  Qtigte^  which  the  direction  of  (he  resistance  makes  with 
the  face  of  the  wedge ;  ami  the  sitstaining  furce  will  he  as 
the  cosine  of  the  latter  angle, 

in  the  above  investififation,  we  have  supposed  the 
wedge  BCA  to  be  resisted  by  tU*?  plane  AC;  but  if  we 
suppose  tlie  wedge  doubled,  or  to  become  isosceles  as 
BCH,  t!ie  only  dilference  will  be  that  iho  force  EF, 
which  in  the  former  case  was  countcracicd  by  the  plane, 
will  now  be  supplied  by  the  other  half  of  the  wedge; 
and  coiisequeutly  the  power,  the  resistance^  anJ  the 
sustaininjj  force,  will  be  still  the  same  as  before. 

When  EK  is  parallel  to  BA,  AG  becomes  equal  and 
parallel  to  EF,  and  EG  equal  and  parallel  to  AF,  and 
the  power  is  to  the  resistance  AF  to  FE,  or  AB  to 
AC,  and  equal  to  the  sustaining  force. 

If  EK  be  perpendicular  to  BA,  the  direction  of  the 
resisting  force  will  be  parallel  to  AB;  therefore,  the  re- 
sisting and  sustaining  forces  changing  denominations, 
ibis  will  be  a  case  corresponding  with  the  former. 

When  KE  is  perpeiiaicular  to  BC,  the  sine  of  the 
angle  KEC  is  radius,  and  its  cosine,  which  represents 
the  sustaining  force,  vanishes;  therefore,  in  this  case, 
the  power  is  to  the  resistance,  as  the  sine  of  half  the 
angle  of  the  wedge  to  radius. 

When  the  resistance  is  made  against  the  face  of  a 
wedge  by  a  body  which  is  not  sustained,  but  will  ad- 
here to  the  place  to  which  it  is  applied  without  sliding ; 
then,  if  from  any  point  K'  we  draw  the  Hne  K'E 
through  the  middle  point  of  the  back,  meeting  the 
face  of  the  wedge  in  E ;  and  if  we  suppose  E'  to  be  the 
resisting  body,  which  acts  in  the  direction  EK';  and  if 


the  magnitude  of  the  force  by  which  it  is  urged  be  re-  ^ledm 
presented  by  AE,  and  from  E' wc  let  fall  the  perpendi- 
cular EF  upon  AC;  then  resolving  the  force  AE  into 
two  forces,  one  of  them,  as  EF,  will  he  balanced  by 
the  opposite  half  of  the  wedge,  and  the  other  AF, 
will  be  counteracteil  by  the  power ;  therefore  the  power, 
in  this  case,  is  to  die  resistance  as  AF  to  AE ;  that  is, 
making  AE  radius,  as  the  cosine  of  the  angle  EAF  to 
radius. 

Here,  when  K'E  is  perpendicular  to  BC,  the  power 
is  to  the  resistance  as  AF  to  AE;  that  is,  as  the  sine  of 
half  the  angle  of  the  wedge  to  radius.  And  when 
K'E  is  parallel  to  AB,  AF  vanishes;  that  is,  the  power 
is  indefinitely  less  thun  the  weight.  When  K'E  is  per- 
pendicular to  AB,  EF  vanishes,  and  AE  and  AF  which 
represent  the  power,  and  the  weight  beeome  equal. 

We  might  add  here  a  few  other  properties  of  the 
wedge   according:;  to  the  nature  of  the  resistance   to 
which  it  is  opposed ;  but  they  are  so  little  applicable  to  t^^^, 
any  practical  cases,  that  it  seems   useless   to   dwell 
longer  upon  this  subject. 

In  calculating  the  power  of  the  wedge,  its  edge  is 
supposed  of  no  thickness,  and  its  sides  pertbctly 
smooth;  also  the  friction  which  it  experiences  is  not 
considered,  nor  can  it  be  perhaps  accurately  or  even 
appruximately  valtied  :  moreover,  the  power  applied  to 
tiic  wedge  is  generally  percussive  from  the  stroke  of  a 
mall  or  mallet,  which  if  it  be  not  absolutely  incom* 
parable  with  pressure,  at  least  involves  much  difficulty 
in  the  comparison,*  and  the  shock  winch  it  occasions 
produces  effects  in  many  cases  perhaps  totally  different 
from  what  would  be  caused  by  any  degree  of  pressure. 
The  theory  therefore  of  the  wedge,  as  above  delivered, 
must  not  be  considered  as  appertaining  to  any  practical 
application  of  this  powerful  engine,  but  as  pointing 
out  merely,  what  would  be  tlie  results,  if  the  severat 
powers  and  resistances  were  such  as  we  have  supposed 
them  to  be. 

§  XX 11.    General  laws  of  the  equilibrium  of  machines^ 

154.  By  combining  together  in  difterent  ways,  tlie  G<jm 
simple  mechanical  powers  we  have  been  considering,  va-  P'^"*^ 
rious,  and  innumerable  compound  machines  may  be  con- 
structed; and  with  regard  to  these,  the  ratio  of  the 
power  to  the  resistance  necessary  for  establishing  the 
equilibrium,  may  be  computed  by  combining  together 
the  several  principles  deduced  from  the  preceding  in» 
vestigationsT  but  there  exists  a  law  much  more  j^eneraJ 
tlian  those  to  which  we  now  refer,  and  which  belongs 
to  every  combination  whatever,  whence  we  may  imme- 
diately determine  the  ratio  sought.  This  consists  in 
comparing  the  spaces  the  points  of  application  of  the 
power  and  resistance  have  a  tendency  to  describe :  and 
therefore  may  be  considered,  as  in  fact  it  is,  a  pardciUar 
application  of  the  principle  of  virtual  vehcitiet  referred 
to  under  art.  135. 

According  to  this  theory,  if  we  impress  on  a  machine 


•  The  writer  of  this  article  lias  been  iofonned,  Uiat  fmra  the  rr- 
stilts  of  some  eipenraeiits  made  in  Portsinoutb  duck-jard,  in  driving; 
and  pressing  in  large  iruii  and  copper  bult^,  amonof  mt'diam^trength^ 
suiking  with  a  roa!l  weighing  18  lbs<  and  the  handle  of  which  w%a  44 
inche9r  would  ttart  a  holt  about  oue^tghth  of  an  iiwh  evcri^  blow  ; 
and  ihat  it  required  a  pressure  of  107  tona  to  pre*$  the  miuc  l>oU 
down  the  same  quantity,  but  a  aumll  additioaiJ  weight  pretted  it 
CoinpWlely  home,  - 
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*  m  equUUNriOy  a  Tery  small  motion,  and  the  points  of 
^  am^kaUon  of  the  power  and  resistance  describe  curves 
tangents  to  the  direction  of  these  forces ;  also  if  we  call  p 
the  space  run  over  by  the  point  of  application  of  the 
power,  and  r  that  passed  over  by  the  point  of  applica- 
tion of  the  resistance ;  and  if  we  denote  the  power  by 
Py  the  resistance  by  R,  and  the  ratio  of  the  two  latter 
be  requirtd,  we  shall  have  an  approximation  towards 
ity  by  means  of  the  equation 

R  ■"  y  '• 

which    approximation    will  be    so    much    the    more 

exact,  in  proportion  as  the  motion  ^iven  to  the  machine 

b  less  considerable ;  so  that  in  taking  the  limit  of  the 

r  P 

ratio  — ,  we  shall  have  exactly  that  of  — ;  for  it  will 

be  observed,  that  it  is  not  in  all  cases  the  ratio  of  the 
roaces  run  over,  which  gives  that  of  the  power  and  re- 
sistance, but  the  spaces  that  the  points  of  application 
have  a  tendency  to  describe. 

If  the  curves  described  by  the  points  of  application 
be  not  tangents  to  their  directions,  we  must  take,  in- 
stead of  the  spaces  run  over  by  these  points,  the  pro- 
jection of  those  spaces  on  the  direction  of  the  forces, 
and  the  inverse  ratio  of  these  projections,  will  be  the 
same  as  that  of  the  forces  in  the  case  of  an  equili- 
brio;  moreover,  we  are  at  liberty  to  take,  as  the 
point  of  application  of  either  force,  any  point  taken  in 
Its  direction,  provided  only  that  we  employ  it  as  if  it 
were  fixedly  attached  to  the  machine. 
.  We  shall  illustrate  the  above  principles  by  a  few  ex- 
amples applicable  to  the  cases  which  we  have  already 
investigated  on  other  principles,  and  by  this  ifieans 
verify  the  truth  of  the  theory  in  these  particular  in- 
stances ;  and  hence  by  induction  infer  its  application 
to  all  others.  This,  it  must  be  allowed,  is  not  agree- 
able to  the  spirit  of  mathematical  investigation ;  but 
after  all  that  has  been  written  on  the  principle  in  ques- 
tion, we  doubt  much  if  its  truth  depends  upon  any 
more  secure  ground ;  at  the  same  time,  as  it  never  fails 
of  being  verified  in  every  case  in  which  the  ratio  has 
been  otherwise  determined,  we  may  with  safety,  though 
not  with  complete  satisfaction,  consider  it  as  a  funda- 
mental principle  of  Mechanics. 

If  in  the  bent  lever  (Bg.  98),  we  assume  as  the  points 
of  application  of  the  forces  P  and  R,  the  extremities  of 
the  perpendiculars  A  b,  Ac,  let  fall  upon  their  direc- 
tions from  the  point  A ;  then,  when  the  lever  turns  about 
the  latter  point,  the  points  b  and  c  will  describe  arcs  of 
oides^  9A  bb\  c  c'y  tangents  to  the  directions  6  E,  r  F 
of  the  forces,  and  each  will  have  the  same  measure  or 
number  of  degrees,  and  the  lengths  of  these  arcs  are 
therefore  as  their  radii  A  6,  A  c ;  so  that  we  shall  have 
c  c'  r  ___   A  c  ^ 

TF""y'""AT' 

aod  since  this  ratio  will  remain  the  same,  however  small 
the  motion  impressed  upon  the  lever  may  be,  it  follows 
that  we  shall  have,  according  to  the  above  principle, 
P  _  Ac 

R  "■  A6  • 
ihit  is,  in  case  of  an  equilibrium,  the  two  forces  P  and  R 
vin  be  inversely  proportional  to  the  perpendiculars  let 
fall  from  the  point  of  support  upon  their  respective  di- 
rectioDS. 
If  we  had  asfomed  the  extcemities  B  and  C  of  the 


lever  for  the  points  of  application  of  the  forces  P  and  R,  Mechanier 
the  arcs  of  circles  described  by  these  points  during  the  ^  ' 

motion  of  the  lever  would  not  have  been  tangents  to  the 
direction  of  the  forces,  and  we  must  therefore  in  this 
case  have  projected  these  arcs  on  the  right  lines  BE, 
CF;  then  taking  the  ratio  of  these  projections,  we  must 
have  sought  the  limit  of  this  ratio,  which  we  should,  as 
above,  have  found  to  be  equal  to  the  ratio  of  the  per- 
pendiculars A  b  and  A  c. 

When  the  wheel  AA'C,  &c.  (fig.  81)  turns  on  its  axis, 
the  points  of  application  of  the  power  and  weight,  or  re- 
sistance, will  describe  similar  arcs  of  circles  of  the  samo 
number  of  degrees ;  the  one  on  the  circumference  of  the 
wheel,  and  the  other  on  tlie  circumference  of  the  axle ; 
and  as  these  arcs  are  tangents  to  the  direction  of  the 
forces,  their  lengths  are  as  the  radii  AC,  CB,  of  the 
wheel  and  axle ;  therefore  in  this  machine 
»  AC  ^  P  P  CB 
r        CB  R      W       CA 

that  is,  the  power  is  to  the  weight  as  the  radius  of  axle 
to  that  of  the  wheel. 

In  a  system  of  pulleys,  as  for  instance  the  first  in 
fig,  85,  if  the  weight  W  ascend  through  any  space  r,  each 
of  the  four  lines  passing  over  the  moveable  pulleys  will 
be  shortened  by  the  same  quantity ;  consequently  the 
cord  to  which  the  power  is  suspended  will  be  lengthened, 
or  the  power  P  will  descend  through  a  space  equal  to 
4  r ;  we  have,  therefore,  in  this  case 

r        r         P    . 

Again,  in  the  system  fig.  88,  if  the  power  P  descend 
through  any  space  p^  the  pulley  A'^'  will  ascend  through 
a  space  =  i;?;  the  pulley  A"  through  \p\  the  pulley  A' 
through  \p\  and  lastly,  the  pulley  A,  or  the  weight  "W, 
through  -^  p :  that  is,  r  zz  -^^px  whence 

W  =  7=.VorW=I6P. 

In  the  inclined  plane,  referring  for  example  to  fii*.  90, 
it  is  obvious,  that  whatever  distance  the  power  r  de- 
scends, the  weight  or  body  will  ascend  along  the  plane 
by  an  equal  quantity,  which  let  be  a  c ;  but  this  latter 
motion  not  being  made  in  a  tangent  to  the  direction  of 
the  force,  we  must  project  it  upon  that  direction,  UiM: 
is,  upon  the  perpendicular  cb;  and  calling  this  lastr, 
and  the  descent  of  the  power  p,  we  shall  obviously  have 

r  \  p  : :  cb  :  ac  : :   c B  :  A c; 
and  since  this  ratio  obtains,  however  small  the  motion 
may  be,  we  shall  have 

r  _  CB  _  P  ^ 

p  "■   AC  ""  W' 
that  is,  the  power  is  to  the  weight  as  the  height  of  the 
plane  to  the  length. 

In  the  screw,  it  is  clear  that  while  the  weight  Or  re*- 
sistance  is  elevated  through  a  space  equal  to  the  diiif- 
tances  to  two  contiguous  threads,  the  power  will  have 
described  a  space  equal  to  the  circumference  of  the 
circle  it  passes  through ;  and,  moreover,  these  spaces 
are  so  related  to  each  other,  that  if  the  power  passes 
through  any  arc  of  that  circle,  the  weight  will  as(5end ' 
through  a  vertical  space,  which  is  to  that  ate  as  the 
distance  of  the  threads  to  the  entire  circumference. 

Hence,  calling  r  the  space  passed  over  by  the  weight, 
and  s  for  that  described  by  the  power,  we  shall  have 

r  :  dist.  of  threads  ::   *  :  circum.  of  the  power ; 
which  would-be  the  final  jresnlt  if  (he  curve  described 
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Mecfaaolct.  by  the  power  was  a  complete  circle ;  but  as  this  is  a 
^'^^^'^'^  helix,  and  not  a  tangent,  to  the  direction  of  the  power, 
we  must,  in  order  to  apply  the  general  law  of  equili- 
brium to  this  case,  project  a  smaJl  arc  of  the  helix  on 
the  direction  of  the  force :  since,  however,  this  direction 
is  by  the  supposition  a  tangent  to  the  circumference  de- 
•cribed  by  the  handle,  we  may  take  the  arc  or  tangent 
(these  bein^  indefinitely  small),  the  one  for  the  other ; 
consequently,  the  power  P  to  the  resistance  of  the  screw 

R,  will  be  found  by  taking  the  limit  of  the  ratio  of  — ; 

and  as  this  is  constantly  the  same,  and  equal  to 

dist,  ofthreadsy  circum,  of  the  power  ; 
it  follows  that  m  this  machine,  when  in  equilibrio,  the 
power  is  to  the  resistance  as  the  distance  of  the  threads 
to  the  circumference  described  in  one  complete  revolu- 
tion of  the  power. 

§  XXIII.'    Eiperimental  daiUy  relating  to  the 
theory  of  Statics, 
Esperimen-      155.  In  establishing  the  first  principles  of  the  theory 
tal  date.       ^£  Statics,  we  are  under  the  necessity  of  considering 
Unes  without  weight  or  thickness,  surfaces  perfectly 

S^Ushed,  cords  perfectly  flexible,  axles  and  wheels 
vested  of  gravity  and  friction,  &c.;  circumstances 
which  in  no  instance  will  obtain  in  the  practical  applica- 
tion of  the  doctrine  of  equilibrium  to  me  several  useful 
purposes  of  life :  and  it  becomes  therefore  absolutely  ne- 
cessary, when  we  wish  to  employ  our  theory  in  actually 
computing  the  results  of  certain  combinations  of  the  ma- 
chines whose  properties  we  have  been  illustrating,  and 
whose  powers  have  been  investigated  upon  suppositions  ' 
which  have  no  place  in  nature ;  to  establish  a  due  esti- 
mation of  the  several  counteracting  causes,  in  order  that 
we  may  thence  determine,  not  merely  the  theoretical, 
but  the  actual  practical  powers  and  resistances  which 
it  is  necessary  to  apply  or  to  overcome.  In  other 
cases  also,  our  investigations  are  intended  to  show,  not 
the  absolute  powers  and  resistances,  but  their  compa- 
rative value  with  regard  to  each  other  under  various 
circumstances :  as  for  example,  in  computing  the  rela- 
tive strains  upon  solid  bodies  excited  by  the  action  of 
different  forces  under  various  conditions,  and  the  pro- 
portional resistance  which  such  bodies  oppose  to  these 
several  existmg  forces. 

In  these  and  other  similar  cases,  it  is  impossible  to 
state  the  absolute  magnitude  or  intensity  of  either, 
without  reference  to  experiment.  We  propose,  there- 
fore, in  concluding  the  article  Statics,  to  enter  upon 
this  practical  consideration  of  the  subject,  and  to  give 
a  senes  of  the  most  useful  and  valuable  experiments,  as 
far  as  they  relate  to  the  principles  of  this  doctrine,  in 
order  that  the  reader  may,  at  any  time,  by  introducing 
them  into  his  theoretical  investigations,  estimate  cor- 
rectly the  practical  efficiency  of  any  proposed  mecha- 
nical combination  or  construction. 


frictioii. 


Of  friction^  and  the  rigidity  of  ropes, 
lietsareof  156.  It  has  been  observed  above,  that  in  our  pre- 
ceding investigations  relative  to  the  power  and  equili- 
brium of  the  several  mechanical  powers,  we  have  sup- 
posed surfaces  to  be  perfectly  polished  and  free  from 
friction,  ropes  and  cords  perfectly  flexible,  the  axes  of 
motion  as  mere  points,  &c. :  no  one  of  which  conditions 
Ihas  place  in  actual  practice.    It  is  important  therefore 


to  be  able  to  form  a  due  estimation  of  tlie  several  inert  Med^p 
causes  of  resistance ;  as  friction,  rigidity,  &c.  which  ^"^y 
must  be  considered  as  distinct  and  passive  forces, 
having  no  power  to  produce,  but  a  constant  tendency 
to  destroy,   the  effect  of  the  efficient  forces  of  the 
machine.      In    the    funicular  polygon,    the   principal 
counteracting  power,  is  the  rigidity  of  the  cords ;  but 
in  the  lever,  it  is  chiefly  friction ;  in  the  wheel  and  axle,  Frictio 
and  the  pulley,  both  the  above  inert  forces  are  com* 
bined ;  in  the  inclined  plane,  the  screw,  and  the  wedge, 
friction  only  enters,  but  it  forms  in  the  case  of  their 
actual  equilibrium,  a  most  important  datum,  particu- 
larly in  the  two  latter.     It  is  therefore  indispensable  to 
have  regard  to  these  forces,  when  we  wish  to  apply  the 
general  laws  of  equilibrium  to  particular  problems. 

It  should  be  observed,  however,  that  friction  may 
be  considered  both  as  it  tends  to  counteract  the  effort 
made  merely  to  disturb  the  equilibrium  of  a  machine, 
in  which  respect  it  has  a  relation  with  the  doctrine  of 
statics ;  or  as  it  tends  to  destroy  the  motion  of  a  body, 
in  which  sense  it  appertains  to  Uie  theory  of  dynamics ; 
but  it  is  only  in  its  former  relation  that  we  have  to  treat 
of  it  in  the  present  chapter. 

In  consequence  of  the  above  relation  of  friction,  both 
to  the  theory  of  Statics  and  Dynamics,  we  cannot 
enter  fully  upon  the  subject  in  this  place:  we  shall 
therefore  refer,  for  a  practical  investigation  of  its  effects, 
to  the  article  Friction  in  our  general  alphabetical 
arrangement ;  and  in  this  place  shall  merely  point  out 
the  nature  of  the  .experiments  that  have  been  made 
with  a  view  of  establishing  the  numerical  and  propor- 
tional values  of  this  inert  force,  and  the  methods  by 
which  we  may  introduce  them  into  our  computations. 

157.  Two  different  means  of  estimating  the  power  of  fric- 
tion are.  at  times  employed :  the  one  consists  in  placing 
a  body  on  a  horizontal  plane,  having  a  fine  cord  fixed 
to  it,  and  passing  over  a  pulley,  to  which  different 
small  weights  are  attached  till  some  one  is  found  that 
is  just  sufficient  to  give  a  slight  degree  of  motion  to 
the  body ;  this  weight  is  then  said  to  be  equal  to,  or 
to  be  the  measure  of,  the  friction :  and  from  several 
experiments  of  this  kind,  it  has  been  found  that  the 
friction  is  always  proportional  to  the  weight  of  the 
body,  and  that  it  is  independent  of  the  area  of  the 
surface  of  contact ;  so  that  a  body,  of  whatever  figure, 
will  experience  the  same  degree  or  quantity  of  friction 
on  which  ever  of  its  faces  it  is  in  contact  with  the 
plane.  This,  however,  only  obtains  as  far  as  friction  is 
considered  with  reference  to  the  resistance  it  opposes 
to  the  motion  of  a  body  at  rest,  that  is,  as  it  relates  to 
the  theory  of  Statics ;  for  it  has  been  found  from  the 
results  of  numerous  experiments  performed  by  Vince, 
that  when  the  body  has  attained  a  certain  velocity,  the 
area  of  contact  becomes  a  part  of  the  data  of  the  pro- 
blem :  but  this,  as  we  have  stated  above,  will  be  dis- 
cussed more  at  length  under  the  term  friction. 

In  the  present  article  we  shall  assume,  that  within 
certain  limits,  the  friction  is  as  the  pressure,  and  that 
it  is  independent  of  the  surface  of  contact ;  so  that  if 
f  be  made  to  denote  the  friction  due  to  the  unit  of 
weight  in  any  case,  2  f  will  be  the  friction  due  to  a 
double  weight  under  similar  circumstances ;  3  /  the 
firiction  due  to  a  treble  weight;  and  W/  the  friction  due 
to  the  weight  W. 

We  have  at  present  only  spoken  of  one  method  of 
estimating  the  numerical  value  of  friction;  another. 
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and  thai  which  has  been  very  commonly  employed,  is 
^^^*^  u  follows :  place  a  body  MN,  on  an  inclined  plana 
AC  (fig.  99),  and  suppose  it  to  be  in  the  first  in- 
stance retained  upon  the  plane  in  consequence  of  its 
aioiL  friction;  if  then  we  increase  the  angle  A,  which  the 
plane  forms  with  the  horizon,  till  the  body  is  just  be- 
ginning to  slide  down  the  plane,  the  friction  F  will  be 
equal  to  the  weight  multiphed  by  the  tangent  of  the 
angle  A. 

For  let  GD  be  taken  to  denote  the  gravity  or  weight 
of  the  body,  the  perpendicular  to  the  plane  GK  will 
denote  the  pressure  on  the  plane,  and  DK  will  be  the 
force  by  which  the  body  endeavours  to  descend ;  which, 
at  the  instant  before  the  motion  ensues,  is  exactly  equal 
to  the  friction. 

Now  since  F  is  the  friction  due  to  the  weight  or 
pressure  of  the  body  B,  we  shall  faAre 

GD  :GK::F    : -§|-F, 

the  friction  due  to  the  pressure  of  the  body  B  in  the 
position  of  the  plane  AC ;  consequently  we  have  the 
equation 

-rs.'rr  GK   _ 

DKQD^   DK 

GK      ""    GK       • 

By  the  similar  triangles  DKG,  and  ABC, 

DK  :  GK  ::  BC  :  AB  ::  sinA  :  cosA; 

,  DK  BC  sin  A 

whence         -^^^^  =  — —  = =  tanA  : 

GK  AB         cos  A 

conseqnently  the  above  equation  becomes 

F  =  tanA  x  W; 
that  is,  tke  frkt'wn  due  to  any  body  B,  is  measured  by 
ike  weight  of  that  body  into  the  tangent  of  the  angle  at 
dItcA  it  begins  to  slide  down  an  inclined  plane. 

Or,  which  is  the  same,  calhne  /  the  friction  due  to 
the  unit  of  weight,  we  shall  have  /  =  tan  A ;  and 
1  to/,  will  express  the  constant  ratio  between  the 
pressure  and  friction. 
■^  158.  The  value  off  due  to  the  unit  of  weight,  for 
example  1  lb.  being  given,  as  also  the  weight  of 
the  body  and  the  inclination  of  a  plane ;  to  determine 
tbe  power  necessary  to  preserve  the  body  upon  it  in 
eqnilibrio. 

Let  W  denote  the  weight  of  the  body,  and  a  the  in- 
eliaation  of  the  plane ;  then  by  theory  (art.  148), 
the  pressure  on  the  plane  =z  cos  a  W, 
and  the  sustaining  force  =  sin  a  W ; 
wbidiy  abstracting  from  friction,  would  denote  the  power 
ittoessary  to  preserve  the  body  in  equilibrio. 
But  horn  the  preceding  article,  we  have 
1  :  cosa  ::/W  :/Wcosfl, 
the  resistance  due  to  the  friction  at  the  angle  of  incli- 
:Bati(ni  a,  and  which  we  must  consider  as  opposed  to 
"•he  power  sin  a  W;  whence  we  have 

(sin  a  —/cos  a)  W  =  P, 
^K:he  lustaining  power  sought. 

If  the  weight  W,  the  sustaining  power  P,  and  the 
I  of/  dueto  1  lb.  were  given,  to  find  the  angle  of  in- 
clination at  which  the  body  would  be  in  equihbrio ;  then 
5  must  proceed  as  follows :   let  x  be  the  angle  of  in- 
tion  sought,  then 

1  :  cosx  !:/W  :/Wcosx, 
''  resistance  due  to  friction :  and  sin  x  zz  sustaining 
r  independent  of  friction.    Whence 


or. 


or. 


(sin*  — /c6S4?)W=:P; 


sin  or  -/ v'  (1  -  wn'jr)  =  ^; 


/*  — /*  sin*x  =  sm*ar  — 
(/»  +  1)  sin'x  - 


2P 


W 


ninx  + 


2P 

W 
2P 


consequently 

P 

smx=: 


W(l  +/*) 


p* 

sinx  =;/*  -  ^„ 


sinx  = 


or. 


w(i+y^ 


-y{ 


wy-p* 


sinx- 


P±  v/{P  +  (W»/'-P)(l+/0 


i 


W(l  +/«) 

159.  Let  us  now  endeavour  to  estimate  the  effect  of  Frictkmof 
friction  upon  the  equilibrium  of  the  lever :  for  this  pur-  ^c  fe^^- 
pose  let  ABCD  (fig.  100),  represent  a  part  of  a  heavy 
lever ;  a  n  b,  o,  section  of  the  circular  hole,  through 
which  passes  the  cylindrical  axis  ned;  which  two  cir- 
cles we  shall  suppose  so  nearly  equal  to  each  other, 
that  the  centre  o  of  the  one  may  be  considered  as  the 
centre  of  the  other,  without  any  appreciable  error. 
Now  in  the  first  place,  if  the  sum  of  the  several  forces 
acting  on  the  lever  on  the  one  side  of  o,  or  rather  the 
moments  of  these  forces,  be  equal  to  the  moments  of 
the  forces  on  the  other  side  of  o,  the  lever,  as  we  have 
seen  in  treating  of  this  mechanical  power,  will  be  kept 
in  equilibrio,  independent  of  friction;  but  in  conse- 
quence of  this. inert  force,  the  moments  on  one  side  of 
the  axis  may  be  diminished  to  a  certain  extent,  before 
any  motion  will  ensue;  that  is,  the  friction  being  a 
tangential  force  at  the  point  or  line  of  contact  w,  be- 
tween the  circle  of  the  lever  and  the  cylindrical  axis, 
will  still  maintain  the  equilibrium  of  the  system. 

Let  F  denote  the  friction;  then,  as  we  have  said  above,  Eiamples. 
this  may  be  considered  as  a  force  acting  in  the  direction 
of  a  tangent  at  the  point  n  ;  and  the  moment  of  this 
force,  as  exerted  to  turn  the  lever  about  the  point  o,  or 
as  repelling  a  contrary  force,  will  be  denoted  by  Fxh^ 
where  h  is  the  radius  on.  But  tbe  friction  F  will  be 
proportional  to  the  pressure  of  the  lever  upon  the  point 
n ;  and  this  pressure  will  be  equal  to  the  resultant  of  all 
the  forces  acting  upon  the  lever,  including  F  as  one  of 
them ;  and,  moreover,  this  resultant  must,  since  the  sys- 
tem is  in  equilibrio,  pass  through  the  fixed  point  o;  that 
is,  no  must  be  the  direction  of  all  the  forces  of  the  sys- 
tem. Without  at  present  being  able  to  express  the 
quantity  of  this  resultant,  let  us  denote  it  by  Q,  which 
will,  as  is  obvious,  also  express  the  pressure  upon  the 
point  n :  and  since  F  is  proportional  to  the  pressure,  let 
it  be  denoted  by  F  =:  ^  Q,  where^  is  a  constant  quan* 
tity,  which  expresses  the  ratio  between  the  pressure  and 
friction. 

We  may,  therefore,  consider  the  lever  as  kept  in 
equilibrio  by  the  action  of  three  forces,  all  acting  at  the 
point  n ;  viz.  the  friction  F  or  ^  Q  in  the  direction  »  F; 
the  resultant  of  the  forces  of  the  system,  except  the 
friction  in  the  direction  n  E ;  and  the  re-action  of  the 
fixed  centre  o,  in  the  direction  o  n. 

These  forces  are,  therefore,  each  the  resultant  of  tbe 
other  two;  consequently  R^  Uie  resultant  of  all  die 


sa 
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'  efficient  forces  on  the  lever,  is  equal  to  the  resultant  of 
^  the  two  forces/Q  and  Q ;  and  since  these  are  at  right 
Friction.      angles  to  each  other, 

R  =  ^(f(y  +  Q")  =  Q  ^/(l  +  r). 
If,  now,  r  be  taken  to  denote  the  perpendicular  let  fall 
from  the  centre  o  upon  the  direction  of  the  resultant 
R,  we  shall  have  R  r  to  denote  the  moment  of  this  re- 
sultant, or  the  tendency  which  it  has  to  cause  the  lever 
to  turn  about  the  centre  o ;  but  this  tendency,  as  we 
have  seen,  is  counteracted  by  the  friction  acting  at  the 
perpendicular  distance  on  z^  h;  whence 

Rr=/Q//; 
or,  rQ  >/(l    ^J^  =/QA, 

and  r  V(l   -^  f^)  =/^; 

whence  r  = -_:^. 

And  here,  since/  is  a  known  quantity,  being  supposed 
determined  from  experiment,  as  indicated  in  art.  1/37, 
and  h  being  the  given  radius  of  the  axle,  r  is  also  de- 
terminate. Hence,  therefore,  we  conclude  that  the 
limit  where  the  equilibrium  of  a  heavy  lever  begins  to 
be  destroyed,  or  the  friction  of  it  overcome,  depends 
only  on  the  distance  of  the  resultant  of  the  given  effi- 
<iient  forces  of  the  lever  from  the  centre  of  motion  o. 
While  this  distance  is  less  than 

^/{l  4-/0' 
the  given  forces,  or  their  resultant,  will  be  held  in  equi- 
Ubrio  bv  the  friction ;  but  as  soon  as  this  distance  ex- 
ceeds the  above  quantity,  the  forces  will  overcome  the 
friction,  and  the  equihbrium  will  be  destroyed. 
Example.  As  an  example,  let  us  suppose  that  from  expe- 
riment it  has  been  ascertained,  that  a  body  of  the 
same  matter  as  the  lever,  and  with  the  same  degree  of 
polish,  being  placed  upon  a  plane  of  similar  matter  and 
polish  as  the  axle,  begins  to  sUde  down  when  the  plane 
was  brought  to  an  angle  of  inclination  of  1 1°  19'.  The 
tangent  of  which  =  ^  or  '2 ;  consequently  /*  =  '2 
,.  \  (art.  157) ;  and  suppose  the  lever,  in  the  first  instance,  to 
Ibie  kept  in  perfect  equilibrium  by  two  weights  of  10  lbs. 
oach  hanging  at  the  distance  of  12  inches  respectively 
from  the  fulcrum*  and  let  it  be  required  to  determine 
how  much  one  of  these  weights  may  be  moved  inward 
towards  the  fulcrum,  before  the  lever  will  begin  to  turn ; 
the  radius  of  the  fulcrum  being  I  inch,  and  the  weight  of 
the  lever  20  lbs.  Here,  in  the  first  place,  we  have/=  -2 
and  A  z=  1 ;  therefore 

.=         f'         =      -1 ==.196. 

>/(i  +,r)    >/(i  +  -04) 

The  resultant  of  the  forces  acting  on  the  lever  must 
therefore  be  placed  •196  of  an  inch  from  the  centre. 

Now  the  resultant  of  the  lever  itself  will  always  re- 
main in  the  centre  of  the  axis,  it  being  supposed  per- 
fectly uniform,  and  the  resultant  of  the  two  weights 
will  be  in  the  middle  point  between  them ;  therefore  if 
2x  denote  the  distance  which  the  weight  is  moved 
inward,  x  will  be  the  distance  of  the  resultant  from  the 
centre,  and  \  x  the  distance  of  the  resultant  of  the 
weight  of  the  lever  and  the  weights  of  the  bodies  ; 
whence 

r  =  I  j:  =  -196,  and  2  x  =  -784  of  an  inch, 
the  distance  one  of  the  weights  may  be  removed  to- 
wards   the    centre   before    Uie    equilibrium    will   be 
destroyed. 

If,  instead  of  requiring;  how  far^  one  of  the  given 


weiffhts  might  be  displaced  b^ra  the  equilibrium  Med 
would  be  destroyed,  it  had  been  required  to  determine  ^*"^ 
how  much  one  of  those  weights  might  be  diminished ;  Frict 
we  should  still  have  to  proceed  in  a  similar  manner. 

In  this  case,  let  x  represent  the  required  quantity, 
and  we  shall  have  at  once  \2  x  for  the  difference  of 
the  moments  upon  the  lever. 

This,  as  we  have  seen,  is  equal  to  r  R,  or 

•196(40  -  x)  =  12j'; 

or  12»196x=:-196  X  40; 

,  -196  X  40        - ._     .    ,, 

whence        x  z^  =  '642  of  a  lb. 

the  quantity  sought.  That  is,  we  may  diminish  one  of 
the  weights  '642  11;>.  and  the  equilibrium  will  still  be 
maintained  by  the  friction ;  but  if  we  reduce  the  weight 
any  farther,  the  levmr  will  begin  to  revolve. 

The  quantity /,  ^Aehnined  as  in  article  157,  will  ob- 
viously vary  with  the  matter  of  the  lever  and  the  fixed 
axis  or  fulcrum,  the  degree  of  polish,  and  the  extent  of  the 
surfaces  in  contact ;  but  it  is  evident,  that  however  great 

its  value  may  be,  the  fraction      — ^ —  will  always 

be  less  than  unity ;  whence  it  follows,  that  while  the 
equilibrium  obtains,  the  distance  r  of  the  resultant  R 
from  the  point  o  is  always  less  than  the  radius  h  of  the 
cylindricad  axis.  Consequently,  this  force  cannot  be 
held  in  equilibrio  by  the  friction  of  the  lever  ftgatfist  the 
axis,  only  while  its  direction  meets  this  cylinder;  and 
therefore  if  this  condition  be  not  fulfilled,  we  may  con- 
clude, without  examining  whether  the  friction  is  more 
or  less  considerable,  that  the  equilibrium  is  impossible. 

The  reader,  however,  will  bear  constantly  m  mind, 
that  all  the  preceding  deductions  are  made  upon  the 
hypothesis  that  the  lever  and  axle,  or  fulcrum,  touch 
only  in  a  point,  or  in  a  line  formed  by  a  plane  passing; 
through  the  parts  in  contact;  and  therefore  that  they  no 
longer  obtain  if  the  friction  has  place  on  different  points 
at  the  same  time. 

As  another  example,  let  it  be  proposed  to  determine  Ex» 
the  direction  in  which  a  force  ought  to  act  upon  a  body 
resting  on  an  inclined  plane,  in  order  to  put  it  in  a  state 
of  equilibrium  with  the  least  effort  possible ;  or,  which 
is  the  same,  to  determine  the  most  advantageous  direc- 
tion of  a  force  to  move  a  body  along  a  horizontal  plane. 

Here  it  is  obvious,  that  if  there  were  no  friction,  the 
horizontal  direction  would  be  the  most  advantageous ; 
but  when  we  consider  the  friction,  it  is  evident  that,  by  . 
making  the  force  act  in  a  direction  above  the  plane, 
the  pressure  of  the  body  will  be  in  part  reUeved^  and 
the  effect  of  friction  also  diminished ;  and  our  object  is 
to  determine  the  measure  of  the  angle  of  direction, 
Uiat  the  resistance  may  be  a  minimum. 
.   Let  X  denote  the  sine  of  the  angle  of  direction,  then 

(1  —  x^2  —  the  cosine  of  the  same  angle;  let  W  be 
the  weight  of  the  body,  and/W  the  friction;  then  the 
force  requisite  to  move  the  body  must  be  equal  to  the 
horizontal  force  diminished  by  the  friction.  Now,  j/W 
will  denote  the  friction  relieved  by  the  direction  of  the 
force,  and(l  —  a^)/W  the  quantity  remaining;  also 

W  (1  —  3^  zz  the  horizontal  force;  whence  we  must 
determine 

(1  —  x^y  W  —  (1  —  .r)/W  =  a  minimum; 
or,    (1  —  x^^  —  (1  —  x)f  =  a  minimum; 
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the  fluxion  of  triticb  gives 


fx- 


X  X 


or 
or 


1  —  0, 


whence  x  :         

Whence  the  numerical  value  of/  being  supposed  to 
be  determined  by  experiment,  that  of  .r  also  becomes 
known,  and  consequently  the  angle  of  direction  : 

when/=  1,  then  i  =  --—  =  sin  18°  26'  nearly. 
-^        **  >/10 

C^.  1 60.  On  the  rigidity  o/ ropes.  Cords  and  ropes  not  being 
perfectly  flexible,  it  becomes  necessary,  in  estimating 
the  advantages  of  pulleys,  to  make  some  allowance  for 
this  want  of  flejcibUity ;  and  in  tliis  case  the  theory  by 
vhich  we  compute  these  deductions  is  far  more  satis- 
betory  than  that  given  above  with  reference  to  friction, 
and  accords  much  better  with  experiment. 

Let  AC  =  CB  =  r  (tig.  85-tf)  be  the  radius  of  the 
pulley,  and  P,W  two  weights  in  equilibrio.  If  W  should 
pnevail,  it  is  ob\'ious  that  the  cord  DP  becomes  in  the 
upper  part  bent,  so  as  to  fit  the  groove  of  the  pulley, 
woA  in  the  lower  part  bent  inwards,  so  as  to  fall  into 
the  verUcal  ^  W ;  if  the  cord  have  any  considerable  de- 
gree of  flexibility,  the  cur\'ing  is  pretty  regular  from  B 
alamt  down  to  W ;  but  if  it  be  ver^  rigtd«  BEW,  ADP, 
are  found  to  be  nearly  straight  Imes,  but  neither  of 
them  vertical ;  the  weight  P  being  found  to  hang  ver- 
tically below  some  point  a,  making  C  a  greater  than 
jCAt  and  the  weight  W  hanging  below  some  point  6, 
^Aeie  C  ^  is  iese  than  CB.  So  that  as  the  arm  of  the 
lever  at  which  one  of  the  forces  acts,  is  become  greater, 
tad  that  of  the  other  less  than  r,  the  condition  of  equi- 
librium is  no  longer  P  =  W. 

When  the  cord  is  moderately  rigid,  as  in  most  prac- 
tical cases,  the  distance  B  6  is  always  found  so  ex- 
tremdy  small  that  it  may  safely  be  neglected  in  the 
discussion;  that  is,  we  need  not  in  such  cases  pay 
any  regard  to  the  want  of  flexibility  in  the  part  BEW 
corresponding  to  the  weight  W,  which  is  supposed  to 
preponderate ;  but  merely  enquire  into  that  of  the  part 
ADPt  by  which  the  other  weight  is  suspended.  Hence, 
therefore,  if  we  put  A  a  zz:  a,  the  condition  of  equi^ 
librium  will  be  expressed  by  the  equation 

W  r  =  P  (r  -f  y); 
from  which  it  results,  that  if  W  —  P  be  the  quantity 
by  which  we  should  augment  the  power,  that  it  may  be 
on  the  point  of  prevculing;    and  if  we  have  regard 
to  the  thickness  of  the  cord,  this  quantity  will  be 

W  —  P  =:  P  —,  Consequently,  in  order  to  introduce 

the  eomtideration  of  the  stiffness  of  cords ^  we  have  only 
to  suppose  that  the  arm  of  the  lever,  at  which  the  re« 
sistance  acts,  is  greater  than  it  really  is  by  a  determi- 
tiate  quantity  q. 

Now,  in  order  to  ascertain  the  quantity  g,  it  may  be 
observed  that  a  cord  resists  on  two  accounts  the 
eflbrts  that  are  made  to  bend  it  The  first  is  due  to 
the  tension  of  the  cord,  and  is  proportional  to  it;  and 
may,  Uierefore,  be  denoted  by  o  P ;  the  second  is  due 
to  its  warping  or  twisting,  and  the  force  requisite  to 
overcome  it  may  be  denoted  by  a. 
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Hete  it  is  obvious  that  n  and  h  are  variable  co-effi-  Mechanic-!*, 
cients.  For  one  and  the  same  cord,  a  -f-  ^  P,  may  re- 
present the  force  required  to  bend  it;  but  if  the  cord 
be  changed,  the  diameter  d  will  be  different,  and  we 
may  conclude  that,  cieteris  paribus,  the  force  which 
must  be  employed,  will  be  proportional  to  some  cer- 
tain power  of  </,  as  d^ ;  for  the  force  necessary  to  bend 
a  cord  will  increase  with  its  diameter;  the  power,  on 
the  contrary,  will  decrease  with  the  radius  of  tlie 
pulley;  therefore         d*  _ 

—  («  +  *  P) 

may  be  made  to  represent  the  force  necessary  to  over- 
come the  stiffness  of  the  cord ;  n  being,  indepiendcnt  of 
experiment,  an  indeterminate  quantity.  This  viihio 
being  the  augmentation,  which  must  be  given  to  tlio 
force  or  weight  W,  that  it  may  be  on  the  point  of  prii- 
vailing  over  the  power  or  resistance  P,  must,  as  bctbrt; 

shown,  be  equal  to  P  -^  ;  thus  we  have 
r 

d^(a  .^  b?)-Vq,OTqzz  ^  (a  ^  b  ?). 

The  above  equation,  it  will  be  observed,  js  only  fur- 
nished from  general  consideration,  and  not  by  a  rigorous 
investigation;  it  contains  moreover  the  unknown  co- 
efficients ip  and  6,  and  the  unknown  index  »,  which 
doubtless  vary  for  different  cords;  but  there  is  a  simple 
method  of  determining  these  co-efficients,  and  of  as- 
suring ourselves,  that  the  expression  is  sufficiently  exact 
in  practice. 

We  propose  now  to  give  an  enumeration  of  the  princi- 
pal experimental  results  that  have  been  made  on  this 
subject,  after  first  indicating  the  methods  which  have 
been  pursued  with  a  view  to  this  determination,  ^nd 
which  may  be  easily  repeated.  Choose  any  cord,  and 
after  bending  it  along  the  groove  of  a  pulley,  as  for 
example  the  cord  PDABEW  (fig.  ii-85),  attach  to  it  two 
equal  weights,  and  augment  one  of  them  till  it  is  just 
upon  the  point  of  prevailing,  so  as  to  give  motion  to  the 
system,  noting  the  difference  of  the  weights.  Make 
similar  experiments  on  four  different  weights,  cords,  and 
pulleys,  and  let  the  several  resulting  values  of  q  in  the 
equation  d*  ,  .  ^. 

be  denoted  by  q',  fj\  q'\  q^"- ;  the  four  radii  by  /,  r",  r^',  t^" ; 
also  the  weights  and  powers  by  W',  W",  W**,  &c.  P', 
P",  F",  &c. ;  whence  we  shall  obtain 

q'    =~(a  +  bF)  q^  ^ 


=   -;7(«-h  AP^ 


fz=,y,(a^-bY-) 


q' 


iv     — 


-^.(a-f  6P-). 


The  first  three,  or  indeed  any  three,  of  these  equations 
may  be  employed  for  determining  the  values  of  a,  b,  and 
n  ;  and  by  means  of  the  fourth  we  may  assure  ourselves, 
whether  these  formulee  have  all  the  generality  we  can 
desire ;  for  the  values  of  o,  6,  and  n,  as  determined  from 
the  former,  when  substituted  in  the  latter,  ought  to  pro- 
duce a  numerical  equality  in  the  results  of  both  sides 
of  the  equation,  without  which  no  dependence  can  be 
placed  upon  them. 

161.  The  principal  experiments  that  have  been  made  on  Experi- 
this  subject,  are  those  of  IVL  M.  Coulumb  and  Amontons.  i^pt^s  on 
The  apparatus  of  the  former  consisted  of  two  tressels  "6'*^^- 
six  feet  in  heieht,  and  sufficiently  solid  and  fijrm,  on 
which  were  laid  two  pieces  of  squared  wood ;  and  upon 
•      -       1 *     • 


«8 


MECHANICS; 


Mechanics,  these  Were  fixed  two  mlers  of  oak,  well  planed  and 
^  polished;  then  two  cylinders  of  lignum  vitae  were  pro- 
cured, one  of  six  inches  diameter,  the  other  two  inches; 
together  with  several  cylinders  of  elm,  from  two  to 
twelve  inches  in  diameter. 

These  thines  being  prepared,  in  order  first  to  find 
the  friction  of  the  rollers,  they  were  laid  horizontally 
upon  the  two  rulers  of  oak,  and  crossing  their  direc- 
tions perpendicularly,  the  rulers  bemg  in  a  perfectly 
horizontal  position ;  then  suspending  on  each  side  of 
the  roller  in  use,  a  weight  of  50  lbs.  with  very  fine  and 
flexible  packthread,  or  by  means  of  several  such  threads 
distributed  over  the  roller,  and  charged  each  with  50  lbs. 
at  its  extremities,  any  determinate  pressure  midit  be 
produced  upon  the  rulers.  And  by  the  addition  of 
small  weights  on  one  side  of  the  roller,  it  was  easy  to 
ascertain  what  weight  was  necessary  to  give  to  them  a 
motion  barely  perceptible. 

The  friction  of  the  rollers  being  estimated  by  the 
preceding  method,  it  is  easy  to  allow  for  it;  wheti,  in- 
stead of  the  flexible  packtliread,  the  cords  or  ropes  of 
which  the  rigidity  is  to  be  determined  are  substituted. 
And  this  determination  is  made  in  the  same  manner  as 
that  with  respect  to  the  nascent  firiction,  by  suspending 
small  weights  alternately  on  each  side  of  Uie  roller,  so 
as  to  cause  the  least  sensible  motion. 

It  is  obvious  that  this  method  of  estimating  the  ef- 
fects of  the  rigidity  of  cords,  furnishes  results  directly 
applicable  to  the  preceding  formulee ;  for  the  wei^ts 
which  produce  the  very  small  motion  in  the  cylinders 
will  be  precisely  equal  to  the  augmentation  of  the  re- 
sistance arising  from  the  stiffness  of  the  cord;  estimated 
in  the  direction  of  that  portion  of  the  cord  to  which  the 
resistance  is  applied  that  represents  Uie  useful  effects 
of  the  machine. 

We  shall  first  exhibit  the  results  of  M.  Coulumb's 
experiments,  on  the  second  species  of  friction  produced 


by  the  rollers  of  lignum  vitee  of  six  and  of  two  inches  Mec 
diameter.  ^^ 


Charge  of  tlie 

Rollers,  tlieir 

weight  being 

comprised. 

Weights  which  produced  an  extremely  slow 
motion,  the  diameters  of  the  Rollers  being 

6  Incbe?. 

%  Indies. 

100  lbs. 

500  lbs. 

1,000  lbs. 

0-6  ibs. 
30  lbs. 
60  lbs. 

1-6   lbs. 

9-4   lbs. 

18-00  lbs. 

From  this  table  M.  Couiumb  infers,  that  the  frictioa 
of  cylinders  that  roll  upon  horizontal  planes  is  directly 
as  the  pressures,  and  inversely  as  the  diameters  of  the 
rollers.  He  also  found  that  greasing  the  surfaces  did 
not  cause  in  these  cases  any  diminution  of  the  fricticm. 

Rollers  of  elm  produced  a  friction  about  fths  greater 
than  lignum  vitee;  and  under  small  pressures  the  fric^ 
tion  was  rather  greater  than  would  result  firom  the  law 
of  friction  bein^  proportional  to  the  pressure. 

l^ote, — ^The  KK>t  and  lb.  here  referred  to  are  those  of 
the  old  French  system. 

We  shall  next  present  the  results  of  M.  Coulumb't 
experiments  on  the  rigidity  of  cords,  and  different  roll- 
ers between  2  and  12  uiches  diameter.  The  deduction 
for  the  friction  being  stated  in  the  table,  and  a  cohimn 
exhibiting  the  comparative  rigidity  deduced  from  the 
experiments  of  M.  Amontons.  The  cords  were  of  three 
kinds:  No.  1,  of  njr  threads  in  a  yam,  or  two  in  a 
strand,  the  circumference  12^  lines,  and  the  weight  of 
a  foot  in  length  4j-  drs. ;  No.  2,  of  15  threads  in  a  yam, 
or  5  in  a  strand,  circumference  20  lines,  and  the  weight 
of  a  foot  in  length  124  drs. ;  No.  3,  of  30  threads  in  a 
yam,  or  10  in  a  strand,  circumference  28  lines,  and  the 
weight  of  a  fddt  in  length  24^  drs. 


Cords  employed 
in  the  Expe- 
riment 

K'mdsofWood, 

diameter  and 

weight  of  the 

BoUcrs. 

Weights  hnng 
on  each  side 

of  the 
Roaer,inlbs. 

Additional 

Weight  to 

produce 

the  Motion, 

in  lbs. 

Total  Charge 

of  the  Rulers 

which  support 

the  Roller. 

Friction  of 
theRoUer. 

Stiffness  of  the  Cord. 

Valued  bT 
Coolumbs 
Apparatus. 

Valued  br 

AmoDtoo* 

Apparatus. 

■{ 

6 

Cord  No.  3, 

30  threads  to 

a  yam. 

The  same 
cord. 

The  same 
cord. 

Hie  same 
cord. 

Cord  No.  2, 

of  15  threads 

in  a  yam. 

Cord  No.  1, 

C       Elm.        ^ 
1    12  inches    f 
J  diameter,wt.  | 
I     llOlbs.     J 
r       Elm.        ^ 
1     6  inches     f 
J  diameter,wt  i 
I      251bs.      ) 
f    Guiacwn.    '\ 
1     6  inches     f 
1  ^iameter,wt  i 
(.      50lbs.      J 
C    Gmaam.    '\ 
}     2  inches     f 
J  diameter,wt  k 

I  ^\b%.  y 

C   Gmaam.    '\ 
1     6  inches     f 
J  diameter, wt.  L 

I    5oibs.    y 

(   The  same    ) 
(    as  above,    j 

100 
300 
500 

200 

200 

25 
200 

25 
100 
200 
500 
100 
200 

5 
11 

20 

18 

16 

11 
52 

J* 

11 

24 
3 
6 

315 

721 

1130 

443 
466 

456^ 

lOU 
256 
461 
1074 
253 
456 

1-5 
3-6 
5-6 

2-8 

2-8 
6-4 

2-7 

3-5 

7-4 

11-4 

13-2 

8-2 
,  17-6 

3-3 

4-4 
10-4 
16-4 

14-8 

7-6 
17-8 

31 
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From  this  table,  it  will  be  seen  that  the  method  of 
AnumtODS,  and  that  of  Coulumb^  furnish  nearly  the 
same  results.  The  latter  ascribes  the  difference,  where 
f^reateaty  to  the  circumstance  of  the  cords  havmg  been 
man  used  previous  to  their  being  taken  for  one  kind  of 
experiment  than  for  the  other. 

M.  Coulumb  made  various  other  experiments,  both 
on  the  rigidity  of  cords  and  the  friction  of  axles,  Sec, ; 
but  as  they  involve  in  them  the  principle  of  motion,  we 
Uttst  refer  them,  as  before  stated,  to  the  term.FRicTioir 
hi  our  general  Alphabetical  arrangement. 

§  XXrV.   Of  the  resistance  of  solids > 

162.  When  a  sohd  body  is  submitted  to  any  strain, 
either  parallel  to  its  length,  or  in  a  direction  perpendi- 
cokurly  or  obliquely  to  its  longitudinal  direction,  tod 
that  strain  is  so  far  excited  that  a  consequent  fracture 
takes  place;  the  instant  before  this  happens  there  ought 
to  be  an  equiHbrium  between  the  resistance  of  the  par- 
ticles or  fibres  of  the  solid  and  the  straining  or  exciting 
force  to  which  it  is  exposed ;  and  hence  the  theory  of 
the  resistance  of  sohds  belong  properiy  to  the  doctrine 
of  statics,  and  as  such  we  shall  treat  of  it  in  the  pre- 
sent article. 

With  regard  to  the  resistance  of  any  body  of  uni- 
tbnn  texture,  whether  fibrous  or  crystalized,  when 
txpoaed  to  a  force  acting  parallel  to  its  len^,  and 
having  a  tendency  to  draw  it  asunder;  it  is  obvious  that 
this  ought  in  all  cases  to  be  proportional  to  the  area  of 
its  transverse  section ;  and  all  experiments  that  have 
been  hitherto  made  are  found  to  give  results  conform- 
able to  this  deduction ;  viz.  if  it  will  require  (as  upon 
a  medium  it  is  found  to  do)  27  tons  to  tear  asunder  an 
iron  bar  1  inch  square,  it  vnli  require  13^  tons  to  tear 
asonder  a  bar  whose  transverse  area  is  ^  an  inch ;  and 
so  on,  in  proportion  for  any  other  areaof  section,  in- 
dependent of  the  figure  of  that  section  or  of  the  length 
of  the  bar. 

163.  The  above  is  one  of  the  most  simple  cases  of 
tiie  resistance  of  solids :  we  shall  find  much  more  diffi- 
cohy  in  establishing  the  law  of  resistanee  when  the  bar 
vr  beam  we  are  considering  is  either  rested  on  two 
prcms,  and  loaded  in  any  part  of  its  length,  or  when  it 
v  fixed  at  one  end  and  loaded  at  the  other.  It  may 
also  in  this  latter  case  be  fixed  at  different  angles  of 
isctination,  ascending  or  descending,  &c,\  each  of  which 
cases  requires  a  distinct  investigation.  Moreover,  the 
resistance  here  does  not  depend  entirely,  as  in  the  pre- 
ceding, upon  the  area  of  fracture ;  but  the  form  of  that 
area  also  becomes  an  important  consideration ;  it  is  ob- 
noQs,  likewise,  that  we  have  not  in  this  case  simply  to 
ccmsider  the  quantity  of  resistance  of  the  solid  at  the 
laomeht  of  rupture,  but  the  resistance  which  it  may 
oppose  to  any  degree  of  inflection  arising  firom  the 
exciting  forces. 

164.  When  a  beam  of  timber  or  any  other  matter  is 
Submitted  to  a  transverse  strain,  being  either  supported 
%t  its  two  extremities,  and  loaded  in  the  middle,  or 
Hxed  at  one  end  in  a  wall  and  loaded  at  the  other;  it 
will  not,  as  is  generally  assumed,  turn  about  its  upper 
fyr  lower  surface,  but  on  a  Hue  within  the  area  of 
fracture;  which  line,  in  what  follows,  is  denominated 
the  neutral  axis  of  rotation,  or  neutral  arts. 

If  the  fibres  of  a  beam,  referring  for  instance   to 


section. 


fig.  101,  were  whdly  incompressible,  then  the  beam  Mechuuics. 

when  loaded  at  the  end  I,  would  turn  about  the  point  ^^"v*^^ 

pr  line  C ;  and  every  fibre  of  it  fipom  C  to  A  would  be 

in  a  state  of  tension.     On  the  contrary,  if  the  fibres 

were  wholly  inextensible,    then  if  the  beam  turned  . 

at  all,  it  must  be  about  the  point  A,  and  every  fibre 

from  A  to  C  would  be  in  a  state  of  compression.     But  Figure  of 

we  know  of  no  bodies  in  nature  that  are  either  inex-  trims^erse 

tensible  or  incompressible  ;  and,  therefore,  the  rotation 

of  the  beam  will  neither  take  place  about  A  nor  C, 

but  on  an  intermediate  point  n;  and  all  the  fibres  above 

that  line  will  be  in  a  state  of  tension,  and  those  below 

it  in  a  state  of  compression;  while  those  which  are  sd 

situated  as  to  coincide  exactly  with  its  plane,  will  be 

neither  extended  or  compressed,  but  be  in  a  state  per- 

fecUy  neutral  with  regard  to  both. 

It  is  obvious  that  the  fibres  submitted  to  tension  are 
more  and  more  extended  as  they  are  situated  farther 
from  the  point  y?,  and  at  A  their  extension  is  the 
greatest.  The  same  also  obtains  with  respect  to  the 
fibres  submitted  to  compression,^  this  being  greatest 
at  C ;  and  whatever  may  be  the  law  of  the  forces  ne*- 
cessary  for  producing  these  several  degrees  of  tension 
and  compression,  or  whatever  may  be  the  law  of  the 
resistances  which  they  offer  after  they  are  excited; 
there  must  be  some  point,  situated  between  A  and  w, 
into  which  if  all  the  resistances  to  tension  were  united ; 
and  some  point  between  n  and  C,  into  which,  if  in  like 
manner  all  the  resistances  to  compression  were  con<^ 
densed,  the  re-action  arising  from  these  two  aggregate 
forces  would  be  the  same  as  in  the  actual  operation ; 
which  points  are  designated  the  centres  of  tension  and 
compression.  Let  t  and  c  denote  these  centres,  then 
the  mechanical  resistance  of  the  fibres  may  be  exhibited 
as  in  fig.  102,  where  w  denotes  the  sum  of  all  the  tensions 
acting  at  t,  and  w'  the  sum  of  all  the  compressions  act- 
ing at  c,  the  momenta  of  which  two  forces  are  obviously 
equal  to  each  other,  it  being  this  equality  which  deter- 
mines the  beam  to  turn  about  the  point  n. 

But  the  position  of  these  two  centres  depends  upon 
the  law  of  resistances  to  tension  and  compression  of 
the  fibres  according  to  their  respective  distances  ffom 
the  neutral  axis  n,  and  the  determination  of  which  can 
only  be  effected  from  experiment;  the  usual  law 
attributed  to  the  tension  and  compression  of  ela9> 
tic  bodies ;  viz.  "  ut  tensio  sic  vis,  would  give  the 
centre  of  tension  a  distance  from  the  neutral  axis  equal 
to  the  quotient  arising  from  the  division  of  the  product 
of  the  distances  of  the  centres  of  gravity  and  oscillation 
of  the  area  of  tension,  by  the  whole  depth  of  that  area, 
and  the  same  with  regard  to  the  centre  of  compression? 
but  as  this  law  will  not  agree  with  the  result  of  ex- 
periment, other  conditions  ought  to  be  sought  in 
which  the  theoretical  and  practical  deductions  will 
coincide. 

This  task  has  been  undertaken  by  Mr.  Barlow  of  the 
Royal  Mihtary  Academy;  and  the  conclusions  which  he 
has  drawn  from  numerous  experiments  are  as  follows, 
viz. 

The  centre  of  tension,  and  the  centre  of  compres- 
sion, each  coincided  with  the  centre  of  gravity  of  its 
respective  area ;  and  the  neutral  line  which  divides  the 
two,  is  so  situated,  that  the  area  of  tension  into  the 
distance  of  its  centre  of  gravity,  from  the  neutral  axis, 
is  to  the  area  of  compression  mto  tha  distance  of  its 
I  2 
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JMcthaiik*.  centre  of  gravity  ♦  from  the  ftftme  line,  m  a  constant  ratio 
^^^  ^*^'  for  each  thstiDct  species  of  wood,  but  approxkuatiiig  in 

all  towards  the  ratio  of  3  to  I. 
Remarks <m  155  j^^  ^j^g  above  results  are  entirely  at  variance 
©f  tewW  ^'^'^  ^^  deductions  of  Leibuitii  and  others,  who  have 
written  on  this  subject ;  the  author  above  menijonedt 
enters  upon  a  physical  explanation  and  exaratnation  of 
them;  obscrvintr,  "^that  the  bypotliesis,  **  nt  tensio  sic 
vis/*  is  founded  on  a  supposition  of  perfect  elasticity, 
and  admits  of  no  bmit  or  termination  of  this  law ;  but 
it  is  obvious,  that  in  alt  the  bodies  we  are  Rcquainted 
with^  and  particularly  in  timber,  it  can  only  obtain  to  a 
certain  extent;  after  which,  an  increase  of  force  may 
be,  and  obviously  is,  accompanied  by  a  decrease  of  re* 
action;  thus,  referring  to  fig,  101,  when  the  fibre  6  A 
U  so  extended  that  its  re-action  is  at  its  maximum,  all 
the  other  fibres  between  6  A  and  n  fall  short  of  that 
maximum  value ;  but  as  more  weight  is  applied  at  F, 
the  other  fibres,  situated  below  b  A^  arrive  at  their 
maximum,  while  the  re-action  of  that  fibre  is  dimi- 
nished ;  and  as  the  beam  is  fartlier  exerted,  other 
lower  fibres  come  successively  to  their  maximum  of  re- 
action, while  tliose  that  Imve  already  arrived  at  that  state 
are  midergoing  a  diminution.  The  law  of  re-action,  till 
the  iibtes  have  attained  their  maximum^  we  may  suppose 
to  coincide  with  the  state  of  perfect  elasticity  ;  that  is, 
that  the  re-action  is  as  the  exciting  force :  but  what 
may  W  the  law  by  which  that  power  is  diminished  when 
excited  beyond  that  which  produces  the  maximtnn, 
we  shall  not  attempt  to  assume  ;  it  is  sufficient  for  our 
jiiesent  purpose,  to  establish  on  general  principles, that 
such  a  decrease  does  obtain ;  and  as  a  consequence  of 
this^,  that  the  fracture  of  the  beam  does  not  take  place 
immediately  after  the  extreme  fibre  has  passed  its 
maximum :  but  that  this  cveut  depends  upon  the  sum 
of  the  re-actions  of  all  the  fibres  having  arrived  aland 
passed  that  state/ 

*  This  being  admitted,  we  see  the  reason  why  the 
deflections^  during  part  of  the  operation  (viz,  while  the 
redaction  of  the  fibres  are  all  increasing),  are  as  the 
exciting  forces ;  and  why,  after  that  point,  they  proceed 
more  rapidly  than  in  the  proportion  of  tlie  weights; 
and  also,  why  these  deflections  are  greater  and 
greater  as  the  beams  are  more  and  more  excited.  It 
follows  also,  as  a  necessary  consequence  of  the  above 
reasoning,  that  the  centre  of  tension  cannot  be  situ- 
ated rn  the  point  assigned  to  it  by  Leibnitz ;  because 
this  depends  upon  what  we  have  shown  to  be  an  erro- 
neous hypothesis,  viz,  that  the  fracture  happens  imme- 
diately after  the  extreme  fibre  has  passed  its  maximum 
of  re-action/ 

*  As  to  the  exact  determination  of  the  situation  of  this 
centre,  it  obviously  depends  upon  the  law  of  decrease  of 
energy  in  the  fibres,  after  passing  their  maximum  value, 
as  combined  with  the  increasing  eflVct  of  the  other 
fibres  before  they  arrive  at  it ;  but  whatever  the  former 
law  may  be,  it  will  evidently  have  a  tendency  to  place 
tliat  centre  farther  from  tlie  axis  than  accords  with  the 
hypothesis  of  Lesbnitz;  and  consequently  to  approxi- 
mate it  towards  that  assumed  by  Galileo.  The  results 
of  our  investigations  point  towards  the  latter  ;  and 
though  we  have  not  found  a  perfect  coincidence  witli 
either,  yet  it  appears  to  be  so  near  to  that  of  the  latter, 
that  no  sensible  eiTor  will  take  place  by  supposing  the 
centre  of  gravity  and  that  of  tension  to  be  in  one  and 


the  same  point.     It  must  be  observed,  however,  that  Me< 
the    coincidence  which  we  have  thus  found  between  1 
the  result  of  Galileo*s  hypothesis  and  our  deductions,  in  ( 
by  no  means  a  proof  of  the  correctness  of  the  former;^ 
but  on  the  contrary,  admitting  the   above  exptanution^.j 
it  shows  that  coincidence  to  be  merely  accidental;  foffj 
instead  of  supposing  the  fibre  of  greatest  re-action  in  the  ^ 
breaking  state  of  the  beani,  to  be  situated  in  or  near  ti»e 
centre  of  the  area  of  fracture,  and  the  tibres  both  above 
and  below  this  to  have  a  diminished  action,  on  the  one 
side,  in  consequence  of  not  being  sufficiently  excited  • 
and  on  the  otlier,  from  that  exr  itation  being  carried  kmbJM 
far,  he   supposed  them   all   to  have  an  equal  action  ;^' 
which,  though  wholly  erroneous  as  an  h)T>othesis,  gave 
very  nearly  or  exactly  the  true  rejiultsJ 

With  regard  to  the  coincidence  between  the  cen»Oni 
tres  of  gravity  and  of  compression,  Mr,  Barlow  explains  *'^"^ 
it  on  other  principles  ;  viz.  that  in  the  actual  operation  ^J"" 
of  breaking  a  beam,  the  compressed  fibres  always  ex- 
hibit themselves  in  the  form  of  an  isosceles  triangle, 
having  a&  vertex  in  the  neutral  axis;  which  being  the 
case,  and  assimilating  the  re-action  of  the  fibres  to  that 
of  a  series  of  spiral  springs,  increasing  in  length  from 
the  neutral  axis  outwards,  it  is  obvious,  that  the  length 
of  the  spring  is  every  where  as  the  exciting  force  ;  and 
consequently  the  resistance,    from   the  vertex   to  the 
base,  will  be  the  same  in  all  parts ;  and  therefore  the 
centre  of  gravity  and  compression  ought  to  be  found  io 
the  same  point. 

This  theorem  being  established,  it  is  evident  that 
we  may  thence,  without  any  specific  numbers  for  exhi- 
biting the  actual  resistance  of  the  fibres,  coinptiie  the 
proportional  strengths  of  difterently  tbrmed  beams  ;  and 
of  the  same  formed  beams  in  diflerent  positions ;  of 
which  we  will  give  one  example  by  way  of  illustration. 

166.  Let  a  square  beam  be  fixed  with  one  end  in  a  Eu 
wall,  first  in  a  direct  position,  viz.  with  its  sides  perpen- 
dicular and  horizontal;  and  secondly  with  its  diagonal 
vertical ;  to  find  tlie  ratio  of  its  strengtlis  in  these  two 
positions : 

Conceive  ABCD  (fig.  103)  to  denote  the  b^?am  in  Jt« 
first  position ;  EF  the  neutral  axis ;  EABF  liie  area  of 
tension ;  and  t  the  centre  of  tension,  or  centre  of  gra- 
vity of  that  area;  EDCF  the  area  of  compression; 
c  its  centre  of  gravity  ;  and  G  the  centie  of  gravity  o^H 
the  whole  area  of  fracture;  and  the  same  letters  wiUl^ 
denote  the  similar  quantities  iu  fig,  104,  which  repre- 
sents the  section  of  the  l>cam  ui  its  second  position. 

Then,  by  the  preceding  tlieorem,  we  have,  in  fig.  103, 

ffrctf  AEBF  X  nt  X  3  =  area     EDCF  x  nc; 
in  fig.  104,  I 

area    EBF  x  nt  x   3  «  ami  EFCDA  x  «  c ; 
both  which,  from  the  property  of  the  centre  of  gravity 
(art  117),  are  reducible  to 

fig.  103,      area  AEBF  x  2fU  =:  area  ABCD  x  nGi 
fig.  104,      area     EBF  x2nt  ^  area  ABCD  x  «  G, 

For  the  sake  of  simplifying  the  computation,  let  the 
side  of  the  square  =:  1 ,  «  H  —  j  ,  or  « /  —  J  a\  then 
#1  G  =  ^  —  jt;  the  area  AEBF  —  j-,  and  tlie  area 
ABCD  -:  1  ;  whence  our  first  equation  gives 
.r' 


or 


whence 


=    i    —   .rj 


+  -t^  i; 


=  _  ^  i  ^  3  -  <366, 
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ihriciL  vhieh  denotes  both  the'  depth  oS  tension  H  it,  and  the 

area  of  the  same  AEFB;  consequently  '366  x   — ^ 

=  •066978; 

the  numerical  exoression  for  the  resistance  to  tension, 
on  wUch  depends  the  strength  of  the  beam,  as  is 
obrious  by  referring  to  fig.  102. 

It  lemains  now  to  compate  the  same  for  the  second 
position  of  the  beam,  as  in  fig.  104.  Here,  if  we 
denote  JiB  by  x,  ntzz:  ^x,  and  the  area  EBF  =  .r"; 
alio  area  ABCD  =  1  as  before ;  whence  our  second 
ffjm^tion  becomes 

ar*  X  f  JT  =:  i  \/  2  — .  X,  or 

«*  +fx=r  |s/2=  1-0606. 

From  whidi  we  readily  obtain  x  =  *578  nearly,  x*  =r 

•33408,  andx*x   Jx  =  J*»=  -06436,  which  is  the 

MUierical  ralue  of  the  tension  in  this  position  of  the 


ifti 


The  strei^th  of  the  beam,  therefore,  in  the  latter 
poittiony  is  to  that  in  the  former  in  the  ratio  of 
-06436  :  -06697;  or  as  the  numbers  643  :  669  nearfy; 
which  accords  with  experimental  results. 

167.  Aa  our  object  is  to  investigate  the  conditions  of 
ecpulibrinm  between  the  resistance  of  solids,  and  the 
straina  to  which  they  may  l)e  exposed,  it  is  necessary 
fir  ua  now  to  examine  the  latter  without  any  reference 
to  the  quantity  of  the  former,  in  order  that  we  may 
nhinalelyy  by  equating  the  two,  determine  either ;  the 
other  bemg  supposed  given;  and  for  the  sake  of  sim- 
plification,  we  shall  here  confine  all  our  enquiries  to 
the  case  of  rectangular  beams : 

A  beam  of  timber,  as  ACPI  (fig.  101),  fixed  with  one 
end  in  awall,  and  loaded  with  a  weight  W  at  the  other, 
will  be  deflected  from  its  first  horizontal  position  AH, 
into  the  oblique  direction  AF,  supposing  it  in  the  pre- 
sent instance,  for  the  sake  of  simplicity,  inflexible  in 
ietery  pcnnt  except  in  the  section  of  firacture  AC ;  and 
this  deflection  will  take  place,  as  before  remarked,  by 
avana  of  a  rotation  performed  about  the  neutral  axis  n. 

Now  the  force  which  has  a  tendency  to  produce  this 
TOtirfioii,  will  obviously  be  the  weight  W  multiplied  by 
Ae  length  of  the  lever  n  F,  into  the  cosine  of  the  angle 
sFB ;  and  the  force  opposed  to  it  will  be  the  resistance 
of  all  the  fibres  in  »  C  to  compression,  plus  the  resistance 
of  all  those  in  n  A  to  extension ;  and  the  sum  of  these 
tao  foffoea  in  the  instant  before  fracture,  must  necessa^ 
ily  be  in  equililMrio  with  the  former,  viz.  /  W  cos  n  FB. 
Our  present  object,  however,  is  not  to  consider  the 
atore  of  the  resisting  forces,  but  of  the  exciting  force ; 
ttid  this,  aa  we  have  seen  above,  when  expressed  sym- 
helically,  is 

F=iiF  x  cosaFB  x  W,  orF  =  /Wcos  a. 
Where  F  denotes  the  force  or  strain  wF  =  /;   the 
Height  =  W ;  and  the  angle  n  FB,  of  deflection  ==  a  . 

It  will  be  observed,  that  n  F  is  not  the  length  of  the 
beam,  but  the  distance  of  the  neutral  axis  from  the 
pobt  on  which  the  weight  is  suspended ;  nor  is  the 
mngle  iiFB  actually  the  angle  of  deflection :  but  as  the 
4epth  of  beams  are  genenilly  small  in  comparison  of 
their  length,  and  the  depth  of  the  neutral  axis  still 
•nailer,  we  shall  in  what  follows,  (except  the  contrary 
be  expreaaed)  consider  /  as  the  length  ofthe  beam,  and 

A  as  the  an^e  of  deflection,  since  it  will  simplify  the 
investigation  and  can  produce  no  sensible  error. 

When  a  beam,  instead  of  being  fixed  at  one  end  mto 
%  wall,  is  merdy  rested  on  a  suj^nnt  at  its  middle  point. 


and  loaded  at  each  end ;  the  tension  of  the  upper  fibre  Mecbanics. 
is  still  the  same  as  in  the  former  case ;  supposing  the  ^^^^^"'^'^ 
length  of  the  beam  in  the  latter  instance  to  be  double      % 
what  it  is  in  the  former ;  that  is,  supposing  the  beam  TruurerBe- 
FF  (fig.  105),  to  be  double  AF  (fig.  101),  then  the»tfiuiL 
three  weights  being  equal,  the  tension  of  the  fibre  A  &, 
in  both  cases  will  be  the  same,  excepting  only  so 
much  of  A  as  depends  upon  the  cosine  of  the  angle 
of  deflection;  which,  in  fig.  105,  will  be  only  half  that 
in  fig.  101.    The  same  general  expression,  however, 
will  apply  in  both  cases,  by  merely  changing  /  in  the 
former,  into  ^  /  in  the  latter;  so  that  we  shau  have,  in 
this  case, 

F  =  */WcosA. 

Now  a  beam  resting  on  a  fulcrum  C  in  the  middle  of 
its  length,  as  in  fig.  105,  and  acted  upon  by  two  weights 
W,  W,  has  commonly  been  considered  in  the  same 
state,  with  regard  to  the  strain  upon  it,  as  the  equal 
beam  F  F'  (fig.  106),  which  is  rested  on  the  two  props 
F  F,  and  loaded  with  a  double  weight  P  at  its  centre : 
but  it  is  evident  that  this  is  not  a  correct  conclusion. 

In  the  first  place  it  is  obvious,  that  the  resistance  of 
the  fulcrum  is  not  made  in  a  direction  parallel  to  that 
of  the  vertical  weight  P,  but  perpendicular  to  the  arms 
of  the  lever  F  n,  Fn ;  and  therefore,  that  the  beam  is, 
with  regard  to  its  strain,  kept  in  equilibrio  by  the  action 
of  the  three  forces  FO,  FO,  and  OR;  the  former 
FO,  F'O,  being  supposed  perpendicular  to  F  «,  Fn. 

The  re-action  of  the  folcrums  F,  F,  will  therefore  be 
to  the  weight  P,  as  FQ  to  half  OR,  or  OC ;  or  aa 
radius  to  the  cosine  of  the  angle  FOn,  or  itFC; 
that  is,  as  radius  to  the  cosine  of  the  angle  of  de* 
flection. 

Hence,  when  a  beam  is  rested  upon  two  fixed  props, 
and  loaded  at  its  middle  point  by  any  weight  P,  the 
strain  upon  that  middle  point,  arising  from  the  re-action 
of  the  props,  will  be  found  by  the  following  propor- 
tion, as 

FO  V  P 

OC:OF::  jP;^r^,or 


COS  A  :  rad 


20C 
,  _^     P  X  rad 

::  iPir ,or: 


2  COS  A        2  cos  A 
taking  radius  equal  to  unity ;  or  if  we  call  half  P  :=  W, 
then,  according  to  our  former  notation, 
p_i/xW  _    /xP 
co&d  4  CQsd 

This  supposes  the  arms  of  the  lever  F  »,  F»,  to  remain 
of  the  same  length :  but  it  is  obvious  that  this  is  also  an 
erroneous  hypothesis,  for  the  props  or  fulcrums  being 
fixed,  these  arms,  either  by  the  stretching  of  the  fibres, 
or  by  tlie  pieces  of  wood  slipping  between  the  points  of 
support,  are  more  and  more  lengthened  as  the  piece 
descends ;  viz.  the  length  of  the  lever  is  to  half  the 
distance  of  the  props  as  rad  to  cos  A  ;  and  conse- 
quently the  stnun  on  this  account  is  again  increased  in 

the  ratio  of ,  or . to  radius  1.    Whence, 

cos  A  cos  A 

by  introducing  this  consideration,  our  former  expression 
becomes 

F-      ^^      =   ^P  ^^'^ 
■"  4cos*A  ""  4        * 

197.    Let  us  now  endeavour  to  ascertain  the  strain  Stnin  witb 
upon  the  centre  of  a  beam  which  is  loaded  at  that  the  endi, 
point,  having  each  of  its  ends  fixed  in  a  wall  or  other  ^^ 
immoveable  mass,  aa  hi  fig.  107. 
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General 
results. 


When  the 
wcfslit  if 
not  in  the 


Here  it  ig  obvious  ibftt  the  whole  wei^t  it  not  em- 
ployed in  produdng^  the  strain  upon  m  middie  sec- 
tiouy  a  part  of  it  heiag  required  to  produce  the  strain 
BXkd  deflection  at  the  point  of  fixing;  consequent! j* 
besides  the  weight  necessary  to  cause  a  fracture,  or  to 
produce  any  given  deflection  in  a  beam  which  is  merely 
supported,  so  much  additional  weight  must  be  laid  on^ 
as  will,  when  the  beam  is  fixed  at  each  end,  deflect  the 
two  half  lengths  to  the  same  degree;  that  is,  referring  to 
fig.  107,  the  weight  W  must  fa^  greater  than  would  be 
required  to  deflect  the  supported  beam,  by  as  much  as 
is  necessary  to  deflect  the  two  half  beams  AC,  A'C,  the 
same  quantity,  or  to  produce  in  them  the  same  angle 
of  deflection.  Now  if  we  refer  to  fies.  101  and  105, 
isnd  supposing  the  latter  to  be  in  length  just  double  the 
former;  we  shall  see  as  above,  that  if  weights  W,  W  are 
appended  at  the  two  extremities  as  in  the  latter  figure 
equal  to  the  weight  W  in  the  former,  the  fibre  6  A,  6  A 
in  each  will  experience  a  like  tension ;  but  it  is  obvious 
that  still  the  deflection  in  fig.  105,  will  be  only  half  that 
in. fig.  101,  the  angle  An^  in  both  figures  being  equal. 
fUipposing  therefore  the  deflections  to  be  as  the 
weights,  it  will  require  in  fig.  101,  only  ^of  the  sum  of 
the  wei^ts  W,  W,  in  fig.  105,  to  produce  an  equal 
deflection;  therefore  to  deflect  the  two  half  beams, 
fig.  107,  will  require  half  the  weight  that  is  necessary 
to  cause  the  middle  deflection ;  and  consequently,  if  the 
weight  W  in  the  latter  figure  be  supposed  to  be  divided 
into  six  equal  parts,  four  of  those  parts  will  be  em- 
ployed in  producing  the  deflection  of  the  centre ;  and 
one  of  each  of  the  other  two,  in  producing  that  at  the 
two  ends ;  so  that  of  the  whole  weight  necessary  to 
break  a  beam  thus  fixed,  only  four  parts  out  of  six 
operate  in  straining  tlie  middle  section:  the  strain 
therefore  in  this  case,  is  to  the  strain  on  a  similar  beam 
only  supported  at  its  ends,  as  4  to  6,  or  as  2  to  3 ; 
or  the  strength  in  the  two  cases  will  be  as  3  to  2, 
which  is  conformable  to  experiment. 

169.  If  now  we  collect  together  our  results,  we  shall 
find  that  the  strain  upon  a  beam, 

Fixed  at  one  end,  and  loaded  at  the  other,  is 

F  =  IW  cos  A  ; 
fy^/ten  supported  at  each  end,  and  loaded  in  the  middle,^ 

F  =  i/Wsec'A; 
Whcnjixed  at  each  endy  and  loaded  in  the  middle, 

F  =  J/ W  sec' A. 
And  tlie  same  formuloe  will  apply  to  the  cases  in  which 
the  beam,  instead  of  being  fixed  horizontally,  as  hi- 
therto supposed,  is  fixed  at  any  angle  of  inclination; 
or  if  the  force,  instead  of  acting  vertically,  act  in  any 
other  direction;  by  resolving  it  into  two  forces  perpen- 
dicular to  each  other,  as  in  art.  35. 

170.  Let  us  next  consider  the  case  in  which  the 
weight  is  not  placed  in  the  centre  of  the  beam,  but  in 
any  other  part  of  its  length,  as  in  fig.  108.  Here, 
since  the  tension  of  the  fibre  A  B  is  the  same,  whether 
we  estimate  it  towards  F,  or  F',  we  may  suppose  the 
weight  W  to  be  divided  into  two  weights,  which  shall 
liave  to  each  other  the  ratio  of  IC  to  I'C ;  that  is, 

IP  :  IC  ::  W  ;  *^  ^  ^ 


II'  :  IC  ::  W: 


11'     ' 

I'C  X  W 

II' 


or  the  latter  u  acting  at  die  point  C  of  die  lever  CI,  or  Mtx 
both  of  them  as  actbe  at  thepoint  C  of  the  beam  or  "'^ 
compoond  lever  11',  Uie  strain  or  tension  of  the  Sbn 
A  6  will  be  the  same,  and  will  be  expressed  by 

_  IC  X  w         _  IC  X  rc  X  w 

'  —  rr X  11^  —  TT. ,  or 


f  =  ieI:5:xic  = 


II' 

I'C  X  IC  X  W 


U'        '^ IF 

Thai  is,  if  /  be  taken  to  denote  the  length  of  the  beam 
II',  and  m  and  n  the  two  distances  IC,  I'C ;  then 

F=     ""• 


W  =  -^W. 


Tlien  it  is  obvious,  that  whether  we  consider  the  first  of 
these  weights  as  acting  at  the  point  C  of  the  lever  CF, 


m  +  n  ~  / 
That  is,  the  strain  varies  as  the  rectangle  of  the  two 
parts  into  which  the  beam  is  divided  by  the  point  of 
suspension :  and  hence  it  follows  that  the  strain  will  be 
the  greatest  when  the  rectangle  is  the  greatest;  that  is, 
when  the  weight  acts  at  the  centre. 

We  shall  now  take  the  case  of  two  weights  suspended  Wl 
from  any  two  points  of  a  beam,  to  determine  the  straio  *'^. 
upon  the  beam  at  any  given  point.  ^^' 

Conceive  FI IF  (fig.  109),  to  be  a  beam  resting  on 
the  two  props  F  F,  and  having  two  weights,  equal  or 
unequal,  suspended  from  the  two  points  DE\  then,  firom 
the  preceding  formula,   it  appears  that  the  straiii  at 

D  IS  F  = 1^7 X  W;    and  the  stvam  at  E  is 

F=l!-ixW'. 

In  order  to  find  the  strain  at  any  other  point  C, 
we  have  only  to  make  the  following  proportions ;  viz. 

Di' :  cr ::  Hii^ w  :  I5^w  =  the  ..«in 

at  C  as  arising  from  that  at  D ;  and  again 

EI' :  IC  : :  i^JL^  W  :  i^5^  w'  the  strain  at 

C  as  arising  from  that  at  E. 

Consequently  the  whole  strain  at  C,  arising  firon 
both  weights,  will  be  expressed  by 

ID  X  rc  X  W  4-  IE  X  IC  X  W^ 

!•  -  rr  • 

From  this  general  formula,  we  may  readily  deduce 
that  for  any  particular  case. 

Suppose,  for  example,  that  the  two  weights  W,  W, 
are  equal  to  each  other,  and  that  C  is  the  centre  of  the 
beam ;  then,  since  I'C  =  IC  =  *  IF,  and  W  ==  W;  the 
general  expression  becomes  in  this  particular  case 

^  __  (ID  4-rE)  X  rc  X  W  _   ID  -f  TE 

F- jP -  2—^^'    . 

And  if  we  further  suppose  ID  =  FE,  then  it  becomes 
simply 

F  =  ID  X  W. 

Now  if  both  weights  acted  at  the  centre,  it  q)pear8 
from  our  preceding  investigation,  that 

F  =  iir  X  (2W)  =  ^ir  X  W  =  IC  X  W; 

whence  the  strain  in  the  two  cases  will  be  to  each 
Other  as  ID  to  IC ;  and  hence  the  following  practical 
deduction:  viz. 

When  a  beam  is  loaded  with  a  weight,  and  Aat 
weight  is  appended  to  an  inflexible  bar  or  bearing,  as 
DE  (fig.  1 10),  the  strain  upon  the  beam  will  vary  as  the 
distance  ID,  or  as  the  diftercnce  between  the  length  ef 
the  beam  and  the  length  of  the  bearing ;  for  the  bearing 
DE  bemg  inflexible,  the  strains  will  be  excited  in  the 
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Mtt  poinU  D  and  E  exactly  in  the  same  manner  as  if  the 
VV  bearing  were  i^jmoved,  and  half  the  weig^ht  hung  on  at 
each  of  these  points. 

Thisremaik  may  be  worth  the  consideration  of  prac- 
tical men  in  various  architectural  constructions. 
M  Am     In  the  same  manner  it  may  be  shown  that  if  a  beam 
swrJ  be  loaded  with  many  weighte  W,  W,  W,  W',  &c.  as 
■#*•     in  fig.  Ill,  all  equal  to  each  other,  and  every  two  of 
which  are  equally  distant  from  the  centre,  the  strain 
excited  on  the  middle  point  C,  will  be  expressed  by 

F  =  (ID  +  ID'  4-  ID'  -f  &c.)  X  W. 
Hence,  if  the  length  of  the  beam  be  /,  and  the  number 
of  equal  weights  w,  and  the  sum  of  all  the  weights  W ; 
then  the  above  becomes 


mn 
T 


Wsec' A  =:fl<fS. 


Mecluuiio. 


or 


resistance. 


Frr  (0+  — -f-  — +  — +  &c.^— )   x  — , 
\  m       m       m  m    /         m 

F  =  -^  {  H^  2  4-  3  +  4,  &c.  i^n, }  or 

/W 

I&erefore  when  the  weight  is  uniformly  distributed 
through  the  whole  lengdi,  since  the  number  of  points  of 
•aspeniioii  then  become  infmite,  the  last  term  of  the 

/  W 
preoeding  expres»on  — — ,  vanishes  in  consequence  of 

ill  deaominationsbetne infinitely  large;  and  there  results 

for  the  strain  on  the  centre  of  a  beam,  when  the  weiglit 
W  is  uniformly  distributed  throughout  its  length;  which 
it  obfiously  half  what  it  would  be  if  it  were  all  sus- 
pended from  its  middle  point. 
wfnm     171.  Having  thus  determined  the  strain  upon  a  beam 
••■wilder  the  various  cases  of  the  exciting  force,  it  only 
"^"^  remains  to  compare  them  with  the  resisting  forces,  in 
cider  to  obtain  the  equation  of  their  eqnilibnum. 

Without  enquiring  at  present  into  the  numerical 
nhie  of  the  resisting  force,  it  obviously  depends  upon 
the  number  of  fibres  in  the  area  of  tension  apd  com- 
ftession,  and  the  distance  of  those  centres  from  the 
seutral  axis ;  but  the  number  of  fibres  depend  upon  the 
area,  and  the  centres  of  compression  upon  the  depth ; 
tlierefore  the  whole  resistance  is  as  a  d^^  where  a  is  the 
•  Weadth  and  d  the  depth  of  the  beam.  If,  therefore, 
t)ie  resistance  be  determined  from  experiment  for  any 
given  breadth  and  depth,  we  may  reaoily  find  the  same 
fer  any  other  given  aimensions. 

Suppose,  for  example,  that  the  resistance  ascertained 
%  experiment  on  a  rod  of  1  inch  deep  and  1  inch  in 
wickness  were  found  =  S,  we  should  have  a  cT  S  for  the 
iHistance  when  the  breadth  was  a  inches  and  the  depth 
^  inches ;  lio  that  <r  d*  S  is  a  general  expression  for  the 
>^sistance  of  any  rectangular  beam ;  and  hence,  there- 
fere,  we  obtain  the  foUowing  equations,  whence  W 
>tey  be  determined,  S  being  supposed  given ;  /  being 
Uie  length  of  the  beam  in  inches. 

1.  When  the  beam  isjixed  at  one  end, 

/  W  cos  A  =  a  rf*  S. 

2.  iFien  the  beam  is    supported  at  each  end,   and 
loaded  in  the  middle^ 

.      i/Wsec»A  =a(?S. 

3.  When  the  beam  is  supported  at  each  end,  and  loaded 
Qt  amf  distances  n  ami  m  from  cock  end, 


4.  JFhen  the  beam  isjixed  at  each  end,  and  loaded  in  Comparison 
the  middle,  of  strain  and 

2 /W  sec'*  A  =  a^S. 

5.  jrhcn  it  is  Jixcd  as  above,  but  loaded  at  ant/ part  of 
its  length, 

?;^Wsec'A  =ad'S. 

u  f 

The  value  of  S  is  of  course  different  for  different  kinds 
of  materials ;  and  even  in  woods  of  nearly  the  same 
species  considerable  variation  is  found  in  the  nume- 
rical value  of  the  above  quantity:  this  however  being 
a  subject  entirely  experimental,  we  shall  not  offer  any 
farther  remarks  on  it  in  this  place ;  but  shall  merely 
observe,  that  in  computing  the  strength  of  timber  for 
building  and  other  practical  applications  of  it,  as  the 
deflections  are  always  in  these  cases  very  inconside- 
rable, we  may  reject  without  any  sensible  error  the 
quantities  sec'*  a,  and  cos  a,  and  then  the  preceding 
equations  become 


1. 

3. 
5. 


/W 

ad' 
mn\y 

lad^ 
2mnW 

Slad" 


=  S; 
=  S; 
S; 


4. 


4ad*' 
/W 

6ad'' 


S; 


which  are  sufficiently  accurate  for  all  practical  pur- 
poses. 

172.  It  remains  now  to  consider  the  resistance  of  Primitive 
solids,   not  as  actually  opposed  to  fracture,  but  to  deflection, 
simple  deflection;  which  is  of  more  importance  to  the 
practical  engineer  than  that  which  relates  to  the  ulti- 
Qiate  stre^gth. 

In  this  case,  as  our  investigations  will  not  extend  be- 
yond the  first  small  deflections  of  a  beam,  we  may 
without  any  appreciable  error  consider  the  latter  as  per- 
fectly elastic,  and  the  curve  which  it  assumes  when 
loaded  as  the  elastic  curve ;  the  equation  of  which  is, 
as  we  have  seen  (article  106), 

*^  b  X  V 

-; r^  J  =  P  {  (y  +  c)  sin  y  —  «  COS  y  }  ; 

(^  +  /) 
from  which,  by  assuming  the  curve  to  differ  but  little 
from  a  right  hne,  the  angle  y  =  90°,  and  c  r=  0,  we 
might  proceed  to  investigate  the  laws  of  deflection ;  but 
we  believe  it  will  be  more  satis&ctory  to  deduce  the 
same  from  other  principles. 

Let  A  m  (fig.  112)  denote  the  original  horizontal  posi- 
tion of  the  beam  AD,  which  is  supposed  to  be  deflected 
into  its  present  curvilinear  form  by  the  action  of  the 
weight  W  acting  at  D.  In  the  first  place,  let  us  con-  . 
ceive  AD  to  be  divided  into  any  number  of  equal  parts 
f»,  as  A  a,  a  a',  a'  (f,  &c.  and  suppose  the  beam  to  be 
inflexible  throughout  each  of  these  portions ;  or,  which 
is  the  same,  that  it  takes  the  polygonal  form  A,  a,  d,  d*, 
&c.  Then,  since  by  the  conditions  of  elasticity  the  de- 
flections are  as  the  exciting  forces,  we  shall  have  the 
deflections  da,d! d,d<f,  &c.  every  where  proportional 
to  their  distances  fVom  D ;  for  the  weight  being  con- 
stant, the  strain  will  be  as  the  lever  by  which  it  acts : 
whence,  if  we  denote  the  first  of  these,  which  may  be 
denominated  the  -eiememt  ^de/kctitm,  by  d,  and  assume 
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Mechanics,  the  number  of  parts  into  which  the  beam  AD  is  divided 

^"^^^^^^^  to  be  m ;  we  shall  have 

Primitive 

jdrflcction. 


tn 

a  = 

ad. 

m 

**   > 

m  :  m 

-  1  :: 

m 

S=z 

aV, 

tn  :  tn 

-2  :: 

m 

s  = 

n"rr. 

tn  ;  w 

-  3  :: 

.     m— 3 
tn 

s  = 

<^'<r. 

&c. 

&c. 

Also,  according 

to  our  hypotliesis, 

nm 

=:  tn  X 

ad  = 

^i 

', 

tio  =:(m— l)«'(f=: 


(fw-iy 


a, 


op  =.(m-2)fl^(f'=^^^^— ?I'a, 
tn 

&c.  &c.  &c. 

Whence  the  whole  deflection  tn  D  will  be  expressed  by 

the  series 

OT  D  =  —    j w*  4-  (w-l)'  +  (w-2)«  +  &c.  1"  I . 

Or,  by  summation, 

_         B      Ctn^      tn*       tn  \ 

that  13 

tnJ)=:S(\m'  +  jtn+i). 
And  in  like  manner  we  should  find,  if  we  supposed  the 
weight  W  to  be  suspended  from  any  other  point  of  the 
same  beam,  as  for  example  ^,  the  deflection  m'  D'  of 
that  point  would  be 

where  i'  denotes  the  element  of  deflection,  arising  from 
tKe  strain  of  the  weight  W  when  applied  to  the  point 
a*,  and  tn'  the  number  of  parts  or  sides  of  the  polygon 
between  A  and  a".  Wherefore,  the  ratio  of  the  two 
deflections  will  be  as 

or  if  we  denote  by  /  and  f  the  length  of  the  pieces,  and 
tby  X,  \,  the  length  of  the  equal  sides  of  the  polygon ; 


I 


^we  have  —  =: 

/V 

.ratio  becomes 

Hi^  +  U 


and  — 


=  ot';  whence  the  above 


+  j) 


*r 


4- J); 


or. 


a(2r»  4-  3/x  +  x«):y(2r  -f.  3/'\  +  x«). 

Which  (as  \  becomes  less  and  less,  or*as  the  number 
of  sides  become  greater  and  greater)  approaches  to- 
wards the  ratio  o(Sl'  :  iSi  t'l  which  is  its  limit,  when 
the  sides  are  indefinitely  small :  that  is,  the  deflections 
of  difierent  beams,  are,  cceteris  paribus,  directly  as  the 
element  of  deflection  into  the  square  of  the  length. 

Now  referring  to  fig.  101,  it  will  be  evident,  from  the 
nature  of  our  n3rpo£esis,  that  the  extension  of  the 
fibre  6  A,  is  directly  as  the  strain,  that  is  as  /  x  W, 
and  reciprocally  as  the  resistance,  or  as  a  (^ ,  a  being 
Jthe  breadth  *of  the  beam,  and  d  the  depth :  but  the 
angle  bnA,  by  which  the  element  of  deflection  is 
measured,  is  again  reciprocally  as  n  A,  or  as  the 
depth;  whence  therefore,  the  element  of  deflection  i» 


directly  as  the  length  and  weight,   and  reciprocally  as  Med 

the  breadth  and  cube  of  the  depth.  ^*^ 

Hence,  as  we  have  seen  that  the  entire  deflection  is  as  xvia 

the  element  of  deflection  into  the  square  of  the  length,  deflc 

/  W 
or  as  5  /' ;  and  as  the  former  is  as  — -- ,  it  follows  that 

atr 

the  deflection  of  two  beams,  of  the  same  materials, 

^W 
varies  as  — -rri  if  therefore,  we  denote  the  deflection 

a  cT 

by  ?,  we  shall  have 

/'W         ^ 

— g-j  =:  £,  a  constant  qtmnttty  ; 

which  being  determined  experimentally,  for  any  length, 
breadth,    and  depth,  the  same  will  answer  for  any 
other  given  dimensions,  the  materials  being  the  same ; 
and  consequently  ^  may  readily  be  detenrnned,  the  , 
other  quantities  being  supposed  given. 

We  have  here  supposed  the  beam  to  be  fixed  at  one 
end ;  but  the  conclusion  is  exactly  the  same  when  it  is 
supported  at  both,  and  loaded  in  the  middle,  except 
that  the  value  of  the  constant  quantity  E  is  not  then 
the  same,  being  in  the  latter  instance  to  that  in  the 
former  as  32  :  1. 

It  should  be  observed,  that  this  result  will  only 
obtain  while  the  deflections  are  small,  because  we  httvo 
supposed,  throughout  our  investigation,  the  elasticity  to 
remain  perfect;  and  that  a  rf,  a'd!,  rf^rT,  &c.  (fig.  112) 
are  proportional  to  their  distances  from  D,  ai^  eadu 
drawn  perpendicular  to  the  original  tangent  A  m ;  whereas 
strictly,  each  ought  to  be  drawn  perpendicular  to  its  re* 
spective  tangent;  while  the  deflections,  however,  are 
small,  this  will  not  affect  our  ultimate  deductions  in  any 
appreciable  degree. 

Jn  a  similar  manner  to  that  pursued  above,  it  may  be 
demonstrated,  that  if  two  equal  beams  are  each  fixed 
by  one  end  in  a  wall,  and  the  one  loaded  at  its  extre* 
mity  with  any  given  weight ;  and  in  the  other,  the  same 
weight  is  uniformly  distributed  throughout  the  entire 
Icn^ :  the  deflection  in  the  first  case  will  be  to  that  in 
the  second  as  8  to  3. 

But  if  two  equal  beams,  under  similar  circumstances, 
be  rested  upon  two  props,  the  deflection  of  that  which 
has  the  weight  collected  at  the  centre,  is  to  that  in  which 
it  is  uniformly  distributed  as  8  to  5. 

172.  The  same  relations,  however,  have  not  place  in  u|^ 
the  ultimate  deflection  of  beams :  in  this  case,  referring  defl 
for  example,  to  fig.  101,  or  fig.  105,  it  is  obvious,  that 
whatever  may  be  the  length  of  the  piece,  the  ultimate 
extension  of  the  fibre  A  b,  will  always  be  the  same ;  and 
therefore  the  ratio  of  hP\  h  T  becomes  now  Pi  P\  that 
b,  the  ultimate  deflections,  when  the  depth  is  the  same, 
will  be  as  the  square  of  the  length ;  abo,  as  the  exten- 
sion is  the  same,  whatever  may  be  the  depth,  the 
angle  knb,  by  which  the  element  of  deflection  is  mea* 
sured,  will  be  inversely  as  the  depth:  consequently,  m 
beams  of  equal  lengths  and  breadths,  the  ultimate 
deflections  will  be  directly  as  the  square  of  the  lengthy 
and  inversely  as  the  depth ;  and  are  therefore  wholly 
independent  of  the  weight  W,  and  the  breadth  of  the 
beam;  whence  we  have  for  this  determination,  the 
equation 

p 
— —  =  U,  a  constant  quantity ^ 
a  /^ 

where  a  denotes  the  ultimate  deflection. 
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173.  It  only  now  remains  to  explain  the  relation 

fv*^  between  the  force  of  direct  cohesion  of  the  fibres  of  any 

bw   body,  and  the  weight  or  strain  that  is  nectssary  to  pn)* 

***  diice  the  fracture ;  and  as  we  have  shown  the  relative 

strains  under  different  manners,  of  placing  the  beam; 

and  also-  the  relatife  resiatances^or  the  iUbres' of  the 

lolid,  as  they  depend  ^pon  the  magnitude  and  %ure  of 

the  area  of  fracture ;  it  will  be  sufficient  for  our  present 

purpose  simply  to  consider  the  case  of  a  rectangular 

beun  fixed  at  one  end  in  a  wall,  and  loaded  with  a 

veight  at  the  other. 

Lst  AFIC  (figt  102),  denote  a  beam  under  those  cir- 
cumstances; II  its  neutral  axis  of  rotation;  /  the  centre 
of  tension ;  and  c  the  centre  of  compression.     Now,  de- 
noting the  depth  of  compression  C  n,  by  D,  and  the 
vbole  depth  AC  by  d ;  also  the  breadth  by  a,  we  «hall 
kave(i/~D)  a  =  area  of  tension,  and  Da  =  area  of 
compression;  again,  let  C  denote  the  strength  of  direct 
eohniott  en  a  sqtrareinch,  then  C(r/«— D)a  ==  the  whc^e 
fixce  of  tension  which  is  represented  by  the  weight  w, 
and  this  acting  at  the  distance  n  f  =  ^  (</— D),  its  whole 
cfiect  to  oppose  the  motion  of  the  lever  about  n  will  be 
I C  (J—  D)  •« ;  moreover,  this  efiect  is  equal  to  the  force 
of  compression  represented  by  w'  acting  at  the  distance 
nCf  for  it  is  the  equality  of  diese  two  forces  which  de- 
jtenninea  the  motion  to  take  place  about  n^;   whence 
|C(iI^D)^i  =:  hatf  the  entire  resistance  of  the  beam, 
«r-G(^«-D^ti  :r  the  resistance.     Now,  if  we  denote 
the  weight  by  W,  and  the  length  in  inches,  or  in  the 
stme  nieaanre  as  a  and  b,  by  /,  we  shall  have  /  W  cos  a 
tot  the  strain,  or  that  force  which  has.  a  tendency  to 
froduce  the  rotation;  a  denoting  the  angle  of  deflec- 
tioii.     Hence  we  shall  have,  at  the  moment  of  fracture, 
.vben  the  power  and  resistance  are  supposed  to  be  in 
eqnilibrio, 

0(rf— DA  =  /Wcos  a; 
viieiice  C'arid  W  iare  readily  determined,  the  one  from 
tbe  other;  the  other  quantities  d,  D,  a,  and  /,  being  given* 
When  the  beam  is  supported  at  each  end,  and  the 
veight  applied  in  the  centre,  the  strain  is  reduced  to}-  /  W 
see*  A  ;  in  which  case,  therefore,  the  above  becomes 

C  (</-D)'fl  =  i  /  W  sec*  A ,  or 

_    /Wsec'A 
^  -     (rf-.D)*a    ■ 
Bat  we  have  seen  ihat  in^  this  case 
/W  sec'  A 


lAenee 


C  = 


4a  d* 
S'd' 


{d^DT 
CoQectmg  now  our  several  results,  we  shall  find, 

L  ^  1,  =  £,  a  constant  quantity y 

iriach  aiflies  to  the  case  of  small  deflections,  these. 
'Mug  denoted  by  ^ ; 

/' 

2,  ■    I      zz   U,  fl  constant  quantity ^ 

A  being  the  ultimate  deflection  before  rupture; 

/Wsec'A 

1 — d*    "  —  S  >  ^  constant  quantity^ 


which  answers  to  the  ultimate  strength  S',  or  the  weight  Mccbanics. 
W  necessary  to  produce  the  fracture ;  ^«i^*v^-/ 

.     S  a*  PrimiUve 

4.  -^     =  C,  fl  constant  quantity ^  deflectkm. 

which  is  the  strength  of  direct  cohesion  on  a  square 
mch ;  a,  /,  cf,  &c.  being  taken  in  the  same  mfeasure.   . 

It  isr  therefore  only  necessary  to  establish  a  proper 
course  of  experiments,  for  determining  the  values  of 
E,  S',  U,  and  D,  in  various  materials ;  from  which  it  is 
obvious  we  may  then  proceed  to  compute  all  the  cir- 
cumstances relating  to  the  primitive  and  ultimated 
resistance  of  solids  under  the  several  conditions  inves- 
tigated in  the  preceding  part  of  this  article. 

174.  Such  a  course  of  experiments  has  lately  been^^P^ 
published  by  Mr.  Barlow,  in  his  "  Essay  on  the  Strength  ^^J^  ^ 
and  Stress  of  Timber,  and  other  Materials;**  and  we 
propose  to  conclude  this  chapter,  by  abstracting  from 
the  above  work  a  few  of  the  most  important  results. 

The  following  table  relates  principeUy  to  the  deter- 
mination of  the  constant  quantities  E,  U»  S',  C,  and  D, 
above  enumerated. 

The  pieces  of  timber  on  which  they  were  made  were 
each  8  feet  in  length,  and  2  inches  square;  they  were 
rested  on  two  props,  and  loaded  in  the  middle.  The 
1st  column  contains  simply  the  number  of  the  experi- 
ments; the  2d,  the  names  of  the  woods  and  their  di- 
mensions ;  and  the  3d,  their  respective  specific  gravities 
at  the  time  of  making  the  expenments. 

The  4th  and  5th  columns  contain, — the  former  the 
greatest  weight,  and  the  latter  the  greatest  correspond- 
ing deflection,  while  the  elasticity  remained  perfect 
These  numbers  were  found  by  loadmg  the  scale  suc- 
cessively with  difi*erent  we^htai,  and  observing  the  de- 
flection for  each ;  and  as  soon  as  it  was  found  that  the 
deflection  increased  in  a  sealer  ratio  than  the  weights, 
the  operation  was  discontinued,  and theprevious  weight 
and  deflection  registered  as  in  the  table :  the  piece  was 
then  turned  with  that  side  horizontal  which  was  befoce 
vertical,  and  the  deflection  again  obtained  ivthe  same 
manner ;  and  hence  there  are  two  results  for  the  elas- 
ticity of  each  piece. 

Tlie  eighth  column  shows  the  depth  of  the  neutral 
axis,  from  the  upper  side  of  the  beam  corresponding 
with  the  quantity  we  have  denoted  by  D ;  which  was 
not,  however,  in  all  cases  deduced  from  the  experi- 
ment itself,  as  in  long  pieces  the  indications  of  this 
point  (which  is  commonly  shown  by  an  obvious  crush 
of  the  upper  fibres),  are  not  always  sufiiciently  distinct ; 
but  in  tnese  cases  the  fragments  were  again  broken  at 
a  short  length,  in  order  to  determine  the  above  point 
with  the  greater  accuracy. 

The  9th,  10th,  12th,  and  13th  columns,  exhibit  the 
values  of  the  four  constants  E,  U,  S',  and  C,  investi- 
gated above ;  and  the  1 1  th  an  approximate  value  of  S, 
drawn  from  thefomiulee  given  in  art.  17  l,~a8  sufiiciently 
accurate  for  most  practical  cases ;  viz. 

rf  A  ad\  4a<r    • 


S'=: 


/W  see^  A 
4  ad* 


;  and  C  = 


y  d* 
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I 

2 
3 

Teak, 
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742  { 
749  j 
744  1 

745 

300 
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300 
300 
300 
300 
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1276 
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4-00 
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6 
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5-90 
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5-90 
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1.3 
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3494730 
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12 
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1-275 
1-285 
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1623 
i649 

637 
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1*2 
1-2 
1-2 

1-2 
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1672 

1736 

10853 

13 
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885  J 
867  J 
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225 
225 
225 
225 
225 

225 

M50 
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1-070 
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i651 
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6.00 

M 
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1766 
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16 
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18 
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Mean  Results 

767  j 
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756 
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200 
200 
200 
200 
200 
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1710 
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1-855 
1715 
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I  520 

}580 
J  580 

560 
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4-86 
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724 
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1457 

1477 
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21 
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993 
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1*070 
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1-25 

M5 
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34 
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1250 
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1*240 
1*270 
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}7B0 

772 
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8*92 
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1-30 
1*25 
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25 
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27 

Beech  f 
7  fL  by  2  in,  sq. 
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150 
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150 
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h009 
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1*025 
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1-026 
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J600 
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593 
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5*70 
5-50 
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1-2 

1*2 
1-2 

615 

5417266 

1556 

1586 

9912 

28 
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6  fl.  by  2  in.  sq. 
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Mean  Results 

583  1 

510  j 
535  J 

553 
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125 
125 
125 

125 
125 

125 

1-6^20 
1-610 
1*420 
1-460 

2-070 
1*930 

1-685 

i368 
1398 
J394 
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7-00 
6-93 

6-86 

6*93 

1*2 
M 
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509 

2799347 

1013 

1042 

5767 
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33 
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Mean  Results 
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150 
150 
150 
150 
150 
150 

150 
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MeaB  Results 
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Spectre 
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6671 
650  J 
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560  I 
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553 
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7631 
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»{ 
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150 
150 
150 
150 
150 
150 

150 


150 
150 
150 
150 
150 
150 

150 


125 
125 
125 
125 
125 
125 

125 


150 

150 
150 
150 
150 
150 

150 


125 

125 
125 
125 
125 
125 
125 
125 

125 


150 
150 
150 
150 

150 
150 

150 


'825 
'825 
'700 
*725 
725 
*730 

'755 
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-862 
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'970 
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•960 
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•794 
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VQ06 
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U73 

630 
530 

511 


^446 
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411 
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420 
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467 
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1457 
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I  567 
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583 
5^6 

5'83 


4'50 
4-70 
478 

4-66 


5-80 
610 
610 

600 


5^50 
6^00 
6-50 

6*00 


5^50 
5-50 
7-00 
6-00 

6*00 


7-00 
6'00 
6*25 

6-42 


1-3 
1-25 
1-25 

1'26| 


1*36 
1-30 
1-33 

1-33 


1-35 
1-35 
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1-3 
1-3 
1-3 
1-3 

1-3 


1-3 
1-3 

1*3 

I '3 
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588 
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7359700 
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3962800 
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ofS. 
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1341 
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Mmr  Forest, 
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Mean  Results 
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7io; 

698! 
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552 
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600 
600 
530 
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150 
150 
150 
150 
150 
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1230 
M70 

0-675 
0-675 

1*006 


125 
125 

lU 
125 
125 

125 


125 
125 
125 
125 
125 
125 

125 


1-930 
1-910 
174P 
1-760 
1-970 
2-000 

1-885 


0-750 

0-750 
0-812 
0-812 
0-875 


0-812 


,150 
150 
150 
150 
150 
150 
150 
150 

150 


150 
150 
150 
150 
150 
150 

150 


200 
200 
200 
200 
200 
200 

200 


0^750 
0750 
0-825 
0-825 
0-750 
0750 
1-050 
'950 

0-831 


831 
'831 

■900 
-864 
-762 

-798 

•831 


mm 

'800 
»760 
*740 
*840 
-860 

"800 
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Ultimate 
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■561 
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552 
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;300 
340 

336 

325 


300 
412 
398 

370 


i417 
[497 
I  537 
J  552 

501 


500 

'515 
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510 


667 


i 

I  680 
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6.5 

&5 

6-25 

6-42 
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8-64 
8-54 

8*58 


6*00 
4*50 
4*50 

5*00 


4-70 
4-90 

5-00 
5-40 

5-00 


4^B 
5*2 
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5-0 
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4-0 
4*0 

4-0 


Depth  ol 
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ub,  in 


1*3 
1*3 

1*3 

1-3 


1*25 
125 
1-20 
1*20 

1*25 


1*2 
1-2 
1-2 

1*2 


1*65 
1*25 
1-30 

1-30 


403 


411 


518 


518 


518 


3478328 


2465433 


Valo* 
ofS. 


Value 


1262 


853 


3591133 


4210830 


4210830 


648 


5832000 


832 


1127 


1149 


1474 


1310 


890 


850 


1149 


1172 


1492 


Valiie 
ofC, 


10691 


7655 


7352 


12180 


'"ik  appncation  of  tbcae  tEbuki;  ^mlU,  U>  anj  pncticd  cm  it  bo  obwums^  that  «c  detm  it  uaeless  to  giTC  any  practical  example^ :  w«  sbaU, 
tneieiore,  pfocced  to  gtre  Ihc  results  of  certain  other  ciptriments,.  acle«M  Ao»Ae  •Mne-work,  oa  thestiwigth  of  Icoii. 
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Mechanict.  EXPERIMENTS. 

175.  Upon  the  direct  strength  of  cohesion  of  mtdleahle 
Iron  made  at  Messrs.  Brunton  and  Co*s.  patent  chain  cable 
iiw.       -    manufactory y  with  an  hydrostatic  machine^  or  Bramah  presSy 
constructed  by  Mr.  Fuller.  By  Thomas  Telford,  Esq. 

Experiment,  No.  1. 

Cylindrical  bar  of  South  Wales  iron^  manufactured  by 

S.  Homfrey,  Esq. 

Feet.  Inches. 

{Length  of  bar  when  put  in 2  2^ 
ditto when  taken  out...  2  6|> 
Diameter  when  put  in 0  1^ 
• ditto wnen  taken  out .«..  0     l| 

Torn  asunder  by  43  tons  1 1  cwt. 

Experiment,  No.  2,  •f 

Cylindrical  bar  of  South  Wales  iron^  manufactured  by 
S,  Homfrey  f  Esq. 

Feet.  Incbet.. 

{Length  of  bar  when  put  in 2  3} 
ditto when  taken  out...  2  6^ 
Diameter  when  put  in.... 0  l^ 
ditto when  taken  out...  0     1| 

Tom  asunder  by  52  tons  15  cwt.  1  qr.  10  lb. 
Time,  34  minutes. 

"    Experiment,  No.  3. 

Square  bar  of  Staffordshire  iron. 

Feet.  Inches. 

{Length  of  bar  when  put  in 1  5^ 
ditto when  taken  out...  1  11^ 
Side  of  square  when  put  in 0  0| 
ditto...«.»whea  taken  out...  0     0^ 

Began  to  sU'etch  with  t2  tons;  broke  with  15  tons 

5  cwt.  3  qn.  4  lbs. 
Time,  9J  minutes. 

Experiment,  No.  4. 

Square  bar  of  Staffordshire  iron* 

Feet.  Inches. 

{Length  of  bar  when  put  in 1     1\ 
...... ditto when  taken  out...   1     9^ 
Side  of  square  when  put  in 0     1-^ 
ditto. ^... when  taken  out...  0     0|- 

Began  stretching  with  32  tons;  broke  with  32  tons 

6  cwt  0  qrs.  4  lbs. 
Time,  16  minutes. 

Experiment,  No.  5. 

Square  bar  of  Welsh  iron,  1  inch  square. 

Inches. 
With  18  tons,  stretched...  0^ 

Ditto  21  ditto 0^ 

Ditto  23 ditto 0^ 

Ditto  25 ditto I 

Ditjto27 ditto 2J. 

Didto  29 ditto 24^1?:?^^  ^^ 

®  ( thisweight. 

Experiment,  No.  6, 
Bar  of  Swedish  iron,  1  inch  square. 
Began  to  stretch  with  17  tons. 

Stretched  with  20  do.  O^^yof  anln. 
ditto 27  do.  OJ 

ditto......   29  do.    {'^fl^g^t^/''' 


May  5, 

1817. 


May  5,^ 

mi. 


Note. — ^The  preceding  and  following  stretchings  were  ^ 
ineasured  on  12  inches  in  the  middle  of  the  bar.  ^ 

.  E 
Experiment,  No.  7.  n 


Baroi 


offaggotted  iron  from  scrap  iron,  manufactured  by 
Mr.  Howard,  of^  Rotherhithe,  1  inch  square. 


May  5, 
1817.  ' 


'Began  to  stretch  with  16  tons. 
Stretched  with  20  do. 
•  •  •  .di^to... .  25  do. 
... . ditto. ...  28  do. 


.ditto. 


29  do. 


May  5, 
1817. 


Of  of  an  inch. 

o'i 

i  broke    with 
(  thisweight. 
Note. — A  similar  bar  began  to  stretch  with  18  tons» 
And  birok>wTth  the  same  weight  as  above ;  viz.  29  tons» 

Experiment,  No.  8. 

Bar  of  common  Staffordshire  iron,  I  inch  square. 
Began  to  stret^  with  19  tons. 

Stretched  with  24   do.  0^  inch. 
..,,. ditto....  28   do.  0| 
*... ditto....  29  do.  0| 
..... ditto,. ..;  30   do.  1 

....ditto....  31   do.{^,523%^JjJ 

Experiment,  No.  9. 

Vyli^diical  bar  of  common  iron,  2  inches  diameter; 

Be^an  to  stretch,  abont-^i^th  of  an 
inch  on  12  inches  in  the  middle ; 
the  machine  being  relieved,  thQ 
bar  shortened  -^th  of  an  inch. 
Indies. 

Ditto  55  ^ .  ditto . .    -25      Ditto . .  ditto. 
Ditto  60.. ditto..    -26. 

C  recovered  very  lit- 
Ditto70 . .  ditto . .  '375  <  tie  when  the  ma- 
May  2 1  y  (^  chine  was  relieved. 
1817.    \  Ditto 75 . .  ditto. .  -544      Ditto,  .ditto. 

C  reduced    in    dia- 

Ditto  80^  ditto . .   -75  <    meter   to    ^th 

(.   inch. 


Toiu. 
•With  45 


Tons. 


fDitto85..  ditto. 
Ditto  90.  .ditto. 


•86 


^ Ditto  100.. ditto..  2-2 


no    perceptible 
change. 
1-00. 

r  reduced    in    dia« 
Ditto 95 . .  ditto. .  1-35  <    meter    to     IJth 
t   inch. 
Ditto,  .ditto  tol| 
nearly. 

With  the  last  weight  the  bar  gave  evident  signs  of 
fracture,  and  in  a  few  minutes  gradually  gave  way. 

Note. — The  whole  length  of  the  above  bar  was 
2  feet,  and  its  stretch  in  its  whole  length  24-  inches ; 
of  which,  2j  inches  was  in  12  inches  in  the  middle  part. 
The  whole  time  of  making  this  experiment  was  3  houirs  ; 
^nd  it  was  performed  with  the  utmost  care. 

The  machine  was  frequently  relieved,  and  when 
Te-applied,  constantly  brought  up  the  weight  to  what 
it  was  before,  but  never  exceeded  it;  which  is  evidence 
of  its  accuracy. 

Note. — It  is  a  curious  fact,  and  deserving  the 
attention  of  philosophers,  that  frequently  at  the  moment 
of  rupture  the  bar  acquired  such  a  degree  of  heat  in  the 
fractured  part,  as  scarcely  to  suffer  a  person  to  hold 
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am,  the  bar  grasped  in  his  hand  without  a  slight  painful 
"^^^  sensation  of  burning;. 

■  Reduction  of  the  above  to  1  incb  square. 

Tons.  Cwt. 
No.  1  red**  to  1  inch  sq.  gives    •  29     6   Welsh. 

—  2  ....ditto 29  16    Welsh. 

—  3  • . .  •  ditto •  •       27     3    Staffordsliire. 

—  4  ••..ditto 27  10    Staffordshire. 

—  5  ....ditto 29     0    Welsh. 

—  6  ... .  ditto 29     0    Swedish. 

—  7  . , . .  ditto 29    0    Faggotted. 

.^   8  «...  diuo 31     0    Sudfordshire. 

—  9  ..••  ditto  ...•*...•       31  16 


If  we  here  compute  the  constant  value  of  S,  as  in  the  Mccliauicit 
preceding  table,  for  the  different  woods,  we  shall  have,  ^•^'*^^^^*' 

£xp«ci- 
nenCion 


for  the  mean 

of  the  fu-st  two, 


9)263  11 


Mean  strength  of  an  inch  sq.  bar     29    5f 


It  should  be  observed,  however,  that  from  a  similar 
course  of  experiments  carried  on  at  the  patent  chain 
cahle  manufactory  of  Captain  Brown,  the  mean  strength 
of  an  iron  square  inch  bar,  is  found  to  be  only  25  tons; 
bat  it  seems  probable  that  an  inaccuracy  in  estimating 
the  power  of  the  two  machines,  is  the  principal  cause 
of  this  difference.  Messrs.  Brunton* s  machine  is,  as 
ve  have  seen,  an  hydraulic  press ;  the  power  of  which 
is  estimated  by  the  pressure  on  a  small  valve :  but,  as 
the  friction  of  the  piston-leather  in  high  pressures  is 
Terr  great,  and  the  power  of  the  press  being  opposed 
both  to  the  reststance  of  the  bar  and  to  the  friction,  while 
the  power  acting  on  the  valve,  has  no  counteraction ; 
it  follows  that  mne  is  necessarily  a  tendency  in  the 
madiine  to  over-rate,  not  its  own  power,  but  the  effect 
of  that  part  of  it  which  is  effectively  opposed  to  the 
Tttistance  of  the  bar;  and  exactly  the  reverse  has 
place  in  the  machine  of  Captain  Brown :  it  is  probable, 
therefore,  that  the  medium  of  the  two  results  may  be 
considered  as  a  kit  valuation  of  the  cohesive  power 
of  iron,  viz.  27  tons  to  the  square  inch. 

176.  We  learn  also,  from  the  same  work,  that  the 
strength  of  direct  cohesion  (ta  a  square  inch  of 

Blistered  steel,  is 14-27  tons. 

Cast  steel  ........  ^ 27*92  tons. 

Cast  iron  Welsh  pig 7*26  tons. 

That  iron  wire  /^^th  inch  in  diameter,  from  a  medium 
of  many  trials,  required  630  lbs.  to  tear  it  asunder  by  a 
^^ect  draw,  which  reduced  to  square  inches,  gives 
630  X  100  X  -7854  =  49480  lbs.  =  22-2  tons. 

A  few  experiments  are  also  given  from  Mr.  Bank*s  work, 
^m  the  power  of  machines  relative  to  the  transverse 
■strength  of  cast  iron;  which  are  as  follows 


<          Length. 

Depth. 

Breadth. 

Brcaking-wt. 
....      7561bs. 

....3  feet 

•  •  •  • 

1  inch 

....   1  inch 

•  ...3  do. 

a  •  •  • 

1  do. 

....  Ido. 

....     756  — 

....  2  do. 

6  in*. 

1  do. 

....  Ido. 

....    1008  — 

....  3  do. 

•  •  •  • 

1  do. 

....  1  do. 

....     735  — 

....3  do. 

.  a   •  . 

1  do. 

....  1  do. 

....     963  — 

....  3  do. 

•  •  •   • 

1  do. 

....  Ido. 

....     958  — 

....  3  do. 

.  •  •  • 

1  do.  • 

\ . . .  1  do. 

....     994  — 

.•••  3  do. 

»  •  •  * 

1  do. 

....  Ido. 

....     864  — 

....  3  do. 

•  •  .  • 

1  do. 

....  1  do. 

....     874  — 

Id  the  above  experim^:its  the  ends  of  the  bars  were 
"^■Qpported  on  props,  and  the  weights  applied  in  the 
^iciUre. 


S 


/W 


-,=  6804; 


No.  3. 
No.  4. 


4ad^ 

/W 

S=:r.^=7560; 


castinW. 


s  = 


mean  of  5,  6,  and  7,      S  = 


4ad' 

4a(P 
/W 

4a(£' 
/W 

4ad' 


=  6619; 


=  8748 ; 


=  7821  ; 


mean  of  8  and  9,  S  = 

Mean  value  of  S  in  the  9  experiments,  7510 ; 
Value  of  direct  cohesion,  7-26tons  =  16262; 

Specific  gravity  of  5,  6,  and  7 6812. 

Comparing  these  numbers  with  the  corresponding  ones 
for  the  second  specimen  of  oak,  it  appears  that  cast 
iron  has  its  specific  gravity  to  that  of  oak,  in  about  the 
ratio  of  7  to  1 ;  and  that  its  transverse  strength  is  in 
about  the  ratio  of  4^  to  1 ;  or  if  we  compare  the  oak^ 
with  the  above  numbers  5,  6,  and  7,  in  the  ratio  of 
5^  to  1,  while  its  cohesive  power  is  not  in  a  higher  ratio 
than  1^  to  1,  or  as  3  to  2 ;  which  shows  this  substance 
to  be  much  more  incompressible  than  oak,  and  conse- 
quently, that  its  neutral  axis  is  much  higher.  For  a 
variety  of  other  experiments,  on  the  strength  of  solid 
and  hollow  cylinders ;  bent  timber  for  naval  purposes ; 
as  also  on  the  effect  of  boiling  and  seasoaingbUmber, 
&c.  see  Barlow  s  ^'  Essay  on  tli^  Strength  and  Stress  of 
Timber."  y 

§  XXV.    On  the  equilibrium  ofbajiJis  of  earth  and  revet' 
ments. 

177.  The  subject  of  revetments  is  a  part  of  practical  JUte^ 
mechanics  that  has  much  engaged  the  attention  both  inenta. 
of  the  practical  engineer  and  the  theoretical  mechanic ; 

and  no  subject,  perhaps,  ever  gave  rise  to  a  greater 
number  of  plausible  theories,  the  deductions  of  which 
are  so  widely  different  from  each  other :  and  it  will 
therefore,  we  trust,  not  be  uninteresting  to  the  reader 
to  have  a  slight  sketch  of  some  of  the  principal  doc- 
trines that  have  been  laid  down  with  a  view  of  esta- 
blishing, on  theoretical  principles,  the  proper  thickness 
of  revetments  for  supporting  banks  of  earth  composed 
of  soils  of  different  tenacity,  and  of  various  heights. 

Let  BPED  (fig.  113)  represent  a  bank  of  earth,  and 
ABDC  a  wall,  or  other  obstacle,  by  which  it  is  sup- 
ported, or  which  prevents  a  certain  portion  of  the  bank 
as  BED,  from  slipping  down,  which  would  obviously 
be  the  case  if  the  obstacle  were  removed;  and  the 
question  is,  to  determine  what  ought  to  be  the  thick- 
ness or  stability  of  the  wall,  which  exactly  counter- 
balances the  push  of  that  part  of  the  earth  which  has  a 
tendency  to  slip  down.  This  is  at  least  the  theoretical 
question;  although,  practically,  it  will  always  be  neces-, 
sary  to  exceed  very  far  what  is  absolutely  required  to 
establish  a  mere  statical  equilibrium ;  the  latter,  howr 
ever,  is  the  consideration  which  belongs  to  the  theorist; 
and  the  former,  that  is,  how  much  an  actual  revetment 
ought  to  exceed  the  computed  thickness,  appertains 
entirely  to  the  province  of  the  practical  constructor. 

178.  It  is  obvious,  in  the -first  place,  that  in  order  to  Requisite 
establish  any  computation  with  relation  to  the  above  ^^ 
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deternrinatioa,  it  is  neceltsaiy  to  have  certain  data, 
which  can  only  be  obtained  from  experiment,  yiz. 

1.  The  specific  gravity  of  different  soils,  in  order 
thence  to  determine  the  weight  of  any  quantity  of 
them. 

2.  We  ought  to  know  what  slope  the  various  soils 
will  assume  when  thrown  loosely  in  a  heap,  in  order 
thence  to  ascertain  the  quantity  DBE  which  it  is  neces- 
sary to  suj^rt 

3.  It  is  important  to  determine  the  value  of  the  fric- 
tion between  the  two  suifaces,  that  slide  upon  each 
other,  the  section  of  which  is  represented  by  the 
line  DE. 

4.  As  every  soil,  after  being  compressed,  will  acquire 
a  certain  degree  of  cohesion,  a  bank  of  earth  of  the 
figure  we  are  supposing,  will  not  always,  when  the 
obstacle  is  removed,  slide  down  at  the  same  angle  as  the 
loose  soil  thrown  in  a  heap,  as  supposed  in  No.  2 
above :  some  authors,  therefore,  have  thought  it  farther 
necessary*  that  we  should  ascertain  experimentally,  the 
natural  slope  which  different  soils  will  assume  after 
receiving  various  degrees  of  compression ;  but  as  this 
is  probably  extremely  irregular  and  uncertain,  we 
doubt  much  the  propriety  of  introducing  it  as  a  datum 
into  our  computation,  although  it  is  made  to  cut  a 
very  conspicuous  figure  in  the  theories  of  some  of  our 
continental  neighbours.  Every  one  must  have  ob- 
served the  extreme  irregularity  of  the  pieces  of  cliffs 
on  the  sea  coasts,  which  slip  down  after  heavy  rains,  &c. 
many  of  which  have  a  slope  equal  to  that  which 
the  same  soil  would  assume  when  thrown  loosely  on  a 
heap,  and  the  figure  of  which  is  commonly  determined 
by  the  insinuation  of  water  into  natural  or  artificial 
fissures  in  the  land:  but  as  we  conceive  thai  in  no 
case  the  bank  can  slip  down  at  a  greater  slope  than 
that  which  it  naturally  assumes  when  thrown  up,  as 
supposed  in  No.  2;  we  consider  it  much  the  safest  plan 
to  assume  this  as  the  possible  limit  in  all  cases,  and  to 
make  our  revetment  always  of  superior  strength  to  the 
maximum  thrust.  This  assumption  has  two  important 
advantages;  viz.  1st,  it  adds  very  considerably  to  the 
simplicity  of  the  problem ;  and  2aly,  it  gives  a  degree 
of  secunty  to  our  results,  which  can  never  be  felt 
where  we  draw  our  conclusions  fVom  investigations 
founded  upon  uncertain  data.  We  shall,  therefore, 
reject  that  consideration  which  has  reference  to  the 
cohesion  of  the  soil ;  although  it  may  not  be  improper 
to  give  a  sketch  of  the  solution  which  is  made  to  de- 
pend upon  it,  in  order  that  the  reader  may  judge  how 
far  our  reasons'assigned  for  excluding  it  are  correct. 

At  present,  we  have  only  referred  to  the  experi- 
mental data  that  are  requisite  for  determining  the 
intensity  of  the  force  by  which  the  bank  tends  to  slide 
down,  or  the  force  which  it  impresses  on  the  wall  or 
opposing  obstacle;  but  other  experiments  are  also 
necessary  for  the  purposes  of  ascertaining  the  natural 
resisting  power  of  the  opposing  obstacle :  these  are, 
1st,  its  weight,  by  which  it  resists  being  overturned, 
independent  of  its  cohesion ;  and  2dly,  its  strength  of 
cohesion,  by  which  it  resists  fracture  independent  of 
its  weight ;  for  it  is  obvious  that  both  these  resistances 
must  be  overcome  before  the  bank  can  slip  out  of  its 
position. 

With  regard  to  the  first  of  the  above  data,  it  is  ob- 
tained without  difficulty;  because  we  can  always  ascer- 
tain the  specific  gravity  of  any  material  of  which  our 


wall  or  revem'ent  is  corapo^d:  but  the  strengdi  ofAf* 
cohesion  of  tlic  cement  or  mortar,  by  which  it  is  con-  ^ 
verted  into  one  mass,  is  a  subject  which  appears  ut 
present,  to  have  entirely  escaped  the  notice  of  con- 
structors and  engineers ;  at  least  we  know  of  no 
experiments  of  this  kind,  on  which  we  can  place  any 
reliance:  the  two  or  three  cases  menti<med  by 
M.  M ayniel,  p.  200,  of  Ihs  *^  Traite  de  la  Pouss^e  des 
Terres,"  are  too  much  at  variance -with  eadv  other  to 
inspire  us  with  any  confidence. 

179.  The  strength  of  cohesion  of  some  building  ma-  Co 
terials  has  been  ascertained,  but  on  a  very  limited  scale':  wa 
thus  Gauthey,  a  German  engineer,  found  that- a  prism 
of  stone,  which  h^  denominates  soft  givry,  one  foot 
long  and  a  foot  square,  >yhen  fixed  by  one  end  in  a 
rock,  required  a  weight  of  5000  lbs.  suspended  from 
the  other  extremitv,  to  produce  the  fracture ;  and  that 
a  similar  prism  of  hard  givry-  required  5600  lbs.,  under 
like  circumstances,  to  break  it;  and  it  appears  that 
brick,  at  a  medium,  when  reduced  to  the  same  dimen- 
sions, requires  4500  lbs. ;  and  since,  in  the  preceding 
chapter,  it  has  been  shown  that  the  strength  of  mate- 
rials, submitted  to  a  transverse  strain,  is  inversely  as 
the  length,  and  directly  as  the  breadth  and  square  df 
the  depth,  we  shall  have  in  these  three  cases 
/W 


soft  givry 
hard  ditto 


brick 


ad' 
/W 

ad* 
IW 

a  d^ 


=  C  =  5000, 
=  C  =  5600, 
=  C  =  4500; 


the  dimensions  /,  6,  and  <f,  being  supposed  to  be  all 
given  in  feet;  It  is,  however,  the  mortar  and  cement  of 
which  it  is  most  important  to  know  the  strength  or  re- 
sistance; but  we  are  not  aware  of  any  experimenta 
that  have  been  made  with  a  view  to  such  determination, 

180.  We  are  much  better  supplied  with  experiments  e 
on  the  natural  $lope  and  thrusts  of  banks  of  earth ;  but  m 
they  iire,  many  of  them,  on  too  small  a  scale  to  inspire  ^« 
us  with  great  confidence  in  their  results:   we  shalU 
however,  give   the   reader   a  sketch   of  all   that  are 
deserving  of  particular  attention ;   in  doing  which  we 
shall  avail  ourselves  of  the  summary  of  them  given  by 
Mayniel,  in  his  "  Traite  de  la  Poussee  des  Terres." 

The  -first  of  these  experiments  which  we  think  it  ne-  B 
cessary  to  mention,  are  those  of  PapaCini  D'Antoni,  an  to 
Italian  engineer,  who,  jn  his  researches  on  the  thrusts 
of  earth,  constructed  a  large  box,  open  at  top,  and  hav- 
ing one  end  hung  on  joints  at  the  bottom,  so  that  it 
might  be  set  up  or  let  down  at  pleasure;  to  this  move- 
able end,  by  means  of  two  bars,  were  fixed  cords,  which 
passed  over  two  fixed  pulleys  behind  the  machine,  and 
to  the  extremities  of  which  were  attached  scales  for  the 
convenience  of  receiving  weights.  Tlie  apparatus  be- 
ing thus  prepared,  the  end  of  the  box  was  shut,  and 
sufficient  wieights  placed  in  the  scale  to  keep  the  end 
of  the  box  still  up  after  the  latter  was  filled  with  earth; 
then  unloading  each. scale  equally,  by  small  weights  at 
a  time,  it  was  at  last  ascertained  what  was  the  least 
weight  that  was  required  to  resist  the  pressure  of  ^the 
internal  eahh ;  for,  by  reducing  the  weight  still  farther,'thfi 
earth  slipped,  and  the  face  of  the  box  turned  Weliave 
not  the  particular  detail  of  the  numerical  results  of  these 
experiments;  and  are  only* informed  generally  that  the 
natural  slope  which  the  earth  took  was  that  of  ah  angle 
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of  45*y  and  that  the  thrust  was  equal  only  to  ^th  of  the 
absolute  weight  of  the  earth  which  slid  down  ;  that  is 
to  say,  that  ^ths  of  the  natural  weight  of  the  sliding 
part  was  destroyed  by  its  friction  against  the  part 
which  remained  unmoved. 

Gauthey,  to  whom  we  hare  referred  in  the  pre- 
ceding article,  had  a  chest  constructed  2  feet  6  inches 
in  leoq^,  as  much  in  height,  and  a  foot  broad,  open  at 
top  and  at  one  end;  to  which  at  bottom  was  hung  on 
jomts,  as  we  have  described  in  speaking  of  D*Antoni*s 
eiperiments,  a  plsuae  or  face  to  represent  a  revetment; 
and  at  one-third  of  its  height  from  the  bottom,  he  fixed 
on  each  side  a  cord,  which  passed  over  pulleys  in  the 
same  manner  as  we  have  already  described;  and 
having  filled  the  box  with  sand,  he  found  that  a  weight 
of  35  Dbs.  was  sufficient  to  prevent  the  end  of  the  box 
from  turning,  although  the  weight  of  the  sand  which 
slid  down  when  the  face  was  removed  weighed  320  lbs. 
Hie  slope  that  the  sand  took  in  this  trial  was  about  A5\ 

bi  prosecuting  his  experiments,  however,  it  was 
found  that  the  sand  frequently  took  a  less  slope,  and 
that,  being  rery  fine,  it  escaped  between  the  ends  and 
sides  of  the  box.  Mr.  Gauthey  therefore  changed 
both  his  material  and  apparatus,  reducing  very  con- 
siderably the  dimensions  of  the  chest,  and  substituting, 
instead  of  the  sand,  the  metal  dust  of  an  iron  foundery, 
with  which  he  made  several  experiments  of  no  im- 
portance to  detail :  we-  shall  only  observe,  that  wishing 
to  know  whether  all  the  parts  of  therevetment  were  acted 
upon  with  forces  proportional  to  the  different  trapezoids 
of  earth  each  part  from  the  bottom  upwards  had  to  sup- 
port, be  divided  the  height  of  his  oox  into  five  equal 
parts;  these  he  shutbymeansof  five  vertical  planes,  which 
slipped  one  over  the  other  without  touching,  in  order  Ihat 
AeTnught  not  impede  each  other's  motion ;  each  of  these 
had  cords  at  its  extremities  passing  over  pulleys :  and  it 
was  found  that  when  the  weights  attached  were  in  the 
latio  of  the  numbers  3,  8,  12,  16,  20,  they  all  moved 
equally  forward  with  the  pressure  behind  them  :  these 
ma  a  little  from  the  ratio  of  the  solids  by  which  they 
vere  moved,  the  latter  being  as  the  numbers  2,  6,  10, 
14,  and  18:  the  experiments  however  were  made  on 
too  small  a  scale  to  ^tve  very  satisfactory  results. 

Our  anthor  then,  m  order  to  determine  the  place  of 
Ak  resultant  of  all  the  forces  (which  had  been  difie- 


rently  assumed  by  authors  who  had  treated  of  this  MccJiauict. 
problem  theoretically),  shut  the  box,  and  fixed  two  '^^^"^''"^ 
joints  to  the  end  at  ^  of  the  height  from  the 
bottom,  one  on  each  side,  so  as  to  allow  of  its  turning 
about  diose  points ;  and  having  then  filled  his  box,  hi 
found  no  tendency  in  the  end  to  turn  either  from  the 
bottom  or  top,  but  on  the  contrary,  it  appeared  to  re- 
main perfectly  in  cquilibrio  with  regard  to  the  strain 
upon  It;  when  he  fixed  the  joints  nigher  than  at  a 
third,  the  end  fled  away  at  bottom ;  and  if  lower  than  ^, 
it  opened  at  top;  whence  he  concluded  that  the 
plane  of  the  resultant  of  the  thrust  passes  through  a 
line  at  one-third  of  the  height  from  the  bottom,  which 
b  perhaps  one  of  the  most  useful  deductions  that  were 
made  from  this  course  of  experiments. 

Experiments  of  a  nature   somewhat  similar  wereByRtn> 
made  by  M.  Rondelet:  he  constructed  a  box  like  that<*«*^ 
•of  Mr.  Gauthey,  1  foot  4^  inches  long,  1  foot  broad,^ 
and  1  foot  5}  inches  high,  measured  in  &e  opening,  and 
this  end  he  could  shut   and  open  at  pleasure.     As 
his  principal  object  was  to  ascertain  the  natural  slope 
•that  -the  earth  would  take,  he  first  filled  the  box, 
•took  away  the  moveable  side,  and  then  iflMasured  the 
angle  of  the  slope,  which  he  found  to  be,  for  dry  sand 
and  pulverized  stone  34|°  with  the  horizontal  plane, 
and  consequently  55^^  with  the  vertical.     We  conceive 
the  other  experiments  of  this  author  to  be  too  limited 
and  partial  to  be  deserving  of  any  particular  detail. 

The  next  experiments  we  have  to  notice  are  those  of  By  Majr^. 
M.  Mayniel,  which  were  made  upon  a  larger  scale :  *"**• 
the  coner  or  box  within  which  the  sand  and  earth  was 
placed,  having  been  3  metres  or  near  10  feet  long, 
1|  metre  or  6  feet  vride,  and  5  feet  deep,  and  of  pro- 
portionate strength ;  the  moveable  side,  or  that  which 
was  to  be  thrown  down  with  the  pressure  of  the  earth, 
was  so  constructed  that  the  point  of  apphcation  of  the 
resisting  force  might  be  chanpred  at  pleasure ;  and  by 
an  ingenious  contrivance,  which  it  is  unnecessary  to 
describe,  Ae  power  of  the  sUding  bank  was  very  accu- 
rately ascertained. 

The  results  of  some  of  these  experiments  are  given 
in  the  following  table;  a  few  only  are  omitted,  be- 
oause,  to  render  the  account  of  them  intelligible,  would 
require  more  room  than  we  feel  ourselves  justed  in 
dedicating  to  this  particular  subject* 
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XqMfi-  181.  The  most  extensive  series  of  experiments,  how- 

nnits  bv  ever,  that  have  yet  been  made  on  the  sub}ect  of  revet- 
Col.Paiky.  ments,  are  those  of  Col.  Pasley,  performed  at  Chatham; 
and  of  which  the  results  are  given  at  considerable 
length  in  that  author^s  **  Course  of  Military  Instruction," 
vol.  3 :  but  in  order  to  understand  such  of  them  as  we 
propose  to  select,  it  will  be  necessary  to  define  some  few 
of  me  military  terms  which  occur  in  the  detail  of  them. 

1.  When  the  wall  which  supports  the  bank  is  rectan- 
gvdary  it  is  called  a  rectan^lar  revetment. 

2.  When  the  section  of  the  wall  is  a  trapezoid,  hav- 
ing its  side  next  the  bank  perpendicular,  it  is  a  sloping 
revetment 

3.  When  the  vertical  side  is  outwards,  and  the  slope 
towards  the  bank,  it  is  a  counter  sloping  revetment. 

4.  When  the  revetment  is  rectangular,  but  is  built 
leaning  upon  the  bank,  it  is  a  leaning  revetment. 

5.  Counter-forts  are  parts  of  brickwork,  or  of  the 
same  materials  as  the  revetment,  united  with  it,  and 
projecting  at  certain  distances  from  the  wall  into  the 

Again,  when  the  earth  is  only  level  with  the  top  of 
the  wall,  it  is  a  scarp  revetment;  when  the  bank  is 
made  to  slope  to  any  height  s^ve  the  level  of  the  wall. 


it  is  a  counter-scarp  revetment;  and  the  distance  be- 
tween the  outward  edge  of  the  wall  and  the  foot  of  the 
slope  is  called  the  term ;  and  therefore,  when  the  slope 
begins  from  the  outward  face  or  edge  of  the  wall,  there 
is  no  berm. 

Thus  ABCD  (fig.  1 13)  is  a  rectangular  scarp  revet- 
ment ;  fig.  1 14,  a  sloping  counter-scarp  revetment,  with 
a  berm  CD;  and  fig.  115,  a  counter-sloping  counter- 
scarp revetment.  The  leaning  revitment  differs  in  no 
respect  from  that  shown  in  6g.  113,  except  that  it  is 
built  leaning,  having  about  the  same  exterior  slope  as 
fig.  114. 

These  definitions  being  laid  down,  the  reader  will 
readily  comprehend  the  following  tabulated  results; 
afler  the  apparatus  with  which  they  were  performed 
have  been  described.  These,  in  the  first  place,  con- 
sisted of  a  number  of  wooden  cases,  filled  with  rammed 
earth,  so  as  to  weigh  about  84  lbs.  per  cubic  foot.  They 
were  each  3  feet  long,  and  most  of  them  2  foot  2  inches 
high ;  but  their  mean  thickness  and  slopes  differed,  in 
order  that  they  might  represent  revetments  of  various  . 
kinds  and  proportions.  The  experiments  were  mostly 
tried  with  loose  shingle,  perfectly  dry  and  under  cover ; 
whichi  when  thrown  up  to  a  height  of  5  feet^  assumed  a 
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n.  slope  whose  base  was  about  5  feet  6  indies.  At  analler 
^^  heights  the  earth  might  be  made  to  Stand  a  httle  higher, 
'     bttt  in  no  case  at  a  less  slope  than  that  of  1  to  1 .  A  cubic 
?    boH  of  this  substance  weighed  89  lbs.    When  any  ex- 
^'  pcriment  was  tried,  one  of  the  models  was  placed  on  its 
base  upon  a  smooth  plane  of  wood,  with  a  thin  batten 
sailed  to  the  floor  in  front,  to  prevent  the  model  from  slip- 
pingforward.  To  the  back  ofthe  top  ofthe  model  was  fixed 
one  end  of  a  cord,  which  after  passing  horizontally  over 
a  pulley  in  front,  hung  down  and  supported  a  scale  for 
holding  weights.    After  the  modd  Was  thus  anranged, 
a  trial  was  first  made,  by  means  of  the  scale,  to  ascer- 
tain what  weight  was  required  to  overset  it,  without  any 
dUngle  or  loose  earth  being  appAied  behind  it.    This 
diiae,  the  model  was  then  replaced  in  the  same  'position, 
aad  backed  with  shingle  to  a  certain- keight«  according 
to  the  nature  of  the  proposed  experiment}  and  if  it  did 
not  overaet,  in  consequence  of  the  pressure  ihis  acting 
agM&st  it,  weights  were  put  into  the  scale  as  before,  in 
ttder  to  ascertain  the  difference  caused  by  the  shingle 

It  is  to  be  observed,  tnai  n  luugn  uuma,  oW|pUi«  at 
in  angie  of  rather  less  than  45^  was  placed  ihoikt  a 
foot  bdimd  the  bottcmi  of  the  revetment  (»>  model ;  so 
that  in  whatever  mode  the  mass  •  of  shingle  might 
bs  applied  to  the  suroosed  revetmenti  it  was  ahrays 
bdunded  or  supported  in  the  rear  by  the  board,  this 
was  dose  in  tmer  to  save  the  men-  -employed  fieom 


uniMcessaiT  labour,    in  throwing  up  a  superfluous  MccbamM. 
quantity  of  that  material :   for  the  same  reason,  the  ^^-^^v^*^^ 
space  in  which  the  shingle  was  thrown  up,  was  bounded  ^P*"** 
on  each  side,  by  two  smooth  planes  of  wood  work  q3*p2[,' 
placed  vertically  and    parallel  to  each  other,  their  ^• 

distance  apart  being  about  3  feet  1  inch,  viz.  a  small 
quantity  more  than  me  length  of  each  model;  and  greiO. 
eute  was  taken  that  the  model  should  not  be  jammed 
between  the  endft  of  it  and  the  planes ;  in  order  to 
which,  it  was  placed  immediately  in  front  of,  but  yet  as 
near  to  them  as  possible. 

It  was  ascertamed,  from  several  experiments  mad^ 
exclusively  with  a  view  to  this  particular  determination, 
that  tiU  the  shingle  exceeded  a  certain  quantity,  tl^e 
wan  or  revetment  was  increased  in  its  stability ;  whic^ 
WB^  never  (we  believe)  before  noticed  by  any  experi- 
mentalist, or  m  any  theoretical  view  of  the  sulgect; 
although  it  is  a  necessary  consequence  of  the  method 
of  tesolving  the  forces  adopted  by  M.  Ronddet,  and 
which  we  shall  follow  in  the  subsequent  part  of  this 
article,  as  beiner  ^^^  ^^7  currect  one  out  of  the  nume« 
roas  methods  that  have  been  proposed ;  although  m 
this  respect,  our  opinion  is  decidedly  in  opposition  to 
HM,  expressed  by  M.  Mayniel,  in  the  work  before 
referred  to. 

The  followmg  table  contains  the  result  of  a  part 
of  Col.  Pasley  s  experiments. 
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182.  In  applymg  the  preceding  experimental  results 

*"  to  the  practical  solution  of  the  problem  of  reret- 

iMBtiy  we  shall,  in  the  first  place,  render  the  investi- 

ntioQ  general,  by  representing  the  height  of  the  wall  by 

if  the  k^ght  of  the  earth  which  is  to  b^  supported  by  k^ 

^  speciBc  gravity  of  the  former  by  «',  and  of  the  latter 

hfsi   let  us  also  call  the  length  of  the  slope,  as  for 

^xttnple  BB  (fig.  113)  =:  /;  and  the  breadth  of  it  at 

^^Of  DE  z=  b;  and  the  ratio  of  the  pressure  to  the  frio- 

Hon,  as  1  :/. 

If,  now,  we  consider  the  part  of  the  bank  DBE 
«•  a  solid,  supported  on  the  plane  BE,  and  call  the 
>raght  <^  it  W ;  we  know,  that  independent  of  the 
Crieoon  between  the  surfaces,  the  weight  necessary  to 
«vpp(»t  this  bodj  on  the  plane  will  b^  found  by  the 
wowing  ^mpovtiOAy  yis.. 


/;A::W 


AW 


=:  the  force  or  weight  ifbkky  acting- 


at  the  centre  of  gravity  G,  in  the  direction  FG,  would 
maintain  the  solid  DEB  in  equilibrio ;  and  let  us  sup^ 
pose  that,  experimentally,  this  weight  is  found  to  be  re- 
duced by  friction  to  -r— .    Now,,  as  we  may  suppose 

this  force  to  be  applied  at  any  point  in  the  Ime  of  itSi 

direction,  let  us  conceive  it  to  be  applied  at  the  point  I 

of  a  line  lA,  drawn  from  the  point  A  of  the  revetment 

perpendicular  to  the  line  of  direction  Gl ;  then  lA  will 

AW 
denote  the  lever  by  which  the  weight  — j—  acts,  ki 

Qidlv  to  Uucn  the  wall  about  the  point  A  at  a  fidcrunu. 
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Mechanics.  And  since  the  triangle*  AIK,  LKF,  and  EDB  are 
^^^^^'^''^  similar,  we  have,  by  denoting  the  breadth  of  the  wall  at 
Tlieoreticftl  bottom  by  x, 

**•«•  b:k  :^:  -c:  — =  lk. 

b 
And  since,  by  the  property  bf  the  centre  of  gravity  of  a 
triangle,  FB  or  AL  =  -J^  of  DB,  or  J  of  k,  we  have 
:again 

h         hx  ^  bh-^Shx  _ 

T~  T-      3b      -^' 

also 

BE  :  DE::  KA  :  lA; 


or. 


/  :  b 


bh^Skx     bh^3kx 


=  IA. 


36         •         3/ 
And  consequently,  including  the  reduction  from  friction, 
bh^Shx       AW 

3/  ^  If 
will  denote  the  momentum  of  the  bank,  or  its  effect  to 
turn  the  wall  as  a  lever  about  its  lowest  point ;  and 
which  must  be  counterbalanced  by  the  resistance  of 
the  wall :  this  resistance  will  consist,  first,  of  its  natural 
weight  supposed  to  be  collected  in  its  centre  of  gravity, 
anil  acting  as  on  a  lever ;  the  length  of  the  latter  being 
determined  by  the  distance  of  that  point  of  its  base  on 
which  a  perpendicular,  demitted  Hom  the  centre  of 
gravity,  falls  from  the  fulcrum  at  A ;  and  the  resistance 
of  cohesion  of  the  whole  section  of- the  wall  at  the 
same  point. 

If  we  denote  the  weight  of  the  wall  by  W,  and  call 
the  distance  of  the  perpendicular,  demitted  from  the 
centre  of  gravity  of  tne  wall,  from  A  =  y;  the  resist- 
ance of  the  wall,  as  arising  from  its  weight,  will  be 
Wy :  and  if  C  be  the  constant  quantity  which  denotes 
the  cohesion  of  the  wall  on  an  area  of  a  square  foot,  we 
shall  have,  from  the  theory  of  the  resistance  of  solids 
IHustrated  in  the  preceding  chapter,  Cad*  for  the  resist- 
ance of  any  column  of  the  same  materials  whose  breadth 
is  a,  and  aepth  d;  these  dimensions  being  all  supposed 
to  be  estimated  in  the  same  linear  units,  as  fgr  example, 
in  feet.  In  the  present  case  it  wiU  be  sufficient  to  take 
'0=1;  that  is,  to  estimate  the  pressure  of  1  foot  of 
the  bank  in  length  on  1  foot  of  the  wall ;  and  from 
-our  preceding  supposition  we  have  d  zz  x:  whence  C  x* 
-will  denote  the  resistance  from  the  effect  of  cohesion, 
independent  of  its  weight ;  and  Wy  will,  as  we  have 
seen,  denote  the  resistance  arising  from  its  weight,  in- 
dependent of  its  cohesion ;  consequently 

will  represent  the  entire  effort  of  the  wall  to  resist 
.feeing  turned  upon  the  point  or  fulcrum  A ;  we  have, 
thereifore,  in  case  of  an  equilibrium  between  die  push  of 
the  bank  and  the  resistance  of  the  Mrall, 
bh^3hx      hvr      „,, 

where  all  the  quantities  excepts  being  supposed  known, 
this  may  be  immediately  determined,  by  the  solution  of 
a  quadratic  equation. 

This  equation  is  general,  whatever  maybe  the  form  of 
the  revetment;  but  it  will  require  certain  modifications, 
depending  upon  the  latter  consideration,  in  order  to  find 
substitutes  for  W*  and  y,  which  are  obviously  unknown 
quantities,  till  the  dimensions  of  the  wall  are  deter- 
imued.    It  may  aho  be  observed,  that  the  lever  lA  was 


determined  by  supposing  FB,  or  LA  =  |  DB,  or  |^  A ;  Med 
which  is  only  correctly  true  when  the  sliding  solid  is  a  ^"^ 
triangle, viz.  when  it  is  a  scarp  revetment:  in  the  case  of 
counter-scarp  revetments,  with  or  without  berms,  as  in 
figs.  114  and  115,  the  direction  of  the  centre  of  gravity 
of  the  sliding  solid  may  not  cut  the  wall  at  \d  of  its 
height;  we  shall  therefore  render  our  equation  more 
general   by    substituting,    instead    of    FB    =    j^  A, 

FB=— A; 
n 

in  which  case  it  becomes 

bh^nhs       hW       __.,  _,    , 

-—-^  —  =  W,  +  C^. 

183.  Before  we  proceed  to  show  the  application  of  this  Rem 
equation  to  the  practical  determination  of  the  thick- 
ness of  revetments,  we  propose  to  offer  a  few  remarks 
relative  to  the  method  of  resolving  the  forces  that 
we  have  adopted;  which,  as  we  have  ssdd  above, 
appears  to  have  been  first  practised  by  M.  Rondelet, 
and  scornfully  rejected  by  M.  Mayniei,  as  incorrect 
and  unscient&c. 

A  variety  of  methods  have  been  proposed  relative 
to  the  determination  of  the  resultant  and  direction 
of  the  forces  of  the  particles  forming  the  solid  DBE ; 
some  authors  having  estimated  it  by  the  power  cir 
force  which  is  requisite  when  acting  horizontally 
against  the  centre  of  gravity,  as  M  G,  to  sufqport  the 
body  on  the  plane;  and  consequently,  these  have 
found  the  point  of  application  to  be  at  |as  of  the  height 
of  the  banx  from  the  bottom  of  the  revetment :  others 
have  found  that  point  to  be  at  one  half  of  the  height; 
and  others  again  at  ^  d.  The  latter  has  been  the 
most  general  determination,  and  is  obviously  the 
necessary  result  of  a  correct  theoretical  examination 
and  valuation  of  the  direction  of  the  forces ;  it  has  also 
been  experimentally  verified  by  Gauthey,  as  we  have 
stated  in  article  180;  but  it  is  necessary  to  observe,  that 
this  refers  to  the  interior  face  of  the  revetment.  Still, 
however,  a  singular  error  was  committed  in  the  resolution 
of  the  resulting  force,  which  was  supposed  to  be  made 
at  the  point  F;  so  that  KF  being  taken  to  denote  the 
direction  and  intensity  of  the  thrust  of  the  bank  at  F, 
this  was  resolved  into  a  horizontal  and  vertical  force 
at  that  point,  which  we  may  denote  by  LF  and  FH ; 
but  the  latter  of  these  was  reiected  as  having  no  effi- 
cacy, either  in  causing  the  wall  to  turn  about  the  pmnt 
A,  or  in  resisting  that  motion:  this  would  have  been 
true  had  the  wall  been  merely  a  line  without  breadtl^ 
because  then  the  points  A  and  B  would  have  coincided, 
and  the  force  FH  would  have  had  its  direction  passing 
through  the  fixed  point  B :  in  giving  to  the  line  AB, 
however,  any  dimension,  or  length,  it  is  dear  that 
while  the  product  of  LF  x  LA  denotes  the  efficacy  of 
that  force  to  turn  the  wall  about  the  fulcrum  A ; 
FH  X  AB  will  represent  the  contrary  or  opposite  mo- 
ment of  the  force  FH,  to  resist  that  motion;  and 
consequently,  when  these  products  are  equal,  the  wall 
will  have  the  same  stability  as  before  any  earth  was 
thrown  at  its  l^ack:  but  when  the  former  product  is 
the  greater,  the  stability  will  be  diminisned;  and 
when  the  latter  is  the  greater,  the  stability  will  be 
increased:  results  which  were  found  to  obtain  in 
various  practical  experiments  reported  by  CoL  Pasley, 
in  his  work  above  reCerred  to. 
We  shall  come  to  the  same  conclusion  if  we  resolve 
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our  forces  at  the  point  K ;  in  which  case  the  yertical 
'  force,  having  its  direction  passing  through  the  fixed 
point  A,  will  truly  become  ineffective,  and  there  will 
remain  the  product  KH  x  KA,  fOT  the  moment  of  the 
force  by  which  the  bank  tends  to  overturn  the  wall : 
but  here  again  it  is  obvious,  that  if  the  earth  at  the 
back  of  the  wall  be  only  so  high,  that  the  line  GF  pro- 
duced meet  the  base  of  the  wall  in  the  point  A, 
the  stability  is  the  same  as  before  any  pressure  took 
place:  and  if  the  line  FG  produced  cut  the  vertical 
CA,  the  stability  will  be  diminished ;  but  if  it  meet  any 
point  in  the  base  AB  it  will  be  increased.  We  have 
before  observed,  that  these  deductions  are  exactly 
conformable  to  the  experimental  results  of  Col.  Pasley; 
and  as  to  the  point  which  we  have  assumed,  or  rather 
theoretically  determined,  for  our  point  of  appUcation, 
it  has  been  verified  by  the  experiments  of  Gauthey ; 
and  therefore,  thus  far  experiment  and  theory  go  hand  in 
hand;  which  is  always  satisfieu;tory  to  observe,  particu- 
larly in  cases  where  they  have  hitherto  been  found 
to  give  incomparable  and  anomalous  results. 

184.  'It  remains  now  for  us  to  reduce  our  preceding 
general  equation  to  the  forms  requisite  for  the  practicsd 
sohition  of  problems,  relative  to  the  proper  dimensions 
of  refetments,  for  the  support  of  banks,  according  to 
the  natnre  of  the  materials  of  which  they  are  composed, 
and  die  figure  of  their  transverse  sections. 

Rectangular  revetments.  Here,  denoting  the  specific 
gravity  oi  the  wall  by  if ;  h'  being  its  height,  and  x 
the  breadth  at  bottom,  w«4iave  ^  =  ^  or,  W  =  r  V/ ; 
and  conaeqnently 

W>  =  ^  «» AV. 

We  ntiay  here  also  substitute  W  =:  ^  A  6  #,  and  n  =  3 ; 
which  valaes  being  substituted  in  our  general  equation 


th 

—  nhx 

AW 

' 

nl 

X 
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bk 
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P/h's'  +  2  t'/C  ""  3(/y  AV  +  2/"^  C)' 
Let  uSy  for  example,  suppose  a  rectangular  revetment 
of  the  same  height  as  the  bank;  and  mat  the  natural 
ilope  of  the  latter  is  45^ ;  that  the  specific  gravity  of 
Ibe  wall  to  that  of  the  earth  is  as  156  to  125 :  let  us  also 
•oppose  the  friction  to  reduce  the  force  to  one  half,  or 
Jzz  2 :  also  C  =  500;   and  the  height  of  the  bank 
twekefeet:  to  find  the  requisite  thickness  of  the  revet- 
ment, 
Hereil'=  A=  12;  also  &  =  12;  and/=  v'  288; 
-V  =:    166;  s  =   125;  C  =  500;  and/=  2:  and 
substitating  these  numbers  in  the  above  equation,  it 
Iwoomes 

1^  +  1-568  X  =  6-272 : 
TAcnce  x  =  ~  -784  ±  ^  (•784»  +  6-272)  z=  1-838 
Iwt,  the  thickness  sought. 

In  a  similar  manner,  our  general  equation  may  be 
conrerted  into  a  numerical  one;  computing,  first,  the 
point  of  the  centre  of  gravity  of  the  sliding  part  (which 
wiB  require  a  particular  process  when  there  is  a  parapet, 
or  when  the  revetment  has  a  counter-slope);  and  thence 
again,  the  length  of  the  lever  AI ;  or  otherwise  the  point 
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in  which  GF,  drawn  parallel  to  the  slope,  meets  the  ver-  Meclianiw. 
tical  DB;  whence  the  value  of  n  may  be  found.  >sj^^v^^ 

Again,  from  the  proportion  between  the  base  and 
top  of  the  wall,  estimate  the  place  of  its  centre  of  gra- 
vity :  and  hence  also,  the  value  of  y  and  W  in  terms  of 
X  ;  then  making  these  substitutions,  and  introducing 
the  given  numerical  values  of  the  other  quantities,  a 
qua^tic  or  cubic  equation  will  be  obtained;  from 
which,  in  all  cases,  the  value  of  x  may  be  determined. 

The  above  is,  we  conceive,  the  simplest  solution  that 
the  problem  of  revetments  will  admit  of:  and  if,  by 
means  of  experiments,  the  value  of  C  were  ascertained 
for  different  kinds  of  mortar  and  cement ;  as  also  the 
value  of/,  for  other  soils  besides  shingle  and  sand,  by 
a  course  of  experiments  somewhat  similar,  but  not 
exactly  the  same  as  those  of  Col.  Pasley;  we  are  con- 
vinced that  entire  confidence  might  be  placed  upon  the 
results  thus  obtained.  It  is  proposed,  however,  in  con- 
cluding this  article,  to  give,  as  we  have  promised,  a 
sketch  of  the  theory  of  M.  Coulumb,  which  is  generally 
considered  by  French  mathematicians,  as  containing 
the  true  principles  of  solution;  a  point  which  we  do  not 
intend  to  dispute :  all  we  have  said,  or  intend  to  say 
on  the  subject  is,  that  it  is  founded  on  data  which  are 
very  difficult  to  obtain  from  experiment,  or  indeed  (we 
think  we  might  add)  impossible  to  obtain  with  accu- 
racy ;  and  as  such  can  only  be  considered  as  a  mere 
analytical  speculation. 

1 85.  M.  Coulumb  has  considered,  in  this  problem,  the  Theory  of 
profile  of  a  triangular  prism  of  earth  as  representing  a  Coulumb. 
solid  right  angled  triangle ;  one  of  the  sides  of  which  is 
vertical,  and  whose  hvpothenuse  touches  an  inclined 
plane,  down  which  it  has  a  tendency  to  slide,  arising 
out  of  its  own  weight  or  gravity ;  but  that  this  ten- 
dency is  counteracted  or  destroyed,  and  the  solid 
maintained  in  equilibrio  by  a  horizontal  force,  and  by  its 
cohesion  and  its  friction  along  the  inclined  plane.  He 
then  obtains,  from  the  principles  of  Statics,  the  force 
requisite  for  producing  an  equdibrium ;  observing,  that 
in  general,  earths  being  homogeneous,  they  may  sepa- 
rate in  the  case  of  rupture,  according  to  a  right  line, 
or  in  any  curve  line  whatever ;  and  consequently,  if  we 
can  find,  amongst  all  the  surfaces  described  in  an  in- 
definite vertical  plane,  that  surface,  which  solicited  by 
its  gravity,  and  retained  by  its  friction  and  cohesion, 
requires,  in  order  to  establish  its  equilibrium,  to  be 
supported  by  a  horizontal  force  which  is  a  maximum ; 
the  problem  of  revetments,  will  be  completely  resolved : 
for  it  is  evident  that  every  other  figure  or  solid  would 
require  for  its  equilibrium,  a  less  force  than  that  which 
is  supposed  to  be  already  determined.  But  as  it  had 
always  been  found  from  observation,  that  u  bank,  of 
the  kind  we  are  considering,  sUdes  down  a  line  exactly 
or  very  nearly  straight;  M.  Coulumb  confined  his 
researches  only  to  the  case  of  a  ri^ht  line ;  viz.  he 
endeavoured  to  ascertain,  in  an  indefinite  vertical  plane 
of  a  given  height,  that  right  angled  triangle  ^im 
required  the  greatest  horizontal  force  to  retain  it  in 
equilibrio. 

-  This  being  premised,  let  FEAD  (fig.  116)  represent  the 
wall,  or  a  revetment,  behind  which  is  formed  an  indefinite 
remblaiy  or  bank  of  earth  CDAB,  of  which  the  trian- 
gular prism,  represented  by  the  profile  DGA,  would 
detach  itself,  and  slide  down  on  the  hypothenuse  GA, 
supposing  the  opposing.obstacle  FDAE  were  removed ; 
this  latter  we  may  conceive  to  be  a  force  Q  applied 
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M«chaiMcs.  to  the  wall,  and  of  which  the  direetkmis  peorpenditulnr 
^""^^^'^^^  to  DA.  The  prism  or  triangle  is  solicited  by  its  gravity 
or  weight  P  j  to  glide  down  G  A ;  but  it  is  retained  by  the 
force  Q,  by  its  cohesion  on  QA,  and  by  its  friction  on 
the  same  plane.  Now  if  we  resolve  each  of  these  forces 
into  two  others,  of  which  one  represents  the  perpendi- 
cular pressure  destroyed  by  the  resistance  ofOA,  and 
the  other  acting  in  a  direction  parallel  to  the  same  line 
or  plane;  we  shall  have  for  .the  components  of  P,  the 
forces  represented  by  PI  and  IH ;  and  for  those  of  Q, 
the  lines  QL  and  LH.  Consequently  the  triangle  can 
have  no  motion,  except  Aat  which  is  due  to  IH ;  but 
LH,  acting  in  the  contrary  direction,  or  from  A  towards 
G,  opposes  itself  to  IH,  and  is  moreover  increased  by 
the  cohesion  and  by  the  friction ;  the  equation  of  equili- 
brium will  therefore  be 

IH  =  LH  4-  cohesion  +  friction. 
LetAD=A,DG=.r,AQ  =  V(A*H-APH=P:QH=:Q, 
and  we  shall  have 


AG  :  DG  ::  PH  :  PI  = 
Also        AG  :  PH  ::  DA  :  HI  = 


Pj 
Qk 


AG:DA::QH:QL=:^^^,^^^. 

Now  if  the  density  of  the  earth  is  denoted  by  5,  then 

P=— 5— ;  and  if  y  represent  the  cohesion  on  any  unit 

of  surface,  this  cohesion  having  place  on  the  whole  line 
GA,  the  total  cdiesion  wiU  be  y  v'C^-f  a*);  From 
experiments,  elsewhere  stated,  the  friction  is  propor- 
tional to  the  pressure,   and   is   independent  of  the 

extent  of  surface ;  ~  will  therefore  express  the  con- 

istant  ratio  of  it  to  the  pressure;  but  the  perpendicular 
pressure  on  the  plane  GA  is  equal  to 


Consequently 


QA  +  Par 


VCA-H-*-) 


will  be  the  expression  for 


or 


(1) 


the  friction. 

From  these  data,  there  results  the  following  equa- 
tion of  equilibrium : 

PA      _       Qx  Qk  +  Vx 

And  consequently 

_  fS)^x  -  ^A-T*  -  2y/(y  H-  J*) 

It  only  remains  now  to  determine,  from  the  method 
df  maxima  et  minima,  that  triangle,  Of  all  those  that 
can  be  formed  in  the  indefinite  plane  CDAB,  which 
exercises  the  greatest  pressure.  Putting  therdbre  the 
latter  expression  into  fluxions,  and  equating  it  with 
zero,  we  obtain 

x»(-.2/a  A-4/V)  -  (43A»  4-  Bfhy)£-^h\2fSh  + 
4.r  y)  =  0. 
Whence 

.=-i±*^(.+j,.)    w 


'  Substituting  Ais  value  of  t,  in  the  above  equation  (1),  M« 
ire  shall  have  ^^^ 

Making  now 


=  «, 


b; 


we  shall  have 

Q  =  aA*  —  6yA.  (5) 

The  value  of  x,  determined  in  equation  (2),  shows 
that  the  dimensions  of  the  triangle  which  produces  the 
greatest  pressure,  depends  only  on  the  friction;  and 
that  the  cohesion  of  the  soil  has  no  influence  in  that 
determination,  as  no  function  of  7  enters  into  the 
expression. 

If  the  friction  were  zero,  whatever  might  be  the  co- 
hesion, then  we  should  have  x  =  h;  that  is,  the  triangle 
producing  the  greatest  thrust  would  be  isosceles. 

The  expression  Q  =  a  A'  —  6  y  ^,  is  that  of  the  hori- 
zontal force  capable  of  resisting  a  triangle  exercising  the 
maximum  thrftst  on  the  vertical  height  (/i):  but  in 
order  to  determine  what  the  horizontal  force  must  be 
that  is  capable  of  resisting  any  other  height,  we  must 
put  the  equation  into  fluxions,  with  reference  to  A  as 
variable,  and  we  shall  have 

Q  z=  2ahh  —  byh 
ior  the  expression  of  the  different  pressures  on  DM  and 
DA;  and  calling  the  total  height  DM  =  A',  this  ele- 
mentary horizontal  pressure,  acting  at  the  extremity  of 
the  lever  AM  =  A'— A,  will  have  for  its  moment  about 
the  point  O,  the  base  of  the  revetment 
(2a  AA  -Z^yA)  (A' -  A)  =  (2aAA'A  -  h  k'  yh  - 

2  a  A'  A  +  ^  y  A  A). 

And  taking  the  fluent,  we  obtain  for  the  sum  of  the  mo- 
ments on  the  height  A,  about  the  point  O,  the  expression 


{--^V'S 


h'y  h ; 


3    >    '    ^  C      2 
and  when  A'  =:  A,  we  shall  have  the  sum  of  the  mo- 
menta on  the  total  height  A'  equal  to 

ah'^  hyk^ 
3  '  2  • 
The  above  contains  the  whole  theory  of  M.  Cou- 
lumb,  independent  of  what  relates  to  the  friction  which 
the  triangle  suffers  against  the  interior  face  of  the 
revetment  at  the  moment  of  rupture^  a  consideration 
that  efiects  in  no  essential  manner  the  practical  appli- 
cation of  the  formuke,  and  which  may  therefore  be 
looked  upon  rather  as  a  subject  of  curiosity  than 
utility.    \ 
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BM»  It  b  obvious,  that  this  solution  ot  the  theorem  of 
^^^  revetments,  depends  upon  the  correct  numerical  values 
of  f  and  y»  as  determined  from  a  series  of  well  con*- 
ducted  experiments  ;  and  we  must  add»  that  we  have 
verv  considerable  doubt  whether,  in  any  case,  it  would 
be  possible  to  ascertain  thie  latter  co-efficient,  in  a  man- 
ner sufficiently  correct  and  determinate  to  be  em- 
ployed with  confidence  in  the  practical  construction  of 
these  works. 

Dynamics.  ' 

§  I.  Definitions^  SfC, 

idoDs.  1.  We  have  already  defined  Dpnamics  to  he  th^t 
branch  of  Mechanics,  by  which  we  investigate  and  com- 
pute the  action  of  solid  bodies  upon  each  other,  when 
the'result  of  that  action  is  motion.     . 

2.  Motion  is  a  simple  idea;  whieh does  not,  thevefoni, 
require  or  even  properly  admit  of  definition :  we  may, 
however,  in  conformity  to  long  established  custom, 
say,  that  it  is  that  state  in  which  a  body  is,  when 
passing  from  one  point  of  space  to  another.  When 
equal  spaces  are  passed  over  in  equal  times,  it  is  calleti 
uniform  motion;  and  it  is  estimated  or  measured  by 
the  space  which  a  body  passes  over  in  any  assumed 
unit  of  time,  which  is  commonly  pne  second;  or  gene- 
rally, by  the  quotient  arising  from  dividing  the  space 
passed  over,  by  the  time  of  desicription^  and  this  me9r 
sure  of  motion  is  called  velocity/. 

Hence,  if  /  denote  the  tmie  or  the  number  of  seconds 
a  body  has  been  In  uniform  motion,  s  the  space  in  feet 
or  any  other  linear  units  described  in  that  time,  and  v 
the  velocity;  we  have  from  the  above  definition 


V  zz  ■ 


(J) 


When  the  motion  of  a  body  in  any  equal  portions  of 
time,  receives  equal  increases  of  velocity,  the  motion 
i^  said  to  be  unifonni}/  accekrated;  and  if  it  receive  in 
equal  portions  of  time  equal  decreases  of  velocity,  it  is 
•dJLed  mmformbf  retarded  motion;  and  if  the  increase  or 
decaeaae  of  velocity  be  not  equal  in  all  equal  portions 
of  time,  it  is  called  variable  motion. 

The  preceding  equation,  viz. 

involves  in  itself  all  the  conditions  and  laws  of  uniform 
iBOtion ;  ibr  firom  this  we  have 


«?  =  -—,*=  — ,  and  s  •=.  tv\ 

t  V 


(2) 


that  is,  the  velocity  is  as,  or  is  equal,  to  the  space 
divided  by' the  time;  the  time  is  equal  to  the  space 
divided  by  the  velocity ;  and  the  fepace  equal  to  the 
product  of  the  velocity  and  time. 
"•^  Note.  As  time,  space,  velocity,  &c.  are  quantities 
ineomparable  with  each  other,  it  has  been  usual  to 
distinguish  the  relation  between  them  by  the  expression 
i$  as:  thus,  it  is  said,  the  time  is  as  the  space  divided 
by  the  velocity;   the  space  is  as  the   time  into  the 

*  W«  may. observe  here,  and  it  is  important  thot^Uie  reader 
dMold  ^oDstMitlj  bear  it  in  mind,  that  when  we  speak  of  dindiiig 
ipKe>by  tiine,or  of  multiplyuig  velocity  and  tiine»&q.  ittQust  be 
onderstobd  to  imply  simply,  'the  division  or  mwltiplicatioii  of  the 
ib^raci  onmben^  by  which    tlie    units  of    those  quatititics-  arc 


velocity,  &e.  We  see,  however,  no  occasion  for  Mechanics. 
this  kind  of  paraphrase,  any  more  in  Mechanics,  ^^^^^^^^^^ 
than  in  mensuration,  and  other  mathematical  sciences: 
lines,  surfaces,  and  solids,  are  as  incongruous  as  time, 
space,  and  velocity ;  and  yet  no  author  thinks  it  neces- 
sary to  say,  that  the  area  of  a  rectangle  is  as  the 
.product  of  its  length  and  breadth,  or  that  the  solidity  of 
a  prism  is  as  the  product  of  the  base  and  altitude.  In 
these,  and  various  other  instances,  we  never  scruple 
considering,  or  at  least  saying,  that  a  thing  is  equal  to 
the  abstract  number  by  which  it  is  measured;  nor  can 
•we  see  any  reason  for  a  greater  restriction  in  Mecha- 
nics; and  therefore,  as  it  throws  considerable  facility 
into  our  investigations,  we  shall  constantly  employ  the 
term  equal,  and  the  sign  of  equality,  when  we  have  oc- 
casion to  make  any  comparison  between  a  quantity,  and 
the  product  or  quotient  of  the  abstract  units  of  other 
quantities  by  wluch  it^is  measured:  and  the  reader  will 
always  bear  in  mind,  that  in  these  and  ati  similar  cases 
nothing  farther  is  meant,  than,  that  the  abstract  numbers 
which  express  the  number  of  units  of  each  are  equal; 
or  that  the  one  is  any  multiple  or  part  of  another. 

This  expression  of  equahty  obviously  involves  in  it 
-the  conditions  of  proportionality  t  we  shall,  therefore, 
not  exclude  by  this  means  the  relative  connection  im-  / 

plied  by  the  words  is  as;  ior  since  v  zz  — » it  necessa- 
rily follows,  that  when  the  times  are  equal,  the  velocity 
is  proportional  to  the  space ;  or  if  the  spaces  are  equal, 
the  velocity  is  reciprocally  proportional  to  the  time ;  and 
so  on  in  other  similar  cases. 

3.  Forces,  as  we  have  seen  (art.  2,  Statics),  are  Of  furces. 
divided  into  momentary  or  impulsiver  cm:  those  which  act 

but  for  an  instant,  after  which  they  cease  to  have  effect^; 

and  uniform  forces,  which  act  constantly,  or  incessantly,  y 

vnth  the  same  continued  energy:  and  variable  forces, 

which  also  act  incessantly,  but  with  u^qual  degrees  of 

energy. 

These  are  ulso  called  accelerating  or  retarding  forces, 
according  as  they  are  employed  in  the  production  or 
destruction  of  motion;  but  we  must  be  ^aceful  not  to 
confound  any  that  fall  under  the  former  general  desig- 
.nation,  withiwba^  we  call  ftbsolutely  the  accelerating 
force ;  which  latter,  but  for  the  inconvenience  of  the 
paraphrase,  ought  rather,  peehf^ps,  to  be  expressed  by 
the  term  rate  of  acceleration :  .but  we  sliall  have  occa- 
sion to  reyert  to  Uiis  subject  in  a  subjsequent  article. 

4.  Every  body  has  a  tendency  16  remain  in  its  pre-  Of  inertia. 
sent  state,  whether  it  be  in  motion  or  at  rest;  that  is, 

a  body  which  is  in  motion' -will  continue  to  move  uni- 
formly, unless  its  motion  be  destroyed  by  the  operation 
of  some  external  force;  and  abody  at  rest  will  continue 
for  ever  in  that  state  without  the  operation  of  some 
power  or  agency  to  put  it  in  motion.  This  inert  and 
inhereiit  property  of  matter,  which  renders  it  incapable 
-o^  changing  its  preserrt  state,  we  call  inertia. 

With  regard  to  the  latter  part  of  the  preceding  defir 
nition ;  viz.  that  matter  at  rest  will  continue  for  ever  in 
that  state  unless  motion  be  impressed  upon  it  by  some 
external  force,  it  is  a  fact  which  we  learn  from  daily 
and  hourly  experience :  but  the  former,  in  which  we 
assume  that  a  body  in  motion  will  continue  for  ever  to 
-move  with  the  same  velocity,  has  not  the  same  evi- 
dence," nor  is  it  ever  so  readily  admitted  by  a  student ; 
because,  in  no  case  do  we  ever  see  it  verified  by  obser- 
m2 
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Mechanics,  vation.  It  is  obvious,  however,  that  as  we  diminish  or 
remove  the  causes  which  obstruct  a  body's  motion,  the 
longer  and  the  more  uniform  that  motion  will  become: 
but  as  these  preventing  cjauses  can  never  be  entirely 
annihilated,  we  are  unable  to  verify  firom  actual  experi- 
ment or  observation  this  property  of  matter :  we  can- 
not, however,  at  the  same  time,  doubt  of  its  existence ; 
because,  although  we  are  unable  to  reduce  it  to  ob- 
servation, or  demonstrate  it  by  actual  experiment,  we 
see  the  reason  why  it  does  not  obtain,  and  the  causes 
which  prevent  it :  we  see  also  that  as  these  causes 
are  diminished,  the  body  approaches  nearer  and  nearer 
to  that  state  we  have  supposed ;  and  whence  we  may 
conclude,  that  if  they  could  be  entirely  removed,  the 
motion  of  the  body  would  continue  uniformly  the  same. 
It  follows  from  the  above  definitions,  that  if  a  body 
at  rest  be  acted  upon  by  any  momentary  impulse,  which 
puts^  it  into  motion,  the  velocity  which  it  thereby 
acquires  will  be  uniform. 


%  II.   Of  motion  uniformly  varied. 


Ofaccele- 

n\ 

aod  velo- 
city, 


'f^"*!*-  5.  We  have  seen  above,  that  a  momentary  or  impulsive 
^^^^^^fotcey  generates  in  a  body  a  velocity  which,  indepen- 
dent of  external  causes,  would  continue  uniformly  the 
same.  If,  after  any  interval  of  time,  another  impulse, 
equal  to  the  former,  be  impressed ;  an  equal  accession 
of  motion  will  be  generated,  and  the  velocity  will  be 
doubled.  The  double  velocity,  like  the  former,  would 
continue  for  ever,  independent  of  any  farther  external 
operating  causes ;  but  if,  after  another  equal  interval  of 
time,  a  third  equal  impulse  be  impressed,  an  equal  addi- 
tionsd  increase  of  motion  will  be  generated,  and  the 
velocity  will  be  trebled ;  and  so  on  for  any  number  of 
impulses. 

Whence  it  follows,  that  the  velocity  will  be  always 
proportional  to  the  number  of  impulses ;  or,  since  these 
are  supposed  to  take  place  at  equal  intervals,  propor- 
tional to  the  time :  and  as  this  conclusion  is  wholly 
independent  of  the  duration  or  lengths  of  the  intervals 
at  which  the  several  impulses  act,  it  will  be  true,  if  we 
suppose  them  to  be  indefinitely  small ;  or,  which  is  the 
same,  if  we  suppose  the  force  to  be  constantly  and 
incessantly  acting:  and  hence  we  conclude,  tnat  the 
velocities  generated  by  constant  and  uniform  forces^  are 
vniformfy  accelerated;  and  that,  with  the  same  force,  the 
Telocity  is  directly  as  the  time  of  acting. 

U  is  obvious,  from  what  is  above  stated,  that  if, 
after  any  time  /,  the  uniform  force  ceases  to  act ;  the 
velocity  v,  which  the  body  has  acquired,  will  continue 
uniform :  and  it  is  this  which  we  denominate  the  last 
acquired  velocity ,  or  simply  the  velocity. 

We  have  here  merely  considered  the  relation  between 
the  time  and  velocity,  independent  of  any  particular  or 
comparative  measure  of  the  intensity  of  the  force,  by 
which  the  motion  is  produced ;  this,  which  will  be  a 
very  important  consideration  in  our  subsequent  investi- 
gations, is  treated  of  under  article  11. 

6.  Let  us  now  endeavour  to  investigate  the  relations 

between  the  time,  velocity,  and  space,  described  by  a 

body,  when  urged  by  a  constant  or  uniform  accelerating 

•     force. 

ReUtioiis  of     For  this  purpose,  let  t  denote  any  time,  and  v  the 

'?•**•»        velocity  acquired  at  the  end  of  that  time ;  and  let  us 

tunes,  &c    cQncejye  i]^  time  /  to  be  divided  into  any  number  bf 

equal  portions  m;   and  suppose  that  the  body   only 


receives  its  accessions  of  velocity  at  the  beginning  of  MU^ 
each  of  those  equal  intervals  of  time.     Then  it  follows,  ""^ 
from  the  preceding  article,  that  at  the  ends  of  the  suc- 
cessive periods  of  time 

t    2t  3i  4t  mt 

— —  ,  —— ,  — — ,  — ,   (SIC.  —  I 

m     m    m    m  m 

the  corresponding  velocities  (since  these  are  as  the 
times)  will  be 

V    2v  3v  4v    ^      mv  * 

m     m     m     m  m 

and  since,  by  the  supposition,  each  of  these  velocities 
will  continue  uniform  during  the  same  equal  interval  of 

time  — ,  and  by  art.  2,  in  uniform  motions  the  space 

is  equal  to  the  product  of  the  time  and  velocity ;  it 
follows^  that  if  we  multiply  each  of  the  above  velocitioB 

by  the  time  of  its  duration  — ,  we  shall  have  the  seve- 

''         .  m 

ral  spaces  passed  over  in  the  successive  intervals; 
the  sum  of  which  will  therefore  be  the  wh(^e  space 
passed  over  in  the  time  t.  Hence,  calling  this  ftpace  # » 
we  shall  have 

tv        2  tv        3  tv        4  tv 


tv^ 


&c. 


or 


«   =  ^{1  +  2  +  3  +  4  4-,&c,»i;} 

or,  by  summing  the  series, 
tvi 

'  =  ^{ 
that  is 


m*  ^m 


■■] 


tv 

=  T  + 


tv 

2m' 


which  is  a  general  expression  for  the  space,  independent 
of  any  particular  value  of  m;  and  is  therefore  true 
when  m  is  indefinitely  great ;  or  when  the  interval  of 

tune  — ,  is  indefinitely  small ;  that  is,  when  the  force 

acts  incessantly.  But  in  this  case,  since  m  is  iodefi- 
nitely  great,  the  second  part  of  the  above  expession,  vc. 

-TT — ,  is  indefinitely  small,  and  vanishes  out  of  the  equa- 
2  m 

tion ;  and  we  have  simply 

szzitv.  (3) 

that  is,  the  space  passed  over  by  a  body  frmn  resty  tmik 

a  uniformly  accelerated  Telocity,  is  equal  half  the  prodact 

of  the  time  and  last  acquired  velocity. 

We  have  seen  (art.  2),  that  in  uniform  velocities, 
the  space  is  equal  to  the  product  of  the  time  and 
velocity :  if  therefore  we  suppose  the  above  velocity 
were  to  continue  uniform  during  the  time  /,  we  should 
have 

tv  =  2*; 
whence  it  follows,  that  the  velocity  generated  in  a 
body  by  an  uniform  force,  acting  during  any  time,  is 
such  as,  supposing  it  to  remain  uniform,  would  cany 
the  body  over  double  that  space  in  the  same  time. 

If  now  we  denote  by  g,  the  space  which  a  body 
passes  over  in  a  unit  of  time  (as  for  example,  a  second) 
when  urged  by  a  constant  force,  2g  will  denote  its 
velocity  at  the  end  of  that  time ;  and  since  the  velocity 
is  proportional  to  the  time  (art.  5),  the  velocity  due  to 
any  time  /,  will  he2gt,ortiz2gt:  substituting  there* 
fore  for  v  and/,  m  terms  of  each  other^  hi  equation  '2^, 
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we  shall  hare 

.  =  if*=ff<'  =  l.  (4) 

which  equations  exhibit  all  the  relations  between  the 
time,  Telocity,  and  space  passed  over  by  bodies  moving 
with  uniformly  accelerated  velocities;  the  body  and 
force  being  supposed  constant,  or  proportional  to  each 
other. 

I  III.   Of  the  descent  ofhettcy  bodies  in  a  vacwimy  by  the 
action  of  gravity. 

nol&U-  7.  The  first  and  most  important  application  of  the  pre-  ' 
Mm.  ceding  formuls,  is  in  the  case  of  the  descent  of  heavy 
bodies  from  the  action  of  gravity  near  the  earth's  surface, 
which  is  known  to  be  an  uniform  force;  that  is,  we  have 
demonstrated  above,  that  in  uniform  forces  the  spaces 
■re  as  the  squares  of  the  time,  or  as  the  squares  of 
die  Telocity :  and,  as  by  experiment  it  has  been  ascer- 
tained, that  bodies,  urged  by  gravity,  observe  the  same 
lawSy  we  conclude  that  this  is  a  constant  or  unifonn 
force;  and  it  is  always  proportional  to  the  mass  or 
body  on  which  its  action  is  impressed;  because  all 
bodies,  whether  great  or  small,  are  always  observed  to 
&I1  through  the  same  space  in  the  same  time. 

It  may,  however,  be  proper  to  observe,  that  in  the 
preceding  statement  we  must  confine  ourselves  to  the 
same  place,  and  to  small  heights  above  the  earth's 
surface ;  for  the  force  of  gravity  being  inversely  pro- 
portional to  the  square  of  me  distance  from  the  centre 
of  terrestrial  attraction,  which  is  in  or  near  the  centre 
of  the  earth,  and  the  latter  body  not  being  a  complete 
sphere,  but  an  oblate  spheroid,  having  its  surfaces  at 
different  distances  from  the  centre,  the  action  of  gravity 
ought  to  vary  with  the  latitude ;  viz.  it  ought  to  be 
greatest  at  the  poles,  and  to  diminish  thence  to  the 
equator,  where  it  is  the  least :  theory  requires  that  this 
dmiination  should  be  proportional  to  the  square  of  the 
sine  of  the  latitude,  and  the  prediction  has  been  veri- 
fied by  experiment 

On  the  same  principles,  aho,  it  follows,  that  the  force 
of  graTity  is  different  in  the  same  place,  at  different 
heiglits  above  the  earth's  surfiu^e;  but  the  greatest 
height  to  which  it  can  ascend  being  very  inconsiderable 
in  comparison  with  the  radius  of  the  earth,  we  may, 
without  sensible  error,  suppose  it  constant:  at  least 
we  may  proceed  in  our  investigations,  upon  the  supposi- 
tion of  it  beine  so;  and  afterwards  examine  the  case 
upon  the  strict  principles  to  which  we  have  above 
Eoerreu. 

Grarity,  therefore,  being  supposed  a  constant  force ; 
if  we  kftow  the  space  thfou^  which  it  urges  a  body  in 
any  given  time,  as  for  example,  one  second,  we  shall 
be  Me  to  ascertain  the  space  that  the  same  body  wiU 
pass  thfough  in  any  other  eiven  time ;  its  velocity  at 
the  eaa  of  those  times;  and  every  other  circumstance 
^  idative  to  its  space,  time,  and  velocity. 
^^^^  8.  It  has  been  ascertained,  by  numerous  and  very 
accurate  experiments,  that  a  heavy  body,  in  the  lati- 
tude of  London,  falls  through,  in  the  first  second  of 
time,  from  the  action  of  gravity,  16^  feet,  or  193  inches; 
Aerefbref  in  our  preceding  equations,  is,  in  this  case, 
equal  to  16^  feet:  consequently,  if  we  substitute  this 
value  of  gf  we  shall  have  all  the  proposed  relations 
cspessed  or  involved  in  the  equations 


Let  it  be  proposed,  for  example,  tn  determine  the  M«cbMkt. 
space  througn  which  a  heavy  body  vrill  fall   in  tke^    ~ 
latitude  of  London,  in  four  seconds. 

Here  we  have  ^  =  4,  and  g  zz  16A ;  whence  the 
formute 

becomes 

s  =z  16tV  X  4«  z=  \e^,j  X  16  =  257^-  feet. 
If  the  velocity  at  the  end  of  that  time  were  required, 
we  obtain  it  from  the  formulee, 

i  tv  :=:  gt*,  or  v=z  2gt\ 
that  is,       .  V  z=  2  X  16^  x  4  =  128|  feet, 
which  is  equal  to  half  the  space  described  in  the  same 
time. 
If  the  space  be  given  to  find  the  time,  we  have 


*=:g/»,or^  =  ^-l; 


and  if  the  velocity  be  required,  we  have 
^^-^^^0^0-2^  gs. 
For  example,  let  the  space  be  400  feet;  then 

*  =  V^fc^  =  V^W  =  ^'^  "^^^"^*' 

andt;  =  2  V(16^x  400)  =  2 ^/ 643aj  =  IGOi^Jfeet 

If  the  velocity  be  given  to  find  the  time,  we  have 

\  tv  —  gt^,  or  I?  =  2g^and/  =— . 

Suppose,  for  example,  the  given  generated  velocity 
to  be  100  feet,  to  fina  the  time,  we  shall  have 
100  1200       ^^„ 

Lastly,  let  the  space  passed  over  during  any  part  of 
the  time  be  given,  to  find  the  time  and  velocity. 

Suppose  Uiat  a  body  was  observed  to  pass  over  1 00 
feet  in  the  last  second  of  its  descent,  ^to  determine  the 
time,  space,  and  velocity. 

Here,  if  we  denote  the  whole  time  of  descent  by  or, 
the  time  prior  to  the  last  second  will  be  or  —  1 ;  and 
the  given  quantity,  100  feet,  is  obviously  the  difierence 
between  the  spaces  passed  over  m.  the  times  Xy  and. 

Now  the  space  passed  over  in  the  time  jr  is, . 

and  the  space  passed  over  in  the  time  (:r  —  1)  is  > 

*^  *'=^(x-iy; 

whence*  — »'=gjr*  —  g(x—  ly  =z  100;. 
or  2gjr=100+g; 

«»^„      .=  ™±£=>>^  =,.„,, 

and  the  time  being  thus  known,  the  space  and  velocity 
are  readily  determined. 

9.  If  a  body  be  prelected  perpendicularly  downwards  Bodies  prvK- 
with  any  given  velocity,  its  motion  will  partake  of  that  jf^^^- 
uniform  velocity  of  projection,  combined  with  the  acce-  ^^1' 
lerating  velocity  arising  firom  gravity :  and  if,  therefore^ 
we  denote  the  projectile  velocity  by  i/,  the  spaces  passed 
over  in  any  time  /,  will  be  expressed  by  the  formula 
tzztu-^-gVi  (5) 

and  the  time  /,  when  s  is  given,  will  be  found  from^e 
quadratic  equation 


whence 


'=-4*v/(??-'«:)^''" 
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<^  g 

Suppose,  for  example,  that  a  body  at  the  height  of 
400  feet  were  projected  vertically  downward  with  a 
velocity  of  10  feet  per  gecond,  and  the  time  of  its 
descent  were  required. 

HcTe  we  should  have  *  "x  400,  nzi  10,  andg  :=  16^^* 
whence 

_     -  10±  x/(10Q  4-64331) 

'-  W^"     * 

the  time  sought 

Also,  t  being  thus  determined,  the  velocity  will  be 
found  from  the  equation 

v-ii^2gt.  (7) 

10.  Tlie  same  laws  and  formula  as  those  above  in- 
vestigated for  uniformly  accelerated  velocities,  will  ap- 
ply equally  to  uniformly  retarded  velocities :  that  is, 
the  velocity  lost  in  any  given  time  by  the  action  of  an 
unifonn  retarding  force  will  be  as  the  time ;  the  space 
passed  ihroui^h  as  the  square  of  the  time,  or  the  square 
of  the  velocity;  and  so  mi,  the  same  as  in  accelerating 
forces. 

Whence,  a  body  projected  vertically  upwards,  will 
ascend  to  the  same  height,  as  a  body  fulling  freely 
would  descend  tbrous^h  togentrate  that  velocity;  and 
the  time  in  both  cases  will  alio  be  the  same:  wherefore, 
if  a  body  be  projected  as  above,  and  afterwards  de- 
scei>d,  it  will  pass  through  every  point  in  its  ascent 
and  descent  with  the  sanie  velocity ;  tliat  is,  whatever 
velocity  it  may  have  in  its  ascent,  in  passing  through 
any  pcwut,  it  will  pass  through  the  same  point  with  the 
same  velocity  in  its  descent;  and  consequently  the  whole 
time  of  ascent  and  descent  from  any  point  will  be  double 
that  of  either. 

h  W.  On  the  compttriftOH  of  different  forces. 

Forces ocro-  IK  Hitherto  it  has  not  been  necessary  to  establish 
pared.  any  particular  measure  of  force,  because  our  first  in- 
vestigations were  made  simply  with  reference  to  the 
several  relations  of  space,  time,  and  velocity,  while  any 
one  and  the  same  force  continued  in  action ;  and  conse- 
quently  the  parUcuhur  intensify  of  that  force  was  not  ne- 
cessary to  be  considered,  nor  cUd  it  enter  into  our  enquiry. 
On  these  principles,  we  found  the  relations  above  referred 
to;  viz*  we  found  that  the  velocity  is  proportional  to  the 
time;  the  space  proportional  to  the  square  of  the  time; 
and  that  the  space  is  equal  to  half  the  product  of  the 
time,  and  Itist  required  velocity :  whence  the  space 
through  which  a  body  passes,  when  urged  by  any 
fromtaut  force,  in  one  second,  or  any  other  time, 
being  given,  the  space  and  velocity  corresponding  to 
any  other  time  are  readily  determined :  and  as  that 
space  is  known  for  bodies  falhng  freely  from  the  action 
of  gravity,  the  investigations  to  which  we  have  referred, 
were  found  sufficient  for  establishing  all  the  several 
laws  of  failing  bodies:  but  they  are  no  longer  appli- 
cable, at  least  without  certaiji  mod iticat ions,  when  the 
effects  of  other  constant  forces  are  to  be  considered;  or 
when  iho  force  of  gravity  is  diminished  or  obstructed  by 
different  counteracting  causes :  we  must  then  make  the 
intensity  of  the  forces  enter  into  our  investigation;  and 
in  order  to  this,  it  is-  necessary  to  establish  some 
determinate  measure  of  them,  whereby  an  accm-ate 
comparison  may  b^  made*  . 

When  we  contdnplate  fonre&,  with  reference  to  their 


actual  intensity,  we  as-^ume,  as  the  most  natural  mea«tn««  Ut4 

of  tlicm,  the  ])roduct  of  the  body  or  mass  on  which  they  ^*^^ 
act,  into  the  velocity  generated  by  tlieir  action ;  whether 
that  action  be  nioraenUiry,  or  continued  for  any  given  time. 
For  example :  if  a  momentary  impulsive  force  gene- 
rate in  a  given  body  any  determinate  velocity;  we  as* 
sume,  that  a  force  of  double  the  intensity  of  the  former, 
will  generate  a  double  velocity ;  a  treble  force,  a  treble 
velocity,  and  so  on;  that  is,  the  body  remaining  tlie 
same,  the  velocity  is  as  the  force  impressed.  If,  now, 
we  suppose  two  bodies,  each  equal  to  the  former,  then 
it  is  obvious,  that  in  order  to  generate  the  same  velocity, 
we  must  have  two  forces  equal  to  each  other^  one  acting 
upon  each  bodv:  or,  which  is  the  same,  if  the  body  he 
supposed  doubled,  the  force  must  also  be  doubled  to 
generate  the  same  velocity ;  and  consequently,  if  the 
fmce  is  the  same,  and  the  body  be  doubled,  only  half 
the  first  velocity  will  be  produced  :  it'  the  body  be  three 
times  greater,  the  velocity  will  be  but  one-third,  and  so 
on ;  that  is,  the  velocity  varies  as  the  force  directly,  and 
the  body  reciprocally :  consequently^  if  f  denote  any 
impulsive  force  ;  ^  the  body  on  vv!*ich  it  acts;  and  v  tlie 
generated  velocity ;  we  have  from  the  above, 

And  since  a  unifoi-m  force  is  nothing  more  than  a  con- 
stant succession  of  impulsive  forces,  the  measure  of  this 
v.'ill  be  also  correctly  exhibited  by  the  same  equations ; 
the  time  during  which  the  constant  force  acts,  be'mg 
always  the  same. 

12.  We  have  seen  that  the  velocity   generated  bjAoei 
gravity  is  always  the  same  ro  the  saute  time,  being  inde- 


pendent of  the  magnitude  of  the  body  :  and  we  therefore  <^' 
lake  the  velocity  yimply  which  it  genera ti^s  in  any  de- 
terminate unit  of  tiuie,as  the  measure  of  its  force  ;  and 
hence,  when  we  have  occasion  to  com  pure  with  this,  the 
cfTect  of  aiiy  other  given  force,  we  must  also  make  tjie 
comparison  by  the  generated  velocity;  in  order  to 
which,  however,  the  body,  in  nuiuy  eases,  necessarily 
enters  into  our  investigations  :  that  is,  we  must  divide 
the  intensity  of  the  fonx*  by  the  mass  or  body  moved, 
and  this  qtiotient  is  what  we  are  accustomed  to  caU 
thr  aai'kKiihfg  force,  as  aflTeCtiiig  tlie  velocity  only  ; 
while  the  rtbsolute  force,  or  that  which  generates  the 
motioir,  and  which  is  denoted  above  by  J,  and  is  iiidc- 
pendeuL  of  the  body,  is  calk-d  the  mot kr  force. 

If  therefore  we  call,  as  a  constant  standard  of  com- 
parison, the  accelerating  force  of  gravity  1  ;  and  tny 
other  aqcelemting  force  f ;   denoting  by  ^  the  quolietit 

'—^  and  the  srpace  passed  over  in  one  second  by  the 

action  of  the  former  by  ^ ;  we  shall  have 

1  :>::^  :  fgl 
the  space  pasf^ed  over  m  one  second  by  the  action  of 
the  accelerating  force  f :  substituting,  therefore,  ^  g 
instead  of  ^p,  in  our  equations  4,  article  8,  they  become 

.  =  itv  =  ^er  =  ^^;  (8) 

from  which  all  the  circumstances  of  space,  lime,  and 
velocity,  due  to  any  given  accelerating  force,  may  be 
readily  determined. 

13,   As  an  example,  by  way  of  illustration*  let  us  HI  a 
suppose  two  bodies,  a  and  h,  to  be  connected  tOL'  , 

by  a  fine  line,  without  weight  and  suspended  u\  i  ^ 
fixed  pulley;   to  determine  the  circumstances  of  the      I 


MBCHANICS. 


(87 


time,  space,  and  velocity  generated  in  the  deBcendio^ 

body : 

In  the  first  place  it  is  obviouSy  that  if  the  bodies  a 
and  b  were  equal  to  each  other,  the  system  would  be 
kept  in  equilibrio  by  their  opposite  actions,  and  no 
motion  would  ensue.  But  if  one  of  the  bodies,  as  fi^r 
instance  a,  be  greater  than  6,  the  difference  a  —  & 
will  be  the  force  by  which  that  body  has  a  tendency  to 
descend,  while  the  whole  mass  or  bodies  moved  by  that 
force,  will  be  a  -f  6;  our  motive  force,  therefore,  is  a  —  6, 


and  the  accelerating  force 


.  or^  =: 


fl  4-  6'  "'  ^       a-^b. 

Any  numerical  values  being  now  given  to  a  and  6,  ^ 
will  be  also  numerically  determined;  and  hence  the 
space  and  velocity  due  to  any  given  time  t. 

If  for  example,  a  =  2  and  6=1,  then  ^  =  ^« 
and  ig  will  denote  space  which  the  descending  weight 
would  pass  through  the  first  second,  and  |>  £^  ^  *  the 
space  due  to  any  time  t ;  the  velocity  acquired  at  the 
end  of  one  second  will  be  f  g,  &nd  the  vdocity  due  to 
any  other  time  t  will  be  f  g  f ,  and  so  on. 

As  another  example,  let  us  suppose  a  body  b  to.  be 
placed  upon  a  perfectly  polished  horizontal  plane,  so  that 
It  may  shde  upon  it  without  friction;  and  let  us  imagine 
a  fine  line  attached  to  the  body  by  and  to  another  body  a, 
which  hangs  over  the  edge  of  the  plane,  and  which  by 
the  action  of  gravity  descends  and  draws  the  other 
body  b  along  the  plane;  to  determine  the  circumstances 
of  their  motion : 

Here,  since  no  part  of  the  gravity  of  a  is  counter- 
acted by  that  of  the  supported  body,  a  will  be  the  mo- 
tive force,  being  that  which  gives  motion  to  the  system; 
while  the  mass  which  it  moves  is  a  +  6,  and  conse- 


quently the  accelerating  force  will  be 


-,  which, 


ta|^>osing  the  same  numbers  as  those  above,  will  be  f . 
The  space,  therefore,  descended  in  one  second  will  be 
I  g;  and  the  space  in  any  time  /,  *  =:  ^g  f*;  the  velo- 
city generated  in  one  second  =  -f  g ;  and  the  velocity 
dne  to  the  time  t^  v  zz  ^gt:  consequently  if  the  space 
were  given,   and   the  time  sought,  we  should  have 

<  =:  V  i — >  ^^d  so  on  in  other  cases. 
g 

^*7g»  14.  It  is  on  the  above  principles,  that  the  instru- 
***•  meat  well  known  under  the  appellation  of  Atwood's  Ma- 
chme,  is  constructed,  for  exhibiting  and  examining  the 
serend  phenomena  and  circumstances  attending  the 
hSa  of  heavy  bodies.  It  consists  of  a  principal  upright 
shaft,  on  the  top  of  which  is  a  system  of  wheels,  so  con- 
structed and  arranged  as  to  offer  very  little  friction, 
tad  over  one  of  them  passes  a  fine  silk  line,  to  which 
St  its  extremities  are  attached  two  weights,  so  adjusted 
u  to  their  magnitude,  that  the  difference  of  their 
weights  is  to  their  sum  in  the  ratio  of  unity  to  some 
convenient  number,  which  latter  may  be  chosen  at 
pleasure:  suppose  for  example,  that  one  of  the  weights 
tt31i  Denny- weights,  and  the  other  32^  penny-weights; 
the  dinerence  between  them  will  be  1 ,  and  their  sum 
64;  whence  the  accelerating  force  will  be  J-^\  if,  there- 
fore, we  take  the  descent  from  gravity  to  be  16  feet  in 
the  first  second,    the  descent  of  the  preponderating 

.11  .      16 feet        ^ .    ,       .  ,    ,^ 

TOgnt  will  be  — rr: —  =  3  inches,  m  one  second;  12 
04 

in  two   seconds;   27  in  three  seconds,  and  so  on.: 

whence,  by  means  of  a  long  graduated  rod,  and  a  clock 


attached  to  the  machine  beating  seconds,  a  person  may,  Meclwiics. 
by  following  the  weight  with  his  eye,  see  the  descending  '^^'^'^^^r^ 
weight  pass  successively  each  of  the  specified  divi-  Atwood's 
sions,  and  thus  have  an  ocular  demonstration  of  the  aci-  n****"**^ 
curacy  of  the  preceding  deductions  (see  ^g,  1,  plate  1, 
Dynamics):  and  by  varying  the  ratioof  the  two  weights, 
any  other  degree  of  acceleration  and  its  consequent 
velocity  may  be  exhibited. 

In  order  to  show  the  degree  of  velocity  acquired  at 
the  end  of  any  time,  the  two  weights  are  first  taken 
equal ;  for  example,  each  31  j  penny-weights ;  in  which 
state  the  machine  is  in  complete  statical  equilibriuhi ; 
and  then,  in  order  to  put  it  into  motion,  a  small  bar 
about  2  inches  long,  and  weighing  one  penny-weight,  is 
laid  upon  that  weight  which  is  intended  to  be  the  de- 
scending one ;  a  brass  ring  of  about  1^  inch  in  diameter 
being  previously  fixed  at  any  proposed  division  (as  for  ex- 
ample at  12  inches)  in  the  vertical  line  of  the  descending 
weight:  then  as  the  latter  passes  through  the  ring,  the 
bar  is  left  behind ;  and  the  accelerating  force  being  thus 
removed,  the  velocity  ought  afterwards  to  be  uniform. 
In  the  case  we  have  supposed,  the  velocity  of  the  body, 
after  descending  two  seconds,  or  12  inches,  should  also 
be  12  ;  and  therefore,  if  a  plate  or  disc  be  placed  36 
inches  below  the  ring,  or  4o  inches  below  the  top  of 
the  machine,  the  weight  ought  to  reach,  first,  the  ring 
in  two  seconds  after  it  begins  to  descend  ;  and  three 
seconds  after  that,  the  disc  below;  and  observing  atten- 
tively, and  counting  the  beats  of  the  clock,  this  will  be 
found  to  obtain  in  the  most  accurate  and  satisfactory 
manner.  The  principles  of  this  machine  will  be  readily 
comprehended  finom  the  preceding  explanation:  but  for 
a  complete  and  full  account  of  its  construction,  and 
the  various  experiments  to  which  it  may  be  applied,  the 
reader  should  consult  Atwood's  ^*  Treatise  on  the 
Rectilinear  Motion  and  Rotation  of  Bodies." 


§  V«  The  motion  of  bodies  on  inclined  planes^ 

15.  We  have  seen,  in  treating  of  the  equilibrium  of  Indioed 
bodies  on  an  inclined  plane,  that  the  absolute  weight  of  planci. 
the  body,  or  the  natural  force  of  gravity,  may  be  resolved 
into  two  forces,  W  sin  a,  and  W  cos  a ;  the  latter  denoting 
the  resistance  of  the  plane,  the  angle  of  its  elevation 
being  represented  by  a  i  and  the  former,  W  sin  at,  the 
force  or  power  which  acting  parallel  to  the  plane,  pre- 
serves the  system  in  equilibno,  and  which,  thereK>re, 
necessarily  also  denotes  the  force  with  which  the  body 
has 'a  tendency  to  descend  :  W  sin  a  is,  therefore,  the 
motive  force;  but  W  is  the   mass  or  body  moved : 

whence  — rrj —  =  sin  a  is  the  accelerating  force ;  or 

the  accelerating  force  with  which  the  body  descends 
down  an  inclined  plane,  is  to  the  force  of  gravity  as 
sin  a  to  radius.  ,  ' '   ' 

We  have,  therefore,  only  to  introduce  into  our  equa- 
tions (8),  sin  a  g,  instead  of  f  g,  and  all  the  circum- 
stances of  time,  space,  and  velocity,  will  be  exhibited 
in  the  following  formulae:  viz. 


szz^tvzr.  sinagt*=:  — 


-;  (9) 

sinag 
or  since,  by  denoting  the  length  of  the  plane  by  /,  and 

the  height  by  h,  we  have  -^-  =:  sin  a,  the  above  equa- 
tions will  become 
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(10) 


Indioed      under  which  latter  form  it  is  sometimes  more  convenient 

planes.        to  consider  them. 

16.  From  these  equations,  we  draw  immediately  the 
following  remarkable  properties  relative  to  the  descent 
of  bodies  down  inclined  planes.  If  the  time  of  descend- 
ing through  the  whole  plane  were  required,  we  should 
have  s  zz  I;  whence 

but  the  time  of  descending  through  the  space  h,  by  the 

free  action  of  gravity,  is  =:  v'  — • 

S 

16.  Whence  the  time  a  body  is  in  descending  down 

an  inclined  plane,  is  to  the  time  in  falling  freely  through 
the  height  of  the  plane,  as 

-T-  is/  —  :  ^/  —  ;    or  as  —  :  1,  or  as  /:  A; 
\        g  g  n 

that  is,  as  the  length  of  the  plane  to  the  height. 

17.  If  the  last  acquired  velocity  on  the  plane  were 
required,  it  would  be  found  from  the  equation 

/tj*  ,        Iv" 

4gh  4gh 

^at  is, 

vn  ^/4gA  =  2^ffi; 
which  is  precisely  the  expression  for  the  velocity  ac- 
quired by  a  heavy  body  falling  freely  through  the  space  h. 
Whence^  the  xelocity  acquired  by  a  body  descending 
dmm  an  inclined  plane y  is  equal  to  that  acquired  by  a  body 
falling  freely  through  the  height  of  the  plane. 

18.  Hence  also,  the  space  descended  down  an  in- 
clined plane,  is  to  the  space  descended  freely  in  the 
same  time,  as  the  height  of  the  plane  to  the  length :  for 
the  spaces  are  as  the  forces ;  the  times  being  equal. 

Therefore,  if  AC  (fig.  2,  plate  1 ,  Dynamics)  be  taken 
to  denote  any  plane;  and  the  perpendicular  D6  be 
drawn ;  the  body  will  descend  from  C  to  D  along  the 
plane,  in  the  same  time  as  it  would  fall  freely  through 
the  height  CB ;  because 

AC  :BC  ::  BC  :  DC. 

As  this  result  is  wholly  independent  of  the  angle  of  in- 
clination of  the  plane,  it  follows  that  in  any  right  angled 
triangle  BDC  (fig.  3),  having  its  hypothenuse  BC  per- 
pendicular to  the  horizon,  a  body  will  descend  down  any 
-of  its  three  sides  BD,  BC,  DC,  in  the  same  time :  or, 
if  on  the  diameter  BC  a  semicircle  be  described,  the  time 
of  descending  down  any  of  the  cords  BD,  BE,  BF,  or 
DC,  EC,  FC,  will  be  the  same  as  the  time  in  falling 
■down  the  diameter  BC. 
Yariovi  19.  The  following  series  of  problems  and  properties, 

problcflu.  which  *re  abstracted  from  Bridge's  Treatise  of  Me- 
chanics, flow  immediately  from  the  principles  above 
investigated. 

1.  Let  AC  (fig.  4)  be  an  inclined  plane,  whose  length 
is  AC,  and  perpendicular  height  AB;  draw  CE  at 
right  anjrles  to  AC,  and  produce  AB  to  meet  it  in  E ; 
upon  AB,  AE,  describe  the  nemicircles  ADB,  ACE, 
and  join  DB,  CE.  Then,  by  art.  18,  the  times  in  fall- 
ing down  the  chords  AD,  A(j,  are  equal  to  the  times  in 
falling  the  diameters  AB,  AE,  respectively :  hence  the 
intersection  D  of  the  semicircle  ADB,  with  the  plane 


AC,  determines  the  part  AC,  which  a  body  describes  INTtdii 
while  another  would  fall  freely  through  the  height  AB ;  ^-^^v 
and  the  intersection  E,  of  the  perpendicular  CE,  with 
AB  produced,  determines  the  space  AE  through  which  pi^nct. 
a  body  would  fall  freely,  whilst  another  would  describe 
the  whole  length  of  the  plane  AC. 

2.  If  it  were  required  to  determine  the  point  D 
(fip  5),  so  that  the  time  in  falling  from  a  given  point 
P  to  the  plane  CA,  shall  be  equal  to  the  time  in  falling 
through  the  height  AB;  through  P  draw  PE  pa- 
rallel and  equal  to  AB,  and  upon  it  describe  a  semi- 
circle cutting  AC  in  D ;  and  jom  PD,  which  will  be  the 
line  required;  for  the  time  in  PD  =  the  time  PE 
=  the  time  in  AB ;  the  two  latter  being  equal 

3.  To  find  the  point  P  (fig.  6),  such  that  the  time  in 
falUng  from  it  to  the  given  point  B,  shall  be  equal  to 
the  time  in  falling  down  AC.  Draw  CD  at  right  angles 
to  BC,  and  AD  to  CA ;  let  them  meet  in  D,  and  upon 
CD  describe  a  semicirde  which  will  pass  through  A : 
draw  DE  parallel  to  CB,  and  produce  BA  to  meet  it 
in  E;  upon  BE  describe  a  semicircle  cutting  AC  in 
P ;  so  shall  P  be  the  point  required.  For  3ie  time 
down  PB  =  time  down  EB  =  the  time  down  DC 
=  time  down  AC. 

4.  To  determine  the  point  F  (fig.  7)  upon  the  plane 
AC,  so  that  the  time  of  falling  f^om  a  given  point  P  to 
it  shall  be  equal  to  the  time  through  AC.  Describe 
the  semicircle  D  AC  as  in  the  foregoing  figure,  and  join 
DP ;  complete  the  parallelogram  DCPE,  and  upon  PB 
flescribe  a  semicircle  cutting  AC  in  F;  so  shall  this  be 
the  pomt  required.  For  the  time  down  PF  z=  time 
down  PE  =  time  down  DC  zr  time  down  AC. 

5.  AC,  AD  (fig.  8),  are  two  inclined  planes  having 
the  common  altitude  AB ;  draw  CE  at  right  angles  to 
CB,  and  EA  at  right  angles  to  CA,  and  let  them  meet 
in  E ;  on  CE  describe  a  semicircle  cutting  AD  in  P ; 
th^  P  is  the  point  in  the  plane  AD,  from  which  a 
body  will  fall  to  the  given  point  C  in  the  same  time 
that  another  body  descends  down  the  plane  AC.  For 
join  PC,  then  the  time  down  PC  =  time  down  EC 
=  time  down  AC. 

6.  Let  it  be  required  to  determine  upon  the  plane 
AC  (fig.  9)  a  point  P,  such  that  the  time  in  falling 
from  P  to  B,  shall  be  equal  to  some  given  time  T,  Draw 
BD  at  right  angles  to  BC,  and  =  g  T*  (the  space  de- 
scribed by  gravity  in  the  time  T) ;  upon  BD  describe  a 
semicircle  cutting  AC  in  P,  which  will  be  the  point 
required,  as  is  obvious. 

7.  AB,  CD  (fig.  10),  are  two  lines  perpendicular  to 
the  horizon,  placed  at  a  friven  distance  BD  from  each 
other;  join  AC,  and  let  i3D  and  AC,  when  produced, 
meet  in  the  point  E;  then  if  F  be  taken  such  a 
point  that  EF*  =  AE  x  EC,  and  AF,  CF,  be  joined, 
the  time  down  AF  will  be  equal  to  tlie  time  down  CF. 
For  since  EF*,  AE  x  EC,  a  circle  may  be  described 
that  shall  pass  through  the  points  A,  C,  and  touch  BD 
in  F ;  draw  FG  at  right  angles  to  BD,  and  it  will  be 
the  diameter;  and  the  time  down  AF  =  time  down 
GF  =:  time  down  CE. 

8.  Suppose  the  base  BC  ^i^^.  11)  of  an  inclined 
plane  to  be  given,  and  that  it  were  required  to  deter- 
mine the  height,  so  that  the  time  down  the  plane  shall 
be  the  least  possible.  Draw  BF  at  right  angles  to  BC-, 
and  take  BA  =z  BC ;  complete  the  square  ABCD,  and 
with  the  centre  D  and  radius  DC  describe  the  circle  GEE', 
which  win  evidently  touch  BF,  BC,  in  the  points  A,  C ; 
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join  AC,  and  draw  nny  other  chords,  CE,  CE',  which 
produce  to  meet  BF  in  F,  F'.  Now  the  time  down  E'C 
aei  =:  time  down  AC  =z  time  down  EC  ;  therefore  the  time 
M.  down  F^C  or  F'C  (being  g:reater  than  the  time  down  EC 
or  EC)  i^ greater  than  the  time  down  AC  :  whence  AC 
15  the  plane  of  quickest  descent  from  vertical  BF  to  C. 

9.  If  it  be  required  to  find  the  right  line  of  quickest 
descent  from  the  plane  AC  to  B,  take  CD  (fig.  12) 
equal  to  CB,  and  join  DB,  then  DB  will  be  the  line 
required.  For  draw  DE  at  right  angles  to  DB,  and 
apoa  EB  describe  the  semicircle  EDB,  which  will 
touch  BC,  CA,  in  B,  D;  then,  since  no  other  line  but 
BD  can  be  drawn  from  B  to  the  plane  AC,  which  does 
Dot  cut  the  circle  EDB ;  DB  will  be  the  right  line  of 
quickest  descent  from  AC  to  B. 

1 0.  To  find  the  right  line  of  quickest  descent  from  a 
given  point  P  (fig.  1 3)  to  the  plane  AC :  draw  PG  pa- 
rallel to  CB,  and  PH  parallel  to  AB ;  take  GD  =  GP, 
and  join  PD ;  PD  is  the  right  line  required.  For  draw 
DE  at  right  angles  to  PD,  and  upon  PD  describe  the 
semicircle  PDE,  which,  for  the  same  reason  as  in  the 
|Nreceding  article,  will  touch  AC,  PG  in  D  and  P ;  and 
as  no  other  line  but  PD  can  be  drawn  from  P  to  the 
plane  AC  which  does  not  cut  the  circle,  PD  will  be  the 
right  line  of  quickest  descent  from  P  to  AC. 

11.  Let  it  now  be  required,  to  find  the  right  line 
of  quickest  descent  from  a  given  point  P,  to  the 
circle  ACB  (fig.  14).  Take  O,  the  centre  of  the  circle 
AC  U ;  draw  tiie  diameter  AB  perpendicular  to  the 
horizon,  and  PE  parallel  to  AB;  join  PB,  and  let 
it  cut  the  circle  in  C;  join  DC,  and  produce  it  to 
cat  PE  in  Q ;  then  the  triangles  PQC,  COB,  will  be 
similar  :  and  since  OC  z=  OB,  QC  will  be  equal 
to  QP :  a  circle  therefore  PCK,  described  with  the 
centre  Q,  and  radius  QC,  will  pass  through  P ;  and 
unce  OQ  joins  the  centres  of  the  two  circles  ACB, 
PCK,  it  will  pass  through  the  point  of  contact: 
hence,  as  the  circle  PCK  touches  the  circle  ACB  in 
the  point  C,  it  can  touch  it  in  no  other  point ;  and, 
because  no  other  line  but  PC  can  be  drawn  from  P 
to  the  circle  ACB,  which  does  not  cut  the  circle 
PCK,  PC  will  be  the  line  of  quickest  descent  from 
P  to  the  circle  ACB. 

12.  Lasdy,  suppose  two  sides  of  a  triangle  (one  of 
which  is  parallel  to  the  horizon)  were  given,  and  it 
were  required,  to  determine  the  third  side,  so  that  the 
time  of  falling  down  it  should  be  a  minimum.  Let  BC 
(fig.  15)  represent  the  longer  of  the  two  given  sides,  and 
take  BG  equal  to  the  shorter  of  them ;  then,  with  the 
centre  B,  and  radius  BG,  describe  the  semicircle 
GHO;  draw  BH  at  right  angles  to  CB,  and. join 
CH:  the  point  A,  where  CH  cuts  the  semicircle 
GHO,  determines  the  position  of  the  shorter  side  AB ; 
so  that  the  time  down  the  third  side  AC,  shall  be  a 
mtmeiR.  For  draw  CE  perpendicular  to  CB,  and  pro^ 
duce  BA  to  meet  it  in  D ;  then  (as  in  the  preceding 
article)  it  may  be  shown,  that  if,  with  the  centre  D,  and 
radius  DC,  a  circle  CAE  be  described,  it  will  touch  the 
semicircle  GHO  in  the  point  A :  and  as  no  other  line 
but  CA  can  be  drawn  from  C  to  the  semicircle  GHO, 
which  does  not  cut  the  circle  CAE,  the  time  down 
AC  will  be  the  least,  when  the  shorter  of  the  two  given 
sides  is  in  the  position  AB. 

VI.      Cf  variable  motions  and  forces, 
20.  We  bare  avoided,  at  present,  the  introduction 
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of   considerations   relative   to  the  fluxional   or  diflTe-  Mechanics, 
rential  calculus,  into  our  investigations  of  the  laws  of  ^*^'*'^''"^*^ 
motions  and  forces :  but  we  must  now,  in  examining  Variable 
the  theory  of  variable  forces,  or  such  as  change  every  inotkm. 
instant  their  intensity,  avail  ourselves  of  the  aid  afforded 
by  the  doctrine  of  fluxions. 

When  the  intensity  of  an  accelerating  force  varies 
every  instant  while  it  acts  upon  a  body  in  motion,  the 
velocity  acquired  in  each  unit  of  time  will  be  variable 
likewise. 

Forces  which  depend  upon  the  velocity  of  the  body  ; 
such  as  the  resistance  of  fluids  and  friction,  present 
examples  of  variable  accelerating  forces  :  and  the  same 
has  place,  when  we  consider  bodies  falling  from  great 
heights,  so  that  the  force  of  gravity  is  continually 
changing  from  the  first  instant  of  their  fall,  to  the 
moment  when  they  arrive  at  the  surface  of  the  earth : 
bodies  falling  Avithin  the  earth,*  offer  also  another  in- 
stance of  variable  motion  and  forces. 

The  different  natures  of  variable  accelerating  forces, 
as  compared  with  constant  forces,  and  the  consequent 
motions  of  the  bodies  on  which  they  act,  have  been 
illustrated  by  Dr.  Hutton  in  the  following  manner: — 

21.  Let  two  weights  W  u  (figs.  16,  17,  18)  be  con- 
nected by  a  thread  passing  over  a  pulley  at  A,  B,  and 
C;  and  let  the  weight  W  desi^eiid  perpendicularly 
down,  while  it  draws  the  smaller  weight  xc  up  the  line 
AD,  or  BE,  or  CF ;  the  first  being  a  straight  inclined 
plane,  and  the  other  two  cunes ;  the  one  convex,  and 
the  other  concave  to  the  perpendicular.  Then  the  small 
weight  w  will  always  make  some  certain  resistance  to 
the  free  descent  of  the  large  weight  W  ;  and  that  resist- 
ance will  be  constantly  the  same  in  every  part  of  the 
plane  AD :  the  energy  necessary  to  draw  it  up  beinsc 
the  same  in  every  point  of  it,  because  every  part  of  it 
has  the  same  inclination  to  the  horizon  or  to  the  perpen- 
dicular :  and  consequently  the  accessions  of  velocity  in 
the  descending  weight  W,  will  be  always  equal  in  equal 
times ;  that  is,  in  this  case,  W  descends  by  a  constant 
accelerating  force. 

But  in  the  two  curves  BE,  CF,  the  resistance  or 
opposition  of  the  small  weight  w  will  be  incessantly 
altering  as  it  is  drawn  up  the  curves:  because  every 
part  of  them  has  a  different  inclination  to  the  horizon, 
or  to  the  perpendicular ;  in  the  former  curve,  the  di- 
rection becomes  more  and  more  upright,  or  nearer 
perpendicular  as  the  small  weight  w  ascends ;  and  the 
opposition  it  makes  to  the  descent  of  W  becomes  greater 
and  greater:  and  consequently  the  accessions  to  the 
velocity  of  W  will  be  alwavs  less  and  less  in  equal 
times  ;  that  is,  W  descends  by  a  decreasing  accelerating 
force,  but  in  the  latter  curve  CF,  as  w  ascends,  the 
direction  of  the  curve  becomes  less  and  less  vertical ; 
and  the  opposition  it  makes  to  the  descent  of  W 
becomes  always  less  and  less  and*  consequently  the 
accessions  to  the  velocity  ofWwillbe  always  increased 
more  and  more  in  equal  times :  that  is,  W  descends  by 
an  increasing  accelerating  force.  So  that,  although  the 
velocity  continually  increases  in  these  cases;  yet, 
whilst  it  increases  in  a  constant  ratio  to  the  time  of 
motion  in  the  plane  AD,  it  increases  in  a  less  ratio 
than  the  time  in  ascending  up  BE,  and  in  a  greater 
ratio  in  ascending  up  CF. 

22.  In  whatever  manner  any  motion  is  varied; 
if  we  consider  it  with  relation  to  instants  of  time 
indefinitely  small,  we  may  imagine  its  velocity  to  be 
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Meclianict.  iafrariable  or  constant  during  such  indefinitely  apall  velocity,  continued  uniform  during  that  time:  and  aa^^ 

N^**^"^*^^  instants.   But  when  the  motion  is  uniform,  the  velocity  this  result  is  wholly  independent  of  the  number  of  ^*^ 

Variable                                                              s  .         t      ,       ,          Varfi 

4Bttcn.         is  expressed  by  the  equation  —  i=  v  (art.  2) ;  that  is,  intervals  n,  or  of  their  time  of  duration  — ,  it  will  be  foiw 

•  n 

by  the  quotient  of  the  space  »,  divided  by  the  time  f,  of  true  also,  when  that  number  becomes  indefinitely  great, 

describing  that  space.    Therefore,  when  the  velocity  is  ^,^  ^^^^  ^j^^  j^^^^  ±  -^  inde6nitely  smaU  ;  that  i., 

only  uniform  during  the  evanescent  instant  t,  the  velo-  " 

city  must  be  expressed  by  the  indefinitely  smaU  space  ;,  "^^  ^^  ''''~?^y  f''''^^  ""21  '"t**°hi.        .    •*,  • 

described  during  this  instant,  divided  by  the  instan  Z""  Y"^  'V'^^L^^k'        '  7  .f  *'  velocity  w 

itself;  that  is,  we  shall  have                    ^  doutti*^nhTSher                           '^"^"^ " 

^  ...  _f,^                                /j\  Let,  now,  s  and  v  denote  the  space  and  the  velodty 

i  '  due  to  any  time  t :  and  let  *  =  F.  ^ ;  that  is,  let  F.  t  be 

23.  As  this  equation  is  of  the  highest  importance,  ^^^  function  of  the  time  which  expresses  the  space : 

being  that  on  which  is  founded  the  whole  theory  of  vari-  ^en  F.  (t  -{-  0  ^'^^  ^  ^^   ®P*^®   ^"^  ^°  ^^  ^^^ 

able  motions;  and  as  objections  have  been  offered,  not  to  ^  4-  ^ ;  and  F.(^  +  0  —  F.^  =  the  space  passed 

the  above  deduction,  Ijut  to  the  manner  of  obtaining  it,  over  during  the  time    f.    And  here  we  may  always 

we  shall  endeavour  to  establish  it  on  other  principles,  assume  f  so  small,   that  the  velocity  shall  be  either 

to  which  the  same  objections  will  not  apply.  accelerated  or  rctaided  dunng  the  whole  of  that  time : 

For  this  purpose,  let  us  suppose  the  time  f  to  be  di-  ^^at  is,  however  variable  the  motion  may  be,  we  may 

Tided  into  any  number  of  equal  portions  n;  the  duration  assume  f  so  small,  that  there  shall  be  no  change  from 

f  acceleration  to  retardation,  or  the  contrary,  during  that 

of  each  of  which,  will,  therefore,  be  — .      And  let  us  interval:  let  us,  for  example,  suppose  it  to  be  acce- 

imagine,  that  a  force  acta  on  the  moving  body,  at  the  'f™^^ '  '^^  ^^  "  ?«»°^  ^"^  velocity  generated  in  the 

commencement  of  each  of  these  equal  intervals  of  time ;  H^«  '^  [/"''  *.'»>f» '"  ^^e  same,  let »  +  «  be  the  velo- 

and  that  it  communicates  to  it,  at  each  impulse,  a  cer-  ^'^y  «»t^«  ^"'^"v.    '^•'''™V,+/-^^*"i?°?''''?,LS 

tain  finite  velocity,  and  which    thus   increases  that  shown  above,  the  space  F  (^  +  O  -  F  ^  described 

which  the  body  ha^  the  preceding  im.tant.  <*«™&  ,*«  ""«  '^''^  ^f  *  *'*'"  '  <"  +  "> '   *««*./'  » 

Let  us  denote  by  «.  thivelocity  communicated  to  the    J^'^^Jy  I^Tn.j'^  ^L^IZ  "  '"  *'  ""^'^''^  *' 
body  by  the  first  fmpulse,  or  at  the  commencement  of   the  end  of  the  time  ^.Ji«ice,  since      ^^  ^^ 

the  first  interval  of  time ;  by  t/,  the  velocity  communi-  V  (t  ^  A  ^  F  t  ~7  tv         ' 

cated  at  the  commencement  of  the  second  '^^r,aj_by  ^^  ^^^^  ^  ^  \,,Ind  r,  for  "the  limit^  of  the  quoUent 

fl",  that  due  to  the  third  interval;  and  so  on,  to  a          '  '                            F.  (t  +  t')  —  F.  ^ 

which  will  represent  the  velocity  communicated  at  the  ^' 

commencement  of  the  nth,  or  last  interval.  j^^^^  j^ere,  since  we  are  at  liberty  to  assume  t*  as 

Then  the  several  velocities  due  to,  or  with  which  gmall  as  we  please ;  let  us  suppose  it  to  jbecome  indefi- 

the  body  moves  in,  each  successive  interval,  will  be,  ^^\y  gmall;  then  the  velocity   w,  generated  in  tba 

during  the  ^jj^^  ^'^  ^JU  \y^  also  indefinitely  small,  or  less  than  any 

1'^ ^5  assignable  quantity:  consequently,   in  this   case,  the 

^'* a  4-  fl' ;  value  of  the  above  function  approaches  nearer  to  the 

3*  •  • a  +  af+af;  value  of  v  than  any  assignable  quantity ;  that  is,  whea 

^^ a  +  0^  +  «*+  aT",  i>  is  evanescent,  we  have 

&c.                                &c.  F,  (^t  '\'  t')^F.t  _ 

nth   a  -f  a'+  fl*+  a^+  «*^+  &c.fl(*"~V*  T'                   ""  ^* 

And  multiplying  each  of  these  velocities  bv  the  time  ^     in  this  case,  f  is  denoted  by  /,  or  the  fluxion  of 

ef  Its  contmuance,  we   shall  have    the  whole  space  /v       «    •               ,     /•     . 

described;  viz.  the  time;  and  F.  {t  -^  t')^F.t  by  5,  or  the  fluxion  of 

(it—  1)  t         .  («-. 2)  /       ^,  (*— 3)  t  the  space :  whence,  tiien,  we  obtain 

&c.  a  — .  ,        •    i. 

«  the  same  result  as  before. 

Now  if  the  last  velocity  If  ^^e  allow  ourselves  to  introduce  considerations 

11  +  a'  -f  o^  4-  a"  +   &c.  fl^'*^^^  relative  to  the  expansion  of  functions,  we  should  see 

had  been  uniform  during  tiie  whole  time,  the  space    «<>«  obviously,  that  the  limit^ 

described  would  have  been  ^  ^    "^    j ,^ 

at-\-alt  +  d!t  +  cP't^,  Sica^"^^^  t;  j^  expressed  by 

which  is  obviously  greater  than  the  former ;  the  velocity  d           s 

being  supposed  to  be  accelerated  firom  the  commence*  — ,  or  -:-  =:  v; 

ment  of  the  motion  to  the  end  of  it;  or  a,  a*,  a*,  a",  &c.  dt         t 

being  all  supposed  positive  and  addative  quantities.  which  is  still  an  equivalent  result 

Whence  it  follows,  that  in  every  accderated  motion,  24.  In  estimating  the  value  of  any  ysuriable  accele- 

the  space  passed  over  in  any  time  is  less  than  would  rating  force,  which  we  may  denote  by  ^,  it  is  obvious  that 

be  passed  over  in  the  same  time  with  the  last  acquired  we  must  first  assume  some  certain  uniform  accelerating 
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P^  force  as  the  standard  of  comparison ;  and  this  standard 
'^'^^  is,  by  universal  assail,  the  force  of  gravity.  Now,  we 
**•  have  seen,  that  any  two  uniform  accelerating  forces,  are 
to  each  other  as  the  velocity  that  they  generate  in  the 
same  body,  in  the  same  time ;  and  in  this  case,  any 
tixne  whatever  may  be  employed.  But  when  we  have  to 
compare  a  variable  accelerating  force  with  a  uniform 
force  of  the  same  kind,  it  is  evident  that  we  are  no 
longer  at  liberty  to  assume  the  time  at  pleasure ;  but 

must  only  take  the  indefinitely  small  interval  /,  during 
idbieh  the  variable  accelerating  force  may  be  considered 
oonstant. 

If,  therefore,  we  denote  hyp  any  constant  accelerating 
f(»ce,  which  communicates  to  a  heavy  body  a  velocity 

2  ^  in  any  unit  of  time ;  2  gt  will  be  the  velocity  due 
ta  the  time  / :  but,  dmring  the  same  instant,  the  acce- 
lerating force  ^  will  communicate  the  velocity  v ;  for  v 
bemg  suf^sc^d  to  be  the  velocity  at  the  end  of  the 

time  / ;  V  +  V  will  be  the  velocity  at  the  end  of  the 
Ikae  *  +  f  ;  consequently  v  will  be  the  velocity  gene- 
rated  in  the  time  t :  hence,  then,  we  have 

fip  ::  V  :2gt\ 

bom  which  we  immediately  deduce 

p      V 
^  =  —  — • 

We  may  simplify  this  expression,  by  assuming  p  as 
the  accelerating  force,  which  we  call  our  unit ;  and  2  g 
as  the  linear  unit :  that  is,  by  assuming  for  the  unit  of 
force,  diat  which  generates  a  velocity  equal  to  a  linear 
anit,  in  a  unit  of  time.  By  this  means  our  equation 
reduces  to 

*=   J-  (2) 

Aod  we  have  before  found 

s  .  s 

V  zht-;  whence  we  have  »  =  t-  : 
t  t 

sad  substituting  this  in  the  above  equation  2,    we 
obtain 


(3) 


It  has  been  before  observed,  that  we  universally 
ttsome  the  force  of  gravity  as  our  unit  of  force ;  and 
t  second  as  the  unit  of  time :  consequently,  since  the 
velocity  generated  in  one  second  by  this  force  is  2^  = 
32}  feet ;  this  will  be  our  unit  of  length.  If,  therefore, 
^substitute,  in  the  equations, 

^  =  — ,  and  ^  =  — , 
.  t  i* 

^  meaas  of  die  above  units,  the  time  and  the  linear 
f^aatitiea,  which  enter  into  them ;  they  will  be  con«> 
7^ited  into  abstract  numbers;  expressing  at  every 
*^taat,  the  ratio  of  the  accelerating  force  ^  to  that  of 
*>^vity. 

^  Vll.     AppkcatioHof  the  preceding  general  fornmke  to 
different  problems. 

15.  When  the  aecderating  force,  which  acts  on  a 
My  in  modon,  is  given  in  terms  or  functions  of  the 
^,  the  ef  iMtMoc     . 


X)  8  MediiLiiii^. 

^  =  — ,  ♦   =  — ,  W-v-^^ 

t  t' 

will  discover,  by  simply  taking  the  fhient,  the  acquired 
velocity,  and  the  space  passed  over  at  any  required  in- 
stant. But  this  force  is  commonly  given  in  functions  <tf 
the  space,  or  in  functions  of  the  acquired  velocity,  or 
^even  m  functions  of  both:  and  in  these  cases,  the  above 
two  equations  become  fluxional  equations  of  the  first 
and  second  order ;  and  of  which  we  must  endeavour  to 
obtain  the  fluents  :  which,  however,  present  great,  and 
frequently  insurmountable  difficulties;  although,  in  other 
cases,  the  fluents  may  be  obtained  in  a  very  direct  and 
satisfactory  manner. 

It  may  not  be  improper  to  observe  here,  that  al- 
though the  above,  formulee,  and  all  our  investigations 
and  deductions,  have  been  made  exclusively  with 
reference  to  isolated  material  points ;  yet  they  may  evi- 
dently be  applied  to  bodies  of  any  figure  and  dimen- 
sion, by  supposing  all  the  points  of  them  to  describe 
by  the  same  motion  parallel  right  lines ;  and  that  each 
of  them  move  as  if  it  were  isolated,  and  independent 
of  all  the  others. 

PilOBLEM   I. 

26.   To  determine  the  V€r4ical  motion  of  a  heavy  body  ;  Problomt. 
having  regard  to  the  variation  of  gravity. 

Let  the  radius  of  the  earth  be  denoted  by  r ;  th^ 
force  of  gravity  by  2^;  a  the  distance  of  the  body 
from  the  centre  of  the  earth,  when  its  motion  com- 
mences;  and  s  any  space  through  which  it  has  fallen 
in  the  time  t ;  then  its  distance  from  the  centre  will  be 
(a  —  s),  and  the  accelerating  force  0  at  the  same  point, 
will  be  found  by  the  analogy 

^     1>:^g  ::   r«  :(«-.)'; 
the  force  of  gravity  bemg  inversely  as  the  square  of  the 
distance :  whence 

^       (« -  sy 

But  we  have  from  equation  3,  art.  24, 

whence  again  is  obtained  the  equation  of  the  bodies 
motion;  viz. 

/*         {a-sy  ' 
In  order  to  take  the  fluent,  let  us  multiply  each  side 
of  the  above  2  s,  and  we  have 


taking  the  fluents 


t* 


(a-.-y 


+  C; 


_     ,_  4gr' 
t*  "^       "^  a^s 
C  being  the  correction,  or  a  constant  arbitrary  quantity 
to  be  determined  from  the  nature  of  the  problem. 

Now,  if  we  suppose  the  velocity  0,  or  zero,  at  the 
origin  of  the  motion ;  or  at  the  commencement  of  the 
action  of  gravity  upon  the  body;  we  shall  have  u  =r  0, 

when  «  =  0 ;  or  when  -i  =  0 :  therefor© 

l^  +  C  =  0.orC=^l£l'. 
N  2 


92- 


CHAN 


ics. 


Subtracting  tWs 
comes 


PrutileniJ. 


equation  from  tlic   forraer,   it  be 
4^r*       Agr* 


f- 


,i ^T-  =  arc  rati.  — -  and  vers  s : 


r^ 


ar,  since 


'r  =  ?"j  we  have 


V*  — 


4^;-' 


A  a  —  s 

from  which  epilation  the  velocity  of  the  body  may  be 
found  for  every  point  in  the  verticai  line  of  its  descents 

In  this  equation,  we  never  can  have  «  —  tf  ;  because 
the  body  can  only  arrive  at  the  surface  of  llie  earth  : 
but  it  appears  from  the  above,  if  it  were  possihle,  or  if 
we  consider  merely  an  atlractinisf  point,  thtit  the  ve- 
locity V  would  be  infinite^  independent  of  any  pfirticuhir 
vahie  of  u ;  that  is,  from  whatever  height  the  body 
began  to  fall. 

On  the  other  hand,  when   the  body  arrives  at  the 

surface  of  the  earth,  then  <i  —  #  z:  r,  and  s  :^  a  —  r; 

whence  the  above  equation,  m  this  case,  gives 

4  g  f^       a  ^  r 

v'  =  -^^  X ,  or 

a  r 


^  whence 


(I)    gives 


vers  Jt}, 


and  vers  Jt}, 
or 


cos 


"=v/( 


4gr  X- 


rt  —  r 


arc  cos 


which,  when  a  is  infinite,  becomes 
%^  —1  ^  gr\ 
that  is,  the  velocity  acquired  by  a  body  falling^from  an 
infinite  height  to  the  surface  of  the  eartli,  will  be  finite, 
and  equal  to  2  v'  ^  r. 

If  we  assume  r  zz  3905  miles,  and  substitute  this 
value  for  r  in  the  above  equation,  we  shall  find 
r  —  6*9506  miles  per  second,  the  greatest  velocity, 
which  Is  also  uniform. 

If  it  be  required  to  determine  the  velocity  which  a 
body  would  ha^e  acquired  when  it  arrives  at  the  suHace 
of  the  earth,  supposing  it  to  full  from  the  di.^ lance  of 
the  sun,  and  assuming  this  distance  ^  12000  of  the 
earth  s  diameters,  or  o  —  24000  r,  we  shall  have 

r=.^/   Mgr  y  ,^..-.j...  J  =  6-9505 miles  per  second* 

And  in  the  same  manner,  the  velocity  of  a  body,  falling 
fifom    the    heia;:ht   of  the  moon,  or     from    a   distance 
equal  to  60  semi-diameters  of  the  earili,  will  be  found 
^  6*80*27  miles  per  second. 
If  we  resolve  equation  I ,  viz. 

*  *         4  u,  r*  ^ 


with  reference  to  /,  we  shall  have 


e  zz 


{a  —  m)  na*  (fi  —  ^)'  «  «* 


A  gt^  B  4  g  r*  x(a  —  #)' 

1        y  a  (fi  —  a)  a 


1      y  a 


g  s/  {an  — 

This  agato  may  be  put  under  the  form 

;     _       I  /^    S  U^—  ^^'* 

Now 

la  —iC\ 


.1  j 


I  V  (a  «  —  Ji*j 


+  ia 


^/{as 


=7i( 


/- 


and 


=  V  (a  5  —  O ; 


(2) 


=    0, 


which  needs  no   correction,   because   wheti   « 
t  -  0. 

When  f  =:  ff  —  r,  that  is,  when  the  body  arriyeB  at 
the  surface^  ihis  becomes 

t  —  ^y/   —  {%/  ((Jt''  —  r)   +   arc    rad.  \  a  vers 


g     I  'Z  '       d         J 

which  is  evidently  infinite  when  a  is  infinite,  although  r 
is  then  only  a  finite  quantity. 

When  the  height  ulH>ve  the  earth's  surface  is  incon-r 
siderable  with  regard  to  the  radius;  then  s  is  ob- 
viously also  incousiderabtc  with  regard  to  o,  and  our 
equation  {!)  reduces  to 

V'  ^  4gs,  or  r  -  2  ^  g  .^, 
as  we  have  found  it  for  uniformly  acceh?rated  velocities. 

With  respect  to  equation  (*2),  it  may  be  observed^ 

that  arc  cos  — —  arc  sm  2  ^X  ^—-- — , 

Now  the  sin  5  ^/^  — — ^ — -  being  very  small,  because 

*  is  very  small  with  respect  to  a,  the  sine  and  arc  may 
be  taken  indiHerenlly,  the  one  for  the  other;  we  may 
also  negket  the  square  *%  as  very  inconsiderable  w*ith 
respect  tu  the  other  tenn  as\  and  if  we  put,  moreover, 
r,  in  the  place  of  a,  our  equation  (*2)  reduces  to 

'  =  -^x/j-^  -/''*  =  x/~ .  or » =  gt*: 

as  we  found  it  for  uniformly  accelerated  motions. 

If  we  call  the  distance  of  the  n*oon  equal  to  60 
semi -diameters  of  the  earth,  and  assume  the  latter 
—  3965  miles ;  we  shall  have  ff  —  60  r,  and  i  will  be 
found  equal  to  416806"  =  4  days,  19  hours,  46  mi- 
nutes, and  46'';  which  is  the  time  a  body  would  be  in 
falling  from  the  moon  to  the  earth*s  surface. 

If  the  attracting  body  be  considered  as  a  point, 
so  that  s  may  become  ultimately  equal  to  <r,  then  in 
ill  is  case  our  equation  (2)  is 

r  —  —- ^    X  —  >c   {arc  to  cos  —  I  }-^ 
2  r  ^^     g  2 

IT  i 

i  — a    » 

4r  sjg 

where  tt  \s  tlie  semi-circumference  of  a  circle,  whoie 
radius  ^  1 ;  that  is,  the  times  in  which  bodies  fall 
from  quiescence  to  any  centre  of  forie,  are  as  the  ^J 
power  of  the  distances  Uirough  which  thoy  descend. 
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IProblem  II. 

To  dff ermine  the  circumstances  attending  the  fall  of  bodies  j 
within  the  surface  of  th^  earth, 

27.  In  this  case,  we  know  that  the  accelerating  force 
f  vaiies  directly  as  the  distance  from  the  centre.  Let 
us,  therefore,  conceive  a  heavy  body  moving  from  the 
earth's  surface,  in  the  direction  of  a  terrestrial  radius, 
towards  the  centre.  Let  this  radius  be  denoted  by  r; 
the  force  of  gravity  at  the  surface  by  2  g  =z  32|^  feet ; 
and  any  variable  distance  from  the  surface  =  s :  then 
r  —  s  will  be  the  distance  from  the  centre,  and  we 
shall  have 

♦  '.  2g  ::   r  —  «  :  r, 
or. 

But  from  equation  (3),  art.  24,  we  have 

♦  =  ,-  =  -/-('•-•)• 


Multiply  by  2 

5,  and  we  have 

2*  s 

_    4^ 
r 

(*•- 

-*>;. 

Taking  the  fluents,  we 

obtain 

*« 

e 

=  ,.= 

2^ 

r 

(r. 

-»)'  + 

C. 

With  regard  to  the  constant  arbitrary  C,  supposing  the 
hody  to  depart  from  the  surface,  without  any  initial 
Telocity,  we  shall  have  v  =:  0,  when  «  =:  0 ;  whence 

0  =  —  2gr  +   C,  or  C  =:  2gr. 

Consequently, 

»'=  -lf{r'-(r -*)'},  or 


=  y/-^    X    {r'-Cr-*)'} 


An  equation  from  which  we  readily  deduce  the  value  of 
r,  for  any  point  in  the  line  of  the  body's  motion. 
By  making  s  -zz  r,  this  equation  becomes 

vtz  ^2gr, 

which  is  the  velocity  acquired  by  the  body  when  it  has 
passed  through  the  entire  radius,  or  when  it  has  arrived 
at  the  centre  of  the  earth. 

From  this  point  the  body  will,  in  consequence  of 
its  acquired  velocity,  ascend  to  the  surface;  and 
ha^-ing  run  through  an  entire  diameter,  we  shall  have 
jr  =  2  r ;  which  substituted  in  the  above  equation, 
gives  f  =:  0 :  that  is,  the  velocity  will  be  zero  at  the 
extremity  of  the  diameter,  as  in  the  commence- 
ment of  its  motion.  Consequently  it  will  again  return 
through  the  centre,  and  pass  over  of^in  the  entire 
diameter  a  second  time  in  the  contrary  direction  to  the 
first ;  but  in  other  respects  it  will  be  identically  the 
same :  and  when  arrived  at  its  first  point  of  departure, 
its  velocity  will  be  again  equal  to  zero.  The  body  being 
dius  in  the  same  state  as  at  first,  will  again  pass  over 
the  diameter  and  return  again,  and  so  on,  making  an 
infinite  number  of  oscillations,  each  of  equal  duration. 

In  order  to  det^mine  t  in  functions  of  s,  we  shall,  by 


means  of  our  equation,  art.  24,  viz.  --.   =:  v;   and 
by  resolving  the  equation 

with  reference  to  t,  we  obtain 
■2g 


Meclmucs. 


PjobleBi4. 


v/- 


t  — 


y^- 


and  taking  the  fluents, 

2g  r  —  * 

-^^ .  ^  =  arc  to  cos ; 

r  r 

which   requires   no  correction,  because .  when  *  =  0, 

^  =:  0.     We  have  also,  by  inverting  the  equation, 

=  cos  of  arc  (*/^ — ^.  ^  ) ; 


s  zz  r  —  r  cos  of  arc 


whence 

And  by  substituting  this  general  value  of  ^  in  our 
equation,  for  the  velocity,  we  shall  have  the  velocity  v 
in  functions  of  the  time ;  by  which  means  the  velocity 
and  space  at  every  instant  of  the  motion  will  be 
determined. 

When  s  iz  r,  our  equation  for  the  time  is 

.^  — ^ ,  ^  =  arc  to  cos  =  0  =:  — , 

T  denoting  the  semi-circumference  of  a  circle  whose 
radius  is  I ;  and  hence  we  learn  that  the  time  the 
body  employs  in  passing  through  the  radius  is 

--  /-^ 

-  2  V    2g ; 

And  it  will  employ  a  double  time  in  passing  through  the 

diameter ;  for  by  making  s  zz  2r,  we  have 

y  2£:  —  r 

^  X  -^ .  /  =  arc  cos  =z 

V        r  r 

or 


or  -  1  = 


v^        2  /? 


2« 

Assuming  r  z=  3965  miles,  we  find  the  time  of  falling 

from  the  surface  to  the  centre 

=  21'?"^;  and  in  passing  through  the  di?imeter  =:  42 

If  we  suppose  the  body  to  commence  its  motion  from 
any  other  point  in  the  terrestrial  radius,  instead  of  its 
extremity ;  it  will  be  found,  by  proceeding  as  above,  and 
making  the  requisite  correction  in  the  fluent,  that  the 
time  will  still  be  the  same  constant  quantity :  but  we 
omit  the  process,  because  we  propose  to  show  generally, 
that  when  a  body  is  attracted  towards  a  centre,  which 
is  such  that  the  force  at  every  point  is  proportional  to 
the  distance,  the  time  of  arriving  at  the  centre  will 
always  be  the  same,  firom  whatever  point  the  motion  of 
tho  body  commences. 

Problem  III. 

28.  To  deiennine  the  circumstances  of  telociti/,  time, 
and  space ;  with  relation  to  a  body  which  motes  from 
qiiiesccnu ,  fu  consequence  of  an  attracting  force  which 
varies  directly  as  the  distance  from  the  centre  cf  force. 

Since  the  force  is  directly  as  the  distance  of  the  body 
from  the  centre  of  force,  let  us  conceive  some  distance; 


«4 
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MeduinSot.  ({ at  which  the  force  is  /,  and  let  a  be  the  distance  of 
'*^ '  "*"^^  tfcc  bady  from  -the  centre  in  its  quiescent  state  ?  «d»o  let 
FnitliMs.    5  denote  any  space  through  which  the  body  has  passed 

in  any.  time  t,  and  let  its  velocity  be  t;  then  we  shafl 

have 


and  also 


af 
d:  a  ::f:  -^,  the  force  at  a; 


from  whatever  distance  the  body  is  supposed  to  begin 
to  fall.  Whence  we  conclude,  that  when  a  body  is 
attracted  from  a  state  of  quiescence  by  any  centre  of 
£oxee^  the  intensi^  of  which  is  directly  as  the  di8t9^iipe» 
the  whole  time  of  deacent  will  be  always  the  same  i 
stant  quantity. 

Problem  IV. 


d:a^* ::/ 


.  (a  -  s)f 


the  body  has  passed  through  the  space  t. 


But 


-7-  =:  ^ ;  whence 


J J— 

Multiply  by  2  s,  and  we  obtain 

taking  the  fluents, 

which  requires  no  correction,  because  when  szzO^'otzzO; 
therefore 

which  when  *  =:  c,  that  is,  when  the  body  arrives  at 
tlie  centre  of  force,  becomes 

It  IS  therefore  obvious  from  this  result,  that  the 
velocity  which  a  body  acquires  in  falling  from  difierent 
points  of  the  same  line  to  a  centre  attracting  every 
where  with  a  force  proportional  to  its  distance,  is  as 
the  distance  of  the  point  of  quiescence  from  the 
centre. 

If  we  now  resolve  the  preceding  equation  with 
reference  to  t,  we  shall  have 


,  the  force  after        29.  To  determine  the  rectilinear  motion  of  a  bodbf  (U^ 

material  feint  attracted  towards  two  fixed  centres^  ^ajp* 

posing  the  attraction  of  each  to  be  in  the  inverse  ratio  fgjf 

the  square  of  the  distance. 

Let  us  consider,  first,  the  case  in  which  the  body  (f 

situated  on  a  right  line  which  joins  the  centres  of  Utif 

two  bodies.     Let  AB  (%.  19)  be  this  right  line,  its 

length  zz  ff  s  any  variable  distance  of  the  body  frooj 

the  point  A,  and  consequently  /  —  «,  its  distance  m)m*  JB« 

We  may  represent  the  two  attraetions  by 

fl»  b^ 

-~  and  77 — -,  0*  and  b^  being  two  constant  and  fxiifr 

^        (/— *y  .  "^ 

tive  co-efficients,  which  will  d^iote  the  intensity  <d 
these  forces  at  the  unit  of  distance ;  intensities  wliich 
may  be  to  each  other  in  any  ratio  at  pleasure.  Now 
the  accelerating  force,  or  that  which  determines  the 
motion  of  the  body  to  either  of  these  centres.  Will 
obviously  be  the  excess  of  one  of  these  forces  over  the 

other,  for  example  of  the  force  -z over  -r-;  hence 

'^  (/  —  *)'  r 

we  have 


_    *   _       b^ 


^r 


a^ 
/' 


and  by  multiplying  both  sides  by  2  Sy  we  obtaaa 


2ss 


2b^ 


2a^s 


^       (/-  sy 

the  fluent  of  which  gives 

i»         ,         2  6«         2fl« 
—  =  v'- +  

^a  /  —  s  s 


+  C: 


(1) 


whence 


=  v/f 


^(2(1*  — «•) 


a-^  s 
arc  to  cos h  C. 


In  order  to  find  C,  we  observe  that  when  s  =z  0, 
t  =  0;  whence 


:=v/7 


arc  to  COS  1  -|-  C : 


but  arc  to  006  =  1  is  0 ;  therefore  C  =  0,  and 

y  d                      a--s 
t  =  w^  — .  arc  to  cos  =: -, 

is  the  correct  fluent ;  and  when  «  =  a,  it  becomes 

/=  ,-^/^— .arc  tocos  =  0,=iir,  or 

tz^iw^j; 

a  result  which  is  wholly  independent  of  a ;  and  we 
should  therefore  obviously  arrive  at  the  same  conclusion 


V  being  the  velocity  of  the  body,  and  C  the  correction, 
or  constant  arbitrary  quantity,  which  remains  to  be 
determined. 

In  order  to  determine  the  value  of  C,  wc  shall  assume 
that  at  the  origin  of  motion  «  =:  a,  and  v  zn  k;  and  we 
shall  thus  obtain 

I  —  a  a 

and  subtracting  this  from  our  first  equation,  it  becomei 
.      .,        2b*         2  b*         2fl»         2a« 

/  —  *       / — a  s  a 

from  which  expression  we  know  the  value  of  v  in  fano* 
tion  of  s  and  known  quantities,  at  every  point  of  the 
right  line  which  the  particle  describes. 

Now  there  is  necessarily  a  certain  point  C  on  onr 
supposed  right  line  joining  the  centres,  where  the  two 
attractions  are  equal ;  if  we  call  the  distance  of  this 
point  from  A  equal  to  /',  we  shall  have 

an  equation  which  obviously  gives  two  values  of  T,  of 
which  the  one  answers  to  the  point  C,  and  the  odMV 
to  a  second  point  of  equal  attraction,  situated  in  the 
prolongation  of  AB ;  the  two  quantities  a  and  ^  being 
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a.  sofifioaed  positive  qnantities,  vre  have,  for  the  value  of 
•T,  answering  to  the  point  C, 

^  =    -^'  <3> 

aH-  6    • 

«od  wliile  #  is  less  than  this  value  of  /',  the  attraction  of 
the  centre  A  will  exceed  that  of  B ;  but  when  s  is 
greater  than  f ,  the  attraction  of  B  will  be  greater  than 
tbe  attraction  of  A^  as  is  obvious. 

Let  US  suppose  a  <  T,  or,  which  is  the  same,  that  the 
body  commences  its  motion  from  some  point  between 
A  and  C,  and  that  its  initial  velocity  should  be  made 
towards  C ;  it  is  evident  that,  on  this  supposition,  two 
dfetinct  cases  may  happen,  viz.  the  value  of  v  may  be- 
come zero  before  the  body  reaches  the  point  C,  or  it 
pnynot 
"  *  Ui  the  first  instance,  the  body  having  attained  the 
point  where  the  velocity  is  zero,  it  will  return  again 
towards  A ;  and  in  the  second  instance,  if  the  velocity 
be  inch  that  the  body  passes  through  C,  its  motion  will 
eoBtnnie,  and  it  will  pass  on  to  B;  but  if  the  velocity 
become  zero  just  as  the  body  arrives  at  the  point  C,  it 
wffl,  being  there  acted  upon  by  equal  forces,  remain  at 
feat  between  the  two  attracting  points. 

tf  the  least  value  of  the  initial  velocity  A:  be  re- 
iq^uredf  which  is  necessary  for  the  body's  reaching  the 
point  C,  we  may  determine  it  by  assuming,  that  when 
«  :=  0,  #  =  r,  which  gives,  from  equation  (2), 

I  — I  I  —  a  C  a 

and  substituting  for  t  its  value,  as  determined  in  equa- 
tion (3),  we  shall  find,  after  the  requisite  reduction, 


-  V     }  68- 


^gr' 


4gr«(l  4- 


60  r 


5  ■<  -267812  r 


(60  — •267812)r 


Mecbanicfl. 


xrODKMIIf. 


v^68 


or, 


1 


1 


A:  -  V  4^r  X  ^  |  ^g.^  ^  .267812  '  59-732188 


This  is  the  least  value  of  k  that  will  enable  the  body 
to  arrive  at  the  point  of  equal  attraction  C  ;  and  ther^ 
lore  when  k  is  less  than  this,  the  body  will  ascend  to  a 
certain  point,  and  afterwards  jretum  :  when  it  has  pre- 
cisely the  above  value,  it  will  remain  suspended  in  the 
point  C  ;  and  when  k  is  greater  than  this,  the  body  will 
pass  through  C,  and  ultimately  arrive  at  the  point  B. 

As  a  practical  application  of  the  above  formula,  let 
the  velocity  be  required  with  which  a  body  must  be 
projected  from  the  surface  of  the  moon,  that  it  may 
pass  through  the  common  centre  of  attraction  and  fall 
to  the  earth,  these  two  bodies  being  supposed  at  rest. 

Here  we  must  first  determine  the  nnmerical  values  of 
«'  and  b\  Now,  we  know  that  at  the  earth's  surface 
tbe  intensity  of  gravity  is  2  ^ ;  and  hence  we  have  for 
its  intensity,  at  any  distance,  /  —  5  :  as 

whence  b*  zz  ^  gr* :  if  now  we  assume  the  mass  of  the 
moon  to  that  of  the  earth  as  1  :  68*5,  we  shall  have 

-  68^5  • 

Again,  calling  the  distance  of  the  centres  of  the  earth 
and  moon  =z  60  r,  and  the  lunar  radius  z=  1060  miles, 
and  diat  of  the  earth  3958  miles,  we  have  1060  miles 

Snbstituting  these  values  in  the  above  expression  for 
tf  we  have 


68-5    X   60 
or,.  Jt  =    ^  4gr  X    -22431 ;  or  writmg  r  and  g  both 

in  feet,  it  =  (4  x  16^  x  3958  x  5280)*  x  -22431 
=:  8224  feet  per  second ;  and  any  velocity  exceeding 
this  will  carry  the  body  tlirough  the  centre  of  equal 
attraction ;  after  which,  the  terrestrial  attraction  pre- 
vailing, it  will  be  urged  with  an  accelerated  motion 
towards  the  earth. 

It  still  remains  to  express  the  value  of  the  space  in 
frmctions  of  the  time,  that  is  of  s  in  terms  of  f ,  or  of 
t  in  terms  of  s :  with  this  view  let  us  repeat  again  our 
equation  (1),  viz. 

i«         2b*  2ii» 

^,       /  — «         i 
which  being  resolved  with  reference  to  /,  gives 

i- ^(^l^^^s 

^/{2a»/  -h  (26>-2o«  +  C/)#-.C*'}         "^  ^ 

The  fluent  of  this  expression  cannot  be  taken  gene- 
rally, except  by  means  of  series ;  but  if  we  can  render 
the  denominator  under  the  radical  a  square,  it  vrill 
then  submit  to  the  common  rules  of  operation :  now 
this  may  be  efiected  by  making 

(26* -20*  + CO*  =  -8fl'C/; 

or,  which  is  the  sftme, 

€•/•  H- 4C/(&' +  O  +  4(6^- a7=  0 ; 

which  requires  that 

«2(a±*y 
C-       J . 

Now  we  have  seen,  that  the  value  of  C  depends  upon 

the  initisd  velocity  Ar,  or  that 

2  b*  2  a* 

if  =z  T-—  =  -1^  +  C. 
I  —  a  a 

If,  therefore,  we  substitute  in  the  latter  equation  the 

preceding  double  value  of  C,  we  shall  have 


or, 


=  v/{ 


2a* 


2  b* 
/-a 


^(b^ar] 


And  it  is  therefore  only  for  one  or  other  of  these  twd 
cases,  or  initial  velocities,  that  we- can  determine  the 
time  under  a  finite  form :  the  first  is  that  particular 
initial  velocity  which  is  requisite  to  carry  the  body  to 
the  point  of  equal  attraction ;  the  other  obviously  ex- 
ceedsr  this  limit,  and  a  body  being  projected'  with  it, 
will  necessarily  arrive  at  the  point  B ;  whereas,  with 
the  former,  it  will  ascend  to  C,  and  there  having  lost 
all  its  motion,  it  will  remain  suspended  between  the 
equal  action  of  d\%  two  attracting  lorces. 

It  is  not  necessary,  howeyor,  to  treift  .the^e  as  two 


im 
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Meclunici.  separate  cases ;   for  by  substituting  for  C  its  double 
^^^^"^"^^  value  as  above  determined  in  equation  (6),  we  have 
Problenw. 


V      2  '      al'^{a±b)s' 


Now  in  order  to  render  this  rational,  let  us  assume 
Is  —  a'  =  5*  x',  or  5  = 


2lxx 


1  -{-x* 


whence  *  —  . , 

(1    +  .r)^ 

The  above  equation  therefore,  with  reference  to  this 

new  variable,  becomes 

^~""V^^''  (1  +x^)?  (ax' 
or,  which  is  the  same, 


:/.)' 


.  _  —  v^2/»  r  (az^bx')v  2bx  1 
['^  (a±bf  I  (1  +r^)«  —  ax'z^bS' 
Now  in  taking  the  fluents,  it  is  only  necessary  to 
observe,  that  in  separating  the  formula  into  two  cases 
answering  to  our  former  ambiguous  or  double  sign ;  we 
must  take  all  the  upper  signs  in  the  one  case,  and  all 
the  lower  in  the  other ;  and  we  shall  thus  have 


b)x 


(1  ^  xf     -     \   +  X* 

1 

ax" 


+  ^  (a  rf:  ft)  arc  (tan  =  .r); 


2  ^  ab       ^^\x  ^a-\'  ^/bV 


— -f—-  =: •  arc  ?   tan  =:  x  ^/  -r  \  • 

a3i^'\-b        ^  ab  i  \^      b   i 

Whence  we  conclude,  that  in  the  case  of  the  upper 

signs  being  used,  that  is  for  the  value  of  C,  answering 

to  our  first  value  of  k,  we  have 

.^  (a  +  b)x 


""  (a  +  by  i 


I  +  X* 


+  i  v^  a  6.  log  ( 


)}.c. 


{x  ^  a  -^^  »J  b* 
And  when  the  lower  signs  are  employed,  that  is  for 
our  second  value  of  k,  we  obtain 


V  ab,  arc(tan  =  x)y/^Y  \   +  ^^ 


Substituting  in  these  equations  for  x,  its  value  in  s, 


viz. 


n/  (Is  -  s") 


we  shall  have  in  both  cases  the  value  of  t  in  functions  of 
s ;  and  the  corrections  C  and  C",  wiU  be  determined 
by  assuming  f  =:  0,  when  *  =  a,  that  is,  at  the  com- 
mencement of  the  motion. 

When  the  initial  velocity  does  not  agree  with  either 
of  the  above  values  of  A:,  there  is  then  no  resource  but 
that  of  infinite  series  for  detenuimng  the  value  of  ^ 


Problem.  V. 

30.  To  determine  the  vertical  motion  of  a  body,  having 
regard  to  the  resistance  of  the  air,  and  supposing  that  re- 
sistance to  vary  as  the  square  of  the  velocity. 

We  must  here  distinguish  two  cases,  viz.  when  the 
body  is  projected  upwards,  and  when  it  falls.  We  shall 
first  consider  the  latter  case. 


When  a  body  falls,  or  is  ]:Hrojected  verlicaJly  down-  M< 
wards  from  any  given  height,  Uie  force  of  gravity  will  ^ 
be  opposed  by  the  Vesistance  of  the  medium;  and 
consequently  our  accelerating  force  0,  will  be  the 
difference  between  these ;  and  as  we  consider  generally 
the  resistance  to  be  as  the  square  of  the  velocity,  we 
may  denote  this  force  by  m  r*,  v  denoting  the  velocity 
at  any  time  t,  and  m  a  constant  co-efficient,  which  is 
to  be  determined  from  experiment,  and  which  we  may 
consider  constant  for  the  same  body,  and  in  the  saiD6( 
medium ;  but  which  varies  with  the  form  of  body,  its 
density,  and  that  of  the  medium. 

If  the  body  were  to  fall  firom  a  great  height,  it  would 
be  necessary  to  attend  to  the  different  degrees  of  den- 
sity of  the  medium,  or  atmosphere,  which  we  know  is 
greater  or  less,  according  as  it  is  nearer  the  surface  of 
the  earth,  or  higher  above  it;  the  effect  of  gravity  also,, 
in  this  case,  would  vary  with  the  altitude.  We  pro- 
pose, however,  to  consider  only  small  heights,  througln 
out  which  the  action  of  gravity  may  be  considered 
constant,  and  the  atmosphere  as  of  uniform  density, 
which  we  may  safely  do  as  four  as  relates  to  any  prao* 
tical  cases  of  projectiles. 

Assuming  then,  as  we  have  hitherto  done,  2  g  to 
denote  the  intensity  of  gravity,  we  shall  have 
f=2g^inv^; 


or,  since 


^  iz-r,  this  becomes 


zz  Ig  -^  tn  v\ 


Resolving  this  witli  reference  to  t,  we  have 


-f  i(a  —  6)  arc  (tan  =  x)    t  zn 


X  ,s/  o  —  s/  b 


2  g  —  mv 

I 


T/,   or, 


I 


^^/^g\'^^g+v^m^  sy2g  ^v  ^  m^' 
the  fluent  of  which  gives 


2s/2gm     ^   i^yig  --0  ^mV 


0) 


which  requires  no  correction,  because  we  suppose  the 
body  to  fall  from  quiescence ;  so  that  when  ^  =  0,  ??  =  0, 
which  condition  is  involved  in  the  above  equation,  for 
here  taking  t?  z:  0,  we  have 

*2  i^  2gm     ^ 

If  we  multiply  both  terms  of  equation  (1)  by  2  >/  2  ^w, 
we  shall  have 


2t^2gm  =  \og  J^ 


s/2g   -h  V  s/  m 


]■■ 


2  g  —  V  ^  m 
and  if  £  be  taken  to  denote  the  base  of  the  hyperbolic, 
system  of  logarithms,  we  know,  that  log  £  1=  1,  whence 
the  above  may  be  written 


or 


log 


s/2g  -  vljlky 


'=lo.S 


and  taking  the  corresponding  numbers, 
"^  'J  2  g  —  V  >^  nC 


(2) 
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Ike  teciprocal  of  which  gives 


(3) 


tts^gm 

From  equation  (2),  the  vdue  ofv  maybe  determined 
It  efery  instant  of  the  body's  motion,  or,  the  velocity 
being  gi^en,  the  time  will  thence  become  known. 

And  from  equation  (3),  we  learn,  that  as  the  times 

tts^tgm 

augment,  the  denominator  of  the  first  term ,  c  » 

ipproaches  nearer  and  nearer  to  infinity,  and  conse- 
qoently 

i>J  ^  g  —  '0  s/  m 

^/  2g   4-"^  v^ 
netrer  and  nearer  to  zero;  so  that  in  fact  we  shall 
ktfe,  when  t  is  infinite, 

W,  >/  2g  —  V  ^/  m  =:  0 ;  or, 

V  zz,  V  — 2 , «  comtant  quantity. 
ttt 

We  see,  thence,  that  a  heavy  body  falling  in  a  uniform 
resisting  medium,  tends  continually  towards  a  uniform 
fdocity,  but  which  it  will  not  actually  attain,  till  after 
to  infinite  time. 

In  order  to  determine  the  space,  we  must  multiply 
our  equation 


0; 


which  gives       tv  zzszz 

die  fluent  of  which  is 

1 


2  g  — .  mv 

vv 


2g  — m» 


a» 


2  m 


log  (2g  — i»ii»')  +  C. 


And  in  order  to  determine  C,  we  have  <  =:  0,  when 
t  =  0,  whence 

0=- Jjjj-log2g+C; 

and  subtracting  the  latter  from  the  former,  there  results 

--^'°«('-^)^    <^' 

frtNn  which  «,  or  v,  may  be  determined,  the  one  from 
the  other;  a^r  the  co-efficient  m  has  been  ascertained 
from  experiment. 

Lrt  us  now  investigate  the  case  in  which  the  body 
it  Drqjected  vertically  upwards. 

Here,  gravity  and  the  resistance  of  the  medium, 
both  act  so  as  to  retard  the  motion  of  the  body ;  and 
pieitnring,  therefore,  the  same  notation  as  above,  we 
•hill  have 

^  =  —  2g  —  TOP*; 
lod  consequently,  the  equation  of  motion  will  be 

JL=-2^^w*t»; 


whence 


(6) 


2g  H-  i;j  ir* ' 
the  fluent  of  which  gives 

-  /  =  —r^ •  arc  f  tan  z=  v    Xr-- )   +  C. 

In  order  to  determine  the  value  of  C,  let  a  be  the 
Wtial  velocity  of  prelection,  so  that  when  ^  =:  0,  v  =  « ; 
this  gives 

VOL.  Ill* 


arc 


(tan  =  "^27)  +^= 


Mecluuiic^. 


arc 


^2gm 
consequently 

(tanrzt,^^^)}.     (6) 

Resolving,  now,thi8  equation  with  reference  to  i?,  we. 
shall  have  die  velocity  of  the  projectile  at  each  instant 
of  the  bod/s  motion. 

tor  the  space,  it  is  only  necessary  to  multiply  equa- 
tion (5)  by  —  r,  and  we  obtain 


Problems. 


t  V  zz  8  zz 


—  r  r 


and  taking  the  fluents 
1 


2^-fmv*' 


—  «  =  -^^log(2g  +  wr«)  +  C. 
To  determine C, we  have«  =  0,when  r  =  a;  whence 
*   =  -T^-log(2g  +  ma»)--j^— log(2  5-  +  wr»); 


2m 


or 


=  _L  log  {lM-±JlfL\ 

2m        ^    I2g   +  mv'  j 


or 


Consequently,  as  v  may  be  determined  from  equa- 
tion (6),  for  any  given  time  t ;  we  shall  have,  by  sub- 
stituting this  value  in  equation  (7),  the  space  s,  due  to 
the  same  time. 

If  the  greatest  height  A,  of  the  projectile,  were 
required,  or  that  which  answers  to  the  case  of  v  =  0 ; 
we  should  obtain  it  by  substituting  this  value  of  v ; 
which  gives 

It  is  impossible  to  submit  these  formulse  to  numerical 
computation  till  the  value  of  m  shall  be  determined 
from  experiment;  we  shall  only  observe  here,  that 
this  co-efficient,  supposed  constant  for  the  same  body 
in  the  same  medium,  will  vary  for  bodies  of  the  same 
form  (for  example  spheres)  in  difierent  mediums,  in 
the  inverse  ratio  of  their  radii  and  density;  and 
directly,  as  the  density  of  the  medium :  so  that  if  r 
denotes  the  radius  of  any  sphere,  and  D  its  density, 
also  D'  the  density  of  the  fluid  or  medium,  we  shall 
have 

m  ==  .^-— ; 
ur 

fi  being  a  constant  quantity,  which  will  be  the  same  for 
all  spherical  bodies,  but  which  can  only  be  determined 
from  experiment. 

It  will  appear,  however,  when  we  treat  of  practical 
Gunnery,  that  Dr.  Hutton  has  shown,  that  the  law 
which  we  have  assumed  above,  viz.  that  the  resistance 
is  as  the  square  of  the  velocity,  is  not  general ;  but  that 
this  resistance  varies  as  m  v'  -f  n  v ;  namely,  as  a  function 
of  the  velocity  involving  both  its  first  and  second 
power. 

31.  The  problem  above  resolved,  relative  to  the 
motion  of  a  heavy  body  in  a  resisting  medium,  may  be 
made  to  apply  to  the  motion  of  bodies  along  inclined 
-planes ;  the  friction  being  supposed  to  vary  as  the 
square  of  the  velocity.  For,  in  order  to  accommodate  our 
formuloe  to  this  particular  case,  it  is  only  necessary  to 
o 
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substitute,  instead  of  the  absolute  force  of  gravity  2  gt 

the  relative  measure  of  it  on  the  plane,  viz.  — j^ 

(where  h  is  the  height,  and  /  the  lengU^  of  the  plane). 
When  the  plane  is  horizontal,  then  2  g  =  0 ;  oaA  we 
must  therefore  substitute  this  value  of  2  g,  and  we 
shall  obtain  the  result  sought    ■ 

It  will,  however,  be  easy  to  determine  the  circum- 
stances of  the  latter  motion,  independent  of  our  pi«- 
ceding  investigations;  for  since,  as  we  have  seen  in 
this  case,  2  g  =  0,  our  equation  of  motion  will  be  simply 

-—  =  —  m  r :  or, 

i 

whence,  by  taking  the  fluents  and  determining  the 

variations,  we  have  immediately 

a  *     1 

vzz  ' and<  =  — loff(l  4-  amt); 

1   4-  amt  m     ^^  ' 

a  being  the  initial  velocity. 

This  value  of  v  shows,  that  if  we  suppose  the  friction 

or  resistance  m  to  be  2ero,  the  velocity  will  be  uniform ; 

a  result  which  it  is  obvious  we  ought  to  obtain :  and 

also,  that  the  greater  m  is,  the  greater  will  be  the 

diminution  of  velocity  in  the  same  time;  and  lastly, 

that  however  small  m  may  be,  as  the  time  increases  the 

denominator  increases,  and  the  value  of  x>  diminishes, 

and  will  become  finally   ==  0:  this  also  is  a  result 

which  we  find  continually  verified  from  observation. 

Problem  VI. 

32.  To  determine  the  conditions  of  the  motion  of  a  body 
acted  vpon-by  a  repulsive  and  attracting  force. 

Suppose  that  a  material  point,  or  a  very  small  globe, 
placed  at  A  (fig. 20),  is  solicited  by  two  forces:  the 
one  tending  to  make  it  move  from  A  towards  B,  with  a 
motion  uniformly  varied;  the  other  tending,  on  the 
contrary,  to  push  it  back  from  A  towards  D;  and  let 
the  circumstances  of  the  motion  of  the  particle  be  re- 
quired, on  the  supposition  that  the  repulsive  power 
impress  upon  it  an  accelerating  force,  varying  inversely 
as  the  distance  from  the  point  B. 

Assume  A  B  r=  a,  A  N  =  *,  or  the  space  passed 
over  at  the  end  of  the  time  t ;  the  acceleration  that 
arises  from  the  repulsion  firom  A  towards  D,  will  be 

=:    ■  '    ,  m  being  a  constant  quantity  depending  upon 

the  law,  according  to  which  the  repulsive  force  acts. 
Lastly,  let  2  g  denote  the  constant  accelerating  force, 
which  tends  to  give  the  body  any  oppc^site  direction. 
We  shall  thus  have 

^^  s   m 

multiplying  by  2  «,  we  have 

2*  *  ^ 1ms 
i»    '^  a-^s 
and  taking  the  fluents, 


Wherefore,  by  subtraction, 

v^  =  2Mlog(o-f  «)— 2Mloga  —  4gs; 
or, 

r  =  ±^,^2mlog^-4g^;} 

jMdk  equation  d^ermines  the  velocity  of  the  body 
afler  it  has  passed  over  any  given  space  «. 

If  we  solve  equation  (1),  vrith  reference  to  ty  we 
shall  have 

J* 


Ifii* 


4     " 


i»   — 

"  2OTlog(a  +  *)  — 4g«  4-  C* 


V{2wlog(fl  4-  s)—4^s  +  C) 
If  we  suppose  still  the  same  correction,  this  becomes 


± 


^/{2mlog^*4g* 


-7  =«*=2«log(fl  +  «)-4g«-fC.  (1) 

1b  order  to  determine  the  constant  arbitrary  €,  we 
have,  wheii  szz  0,v  =.  0;  whence 
0  =::2iiiloga  -f  C. 


it  is  obvious,  however,  that  there  will  be  considerable 
difliculty  in  obtaining  the  fluent  of  this  latter  quantity; 
and  as  it  is  not  important,  with  respect  to  the  appli- 
cation we  propose  to  make  of  the  problem,  we  shall  not 
attempt  the  integration  in  this  place. 

As  to  the  velocity,  the  problem  above  solved 
finds  its  application  in  the  following  case.  If  a  heavy 
body,  as  a  piston,  is  forced  into  a  cyhnder  or  vertical 
tube  BD,  open  only  at  the  extremity  D,  which  the 
piston  closely  fits  ;  and  if  the  part  AB  is  full  of  a  com- 
pressed and  elastic  fluid,  or  an  expansive  vapour; 
then,  not  considering  the  friction  of  the  piston  against 
the  sides  of  the  tube,  it  is  evident  that  this  piston  wiH 
be  subjected  to  the  action  of  gravity ;  which  tends  to 
make  it  descend,  and  impresses  a  constant  accelerat- 
ing force  2gy  and  at  the  same  time  to  the  repulsive 
force  of  the  elastic  fluid.  But  this  fluid  having  lesi 
elasticity  as  it  is  less  compressed,  viz.  as  the  piston  h 
farther  distant  from  the  extremity  B,  the  accelerating 
force  thence  arising  varies  inversely  as  the  distance  of 
the  moveable  piston  from  the  bottom  of  the  tube. 

Another  example  of  this  species  of  motion  is  in  the 
case  of  balls,  in  guns  or  pieces  of  cannon,  impelled  by 
the  inflammation  of  gunpowder.  This  produces  instant 
taneously  a  great  quantity  of  aeriform  fluid,  the  repulsive 
force  of  which  is  inversely  as  the  space  it  occupies. 

In  this  instance,  hovTCver,  we  may  neglect  the  con- 
sideration of  the  weight  of  the  ball,  since  it  has  but 
little  effect  upon  the  velocity  up  to  the  mouth  of  the 
piece;  the  weight  being  nothing  in  theory,  when  the 
axis  of  the  gun  is  horizontal.  We  may  therefore,  in 
this  case,  make  2g  z=  0;  or,  which  amounts  to  the 
same,  we  may  consider  at  the  commencement  of  the 

calculation,  the  accelerating  force    f  =  — — ;  con 

sequently,      v  =     >/  ^2  m  log  — ^  J . 

And  in  this  equation,  assuming  s  =  the  length  of  the 
gun,  or  rather,  equal  to  the  distance  of  the  ball  in  its 
first  position  from  the  muzzle,  which  we  may  suppose  a: 
/,  we  shall  have 


,=y(.„o,^). 


for  the  velocity  of  projection ;  that  is,  the  velocity  with 
which  the  ball  issues  from  the  gun. 
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iMi  Utppears  firom  tUs  equatioa,  tliat  v  vitl  be  gy«ftter 
r^*^  IS  the  length  /  is  greater ;  but  in  practice  it  is  said  that 
auk  does  not  obtain :  we  ftiust,  therefore,  attribute  the 
defect  to  havine  neglected  ^e  friction  of  the  ball 
against  the  interior  of  the  bore  of  the  gun.  But  this, 
wi  other  practical  considerations,  will  be  resumed 
whes  we  treat  of  Gunnery,'* 

S  Vni.  0/  the  curcilinear  motion  of  a  material  point, 

nfaor    33.  At  present  we  have  only  considered  the  circum- 
ii-     stance  of  the  motion  of  a  body  in  a  right  line :  we  must. 

ooir  endeavour  to  investigate  the  same  with  respect  to 

that  motion  being  made  in  any  curve  line  whatever. 

When  the  motion  of  a  material  particle  is  not  made 
in  a  right  line,  the  deflection  is  obviously  due  to  the 
action  of  two  or  more  forces  acting  upon  the  moveable 
indifferent  directions.  The  first  question,  therefore, 
whoch  ought,  in  this  investigation,  to  engage  our  atten- 
tioo,  is  to  determine  the  velocity  and  uie  direction 
vhidi  a  material  point  will  take  in  consequence  of  the 
action  of  these  different  forces. 
do-  In  order  to  resolve  this  problem  in  all  its  gene- 
^*^  lality,  it  will  be  necessaiv  for  us  to  establish  a  new 
princtple,  viz.  the  parallelogram  of  volodties;  which, 
thoogn  frequently  confounded  with  what  we  have 
already  treated  of  under  the  denomination  of  the  pa- 
iiDelogram  of  forces,  is,  notwithstanding,  a  distinct 
prindj^e,  although  there  is  a  certain  similarity  and 
tomeetion  between  them. 

If,  in  any  unit  of  time,  two  forces  P  and  Q  (fig.  21), 
communicate  to  a  material  poii^t  m,  velocities  denoted 
by  M  B,  fR  C,  the  resultant  R  of  the  forces  P,  Q,  will 
communicate  to  it  in  the  same  unit  of  time  a  velocity 
m  D,  which  will  be  the  diagonal  of  the  parallelogram 
constructed  on  the  velocities  m  B  and  m  C.  In  fact, 
as  we  are  always  at  liberty  to  represent  a  given  force 
hj  any  part  of  its  direction,  the  force  Q  may  be  repre- 
aoited  by  m  C;  in  which  case  the  force  P  will  be  equally 
Aeooted  by  m  B,  because  the  velocities  are  proportional 
Id  the  forces.  Now,  considering  m  BDC  as  the  paral- 
lelogram of  the  two  forces  P  and  Q,  the  diagonal  m  D 
v31  denote  the  intensity  and  the  direction  of  the  re- 
Mkaat  R,  of  P  and  Q ;  and  it  remains  to  determine  the 
fdodty  that  this  resultant  is  competent  to  communicate 
to  the  material  point,  and  which  we  shall  see  is  equal 
to  die  diagonal  of  the  parallelogram,  of  which  the  sides 

denote  the  velocities  or  the  two  original  forces  P  and  Q. 
In  order  to  accomplish  this,  let  x  represent  the  ve- 

hanj  which  R  is  capable  of  communicating  to  the 

particle  m ;  then  the  velocity  being  proportional  to  the 

nneSy  we  shall  have 

P  :  R  ::  mB  :  x; 

•d  the  property  of  the  parallelogram  of  forces  gives 
P  :  R  ::  mB  :  neD; 

thence  we  obtain 

mB  :  mD  ::  mB  :  x; 

consequently,  x  =  m  D : 

that  is,  we  may  regard  the  diagonal  of  the  parallelo- 

E,  constructed  on  the  two  lines  denoting  the  ve- 
es  due  to  the  forces  P  and  Q,  as  equal  to,  or  as 
denoting  the  velocity  which  R  will  communicate  to  the 
«une  particle. 
J^  ^  34.  The  parallelopipcd  of  velocities  follows  as  an 
1^ '*'«aBiediate  consequence  of  the  parallelogram  of  velo- 
cities; for  let  P,  Q,  R  ^g.  22^  be  three  forces  which 


communicate  the  vel^krities  mp,  m^,  mr,  to  a  material  MccliauU-s. 
point  m;  and  let  us  compound  the  velocities  mp  and  ^^•^'v-^^ 
m  q  into  one  fAp*;  it  results,  from  the  preceding  article, 
that  this  velocity  will  be  the  same  as  that  which  will  be 
communicated  to  the  point  m  by  the  resultant  P  of  the 
forces  P  and  Q :  and  in  the  same  manner  the  resultant 
m  tf.  of  the  velocities  mp',  m  r,  will  represent  the  intensity 
and  direction  of  the  velocity  due  to  the  force  S,  and 
the  resultant  of  the  two  forces  V  and  R,  or  of  the 
three  original  forces  P,  Q,  and  R :  therefore  the 
diagonal  ms  of  th^  parallelopipcd  of  velocities,  will 
denote  the  velocity,  both  in  intensity  and  direction, 
communicated  to  the  particle  m  by  the  three  forces  P, 
Q,  andR. 

35.  It  follows,  from  the  preceding  investigation,  that  Carvilincar 
while  a  moveable  is  acted  upon  by  simultaneous  uni-  motion. 
form  forces,  or  while  it  is  moving  with  a  uniform-  ve- 
locity, it  will  describe  a  right  line ;  but  if  one  or  more 
of  the  velocities  impressed  upon  the  body  be  variable 
according  to  different  laws,  it  will  no  longer  preserve 
its  rectilinear  direction,  but  move  in  some  curve,  the 
nature  of  which  will  depend  upon  the  relation  of  the 
different  velocities  with  which  it  is  impressed :  let  us, 
therefore,  now  consider  the  circumstances  of  the  latter 
motion. 

In  order  to  this,  we  will  suppose,  in  the  first  place, 
a  material  point  m,  at  rest,  to  cede  to  an  instantaneous 
impulsion,  which  causes  it  to  describe  the  right  line  m  A 
(fig.  23)  in  the  time  6;  and  that  at  the  end  of  this  time 
it  receives  a  second  impulsion,  capable  of  making  it 
describe,  in  a  second  equal  time  0,  the  right  hue  AB : 
now  the  body  will  not  obey  entirely  the  force  impress- 
ing upon  it  the  direction  AB,  in  consequence  of  the 
law  of  inertia,  by  which  it  tends,  in  consequence  of 
the  first  force,  to  preserve  its  rectlinear  direction,  and 
by  which  it  would,  in  the  second  time,  describe  the 
right  line  AC  z=  Aw ;  but  its  actual  direction,  from 
what  has  been  above  illustrated,  will  be  in  the  diagonal 
AD  of  the  parallelogram  ABCD.  If  it  receive  at  the 
point  D  another  impulsion,  which  would  cause  it  to 
describe  the  space  DG  in  the  third  time  6,  it  will,  on 
the  saniie  principles,  describe  the  diagonal  DF,  of  the 
parallelogram  constructed  on  DO,  and  the  prolongation 
DE,  of  the  side  AD ;  and  so  on  for  any  number  of 
successive  impulsions :  so  that  at  the  end  of  the  time 
composed  of  n  equal  intervals  d,  the  moveable  vrill  have 
described  a  polygon  of  n  sides,  each  of  which  will  be 
passed  over  with  a  uniform  velocity,  but  each  different 
from  the  preceding;  the  first  side  being  described 
with  the  velocity  due  to  the  first  impulsion,  the  second 
with  the  velocity  due  to  the  resultant  of  the  first  and 
second  forces,  the  third  with  that  due  to  the  resultant 
of  the  three  first  forces,  and  so  on;  and  we  may 
easily  conceive,  that  as  the  interval  of  time  d,  be- 
tween the  successive  impulsions  become  less  and  less, 
the  path  of  the  body  will  approach  nearer  and  nearer 
to  a  continued  curve,  which  it,  in  fact,  ultimately 
becomes,  when  we  consider  these  intervals  as  indefi- 
nitely small. 

While  we  give  to  the  time  0  any  sensible  duration, 
the  sides  of  the  polygon  will  have  a  determinate 
magnitude;  apd  if,  in  this  case,  when  the  body  is  de- 
scribing any  one  of  these  sides,  it  should  receive  no 
new  impulsion,  it  will  fiyoffin  the  direction  of  that  side, 
as  is  obvious;  and  if,  as  in  the  second  case,  we  suppose 
the  interval^  to  be  indefinitely  small,  and  the  accelcratbig 
o2 
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iiics.  force  to  cease  at  any  instantt  the  body  will  fly  off  in  the 
^      direction  of  the  tangent  of  the  curve  at  the  point  where 
it  was  at  that  instant. 

And,  aecording^  to  the  same  hypothesis  of  0  being 

indefinitely  small,  we  shall  have  0  —  t,  and  what  we 
have  above  considered  as  the  side  of  the  polyp^on  will 
become  the  element  or  fluxion  of  the  curve  ;  antl  conse- 
quently, m  order  to  obtain  the  velocity  or  the  space 
"which  would  be  pasl^d  over  in  a  unit  of  time  in  the 
direction  of  the  tangent  of  the  curve,  on  the  supposition 
that  the  accelerating  force  cease  to  act,  we  must  repeat 

^  (which  denotes  the  element  of  the  curve)  as  often  as 

/  is  contained  in  unity,  which  will  fi:ive  us  a  ;^eneral 
expression  for  the  velocity;  that  is,  denoting  the  velo- 
city  by  r,  tlie  curve  by  *,  and  the  time  by  ^  we  shall 
have 


Equi lions  36.  Having  estdblished  tlits  principle,  let  us  return 
of  ittiitioii,  ugain  to  the  case  in  which  thL*  particle  is  supposed  to 
re*ceive  its  successive  increases  of  velocity  at  the  points 
Pt\  m*\  ni"\  m'%  &c,  {(i^.  24)  of  the  polygon  ;«,  m\  wi", 
m"*,  Sec, ;  and  let  r,  v\  v",  r^',  &c.  be  the  velocities  which 
it  receives  at  Uve  points  m,  m\  wi*,  &c,;  and  0,  W  &*^  &c. 
the  time  that  it  will  employ  in  describing  the  successive 
sides  mm\  vt'm*',  mi*  m'\  m"  m*'',  &c»  As,  by  the  hypo- 
thesis, the  velocity  is  constant  while  the  particle  is  de- 
scribiiis^r  each  of  those  sides,  we  shall  have,  from  the 
nature  ot   uniform  motton, 

mm*  =z  iB.m'm"  =  T(i\  m'm'*  —  %  (T,  &c, ; 
and  consequently  the   p;jrimeter  of  the  polygon  m  m* 
m"  m!",  6£C.  will  be  expressed  by 

vB  +  I'd  4- t^^  +  r'^r  +,  &c. 
Now,  if  we  project  the  sides  of  Uiis  polygon  on  the 
co-ordinate  axes,  and  if  wc  e*all 

a,  /J,  y ;   a\  f}\  y"  \  «*,  (T ,  y\  &Q. 
the  angles  formed  by  the  direction  of  the  velocities 

with  the  co-ordinate  axes,  tliese  velocities  will  have 
for  their  projections 

V  cos  a,  v'  COB  a\  t^cos  a",  on  the  axis  jr; 

V  COS  /I,  v'  COS  /J*,  V*'  COS  ^"j  on  the  axis  ^ ; 
t  COS  7,  r'  cos  y\  i^  Cos  y",  on  the  axis  z ; 

%nd  consequently  the  projection  of  the  contour  of  the 
polygon  m  m*  ni*  m**\  drc.  on  the  axis  x^  will  be  ex- 
pressed by 

X  cos  a  0  -f-  v'  cos  a&  -h  t'*  a"0^,  -h  ^c. 

AV hence  it  appears,  that  while  the  point  m  describes 
the  polyp:on  tn  m  m"  m\  &c.  its  projection  n  will  ne- 
cessarily describe  the  space  n  n*  n"  n"',  &c. 

Now,  if  this  projection  were  only  the  result  of  the 
solicitation  of  a  single  force  X,  directed  according  to 
the  axis  a\  and  if  it  were  such  that  the  point  n  de- 
stTtbed  in  the  times  6,  &,  %%  ^\  &c.  the  right  lines  n  n', 
n' ft^n" tt'^,  &c.,  with  the  velocities  r,  t',  r",  i"',  &c,,the 
path  of  the  projection,  or  the  space  that  it  passed  over 
along  the  axis  x,  would  be  represented  by 

V  cos  a  fl   -h    I'    cos  «l&  -i-  v"  cos  a&*  -f ,  &C. 

which  is  precisely  the  same  as  we  found  above;  and  the 
identity  of  these  two  expressions,  shows  that  when  the 
pojut  m  is  moving  in  space,  the  projection  of  its  iiio- 
lion  on  the  axis  w,  is  the  same  as  if  the  other  forces  did 
not  act ;  for  in  tlie  calculation  which  led  to  our  second 
conclusion,  we  have  made  no  reference  wliatever  to  the 
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action  of  any  other  force  except  that  of  X,  tiiat  is  to  M« 

only  one  single  force.  ^*^ 

All  that  we  have  demonstrated  above,  with  reference 
to  the  axis  x,  will  obviously  apply  to  the  other  two 
axes;  and  when  the  successive  intervals  0,  B\  6^,  &c* 
become  indefinitely  smalU  that  i^s,  when  the  polygon 
becomes  a  continued  cune,  the  same  conclusions  may 
still  be  drawn ;  viz.  when  a  particle  is  solicited  hy  an 
accelerating  force,  such  as  will  cause  it  to  describe  a 
curve  in  space,  any  one  of  its  projections  will  move  the 
same  as  if  the  other  two  did  not  exist.  If,  therefore,  we 
denote  by  X,  W  Z,  the  components  of  the  acccleratmi^ 
force  ^,  in  the  directions  of  I  lie  axes  of  the  co-ordinatei 
A  V,  :»  we  may  consider  these  as  accelerating  forces* 
which  would  impress  on  the  corresponding  projections 
of  the  body,  motions  independent  of  the  other  two. 

Hence,  then,  we  conclude  generally,  that  if  ue  re^ 
sake  into  three  forces  paraihf  to  tkree*  Jixed  axta^  anjf 
forces  akalevrr,  w/fich  acting  on  a  mutctial point  pruduv* 
in  it  a  citniHttear  motion  ;  ami  if  itr  comithr  an  moicablt 
points  the  pr  (ejection  of  the  mat  cri  at  pot  tit  on  these  tfxc*; 
the  motinnvn  each  axis  inll  be  that  due  to  the  forces  paraliei 
to  this  tine^  and  udi  be  exactly  the  same  a\'  if  the  at  her 
forces  utre  zero,  or  had  no  action  upon  the  bodt/. 

In  each  particular  case,  therefore,  we  have  only  to 
determine  the  motion  on  each  of  llic  axes,  from  the 
equation  of  rectitineur  motion  j^'iven  in  the  prccedhij*: 
chapt<  r,  and  thu*?  every  problem  relative  to  curvilinear 
motion,  is  reduced  to  the  consideration  of  three  rt^cti- 
liucar  uiotions;  or  to  two  only,  when,  from  the  nature 
of  the  data,  we  arc  certain  that  the  curvilinear  motion 
is  loiide  in  one  and  the  same  plane. 

We  may  illusitrate  the  latter  case  by  the  following 
simple  example : 

l.et  us  suppose  a  body  placed  in  any  point  A  (fig.  25) 
of  an  indefinite  vertical  plane,  and  lot  it  be  conceived 
to  receive  an  impulsion  which  would  project  it  forward 
in  a  horizontal  line  if  that  tbrce  alone  acted;  but  that 
at  tlie  same  instant  it  is  submitted  to  the  accelerating 
force  of  gravity  :  in  this  case,  it  is  in  the  first  place  ob- 
vious, that  the  motion  of  the  body  will  be  made  wholly 
in  the  vertical  plane  in  which  the  horizontal  force  acts, 
for  there  is  nothing  to  dettrminc  it  to  move  either  on 
one  side  or  the  otlier  of  that  plane;  and  in  the  second 
place,  the  horizontal  motion  being  uniform,  /  v  will 
denote  the  space  described  by  its  projection  along  tlie 
axis  ,r,  and  by  the  laws  of  tailing  bodies  g  t^  will  repre- 
sent the  projection  of  its  vertical  motion  on  the  axis  v 
{t  denoting  any  time,  v  the  velocity  of  projection,  and 
g  ^  1<>T^  feel);  and  knowing  thus  the  distance  of  the 
body  at  the  end  of  the  time  /  from  the  two  given  axes,  its 
position  on  the  plane  will  also  be  determined;  and  this, 
wholly  independent  of  the  nature  of  the  line  or  curve 
wliich  the  body  describes  in  that  plane.  In  order  to 
determine  ihe  equation  of  the  curve,  we  observe,  that 
if  Art  =  j:  =  t%\  Ac  —  gt^,  and  if  t*  denotes  the 
time  the  body  would  employ  in  arriving  at  the  point  a\ 
we  shall  have  A  a'  ^  ,r'  ^  )'  r,  and  A  c  =  //  zz  g  t'^i 
whence 

Aa  :  A  a'  ; :   t  :  f, 
and 

Ac  :  Ac'  ::   /'  :  f'l 
but 

(Any  :  {A  ay  ::    t^  :  f^; 
tliereforc 

A  c  ;  A  c'  ; ;   (A  «)'  :  (A  a')»* 
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•  TUs    is    ft   known  property  of  the   parabola,    and 
^whkhy  therefore,  is  the  trajectory  or  path  of  the  pro- 
jectile. 

ribe  37.  We  may  draw  also  from  the  preceding  results 
in^f  the  following  general  conclusion,  viz. :  that  the  relative 
^^  motion  of  any  number  of  bodies  in  a  given  space  is  the 
same  whether  that  space  be  in  motion  or  at  rest.  For 
let  us  consider  an  indefinite  plane,  in  which  any  number 
of  material  points  are  in  motion,  arising  from  itie  action 
of  different  forces  in  that  plane ;  and  let  us  conceive 
that  forces  equal  to  each  other  are  applied  to  all  the 
points  of  this  plane,  and  perpendicular  to  it,  so  that  the 
plane  itself  may  be  put  in  motion  in  space,  but  remain- 
ing always  parallel  to  itself.  It  is  then  obvious,  that 
each  of  the  moveable  points  will  be  submitted  to  the 
simultaneous  action  of  the  particular  forces  which  were 
acting  upon  it  at  first,  and  to  the  force  applied  to 
every  pomt  of  the  plane ;  and  the  motion  of  each  ma- 
terial point  in  space  wiU  be  produced  by  the  resultant 
of  these  different  forces.  Now  it  appears,  firom  art.  36, 
that  if  we  refer  the  motion  to  three  fixed  axes,  of  which 
one  is  perpendicular,  and  the  other  two  parallel  to  the 
moveable  plane,  the  motion  of  the  projections  of  the 
bodies,  on  these  two  last  axes,  will  not  be  changed  by 
the  action  of  the  force  parallel  to  the  first;  that  is,,  the 
motion  of  each  material  point  in  the  plane,  which  is 
supposed  to  have  become  moveable,  will  remain  the 
same  as  if  it  were  at  rest  r  and  hence  we  conclude, 
that  the  common  motion  of  all  the  bodies  of  a  system 
changes  not  the  particular  motion  of  these  bodies ;  that 
is,  they  will  preserve  amongst  themselves  the  same 
distances,  and  the  same  relative  velocities,  as  if  the 
eommon  motion  of  the  system  did  not  exist. 
■%M  38.  In  order  to  determine  the  analytical  expressions 
IMaiiof  the  accelerating  forces,  we  must  observe,  that  when 
Ae  material  point  has  described  the  space  «,  its  pro- 
jections will  have  described  the  spaces  jr,  y,.  z ;  and 
oonfeequently  the  velocity  of  the  project'ons  on  tlie 
direction  of  the  co-ordinate  axes  will  be  respectively 
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and  as  these  accelerating  forces  are  the  fluxional  co- 
efficients of  the  velocities,  taken  with  reference  to  the 
time,  we  shall  have 

X  =  iL,  y  =  JL,  z  =  4-.  (1) 

t'  f  t^ 

Sadi  are  the  equations  which  will  serve  to  determine 
the  motion  of  a  material  point  in  a  curve  line,  or  of  a 
hesfy  mass,  considering  its  centre  of_  gravity  as  the 
phoe  of  the  body. 

When  the  functions  X,  Y,  and  Z,  are  given  from  the 
conditions  of  the  problem,  if  we  can  obtain  the  fluents 
of  the  preceding  equations  they  will  contain  the  four 
^'driables  Xy^j  z,  ana  ^ ;  and  if  afterwards  we  eliminate  ^, 
^  shall  still  have  two,  containing  the  three  variables 
«>|,and  z ;  which  equations  will  be  those  of  the  trajec- 
|o^  or  curve  resulting  fi^m  the  action  of  the  accelerate 
bg  forces. 

If  all  the  forces  are  in  one  plane,  we  may  consider  it 
^  the  plane  of  the  two  axes  x,  and  ;/,  and  the  variable 
2  will  disappear;  in  which  case,  therefore,  we  need 
^  consider  the  two  equations, 
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And  when  froiQ  the  nature  of  the  problem  we  shall 
have  determined  X  and  Y,  if  we  can  obtain  the  fluents 
of  these  equations,  they  will  contain  only  the  three 
variables  .r,  y,  and  t;  and  when  t  is  eliminated,  we  shall 
find  one  equation  expressing  .r  in  functions  of  y,  or  y  m 
functions  of  t,  and  which  will  c^tain  the  equation  of 
the  plane  curve  or  trajectory  of  mi  body. 

38.  We   have  seen  (art.  35)  that  the    velocity    of  O^fHJTelo- 
the  moveable  is  given  by  the  equation  *^**^' 

s 
tj  =  — ; 

t 
and  we  know  from  the  principles  of  fluxions  that  the 
element  of  a  curve  in  space,  as  referred  to  three  rect** 
angular  co-ordinates,  is 

i  z=  V  (i»  +  ?  +  zy, 

if,  therefore,  we  substitute  this  value  in  the  preceding 
equation,  we  shall  have 


or» 


(2) 


With  regard  to  the  angles  that  the  velocities  make 
with  the  axes,  these  being  denoted  by  a,  /3,  y,  they 
will  be  determined  from  the  equations 


V  cos  a  = 


t?  cos  /3  =  ~ , 


V  COS  y  =  -I— . 


39.  There  is,  however,  another  method  by  which  we  Another 
may  determine  the  velocity,  which  consists  in  multiply-  mctboct 

ingour  equations.  No.  I ;  the  1st,  by  2x;  the  2d  by 
2^;  and  the  3d  by  2z;  and  then  adding  the  results, 
which  give 


2  jjr  -f-  2  y  y  -f-  2  z  z 


=  2Xar4t2Yj^-f-2Zz; 


and  observing  that  the  first  member  in  this  equation  is 

the  fluxion  of  x*  -f  ^r*  -f  z*  divided  by  /*,   we  shall 
have 

And  now,  replacing  i*  +  y  +  2',  by  its  equal  i*,  we 
shall  have,  regarding  t  as  constant, 

^•T-=2(Xi  -f-Yi^  +  Zz); 


•  Wc  use  here,  as  we  have  already  exptained,  page  28,  f  k> 
denote  the  fluxion  of  a  compound  quantity :  the  ahore  expression 
therefore,  t  (<' +  y' +  *')>  "  ^^^^  according  to  the  stritt 
fluuonal  notation,  would  be  written  («     -^ty'  +  s') 
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*^«^*n|ci.  or  taking  the  flueatg, 

-T^-y  {Xx  +  Yt/  +  Zz)  +  C; 

and  which  again  is  equivalent  to 

t.«=:2y^(Xi  +  Yy^.Zz)H-C;  (3) 

C  being  a  constant  arbitrary  quantity  or  correction,  to 
be  determined  from  the  condition  of  the  problem. 

When  the  formula  \  . 

Xop  +  Y5^  +  Zz, 
which  is  given  above  under  the  sign  of  integration,  is 
an  exact  fluxion  of  the  tliree  variables  x,  y^  and  z ;  this 
last  equation  will  give  the  velocity  of  the  body  in  any 
point  of  the  trajectory,  provided  only  that  we  know 
the  velocity  at  any  determined  point ;  in  fact,  in  taking 
the  fluent  of  this  formula,  we  shall  have  v  expressed 
in  certain  functions  of  x,  ^,  and  z,  which  we  may  denote 
hyf{Xf  y,  z),  and  consequently  that  equation  will  become 
«*i=/(x,y,z)  +  C. 

And  if  we  denote  by  V,  the  velocity  at  the  point  of 
the  trsjectory  of  which  the  co-ordinates  are  a,  6,  r,  we 
shall  have,  in  order  to  determine  C, 
V«=/((z,6,c); 
whence  by  subtraction 

T,«-V«=:/(x,y,z)-/(a,6,c), 
mk  equation  from  which  v  maybe  determined,  that  of 
V  being  supposed  given,  and  the  values  of  the  co-ordi- 
Bates  a,  b^  c,  and  4r,5r,  and  z,  being  also  known. 

It  appears  from  the  above,  and  the  result  is  verv  re« 
maricable,  that  we  can  determine  the  difierence  of  the 
squares  of  the  velocity  in  two  points  of  the  trajectory, 
by  means  of  the  co-ordinates  only,  that  is  to  say, 
without  knowing  the  curve  that  the  moveable  describes 
in  passing  from  one  of  those  points  to  the  other.  We 
must  not  however  forget,  that  this  is  only  true  when 

Xi-hY5;-hZz 
is  an  exact  and  complete  fluxion  of  the  three  variables 
X,  yy  and  z,  which  is  frequently  not  the  case.  If  for  ex- 
ample, the  forces  X,  Y,  and  Z,  proceed  from  friction, 
the  resistance  of  a  fluid,  ^,  they  will  involve  in  their 
values,  the  velocities 


t        t        t 
as  we  shall  see  in  a  subsequent  article ;  and  consequently 
the  formula  .  .  . 

X;r  H- Yy -f  Zz, 
will  not  then  be  an  exact  fluxion  of  any  function  of  x^y,  z, 
regarded  as  independent  variables.  In  order  to  ob  tain 
the  fluents  in  these  cases,  we  must  ^bstitute  the  values 
of  these  variables,  and  their  fluxions  in  functions  of 
the  time,  which  supposes  the  problem  already  solved. 
Particular  40.  There  b,  however,  a  particular  and  very  ex- 
ca**-  tensive  case  in  which  the  above  formula  is  always  a 

complete  fluxion,  viz.  when  all  the  accelerating  forces 
acting  on  the  moveable  are  directed  towards  fixed 
centres,  and  where  the  intensity  of  each  of  them  is  a 
function  of  the  distance  of  the  moveable  from  its  centre 
of  action. 

In  order  to  demonstrate  this  property,  first,  for  one 
<»ntre,  we  may  observe,  that  tne  forces  which  act  on 
the  body  being  in  this  case  reducible  to  one  resultant 
ondy,  passing  through  the  fixed  centre,  and  acting  in 
the  dn^ctton  MC  (fig.  26),  it  may  be  represented  by  any 
part  of  this  line,  as  CD.    Let  us  take  the  centie  C  fiur 


values  m  equauoi 

-  xY  =  01 
-5^Z  =  Oj 

-  zX  =  O) 


the  origin;  and  denote  by  X,  its  distance  firom  the  point  ^Mfci 
M;  ai^  by  a,  /3,  y,  the  angles  that  CM  =:  X  makea  "^ 
with   the  co-ordinate    axes:    then  the   resultant  R, 
forming  the  same  angles,  we  shall  have 

X  =  Rcosa;  Y=  Rcos/3;  Z=  Rcosy: 
and,  consequently, 

X   ^  cos  a     Y  _  cos/3^    Z   _  cosy 

T  "■  cos/3'  T  "■  cos  y'  Y  ""  cos  a' 
Now  if  we  call  or,  y,  and  z,  the  co-ordinates  of  the 
point  M,  where  the  moveable  is  situated,  there  will  result 

ar  =  X  cos  a,  ^  =  X  cos  /3,  z  =  X  cos  y ; 
whence  we  draw  the  following  proportions,  viz. 

X  :y  :z  : :  cos  a  :  cosp  :  cos  y : 
and  hence  again 

cos  a  _    jr     cos  j3  _    y  ^  cosy  _     z^ 

cosj3         y  *  cos  y         X  *  cos  a         x  ' 
Substituting  these  values  in  equation  (4),  we  obtain 
yX  - 
zY 
xZ 
If  here  we  put  for  X,  Y,  and  Z,  their  values,  as 
determined  inequation  (1),  we  shall  find 

y±^    xiL=    0, 

z^^y—zz  0, 

^'  K 

jr  —  -  z  —  =  0. 

Multiply  the  first  of  these  equations  by  ^,  and  find 
the  fluents  by  parts,  and  we  shall  have 

y  X  —  X  y  ^ 

J!—r--  =  C.  (5) 

t 
Proceeding  in  the  same  manner  with  the  other  eqaa** 

tions,  and  then  multiplying  by  t^  there  will  be  obtained 
the  following  results,  i.  e, 

yx--xy=Ct\ 

z  j/^  —  y  z  =  C  /, 

X  z  -^  z  X  =1  Ci. 
Multiply  the  first  of  these  equations  by  z,  the  secoad 
by  Xj  the  third  by  y,  and  take  the  sum  of  the  products, 
and  we  shall  have 

0  =  (Cr  +Cx  +  C'y)i: 
Whence  again  Cz   +  C'i:  -f  Cy  =  0. 

.Since   this   equation  is    that  of    a  plane   passing 
through  the  origra,  that  is,  through  the  centre  of  attrac- 
tion ;  it  shows  that  the  body  moves  in  a  plane  curve. 
Therefore,  in  resolving  the  problem  anew,  and  pladni 
the  trajectory  in  the  plane  of  the  axes  x,  y,  we  shali 

have  no  occasion  for  the  equation  Z  =  — ,  nor  for  the 

quantities  Z  and  z,  which  in  this  case  become  zero. 
We  have  therefore  only  to  consider  the  equation 

yx  -^  xy  zz  Ct ; 
from  which  we  deduce 


Jiyx  -  «/)  =  C^  +  C; 


(6) 


C  being  a  constant  arbitrary,  arising  out  of  this  inte- 
gration. 
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The  prcjectioB  of  Uie  rigkt  lioe  CM  im  4he  axk  cKx 
being  represented  in  (fig.  28),  by  BD,  W^  ha¥« 

BD=;  AB-  AD; 
and  observing,  that  AB  and  AD,  9u%  in  fact,  the  €e-<tf- 

/dinates  x,  and  er,  of  the  points  M  and  C  on  die  axis  A  «> 
^  X  will  be  represented  by  and  BD  being  the  projection  of  MC  on  the  same  axis, 
it  will  have  for  its  analytical  expression  p  cos  a ;  and 
we  shall  find,  by  substituting  these  values  in  the  pre- 
ceding equation 

p  cos  «  zz  ar  —  a; 
and  since  what  we  have  here  shown  to  obtain  vMi 
regard  to  the  projection  of  MC  on  one  of  the  axis,  will 
eqnally  have  place  with  respect  to  the  other  two,  v^ 
shall  have,  in  order  to  determine  the  angles  a,  j3,  y,  llie 


lBi>     in  ord^  te  dbtain  the  above  fluent,  we  may  remark 

flttt  y  X  being  the  fluxion  or  element  of  a  plane  curve 
iurftce,  we  may  assume  that  surface  to  be  comprised 
between  the  absciss  jr  =  0,  and  x  =  CP  (fig.  27); 


the  area  LCPM .     If  we  subtract  from  this  surface  the 
triangle  CPM,  there  will  remain 

sector  LCM  =  area  LCPM  —  trian.  CPM, 


/»    •       xy 

Tsking  here  the  fluxions,  and  reducing,  we  obtain 

xy  ^  y  X 


f  sector  LCM  =zyx Z        ,  or 

f  sector  LCM  =z   ^^^^^ 
2 
Again  taking  the  fluents, 

2  sector  LCM  =  f(y'x  —  xy); 

whence  equation  (6)  becomes 

2  sectors  LCM  z=  C  f  +  C. 
But  srace  we  may  suppose  that  the  time  commences 
when  the  body  is  in  the  point  L,  the  correction  C  =:  0, 
and  we  have  simply 

2  sectors  LCM  =  C  ^ 
or  sector  LCM  =z  A  /, 

(making  C  =  2  A).  From  which  result  it  appears, 
that  when  a  moveable  is  solicited  by  a  force  which 
attracts  it  towards  a  centre  C,  it  will  describe  a  curve 
LM,  such  that  the  surface  of  the  sector  LCM  is  pro- 
portional to  the  time  that  the  body  employs  in  de- 
leribing  the  curve. 

This   property  is  known   under  the   name   of  the 

frixciple  of  the  cohsenaiion  of  areas,  and,  as  it  regards 

Ike  motions  of  the   planets,  was  first  discovered  by 

Kepler  from  observation,  being  the  second  of  the  three 

principal  laws  discovered  by  that  celebrated  astronomer. 

■i       41.  We  have  seen  (art.  39)  that  the  determination 

Ij^  of  the  velocity    depends    upon   our    being  able    to 

gj^  determine  the  fluent  of  the  formula 

Zz  +  Yli^  -f  Xx, 
which,  as  we  have  stated,  may  always  be  effected  when 
Ikt  forces  are  directed  towaurds  any  number  of  fixed 
centres,  and  are  functions  of  the  distances  of  the 
centre  of  attraction  of  the  body  from  those  centres. 
Let  M  (fig.  28)  be  the  centre  of  attraction  of  any  body 
which  is  attracted  towards  the  centres  C,  C,  C",  &c. 
by  the  forces  P,  P',  P,  &c. ;  and  let  us  call 

X  ,  y  ,  2  ,  the  co-ordinates  of  the  point  M; 

a  ,  6  ,  c  ,  the  co-ordinates  .of  the  centre  C  ; 

fl',  b'y  c',  the  co-ordinates  of  the  centre  C'; 

«*,  A^,  c*,  the  co-ordinates  of  the  centre  C; 

P  9  V\  V\  *c-  the  distances  CM,  CM.  C^M; 

o  ,  /)  ,  y  ,  &c.  the  angles  formed  by  jp,  "X 

a ,  /3',  y',  &c.  the  angles  formed  by//,  \ 

«',  j3*,  y\  &c.  the  angles  formed  by  />",  j 
with  the  co-ordinate  axes. 

The  resultant  of  all  these  attractive  forces  will  have 
far  their  components,  in  the  direction  of  the  co-ordinate 
aes, 

X  =  Pcos  a  -f  FCOS  a   +  P^ COS  a    +  &c.  ^ 

Y  =:  Pco8/3  +  ^008/3'+^  cos  /3*  H-  &c.  I .      (7) 

2  =:  Pcosy  -f  P'cos  y  +  P*  cos  /  -f  &c,) 


equations 

p  cos  an:  X  —  a;  p  cos  (i  zz  y  ^  b;  p  cos  y  =  2  •-  c. 
In  the  same  manner,  the  angles  cC*,'/?,  y',  a",  /y,  y, 
&c.  will  be  given  by  the  equations 
p'cosa  =  «  —  a';  p' cos/^r: y  —  b';  p'cos y  =  2—  c', 
p*  cos  a*  =  jr  —  0^;  p*'  cos  j3*  =  y  —  M;  p*  cos  /  =  z  —  c*. 
Consequently,  after  eliminating  the  angles,  equations  (7) 
wiH  become 


P  P" 

Substituting  these  values  in  the  formulae 
jTiXi  -h  Yj^  -h  Zz), 
there  will  be  obtained 

jTcXjr'-h  Y>-|.Zz')  = 


X  —  a 


P 


-*  + 


X   + 


f  —  h  •     2 

y-b'. 


—  c 


P 


■y  +  - 


p 


■■'\ 


P 

4-  &c.  &c.  &c 

Now  the  distances  of  the  point  M  from  the  centre  C, 
C,  C,  &c.  being  given  by  the  equations 

ix  -  ay  -h  (y  -  by^  (z  ~  c)«  =  p', 
{X  -  aj  4-  (5^  -  ly  +  (f  -  C  =  /',      . 
&c.       -f      &c.  &c. 

we  shall  find  after  taking  the  fluxion: 


a'.        y 
—  X  +'i- 


-6'.        z 
•3^  +  - 


P 

^  b' 


=  p'. 


P'  P 

iic.      +    &c. 

Substituting  now  these  valueai  in  tiie  above  equaitions, 
we  have 

y\x; -h  y;h-zz)  = 

y(P  p   +    F  y   +  P*/  -h  &c.)      (9)  . 

and  since,  by  the  hypothesis,  P,  P',  P*,  &c.  are  functions 
of  p,  p',  p",  &c.  the  expression 

y^CPp'  +  Fp'  -f-F/H.&c.) 

will  contain  only  one  variable  in  each  of  its  terms,  and 
consequently  its  fluent  may  be  obtained,  or  referred  to 
the  quadratibres  of  plane  curved  areas. 
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Me^micB.  '  42.-  In  order  to  give  an  application  of  this  theorem, 
^"**^'"^^^^^  let  it  be  proposed  to  determine  the  velocity  of  a  body, 
Etampte  of  which  is  drawn  towards  one  fixed  centre  only  by  a  force 
flic  applica-  Py  whose  intensity  varies  inversely  as  the  square  of  the 
******  distance  of  the  centre  of  attraction  of  the  body  from 

the  fixed  centre. 

Let  us  place  the  axis  of  the  z\  on  the  direction  of 

this  force ;  then  denoting  the  fixed  centre  by  C  (fig.  29), 

we  shall  have 

p  =  AC  —  AM  z:i  c  ^  z\ 

and  consequently 

p  =  -  z. 

Call  g  the  effect  of  the  force  P  at  the  distance  r,  firom 

the  centre  C,  and  P  its  effect  at  the  distance  p,  then 

we  shall  have 

whence 

The  value  of  p  being  negative,    P  p  ought  to  be  re- 
placed by 

— -^ Pf 

now  taking  the  fluents,  we  reduce  equation  (9),  to 

'(Xin- Yy  +  Zi)=  ^; 

substitute  this  in  equation  (3),  and  we  obtain 

P 
In  order  to  determine  the  correction  C,  we  shall  sup- 
pose, that  the  body  M  begins  its  motion  at «  point,  the 
distance  of  which  from  the  centre  C,  =  a ;  the  velocity 
being  therefore  zero  in  that  point,  we  shall  have 

0  =  0  +  2  All; 
a 

consequently  the  correct  fluent  will  be 

.=n^(i-i). 

§  IX.  Of  the  motion  of  projectiles  in  a  vacuum. 

Projectiles.  *  44.  When  a  heavy  body  is  impelled  by  an  instanta- 
Definitions,  neous  force  in  any  direction,  either  vertical,  parallel,  or 
oblique  to  the  horizon,  it  is  said  to  be  projected;  the 
body  itself  is  called  a  projectile ;  and  the  curve  or  line 
which  it  describes  is  denominated  the  path  of  the  pro- 
jectile. These  terms,  however,  are  more  generally 
supposed  applicable  to  those  cases  in  which  the  first 
projectile  direction  is  in  a  line  oblique  or  parallel  to 
the  horizon ;  as  in  the  projection  of  balls  and  shells 
from  mortars,  or  other  pieces  of  ordnance. 

It  is  evident,  in  the  first  place,  that  the  curve  de- 
scribed by  a  projectile,  is  comprised  in  a  vertical  plane 
drawn  through  the  line  of  direction  of  the  impelling 
force :  let  us,  therefore,  conceive  this  plane  to  coincide 
with  the  plane  x,  y  of  our  rectangular  co-ordinate  axes ; 
of  which  A  r  {fi%,  30)  is  horizontal,  and  A^  vertical ; 
also  the  v's  positive  above  the  axis  A  x. 
General  Since  the  entire  motion  takes  place  in  this  plane,  it 

equations,  will  obviously  be  suflicieot  to  introduce  only  our  two 
first  equations  (art.  37) ;  and  moreover,  because  the 
projectile  force  is  impulsive,  the  accelerating  force 
denoted  by  X  in  those  equations  will  be  zero,  and  that 


represented  by  Y  will  be  =:  —  2^,  where  5?^  s  M|  Me 
feet,  or  the  force  of  gravity ;  which  is  taken  negative,  ^^ 
because  it  has  a  tendency  to  retard  the  natural  motion 
of  the  body ;  these  equations  therefore  become 

X  =  4-  =  0,  and  Y  =  4-  =  -  2^; 
/»  t^ 

whence,  by  taking  the  fluents,  we  obtain 

X  z^  bt  +  b\  andy=  —  ^^-f  c^  -f  c'; 
c,  c',  h\  hfy  being  constant  arbitrary  quantities  or  cor^ 
rections. 

In  order  to  determine  them,  let  us  place  tlie  origin 
of  the  coordinates  x,  y,  at  the  point  of  projectioD,  and 
estimate  the  time  t  from  the  instant  the  motion  com- 
mences. By  these  means  we  shall  have  at  the  same 
time  x  =r  0, 3^  =:  0,  and  t  zzO\  consequently,  6'  =:  0 
and  c'  =  0.  Let  us  denote  by  a  the  velocity  of 
projection ;  and  conceive  AB  (fig.  30)  to  be  the  initial 
direction ;  call  BA;r  tie  angle  this  line  forms  with  the 
horizontal  axis  A  x  =  a:  then  the  angle  of  direction,  m 
referred  to  the  other  axis,  will  be  90°  —  a ;  and  we 
shall  have 

a  cos  a,  and  a  sin  a, 
for  the  horizontal  and  vertical  velocities  of  the  body  at 
the  commencement  of  the  motion. 

Now,  from  what  has  been  taught  in  the  preceding 
sections,  these  velocities  are  expressed  at  any  instant 

by-;- and -^;     we    have,    therefore,    by  taking   did 

t  t 

fluxions  of  .r  and  y  m  the  above  equations, 

t  t 

making  afterwards  f  r:  0,  we  obtain 

b  iz.  a  cos  a,  and  c^i  a  sin  a. 
The  corrections  being  thus  determined,  the  values  of 
X  and  y  become 

or  =  a  /  cos  a,  y  =  —  ^  ^'  -f  fl  ^  sin  o. 
Again,  eliminating  t  out  of  these  equations,  we  find  E<j 
Uiat  of  the  curve  or  path  of  the  projectile  to  be  *• 

V  =  artana  —  ;r— ; 1*^5 

^  2  a'  cos'a 

which  is  obviously  the  equation  of  a  parabola,  having 

its  principal  axis  vertical.     At  the  vertex,  which  we 

may  suppose  to  be  at  C,  the  tangent  is  horizontal,  and 

we  have  •—  =  0 ;   whence  we  have  for  the  co-ordi- 

X 

nates  AD,  CD,  of  this  point, 

.  ^        a'  cos  a  sin  a 
;r=  AD  = 


2g 


j^zzCDn 


4g 


For  the  velocity  in  any  point  of  the  curve  we  shall 
have,  denoting  that  velocity  by  r, 
i'       v^ 

e     t^ 

The  ordinate  CD  of  the  vertex  of  the  parabola  repre- 
sents the  greatest  height  to  which  the  projectile  will 
ascend,  and  we  therefore  give  to  the  line  itself  that 
denomination.  After  having  attained  this  point,  the 
body  begins  to  descend,  and  as  the  descending  branch 
of  the  curve  is  similar  to  the  ascending  one,  it  will  cut 
again  tlie  axis  A  x,  in  a  poiut,  in  which  the  absciss  AB 
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rioL  «  ddable  of  that  which  answers  io  the  yertex.    This 
^^^ilMcisa  it  cammonlx  ealled  the  amplitude  or  remge  of  the 
{vojectiie;  and  observing;  that 

2  cos  a  sin  a  =  sin  2  a, 
we  have 

.  „          a*  sin  2  a 
AE  = . 

Whence  we  learn,  -tJnat  in  order,  with  a  given  force,  to 
obtain  the  greatest  range,  we  must  have  sin  2  a  a 
raaiimoR^,  which  is  obviously  when  the  angle  a  zz  45°. 
We  may  also  obtain  the  same  value  of  A£,  by  making 
y  =  0,  in  the  equation  of  the  curve. 

The  velocity  being  supposed  given,  if  it  be  required 
to  determine  the  angle  a,  such  that  the  pojectile  may 
|ns9  through  a  given  point,  of  which  the  co-ordinates 
are  jT  =  /3,  and  y  =  y,  we  must  introduce  thesf 
ralaes  into  the  general  equation  of  the  curve,  and  we 
shall  thus  have,  in  order  to  determine  a,  the  following 
equation;  viz. 

y  =  tan  a.  /3  -      ^  r^— /?• 
'  ^  '^(f  cos*a 

In  order  to  simplify  this  expression,  let  ^  be  the 

heiglit  due  to  the  velocity  a,  or  the  height  from  which 

ailMdy  must  fall  to  acquire  that  velocity,  so  that  a'  =: 

Agk\  let  sdso  tan  a  =:  z,  and  consequently 

-~^-  =  1  -h  :^', 
cos  *a 

lad  oar  equation  will  thu«  become 

whence  we  deduce 

_  2h±  s/  (4^- 4Ay /30. 

It  appears,  therefore,  from  this  equation,  which  ex» 

Ipresses  the  value  of  the  tangent  of  the  angle  of  eleva- 

.    yoD,  that  there  are  always  two  angles  given  by  the 

iosble  sign  in  the  numerator  of  the  above  fraction^ 

which  answer  to  the  same  range ;  except  when  h  and 

f        |3  have  such  a  relation  that  4  /i*  =:  4  A  y  -f  /3* ;  in 

E        which  case  there  will  obviously  be  but  one:   and  if 

44y  4-  /J*  >  4A*,    these  two  values  are  imaginary, 

nd  the  problem  under  the  given  data  is  then  im* 

poniUe. 

Such  is  the  method  of  investigating  the  motion  of  pro* 
jectile8,when  treated  according  to  the  general  principles 
dereloped  in  the  preceding  section;  but  like  many  other 
branches  of  Mechanics,  it  admits  of  a  more  simple 
solution  when  considered  in  a  mannerless  general,  and 
oa  principles  peculiarly  adapted  to  the  nature  of  the 
iroblem:  we  propose,. therefore,  again  to  retrace  our 
«tcp8,  by  giving  another  solution  of  this  problem, 
Wded  only  upon  the  most  simple  and  obvious  rules 
of  analysis  and  geometry ;  our  object  in  the  foregoing 
iohition  having  been  merely  to  point  out  to  the  reader 
one  of  the  easiest  applications  of  our  fundamental 
Ibnnulffiy  in  order  to  render  their  use  more  familiar, 
^n  we  arrive  at  investigations  in  which  it  is  difficult 
to  employ  any  but  the  most  general  and  comprehensive 
{liiiciples  of  solution. 

^  X,  On  projectiks  in  a  vacuum  by  geometry^ 

44.  Let  a  body  be  projected  from  A  (fig.  31,  plate  iii, 
))tKAMiC9),  in  any  direction,  not  vertiocd,  as  AD;  and 
kAC,* ADy  be  the  spaces  that  the  body  would  describe 
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in  the  times  t  and  <',  from  the  uniform  velocity  of  pro-  Mechanics, 
jection,  and  CE  and  DB  the  spaces  through  which  it  ^^^*v^^ 
would  descend  by  the  action   of  gravity  in  the  same  Projectile* 
times ;  then  it  is  obvious,  from  the  composition  of  the  ^'y  g«)rac- 
two  motions,  that  the  body  will  be  found  at  the  ends  *^^' 
of  those  times  in  tlie  points  E  and  B. 

Now  by  the  laws  of  uniform  motions  (art.  2),  AC  zztv, 
and  AD  zr  t'v,  therefore 

AC  :  AD  ::  t ;  t'\ 

and  by  those  of  falling  bodies  (ajrt.  6), 
CE  :  DB  ::  t^  :  t"-, 
whence 

CE  :  DB  ::  AC  :  AD^ 
which  is  a  known  property  of  the  parabola;  and  as  the 
same  has  place  for  every  point  in  the  projectile's  path, 
it  follows,  that  the  cnrve  described  by  the  projectile,  is  a 
parabola. 

It  may  be  proper  to  observe,  that  this  demonstration 
is  founded  on  a  supposition  of  the  direction  of  gravity 
upon  the  body  in  every  point  of  the  curve  being  exerted 
in  lines  parallel  to  each  other,  which  is  not  strictly  true, 
because  that  action  is  always  directed  towards  a  certain 
point  near  the  centre  of  the  earth;  and  consequently 
the  lines  of  direction  all  converge  towards  that  point, 
forming  angles  with  each  other :  but  the  small  extent 
which  we  are  able  to  give  to  the  range  of  any  projectile, 
being  very  inconsiderable  in  compari3on  with  the  terres- 
trial radius,  it  is  obvious,  that  no  sensible  error  will 
arise  from  the  supposition  of  the  parallelism  of  the 
several  lines  x)f  direeticm. 

In  order  now  to  investigate  the  laws  of  the  body's  Laws  of  a 
motion,   let  A   (^g.  32)   be  the  point  of  projection,  projectile. 
AB,  or  ABVthe  plane  on  which  the  body  is  projected, 
passing  through  A,  and  which  also  denotes  the  range. 

Let  AC  be  drawn  parallel,  and  BCD  perpendicular 
to  the  horizon ;  let  the  angle  of  elevaticm  CAD  =  « , 
the  angle  of  inclination  of  the  plane  CAB  =:  6,  the 
velocity  of  projection  =  v,  the  time  of  flight  z=  /,  and 
the  range  Ad  =  r,  also  16^  =  g. 

Then  we  know,  from  the  laws  of  uniform  motion,  that 
the  body  at  the  end  of  the  time  t^  if  gravity  did  not  act, 
would  be  found  in  the  point  D ;  while  by  the  laws  of 
falling  bodies,  it  would,  in  the  same  time,  pass  through 
the  perpendicular  DB ;  consequently 

AD  =  ^r;  andDB:=:  gt\ 
Whence  we  have 


cos 6  :  8m(fl   ±.  b)  \\   tv  : ■         :=:  et^l 

cos  6  ^    * 


or, 


gt  __  sin  (a  ±  b) 
V  cos  6 


01) 


Again, 

•    /     .    i\  r  sin(a  ±  b) 

cos  a  :  sm  (a  ±  6)  : :  r  :  — >^  >  -     ..J.  zz  gt'; 


cos  a 


or, 


££*  _   Bin(g±  j^) 
r    ""        cos  a 


(^) 

And  equating  the  value  of  t,  in  equations  (1)  and  (2), 
we  obtain 

8in(a'±:b)cosa 

fcoFb       •  ^^) 

From  these  three  equations,  all  the  relations  between 
the  time,  velocity,  range,  and  angle  of  elevation,  are 
readily  determined :  for  example, 
r 


r 
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MedMoki.      If  the  time  and  elevation  be  given  to  End  the  veIo«  the  same  sine ;  it  follows,  that  aU  angles  equally  above^Ml 

'  city  and  range;  in  this  case,  and  below  that  which  gives  the  mazium,  wiU  have^"^^ 

,,v    .          _    gt  cosb  equal  ranges, 

equat.  (i)  gives  v  -  ^j^"^^^;  When  the  data  of  the  problem  give,  or  require,  a 

....                gt*  cos  a  greater  value  for  sin  (2  a  ±  b)  than  1,  that  is,  than  the 

equat.  (2)  gives  r  =  ~—j  gi^^e  of  90^  it  shows  the  problem,  under  the  proposed 

If  the  range  and  elevaUon  be  given,  to  find  the  time  ^''t^^>'!?\u  ^^ '^^^                ^  .u              •,      .       ^ 

aAd  velocity,  we  have  from  To  find  the  greatest  height  of  the  projectile  above  Tljl 

yrsmCa-hb)  ^^  ^^^^  ^^  pojection,  we  must  observe,  that  the"^ 

equat.  (2)  . . . .  t  zi  </  -" '    "^      ;  body  will  continue  to  ascend  till  the  velocity  of  descent 

V         g  cos  fl  jj^m  gravity  is  equal  to  the  uniform  vdocity  of  ascent 

equat.  (3)  . . . .  t?  =r      / ^^^^^  ^   ■ ,  firom  projection ;  that  is,  calling  the  time  at  which  the 

y/  8in(a±6)cos«  height  is  the  greatest  ^,  we  shall  have  2g'/'  =  the 

If  the  velocity  and  elevation  be  given,  to  find  the  velocity  of  descent  from  gravity;   and  v  sin  a  will 

time  and  range,  we  obtain  from  obviously  denote  the  uniform  velocity  of  ascent  from 

«««o*  /IN           *  —  '^  •'"  (^  —  *)  prcgection;  whence  we  have 

equat  (1)....  /  ____;  2g  ^' =  t,  sin^,  or 

equat(3),>,,  r=^'""^=^?/'">  ^' =  ^  f  '  ; 

g  C08*6  ^  g 

If  any  two  of  the  above  quantities  be  given  to  find  ^^J  ?^  ^^^^  '^  ^^  ^T/]^d  ^"^ '''  ^^''''^'  *"*^ 

the  angfe  of  elevation,  we  must  substitute,  Jm^tead  of  Btitutmg  the  above  value  of  ^  u  becomes 

sm  (a  ±  b\,  its  value;  viz.  g  ^  =  -lii?Lf ; 

sin  (a±  6)  =  sina  cos*  ±  sin*  cosa;  4g 

whence  the  sin  a,  or  cosa,  may  be  obtained.  *°°  ^^  ascent,  in  the  same  time  from  projection,  ia 

In  all  these  cases  we  shall  find  sin  (a  ±  b)  cosa,  ^  «>  sin  a,  or  substituting  for  t'  as  above,  we  have 

equal  to  a  known  quantity,  which  let  be  denoted  by  C,  f'  «j  sm  a  =  ^*  ''"'^  • 

then  2g    ' 

cosfl  sina  cos6  ±  sm*  cosa*  =  C;  and,  consequently,  the  difference  of  these  will  be  ihf 

substitute  sina  =  X,  then  cos  a  =  ^  (1  —  *»);  and  we  greatest  height  of  the  projectile  above  the  point  A  ; 

have  calling,  therefore,  the  greatest  height  A,  we  have 

*  ^/  (1  -  O  ±  tan  6  (1  -  O  =  -^-  A  =  "^-^ ,  or 

cos6  4^ 

A  quadratic  equation,  from  which  two  values  of  x  will  ^-^-^=  8in*a  •                                 (^ 

always  be  determined ;   and  whence  we  learn,  that  v^               *                                 '   * 

there   are  always  two   different  angles  of  elevation  whence,  the  angle  of  elevation  and  the  velocity  beings 

which  answer  equally  the  conditions  of  the  problem,  given,  the  greatest  height  will  be  immediately  deter- 

except  at  least,  under  that  particular  relation  of  the  mined ;  and  if  r,  or  t  be  given,  the  value  of  »'  may  first 

co-emcients,  in  which  the  two  roots  of  the  equation  are  be  determined  from  the  proper  equation ;  and  hence 

equal   to  each  other ;   then  only  one  angle   will  be  again  the  value  of  A,  from  equation  (4). 

.found,  which  in  this  case  will  be  sina  =:  sin  J  (90®  ±  *)  All   the  preceding   equations   are  rendered   much  Win 

under  which  limitation  the  range  will  be  a  maximum ;  more  simple  if  we  suppose  the  plane  AB  to  become  I^ 

and  all  angles  of  elevation  equally  above  and  below  horizontal;  so  that  6  =zO;  and  consequently  sin  b  :=  0;"** 

that  which  gives  the  maximum  range,  will  give  ranges  and  cos  6  =  1 ;  for  after  this  reduction, 

equal  to  each  other.    This  will  appear  more  obvious  by  of 

referring  to  our  last  determined  value  of  r ;  viz.  equation  1  becomes     —     =  sin  a  ; 

v'  sin  (a  di  *)  cos  a  «.  ^ 

""  •"  J^^b  •  equaUon  2 -^   =  tan  a; 

where  it  is  obvious,  if  we  suppose  r,  and  the  angle  6,  to  ^ 

be  given,  the  range  will  vary  as  equation  3   —     ==  |  sin  2^; 

sin(a  ±  *)cosa;  ^T 

now  equation  4 — p-  :=  sin*a; 

sin  (a  db  *)  cos  a  =  ^ 

I  sin  (2  a  ±  6)  4-  J  sin  (±  *);  which  involve  all  the  conditions  of  a  projectile  while 

and  since  the  second  part  of  this  equation  is  constant,  the  plane  is  horizontal,  and  passe?  through  the  point 

the  range  will  vary  as  of  projection. 

sin  (2  a  ±  *) ;  When  the  plane  is  not  horizontal,  it  is  obvious  that 

and  will  therefore  be  greatest,  when  this  quantity  is  the  in  the  formula  in  which  sin  (a  ±  h)  occurs,  b  must  be 

greatest ;  that  is,  when  accounted  positive  when    the   plane   descends,   and 

2  a  ±  6  =  90°,  negative  when  it  ascends, 

or  when  If  the  velocity  of  the  pro^ctile  in  any  point  of  the  Vd* 

2  (a  ±  ^)  =:  90®  ^i  b ;  curve  be  required,  or  the  velocity  after  any  time  t\  it<l»' 

that  is,  the  range  is  greatest,  when  is  obvious  that  this  is  compounded  of  the  constant^' 

a  ±  6  =  45°  ^  \b\  horizontal    velocity   of    projection   v  cos  a,  and    the 

and  since  ail  angles  equally  above  and  below  90®  have  difference  of  the  vertical  velocities  of  ascent  fr(ta 
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•^  pNJectiGa  =  V  sin  a,  and  that  of  descent  from  gravity 
"^^  :s  «  ^  #*,  tlMit  is,  calling  the  required  velocity  =  V, 
we  tuJl  have 

V  =  ^/  {«^  cos«o  H-  (u  sin  fl  —  2  g  tj}.  (5) 
itte  45.  In  our  pfeceding  investigations  we  have  sup- 
dBCi  posed  the  plane  on  which  the  projection  is  made  to 
■*  pass  through  the  point  of  projection :  let  us  now  con- 
^^«der  the  case  in  which  the  plane  does  not  pass 
jfiQB,  through  that  point. 

Let  A  (fig.  33)  be  the  point  of  projection ;  EF  the 
diiection  of  the  plane ;  which,  being  supposed  known, 
the  points  where  it  cuts  the  horizontsd  line  A£,  and  the 
vertical  AF,  will  also  be  determined.  Let  us  then 
denote  AF  by  m,  and  AE  by  it,  the  angle  of  elevation 
above  the  horizon  by  a,  the  velocity  =  v,  the  time 
=  f,  and  16T>y  =  g,  as  before. 

Here  we  have,  in  the  first  place,  AG  z^  tv  cos  a,  and 
CE  =  II  —  Y  r  cos  a ;  whence, 

m(n  —  t  V  cos  a)       ^^ 

«  :  m  : :  n  —  ^  I?  cos  a   : ; =  CB, 

n 

to  which  adding  DC  zi  ^  v  sin  a,  we  have 

^^           •        .      .                      m  ^  V  cos  a 
DB  =  g  r  =  /  »  sm  fl  H-  !» — ,  or 


'-( 


I?  sm  a 


m  V  cos  a 


)•=-■■ 


g  ^S      ^ ,  S 

aQ  equation  whence  the  value  of  ^  or  v  may  be  de- 
tennined,  one  of  them  being  known ;  and,  consequently 
alio, the  lines  CB,  AC;  because 

CB  =  ^L^^HII^^,  and 

n 
AC  :=.  tv  cos  a. 


therefore, 


AB=  >/(AC*  +  BC«); 


AB=:  V  <  (^t;cos4iy  +  C 


m(n  —  tv  cos  a 


)■} 


(7) 


There  are  six  cases  to  this  problem  to  which  the 
above  equations  apply ;  viz. 
^,         I  and  2.  When  the  plane  rises  and  meets  AC,  either 
poduced  as  at  E,  or  between  A  and  C ;  in  both  these 
cases  m  and  it,  in  equations  6  and  7,  are  positive. 

3.  If  the  plane  descend,  and  when  produced,  meet 
the  plane  AC,  beyond  A ;  then  n  is  negative,  and  m 
fontrvcy  in  both  equations. 

4.  If  it  descend,  and  when  produced,  meet  AC 
between  A  and  C ;  then  m  is  negative^  and  n  positive, 

5.  When  the  plane  is  horizonUil,  n  is  ittfinite,  and  the 

M 

tern  —  t  V  cos  a  vanishes,  and  equation  (6)  becomes 


^- 


ia      _  i» 
g  g' 

6.  When  the  plane  is  vertical,  then  m  isiinfinitey  and 
^  those  terms  in  equation  (6),  in  whicn  it  does  not 
^ter,  vanish  with  respect  to  those  in  which  it  does ; 
^  we  have,  therefore, 

tmv  cos  a  ^  m  n 

ng       ""  g  '        "^  t?  cos  a  ' 

Whence  t  or  v  being  determined,  in  all  these  cases, 
tte  nu^  will  be  found  from  equation  (7). 

When  the  point  B  on  the  plane  is  given,  then  join 
AB;  and  all  the  circumstances  of  velocity,  time  and 
^cvalioB,  may  be  determined  from  equations  (1),  (2), 


46.  It  may  not  be  amiss,  in  concluding  this  article,  Meciianlti. 
to  show  the  method  of  arriving  at  the  same  results  as  ^^^^'^^^^ 
the  above,  by  means  of  a  geometrical  construction.        trJcaTcon^ 

With  this  view,  let  AB  (fig.  34),  be  the  range,  AC,  struction. 
or  AC,  the  direction  of  projection ;  and  let  the  velocity 
equal  r,  and  l&^j  zz  g  :  draw  AD  perpendicular  to 

the  horizon,  and  equal  to  — ,  or  as  it  is  called,  equal  to 

four  times  the  impetus,  or  four  times  the  height  from 
which  a  heavy  body  must  fall  to  acquire  the  velocity  r. 
If  now  t  denote  the  time  of  flight,  we  shall  have 

AC  =  tv,  CB  =  ^^•,  and  AD  =z  — ; 

o 

therefore, 

AD  :  AC  ::   AC  :  CB: 
consequently,  the  triangles  ADC  and  ACB,  are  similar, 
having  the  angles 

DAC  =  ACB;  ADC  z=  CAB,  and  ACD  =  ABC. 
And  hence  the  following  constructions ; 

1.  The  velocity  and  angle  of  elevation  being  given  to 
Jind  the  range. 

Take  AD  zz.  — ;  and  from  D  draw  DC,  making  the 

angle  ADC  =  CAB,  meeting  the  given  direction  AC  in 
C ;  from  C  draw  CB  parallel  to  DA,  meeting  the  given 
plane  in  B ;   and  AB  will  be  the  range. 

2.  The  range  and  elevation  being  given  to  Jind  the 
velocity. 

Through  the  given  point  B,  draw  BC  parallel  to  DA, 
or  perpendicular  to  the  horizon ;  meeting  the  given  di- 
rection AC  in  C :  from  C  draw  CD,  making  the  ande 
ACD  =  ABC,  and  meeting  the  indefinite  perpendicmar 
AD  in  D;  so  shall  AD  be  given;  and,  consequently, 

since  AD  =i  — ,  v  may  hence  be  computed. 

3.  The  velocity  and  elevation  being  given  to  find  the 
time. 

From  the  point  A,  erect  the  perpendicular  to  the 

horizon  AD  =  — ;  draw  from  the  point  D,  DC  making 

o 

the  ADC  =  ACB ;  and  meeting  the  given  direction 
AC  in  C ;  from  C  draw  CB  parallel  to  AD,  meeting  the 
plane  in  B;  so  shall  CB  be  determined;  and  since 

t  the  time  may  hence  be  computed. 

This  construction  is  the  same  as  the  1st;  and  by  a 
construction  similar  to  the  2d,  the  time  may  be  deter- 
mined when  the  range  is  given. 

4.  The  range  and  velocity  being  given  to  find  the 
direction,  or  angle  of  elevatioji. 

From  the  giyen  point  B,  draw  the  indefinite  perpen- 
dicular to  the  horizon  BC  ;  and  parallel  to  BC,  draw 

AD  r=  — ;  on  which  describe  a  segment,  capable  of 

containing  an  angle  equal  to  the  angle  ABC,  which 
will  be  cut  by  BC  in  two  points  C  and  C ;  join  AC  or 
AC,  and  it  will  be  the  direction  required. 

The  demonstration  is  obvious ;  for  in  all  these  cases 
we  have 

AD  :  AC  ::  AC  :  BC; 

which  is  the  only  condition  necessary  to  be  fulfilled. 

It  appears  from  the  last  construction,  that  there  are 
always  two  different  angles  of  elevation  which  give  the 
p2 
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Mecihanks.  same  'range;    unless  when    BC  becomes  a  tangent 

^'•^^^/"'^^  to  the  se^ent,    in   which   case  there  is  but  one ; 

and  that  obviously  such  as  to  give  the  maximum  range. 

It  is  also  evident,  that  in  the  latter  instance,  AC  bisects 

the  angle  DAB ;  and  that  in  the  former,  the  two  lines 

of  direction  are  equally  above  and  below  the  line  which 

bisects  that  angle.     It  may  also  be  farther  obser\'ed, 

that  if  the  perpendicular  BC  does  not  meet  the  circle, 

the  problem  becomes  impossible ;  the  same  results  as 

we  have  already  obtaiued  analytically  in  (art.  43). 

VHien  the        47.  When  the  plane  does  not  pass  through  the  point 

plaiiedoes   gf  projection;  let  EF  (figs,  35  and  36)  be  the  plane, 

IH)t  pws  ^ 

J>tatS|^t  AC  the  direction,  and  AD  =  —  as  before. 

jectioo. 

Produce  AC  to  meet  the  plane  also  produced,  if 

necessary,  in  F ;  draw  DG  (fig.  35),  making  the  angle 
ADG  =  CFB ;  on  FG  describe  a  semicircle,  and  con- 
centric with  it  another,  passing  through  A;  in  the  latter, 
apply  AH  =:  AG,,  and  produce  it  to  meet  the  other 
circle  in  I.  Take  AC  =  AI,  and  draw  CB  parallel  to 
DA  ;  so  shall  B  be  the  point  on  the  plane  required. 

For,  by  similar  triangles, 

AD  :  AG  ::  FC  :  CB; 
by  construction,  AG  :  Al  or  AC  : :   IH  or  GC  :  FA ; 
by  composition,  AG  :  AC  ::  AC  :  FC; 
consequently,      AD  :  AC  ::  AC  :  CB; 
therefore,  the  projectile  passes  through  B,  as  shown, 
(art.  46). 

The  same  construction  and  demonstration  apply  to 
the  case  in  which  AC  and  EF  meet  each  other  on  the 
opposite  side  of  DA,  as  in  fig.  36 ;  except  that  DG  is 
also  then  drawn  on  the  opposite  side  of  DA,  and  GC  is 
made  equal  to  AI. 

Here,,  therefore,  we  have 

AD: AG  ::  fc:CB; 

by  const.        AG  :  AC  or  HI  : :  GC  :  FA ; 
by  division,    AG  :  AC  ::  AC  :  FC ; 
consequently, AD  :  AC  ::  AC  :  C6; 
the  same  as  before. 

When  the  plane  is  parallel  to  the  line  of  direction,. 
CB  is.  given,  and  AC  is  mean  proportional  between 
DA  and  CB.  And  when  the  plane  is  perpendicular  to 
CB,  then  AC  is  given,  and  CD  is  a  third  proportional 
to  DA  and  AC,  as  is  obvious. 

If  the  point  B  on  the  plane  be  given,  all  the  other 
circumstances  will  be  determined,  as  in  the  corres- 
ponding constructions  in  the  preceding  article. 

48,  It  has  been  customary  with  authors  on  Me- 
chanics, to  treat  the  theory  of  projectiles,  and  to  rest  all 
their  investigations  and  deductions  relative  to  it,  on 
the  properties  of  the  parabola,  whence  it  is  frequently 
called  the  parabolic  theory  of  projectiles ;  but  it  is 
obvious  from  the  preceding  articles,  that  this  curve  is 
at  least  entirely  superfluous  in  the  theory,  as  every  cir- 
cumstance relative  to  the  motion,  time,  range,  &c. 
may  be  deduced  without  a  single  reference  to  the  pa- 
rabola. The  theory  of  logarithms  was  formerly  always 
considered  with  reference  to  the  hyperbola;  and  all 
the  early  writers  limited  their  investigations  wholly  to 
the  properties  of  the  latter  curve,  whence  we  have  our 
hyperbolic  logarithms. 

But  as  the  mathematical  sciences  are  extended  beyond 
all  possible  contemplated  limits,  it  becomes  more  and 
more  necessary  to  simplify  its  different  branches,  and 
to  divest  them  of  useless  superfluities ;  it  is  on  this 


account,  wcf  presumes,  that  logarithms  have  long  been  Me 
considered  only  with  reference  to  their  analytical  pro-  ^-^ 
perties ;  and  we  cannot  but  think  that  mathematicians 
will  see  the  propriety  of  dropping  all  considerations 
of  the  conic  sections,  in  their  investigations  of  tlie  pro- 
perties of  projectiles. 

.  49.  Oil  the  ncochtt.  It  is  customary  witli  authors  who  RU 
are  writing  on  the  projectile  theory,  to  add  a  few  obser- 
vations relative  to  that  species  of  motion  which  is  called 
ricochet;  and  in  conformity  to  this  practice,  rather  tlian 
from  the  theoretical  nature  of  the  subject,  we  shall  also- 
subjoin  a  few  remarks  on  this  head. 

The  ricochet  is  a  motion,  by  which  a  projectile,  after 
having  struck  any  obstacle  whatever,  is  so  reflected  as 
to  recommence  a  similar  motion  to  that  which  it  had* 
at  first. 

The  word  signifies  duck  and  drake,  or  rebounding ; 
because,  when  a  ball  has  this  motion,  it  l)ouud£  along^ 
striking  the  ground  several  times,  roscinbling-  the  mo- 
tion of  a  flat  stone  along  the  surface  of  the  water  whea. 
thrown  nearly  horizontally.  In  what  is  termed  ricochet 
firing,  in  practical  gunnery,  the  ball  is  commonly  thrown 
at  an.  angle  of  elevation  of  between  three  and  seven 
degrees. 

The  less  the  angle  of  elevation  at  which  a  ball  is^ 
projected,  the  more  cccteris  paribus  is  it  in  the  state  for- 
th^ ricochet ;  for  then  the  force  of  projection  being 
exercised  more  entirely  in  the  horizontal  direction, 
will  take  much  more  time  before  it  is^  destroyed,  by  the 
resistance  of  the  air  and  other  obstacles.. 

If  the  projectile  were  entirely  void  of  elasticity,  and 
the  surface  on  which  it  falls  were  horizontal  and  in- 
flexible, there  would  be  no  ricochet ;  because  the  velo-^ 
city  of  the  projectile,  when  it  arrives  at  C  {^^,  37), 
according  to  any  direction,  MC  may  be  decomposed 
into  two  others,  of  which  the  one,  QC,  perpendicular 
to  the  surface,  will  be  simply  destroyed  without  any 
restitution ;  wliile  the  other  velocity  PC  subsists  alone 
(abstracting  from  friction  and  the  resistance  of  the  air),. 
and  the  bodv,  instead  of  bounding,  will  slide  alon^ 
CZ. 

But  if  there  should  be  an  eminence  CE  (fig.  38),  at  the 
point  C,  where  the  body  strikes  the  surface,  the  motion, 
accordini?  to  MC,  may  then  be  decomposed  into  a 
motion  QC,  perpendicular  to  the  surface  CE  of  this  ob* 
stacle ;  and  another  motion,  PC,  in  the  direction  of  that 
surface;  by  which  the  ball  will  advance  in  the  drrectioa 
PE,  and  may  describe,  after  qiiiting  the  point  E,  a  new 
curve,  of  the  same  nat>ire  as  that  which  it  would 
describe,  if  it  were  projected  from  E  with  the  same 
velocity;  and  this  in  such  manner,  that  after  it  is  ele- 
vated to  a  certain  point,  it  may  again  descend,  and  strike 
the  earth  in  a  new  point  I;  where,  under  similar  circum-- 
stances,  ijL  nlay  recommence  a  like  motion,  and  so.  on. 

If  the  otjkt  be  flexible  or  moveable,  as  the  earth,. 
water,  &c.  there  may  be  a  ricochet,  even  when  the 
surface  is  perfectly  horizontal.  For  the  body  then  tends- 
with  its  vertical  velocity  QC  (fig.  39),  to  plunge  itself,. 
more  or  less,  according  to  the  nature  of  the  obstacle ; 
while,  with  the  velocity  represented  by  PC,  it  plou^is 
its  way,  and  forms  a  furrow,  of  which  the  depth  con- 
tinues to  increase,  till  the  vertical  velocity  QC'  te 
extinguished.  Then,  by  virtue  of  the  velocity  remain- 
ing in  tlie  horizontal  direction,  it  drives  before  it  the 
matter  which  opposes  its  motion,  and  becomes  gra- 
dually turned  towards  the  side  where  it  has<  the  leasa 
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V  resistance;  and  thus  in  its  return  from  its  greatest 
^  depth,  the  cavity  of  the  furi-ow  operates,  with  respect 
to  the  body,  in  the  same  manner  as  the  obstacle  C£ 
(fig.  38)' in  the  preceding  case. 

Now  as  the  facility  of  the  escape  from  the  earth,  or 
other  obstacle,  is  greater  as  the  total  depth  of  the  fur- 
nywis  less,  and  as  the  depth  depends  Upon  tlie  vertical 
velocity  QC,  which  will  be  always  smaller  as  the  angle 
MPC  is  smaller,  or  the  less  the  angle  of  projection ;  it 
is  ohvious  how  much  the  facility  of  the  ricochet 
depends  upon  the  magnitude  of  the  angle  of  projection. 
He  ricochet  also  depends  much  upon  the  figure  of  the 
l^ectile.  If  we  want,  for  example,  a  ricochet  on  the 
water,  and  the  projectile  be  globular,  the  velocity  MC 
ought  to  be  such,  that  the  vertical  velocity  QC  may  be 
tntirely  consumed  before  the  vertical  diameter  of  the 
sphere  be  completely  immersed ;  for  if  once  it  is  covered 
vitk  water,  the  resistance  of  the  fluid  will  act  equally 
on  all  sides  of  the  direction  of  the  projectile,  in  such  a 
maimer  that  it  can  only  be  turned  in  consequence  of 
the  action  of  gravity,  which  will,  therefore,  be  a  direct 
impediment  to  the  ricochet. 

As  the  plunging  can  only  be  made  successively  or 
gradually,  it  is  manifest  that,  during  the  time  in  which 
it  is  going  on,  the  centre  of  the  ball  will  describe  a 
eune  line ;  because  the  direction  in  which  the  resistance 
is  made,*contiBually  changes.  If,  for  example,  when 
the  centre  C  (fig.  40),  after  having  described  any  track 
whatever,  PC  tends  to  move  along  the  prolongation  CI 
of  its  actual  direction,  we  conceive  two  tangents  BR,. 
DS,  parallel  to  that  direction ;  it  is  evident  that  only 
tfce  part  BVL  is  subjected  to  the  resistance  ;  and  that 
the  body  being  spherical,  the  resultant  CK  of  all  the 
KMances,  ofiered  to  the  different  points  of  the  surface 
B?L^  has  a  direction  which  tends  to- elevate  the  body 
«bo»e  CI;  in  such  manner,  that  CEIK  may  be  the 
pnUelogram  of  forces,  and  CE  will  be  the  path  the 
hoiy  will  take,  instead  of  CI  abstracting  from  the  effect 
of  gravity. 

•  Lastly,  if  both  die  projectile  and  the  obstacle  are 

fciible,  these  circumstances  will  still  further  contribute 

tft  the  facility  of  the  ricochet.      To  take  a  very  simple 

iwtance :  suppose  that  the  projectile  only  is  flexible  and 

perf^jtly  elastic,  or  that  it  restores  itself  with  a  force 

«<lttal  to  that  of  compression ;    still  abstracting  from 

^consideration  of  jiiTavity.     At  the  instant  in  which 

Aebody  moving  in  the  direction  AC  (tig.  41),  touches 

the  lorface,  its  velocity  is  resolved  into  a  horizontal 

^hcity  QC,  which  si^bsists  always  the  same  (disre- 

S^iding  the  friction,  and  the  resistance  of  the  medium 

'^'whkh.the  body  moves):  but  the  vertical  velocity  PC 

^8  gradually  to  compress  the  body  itself;  becoming 

S^^dually  extinguished,  while  that  represented  by  QC 

jj^iiuuns unchanged:  whence  it  is  obvious,  that  the  centre 

^tmiroaches  the  plane  HZ  by  degrees,  which  are  con- 

''IHiaily  diminishing,  while  the  degrees  by  which  it  ad- 

2^^068  parallel  to  the  plane  remain  constunt ;  if,  there- 

2*^  we  conceive  at  every  instaiit  a  parallelogi-am  of 

J^tses  constructed,  of  which  the  horirontal  side  is  to 

^  vertical  side,  as  the  horizontal  velocity  to  that  which 

^^^iiihit  in  the  vertical  direction,  the  diagonal  of  this 

AKiUelogram,  which  will  indicate  each  instant  the  patli 

^the  centre  C,  will  be  differently  situated,  »o  that  the 

Jjntrc  will  approach  to  ZH,  by  describing  a  curve  line 

^R,  daring  the  time  of  the  compression:  when  the 

sibn  ceases^  the  centre  C  wiU.move  for  an  mstant 


on  a  tangent  parallel  to  HZ ;  after  which  the  elastic  AIeclianic«i 
force  of  the  body,  counteracting  that  of  compression, '  ^  ^  ' 
restores  to  the  body  gradually  the  velocity  by  wliich  it 
moves  from  the  plane,  in  the  inverse  order  of  the  de- 
grees by  which  it  approached  it;  and  thus  causes  its 
centre  to  describe  the  second  branch  RO  of  the  curve, 
equal  and  similar  to  tlie  first  CR.  Finally,  when  it  has 
arrived  at  the  point  O,  whose  distance  from  the  plane 
HZ  is  equal  to  the  radius  CI,  it  will  move  on  according 
to  the  tangent  OT,  situated  in  the  same  manner  as  AC. 
Hence,  thtm,  the  oblique  stroke  of  the  elastic  body 
upon  an  inflexible  and  immoveable  plane,  is  made 
(abstracting  from  gravity)  in  such  a  manner,  that  the 
angle  of  reflection  is  equal  to  the  angle  of  incidence ; 
these  two  angles  being  measured  by  those  contained 
between  the  horizontal  plane  and  the  tangents  at  the 
extremities  C  and  O  of  the  curve  described  by  the  centre, 
during  the  compression  of  the  body,  and  its  restitution 
to  its  original  figure,  and  this  curve  is  always  the 
smaller  as  the  compression  and  restitution  approach 
more  nearly  to  being  instantaneous. 

If  we  take  gravity  into  the  consideration,  and  BD 
be  the  line  according  to  which  the  body  is  projected,  it 
will  describe  the  portion  DC  of  the  parabola,  whose 
tangent  is  DB,  at  the  instant  when  the  body  touches 
the  plane ;  and  when  the  compression  has  ceased,  and 
the  centre  arrives  at  O,  it  will  describe  another  portion 
SO  of  a  parabola  equal  to  the  former,  and  similarly 
situated. 

Friction  also  contributes  to  the  facility  of  the 
ricochet,  because  it  gives  to  the  body  a  rotation,  which 
enables  it  to  surmount  more  easily  the  ditierent  ob- 
stacles it  meets  with. 

Such  are  the  causes  and  the  principal  circumstances, 
of  the  ricochet ;  which,  although  as  we  have  observed 
in  the  beginning  of  this  article,  they  are  so  involved  as 
nearly  to  bid  defiance  to  theoretical  computations,  we 
have  examined  at  length,  because  the  same  considera- 
tions and  principles  may  be  employed  sometimes  in 
cases  where  similar  resistances  may  arise  which  admit 
of  more  decided  numerical  values,  and  consequently  of 
determinate  results* 

§  XI.   Of  project ik a  in  rtakting  mediums, 

50.  Nothing  can  be  desired  more  simple  than  the  Projociilc* 
theor}'  of  projectiles,  as  delivered  in  the  preceding  "^  '"e'<isting. 
chapter,  where  we  have  abstracted  from  the  resistance  ^^  '''"''' 
of  the  medium ;  but,  unfortunately,  it  is  in  no  case 
strictly  applicable  to  the  actual  motion  of  a  projected 
body;  and  it  more  particularly  fails  in  those  instances 
in  which  it  is  most  desirable,  that  we  should  be  able 
to  avail  ourselves  of  the  advantages  of  theoretical  com- 
putation :  that  is,  in  the  determination  of  the  ranges  of 
l)alls  and  shells  thrown  from  ])ieces  of  ordnance.  The 
resistance  of  the  air  is  so  great  in  some  cases  of  this 
kind,  that  velocities,  which  would  give  ranges  of  more 
than  twenty  miles  in  a  vacuum,  will  not  produce  an 
actual  range  of  more  than  two  or  three  miles  at  far- 
thest ;  it  is,  consequently,  highly  important  to  introduce 
into  our  investigation,  data  which  sjiall  have  a  relation 
with  the  resistance  of  the  atmosphere  or  other 
medium.  We  propose,  therefore,  to  consider  the  subject 
under  this  point  of  view  in  the  present  chapter. 
.  The  resistance  of  any  medium  to  the  motion  of  a  body 
in  ity  may  be  considered  as  a  force  acting  m  the  di- 


no 
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Mechanics,  rection  of  the  tangent  of  the  trajectory,  or  path,  and 
^^*^  ^-^^  in  opposition  to  the  motion.  Such  a  force  as  this  will 
not  affect  the  body,  so  as  to  throw  it  out  of  the  vertical 
plane,  which  contains  the  line  of  its  primitive  direction  ; 
it  will,  therefore,  be  sufficient  here,  as  in  article  (44), 
to  employ  only  the  two  axes  .r  and  j^;  we  may,  more- 
over, represent  by  *  the  arc  P  m  (fig.  42)  of  the  trajec- 
tory, comprised  between  the  origin  of  the  co-ordinates, 
or  the  point  P  of  projection,  and  the  point  »i,  which 
answers  to  the  co-ordinates  j:  and  y.     Then  the  ratios 

4-  and  ~  will  denote  the  cosines  of  the  angles,  which 
8  s 

the  right  line  m  T(the  tangent  of  the  curve  at  the  point 
in)  makes  with  tlie  axes  x  andy;  denoting,  therefore, 
by  R,  the  resistance  of  the  medium,  and  observing,  that 
tliis  force  acts  according  to  the  prolongation  m  T'  of 
the  right  line  ;/i  T,  we  shall  have 


62.  The  eqnadons  of  the  motion,  therefcre,  which  It  Medn 
remains  for  us  to  take  the  fluents  of,  will  become,  after ' 
introducing  into  them  the  preceding  value  of  R, 


K4uatioii 
oC  motion. 


-R—and 


R 


for  the  horizontal  and  vertical  components  of  that  re- 
sistance ;  and  it  is  obvious,  that  both  in  the  ascending 
and  descending  branches  of  the  curve,  these  values  are 
positive  or  negative,  according  as  the  force  R  tends  to 
augment  or  to  diminish  the  values  of  x  and^ :  including 
now,  with  the  vertical  resistance,  the  perpendicular 
action  of  gravity  2  g,  the  two  equations  of  the  motion 
will  be 


1.--^  R— andl-=z  -  2g-  R 

t'  s  ? 


y 


— ;  in  short,  that 


R  =  iw. 


X  8         X 

t^   '^  it 

t'  i      t 


0) 


The  first  of  these  equations  may  be  otherwiie  written 


or 


t 

X 


51.  These  equations  are  those  of  a  material  point, 
but  they  will  also  apply  to  every  point  of  the  projected 
body,  provided  that  all  these  points  have  the  same 
motion  in  space,  in  such  a  manner,  that  they  describe 
parallel  curves  throughout  the  entire  motion,  and  that, 
at  every  instant,  their  velocities  are  all  equal,  parallel, 
and  made  in  the  same  direction  ;  such  as  we  must 
conceive  to  be  the  case  with  the  motion  of  a  ball  pro- 
jected from  a  mortar,  or  other  piece  of  ordnance.  R, 
which  we  have  assumed  to  denote  the  resistance  of  the 
medium,  depends  on  the  form,  the  dimensions,  the 
density,  and  the  velocity  of  the  body,  as  also  on  the 
density  of  the  medium ;  we  may,  however,  in  the  case 
of  projectiles  from  guns,  suppose  the  latter  density 
constant  without  any  sensible  error,  because  neither 
the  height,  nor  the  range  in  actual  practice  is  suffici- 
ently large  to  render  it  important  to  consider  any 
change  in  the  density  to  have  place  in  the  course  of  its 
flight.  We  shall,  moreover,  not  take  into  our  consi- 
deration the  form  of  the  body,  nor  its  density ;  but  sup- 
pose, that  the  resistance  has  been  experimentally  de- 
termined for  some  given  velocity ;  we  shall  also  farther 
assume,  according  to  the  most  general  hypothesis, 
that  the  resistance  (which  we  have  seen,  v^aries  as 
some  function  of  the  velocity)  is  proportional  to  its 
square;  or,  that  R  is  always  proportional  to  t^S  or  to 


=  —  ma 


•     X 


t  t 

Whence  we  have,  by  dividing  the  first  side  by  tke 
second, 


X 


Taking  the  fluent  of  the  latter  fluxional  equation, 

X  . 
h.  log  — ^  =  —  m  *  -f  C ; 


or. 


=  CE 


m  being  a  constant  co-efficient  to  be  determined  from 
experiment. 


E  being  the  base  of  the  hyperbolic  logarithms  of  which 
the  modulus  is  unity,  and  €  a  constant  arbitrary,  or 
correction. 

To  determine  C,  we  observe,  that  at  the  point  P, 
we  have  «  =  0,  at  which  point  the  horizontal  velocity 

•^-  =:  fl  cos  a,  (a  denoting  the  initial  velocity  of  pro- 

i 

jection,  and  a  the  angle  which  that  direction  forms 
with  the  horizontal  axis  P  x ; 

whence  we  obtain  C  =  a  cos  a;   and  consequently 

i  --\ 

-r-  =  a  cos  a.  E 
t 

Let  now  p  represent  the  trigonometrical  tangent  of 
the  angle  which  the  tangent  m  T,  of  the  trajectory, 

forms  with  the  axis  P  .r,  so  that  we  may  have  p  =:  -:—  ; 

X 

then  we  shall  also  have 

y  i 

—  =ip—; 

t  t 

and  taking  the  fluxion  of  this  expression, 
y       ^      i  X 

e      t     t      ^  e 

Substituting  now  these  values  in  our  second  equation 

(No.  1),  it  will  be  reduced  (by  involving  also  that  of 

the  first)  to 

p        X 

4-  •  —  =  -  2g. 

t       t  ^ 
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Let  as  ntiw  dWide  ilas  equation  by  the  square  of  the 


(2) 


preceding  value  of  t-*,  and  it  becomes 

P^_  — 2^  E'"' 
X  a*  cos'a 

This  liew  equation  is  such  diat  its  fluent  may  be 

found;  for  if  we  multiply  the  second  side  by  *,  and 
the  6rst  by  the  equivalent  value  of  the  same,  that  is 

byi  ^  (I  +  p')  =  >/  (^  +  A  ^^  »^^^  ^*^^ 

2ffE*~i 

P>/0+J»^= J i— » 

r  "^  ^     '  t^ '  a«  cos'a 

where  the  values  of  p  and  s  being  separated,  the 

fluents  are  attainable  i)y  the  known  methods,  and  we 

thence  derive 

C  being  the  correction. 

Hhe  value  of  C  may  be  found  by  observing  that  at 
the  point  of  projection,  we  have,  when  *  =  0,  p  =  tan  a, 
which  gives 


Cr: 


r  tan  a  ^  (1  +  tan'a)  + 
""^^  A.  log  {tana -h  ^/(l  +  tan'a)}  4- ;;^ 


2/? 


hat  for  the  sake  of  abridging,  we  shall  retain  the  letter 
C  in  the  following  transformations. 

53.  In  order  to  determine  x  and  y,  we  must  elimi- 
nate £•"',  by  means  of  equations  (2)  and  (3);  whence 
we  obtain 

'-|i.{pV(l+P*)-l-A.log(p+>/(l+;0)-C}'^^ 
toad  because  y  ==  p  x,  we  have  also 

'"«{pV(l+p«)+A.log(p  +  >/{l+p'))-Cr  ^^ 

lliese  equations  will  give,  by  the  method  of  qus^dra- 

taiesy  the  values  of  x  and  y  in  functions  of  p.     We 

nay  also  obtain  a  third  equation  which  shall  exhibit  t, 

tbe  time,  in  functions,  of  the  same  variable.     We  have 

iten  for  example,  that 

.     *  •  •  • 

P      ^  «  %  P  ^ 

a&d  substituting  this  value  in  equation  (4),  or,  which  is 

tie  wme,  multiplying  by  -r— ,  and  taking  the  square 

*  S 
wt,  we  have 

'"^  >/2«g{C-p  V(l  +p«)-^.log(p+  ^(1  -^-P'n''  ^^^ 
The  sign  —  being  introduced  here  before  the  radical, 
because  the  angle  of  which  p  is  the  tangent,  diminishes 

V  the  time  augments ;  so  that  p  and  t  must  have  con* 

trary  signs. 

M.  The  general  solution  of  the  problem  we  have 
endeavoured  to  investigate,  is  given  in  equations  (4),  (5), 
and  (6).  If  we  could  take  the  fluents  of  (4)  and  (5) 
imder  a  finite  form,  we  should  have  x  and  ^  in  functions 
oipi  and  eliminating  afterwards  p,  there  would  remain 
an  equation  in  x  andy,  which  would  exhibit  the  equation 
of  the  curve  or  trajectory ;  but  unfortunately  no  me- 


thods known  at  present  will  apply  to  fluxions  of  these  M^dumics. 
forms,  which  indeed  are  too  complicated  to  allow  us  to  s^*v-^ 
expect  that  the  complete  fluents  of  them  will  ever  be 
obtained.     We  may,  however,  still  avail  ourselves  of 
these  results  to  construct  the  tnyectory  by  points,  as 
shown  in  what  follows. 

In  order  to  abridge  the  operations,  liet  us  denote  by  Approxi- 

F  />,  the  co-efficient  of  p,  in  the  value  of  x,  equation 
(4) ;  so  that  we  may  write 

X  =.  F/»p,  and  x  :=:  t  F  p  p. 

This  integral  or  fluent  ought  to  be  so  comprised,  that 
it  may  vanish  at  the  point  P,  where  we  have/?  =  tan  a; 
the  absciss,  therefore,  of  any  point  of  the  trajectory 

is  equal  to  the  sum  of  the  infinite  little  values  of  F/)/7, 
comprised  between  p  zz  tan  a,  and  the  value  of  p 
answering  to  the  point  under  consideration.  Conse- 
quently we  shall  have  an  approximate  value  of  x,  by 
aividing  the  interval  between  the  extreme  values  of  p 
into  a  great  number  of  equal  parts,  and  calculating 
afterwards  the  values  of  F  p  answering  to  these 
divisions ;  then,  if  we  take  the  sum  of  these  quantities, 
and  multiply  by  the  small  difference  of  the  consecutive 
values  of  p,  which  we  have  substituted  for  the  infi- 
nitely small  difference  p,  our  appi'oximate  results  will 
be  obtained. 

Let,  for  example,  ^  denote  a  very  small  positive 
quantity,  we  shall  then  have  the  following  series  of 
corresponding  values : 
p  =  tan  a         ;  «  =r  0, 
;i=:tana— ^    ;  «=— F(tano— Q^, 
p  =  tan  a— 2  a;  x  =— F  (tan  a— a)  a— F  (tan  a— 27)2, 
p  =tana— 3^;  x  =— F(tana— a)^— F(tana— 2  5)^, 
&c.  =  Ac.  — F(tana— 33)?. 

It  is  evident  that  these  values  of  x  will  be  so  much  ihe 
more  exact,  as  the  difference  3  is  taken  less  and  less. 
By  continuing  the  operation  to  that  point  where  we 
find  p  z=.  0,  we  shall  have,  to  any  required  degree  of 
accuracy,  the  abscisses  of  all  the  points  of  the  ascend- 
ing branch  of  the  curve.  From  this  point  in  the  de- 
scending branch,  the  values  of  p  become  negative,  but 
the  continuation  of  the  calculation  will  equally  give  all 
the  abscisses  of  the  descending  branch;  and  by  a 
similar  method  applied  to  equation  (5),  we  shall  have 
the  co-ordinates  answering  to  all  the  corresponding 
values  of  p.  And  taking  afterwards  the  values  of  x  and 
y  belonging  to  each  particular  value  of  p,  we  may,  as  is 
obvious,  construct  the  curve  by  means  of  these  deter- 
mined points. 

The  ordinate  which  corresponds  to  the  value  p  =r  0; 
will  express  the  greatest  height  of  the  projectile;  and 
the  absciss,  which  answers  to  that  value  of  p,  where  the 
ordinate  changes  from  positive  to  negative,  will  be  the 
range  on  the  horizontal  plane,  passing  through  the  * 
point  of  projection.  The  direction  of  the  tangent  at 
any  point  of  the  trajectory  will  cdso  be  known,  since  it 
is  from  this,  that  we  proceed  in  our  determination  of 
the  other  quantities.  The  length  of  the  arc  correspond- 
ing to  each  particular  value  of  p,  is  also  given  by 
equation  (3).  With  regard  to  the  time  that  the  body 
employs  in  describing  this  arc,  we  may  determine  it 
by  means  of  equation  (6),  and  by  a  similar  proceeding 
to  that  which  we  have  supposed  for  obtaining  the  values 
of  T  and  y.  It  remains,  therefore,  only  to  compute 
the  velocity  or  the  value  of  r,  answering  to  any  given 
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Meclmntcs.  point  of  the  trijectory  \  and  this  may  be  effected  as 
'    '    '^   '  follows : 

Since  V  denotes  the  velocity  in  the  curve,  we  have 

^  =  - + ^  =  ( 1+ ;>•)  7  =  2  g  ( 1  +  P')- ; 

and  since  we  have  found,  art.  (52,) 


i 


7=-'^' 


if  we  Substitute  for  -r-  its  value  dravra  from  equation  (6), 


the  above  will  become 


g(l  4-y') 


pcrty. 


X,'  — :i— ^^^ -— (7") 

""w{C-/iV(l+/;0-^log(p+ V(H-;^))},^^ 
which  is  an  equation  expressing  the  value  of  v,  in 
functions  of;;. 
lU^niark-  ^^^  The  above  may  be  considered  as  a  complete 
able  pro-  golution  of  the  problem  which  we  had  originally  pro- 
posed; viz.  to  determine  the  several  circumstances 
attending  the  motion  of  a  projectile  iti  a  resisting 
medium :  but  before  we  conclude  this  article,  we  shall 
bestow  a  few  Knes  in  pointing  out  a  remarkable  property 
of  the  curve,  or  trajectory,  described  by  the  body  under 
the  circumstances  we  have  supposed. 

It  has  been  seen  in  the  preceding  chapter^  that  when 
a  body  is  projected  into  a  vacuum,  the  two  branches  of 
the  curve,  that  is,  the  ascending  and  descending 
branches,  are  symmetrical ;  which  is  obviously  not  the 
case,  when  we  take  into  our  considerations  the  resist*- 
ance  of  the  medium ;  for,  in  the  former  case,  the  equality 
in  the  two  branches  depends  upon  the  condition,  that 
the  horizontal  velocity  remains  constant,  and  that  the 
force  of  gravity  is  unimpeded;  but  in  the  present  case, 
considering  only  the  horizontal  velocity,  we  shall  find 
that  it  is  diminished  every  instant,  and  the  property 
to  which  we  have  alluded  is,  that  notwithstanding  this 
continued  diminution,  it  will  never  be  entirely  de- 
stroyed; or  at  least  only  after  an  infinite  time;  although 
it  will  become  such,  that  even  in  an  mfinite  time  the 
body  cannot  have  passed  a  given  vertical  line;  or, 
which  is  the  same,  that  the  descending  branch  of  the 
curve  will  have  a  given  vertical  asymptote. 

Inordcr  to  demonstrate  this  property,  let  us  transfer  the 

origin  of  the  co-ordinates  to  the  point  C  (fig.  42),  the  vertex 

of  the  curve,  and  take  the  horizontal  abscisses  still  in  the 

same  direction  as  before,  but  the  vertical  ordiuates  in 

a  contrary  one ;  viz.  in  such  a  manner  that  C  y  andCy 

shall  be  these  new  axes.     Now  x'  and  y  denoting  the 

co-ordinates  of  any  point  in  the  curve  referred  to  these 

axes,  we  shall  have  in  comparing  the  co-ordinates  of 

jc  and  y  of  the  same  point, 

x'  =  PD  -h  X,  and /  =z  CD  —  j^; 

whence  it  follows,  that 

•         •  •  • 

x'  =z  Xy  and  /  =  —  j^. 

y 

And  if  we  make  —  =  p*,  we  shall  have  also/?' ni  —  jjJ 

i' 
consequently 
^.  log  (/)  +  ^/  (I  -f  p"))  =A.  log  (-;?'  H-  V  (1  +  ;>'^)=i 

-  //.  log  (p'  -f  ^/  (1  +  p'% 
because 


Equations  (4)  and  (5)  th^efore  Ikcame ' 

^= ^ 


tWi 


^  {pv  (1 4-  y^)  +  ^.iog(p'-[-  va+j^")  +  c)) 

v- py       

^  -m(pV(l  'bp'')  +  hAogip'-^^i\-\'p'r)  +  C.} 
Now,  in  the  construction  of  the  descending  branch 
of  the  curve,  by  means  of  these  equations,  and  ac- 
cording to  the  pinciples  of  the  method  indicated  in 
the  preceding  article,  we  may  give  to/ positive  value* 
as  great  as  we  please ;  but  when  p'  is  very  great,  we 
shall  obtain  the  approximate  values  of  x'  and  y  in  a 
manner  more  simple  than  that  above  explained ;  for  in 
this  case,  p'  and  >/(!  +  p'^may  be  considered  equal  to 
each  other,  and  we  may  therefore  employ  the  former 
in  place  of  the  latter;  we  may  also  here  neglect  the 
^.log  (p'  4-  \/  (1  +  />'*))»  which  is  very  Small  m  compa- 
rison of y*,  remembering  that  p'  is  supposed  to  be  a 
great  number,  and  that  the  logarithm  of  a  great  nam* 
ber  is  small "  in  comparison  to  the  number  itself,  and 
particularly  in  comparison  with  its  square:  we  ma^ 
likewise  neglect  the  correction  C,  with  reference  to  the 
same  quantity  p**;  and  thus  our  preceding  equations 
become  simply 

a'  =  -?^• ,  and  y'  =  -^ ; 
mp  flip 

taking  the  fluents,  we  have 

x'  HZ  b r  ,  and  y'  zz  b'  -f   - —  h.  los  p' ; 

.  m  p  m  ° 

h  and  b'  being  constant  quantities  or  corrections. 

The  above  value  of  if'  has  no  limit ;  it  increases 
indefinitely  with  p\  although  in  a  less  ratio.  But  the 
value  of  X*  has  obviously  for  its  limit,  th^  constant 
quantity  b  ;  for  when  p'  is  indefinitely  large,  the  frac- 
tion   -r  vanishes :  x*  therefore  cannot  exceed  a  certain 

mp 

value,  and  hence  we  conclude  that  the  descending  branch 
of  the  curve  has  a  vertical  asymptote;  that  is,  if  we  take 
on  the  axis  Car',  from  the  point  C, a  part  CE  =  b\  and  if 
we  draw  through  the  point  E,  the  vertical  line  EF,  the 
branch  CB  k  of  the  trajectory,  will  approach  this  line 
nearer  and  nearer,  but  without  ever  coming  rigorously 
in  contact  with  it, 

56,  Again,  writing  —  p',  instead  of  p'  in  equation (6), 
and  making  similar  reductions  to  the  above  when  p* 
becomes  very  great,  we  shall  have 


t  rz 


p's/'lmg' 


taking  the  fluents  of  this  expression,  we  obtain 


t-b"  + 


h.  log  p'; 


s/2mg 

y  being  a  constant  quantity* 

If  now  we  eliminate  p'  by  means  of  the  above  equa* 
tion,  and  that  expressing  the  value  of  y\  we  shall 
have 

v'  =:  t^  /  —  H-  correction ; 
^  ^     m 

from  which  we  learn  that  the  motion  of  the  projectilei 
while  it  approaches  towards  the  vertical,  approximates 

also  towards  a  uniform  velocity  denoted  by  ,^  — ; 

for  the  correction  being  independent  of  the  time,  is 
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let.  small  in  comparison  with  the  other  part  of  the  expresr 

yr       m 

I        56.  When  the  angle  of  projection  AVx  (fig.  43)  is 

'     Terr  small,  the  body  will  rise  very  little  above  the 

"^   homontal  axis  Px.     In  this  case,  we  may  find  by 

approximation,  the  equation  between  x  and  y  of  the 

portion  PCB  of  the  trajectory,   situated   above  this 

aiis.     For  in  all  this  portion  of  the  cur^-e  it  is  nearly 

horinmta],  which  renders  the  quantity  p  very  small, 

and  therefore,  neglecting  its  square,  we  shall  have 

V(H-p')=l; 
▼bance  it  follows  that 

p  =  jc  s/[\  -{■  p^^zz  X,  and  *  =:  j. 
If  then  we  put  x  instead  of  9  in  equation  (2)  it  be- 
comes 

y _,  -^gg . 

^  cr*  cos^'a. 

dso  the  angle  a  of  projection  being  very  small,  we  have 
very  nearly  cos  o  =  1 :  moreover  calling  h  the  height 
doe  to  the  initial  velocity  a,  that  is  making  a'  =  4  g  ^, 


and  consequently 
*  =  PD  = 


>Ifc)uuiic5. 1 


ve  shall  have 


'=f 


1 


'=-2-p' 


2  mx 


^; 


takiqg  the  fluent,  and  detern\ining  the  constant  arbi- 
trary, from  the  condition  that  p  ==  tan  o,  at  the  point 
P,  where  we  have  *  =  0,  there  is  obtained 

p=tana  —  - — r,***       ,. 
4iiiA(c     .     —  1)* 

Multiplying  now  this  equation  by  x,  and  observing  that 

ftzz  y\  then  taking  the  fluent,  and  determining  the 
eonection  in  such  a  manner,  that  at  the  point  P,  x  =:  0 
aadjf  =r  0,  we  shall  have  for  our  final  result 

vUch  is  the  equation  sought. 

Wc  may  here  observe,  that  the  first  term  of  this 
vihe  of  y;  vix.  or  tan  o,  is  the  vertical  ordinate  of  the 
right  line  PA,  which  the  projectile  would  have  described 
iadependent  of  the  action  of  gravity;-  so  that  the 
Kcood  term  expresses  at  every  point  of  the  curve  the 
Hace  through  which  the  body  has  fallen,  in  conse- 
qaence  of  gravity,  combined  with  the  resistance  of  the 
medium.  By  giving  different  values  to  a:,  the  two  last 
ttpations  will  show  the  corresponding  values  of  y  and 
h  and  thence  we  may  construct  the  curve  PCB ;  the 
*ftual  ?alue  of/?  will  moreover  make  known  the  direction 
^tbe  tangent,  at  each  point  Wc  may  even,  by  means 
<^the  same  equation,  prolong  the  curve  below  the  point 
fij  fi>r  which  purpose  it  will  be  sufficiently  correct, 
^viule  the  value  of  p  remains  small,  but  beyond  this 
pfcit  we  can  only  proceed  by  means  of  our  general 
equations  (art.  53). 

The  greatest  height  of  the  projectile,  or  the 
greatest  ordinate  DC,  may  be  found  by  a  direct 
pitKxss;  for  at  the  vertex  C,  />  =  0;  if,  therefore,  we 
<<|Qate  to  zero  the  preceding  value  of  y^  and  afterwards 

reioive  the  equation  with  reference  to  r  *  *"  * ,  it  will 
occome  s  m  x 

c         =  1  +  4m^  tana; 

TOL.  III. 


'Zm 


log(l  +  4fiil  tana). 


i  m  X 


Substituting  these  values  of  ^  and  x  in  the  equa- 

tion for  y,  we  shall  have  the  value  of  the  ordinate  DC. 

As   to    the   range   PB,  it  may  be   determined   by 
equating  to  zero  the  value  of  3^,  which  gives 

2  m  X 
e  =  1  +  2  m  jr  -f  B  /<  HI*  tan  a  .  X 

a.  transcendental  equation,  from  which  we  may  obtain 
by  approximation,  the  numerical  value  of  t,  or  of  PB, 
when  the  quantities  h,  a,  and  m  are  given. 

•    •  §  XII.  On  the  elliptic  motion  of  the  planets. 

57.  In  all  the  problems  hitherto  considered,  we  have  '|''**'^!"  *'* 
supposed  the  nature  of  the  forces  to  be  known,  and  *  **^  ^*  *"* 
have  investigated  the  condition  of  the  resulting  motion ; 
we  may  also,  in  this  case,  assume  the  general  law  of 
gravitation,  or  rather  the  universal  law  of  attraction  to 
be  given,  ard  thence  determine  the  circumstances  of 
the  planetary  motions ;  or,  we  may  otherwise  suppose 
the  law  of  the  motions  to  have  been  determined  from 
observation,  and  thence  investigate  the  nature  of  the 
attracting  force.  We  shall,  after  the  method  pursued 
by  M.  Poisson,  examine  both  these  problems,  beginning 
with  the  latter;  viz.  we  shall  suppose,  as  actuaJly  was 
the  case,  that  a  knowledge  of  the  law  of  the  planetary 
motions  preceded  that  of  the  universal  law  of  attract 
tion,  and  thence  endeavour  to  discover  the  nature  of 
that  law ;  we  shall  then  assume  the  principle  of  attrac* 
tion  to  be  known,  and  investigate  the  dependent  con- 
ditions of  the  motion.  The  principles  which  regulate 
the  motion  of  the  planets  in  their  revolutions  about 
the  sun,  are  generally  known  under  the  denomination 
of  KeplerU  laws^  having  been  first  discovered  by  tliat 
indefatigable  and  celebrated  astronomer,  who  deduced 
them  from  innumerable  observations.  Tliey  are  the 
three  following : — 

1.  The  planets  move  in  plane  curves,  and  their  radii  Kepler'f 
vectares  describe  about  the  sUn,  as  a  centre,    areas '•^^'• 
which  are  proportional  to  the  times. . 

2.  The  orbits  or  trajectories  of  the  planets  are 
ellipses,  having  the  sun  in  one  of  tlieir  focii. 

3.  The  squares  of  the  times  of  the  revolutions  of 
the  planets  about  the  sun,  are  to  each  other  as  the 
cubes  of  the  major  axes  of  their  orbits. 

These  laws,  appertain  to  the  motion  of  the  centre  of 
gravity  of  each  planet;  and  it  is,  therefore,  the  motion 
of  this  point  tnat  we  shall  have  to  consider  in  what 
follows;  consequently,  when  we  are  speaking  of  the 
motion,  velocity,  or  position  of  a  planet,  the  centre 
of  gravity  of  it  is  always  to  be  understood,  unless  Uie 
contrary  be  specifically  stated. 

58.  The  first  law  shows,  that  the  accelerating  force 
which  acts  on  a  planet,  and  which  is  supposed  to  be 
apiplied  to  its  centre  of  gravity,  has  its  direction  con- 
stantly coinciding  with  the  right  line  joining  the 
centres  of  gravity  of  the  sun  and  planet.  The  direction 
of  the  force  being  thus  known,  let  us  see  in  what  manner 
the  second  law  may  be  employed  to  determine  its  in- 
tensity in  the  different  positions  of  the  planet,  with 
respect  to  the  attracting  body. 

For  this  purpose,  let  ABDE  (fig.  44)  be  the  ellipse  Equation 
described  by  the  planet,  AB  its  major  axis,  C  its  cen-  ^^  t''*^ 
trc,  and  O  one  or  the  two  focii  in  which  we  suppose  ^"J^^'^'y- 
Q 
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Ifechaa^  the  sun  to  be  j^Iaced.  Let  also  m  be  the  place  of  the 
v^^v^fe*/ planet  at  any  instant,  rzzOtn  its  radius  vector,  v  the 
angle  mO  x,  contained  between  the  radius  O  m  and 
fixed  axis  O  x,  which  is  drawn  arbitrarily  in  the  plane 
of  the  orbit ;  thus  r  and  v  will  be  the  polar  co-ordinates 
of  any  point  of  the  ellipse,  and  its  equation,  as  referred 
to  these  co-ordinates,  will  have  the  form 

1  -f  e  COS  (i?  —  «)  ^  ^ 

where  a  r:  CA  denotes  the  semi  axis  major ;  a  f  rz 
CO  the  distance  from  the  centre  to  one  of  the  focii ; 
a  v^  (1  —  f^  =  CD  the  semi  axis  minor ;  and  w  the 
angle  AO  x  comprised  between  the  major  axis  and  the 
fixed  line  from  which  the  angle  v  is  estimated. 

In  astronomy,  a  is  called  the  mean  distance  of  the 
planet;  a  (I  +  e)  and  a  (1  —  e)  are  the  greatest  and 
least  distance ;  f  is  the  eccentricity  of  the  orbit.  The 
variable  angle  v  is  the  longitude  of  the  planet  estimated 
in  the  plane  of  the  orbit ;  the  constant  angle  u>  is  the 
longitude  of  the  perihelion,  or  of  the  point  of  the  orbit 
nearest  to  the  sun ;  the  aphelion^  on  the  contrary,  is 
the  point  of  the  orbit  farthest  from  the  sun.  Lastly, 
the  angle  v  —  «#  which  expresses  the  angular  distance 
of  the  planet  from  the  perihelion,  is  called  the  true 
anomaly  of  the  planet. 
Equation  of  ^d-  We  have  seen,  in  treating  of  the  motion  of  a 
the  motion,  body  attracted  towards  a  fixed  centre,  that  if  x  and  y 
denote  the  co-ordinates  as  referred  to  two  fixed  axes, 
we  have 

xy  ^yxzzcL 
And  if  in  this  equation  we  substitute  for  x  and  y  their 
equals  r  cos  v  and  r  sin  r,  we  shall  have 


xy  --  y  X  zzr^v. 

The  arc  or  angle  denoted  by  r,  being  infinitely  small, 
the  sector  described  by  the  radius  vector,  or  the  area 
incKided  between  the  two  radii  vectores  and  the  arc, 

may  be  considered  as  a  circular  sector,  equal  to  ^  r*v ; 
consequently  we  have 

xy  ^  y'x  zz  i*v  zz  ct\  (2) 

c  being  a  constant  quantity  which  expresses  the  double 
of  the  area  described  in  the  unit  of  time. 

This  being  established,  let  us  denote  by  x  and  y  the 
rectangular  co-ordinates  of  the  planet,  as  referred  to 
the  axes  O  x  and  O  j^,  drawn  through  the  centre  of  the 
sun  and  in  the  plane  of  its  orbit ;  also  let  R  denote 
the  accelerating  force  which  acts  on  the  planet,  and 
since  this  force  has  its  direction  coinciding  with  the 
right  line  O  m,  its  components  parallel  to  the  axes  of 


*  This  equation  is  readiJy  deduced  from  the  known  equatkm  of 
the  ellipse;  viz. 

»*= -J  («*-«•)• 

For  here,  observing  that  CO Z2, at,  we.haveo'  — a»e»:Sc*,  alao 
j/«  :=  r*  —  r*  cos*4»,  (writing  v  —  »  =1 1)  >od  «*  =  (r  eos  4>  +  ae)*; 
substituting  these  values,  we  obtain 

r»  (1  —  cos2<^)  =  (1  —  e*)  (o«  —  (r  cos  t  -f  fl  0'). 
which  readily  reduces  to 

r«=:  {a(l  — e')-f  rccos4>}*;  whence 
r  =:  o  (1  —  e*)  -f- 1^  <  cos  ^  J  or 

0  (t  -  e«) 

r  IZ ;  or 

1  —  ecos^ 

1  —  c  cos  (»  —  o») 


the  co-ordinates  will  be  R  —  and  R— ,  because—  ?2 

and  —  are  the  cosines  of  the  angles  m  O  dr,  and  m  O.^. 

Moreover  as  the  curve  described  by  the  bodv  is  concave 
towards  the  sun,  it  is  evident  that  the  force  which 
produces  the  motion  ought  to  be  directed  towards 
this  point;  its  components  will,  therefore,  tend'  tO' 
diminish  the  co-ordinates  x  and  y :  consequently  the 
equation  of  the  motion  will  be 

multiplying  the  first  by  2  or,  and  the  second  by  2.y, 
we  shall  have,  after  adding  the  results, 

2  X  ar  +  2  V  .y  _       p    2  j  j  -f-  2  yy 
?  ""  r 

taking  the  fluents,  and  observing  that  x*  -f  y  =:  r?, 
and  consequently  that  ^xx  +  ^yyzz^rr^yf^  have 


(3) 


^4^  =  5»2/r;; 

h  being  a  constant  arbitrary,  or  correction. 
Again,  since 

X  zz  r  cos  Vy  and  y  zz  r  tm  v^ 
we  have 

i*  +  y  =  r"  +  r*  »•; 

substituting  this  in  equation  (3),  and  eliminating  f,  hf 
means  of  equation  (2),  it  will  become 

£i+^=6-2  /-Rr.  (4) 

rW       "^  J 

If  the  force  R  were  given  in  frmctions  oPr,  thU 
equation  would  be  that  of  the  trajectory ;  and  a  am- 
parison  of  it  with  equation  (1)  ought,  therefi>re,  to 
enable  us  to  determine  this  force. 

Now  equation  1  may  be  written 

1    _   1  +  f  cos  (r  — .  w)  ^ 

and  taking  the  fluxion,  and  dividing  the  second  aido 
by  r,  we  have 

r      ^    e  sin  (i?  —  w)  ^ 
^i    -       a(l-e^)     • 

or  squaring  both  sides, 

r*      ___  e*  sin*  (v  —  «)  ^ 

C         c*  c*  cos*  (t)  —  «)  > 

I  «»(1  -  ef  a'  (1  —  ey  I  • 
but  equation  (1)  gives  also 

^co8*(«-  «)__!_  2           ,           1 


whence 


ra(l  — O 


2^ 


rfl(l  — O 
which  changes  equation  (4)  into 
1  2c*  c* 


1 


r      a(l  —  e*)        fl«(l— e*)*" 
taking  the  fluxions  on  both  sides^ 


M  E 


1^ 


=  -^U/'. 


Wlmee      R  = 


£1  (1  --  r*)         r 


(mAkiiig»  for  the  ^ake  of  abridging^, 


=  «) 


I 


«(1  ^t») 

i»hicV\  denotes  the  intensity  of  the  accelerating  force  at 
the  unit  of  distance. 

Here*  since  tlie  mimerfttor  u  is  a  con-*tant  quantity^ 
it  follows  that  the  force  R,  which  retains  a  planet  in 
its  orbit,  i«  in  the  inverse  ratio  of  the  square  of  its  radiua 
irector.  It  is,  therefore,  by  means  of  a  combination  of 
fta  accelerating  force,  which  varies  according  to  the 
ibove  law,  with  a  primitive  impulsion,  iha(  each  planet 
dcM^r&es  an  ellipse  about  the  sun,  such  that  tlie  Latter 
bodj  occupies  one  of  the  two  focii.  This ,  as  wp  have 
aeen,  is  ooe  of  the  laws  which  Kepler  deduced  from 
obacTYation.  But,  as  far  as  we  have  at  present  pursued 
our  investigation,  it  applies  only  to  each  planet  sepa- 
inleiy;  it  reraainfl,  therefore,  now  to  ascertain  fix>m 
Kepler s  third  principle,  whether  the  force  of  gravity 
observe  the  same  law  in  its  action  on  the  difterent 
planets  of  our  63rsteiii. 

60.  Let  T  denote  the  time  of  the  revolution  of  any 
planet  about  the  sun ;  then  c  T  will  represent  double 
tbe  area  described  by  its  radius  vector  in  the  time  T, 
becftuse  the  areas  are  proportional  to  the  limt- s  in  which 
they  are  described,  and  c  ha&t  l>een  assumed  to  denote 
double  the  area  described  in  the  unit  of  time.  But 
during  the  time  T*  the  radius  vector  will  describe  tbe 
entire  surface  of  the  ellipse,  which  is  equal  to  the  pro- 
duct of  the  two  senii-axcti  into  the  decimal  3*14169, 
Slc.  ;  denoting,  therefore,  the  latter  by  »,  and  the  two 
ties  by  a  and  a  s/0  —  0»  ^'^  ^^^^^  ^^^^^^ 

fa  iht  area  correspoadin^  to  the  time  T^  and  conse- 
ftonUy 

nhence  again 

ivid  ftobsii tilting'  this  value  of  c  in  the  preceding  equa<^ 
tioD,  which  exhibits  the  value  of  w,  vie, 

_  e* 

""-     a  (1  --  O  ' 
h^^ecomes 

-    ^^'^ 

In  like  manner,  if  we  consider  another  planet  whose 
time  of  revolution  m  T«  and  its  mean  distance  a'f  we 
shall  have 


u  = 


bat,  from  the  third  law  of  Kepler, 

eosc«<iuently  u'  :=  u. 

That  is,  the  ace elc rating  force  is  the  same  at  llie  unit 
of  distance  for  all  the  planets  of  the  system  ;  and,  as  it 
ftspeea  the  same  planet  in  diflerent  positions,  and  the 
itveral  planets  in  their  different  orbits,  its  intensity  is 
^t»aji  reciprocally  proportional  to  the  square  of  the 


distance  from  the  aun.  Consequently*  if  we  conceive  Meclmtwct. 
two  planets,  of  whattiver  niagniludeB,  to  be  placed  at  >^*'"^'' 
equal  distances  from  the  suu,  the  accelerating  forces 
acting  upon  thtm  will  be  the  same ;  and  if  left  to  the 
action  of  this  force  without  any  projectile  velocity,  they 
will  each  partake  of  the  same  motion,  viz,  each  will 
pass  in  a  right  line  from  its  first  position  to  tlie  attraci- 
ing  body,  and  each  with  the  same  contemporaneous 
velocity  ;  which  is  precisely  analogous  to  what  we  lind 
to  be  the  result  of  terrestrial  attraction:  all  bodies 
placed  at  the  same  distance  from  the  centre  of  the 
earth  having  equal  motions  impressed  upon  tlicm  in  the 
same  time,  as  we  have  already  i«ecii  in  treating  of  the 
laws  of  falling  bodies. 

We  have  taken  the  preceding  order  of  investi-  Eerai^k. 
gation  for  the  reasons  already  sttded,  nainely,  that  it 
was  from  the  laws  of  the  planets*  motions  being  first 
discovered  from  observation,  that  we  were  led  to  a 
knowledge  of  the  nature  of  the  forces  by  which  they 
V,  ere  retained  in  their  orbitSi  or  it  was  at  least  these 
laws  which  confirmed  that  deduction;  but  tlie  most 
direct  method  of  viewing  thi»  problem  is  to  suppose 
the  nature  of  the  force  to  be  given,  and  tbence  to  m- 
vestigate  the  conditions  of  the  motion  of  the  several 
planetary  bodies. 

6L  Let  us,  tlien,  still  represent  the  radius  vector  of  a  Inverse 
planet  at  any  instant  by  t^  and  the  accelerating  force  P"****^"** 

estimated  in  the  direction  of  tliis  radius  —  ;  m  being  a 

constant  and  positive  co -efficient.  It  is,  in  the  first 
place,  evident  that  a  material  point  projected  into  space 
in  the  direction  of  any  right  line,  being  also  at  the 
same  time  submitted  to  the  action  of  a  constant  force 
directed  towards  a  fixed  point,  ought  to  move  in  the 
plane  of  the  line  of  this  direction,  and  that  which 
joins  it  tJo  tlie  ilxed  point  at  the  instant  of  projection  i 
for  whatever  reason  can  l)e  imagintid  lor  its  moving  in 
any  otlier  plane  on  the  one  side  of  this,  will  also  apphf 
to  a  plane  symmetrically  situated  on  the  other  side. 
The  orbit,  therefore,  ofeach  planet  is  a  plane  curve  which 
coincides  with  the  plane  passing  through  the  primitire 
direction  of  the  impulsive  and  attracting  forces,  to 
which  it  is  in  the  first  instant  submitted.  Let  us  draw, 
therefore,  in  this  plane,  and  through  the  centre  of  the 
sun,  the  two  rectangukr  axes  O  x  and  Oy  (fig.  44),  which 
will  be  tliose  of  the  co-ordinates  x  and  p  of  the  planet  l 

the  compoDents  of  the  force  — ,  parallel  to  these  axes, 

will  be  — ,  and  -^: 

and  as  they  obviously  tend  to  diminish  tlie  co-ordinates 
a:  and  v,  we  shall  have  for  the  two  equations  of  the 
motion, 

t  being  the  fluxion,  or  element  of  the  time. 
Multiply  by  2  x  and  2  y,  and  wo  hvive 


2T.r 

^ 

"lax  3: 

,  and-r- 

y 

by 

addition 

Sj't 

H- 

^  y  V 

=  -2 

i 

«»2 

X  r  -h  t/v 
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Mftluinlcs.  but  i"  +  y*  =:  r»;  tlierefore  x  x  +  y  1/ =  r  r. 


Whence 


or,  introducing  the  correction. 


^'  -I-  / 


2  tf 

—  +  6  =  0: 


we  have  seen  alao  (art*  59),  that 

.1  V  —  V  t*  ^  f*  /. 
If  we  make  use  of  the  polar  co-ordinates  r  and  v,  as 
in  art.  *58,  the  angle  v  being  supposed  to  be  estimated 
from  the  axis  O  x,  we  shall  have 

r  =  r  cos  r,  and  y  =  r  sin  r ; 
smd  the  above  equations  will  become 


positive,  negative,  or  zero,  and  as  the  radius  vector  Mr< 
s/(j^'*  +  y*)  ^ay  be  expressed  under  a  rational  form  ^^^ 
in  functions  of  the  absciss  i\  it  follows  that  the  origin 
of  the  co-ordinates,  in  all  these  cases,  is  in  one  of  the 
focii  of  the  cnrve.  Hence,  a  material  point  nitraoted 
towards  a  fixed  centre  by  a  force  which  varies  inversely 
as  the  square  of  the  distance,  will  describe  a  conic 
section,  of  which  that  centre  is  in  one  of  the  focii ;  but 
the  nature  and  dimensions  of  the  conic  section  described 
will  depend  on  the  constant  arbitraries  b  and  r,  while 
these  themselves  depend  upon  the  inidal  ctmditions  of 
tlie  motion,  as  appodT:}  from  the  manner  in  which  these 
quantities  are  determined, 

63.  At  the  origin  of  the  motion  let  /  be  the  distance 
of  the  body  from  the  Bxed  centre:  that  is,  at  this  point 
let  r  =~  /,  let  V  denote  the  corresponding  velocity,  or 


(5)       V- 


Eliminatin^  t^   and  abridging,  by  writing  :  :=  — ,   the 
reduced  eqtiaiion  will  be 

wliich  is  the  fluxional  equation  of  the  trajectory- 
Resolving  this  with  reference  to  r,  we  have 

e  z 


v:z> 


s/(u*  ^h  c^ 


^{2ut~b~c\^)' 


Talung  the  fluents,  we  obtain 

t?  =~  «  +  arc  (COS  = ~.     ^     1  ; 

m  a  being  a  constant  quantity  or  correction. 
Reciprocally,  we  have 

C*2   =  M   ^    VC"*  —   /'C*)*C0S(l3  —    U,)  \ 

©r,  replacing  z  by  its  value  — , 

c^:=:uir  +  r  ^{ti^  —  he) cos {v  —  m).         (6) 
Because,  the  angle  u»  beinjf  arbitrary,  we  may  change 
the  .sign  of  the  radical  ^/(«l»  —  bi:%  and  take  it  with  a 
positive  sign,  which  is  the  same  as  augmenting  m  by  two 
right  angles* 

From  this  equation  we  see  that  the  trajectory  is  a 
conic  section;  but  it  will  be  more  obvious  fiom  the 
following  transformations : 
Equiiion  of  62.  Let  us  draw  through  the  centre  of  the  sun,  in 
\ht  orbit,  the  plane  of  the  orbit,  the  rectangular  axes  O  t*  and  O  )/, 
and  conceive  that  the  axis  O  x*  forms  witli  the  right  line 
O  T,  whence  we  estimate  the  angle  r,  an  angle  x*  O  r 
equal  to  the  constant  angle  ti>.  Let  sf  and  y  be  the 
co-ordinates  of  the  planet  as  referred  to  these  new  axes; 
the  radius  vector  will  make  with  the  axis  O  x'  an  angle 
V  —  cif ;  consequently  we  shall  have 

x'  =r  r  C0S'(i'  —  m),  y  :=  r  tin  (r  --  w), 
r  -    ^(r"  -j-y^); 
whence  equation  (6)  will  become 

or,  by  transposing  and  squaring, 
n^ orbit  I,      ^^ u'r  ^bc'x^-c*  ^2c'^  ^(14^-b r). 
-1  toDic  This  equation  belongs  to  the  ellipse,  the  hyperbola, 

i«uwn.       or  parabola,  according  as  the  constant  quantity  b  is 


v/C'^^-i*). 


lastly,  let  9  represent  the  angle  tliai 


the  direction  of  this  velocity  makes  with  the  radius 
vector:  then  V  cos  0  will  be  the  component  of  thai 

I* 

velocity  in  the  line  of  the  radius  vector,  or  V  cos  Q  =  -7-, 

t 
to  which  it  corresponds  at  this  instant. 
From  these  equations  we  readily  deduce 

T    _  Vsina 

p         ft 

And  substituting   these  values   of  r,  — r,   and  -r  in 

our  equations  (5),  they  become 

A=  y -V*,  czzYlsinB. 

From  which  equations  it  appears,  that  the  constant  ^ 
quantity  ^,  will  be  positive,  negative,  or  zero,  according 

as  V  is  less  or  greater  than,  or  equal  to  —  *    It  follows, 

therefore,  that  the  nature  of  the  conic  section  which  the 
particle  or  body  will  describe,  depends  entirely  on  the 
initial  velocity  and  distance,  and  that  it  is  wholly  inde- 
pendent  of  the  dii-ection  of  its  first  projection.  But  the 
angle  H  will  iiiduence  the  dimensions  of  the  curie,  since 
it  enters  into  the  value  of  c;  and  when  that  angle  i^ 
zero  then  c  ^  0,  and  the  trajectory  becomes  a  right 
line,  which  is  the  limit  of  all  the  conic  sections. 

From  obsenalion  it  has  been  ascertained,  that  the 
planets  describe  ellipses,  of  which  the  sun  occupies  one 
of  the  focii ;  and  hence  we  conclude,  that  the  force 
which  solicits  them  towards  the  centre  of  the  sun  varies 
in  the  inverse  ratio  of  the  square  of  their  radii  vectores* 
We  learn  also,  from  smalyiical  investigation,  that  the 
same  accelerating  force,  combined  with  a  proper  pri- 
mitive impulsion,  may  cause  a  material  point  to  de- 
scribe, not  only  an  ellipse,  but  also  an  hyperbola  or 
parabola:  it  is,  therefore,  possible  that  there  are  m 
nature  bodies  revolving  in  orbits  of  the  latter  kini!, 
which  arc  therefore  necessarily  only  once  visible  in  our 
system ;  such  are,  probably,  many  of  the  coiueiary 
orbits. 

64.  Let  us  consider,  in  particular,  the  circumstance* 
of  an  elliptic  motion,  and  determine  for  tliis  case  the 
ordinates  r  and  v  in  functions  of  the  time. 

Eliminating  r  out  of  otir  equations  (5),  we  find 
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iir 


+  *=0; 


(7) 


t^  r«  r 

whence  we  may  immediately  conclude,  that  the  greatest 
and  the  least  value  of  r,  which  obtain  in  the  case  where 


-r  =  0  will  be  given  by  a  quadratic  equation ;  viz. 
t 

If,  theiefcMre,  we  denote  these  values,  as  in  art.  58,  by 
i(l  +  e)  and  a  (1  +e);  their  sum  2  j,  will  be  equal  to 

2ti 
the  co-efficient  — ,  and  their  product  a*  (1  —  O  ^^^^  ^ 

equal  to  the  last  term  — ;  which  identities  give 

hzz  —  and  c*  =:  «  a  (1  —  c*). 

We  shall  arrive  at  the  same  conclusion  by  comparing 
equations  (1)  and  (6);  in  fact  it  is  necessary,  in  order 
that  these  two  equations  of  the  trajectory  may  coincide, 
to  have 

—  =  tf  (1  —  O;  and  -^ =z  t\ 

**  .      .    .  ^ 

ftom  which  it  is  easy  to  deduce  the  preceding  values  of 

ftand  c. 

If  we  substitute  these  values  in  equation  (7),  and 
then  resolve  it  with  reference  to  /,  it  will  become 


rr 


t  := 


y-. 


^  assuming  r  =:  a  (1  —  e  cos  a), 

^  being  a  variable,  the  above  radical  disappears;  for  by 

Ail  means  we  obtain 

r=:  ae  sin^.^;  o'c'  —  (r  —  «)»  =:  o'c'sin'/i; 
and  consequenUy, 

t  =:(l-eco8,i)-—  p. 

Or,  fcNT  the  sake  of  abridging,  if  we  write  -^^  =  if, 

lai  then  take  the  fluents,  we  have 

nt  zz  fi  •—  f  sin/1  +  correction. 
This  equation  gives  the  value  of  /i  in  functions  of  ^, 
ttrf  we  shall  have  afterwards  the  value  of  r  from  the 
cqaation 

r  z=  a(l  —  ccos/i); 
M  finally  the  value  of  v  will  be  given  from  the  eqna- 
^  of  the  trajectory.  The  values  of  r  and  v  being 
4ut  expressed  in  functions  of  the  time,  we  may  thence 
detennine  the  position  of  the  planet  in  its  orbit  at  any 
pvoposed  instant, 
j^  The  eccentricity  of  the  planetary  orbits  is,  in  general, 
^ffrj  tmnXi  fraction,  which  allows  of  our  converting  the 
^fjdiies  of  /I,  r,  and  r,  into  infinite  series,  having  a  con- 
Merable  degree  of  convergency,  arranged  according  to 
tke  ascending  powers  of  e. 

If  we4imit  the  approximation  to  the  first  power,  it 
affl  not  be  necessary  to  employ  the  auxiliary  quantity 
/^  for  the  purpose  of  obtaining  the  values  of  r  and  r  ; 
Aef  may  be  determined  very  simply  as  follows : 

Neglecting  the   square  of  e ,   the  equation  of  the 
elliptic  orbit,  viz.  equation  (1),  gives 

r  =:  «•  {1  —  2e  cos  (x?  —  «)};. 


and  substituting  this  value  in  equation  (2)  it  becomes   Mechanics. 

r*  r  =  c  /  =  /  V  (m  rt  (1  —  f*)).  Vi^N^^w^ 

Or  rejecting  c*,    and  for   the   sake  of  abridging, 

>/  w  , 

wnung ; —  =  n,  we  have 

°  a  »y  a 

•  • 

n  t  :n  {1  —  2  e  cos  (t?  —  w)}  v ; 

whence  by  taking  the  fluents 

n  t  -\-  k  zz  V  —  2  tf  sin  (v  —  ((i>), 
k  being  a  constant  arbitrary,  or  correction. 

For  the  sake  of  simplifying,  we  may  make  the  constant 
quantities  k  and  b>,  each  equal  to  zero,  or  which  amounts 
to  the  same,  we  may  consider  the  angle  v  to  com- 
mence from  the  right  line  O  y,  which  coincides  with 
the  part  OA  of  the  axis  major,  passing  through  the 
perihelion;  and  the  time  t  to  commence  from  the 
mstant  when  the  planet  passes  through  this  point; 
so  that  we  may  have  f  =  0,  and  v  tz  0,  at  the  point  A. 

Ill  this  case  we  shall  have 

r  =  n  t  H-  2  tf  sin  V ; 
consequently,  r  =  n  /,  when  we  neglect  the  quantity  r; 
and,  therefore,  when  we  reject  only  e*,  we  shall  have 

V  =  n  f  +  2  tf  sin  «  /. 
The  corresponditftg  value  of  the  radius  vector  r,  de- 
duced from  the  preceding  expression  for  r*,  is 

r  =:  o  (1  —  tf  cos  n  t). 
And  by  means  of  these  two  equations  we  shall  be  able 
at  any  instant  to  determine  the  position  of  a  planet  in 
its  orbit. 

These  approximations  are  obtained  in  consequence 
of  the  eccentricity  of  the  planetary  orbits  being 
very  small,  and  if  it  were  consistent  with  the  i\a- 
ture  of  this  article,  we  might  show,  that  when  the 
eccentricity  is  very  great,  we  have  then  also  an  easy 
method  of  obtaining  a  first  approximation ;  but  that  all 
medium  values  of  e  would  mvolve  us  in  inextricable 
difficulties  of  computation ;  and  it  is  remarkable,  that 
the  only  celestial  bodies  whose  motions  fall  within  the 
contemplation  of  astronomers,  have  their  orbits  consti- 
tuted under  one  or  the  other  of  these  extremes ;  the 
planets,  as  we  have  seen,  having  their  eccentricities 
very  small,  while  the  comets,  on  the  contrary,  have 
the  eccentricities  very  great.  It  was  this  which  led 
Lagrange  to  observe,  that  "  Nature  seems  to  have  dis- 
posed these  orbits  on  purpose  to  enable  mathematicians 
to  calculate  them :  thus  Uie  eccentricity  of  the  planets 
is  very  small,  and  that  of  the  comets  very  large:  and 
without  this  disparity,,  so  favourable  to  approximations, 
farewell  to  mathematicians-r-it  .would  be  impossible  to 
do  any  thing.** 

65.  In  order  to  represent  the  motion. of  the  planets,  Equation  of 
astronomers  conceive  an.  imaginary  star  to  move  cir-  the  centre, 
cularly  about  the  sun.  in  the  plane  pf  the  orbit;  which 
commences  its  motion  from  the  perihelion  at  the  same 
instant  as  the  planet,  and  of  which  the  angular  distance 
from  this  point  is  always  equal  to  the  first  term  n  ^  of 
the  value  of  r.  The  radius  vector  of  this  imaginary  star 
moves  uniformly,  and  forms  every  instant  with  that  of 
the  planet  an  angle  equal  to  2  tf  sin  n  t.  This  variable 
angle  is  called  the  equation  of  the  centre.  When  the 
angle  v  is  equal  to  two  or  to  four  right  angles,  the  two 
angles  v  and  n  t  are  equal ;  consequently  the  imaginary 
star  will  pass  the  aphelion  and  return  to  the  perihelion 
in  the  same  time  as  the  planet ;  but  in  the  first  half  of 
the  revolution,  the  planet  precedes  the  star;  and  in  th& 
secpnd,  the  star  precedes  tlie  plane  . 
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Mechamcs.      If  we  call  T  the  time  of  one  entire  revolution,  which 

>^^"v^^  is  completed  when  the  angle  nt  is  equal  to  four  right 

angles,  we  shall  have  n  T  z=  2  x,  ir  being  the  semi^cir- 

cumfcrence  of  a  circle  to  radius  1 ;  and  in  replacing  n 

by  its  value. ,  the  above  equation  becomes 

which  agrees  with  our  former  deduction,  art.  60. 
dlStoc^"^  66.  It  appears  from  this  .conclusion,  as  also  from  what 
has  been  stated  in  the  preceding  part  of  this  chapter,  that 
the  periodic  revolution  of  a  planet  depends  on  its  mean 
distance  alone,  and  will  be  the  same  whether  it  de- 
scribe a  circle  or  an  dlipse,  having  any  degree  of  ec- 
centricity whatever;  if,  therefore,  we  conceive  the 
shorter  axis  D.E,  of  the  ellipse  ADBE  (fig.  45),  to  dimi* 
iiish  continually,  the  longer  axis  AB  remaining  the 
same,  then  as  the  extremity  of  the  invariable  line  DC 
moves  from  D  towards  C,  the  extremity  C  will  move 
towards  A,  so  that  when  D  coinoides  with  C,  C  wiU 
coincide  with  A,  and  the  ellipse  wiU  be  transformed  into 
a  straight  line  AB,  the  length  of  which  is  equal  to  2  CD. 
In  all  the  successive  ellipses  formed  by  this  gradual  dimi- 
nution of  CD,  the  periodic  time  remains  unchanged, 
provided  the  force  acting  at  .C  remains  unchanged. 
Just  before  the  perfect  coincidence  of  D  with  C,  the 
elUpse  may  be  conceived  as  indistinguishable  from  the 
right  line  AB ;  and  the  revolution  in  such  ellipse,  in- 
distinguishable from  the  ascent  of  the  body  along  the 
right  line  from  A  to  B,  and  the  subsequent  descent  in 
an  equal  time  from  B  to  A ;  consequently  a  body  soli- 
cited  by  such  a  centre  of  force,  wiU  descend  from  B  to 
A  in  half  the  time  of  the  ravojlution  in  the  ellipse  ADBE, 
and  the  time  of  descending  through  any  distance  DC 
(supposing  the  projectile  force  extinguished)  is  half  the 
periodic  time  of  a  body  revolving  at  half  that  distance 
from  the  sun;  therefore  the  squares  qf  the  times  of' 
/idling  to  the  sun,  or  any  other  centre  qf  force  of  which  tie 
intensity  is  inversely  as  the  square  of  the  distance^  are  as 
tkt  cubes  of  the  distances  from  which  the  bodies  begin  to 
fall,  as  we  have  seen  (artl  26). 

To  find  the  time  of  descent  in  particular  instances, 
•multiply  half  the  periodic  time  by  the  square  root  of 
the  cube  of  ^,  or  by  J  ^/^,  or^  V  2  =  -1767767. 

This  process  gives  us  4  d^  20  h.  for  the  time  of  de- 
scent from  the  Moon  to  th^  Earth; 

Mercury  to  the  Sun 15  d.  13  h. 

Venus dOd.  17  h. 

TheEarth 64  d.  13Jh. 

Mars  121  d.  lOJh. 

Jupiter 765d.  2l|h. 

Saturn 1901  d.  22|h. 

Herschel 6433  d.  17  h. 

And  the  same  rule  will  apply  to  the  descents  of  the 
satellites  of  Jupiter,  Saturn,  6ic.  to  their  respective 
primaries. 

%  XIII.  Of  the  motion  qf  a  material  point  on  a  given  curve. 
Motion  on  67.  When  a  material  point  is  constrained  to  move  on 
a  corte.  a  given  curve  of  double,  or  simple  curvature,  the  re- 
sistance which  the  curve  opp  ses  to  its  motion,  is  equi- 
valent to  a  force  acting  continually  on  the  particle,  in 
a  direction  perpendicular  to  the  tnuectory,  such,  that 
in  adding  to  the  given  forces  in  each  particulcur  case,  a 
new  accelerating  force  to  represent  this  resistance,  w£ 


may  afterwards  make  abstraction  of  the  ewrrtt  and  cOii«-  M< 
sidcr  the  material  point  as  perfectly  free.  ^ 

If  we  resolve  each  of  llie  given  accelerating  forces 
which  act  on  the  particle  into  two  others,  the  one  class 
having  their  direction  coinciding  with  that  of  the  tan* 
gent  to  the  curve,  and  the  others  perpendicular  to  i^ 
the  latter  will  be  destroyed  by  the  resistance  of  the 
curve,  and  the  former  only  will  be  effective. 

The  resultant  of  the  normal  forces,  which  may  be 
denoted  by  P,  will  express  the  pressure  the  given  forces 
exert  upon  the  curve  in  each  of  these  points,  and  the 
resistance  which  counteracts  this  pressure  will  be  aa 
accelerating  force  equal  and  contrary  to  the  force  P. 
This  pressure  P  would  be  the  only  one  the  curve  would 
have  to  support,  if  the  body  were  at  rest ;  but  its  state 
of  motion  gives  rise  to  another  pressure,  proceeding 
from  the  continual  tendency  of  the  body  to  fly  off  in  the 
direction  of  the  tangent  of  the  curve. 

Considering  the  curve  as  a  polygon  m  rn'm^m**,  &c.l)< 
(fig.  46)  of  an  infinite  number  of  sides,  the  angle  tnltif 
formed  by  the  prolongation  of  the  side  mm  with  the 
consecutive  side  ml  nf,  is  called  the  angle  of  contingence, 
which  we  may  denote  by  to ;  the  plane  tm  m"  of  the  two 
elements  of  die  curve  at  this  pomt  is  called  the  oscu- 
latory  plane  of  the  curve  to  the  point  iw'.  When  the 
curve  is  of  double  curvature,  this  plane  varies  from  one 
point  to  another;  but  when  the  curve  is  of  simple  cur* 
vature  the  oscuiatory  plane  is  the  same  as  the  plane  of 
the  curve  itself. 

The  particle  tw,  solicited  by  a  given  force,  receives  a 
primitive  velocity  i',  which  causes  it  to  describe  the 
side  m  ?«',  but  when  it  is  arrived  at  W,  it  will  be  de- 
flected from  that  course  and  pass  over  the  side  m'  mf\ 
and  in  this  passage  will  lose  a  certain  velocity  which  it 
is  necessary  to  determine. 

Let  us  represent  the  velocity  r  by  the  right  line  »vf^ 
and  resolve  vfil  q  into  two  velocities,  the  one  ml »,  in  tte 
direction  of  the  side  m'  m",  and  the  other  n^  i  perpendi* 
cular  to  this  side;  then  we  shall  have  ' 

m' I  =:  m! q^mtm'm"  ,  m' n  zz  m' q cos t m' m" ; 
or,  m' I  zz  rsinui  ,  m'  n  zz  v  cosw. 

The  component  v  sin  hi  being  destroyed  by  the  resistanoe 
of  the  polygon,  the  velocity  r  will  be  reduced  to  v  cos4#; 
consequently  the  velocity  lost,  which  is  equal  to  the 
primitive  velocity  minus  the  actual  velocity,  will  be 
expressed  by 

w* 

V  —  V  cosw,  or  r  (1  —  cos  w)  =  2  r  sm  -^. 

WTien  in  place  of  the  polygon  we  have  a  curve,  the 
angle  t  ml  m"  becomes  indefinitely  small,  in  which  case 

the  velocity  r  (1  —  cosw),  or  2  r  sin  —  is  an  infinitely 

small  quantity  of  the  second  order ;  the  velocity,  thene* 
jfore,  which  is  lost  at  each  infinitely  small  side  of  the 
polygon  being  an  infinitely  small  quantity  of  the  aecoml 
order,  may  be  neglected  with  respect  to  the  veloq^ 
vcosw,  which  is  of  the  first  order;  whence  we  nmy 
conclude,  that  a  body  constrained  to  move  on  a  iQiirvie«  ^ 
will  constantly  preserve  all  the  velocity  impressed  mfosL^m 
it  in  the  first  instant  of  its  motion. 

As  to  the  force  v  sin  w  which  acts  on  the  curve,  aadLJl 
is  destroyed  by  its  resistance,  it  varies  at  each  dement^^ 
because  sinw  is  continually  changing;  we  may  tbevefor^s 
consider  it  as  an  accelerating  force  dieting  onthe  circu— — 
lating  body. 
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icfl.     If,  besidcft  dik  force,  we  had  several  accelerating 

^ibioes  applied  to  the  point  m,  by  resolving  them  in  the 

same  manner,  we  should  obtain  the  general  resultant 

bf  addfaig  all  the  olJier  normal  forces  to  v  sin  a;. 

M       68.  Let  us  conceive  that  at  the  point  m  (fig.  47),  a 

■>  aormal  force  N  is  exerted,  equal  and  directly  opposed 

to  the  resultant  of  these  forces;   then  the  resistance 

opposed  by  the  curve  will  be  equal  to  and  be  mea« 

sued  by  N.     Call  a,  j3,  y  the  angles  which  this  normal 

leoelerating  force  makes  with  three   rectangular  co- 

Ofdinates ;  then  the  components  of  N,  as  referred  to 

&ese  three  axes,  will  be 

N  cosa,  N  cos/J,  N  cosy; 
vliich  must  be  added  to  the  accelerating  forces  X,  Y, 
and  Z  in  the  equation  of  the  motion ;  so  that  we  shall 
hife 


—  =  X  +  N  coso 
-?^  =  Y  +  N  C08/3 


(1) 


viL  =  Z  +  N  cosy 

f 

To  these  equations  we  must  add  two  others,  which 
depend  upon  the  relation  existing  between  the  angles 
f,/J,  y;  viz.  first, 

cos'a  +  cos*/3  +  cos*y  =  0 ; 
nd  secondly, 

cosa  cosa  -f-  cos/3  cos/3'  +  cosy  COSy'  =  0  (2) 
Widi  r^;ard  to  the  latter  wc  may  observe,  that  when 
two  rignt  lines  in  space,  including  between  them  a 
i^t  angle,  form  with  the  co-ordinate  axes  the  andes 
^^,  y  and  a',  jS',  y\  this  equation  necessarily  results ; 
ii  in  the  present  instance  these  two  lines  are  the 
iflmal  and  tangent  to  the  curve ;  the  angles  a,  j3,  y 
Wag  those  formed  by  the  normal,  and  a,  /S',  y  the 
ttdet  formed  by  the  tangent ;  and  therefore  we  have 

cosa*  =:  4-,  cosiy  ==  4-  aad  cosy  =:  -r , 

S  S  9 


« being  the  fluxion  of  the  curve. 

IC  dierefore,  we  substitute  these  values  in  equation  (2), 

ft  ^ifS  become 

•  •  • 

St  y  X 

-7.  cosa  +  ^  cosj3  H r  co»y  =  0- 

'  '  ' 

^ffvaltiplying  equations  (1)  respectively  by  2  x,  25^  and 

^  -ae^  and  taldng  the  sum,  we  obtain 
•  •  •  •  •  • 

S;i.+  2y   ^   +2i4-  =  2(Xi  +  Y;+Zz) 

e  t^  ^ 

-f-  2N(i  cosa  +  y  cos^  -f   z  cosy). 
It  the  latter  member  of  this  equation  is,  from  what 
L  have  teen  above,  equal  to  zero ;  whence,  therefore, 
\  above  becomes  simply 


•  at  •     V  •     Z 

•2*4-  +2^  4  -f  2z    r- 

e  V  t 


=  2(Xx  +  Y5^  +  Zz)r 


the  first  side  is  equal  to  the  fluxion  of 

i*  +  V   H-  i* 

— ,  we  may  write 


Again  we  have  «»  =  Jt*  -f-  3^  -f-  ;^ ;  therefore,  takmg.^^^*^ 
the  fluents 


or. 


^=2y^X;  + Y;+  Zi); 
«*=  2  Ax*  -f  Yy-f  Zz). 


(3) 


If  we  suppose  the  accelerating  forces  X,  Y,  and  Z, 
each  equal  to  zero;  we  have  then 

v*  :=  a  constant  quantity. 

That  is,  a  body  void  of  gravity,  moving  on  a  curve, 
will  preserve,  always,  the  same  velocity ;  which  agrees 
with  our  previous  determination  (art.  67). 

69.  If  we  suppose  the  body  to  have  weight,  then  we  When  the 
shall  have  Z  =  2g,  X  =  0,  and  Y  =  0;  therefore,  P^c»»«» 
equation  (3)  in  this  case  gives  weight 

v"  =  2y*2  ^  i  =  4  5r  z  -f-  C. 

And  if  V  becomes  V,  when  z  =:  0,  then  V  =r  C,  and 
we  obtain 

t«=:4^z  +  V, 
whence  we  deduce 

V-  s/ifigz  +  V«).  (4) 

This  equation  gives  the  velocity  independent  of  the 
relations  which  may  ezist  between  the  co-ordinates  x, 
y,  and  z,  and  is  therefore  the  same,  whatever  may  be 
the  form  of  the  curve.  The  above  equation,  however, 
is  not  sufficient  for  determining  the  time  and  space;  for 

s 
by  substituting  in  the  usual  way  for  r  =  •;-  we  only 
obtain  t 

!-=  >/(4  5rz  +  v«), 

t 


or 


n/  (4:*  -h  .V*  H-  2*) 


=  V4gz  +  V); 


2CXi  +  Yj^  +Zz). 


firom  which  it  is  obvious  no  conclusion  can  be  dtawn ; 
because,  in  order  to  effect  the  integration,  it  is  neces* 
sary  that  by  means  of  the  equations  of  the  curve,  we 
should  be  able  to  reduce  this  equation  to  two  va» 
riables  only ;  for  suppose  the  equations  of  the  curve 
were 

z  =/(*,  y\  and  z  =  ^  {x^y). 

If  by  means  of  these  equations  we  eliminate  two  of 
the  variables  «,  jr,  z,  it  will  still  remain  to  integrate,  or 
find  the  fluents  between  one  of  those  variables  and  f . 

70.  The  velocity  given  by  equation  (4)  being  deter* 
minable,  without  it  being  necessary  to  make  use  of  the 
equations  of  the  curve,  we  may  conclude  as  above 
stated,  that  the  velocity  is  independent  of  the  form  of 
the  curve,  and  that  it  depends  on  the  vertical  z.  Con- 
sequently, if  from  the  point  O  (fig.  48),  where  z  =  0, 
and  r  =  V,  we  draw  arcs  of  curves,  OM,  OM',  0M% 
&c.  which  all  terminate  in  a  horizontal  plane  KL,  all 
the  ordinates  z  of  these  points  being  equal,  it  follows 
that  if  we  send  ofl*  diflerent  bodies  from  the  point  O, 
with  the  same  velocity,  they  will  have  acquired  equal 
velocities  when  they  have  respectively  arrived  at  the 
points  M,  M',  M",  &c.  situated  on  the  horizontal 
plane. 

Whatever  maybe  the  number  of  accelerating  forces, 
when  the  equation  is  integrable,  we  may  always  deter- 
mine V  without  it  being  necessary  to  assign  the  nature 
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Itfedumici.  of  the  curve;  for  if,  after  having  substituted  for  the 
"^^^^^^^  accelerating  forces  X,  Y,  and  Z,  in  the  equation 

the  integral  or  fluent  be  taken,  it  may  be  represented  by 

^/C^-.y,  2); 
that  is,  v^  will  be  some  ftmction  of  x,  y,   and  z,  plus 
correction,  or 

And  if  2/(j,  b,  c)  be  taken  to  denote  this  function  when 
r  =:  0,  we  shall  have  C  =  —  2y*(fl,  ft,  c):  conse- 
quently the  correct  fluent  will  be 

e:=:2/(j,y,z)-2/(fl,6,c): 
an  equation  which  depends  only  upon  the  actual  values 
of  J,  ft,  c,  and  x,  y,  z,  without  any  reference  to  their 
particular  relation. 
Noniul  71.    We  have    seen  that  the   normal  force   N  is 

force.  derived  from  the  components  of  the  accelerating  forces, 

estimated  in  the'  direction  of  the  normal  of  the  curve, 
and  the  normal  force  produced  by  the  velocity.  In 
order  to  compute  this  last  force,  let  fall  the  perpendi- 
culars 0  w,  o  ti'  (fig.  49)  upon  the  middle  of  the  equal 
consecutive  sides  m  m\  m*  m'j  of  the  polygon  supposed 
to  contain  an  infinite  number  of  sides  ;  then  the  angle 
t  m'  m"  formed  by  one  of  the  sides,  and  the  prolongation 
oT  the  other,  will  be  the  angle  which  we  have  denoted 
by  w.  Now  the  angles  n  and  n'  of  the  quadrilateral 
non'tn  being  right  angles,  we  shall  have 

non'  +  nniii  z=,  2  right  angles  :::  tmnP  -^-nwi  n'\ 
therefore 

t m' m"  or  (a -iz  non*  zz  Inom', 
The  angle  n  o  in'  being  indefinitely  small,  we  may  em- 
ploy the  sine  of  the  arc  instead  oi  the  arc  itself;  and  as 

....  J  ,      ni'n  ,      m'n 

this  sme  is  expressed  by  — -, — ,  or  by ,   smce  the 

^  •'mo  '^    no 

right  lines  tn'  a  and  n  o  may  be  considered  as  equal,  we 
shall  find 

2iw'n        mm' 

ta  zz = ; 

no  no 

and  passing  from  the  polygon  to  the  curve,  which  is  its 
limit,  the  side 'm'm  will  become  the  element  of  the 
curve;  and  consequently  the  preceding  equation 
changes  into 


Where  y  denotes  the  radius  of  curvature,  call  0  the 
accelerating  force,  which  is  derived  from  the  normal 
components  of  the  velocity ;  then  as  every  accelerating 
force  is  represented  by  the  fluxion  of  the  velocity 
divided  by  that  of  the  time,  and  as  in  the  present 
instance  the  fluxion  or  element  of  the  velocity  is  v  sinw, 
we  shall  have 

.V  sin  ii; 

And  because  an  infinitely  small  arc  may  be  substituted 
for  its  sine,  this  expression  will  become 

t 

Replacing  now  w  by  its  value,  found  as  above,  we  shall 
have 

^  =  --:,  or0  =  — . 
yt  7 

With  regard  to  the  normal  pressure  resulting  from  the 


other  forces,  we  may  determine  it  by  the  principle  of  M 
the  parallelogram  of  forces.  Suppose,  for  exan^>le,  >4 
the  curve  were  a  plane,  and  that  the  forces  which  are 
applied  to  the  body  act  in  the  |dane  of  the  curve,  we 
may,  in  this  case,  reduce  all  the  forces  to  one  force  R 
directed  in  this  plane ;  and  calling  0  the  angle  which 
this  force  makes  with  the  normal,  we  shall  have  R  cos  B 
for  the  component  of  R  in  the  direction  of  the  normaL 
If  this  force  act  against  the  curve,  it  will  be  in  an  oppo- 

site  direction  to  that  of  the  force — ,  which  presses  the 

material  point  on  the  curve,  or  which  is  the  same  thiiiff, 
which  tends  to  drive  the  body  from  the  centre;  we  shwl 
therefore  have  in  this  case 

N  = Rcosd. 

y 

§  XIV.   Of  the  centrifugal  force, 

72.  When  a  body  revolves  about  a  fixed  centre  C  Ct 
(fig-  50),  and  describes  the  curve  LMK,  it  would,  if  free,  ^**' 
fly  off,  in  consequence  of  its  inertia,  in  the  direction  of 
the  tangent  LT  of  the  curve ;  but  being  retained  by  its 
connection  with  the  fixed  centre  C,  it  will,  instead  of 
taking  the  direction  of  the  tangent,  be  drawn  down  to 
some  point  in  the  curve,  as  for  instance  to  M. 

Now  the  arc  LM  being  supposed  indefinitely  smallf 
the  angle  LCM  will  be  so  likewise,  and  consequent! j 
we  may  consider  the  lines  LC  and  MC  as  parallel.  In 
this  case,  therefore,  we  may  replace  CM  by  a  Hneparalr. 
lei  to  LC,  drawn  through  the  point  M,  that  is  to  say, 
by  MC :  then  the  fixed  centre  may  be  considered  as  if 
it  were  situated  in  C.  The  body  would,  if  free,  have 
in  the  same  time  arrived  at  D ;  LD  being  one  of  the 
sides  of  the  indefinitely  small  parallelogram  LNMD ; 
whereas,  being  retained  by  the  fixed  centre,  it  is  found 
in  M ;  the  effect  of  the  force  which  draws  it  towards  C 
will  therefore  be  measured  by  MD.  On  the  other  hand, 
the  right  line  which  draws  the  body  towards  the  centre, 
will  obviously  experience  a  tension  exactly  equal  to  this 
force ;  and  it  will  consequently  be  also  measured  by  MD. 
This  tension,  or  the  tendency  which  the  body  has  to  fly 
off*  from  the  centre  C,  is  what  we  call  the  centrifygai 
force y  and  is  equal  and  directly  opposed  to  that  which 
solicits  it  towards  the  centre,  which  is  denominated 
the  centripetal  force. 

It  follows,  therefore,  from  what  has  been  shown  in 

the  preceding    chapter,    that  the   centrifugal  force   is 

equivalent  to  what  we  have  there  denoted  by  the  ex- 

t'*  .  . 

pression  — ,  X  denoting  the  radms  of  curvature. 

73.  In  order  to  determine  by  a  direct  process  .the 
expression  for  the  centrifugal  force,  we  may  replace 
the  infinitely  small  arc,  by  the  chord  of  the  osculating 
circle  to  the  point  L  (fig.  61 ),  and  the  effect  of  the  cen- 
trifugal force  by  the  versed  sine  LN. 

Tlien,  from  the  property  of  the  circle,  we  have 

where  s  denotes  the  fluxion  of  the  arc,  and  y  as  before 
the  radius  of  curvature,  or  the  radius  of  the  circle  LOE; 
or,  if  instead  of*,  wc  substitute  its  equal  i?/,  we  obtain 

LN  =  ^.  (1) 

Let  us  endeavour  now  to  obtain  another  expression 
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u  hfVtf,  ty  eoftsldering,  thai  while  the  body  moves  over 

■^  die  space  Sy  that  is  in  the  time  t,  it  would  by  the  constant 

ictioa  of  ihe  centripetal  force,  which  we  may  denote 

hjf^  have  described  the  line  LN ;  this,  therefore,  gives 

HB,  by  substituting/  or  2  g,  art.  (4)  equation  (8), 

LN  =  if?; 
^poaeqaently 

1*1  or  denoting  the  radius  of  the  circle  by  R,  that  is,  sup* 
^   posing  the  body  to  revolve  in  ai  circle,  we  shall  have 

•^  -    R- 

Let  Jl  be  the  height  due  to  the  velocity  r,  and  we 
obtain  from  (art.  8) 

t*  =  4gA; 
and  eliminating  r*  by  means  of  this  equation  and  the 
preceding,  we  obtain 

/-?i  (2) 

!Riis  shows  that  the  centrifugal  force  is  to  gravity  as 
.double  the  height  due  to  the  velocity  is  to  the  radius 
of  the  circle  described  by  the  body,  which  corresponds 
with  the  comprehensive  proposition  first  given  by  the 
iltiquis  de  V  H6pital,  viz. 

t  Jindfrom  what  height  a  body  must  have  fallen  to 
jKfmre  the  velocity  in  the  circle ;  then  as  the  radius  of  the 
6tdt  u  to  double  that  height,  so  is  the  weight  of  the  body 
hits  centrifugalforce, 

''  74.  if  a  semicircle  EAF  (fig.  52)  revolve  about  its 
Amieter  £F  =  2  R,  the  point  A,  the  middle  of  the 
m  iAFf  will  describe  a  circumference  equal  to  2  ir  R, 
Md  aupposing  this  motion  of  the  point  A  is  uniform, 
od  performed  in  the  time  T;  and  if  we  denote  the 
wlocatj  by  t^  we  shall  have 

r  T  z=  2  IT  R, 
m1  eliminating  v  by  means  of  equation  (1),  it  becomes 
._.  4t'R 

/  —      'p    • 

In  a  similar  manner,  if  we  denote  by/'  the  centrifugal 
fcrcc  due  to  the  rotation  of  another  body  in  a  circum- 
ference whose  radius  is  R',  and  calling  T  the  time, 
le  shall  have 

_  4ir«R'. 
J     *"*       .  qva       » 


(3) 


ooBsequently 

J     •J       .  •     fJH    •    IJVi  • 

*Wlicncc  it  follows,  that  when  the  radii  R,  R'  are  equal, 
^Gentrifugal  forces  are  inversely  as  the  squares  of 
^  times,  and  when  the  times  are  the  same,  the 
Wriftigal  forces  are  directly  as  the  radii. 
_  ':  '5.  Ib  order  to  compute  the  centrifugal  force  at  the 
1^  *eejuator,  it  is  only  necessary  to  substitute  for  T  the  time 
w  onfe  revolution,  viz.  T  =  86164  seconds,  and  for  R 
4e  equatorial  radius  of  the  earth  =  20921185  feet,  and 
'^  3*14159'  which  gives 

.       4  X  314159*  X  20921185  _    ,„oo/:o 
^  = 861645 -11 1-2^59, 

4eiccntrifugal  force  at  the  equator.     Now  the  actual 
fcrcc  of  gravity  at  the  equator,  as  determined  by  the 
jfiWB  of  pendulums  and  falling  bodies,  is 
32:088 18^  and  consequently  if  the  earth  were  at 
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fest,  we   should  have  for  the  actual   force   at  the  Mechnnlcf. 
equator,  ^^f*v^^^ 

32-08818  4-  '1112259  =  32-1994059; 
whence  the  centrifugal  force  at  the  equator  is  to  the 
actual  force  of  gravity  as 

•1112259  :  321994059;  or  as  1  :  289  nearly. 

It  appears  from  the  preceding  computation,  that  the 
fraction  -^  which  enters  into  all  our  investigations 
relative  to  the  figure  of  the  earth  depends  upon  a  due 
estimation  of  the  equitorial  radius  of  the  earth,  and  the 
force  of  gravity  at  the  equator,  which  data  are  only 
determinable  from  experiments;  viz.  the  first,  by 
measuring  an  arc  of  the  meridian  in  those  regions,  and 
the  other,  by  observations  on  the  vibration  of  pendu* 
lums :  it  is  singular,  therefore,  that  such  experiments 
and  observations  have  not  been  attended  to  during 
the  great  progress  that  physical  astronomy  has  been 
makmg  of  late  years ;  the  preceding  ratio  of  1  :  289  so 
generally  assumed,  depending  upon  measurements 
made  in  the  year  1744,  since  which  time  a  degree  of 
accuracy  has  been  introduced  in  those  operations  un- 
known in  the  time  above  referred  to. 

76.  In  order  to  compute  the  diminution  of  gravity  Centrifugal 
as  arising  from  the  centrifugal  force  in  any  other  point  ^^J^  *" 
than  in  the  equator,  we  must  compute  the  centrifugal  i^ti^Idcl 
force  in  the  direction  of  the  vertical  BZ  (fig.  52)  drawn 
through  the  point  B,  which  we  have  to  consider.     If 
•we  consider  the  earth  as  a  perfect  sphere,  then  the 
latitude  of  the  point  B,  being  represented  by  the  arc 
AB,  will  be  measured  by  the  angle 

BOA  =  ZBC  z=  >//. 

Let  us  denote  by  R  the  radius  AO  of  the  earthy 
and  R',  the  radius  BD  of  the  parallel  which  passes 
through  B,  and  we  shall  have 

R'  =  Rcos)//; 
whence  the  centrifugal  force  of  the  point  B,  in  the 
direction  of  BC,  will  be 

^  ^  4  ir*  R  cos  \l/ 

J      r^A  9 

and  resolving  this  force  according  to  the  vei^cal  BZ  Uk 
which  it  is  to  be  estimated,  we  shall  have 
,       4  7r»  R  cos  i[^      4  IT*  R 

1 :  cos ;// :: ^^ — ^  :     ^     cos*  ^; 

whence  it  follows,  tliat  the  centrifugal  force  at  the 
equator  is  to  the  same  in  any  proposed  latitude,  estimated 
according  to  the  vertical  ai  that  place,  as  radius  to  the 
square  ^the  cosine  of  the  latitude. 

It  will  be  observed,  that  this  result  is  obtained  upon 
the  hypothesis  of  the  earth  bemg  a  perfect  sphere,  and 
consequently,  that  it  will  require  a  certain  modification, 
or  rather  to  be  determined  upon  other  priilciples,  when 
we  consider  the  earth,  as  it  really  is,  an  oblate  spheroid ; 
but  this  investigation  would  carry  us  too  far  in  the 
present  article;  we  shall,  however,  have  reference 
again  to  this  question  in  our  treatise  on  physical 
astronomy. 

We  shall  conclude  this  chapter  by  the  solution  of 
the  following 

Problem. 

77.  Required  the  time  of  the  diurnal  revolution  of  the  ptohltssu 
earth,  such,  that  the  centrifugal  force  at  the  equator  nuof 
be  equal  to  the  force  of  gravity. 

It  is  only  necessary  here  to  substitute  in  the  equation 

/=  -^,  -,orr  =  2r^  j; 
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MtOaaicfl.  for/,  the  giTcn  Tftlue  of  gmrity  ==  3d«19949  and  for  R 
'  its  value  =  20921185,  and  ir  =  3-14159,  wliich  will 
obviously  ^ive  the  numerical  value  of  T.     But  it  will 
be  more  easy  to  refer  to  our  equadon  or  analogy  (3) ;  viz, 

i  *  i     •  •    —  •  — • 

in  this  ca«e  R  and  R'  are  equal  to  each  other,  we  have, 
therefore, 

/:/::  r* :  T; 

also  by  the  supposition  f  zz  289/,  we  have 
1  :  289  ::  T'  :  T; 


0^^=^^^=    -. 


Whence  it  appears,  that  if  the  velocity  of  rotation  of 
the  earth  were  seventeen  times  greater  than  it  is,  or  the 
time  of  one  rotation  seventeen  times  less,  the  centrifu- 
gal force  would  be  equal  to  gravity,  and  bodies  placed 
at  the  equator,  would  appear  to  be  without  weight; 
and  if  a  greater  velocity  were  impressed  upon  the  earth, 
aU  bodies  would  be  thrown  from  its  surfiEice;  and 
projected  into  space. 

§  XV.  On  the  oscillation  of  pendulums. 

Pendulums.  78.  Pendulums  are  either  simple  or  compound;  a 
simple  pendulum  is  conceived  to  be  a  matenal  point, 
attachca  to  an  inflexible  I'mCy  without  weight,  having 
its  other  extremity  fixed  to  an  immoveable  point, 
called  the  centre  of  suspension,  upon  which  the  pendu- 
lum oscillates. 

The  compound  pendulum  is  any  material  body,  or 
several  material  bodies  connected  with  each  oUier, 
and  supposed  to  vibrate  about  a  certain  fixed  point,  or 
centre  of  suspension.  At  present,  however,  we  pro- 
pose only  to  treat  of  the  simple  pendulum,  in  circular 
arcs,  in  cycloids,  &c. 

When  a  pendulum  vibrates  in  the  arc  of  a  circle,  it  is, 
as  we  have  seen  above,  called  a  simple  pendulum ;  when 
in  a  cycloid,  a  cytloidal  pendulum;  and  if,  instead  of 
vibrating  in  a  plane,  as  supposed  in  what  is  statc^d 
above,  it  is  made  to  move  in,  or  its  lower  point  to 
describe  a  circle,  whereby  the  pendulum  itself  describes 
a  conical  surface ;  it  is  called  a  conical  pendulum.  We 
propose  to  examine  the  conditions  of  motion  in  each  of 
these. 

Velocity.  79.  Of  the  oscillation  of  simple  pend^dums  in  circular 

arcs.  We  have  seen  (article  70)  that  the  velocity  of 
a  heavy  body  in  a  curve,  is  wholly  independent  of  the 
form  of  the  curve ;  and  that  bodies  departing  from  O 
(fig.  48),  with  the  same  velocity  down  Uie  several 
curves  OM,  OM',  0M%  will  all  also  have  the  same 
velocity  when  they  arrive  at  the  horizontal  plane  KL ; 
and  if,  therefore,  we  suppose  one  of  those  curves,  as 
OM,  to  become  a  vertical  right  line,  and  the  velocity  at 
O  =:  0,  it  will  then  be  obvious  that  the  velocity  in  each 
of  those  curves  at  the  points  M,  M',  M",  &c.  will  be 
the  same  as  that  acquired  by  a  heavy  body  in  fallmg 
through  the  vertical  OM ;  and  this  is  universal  for  all 
bodies  moving  along  curves,  or  any  inclined  planes ; 
viz.  that  the  velocity  acquired  by  a  body  in  descending 
from  rest  down  any  curve,  is  the  same  as  that 
acquired  by  a  body  in  Mling  down  the  same  vertical 
height. 

This  being  established,  let  a  body  be  supposed  to 
descend  from  rest  through  an  arc  MZ  {Bg.  53)  of  any 
curve  CZ  m,  it  will,  from  the  velocity  acquired  at  its 


lowest  point,  tbstncSaag  flroftn  the  efieeta  of  fitctieii,  m 
resistance,  &c.  ascend  up  the  opposite  branch  Z  m,  tQl  v^ 
it  arrives  at  the  point  m,  whose  distance  bom,  the 
horizontal  line  AX,  is  equal  to  MP,  the  distance  of  the 
point  M  from  the  same ;  which  is  true,  even  if  the 
branches  of  the  curve  are  not  symmetrical,  and  if  they 
are  symmetrical,  the  time  in  the  two  branches  will  be 
equal.      Having  at  the  point  m  lost  all  its  motioli,  it 
will  begin  to  descend  again  through  m  Z,  and  at  Z  will 
have  acquired  a  velocity  such  as  will  cause  it  to  rise  to 
the  point  M,  where  its  motion  first  commencedi  and  ' 
where  it  will  be  again  in  a  state  of  quiescence;  and 
whence    it   will   move   a  second  time   over  the    arc 
MZ7/},    and  back   again  through  mZM;  and   so  on 
continually. 

These  motions  will  obtain  the  same,  whether  the  body 
run  over  a  curve  surface  in  consequence  of  the  joint  ef- 
fect of  gravity  and  the  re-action  of  the  curve  surface,  or 
whether  it  be  made  to  describe  the  curve  in  consequence 
of  being  suspended  by  a  line  CM,  whose  centre  is  fixed. 
If  we  suppose  the  thread  to  be  inextensible,  and  without 
weight,  and  the  point  M  (fig.  54)  to  be  a  heavy  materia) 
particle,  the  system,  as  we  have  seen,  is  called  a  simple 
pendulum ;  the  motion  of  such  a  pendulum  in  one  di- 
rection from  a  state  of  rest  till  it  begins  to  return  in  the 
opposite  direction,  is  called  a  vibration  or  oscillation^  and 
the  time  employed  in  one  such  motion,  the  time  of 
vibration  or  oscillation :  as  in  the  case  we  have  now 
supposed,  the  two  branches  of  the  curve  are  symme- 
trical, the  time  of  one  entire  vibration  is  obvioualy 
equal  to  double  the  time  the  body  employs  in  descending 
down  the  arc  MA. 

80.  In  order  now  to  determine  the  time  of  oscillatiipii  n 
in  any  circular  arc,  let  MAm,  (fig.  54)  be  the  proposed  en 
arc,  and  let  the  radius  or  length  of  the  ^nduhtm  CM 
z=  /,  A  E  =  A,  A;>  =  ar,  p o  =  y,  the  vanable  arc  ='il^ 
the  accelerating  force  of  gravity  equal  2  g ;  then  the 
velocity  due  to  the  height  E;>,  or  the  velocity  acquired 
by  falling  through  M  o,  will  be 

V  =  2  ^{g{b  ^  x))i 

but  r  =z  -7-;  whence 
i 

t 


or 


t     = 


2^{g(b^x)) 

Now  we  know  from  the  principles  of  fiuxions  that  x 
being  the  absciss  in  a  circle,  or  x  =  Ap^of  which  the 
radius  is  /,  we  have 

.  _  -  li 

*   ^  ^/(2/Jr  —  a^' 

which  is  taken  negatively,  because  the  arc  diminisheaa 
as  the  time  augments ;  whence,  by  substitution, 

-  I'x 


or 


2^{{2lx^x^g{b-^x)} 

-.;  I 


^{bx-^x')     "^    2^{2lg^gTy 


's/l 


('-f,) 


-i 


'   =57ri^''-^''      ^ 


—  X 


V(A«-«0 


mechanics: 


m 


N«-b,«p«»i«»(i-f,r4 


l+if/ 


2/  .' 


1-3 
2-4 


4f 


vlieaoe 
47+*") 


v^C**-*") 


1-3-5  *•    .   , 
2:^6  8?  +  *"' 


In  order  now  to  determine  ty  or  the  time  of  descent 
fam  H  to  A,  we  must  find  the  fluent  of  each  term  in 
die  seriety  m  Buch  a  manner  that  they  ma^r  vanish  when 
*  =:  6.     Now  we  see  at  once  that  the  variable  factor  of 

oA  term  of  this  series  will  be  of  the  form ' 
tkat  is»  these  fiu^tors  will  be 


V(6j?  —  x»)* 


^a^x 


&c. 


Vhence  it  appears  that  taking  w  ;  1  the  ratio  of  c,  the 
ciltnmference  of  a  circle  to  its  diameter^  the  fluents  of 
adi  of  die  terms  taken  between  x  zz  Oy  and  a:  =  6,  are 


b 


2-4 


Bibftitatnig  these  values  in  that  of  t^  it  will  become 
yl       /        1*     6        l*-3«     ^ 

'=i»V^olX  ^l-l-  57-2!  +    2NF'  4?  + 

Tkis,  therefore,  is  the  time  employed  by  the  body  in 
jrm^pir^**g  firoBL  M  to  A :  bui  with  the  velocity  ac- 
mni  at-Ay  the  body  would  (oooeed  ak>Bg  the  equal 
meh  A  m  of  the  curve^  aad  would  have  iU  Telocity 
MagniBhed  at  m  after  a  time  from  A,  equal  to  the 
iM  of  descent,  from  M  to  A ;  consequently  the  tone  of 
ttnplete  osdllation  will  be  double;  that  is» 

V^2^^\    "''^••2/  ■*■   2'-4«*2''-4--e»8^"*' 
dec.] 

"The  relation  of  —  or  ■     ■  •  expresses  the  v^sed  sine 

o^   sn  arc  of  the  same  angular  value  as  AM,  having 
dins  =  1. 

-And  as  the  versed  sine  of  small  angles  is  very  small> 
■!  series. 

■*■  2«  2/  "*"   2'-4»  4/«  ^  2»-4'-6*  'S/*  '^ 

eoaverge  very  rapidly. 
-So  that  in  almost  every  case  the  two  first  terms  will 
HEce^  or  we  shall  have  xtry  nearly 

'='\/'2i''0  +  f/)' 

the  times  of  vibrations  in  different  small  arcs 

at  8  /  +  6,  or  as  8  times  the  radius  plus  the  versed 

of  the  arc.    Or,  when  the  arc  is  verv  small,  b  being 

abo  very  small  in  oomparison  with  /  may  be  ne- 

%  and  we  shall  have  lor  the  duration  of  di^  o(i« 


qoMility  6  does  not  filler  wla  this  vri«e*of^:  ceo-   WheaeeYrY 


aequently  when  the  vibratiooa  are  made  through  very  Mechanici' 
small  arcs  their  duration  may  be  considered  as  not^"**^*^' 
depending  on  the  magnitude  of  the  arc ;  and  the  oscil- 
latiens  may  be  regarded  as  isochronal. 

81.  To  determine  the  numerical  error  which  may  Errors  in 
arise  by  assuming  the  isochrOnism  of  the  vibrations  in  pendolumf. 
small  arcs,  let  ud  suppose  the  arc  MA  ==  5^ ;  the 

time  of  the  oscillation  of  a  seconds  pendulum  would 
be  expressed  by 

*=l  =  ,r^2^,or/=^5  (J) 

on  the  supposition  of  the  arc  being  extremely  small,  6r 
which  amounts  to  the  same^  rejecting  all  the  terms  of 
the  series  except  the  first. 

The  versed  sine  of  6®  tz  •0038053  =  ^;  and 
therefore  -37  .  o*/  =  "0004757. 

2         ml 

Ai  to  the  third  term,  it  is  lets  than  -OOOOOOl.  We 
have,  therefore,  for.  the  time  employed  by  the  pendulum 
in  moving  through  an  arc  of  twice  5°,  1  x  (I  + 
'0004757),  and  the  time  of  oscillating  throngfa  an  arc  of 
10^,  differs  not  from  an  oscillation  in  an  infimtelyllaiall 
arc  more  than  -0004757. 

This  multiplied  into  86400,  the  seconds  in  24  hours, 
gives  nearly  41-1  seconds.  So  that  a  pendulum  of  the 
same  lengUi  as  that  which  vibrates  seconds  throurh  an 
infinitely  small  arc,  would  lose  41-1  seconds  per  day  if 
it  described  arcs  of  SP  degrees  on  each  side  the  vertical 
CA. 

If  the  arcs  described  on  each  side  of  the  vertical  were 
only  1^,  of  which  the  versed  sine  is  -0001523,  it  would 
be  found  by  a  similar  process  that  the  daily  retardation 
would  be  about  If  seconds ;  and  4  a  degree  on  each 
side  it  would  be  about  |  of  a  second. 

Or,  if  p  denote  the  degrees  the  pendulum  describes 
on  each  side  of  the  vertical,  the  time  it  would  be  retarded 

D' 

in  a  second^  would  be  nearly  expressed  by  ■    ■  ■     ,  and 

consequently  the  time  lost  in  24  hours  woidd  be 
D* 
24  X  60  X  60  X     ■,,,^    =  f  D*  nearly. 

In  hke  manner  the  time  lost  in  24  hours  by  describing  i 
degrees  on  each  side  of  the  vertical  would  be  |^  2*  nearly. 
Consequently,  if  a  seconds  pendulum  keep  true  time 
in  one  of  these  arcs,  the  seconds  lost  or  gamed  per  day 
by  vibrating  in  the  other  will  be 

Thus,  for  example,  if  a  seconds  nenduhim  measure 
true  time  in  an  arc  of  3^  on  each  side  of  the  vertical,  it 
will  lose  1 14  seconds  per  day  by  vibrating  through  4^ 
on  each  side,  and  nearly  45  seconds  per  day  by  de« 
scribing  6°  on  each  side. 

Thus,  then,  it  appears  that  the  vibmdons  in  very 
Small  circular  arcs  may  be  regarded  as  sensibly  iso- 
chronal ;  and  whenever  great  accuracy  is  required,  the 
necessary  correction  may  be  easily  supplied  as  above. 

82.  From  our  equation  (1)  we  readily  deduce  the  Oenenl 
following  consequences;   viz.  let  /  and  f  denote  two  deductioni. 
pendulums,  and  t  and  f  the  times  of  vibration ;  then 
nrom  the  equation  above  referred  to,  we  have 


=  '-v/§^»nd/'  =  ,^l. 
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Mptii;*uUa,      That  if,  tht  tmm  <f%Utr4i(jo 
*  m  the  Sfiimre  roott  of  t/iar  kit, 


riit  peudttlums  arc 

„,  . ,,._,.._„.-  „,   ^  I  nciprocalltf^  the 

J^P^iJr  number  of'  xibratlom  tnwk  %  diffennt  pendulums  in  the 
'  same  time  ^  arc  ini  cruel  tj  a»  the  nquare  roota  of  their  Icngth^f; 
for  the  numbers  of*  itbrattons  in  a  given  time  are  reciprucathf 
an  (he  duration  of  each  *  Therefore  the  leng^th  ofany  pendu- 
lum and  its  time  ot  vibration  being  given,  the  time  iu 
which  any  other  pendulum  will  vibrate,  may  be  easily 
deternuned;  or  the  time  bein^  given,  the  length  may 
be  foniid. 

Ai^in,  we  have  seen,  in  treating  of  the  laws  of  falUng 
bodies,  that  ^  ^,  denoting  any  space,  the  lime  of  falUn^ 

through  it  from  rest  will  be  t  =  \X    —^  —  * 

whereas  the  time  of  a  penduhmi  vibrating,  whose  length 


is  St  Will  be  t 


=  '^/f.- 


2g 
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Therefore  the  time  of  ribrathg  is  to  the  time  of  falling 
freelt/  through  half  the  length  of  the  pcndtttnm^  as  3"  141 59, 
&c,  I  \  ;  or  as  the' ciren inference  of  a  circie  to  its  dia* 
meter  ;  the  force  of  gravittf  Bring  the  same.  If  only  the 
intensity  of  eravity  changes,  the  times  of  vibration  of  tlie 
same  pendulum,  or  of  pendulutns  of  the  same  lengths, 
will  be  reciprocally  as  the  square  roots  of  llje  numbers 
expressing  the  gravititting  force. 

Let  us  illustntte  these  conclusions  by  a  few  examples, 

L  Suppose  that  it  had  been  ascertained  by  experiment 
that  a  heavy  body,  in  one  second,  in  the  latitude  of 
London,  falls  throiitrh  16-jV  feet;  to  lind  the  lenqjth  of 
a  pendnlum  intiie  same  latitude  vibratinof  seconds: 

Here  we  have  g  =  IO^\t  ;  whence,  since 

^  =  1  =  .yi, 

we  obtain  also 

-  ^  -     32i.         _  _m 

3- 14 159'  •'       ~ 


7r^ 


=:   39^  inches. 


2.  Agiiin,  if  the  length  of  the  second*  pendulum  were 
given  rz  29^  inches ;  to  find  g,  or  the  spiice  ihroni^'h 
which  a  heavy  body  fails  iu  a  second,  we  should  have 

-^—=:  I,  or  ^  =  ^  /tt'  =  W^\  feet. 

3.  The  length  of  a  seconds  pendulum  bein^  g^iven 
^  39 j^  inches;  retiuired  the  lenojth  of  a  peiidulum,  which 
Vibrates  once  in  a  qitartcr  of  a  second,  once  in  hatf  bl 
second,  and  once  in  txi^f  seconds : 

Since  the  time  is  as  the  sqiiarc  root  of  the  length,  or 
the  length  as  the  square  of  the  time*  we  have 

1  ;  {if  ::  <^H  ;  ^-^'^  inches  :^  {  seconds, 
I  ;  W  : ;  394  :  95^'  '  incht*  =  |  seconds, 
1:2*::   39 J   :    15f3|      inches  =;  2  seconds. 

4.  Wliat  is  the  lene:th  of  that  pendulum  which  vi- 
brates as  often  in  a  minute  as  it  has  inelies  in  hngth  ? 

Put  X  for  the  length  of  the  penduhini,  and  which, 
therefore,  will  also  be  the  number  of  vibrations  per 
minute* 

Since  the  number  of  vibrations  in  a  ^iven  time  are 
reciprocally  as  the  square  roots  of  the  lengths,  we  have 

V  J  :  ^/39i  ::  60  :  r. 

Whence  r*  =  39j.  x  60»,  or 

X  =  V  (39^  X  60^  :=  52-03  inches, 

Httuui't  83*  It  is  very  difficult  to  ascenain  the  length  of  a 

pendulum,  seconds^  or  any  other  pendulum^  from  actual  experi- 


out 


ments,  t)  computations  being  all  made  upotti 
supposiivo^^  of  a  perfectly  inflexible  line  void  of  gri^ 
having  a  Vnatedal  particle  attached  to  it,  which 
weight  but  no  sensible  dimensions;  circumstances  i 
it  is  impossible  can  be  found  to  obtain  in  practice^ 
which  account  the  following-  method  was  propoi 
Mr,  liatton,  and  afterwards  executed  by  Whiteh 
Tins  consisted  in  the  application  of  a  moveable 
of  suspension  to  the  same  pendnhmi;  which  thus 
the  absolute  effect  of  two  pendulunis,  the  dilierea 
whose  length  is  known,  being  the  internal  betweei 
points  of  suspension  in  the  two  cases  ;  and  the  rat 
their  lengths  is  also  known  by  observing  the  numb 
vibrations  performed  by  each  in  a  given  time.  Wl 
there  being  two  equations  and  two  unknown  quant 
the  actual  lengths  of  the  pendulums  are  easily  ded| 
Thus  we  shall  have 

/:/'::  »''  :  «', 

and  /  —  /  r:  t/, 

d  being  the  measured  distance  between  the  poinl 
s  uspcnsion ;  conseque  n  tly 


dn"  ^.  dn" 

--——-,  and  f  =  -7— — 


84 .  OfsimpkpenduhfmsTibrutwg  in  cffcloidai  arcs. — I 
our  object  in  this  article  is  to  treat  of  the  niechs 
properties  of  the  cycloid,  we  shall  not  ent£T  into  a] 
vesligation  and  demonstration  of  the  geometrical 
|.>erties  of  this  curve,  that  being  a  subject  which  beh 
to  another  department  of  this  work;  and  shall  the 
merely  sliovv  the  principle  of  its  generation,  and 
merute  such  of  its  properties  as  appertain  to  the 
at  present  under  consideratron. 

If  the  circumference  of  a  circle  be  rolled  along  a 
line,  till  any  point  A  (fig.  55)  of  that  circumfert 
which  was  in  contact  with  the  line,  comes  in  col 
with  it  again,  that  point  A  will  describe  a 
AGACA,  which  is  called  ^  ci/ctotd ;  the  line  A B^ 
which  the  circle  rolls,  is  the  base  of  the  cycloid 
the  diameter  BA  of  thru  circle,  which  is  poqu-ndi 
to  the  base  wIr^u  the  circle  touches  its  middle  poll 
the  f/j/A  of  the  cycloid;  and  the  circle  which  rolls 
the  hue  is  called  the  gemntting  circle, 

85,  Tlic  principid  geometrical  properties  of  tins  * 
as  appertaining  to  our  present  enquiry,  may  bel 
merated  as  follow  : 

If  the  generating  or  revolving  circle  be  placed  h 
middle  of  the  cycloid,  its  diameter  coincicling  w*i 
diameter  AB,  and  from  any  point  there  be  draw; 
tangent  CF,thf  ordinate  CDE  peqjeadicular  to  the' 
and  the  diord  of  the  circle  AD  ;  then  we  shall  hi 

L  The  right  line  CD  =  circular  arc  AD; 

2,  The  cycloidal  arc  AC  ^  double  the  chord  A 

3,  The  semi-cycloid  ACA  ^  double  the  diametei 
and, 

4,  The  tangent  CF  is  parallel  to  the  chord  AD*,, 

5,  The  involute  of  a  serai-cycloid  AOU  (tig,  51 
an  equal  semi-cycloid  UPV,   in  an  opposite  direi 
the  extremity  of  the  base  of  the  latter  being  in 
with  the  vertex  of  the  former. 

S(i.  On  the  latter  of  these  properties  depends 
method  of  making  a  pendulum  vibrate  in  the  arc  ol 
cune.  Thus,  proiluce  the  axis  VN,  till  VA  =  2 
through  A  draw  a  line  AC  parallel  to  UW,  and  z=  ^1 
on  AC,  as  a  semi-base,  and  with  the  axis  CU  des 
a  semi-cycloid  AOU ;  and  in  like  manner  describe 
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db^-  thcT  semi-cycloid  AW,  turned  the  contrary  way ;  then 
-^^ «  «triii^,  perfectly  flexible,  whose  length  is  AOU,  or 
AY,  b^g  fixed  by  one  end  at  A,  and  by  its  motion 
commg  gradually  into  contact  with  one  or  other  of  the 
cvcloidal  cheeks  AOU,  AW,  will  describe  the  cycloid 
iJVW  by  its  other  extremity. 
^        In  order  to  find  the  time  of  a  pendulum  vibrating  in 
""■    the  arc  of  a  cycloid,  let  UVW  (fig.  56)  represent  the 
cirre;  then,  from  the  properties  above  enumerated,  we 
li^ve  VN  =  NA,  and  AOU  =z  AW  =  AV  z=  ^  UVW. 
The  accelerating  force  in  any  point  T  is  the  same  as  if 
the  body  were  j^aced  upon  the  tangent  T  t,  or  VQ,  to 
which  T  f  it  parallel     And  by  the  property  of  the  in- 
dined  plane,  the  accelerating  force  on  the  tangent  T  t 
Of  on  QV  is  to  the  force  of  gravity  as  TG  :  Tt;  and 
becaose    the    triangles  T^u  and  NVQ  are  similar, 

TG  :  T^::  VQ  :  VN. 

In  like  manner,  if  any  other  point  S  in  the  cycloid  be 
Uken,  we  shall  have  the  accelerating  force  in  S  to  the 
fcrce  of  gravity,  as  RV  ;  VN ;  that  is,  the  accelerating 
force  in  any  point  of  the  cycloid  is  always  proportional 
to  the  corresponding  chord  in  the  circle  NRV ;  or,  since 
every  arc  of  the  cycloid  TV,  SV,  &c.  is  always  double 
the  corresponding  chord  of  the  circle^  it  follows  that 
toe  accelerating  force  in  every  point  of  the  curve  is  pro- 
portional to  the  cycloidal  arc  between  that  point  and 
the  lowest  point  V ;  that  is,  the  accelerating  force  con- 
timially  varies  directly  as  the  distance  or  arc  the  body 
hn  to  describe.     This  problem  is  therefore  analogous 
to  that  investigated  (art  28),  where  we  determined  the 
.     eireamstances  attending  the  motion  of  a  body  attracted 
bj  a  force  which  varies  directly  as  the  distance  from 
loe  centre  of  force ;  consequently,  in  this  case  as  well 
W  tliat,  the  times  of  descent  from  any  points  on  the  arc 
vlwre  the  body  begins  to  move  from  quiescence  to  the 
jopef  t  point  V,  are  equal ;  and  as  equal  forces,  acting 
m  opposite  directions,  will  destroy  equal  quantities  of 
iintion  in  equal  times,  the  time  of  ascent  from  V  along 
the  other  branch  of  the  curvey.will  all  be  equal  likewise. 
Jiemct  ike  times  of  oscillation  in  a  ct/cloid^  whether  through 
great  or  small  arcs,  are  equal ;  uhich  in  what  is  to  be  un- 
deniood  by  the  isochronisvi  of  the  cycloidal  penduhtm. 

We  have  seen  (art.  82)  that  the  time  in  which  a  pen- 
dolam  vibrates  in  an  indefinitely  small  arc  of  a  circle, 
is  to  the  time  in  which  a  body  would  fall  freely  through 
lialf  the  length  of  the  pendulum,  as  the  circumference 
of  a  circle  to-  its  diameter ;  and  s'mce  an  indefinitely 
small  arc  of  a  cycloid,  at  its  vertex,  coincides  with  a 
cinmlar  axe,  whose  radius  is  equal  to  the  length  of  the 
p^adulumyOr  double  the  axis;  tlierefore  the  same  ratio 
obtains  for  the  time  of  vibrating  in  infinitely  small  cy- 
eloidal  arcs.  -  But-  all  arcs  in  a  cycloid,  whether'  great 
or  smally  are  performed  in  the  same  time;  therefore, 

Tke  time  of  a  pendulum's  vibrating  in  any  arc  of  a  cy- 
dmdy  is  to  the  time  in  which  a  heavy  body  would  fall 
frttljf  tkrwgk  half  the  length  of  the  pcnduluniy  as  ihecir- 
atmf'erofce  of  a  circle  to  its  diameter. 

I  .  87.  The  ispchronism  of  vibrations  in  cyeloidal  arcs,  is 
ieBonstrated  upon  a  sui^sition  tliat  the  whole  mass 
ef  the  pendulum  is  concentrated  in  a  point,  or  rather, 
flmt  th(e  pehdukim  consists  of  a  material  particle  without 
icnnble  dimensions,  suspended  by  a  perfectly  flexible 
line,  void  of  gravity  or  weight;  suppositions  which  can- 
not actually  obtam  in  any  vibrating  body ;  and  when 
Che  pendulum  is  of  any  given  magnitude,  tliere  is  no 


certain  and  fixed  point  in  the  body  which  determines  Mectjaiiic!i. . 
the  length,  of  the  pendulum ;  for  what  is  called  the  v^^v;'^-^ 
centre  of  oscillation,  which  will  be  considered  in  a  sub- 
sequent chapter,  will  not  occupy  the  same  place  in  the 
given  body  when  describing  different  parts  of  the  track 
It  moves  through,  but  will  continually  assume  new 
situations  with  respect  to  the  pendulum  itself  during 
its  vibration;  because  the  distance  of  the  body  from 
the  point  of  suspension,  always  enters  into  the  expres- 
sion for  tlie  distance  of  the  centre  of  oscillation  from 
the  same  point.  This  cut:umstance  has  prevented  any 
general  determination  of  the  time  of  vibration  in  a 
cyeloidal  arc,  except  in  the  imaginary  case  considered' 
above ;  the  property  of  isochronism,  however,  obtaining 
here,  has  given  rise  to  the  name  of  Tautochrones  being 
applied  to  cycloids.  Other  reasons  besides  those  above 
alluded  to,  have  induced  artists  to  abandon  the  use  of 
the  cyeloidal  pendulum,  although  it  was  commonly 
adopted  for  some  time  after  its  first  invention,  by 
Huygens.  The  principal  of  these  are,  the  diflficulty  of 
giving  to  the  metallic  cheeks  the  true  cyeloidal  form  ; 
the  improbability  of  their  long  retaining  it,  supposing  it 
once  given ;  and  the  changes  which  the  pendulum  is  sus-  '  '  ' 
ceptible  of,  in  consequence  of  the  expansion  and  con- 
traction by  heat  and  cold.  These  sources  of  error  are 
such  as  the  peculiar  property  of  the  cycloid  cannot 
obviate ;  and  as  the  variation  from  isochronism  in  small ' 
circular  arcs  is  very  trifling,  the  cyeloidal  pendulum  is 
now  wholly  disused  by  artists. 

88.  Of  the  conical  pendulum,     Huygens,  to  whom  we>Coiiicai 
are  indebted  for  first  making  known  the  theoretiC'al  pendulum, 
properties  of  die  cyeloidal  pendulum,  and  which,,  con-^ 
sidered   as   pure   mechanical   deductions,    arc   highly*" 
curious  and  interesting ;  also  discovered  some  proper-* 
ties  of  the  conical  pendulum  which  ought  not  to  be 
omitted  in  this  article.  ' 

Wc   have   seen   that   when   a  material   particle  Is 
attached  to  an  inflexible  line,  and  a  motion  is  given 
to  the  pendulum,  such,  that  instead  of  vibrating  in  the* 
arc  of  a  circle  in  a  given  vertical  plane,  the  point  itself 

made  to  describe  a  circle  placed  parallel  to  the' 


horizon,   so  that  the  line   or   pendulum   describes 
conical  surface  ;  such  a  system  is  known  by  the  term 
conical  pendulum. 

The  conditions  of  motion,  time,  &c.  of  this  pendulum, 
obviously  depend  upon  the  doctrine  of  central  and' 
centrifugal  forces,  investigated  in  art.  73  of  the  pre- 
ceding chapter;  in  which,  in  fact,. we  have  deduced  the 
principal  conditions  of  its  motion,  but  which  we  ab^ 
stained  from  enlarging  upon  there,  in  order  to  bring 
the  subject  again  forward  in  this  place,  under  the 
general  consideration  of  the  motion  of  pendulums.  "We 
have  seen,  in  the  article  above  referred  to,  that  when  a 
material  point  revolves  in  a  circle,  the  centrifugal  force 
is  to  gravity  as  double  the  height  due  to  the  velocity  in 
the  circle  to  the  radius.  Let  CA  (fig.  57),  the  lengtfe  of 
the  pendulum,  be  denoted  by  /;  CS,  the  altitude  of  the 
cone,  by  a;  the  semi-diameter,  or  radius  of  the  base,  by 
t ;  and  the  periodic  time  by  t :  then,  because  the  body 
is  retained  in  the  circle  by  three  different  forces;  viz.  the. 

f 
centrifugal  force  -^ —  in  the  direction  SA ;  the  force  of 

gravity  =:  1,  in  a  direction  parallel  to  CS;  and  the 
tension  of  the  thready  compounded  of  the  two  former, 
wc  shall  have 
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But 


cs  :  SA  ::  1 


C9  :  CA  or  a  :  b  ::  the  weight  of  the 
'  body  at  A)  :  (the  force  upon  the  thread  at  A). 

f 

% 
No\^  we  have  seen  (art  73)  that/= -;   and  r* 

may  be  denoted  by  the  square  of  the  space,  divided 
by  the  square  of  the  time ;  whence 


4ir»r« 


;/= 


47r'r 


and 


4»r«r 


Substituting  this  in  the  preceding  analogy,  we  have 


consequently, 


whence 


47r»r 
2  g  r»  =  4  fl  if», 


or 


t  zzv  s/ 


2  a 
g 


Which  shows  that  the  periodic  time  t,  twies  as  the 
sqyare  root  of  the  altitude  cf  the  conical  surface  described 
by  the  pendulum f  whatever  may  be  the  length  rfthe  pemduluMf 
or  the  radius  of  the  base  of  the  cone. 

Because  g  t*,  or  its  eaual  2  a  ir*,  is  the  space  through 
which  a  heavy  body  will  descend  by  its  own  gravity  in 
t  seconds;  and  since 

1»  :  T*  ::  2  a  ;  2aw*  zz  gt'i 
it  follows  that 

As  the  square  of  the  diameter  of  any  circle  is  to  the  square 
of  its  periphery,  so  is  twice  the  altitude  of  the  cone  to  the 
distance  a  heavy  body  will  freely  descend  through  in  the  time 
of  a  complete  gyration  of  the  conical  pendulum. 

We  have  seen  that  the  time  in  which  a  pendulum, 
vibrating  in   a  small  circular  arc,   is  expressed  by 

t  =  ^v^'T"^  ^^^'  ^^^'  ^^  ^y  ^^  ^^*  article,  the 
time  of  a  conical  pendulum  performing  one  gyration  is 

Whence  the  time  of  gyration  of  a  conical  pendulum  is 
exactly  double  the  time  in  which  a  simple  pendulum  would 
xibrate  in  a  small  circular  arc,  the  length  of  the  latter 
being  equal  to  the  height  of  the  former. 

Tne  following  is  one  of  the  remarkable  deductions 
•pwiboioid  which  Huygcns  made  from  the  preceding  determina* 
tion;  viz.  ABC  (fig.  58)  denoting  the  internal  surface 
of  a  parabolic  conoid,  and  C£  its  axis ;  if  any  number 
of  pendulums  be  suspended  from  points  in  the  axis  as 
D,  D',  &c.  such  as  to  become  normals  to  the  curve  in 
P,  P',  &c.  the  time  of  their  revolution  will  always  be 
the  same ;  the  sub-normal,  which  corresponds  with  the 
height  of  the  conical  suiface,  being  in  this  curve  a 
constant  quantity. 

Therefore,  if  a  flexible  line  be  made  to  encompass  the 
involute  of  a  parabola,  having  a  heavy  body  attached 
to  its  extremity,  if  that  involute  be  made  to  revolve, 
the  body  will  always  be  found  in  the  curve  of^  a  para- 
bola, and  the  revolutions  will  therefore  be  isochronal. 

The  curve  of  swiftest  descent,  which  most  mechanical 
writers  treat  of  in  connection  with  the  motion  of  pen- 
dulums, bt^ing  only  one  of  the  numerous  problems 
belongino^  to  the  class  called  isoperimetricah,  which 
which  fall  properly  under  the  calculus  of  variations, 
we  propose  to  consider  in  our  treatise  on  Analysis.       * 


Vibration  ui 


§  XVI.  Of  UAlemheres  general  principle  of  Dynamics.    ^ 

89.  This  general  principle  was  first  published  by  n 
D*Alembert  in  his  Dynamics,  page  73;  and  which  b 
may  be  enunciated  as  follows  :  P 

In  whatever  manner  several  bodies  chanee  their 
actual  motion,  if  we  conceive  the  motion  which  each 
body  would  have  in  the  succeeding  instant,  if  it  wtoe 
quite  free,  to  be  resolved  into  two  others,  of  which  one 
is  the  motion  which  it  really  takes,  in  consequence  of 
their  mutual  actions ;  the  second  must  be  such,  that  if 
each  body  were  impelled  by  this  force  alone  (that  is, 
by  the  force  whioh  would  produce  this  second  motion), 
ail  the  bodies  would  remam  in  equilibrio. 

When  we  consider  a  system  of  bodies  connected 
with  each  other  in  an  invariable  manner,  this  mutittl 
connection  will  prevent  them  firom  obeying  individaaUr 
the  forces  with  which  they  are  respectively  impressed, 
80  that  they  will  neither  move  with  velocities  corres- 
ponding to  the  exciting  forces,  nor  in  the  direction  of 
those  forces;  and  in  many  cases  it  would  (independent 
of  the  general  principle  above  stated)  be  ver^  difficult 
to  assign  either  their  velocities  or  theic  directions ;  but 
the  difficulty  vanishes  as  soon  as  this  principle  is  ence 
established. 

l^t  us  suppose,  as  a  partial  example,  that  we  hs^e  n 
several  material  points  M,  M',  M',  &c.  (fig.  59)  fibced^ 
to  an  inflexible  ridit  line  AL  moveable  about  the  point 
A ;  it  is  obvious  &at  in  any  time  B,  gravity  acting  yriOk 
equal  energy  and  in  the  same  manner  on  each  or  these 
points,  ^ey  would,  if  they  were  free,  describe  eqnnl 
vertical  spaces;  but  as  the  points  M,  M',  M',  &c.  are 
con'^trained  to  move  with  the  line  AL,  they  will  describe 
die  arcs  MK,  MIC',  M'^'^,  &c,  in  the  same  time ;  con- 
sequently the  right  lines  KI,  KT,  K^^  &c.  will  express 
the  effects  of  gravity  on  the  points  M,  M',  M',  &c.  in 
the  time  6»  These  hues  being  proportional  to  the  arcs 
MK,  M'K',  MTC',  Ac.  and  consequently  to  the  radu 
AM,  A'M',  A'M^  &c.  it  follows  that  the  effective  rel<H 
cities  of  the  different  points  of  the  system,  are  so  much 
the  less  as  these  pomts  are  nearer  to  the  centre  of 
motion  A ;  whereas  had  these  points  been  finee,  their 
velocities  would  have  been  all  equal  to  each  other. 

The  effective  velocities  being  therefore  different  fitnn 
those  which  have  been  communicated  to  the  system, 
we  can  only  be  able  to  determine  them,  by  expressine 
them  in  functions  of  the  primitive  velocities  transmitted 
to  the  material  points,  and  which  are  supposed  to  be 
given.  It  is  the  general  method  of  exhibiting  this 
expression  which  constitutes  the  principle  of  lyAlem* 
bert. 

90.  Let  r, «/,  r*,V,  &c.  denote  the  velocities  whicha 
would  be  impressed  on  any  system  of  bodies  M,  M',  M^,  •^ 
&c.  if  they  were  independent  the  one  of  the  other,  and 
let «,  f?,  vfy  t^,  be  tne  unknown  velocities  which  they 
actually  take  in  consequence  of  their  mutual  connec- 
tion. Now  one  of  the  components  of  any  velocity  being 
arbitrary,  we  may  take  for  one  of  the  components  of  v, 
the  velocity  ii,  and  let  the  other  be  supposed  U ;  nod 
operating  the  same  with  respect  to  all  the  other  primi* 
tive  velocities,  we  may,  instead  of  the  velocities  r,  t^,  v% 
v*',  &c.  substitute  the  velocities 

u  and  U  the  components  of  v, 
u'  and  U'  the  components  of  t', 
t^  and  U*  the  components  of  t>*, 
&c.  &C.  &c. 
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^  then  the  qaantities  6r  motioti  nrhich  enter  into  the 
w/  wpmem^  ooAaidered  as  free ;  viz.  M  v,  M'  v,  M"  %fy  &o. 
win  become 

Mti,  MV,  M"i^,  M*'**.  &c. 
MU    MU',  WV\  W'\}"\  &c. 
Of  which,  however,  only  the  former  actually  obtain, 
Ir  aie  eftctire. 

.  b  it  obnoqSy  therefore,  that  the  quantities  MU, 
IFU',  Ml}*,  &c.  would  alone  produce  an  equilibrium  ; 
•ad  moreover,  that  these  are  the  quantities  of  motion 
dae  to-  die  vdoeities  gained  or  lost. 

For  M  V  being  the  diagonal  of  a  parallelogram,  of 
vhich  M  «,  MU,  are  the  two  sides,  we  see  tluit  if  the 
component  MU,  become  lero,  we  must  have  M  uzzM  v; 
whence  it  is  obvious  thatMU  is  a  quantity  of  motion 
htioduced  into  the  system,  by  the  change  which  has 
tdcen  place;  and  it  is  the  same  with  all  the  other 
(pantiues  M'U',  M*U",  &c. 
Ian-  The  first  enunciation  of  this  principle  therefore  is, 
'■»  ^  ^e  qwmtities  of  motion  due  to  the  velocities  gained 
or  lost  wouldj  if'  they  alone  acted  on  the  system^  produce 
m  equUibrium ;  fbr  if  this  were  not  the  case,  there  would 
h  an  alteration  or  change  in  the  system,  and  «,  u',  u*', 
te-  conld  not  be  the  effective  velocities  with  which  the 
fmtB  M,  M',  M'',  &c,  are  impressed. 
.  We  have  seen  that  the  velocity  v  has  for  its  compo- 
.Wita  U  and  «,  and  as  there  is  always  an  equilibrium 
ktween  three  forces,  of  which  the  one  is  equal  and 
Sncdj  opposed  to  Uie  resultant  of  the  other  two,  it 
Utrm  that  the  three  forces  M  u,  MU  and  —  M  v 
iMdit  to  be  in  equilibrio.  Again,  if  we  consider 
Ku  as  equal  to,  and  affected  with  a  contrary  sign  to 
this  resultant  of  the  other  two  forces,  it  is  obvious  that 
«>  MU  will  be  the  resultant  of  M  u  and  —  M  v ;  and 
cop9eqnently  MU  will  be  the  resultant  of  M  v  and  -^  M  u; 
ital.imat  we  have  said  here  with  reference  to  MU  will 
cMonsIy  apply  to  all  the  other  analogous  quantities 
MXJ',  Wlj",  &c.;  therefore,  by  substituting  the 
ebmponents  of  these  forces  for  the  forces  themselves, 
ve  anive  at  a  second  enunciation  of  this  principle; 
lis. 
■^  There  tnil  be  an  equilibrium  between  the  quantities  of 
■"^■ofio*  M  V,  M'  r',  M'  if,  Spc.  impressed  on  each  of  the 
Min,  and  the  effective  quantities  of  motion  Mii,  M'  u', 
IP,  /,  Sfc,  the  latter  being  estimated  in  a  sense  directly 
tg^poted  to  that  of  their  actual  direction. 

the  advantage  of  this  second  enunciation  of  the 
above  general  principle  is,  that  it  is  not  necessary  to 
the  velocities  or  quantities  of  motion  lost  or 
viz. 

MU,  M'U',  M^'U^  M^'U"',  &c. 
i  the  equations  of  motion  are  immediately  established 
I  the  actual  velocities  which  would  have  place 
*^^  the  bodies  were  free,  and  those  which  actually  ob- 
^J^tta  in  consequence  of  the  mutual  connection  of  the 
^  MflliLut  points  in  the  system. 

91.  We  propose  to  show  the  applicatiDn  of  this 
^^^iadple  to  one  or  two  problems  in  this  place,  and 
y^  Mme  of  our  subsequent  articles  shall  explain  the 
^O^t&od  by  which  it  becomes  applicable  in  others. 

Ai  an  example,  let  AB,  AC,  (fi^.  60)  be  two  inclined 
|^**^mes,  on  which  are  placed  the  two  bodies  M  and  M', 
^^^^Unected  together  bv  a  line  passing  over  a  pullev  at  A, 
'^^^let  it  be  required  to  investigate  the  circumstances 
^^J^  their  motion,  the  bodies  not  being  such  as  to  pro- 
^^nce  an  equilibrium^ 


Let  M^  be  a  right  line  passing  tlu*ough  the  centre  Mecbatikt.. 
of  gravity  of  M,  and  which  represents  the  force  of  ^ 
gravity  2g,  then  the  component  of  2^  on  the  inclined 
plane  AB  is  MR ;  and  this  is  the  only  effective  force 
which  acts  on  M  ;  and  may  be  represented  by 

AD 


2  g  cos  RM  ^  =  2  g  cos  BAD  =  2  g 


AB 


In  like  manner  the  component  of  the  other  body  M' 

AD 
with  reference  to  the  plane  AC,  is  =:  2  g  . 

Call  AD  =z  h,  AB  =  /,  AC  =  /';  then  the  accele- 
rating forces  acting  on  the  bodies,  will  be 


^gh 


and 


2^h 


(1) 


Now,  in  order  to  obtain  the  velocities  which  the 
bodies  would  have,  if  they  were  not  connected  the  one 
with  the  other,  we  may  observe,  that  the  equation  which 
determines  the  intensity  of  any  force  being  generally 


we  draw  from  this  equation 

V  zz  ^t,  • 

In  the  present  case,  the  accelerating  forces  being  as 
exhibited  in  equation  (1),  we  have 

2gh   .       , 2gh   . 
-2—  t  and  —-  t. 

Again,  the  velocities  lost  by  the  bodies  bein^  equal 
to  the  primitive  velocities,  minus  those  which  they  ac* 
tually  have,  the  former  will  be 

f 
By  the  principle  above  delivered,  the  quantities  of 
motion  which  correspond  to  these  velocities  ought  to 
produce  between  them  an  equilibrio ;  and  as  these  ve- 
locities act  in  opposite  directions,  it  will  be  sufficient 
to  equate  those  quantities  by  making 


M 


(¥'■-')=«' (¥'-^)- 


Moreover,  as  in  die  present  problem,  we  have  ne- 
cessarily v—~v,  and,  consequently,  v  =  —  rV 
we  obtain  from  the  above  equation, 

M_M' 

v  =  l f^ihgh    ■ 

M+M' 
taking  the  fluent,  and  reducing,  we  have 

C  being  the  correction,  which,  when  the  bodies  begin 
to  move  from  quiescence,  =  0. 

If  we  suppose  the  planes  to  become  perpendicular, 
then  h  zz  I  zz  t,  and  the  above  reduces  to 
M  -  M' 

This  is  an  analogous  expression  to  that  which  we 
obtained  on  other  princinU  s  (art.  13). 

92.  As  another  exampl:„  let  it  be  proposed  to  deter- 
mine the  motion  of  two  bodies  attached  to  a  wheel  and 
axle  (disregarding  the  in»-^rtia  of  the  two  latter). 

Let  M  denote  the  body  that  is  attached  to  the  wheels 
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Mecbaniei.  whose  radiiis  is  R,  ftnd  M'  the  bodv  attached  to  the 

'  axle,  of  which  the  radius  =r  r.    Then  since,   if  the 

bodies  were  free,  the  velocities  communicated  to  them 

in  the  time  /,  would  he2gti  if  we  suppose  their  tactual 

velocities  to  be  r,  and  v\  the  quantities  of  motion  lost 

wm  be  M  (2  g  ^  -  I)  and  M'(2  g  i—  v'). 

Now  these  quantities  of  motion,  ought  (according  to 
the  principle  on  which  we  are  acting)  to  produce,  by 
means  of  the  wheel  and  axle,  an  equilibrium  :  we  must 
have,  therefore, 

MR  (2g  i  -  r)  =  Wr  (2gi  -  v^ 

Prom  the  nature  of  the  machine, 

r  :  R  ::  r  :  v  zz . 

r 
But  since,  as  one  body  ascends,  the  other  descends, 
these  velocities  ought  to  enter  the  above  equation  with 
contrary  signs. 

Rr 
Substituting,  therefore,  r'  =: > 

we  find 


MR{^gt^i):^Wr(2gt 

which,  by  reduction,  gives 

.      (MR-MV) 


+-^)= 


+  M') 


igti 


remarks. 


""R(M 
:  and,  taking  the  fluents, 

R(M  +  M')^    ^  •' 
C  being  the  correction,  which  is  zero,  when  the  mo- 
tion of  the  body  commences  from  quiescence;  so  that 
^  =  0,  when  r  =:  0. 

As  it  is  easy  to  substitute  any  numbers  in  this  equa- 
tion for  M,  M',  R  and  r,  we  think  it  nnnecessaiy  to 
detain  the  reader  with  numerical  examples. 

§  XVII.  Of  the  motion  of  bodies  about  Jixed  axe^. 

Preliminary'  93.  When  a  body,  or  a  system  of  material  points 
connected  with  each  other  in  an  invariable  manner, 
turns  uniformly  about  a  fixed  axis,  which  we  shall  sup- 
pose to  pass  through  the  point  A  (fig.  61),  perpendicu- 
larly to  the  plane  of  the  figure,  if  we  suppose  the  body, 
or  system  of  points,  to  be  cut  by  an  infinite  number. of 
planes  o'  ni  n\  o*  m"  n",  &c.  parallel  to  each  other,  and 
perpendicular  to  the  fixed  axis ;  the  particles  wi,  in\  m", 
&c.  in  one  complete  revolution,  will  describe  about  the 
fixed  axis  the  circumferences  won,  m'o'n\  m''o''n'*^ &c, 
and  will  describe,  in  equal  time,  arcs  of  an  equal  num- 
ber of  degrees.  These  arcs  being  proportional  to  their 
radii,  it  will  be  the  same  with  the  velocity  of  the  several 
particles ;  so  that^  assuming  any  distance  c  A  of  the 
particle  e,  from  the  axis,  as  unity,  and  calling  ut  the  ve- 
locity of  this  particle,  the  velocity  of  the  several  parti- 
cles wf,  iw',  m",  &c.  placed  at  the  distances  r,  r',  r ,  &c. 
from  the  axis,  will  be  respectively  rw,  /«,  r«',  &c. 
and  we  shall  thus  have,  for  the  effective  quantities  of 
motion  of  the  different  particles, 

tn  ria,  m  r'  w,  m"  /  oi,  &c. 

Let  us  denote,  by  r,  v',  r*,  &c.  the  impressed  ve- 
locities ;  then  the  quantities  of  motion  actually  received 
will  be  mv,  m'r',  m*t?*,  &c. 

It  follows,  therefbre,  from  the  principle  illustrated 
in  the  preceding  chapter,  that  there  must  be  an  equili- 
brium between  the  impressed  quantities  of  motion^ 


The  eqaili 

briamof 

tfaefbffccf. 


and  the  actual  effective  quantities  taken  with  a  oOBtrftiy  n^ 
sign,  viz.  ^^mruf,  —  mV  w,  —  tn^r^ia. 

In  order  to  obtain  the  equilibrium  between  these 
quantities  of  motion,  let  us  consider  the  first,  and  re* 
present  m  v  by  a  line  mf^  taken  in  the  direction  of  this 
force,  and  proportional  to  its  intensity;  and  let  hH 
from  the  point/,  the  perpcndicular/il,  on  the  (Jane  of 
.the  section  o  m  n,  and  make  the  angle  fmhz::^  We 
may  then  resolve  n^f  into  two  forces  ; 

hfzzmv  sin  ^  p^tdlel  to  the  fixed  axis ; 
mh'zz  mv  cos  5^  in  the  plane  omn. 
The  first  will  be  destroyed  by  the  resistance  of  the  axis, 
and  the  second  will  have  its  effect. 

Denoting  in  the  same  way,  by  ^'  ^^  ^^^  &c.  the  angles 
of  the  forces  mV,  nP  xi*^  &c.  witn  the  planes  o'wt%\ 
o'm'vt^  &c.  the  quantities  of  motion  impressed  on  the 
particles,  will  be 

m  V  cos  ^,  wlxf  cos  ^',  vfUxf  cos  5^',  &c. 

These  quantities  of  motions,  as  also  the  efiecthre 
quantities 

nri^ytn! r' w^rnl'r^tay  Ac. 
will  all  be  situated  in  the  planes  o'm'Wy  cfm'if^  &e. 
Now,  in  order  to  establish  an  equilibrium  betweeto 
these  quantities  of  motion,  it  may  be  obseived  that 
«ince  they  are  all  situated  in  planes  perpendicular  to 
die  fixed  axis,  they  ought  to  produce  on  this  axis -the 
same  effect  as  if  all  the  planes  o  m  n,  o'  m' »',  o*  ml'  nT^  Ac. 
formed  one  plane  only;  consequently,  in  consideris|^ 
these  forces  as  situated  in  the  plane  of  the  figure,  it  &i 
necessary,  in  order  that  the  equilibrium  may  subsist 
between  them,  that  the  sum  of  the  moments  which  tend 
to  cause  the  system  to  revolve  about  the  fixed  point  A 
inone  direction,  be  equal  to  those  which  tend  to  pro* 
duce  the  rotation  in  an  opposite  direction. 

The  forces  wt  r  «,  to'  r' «,  to"  1^  Wy  &c,  which  are  derived 
from  the  common  motion  impressed  on  the  system, 
will  all  tend  to  produce  motion  in  one  direction,  afad 
as  these  forces  cause  the  points  to,  to',  to',  &c.  to 
describe  the  circumferences  mno,  m'  n*  0%  tn"  nfo",  Sec. 
the  radii  r,  rV,  &c.  will  be  the  perpendiculars  let  fall 
on  their  directions,  and  consequently  the  sum  of  the 
moments  of  the  effective  forces  is  expressed  by 
mr^w  +  fn'  r^w  -f  m"  1^  ta  •\-  &c.  =  w  (to  r*  4"  w*  '^  + 
m''i^  +  &c.) 

Let  (TOr*  -f  TO'r'*  +  m" i^  -f  &c.)  =  2  to,  r»,  then 
fif  1  TO  1^,  will  denote  the  sum  of  the  moments  (^  the 
effective  forces,  and  it  is  this  quantity  which  must 
make  an  equilibrium  with  the  sura,  or  the  differences 
of  the  moments  of  the  forces 

TO  V  cos  0,  to'  v'  cos  6\  m"  xf  cos  0',  &c. 

In  order  to  determine  this  second  quantity,  let  A  x 
(fig.  62)  be  the  fixed  axis,  and  assume  the  lines  m  /,  m-T,  . 
m"  fy  &c.  to  denote  the  forces  to  r  cos  ^,  m'  v'  cos  ^',  &c 
situated  in  the  respective  planes  mnoym  n*  o',  m"  wP  o*, 
&c.  perpendicularly  to  the  axis;  let  fall  fit>m  the 
points  A,  A'  A*,  &c.  taken  in  these  planes  and  in  the 
fixed  axis,  the  perpendiculars  A/  =:  />,  A'f  =:  jb*', 
A"  l"  =  />*,  &c.  on  the  direction  of  the  forces  to  v  cos  ^, 
ni  x'  cos  0',  mP  v^cos  ^^^  &c.  then  the  moments  of  these 
forces  will  be 

TO  r  p  cos  ^,  to'  x'  jf  cos  ^,  m'  r^p*  cos  ^*,  &c. ; 

and  representing  this  sum  as  above  by  the  character  2, 

vias.  denoting  it  by  2  to  r/?  cos  ^,  we  shall  have  on  the 

principles  illustrated  in  the  the  preceding  chapter, 

«tf  1  TO  r*  :=  2  m  r  j9  cos  ^ ; 
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^  Mid  vtitnoe  we  lia^-e  §ur  determining^  tir.  nn^&t 


v^,4 

04»  Thi$  it  tije  most  ^reneral  character  that  >*S»a  be 
gwftt  10  our  in\TFr  and  the  resxih 

b^eomci  more  siini  r  rtrtaiti  tnori;; 

i .-.  (laia;  iHus  if  the  forces  f«r,  wj'V,  m^i" 
ri  ihtir  respective  planes,  the  ant'K  >  iU.  nL 
Ljtiie  i^ro,  and  consequently  tt 
izi'j,   ttnd   their    coi>ine.s    ■=.    I;    ..»,    ^.i.. 
iij  rdorc.  in  ihib  case,  becomes  sini|ily 


,  d-e.  all 


2fM  r  p 

111    ^z     ^—  * 

Aipiin,  if  the   several  velocities  i,  X' 


(:) 


v\  &c.  be 


fwiird  ill  a  tv^\l 
hen  we  §haU  ha:>*e 


(3) 


fqiin!,  us  \rill  lie  the  ease  w!ien   fhf*  body  receives  a 
which  would 
not  for  the  *i\' 

^  m  r 
liMtuse  itt  this  case 

pvp  -f  m  vf  -f  m"  if  p"  4-  &:c.  rr  u  ^^m;?  -f  m';/  ^ 

->•  +  dec.) 

Let  us»  in  this  last  case,  draw  through  the  iixed  axis 
Ar(%.  63)  a  plane  AK,  parallel  to  the  forces  p*  r,  vt\ 
x\m*i'\  fc.  of  which  the  directions  are  represented 
Upright  lines  mf,  m' l\  mT,  &c,;  then  it  will  be 
iliat  the  perpendiculars  p^p'^p^f  &c,  let  fall 
the  points  .A,  A',  A",  &c.  on  the  directions  of 
force  St,  are  equal  to  the  peq>cndiculars  mq^  m' q\ 
',  6li:.  detnilied  from  the  points  m,  fn  m",  &c.  on  the 
AK;    let  these  last  perpendiculars  be  denoted 
'» &c.  and  the  perpi  ndicular  let  fail  from  the 
Yity  of  the  system  on  the  plane  AK  by  Q : 
represent  by  M,  the  sum  of  all   the  par* 
of   which    the    system   is    composed ,    then   we 
diaii  have  firom  the  property  of  the  centre  of  gravity 
<«t.  117), 

MQ  =   «I7   -f   tnq'   -f    fn"  q'   +,  &c. ; 
ifid  &ioce  we  have  p   -=.  q,  p*  "^  q\  p'  —   q",  <!tc.  the 
I       pircediag  equation  will  become 
I  MQ  =  OTp  -h  m'/  H-  iup''  +,  &c. 

Sithititutmg  ibis  value  in  etpiation  (3)>  wc  have 


it  should  happen  that  some  number  only  of  the 
wt^  HI*, m',  &c.  are  impressed  with  the  common 


\  |vtid8i  ii,  ni',  m",  &c.  are  impresse 
idneity  c,  then  M  will  not  denote  the  sum  of  all  the  par- 
titles  of  ihe  system,  but  the  sum  of  those  on  which  the 
eonuBOD  Telocity  has  been  impressed;  and  Q  must  be 
aftblo  denote  the  perpendicular  let  fall  from  the  centre 
offravity  of  that  part  of  the  system  on  the  plane  AK, 
h  remains  now  for  us  to  show  the  method  of  deter- 
■inanf  the  value  of  the  expression  1  m  t^^  which  is 
^^wiihe  VMment  (^  inrrlitt,  and  which  will  ffjrni  the 
rtbject  of  the  following^  chapter. 

\  XVI !!♦  0/  ihe  moment  of  inertia, 

%.  The  moment  of  inertia  of  a  body  bcinr  the  sum 
d  \ht  products  of  each  of  the  material  points  which 
ttinpote  it,  into  the  square  of  their  retfu^ctive  distances 
faoi  iht  axis  of  rotation ;  we  have,  bi  the  preceding 
"w,  inwhi^h  Ute  number  of  those  points  is  supposed 
fiwte,  expressed  it  by  2  f»  r* ;  but  if,  in  this  expression, 

«t  nsplace  m  by  wi,  wliich  will  then  deuote  the  element 


^  flttxiou  of  ilie  mas*,  ihtn  tlte  momef^t  of  iuertia  will  Mfckmic 

be  fouBd  by  taking"  tit     '  '      .iv»  there-' 

fore,  bo  expressed,   ut  by 

J>.i.  (1) 


^i  order  to  ! 
jMples,  let  it  \ 
I  la  of  the  avta 


tills   expression   by   a   few  Eumples; 
. ,  J.  cd  to  l\r>d  the  momtut  of 
the  circle  CBD  fevoUiug  about 
pfjint  A  as  an  axib  (tiy^,  64). 

Assume  any  variable  distance  A  m  ^:  t,  and  call  the 
r.uiius  of  the  circle  zz  a:  then  if  tt  zi  3*11159,  we 
^liull  have  4  r  .r  for  the  circumference  described  bv  the 
point  m,  and  for  the  surface  of  the  same  circle  w  x*. 

The  fluMoii  of  ibis  expression,  vi^t.  *2  7rx,,i%  is  equiva' 
lent  to  what  we  have  denoted  by  mi  and  multiplyini^ 
this  by  .t*  (the  square  of  the  distance),  we  have 

which,  when  jr  —  o,  Incomes  J^  ir  a*  for  the  moment  of 
inertia  sought. 

In  the  above  example  we  have  merely  considered  a 
plane  circle,  but  the  result  would  evidently  be  ana- 
logous for  a  cylinder  revolving  on  its  axis,  viz,  we 
should  only  have  to  multiply  the  above  by  the  lengfii 
of  the  cylinder  (/)»  which  would  give  ^  ir  la*  for  die 
moment  of  inertia  in  a  cylinder  revolving  on  it5  axis, 
whose  leng^th  is  /,  and  radius  of  its  base  a. 

To  find  the  moment  of  inertia  of  a  sphere  revolving 
on  its  axis: 

LetHADB  C^g.  65)  represent  a  centre  section  of 
the  sjiliere,  passino;  throuj^h  its  axis  RD;  draw  CA 
perpendicular  to  RD^  and  spr  parallel  to  the  same 
Line.  Put  Cr  =:  a,  C  p  =  z,  then  pr  —  y/  {<{'  —  ;:*)» 
and  the  surlkcc  of  the  cylinder  generated  by  *  r  re- 
volving about  RD  is 

4  IT  v'  (a'-*^ 
whence 

and  multiplying  this  by  the  square  of  the  distance  :', 
we  have 

fr'm  -fi  wT^z  ,/  («*-iO.  '^,, 

ftt  order  to  ttdce  the  fluent,  put  a^  —  i'  rr  y* ; 
then 

i*  =  a'  —  2  tf»  y  +  t/ ; 
therefore 

whence 

4Ti*i^(a*-z^  =  4ir.(^a'/^+i*v);     •  * 
now  ■ 

In  order  to  find  C  we  may  observe,  that  when  :  =  0, 
the  fluent  ought  to  become  zero,  but  when  2  =  0,y  =  tf ; 
consequently 

cmd  therefore  live  correct  fluent  is 

which ^  when  v  =  0,  or  r  =:  a,  becomes 
4irx^a*, 

the  moment  of  onortia  goug'ht. 

96,  We  shall  not  multiply  eranrples  of  this  kind, 
which  may  be  extended  at  pleasure  by  the  reader  £ 
a 


% 
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Medumici.  but  it  may  be  important  to  remark,  that  when  w% 
v«^*v^»^know  the  moment  of  inertia  of  a  body  with  re&renoe 
When  the    to  an  axis  which  passes  through  its  centre  of  grayity, 
mjithn^*h  ^®  ^^^  readily  determine  the  same  with  respect  to 
tlM  centra  ^  ^  ^^^^  ^^>s  parallel  to  the  first. 
ofgniTity.       In  order  to  this,  let  GF  and  CK  (fig.  66)  be  two 
parallel  axes,  of  which  the  former  passes  through  the 
centre  of  gravity  G  of  the  body;  let  us  place  at  the 
point  G  the   origin   of  the  co-ordinates,  and  take 
the  axis  GF  for  that  of  z;  also  draw  through  any 
point  m  of  the  body  a  plane  tn  k  F  parallel  to  that  of 
xy\  this  plane  will  cut  the  axes  GF,  CK,  in  the  two 
points  F  and  K,  and  the  distances  of  the  point  m  from 
these  axes  will  be  measured  by  the  ri^ht  lines  m  A:, 
and  m  F,  which  let  be  denoted  by  r  and  r^.     Let  fttll 
firom  the  point  m  the  perpendicular  m  E  on  the  plane 
of  X  y.     Now  it  is  evident  that  the  triangles  EGG  and 
m  KF  are  equal,  being  formed  by  the  parallel  sides. 
We  may  therefore  substitute  the  sides  of  the  first  of 
these  triangles  instead  of  those  of  the  other. 
This  being  established,  let  us  call 
a  and  j3  the  co-ordinates  GD,  DC  of  the  point  C ; 
X  and  y  the  co-ordinafes  GP,  PE  of  the  point  E; 
and  a  the  distance  CG  of  the  two  axes ; 
then  we  shall  have 

fl'  =  a"  +  /S*  and  /"  =  x*  +  y. 
On  the  other  hand,  considering  the  riffht  line  CE, 
which  passes  through  the  two  points,  of  which  the  co- 
ordinates are  respectively  x,  jf,  and  a,  /3 ;  the  value  r 
of  EC,  will  be  given  by  the  equation 

!•«  =  (X  -  a)«  -f  (y  -  /Jy, 
or  by  squaring 

reducing  this  by  means  of  the  above  values  of  a  and  r', 
we  shall  have 

f*  =:  r'«  —  2  ox  —  2  /Jy  +  c*. 

Multiplying  by  m,  and  then  taking  the  fluent,  we  find 
fi*  m  =  />  i  —  2  a  /x  ffi  —  2  /3 /Jr m  +  a' /w.  (2) 

The  expressions  f  x  m  and  /y  m  which    enter  into 

this  equation  are  zero,  as  will  be  seen  immediately 
from  the  following  considerations. 

Let  Jt  and  y  be  the  co-ordinates  of  the  element  tn  of 
tha  mass  M  ;  then  the  moments  of  this  element,  with 

itfpect  to  the  axes  x  and  y^  will  be  respectively  y  m 

9md  xm;  and  consequently,  the  co-ordinates  x'  and  y 
^  the  centie  of  gravity  M,  will  be  determined  by  the 
imations, 

}A3^ zz  f  xm      'i/ljfzzjym. 

In  the  present  case  the  CQ-flrdinates  x^  and  y?  are 
i^Biro,  because  they  have  their  origin  in  the  centre  of 
gimvity ;  we  have,  therefore, 

I  X  m  :::  0     ,        /jf  m  =  0.' 

Which  values  obviously  reduce  our  preotding  equatioii 

(2)  to 

Here  jr'^mheiii^  the  moment  .of  inerti^.  with  .r^ 

ference  to  the  axis  GF,  which  patses  through  (he 
centre  of  gravity ;  we  may  conclnde  tha£  when  ^ 


this  momant  of  inertia,  we  may  ahrayt  datemine  ] 

the  avmient  of  inertia /V«,  taken  with  refereaee 

to  any  other  axis  CK,  of  which  the  distance  firom  the 
axil  GF  it  known. 
Putting  equation  (9)  under  the  form 

oxy  for  the  sake  of  abridgment,  denoting  -^^-rrz —  by  K\ 

we  shall  have,  for  the  general  expression  tn  the 
moment  of  inertia,  with  reference  to  any  axis  paralM 
to  that  passing  through  the  centre  of  gravity, 

>  m  =  M  (it«  +  a*). 


/" 


\  XIX.  On  the  motion  of  a  body  tMdk  rttohto  ni  aigr  Btft 
mannerwkateveraboiii  ajixedaxii.  ini 

97.  If  the  different  accelerating  forces  act  on  the 
points  of  any  system  of  bodies,  so  as  to  canse  it  to 
revolve  with  a  variable  motion  about  the  fixed  axis  Ax 
(fig.  67),  every  point  m  will  tlescribe  about  that  axis, 
a  circle  mno,  which  will  be  perpendicular  to  this  axi^ 
and  cut  it  in  the  point  C. 

Let  ^  be  the  accelerating  force  which  acta  on  the 
particle  m,  and  i  the  angle  T  m  P,  which  it  forms  at  the 
point  m,  with  the  element  of  the  curve  mno.  It  is  cd>- 
vious  we  may  resolve  f  into  three  forces;  the  fibnt 
parallel  to  the  fixed  axis,  which  will  necessarily  be 
without  effect;  the  second  in  the  direction  of  the 
radius  m  C,  which  will  therefore  be  destroyed  by  the 
fixed  point  C ;  the  third  will  be  in  the  direction  of  the 
element  of  the  curve,  and  will  be  expressed  by  f  cos  i ; 
this  last  will  be  the  only  one  of  the  three  components 
of  0  that  will  have  a  tendency  to  produce  a  motion  of 
rotation  of  the  point  m,  about  the  fixed  axis  A  z. 

Let  ii»  denote  the  angular  velocity  which  has  place  at 
the  end  of  the  time  t,  and  r  the  distance  C  m  of  the 
particle  m  from  the  axis  of  rotation.  Then  the  velo- 
city of  ^*  at  the  end  of  this  time  will  be  expressed  by 

r  u,  and  in  the  instant  t  the  velocity  will  be  increased 
by  that  which  the  accelerating  force  would  generate  in 
the  particle  in  the  same  time ;  that  is,  the  velocity  during 

this  instant  will  be  increased  by  the  quantity  ^  cos  Hi 
for  since  generally  the  accelerating  force  is  equal  to 

T-  9  and  since  in  our  case  the   accelerating  force  r= 

t 

f  cos  ^,  we  have 

^  cos  d  =  -7- ; 

consequently  v  zz  f  cos  B  t. 

The  particle  m  therefore  at  the  end  of  the  time 
t  -f  V,  would  fly  off  in  the  direction  of  the  tangent 
of  the  curve  with  a  velocity  equal  to 
r  w  +  0  cos  d  t ; 
but  iM  being  connected  with  the  system,  its  effective 
velocity  at  the  end  of  the  time  ^  +  t,  will  be  exprM- 
sed  by 

'  Therefore,  in  the  time  t  -^  ty  the  quanlitf  of , 
lite  motioaof  «  is  (r«  +  r  *»)«. 
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WliAl  we  have  showa  aboVe  with  reference  to  tho 
^pii^de  wi,  is  equally  applicable  to  all  the  other  par- 
tides  of  the  system ;  and  we  may  therefore,  accoraing; 
to  oar  form  of  notation,  denote  the  sum  of  all  the  actual 

quantities  of  motion  by  the  expression 
Z  (r  w  -i-  6 COS  it)  m, 
aad  the  sum  of  all  the  effective  velocities  or  quantities 
of  motion  by 

S  (r  w  +  r  «)  m; 

vbich  two  quantities  ou^ht,  according  to  the  principle 
of  lyAlcmbert,  to  produce  an  equilibrium,  observing 
ta  change  the  aigns  of  the  latter;  that  is  to  say^  con- 
ilderm^  them  as  acting^  in  a  direction  opposed  to  that 
of  the  motion  of  the  system. 

Now,  in  order  that  these  two  quantities  of  motion, 
acting  in  opposite  directions,  may  produce  an  equili- 
brium  on  the  fixed  axis,  it  is  necessary  that  their  mo- 
ments taken  with  reference  to  this  axis  may  give  equal 
products;  and  as  the  forces  act  in  the  direction  of  the 
•Itioeeta  of  the  circles  described  by  the  material  points, 
their  forces  may  be  considered  to  be  acting  perpendi- 
iy  to  the  radii  of  the  circumferences  described  by 
elements;  whence  it  follows  that  it  will  ha  suffi- 
cimt  to  multiply  the  preceding  expressions  by  these 
rmdii  in  order  to  have  the  momenta  sotiglit ;  forming 
\  thefefore  the  equation  of  the  momenta,  we  shall  have 

I  (r**>   -f   r  f  co%i  t)  m  =   2(r*itf   -f  r^  v)m; 
which  obviously  reduces  to 

2  (r  ^  cos  ^/)  m  —  2  r"  w  wf ; 

[  and  here  the  time /,  and  the  angular  velocity  w  en ter- 
I  ing  the  same  into  all  the  terms  of  the  respective  sums, 

thcj  may  be  taken  out  of  the  parentheses  ;  whence  the 

above  becomes 

f  2  r  ^  cos  ^  m  —  HI  I  r  "m ; 
I  in  the  general  case  in  which   we  have  to  find  the 
I  of  a  series  of  infinitely  small  quantities,    we  may 
the  sign  2,  which  denotes  the  sum  of  a  finite 

i  by  the  sign  of  integration  / ;  whence  we  have 

f  /  f  f  cos  cm  :^  «t»  /  r ' w, 
wliicli  becomes  by  division 

ta>    /rf  cos  I  m 

i     "      fr'm  ' 

We  may  here,  without  any  impropriety,  call  — -  the 

/ 

•ngolar  accelerating  force ;  whence  the  above  equation 

Miay  be  expressed  in  words,  by  saying  that  the  angtilar 

acctfrrathg  force  u  fottml  ^//  dividing  the  ifum  of  the 

!,  or  quantity  of  motion  of  the  moxing  force$^  or 

tcsuUuhtf  h]f  their  momeftium  of  inertia, 

%  XX*  Of  tke€€itirei  of  osciilatim, 
98.  The  centre  of  ou illation  is  that  point  in  a  vibrating 
body  into  which,  if  all  the  matter  of  the  body  were 
collected,  the  vibrations  would  be  performed  in  the 
same  time ;  or,  since  the  action  of  gravity  is  always 
proportional  to  the  mass  on  which  it  acts,  we  may 
define  the  centre  of  oscillation  to  be  that  point  in  which 
if  a  single  material  particle  were  placed,  the  point  of 
nupensicn  remaining  the  same,  the  vibrati(ws  would 


Itill  be  performed  in  the  same  time  as  with  the  com-  Medwiuc*. 
pound  body  or  system.  ^*^^v^-^^ 

The  centre  of  oscillation  of  a  compound  body  may 
be  otherwise  defined,  that  point  in  a  vibrating  body 
into  which  if  all  its  matter  were  collected,  the  angular 
accelerating  force  would  be  the  same  as  in  the  compound 
body:  as  there  may  be  an  infinite  number  of  points  in 
a  body  situated  at  the  same  distance  from  die  axis  of 
motion,  some  writers,  amono^st  whom  is  M.  Poisson, 
say  that  a  body  may  have  an  infinite  number  of  cenLres 
of  oscillation  ;  in  what  follows,  however,  we  refer  but  to 
one,  which  we  conceive  to  be  that  situated  in  the  right 
line  forming  the  centres  of  suspension  and  gravity. 

A(W  the  preceding  definitions,  it  is  obvious,  that  the 
determination  of  the  centre  of  oscillation  of  any  com- 
pound body,  or  system  of  bodies,  is  nothing  more  than 
finding  the  lengtii  of  a  simple  pendulum^  which  will 
perform  its  vibrations  in  the  same  time ;  for  that  length, 
being  applied  from  the  pomt  of  suspension  along  the 
line  which  passes  through  that  point  and  the  centre  of 
gravity  of  the  body,  wul  be  the  centre  of  oscillation 
sought, 

99,  We  have  seen,  in  the  preceding  article,  that  the  Diifance 
angidar  areelerating  force  of  any  compound  mass  or  ^"^"^    * 
system  of  mat*>rial  points,  lolicited  by  various  accele- 
rating forces  f,  f\  f^t  &c.  it  expressed  by  the  equation 
4tf  _  ^/>  f  cos  i  m 

i  fr^  m 

and  since,  in  this  case,  the  several  forces  ^,  ^',  f ",  d'c. 
denote  the  action  of  gravity  on  the  several  particles, 
they  are  equal  to  each  other,  being  equal  to  2  ^ ; 
whence  the  above,  as  it  relates  to  the  vibration  of 
bodies,  becomes 

^  _  ^gfrtonZm 

i  ./>' '« 

Now  if  our  object  were  merely  to  ei press  the  angular 

accelerating  force  of  a  single  particle  m  vibrating  at  the 
distance  /,  from  the  axis  of  motion,  we  should  have 
itf         %gl cos  c  m 

T  ~         I'm 
and  equating  this  with  the  former,  we  have 
2  gf  r  cos  ^m  ^  ^gf  cos  c  m 

fr*m  ^m 

fr'm   _  J^  «-^ 

t   • 


11119  of 

motion. 


whenca 


or 


fr^m 
fr^m 

frm 


II 


That  IB,  the  length  of  a  timpfe  fcnduium  vibratiftg  in 
the  iamt  time  a*  a  compound  masi,  or  the  distance  of  the 
cenfrt  nf  &acillation  of  the  intter  from  the  point  of'  6ns- 
pmiiom,  is  found  by  ditiding  the ^uent  of  the  expret^sion 
of  each  particle  into  the  square  of  its  distmnce,  htf  the 
^fiueni  of  each  particle  into  ii§  simple  distance  from  the 
point  qf  fuJtpenmm* 

Or,  since  the  latter  fluent  is  equal  to  the  product  of 
the  mass,  by  the  distance  of  it*  centre  of  gravity  from 
the  point  of  suspension,  and  the  former  equivalent  to 
what  we  have  defined  to  be  the  moment  of  inertia ;  we 
may  otherwise  say,  that  the  distance  of  the  centre  qf 
oseillation  of  any  compound  body,  from  the  axis  of 
sospensioTiy  ie  equal  td  the  quotient  arising  from  di* 
s2 
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M«H)liaiiicft.  Tiding  the  moment  of  inertia  with  reference  to  that 
**^^*^-^"^^  axis ;  by  the  product  of  the  mass  into  the  distance  of 
its  centre  of  gravity  from  the  same  axis.  If,  therefore, 
C  be  taken  to  denote  the  point  of  suspension  of  any 
vibrating  body,  O  its  centre  of  oscillation,  and  G  its 
centre  of  gravity,  our  expression  may  be  put  under  the 
form 

CO  -       ^'^- 
■"  Body.  CG* 

PrkU  100.  The    following  deductions   flow    immediately 

d«rduciion9.  fp^^  q^j.  preceding  investigation :  1.  AB  (fig.  68)  being 
conceived  to  denote  any  body  vibrating  about  the 
point  C,  it  may,  as  far  as  regards  the  time  of  vibration, 
be  con*«iderod  as  a  simple  peiidtilum,  whose  length  is 
CO,  O  being  the  centre  of  oscillation. 

2.  If  a  body  be  turned  about  its  centre  of  gravity, 
itl'  a  direction  perpendicular  to  the  axis  of  motion,  the 
place  of  the  centre  of  oscillation  will  remain  unaltered ; 

for  the  quantity  i  r^  m  will  not  he  at  all  effected  by 

such  a  motion  of  the  body. 

3.  The  distance  of  the  centre. of  gravity  from  that  of 
oscillation  (if  the  plane  of  the  body's  motion  remain 
unaltered)  will  be  reciprocally  as  the  distance  of  the 
former  from  the  point  of  suspension.  If,  therefore, 
that  distance  be  found  when  the  point  of  suspension  is 
in  the  vertex,  or  so  situated  that  the  operation  may  be 
most  simple,  the  value  of  the  same,  in  any  other  po- 
sition of  that  point,  will  likewise  be  given  by  a  simple 
proportion. 

4.  The  product  of  the  distances  of  the  centre  of 
gravity,  and  that  of  oscillation,  from  the  axis  of  motion, 
is  manifestly  a  constant  quantity  for  the  same  plane  of 
vibration ;  if\  therefore,  the  centre  of  onciUation  be  made 
the  point  of  suspension^  the  point  of  suspension  will  be- 
come the  centre  of  oscillation, 

5.  Hence  also,  if  upon  the  plane  of  vibration,  passing 
through  the  centre  of  gravity  of  any  body,  two  con- 
centric circles  be  described,  having  the  common  centre 
G,  and  radii  GC,  GO,  the  body  suspended  from  any 
point,  in  the  periphery  of  either  circle,  will  perform  its 
oscillations  in  the  same  time. 

6.  It  follows  also  from  our  preceding  investigation, 
that  in  a  compound  pendulum  consisting  of  several 
bodies  revolving  about  a  common  axis,  the  centre  of 
oscillation  may  be  determined  by  adding  together  the 
several  products  of  each  mass  into  the  distances  of  the 
respective  centres  of  oscillation  and  gravity,  from  the 
axis  of  motion,  and  dividing  that  sum  by  the  product 
of  the  whole  system,  into  the  distance  of  the  common 
centre  of  gravity  from  the  axis  of  motion. 

For  with  respect  to  any  single  body  B,  we  have 
(denoting  by  C,  G,  and  O',  the  point  of  suspension,  the 
centre  of  gravity,  and  centre  of  oscillation), 

V  —     /^^ .  '         .      •      )    ■ 
B.  CG  '   .   .     V  .;  ^ 

and  with  regard  to  any  othei;  body  B'  of  the  sy^tetri, 

B-CG  '  . 
and  so  on  of  others;  whence,  acoonU^g  to  our  notatios, 

ifr'in  =  SCQBCG; 

that  is^  the  sum  of  all  the  r*  m  m  the  wfioie  jpendohun 


CO'  = 


is  equal  to  the  sum  of  kll  the  products  m  «aGh  part,Medi 
which  arise  from  multiplying  each  part  into  the  produet  >^ 
of  the  distances  of  its  centres  of  gravity,  and  qf 
oscillation,  from  the  common  axis  of  motion ;  and  the 
former  sum  is  also  equal  to  the  product  of  Uie  whole 
mass  into  tlie  distance  of  its  centre  of  gravity,  and 
common  centre  <5f  oscillation,  from  the  point  of  sus- 
pension. If,  therefore,  the  sum  ICO-B-CG  be 
divided  by  the  product  of  the  compound  mass  into  the 
distance  of  the  common  centre  of  gravity  from  the 
axis  of  motion,  the  quotient  will  be  the  distance  of  the 
common  centre  of  oscillation  from  the  same  axis. 

101.  Let  us  now  illustrate  our  preceding  inves6gei-  £xm 
tions  relative  to  the  centre  of  oscillation  of  a  compound 
body  by  a  few  examples,  in  doing  which  we  shall  avail 
ourselves  of  those  given  by  Dr.  Gregory  in  his  Treatise 
of  Mechanics. 

1.  To  find  the  centre  <f  oscillation  of  a  slender  cyUnitr  Of  i 
or  right  line  :  Uoft. 

Let  CP  (fig.  69)  be  a  right  line,  or  very  slender 
cylinder,  moving  freely  about  iu  extreme  point  C  as  a 
centre  of  suspension;  then  if  CA,  considered  as 
variable,  be  denoted  by  x,  the  force  of  *  particles  at  A 
will  be  expressed  by  x*  x,  and  we  shall  have  /V  i  = 

^  J*  for  the  moment  of  inertia  of  all  the  particless  in  CA, 
and  this,  when  CA  becomes  equal  to  CP,  will  be  \  CP*. 
In  this  case  also  the  body  will  be  CP,  and  the  dis- 
tance of  its  centre  of  gravity  from  C  ii:  ^  CP;  conse- 
quently we  have 

yv^  —  f^^  —   ^^^  —  •     . 

fr  m        fx  X         2  ^ 
which,  when  .r  =  <7,  or  CP,  becomes  fa,  or  f  CP; 
whence  O  being  supposed   to    denote  the  centre  of 
oscillation,  we  shall  have 

CO  =  f  CP; 
that  is,  the  centre  of  oscillation  of  a  right  line  from  the 
point  of  suspension,  when  that  point  is  at  its  extremity, 
IS  at  the  distance  of  two- thirds  of  the  line  from  the 
axis  of  motion. 

2.  To  find  the  centre  of  oscillation  of  the  same  line,  j^ 
when  the  point  of  suspension  is  at  any  point  S :  sotp 

Let  CP  =  a  -f  A,  viz.  let  CS  =  ^,  SP  =z  u,  and  •»■ 
SO  =  jr.  po" 

Then  the  moment  of  inertia  of  the  particles  in  SC 
=  ^b^,  and  the  moment  of  inertia  of  in  SP  =:  ^ ; 
the  sum  of  which  therefore  is,  ^(a*  +  b*). 

Again,  the  body  in  this   case  is  a  +  6,   and  the 
distance  of  the  centre  of  gravity  from  S  =  ^  (a  —  b), 
therefore  what  is  denoted  in  our  formula  by 
Body  X  CG  zi  ^(a'*—  6*); 
whence 


X  CG"  ^(tf*-^)-* 


a^  ^  ab  +  6» 


Body 

that  is,  SO  =  4 

If  6  =  CS  =:  0,  then  S  and  C  coincide,  and  we 
have  CO  :=.  ^  a^  as  before, 

libzz\a,orb  zz  ^  {a  -f  b\  then 

so  =  fx^l::it^4±i^  =  f +  !«=«; 

that  is,  SO  =:  SP,  as  it  ought  to  bei  because  when 
|the  centre  of  oscillation  is  made  the  point  of  suspen- 
sion, the  latter  ought  to  become  the  centre  of  oscillation* 


Id  Ofder  to  find  the  ratio  of «  to  Z^,  the  whole  Unglh 

I  ♦»,.►  i.i,p  a  ^  h  beiniBf  ^iveu,  such  th;*t  SO  may  be  a 

,  or  such  tK:it  i\w  vihrationR  may  be  parfortnod 

i|un  /m.*st  possible,  we  nuist  ?iubstitule  «  4-  6  :^  c; 

the  ahove  expression  ni  ly  be  written 

(/I  ^  h)*  L  3  (a  ^  A)  1/  h 

Or,  calling  6  3:  V,  and  a  —  c  —  /^  also,  as  above, 
f«  -f  ^  ^  c,  wc  have 


so  = 


zr  a  mumrnmt ; 


Vw  M  (fie:.  71),  ahottt  its  alisciss  VA,  vlhaU  on  an  axU  Mccfmnicv 
passing  through  C>  /(^  ^A''^^  '^'^  rr/i/n*  qf  oaailaiiait.  n^^lri 

Put  CV  —  rf,  the  variable  absciss  V  a  —  ,r,  its  cor- ^^^  ^"^^',^^1^ 
responding  ordinate  a  m  ^i  tfy  VA  zz  a^  AM   =z  r, 
3-14I59  ^  IT. 

Now,  first,  in  order  to  End  tlie  moment  of  inertia 
of  the  circle  mil,  let  us  suppose  some  varialde  radius 
a  z  :^  z\  then  the  corrtspondinj:^  double  ordinate 
will  be  2  V(y  —  ^');  and  the  square  of  this  distance 
from  the  axis  C,  will  lie  {d  +  ,1)^  4-  2*;  . 
whence  2  s/  {f  —  z^{{fi  +  a)»  -h  i'} 

will  be  the  momentvtm  of  inertia   of  the  double  or- 
dinate, w  ith  reference  to  the  axis  C  ;  wherefore 


itbklit  pni  into  fluxions,  and  reduced,  enves 

Wheti  S  is  taken  between  A  and  G,  the  lower  sign 
lasly  obtains;  itt  which  case, 

^V- J<*(1-  V  i)  -  '2113251% 
X  Lcf  ACB  Cfig»  70)  i^r  «/i  anguiar  panUilum^  com- 
'  -7^  /A^'/i  ri/fmitn'  uirt»  AC,  CB,  t/* 

'ftt  of  saspnisiun  C,  i/i  the  pianc  of  the 
,  (ajufi  lU  ijitifrc  of  osciihtiun  0» 
Bii*ot  AC  and  CB,  in  ^  and  y,  and  bisect  ^  7  in  G, 
10  shall x.y.  and  G,  be  the  centres  of  gravity  of  AC, 
CB,  aiidof  AC  ^  CB. 

Denott!  ACk  or  CB,  by  u,  and  the  aiia;te  ACG  = 
}ACB  by  a  :  let  also  o  and  0  denote  die  centres  of 
iicillauon  of  the  separate  masses  AC,  CB;  then 
Co  — :Co'  —  j  tiy 

and  CG-— -2— ; 

I  sec  a 

whence  we  have  (bv  N*  6.  an.  100) 

AC'f  AC-  JAC  -f  CB-^CBfCB 


■        C0  = 


(AC  +  CB)- 


2  sec  a 


"      ^-^        2  (tf  *  i  £>  *  4  <i)  1  sec  a 

Tlie  time  of  vibration  of  an  angfular  pendulum  may 
be  increased  sine  hmitr,  while  the  length  of  the  arms 
or  branches  remain  constant;  because  the  time  of  vi- 
bration i*  a  fiinction  of  the  anole  ACQ, 

When  this  an§:le  vanishes,  then  sec  a  ^  1  ;  and  we 
have  CO  =  ^  r/,  or  4  AC.  When  rhe  angle  ^  ACB  =,  90°, 
because  in  thi!«  case  sec  a  is  infinite,  CO  is  also  in- 
fioifc,  and  the  time  of  vibration  so  likewise ;  that  is, 
the  pendulum  will  then  become  a  rierht  line,  and  will 
rc«  upon  its  centre  of  gravity  C,  in  all  posit iomi. 

When  the  lengths  AC  —  CB  are  given,  and  the  time 

of  vibFRtion^  the  angle  ACB  may  be  determined  ;  for 

d|e  riiove  ejEpression  for  CO,  gives 

3  CO 
sec  a  —  -— -  * 
2a 

fiAutn  AC  ^  CB=  15  inches,  and  the  time  of 

is  1  second  ;  ■  then,  since  CO  :=  39^  inches 

(tke  length  of  a  seconds  pendulum),  we  have, 

sec  a  =    ^  ^^^^  =  sec  of  75*^  1  Vi  nearhj. 

If,  while  AC  —  15,  the  time  of  vibration  should  be 
5  seconds,  then  CO  =  25  x  39^  =  978^125; 

md  »ec  a  =  ^  ^  ^'^^^^^  =  97-8 1 25  ^  sec  89*^  24'J ; 

consequenUy  ACB  =  \1%^  49'^  nearly. 
4*  Lei  tie  solid  farmed  by  the  rotation  of  the  curve 


*" 

taken  from  z:^  0  to  3  r:  5^,  ^ves  the  moment  of  in- 
ertia of  the  semicircle;  and>  consequently, 

2  J  '2  ^  (/  -  iy{{ti  ^  x-y  +  J}  i 

will  he  the  momentum  of  inertia  of  the  circle  ww:  in 
which   It  will  be  observed   if  and  ,r  are  both  constant. 
Taking  the  Huent,  this  becomes,  when  i  :^  ?/, 
7r(^/  +  if  y  if  +  i  x(/\ 
Having  thus  the  moment  of  inertia  of  the  circle 

wj  n,  multiply  by  j*,  and  we  have 

iri{{r/-hx)VH-iy); 

whence      CO  =z  -^-1 — ;-- -~^ — —  . 

body  X  CO 

In  order  to  accommodate  this  expression  to  any  par- 
ticular case,  it  is  only  necessary  to  snl>stitute  f6r  j/  its 
value  in  functions  of  i\  as  determined  from  the  equa- 
tion of  the  curve ;  and  the  fluent  wiH  then  give  the 
distance  CO  required. 

Suppose,  for  instance,  we  wished  to  find  the  centre  of  a  cwf. 
of  oscillation  in  a  cone,  whose  altiturle  is  0,  and  ra- 
dius of  its  base  t\     Here  the  relalion  of  4:  and  v  is  ex- 

r  t 
pressed  by  the  equation  y  ^  —  -^  n  x;    and,  sul> 

slituting  this  value  of  y  m  the  general  expression^  \i 
becomes 

"  My  .  CG 

taking  the  fluent, 

TT  a  cn  »*  T^  -h  4r  d  n*  1*  ^-  4  ff'  1*  -h  ^1^  n*  .r*) 
bOih/  ,  CG 

But  the  body  =  a-  ^  ;/*  >r\  and  CG  =:  f/  -f  |  j  • 
whence  body  x  CG  :=  ir  (|  ei  ji*  i-*  -(-  |  /t'  .1*) ; 
and  therefore,  by  division* 

20  d^  +  30  dx  +  \2  1^  ^  3  «*  1* 
"  20  d  +  15  J'        ^^'^  * 

wbicbv  for  tlie  whole  cone  (when  x'=.a,  and'«  ^  ^  j^  r:  r), 
is  reduced  to 

^^_2Q  fJ'4-3QflrfH-  12a*  +  3f^ 
^^^  20rf  +  15«  * 

When  V  coincides  with  C,  that  is,  when  the  cone  is 
suspended  at  its  vertex,  then,  as  df  =  a,  we  have 
4  «'  +  r*       ^  f^ 

=  *«  + 


CO- 


CO =  VO  - 


5  a 


5a 


It  J  also,  in  this  case,  a  =  r,  then 

CO  =  VO  -         ^^       -  a. 
5  a 

That  is,  if  a  right-angled  cone  be  suspended  at  its  vertes^  it9 
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MecUnict.  caiire  of  oicilkUion  will  ccincide  with  the  caitre  of  its  If  the  point  of  tuipension  be  at  the  ciitnunfevenceA  BSmI 

V-^'v-^  base,  and  the  cone  mil  vibrate  in  the  satne  time  as  a  simple  then  d  zz:  r^  and  CO  =  1  radius.                                      ^^rfS 

pendvluiUy  whose  Ungth  is  equal  to  the  altituule  of  the  cone.  When  CO  is  Bi\en  =:  \  and  the  radius  zz  r^Xo  find 

This  conclusion  tlows  also  very  naturally  from  the  J,  we  obtain  it  from  the  equation 

geometrical  method  of  finding  the  centre  of  oscillation  d  •=.  \Z  ±.  ->/(i^^  —  J'O' 

of  a  cone  suspended  at  its  vertex ;  which  is  as  follows :  Whence  it  follows,  that  a  sphere  may  be  suspended 

Bisect  AN,  the  radius  of  the  base  (fig.  72}  in  F ;  at  two  different  distances  fiom  the  axis  of  motion,  and 

join  VF,  and  make  IF  =  j.  VF ;  then  10  drawn  per-  still  vibrate  in  the  same  time ;  when  {^  3*  =  f  /*,  then 

pendicular  to  VF,  will  meet  VA,  or  VA  produced  in  O,  the  radical  part  vanishes,   and  dzzi^izzr^/^  =: 

the  centre  of  oscillation.  •632495  r,  is  the  only  value  of  d. 

For      VF  =  v'  (VA*  +  AF*)  =  v'  (a*  +  \  t*),  3.  If  the  weight  of  the  thread  is  to  be  taken  into  the 

«nd       VI  =  ^  ^/  (a*  +  ^r^.  account,  we  have  the  following  distance  between  Che 

But  the  triangles  VAF  and  VIO  are  similar;  therefore,  centre  of  the  ball  and  that  of  oscillation;  wh«»  B 

VA  :  VF  ::  VI  :  VO  ;  denotes  the  weight  of  the  ball,  d  the  distance  between 

that  is,  its  point  of  suspension  and  the  centre,  r  the  radhtf  of 

0:  v^(a*  +  tr*)  ::^v^(a*  +  ir*):  the  ball,  and  w  the  weight  of  the  thread  or  whe,  ▼». 

'a -  *  ^  +  TT  -  ^^'  ^^ (i«  +  B)i^-.r». 

the  same  expression  as  before ;  and  when  a  :^  r  then  4   j^  ^    ^.  represent  two  weights  fixed  at  tlie 

CO  =  a;  as  we  have  already  found  m  our  analytical  extremities  of  a  rod,  of  given  length  WW',  O  being 

P"^^^**,   .       ^        ,      ^        ,  J               ,^     ./.  the  centre  of  motion  between  them;  then  if  CW  sr  it 

It  IS  obvious  firom  the  above  deductions,  that  if  cones  ^j  ^^»  =  D,  and  m  be  taken  to  denote  CIm  tl«ieht 

be  made  to  vibrate  like  pendulums  about  their  vertices  ^^  ^  ^^j^  j^  j^^^j^  ^  ^1^^  ^^  ^^  ^y^^  ,^^^        ^^^ 

as  pomts  of  suspension,  the  time  of  vibration  may  be  m  D'  +  ^  W'D*  -h  m  <f  4-  3  W  d? 

increased  sine  limite,  while  their  sides  remain  constant.  CO  =  — rr^ ■■.£/;; -73 — '^^'J'  • 

In  practice,  however,  this  cannot  be  carried  so  far  in  m  D  4-  -^  ^  U   -.  «  tf  —  a     __„ 

conical  pendulums,  as  in  angular  pendulums,  noticed  in  the  radii  of  the  balls  being  suf^poaed  verj  emU  in 

our  3d  example.  comparison  with  the  length  of  the  rod. 

Whether  a  right-angled  cone  be  suspended  at  its  5.  In  the  bob  of  aclock*pcnd«l«m,sappotinf  ktobe 

bans,  or  at  iU  Tertex,  it  wiU  vibrate  in  equal  times ;  two  equal  spheric  iiegments  joined  at  thev  haaei,  if  die 

becaoi^  the  centre  of  oscillation  beinr  made  the  point  radii  of  those  bases  be  each  =  p,  the  height  of  each 

of  suspension,  the  pomt  of  suspension  will  become  segment  r,  and  d  the  distance  from  the  point  of  fn»- 

the  centre  of  oscillation  (No.  4.  art.  100).  pension  to  G,  the  centre  of  the  bob,  then  is 

Ceotre  of        102.  We  shall  not  pursue  these  examples  to  a  greater  ^^  _  -  p^'^jp^^  +  'Ay  ^* . 

otctlbtfcm    length :  as  the  reader  may  find  them  m  nearly  every  ^     ""  *          d(p'  +  i  i'*)        * 

l*^^*^    treatise  on  the  Fluxional  or  Differential  Calculus ;  but  which  shows  the  distance  of  the  centre  of  oscillatlen. 

shall  merely  enumerate  a  few  of  the  most  useful  cases,  below  the  centre  of  the  bob. 

1.  In  sur&ces,  when  the  vibration  is  flatwise  or  per-  if  the  radius  of  the  sphere  be  known,  the  latter 
-pcadieular  to  the  plane  of  the  figure,  the  distance  expression  becomes 

CO  of  the  centre  of  oscillation  from  the  point  of  sus-  Ir'v— Irv^  +  ^v" 

pension,  will*  be  as  below :  GO  — .            ^  .    _  ,  ^x 

suspended  at  iU  vort^. .' J  ^  altitude.  1 03.  We  shall  now  conclude  this  article,  by  showing  Carti 

In  a  circle                  *  * " )  ^^®  method  of  determining  the  centre  of  oscillation  of?"* 

suspended  at  its  circumference  . . . .  (  *  '''''^'^'  »  compound  mass  or  body  experimentally.  ^     ^      .       22 

In  the  eommOM  parxA§ld,                1   -  Suspend  the  body  proposed  very  freely  by  the  given 

suspended  at  its  vmex \  ^  ^"^'  ff^voii,  and  make  it  vibrate  in  small  arcs;  count  the 

aZ«  ^^kj^             •  •  •  •  •          \  o^A\  nnmber  n  of  vibrations  wliich  it  makes  in  a  minute  by 

«t^rrit^'v^»*.»                      J-5— t4-»«*-  a  good  step  watch;  so  shall  the  distance  CO  of  the 

suspended  at  Its  vertex. ...5    3«+l  ^|^^  ofTsciUation  and  point  of  suspension  be  de- 

2.  When  the  surfaces  are.moved  edgewise,  or  m  the  ^^^^  y^                              ^ 
plane  of  the  figure :  ^                             140860 

^11^^*      .         .                  \\diameter.  ^^  =       "T^— • 

smenfM  at  itt  ciicumterence  •• .  %  p^^  ^^  ^^^^^^  ^^  ^^  ^^^^^^  pendulum  vibrating 

susDend«i  at  0^  ansle                      \  *  ^*V>«»^  seconds  being  39*  inches ;  and  the  lengths  of  pendu- 

suspend^atiU  vertex. ]  ^<^\f^ram.  of  vibrations  made  '''l^''^''^^'^''^lll.^ 

Ditto,  centre  of  iU  base   ^axU '{^\param.  w*:60*::394  :  ?■             iT   =  ^^^^^ 

In  e  soKart  fwramd^  whose  altitude  =  a,  and  side  of  ^                    ^ 

4  b^  .  for  the  length  of  the  pendulum  which  vibrates  n  times 

its  base  .^.2  6;  CO  =  |e  +  — ^.  i^  a  minute,  or  the  distance  CO  in  the  cooapound 

In  a  tpkert,  whose  radius  is  r,  when  suspended  at  penduhim. 

the  distance  (I  finpn  Us  nenlre^  S  XXX.  Of  the  centre  of  gyration, 

QQ  _  ^'       ^^  104.  The  centre  of  f^r&tion,  is  that  point  inirlHeh  if  Cart 

"■     "*"    S  d^ '  eH  the  matter  oetitaified  in  a  revolvibg  syetem-be  col-Sy* 
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lected,  the  same  angolar  velocity  will  be  generated  in 
'  the  Bfune  time,  by  a  given  force  acting  at  any  place,  as 
would  be  generated  by  the  same  force  acting  similarly 
and  in  the  same  place  in  the  body  or  system  itself. 

"We  have  seen  (article  97)  that  the  expression  for 
the  angular  accelerating  force  of  any  revolving  body  or 
system,'  is  denoted  by 
■*"  «#       /rcos0  3  m  ^ 

T""      /r'm 
In  the  present  instance,  the  body  is  all  supposed  to 
be  collected  into  one  point;  therefore,  if  we  denote  the 
distaiidPbf  that  point  from  the  axis  by  CR,  and  the 

bodyjqf;  B,  our  denominator/  r'  m  will  be  expressed 
by  Q|l\i^;  while  the  force  represented   by  the  nume- 
rator will.  lemain  the  same ;    and  since  the  angular 
motioB  IB  the  two  cases  is  equal,  we  shall  have 
rr  ^  cos  3  w  ^^  /rf  cos  cm 


and  because  2  GG  is  constant, 

*±  2PG.GCi»  =:  o; 


Meebanks. 


CRVB  zzff^m; 

"'  • ,.  ;.CR  =  v/^i. 

ety«t  n«|r«f ,  GR,  tke  distam:e  of  the  centre  of  gyration  frm 
He  «Rt  rf  roiatwn^  u  expressed  hf  the  square  root  of  the 
qmbikmi  aising  from  jt&viding  the  moment  of  inertia  by 
ikemoMBarbbdf. 

105.  .Several  remarkable  relations  obtain   between 

^he  ditt^i**^  of  the  centres  of  oscillation  and  gyration 

in  the  same  bodies ;  of  which  we  shall  enumerate  a  few 

of  the  most  important. 

Bdv        1.  The  distance  of  the  centre  of  gyration  from  the 

I, of  motion,  is  a  mean  proportional  between  the  dis- 

;  of  the  centres  of  oscillation  and  gravity  from  the 

axis. 

For,  denoting  the  body  by  B,  the  distance  of  the  cen- 
tre of  gravity  by  CG,  the  distance  of  the  centre  of 
osdttation  by  CO,  and  of  gyration  by  CR,  we  have 

CG.B  ' 


ibr 


CR*=i^^,andCO  = 


B 


writiplymg  the  latter,  by  CG,  we  have 


CO  X  CG  = 
Gonieqaently, 


B 


=  CR«; 


CR=  >/(C0  X  CG); 

'  CO:CR  ::  CR:CG. 

3.  The  principal  axis  of  gyration  is  that  which  passes 
tfarovgh  ue  centre  of  gravitv ;  and  the  distance  be- 
tween the  principal  centre  of  gvration  and  the  centre 
of  gravity,  is  a  mean  proportional  between  the  distances 
of  die  centre  of  motion  and  oscillation,  from  the  centre 
offlravity. 

For,  referring  to  fig.  69,  we  have 

PC"  z=  PG»  +  CG*  ±  2  PG  .  GC, 
dMrefive, 

_  /"PG*  ^  CG'  ±  2  PG     GC^  m. 

But  bcm  the  Yiature  of  the  centre  of  gravity, 

PGiM  on  each  side  of  6  are  equal ; 


A 


also  because 


we  have 


and 


tyiCG»=  B.CGS 

°^  =  «<= +y-B:cG- 


0G  = 


=fi 


^    B.GC 
whence  the  truth  of  the  proposition  is  manifest 

3.  The  time  in  which  a  body  vibrates  will  be  thi 
least  possible,  when  the  axis  of  motion  passes  through 
the  principle  centre  of  gyration.  For  if  D  and  d  denote 
the  distances  from  the  centre  of  giavity  to  the  point 
of  suspension,  and  to  the  centre  ol  gyration,  it  wiu  be 

(D  +  df 

D:D  +  (f ::  D  +  ^ :       p    ^ 

the  distance  from  the  point  of  suspension  to  the  centre 
of  oscillation ;  and  this  latter  expression  will  obviously 
be  a  minimum  when  D  z=.  d. 

4.  If  it  be  required  to  determine  what  quantity  of 
matter  M  roust  be  placed  at  any  other  distance  AG 
from  C,  so  that  the  mertia  may  remflun  the  same,  we 
must  have 

R  PR* 
AC*.  M  =  CR'.  B,  or  M  =     '  ~.. 

5..  And  for  the  same  reason,  if  any  number  of  bodies 
B,  B',  B'',  &c.  be  put  in  motion  about  a  common  axi» 
passing  through  C,  by  a  force  acting  at  A,  the  system 
will  have  the  same  angular  velocity,  if  instead  of 
tliose  bodies  placed  at  the  distances  CB,  CB^  CB%&c» 
there  be  substituted  bodies  equal  to 
CB*  ^      CB'*^.    CB"^ 


'^'  T^aTB', 


-B%&c. 


CA'  ^'    CA''^'    CA 
these  being  all  concentrated  at  the  point  A. 

106.  Let  us  now  illustrate  our  preceding  deductiont 
by  the  solution  of  a  few  examples. 

1.  To  find  the  centre  of  gyration  of  a  right  line,  op  Eiimpfci^ 
very  slender  rod. 

Let  CP  (fig.  69)  represent  the  right  line  in  question, 
revolving  on  the  point  C,  and  let  R  be  its  centie  .of 
gyration;  also  let  CA  =r  x,  be  any  variable  distance; 
then  will  fx's  denote  the  moment  of  inertia,  and  we 
shaU  have  (art  104) 

Now,  if  we  call  the  whole  line  CP  =  /,  we  shall  have 
B  =  /;  and,  therefore,  when  i*  =:  /,  the  above  becomes 

CR=  ^/i/*  =  /V*  = -57736/. 
^  2.    To  determine  the  centre  of   gvration  of'  a  plmt 
circle^  or  wheet,  of  umform  thickneas,  revoking  on  iii 
centre. 

Let  3-14159  =:  ir,  the  radius  of  the  wheel  =  r,  and 
any  variable  radius  =  x ;  then  the  ai^a  of  the  wheel 
will  be  irr*,  and  of  the  variable  circle  ir  jr*;  coose- 
quently,  the  moment    of  inertia  will  be  denoted  by 

/2  IT  x*i,  and  we  shall  therefore  have 


CB  =  ^:^ 


t36 
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When  *  =  r,  tiiis  becomes 

which  is  the  distance  of  the  centre  of  gyration  from  the 
axis  of  motion. 

3.  To  determine  the  centre  of  gyration  of  an  nnifonn 
circular  ring,  revolving  on  its  cent  re  y  as  AD  ED  (tie:.  7.*^). 

Let  the  exteirnal  and  internal  radii  AC,  C  n,  be  de- 
noted by  R  and  r,  then  will  x  (R*  —  i')  =z  the  rinj:, 
which  is  denoted  by  B  in  our  formula.  Let  x  be  any 
variable  radius  greater  than  r,  then  x  (i^  —  r*)  will  dt;- 

hote  the  variable  area,  and  its  fluxion  =  2  x  a  .r : 
multiply  this  by  the  square  of  the  distance  a',  and  we 
have  for  the  moment  of  inertia,  /2  ir.i-'x  -h  C. 

Now  this  expression  ought  to  become  zero,  when 
x  ==  r ;  whence  C  =  —  JJ  ir  r* ;  and  the  correct  fluent 
is,  when  j  =:  R, 

/2xa^i+  C=  iir(R*-r*); 
ftnd,  therefore, 

that  is, 

CR  =  v^  i  (R»  +  V). 

When  r  vanishes,  or  the  ring  becomes  a  circle,  we 
have  CR  ==  V  J  R*  =  J  R  v^  2,  as  in  the  preceding 
example. 

The  sectors  C  a  6,  CAB,  being  to  each  other  as  the 

ureas  of  their  respective  circles,  if  —  ir  be  put  for  the 

corresponding  part  of  the  circumference,  the  same  re- 
sult will  be  obtained  with  respect  to  the  sectors  as  to 
the  whole  circles ;  so  that,  if  the  part  AB  6  a  revolve 
about  the  centre  C,  its  centre  of  oscillation  will  in  like 
manner  be  determined  from  the  expression 
CR=  v^^(R«H-r»). 

4.  To  find  the  centre  of  gyration  of  a  cone  which  re- 
aves about  its  vertex. 

Here  we  may  avail  ourselves  of  the  property  given 
(art  104),  viz.  that  the  distance  of  the  centre  of  gyra- 
tion from  any  axis  is  a  mean  proportional  between  the 
distances  of  the  centres  of  oscillati6h  >and  gravity  from 
the  same  axis. 

Now  the  centre  of  gravity  of  a  cone  is  at  ^Jths  of  the 

attitude  from  the  vertex,  or  CG  r:  J  a,  a  denoting  the 

altitude  ;  and  the  distance  of  the  centre  of  oscillation 

r* 
(art.  101,  ex.  4),  CO  =  J  a  -f  — ,   r  being  the  ra- 

dius  of  the  base;  whence  we  have 


In  a  cone,  \  ~ni  j '    id      —i, 

revolving  on  iu  axis ^CKsrrad.  ^  A   CSS 


In  a  straight  /rrrr, 
wlioso  arms  are  B  and  b 


or 


CR 

When  r  =  a,  this  becomes 


CR  =  ^-^  =  fl^J,  or  i   av^3. 

The  results  in  a  few  other  useful  cases,  are  as  follow : 
In  the  peripheric  of  a  circle,        ^  CR  =  rad    k/ X 

revoWing  about  the  diameter  . . .  )  •  v  t 

Jn  the  plane  of  a  circle,  i  pp  __  ,       , 

revolving  about  the  diameter.  .  •  3         "^  ^ 

Jn  the  surface  of  a  sphere. ditto     CR  zz  rad.  y/  4 
1a  a  solid  sphere ditto    CR  =  rad.  V  j 


dB-h36 


If  the  matter  of  any  gyrating  body  were  actually  to  be 
placed  33  in  the  centre  of  gyration,  it  ought  either  to 
be  disposed  in  the  circumference  of  a  circle,  whose 
radius  is  CR,  or  into  two  points,  R  and  R,  diametrically 
opposite  to  each  other,  and  at  distances  from  the 
centre,  each  equal  to  CR. 

107.  The  properties  we  have  been  investigating,  find  BJSud 
their  application  in  enquiries  connected  with  the  theory  pc«>*rf 
of  gunnery ;  viz.  iu  determining  the  initial  velocity  of 
balls  thrown  from  pieces  of  ordnance,  which  are  made 
to  impinge  on  a  massy  pendulous  block  of  wood,  deno- 
minated the  ballistic  pendulum.  This  machine  consists 
of  a  large  block  of  wood  annexed  to  the  end  of  a 
strong  iron  stem,  having  a  cross  steel  axis  at  the  otlier 
end,  placed  horizontally,  about  which  the  whole  vi- 
brates together.  When  the  machine  is  at  rest,  a  ball, 
discharged  horizontally  from  a  piece  of  ordnance, 
strikes  and  enters  the  block,  and  causes  the  pendu- 
lum to  vibrate,  more  or  less,  according  to  the  velocity 
of  the  projectile ;  and  by  the  extent  of  the  vibration^ 
the  velocity  of  the  ball,  at  the  time  of  impact,  becomes 
known. 

When  a  pendulum  is  at  rest,  if  the  body  impinge 
on  it  in  a  horizontal  direction,  the  same  velocity  will 
be  communicated  to  the  point  of  impact,  as  if  the  mass 
of  the  pendulum  were  removed,  and  instead  of  it  an 
equivalent  mass  were  concentrated  in  the  point  of  im- 
pact; the  quantity  of  the  equivalent  mass  being  to  that 
of  the  pendulum,  in  a  duplicate  ratio  of  thu  distances 
of  the  centre  of  gyration  and  tlie  point  of  impact  firom 
the  axis  of  motion. 

For  let  CADE  (tig.  74)  represent  a  pendulum  whose 
axis  of  motion  passes  through  C,  and  let  any  impact 
be  impressed  upon  the  point  P,  in  a  horizontal  direc- 
tion, and  perpendicular  to  the  vertical  plane  ABCD, 
the  pendulum  being  at  rest. 

Let  Q  be  the  quantity  of  matter,  which  being  con- 
centrated in  P,  the  same  angular  velocity  will  be  com- 
municated by  the  impact,  as  when  B,  the  whole  body, 
is  concentrated  into  its  centre  of  gyration  R.  Then 
since  the  resistance  arising  from  the  inertia  of  the  two 
masses  at  their  respective  distances  must  be  equal,  in 
order  that  their  angular  velocities  may  be  equal,  we 
must  make,  as  in  No.  4,  art.  105, 

BCR''=  QCP; 
whence 

JB^CR^^ 

From  which  determination,  combined  with  the  lawf 
of  the  impact  of  bodies,  the  velocity  of  the  ball  a 
impinging  body  becomes  known. 

We  shall  conclude  this  article  relative  to  the  centi 
of  gyration  with  the  following  propositions,  wherel 
that  centre  may  be  found  experimentally : 

109.    If  motion  be   communicated   by   a   hangi' 
weight  to  a  system  revolving  on  a  fixed  axis  passi 
through  the  centre  of  gravitv,  and  the  moving  fo 
act  always  at  a  given  distance  from  the  axis  of  mot? 
it  will  generate  in  the  revolving  system  the  same  mo' 
as  the  weight  would  acquire  in  the  Bame  time  by  hi 
freely  by  its  gravity  from  a  state  of  quiescence. 


ME  C  H  AN  I  C  S. 


137 


M.  DGB  (fig.  75)  represent  a  body  or  system  moveable 
'*>»'  upon  a  horizontal  axis  passing  through  its  centre  of 
gravity  G  ;  let  R  be  the  centre  of  gyration,  P  the  weight 
of  the  body  which  gives  motion  to  the  system  whose 
weight  is  W,  by  means  of  the  cord  P  rf  C  wound  round 
the  circumference  d  CE.  If  GR  be  denoted  by  r,  G  rf 
by  dy  the  inertia  of  the  whole  system  will  be  equivalent 

to  the  weight  W  —  uniformly  diffused  through  the  pe- 

liphery  d  CE,  every  point  of  which  manifestly  moves 

mth  Uie  same  velocity  as  P. 

The  moving  body  P  being  supposed   destitute   of 

inertia,  or  indefinitely  less  Xhan  the  weight  of  the  -sys- 

2,?P<P 
tern,  the  accelerating  force  0  will  be 

oaently  in  the  time 


conse- 


Wr« 

t  the  velocity  generated  will  be 

which  multiplied  into  the  quantity  of  mat- 


ter W—,  gives  2  gVt  for  the  whole  quantity  of  mo- 

tioQ  generated  ■  (2  g  denoting  here  the  force  of  gravity 
=  32|).  Now,  the  velocity  generated  by  a  body  fall- 
ii^frecdy  in  the  time  t  h2g  t,  and  this  multiplied  by 
P,  the  quantity  of  matter  gives  2  g  P  ^,  the  same 
quanti^  of  motion  as  before. 

Whence  it  follows  that  the  permanence  of  motion, 
estimated  by  the  product  of  the  quantity  of  matter  and 
idodty,  obtains  m  bodies  which  revolve  on  fixed  axes. 
ff  P  be  supposed  to  possess  inertia,  the  quantity  P  cT 
fliiist  be  adaed  to  the  denominator  of  the  fraction  ex- 
presuDg  the  accelerating  force,  which  will  then  become 

«  Prf»  4-  Wr«  ' 

which  leads  to  an  useful  practical  method  of  determining 

the  centre  of  gyra.tion  by  experiment. 

Let  s  be  the  space  described  by  the  weight  P  de- 
scending from  rest  in  t  seconds ;  then  the  accelerating 
fcwce  being  as  above,  we  have 

9zzgt^:z:       ^ 

vfaence 


P(/*  +  Wr» 


=  v/(- 


)■■ 


in  wbidi  equation,  if  the  numerical  values  of «» </,  P  and 
W,  as  resulting  from  the  experiment,  be  used,  r  will  be 
determined. 
KCBt  1 10.  Let  the  body  DB  (fig.  75),  whose  centre  of 
e»  gravity  G,  is  the  centre  of  the  circle  CE  </,  be  attached 
to  a  fixed  point  A,  by  means  of  a  cord  ACE  d,  wound 
about  CE  £/  as  an  axle ;  and  let  O  be  the  centre  of 
,  oecillation,  when  C  is  the  point  of  suspension,  or 
iBOBientary  centre  of  motion  of  the  body;  then,  if  while 
the  body  descends  by  the  force  of  gravity,  it  is  made 
to  torn  round  by  the  unwinding  of  the  cord  ACE(/,  the 
•pace  actually  descended  by  the  body  DB,  is  to  the 
space  which  would  be  described  in  the  same  time  by  a 
IndAt  iallmg  freely  as  CG  to  CO. 

Though  the  point  of  contact  C,  and  the  centre  of 
gravity  G,  draw  the  hori2ontal  line  CGO,  and  sup- 
{M>te  the  motion  of  the  body  to  commence  when  these 
centres  are  thus  situated  ;  then  the  angular  velocity  of 
tiie  body  at  such  commencement  of  its  motion  will  be 
tke  same  as  if  the  whole  were  placed  in  O ;  and  if  a 
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body  were  placed  in  O,  its  initial  velocity  would  be  Mechanics, 
the  same  as  that  of  a  body  falling  freely.     Drawing,  s^^^-''-^^ 
therefore,  C  g  o  indefinitely  near  CGO,  and  the  small 
arc  O  0  and  G^,  having  the  common  centre  C,  we  shall 
have 

xeloc.  at  O  :  'celoc.  at  G  : :  O  o  :  G  g  : :  OC  :  GC ; 
but  the  velocity  of  the  descending  body  is  that  of  its 
centre  of  gravity ;  therefore  the 

veloc,  in  free  descent  :  vehc  of  the  body  \\  OC  ;  GC. 
Now,  since  the  points  C,  G,  O,  are  always  in  a 
horizontal  line,  and  the  radius  CG  is  given,  as  well  as 
the  distance  CO,  the  velocity  of  a  body  falling  freely, 
and  of  tlie  body  unwinding  from  the  thread,  is  always  in 
the  ratio  of  CO  to  CG,  and  consequently  when  CO  : 
CG  is  a  constant  ratio,  the  whole  spaces  described  in 
a  given  time  will  be  as  stated  in  the  proposition.  We 
may  also  draw  from  the  above,  the  following  conclu- 
sions, viz. 

1.  The  weight  of  the  body  DB,  is  to  the  tension  of 
the  cord  AC,  as  CO  to  OG. 

For  if  the  body  were  supported  at  O,  as  well  as  C, 
G  being  the  centre  of  gravity,  or  estimated  place  of  the 
body,  we  should  have 

weight  0/  DB  ;  pressure  at  C  ::  CO  :  GO: 
but  if  the  point  O  be  set  free,  the  force  acting  there 
will  generate  a  motion  about  C,  while  the  pressure 
there,  and  consequently  the  tension  of  the  cord,  will 
be  neither  increased  nor  diminished. 

2.  This  motion  of  the  body  DE,  by  unwinding  the 
thread,  is  uniformly  accelerated,  and  the  tension  of  the 
cord  is  invariable  through  the  whole  descent. 

3.  If  the  body,  whose  transverse  sections  are  circular, 
run  down  an  inclined  plane,  while  the  cord  or  ribband 
CE  d  unfolds,  as  if  such  round  body  roll  down  an  in- 
clined plane,  being  hindered  by  friction  from  sliding ; 
the  space  it  describes  in  any  time,  is  to  the  space  de- 
scribed by  a  body  sliding  down  freely  without  friction, 
as  CG  :  CO. 

For  the  forces  which  generate  the  motion  are  both 
decreased  in  the  same  ratio  ;  that  is,  as  the  absolute 
gravity  to  the  relative  gravity  upon  the  plane ;  there- 
tore  the  spaces  described  will,  m  either  case,  remain 
in  the  ratio  of  CG  to  CO. 

111.  The  force  by  which  spheres,  cylinders,  &c.  are  Remark, 
caused  to  revolve,  as  they  move  down  an  inclined  plane 
instead  of  sliding,  is  the  adhesion  of  their  surfaces, 
occasioned  by  the  pressure  against  the  plane ;  this 
pressure  is  part  of  tne  body's  weight ;  for  the  weight 
being  resolved  into  its  components,  one  in  the  direction 
of  the  plane,  and  the  other  perpendicular  to  it,  the 
latter  is  the  force  of  the  pressure ;  which  (while  the 
same  body  rolls  down  the  plane)  will  be  expressed  by 
the  cosine  of  the  plane's  elevation.  Hence,  since  the 
cosine  decreases,  while  the  arc  or  angle  increases, 
after  the  angle  of  elevation  arrives  at  a  certain  magni- 
tude, the  adhesion  may  become  less  than  what  is  ne- 
cessary to  make  the  circumference  of  the  body  revolve 
fast  enough ;  in  this  case,  the  body  descends  partly  by 
sliding,  and  partly  by  rolling.  And  the  same  may 
happen  in  smaller  elevations,  if  the  body  and  plane  are 
very  smooth ;  but  at  all  angles,  the  body  may  be  made 
to  roll  by  the  uncoiling  of  a  thread  or  ribband  wound 
about  it. 

If  W  denote  the  weight  of  a  body,   s  the  space  Descent  of 
described  by  a  body  falling  freely,  or  sliding  freely  different 
down  an  incluied  plane;  then  the  spaces  S,  described ^^i^^- 
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MecitAiiki.  by  rotation  in  tbe  same  time  by  the  following  bodies, 
will  be  in  tlitse  proportions : 

1,  A  hollow  ctjlindcr^  or  cylindric  nurface^  S  :=:  -J  * 
tension  of  the  cord  in  the  1st  case  —  +  W. 

2,  In  a  sohd  ci/Ufider,  S  =:  3  j  ;  tension  =  ^  W. 

3.  In  a  ^heric  surface,  or  thin  spherical  shelly  S  =  •*; 
tension  =  |  W. 

4.  Jn  a  solid  sphere,  S  :r  ^  a ;  tension  =  4  W, 
The  reader  may  see  an  investigation  of  these  and 

Yarious  other  simitar  deductions  in  Bezout  s  Mechanics 
(arU  732.) 

§  XXn.  Of  the  centre  of  percussion, 
\  1 2.  The  centre  of  percussion  is  that  point  in  a  body 
revolving  or  vibrating  on  an  axis,  at  whicli,  if  it  struck 
an  immoveable  obstacle,  all  its  motion  would  be 
destroyed,  or  it  would  not  incline  either  way;  so  that 
if  at  the  instant  of  impact  the  supports  of  the  axis  were 
annihilated,  the  body  would  remain  in  absoUile  rest. 

If,  while  a  system  of  bodies  is  vibratini^  about  a  fixed 
axis  passing  through  C  (fig.  76),  such  an  obstacle  be 
Opposed  at  the  point  O,  as  entirely  to  destroy  the 
motion  of  that  point,  every  other  particle  in  the  system 
will  have  a  tendency,  in  consequence  of  its  inertia,  to 
proceed  in  the  direction  of  its  motion ;  that  is,  of  the 
tangent  of  the  circular  arc  it  was  describing  at  tlic 
lastant  the  obstacle  was  opposed  at  O, 

These  forces,  therefore,  will  act  on  the  system  to 
turn  it  round  O  ;  and  if  the  sitm  of  the  forces  on  each 
«ide  of  O,  should  be  unequal,  the  motion  of  the  system 
will  not  be  destroyed  when  O  is  stopped ;  but,  since 
the  forces  which  act  npon  the  pendulous  body  between 
O  and  C,  have  a  tendency  to  continue  the  motion  of 
the  system  contrary  to  those  which  are  impressed  on 
the  other  side  of  O,  if  tliis  point  O  be  so  situated  that 
the  sum  of  the  forces  to  turn  the  system  round  that 
point  be  exactly  equal,  then  the  instant  in  which  O  is 
stopped,  the  whole  motion  of  the  system  will  be  de- 
stroyed. 

In  order  to  investigate  the  position  of  tlie  centre' 
of  percussion  of  a  body  revolving  on  a  fixed  axis, 
supposing  that  centre  be  required  on  the  plane  pass- 
ing through  the  axis  of  motion  and  centre  of  gravity, 
we  may  proceed  as  follows.  Let  CBE  (fio^.  76)  be 
a  plane  passing  llirough  tlie  centre  of  gravity  G  of 
the  body,  and  perpendicular  to  die  axis  of  suspension 
which  passes  through  C;  and  conceive  the  whole  body 
to  be  projected  upon  this  plane  in  lines  perpendicular 
to  it,  or  parallel  to  the  axis  of  motion ;  for  then,  as 
each  particle  will  fall  at  the  same  distance  from  tlic 
axis  as  in  the  body  itself,  the  etJect  from  the  rotatory 
motion  will  not  be  changed,  neither  will  tbe  place  of 
the  centre  of  gravity.  Through  C  and  G  draw  the 
line  CGON,  and  let  P  be  the  place  of  one  of  the  par- 
ticles m  composing  the  system. 

Since  the  angular  motion  of  all  the  particles  is  the 
same,  the  absolute  velocity  will  be  proportional  to  the 
distance  from  die  axis  of  motion ;  and  if  at  the  nnit  of 
distance  the  velocity  is  supposed  to  be  die  unit  of 

velocity,  the  velocity  of  m  will  obviously  be  denoted  by 

PS,  and  its  quantity  of  motion  will  be  m,  PS, which  will 
act  in  the  direction  PR  perpc  udicnhir  to  PC.  If  now 
we  produce  PR,  till  it  meets  OD,  drawn  parallel  to 

PC  m  D,  then  the  force  m.  PC  acting  m  the  direcdon 
PR,  will  act  upon  O  lu  the  same  manner  as  if  ithad  the 


Cenlir  or 
giitcd. 


advantage  of  the  lever  OD;  and,  cottsequently,»<.  PC* 

will  represent  the  force  of  the  pardcle  m  to  movd 
system  round  O.  m 

But  from  the  similarity  of  the  triangles  CPR,  0] 
we  have 


RC  :  CP  ::  RO  :  CD  = 


CPRO 


zz  CP 


CO— < 


RC  CR 

and  if  PA  be  perpendicular  to  CO,  we  shall  have 

CP' 
RC  :  CP  ::  CP  :  CA  =  ^^; 

whence  the  entire  force  wi,  PC-OD  becomes 
^;  PC»-   ^^^  ':f^    ^  m-  CA  CO  -  m.  PC 

But  when  0  is  the  centre  of  percussion,  the  sum  o 
the  (ph  CA'CO  —  in,  PC)  must  be  equal  to 
/  Vi.  CA  CO  =  Pm  PC  =:  AJ/  r" 

whence  it  foUows,  that 

f  m  1^   fm  r* 


I 


COz: 


B-CG 


fm  CA 

which  is  precisely  the  result  dbtained  for  the 
nation  of  the  eentrc  of  oscillation;  and  whenc 
follows,  thiit  if  the  body  be  symmetrical  with  regar 
the  plane  BGE,  or  if  it  be  a  solid  of  rotadon,  the  ce 
of  percussion,  found  in  the  axis  of  the  body,  will  c 
cide  with  the  centre  of  oseilladon.  If  the  centn 
percussion  be  required  for  a  plane  which  does 
pass  through  G,  as  for  instance  Co,  we  must  pro* 
as  follows. 

From  G,  the  centre  of  gravity,  let  fall  on  Ca 
perpendicular  G  g-,  and  by  the  same  argumem 
above, 

^  fm  1^  fm  r* 

Co  -^  ^ ^'- . 

fm  CA         li  <-if 
Now  Co  :  CO  :  CG  :  C^; 
and  hence  the  angles  0  OC  and  Gg^C  are  equal, 
the  former  is  a  right  angle- 
It  follows,  from  the  above  deducdon,  that  a  body 
several  certtnii  of  pcrcuJision^  according  to  the  po^, 
of  the  plane  passing  through  the  axis  of  motion,  in 
the  impact  is  made ;  and  the  right  line  O  o  perp< 
cclar  to  OC,  is  their  locus. 

1 13.  If  CB  (fig.  77)  be  the  axis  on  which  a  bod] 
volves,  CAO  a  plane  perpendicular  to  CB,  an<l  pai 
through  the  centre  of  gravity  G,  p  A  a  perpendi< 

let  fall   from   auy  particle  p  or  m  of  the  body,  01 
plane  AC,  and  P  the  centre  of  percussion^  then 

For  the  sum  of  all  the  forces,  widi  which  the  boi 
liable  to  be  turned  in  one  direction  round  PB,  a 
axis,  is  equal  to  the  sum  of  all  the 

m  .  CA  (CB  —  A  p)  zz  fm  .  CA  (CB  —  A  p) 
and  the  sum  of  at!  the  forces  which  tend  to  turn 
the  contrary  direcdon,  is  equal  to  the  sum  of  all  t 

m  .  CA  (A^  -  CB)  -fm  CA  (Ap  -  CB); 
therefore,  in  the  case  where  there  is  no  modon  e 
ways,  we  have 

fm  ,  AC  .  CB  =/ w  .  Ap  .  AC ; 
but  fm  .  CB  .  AC  -fm  CB  .  CG  +/»«  .  CB. 
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.  and  fm  .  CB  .  GA  =  0,  from  the  property  of  the 
^4^/  o^tre  of  gravity. 
In  like  manner^ 

/•i.pA  .  AC=:/wi.pA*  AG+/f7i.pA  .  CO, 

and  fm  .pA.  CG  =  0; 

consequently 

/m  .  CB  .  CG  z=/m  .  p  A  .  AG; 
whence 

CB  =  PO  =  /^'/>A.  AG  _  fm.pA.AG 
fm.  CG  Body  .  CG 

as  stated  in  the  proposition. 

Therefore  the  centre  of  percussion  of  a  body  turning 
round  the  axis  CB,  is  determined  by  these  conditions : 
1st.  It  is  in  a  line  PO,  passing  through  the  centre  of 
oscUlation,  and  parallel  to  CB.  2dly.  Its  distance 
from  the  centre  of  oscillation  is 


PO  = 


fm.pA.  AG 


Body .  CG 

J  114.  From  our  definition  and  investigations  relative 

^BL  to  the  centre  of  percussion  of  bodies,  we  readily  derive 
tibe  ftdlowing  conclusions : 

.  I.  When  a  pendulum,  vibrating  with  a  given  angular 
▼elocity,  strikes  an  obstacle,  the  effect  of  the  impact 
will  be  the  greatest,  if  it  be  made  at  the  centre  of  per* 
Cfissiim;  foic,  in  this  case,  the  obstacle  receives  the 
wliole  revolving  motion  of  the  pendulum ;  whereas,  if 
the  blow  be  struck  in  any  other  point,  a  part  of  the 
motum  of  the  pendulum  will  be  employed  in  endeavour- 
ing to  continue  the  rotation. 

2.  If  a  body,  revolving  on  an  axis,  stake  an  im* 
iboveable  obstacle,  at  the  centre  of  percussion,  the  point 
of  sospension  will  not  be  affected  by  the  stroke. 

We  may  practically  ascertain  this  property  when  we 
strike  a  smart  blow  with  a  stick.  If  we  give  it  a  mo« 
tion  round  the  jpint  of  the  wrist  only,  and  holding  it 
at  one  extremity,  strike  smartly  wiUi  a  point  con- 
wderably  nearer,  or  more  remote  than  j^ds  of  its  length, 
we  feel  a  painful  French  in  the  hand ;  but  if  we  strike 
with  that  point  which  is  exactly  at  |ds  of  the  length, 
no  such  disagreeable  strain  will  be  fielt.  If  we  strike 
the  blow  with  one  end  of  the  stick,  we  ought  to  make 
tfie  centre  of  motion  at  ^  of  its  length  from  the  other 
end,  by  which  means  the  wrench  will  be  avoided. 
iigaf  115.  It  is  stated  by  Dr.  Gregory  in  his  Treatise  of 
wiaia  Mechanics,  and  the  same  remark  will  be  found  in  our 


»a^  historical  sketch,  that  many*  of  the  early  writers,  while 
■*  **tlie  science  of  Mechanics  was  still  but  little  known, 
iikvestigated  the  properties  of  the  centre  of  percussion, 
upon  a  supposition,  that  it  always  coincided  with  the 
centre  of  oscillation ;  and,  in  fact,  it  does  so  in  many 
cases ;  but  there  are  others  in  which  this  coincidence 
does  not  obtain;  a  simple  and  obvious  instance  of 
which,  is  given  by  the  author  above  mentioned.  Tliis 
is  as  follows : 

Let  two  equal  balls,  B  and  B',  (fig.  78)  (of  eva- 
nescent magnitude  with  respect  to  their  distance  B,  B' 
from  each  other)  be  connected  with  an  axis  of  motion, 
CC,  by  inflexible  lines  CB  =  3,  and  C  B'  =  7,  void 
of  gravity,  perpendicular  to  CC  =  6,  and  parallel  to 
e%ch  other;  to  find  the  respective  distances  of  the 
centres  of  gravity,  oscillation,  and  percussion,  of  this 
system^  from  each  other : 


Join  BB',  and  bisect  it  in  O,  the  centre  of  gravity,  so  Mechanics, 
shall  G  ^  =  5 ;  then  (N«»  6,  art.  100),  s-^^v-^^n^ 

__  B'BC»  +  B^'B^C «  _  9  -f  4  9   _  ,  ^ 

^ ^  -      (B  +  B')G^      -    2  X  5     -  ^'^' 
the  distance  of  the  centre  of  oscillation  from  the  axis  ; 
whence  GO  ==  -8. 

Through  O,  draw  b  h'  parallel  to  CC,  then  (art  113) 
the  centre  of  percussion  will  be  found  somewhere  in 
this  line  ;  and  by  the  same  article  we  find 
BBAAG  +  B'B'A'A'G    _ 

*^"-  (B+B')gG  -«-12. 

Here  the  products  6  and  6  are  added  together, 
because,  while  B  and  B'  are  on  opposite  sides  of  G^, 
they  are  also  on  contrary  sides  of  a  line  passing  through 
G,  parallel  to  CC  ;  so  that  if  BA  be  positive,  B'A  must 
be  accounted  negative ;  and  BA'AG  and  B'A''A'G  are 
both  afiirmative  products.  Now  the  centre  of  percus- 
sion P,  must  be  so  situated,  that 

BBC-  6  P  =  B'B'C-  h'  P ; 
whence,  since  B  =  B',  we  have 
B'C  :  BC  ::  ft  P  :  P  y  =  ^f  6  P  =  -^  6'6  =z  1-8; 
consequently,  OP  =  3  —  1-8  ==  1'2,  and 

GP  =  V  (-S*  +  \'V)  zz  1-4422; 
the  triangle  GOP  being  right-angled  at  O. 

The  following  problems  will  shew  the  method  of 
applying  the  preceding  principles  to  practical  cases. 

Problem  1. 

116.  Let  AB  (fie.  79)  denote  an  axle  turning  on  two  Problems, 
frilcrums  at  A  and  B ;  RS  a  wheel  of  given  diameter, 
to  which  is  attached,  by  a  cord,  wound  round  its  cir* 
cumference,  a  given  weight  W;  conceive  p,  p\  p",  pf"  to 
be  given  weights  fixed  to  the  axle  by  inflexible  lines  or 
wires  C  p,  C  p\  &c.  and  let  it  be  required  to  deter- 
mine the  circumstances  of  the  motion  of  the  descending 
weight. 

We  shall,  in  the  first  place,  consider  this  problem 
under  its  most  simple  form ;  viz.  we  shall  suppose  the 
wheel  RS,  the  axle  AB,  and  the  lines  or  wires  C  Pf 
C  y,  &c.  as  divested  of  inertia,  whereby  W,  and  the 
four  masses  p,  //,  p",  p"',  will  be  the  only  weights  in 
the  system,  the  latter  being  all  equal,  placed  at  equal 
distances  from  the  axle  C,  and  at  right  angles  to  each 
other. 

Let  Cp,  C  p\  &c.  =  r;  the  radius  of  the  wheel 

=  /;   the   sum    o£  p  +  p'   +  />*  -f  p"'  =  P,  ^nd 

the   given  weight  =  W ;  then  the   moment  of  inertia 

of  P  will  be  ^  P,  and  the  moment  of  inertia  of  the 

weight  =:  r'*  W ;   consequently  the  accelerating  force 

will  be 

2  £■'  r*  W 

fh  n  P . 

^  —    r'»  W  -h  r'  P   • 

the  velocity  of  W  after  any  time  t  will  be 
2ff  r^W 

r'W  +  r'P*'' 
and  the  space  descended  in  t  seconds  will  be 


S  = 


,t\ 


t"'  W  .+  ^  P 
Let  us  now  suppose  the  wheel  and  axle  to  be  pos- 
sessed of  inertia,  and  let  the  weight  of   the  former 
=  W,  that  of  the  latter  =  W,  also  call  the  radius 
of  the  axle  zr  r* ;  then 

The  moment  of  inertia  of  the  wheel  =  i  r^  W, 
and  of  the  axle  =ir^W"; 


t4Q 
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]Vfoc1unik».  ihe  centre  of  gyration  iii  bctli  eitoeft  being  at  the  distance 
-'of  r  V  \  from  the  geometrical  axis. 

The  motive  force  being  here  still  the  same  as  in 
the  preceding  case,  we  shall  have  for  the  accelerating 
force 

2gr^W 

*  —  !•'>  W  +  1  r*'  W  -h  I  r**  W"  -h  r*  P  ' 

The  numerical  values  of  all  these  quantities  being 
supposed  known,  the  space,  time,  velocity,  &c.  are 
determinable  the  one  from  the  other,  as  in  the  cases  of 
the  simple  descent  of  a  body  by  uniformly  accelerating 
forces. 

If,  instead  of  the  weight  W,  we  conceive  the  system 
to  be  put  in  motion  by  an  equivalent  force,  but  divested 
of  inertia,  as  muscular  power,  the  action  of  steam,  &c. 
then  the  quantity  r*  P  must  be  omitted  in  the  deno- 
minator, as  such  a  force  adds  nothing  to  the  inertia  of 
the  system. 

If  we  suppose  the  system  of  small  weights  p,  p\  p", 
&c.  to  be  replaced  by  a  solid  body  of  revolution, 
as  in  figure  80,  the  principles  of  calculation  are 
still  the  same ;  viz.  we  must  estimate  the  moment  of 
inertia  of  the  solid,  by  supposing  all  the  matter  of  it 
to  be  collected  into  a  circle,  whose  radius  is  equal  to 
the  distance  of  its  centre  of  gyration  from  the  geo- 
metrical axis. 

Thus,  in  (Bg.  80),  let  D  denote  a  sphere  whose  radius 
is  3  fret,  and  weight  500  lbs. ;  the  weight  W  =i  50  lbs. ; 
and  the  radius  of  the  wheel  ==  6  inches,  or  4  a  foot, 
whose  weight  and  that  of  the  axle  are  supposed  incon- 
siderable with  respect  to  the  other  part  of  the  system ; 
and  let  it  be  required  to  determine  the  time  in  which  the 
weight  W  will  pass  through  any  given  space,  as,  for 
cocample,  50  feet 

The  centre  of  gyration  of  a  sphere  being  /  ^/  f  from 
the  centre  (r'  denoting  the  radius),  our  expression  for 
the  accelerating  force  will  be 

where  W  =  500,  W  =  50,  f'  =  3  feet,  r  =:  |  foot,  and 
^=16^  feet; 

_  __32£  X  50  X  i  _   402tV 

?•    


whence 

will  express  the  force  which  impels  the  point  D  or  the 
single  weight,  which,  if  applied  at  D,  would  produce 
the  same  effect  as  the  two  opposing  weights.  If,  there- 
fore, this  weight  be  multiplied  by  the  square  of  the 
distance  at  which  it  acts,  and  the  product  be  divided, 
by  the  inertia  of  the  system,  we  shall  have 
pr^  —  qr'  r 


H< 


whence    tb  = 


wherefore. 


50  X  '9  +  I  X  500  X  9 


1359 


1359 
50  X 


J       .  y/50  X  1359  \ 

Problem  II. 

Problem  n.  117.  Let  ABC  (fig.  81)  represent  a  wheel  and  axle, 
its  weight  to  having  a  given  weight  q  applied  to  the 
circumference  of  the  axle,  and  p  applied  to  the  circum- 
ference of  the  wheel,  in  order  to  raise  q\  it  is  required 
to  assign  the  space  described  by  the  elevated  weight  q 
from  rest  in  any  given  time. 

Let  the  radius  of  the  axle  =  r,  of  the  wheel  =  r', 
and  the  distance  of  the  centre  of  gyration  of  the  wheel 
from  the  geometrical  axis  =  p ;  we  shall  have,  for  the 
moment  of  inertia  of  the  whole  system, 
wp*  -\-  pi^^  -^  qr^. 

Again,  the  actual  force  applied  at  the  point  D  is  p ; 
but  this  is  resisted  by  the  force  q  acting  at  A,  and 

which,  when  applied  at  the  distance  SD,  would  be  —  ; 


for  the  accelerating  force  which  urges  the  point  D,  the 
force  of  gravity  being  considered  as  unity ;  or  calling, 
as  we  have  hitherto  done,  the  force  of  gravity  2  g,  we 
shall  have  for  the  force  which  urges  the  point  D,  or  the 
descending  weight  p, 

Now  the  force  which  accelerates  the  descending 
weight  is  to  that  which  urges  the  ascending  weight  in. 
the  ratio  of  the  respective  radii ;  whence 
/  r^  pr^  --  qr' r 


2g' 


wp'4-p/*"'  H-^r* 
p?r  —  qi^ 


(2) 


wp*  'hpr'^  +  qr'^ 
the  accelerating  force  by  which  the  weight  q  asceiids. 
Substituting,  in  this  fraction,  any  numerical  values  of^ 
the  several  quantities  which  enter  into  it,  and  calling 
the  result  F,  we  shall  have  for  the  velocity  v,  wnA 
space  €,  due  to  any  time  f , 

V  =  2g¥f, 
s  =     g¥t-. 
Suppose,  for  example,  p  z=  20  lb.  ^  =  101b.  radius  of 
the  axle  =  1  foot,  and  that  of  the  wheel  =  3  feet,  also 
the  weight  of  the  latter  =  100  lbs. ;  that  is,  p  =  20, 
^  =  10,  r  =   Ijf'  =  3,  and  w  =:  100;  then  p  —  i' 
^i=3^/i,andp»=4i. 
Substituting  these  numbers  in  the  above,  it  becomes 
20-3-10  ^5 


2r 


100-  4i  H-  20-9  -f  10  "  ^^  64" 


If,  therefore,  the  proposed  time  were  3  seconds,  we 
should  have 

V  =  32  1    X  ^  X  3  =    7|  feet  nearly. 
s  =  16^  X  7^  X  9  =z  14  feet  nearly. 

If  SD  =  SA,  or  r  =  /,  the  force  which  accelerates 
either  weight  will  be 

(p  ^  q)  r'' 

and  if  the  ratio  of  f^  :  r  were  as  n  :  1,  so  that  r'  zz  nrp 
also  p'  =:  ^  II*  r* ;  then  the  expression  becomes 
o    .        (pn  '"  9) 
^'  iwn'+  pn'  +q  '  ^^^ 

If  the  inertia  of  the  wheel  be,  in  this  last  case, 
evanescent,  or  too  small  to  have  any  sensible  effi^t^^ 
then  the  same  becomes 

pn  —  q 

and  if  the  inertia  of  the  moving  force  be  also  equal  ta^ 
zero,  then  it  reduces  still  farther  to 

^i'-^-'  (6) 

and,  in  the  last  three  cases,  by  multiplying  the  severaSft 
numerators  by  n,  we  shall  have  the  accelerating  foixre  o* 
the  descending  weight. 
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u 


).^ 


the  mass  moved  have  no  weight,  but  possess 
V.  thenq  in  the  numerator  disappears,  and 

1  becomes 


^i 


(7) 


pfT  +  q 

for  the  point  D,  or  for  the  desceodiag  weight, 
2,-  d^.  (8) 


118,  Whenever  motion  is  communicated  to  a  body, 
i  certain  resistance  must  Kave  been  overcome  by  the 
mOf  ins  force  ;  which  resistance  is  of  various  kinds,  as 

1.  The  inertia  of  the  mass  moved,  whereby  it  hus  a 
lefidcucy  to  persevere  in  its  state  of  quiescence,  or  of 
tiuifona  motion  in  a  riiifht  line. 

2.  That  of  a  wei«rht,  or  other  absolute  force,  opposed 
to  the  action  of  the  moving  power. 

3.  Obstacles  upon  vthich  the  moving  body  impin|i^ing 
b retarded  in  its  process;  such,  for  example,  is  the 
ftiifUknce  which  arises  from  the  ptir tides  of  a  fluid 
thfoufh  which  a  body  moves.  The  estimation  of  these 
IHi'SianceSj  and  their  effects  in  retarding  the  motion 
of  bodies,  acted  on  by  agls-en  force,  are  deducible  from 
the  laws  of  motion;  and  constitute  a  part  of  the  solu- 
QOfi  of  almost  all  problems  relating  to  the  motion  of 
bodies 

The  moving  forces,  also,  are  of  various  kinds ;  as  for 
ms^aet*,  the  force  of  gravity,  muscular  power,  the  im- 
gifeiyif  bodies  soHd  or  tluid,  &c, ;  and  the  effects  of 
VB^  exclusive  of  tlie  resistance  opposed  (o  them, 
depend  on  the  various  circumstances  under  which  they 
ifi,  the  time  of  action,  the  spaces  tbroug^h  which  they 
pas*,  or  are  impelled,  &c. 

These  considerations  are  urg:ed  to  show,  that  from 

tlie  p^at  variety  of  indeterminate  conditions   which 

mvf  enttr  into  mechanical  problems,  there  must  be,  in 

eoiifse,  various  methods  of  producing?  the  same  mecha- 

Bjod  etf'ect :   and  it  is  a  very  materia!  part  of  the  art» 

4nu3d(?red  either  in  a  theoretical  or  practical  point  of 

tieif,  to  proportion  the  means  to  the  ei^d,  and  to  eflect 

this  With  all  the  advantages  of  which  the  nature  of  the 

tlie  is  capable.     It  is  the  due  observation   of  these 

pftrtirulATs  which  contributes  to  render  mechanic  lu- 

itts  complete;   while,    on  the  other  band,   the 

(if  them  will,  as  assuredly^  lead  to  defective 

M  Tion. 

i «.  I^roper  choice  of  means  to  produce  mechanical 

effect  is  frequently  the  result  of  long;  and  continued 

'-'  -  independent  of  all  theory  \  the  knowlede^e 

wever,  when  immediately  applied  to  prac- 

save  the  artist  much  time  and  trouble,  and 

A'e  of  other  advantac^es,  of  which  an  unin- 

lurmcd  practitioner  must  be  destitute. 


Problem  III, 


!   t  ABC  (fig.  81)  represent  a  wheel  and  axle 

I.   moveable   round  u  horizontal  axis, 

i  '  Ji  S  ;  and  suppose  a  known  weight 

_      J  the  circumierence  of  the  axle,  to 

d  b)  a  givi.a  force  p^  applied  to  the  ctrcum- 

r>f  the  wheel ;  to  assign  the  proportion  of  the 

wheel  and  axle,  so,  that  the  time  in  which 

/  ascends  through  any  given  space,    shall 


ratio  of  the  wheel  and  axle  is  required, 
ict  m  radius  of  the  aide  =  r,  of  the  wheel  =  «  r,  the 


ratio  bein^  that  of  I  to  ft,  the  weight  of  the  wheel  Mnhauici.^ 
—  u%    and    the   distance    of   the   centre   of  gyration^ 
"  p  or  p'  =  1^  /**  r*;   then,  by   equation  (4)  of  the 
precedinj?  problem,  the  accehrating  force  which  ur^s 
the  point  A,  or  the  weight  9,  is 

*  (*  -u?  i-  ;;)  n'  +  H 
And,  consequently, 

.*  p  n  —  q 

9  =  gt\         *  


whence  we  have 

'=v/( 


*  H  w  -^  p)  n^  -^  q  s} 


)a  minimum. 

Or,  since  *  and  g  are  given  quaDtities,  and  also  when 
any  quantity  is  a  minimum,  its  square  is  so  likewise^ 
we  must  have 

;/  w*  4-  7 

'  =:  a  minimum, 

pn  —  (/ 

where  j/  is  for  the  sake  of  abridging,  made  equal  to 

P  +  i  ti . 

This  being  put  into  fluxions,  gives 

2  p'  n  n{pn  —  q)  --  p  n  (/  «*  -h  5)  —  0 ; 
whence 

2  p*  p  n^  ^  2  p'  (J  n  —  p  p'  n^  +  p  q; 
or 

pp*  n'  —  2  p  q  n  ~  pqi 
that  is, 

p  p 

wherefore, 

p        V^       \p^         p  / 
In  the  case   in  which  the  inertia  of  the  wheel  be- 
comes evanescent,  we  shall  have  p*  zz  p,  and  the  above 
becomes 

„  _  g  ±  n/  (?  +  p  q) . 

And  if  7  =:  /J,  that  is,  when  the  moving  force  is  equal 
to  the  weight  moved,  we  shall  have  in  the  last  case 

fi  zz  1  ±  V  2- 

Suppose  ABC  to  represent  a  cylindric  wheel,  the  EinropJe. 

radiui^  of  which  is  required,  but  of  which  the  weight  is 

given  —  201b.;  and  let  the  radius  of  axle  :^  1  inch; 

the  weight  7  z:  100  lb. ;  and  moving  force  p  ^  33  lb. ; 

to  ^url  the  radius  of  the  wheel  :  ^ 

Here  />  -|-  1  w;  rr  ;>'  —  43  lb. ;  therefore^  ^ 

100    '        y/100*         100  \       ^,  ^^ 

Consequently,  since  the  radius  of  the  axle  =  1 ,  the 
radius  of  the  wheel  =  6*43  inches. 

We  shall  enter  more  into  this  kind  of  enquiry  in 
treating  of  the  maximum  effect  of  machines. 


Problem  IV. 

120.  In  the  wheel  and  axle,  when  a  given  weight  P, 
acting  at  the  distance  R,  raises  a  weight  W,  acting  at 
the  distance  r  from  the  geometrical  axis,  it  is  required 
to  assign  t  he  pressure  sustained  by  the  axis ;  the  weight 
of  the  wheel  aud  axle,  and  the  friction  of  the  cord  not 
being  considered. 

Suppose  P  and  W  to  be  at  iheir  respective  extremi- 
ties of  the  horizontal  line  passing  tlu*ougb  the  centre 
of  motion^  and  in  that  situation  let  a  and  ^  be  the 


Prubft'Til 
IV. 


A 


IH 


M  E  c  H  A  N 1 1:  a 


feiyectiye  &ttmiem  of  thdr  ccilwioifwrgiallnii  and  of 
gimtj^tmi  the  eeotie  of  fliotiaa.  nea,flinoe  tke 
Pi«ww«  mf  whole  tjilem  rrmkcs  widi  Uk  vMe  aaf^btf  mdodtr* 
•  iMMlMir  P  +  Wwei«  pfaoed  ild^  ^HaiieeofroB  the 
^2^       ootfreoTiBOtxiB;  indiiMelfeaeoelenltf^l^^ 

It  die  vdocftiet gcacBttad  ma  pae^^mt^  or  as  l^ 
diltttice  froB  the  eeolve  of  votioau  ve  hare 


o:^::P  +  W:^+(p  +  wx 

9 

the  faoe  widb  wkldi  die  eeoipe  of  gratky 

Bot  lite  diiiaace  of  centre  of 
axle  ts 

_  PR'  4-  W'f^ 

**  ~    PR-  W-r  ' 
and  tlie  dtftaaee  t^f  cmtre  of  ^rarity  froia  tbe 
p  R  _  W  .  r 


vlieace 


P  -h  W 
PR'  ^  Wr' 


1 


P  4-W 


^  ^        «-.  (PR  — W-rf 

Nav  the  force  with  which  llie  centre  of  grantj  tends 
to  descend^  is  Bianifestlj  that  bj  which  the  pressure 
ttpOD  the  axii  P  +  ^^t  ansin^  from  the  weight,  is  di- 
iniiushed  bj  the  motioD;  conseqaeatly,  the  pressure 
vpoQ  the  axis  » 

P^w-T!rl"Up-w      *^^^^ 


PR'  +  W  V""  "         PR'  +  Wr^ 

If  R  ^  r,  as  in  the  ease  of  the  single  fixed  pulley, 
then  the  pressure  is 

4PW 

P-h  w 

Hie  same  reasoning  will  also  obviously  apply  to  the 
pteasure  of  the  fulcrum  upon  the  straight  lever' 

PaoBLCM  V, 

I V.  121.  Let  A,  B  (fig.  a2)repioS6Dt  a  smgle  moveable 
and  fijced  fmlley,  by  means  of  which  the  power  P  ele- 
tates  the  weight  W ;  then,  having  ^ven  P  and  W, 
fogetber  with  the  weights  oi  the  cylindric  pulleys  A 
aiid  By  it  is  required  to  assign  the  space  which  the  de- 
scending weight  F  describes  in  a  giv#^n  firoe,  the  weight 
of  the  moveable  paUey  being  included  in  the  weight 

The  absolute  force  which  impels  P  in  its  descent  is 
its  own  weight,  or  P ;  but  since  tlie  weight  W  acts 
against  thi^  descent  with  a  force  =  ^  W^  the  whole 
force  with  which  P  has  a  tcndeocv  to  descend,  is 
P  -  I  W. 

The  inertia  which  resists  the  communication  to  P, 
depends  on  the  mass  contained  in  P,  together  with 
thai  contained  in  the  two  puUeys  and  the  weight  W. 
Let  the  weight  of  each  pulley  be  Q,  the  inertia  of  P  is 

its  own  mass  P,  and  that  of  the  pulley  A  —  -^;  the 

inertia  of  the  pulley  B,  is  the  same  as  if  —  were  uni- 
form! ilated  into  its  circumference ;  but  since 
the  V  t  iliis  circomference  is  less  than  the  ve- 
locity of  P,  m  ihc  propordon  of  2  to  1,  its  inertia  will 


wilhP;, 


Q 

be  eqatTakm  to  a  mass  =-«  ^  1 

for  the  same  reason^  since  the  weight  W  mores  wMk  a 
Teksoty  ecjaal  10  ooe  bilf  of  thai  adib  wbkli  P  descend 
Its  inertia  relerred  to  Ps  aKXioa  wil  be  }W;  and 
IbeniDfa  the  inertiaof  ibe  wboleiaasa  wilt  be 
P  +  |Q  +  iQ  +  iW- 
8  p  +  SQ  -h  2W 


8 


the  inpelliiie  force  ts 


2P^  W 


the  accelerating  force 
2P  ^W 


*   S  P  -4-  5  Q  -r  -5  W 
8P^  4W 


8P-h5Q+2W 
that  of  gravity  being  unity :  d,  therefiwe,  we  assnoe^ 
mi  before,  2  g  lor  the  latterlotce,  we  shall  bave,  for  tbe 
vebdtv  and  space  doe  to  the  time  i^ 

gp_  4W 


*  =  ^  <• 


8P  ^  5Q  -r  2  W 
g  P  _  4  W 


SP  +  5Q  +  2W 
If  W  shotdd  be  greater  than  2  P,  W  will  descend: 
and  by  the  sane  method  of  reasoning,  the  force  which 
accel^atea  the  deaceat  of  W  will  be  found  = 
2  W  ^  4P 

2  VV>  5Q  -hliP' 

%  XXHL  Of  tkt  centre  o/"  xpcniamt^at  rottUitm* 
122.  Hitherto  our  birestigations  have  been  princi- S 
pally  copfioed    to  the  circumstances  connected  witli  ^*' 
the  rotation  of  bodies  about  fixed  axes  ;  but  it  is  ne*  ^ 
cessary,  in  order  to  complete  tins  part  of  Dynamics,  U^ 
pay  some  attention  to  the  rotation  of  bodies  in   &ee 
space  as  depending  upon  tlie  action  of  one  or  mora 
forces,  whose   direction   does   not  pass  through    the 
centre   of  gravity  of   the   body.     The   point    about 
which  this  rotation  takes  place,  or  that  point  which 
for  an  instant  we  may  suppose  to  remain  at  rest  when 
the  body  is  first  struck,   is  called  the  centre  of  ^nr* 
taneaus  rotation. 

It  is  obvious  that  if  a  body  in  free  space  re- 
ceive a  single  impulse,  the  direction  of  which  passes 
through  its  centre  of  gravity,  no  rotation  can  be 
communicated,  but  the  body  will  move  forward  in 
space  in  the  direction  of  the  impelling  force*  But 
when  the  force  has  any  other  direction  than  that  of  the 
line  passing  through  the  centre  of  gravity,  a  motion 
of  rotation  will  ensue;  at  the  same  time  the  body  will 
also  be  urged  forward  in  a  rectilineal  direction. 

When  a  body  B  (fig.  83),  of  any  shape  whatever, 
receives  an  impulse,  the  direction  of  wliich  does  not 
pass  through  Uie  centre  of  gravity,  and  takes,  in  con- 
sequence, the  two  motions  spoken  of  above,  it  is  evi- 
dent that,  for  an  instant  of  time,  we  may  consider  it  as 
having  only  one  motion,  that  is,  a  motion  of  roUitioa 
about  a  point  or  fixed  axis  C,  which  may  be  eitliet 
williin  the  body  or  out  of  it,  according  to  its  shape 
and  the  distance  GS  between  the  centre  of  g^ravity  and 
the  direction  of  the  impact.  If,  while  the  line  GS  (s 
carried  parallel  to  itaeif  from  GS  to  G'S",  we  imagine  it 
to  turn  about  the  moveable  [>oint  G  ;  since  tlie  par- 
ticles of  the  body  have  ^ater   or  less  velocities,  as 


« 


M  E  C 


I 


ch^T  ««  more  or  less  distant  from  G»  it  is  manirest 
thmi  tliere  is  upon  SG,  a  ceriain  point  C  which  will 
h^  fuufid  to  describe  from  C  lowiirds  C  an  arc  equad 
,  wliich  diiritij^  an  evanescent  instant  may  be  re- 
fts  a  right  line:  in  that  case  the  point  C  will 
t»e  iKen  carried  as  lar  backwards  by  its  motion  of 
roCmtioo  as  it  will  have  been  advanced  |iaraUel  to  GG' 
l>y  the  Telocity  common  to  all  tlie  parts  of  the  body  ; 
the  point  C,  has,  therefore,  durinof  this  instant,  been 
uctuallv  at  rest  in  C%  and  may  consequently  be  con- 
sidrrea  a&  a  fixed  point,  about  which  the  body  during 
»uch  an  instant  haii  a  rotatory  motion. 

i23.  Tlie  arcs  CC,  SI,  which  the  points  C  and  S  de- 
scfibe  during  an  instant,  being  re;^arded  as  rig^ht  lines 
petpendicular  to  08  or  parallel  to  GG',  the  similar 
tmo^es  CC'G,  OS  I,  g^ive 

GS  ;  GC  ::  SI  ;  GG'. 

Ncnr  the  velocity  GG'  will   be  expressed  by  — , 

A  SG* 
^  denoting  the  force,  and  the  velocity  S'l  by  -^ ; 

/mr* 

Aflt  18,  the  velocity  of  the  centre  of  gravity  is  as  the 

fipffce  divided  by  the  body,  and  the  velocity  of  rotation 

ii  cquftl  to  the  moment  of  the   force  divided   by    the 

of  inertia;  therefore 

».SG'     ^    ^ 

fn'i  f  ^     *     B  • 
ar-nilv 


GS  :  GC  :: 


GC  = 


_/mr* 
B.GS  ' 

the  ^rverftl  distances  r.  r.  S>^c.  being  reckoned  from  G. 
Beocm 

^   B  GS  B.GS 

vhtch  value  of  CS  corresponds  with  the  value  of  CO 
lor  the  centre  of  ^>cfcussion,  art.  113;  for  having  the 
IBOiliml  of  inertia  with  regartl  to  an  axis  passing 
te^u^i  the  centre  of  gravity  of  any  body,  we  have 
tb««»me  for  any  other  axis  parallel  to  the  former,  by 
iddiii^  to  it  the  product  of  the  mass  into  the  square 
of  the  diitajice  GS,  between  the  two  axes  (art.  96). 

Whence  ^e  may  conclude  that,  t/te  crrUrr  of  sponta- 
mmg9  fx^iuiim  u  the  &amt'  with  the  centre  of  mspcmion 
eure^tmdmg  to  (ke  centre  of  percussion^  the  latter  tftittg 
tkat  pmmt  wkerc  the  hod^  is  &tntcL 

The  same  conclusion  may  otherwise  be  deduced 
tints:  The  action  of  the  body  against  an  immoveable 
oloaHe  in  the  centre  of  |jercussion,  must  have  the  same 
eftsd  upon  tlie  body,  as  if  the  latter  had  been  at  rest 
lad  die  obstacle  had  struck  it:  in  which  latter  case 
ifae  centre  of  suspension  would  not  be  affected,  and 
t^«Cclbcie  It  becomes  the  centre  of  ^wotiuieous  rota- 

Since  die  force  f  does  not  enter  into  the  expression 
kit  llie  ceolie  of  spontaneous  rotation,  if  is  obvious  that 
tho  poffiuoo  of  that  ctntre  is  independent  of  the  magni- 
tmim  of  the  impact*  We  may  also  observe  that  tht^  line 
CG  i«  alwuvs  greater  as  the  ibrce  ^,  or  the  resultant 
oC  a^  Ti^es,  acts  nearer   to  the  centre  of  gravity, 

isid  wj ;  so  ih'it  when  *^S  coincides  with  GG, 

GC  y>iii  bt!  infinite,  and  there  will  be  no  motion  oi 
roteiioQ^  9B  is  Indeed  othenvise  obvious, 

llfvUomi  mifro  from  the  above,  and    a  comparison 


with  our  deductions  for  the  centres  of  oscillation  and  Mechanics, 
percussion,  that  v^pv*^ 

//  an  impfict  be  made  on  mif  point  of  the  aw  of  a 
sifmmetncal  Miff  or  a  solid  of  rotation^  and  that  point  he 
comidered  an  the  poitU  of  ^uspemion,  the  correspomling 
centre  of  otsciUation  will  be  the  centre  of  spontaneous 
rotation* 

Since  the  expression  -^ ,    denoting  the  velocity   of 

the  centre  of  gravity,  is  always  the  same  for  the  same 
force  and  body,  it  appears,  that  to  whatever  point  of 
a  right  line,  passing  through  the  centre  of  gravity  of  a 
body,  the  impact  be  applied,  the  velocity  of  the  centre 
of  gravity  will  be  the  samej  and  the  same  will  ob- 
viously obtain  fur  any  number  of  forcei*  ^,  ^',  <h\  &c^ 
Hence ^  in  rotations  about  a  ventre  of  gj/ratton  tne  per- 
manency of  the  quantity  of  motion  obtains. 

124.  Let  the  quantity  of  matter  of  the  impinging  P**'^*'-^^^*^ 
body  -   b,  and  its   velocity  -  r;   or  f  -  b  r,  and  *^*-''^^'=*'^"'- 
conceive  tlie  body  B  to  be  struck  in  the  direction  y*S, 
which  passes  through  the  centre  of  the  body  b;  let  the 
velocity  of  the  centre  of  gravity  of  B  be  V,  aud  the 
centre  of  spontaneous  conversion  at  C,  then 

V*CS 
CG  :  CS  : :  V  :    ■  ^r^—  —  vet,  of  point  S ; 


CG 


CS 


consequently,  t>  —  V  -  ^   =  the  velocity  lost  by  b  in 
the  direction  fkS ; 
therefore,     b  (r  —  V 

b,v.  CG  ^  b,  VSC 


^.=  -V: 


CG 


=:BV 


*r-  CG 


whence      V=     q.^,.  ^-,.^.^  • 

That  is,  when  the  direction  of  impact  passes  through 
the  centre  of  the  impelling  body,  the  centre  of  gravity 
of  the  body  struck^  will  move  with  a  velocity  equal  to 
the  product  of  the  quantity  of  motion  in  the  impelling 
body,  mto  the  dis^tance  of  the  centre  of  gravity,  from 
that  of  spontaneous  rotation;  divided  by  the  sum  of 
the  products  of  the  impelling  body  into  the  distance  of 
the  point  of  impact  from  the  centre  of  spontaneous  ro- 
tation, ptm  that  of  the  impelled  body  into  the  disfnnce 
between  the  centres  of  spontaneous  rotation  aud  of 
gravity.  If  tlie  inertia  of  the  impelling  body  be  eva- 
nescent, the  velocity  V  will  become 

(because  in  this  ease,  i'C»S  vanishes) ;  which  is  the  same 
as  would  be  generated  in  the  body  B,  if  the  impinging 
body  were  to  act  immediately  at  the  centre  of  gravity 
of  B,  or  in  a  line  passing  through  that  centre. 

1*25.  In  the  last  case,  also,  the  velocity  of  the  centre 
of  the  system  about  the  centre  of  gravity^  is  equal 
to  the  moment  of  the  impelling  body,  divided  by  twice 
the  product  of  the  mass  of  the  impelled  body  and  the 
distance  CG,  into  the  periphery  of  a  circle,  whose 
diameter  is  unity. 

For  if  a  fixed  axis  passed  through  C,  the  centre  of 
gravity  would  describe  a  circle,  whose  radiua  is  CG, 

Mrith  the  velocity  .    But,  in  the  present  case,  the 

motion  of  the  system  will  be  compounded  of  the  uniform 
rectilinear  motion  of  the  centre  of  gravity,  in  the  direc- 


i 
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MMIbanlcfl.  tion  GO',  perpendicular  to  CS,  and  the  angular  motioii 

*^'^*^''*^'  xG*  p  =  6cu',  generated  round  the  centre  of  gravity. 

Let  T  =  3*14159,  drc.  or  the  circumference  of  a  circle, 

whose  radius  is  ^,  or  diameter  1 ;  the  circle,  whose 

radius  is  CG,  will  be  2  ir.  CG,  and  we  have  therefore, 

the  analogy 

bf>        ^      r^r.         1*       Stt.B.CG 

-— -  :  2ir.CG  ::  P  :  r , 

B  bv 

the  time  of  one  revolution  in  seconds. 

Whence  it  follows,  that  the  number  of  revolutions,  or 

parts  of  a  revolution  in  a  second,   or  the  angular 

velocity,  will  be  expressed  by 

b  V 

2l^CG" 
And  since  C  is  the  centre  of  percussion  to  S,  considered 
as  a  centre  of  motion,  if  Q  be  the  centre  of  gyration 
with  respect  to  G,  as  a  centre  of  motion,  we  have 
(art  105) 

GCGS  =  GQ»,  or  CG  =  ^; 

which  value  of  CG  bemg  substituted  for  CG  in  the 
preceding  equation,  and  tdting  U  to  denote  the  angular 
velocity,  it  becomes 

_       ^.r.GS 

2  IT.  BGQ«  ■ 
126.  From  the  preceding  investigations  it  also  ap- 
pears, that  the  centre  of  spontaneous  rotationy  during  the 
motion  of  the  system,  describes  the  common  cycloid.  For 
the  motion  of  any  point  in  the  system  is  compounded 
of  the  uniform  rectilinear  motion  of  the  centre  of 
gravity,  and  of  the  angular  motion  generated  round 
that  centre  ;  but  the  velocity  with  which  the  centre  of 
spontaneous  rotation  would  move  round  the  centre  of 
gravity,  if  there  only  existed  a  rotatory  motion  in  the 
system,  would  be  equal  to  that  with  which  the  centre 
of  gravity  would  move  round  it,  if  the  centre  C  were 
fixed;  consequently,  since  the  centre  C  has  both  a 
rotatory  and  progressive  rectilinear  motion,  each  of 
which  is  equal  to  that  of  the  centre  of  gravity,  it  will 
describe  a  cycloid.  « 

Proposition. 
Propowtiun.  \  27.  If  a  body  or  system  B,  to  which,  when  quiescent, 
motion  has  been  communicated  by  the  impulse  of  a 
force  ip,  without  inertia,  that  is,  rectilinear  motion  to 
die  centre  of  gravity,  measured  by  the  space  V,  which 
that  centre  would '  describe  uniformly  in  any  given 
time,  and  angular  motion,  measured  by  the  revolutions 
U,  which  it  would  describe  uniformly  about  G,  in  the 
same  time ;  then,  if  the  notation  iu  the  preceding  article 
be  retained,  and  Q  be  the  principal  centre  of  gyration, 
when  the  system  revolves  about  its  centre  of  gravity, 
the  perpendicular  distance  from  the  centre  of  gravity, 
at  which  the  impelling  force  must  act  so  as  to  have 
generated  these  progressive  and  rototary  motions,  will 
be 

^^       2  w,  UGQ' 

GS  = ^^ . 

Let  ^S  be  the  direction  of  the  impulse,  and  let  ^  be 
equal  to  the  momentum  of  an  evanescent  body,  b, 
moving  with  the  velocity  v,  B  being  the  weight  of  the 
system ;  then,  from  what  is  shown  above,  the  angular 
velocity  communicated  to  the  system  will  be 

""2ir.B.  GQ'* 


But  from  the  laws  of  aniform  rectilinear  motion,        Med 

A  bv  y^^^ 

V=-l  =  ^,or6.i;=:B;V;  ^^ 

substituting,  therefore,  for  b,v,  we  have 
BV.GS 


whence 


U  = 


GS  = 


2  T.B.  GQ" ' 
2  T.  U.  GQ« 


In  the  above  expression,  GQ  denotes  the  distance  of 
the  principal  centre  of  gyration  from  the  axis  of  motion; 
and,  therefore,  when  the  body  in  question  is  a  sphere^ 
whose  radius  is  r,  we  shall  have  GQ"  =  JV*;  and  if 
n  be  the  absolute  velocity  of  rotation  of  an  equator  of 
the  sphere,  we  have 

2  trr 
whence  the  preceding  value  of  GS  is  transformed  to 

128.  By  means  of  this  formula,  we  readily  determine  Dod 
the  distances  from  the  centre  at  which  the  sun  and  taon  • 
planets  may  have  received  the  single  impulses  which  P'*'" 
gave  them  both  their  motions  of  revolution  in  their 
orbits,  and  rotation  on  their  axes ;  considering  them, 
as  they  really  are,  very  nearly  spherical  bodies. 

Taking  first  the  Earth,  we  know  that  any  point  in  its 

equator  passes  over  25020  miles  in  one  sidereal  daj 

by  its  rotation ;  and  if  we  assume  the  mean  distance 

of  the  earth  from  the  sun  at  95  million  miles,  it  passes 

over  about  596904000  miles  by  its  orbicular  motion 

iu  a  year ;  which  consists  of  366  sidereal  days ;  whence 

596904000    ,^o/^o«rn  .,   •     ^ 

o'^»^  • —  =  16308852  miles  m  one  day;  we  have 

3do  ■ 

therefore  V  =:  16308852,  and  u  =  25020 ;  which  gives 
GS  =  Jr^=  ^yr: 

so  that  if  an  impulse  be  impressed  on  a  quiescent 
sphere,  and  the  direction  of  tne  force  shoula  be  at  a 
distance  GS,  from  its  centre  of  gravity  of  about  -r^-jd 
part  of  its  radius,  the  angular  motion  of  that  spaere, 
and  the  absolute  motion  of  its  centre  of  gravity,  will 
have  the  same  relation  to  each  other  as  uiose  which 
actually  obtain  in  the  Earth.  By  the  same  method  of 
computation,  we  obUiin  for  the  distance  GS, 

For  Uie  Moon  sir^* 
Earth  -y|jr. 
Mars       tSt^* 


Jupiter 
Saturn 


2»ii; 


We  have  not  data  for  determining  the  same  for  the 
sun ;  but  the  very  circumstance  of  this  body  having  a 
motion  of  rotation,  makes  it  highly  probable  that  it  has, 
with  all  the  planets  of  the  system*,  a  general  motion  of 
translation  in  celestial  space,  perhaps  round  some 
system  of  still  more  general  and  extensive  gravitation. 

A  revolving  body  which  has  no  motion  of  trans- 
lation, cannot  have  been  brought  into  that  state  by  the 
action  of  a  single  force ;  it  necessarily  requires  at  least 
two  forces  to  produce  this  effect,  and  these  must  act 
simultaneously,  and  be  equal  and  opposite  to  each 
other.  The  equality  and  opposition  of  the  forces  it 
necessary  for  stopping  all  progressive  motion:  if  one 
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mtL  of  tKem  has  acted  a^  the  centre,  the  rotatory  motion  has 
^^  be«n  the  eflfect  of  the  other  only ;  but  if  they  have  acted 
on  opposite  sides,  they  conspired  with  each  other  in 
producing  the  rotation,  but  have  opposed  each  other  if 
they  acted  on  the  same  side.  Two  such  forces  must, 
therefore,  have  acted  on  the  sun  in  order  to  produce  a 
rotatory  motion  without  a  motion  of  translation,  and 
these  two  forces  must  have  been  perfectly  equal  and 
opposite ;  a  concurrence  of  circumstances  which  has 
infinity  to  unity  for  the  measure  of  the  probability. 
This  seems,  therefore,  to  corroborate  the  conjectures 
of  philosophers,  and  the  observations  of  Herschel  and 
other  astronomers,  who  think  that  the  solar  system  is 
ai^roaching'  to  that  quarter  of  the  heavens  in  which  is 
sitoated  the  constellation  AquUa, 

\  XXIV.    Of  the  permanent  axes  of  rotation  in  bodies  re- 
volving in  space, 

129.  In  the  preceding  article,  we  have  only  attempted 
to  investigate  the  centre  of  momentary  or  spontaneous 
rotation,  or  that  point  about  which  the  body  has  a 
i^  ieadeiicy  to  revolve,  at  the  instant  the  external  force 
I  il  first  impressed ;  but  as  all  circular  motions,  such  as 
tbose  of  rotation^  are  accompanied  by  centrifugal 
ftiees,  it  is  necessary,  in  order  that  the  first  axis  of 
BOtioA  shonld  remain  permanent,  that  the  centrifugal 
faces  appertaining  to  the  component  particles  of  the 
body,  exactly  balance  etich  other ;  for  if  this  condition 
do  not  obtain,  the  axis  will  be  continually  changing, 
tfll  at  length  the  rotation  is  made  about  an  axis  in 
which  that  equilibrium  has  place,  and  afler  this  no 
other  variation  will  occur;  on  this  account  the  latter 
is  called  a  permanent  axis  of  rotation* 
**■"  130.  The  position  of  the  axes  of  permanent  rotation, 
f^  and  the  number  of  such  axes,  depend  upon  the  figure 
of  the  body ;  thus,,  in  a  uniform  sphere,  any  diameter 
will  be  a  permanent  axis,  the  centrifugal  forces  being 
obviously  in  equilibrio,  and  it  is  the  same  with  a  cy- 
linder revolving  on  any  axis  passing  through  its  centre 
aendicular  to  its  length,  as  well  as  in  several  other 
es ;  and  every  body,  hoivever  irregular,  has  three  such 
aia  passing  through  the  centre  of  gravity  at  right  angles 
t9  each  other f  forming  at  that  point  the  solid  angle  of  a 
cnbe,  about  which  the  centrifugal  forces  are  accurately 
balanced ;  and  therefore  about  either  of  these  a  motion 
of  rotation  being  once  begun,  it  will  be  continued  ;  that 
b,  they  will  become  permanent  axes. 

The  first  enunciation  of  this  very  remarkable  theorem 
was  made  by  Segnor,  in  his  "  De  Motu  Turbinum," 
published  in  1755  ;  but  the  first  demonstration  of  it  we 
owe  to  Albert  Euler,  in  1760;  since  which  time  it  has 
engaged  the  attention  of  most  of  the  celebrated  ma- 
thematicians of  Europe. 

We  propose,  before  concluding  this  article,  to  give 
t  sketch  of  the  celebrated  theorem  of  Frisi,  relative  to 
the  permanent  axes  of  rotation  of  any  body  in  space  ; 
bat  let  us,  in  the  first  place,  examine  some  circum- 
stances relative  to  the  centrifugal  forces  of  the  particles 
of  a  body,  being  a  solid  of  rotation,  in  which  we  shall 
avail  ourselves  of  the  elegant  investigation  published 
on  this  subject  by  Landen,  forming  the  fourth  article  of 
his  fir^t  volume  of  "  Mathematical  Memoirs." 

131.  Let  p  be  a  particle  of  matter  firmly  connected 
with  the  plane  DOEFQG  (fig.  84),  in  which  the  line 
OCQ  is  situated ;  p  q  being  a  perpendicular  from  p 
to  the  iftid  plane ;  let  the  ^stance  p  qbe  denoted  by 
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tr;  also  the  line  7/  being  at  right  angles  to  O/  CQ,  Medmirs. 
let  the  distance  pi  he  denoted  by  k.  Then  the  said ^^^^^^^^^^ 
plane,  with  the  particle  p,  being  made  to  revolve  Centrif«gal 
about  O  /  CQ,  as  an  axis,  with  the  angular  velocity  r,  ^>^  <*^  *^ 
measured  at  the  distance  a  from  the  axis,  the  velocity  1"*"*^^*- 

o(p  will  be  equal  to  — ,  and  its  centrifugal  force  from 

At* 
/  will  be  —  X  p.     Whence,  by  resolving  that  force 

into  two  others,  one  in  the  direction  7  p,  and  the  other 
in  a  direction  parallel  to  /  7,  it  appears  that,  in  conse- 
quence of  the  centrifugal  force  of  p,  the  point  /  of  the 
plane  DOEFQG  will  be  urged  in  a  direction  at  right 


angles  to  that  plane  by  a 


ue 
force  zz  —  x  P,  let  the 
a" 

distance  of  that  plane  /7  be  what  it  may. 

The  particle  p  being  connected  with  the  plane 
DOEF,  &c.  as  stated  above,  and  the  distance  C/ 
being  denoted  by  r  ;  if  p  be  urged  directly  firom  the  said 
plane  by  a  force  =^fu  x  /',  the  efficacy  of  that  force 
to  turn  the  plane  about  the  line  HCf,  drawn  at  riglit 
angles  to  OCQ,  will  (br  the  property  of  the  lever)  be 

f'lf  r  X  p 
equivalent  to  the  force  * — ^  acting  on  the  same 

line,  at  right  angles  to  the  plane  OCQ,  at  the  distance 
g  firom  the  point  C :  and  it  is  moreover  obvious  that. 
ceteris  paribus,  the  efficacy  will  be  the  same,  whatever 
may  be  the  distance  from  7  to  /. 

Let  7  coincide  with  /,  and  let  C  k  (fig.  85)  be  a  line 
in  the  plane  Clp  continued  (which  plane  will  be  at 
right  angles  to  the  plane  DOEFQG);  also  pit,  being 
at  right  angles  to  C  k,  let  the  lines  p  k  and  C  A*  be  de- 
noted by  tt?  and  x  -^  k,  respectively.  A-  and  x  denoting 
the  respective  distances  of  the  points  C  and  k  from  tlie 
given  point  V,  in  the  line  passing  through  those  two 
points.  Then,  the  sine  and  cosine  of  the  angle  A  CO, 
being  denoted  by  m  and  »,  we  shall  have 

■OL^  =^  {  m  «  (u.'-(,- Af)  -(«'-«>  (r- A)  }  . 


(1) 


Consequently,  if  each  particle  of  any  solid  body,  through 
which  a  line  HCI,  and  a  plane  DOEIF,  &c.  may  be 
conceived  to  pass,  be  urged  from  that  plane  by  a  force 
expressed  by  fu  x  p,  as  above,  the  force  which,  act- 
ing on  the  line  OCQ,  at  the  distance  ^  firom  C,  would 
be  equivalent  to  the  efficacy  of  all  the  forces  acting  on 
the  several  particles  of  that  body,  to  turn  the  same 
about  the  line  HCI,  will  be  obtained  by  computing  the 
sum  of  all  the  forces  exhibited  on  die  second  side  of 
our  equation  (I),  and  which,  according  to  our  mode  of 
notation,  may  be  written 


(2) 


f^tl  I  mnfxv'  -  (j  -  A)»)  -(m«-.n')u(ar- A)  j  , 

The  computation  of  such  equivalent  force  will,  in 
many  cases,  be  abridged,  by  observing,  that  if  p  Ar  be 
continued  to  p",  so  that  Ap''  be  zz  A  p,  the  efficacy  of 
the  force  on  the  particle  p"  to  turn  the  body  about  the 
line  HCI,  in  opposition  to  the  force  on  the  particle  p, 
will  be  represented  by  the  equivalent  force 

:^   X     \mn  ((.r  -  A)«  -  ir^)  -  (m^-O  ^'  i^-^)  } 

acting  on  the  line  OCQ,  at  the  distance  g  firom  C  *, 
and,  therefore,  that  the  efficacy  of  the  two  forces  on 
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Meckanios.  p  and  p*,  to  torn  the  body  about  HCI,  will  be  repre- 
'  sented  by  the  equivalent  force 

^{mn^TB*  -  (X  -  A)»)}  (3) 

acting  on  the  line  OCQ,  at  rip:ht  angles  to  the  plane 
DOEIF,  &c.  at  the  disUnce  g  from  C. 

1 32.  The  body  beirig  of  any  shape,  such,  that  the 
section  h  i  (fig.  86)  passing  through  p  and  p"  at  right 
angles  to  the  line  C  Ar,  is  a  circle  whose  centre  is  k ; 
and  every  other  section  parallel  to  the  former,  a  circle 
whose  centre  is  in  the  line  passing  through  C  and  k ; 
the  ordinates  corresponding  to  the  abscisses  A/>,  kp", 
in  the  circular  section  h  t,  will  each  be  parallel  to  that 
diameter  HCI  of  the  circular  section  passing  through 
C,  about  which  the  body  will  be  urged  to  turn ;  C  being 
the  centre  of  gravity  of  the  body ;  and  each  of  these 
ordinates  will  be  expressed  by 

jf  being  the  radius  of  such  section.    Therefore,  writing 
our  equation  (3)  becomes 

the  whole  fluent  of  which  is 
^/5 


^{,«n;^iy-(a:-   ^)»y)  } 


(4) 


Of  the 
spheroid. 


generated,  while  w  {=.  kp  zz,  kp")  from  o,  becomes 
equal  to  the  radius  y  (x  and  y  being  both  considered 
as  invariable). 

The  above  equation  (4)  will  express  the  value  of  (E), 
the  force  which  acting  on  the  line  OCQ,  at  the  distance 
g  from  C,  would  be  equivalent  to  the  force  of  all  the 
particles  in  the  said  section,  whose  thickness  is  denoted 
by  the  indefinitely  small  quantity  x^  the  distance  C  k 
being  denoted  by  {x  —  k),  and  3-14159,  &c.  by  tt  z= 
4  X  -7854,  &c. 

1 33.  In  the  spheroid,  whose  axis  is  2  6  (fig.  87),  and 
equitorial  diameter  2  r ;  taking  k  =  /;,  we  have 


y»=-(2Ax-.«), 


and 

_  r*  (r*  -f  4  6») 


^,2  6.r-x«)- ^(x-ft)«(2  ftx-x*) 


and  the  fluent 


(4/,2ar' -4  i'.r  +  x^)— r'(26x  — x^ 


generated  while  x  from  o  becomes  =  2  A,  is 


15 
we  find,  therefore, 

-^ X  m«(r»- 

15g 


«^  =  -^(^_i^S. 


for  the  value  of  the  force  (E),  which,  acting  at  the  dis- 
tance g  from  the  centre  C  of  the  spheroid,  would  be 
equivalent  to  the  efficacy  of  the  forces  acting  as  above 
on  all  the  particles  of  the  spheroid,  to  turn  it  about  a 
diameter  of  its  equator ;  observing  that  S  denotes  the 
content  of  the  spheroid, 
spheroid  ^  '^'**  '"  ^^^  hemi-spheroid  cut  off  at  the  equator  from 


the  spheroid  of  the  preceding  article,  taking  k  zz  — ,  ^ 
we  have  \  y*  —  (x  —  kf .  y*  = 

Consequently  the  fluent  of 

^     iiy*  -  i^  -  Af  y};, 

generated  while  x  from  o  becomes  =  b,  being 

br^ 

(64  r»    -   19  6'), 


we  obtain 


480 

/  mn 
320g 


(64  r»  -  19  &»)   X   -J  S, 


for  the  value  of  (E),  or  the  force^  which  actihg  at  the 
distance  g  from  the  centre  of  gravity  of  the  hemi- 
spheroid,  would  be  equivalent  to  the  efficacy  of  the 
forces  acting  as  above  on  all  the  particles  of  the 
hemi-spheroid,  to  turn  it  about  a  diameter  of  the  circu- 
lar section  in  which  the  centre  is  situated;  ^  S  denoting 
the  mass  or  solidity  of  the  body. 

135.  In  the  parabolic  conoid,  the  equation  of  whose  Ptai 
generating  curve  is  par  =  y*,  if  the  height  be  equal 

2  b 
to  b,  and  V  be  at  the  vertex,  k  will  be  =  — ,  and 

consequently  the  fluent  of 

generated  while  x  from  o  becomes  n  6,  beuig 
p  b^ 

the  force  (E)  will  be 

/'^'*(3p6-  ^')Mz= 


18^ 
f  mn 

187 


(3r»  -  b^)  M; 


r  being  the  radius  of  the  base,  and  M  =  i  ^  P  ^^y  the 
solidity  of  the  conoid. 

136.  In  the  soHd,  consisting  of  two  parabolic  co-Dooh 
noids  joined  together  at  their  bases  ;  if  the  dimensions  PJ^J 
of  each  conoid  be  denoted  as  in  the  preceding  article,  ^*"*^ 
and  k  be  taken  =  o,  we  shall  have 
t/*  =  p  (6  —  x), 
and 

Jr)» 


iy-(x-A-)V  =  -^ 


consequently,  twice  the  fluent  of 

generated  while  x  from  o  becomes  zz  6,  being 
p  b^ 

V  (^  -  *)' 

we  shall  have  for  the  force  E, 

•^(r'-6')N; 

where  N  denotes  the  mass  of  the  double  conoid. 

137.  In  the  cone,  the  radius  of  whose  base  is  r,  and  Cod 
perpendicular  height  b,  if  V  be  at  the  vertex,  k  will  be 

zr  -J  by  and  y  being  zz  — , 

we  shall  have 
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r'x' 


consequently,  by  taking  the  fluent  of 


(x-fi)'; 


^{w'^ix^kf} 


l  4  b'  If'     ^ 


i^y} 


'^, 


generated  while  x  from  o  becomes  zz  ^,  and  multi- 
plying the  result  by  -: ,  as  in  the  preceding  cases, 

we  have  the  force  (E)  rz 

V  f  mn  r*  b 


m  g 
Sfmn 


(4r«-.A»)=: 


(4r«~^'0M; 


M  = 


}^b 


hOg 
denoting  the  content  of  the  body. 


138.  In  the  solid,  consisting  of  two  cones  joined 
together  at  their  bases  ;  if  the  dimension  of  each  cone 
be  denoted,  as  in  the  preceding  example,  the  force  (E), 
by  proceeding  as  above,  will  be  found  =: 

U  denoting  the  content  of  the  double  cone. 

139.  In  the  cylinder,  whose  length  is  6,  and  diameter 

2  r,  taking  k  zz  - ,  we  have 

iy  -  (or  -  ^0  y»  =  1^  U  r«  -  (x  ~  i  ft)"}, 
3^  being  equal  to  r. 

Consequently  the  fluent  of 

generated  while  x  from  o  becomes  =  ft,  being 
r^ft         ft'^ 
4  12' 


we  find,  by  multiplying  that  fluent  by 


whieofE  = 


fm  n 

127 


IT  f  m  n  r' 


the 


(3r»-  ft^M; 


J  {x^  -f  (jr  -  m 

g 
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M  denoting  the  content  of  the  cylinder. 

Tke  forces  denoted  by  E  in  the  preceding  articles 
ve  what  we  have  hitherto  denominated  the  resultants 
<^  the  several  forces  of  the  system,  and  may  be  con- 
sidered as  motive  forces.  The  corresponding  accele- 
rating forces  are  computed  in  the  following  manner  : 

140.  The  body  being  a  spheroid,  whose  centre  is  C, 
^  and  whose  principal  axis  PN  (fig.  87)  is  equal  to  2  ft, 
*nd  equitorial  diameter  AB  =z  2  r;  let  ^  be  the  accele- 
rating force  of  a  particle  of  the  body  at  the  distance  g, 
from  the  axis  about  which  the  body  revolves  ;  this 
^s  being  a  diameter  of  its  equator,  when  the  motive 
force  is  such  as  we  have  considered  above. 

l^enote  C  k  and  k  i,  by  x  —  A:  and  y  as  before ;  and 
kt  the  absciss  k  p,  and  its  corresponding  ordinate 
(parallel  to  the  latter  axis)  in  the  circle  whose  radius 
w  k  t,  be  denoted  by  ir  and  t  respectively.  Then  con- 
sidering the  body  as  urged  to  turn  about  that  diameter 
of  its  equator,  which  is  at  right  angles  to  AB,  the 
accelerative  force  of  every  particle  in  that  ordinate 
will  be 


to  which,  by  the  property  of  the  lever,  a  motive  force 
equal  to 

w'  +  (x  -  ky   X  Yijux  ^  {f  ^  xc^ 

g" 
acting  at  the  distance  g  from  the  centre  C,  would  be 

equivalent. 

Therefore,  considering  X  and 3^  as  constant,  and  w  only 

4  ¥x 
as  variable,    — p-,  multiplied  by  the  whole  fluent  of 

o 

w  V  (5^»-  tt;*)  X  (i^  +  (x  -  kf), 
will  denote  a  force  which,  acting  at  the  distance  g  from 
C,  would  be  equivalent  to  the  motive  force  of  all  the 
particles  in  the  circular  section  h  i,  whose  radius  is  k  i, 
and  thickness  the  indefinitely  small  quantity  x. 
This  fluent  is  expressed  by 

iirHy-(x-i)V}  = 

in  our  spheroid,  k  being  taken  equal  to  NC  =  ft; 
consequently 

^xy;(2ftx-.x»)x{^,(2ftx-x^-f(x-ft)»} 

will  denote  the  motive  force  which,  acting  at  the  dis- 
tance g  from  C,  at  right  angles  to  a  radius  drawn  from  it, 
would  be  equivalent  to  the  whole  motive  force,  urging 
the  spheroid  to  turn  as  above  mentioned.  Such  equiva- 
lent force  will  therefore  be  =: 

F 

-— ^  (;•»  +  ft')  S  ;  S  being  the  solidity ; 

which  being  put  equal  to 
fmn 

the  value  for  the  same  force,  as  determined  (art.  1 33), 

r*  — ft" 
we  find  F  =zfgmn  x  ^      .3; 

which  will  become 

gmne^        r*~~b* 


^{rc'  +  (X  -  kf} 
g 


X  F; 


Bad  the  motive  force  of  all  the  particles  in  the  same 
ordinate  will  be 


(/^-^')S, 


F  = 


c  r»  +  ft^' 

if  /  be  taken  =  — ,   agreeably  to  the  computation 

(art.  131). 

Or  we  shall  have 


¥  zz:  —  X 

r 


r»-ft* 


r»-f  ft'*  ' 

if  we  take  I  :  e  ::  m  :  d  y,  n  :  c, 
a  and  g  being  each  equal  to  r. 

141.  It  is  evident,  from  the  deductions  in  the  pre- 
ceding article,  that  the  circle  h  i,  whose  radius  is 
ki  z=  y,  being  the  section  of  any  soUd  of  revolution, 
whose  principal  axis  coincides  with  CK,  if  C  be  the 
centre  of  gravity  of  the  body,  and  C  k  =  x  —  k, 

will  denote  a  force  which,  acting  at  the  distance  g  from 
C,  as  above  described,  would  be  equivalent  to  the 
motive  force  of  the  particle  in  the  said  circular  section, 
whose  radius  is  j/,  and  its  thickness  tlie  indefinitely 
small  quantity  x. 

V  2 
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Mccluuuci.      It  follows,  therefore,  from  article  133,  and  what  is 
stated  above,  that 

-^xy;{i/+(.r-*)v} 

will  be  equal  to 

whence  we  have  this  theorem : 

the  value  of  k,  and  of  the  fluenU,  being  so  taken  as 
to  comprehend  the  whole  of  the  body  tinder  conside- 
ration, according  to  the  examples  given  in  the  preceding 
articles. 

142.  Proceeding  on  these  principles,  we  find  in  the 


Fzzfgmnx 


Particular 
deductions. 


henu'Spheroid 
parabolic  conoid 
double  conoid 
cone 

double  cone 
cylinder 


F  = 


cd       64r«  -  19  6* 


F  =  —  X 

r 

F  =  —  X 

r 

17  ^^ 

F  =  —  X 
r 

17  ^^ 

F  =:  —  X 

r 

Tf  ^cd 
F  =  —  X 

r 


64  r*  + 

19  l>" 
b* 

r»  - 

6" 
b* 

r-  + 
41^- 

li" 
6' 

Ar-  + 

6» 

3^-  + 

b" 

a  and  g  being  taken  equal  to  r, 


/  = 


6«' 


I  :  e  ::  m  :  d  :\  n  :  c,  and  reference  being  had  to 
the  respective  articles  for  the  quantities  denoted  by 
e,  m,  n,  b  and  r. 

Now  as  it  appears  from  these  formula,  that  F  =  o, 
when,  in  the 

hemi' spheroid f  the  height        b  =z   -; 

V  I*' 

parabolic  conoid^  ditto  6  =:  r  -v/  3  ; 

double  conoid f  the  half-length  6  z=  r ; 

cone^  the  height  6  =  2  r ; 

dCou^/f  cone,  the  half-length  ft  i=  r  ^/  f ; 

cylinder,  the  length  ft  =  r  v'  3. 

It  is  manifest,  therefore,  that  each  of  those  bodies 
(with  respect  to  its  own  particles)  will,  undisturbedly, 
revolve  about  any  axis  whatever,  passing  through  its 
centre  of  gravity,  the  same  as  the  sphere ;  it  is  also 
obvious  that  by  means  of  what  is  done  above,  that 
other  bodies,  which  are  solids  of  revolution,  or  frustrums 
of  such  solids,  of  various  forms,  may  be  found  having 
the  same  property  ;  nothing  farther  being  requisite  than 
that  the  dimensions  of  the  body  be  so  proportioned,  that 

k  being  taken  equal  to  the  distance  from  the  centre  of 
gravity  of  tlie  body  to  one  extremity  of  the  axis,  about 
which  the  solid  is  generated,  and  x  being  considered 
as  flowing  from  o,  till  it  becomes  equal  to  the  whole 
length  of  that  axis. 

Consequently,  even/  axis  of  such  body  passing  through 
its  centre  of  gravity  is  a  permanent  avis  (^'rotation. 

143.  In  a  preceding  article  of  this  section,  we  have 
slightly  referred  to  a  celebrated  theorem  of  Frisi,  which 
Imu  given  great  facility  to  the  theory  of  the  rotation  of 


bodies  in  free  space ;  and  by  means  of  which,  easy  and  MccIni 
elegant  solutions  may  frequently  be  obtained  of  the  ^^/^ 
most  difHcult  theorems.     The  enunciation  of  this  theo- 
rem may  be  stated  as  follows. 

"  If  a  body  revolve  about  an  axis  passing  through  Friai't 
its  centre  of  gravitv,  with  the  angular  velocity  U,  while  thcoiw 
this  axis  is.  carried  round  another  axis,  also  passing 
through  its  centre  of  gravity,  with  the  angular  velocity 
ii ;  these  two  motions  compose  a  motion  of  every  par- 
ticle of  the  body  round  a  third  axis,  lying  in  the  plane 
of  the  other  two,  and  inclined  to  each  of  the  former 
axes  in  anp^les  whose  sines  are  inversely  as  the  angular 
velocities  round  them ;  and  the  angular  velocity  r  round 
this  new  axis,  is  to  that  round  one  of  the  primitive 
axes,  as  the  sine  of  inclination  of  the  two  primitive 
axes  is  to  the  sine  of  the  inclination  of  the  new  axis  to 
the  other  primitive  axis.** 

Let  us  conceive  a  body  to  turn  about  an  axis  AG  A' 
(fig.  88),  passing  through  its  centre  of  gravity  G,  witli 
the  angular  velocity  U,  while  this  axis  is  carried  round 
another  axis  BGD',  with  the  angular  velocity  u ;  and  if 
we  take 

GD  :  GE  ::  u  :  w, 

(the  points  B  and  E  being  taken  on  that  side  of  the 
centre  where  they  arc  moving  towards  the  same  side 
of  the  plane  of  the  figure)  and  the  line  DE  be  drawn, 
the  whole  and  every  particle  of  the  body,  will  be  in  a 
state  of  rotation  about  a  third  axis  CGC,  parallel  to 
DE,  lying  in  the  plane  of  the  other  two ;  and  the  an- 
gular velocity  r,  about  the  axis  CGC,  will  be  to  U 
and  to  f/,    as  DE  is  to  GD  and  to  GE. 

For,  let  P  be  any  particle  of  the  body,  and  suppose 
a  spherical  surface,  wnose  centre  is  G,  to  pass  through 
P,  and  draw  PR  perpendicular  to  the  plane  of  t^he 
figure :  then  is  PR  the  common  section  of  the  circle 
of  rotation  IPU  round  the  axis  AA',  and  the  circle 
KPK'  of  rotation  about  the  axis  BE'.  Let  F  and  O 
be  the  centres  of  these  circles  of  rotation,  and  II'  and 
KK'  their  diameters ;  draw  the  radii  PF,  PO,  and  the 
tangents  PM,  PN  :  these  tangents  are  in  a  plane 
MPN,  which  touches  the  sphere  in  P,  and  cute  the 
plane  of  the  axis  in  a  line  MN,  to  which  a  line  drawn 
from  G  through  R  would  be  a  perpendicular. 

Now,  conceive  PN  to  represent  the  velocity  of  rota- 
tion of  the  point  P  about  the  axis  BB',  while  PP  de- 
notes its  velocity  of  rotation  about  AA',  and  complete 
the  parallelogram  PNTF :  then  is  VT  the  direction 
and  velocity  of  the  resultant  of  the  composition  of 
PN  and  PF',  and  is  therefore  necessarily  in  the  same 
plane  as  these  components.  Let  perpendiculars  FT, 
TT,  be  drawn  to  the  plane  of  the  axis,  and  the  paral- 
lelogram PNTF  will  be  orthographically  projected  on 
that  plane,  its  projection  being  also  a  parallelogram 
RNTF.  .  V 

If  now  the  diagonal  RT  be  drawn ;  because  PR  is 
perpendicular  to  the  plane  of  the  primitive  axis,  PRTT 
is  so  likewise  ;  and  consequently  the  compound  motion 
PT  is  in  a  plane  of  a  circle  of  revolution  about  some 
axis  situated  in  the  plane  of  the  other  two.  Produce 
TR  and  draw  GC  intersecting  it  perpendicularly  in  H, 
and  let  LPL'  be  the  circle  of  rotation,  its  diameter 
being  LU  =z  2  LH ;  then  is  PT  a  tangent,  and  per- 
pendicular to  PH  ;  and  it  will  meet  RT  in  some  ipomt 
Q  of  the  line  MN.  The  particle  P  is  in  a  state  of  rota- 
tion about  the  axis  CGC,  and  its  velocity  is  to  the  velo- 
cities round  AA'  or  BB'  as  PT  to  PF  or  to  PN. 
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Since  the  tangent  PN  is  perpendicular  to  OP,  and 
PR  is  perpendicular  to  ON ;  therefore 

OP:PN::  pr  :  rn  =  ^^^^. 

But  the  velocity  of  P  about  the  axis  BB'  z:  u-OP; 

whence 

?rOP-PR 
RN  =  — ^^p— im.PR. 

And  in  like  manner  RF  i=  U-PR ;  consequently, 
RF  ;  RN  ::  U  :  i£  ::  GD  :  GE. 

But 

sin  NTR, 
sin  ODE. 

Again,  since  NR  is  perpendicular  to  EG,  and  NT  is 
parallel  to  IF,  and  therefore  perpendicular  DG,  we  have 
the  angle  RNT  =  EGD.  Hence  TR  is  perpendicular 
and  CC  parallel  to  ED,  and  the  rotation  of  the  par^ 
tide  P  is  about  an  axis  parallel  to  ED.  Also,  since 
RN,  RF,  RT,  are  as  the  velocities  w,  U,  r,  about  these 
different  axes,  and  vary  respectively  as  EG,  DG,  DE, 
we  have 

v:U  :u  ::EB  :  DG  :  GE; 


NT  :  RN 


C  sin  NRT 
I  sin  GED 


which  are  the  relations  stated  in  the  proposition. 
^  144.  This  theorem  or  general  principle  bears  a  strong 

uudogy  to  that  virhich  relates  to  the  composition  of 
forces  demonstrated  in  (art.  25,  Statics),  and  like  that, 
gives  rise  to  many  important  and  interesting  deduc- 
tions. 

In  the  first  place  we  learn  from  it,  that  if  every  par- 
ticle of  a  body,  whether  solid  or  fluid,  receive  at  the 
same  instant  two  separate  impulses,  the  one  competent 
to  &e  production  of  a  motion  of  the  particle  round  an 
uis,  with  a  certain  angular  velocity,  and  the  other 
competent  to  the  production  of  a  rotatory  motion  about 
Hoottier  axis,  with  a  certain  velocity :    the  combined 
e&ct  of  all  these  impulses  will  be  a  motion  of  the 
»hole  system  about  a  third  axis   given  in  position, 
with  an  angular  velocity  which  is  also  given  ;  and  this 
motion  will  obtain,  without  any  separation  or  disunion 
oFthe  parts,  except  such  as  may  be  occasioned  by 
tti€  action  of  the  centrifugal  forces  resulting  from  the 
''c>tation- 

Again,  if  a  body  be  turning  round  any  axis,  and 

^s^^nxj  particle,  in  one  and  the  same  instant,  be  affected 

]F**'"€ci8eIy  with  such  an  impulse  as  is  competent  to  pro- 

J^*^ce  a  given  angular  velocity  round  another  axis,  the 

"»«*jdy  will  revolve  about  a  third  axis  given  in  position, 

"^^  with  a  $:iven  angular  velocity. 

'Lastly,  when  a  rigid  body  acquires  a  rotation  about 
■^  Jlxis  by  an  impulse  on  one  part  of  it,  and  either  at 
^^  tame  time,  or  afterwards,  receives  an  impulse  in 
^y  part,  which  alone  would  produce  a  certain  rota- 
abont  another  axis,  the  joint  effect  of  these  im- 
is  will  be  a  rotation  about  a  third  axis.  For  when 
^^giH  body  acquires  a  motion  about  an  axis,  not  by 
-^^^^  simnltaneous  impulse  of  the  precisely  competent 
l^jj"^^^  on  each  particle,  but  by  an  impulse  on  one  part ; 
^^t^l^  has  been  propagated  to  every  particle  (by  means 
^^^  ^e  cohesive  force)  an  impulse  precisely  competent 
r^*^  ^e  production  of  that  motion  which  the  particle 
-^%^ally  acquires;  and  when  a  rigid  body,  already 
'^  '  round  an  axis  AA',  receives  an  impulse  which 

it  actually  turn  about  another  axis  CC,  there 
been  psopagated  to  each  particle  a  force  precisely 


adequate  to  the  production,  not  of  the  motion,  but  of  Mechanic*, 
the  change  of  motion  which  takes  place,  in  that  particle ;  ^^^^'n/^^ 
that  is,  a  force  which,  when  compounded  with  the  in- 
herent force  of  its  primitive  motion,  produces  the  new 
motion ;  that  is,  a  force  which  alone  would  have  caused 
it  to  turn  about  a  third  axis  BB',  with  a  rotation 
making  the  other  component  of  the  actual  rotation 
about  CC. 

S  XXV.    Of  the  impact  of  bodies. 

145.  All  bodies  in  nature  are  more  or  less  comprcs-  Di^finltions. 
sible :  and  when  from  any  cause  they  are  compressed, 
they  will  have  a  greater  or  less  tendency  to  restore 
themselves  to  their  original  form ;  and  this  tendency  is 
what  we  term  elasticity,  A  body  is  said  to  be  -pcrfcctlt/ 
clastic  when  it  regains  its  former  figure  as  soon  as  the 
cause  which  compressed  it  is  removed ;  when  the  body 
only  in  part  resumes  its  original  form,  it  is  said  to  be 
imperfectly  elastic.  If  a  body  have  no  tendency  after 
compression  to  restore  itself  to  its  primitive  form,  it 
is  called  a  soft  body ;  and  if  on  the  contrary,  we  suppose 
it  to  resist  entirely  the  compression,  it  is  called  a  hard 
body :  but  in  regard  to  our  present  enquiry,  these  are  both 
broiight  under  one  general  class,  viz.  non-elastic  bodies. 
We  know  of  no  substances  that  are  either  perfectly  hard, 
soft,  or  elastic ;  therefore  all  bodies,  properly  speaking, 
fall  under  that  class  which  we  have  denominated  im- 
perfectly  elastic.  But  still,  as  1  here  are  many  which 
approach  very  nearly  in  character  to  non-elastic  bodies, 
and  others  to  a  state  of  perfect  elasticity,  it  is  customary 
to  treat  only  of  these  two  extreme  cases  :  we  propose, 
however,  in  what  follows,  to  make  a  slight  reference  to 
the  impact  of  imperfectly  elastic  bodies,  while  inves- 
tigating the  circumstances  appertaining  to  the  two 
former  classes. 

146.  In  order  to  begin  with  the  most  simple  case,  Tlie  impact 
we  shall  suppose  the  bodies  to  be  perfectly  non-elastic ;  ^^  ^^^^^ 
that  they  are  homogeneous  spheres,  of  which  the  two  ^^^"^  *'***^ 
centres  move  in  the  same  right  line,  and  that  the  several 
points  in  them  are  describing  lines  parallel  to  that  of 
their  centres.     According  to   this  supposition,   every 
thing  being  the  same  on  all  sides  of  the  right  line  in 
which  the  centres  move,  it  is  evident  that  their  impact 
ought  not  to  produce  any  rotation  in  either  body ;   so 
that  afler  the  blow,  their  different  points  will  continue 
to  describe  parallel  right  lines,  with  a  velocity  common 
to  both  bodies :  this  velocity  we  here  propose  to  de- 
termine ;  that  with  which  they  first  begin  to  move,  and 
the  ratio  of  the  masses,  being  given. 

Let  A  and  A'  (fig.  89)  represent  two  homosreneoiis 
non-elastic  spheres ;  C  and  C'  their  centres ;  BD  the 
right  line  on  which  the  two  centres  move.  Let  us 
suppose  that  the  two  bodies  are  moving  the  same  way  ; 
from  B  towards  D ;  and  that  the  velocity  of  A  is  greater 
than  that  of  A',  so  that  the  former  will  untimately 
overtake  the  latter.  Now  when  two  compressible  bo- 
dies meet,  they  are  mutually  compressed,  in  conse- 
quence of  the  difference  of  their  velocities ;  and  this 
compression  will  continue  till  the  two  velocities  are 
become  equal,  which  will  take  place  in  a  greater  or 
less  time,  according  as  the  bodies  are  more  or  less 
compressible  ;  this  change,  therefore,  would  be  instant 
taneous,  if  the  bodies  were  perfectlv  hard :  still, 
however,  it  is  necessary  always  to  admit  that  in  the 
hardest  bodies  we  may  find  a  certain  degree  of  com- 
pressibility,  and  to  suppose  that  in  impmging  on  each 
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Mfflinnicf.  other  tliey  are  compressed  during  a  liiuc^  althougli  that 
^•'"V^  time  is  inappreciable. 

Thus  in  the  impact,  llie  velocity  of  A  will  be  dimi- 
nished, anrl  that  of  A'  aug-mented,  till  the*  two  become 
eqtiah  after  which  the  two  bodies  will  discanlinue  their 
action  on  each  other;  for  since  wc  have  supposed  them 
void  of  elasticity,  they  will  each  retain  the  form 
they  have  a^isumed  in  the  compression,  and  will  con- 
tinue to  move  with  a  common  velocity,  the  same  as  if 
they  formed  only  one  and  the  same  body. 

Let  nji  denote  this  common  velocity  by  tt,  and  call 
ihe  velocity  of  A  before  impact  equal  to  r,  and  that  of 
A'  equal  to  i*;  we  may  *d550  denote  the  masses  re- 
spectively by  tn  and  w\  Then  wc  shall  have  v  —  ti 
for  the  velocity  lost  by  A  in  the  impact,  and  it  —  v'  for 
that  gained  by  A' ;  whence,  according  to  the  principle 
of  D'Alemljui't,  an  equilibrium  ought  to  obtain  between 
the  two  masses  m  and  m'  when  impressed  with  the 
velocities  V  —  tfj  and  t(  —  x ' ;  that  is,  we  shall  have  the 
equation 

m  iv  —  u)  =  m'  (a  ^  r') ; 
by  means  of  wljich  we  readily  determine  tlie  value  of  w 
in  terms  of  the  other  quantities  r,  r',  m^  and  m' ;  that 
is,  we  find 

m  V  4-  m'  v^ 

«  = ;—,  (I) 

Moilou  Ilmcc^  the  common  xehdttf  of  (ico   non-dasfic  bathes 

after  afier  impmt^  iihcn  tha;  both  mow  the  «amr  tw/Vi  tsjoutttf^ 

iinji«ct.         /,y  tinkling  (he  ftuni  of  (he  profJitc/.s  of  each  budp  into  ids 
rcsprctive  xchdhf^  hjf  (he  sum  of  the  Ifmiits. 

When  the  bodies  move  in  contrary  directions;  that 
is,  when  they  meet  each  other,  then  t'  nnist  be  ac- 
counted negative,  or,  at  least,  r  and  r'  must  be  sup- 
posed to  be  affected  with  contrary  signs;  so  that  in  this 
case,  we  have 

mv  —  m'l' 

ii  -  r-  '  (2) 

m  -h  w 

Thevefore,  when  tkc  bodies  meet  each  other,  tec  must  divide 
the  dijfirence  of  the  products  of^  each  majut  into  its  leloctt^y 
bif  the  nam  of  the  hodlcs^  for  the  cormnon  it/ociV^  after 
impact. 

The  latter  case,  however,  is  obviouly  included  m 
the  first,  by  considering  the  velocity  of  r'  to  be  negative, 
as  stated  above. 

As  to  t!ie  direction  of  the  motion  after  impact,  it  will 
obviously  depend  upon  the  ma'^nitudes  of  the  products 
wir,  m'l;  that  is,  if  w*  r  y  m' i\  the  motion  will  con- 
tintjc  in  the  direction  of  w,  and  the  contrary  if  m'l'  be 
greater  than  mi\ 
Tbestmc,  147.  If  appears  from  the  above,  that  the  only  effect 
athcrwUc  ^f  (Jj^  mutual  impact  of  two  iion-elastic  bodies  is  to 
unite  their  mavises  into  one;  which  is  found  to  have  the 
same  velocity  its  if  the  forces,  which  put  these  two 
bodies  separately  into  motion,  acted  simultaneous  on 
the  total  mass,  in  the  respective  direction  of  each. 

For  let  F  be  the  force  which  impressed  on  the  mass 
w,  the  velocity  r,  or  F  ^  mv;  and  let  F'  be  the  farce 
which  impressed  on  the  mass  m',  the  velocity  v\  or  F' 
^z  m*  v\  Then,  from  what  have  been  shown  (art*  1 1), 
the  force  F  acting  on  the  mass  m  -h   m\  would  have 

impressed  a  velocity  =  — „  and  the  force  F'  would 

m  -{-  m 

in  like  manner  have  produced  the  velocity ;. 

The  velocity,  therefore,  due  to  the  two  forces  will  be 


w  ~ 


,  w  V 


m  -f-  m         m  -\-  m  m  -f-  m' 

whci)  the  forces  act  both  in  the  same  way;  and 


m  T 


u   = 


rn  -f  ;n  m  ^  m  m  4^  m 

when   they  act  in   opposite  directions.     Tn  the  latt^ 
case,   the   veloeity   will  obviously   take  place   in 
direction   of  the  greater  forcr;   and  be  the  same  as 
that  which  would  arise  from  the  impact  of  the  bodies 
on  each  other,  as  determined  above. 

If  one  of  the  masses,  as  for  example  m\  were  at  rest 
before  the  impact,  then  the  velocity  tlenoted  by  r'  will 
be  zero;  and  substituting  t'  3:  0,  into  either  of  our 
equations  (I)  or  (2),  we  shall  have 

u  =   ;  (3) 

14ft.  Let  us  now  ex  an  line  the  case  of  ehntic  Imdies,  Off 
be^^inning  with  ttiat  in  which  a  body  of  this  kind  i%  *^ 
made  to  impinge  upon  ii  liard  and  fi:ted  plane.  U  i 
has  been  demonstrated  experinicntidly,  and  it  is  in-  \ 
volved  in  our  definition  of  clastic  bodies,  that  they  are 
compressible ;  anil  that  they  have  a  tendency  to  i?e* 
store  themselves  to  their  original  form  as  soon  as  die 
compression  ceases.  Hence*  I  he  moment  an  elastic 
body  contes  in  contact  with  the  plane  on  which  it 
impinges,  it  begins  to  experience  a  compression,  in 
consequence  of  which  its  velocity  is  diminished,  and  is 
ultimately  entirely  destroyed ;  at  this  instant  the 
natural  elastieitv  bej^ins  tf>  operate,  and  the  veloeity  of 
the  body  is  i^radnally  restored  to  it  again  by  Uve  same 
degrees  as  it  wa^  destroyed  :  j?o  that  supposing  it  per- 
fectly elastic,  il  will,  at  the  moment  it  quits  the  plane, 
ha\e  acqtiired  the  very  same  velocity  it  had  when  it  first 
came  in  contact  with  it.  Whence  it  appears*  that  the 
natural  and  general  ed'ecl  of  the  elasticity  of  bodies  is 
to  restore  to  them*  after  impact,  the  same  vctacitics 
they  had  before,  but  in  an  opposite  direction. 

Hence,  again,  it  follows  that  a  heavy  elastic  body 
falling  freely  from  the  action  of  gravity  in  a  vacuum, 
upon  a  hoiizontal  plane »  will  have  its  velocity  first  de- 
stroyed by  tlic  action  of  the  plane;  after  wliich  the 
elasticity  will  restore  to  ft  its  former  velocity,  in  con- 
sequence of  which  it  will  rise  to  the  same  heiglu  from 
whence  it  fell. 

If  the  body,  instead   of  impinging  perpendicularly 

on    the    p^ane,    meet  it  in   an   oblique   direction,   as 

BA  (fig.  90);  then  calling  v  the  velocity,  and  de- J^ 
noting  the  angle  BAN  by  a,  we  may  resolve  v  into 
the  two  velocities  r  sin  n,  and  v  cos  a,  of  which  llie 
latter,  being  parallel  to  the  plane,  will  not  be  alfected 
by  the  impact,  but  will  remain  the  same  in  direction 
and  of  the  same  magnitude  after  impact  as  before: ; 
while  the  velocity  t^  sin  a  may  he  considered  as  a 
velocity  perptndicular  to  the  plane;  this,  therefore,  will 
be  restored  to  the  body  in  the  opposite  direction  AE 
from  the  impact,  and  the  velocity  after  the  stroke 
will  consist  of  the  two  velocities  r  sin  n,  and  v 
cos  a\  consequently  the  body  will  rebound  from  the 
plane  at  the  same  angle  at  which  it  came  in  contact 
with  it,  that  is  the  angle  BAN  :=  DAO ;  hence,  when 
an  elastic  body  impinges  ohhquely  on  a  plane,  the 
artgfr  nf  incidence  is  etpiai  to  the  angle  of  rejiection. 

If  tiie  body  be  only  imperfectly  elastic,  then  a  part 
of  its  velocity  will  be  actually  tlestroyed,  and  it  will 
ascend  to  a  height  greater  or  less,  in  comparison  with 
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3.  that  it  fell  from,  according  to  its  elastic  quality  ;  and 

^  we  have  thus  a  very  simple  means  of  estimating  the 
degree  of  elasticity  of  ditferent  bodies. 

^^J  149.  Let  a  denote  the  space  through  which  a  body 
fiedls  in  the  first  instance,  and  let  us  denote  the  ratio 
of  perfect  elasticity  to  the  imperfect  elasticity  of  the 
body  by  I  :  w/ ;  then  tlie  space  through  wliich  the  body 
will  re-ascend  will  be  as  V  \  rr? ;  for  the  velocity  is 
as  1  :  m,  and  the  spaces  are  as  the  squares  of  the 
velocities ;  and  therefore,  conversely,  if  the  height 
through  which  a  body  falls,  and  the  space  it  re-ascends, 
be  given,  the  ratio  of  perfect  to  the  imperfect  elasticity 
of  that  particular  body  will  be  determined,  being  as 
the  square  roots  of  the  two  spaces.  Thus,  for  example, 
if  a  body,  afler  falling  through  16  feet,  impinge  on  a 
hard  and  fixed  plane,  and  rebounds  only  through  9  feet, 
we  should  say  that  the  elasticity  of  that  body  was  to 
perfect  elasticity,  as  v^  9  :  >/  16,  or  as  3  :  4. 

^  Suppose  a  body  has  its  elasticity  to  that  of  perfect 
elasticity,  as  fw  :  1,  and  let  the  height  from  which  it 
fidls  in  the  first  instance  be  a ;  to  find  the  whole  space 
that  it  will  describe  before  its  motion  ceases,  and  the 
thne  of  that  motion : 

Since  the  velocity  with*  which  the  body  rebounds  is 
as  the  elasticity,  viz.  1  :  w?,  and  the  spaces  being  as 
the  squares  of  the  velocity,  we  shall  have  for  the  whole 
space 

a  -f  2  ot'  a  -f-  2  w^  fl  -f  2  7»* «,  &c.  ad  infin, 

or      S  1=  2  fl  (1  -f  w'  -f  wi*  -f-  y«*  H-,  <fec.)  —  Oy 
the  ratio  in  this  series  being  w',  the  sum  of 

1  -h  w'  -h  w*  -h  w*  +  ,  &c.  = 


whence 


S  =  T 


2fl 


1  —  m^ 

1    +  VI* 


1  -m» 


1  —  vi* 
the  space  required. 
The  time  is  as  the  velocity ;  that  is,  as  1  :  m\  and 

the  time  of  falling  through  a  feet  is  ^  z:  ^  —  ;  there- 

g 
fore,  the  time  of  ascent  and  descent,  after  the  first 
impact,  will  be  2  tm,  2  /  w^,  2 1  w^,  &c. ;  whence  we 
shall  have,  for  the  whole  time, 

Here  the  ratio  of  the  series  being  w,  tlie  infinite  sum  = 

1 


1    -  m' 


ipliencc 


=  ^v/^^r4^-v/T' 


T=i±^xy±., 

1    -  m        ^      g      • 
As  a  numerical  example,  let  the  ratio  of  1    :  »i  be 
^  1  :  1^,  and  the  hei«^ht  a  =  100  feet;    then  we 
should  have  for  the  whole  space 

S  =  ^^^4|-  ^  ^^^  =  ^^^^  ^^^^' 
and  '^ 

T      1  +  4J  y  100 

T  =  ^-^  X  v^—  zz  77.19  seconds. 

^50.  Let  us  now  consider  the  case  of  two  per- 
f^tly  elastic  bodies,  A  and  A',  impinging  directly  on 
each  other;  the  ratio  of  their  masses  as  m  to  m\  and 


their  velocities  before  impact  r  and  v';   to  find  their  Mechanics, 
respective  velocities  after  the  stroke:  v.^^v'^^^ 

Suppose,  in  the  first  instance,  as  the  simplest  case.  Impact  of 
the  two  bodies  to  meet  each  other ;  that  their  velocity  elastic 
and  masses  are  such  that  the  two  products  m  v  and  ^^*^*' 
m'  v'  are  equal  to  each  other;  and  the  point  E  (fig.  91) 
that  point  of  the  line  BD  where  they  come  in  contact. 
Conceive  through  this  point  a  plane  MN  to  pass  per- 
pendicular to  the  right  line  BD,  which  plane  we.  may 
consider  as  fixed  (since  it  is  equally  acted  upon  by 
both  bodies),  and  that  they  are  each  compressed  against 
it,  losing  their  velocities  v  and  v' ;  which  are  afterwards 
restored  by  their  respective  elasticities,  exactly  in  the 
same  manner  as  in  the  fixed  plane  (art.  148);  the  two 
bodies,  therefore,  in  this  case,  will  rebound  after  the 
stroke  with 'velocities  precisely  equal  to  those  with 
which  they  approached  and  came  in  contact  with  each 
other. 

Now,  whatever  may  be  the  velocities  v  and  v'  before 
the  stroke,  we  may  conceive  each  of  those  velocities  to 
be  made  up  of  two  others ;  the  one  of  which  shall  be 
common  to  both,  and  which  may  be  assumed  at  plea- 
sure, and  the  other  equal  to  the  difference  between  the 
actual  velocities  and  that  which  we  have  supposed  to 
be  arbitrarily  assumed.  Let  us  denote  the  latter  by  w, 
and,  instead  of  the  velocity  r,  substitute  the  two  ve- 
locities !/,  and  T7  -r-  M ;  and  instead  of  r',  the  two  u  and 
v'  —  I/,  or  —  {u  f-  1 ').  Let  also  V  and  V  denote  the 
velocities  of  the  two  bodies  after  impact ;  and  in  order 
to  reduce  the  two  cases  of  the  bodies  following  or 
meeting  each  other  into  one,  we  shall  consider  the 
velocities  which  are  made  in  the  direction  of  the  mass 
m  as  positive,  and  what  are  made  in  the  opposite  sense 
as  negative ;  so  that  v  will  always  be  supposed  to  de- 
note a  positive  quantity,  while  i/,  v\  V  and  V,  may 
be  either  positive  or  negative,  according  to  cir- 
cumstances. After  this,  it  is  evident  that  the  bodies 
are  in  the  same  state,  as  if  they  met  each  other  with 
the  velocities  v  -^  u  and  u  —  t? ,  while  the  right  line 
BD,  on  which  the  centres  move,  were  itself  in  motion, 
with  the  velocity  u ;  the  motion  of  this  right  line  will 
obviously  have  no  infiuence  on  the  impact  of  the  two 
bodies. 

Let  us  suppose  the  velocity  w,  which  we  have  seen 

may  be  assumed  at  pleasure,  to  be  taken  such  that 

m  (i;  —  w)  =:  m'  (u  —  i') ; 

this  gives 

mv  -f  »/  v' 

u  = -7 — . 

m  -{-  m 

Now  we  have  seen  that  when  two  bodies  meet  with 

velocities,  such,  that  the  products  of  each  mass  into 

its  respective  velocity,  are  equal  to  each  other;  the 

bodies  will  rebound  with  the  same  velocities  as  those 

with  which  they  met ;  the  body  A,  therefore,  abstracting 

from  the  supposed  motion  of  the  line  BD,  will  rebound 

with  a  velocity  equal  to  v  —  w,  and  the  body  A'  with 

the  velocity  u  —  r';  and  consequently,  their   actual 

velocity,  introducing  again  the  velocity  w,  will  be  for 

A,  afler  the  stroke  t/ diminished  by  r  —  u;  and  that  of 

A'  equal  to  u  augmented  by  1/  —  r' ;  that  is,  we  shall 

have 

V  =r  w  —  (r  —  t/)  =  2  M  —  r^ 

V'=  u  -f  (M  —  r')=2M—  v'; 

or  V  =  2 ; ; v; 

m  4-  m 
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V'=  2 


«  r  4-  m'  v' 


m  +'  m' 
which  are  equivalent  to 


V  = 


v  = 


(fw  —  w')  r  +  2  m  v 


(m' 


m  -f  m' 

fn)  r'  -f  2  7W  r 


(4) 


m  -^  m 

Motionaftcr  151.  It  will  be  observed,  that  in  these  formulee,  the 
Impact.  values  of  V  and  v  are  both  supposed  to  be  estimated 
in  the  same  direction,  viz.  in  the  direction  of  the  nao- 
tion  of  the  mass  w ;  and  therefore,  when  the  bodies 
meet  each  other,  v'  must  be  accounted  negative ;  or 
if  we  suppose  it  positive,  we  must  change  the  above 
into  the  two  following,  vii. 

(m  _  m*)  r  —  2  m'  TJ' 


V  = 


V'  = 


m  +  m 
(m  —  7m')  r'  -f  2  m  r 


(5) 


V  = 


V'  = 


(«•  —  m')  t>  +  2  »'  'P* 


(«'. 


m  -\-  mf 

w?)  r'  +  2  m  t> 


m  -f  m' 
become ,^  when  expressed  numerically, 


(6-5)7  +  2-5-4  _,, 


—  11   —  ^1 


V'  = 


(5  —  6)  4  +  2-6-7 


=  5?  =  7A. 


6  +  5 

That  is,  A  will  move  after  impact  with  a  velod^  of 
4  -fj,  and  A'  with  a  velocity  7  f  in  the  same  direction. 
Exam.  2.  Let  now  two  bodies,  A  and  A',  whose  maMes 
are  as  3  to  5,  meft  each  other  with  velocities  which 
are  as  4  to  7 ;  to  determine  their  motion  after  impact : 
Here  m  =  3,  wi'  =  5,  r  =  4,  and  tj'  =  —  7 ;  wnenee 
our  formula)  in  numbers  become 

(3  «.  6)  4  —  2-7-5  _   —  8  —  70 


V  = 


=  -9i; 


m  -f  i» 

And  if  one  of  the  bodies,  as  for  example  A',  or  the 
mass  W,  were  at  rest  before  impact,  then  we  should 
have  V*  =  o,  and  the  formula  would  become 

V  —    fa  —  ffi')  v 

«  +  »»'      •  ^  ^^ 

V  — 

""       m  -Hot' 

Particular        These  two  cases,  however,  are  obviously  both  in- 
dcducttons.  yolved  in  equation  (4),  by   giving   to  tj'  its   requisite 
value;  that  is,  considering  it  as  positive,  negative,  or 
zero,  as  the  case  mav  require. 

We  may  further  observe,  »hat,  as  an  immediate  con- 
sequence of  our  formulee  N*  (4),  it  follows,  that  when 
m  =:  m',  the  values  of  V  and  V,  become  V  :=z  v' 
and  V  =:  r;  that  is,  in  the  particular  case  in  which  the 
masses  are  equal,  each  body  will  rebound  back  after 
impact,  with  the  velocity  which  the  other  had  before  it. 
And,  therefore,  if  one  of  the  bodies,  as  for  example 
A',  were  at  rest  before  the  impact,  that  is,  if  we  had 
tj'  =  0,  we  should  then  have  V  z:  0  after  impact,  and 

V  zz  t ;  the  body  A  will  therefore  remain  at  rest  after 
the  stroke,  and  the  other  body  A'  will  be  urged  forward 
with  the  velocity  A  had  before  impact. 

It  follows  also  from  our  first  determined  values  of 

V  and  V,  viz. 

V=:2m  — r,  and  V  =  2  «  -  t)'; 
that  V  -  V  =  v'  -  V  =  -  (I?  -  r'). 

Whence  it  appears  that,  in  all  cases,  the  relative 
velocity  of  the  two  bodies,  after  impact,  is  equal  (but 
affected  with  a  contrary  sign)  to  the  relative  velocity 
before  the  impact;  understanding,  in  general,  by  rela- 
tive ve/ocity,  the  difference  of  the  absolute  velocities  of 
the  two  bodies  estimated  in  the  same  direction  ;  or  it 
may  otherwise  be  defined,  that  velocity  with  which 
the  bodies  approach  or  recede  fi-om  each  other. 

152.  Let  us  illustrate  the  preceding  results  by  a  few 
numerical  examples. 
Examples.  Exam,  I .  The  masses  of  two  perfectly  elastic  balls, 
A  and  A',  are  as  6  to  5,  and  their  velocities  in  the 
same  direction  7  and  4 ;  to  determine  the  velocity  of 
each  after  impact : 

Here  jn  zz  6,  m'zz  5,  r  iz  7,  i'  —  4; 
whence  our  equations  (4),  viz. 


3  -f  5  8 

v/  ^    -(5-3)7-f2'3-4_-14  +24    _ 

V   -  3T1 ^8^  "    ^" 

Exam,  3.  Suppose  two  bodies.   A,  A',  the   masses 

being  as  1  :  r ;  of  which  the  latter  is  at  rest,  and  the 

other  moving  with  the  velocity  a;  to  determine  the 

motion  of  both  after  impact : 

Here  we  have  v  zza,  «'  =  o,  m:=,in  and  m'  =:  r  si ; 

whence 

"(H-r)m        1+r    ' 
2  ma  2 

V  z=  -T =  T—  «• 

(l-fr)f/i      1+r 

The  velocity  of  each  body  therefore,  after  impact, 
will  have  a  determined  ratio  to  the  velocity  of  the  first 
body ;  and  hence,  if  we  conceive  a  series  of  balls,  all  in 
geometrical  progression,  and  at  rest,  to  be  struck  by 
another,  forming  the  last  ball  of  the  series,  moving  with 
the  velocity  a,  we  shall  have,  for  the  successive  Telo- 
cities  of  the  several  balls,  after  being  each  struck  by  the 
preceding  one, 
2/7  2»«  2^a  2*a         „         2-a 

l+r'    (1-hr/'    (l+'f'    (l-f'-/'        '(1+rr* 
the  last  term  answering  to  any  number  (n)  of  quiescent 
Imlls ;  or  if  the   whole  number  of  balls,  including  the 
first  projected  ball,  be  called  w,    then  the  velocity  of 
the  last  ball  will  be 


,n— 1 


(1  +  r) 

It  is  obvious  from  this  expression,  that  if  r  zr  1,  or 
the  balls  are  all  equal,  that  we  shall  have 


.n— 1 


z:  a; 


(l-fr) 
or  the  velocity  of  the  last  ball  will  be  the  same  as  the 
first. 

If  r  be  greater  than  unity,  that  is,  if  the  balls  form 
an  increasing  series,  then  the  successive  velocities  will 
diminish  ;  the  denominator  of  the  fraction  being  greater 
than  its  numerator;  but  if  r  be  less  than  unity,  or  if 
the  balls  decr^  ase  from  the  beginning,  then  the  sue* 
cessive  velocities  all  increase;  and  by  continuing  the 
series,  the  last  ball  may  be  propelled  with  any  velocity 
at  pleasure. 


MECHANICS. 


103 


153.  Wc  hav#  hitlierto  principally  considered  the 

[^ciftcumstanceft  attending  the  impact  of  bodies,  either 

perfectly  elastic,  or   perfectly  non-elastic:  let  u*  now 

I  bestoir  a  ft^w  paragraphs  on  that  class  which  arc  im* 

ptii^ctly  elastic. 

If  We  denote  the  ratio  of  perfect  to  imperfect  elaa- 
ticity.  by  1  :  r^  and  if  wo  suppose,  a»  in  (art.  150)^  two 
bodies  A  and  A'  of  this  class  to  meet  each  other,  having 
their  masses  such,  that  if  they  were  perfectly  non- 
elastic »  they  would  remain  at  rest ;  that  is  (retaining 
our  former  notation),  such  that  mv  z=^  m'  v\ 

With  tliese  values  of  the  two  prodiicts,  we  have 
teeu,  in  the  article  above  referred  to,  that  supposing;  the 
bodies  perfectly  elaatic,  each  would  rebound  witli  a 
velocity  equal  to  that  they  met  with  ;  but  in  our  case, 
fieoiii  what  has  been  stated  (art.  149)»  it  appears,  that  the 
bodies,  instead  of  rebounding^  with  the  velocities  v  and  v\ 
▼ill  only  acquire  the  velocities  r  v  and  r  v\  r  being  a 
HeictioQ  from  the  nature  of  the  above  substitution. 

In  the  ca^^e  where  the  velocities  are  unequal,  we  may, 
a»   '  ''0),  conceive  our  two  velocities,  v  and  v\ 

tab  ed  each  of  two  velocities,  viz. 

\\  of  u  and  v  —  w, 
v\  of  M  and  r'  —  n,  or  —  (u  —  v"), 
Bod  determine  u  such,  that 

m  {v  —  ti)  =  m'  (u  —  v') ;  (a) 

then,  considering^  the  bodies  as  meeting  with  these 
two  velocities,  wbik  the  line  io  which  their  centres  of 
^ftavrtr  move  is  carried  alone:  uniformly  with  the  ve- 

P'        [ocitT  w,  we  shall  find  that  the  bodies  will,  independenUy 
of  this  last  motion,  rebound  witli  a  velc»city  of 
r (r  —  w),  and  (u  —  r) r. 
Whence  the  velocity  V  and  V,  of  the  two  bodies  A  and 

IA\  will  be 
V  =  II  —  r  (i?  —  t/)  —  (1  +  r)  It  ^  7'  T, 
V'  rz:  w  +  r  (M  —  i')  —  (I  ^  r)  u  —  r  v\ 
And  since  equation  («)  ^ives 


I 


154.  la  the  preceding  arttclea  we  have  only  consi-  Mediauic*. 
dered  the  case  in  which  the  bodies  impinge  directly  s^^v-%^' 
on  each  other;  it  remains,    therefore,   now    for  us   to  Oblique 
investigate  the  motion  arising  from  oblique  impact.        ""p^ct 

Let  A,  A\  (fig.  92)  denote  two  elastic  bodies,  which 
impinge  on  each  other  in  the  point  R,  after  approaching 
in  the  oblique  directions  BAandDA';  to  determine 
their  velocities  after  the  stroke  : 

Let  LM  be  the  plane  tangent  common  to  the  two 
balls  at  their  point  of  contact;  then  denoting  their 
velocities  and  masses  as  before,  and  calling  the  angle 
BAE  =:  a,  and  DAE  ^  ft,  we  may  resolve  the  velocity  u 
into  the  two  velocities  v  sin  a,  v  cos  a ;  and  r*  into  l5ie 
two  v'  sin/3  and  r'  cos  ft.  The  velocities  r  cos  a  and  v* 
cos  ft,  being^  parallel  to  the  plane  tangent  LM,  will  not  be 
affected  by  the  impact,  but  will  continue  the  same  after 
the  stroke  as  before  it;  and  we  must  consider  the 
impact  of  the  bodies  as  if  they  impinged  on  each  oth^r 
directly  with  the  velocities  rsina,  r'sin/3;  if,  there- 
fore, these  values  be  substituted  in  ourgenend  formuliB 
(N"  4),  or  the  still  more  general  equations  (N**  7),  (the 
latter  involving  the  case  of  imperfect  elasticity)  we  may 
compute  the  motion  of  A  and  A',  in  the  directions  AP, 
AT':  that  is*,  as  resulting  from  the  impact;  after  which, 
combining  these  velocities  respectively  wnth  the  velocities 
cos  a  and  cos /3,  we  shall  have  the  velocities  required. 

That  is,  retaining  the  above  notation,  and  denoting 
the  masses  as  before  by  m  iind  m\  and  the  ratio  of 
perfect  to  imperfect  elasticity  by  I  :  r ;  we  shall  have, 
lor  the  velocities  of  the  bodies  as  arising  from  the  im- 
pact, 

^  (m  —  m'r)  v  sin  a  -f  (1   +  f')  ^n'  v  sin  ft     ^ 


we  have 


k 


m 

4-  wi' 

mv 

+  m't' 

m 

4-71,' 

trt  T' 

-f  t//  v' 

y  -d  ^r)  ^ — r'-rx, 


V  =  (1  H-  r) ^^  ^  rv 


nhkli,  when  reduced,  give  the  following  results : 
*^  _^  (m  -^ J^'  r)  p  -h  (1   +  i)  m'  x^ 


*t  V"  -^  "^  '}  i^  -h  U    -f  1)  m  V        -^ 

-                      m  ^  m'  *     i 

^,  _  jfti'  —  mr)v'  H-  (I  +  >')  w  V         T 

""                                  7rt    -f  7ti  *       J 


(7) 


These  two  formulte,  if  we  suppose  r  =  1 ,  tliat  is, 
wten  the  bodies  are  perfectly  elastic,  coincide  exactly 
*!th  Ottr  equauons  (N*  4),  as  they  oue^hl  to  do, 

^,  ^  _  rical  example,  let  the  tw^o  bodies  A,  A',  be 
^  lastici  the  ratio  to  perfect  elasticity  being 

"  J  to  4,  their  masses  as  4  to  5,  and  their  velocities 
6 tad  7,  ako  suppose  the  bodies  to  meet  each  olii««r ; 
lodetariuine  their  velocities  after  impact : 

Here,  ^ 

r  =  I  m  =:  4,  w'  —  5,  f  =  6  and  t?'  —  —  7  ; 
viience 

^_f4- J^)5-f  (1  -h  ^)5.^7 


V'  = 


^(5 


4  4-5 
3)  J   -f  (1 


})  4,6 


4-1-5 


V  -: 


V  = 


(m'  —  m  r)  t'  sin  ft 


■f  m 
+  0 


-f  i)  m  V  sin  a 


(8) 


m  -H  m 


Denoting  now  the  actual  velocities  after  impact  by  U 
and  U',  we  have 

\}  —  ^  (V*  H-  v*cos*o>, 


U'  =  V  (V*  +  it**  cos"  ft). 


(^) 


These  equations  (8)  and  (9 )  will  be  found  to  involve  The  nboTc 
in  them  all  the  pic  ceding  equations  relative  to    the  im-  ^^^^^tiom 
pact  of  bodies,  whether  they  be  non-elastic,  or  perfectly.  ^'^'^'■*' 
or  imperfectly  elastic;  or  whether  the  impact  be  direct 
or  oblique. 

Siqqjose,  for  instance,  thai  the  bodies  were  perfectly 
non-elastic,  and  that  they  impinged  upon  eaeli  other 
directly.  It*  this  case  r  zz  o,  the  angles  «  and  ft  are 
each  i  90° ;  therefore  sin  a  =  1 ,  sin  /i  =  1 ,  cos  a 
-=  0,  and  cos  ft  ^z  q\  these  substitutions  give 
m  V  -r  m'  \* 


V'=: 


m  -f 
m  f  4- 


m 


m  4-  m 


which  are  equal,  and  agree  with  our  equation  (1);  and 
this,  as  we  have  shewn  (art,  147),  involves,  under  certain 
relations  of  w,  m\  v  and  v\  equations  (2)  and  (3). 

Let  now  the  bodies  be  perfectly  elastic,  and  impinge 
on  each  other  directly ;  then  we  shall  have  as  before 
sin  a  —  Ij  sin  /J  3:  1,  and  in  this  case  r  ^  L  These 
substitutions  being  made,  give 

(,„  _  w')  T   4-  2  m*  v' 


V'  = 


VOL.  lU, 


m  4-  JH 
{in  —  m)  X*  -\-  %  m  V 

■""'  ^—  ""  7 '        "  •    • 

HI    +  ill. 
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Mechanics.  These  are  our  equations  N^  (4),  and  which  we  have 
^*^^v^^  shown  involve,  under  certain  relations  of  the  several* 
qnantities,  equations  (5)  and  (6). 

If  the  impact  be  supposed  direct,  but  the  bodies 
imperfectly  elastic,  then  since  sin  a  =z  1  and  sin  /3  =  1 , 
we  shall  have 

^  (m -^  m' r)  I} -^  (l  -f  r)  ?w'r/ 

in  -\-  m 

If/  —  (^^'  ^  ^^  ^^  ^'  "^  (^  '^"  ^^  ^"  ^' . 
V  — .      "  — r  » 

f/i   H-  771 

which  are  our  equations  (N®  7). 

Therefore  all  the  circumstances  of  the  impact  of  ho- 
mogeneous spheres,  whether  non-elastic,  perfectly,  or 
imperfectly  elastic,  or  whether  the  impact  be  direct  or 
oblique,  are  involved  in  equations  (8)  and  (9). 

We  might  have  extended  our  investigations  relative 
to  the  impact  of  bodies,  to  a  much  greater  length,  by 
considering  the  case  of  bodies  of  various  forms,  and  of 
indefinite  number;  but  as  we  conceive  these  to  be 
rather  subjects  of  curiosity  than  utility,  we  do  not  in- 
troduce them :  the  reader,  however,  who  is  desirous 
of  exaniining  these  cases,  will  find  them  developed  at 
considerable  length  in  Poisson* s  "Traite  de  Mecanique," 
tom.  ii. 
Principle  of  155.  The  principles  of  the  conservation  of  the  motion 
litring  of  the  centre  qfgravitj/,  and  the  conservation  of  living 

forces.        Jorces,  as  it  relates  to  the  impact  of  bodies,  may  be 
'        illustrated  in  tliis  place. 

When  we  have  occasion  to  value  the  effect  of  a 
machine,  or  to  compare  the  effect  of  different  machines 
with  each  other,  it  is  frequently  necessary  to  consider 
the  product  of  the  mass  by  the  square  of  its  velocity ; 
which  product  is  what  is  called  the/orce  rue,  m  viva, 
or  living  force. 

It  is  a  general  principle,  when  the  motion  of  a 
system  of  bodies  experiences  an  abrupt  change,  that 
there  necessarily  results  a  diminution  in  the  sum  of 
the  living  forces  of  all  the  bodies. 

Carnot  has  investigated  the  circumstances  of  such 
a  motion,  and   has    deduced   the   following   general 
theorem,  viz.    That  the  diminution  is  equivalent  to  the 
sum  of  the  living  forces  due  to   the  velocities  lost  or 
gained  by  the  bodies. 
Loss  of,  in        In  order  to  illustrate  this,  in  the  case  of  the  impact 
non-elastic   of  two  non-elastic  bodies,  we  may  refer  to  our  equa- 
bodics.        tions  (1)  and  (2),  which  may  be  reduced  to  one,  viz. 
(m  -h  m')  M  =  m  t?  d:  m'  v\ 
Now  multiplying  the  two  members  of  this  equation 
by  2  w,  we  obtain 

(m  +  wO  2  tt«  =:  (m  v  ±  m'  v')  2  w. 

Subs trac ting  this  from  the  identical  equation 
m  v"  -f-  m'  v'^  -f  (m  +  m'y  =z  wt'  u^  -f-  m'  v'^  +  (m  -f  m')  u\ 
there  remains 

m  v""  +  m'  v"  —  (m  —  w')  u""  z=  m'  v^  +  m'  v'^  —  2m 
(to  V  ±  m'  f)  -h  (m  -f  m!)  u^;  ^ 

or,  which  is  the  same  thing, 

m  r'  -f  m*  t?"  —  m  m'  —  m*  u^zzm  {v  —  uf  -f  wi'  ( ?/  q:  v'f', 
this  equation  obviously  agrees  with  the  enunciation 
of  the  theorem.  For  m  i'  -|-  m'  v^  is  the  sum  of  the 
living  forces  before  the  stroke,  and  m  u*  -^  m'  %i^  \  the 
sum  after  the  stroke  u  being  the  common  velocity ; 
consequently, 

mv''  -^-m' v'^  —  (in u"  +  m'u^ 

will  be  the  living  force  lost  in  the  impact,  which  we 
have  shown  to  be  equal  to 


wi  (r  —  f/y  +  wi^(tt  q:  r)* ;  Medn 

and  this  is  obviously  the  living  force  due  to  the  vc-  v^^ 
locities  {v  —  u)  and  (w  q:  v)  lost  or  gained. 

156.  In  elastic  bodies  there  is  no  loss  of  the  living  Contei 
forces,  these  being  the  same  both  before  and  after  •^P^ 
impact.  ^^ 

We  have  seen  (art.  150)  that 

V  =  2  «  —  r, 

V'=2m  — v'; 
whence 
wV*4-7?i'V''=4wXtrt-h»0— 4ti(«ir-f  w'r')-fwiV +«*¥•. 

Now  we  have,  in  the  same  article,  determined 

mv  -^m  V* 

«  = J p-  ; 

m  +  m 

therefore  the  two  first  members  of  the  second  side  of 
our  equation  destroy  each  other,  and  we  have 

m\*^m'\'^-mv^  +  fn'v'^\ 
that  is,  the  sum  of  the  living  forces  in  elastic  bodies  is 
the  same  both  before  and  after  impact. 

We  have  already  stated,  that  we  know  of  no  bodies 
that  are  perfectly  elastic,  nor  of  any  that  are  entirely 
divested  of  that  property :  for  this  reason,  there  will 
always  be  a  loss  of  the  living  force  in  the  impact  of  two 
bodies  ;  but  this  loss  will  always  be  less  than  that  de- . 
termined  in  the  case  of  perfectly  non-elastic  bodies  in 
the  preceding  article. 

157.  The  impact  of  non-elastic  and  elastic  bodies  Conse 
have  one  common  property,  which  is  only  a  particular  ^^\^ 
case  of  a  general  principle  in  Mechanics,  known  under  ?|^ 
the  denomination  of  the  conservation  of  the  motion  of  titt  ^f  ^ 
centre  of  gravity.     This  principle  consists  in  this,  that 

the  reciprocal  action  of  the  bodies  of  the  same  system 
which  act  the  one  on  the  other,  in  any  manner  what- . 
ever,  has  no  effect,  or  produces  no  alteration  in  the 
motion  of  the  centre  of  gravity  of  the  entire  system. 
This  conservation,  as  it  relates  to  the  impact  of  bodies, 
may  be  shown  as  follows  : 

Preserving  still  the  same  notation  as  in  the  preceding 
articles,  and,  moreover,  denoting  by  *  and  s'  the  va- 
riable distances  of  the  centres  of  the  bodies  from  the 
fixed  point  B  (fig.  89),  chosen  at  pleasure  on  the  line 
which  they  describe,  and  by  x,  the  distance  of  the 
centre  of  gravity  of  the  two  bodies  from  the  same  point; 

Then,  observing  that  the  weights  are  proportional  to 
the  masses,  we  shall  have,  in  order  to  determine  x, 
(m  -\-  m)  X  z=.  m  s  ■\-  m'  s',  (1) 

Taking  the  fluxions  of  this  equation,  introducing  the 
time,  which  we  call  t,  we  shall  have 


t  t  t 


(2) 


Here  -r  and  -r  express   the  velocity   of  the    two 

t  t 

bodies  at  the  end  of  the  time  ^,  and  —r  expresses  flie 

corresponding  velocity  of  their  centre  of  gravity ;  we 
may  obtain  therefore  this  velocity  before  the  stroke,  by 

replacing  -7-  and  -r  with  v  and  v'  in  equation  (2),  and 

t  t 

the  velocity  after  impact,  by  introducing  into  the  same 
equation  V  and  V. 

Let  therefore  y  and  y  be  the  two  motions  of  the 
centre  of  gravity  before  and  after  impact,  and  we  shall 
have 
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^*^^^  ^  '^       m  -{•  m*      ^""      f»-fm' 

'  lliis  value  of  y  is  obyiously  the  same  as  we  hare 

Jiitberto  denoted  by  tr,  whence  we  have  y  •=:  u. 

Now  in  non-elastic  bodies  we  have  also  V  =:  V  zi'  ii ; 

whence  y'  =  =  ti; 

f/i  4-  wi 

therefore  in  this  case  y  =  w,  and  consequently  y  =^y. 

In  elastic  bodies  V  =  2  «  —  r,  or  2  j/  —  v,  and 
V  =  2  u  -  r',  or  2  j^  -  d'. 

Whence 


Now  the  motive  force  F,  by  which  A  is  urged  up-  Mechanics. 
wards,  being  derived  from  the  action  of  the  weight  B,  Vn^^**^^ 
B  itself  will  be  re-acted  upon  in  the  direction  n  C,  by  Problems. 
an  equal  motive  force  F.  But  the  force  in  the  direction 
n  C,  may  be  resolved  into  two  others;  viz. 

X  F  =—  X  F,  parallel  to  DC, 

and 


__    2m^  —  f7iv-f2  m'  y  —  m'  v* 
""  m  +  m' 


or 


C» 
iiD 


.  (l»   +   Wl')  2  M  —  (Wl  V    -f  w'  1?') 

•y  =  ' ^   ^  ^  V .  ^  =  2 y  -  :y; 

m  -^  m 

that  is,  y  =  2  y  —  y,  or  i/  zz  y. 

Our  results  would  be  exactly  the  same  if  we  employed 
equations  (N**  7)  which  appertain  to  bodies  imperfectly 
elastic ;  whence  we  conclude,  that  when  any  two  bodies 
impinge  on  each  other,  whether  they  be  perfectly  elastic 
or  non-elastic,  or  imperfectly  elastic,  the  motion  of 
their  centre  of  gravity  will  be  the  same  before  as  after 
impact ;  and  this  is,  as  we  have  stated  above,  a  general 
principle  in  Mechanics,  in  whatever  manner  a  system  of 
bodies  act  upon  each  other;  but  it  would  carry  us  too 
fiur  to  attempt  the  general  demonstration  in  this  place. 

§  XXVI.  Solution  of  miscellaneous  dynamic  problems. 

Problem  I. 

1 58.  Suppose  a  thread  AC  n  C'A'  (fig.  93),  having  two 
equal  weights  A,  A',  suspended  at  its  extremities,  to  be 
hung  over  two  fixed  points  or  pulleys,  C,  C,  in  the  same 
horizontal  line ;  and  that  to  the  middle  point  of  the  thread 
ii,eau4lly  distant  from  C,  C,  another  given  weight  B  is 
fixed,  which  is  allowed  to  descend  by  its  own  gravity,  so 
as  to  cause  the  other  two  at  the  same  time  to  ascend ;  it 
is  proposed  to  find  the  law  of  the  velocity  by  which 
diose  weights  ascend  and  descend,  abstracting  from 
the  resistance  of  the  air,  the  weight  of  the  thread,  and 
the  friction  over  the  fixed  points. 

Draw  n  D  perpendicular  to  the  horizontal  line  CC, 
then  it  is  obvious  that  CD  =  CD.  Let  CD  =  a, 
Dn  =  x,  andCnzry;  g  ^  \Q-^  feet.  Put  i  to 
denote  the  indefinitely  small  interval,  or  the  fiuxion  of 
the  time  which  is  supposed  to  flow  uniformly ;  then  the 

Telocity  of  the  ascending  weight  will  be  ~ ;  and  the  va- 

t 

nation  of  the  velocity  or  the  acceleratihg  force  =  4— 

But  the  weight  A  cannot  ascend  at  all,  unless  its 
gravity  be  counteracted,  and  an  additional  force  im- 
pressed upon  it  equivalent  to  produce  the  actual 
velocity  in  ascent;  therefore  the  force  constantly 
acting  on  each  particle  of  A,  necessary  to  cause  A  to 

ascend  with  the  velocity  -7-,  is  measured  by 

and  the  whole  motive  force  acting  on  A  is,  therefore, 
(2g  +  |-)+A; 

an  expression  which,  for  the  take  of  brevity,  we  shall 
denote  by  F. 


^    X  F  z:  —  X  F,  in  the  direction  n  D ; 
wC  '   y 

the  latter,  therefore,  retarding  the  descent  of  B. 

Because  A  =  A',  and  that  each  of  these  weights 
acts  in  a  similar  manner  on  the  weight  B,  therefore 
the  eflfect  of  the  weight  A'  is,  in  like  manner,  resolvable 
into  two  forces  acting  on  B ;  one  in  the  direction  DC, 
and  precisely  equal  to  the  former  force  in  the  direction 
DC,  and  therefore  destroying  its  effect ;  and  another 
force  in  the  direction  n  D»  likewise  equal  to  the  former 
force  in  that  direction,  and  conspiring  with  it  to  retard 
the  descent  of  B. 

Therefore,  the  whole  effect  of  the  two  weights  A  and 
A'  on  the  weight  B  is  equivalent  to  a  motive  force  = 

2  X  —  X  F  =  —  f2g  Jtl-^   X  2  A, 

directly  opposing  the  descent  of  B. 

Again,  the  velocity  with  which  B  actually  descends 

is   -7-,  and  the  variation  of  that  velocity,  or  the  acce- 
t 

X 

lerating  force  with  which  B  actually  descends,  =-r- ; 

whence  the  accelerating  force  constantly  destroyed  by 
the  connection  of  B  with  the  weights  A,  A',  is 

and  the  whole  motive  force  constantly  lost, 


(2,-^)xB. 


Now  as  the  motive  force  constantly  lost  by  B,  must 
be  equal  to  the  motive  force  constantly  retarding  its 
descent,  we  shall  have 

ix(.,+  |.)x2A=(.,-i)xB, 

where  it  will  be  observed  that  ^*  =  j:*  -f-  a* ;  conse- 

quently,  yy  =  x  x;  therefore,  —  =  -—. 

y         X 

Let  =  m ;  then  by  substitution,  and  property 

reducing  the  terms,  we  obtain 

and  taking  the  fluents,  considering  t  as  constant, 

Z     i 

C  being  a  constant  quantity  or  correction. 

In  the  last  equation^  substitute  — r—  for  its  equal  y, 

and  make  v  =  -7*>  the  velocity  of  6  corresponding  to 

A  D,  or  « ;  and  we  shall  have 
x2 


ISB 


the  velocity  sought 


■MECH  A  Nf  €4S. 

lated  in  B'(when  A  is  removed),  %riH  veifist  the  commu-  If 


nication  of  motion  in  the  same  manner  ia  (he  mass  A^^^^ 


Mecbanios.  .    \/{4  gjm  if>  y)  4-  2^'C} 

ascending  by  the  force  of  B  :  )let  B  he  first  suf^posed  ^ 
This  question"  is  proposed,  and  answered  by  T.  withoutincrtia,  and  to  .possess  weight. only 4  then  sinos 
Simpson,  in  his  Select  Exercises,  and  his  result  cor-  ^^  force  which  impels  A,  in  the  direction  a  A,  is 
responds  with  the  above ;  it  was  afterwards  solved  byBy  —  Ai         ,,  i-.«i/t>i.- 

Atwood,  in  his  Treatise  on  Rectilinear  Motion,  and  a -'  ^^  ^  "^^ss  moved  «  A  (B  being  sop- 

different  answer  obtained :  by  ,the  above  solution,  due             r,-.        .v.*.  i-^  1  » 

to  Mr.  Ivory  (having  been  published  by  that  gentleman  P^^^^  '""'^  ^^  mertia),  the  force  which  accelerates  A 
b  Leyboum's  Mathematical  Repository),  it  appears  .»  .  denoted  bv  ^^"'^9  because  A  is  now  the 
that  Atwood  committed  an  error  in  his  solution,  which    "^'^  ^^  denoted  by __  ,  because  A  is  now  the 

'^^^^^^^j^^^^  only  mass  of  matter '.moved.    But  A  desciibes  the 

space  r  in  the  same  particle  of  time  in  which  B  de- 

p  .rr  scribes  i ;  and  since  wJieu  the  fluxion  of  the  <itoe  is 

given,  the  force  which  accelerates  bodies  describing 

Problenu.         1 59.  Let  AFC,  BGC  (fig.  94),  be  two  curves,  the  planes  different  spaces,  will  be  as  the  second  fluxions  df  Aose 

of  diem  being  vertical;  and  let  a  line  ACB  be  stretched  spaces,  we  have  the  force  which  accelerates  the  body  B 

ever  a  fixed  p^ley  C,  by  two  given  weights  A  and  B,  equal  to 

of  which  B  pc^ponderates  against  A,  and  descends  along  B  v A  a        V 

4he  curve  CGB  :  it  is  required  to  assign  the  velocity  of  — V-- X   -rr* 

B,  when  it  has  descended  through  a  given  perpendicular  ^^  ^ 

altitude,  and  A  has  ascended  through  a  given  altitude        Hence  we  shall  obtain  the  mass,  which,  if  placed  at^ 

in  the  same  time.  B,  would  exert  a  resistance  or  inertia  equivalent  to  A  ; 

Let  BL  be  the  perpendicular  altitude  through  which  for  since,  in  this  case,  the  moving  force  and  inertia  aee 

B  has  descended,  and  AH  tlie  perpendicular  altitude  each  appUed  at  the  same  point,  and  referred  to  the 


same  direction,  the  quantity  of  matter  moved  will  lie 
equal  to  the  moving  force  divided  by  the  accelerating 

force  ;  and  since  the  force  which  impels  B  is  ,  '  r] — ?, 


and  the  force  which  accelerates  B  =: 


^   B  ,v  —  A  ^        s 


through  which  A  has  ascended  in  the  same  time ;  let 
BL  =:  y,  and  AH  zz  9. 

Conceive  the  weight  B  to  describe  in  its  descent  the 
evanescent  arc  b  B,  and  during  the  same  time  let  the 
other  weight  A  rise  through  ihe  arc  a  A.  Through  h 
and  A,  draw  bo  and  A  /  parallel  to  the  horizon  ;  also 
.throng  6,  draw  bn  perpendicular  to  CB,  and  Am 
perpendiciiilar  to  C  a ;  and  let  CB  =  x,  B  it  =  pt 
Bozzy,  Bbzusy  Aazz  r,  and  al:=zq. 

Now  the  whole  force  by  which  B  is  urged  in  the 

direction  b  B,  is  — '-''— — — . 

For  the  force  which  impels  B  in  the  direction 
^  B  =  — f  ;  and  since  A  acts  in  opposition  to  this  force, 
its  effect  when  referred  to  the  direction  b  B,  must  be 
taken  from -r->  in   order  to  obtain  the  force,  which, 

upon  the  whole,  impels  B  in  the  direction  b  B ;  now  the 

A  a 
force  of  A,  in  the  direction  BC  =:  — ,-!-;  which  being 

X 

Ag 
resolved  into  the  direction  b  B,  becomes — r— ;  whence 

.  .  S  S  V  V 

we  have,  as  above  stated,  ^-^"T"^  for  the  whole    consequently  the  force  which  accelerates  B  is 


•  •  9 

r 


we  have  the  mass  moved  at  B,  or  the  inertia  equivalent 

to  that  of  A  =    -r-rr-  • 

s  s 

Now  let  V  ~  the  velocity  of  the  descending  weight 
B,  zc  n  the  velocity  of  the  ascending  weight  A,  ^  z= 
the  corresponding  time,  and  g  ^  \6^  feet.     Then  we 

jj  r 

have  V  =  -r-,  and  w  zz  -r- ;  and  since  the  evanescemt 


arcsfl  A,  ^  B,  are  described  in  the  same  time,  'u  zz  —-, 


and  ou  zi  -:— ;  whence,  by  substitution, 


Arr 


A  xo  ' 


force  by  which  B  is  urged  in  the  direction  b  B. 

•  In  a  similar  way  it  may  be  shown,  that  B  impels  A 

in  the  direction  a  A,  with  a  force  equal  to  — ^ — : * . 

r 

Let  us  next  endeavour  to  ascertain  what  is  the  mass 
moved  by  B,  or  the  inertia  that  is  opposed  to  the  com- 
munication of  motion  to  B.  The  inertia  of  B  opposed 
by  its  own  mass  is  B ;  but  as  the  bodies  A  and  B  move 
with  different  velocities,  the  inertia  apposed  by  A  will 
not  be  equivalent  to  the  mass  A  ;  therefore,  in  order  to 
determine  an  equivalent  mass,  <Wfaich  being  acounsu- 


B;/  —  A  (7 


m  4-  ^^'^\  —  g(Bv— Ay)py 

vv   /       s\QvH;-{-Aw'ujY 


multiply  by  2  i,  and  we  have 

2s  s         2fr.s{By-'Aq)vv 

s  {Bv  V  -\-  A  w a) 

2's8 

1^ 


(p2  s  =z 


But 


r=  flux,  v^  zz  2  V  i;;  whence 


{Bvv  -h  A  ww) 


•WIE  on  A  N  1  tC  :g. 
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yn^ 


or 


B  p  a»  -p.  A  to  w 


wliciiceg(B^  —  Ay)  zzHvi  +  Awu; 
and  taking  the  foeDte,  we  have 

g(By  —  A^  =  iBr'+iAiy'  +  C, 
C  heiBg  a  constant  arbitrary  or  correction.     Hence  we 
hare 


v*^2gy  - 


2gAq 


An;' 


-2C; 


B  B 

vhidi  equation  is^neml,  whether  the  bodies  move  in 
iig^t  lines  or  carves. 

Since  v  ;  to  ::  s  :  r; 

r»  ? 
we  have  hence       n^  =  — =— . 
r 

Snbstitiiting,  therefore,  this  value  of  :«;*,  i^e  obtam 


ad    T  =r  r.^^. 


2^  A  9         At^r* 


2Ci 


B  i»S 

B  i'  +  A  /^ 


It  is  easy  to.  apply  this  general  equation  to  the  •pre- 
ceding pToblem,  from  which  the  same  result  noy  be 
dedueea  as  that  obtained  in  the  preeedrng  article. 

Paoblem  III. 

160.  Aperfecdy^exible  chain  is  wound  round  a  cylm- 
der,  supported  with  its  axis  parallel  to  the  horizon.  Then 
if  the  weight  and  dimensions  of  the  cylinder  be  given, 
and  also  the  weight  axtd  length  of  the  chain;  it  is  re- 
quited te  deteraaine  the  time  in  which  the  chain,  im- 
pelled by  the  force  of  gravity,  will  unwind  itsdf^  a 
S>en  length  being  unwound  at  the  commencemeitt  of 
e  motion. 

We  have  seen,  in  treating  of  the  centre  of  gyration, 
Aat  that  centre  in  a  circle  or  cyhnder  is  distance  from 
the  axis  by  a  quantity  =  r  s/  il  therefore  the  mo- 
ment of  inertia  will  he  the  same,  if  we  suppose  half 
the  weight  of  the  wheel  collected  into  an  indefinitely 
thin  rim  at  its  circumference ;  we  may  hence  con- 
sider the  problem  as  if  the  cylinder  were  hollow,  and 
as  having  only  half  the  weight  of  the  given  <!ylinder, 
while  its  diameter  must  he  supposed  the  same  as  in 
the  problem. 

Let  2  B  denote  the  weight  of  the  cylinder,  /  the 
feifA  of  the  chain,  and  %c  its  weight;  and  let  a  denote 
the  length  of  the  part  of  the  chain  depending  from  the 
cylbder  at  the  commencement  of  the  motion,  and 
CP  (fig-.  95)  =r  or,  the  variabie  le«gth  of  the  same,  at 
anytime  of  its  motion;  and  letop  denote  the  corre- 
sponding velocity  of  the  point  P. 

Then  we  shall  obviously  have  > 

'  :    A'    :   »?    :    — —  =  weight  of  part  x ; 

,                  2  g  xv  X 
*na  therefore  —— expresses  the  motive  force  urging 

^  system  when  the  length  x  of  the  chain  hangs  from 
^ke  cylinder. 

.  But  it  appears  from  the  preceding  part  of  the  pro- 
W«n,  thai  d  -f  x»  expresses  the  whole  inertia  of  the 
«J«em;  therefope  the  «ccci6rati»g  force 


whence,  multiplying  by  2  x,  we  have 
2 XX  4gwxx 


and  taking  the  fluents, 


7  (B  -h  TP) ' 


2  gXDS^ 


+  C. 


/  (B  H-  tiT) 
To  find  C  we  have  v  zz  o  when  x  -=,  a\  whence 

consequently,  by  introducing  the  value  of  C, 

2  fi^a;(a:' —  a») 
x;*  —  -j2 — 1 —  ■  *i  /; 

/  (B  +  w) 
and 

^_  V2ga;s/(.r^-.fl») 

v'  (B^  +.W.7)     * 

X 

Since  -r  =  t ,  we  have  by  substitution, 


^.  _  -s/_(B£+_«W) 


s/flg-w       ^  :t*  —  « V 
Taking  the  fluents  and  correcting,  we  have 


a") 


which,  when  .r  =z  7,  becomes 

t  = ^-- X  h,  Ipg. 

^  2gv> 

the  time  of  unwinding  the  chain. 


I  ^  ^/(P-fl^ 


Problem  IV. 

.  161.  Two«eqnal  bodies,  connected  by  aflexible  string,, 
are  placed  on  a  smooth  horizontal  plane;  the  string  being 
stretched  out  in  -a  direction  parsdlel  to  the  edge  of  the 
plane ;  to  the  middle  of  this  string  there  is  fixed  an- 
other string,  at  the  extremity  of  which  there  is  a  given 
weight  that  hangs  over  the  edge  of  the  plane  in  a  ver- 
tical direction,  and  by  its  descent  communicates  motion 
to  the  other  bodies.  Now  supposing  the  Jenglii  t)f  the 
connecting  string  to  be  given,  it  is  required  to  deter- 
mine the  circumstances  of  the  -motion  oi  the  three 
bodies. 

Suppose  fchett  the  bodies  A  and  B  are  at  A'  and  B' 
(fig.  96)  when  the  motion  commences,  and  let  D'  be  the 
muMfle  of  the  string.  Then  the  point  D'  will  be  drawn 
along  the  straight  dine  D'l,  perpendicular  to  A'B',  by 
the  action  of  gravity  on  the  descending  weight  W ;  and 
the  equal  bodies  A  and  B  will  describe  equal  portions 
of  the  similar  curves  A  A'  and  BB',  with  the  same  ve- 
locities. At  the  end  of  any  indefinite  time  t,  let  the 
bodies  on  the  p^ane  he  at  A  and  B,  and  the  middle  of 
the  string  at  D ;  then  the  -distance  DD  will  be  equal  to 
the  space  through  which  the  weight  W  has  descended^ 
in  that  time. 

Let  the  velocities  of  the  bodies  in  the  curves  AA', 
BB'  =  w,  and  their  mass  or  weight  =:  to ;  also  the  ve- 
locity of  the  ttescending  weight  =  r,  its  weight  being 
W.  Draw  AE  perpemlicular  to  D'D^  and  mate  AD 
=  AT)'  =  «  =  half  the  length  of  the  string,  D'D  =  s, 
D'E  =  X,  EA  =  V,  the  arc  AA'  =  r,  ED  =  z,  and 
2  g  :=2  32  J  feet,  the  accelerative  force  of  gravity. 

Then,  at  the  end  of  the  time  /,  when  the  bodies  on 
the  plane  have  acquired  the  velocity  u,  if  we  ^nippoie 
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MECHANICS. 


Mechanics,  the  W  to  be  di8enfl;aged  iirom  the  string,  so  that  the 
^^^^v^fc^bodies  may  be  at  Uberty  to  move  freely,  it  is  evident 
Problqiu.    that  the  bodies  A  and  6  would  proceed  with  the  uni- 
form velocity  u ;  and  in  the  succeeding  instant  i,  the 

descending  body  W  would  acquire  the  velocity  v-^Stgfy 
and  the  quantity  of  motion  would  then  be 

wu,  wu  and  W  (v  +  2g^), 

or  w  (fi  +  ti  —  w),  xp(tt  -f-  tt  —  ti)and  W(v  +  v  +  2g/—  v). 
But  the  motions  which  the  bodies  actually  take  in  that 
time,  are 

w  (tt  +  I?),  w(u  +  u)  and  W  (v  4-  «v) ; 
therefore,   according  to  the  principle  of  D'Alembert, 
(art.  89)  the  motions 

o;(— v),w(— ti)  and  \V(2^/  — x) 
must  be  such  that,  if  the  bodies  were  impressed  with 
these  only,  the  system  would  be  in  equilibrio ;  that  is, 

-.2tt;»  =  — W(2^i-r), 


or 


But 


2Wg^  =  Wv  +  2w— . 
/  =  — ;  therefore 

V 


2^Wi  =  Wt»v  +  2w«i?; 
and,  taking  the  fluents,  we  have 

4gWs=:W'(f+2wu'. 
It  is  evident  that  the  string  AD  is  a  tangent  to  the 
curve  at  A ;  therefore 


r  :  X  ::  a  :  z; 

whence 
also 

•  _  ax 

"  z 

x\  ^yW  z:y,or— ^=  —  ; 

and  since 

a«-.v«=2«,-i=i^; 

yx      zk    ,        y* X        ..         z*« 
whence  —  =  — ,  z  =  ■=—?—,  and  x  zz  -5 — -;- : 
z         y  2*  <r—  z* 

consequently  x  =  x-f«=:^-f  ~~ 


and 
also 


=y^=.,o. 


2*     ' 


V-z>' 


fl  —  z 

V         s         z  ,       fl"  i;* 

—  =-:-  =  —,  or  M*  =  — ^. 

U  ^  a  TT 


This  value  of  u'  being  substituted  in  our  equation 
4gW5  =  Wtj*  +  2wtt», 


gives 

whence  we  deduce 


a'^v* 


4gW*=:Wx;*  +  2w— — ; 


4^W5 
r'= 


4gWA.log 


fl-f  z 

a  — z 


and 


=/^Xv/{; 


4gW,. 
W»2«  +  2n;«« 


^Wz'A.log 
In  the  particular  case  where  z-^l  a,  we  have 


W  +  2w 
as  they  ought  to  be. 


and^ 


='v/f 


4gW 


a-^  z) 


To  find  the  equation  of  the  curve  described  by  the  M 
bodies,  we  have  Vii 

X  =  .^^— ^  ^  y  x/  (a*  -5^,  and 

x  =  ax^.log""^^^^-^^V(a«^/). 

Problem  V. 

162.  There  is  a  solid  wheel  and  axle,  made  of  oak(8p€- 
cific  gravity  925) ;  the  diameter  of  the  wheel  being  3 feet, 
and  of  the  axle  6  inches ;  the  thickness  of  the  wheel 
3  inches,  and  the  length  of  the  axle  1  foot  9  inches : 
now,  if  the  power  acting  at  the  circumference  of  the 
wheel,  be  eqmvalent  to  1  cwt.  what  must  be  the  weight 
raised  by  a  cord,  folding  round  the  axle  so  that  its 
momentum  may  be  a  maximum  ?  And  if  the  uniform 
thickness  of  the  wheel  were  6  inches,  and  the  axle  ae 
before,  then  what  would  be  the  weight  raised  in  the 
case  of  the  maximum  effect?  In  both  instances 
regarding  the  diflerence  caused  by  the  power  having 
inertia,  and  being  divested  of  it. 

Let  112  lbs.  =  P,  the  given  power,  jt  =r  the  weight 
whose  momentum  is  to  be  a  maximum.  The  radius  of 
the  wheel  CB  (fig.  97)  =  r,  and  CA  the  radius  of  the 
axle  =z  f';  W  the  weight  of  the  wheel,  and  W  that  of 
the  projecting  part  of  the  axle. 

Then  the  ^solute  force  at  B  is  P ;  in  opposition  to 
which,  the  weight  x  is  acting  at  A,  which  transferred 
to  the  distance  CB  or  CD,  will  be 
X  X  CA_^  r'jc 
CB      ""T'' 
whence  the  motive  force,   or  that  force  which  gives 
motion  to  the  system,  will  be 

r^x  _rP  — /JT 

r  r 

Now  the  distance  of  the  centre  of  gpation  of  the 
wheel  from  the  mathematical  axis  being  r  ,s/  it  and  of 
the  axle  r'  V  -J;  wc  shall  have  for  the  moment  of 
inertia  of  the  machine  ^  r*  W  -f  ^  /^  W ;  and  for  the 
moment  of  the  power  and  weight,  r*  P  +  r^  x. 

Multiplying  the  motive  force  by  r*,  and  dividing  the 
product  by  the  sum  of  the  inertia  above  determined, 
we  shall  have 

r*  P  —  rr^x 

^  r^  W  +  ir'^  VV"  H-  r^  P  4-  r'  X 
for  the  accelerating  force  of  the  point  B ;  and  consequendy 

r  r'  P  —  /'  J 

^  r*  W  ^  lr"W  +  r'  P  +  r'^*  x 
for  the  accelerating  force  of  the  point  C,  or  of  the  weight 
x;  and  it  is  this  accelerating  force  multiplied  by  the 
weight  X,  that  is  to  be  a  maximum.     If,  therefore,  for 
the  sake  of  abridging,  we  make 

^r«W-fir'»W'4-r»P  =  S, 
we  shall  have  to  find 


rr'F  X 


==  a  maximum; 


S  H-  r'-'  X 
which,  being  put  into  fluxions  and  reduced,  gives 

whence 

x=--Ls  -i-^(S'+  r-rPS), 

the  weight  required. 

This  result  is  equally  applicable  to  any  proposed 
dimensions  or  specific  gravities  of  the  wheel  and  axle. 
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169^ 


OL  In  <wr  example,  we  find  W  =  •  91211708  cwt.  and 

^W  ^z  '  1520285  cwt.  when  the  thickness  of  the  wheel 

k    is  3  inches ;  and  when  that  thickness  is  6  inches,  then 

W  =  1-8243416  and  W  iz   -1266904;  also,  in  the 

first  case,  S  =  )  3- 123772;  and  in  the  second,  S  = 

17-225373. 

Whence  we  readily  obtain 

»  =:  2-9188-  cwt,  when  the  thickness  =  3  inches, 

X  =1  2-9373  cwt.  when  the  thickness  =  6  inches. 

The  power  in  both  these  results  being  supposed  to 

be  possessed  of  inertia :  if  we  suppose  it  to  be  divested 

of  It;  then  r*  P  will  vanish  out  of  the  denominator  of 

ott  general  maximum  equation,  and  we  shall,  therefore, 

hfBft 

S  =  ^r*W  +  ii^W'=:  4-1237  in  the  first  case, 

and  8-2253  in  the  second. 
Which  give,  for  the  corresponding  values  of  ^ , 
s  zz  2-7677  cwt.  for  the  thickness  3  inches, 
*'=  2-8744  cwt.  for  the  thickness  6  inches. 
If  the  inertia  of  the  wheel  and  axle  be  rejected,  then 

we  shall  have  S  =  r  r**  P,  and 

r»        rP 

*=   —   ^P-^  N/(r*-hr/0  =2-8844  cwt. 

I^  in  the  last  theorem  r  =i  /,  we  shall  have 
J?  =z  P(>/2  -  1)  =  -414214  X  P; 
10  that  the  common  solution  to  this  problem  can  only 
be  trae  in  the  extreme  case,  when  the  wheel  and  axle 
are  converted  into  a  single  pulley. 

Problem  VL 

163.  In  a  system  of  pulleys,  in  which  the  same  string 
goes  nrand  all  of  them  contained  in  two  blocks,  having 
tke  power  P  and  the  weight  W  raised  by  it,  together  with 
the  number  of  the  pulleys,  and  the  weight  and  figure  of 
each,  it  is  required  to  assign  the  force  which  accelerates 
the  descent  of  P,  the  weight  of  the  lower  block  being 
iBcladedin  the  weight  W. 

Lit  the  number  of  pulleys  be  n,  and  conceive  them 
tobe  cylindrical,  and  that  the  weight  of  each  =z  9,  then 
tlie  absolute  moving  force  which  acts  on  P,  is  equal  to 
its  own  weight  zz  P.     But  because  W  acts  at  P  in  a 

W 
contrary  direction  with  a  force  — ,  the  force  which  upon 

the  whole  impels  P  in  its  descent,  is 
p_  W  _itP~  W 
n  n 

Now  the  inertia  of  P  is  its  own  weight,  and  that  of 

W,  whose  velocity  is  — th  of  the  velocity  of  P,  will  be 

W 

■j;  and  because  the  circumference  of  the  lowest  pulley 

pwTes  with  the  same  velocity  as  the  weight  W,  and 
^  Its  inertia  is  the  same  as  if  |  y  were  collected  into  its 
orcumference ;  the  inertia  by  which  it  resists  the  de- 
Kent  of  P,  will  be  —^ ,   the  circumference   of  the 
2  n* 

Mxt  pulley,  revolving  twice  as  fast  as  the  former,  its 
«»»tia  will  be  four  times  as  great,  and  will  therefore 

"^^^y^,  and  so  on;  the  sum  of  the  inertia  of  the 
Neys  being 

^(1  4.  2»  +  3»  +  4»  +  &c.  nO  =: 


q  2  n*  +  3  n*  -f  «  Mechanics. 

The  whole  inertia,  therefore,  which  resists  the  com-ProbJcnii. 
munication  of  motion  to  P,  will  be 

_         \V  2  n'  4-  3  n«  +  n 

^+^^-^^  12^;^ =         . 

12  n^  P  +  12  W  -f  9  (2  n^  -f  3  n»  +  n) 

12  «» 

and  consequently  the  accelerating  force  arising  from 

dividing  the  motive  force  by  the  inertia,  will  be 

12n'P  —  12  nW 

12  n»  P  -h  12  W  -f  9  (2  «'  +  3  n'  +  n)' 

Problem  VII. 

164.  Let  ABCD(fig.  98)  represent  a  system  of  pulleys,, 
in  which  the  string  that  goes  round  each  pulley  is  fixed 
to  the  weight :  having  given  the  weight  W,  and  the 
power  P  which  raises  it,  together  with  the  weight  and 
number  of  the  equal  cylindric  pulleys  A,  B,  C,  D,  &c. 
it  is  required  to  assign  the  force  which  accelerates  the 
descent  of  the  power  P,  the  weights  of  the  pulleys  B, 
D,  C,  being  included  in  P. 

Let  the  weight  of  each  pulley  be  7,  and  let  the 
number  of  them  =  n,  then  the  absolute  force  that 
urges  P  is  its  own  weight ;  but  since  W  acts  in  op- 
position   to    it,    and    because    the   power  at  W  =: 

-J of  P ;  the  force  with  which  P  has  a  tendency 

to  descend,  will  be 

W      _  p  (2*  —  1)  —  W 

2-  -  1  • 


P- 


2"  —  1 

-  The  inertia  of  W,  ¥rith  reference  to  the  motion  of  P^ 
will  be 

W 

(2-  —  If* 
because  the  velocity  of  W  is  to  that  of  P  as  1  :  (2"  —  1); 
and  since  the  velocity  of  the  circumference  of  the  pulley  A 
is  equal  to  that  with  which  W  ascends,  the  inertia  of 
this  pulley  referred  to  Fs  motion,  will  be 

.    2  (2-  —  ly ' 
And  because  the  angular  velocities  of  the  puUeya 
A,  B,  C,  D,  &c.  are  as 

2  -  1,  2*  -  1,  2»  -  1,  2*  -  1,  &c.  or  a& 
1,  3,  7,  15,  &c. 

3'. 9    ; 


The  inertia  of  B  = 
ofC  = 
ofD  = 


2(2'»  —  If 

2  (2-  —  \y ' 

15^7 


2  (2-  —  1)=^ 
&c.  &c. 

and  therefore  the  inertia  of  all  the  pulleys  which  arises 
from  their  rotation,  will  be 

2(2.Li)»    ^  0*  +  3'  +7«  +  &c.  (2-  -  I)'}. 
The  sum  of  the  series  in  the  parenthesis  is 
2       ^—3-2  4-3n  +  8 


whence  the  above  becomes 
9 


6  (2"  —  1)" 


X   (2  -  3-2      ^      +  3 »  +  8). 


M(H 


M.E  C  HA  Pf.IlCSr 


Mechanics.  Moreover,  the  inertia  which  arisefr  from  the  motion 
v^"*v^^^  of  the  centres  of  gravity  of  the  several  pulFeys  as  they 
FroUems.    descend,  vill  be  found,  by  the  same  reasoning,  to  be 

which  being  added  to  the  inertia  before  found,  will  give, 

for  the  whole  inertia, 

q  ^^M+«      ^««-fi      ^^«H-*     ^ 

_I_X(2     ^   +2  ^6-2        +9«+18). 

The  whole  inertia,  therefore,  which  resists  the  com- 
munication of  motion  to  P  during  its  descent  = 

W  a  ^fi  +  t      ^n+l     ^    nf« 

P  +  ,i^,  +  r7or^         ^  +2   ^     - 


-6-2 


(2»-l)'  '  6(2--l^ 
+  9«4-18)=: 

6P(2"-^l)4-6W4-9(^^'"^%g^'*"^^-6'g'"^^-^9>>-H8) 

6(2- -1)» 
And  since  we  have  fbund  the  motive  force  to  be 
P(2«>— 1)— W 

we  shall  have,  by  dividing  the  latter  expression  by  the 
■former,  for  the  force  which  aeeelerates.  r, 
6P(2'-^I)  — 6W(2''--1) 

6P(2»^l)»+6W+oC2**^^+2*'*^^-^-2'*^*+9«+18), 
cuotd  for  the  force  wnich  accelerates  W  in  its  ascent, 
6P(2»— 1)— 6W 

6P(2--l)*+6W+9(2*"^*+2*"*'^-6-2"'*"%9»+18). 

In  order  to  render  the  solutions  of  the  two  lattert 
problems  less  complicated,  the  weights  of  the  moveable 
pulleys  have  been  bduded,  either  in  the  weight  W,  or 
the  power  P.  In  the  latter,  there  is  this  particular 
advantage ;  viz.  that  the  weights  of  the  pulleys  consti? 
tute  a  part  of  the  moving-  force ;  and  consequently 
facilitate  the  elevatiok  of-  any  weight  to  be  raised  by 
it;,  whereas  the  weights  of  the  pulleys  in  the  other 
<^e,  act  in  opposition  to  the  moving  force. 

The  weights  of  the  pulleys  in  the  above  problem,  have 
been  supposed  to  be  mcluded  in  the  power  P ;  but  as 
they  are  not  equal  in  their  effect  on  the  raised  weight, 
it  may  not  be  amiss  to  indicate  the  manner  their  forces, 
when  referred  to  the  power  P,  are  estimated. 


hismanifest  that  the  puHe^Av  being 'fi«64  coatri^  Mm 
bates  nothing  to  the  movmg  power:  also  the  weight  of  >^tf* 
each  power  being  q^  the  pulley  B  acts  on  W  with  a  fosce 
equal  to  7;  the  pulley  C  with  a  force  =  39,  and  D  vpitb 
a  force  7  q.;  that  is  to  say,  the  successive  co-efficieuta 
of  </,  will  be  2  —  I,  2'—  1,  2»—  1,  &c.     If,  therefore,. 
the  number  of  pulleys  be  n,  the  moving  force  ezated 
by  them  onthe  weight  to  be  raised  z^.q.{\  +  3  +  7  + , 
&c.),  continued,  to  11  •—  1  terms  :z  (2'*  —  1  —  n),  and 
this  weight  would  be  balanced  by 
g<2»-  l>-n) 
2*  -  1        ' 
acting  at  P;  wherefore,  if  a  power  6  be  applied  atP; 
exclusive  of  the  weights  of  the  pulleys,  the  wlUd^ 
moving  force  which  acts  on  P  will  be 
9(2"-  1- It)  W 

®'+      2-^1 — -^2=rri- 

If  this  value  for  the  moving  fdrces  be  substituted  for 
P  in  the  preceding  soltuion;  that  is,  as  far  as  the.  body 
is  concerned  in  contributing  to  the  moving  force,  we 
shall  have  a  general  expression .  fbr  the  acceleration  ot 
the  descending  weigtit,  every  circumstance  being  taken 
into  the  account,  except  those  of  friction,  the  weight 
of  the  Une,  and  the  resistance  of  the  air ;  the  «wo  latter 
of  which  are  too  small  to  have  any  sensible  e6fect;  and 
the  former  may  be  so  diminished,  that  the^  real  molknT- 
of  the  descending-  wetgl^tahall  scarcely  deviate  fK«' 
that  deduced  from  the  investigation. 

Let,  therefore,  G  be  any  moving  force  applied  to  raise 
the  weight  W,  by  mewis  of.  the  system  of  pulleys  de- 
scribed in  the  last  problem  ;  every  thing  else  remaining 
the  same ;  we  shall  theix  have  the  force  Wiioh.  acce- 
lerates the  descenclong  weight-  G,  equal,  to  that,  pact^ 
of  gravity  expressed  'by  the.  firactionr 

6  G  (2*  -1)  4^.6  y  (2'>  -^  1)  --  6  W  (2-^  -  I). 

6G(2-  —  1)  +  6  W  4-  9S  • 

where  we  take  S  to  denote  the  quantity 

2n-f2  2n  +  l  n-|-2 

2        ^4-2-6-2  +9fi+18; 

and  on  similar  principles,  the  motion  generated,  in 
any  <^  the  simple  mechanieid  powers  may  be  inveaii* 
gated. 


HYDRODYNAMICS, 


Ml 


udy-      Is  that  branch  of  general  Mechanics  which  considers 

■»"    the  equilibrium  and  motion  of  fluids.  The  terms  Hydro- 

^^^  statics  and  Hydrodynamics  have  corresponding  signifi- 

lam.  cations  to  the  Statics  and  Dynamics  in  the  Mechanics 

pf  solid  bodies;  viz.  Hydrostatics  is  that  division  pf 

file  science  which  treats  of  the  equihbrium  of  fluids, 

•bd  Hydrodynamics  that  which  relates  to  their  forces 

and  motions.     It  is,  however,  very  usual  to  include  the 

rtole  doctrine  of  the  mechanics  of  fluids  under  the 

l^neral  term  Hydrodynamics,  and  to  denote  the  di- 

nsions  relative  to  their  equilibrium  and  motion  by  the 

terms  Hydrostatics  and  Hydraulics,     We  propose  to 

iSopt  the  latter  division  in  the  following  treatise. 

Kitaricai  sketch  of  the  rise  and  progress  of  Hydrody- 
namics, 

We  have  seen,  in  the  historical  chapter  prefixed  to 
o«r  treatise  on  Mechanics,  that  we  are  indebted 
t6  Archimedes  for  the  flrst  correct  theoretical  notions 
of  the  doctrine  of  Statics  ;  and  it  was  the  same  cele- 
brated philosopher  who  first  established  the  funda- 
jb^ata]  laws  of  Hydrostatics,  or  that  branch  of  Hydro- 
dynamics which  relates  to  the  equilibrium  of  fluids. 

With  regard  to  the  theory  of  the  motion  of  bodies, 
niiether  solid  or  fluid,  or  the  sciences  of  Dynamics  and 
fffdiaulics,  they  have  had  their  birth  wholly  amongst 
the  modems ;  the  former  of  these  we  have  already 
noticed  in  the  chapter  above  alluded  to,  and  the  latter 
irQl  be  introduced  in  its  proper  place  in  Uie  present 
iftkle. 

According  to  some  authors,  the  work  which  Archi- 

nieides  composed  on  Hydrostatics,  we  owe,  as  it  now 

exists,  to  a  translation  from  the  Arabic ;  while  others 

maintain  that  we  have  derived   it  from  an  immediate 

translation  of  the   original  Greek  text.     This  work  is 

entitled ''  De  Humido  insidentibus,*  and  is  divided  into 

two  books.     The  basis  on  which  this  author  founds  his 

theory  is  this :  that  every  particle  of  a  fluid  being 

supposed  equal,   and  equally  heavy,   will  remain  in 

tk  place  in  which   it  is   found ;  or  that  the  whole 

niass  will  be  in  equilibrio  when  each  particular  particle 

»  equally  pressed  in  every  direction.     This  equality 

of  pressure,  on  which  the  state  of  equilibrium  is  made 

to  depend,    is   demonstrated    by   experiment.     The 

luthor  afterwards  examines  the  conditions  which  ought 

to  obtain,  in  order  that  a  solid  homogeneous  body, 

fcating  on  a  fluid,  may  take  and  preserve  the  situation 

of  equilibrium:  he  shows  that  the  centre  of  gravity  of 

ftebody,   and  that  of  tlie  part  immersed,  must  be 

tttoated  in  the  same  vertical  right  line ;  that  the  weight 

?f  the  body  is  equal  to  the  portion  of  fluid  displaced  by 

'{!  that  the  body  will  be  entirely  immersed  when  its  spe- 

^c  gravity  is  equal  to,  or  exceeds  that  of  the  fluid ;  and 

^tT  principles  of  the  science  of  Hydrostatics,  which 

^CL.  III. 


constitute  the  basis  of  the  theory  of  present  times.  History. 
It  appears  likewise,  from  his  investigations,  that  «si^<s^^ 
two  bodies  of  equal  magnitude,  both  heavier  than<he 
fluid  in  which  they  are  immersed,  will  lose  equal  parts 
of  their  weights;  and  that  reciprocally,  when  the 
weights  lost  m  the  same  fluid  are  equal,  the  bodies 
are  of  equal  magnitudes.  The  solution  of  the  well 
known  problem  of  Archimedes,  relative  to  the  crown 
of  Hiero,  king  of  Syracuse,  depends  on  the  above 
principles. 

Besides  the  theoretical  principles  of  Hydrostatics,  we  Screw  of 
owe  also  to  this  philosopher,  according  to  some  authors,  Archimedcf. 
an  ingenious  hydraulic  engine,  called,  from  the  name 
of  its  supposed  inventor,  the  screw  of  Archimedes,  It 
is  employed  in  elevating  water  to  small  heights  ;  and 
is  very  simple  in  its  construction,  and  commodious 
in  its  application. 

Diodorus  asserts,  that  Archimedes  invented  this 
machine  in  his  voyage  to  Egypt ;  and  that  the  Egyp- 
tians afterwards  employed  it  for  the  purpose  of 
draining  the  marshes  of  that  country ;  but  Vitruvius ^  a 
contemporary  of  Diodorus,  does  not  enumerate  it 
amongst  the  discoveries  of  Archimedes,  of  whom  he 
was  nevertheless  a  great  admirer ;  and  Claudius  Per- 
rault,  the  translator  and  commentator  of  Vitruvius, 
adds,  that  the  use  Diodorus  gives  to  this  machine, 
namely,  that  it  was  employed  to  render  Egypt  habit- 
able, by  draining  ofl*  the  waters  with  which  it  was 
formerly  inundated,  makes  it  highly  probable  that  the 
engine  is  of  much  earlier  date  than  the  time  of  the 
Syracusan  philosopher.  If  this  conjecture  have  any 
foundation,  let  us  not  mix  with  the  legitimate  claims 
of  Archimedes,  an  invention  which  may  be  contested 
with  him :  he  is  too  rich  in  otlier  respects  to  render 
important  the  sacrifice  of  an  equivocal  right. 

About  a  century  after  Archimedes,  two  mathema-  Ctesibius 
ticians  of  the  Alexandrian  school,  viz.  Ctesibius,  and  ^^  ^f*^ 
Hero,  his  disciple,  invented  the  pump,  the  siphon^  and  thdpu^p 
the  fountain  of  compression;  the  latter  of  which  is  to  this  and  siphon, 
day  known  under  the  appellation  of  Hero*s  fountain. 
We  owe    more   especially   to    Ctesibius,    a  machine 
of  the   same  kind,   composed    of   a  sucking  and   a 
forcing  pump,   so  combined,  that  by  their  alternate 
action,  the  water    is  drawn  and  forced  into  a  tube 
placed  between  them.     The  efiects  produced  by  these 
machines  are  in  truth  highly  curious  and  interesting, 
and  doubtless  must  have  appeared  very  extraordinary 
to  their  original  inventors,  who  not  knowing  to  what 
principle    to  attribute    them,  had  recourse    to    their 
grand  scheme  of  occult  quahties,  so  commodious  for 
explaining  all  the  phenomena  of  nature.     The  water 
rose  in  the  pumps,  according  to  these  philosophers, 
because  nature  abhorred  a  vacuum,   and  consequently 
the  place  abandoned  by  the  piston  was  immediately 
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gupplied  by  the  water :  we  know  not  whether  at  that 
time  philosophers  were  aware  of  the  hmit  to  which  the 
elevation  of  the  water  was  confined;  but  we  do  know, 
that  when  this  was  pointed  out  to  the  great  Galileo, 
the  father  of  modern  physics,  he  could  only  explain  it 
by  stating,  that  nature's  abhorrence  of  a  vacuum  only 
extended  to  about  33  or  34  feet !  Such  were  the  illus- 
trations of  the  ancients :  their  whole  science  consisted 
in  the  operations  of  secret  and  occult  powers;  they 
transferred  from  the  moral  to  the  physical  world,  the 
ideas  of  aflection  and  hatred ;  both  celestial  and  ter- 
restrial bodies  had  their  sympathies  and  antipathies ; 
and  philosophers  considered  that  they  had  explained  a 
phenomenon,  when  they  had,  after  one  manner  or 
another,  brought  it  under  the  influence  of  these  chi- 
merical agents. 

The  Clepsydra,  or  water  clocks  may  be  considered  as 
an  hydraulic  machine,  of  which  the  invention  is  attri- 
butable to  the  Egyptians.  This  instrument  indicated  the 
hours  by  the  successive  elevations  of  the  water  which 
entered  into  a  vessel,  in  quantities,  regnlated  according 
to  the  proposed  divisions  of  time,  or  by  means  of  a  hand, 
which  the  falling  water  caused  to  revolve  on  a  graduated 
face  or  dial  plate.  Ctesibias,  and  even  some  modems, 
as  Tycho  Brahe,  Dudley,  and  others,  have  not  dis- 
dained to  turn  their  attention  to  the  improvement  of 
this  machine;  the  great  perfection,  however,  that  has 
been  attained  in  the  construction  of  clocks  and  watches, 
renders  the  clepsydra,  in  the  present  day,  a  mere 
matter  of  curiosity. 

Water-mills,  which  must  be  classed  amongst  the 
most  valuable  hydraulic  engines,  w^re  also  an  ancient 
invention,  of  the  date  of  which  we  are  ignorant.  An 
epigram  of  the  Greek  Anthology  seems  to  indicate  that 
water-mills  were  first  invented  in  the  time  of  Augustus ; 
but  Vitruvius,  who  flourished  under  this  prince,  in  his 
descriptions,  does  not  speak  of  them  as  a  recent 
invention;  it  is,  therefore,  highly  probable  that  they 
Wind-mUls.'were  known  long  before  that  period.  As  to  windmills, 
they  were  not  employed  in  Europe  till  long  after  water- 
mills;  some^ authors  pretend,  that  the  former  were  first 
invented  by  the  French  in  the  sixth  century  of  the 
christian  era ;  while  others  assert  that  we  owe  them  to 
the  crusaders,  who  brought  them  from  the  east,  where 
they  were  even  then  very  ancient ;  and  generally  pre- 
ferred to  water-mills,  in  consequence  of  the  sources  of 
the  rivers  being  much  more  rare  and  uncertain  in  those 
•  countries  than  in  Europe.  But  whether  they  are  the 
invention,  or  merely  the  adoption  of  Europeans,  this  is 
certain — that  the  progress  of  their  improvement  was 
very  slow,  and  that  we  generally  prefer  the  use  of 
water-mills  as  more  commodious  and  regular  in  their 
operation. 

Dossut,  when  speaking  of  these  ancient  and  impor- 
tant constructions,  observes,  **  In  viewing  so  many 
labours,  so  many  monuments  of  human  genius,  the 
man,  aJive  to  gratitude,  asks,  to  whom  do  we 
owe  all  these  useful  and  sublime  discoveries  ?  What 
honours,  what  rccompences,  have  these  benefactors  of 
man  received  of  their  country,  or  of  the  world  at  large  ? 
history  commonly  answers  nothing  to  these  enquiries : 
while  great  pains  are  taken  to  transmit  the  names  and 
the  exploits  of  conquerors,  who  have  ravaged  the 
fvurth,  and  left  traces  of  misery  and  destruction  in  all 
their  steps.'* 

It  is,  however,  only  the  conj/rvc/io/i  of  certain  hydrau- 


lic engines  that  we  owe  to  the  ancients ;  for  they  were  Hln 
wholly  ignorant  of  any  theoretical  hydraulic  principle;  v^r* 
we  may,  therefore,  easily  conceive,  that  their  first  at^ 
tempts  were  very  rude  and  imperfect,  and  the  defects 
of  one  machine  were  their  only  lessons  for  the  con- 
struction of  others  less  imperfect ;  and  it  was  thus,  by 
successive  attempts,  and  reiterated  experiments  and 
faikires,  that  they  were  led  by  degrees  to  that  state  of 
perfection  to  which  they  ultimately  attained. 

To  Sextus  Julius  Frontinus,  is  commonly  attributed  Front 
the  first  theoretic  notions  of  the    motion   of  fluids.  ^^^^ 
This  author  was  inspector  of  the  public  fountains  of 
Rome,  under  the  emperors  Nerva  and  Trajan,  and  he 
left,  on  this  subject,  a  work  entitled  ''  De  aqueeducti- 
bus  urbis  Romee  commentarius.*' 

In  this  treatise,  the  author  first  describes  the  aque- 
ducts of  Rome,  cites  the  names  of  those  which  the 
Romans  had  constructed,  and  the  dates  of  their 
constructions ;  he  then  fixes  and  compares  with  each 
other  the  measures  of  capaciw  which  he  employed  at 
Borne  for  measuring  the  products  of  the  adjutages^ 
Thence  he  passes  to  a  description  of  the  means  of 
distributing  the  waters  of  an  aqueduct,  or  of  a  foun- 
tain. On  these  subjects  he  made  several  correct  ob- 
servations ;  for  example,  he  showed  that  the  quantity 
of  water  issuing  from  an  adjutage,  did  not  wholly  di^ 
pend  upon  its  magnitude  or  superficies,  but  that  the 
height  of  the  reservoir  above  it  must  also  be  considered ; 
a  very  obvious  fact,  but  yet  such  an  one  as  some  more 
recent  constructors  have  neglected  to  introduce  into 
their  investigations.  He  knew,  also,  that  the  tube 
designed  to  carry  off  part  of  the  water  of  an  aqueduct^  ' 
ought  to  have,  accordmg  to  circumstances,  a  position 
more  or  less  oblique  with  resfiect  to  the  course  of  the 
fluid,  &c.  Notwithstanding  all  this,  however,  he  didaot 
exhibit  a  mathematical  precision  on  this  subject;  for 
he  did  not  know  the  correct  law  which  obtained  be* 
tween  the  velocity  of  the  adjutage,  and  the  height  of 
the  reservoir. 

No  other  ancient  author  approximated  in  any  mai^ 
ner  towards  a  theoretical  view  of  the  principle  of 
hydraulics;  we  are  therefore  completely  justified  in 
claiming  the  honour  of  the  discovery  of  this  science 
as  wholly  due  to  the  moderns. 

Progress  of  Hydrodynamics  with  ike  modems. 

We  have  seen  that  Archimedes  had  established  the  Mod 
first  grand  principles  of  the  theory  of  Hydrostatics;  P«^ 
that  is  to  say,  the  principle  of  equal  pressure,  which 
is  sufficient,  with  the  assistance  of  geometry  and  ana^r 
lysis,  for  the  solution  of  every  problem  which  depends 
upon  the  equilibrium  of  fluids.  We  shall,  therefore,  pass 
slightly  over  this  branch  of  the  general  science  of  Hy- 
drodynamics, and  turn  our  attention  to  the  other  prin- 
cipal division  of  it,  which  treats  of  the  motion  of  fluids, 
a  subject  still  involved  in  considerable  difficulties :  for, 
notwithstanding  all  the  efforts  that  have  been  made, 
mathematicians  are  not  able,  even  now,  to  exhibit 
formulce,  which  unite  at  the  same  time  the  advantages 
of  accuracy  of  principle  with  facility  of  apphcation;  an 
union  highly  requisite  in  all  scientific  researches. 

From  the  time  of  Frontinus,  to  that  of  TorriceUi,Ton 
we  are  not  aware  of  any  step  that  was  made  in  the 
progress  of  Hydraulics,  which  requires  any  particular 
notice.    To  the  latter  philosopher  we  are  indebted  for 
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livdrody-  racter  and  sagacity  of  a  mathematical  philosopher, 
attentive  to  the  progress  of  nature,  and  accustomed  to 
follow  her  steps.  Calculation  was  always  to  him  an 
instrument  of  necessity,  and  not  a  vain  exhibition  of 
analytical  formul®,  difficult  to  follow,  and  still  more 
difficult  to  comprehend  and  apply. 

Notwithstanding  the  success  of  this  work,  John 
Bernoulli,  the  father  of  Daniel,  and  Maclaurin,  judg- 
Bfadaurin.  ing  that  the  principle  of  the  conservation  of  the  living 
forces,  however  true  in  itself,  ought  not  to  be  imme- 
diately employed  in  the  determmation  of  the  motion 
of  fluids,  each  resolved  the  same  problem  by  new 
methods  (and  each  differently  from  the  other),  which 
they  regarded  as  more  direct  and  more  intimately  con- 
nected with  the  pure  principles  of  Mechanics.  Their 
results  were  in  most  respects  conformable  to  those  of 
Daniel  Bernoulli ;  and  it  is  but  justice  to  state,  that 
their  solutions  display  great  talent  and  ingenuity :  at 
the  same  time,  we  cannot  deny  that  they  are  involved 
in  some  obscurity,  and  depend  upon  many  doubtful 
and  precarious  suppositions.  The  Hydraulique  of  John 
Bernoulli,  is  printed  in  vol.  iv.  of  his  works,  and  in 
the  Memoirs  of  the  Academy  of  St.  Petersburgh  for 
the  years  1737  and  1738 ;  and  the  theory  of  Maclaurin 
forms  a  part  of  his  Treatise  of  Fluxions. 

D'Alembert,  after  having  given  an  almost  entirely  new 
character  to  the  science  of  Dynamics,  by  means  of  the 
principle  of  which  Newton  and  James  Bernoulli  had 
given  the  first  ideas,  app>lied  it,  with  the  same  success, 
to  the  motion  of  fluids.  His  work  on  this  subject,  **  Trait6 
de  TEquilibre  et  du  Mouvement  des  Fluides,*'was  pub- 
lished in  1744.  Here,  in  the  problem  relative  to  the 
spouting  of  fluids,  and  the  discharge  of  vessels,  he 
makes  the  same  suppositions  as  we  stated  in  speaking 
of  Daniel  Bernoulli ;  but  this  is  all  that  is  common  to 
the  two  methods.  D'Alembert  considers  the  motion  of 
each  lamina  as  composed,  at  every  instant,  of  two  mo- 
tions ;  viz.  that  which  it  had  the  moment  preceding,  and 
the  motion  lost ;  and  thus  establishes  with  simplicity 
and  elegance  the  conditions  of  equilibrium  between  the 
motions  lost ;  and,  consequently,  the  resulting  equa- 
tions make  known  the  motion  that  is  preserved,  and 
all  the  circumstances  attending  the  flow  from  the  ori- 
fice. He  likewise  solved  various  problems  that  had 
never  been  before  attempted. 

Notwithstanding  the  facilities  that  the  author  thus  in- 
troduced into  the  science  of  Hydraulics,  he  was  still  not 
satisfied  with  the  hypothesis  on  which  he  had  rested 
the  basis  of  his  calculus,  and  he  therefore  endeavoured 
to  establish  his  equations  on  other  principles,  derivable 
immediately  from  the  first  laws  of  Hydrostatics ;  viz. 
1st.  that  a  rectangular  canal,  taken  at  pleasure,  in  a  fluid 
mass,  in  equilibrio,  is  itself  also  in  equilibrio ;  and,  2d. 
that  a  portion  of  fluid,  in  passing  from  one  place  to  ano- 
ther, preserves  its  volume,  when  the  fluid  is  incompres- 
sible, or  dilates  itself  according  to  a  given  law,  when  the 
fluid  is  elastic;  so  that  in  both  cases  the  mass  remains  the 
same.  This  new  solution  was  published  in  his  **  Essai  sur 
la  Resistance  des  Fluides,"  in  1753;  and  he  afterwards 
entered  into  a  farther  developement  of  his  principles  in 
several  volumes  of  his  "  Opuscules  Mathematiques." 

We  have  as  yet  said  nothing  of  the  works  of  the 
celebrated  Euler,  who,  during  the  same  period,  was 
employing  himself  in  reducing  the  science  of  Hydrau- 
lics to  general  formulee  and  equations ;  and  who  ulti- 
mately produced  on  this  subject  one  of  those  elegant 
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analytical  exhibitions  of  result  which  have  always  j 
distinguished  the  works  of  this  great  master.  His  \ri 
first  solution,  or  rather  his  general  theory,  was  pub- 
lished in  the  Memoirs  of  Berlin,  and  he  afterwards 
extended  and  perfected  it,  in  several  papers  which 
appeared  in  the  Acta  PefropolUana.  The  science  of  Hy- 
drostatics is  there  presented  under  an  entirely  new  form, 
with  its  application  to  various  novel  and  interesting 
problems.  The  theory  of  the  motion  of  fluids  is 
all  comprised  in  two  differential  equations  of  the 
second  order ;  the  author  applies  the  general  princi- 
ples to  the  discharge  of  water  through  orifices  of  any 
magnitude,  to  the  ascent  of  water  in  pumps,  to  its 
course  in  the  tubes  of  a  conduit,  both  of  constant  and 
variable  diameters,  &c.  He  also  treats  of  the  motion 
of  elastic  fluids ;  and  that  of  the  air  in  particular  gives 
rise  to  certain  formula  relative  to  the  propagation  of 
sound,  and  to  the  manner  in  which  sound  is  produced 
in  the  tubes  of  an  organ,  in  the  flute,  &c. 

Lagrange  gave  also  a  learned  memoir  on  the  motion  ti 
of  fluids,  in  which  he  proposed  to  diminish  the  difRcal- 
ties  that  have  retarded  the  progress  of  this  theory,  and 
which  have  obliged  mathematicians  to  employ,  even  in 
the  most  simple  problems,  indirect  methoas  of  doubtfnl 
and  uncertain  suppositions.  It  must  be  acknowledged^ 
however,  that  the  author  failed  of  accomplishing  what 
he  had  attempted,  at  least  if  we  regard  the  practical 
application  of  his  results. 

Hitherto  we  have  considered   simply  the  circum-P 
stances  attending  the  motion  of  a  fluid ;  it  remains  for  ^ 
us  to  offer  a  few  observations  relative  to  the  percussion 
of  a  fluid  in  motion  against  a  solid  body,  or  the  re^ 
sistance  which  a  solid  body  experiences  when  moving' 
in  such  a  medium.     A  very  simple  idea,  and  in  past 
correct,  which  mathematicians  first  formed,  was  to  w-" 
gard  a  fluid  in  motion  as  an  infinite  number  of  paralllA] 
filaments,  which  gave  each  its  respective  blow  to  the 
solid  body,  without  being  affected  by  the   adjacent 
filaments.     Hence  they  found,  1st,  that  in  the  perpen-' 
dicular  impact  of  a  fluid  against  a  plane,  or  of  a  plane*  « 
against  a  fluid,  the  percussion  or  the  resistance,  is  as*  \ 
the  product  of  the  plane  by  the  density  of  the  fldd,  ^ 
and  by  the  square  of  the  velocity  with  which  the  per-<««^ 
cussion  is  made ;  2nd,  that  in  an  oblique  impact,  thift^ 
percussion  which  results  from  it,  perpendicular  to  th&^j 
plane,  is  as  the  product  of  the  plane,  by  the  density  d^^ 
the  fluid,  the  square  of  the  sine  of  the  angle  of  mcS^ 
dence,  and  the  square  of  velocity.     Nothing  can  b^^ 
desired  more  simple  than  this  theory ;  and  it  answeK^ 
very  nearly  to  the  result  of  experiment  as  far  as  re- 
gards  the  direct  impact;  but  it  becomes  more  i 
more  defective  as  the  angle  of  incidence  is  diminish 
so  as  to  fail  almost  entirely  when  that  angle  is 
than  45^. 

This  defect  has  led  many  mathematicians  to  attend  p^ 
the  introduction  of  other  theories,  or  to  modify  tt^^f- 
of  which  we  have  been  speaking,  so  as  to  render  A 
applicable  to  those  cases  where  we  have  seen  it  is  is- 
sufficient.  ^ 

Newton,  in  his  Principiaj  treated  the  'questi<M  ||«rf 
of  the  resistance  of  fluids  under  different  points  nf 
view,  according  to  their  nature,  or  the  mei^ 
in  which  the  bodies  moved.  He  supposed  at  firsts 
rare  medium,  composed  of  equal  particles,  kepi  ^ 
equal  distances  from  each  other,  so  that  each  particts* 
might  be  sapposed  to  give  its  respective  blow  witb^ 
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impeding,  or  being  impeded  by  the  others,  which  is  in 
fiict  similar  to  the  preceding  theory.     He  then  found 
^  that  the  resistance  of  a  globe,  is  only  half  that  which  is 
doe  to  its  circumscribing  cylinder,  moving  perpendicu- 
larly to  its  end  ;  and  he  afterwards  sought  the  absolute 
resistance  of  the   sphere,  supposing,  either  that  the 
paiticles  of  the  fluid  are  perfectly  elastic,  or  that  they 
are  entirely  divested  of  their  elasticity.     In  the  first 
case,  he  found  that  the  resistance  of  the  globe  is  to 
the  force  with  which  its  total  motion  might  be  produced, 
or  destroyed,  in   the  time  that  it  would  employ   to 
pass  over  two- thirds  of  its  diameter  with  an  uniform 
velocity,  as  the  density  of  the  medium  to  the  density 
of  the  globe;  in  the  second  case,  the   resistance   is 
kalf  the  above.     This  theory,  however,   is  evidently 
not  applicable  to  continuous  and  dense  fluids,  such  as 
vater,  mercury,  oil,   &c. ;  the  author  therefore  gave 
iBOther  theory  for  fluids  of  this  kind,  in  which  the  globe 
ioei  not  immediately  strike  all  the  resisting  particles 
of  the  fkiid,  but  merely  communicate  to  the  particles  in 
eoBtact  with  itself^  and  those  near  them,  a  pressure 
iriiidi  is  transmitted  by  degrees  to  those  more  remote. 
According  to  this  new  theory,  founded  on  various  pro- 
pontbns,  which  we  cannot  enter  upon  in  this  place,  the 
iwtance   of  the  globe   is  the   same   as  that  of  its 
circiimscnbing  cylinder,  a  result  which  is  contradicted 
by  experiment ;  and  whence  we  may  conclude,  that  this 
mtimer  of  considering  continuous  fluids,  is  not  con- 
tenable  to  their  physical  constitution. 

Daniel  Bemouiti,  in  the  eighth  volume  of  the  Ada 

^itnpolitana^  proposes  a  method  for  determining  the 

pcipendicnlar  force  of  impact  of  a  fluid  vein  spouting  from 

^morifice  against  a  plane.    He  observes,  that  supposing 

^tiiftoe  of  a  certain  extent,  the  threads  of  which  the 

"v^  is  composed  will  terminate  by  curving  themselves, 

^oloviiig  directions  parallel  to  the  same  plane ;  and  he 

^      ^  ( the  curve  described  by  each  thread,  as  a  canal, 

I  which  a  body  moves,  and  which  consequently  ex- 

at  each  point   the  action  of  a  centrifugal 

the  author  moreover  supposes  these  submitted 

)  a  tangential  force,  variable  according  to  any  law;  he 

the  effect  of  all  these  forces,  and  finds  that 

result  from    them,  parallel  to  the  axis  of  the 

sia,  or  perpendicular  to  the  plane,  an  impulsion  equal 

»the  weight  of  the  cylinder  of  the  fluid,  which  has 

r  its  base  the  section  of  the  vein  before  the  threads 

I  to  curve,  and  for  its  height,  double  the  height 

i  to  the  velocity  of  the  fluid  ;  which  is  very  nearly 

^^Annable    to  experiment.     It  must  be  observed, 

^Mrever,  that  this  method  is  rather  distinguishable  for 

*••  ingenuity   than   for  its    utility,   being  extremely 

^>*itcd  in  its  application. 

B^Aiembert,  in   his  **  Esai   sur  la  resistance  des 

^Mdei,*  which  appeared  in  1752,  determined  the  law 

^&e  resistance  of  fluids,  by  those  of  their  equi- 

i     %iBm.    He  supposed  at  first,  a  body  kept  at  rest 

I     foift  some  exterior  cause,  in  the  midst  of  a  fluid  which 

I     *  shout  to  impinge.     The  threads  at  the  meeting  of 

I     laehody  curve  themselves  in  different  directions ;  and 

1^    ^portion  of  the  fluid  which  covers  the  anterior  part 

^tbe  body  is,  to  a  certain  degree,  in  a  state  of  stag* 

>Uioo.    The  author  then  observes,  that  the  pressure 

iftrod  by  the  body,  or  the  resistance  that  it  opposes 

to  tike  motion  of  the  particles,  is  produced  by  the  loss 

tf  vetedty  which  these  particles  have  experienced,  for 

ttf  iKHfy  only  acts  on  another  so  ftr  as  it  comnuiu* 


cates  or  tends  to  communicate  to  k  a  part  of  its  motion :  History, 
and  he  thence  shows  that  the  question  is  reduced  to  ^ 
finding,  in  the  first  place,  tho  velocity  of  the  fluid 
immediately  along  the  surface  of  the  body,  which  he 
determines  by  two  different  methods.  This  velocity 
being  found,  we  have  the  formulee  for  the  pressure  or 
the  resistance;  but  the  calculation  is  very  complicated, 
and  of  no  use  in  its  general  state.  In  modifying  it^ 
and  relaxing  a  little  from  mathematical  rigour,  D*Alem- 
bert  found  that  the  perpendicular  action  of  the  fluid 
against  the  plane,  is  a  little  less  than  the  weight  of 
the  cylinder  which  has  for  its  base  the  area  of  the  vein, 
and  for  its  height  double  the  altitude  due  to  the 
velocity  with  which  it  impinges.  This  answers  very 
nearly  to  the  result  of  experiments,  for  water  confined 
in  its  course ;  but  not  for  the  resistance  of  fluids  of  in- 
definite breadth  and  depth.  Euler  also  attempted  an  in- 
vestigation of  this  problem,  and  admitted,  ¥rith  D'Alem- 
bert,  that  the  resistance  of  the  fluid  is  due  to  its 
pressure:  his  solution  is  much  more  concise  than 
lyAlembert's,  but  it  is,  like  that,  insufficient  to  meet 
the  general  question. 

All  the  theories  to  which  we  have  hitherto  adverted,  Bossnt. 
can  only  be  considered  as  so  many  ingenious  analytical 
speculations,  founded  on  hypotheses  more  or  less  ad^ 
missible ;  but  it  is  obvious  that  the  only  sure  grounds, 
on  which  to  rest  a  practical  theory,  or  such  an  one  as 
may  be  employed  with  confidence  by  engineers,  are  to 
be  obtained  by  means  of  certain  experimental  data :  a 
well  conducted  coutse  of  experiments  was  accordingly 
began  by  Bossut  in  1766,  and  continued  by  him  after-* 
wuds  for  many  years.  This  labour,  which  embraces 
very  nearly  every  part  of  practical  Hydraulics,  is  given 
in  considerable  detail  in  the  different  editions  of  that 
author's  **  Traite  dHydrodynamique,"  to  which  we 
shall  have  frequent  occasion  to  advert  in  the  following 
treatise.  Du  Buat  also,  in  1786,  published  an  excel- 
lent work  on  the  "  Principes  Hydrauliques,"  in  which 
we  find  a  great  number  of  experiments  and  theoretic 
views  of  the  various  paits  of  this  science. 

When  we  contemplate  the  great  diversity  of  subjects 
to  which  the  theory  of  Hydrodynamics  becomes  appli- 
cable, it  will  be  readily  admitted  that  it  is  impossible, 
within  the  limits  of  this  historical  sketch,  to  enter  upon 
even  a  mere  enumeration  of  all  that  has  been  written 
in  connection  with  the  application  of  this  science.  Wc 
must,  therefore,  select  such  as  appear  to  be  of  the 
greatest  importance,  and  this  will  immediately  direct 
us  to  the  action  of  fluids  on  a  ship  floating  on  the 
ocean ;  a  subject  of  universal  utility,  and  one  where 
human  ingenuity  stands  in  continual  need  of  the  rules 
and  assistance  of  science. 

So  early  as  in  the  year  1689,  M.  Renau  undertook  Equilibrium. 
to  submit  the  motion  of  a  ship  to  calculation,  in  a^^^^^^^"& 
work  entitled  "  Tlieorie  de  la  Manoeuvre  du  Vaisseau.'* 
One  of  his  principal  propositions  in  this  work  was,  that 
if  a  ship  be  urged  at  the  same  time  by  the  action  of  two 
sails  perpendicular  to  each  other,  and  that  we  represent 
these  forces  by  the  two  contiguous  sides  of  a  parallelo- 
gram, constructed  on  their  directions;  the  ship  will 
experience  from  the  water,  a  resistance  represented  by 
the  diagonal  of  the  figure.  Huygens  observed,  that 
this  proposition  would  be  true,  if  the  resistance  of  the 
water  were  simply  as  the  velocity,  but  that  it  was  false 
on  the  hypothesis  that  the  resistance  is  as  the  square 
d  th«  vcjoeity,  which  isi  eitber  nearly  or  exactly,  can- 
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meter  and  sagacity  of  a  mathematical  philosopher, 
attentive  to  the  process  of  nature,  and  accustomed  to 
follow  her  steps.  Calculation  was  always  to  him  an 
iriftlrument  of  necessiiy,  and  not  a  vain  exhibition  of 
analytical  formwlse,  difticult  to  follow,  and  still  more 
dirticult  to  comprehend  and  apply. 

Notwithstandinj^^  the  success  of  this  work,  John 
Bernoulli,  the  father  of  Daniel,  and  Maclaorin,  judg- 
ing that  the  principle  of  the  conservation  of  the  living 
forces,  however  true  in  itself,  on^ht  not  to  l>e  imme- 
diately employed  in  the  determination  of  the  motion 
of  flu  iris,  each  resolved  the  same  problem  by  new 
methods  (and  each  diH'erently  from  the  other),  which 
ihey  reo^arded  as  more  direct  und  more  intimately  con- 
nected with  the  pure  principles  of  Mechanics.  Their 
results  were  in  most  respects  conformable  to  those  of 
Daniel  Bernoulli;  and  it  is  but  justice  to  state,  that 
their  solutions  display  great  talent  and  ina;eniuty :  at 
the  same  time,  we  cannot  deny  that  they  are  involved 
in  some  obscurity,  and  depend  upon  many  doubtful 
and  precarious  suppositions.  The  llydrauliqiic  of  John 
Bernoulli,  is  printed  in  vol.  iv.  of  his  works,  and  in 
the  Memoirs  of  the  Academy  of  St.  Petersburgh  for 
the  years  1737  and  1738 ;  and  the  theory  of  Maclaurin 
forms  a  part  of  his  Treatise  of  Fluxions, 

D*Alembert»  after  havinp:  s:iven  an  almost  entirely  new 
character  to  the  science  of  Dynamics,  by  means  of  the 
principle  of  which  Newton  and  James  Bernoulli  had 
given  the  first  ideas,  applied  it,  wieh  the  same  success, 
to  the  motion  of  fluids.  His  work  on  this  subject,  *'  Traite 
fie  rEqniUbre  et  du  Moavement  des  Fluid es/*  was  pnh- 
lished  in  1744,  Here,  in  the  problem  relative  to  the 
spouting:  of  fluids^  and  the  discharge  of  vessels,  he 
makes  the  same  suppositions  as  w*e  stated  in  speakinj^ 
of  Daniel  Bernoulh :  but  this  is  all  that  is  common  to 
the  two  methods,  D'Alemljert  considers  the  motion  of 
each  lamina  as  composed,  at  every  instant,  of  two  mo- 
tions :  viz,  that  which  it  had  the  moment  preceding^,  and 
the  motion  lost;  and  thus  establishes  with  simplicity 
and  elegance  the  conditions  of  equilibrium  between  the 
motions  lost ;  and,  consequently,  the  resulting  equa- 
tions make  known  the  motion  that  is  preserved,  and 
all  the  circumstances  attending^  the  flow  from  the  ori- 
fice. He  likewise  solved  various  problems  that  had 
never  been  btfore  attempted, 

Notwithstandinc^  the  facilities  that  the  author  thus  in* 
troduced  into  the  science  of  Hydraulics,  he  was  still  not 
satisfied  with  the  hypothesis  on  which  he  had  rested 
the  basis  of  his  calculus,  and  he  theni'tbre  endeavoured 
to  establish  his  equations  on  other  principles,  derivable 
immedialely  Jrom  the  first  laws  of  Hydrostatics;  \'vi. 
\&i.  that  a  rectan^ilar  canal,  taken  at  pleasure,  in  a  fluid 
mass,  in  equiltbrio,  is  itself  also  in  equilibrio  ;  and,  2d, 
that  a  portion  of  fluid,  in  passine:  from  one  place  to  ano- 
ther, preserves  its  volume,  when  the  fluid  is  incompres- 
sible, or  dilates  itself  according  to  a  u:iven  law,  when  the 
fluid  is  elastic:  so  that  in  both  cases  the  mass  remains  the 
same,  Tliis  new  solution  was  pulilished  in  his  *'  Essai  sur 
la  Resistance  des  Fluides,"  in  1753;  and  be  afterwards 
entered  into  a  fartlier  developement  of  his  principles  in 
several  volumes  of  his  **  Opuscules  Maihematiques/' 

We  have  as  yet  said  notliing:  of  the  works  of  the 
celebrated  Euler,  who,  during^  the  same  period,  was 
Huploying  himself  in  reducinpf  the  science  of  Hydrau* 
lies  (o  i^eueral  formulae  and  equations ;  and  who  ulti- 
mately |>roduced  on  this  subject  one  of  those  ele^nt 


pnnci- 
of  any 
to  its 


analytical    exhibitions   of  result  which  have  always 
distin^iished   the  works  of  this  great  master.     His 
first  solution,  or  rather  his  j^eneral  theory,  was  pub- 
lished in  the  Memoirs  of  Berlin,  and  he  afterwards 
extended  and  perfected   it,    in   several  papers  which 
appeared  in  the  /Ic^n  Ptfropofitnnfi,  The  science  of  Hy- 
drostatics is  there  presented  under  an  entirely  new  form,  \ 
with  its  application   to  various  novel   and   interesting 
problems-      The    theory   of  the   motion  of  ffui<ls    is 
all  comprised    in   two  diflferential    equations    of  the 
second  order ;  the  author  applies  the  general 
pies  to  the  discharge  of  water  throup^h  orifices 
magnitude,   to  the  ascent  of  water  in  pumps, 
coulee  in  the  tubes  of  a  conduit,  both  of  constant  and 
variable  diameters,  &c.     He  also  treats  of  the  motion 
of  elastic  fluids  ;  and  that  of  the  air  in  particular  gives 
rise  to  certain  formulte  relative  to  the  propa^tion  of 
sound,  and  to  the  manner  in  which  sound  is  produced 
in  the  lubes  of  an  orj;;an,  in  the  flute »  &^c, 

La^rancre  ^ave  also  a  learned  memoir  on  the  motion  Lagfli 
of  fluitls,  in  which  he  proposed  to  diminish  the  difficul- 
ties that  have  retarded  the  prog^ress  of  this  theory,  and 
which  have  obliejed  mathematicians  to  employ,  even  in 
the  mottt  simple  problems,  indirect  methods  of  doubtful 
and  uncertain  suppositions.  It  must  be  acknowledged, 
however,  that  the  author  failed  of  accomplishing  what 
he  had  attempted,  at  least  if  we  reg-ard  the  practical 
application  of  his  results. 

Hitherto  we  have  considered  simply  th^  circnm-  Pera 
stances  attending  the  motion  of  a  fluid  ;  it  remains  for  of  flul 
us  to  ofler  a  few  observations  relative  to  the  percussion 
of  a  fluid  in  motion  against  a  solid  body,  or  the  re- 
sistance which  a  solid  body  experiences  when  moving 
in  such  a  medium.  A  very  simple  idea,  and  in  part 
correct,  which  mathematicians  first  formed,  was  to  re- 
p^ard  a  fluid  in  motion  as  an  infinite  number  of  parallel 
filaments,  which  gave  each  its  respective  blow  to  the 
solid  body,  without  being:  affected  by  the  adjacent 
filaments.  Hence  they  found,  1st,  that  in  the  per|>en- 
dicular  impact  of  a  fluid  against  a  plane,  or  of  a  plane 
against  a  fluid,  the  percussion  or  the  resistnnce,  is  aj-ri 
the  product  of  the  plane  by  the  rlensity  of  the  fluid,i 
and  by  the  square  of  the  velocity  with  w*hich  the  per" 
cussion  is  made ;  2nd,  that  in  an  oblique  impact,  th^ 
percussion  which  results  from  it,  perpendicular  to  the 
plane,  is  as  the  product  of  the  phine,  by  tlie  density  of 
the  fluid,  the  square  of  the  sine  of  the  antrle  of  inci- 
dence, and  the  square  of  velocity.  Nothing  can  be 
desired  more  simple  tbaii  this  theory;  and  it  answers 
very  nearly  to  the  result  of  experiment  as  far  as  re- 
gards the  direct  impact ;  but  it  becomes  more  and 
more  defective  as  the  ant^le  of  incidence  is  diminished » 
so  as  to  fail  almost  entirely  w*hcn  that  angle  is  less 
than  45^. 

This  defect  has  led  many  mathematiciani  to  attempt 
the  introduction  of  other   theoritfS,  or  to  modify  that 
of  which  we  have  been  sjH^akinjs;',  so  as  to  render  it 
applicable  to  those  cases  where  we  h^vt  seen  it  is  h 
surtleient. 

Newton,    in     his    Pnncipia^   treated    the  'question  Ni 
of  the  resistance  of  fluids  under  diflerent  points    of 
view,    accordina:    to     their    nature,     or    the     media 
in  which  the  bodies  moved.     He  supposed  at  fin^t 
rare  medium,  composed  of  equal   particles,    kept 
equal  distances  from  each  other,  so  that  each  particle 
might  be  supposed  to  ^ve  its  jespective  blow  wjlhoui 
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lintr.  nr  being  impeded  by  the  others,  which  is  in 
v\  Uie  prt'cedin^  theory.     He  then  found 
thai  t  Mnce  of  a  2;lolje,  is  only  halfthut  which  is 

due  to  its  circiirascrihinj^  cylinder,  moving  perpendicu- 
larly lo  its  end ;  and  he  afterwards  soiieht  the  absolute 
reststAsice  of  the    sphere,  supposinj^,  either  thit  the 
ides  of  the  Huid  arc  perfectly  elaslic*  or  that  they 
entirely  divested  of  their  elasticity.     In  the  first 
he  found  that  the  resistance  of  the  globe  is  to 
r  force  with  which  its  total  motion  might  be  produced, 
~eisiroycd,  in    the  time  that  it   would   employ    to 
.  UTcr  two- till rds  of  its  diameter  with  an  uniform 
as  the  density  of  the  medium  to  the  density 
obe;  in  the  second  case,  the   resistance    is 
above.     This   theory,   however,   is  evidently 
:.  icahle  to  continuous  and  dense  fluids^  such  as 

water,  mercury,  oil,  ^ic*;  the  author  therefore  gave 
aikother  theor>'  for  fluids  of  this  kind,  in  which  the  globe 
does  not  immediately  strike  all  the  resisting^  particles 
of  the  rtiaid,  but  merely  communicate  to  the  particles  in 
cofititct  with  itself^  and  those  near  them,  a  pressure 
ijriiich  is  transmitted  by  degrees  to  those  more  remote, 
'ing  lo  this  new  theory,  founded  on  various  pro- 
Editions,  which  we  cannot  enter  upon  in  this  place,  the 
»i5tance  of  the  globe  is  the  same  as  that  of  its 
[iicnbing  cylinder,  a  result  which  is  contradicted 
Kpennunt;  and  whence  WLMuay  conclude,  that  this 
BtmeT  of  considering  continuous  fluids,  is  not  con- 
forfimble  to  their  physical  constitution. 

l>aniel  Bernonllj,  in  the  eitrhth  volume  of  the  Ac  fa 
PriPikpoiitana,  proposes  a  method  for  detenninint^  the 
petpeodkular  force  of  impact  of  a  Hu  id  vein  spouting  from 
Ul  Oftlice  against  a  pi an€^  He  obs»^rves,  that  supposing 
th*  plane  of  a  certain  extent,  the  threads  of  which  the 
fM  is  composed  will  terminate  by  curving  themselves, 
Mbwin^  directions  paralltl  Lo  the  same  plane  ;  and  he 
r9|Wd»  tiie  curve  described  by  each  thread,  as  a  canal, 
in  which  a  body  moves,  and  which  consequently  ex- 
ptitknces  at  each  point  the  action  of  a  centriliigal 
loroe;  the  author  mort^over  supposes  these  snhmitted 
to  a  lane^ential  force,  variable  according  to  any  law ;  he 
Caleci)at€S  the  effect  of  all  these  forces,  and  tinds  that 
tbiTB  result  from  them,  parallel  to  tlie  axis  of  the 
wn.  or  ^*»r^»endicular  to  the  plane,  an  impulsion  equal 
of  the  cylindfT  of  the  flu  id,  which  has 
li^  section  of  the  vein  before  the  threads 
i  ^  i:  M  curve,  and  for  its  height,  double  the  height 
tju  !i  ^Ue  velocity  of  the  fluid;  which  is  very  nearly 
conformable  to  experiment.  It  nmst  be  observed, 
]  I  rri^^r  that  this  method  is  rather  distinguishable  for 
luitT  than  for  its  utility,  being  extremely 
UX...VT...  ui  its  applicatjon, 

D'Aiembert,  in  his  **  Esai  sur  la  resistance  des 
fluid es,"  which  appeared  in  1752,  determined  the  law 
iti  the  resistance  of  fluids,  by  those  of  thrir  equi- 
Itbnum.  He  supposed  at  first,  a  body  kept  at  rest 
from  «nme  fxteri or  cause,  in  the  midst  of  a  fluid  which 
'  e.     The  ihrrads  at  the  meeting  of 

I jiselves  in  diiferent  directions  :  and 
II  uf  tlie  duid  which  covers  the  anterior  part 
Iv  i^,  to  a  certain  degree,  in  a  state  of  stag- 
nation,     f  >r  then  observes,  that  the  pressure 
tlt^^•^^n]  \r                 '■;.  or  the  resistance  that  it  opposes 
iticles^  is  produced  by  the  loss 
--  -,r..^,.y  „...-   .  ,*..  .  particles  have  experi?.-nced,  for 
<^  kKHly  only  acu  on  anoUier  no  far  as  it  communis 


cates  or  tends  to  communicate  to  k  &  part  of  its  motion :  niaiorv 
and  he  thence  shows  tliat  the  question  is  reduced  to' 
finding;',  in  the  first  phxce,  th^-  velocity  of  the  fluid 
innnediately  along  the  surface  of  the  body,  which  he 
determines  by  two  ditferent  mtthods.  This  velocity 
being  found,  we  have  the  fonuultp  for  the  pressure  or 
the  resistance;  but  the  calculation  is  very  complicated, 
and  of  no  use  in  its  general  state.  In  modifying  it, 
and  relaxing  a  little  from  tnatht  matical  rigour,  D'Alem- 
bert  found  that  the  perpendicular  action  of  the  fluid 
against  the  plane,  is  a  little  less  than  the  weight  of 
the  cylinder  which  has  for  its  base  the  area  of  the  vein, 
and  for  its  height  double  the  altitude  due  to  the 
velocity  with  which  it  impinges.  This  answers  very 
nearly  to  the  result  of  experiments,  for  water  conflncd 
in  its  course ;  but  not  for  the  resistance  of  fluids  of  in- 
definite breadth  and  depth.  Euler  also  attempted  an  in- 
vestigation of  this  problem,  and  admitted,  witli  D'Alem- 
bert,  that  the  resistance  of  the  fluid  is  due  to  its 
pressure:  his  solution  is  much  more  concise  than 
D'A  1  ember t'g,  but  it  is>  like  that,  insufficient  to  meet 
the  general  question* 

All  the  theories  to  which  we  have  hitherto  adverted,  Bosfnt. 
can  only  be  considered  as  so  many  ingenious  analytical 
speculations,  founded  on  hypotheses  more  or  less  ad- 
missible;  but  it  is  obvious  that  the  only  sure  grounds, 
on  which  to  rest  a  practical  theory,  or  such  an  one  as 
may  be  employed  with  confidence  by  engineers,  are  to 
be  obtained  by  means  of  certain  experimental  data  :  a 
well  conducted  coutse  of  experiments  was  accordingly 
began  by  Bossut  in  J  766,  and  continued  by  him  after- 
wards for  many  years.  This  labour,  which  embraces 
ver\'  nearly  every  part  of  practical  Hydraulics,  is  given 
in  considerable  detad  in  the  diflerent  editions  of  that 
authors  *'  Traite  d^llydrodynamique,''  lo  which  we 
shall  have  frequent  occasion  to  advert  in  the  following 
ti'catise.  Du  Buat  also,  in  1786,  published  an  exceU 
lent  work  on  the  **  Principes  Hydrauliques,"  in  which 
we  find  a  great  number  of  experiments  and  theoretic 
views  of  the  various  par*a  of  this  science. 

When  we  contemplate  the  great  diversity  of  subjectft 
to  which  the  theory  of  Hydrodynamics  becomea  appli* 
cable,  it  will  be  readily  admitted  that  it  is  impossible, 
w^ithin  the  limits  of  this  historical  sketch,  to  enter  upon 
even  a  mere  enumeration  of  all  that  has  been  written 
in  connection  with  the  application  of  this  science*  We 
must,  therefore,  select  such  as  appear  to  be  of  the 
greatest  importance,  and  this  will  immediately  direct 
us  to  the  action  of  fluids  on  a  ship  floating  on  the 
ocean;  a  subject  of  universal  utility,  and  one  where 
human  ingenuity  stands  in  continual  need  of  the  rules 
and  assistance  of  science. 

So  early  as  in  the  year  1689,  M,  Renau  undertook  l^nilibnum. 
to  submit  the  motion  of  a  ship  to  calculation,  in  a  ^^  ijoming 
work  entitled  **  Theorio  de  la  Manonnvre  du  Vaisseau,"  "***^**^** 
One  of  his  principal  propositions  in  tins  work  was,  that 
if  a  ship  be  urged  at  the  same  time  by  the  action  of  two 
sails  perpendicular  to  each  other,  and  timt  we  represent 
these  forces  by  the  two  contiguous  slides  of  a  parallelo- 
gram, cojistructed  on  their  dti-ections;    the  ship  will 
experience  from  the  water,  a  resistance  represented  by 
the  diagonal  of  the  figure.     Huygens  observed,  that 
this  proposition  would  be  true,   if  the  resistance  of  the 
water  were  sin>ply  as  the  velocity,  but  Uiat  it  was  false 
on  the  hypothesis  that  the  rc8i:^tance  is  as  the  square 
ol  the  velocity,  which  is,  either  uearly  or  exactly,  con- 
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fbnnable  to  die  operations  of  nature.  In  fact,  according 
to  this  hypothesis,  the  resistance  which  die  water 
'  opposes  to  the  action  of  the  two  sails,  being  as  the 
square  of  the  velocity,  it  is  necessary,  first,  to  construct 
a  parallelogram  to  represent  the  two  velocities  which 
the  two  Bails  impress  separately  on  the  vessel,  and  then 
to  construct  a  second  parallelogram,  such,  that  its 
sides  having  still  the  same  direction  as  tliose  of  the 
first,  may  be  proportional  to  their  squares :  then  the 
diagonal  of  this  second  parallelogram  will  be  that  which 
expresses  the  compound  resistance ;  and  the  velocity 
of  the  ship,  directed  according  to  this  diagonal,  will  be 
proportional  to  its  square  root.  Renau,  however,  would 
not  be  convinced  by  this  argument,  but  persisted  in  his 
error,  till  John  Bernoulli  published  his  ''  Essai  sur  la 
ManoBuvre  des  Vaisseaux,"  in  1714;  this  put  the 
question  beyond  the  reach  of  argumentation  by  com- 
pletely exposing  the  inaccuracies  to  which  we  have 
alluded,  and  others  of  a  much  more  important  nature. 
But  in  the  first  attempts  at  the  solution  of  this  pro- 
blem, mathematicians  had  too  little  considered  the 
essential  conditions  of  the  equilibrum  of  vessels ;  and 
more  recent  authors  have  therefore  been  obliged  to 
retrace  the  steps  of  their  predecessors,  and  in  some 
measure  to  establish  a  new  foundation  of  naval 
science. 

It  has  been  known,  since  the  time  of  Archimedes,  that 
for  a  solid  body,  floating  on  a  fluid,  to  remain  in  equi- 
Ubrio,  it  is  necessary,  Ist,  that  its  absolute  weight,  and 
that  of  the  fluid  which  it  displaces,  be  equal  to  each 
other ;  2nd,  that  the  centre  of  gravity  of  the  body,  and 
that  of  the  volume  of  fluid  displaced  by  it,  be  in  the  same 
vertical  line.  But  this  is  not  sufficient  to  constitute  a 
solid  and  permanent  equilibrium.  Daniel  Bernoulli 
shows,  that  in  having  regard  to  the  different  situations 
which  the  centres  of  gravity  may  have  on  the  vertical 
line,  there  exists  several  states  of  equilibrium  more 
or  less  permanent.  When  the  centre  of  gravity  of 
tbe  system  of  all  the  materials  which  compose  the 
entire  weight  of  the  vessel,  is  placed  below  the  centre 
of  gravity  of  the  immersed  part,  the  equilibrium  is 
always  firm  or  permanent,  and  will,  if  deranged  by  any 
external  force,  have  a  tendency  to  re-establish  itself; 
and  the  ship  will  retura  with  so  much  the  more  energy 
to  its  first  situation,  according  as  its  centre  of  gravity  is 
placed  lower  ;  but  when  the  two  centres  of  gravity 
coincide,  or  when  that  of  the  vessel  is  higher  than  that 
of  the  displaced  fluid,  the  equilibrium  is  unstable,  and 
more  and  more  so  as  the  distance  between  the  two 
centres  augments.  The  same  author  also  gave  for- 
ttrate  for  valuing  the  stability  of  the  ship  in  all  cases. 
It  appears  that  Euler  had,  on  his  part,  at  the  same 
time  come  to  similar  results,  which  are  illustrated 
and  demonstrated  in  his  elegant  Scicntia  Naralisy 
1749. 

In  1746,  Bouguer  published  his  "  Trait6  du  Navire,' 
and  explained  the  same  theory  in  a  new  and  very 
simple  manner.  He  shows,  under  the  appellation  of  the 
meia-centre,  the  limits  below  which  the  centre  of  gravity 
of  the  whole  weight  of  the  vessel,  and  its  load,  ought 
to  be  placed ;  he  examines  the  best  position  for  the 
masts;  the  extent  that  ought  to  be  given  to  the  sails, 
and  the  divers  motions  of  the  seeling  of  the  ship,  &c. 
which  may  take  place  in  consequence  of  a  change  in 
the  position  of  the  centre  velique,  that  is  to  say,  of  the 
point  in  which  we  may  conceive  to  be  applied   the 


resultant  of  all  the  efforts  of  the  wind  on  the  differeiit  hs 
points  of  the  sail,  and  the  vertical  drawn  through  the  "^ 
centre  of  gravity  of  the  total  load  of  the  vessel. 

Another  work,  by  the  same  author,  in  which  he  treats 
this  subject  at  length,  *<  La  Manoeuvre  -des  Vaisseaux,* 
was  published  in  1757 ;  but  there  is  unfortunatelvinliifl 
researches  this  radical  defect,  that  they  .are  for  the 
greater  part  founded  upon  the  common  theory  of  the 
resistance  of  fluids ;  ajid  therefore  can  only  be  employed 
under  certain  restrictions  and  limitations. 

It  remains  for  us  to  add  to  the  above  sketch  of  the  I'ap 
progress  of  this  science,  some  account  of  a  paper  lately  ^'^^ 
presented  to  the  Institute  of  France,  by  M.  C.  Dupin, 
author  of  a  valuable  work,  entitled  ^'  Developpementi 
de  Geometrie,"  as  also  of  various  memoirs  which  have 
been  presented  to,  and  approved  of  by  the  above 
learned  body.  The  memoir  to  which  we  now  refer  m 
entitled  *'  De  la  Stabilite  des  Corps  Flottana,"  and  » 
intended  to  form  a  leading  article  of  the  second  volome 
of  the  work  above  referred  to.  We  know  nothing  oB 
this  theory,  except  throagh  the  report  of  M.  M.  &ub6 
and  Poinsot;  but  they  have  entered  sufficiently  nt 
length  into  its  merits,  and  into  an  illustration  of  its 
object  and  of  the  authors  mode  of  operation,  to  enable 
us  to  judge  of  its  importance,  and  to  lead  us  to  regret 
that  it  has  not  yet  been  presented  to  the  public. 

M.  Dupin  appears,  by  this  report,  to  have  taken 
an  entire  new  view  of  this  interesting  branch  of  Hydros 
statics ;  or  at  least  he  has  (as  Lagrange  formerly 
observed  with  respect  to  another  production  of  this 
author)  ''  found  the  secret  of  making  new  and  in- 
teresting  observations  on  a  subject  which  seemed  to 
be  exhausted.**  His  method  of  investigation  is  entirdy 
different  from  those  of  Bouguer  and  Euler;  the  geometiy 
that  he  employs  was  unknown  in  tlieir  time ;  and  this 
new  instrument  has  led  him  to  new  and  important  le- 
sults.  He  considers,  under  one  general  point  of  ymr^ 
all  the  positions  that  a  body  can  take,  while  floating  en 
the  same  fluid ;  its  weight  and  form  being  supposed 
constant.  That  part  of  a  floating  body  which  is  im* 
mersed  in  the  fluid,  is  termed  by  French  authors  the 
carhie ;  and  as  we  are  not  aware  of  any  equivalent 
Englisii  word,  we  shall  adopt  the  above  term  in  the 
following  brief  illustration  of  the  principles  of  osr 
author. 

We  know,  that  in  order  that  a  floating  body  may  be  in 
equilibrio,  it  is  necessary  that  its  centre  of  gravity  ^lonld 
be  in  the  same  vertical  as  the  centre  of  volume  of  ite 
car^e ;  this  carene  being  terminated  at  the  level  <rf 
the  fluid  by  a  horizontal  plane,  which  is  called  the 
plane  of  floatation.  But  the  weight  of  the  body  being 
supposed  constant,  the  mass  or  volume  of  the  carina 
is  so  likewise.  If,  therefore,  by  changes  in  the  interior 
of  the  body,  we  cause  its  centre  of  gravity  to  take 
every  possible  position,  without  in  any  respect  changing 
its  exterior  form;  we  shall  find,  for  the  different 
states  of  the  same  body,  an  infmite  number  of  planes  of 
floatation;  each  of  these  carenes  has  its  centre  of 
volume  in  a  particular  point ;  and  consequently  there 
are  an  infinite  number  of  centres  of  carene ;  these  poinlv 
together  form  a  surface,  which  the  author  denominatee 
the  surface  of  the  centres  of  carine.  All  the  planes  of 
floatation  are  tangents  to  another  surface,  wblch,  uMt 
reference  to  these  planes,  is  of  the  same  kmd  as  tiiDse 
which  M.  Monge,  in  his  Descriptive  Geometry  (the 
parent  of  the  theory  of  M.  Dupin),  denominates  £mce* 
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-  hppety  and  which  therefore  the  latter  caHs  la  surface  en- 

zeioppc  desjhttauiotu. 
"^  Preceding  authors  have  not  generalized  their  views 
to  the  same  extent :  these  suiiaces  have  never  pre- 
sented themselves  to  their  imagination ;  and  it  is  this 
new  view  of  the  subject  that  has  led  M.  Dupin  to 
geieral  theorems,  comprising  all  that  was  before  known 
OQ  this  subject,  with  many  new  and  highly  interesting 
itsuhs.  We  hope  to  see  the  theory,  at  no  very  distant 
peiiod,  presented  to  the  pubhc  by  the  author,  who  will 
not,  we  should  imagine,  wait  for  its  appearance  in  the 
voliiBcs  of  "  Memoires  des  Etranges  Savans,"*  where 
it  k  onlered  to  be  published  by  the  committee  of  the 
Institute. 

In  the  above  historical  sketch,  we  have  confined  our  re- 
marks principally  to  these  authors  who  have  made  some 
decided  change  in  the  theory  of  Hydrodynamics ;  but, 
besides  these,  many  other  writers  are  deserving  our 
tttention,  either  for  the  new  light  that  they  have  thrown 
mxm  the  most  abstruse  parts  of  this  science,  or  for 
their  experiments,  from  which  many  valuable  data  have 
been  derived.    Of  these,  Atwood,  to  whom  we  owe  an 
iDgeaious  paper  on  tlie  stability  of  floating  'bodies, 
polished  in  the  Philosophical  Transactions  for  1769, 
V  worthy  of  particular  notice.     Dr.  T.  Young  has  also 
given  several  interesting  particulars  relative  to  diflerent 
bnnches  of  Hydraulics,  both  in  his  Natural  Philosophy 
and  in  the  Philosophical  Transactions ;  where  also,  in 
1795,  was  published  an  elaborate  paper  by  professor 
TiBce :  but  as  we  shall  have  frequent  occasion,  in  the 
oouse  of  the  following  treatise,  to  refer  to  tlic  works 
of  these  authors,  it  would  be  superfluous  to  enter  mi- 
Btttely  into  a  description  of  them  in  this  place, 
f*^'*  '  H.  Hachctte,  lately  one  of  the  professors  in  the 
^      Polytechnic  School ,  and  author  of  a  Treatise  on  Mecha- 
flies^  has  recently  presented  to  the  French  National 
bsdtute  a  memoir,  detailing  the  resuhs  of  a  very  inte- 
Nitiiig  course  of  experiments  on  the  spouting  of  fluids, 
IDd  the  discharge  of  vessels  ;  the  prmcipal  objects  of 
vbich  were,  first,  to  measure  the  contraction  of  the  vein 
of  fluid  proceeding  from  a  narrow  aperture ;  secondly, 
to  examme  the  singular  phenomena  which  take  place 
vbfin  small  cylindrical  or  concave  pipes  are  added ; 
Hd,  thirdly,  to  examine  and  describe  the  figure  of  the 
Alii  vein,  and  the  variations  occasioned  by  the  different 
bms  of  the  orifice.     The  second  part  of  this  memoir 
nbles  to  a  class  of  very  curious  phenomena  attending 
Ae  discharge  of  fluids,  viz.  the  greater  or  less  quantities 
jidded  in  the  same   time  through  tubes  of  different 
iprety  the  apertures  in  all  having  the  same  dimen- 
■flOt.    Bossut  has  shown  that  a  short  additional  cylin- 
fc  tube  will  yield  a   greater  quantity  of  fluid  in  a 

Ktime  than  a  simple  orifice  of  the  same  diameter, 
i  ratio  of  13  to  10;  other  experimentalists  have 
Aotn  that  tubes  of  a  conical  figure  will  give  more  than 
Acjfinder  of  the  same  exterior  orifice;  and  Venturi 
mrs  that  the  discharge  may  be  increased  in  the  ratio 
tfUto  10.  To  these  M.  Hachette  has  added  many 
otter  carious  and  interesting  results.  To  tliis  author 
He  ihall  also  have  occasion  to  refer,  in  the  experimental 
firt  of  our  treatise.  We  may  add  to  the  above,  the 
■•mi  of  Dr.  Matthew  Young,  who  has  an  interesting 
stide  on  this  subject  in  vol.  vii.  of  the  Transactions 
^  Ae  Irish  Academy ;  Mr.  Eytelwein  Handbuch, 
^  He^anik  und  der  Hydraulik ;  Ventruri^   on  the 


lateral  Communication  of  Motion  in  Fluids;  George 
Juan,  Examen  Maritimo,  a  Spanish  woric,  published  in 
1771;  Bossut,  **  Traite  Theorique  et  Experimental' 
d'Hydrodynamique :"  Poisson,  "  Trait6s  Hydrostatiquc 
et  Hydrodynamique,"  contained  in  that  author  s  *'  Traite 
de  Mecanique  :*  Prony,  "  Architecture  Hydraulique :" 
Gregory's  •*  Treatise  of  Mechanics,"  and  most  of  the 
other  works  to  which  we  haye  referred  under  the 
article  Mechanics. 

Hydrostatics. 

\  I.     Definitions, 

1.  Hydrostatics,  is  that  branch  of  Hydrodynamics 

which   relates    to   the   equilibrium    and  pressure    ofDcrmltioxw. 
fhiids. 

AJluid  is  a  mass  of  material  points  which  yield  to 
the  least  effort  that  is  made  to  separate  them,  the  one 
from  the  other.  The  fluids  which  nature  presents  to 
us,  approach,  more  or  less,  to  this  state  of  perfect 
fluidity ;  but  there  are  many  of  them  also  which  possess 
a  certain  quality  of  adherence,  commonly  expressed 
by  the  term  viscosity  or  tenacity  ;  and  the  greater  this 
quality,  the  less  perfect  the  state  of  fluidity ;  because 
this  opposes  itself  to  the  separation  of  the  particlesr 
from  each  other :  but,  in  what  follows,  we  shall  make 
abstraction  of  tliis  adherence,  and  consider  only  perfect 
fluids. 

Amongst  what  are  called  perfect  fluids,  we  distin- 
guish two  distinct  species:  the  one  compremble^  as 
water,  and  all  liquids.  These  may  take  an  infhiite 
number  of  diflerent  figures,  but  under  all  these  forms 
they  preserve  always  the  same  space ;  at  least  their 
compressibility  is  so  small  under  the  greatest  pressure, 
that  we  may  consider  it  as  nothing,  without  giving  rise 
to  any  sensible  error.  Fluids  of  the  second  species 
comprehend  the  air,  gasses  and  vapours ;  these  are 
compressible,  and  possess  a  perfect  elasticity,  so  that 
they  may  change  at  the  same  time  both  their  form  and 
volume  by  compression,  but  will  return  again  to  their 
original  state  as  soon  as  that  compression  is  removed. 
Vapours  difler  from  the  air,  and  the  permanent  gasses, 
in  this,  that  they  lose  their  character  of  elastic  fluids, 
and  are  reduced  into  liquids,  when  compressed  to  a 
certain  degree,or  when  their  temperature  is  diminished; 
while  the  air  and  the  gasses  always  preserve  this 
characteristic,  whatever  may  be  the  temperature  and 
the  pressure  to  which  they  are  submitted. 

2.  We  have  observed  above,  that  water  is  incom-  No  fluid 
prcssible,  or,  at  least,  that  it  possesses  this  property  perfectly 
in  a  very  high  degree  :  it  may  not,  however,  be  amiss  '^^I^^P"^'- 
to  enter  a  little  more  particularly  into  this  question, 

and  to  explain  the  nature  of  the  experiments  by  which 
it  has  been  shown  to  yield  to  a  superincumbent  pres- 
sure. 

The  idea  of  the  total  incompressibility  of  water  was 
founded  chiefly,  if  not  entirely,  upon  a  gross  and  in- 
adequate experiment  made  by  the  Acadniii  del  Cimento, 
at  Florence,  commonly  denominated  the  F/urenfine  ex» 
periment ;  in  which,  water,  when  violently  pressed^ 
made  its  way  through  the  fine  pores  of  a  globe  of  gold, 
rather  than  yield  to  compression :  but  it  is  obvious  that 
such  an  ex  periment  was  wholly  insufficient  todemonstrate 
the  absolute  incompressibility  of  water ;  it  only  proved 
that  fluid,  if  at  all  compressible,  was  so  in  a  very  slight 
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degree,  because  tberc  were  no  means  of  ascertaining 
whether  the  quantity  of  uratcr  forced  into  and  through 
the  pores  of  the  goloi,  was  exactly  equal  to  the  change 
which  had  taken  place  in  the  internal  dimensions  of 
the  globe. 

This  experiment,  however,  gross  as  it  was,  had 
generally  been  considered  as  conclusive,  till  Mr.  Canton, 
upon  an  attentive  consideration  of  it,  found  that  it  was 
not  sufficiently  accurate  to  justify  the  conclusion  that 
had  always  been  drawn  from  it.  In  order,  therefore, 
to  bring  the  matter  to  a  more  accurate  and  decisive 
trial,  he  procured  a  small  class  tube,  about  two  feet 
long,  with  a  ball  at  one  end,  of  an  inch  and  a  quarter 
diameter.  Having  filled  the  ball,  and  part  of  the  tube, 
with  mercury,  and  brought  it  exactly  to  the  temperature 
of  50®  by  the  Fahrenheit's  thermometer,  he  marked  the 
place  where  tlie  mercury  stood  in  the  tube,  which 
was  about  6^  inches  above  the  ball ;  he  raised  the 
mercury  by  heat  to  the  top  of  the  tube,  and  then  sealed 
it  hermetically ;  and,  upon  reducing  the  mercury  to 
the  same  temperature  as  before,  it  stood  in  the  tube 
•32,  or  nearly  one-third  of  an  inch  higher  than  tlic 
mark.  The  same  experiment  was  repeated  on  water 
exhausted  of  air,  instead  of  the  mercury,  and  the  water 
stood  in  the  tube  -43  of  an  inch  above  the  mark. 
Since  tlie  weight  of  the  atmosphere  on  tlie  outside 
will  compress  the  ball,  without  any  counterbalance 
from  within,  and  equally  raise  both  the  mercury  and 
water,  it  appears  that  water  will  expand  about  •!!  of 
an  inch  more  than  the  mercury,  by  removing  the  weight 
of  the  atmosphere. 

Having  thus  shown  that  water  is  compressible,  he 
proceeded  to  estimate  the  degree  of  compression,  cor- 
responding to  any  given  weight ;  with  which  view  he 
prei^ared  another  ball,  witli  a  tube  joined  to  it ;  and 
finding  that  the  mercury  in  '23  of  an  inch  of  tlie  tube 
was  the  hundred  thousandth  part  of  that  contained  in 
the  ball,  he  divided  the  tube  accordingly.  He  then 
filled  the  ball,  and  part  of  the  tube,  with  water,  ex- 
hausted of  air ;  and  leaving  the  tube  open,  placed  his 
apparatus  under  the  receiver  of  an  air  pump,  and 
observed  the  degree  of  expansion  of  the  water,  answering 
to  any  degree  of  rarefaction  of  the  air;  and  again,  by 
putting  it  into  the  glass  receiver  of  a  condensing 
machine,  he  noted  the  degree  of  compression  of  Uic 
water,  corresponding  to  any  degree  of  condensation  of 
the  air.  He  thus  found,  by  repeated  trials,  that  in  a 
temperature  ot  50°,  and  when  the  mercury  was  at  its 
mean  heighth  in  the  barometer,  the  water  expands  one 
part  in  21740,  and  is  as  much  compressed  with  the 
weight  of  an  additional  atmosphere ;  or  the  compression 
of  water,  by  twice  the  weight  of  the  atmosphere,  is  one 
part  in  10870  of  its  whole  bulk.  Seeing  that  it  might 
be  objected,  that  tlie  compression  of  the  water  was 
owing  to  the  air  which  it  might  be  supposed  to  contain, 
he  observes,  that  more  air  would  render  it  more  com- 
pressible :  and  he  therefore  let  into  the  ball,  a  bubble 
of  air,  but  found  that  the  water  was  not  more  com- 
pressed with  the  same  weight  than  before. 

In  some  farther  experiments  of  the  same  kind,  he 
found,  that  water  is  more  compressible  in  winter,  than 
in  summer ;  but  he  observed  the  contrary  in  spirits  of 
wine  and  oil  of  olive. 

Tlie  following  table  was  formed  when  the  barometer 
was  at  29^  inches,  and  the  thermometer  at  50  degrees. 


Compreuian  if  MUiUnUh  parti,  Spec.gruv.  t 

Spirits  of  wine 66 846  « 

Oil  of  olive 48 918         ^-^ 

Rain  water 46 1000 

Sea  water  40 1028 

Mercury 3 13595 

See  Philosophical  Transactions  for  1762  and  1764. 
It  appears,  therefore,  that  the  distinction  Uiat  it 
made  between  incompressible  and  compressible  fluiUiiy 
is  not,  strictly  speaking,  correct.  Nevertheless,  since 
the  compression  of  the  liquids,  as  appears  from  the 
preceding  table,  is  rrry  smaii,  compared  with  their  maas. 
It  may  be  neglected  in  all  practical  cases,  without  the 
danger  of  committing  any  sensible  error. 

§  II.  CharacterUiic  property  of^uids. 

3.  The  fundamental  and  characteristic  property  of  Fob 
fluids,  which  distinguishes  them  from  solids,  and  which  i^ei 
serves  as  the  basis  of  the  theory  of  their  equilibrinm  V^ 
and  motion,  is  the  faculty  that  they  possess  of  trans- 
mitting equally  and  in  all  directions  any  pressures 
exerted  on  their  surface.  We  admit  this  property,  as  a 
fact  established  by  experiment,  and  universally  as- 
sented to  by  philosophers;  and  it  is  the  only  hypothesis 
which  is  nccessar\'  to  introduce,  in  order  to  establish 
the  entire  tlicory  of  Hydrostatics,  or  that  branch  of 
Hydrodynamics,   which'  treats  of  the  equilibrium  of 
fluids. 

In  order  to  illustrate  this  hypothesis,  let  us  take  the 
case  of  perfectly  incompressible  fluids.  Let  BE  (fi^,  1,  pig 
Hydrostatics)  represent  a  prismatic  vessel,  fixed, 
with  its  base  horizontal,  and  filled  to  a  certain  height 
BC,  with  any  liquid,  as  water,  for  example;  and  con- 
ceive this  water  to  be  covered  by  a  piston  CD,  which 
exactly  fits  the  vessel ;  and,  for  the  sake  of  simplifica- 
tion, let  us  make  abstraction  of  the  weight  of  the  water, 
that  is,  let  us  conceive  that  the  water  itself  exercises 
no  pressure  on  the  sides  of  the  vessel;  and, finally,  let 
us  suppose  the  weight  of  the  piston,  or  the  force  with 
which  it  is  urged,  to  be  denoted  by  a  given  weight  P. 
It  is  obvious  that  the  horizontal  base  of  the  prism  is 
pressed  in  the  same  manner  as  if  the  weight  P  was  ap- 
plied immediately  to  that  base  and  distributed  uniformly 
over  its  surface :  every  point  of  the  base  will  experience 
vertical  pressures  equal  to  each  other ;  and,  therefore, 
the  pressure  on  any  given  portion  a  of  the  base  will  be 
proportional  to  a,  and  will  be  equivalent  to  a  vertical 
force  applied  to  the  centre  of  gravity  of  the  area  ff,  and 

equal  to  —  ,  A  being  the  area  of  the  entire  base. 

Now  the  principle  of  the  cquaUty  of  pressure  in  aU 
(Urtctions  consists  in  this,  that  the  pressure  which  the 
weight  P  exercises  at  the  upper  surface  of  the  water^ 
is  transmitted  by  the  intermediate  fluid,  not  only  to  the 
base  of  the  vessel,  but  also  to  every  point  in  its  other 
faces,  in  a  direction  perpendicular  to  those  faces ;  so 
that  any  area  a,  taken  in  one  of  the  lateral  sides  of 

the  prism,  will  experience  the  same  pressure,  —  ,  at 

A 

if  it  formed  part  of  its  horizontal  base. 

Generally,  let  us  suppose  that  the  vessel  have  the 
form  of  any  polyedron,  as  (fig.  2),  which  we  shall  sup*  ^( 
pose   closed  on  all  sides,  and  exactly  filled  witli  a 
liquid;  without  weight.    Now,  let  us  remove  one  of  the 
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My-  faces,  &s  ACD^of  tlic  polyedron,  and  replace  it  by  a 
piston ;  now  conceive  a  given  force  P  to  be  applied  to 
this  piston  perpendicularly  to  the  surface  of  the  ad- 
jacent liquid.  The  fluid  will  not  be  put  in  motion  by 
this  force ;  and,  according  to  our  principle,  the  pressure 
which  it  exercises  on  the  surface  where  it  is  in 
contact,  is  transmitted,  through  the  medium  of  the 
fluid,  to  all  the  faces  of  the  vessel.  Every  point  of 
the  polyedron,  comprising  amongst  them  the  f\\ce  of 
the  piston,  will  be  equally  pressed  from  the  inside  to 
the  ontside,  in  directions  perpendicular  to  each  re- 
spective face ;  and  if  we  suppose  an  area  ff,  taken  in 
any  one  of  those  sides,  or  in  the  surface  of  the  piston, 

its  pressure  will  be  a  force  perpendicular  to  its  face, 

p 
api^ed  at  ito  centre  of  gravity,  and  equal  to  -^ ,  A 

being  the  entire  area  of  the  piston. 

^  This  result  is  easily  extended  to  the  case  where  the 
sides  of  the  vessels  are  curve  surfaces,  continued  or 
discontinued ;  it  is  sufficient,  in  such  cases,  to  decom- 
pose these  surfaces  into  indefinitely  small  elements, 
which  may  be  considered  as  the  plane  faces  of  a 
pdlyedron  of  an  infinite  number  of  faces ;  and  if  we 
denote  the  area  of  one  of  these  areas  by  W,  we  shall  have 

PW 

-J—  for  the  pressure  which  it  experiences  ;  A  being 

dwtys  taken  to  denote  the  area  of  the  piston,  and  P 
the  perpendicular  force  applied  to  it. 

If  we  denote  by  p  the  constant  pressure  which  an 
wea  of  the  plane  has  to  support,  that  is  considered  as 
tke  unit  of  surface,  it  is  evident  that  we  shall  have 
p 
ir^pl  then p  w  will  be  the  pressure  on  the  element 

«,  tiid  j»  a  the  pressure  on  the  surface  a. 

4.  When  the  liquid  contained  in  the  vessel  is  sup- 

poied  to  possess  weight,  it  transmits  the  pressures 

mlied  at  its  surface  in  the  same  manner  as  when 

ml  of  gravity ;  but  in  this  case  it  exercises  also  on 

tbe  udes  of  the  vessel  another  pressure,  namely,  that 

due  to  its  own  weight.     It  is  the  same  with  regard  to 

^fiaid  in  equilibrio,  of  which  the  particles  are  solicited 

bj  given  accelerating  forces,  and  which  is  contained  in 

%  Tessel  shut  on  all  sides.     If  the  faces  of  this  vessel 

^re  necessarily  in  equilibrio,  so  that  we  cannot  make 

<ta  opening  without  the  liquid  escaping,  we  mustcon- 

^dc  that  these  faces   experience    at  each  point   a 

perpendicular  pressure,  within  and  without,    in   the 

direction  of  the  normal  to  the  surface  of  the  vessel :  for 

^tis  only  in  this  direction  that  a  surface  can  receive  a 

piessiire,  and  destroy  it  by  its  resistance. 

It  follows,  from  what  has  been  stated  above,  relative 
^tkc  replacing  of  one  of  the  sides  of  the  vessel  (fig.  2) 
tsT  a  piston,  that  if  we  make  a  second  opening,  and  to 
'toil  apply 'another  piston,  which  is  acted  upon  by  a  force 
^  there  will  be  an  equilibrium  when  the  force  Q  is  to 
^  force  P,  as  the  area  of  the  second  piston  is  to  that 
^the  first;  for  the  pressure  of  each  point  of  the  piston 
I  will  be  transmitcd  to  each  point  of  the  piston  Q, 
^  reciprocally  each  point  of  the  piston  Q  will  be 
^lUsmitted  to  each  point  of  the  piston  P ;  whence 
"^iicie  partial  pressures,  which  are  opposite  to  each 
JJther,  will  be  in  equilibrio  when  they  are  equal ;  that 
^h  when  the  pressure  on  each  piston  is  proportional  to 
^e  area  of  tne  fluid  with  which  it  comes  in  contact. 
Il  win  be- the  same  for  any  greater  number  of  open- 
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ings.     Whatever  may  be  their  number,  if  we  apply  to    iivdro. 
each  of  them  a  piston  which  is  urged  by  a  power  pro-     fcUiici. 
portional  to  its  surface,  all  these  powers  will  mutually  "--^*v-^^ 
counterbalance  each  other,  so  that  no  one  of  them  will 
be  able  to  preponderate  and  raise  another. 

5.  If  we  imagine  the  surface  of  a  fluid  mass  Propobition. 
EFHO  (fig.  3),  not  heavy,  and  perfectly  free,  to  be  Fik  3 
parted  into  an  infinite  number  of  elements  A,  B,  C,  D, 
and  that  to  each  of  these  elements  pistons  were  ap- 
plied perpendicularly  to  the  surface,  and  acted  upon 
by  powers  proportional  to  their  bases;  all  these 
powers  will  be  in  equilibrio;  so  that  the  particles  of 
the  fluid  will  remain  at  rest,  and  the  entire  mass  will 
have  no  motion,  either  of  rotation  or  translation. 

In  order  to  demonstrate  this  proposition  in  a  com- 
plete and  rigorous  manner,  we  must  first  show,  that 

If  the  sides  of  an  inflexible  polygon  ABCDE  (fig.  4)  UmmtL  i. 
be  acted  upon  perpendicularly  at  their  middle  points  pj-  ^ 
by  the  powers  P,  Q,  R,  &c.  proportional  to  these  sides, 
and  all  directed,  either  from  the  inside  to  the  outside, 
or  from  the  outside 'to  the  inside ;  these  several  powers 
will  all  be  in  equilibrio. 

Draw  the  diagonals  AC,  AD ;  it  is  demonstrated 
(art.  25,  Statics)  that  when  two  forces  meet  in  a  point, 
their  resultant  must  necessarily  pass  through  the  same 
point;  and  the  three  forces  may  be  represented  by  the 
sides  of  a  triangle  perpendicular,  each  respectively  to 
the  three  proposed  forces.   Thus  the  two  forces,  P  and 
Q,  being  perpendicular,  and  proportional  to  the  sides 
AB,  BC  of  the  triangle  ABC,  have  for  their  resultant  a 
force  (which  we  may  call  X)  perpendicular  and  propor- 
tional to  the  side  AC  of  the  same  triangle.    Moreover, 
the  force  X  is  perpendicular  to  the  middle  of  AC,  for 
it  necessarily  passes  through  the  point  of  meetino*  a, 
of  the  two  component  forces  P  and  Q  ;  which  point  is 
evidently  the  centre  of  the  circle  circumscribing  the 
triangle  ABC;  whence  it  follows,  that  Uie  force  X  is 
perpendicular  to,  and  at  the  middle  of  the  side  AC. 
We  may  demonstrate  in  the  same  manner,  tliat  the 
two  forces  X  and  R,  meeting  at  the  point  6,  have  for 
their   resultant  a  force  Y,  proportional  to  AD,  and 
perpendicular  to  its  middle  point;  that  the  two  forces 
Y  and  S,  meeting  in  the  point  e,  have  for  their  resultant 
a  force  Z,  proportional  to  AE,  and  perpendicular  to  its 
middle  point,  and  so  on,  if  the  polygon  had  a  greater 
number  of  sides. 

Therefore  the  powers  P,  Q,  R,  S,  have  for  their 
resultant  a  force  Z,  equal  and  directly  opposed  to  the 
last  force  T,  consequently,  the  system  of  the  forces 
P,  Q,  R,  S,  T,  is  in  equilibrio. 

The  same  demonstration  has  place,  whatever  may  be 
the  number  of  sides  of  the  polygon,  and  consequently 
it  also  obtains,  when  the  number  of  sides  become 
infinite  :  whence  we  see,  that  if  we  have  any  inflexible 
curve,  which  we  divide  into  an  infinite  number  of  ele»- 
raents,  and  that  at  the  middle  of  each  of  these  elements 
we  apply,  perpendicularly,  forces  which  arc  propor- 
tional to  them ;  these  forces  will  be  in  equilibrio. 

Let  us  now  consider  the  polygon  ABCDE'  as  a  section 
arising  from  cutting  a  right  prism  through  the  middle 
of  its  height,  and  parallel  to  its  iwo  opposite  bases; 
then  it  is  obvious  that  the  middle  of  the  sides  AB,  BC, 
&c.  are  the  same,  or  coincide  with  the  centres  of  gra- 
vity of  the  rectangular  faces  of  the  prism ;  and  if  to 
these  points  we  apply  powers  perpendicular  and  pro- 
portional to  the  faces  above  mentioned,  these  powers 
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lydrodj'  will  have  the  same  riiUos  with  each  other,  as  the  powers 
laiiiic*.  P,  Q,  R,  S*  'r*  Now  the  powers  P,  Q,  R,  S,  T,  arc 
in  equilibrio  ;  therefore  the  powers  perpendicular  to  the 
centres  of  f^avily  of  the  rectan^Iar  factjs  of  a  right 
prism,  and  proportional  to  these  faces,  are  also  in 
eqiiiUbrio, 

The  same  result  will  ht  obtained,  when  the  section 
ftnd  the  opposite  buses  of  the  prism  are  curves,  and 
when  all  the  points  of  the  rectujiji^ularfiices  of  the  body 
are  acted  upon  pci'pendiculurly  by  equal  forces. 
LemiRB?.  6,  If  at  the  point  G  (ivj;  5)/the  middle  of  the  mean 
Fig.  5.  breadth  EF  of  a  trapezium  ACDD,  there  be  applied  a 
force  ?.  perpendictiliir  and  proportional  to  its  surface ; 
tliis  force  may  he  dccotnposed  into  two  others ;  the 
one  pL-rpendicuiar  and  proportional  to  the  orthogonal 
projectiun  A  e  d  B  of  tliti  tia|>eziumt  antl  the  other  p^r- 
pendieuliir  iind  proportional  to  the  rectiiub^Ie  LEMNFK, 
which  is  perpt'ndicidar  to  the  two  parallel  planes  Acd  B, 
MCDX,  bv  which  it  is  terminated. 

Draw  throug:h  the  direction  of  the  power  P^  and 
perpendicularly  to  the  parallel  rij^ht  lines  AB,  CD,  c^/, 
LK,  EF,  MN\  the  plane  STR,  which  will  consequently 
be  perpendicular  to  the  four  planes  ACDB,  Ac(/B, 
CUdc,  LMNK;  resolve  the  force  P  into  two  others, 
V  and  H,  directed  in  the  plane  SRT ;  the  first  V,  perpen- 
diculfir  to  ST,  and  the  second  H,  perpendicular  to  RT. 
This  bcinjaf  done,  the  three  forces  P,  V,  and  II,  bein^^ 
perpendiculars  to  the  three  sides  of  the  triangle  R,  S,  T, 
we  shall  have 

P  :  V  :  H  ::  SR  :  ST  :  RT  orl^lL; 
or,  multiplying^  the  several  consequents  by  tlio  equal 
lines  EF,  LK,  we  have 

P  :  V  :  H  ::  SR  x  FE  :  8T  x  LK  :  ML  x  LK, 
::     ACDB      :     AidM     :    LMNK. 

Now,  the  direction  of  the  force  V  is  perpendicular 
to  Acf/B,  and  that  of  the  force  il  is  perpendicular  to 
LMNK,  because  they  are  in  a  plane  SR1\  perpendicular 
to  the  two  piiuies  Aci/B,  LMNK;  and,  moreover,  the 
first  is  perpendicular  to  ST,  and  the  second  to  RT, 
which  is  parallel  to  the  rit^ht  lines  LM,  KN;  whence 
the  truth  of  the  proposition  is  manifest;  that  iSj  we 
have  resolved  the  force  P  into  two  other  forces,  the 
one  perpendiciihir  and  proportional  to  tlie  projection 
AcdB,  and  the  other  perpendicular  and  proportional 
to  the  plane  LKMN. 

We  may  remsuk  here,  tliat  if  the  height  SR  of  the 
trapezium  ACDB  be  inftnitxdy  small,  the  point  G  will 
be  its  centre  of  gitivity;  the  point  g  situated  on  tlie 
line  GV,  will  be  tlie  centre  of  fi^ravity  of  the  [jrojection 
Ac(/B;  and  as  the  point  G  ia  always  the  centre  of 
j^ravity  of  the  reetansrle  LMNK,  it  follows,  that  if  to 
the  centre  of  gravity  of  die  infinitely  small  trapezium, 
a  perpendicular  force  be  applied  proportional  to  its 
surface,  that  force  may  be  decomposed  into  two  others, 
of  which  tfie  first  is  perpendicnlar  to  the  centre  of 
gravity,  and  proportional  to  the  surface  of  the  U'a- 
pezium  of  projection ;  and  the  second,  perpendicular 
to  the  centre  of  gravity,  and  proportional  to  the  sur- 
face of  a  rectangle,  which  has  its  base  equ*il  to  the 
mean  breadth  of  the  trapezium,  and  for  its  height  the 
distance  comprised  between  the  two  parallel  planes 
drawn  through  the  parallel  and  opposite  bases,  and  on 
one  of  which  is  formed  the  orthogonal  projection  of  the 
said  trapezium. 

The  same  hypothesis  subsisting',  let  us  imag^ine  an 
infinitely  thin  sohd  lamina,  parallel  to  the  bases;  and 


the  COfiV(>\  surface  of  which  i&  ei|a|ettd  of  an  inHuite 
number  td'  trapeziums,  such  as  ^DB,  acted  upon 
perpendicidarly  by  forces  P,  all  directed  fiora  the  in- 
side to  the  outside ;  or  the  contrar)%  and  conceive  or- 
thogonal projections  of  all  these  trapeziums  to  be  made 
on  one  of  the  bases  of  the  lamina-  ,  Then  substituting, 
instead  of  the  forces  P,  the  forces  H  and  \\  we  shBtll 
find,  first  (art,  5),  that  the  forcch  H  will  proilnce  an 
equilibrium  about  the  contour  of  the  lamina;  and, 
secontily,  that  the  forces  V,  beini^  perpendicular  to  the 
centres  of  ^^ravity  of  the  trapeziums  of  projections,  and 
proportional  to  these  trapeziums,  will  have  for  their 
resultant  a  force  represented  by  the  sum  of  the  same 
trapeziums,  anrl  passing  perpendicularly  through  the 
centre  of  gravity  of  their  system. 

7.  We  may  now  proceed  to  the  demonstration  of  I>«i 
our  principal  preposition  (art,  5);  vizt  ^^ 

If  we  inue/me  the  surface  of  a  fluid  mass,  as  ^^ 
EFHO  (fig.  ;j),  not  heavy,  and  perfectly  free,  to  be  ^'i 
parted  into  an  infinite  number  of  elements  A,  B,  C,  D  ; 
and  that  to  each  of  these  elements  pistons  be  applied 
perpendicularly  to  the  surface,  and  uri^ed  with  Ibrces 
proportional  to  their  bases,  all  these  powers  will  be 
in  cquilibno ;  so  that  the  particles  of  the  Huid  will  re- 
main at  rest,  and  the  entire  mass  will  have  no  motion 
eitlter  of  rotation  or  translation. 

Let  us  inia^^ine,  first,  tl^at  the  fluid  mass  EFHO 
is  entirely  shut  in  on  all  sides,  in  a  vessel  pierced  with 
an  indefinite  number  of  holes  A,  B,  C,  D,  &c.  to  which 
pistons  are  applied  proportion.il  to  the  area  of  these 
holes.  We  have  seen  (art,  4)  thai  all  these  forces 
will  mutually  balance  each  other,  and  that  no  one  or 
more  of  the  pistons  can  prepotiderate  so  as  to  raise 
the  others  ;  whence  it  follows,  that  the  particles  of  the 
(iuid  mass  will  remain  absolutely  immoveable,  and 
consequently,  with  rei^ard  to  the  entire  mass,  it  may 
be  considered  the  same  as  if  it  formed  a  solid  body. 

In  order  to  demonstrate  that,  as  a  solid  body,  it  wiU 
have  no  motion  of  tr anslalion  ;  let  as  in  the  first  place 
conceive  tln'  body  divided  into  two  parts  by  a  plane, 
wliich  we  shall  suppose  to  be  lioii/ontaU  and  the  sec- 
tion which  it  forms  we  will  call  the  ^mntti>al  stction. 
Let  us  farther  suppose  that  each  of  the  parts  is 
divided  into  an  infinite  number  of  lamina,  by  planes 
pLirallcl  to  the  principal  section;  and  finally,  that  the 
convex  snrfacf  s  of  all  these  lamina  are  divided  each 
into  an  infinite  number  of  trapeziums,  by  vertical 
planes.  The  forces  perpendicular  to  the  centres  of 
gravity  of  the  lateral  trapeziums,  all  directed  from 
the  outside  to  the  inside,  and  proportional  to  these 
trapeziums  bein^  supposed  to  be  resolved  each  into  two 
others,  the  one  horizontvd  and  the  other  vertical, 
we  see  from  the  preceding  article,  Isl*  That  for  all 
the  lamina  wliich  compose  the  entire  body,  the  hori- 
zontal forces  are  in  cquilibrio.  *2d.  It  is  also  evident 
relative  to  die  two  parts  of  the  body,  that  the  resultant 
of  the  vertical  forces  for  the  lower  pari  is  proportional 
to  the  area  of  the  priueipa!  section,  that  it  passes  per- 
pendicularly through  its  centre  of  gravity,  acting  from 
IdcIow  upwards ;  and  that  on  the  same  principle  the 
resultant  of  the  vertical  forces  for  the  upper  part  is 
proportional  to  the  area  of  the  same  principal  section ; 
that  it  passes  perpendicularly  throug'h  its  centre  of 
gravity,  and  acts  downward  from  above :  whence  it 
follows  that  these  tivo  resultants  being  er|ual,  and  di- 
rectly opposed,  will  mutually  destroy  each  other.    And 
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Mj.  we  ba^e  showti  that  tlie  hori^ntal  force*  are  in  eqiii- 
librio ;  consequently  the  whole,  as  a  mass,  will  remain 
*  ai>8Qiutely  immoveable.    The  particles  of  the  fluid  we 
have  also  seen,  are  at  rest  with  respect  to  each  other ; 
eoDsequently 

Tke  particles  of  the  Jiuid  uill  remain  at  rest,  and  the 
wkokj  as  a  mass,  tcill  neither  take  a  motion  of  transla- 
tion nor  of  rotation,  since  all  the  forces,  both  vertical  and 
korisontaiy  are  in  perfect  equilibrio. 

§111.   On  the  equilibrium  and  pressure  of  fluids  arising 
from  their  oun  Heights. 

j^j*^  8.  We  have  already,  in  our  preceding  article,  made 
^  a  sli^t  reference  to  the  pressure  of  heavy  fluids  as^ainst 
tbe  bottom  and  sides  of  the  vessels  in  which  they  arc 
contained;  but  as  our  principal  object  has  hitherto 
been,  to  illustrate  the  manner  in  which  forces  are  trans- 
mitted from  one  part  of  a  fluid  to  another,  we  have, 
generally  speaking,  found  it  most  convenient  to  con- 
sider a  fluid  merely  as  the  agent  of  such  transmission ; 
and  have  therefore,  for  the  sake  of  simplifying:  our  in- 
vestigations, supposed  it  divested  of  its  own  natural 
weight:  it  is  obvious,  however,  that  in  all  practical 
ctses,  this  is  one  of  the  most  important  data  wc  have 
to  consider ;  and  we  propose,  therefore,  in  the  present 
section,  to  invtttigate  the  nature  and  conditions  of  the 
equilibrium  of  a  fluid,  submitted  to  the  action  of 
gravity ;  and  the  pressure  with  which  it  acts  against 
die  sides  and  bottom  of  the  vessel  where  it  is  con- 
tained. 

We  may  observe  here,  as  we  have  already  done  in 

considering  the  action  of  gravity  on  solid  bodies,  that 

«e  shall  suppose  it  a  constant  force,  and  proportional 

to  the  mass,  for  all  distances  that  difler  but  little  from 

eadi  other  with  regard  to  their  respective  distances 

from  the  centre  of  the  earth ;  and  that  the  directions 

of  gravity  in  different  parts  of  the  same  body,  which  is 

BOtof  great  extent,  are  parallel  to  each  other.     When 

any  other  hypotheses  of  gravity  become  requisite,  they 

wiU  be  specifically  stated. 

*tt«f      9.  As  we  have  restricted  ourselves  to  one  hypothesis 

L^  t«ly;  viz.  the  equality  of  pressure  in  all  directions,  it 

will  be  necessary  for  us  to  demonstrate,  what  might 

odierwise  be  admitted  as  an  experimental  fact ;  namely, 

tkat  the  surface  of  a  heavy  fluid,  perfectly  free,  when 

ia  equilibrio  in  any  vessel,  arranges  itself  in  such  a 

nanner  as  to  be  perpendicular  at  each  of  its  points  to 

tke  direction  of  gravity. 

»•*■        Let  A  m  rf  (fig.  6)  be  the  free  surface  of  the  fluid ; 

tty  particle  m  is  acted  upon  by  gravity,  accordine:  to 

tl»e  vertical  direction  m  n ;  let  this  force  be  denoted  by 

Ifce  line  m  if,  and  resolve  it  into  two  other  forces  m  p, 

•  9,  in  the  directions  of  the  two  elements  of  the  curve 

A  «  D  contiguous  to  m. 

Now,  in  order  that  the  particle  m  may  remain  in 
ttpnlibrio,  the  forces  mp,  mq,  must  be  each  equal  to 
wesc  which  the  adjacent  particles  exercise  against 
4em  in  the  opposite  directions  pm,  qm. 

These  last  forces,  from  the  principle  of  equal  pres- 
ume, must  be  equal  to  each  other ;  therefore  the  forces 
»ji,  m  q  must  also  be  equal  to  each  other;  consequently, 
tfe  direction  of  the  force  m  n  will  divide  the  angle  p  mq 
iato  two  equal  parts,  and  will  incline  no  more  to  the 
elementiNp  than  to  n  q,  or  which  is  the  same,  it  is,  at  the 
poiftt  My  ^perpendicular  to  the  curve  A  m  D;  and  as 


this  perpendicularity  of  gravity  will  equally  obtain  in     Hjdro- 
all  the  other  points  of  tli©  curve  A  m  D,  we  may  con-     sutiCT. 
elude  reciprocally,  that  the  surface  of  the  fluid  is  per-  "^-^^^^^^^ 
pendicular  in  each  of  those  points  to  the  direction  of 
gravity. 

It  follows  hence,  that  if  all  tlie  directions  of  gravity 
meet  in  a  given  point,  the  curve  A  w  D  will  be  the  arc 
of  a  circle,  or  the  surface  of  the  fluid  will  form  part  of 
a  spherical  surface,  of  which  the  centre  is  the  common 
point  of  tendency  of  all  the  particles.  When  the  di- 
mensions of  the  surface  of  the  fluid  is  very  smaii,  witli 
respect  to  the  radius  of  the  earth,  that  surface  may  be 
regarded  as  a  plane,  the  directions  of  gravity  being 
throughout  such  extent,  parallel  as  to  sense,  agree- 
ably to  tlie  supposition  (art.  8). 

10.  If  a  siphon  KMNO  (h^.  7)  of  any  fijjrure,  and  of  SipJ'.ou. 
which  the  branches  may  be  equal  or  unequal,  contain  Fig.  7  in  a. 
water,  or  any  other  heavy  fluid  ;  the  surfaces  A 15,  DE, 
of  this  fluid  in  the  two  branches  will  be  on  a  level^  or 
at  the   same  distance   from   any  common   horizontal 
plane. 

L(  t  us  imagine,  in  a  given  vessel  or  reservoir 
FGHK  {m^.  8),  a  siphon  KMNO,  perfectly  equal  to 
that  proposed  ;  and  conceive  also,  that  the  water  of  the 
Teser^•oi^,  with  the  exception  of  the  part  ABM  DEN, 
which  answers  to  the  fictitious  siphon,  becomes  solid, 
or  hard,  without  changing  cither  its  place  or  volume  ; 
then  it  is  clear  that  the  portion  of  the  water  remaining 
in  its  fluid  state,  will  be  in  the  same  state  of  com- 
pression and  of  stagnation,  as  it  was  in  before  the  other 
portion  of  it  became  hard;  and  consequently,  (he  sur- 
faces AB,  DE,  will  also  remain  horizontal.  Now  if  we 
consider  the  simple  siphon  (fig.  7),  we  shall  find  it  diifer 
in  no  respect  from  the  supposititious  one  (tig.  8) ;  and 
therefore,  we  obtain  the  same  conclusion  in  both  cases. 

It  may  be  proper  to  observe  here,  that  the  above 
proposition  falls  under  a  certain  restriction  in  the 
natural  and  physical  state  of  fluids ;  for,  in  order  that 
the  fluid  may  become  exactly  level  in  the  two  branches  of 
the  siphon,  it  is  requisite  that  they  should  both  exceed 
a  certain  dimension,  although  it  is  not  necessary  for 
them  to  be  of  equal  magnitude,  or  similar  in  form.  , 
But  when  one  of  the  branches  is  very  small,  as  for 
example,  such  tliat  its  internal  diameter  does  not 
exceed  Jth  of  an  inch,  or  thereabout,  while  that  of  the 
other  is  more  considerable ;  then  the  fluid  will  not  rise 
to  the  same  level  in  the  two  branches.  The  greater 
number  of  fluids,  as  wine,  water,  oil,  spirit  of  wine, 
&c.  rise  highest  in  the  small  branch  (which  is  called  a 
capillary  tube,  from  capillus,  a  hair)  than  in  the  larger 
one ;  while,  on  the  contrary,  mercury  will  sustain  itself 
lower  in  the  capillary  than  in  the  greater  tube.  These 
phenomena  are  due  to  a  particular  cause,  which  will 
be  examined  and  illustrated  in  its  proper  place  :  as  far 
as  we  shall  have  occasion  to  consider  this  instrument, 
we  shall  make  abstraction  of  this  case,  and  consider 
the  fluid  as  rising  to  the  same  level  in  both  branches. 

The  siphon  is  an  useful  instrument  in  various  x;3<.s  ^f  the 
branches  of  arts  and  manufactures ;  the  property  of  it  siphon, 
also,  above  investigated,  serves  to  explain  many  natural 
phenomena.  Thus,  in  sinkins:  a  well  iy  the  vicinity 
of  the  sea,  a  river,  <tc.  the  water  i«  frequently  found  to 
rise  in  the  well  to  the  same  level  with  the  water  in  the 
river  or  sea ;  and  when  these  latter  are  affected  by  the 
tides,  the  water  in  tlie  well  is  also  frequently  known  to 
ebb  and  flow  because  the  well  and  the  river,  or  principal 
z  2 
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reservoir,  may  be  regarded  as  the  two  branches  of  a 
siphon,  which  communicate  ¥nth  each  other  by  means 
of  fissures  and  openings-  in  the  interior  of  the  earth. 
In  tlie  same  manner,  the  water  that  we  draw  from  one 
point  to  another  by  a  long  tube,  as  for  example,  in 
forming  a  public  fountain,  &c.  naturally  tends  to  rise 
to  the  same  level  at  botli  extremeties  of  the  pipe ;  and 
it  would  rise  to  the  same  height,  and  remain  at  rest,  if 
the  tube  at  the  fountain  were  carried  to  the  same 
level  as  at  the  reservoir ;  but  the  former  being  always 
made  shorter  than  the  latter,  the  water  discharges  itself 
in  the  form  of  a  fountain ;  and  with  so  much  the  greater 
force  and  effect,  as  the  difference  of  level  is  greater 
between  the  two  extremities  of  tlie  conduit  pipe. 

11.  When  tlie  water  contained  in  any  vessel  ABCD 
(fig.  9),  at  rest,  is  submitted  only  to  the  action  of 
gravity,  any  particle  m  is  equally  pressed  in  all  direc- 
tions, with  a  force  equal  to  the  weight  of  the  corres- 
ponding column  0  m,  situated  vertically  above  it. 

In  the  first  place,  we  know  from  our  general  principle, 
tliat  the  particle  being  supposed  in  equilibrio,  it  is 
equally  pressed  in  all  directions ;  and  in  order  to  esti- 
mate the  quantity  of  that  pressure,  let  us  suppose  all 
the  water  in  the  vessel,  except  the  column  o  m,  to  be- 
come hard,  without  m  any  respect  changing  either  its 
form  or  volume  ;  then  it  is  obvious  that  the  particle  m 
would  still  be  in  precisely  the  same  state  as  when  all 
the  liquid  of  the  vessel  was  in  its  fluid  state.  But  in  this 
case  it  is  obvious  that  the  pressure  which  the  particle 
has  to  support,  is  equal  to  the  weight  of  the  column 
above  it,  o  m ;  consequently,  when  the  whole  is  fluid,  the 
particle  is  equally  pressed  in  all  directions,  by  a  force 
equal  to  the  weight  of  the  vertical  column  above  it. 

This  result  is  wholly  independent  of  the  form  of  the 
vessel ;  for  imagine  in  the  same  vessel,  represented  in 
fig.  10,  any  curve  F  m  QSH,  and  conceive  all  the  water 
beyond  this  curve  to  become  hard,  without  changing 
its  volume  or  form ;  then,  according  to  the  principle 
which  we  have  all  along  assumed  (viz.  that  the  state 
of  equilibrium  is  not  disturbed  by  supposing  any  part 
of  the  system  or  mass  to  become  fixed),  the  particle  m 
will  still  be  subject  to  the  same  pressure  as  before ;  that 
is,  it  will  be  equally  pressed  in  all  directions  with  a 
force  equivalent  to  a  vertical  column,  whose  height  is 
equal  to  the  perpendicular  depth  of  the  particle  below 
the  surface  of  the  fluid ;  and  it  will  obviously  be  the 
same  with  regard  to  a  vessel  of  the  form  FQSH. 

Therefore,  whatever  may  be  the  form  of  a  vessel, 
every  particle  at  the  same  perpendicular  depth  is  sub- 
ject to  the  same  pressure,  in  all  directions;  viz.  a 
pressure  equivalent  to  a  column  of  the  fluid,  equal  in 
height  to  the  depth  of  the  particle  below  the  horizontal 
surface  of  the  fluid. 

As  the  vertical  pressure  of  any  column  is  as  the 
number  of  particles  contained  in  it ;  and  as  this  number 
is  as  the  height  of  the  column  and  the  specific  gravity 
of  the  fluid,  the  base  being  supposed  indefinitely  small; 
therefore,  the  pressure  in  all  directions  varies  in  the 
same  proportion  ;  viz.  as  the  infinitely  small  base,  the 
vertical  depth,  and  the  specific  gravity  of  the  fluid. 

12.  We  have,  at  present,  only  considered  the  pres- 
sure on  any  elementary  particle  of  the  fluid :  it  remains 
now  for  us  to  connect  the  foregoing  principles  with  the 
pressure  of  fluids  on  given  bases ;  in  order  to  which,  it 
will  be  requisite  to  demonstrate  the  following  propo- 
sition. 


The  liquid  contained  in  any  vessel  ABCD  (6g.  1 1)    Hj 
being  at  rest,  and  submitted  to  the  action  of  gravity     aW 
only,  the  perpendicular  pressure  which  the  sum  of  all  ^<**^ 
the  elemental  particles  of  any  party  n  r  of  the  bottom  Fig.  1 
or  the  sides  of  the  vessel  has  to  sustain,  is  equal  to  the 
absolute  weight  of  any  column  which  has  for  its  base 
the  surface  /*«  r  of  that  base  ;   and  for  its  height,  the 
vertical  distance  GO  of  the  centre  of  gravity  G  of  the 
same  surface,  from  the  surface  AD  of  the  fluid. 

Conceive  the  surface  /'n  r,  to  be  parted  into  ftn 
indefinite  number  of  elements y^,  ^  jr,  .ry,  &c.  and 
draw  the  verticals  /V,  g  v,  x  :,  &r.  terminated  by  the 
surface  of  the  fluid.  Now  the  perpendicular  pressure, 
which  the  elements  fg,  g  r,  xy,  &c,  have  to  sustain, 
are,  by  the  last  article,  equal  to  p  .fg  ,ft^  p  .gx  .g  m^ 
p  ,xy  ,x  z^  &c. ;  p  being  assumed  to  denote  the  specific 
gravity  of  the  fluid,  zxidfgjgXy  xy,  &c.  the  indefinitely 
small  bases  of  the  columns. 

^  The  whole  pressure,  therefore,  will  be  represented  by 
P  X  {fg'f^  +  gx.gu  -\-  xy  .  xz  -k-  &c.} 

Now  if  we  consider  these  products  as  the  moments 
of  so  many  small  weights,  with  reference  to  the  surface 
of  the  fluid,  we  know  that 

fg .  ft  -\-gx.gu-\-xy.xZ'\-Sic.-=, 
the  sum  of /^  •\-  gx  ■\-  xy  -f  &c.  x  GO ;  G  denoting 
their  centre  of  gravity ;  consequently,  since 

fg  +g^  -^xy  H-  &c-  =  base/fi  r, 
we  shall  have  for  the  amount  of  the  whole  pressure, 
p  X  fnr  X  GO. 

Hence,  if  the  base  BC  (figs.  12,  13, 14)  of  a  vessel  of 
any  form,  be  horizontal,  the  pressure  which  the  bottom 
has  to  sustain  is  expressed  by 

pxBCxGO; 
p  being  the  specific  gravity  of  the  fluid ;  GO  the  ver- 
tical drawn  through  the  centre  of  gravity  of  the  base 
BC,  and  terminated  in  the  surface  of  the  fluid  produced, 
if  necessary. 

Consequently,  if  the  bases  of  vessels  be  equal, 
and  the  perpendicular  depths  of  the  fluids  contained 
in  them  equal,  as  also  the  specific  gravities  of  the 
fluidi^rthe  pressure  upon  their  bases  will  be  the  samie, 
whatever  may  be  their  forms  or  capacities.  This  is 
pleasingly  illustrated  experimentally,  by  means  of  the 
apparatus  shown  in  figs.  12,  13,  14,  15,  in  which  the  Figi. 
three  former  figs,  being  successively  applied  to  the  base  ^4,  t 
plate  BC  (fig.  15),  and  water  being  then  introduced 
into  each  by  the  pump  MN,  it  will,  when  it  rises  to  the 
same  height  in  each,  press  down  the  bottom,  which 
turns  on  a  joint  at  Q,  by  elevating  the  weight  P  in  the 
scale  S ;  which  weight,  acting  through  the  medium  of 
the  lever,  is  exactly  equal  to  the  weight  of  the  water 
contained  in  the  cylindric  column  BC  m  rt. 

It  is  obvious,  tiiat  in  consequence  of  this  [property, 
we  may  construct  vessels  so  that  the  pressure  upon 
their  bases  shall  exceed  in  any  proportion  the  weight 
of  the  fluid  which  they  contain. 

We  see,  also,  the  diflerence  which  there  may 
be  between  the  power  necessary  to  support  a  vessel, 
with  the  fluid  contained  in  it,  and  that  with  which  it 
presses  on  its  own  base.  If  the  base  BC,  of  the  vessel, 
h^  14,  were  detached  from  its  sides,  we  must,  in  order 
to  prevent  the  escape  of  the  fluid,  apply  a  force  equal 
to  the  weight  of  the  column  B  m  n  C ;  whereas  it  would 
only  require,  to  support  the  vessel,  a  weight  equal  to 
those  of  the  fluid  and  vessel :  in  the  one  case  we  have 
to  support  the  re-action  of  the  fluid  against  the  upper 
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Mjw  tufiMeof  the  vessel ;  whereas^  in  the  other  this  pressure 
mm  is  sustained  between  the  two  opposite  actions  of  the 
v^^  bottom  and  sides. 

Thns,  when  the  vessel  is  narrowest  at  bottom,  it  will 
leqaire  more  force  to  support  the  vessel,  than  to  keep 
its  bottom  from  falling ;  while,  if  the  vessel  is  broadest 
at  bottom,  it  may  be  supported  with  a  less  effort  than 
would  be  necessary  to  prevent  the  bottom  from  sepa- 
rating from  the  sides  of  the  vessel.  But  the  pressure 
of  the  fluid  on  the  bottom  of  an  upright  prismatic 
▼essel,  is  equal  to  its  weight. 

It  follows,  from  the  above  considerations,  that  the 
pressure  against  the  side  of  any  vessel  is  wholly  inde- 
pendent of  the  magnitude  of  it ;  so  that  the  walls  of  a 
reservoir,  of  moderate  extent,  have  no  greater  pressure 
to  sustain,  at  the  same  depth,  than  the  bank  of  a  large 
river,  or  even  an  embankment  against  the  sea  itself, 
the  water  being  supposed  in  a  quiescent  state ;  which 
pressure,  from  what  has  been  above  demonstrated,  is 
obviously  equal  to  the  weight  of  a  column,  whose  base 
is  equal  to  the  surface  pressed,  and  its  altitude  equal 
to  half  the  depth  of  the  fluid,  or  the  depth  of  the  centre 
of  gravity  of  the  surface  pressed  below  the  surface  of 
the  fluid.  From  the  same  principles  we  also  readily 
derive  the  following  properties  : 

1.  The  entire  lateral  pressure  of  a  vessel,  whose 
side  is  perpendicular  to  its  base,  is  equal  to  the  weight 
of  the  fluid  contained  in  a  rectangular  prism,  whose 
altitude  is  that  of  the  fluid,  and  its  base  a  parallelogram, 
one  side  of  which  is  equal  to  the  altitude  of  the  fluid, 
and  the  other  to  the  semiperimetcr  of  the  vessel. 

2.  Tlie  pressure  against  one  side  of  a  cubical  vessel, 
filled  with  a  fluid,  is  equal  to  half  the  pressure  against 
the  bottom ;  and  the  whole  pressure  against  the  sides 
and  bottom  is  equal  to  three  times  the  weight  of  the 
tttid. 

jterik     13.  Of  the  kydt^ostatic  paradox.     Upon  the  two  prin- 

^     dples  that  fluids  press  equally  in  all  directions,  and  in 

proportion  to  their  perpendicular  depths,  depends  the 

explanation  of  a  circumstance  known  by  the  appellation 

of  the  hyiirostafic  paradox  ;  which  is  this :  any  quantity 

of  water,  or  other  fluid,  however  small,  may  be  made 

to  balance  and  support  any  quantity  or  any  weight, 

however  great ;  a  circumstance  which  has  been  con- 

T€rtcd  to  a  very  useful  purpose  in  the  construction  of 

lome  machines,  particularly   in   that  of  the  Bramah 

press.     A  well  known  contrivance  to   illustrate  this 

principle,  is  the  ht/drosfatic  bellows  ;  it  consists  of  two 

1^  U    thick  boards,  EF,  CD  (fig  16),  about  sixteen  or  eighteen 

inches  diameter,   covered   or  connected  firmly   with 

pliable  leather  round  the  edges,  to  open  and  shut  like 

^mmon  bellows,  but  without  valves;  there  is  a  pipe 

^,  about   three   feet  high,    fixed   into  the   bellows 

WB.     Now  let  the  water  be  poured  into  the  pipe  at 

^and  it  will  run  into  the  bellows,  gradually  separating 

^  boards  by  raising  the  upper  one ;  then,  if  several 

^'eights,  three  hundred  weights  for  instance,  be  laid 

^pgn  the  upper  board,  the  water  being  poured  into  the 

P^  till  it  is  full,  will  sustain  all  the  weights,  though 

^  water  in  the  pipe  may  not  weigh  a  quarter  of  a 

pound ;  for  the  narrower  the  pipe  the  better,  provided 

^^if  that  it  exceeds  certain  limits,  and  that  we  make  it 

Wig  enough ;  the  proportion  being  always  this  : 

Am  the  area  of  tne  orifice,  or  section  of  the  pipe, 

To  the  area  of  the  bellows  board  EF ; 

So  is  tbe  weight  of  water  in  pipe  AG,. 


To  the  weight  it  will  sustain  on  the  board.  Hydro- 

For  the  fluid  at  B,  the  bottom  of  the  tube,  is  pressed  »tati«. 
with  a  force  varying  as  its  altitude  AB ;  and  this  pres-  ^'^''v^^ 
sure  is  communicated  horizontally  to  all  particles  in 
the  space  FE  ;  and  then  distributed  equally  throughout 
the  fluid  in  the  bellows :  consequently  the  pressure 
upwards  at  FE,  is  equal  to  the  weight  of  a  cylinder  of 
the  fluid,  whose  base  is  FE,  and  height  AB ;  whilst 
the  actual  weight  of  water  borne  up  is  only  that  of  the 
cylinder,  whose  base  is  FE,  and  height  BG :  and 
hence  no  weights  laid  on  CD,  that  do  not  exceed  the 
weight  of  a  cylinder  of  the  fluid,  whose  base  is  EF, 
and  altitude  AG,  will  disturb  the  equilibrium. 

14.  The  centre  of  pressure  is  that  point  of  a  surface  Centre  of 
pressed  by  any  fluid,  through  which  the  resultant  of  pressurt. 
all  the  individual  pressures  passes  ;  or  to  which,  if  a 

force  equal  to  the  whole  pressure  were  applied  in  a  con- 
trary direction,  it  would  keep  the  surface  at  rest. 

There  is  a  remarkable  analogy  between  the  centre 
of  pressure  of  fluids,  and  the  centre  of  percussion;  which 
may  be  stated  as  follows  : 

If  a  plane  surface,  not  horizontal,  Khich  is  pressed  bi/  a 
Jluid,  be  produced  to  the  horizontal  surface,  and  their 
common  intersection  be  made  the  axis  of  suspension,  the 
centre  of  percussion  vAll  be  the  same,  or  coincide  with,  the 
centre  of  pressure. 

Let  ABCD  (fig.  17)  be  the  horizontal  surface  of  the  Fig.  17. 
fluid  which  presses  upon  the  plane  EIF ;  produce  this 
plane  till  it  meets  the  surface  of  the  fluid  in  the  line 
MN,  and  let  O  be  the  centre  of  pressure. 

From  any  point  p,  of  the  surface  pressed,  draw  the 
vertical  p  m,  meeting  the  horizontal  surface  in  m ;  and  in; 
the  plane  BC,  draw  from  m  the  line  m  M,  perpendicular 
to  MN.  The  pressure  upon  p  (art.  12),  is  as  p  ,  pm, 
and  its  effect  to  turn  the  plane  about  MN,  is  asp/p  m. 
p  M,  by  the  nature  of  the  lever;  also  its  effect  to  turn 
the  plane  about  Nl,  is  as  p .  p  m .  MN.  In  like  manner, 
if  the  plane  EIF  be  supposed  to  revolve  about  the  axis 
MN,  and  to  strike  an  obstacle  at  O,  the  percussive 
force  of  the  particle  p,  by  which  it  endeavours  to 
move  the  plane  al>out  MN,  will  be  as  p .  p  w  .  p  M ; 
and  its  force  to  turn  the  plane  about  Nl,  will  be 
as  p  ,pM.  NM  ;  or  2ls  p  .pm  .  MN.  And  the  like 
correspondence  between  the  percussive,  and  the  pressive 
forces,  of  any  other  particles  in  the  plane  EF,  may  be 
shown  in  the  same  manner;  consequently,  the  per- 
cussive forces  of  the  whole  of  the  particles,  whereby  they 
endeavour  to  move  the  plane  in  the  two  directions, 
have  the  same  relation  as  the  forces  of  pressure;  and 
therefore,  the  centres  of  pressure  and  percussion  are 
coincident. 

Hence  the  theorem  given  for  the  centre  of  percussion 
in  (art.  1 12)  may  be  applied  to  the  determination  of  the 
centre  of  pressure  :  hence  also  appears  the  mistake  of 
those  who  assert,  that  the  centres  of  percussion,  and  of 
pressure,  do  not  coincide;  they  are  the  centres  of 
oscillation  and  of  pressure,  that  are  not  universally 
coincident. 

1 5.  In  order  to  adapt  the  general  formulee  for  the  Applicatwn* 
centre  of  percussion  to  the  instance  of  the  centre  of  of  the  above 
pressure,  it  will  be  proper  to  make  a  slight  change  in  principle, 
the  notation ;  let  it  be  the  distance  from  MN  of  any 
particle,  or  of  any  horizontal  lamina  of  the  fluid,  in 
contact  with  the  plane  EIF ;  let  /  be  the  length  of 

such  lamina^  and  d  its  depth  (being  considered  as. 
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^^^'  evanescent),  then  -will  /  rf  be  its  area ;  also  let  ^  be  the 

f  distance  of  the  centre  of  gravity  of  the  plane  EIF,  from 

the  line  MN,  where  that  pla^e  intersects  the  surface ; 

and  let  the  horizontal  distance  of  /  (/,  from  the  line  NI> 

be  denoted  by  k\  then,  with  respect  to  the  hne  MN,  the 
formula  for  the  centre  of  percussion  (art.  112)  will  become 

fldd'      EIFxa' 
and  with  respect  to  the  line  NI,  the  formula  (art.  113) 
will  be 


Examples. 


Fig.  18. 


riwdd 


or 


flHdd 


Centre  of 


fldd  EIF  X  0 

16.  We  shall  add  a  few  examples  to  illustrate  this 
formula. 

1.  Let  a  reservoir  which  contains  water,  or  any  other 
fluid,  (its  specific  gravity  being  a),  have  one  of  its  sides 
plane  and  vertical :  if  we  imagine  a  right  line  drawn 
vertically  from  this  plane,  its  length  being  X,  and  the 
distance  of  its  centre  of  gravity  from  the  surface  of 
the  fluid  £,  the  pressure  exerted  upon  this  line  will  be 
six  (art.  12).  Let  the  distance  of  the  superior  ex- 
tremity of  the  line  X  from  the  surface  of  the  fluid  be  a, 
and  make  a  +  X  =:  e ,  so  shall  e  be  the  distance  of 
the  lower  extremity  of  the  line  X,  from  the  horizontal 
surface  of  the  fluid. 

Then,  to  find  the  centre  of  pressure  of  the  line  X, 
w^  take  the  complete  fluent  of  the  expression 

ffd'd    _  2  ((f  -  <!*) 

fldd  ""  3((/»-.a»)' 
/  being  constant ;  and  when  the  variable  d  becomes  €, 
the  latter  is  then 

2(e»-o») 

3(e»~tf')' 

which  is  the  distance  of  the  centre  of  pressure  from  the 
horizontal  surface  of  the  fluid. 

When  one  extremity  of  the  line  X  coincides  with  the 
surface  of  the  fluid,  we  have  c  =  o,  and  e  =  X,  and 
the  distance  of  the  centre  pressure  becomes  f  X. 

2.  If  upon  the  vertical  line  X  we  construct  a  rect- 
angle, of  which  the  horizontal  base  is  h,  the  whole  pres- 
sure upon  it  will  he  s  h^  \,  and  the  distance  of  the 
centre  of  pressure  from  the  surface  of  the  fluid  will  be 

2  (g* fl»\ 

;---r ^,  the  same  as  we  have  found  it  above;  and 

3  (<r  —  a^) 

this  centre  must  evidently  be  found  upon  the  vertical 
line  which  divides  the  parallelogram  into  two  equal 
parts. 

If  the  upper  horizontal  side  of  the  parallelogram 
coincide  with  the  surface  of  the  fluid  (as  the  side  AB 
of  the  parallelogram  ABCD,  fig.  1 8),  its  tendency  to  turn 
about  its  base  will  be 

and  its  tendency  to  turn  about  one  of  its  vertical  sides 
will  be 

ishX^  X  ih  =  I  *A«X«; 
whence,  the  first  of  these  eflbrts  will  be  to  the  second 
as  i  sh  X'  :  J  s  h^  \%  or  as  2  X  :  3  b; 

which  reduces  to  2  :  3,  when  the  rectangle  becomes  a 
square. 

3.  To  determine  the  centre  of  pressure  of  the  triangle 


is  placed  vertically  in  a  fluid,  whose  horizontal  iarhoe     m 
isSS'i  «8 

Through  C,  the  summit  of  the  triangle,  draw  the  ^"<^^ 
vertical  line  SCP,  also  the  line  GQ  bisecting  the  base  ^^  ' 
AB,  and  any  line  TR  parallel  to  AB.  Make  CP  =  Xj 
AB  iz  ^,  CS  =  a,  SP  =  a  -f  X  =:  e,  the  distance 
of  the  horizontal  line,  in  which  lies  the  centre  of 
gravity  of  the  triangle  from  S  =:  ^  (that  i8,.if  C;  =  f 
CQ,  the  distance  between  SS',  and  g  =  i),  the  angle 
PCQ  =z  k,  SM  =  d,  TR  =z  /,  CM  =  c  =  li  —  fl.   . 

The  whole  pressure,  upon  this  triangle  will  be  repr^ 
sented  by 

s  X  i  h\  X  h  =.  ^  s  i\h; 
and  to  find  tlie  depth  of  the  centre  of  pressure  bdow 
SS',  we  must  find  the  fluent  of  the  expression 


fffPd 


r.  or 


fld'd 


ABC  X  r 

In  order  to  this,  we  have 

CP  :  AB  ::  CM  :  TR, 

or,  X  :  h  ::  c  :  Izz—id-^  a); 

A 

which, substituted  for  Im  Jl  <l^  d,  gives 


•  f{(P^ad^  d  =  —  (id'-\a(P)^Ci 


C  being  a  constant  arbitrary  oi  corection,  which  it 
determined  by  cbnsideriug  that  when  /  =:  0,  or  when 
d  z=  ay\  the  fluent  vanishes,  which  gives 

ya  «*  -  i  «')  H- C  =  0,  whenC  =  :^  a*: 

and  consequently  the  correct  fluent  is 

±(id*-iad'+  ,i^  a'). 

Hence  then  for  the  whole  triangle,  in  which  SM  S: 
SP,  or  rf  =  e,  if  we  substitute  f  for  </,  in  the  fluent, 
and  divide  by  the  denominator  |  ^  X  A  of  the  general 
expression ;  we  shall  have,  for  the  depth  of  the  centre 
of  pressure  of  the  whole  triangle, 

which  is  evidently  independent  of  the  base  h  of  the 
triangle. 

When  the  vertex  of  the  triangle  is  at  the  horizontal 
surface  of  the  fluid  e  zz  X,  a  =z  0,  3  =  §  X,  and  the 
expression  becomes  |  X. 

4.  To  determine  the  distance  of  the  centre  of  prea* 
sure  from  the  vertical  line  CP  : 

Here  we  must  take  the  formulae 
/  /  H  d  d 

fldd 
in  which  H  represents  MN  z=  c  tan  ^  =  (rf  —  a),  tank^ 

Substituting  this   value  of  H,  and  -r-  ( J  —  a)  for 

A 

!,  its  value  found  above,  we  have 
flHdd=  !L^l.f(^^  ^ad?^(^d)d::i 

i!^  (i  ,/•  -  -I  a  c?  +  J  a»  rO  +  C. 

In  this  case  also  the  fluent  vanishes,  when  €f  =:  a ; 
whence  we  have 


h  .  tan  k 


^J^l\f  ABC  (fig.  19),  whose  side  AB  is  horizontal,  andwhich  12  X 


a*  -h  C  =  o,  and  C  = 


h  tan  k 


12  X 


a^l 
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mif-  eoosequently,  the  correct  fluent  is 

Whence,  making  dzz  e,  and  dividing  by 
we  have 


tanA:  x 


icy  ' 

for  the  distance  sought. 

From  this  general  result  we  readily  deduce  the  fol- 
lowing particular  cases ;  as, 

1.  When  the  triangle  is  isosceles,  the  angle  A  z:  0, 
and  then  the  preceding  value  vanishes,  as  it  obviously 
ought  to  do ;  for  in  that  case  the  triangle  is  symmetri- 
cal with  respect  to  CP,  and  the  pressured  are  in  equi- 
librio  about  that  line. 

2.  In  tlvB  case  where  the  triangle  is  right  angled, 
and  has  its  base  or  horizontal  side  AB  =  A,  one  of  the 
ttdes  about  the  right  angle ;  that  is,  when  CA  coincides 

with  CP,  then  A  =  2  X  tan  A,  or  tan  k  zz  -tt-t-,  which 

dianges  the  expression  for  the  distance  of  the  centre  of 
piessare  from  SP,  into 

3.  Again,  when  the  vertex  of  the  triangle  is  at  tlic 
nrface  SS'  of  the  fluid,  then  we  have 

a  =  0,  c  =z  X,  ^  z:  f  X ; 
and  the  expression  becomes  ^  X  tan  A,  which  for  the 
i^t-anglea  triangle  reduces  to  ^  h, 

4.  Lastly,  when  the  triangle  has  its  vertex  at  the 
horizontal  surface  of  the  fluid,  the  tendency  to  turn 
about  the  base,  is  to  that  to  turn  about  tlie  pcrpen- 
dicalar,  let  fall  from  the  vertex  upon  the  base,  as 
I  :  3  tan  k;  and  in  case  of  the  right-angled  triangle, 
ai  2  X  :  3  h;  which,  when  the  legs  of  the  triangle  are 
qual,  reduces  to  the  ratio  of  2  ;  3,  as  in  the  case  of  the 
rectangle  and  square. 

When  C  and  AB  lie  on  different  sides  of  SS',  that 
18,  when  part  of  the  triangle  is  out  of  the  fluid,  no  other 
alteration  will  be  necessary  in  the  preceding  expres- 
ubns  than  a  change  of  the  signs  ol  the  terms  which 
contain  uneven  powers  of  a.  So  tliat  this  simple  trans- 
fonnation  will  accommodate  the  preceding  general 
theorems  to  the  case  of  trapezoids. 

It  will  be  found,  by  a  similar  investigation  to  the 
•bove,  that  if  the  radius  of  a  circle  be  r,  and  the 
'fcpth  of  its  centre  below  the  surface  of  the  fluid  ?, 
^  distance  of  the  centre  of  pressure  from  the 
''pper  surface  in  the   same  plane,    is   expressed    by 

which,  when  the  upper  part  of  the  circle 


former  be  s,  and  that  of  the  other  S :  also  through  the     llydro- 
surface  GH  draw  the  horizontal  plane  GHLOM ;  then     itotka. 
it  is  manifest  that  the  part  GHBCML  is  naturally  in  ^— ^'^"^^ 
equilibrio:    in  order,  therefore,  that  the  equilibrium 
may  exist  in  the  whole,  the  pressure  exerted  upon  GH 
by  the  fluids  contained  in  EFHG,  IKML,   must  be 
equal. 

Now  we  have  seen  that  the  former  of  these  pressures 
is   denoted   by    GH  x  FH  x  *, 
and  the  latter  by  GH  x  NO  x  S; 
we  must,  therefore,  have 

FH  X  .^  =  NO  X  S.  or 
FH  :  NO::S  :  s; 
that  isy  the  altitudes  are  reciprocally  as  the  specific  gravi- 
ties of  the  respective  Jiuids, 

Suppose,  for  example,  the  fluids  were  mercury  and 
water,  the  densities  of  which  are  as  14  :  1 ,  or  *  =  1 , 
and  S  r:  14;  and  let  it  be  required  to  determine  the 
column  of  mercury  that  will  balance  a  column  of  water 
of  32  feet : 

Here  we  have 

14  :   1  ::  32  feet  :  28  inches  nearhj. 
Consequently,  if  a  fluid,  of  which  the  specific  gravity 
is  S,  press  under  an  altitude  A,  we  may   substitute, 
instead  of  that  pressure,  the  pressure  of  another  fluid, 
whose  specific  gravity  is  «,  by  giving  to  the  latter  an 

altitude  equal . 

8 

From  the  above  we  readily  deduce  the  method  for 
determining  the  pressure  on  any  base ;  as,  for  example, 
MN  (^^,  21)  of  a  vessel  containing  horizontal  beds  or  FJg.  f  i. 
strata  of  different  fluids,  as  MNKD,  DKGC,  &c.  For, 
let  ML,  LP,  PQ,  &c.  be  the  heights  or  thicknesses  of 
the  different  strata ;  *,  s\  «",  &c.  their  specific  gravities.: 
tlie  pressure  on  the  bottom  MN,  will  be  the  same  as 
if,  in  the  place  of  the  superior  beds,  we  substituted 
others,  all  similar  to  the  lower  one  MNKD,  and  of 
which  the  respective  heights  should  be 

LP     ^'xPQ     ^''xQR 


Ah 


<^t  touches  the  surface,  becomes  ^-  r. 

l7.  When  two  fluids  of  unequal  densities  are  in- 
^■Udcd  in  a  bent  tube,  and  balance  each  other,  their 
P^tTpcndicular  altitudes,  estimated  from  a  horizontal 
W%ne  drawn  through  the  common  inirface  where  they 
*^  in  contact,  will  be  reciprocally  as  their  specific 
S^vities  or  densities. 

For,  let  ABCD  (fig.  20)  be  such  a  bent  tube,  its 
*Orin  and  dimensions  being  arbitrary ;  and  let  the 
^^Oamon  surface  of  the  fluids  be  GH ;  one  fluid  occu- 
pying the  space  EFHG,  and  the  other  the  space 
CiHBCKI.    Let  the  specific  gravity  of  the  fluid  in  the 


s  X 

S  '  8  '  H 

Consequently,  the  pressure  on  MN  =: 
*xMNx  i  ML  -h 
MN  x  {s.  ML  +  s' 


&c. 


.QR 


+  &C.)=5 

+  8".  QR  +  &c.); 


S  8 

LP  +  /.PQ 

that  is  to  say,  in  order  to  have  the  pressure  on  the 
bottom  MN,  we  must  multiply  this  base  by  the  sum 
of  the  products  of  the  heights,  and  the  specific  gpravities 
of  Uie  fluid  strata  contained  in  the  vessel. 

18.  Let  now  the  fluid  ABC  (fig.  22)  be  heavy,  and  J^«?J**J 
suppose  it  to  be  composed  of  an  infinite  number  pf  ^J,^^  ^^j 
strata  of  which  the  densities  vary  according  to  any  given  any  Uw. 
law ;  to  determine  the  pressure  that  it  exerts  against  Fi»  ^^^ 
any  point  in  the  bottom  or  sides  of  the  vessel : 

In  the  first  place,  we  may  observe,  in  order  that  there 
may  be  an  equilibrium  in  the  mass,  the  several  beds  or 
strata  ought  to  be  horizontal  of  perpendicular  to  the 
action  of  gravity.  This,  therefore,  being  supposed, 
through  the  lowest  point  B  of  the  fluid  draw  the  vertical 
BH,  and  it  is  obvious  that  the  lowest  point  B  will  have 
to  bear  the  entire  weight  of  the  column  or  line  BH,  or 
the  sum  of  the  weights  of  the  particles  B  6,  ft  c,  cdy  &c. 

Now,  if  we  denote  by  «,  s\  /,  &c.  the  densities  or 
specific  gravities  of  the  lamina  MNB,  MNQP,  PQRS, 
<&c. ;  the  weight  of  the  lines  B  ^  =  «•  B  ^;  of  6  c  =:  ^.  ^  «, 
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Eiample. 


Tig.  e3. 


oi  cd  zz   c*.  c  d,  SiC,  and  eonsequendy,  the  entire 
pressure  on  the  point  B  will  be  expressed  by 

*.  B  6  -h  *'.  6  c  -f  *^.  c  c/  -f  &c.; 
and  this  value  being  the  same  as 


*   X 


B6  -f 


6"  +      (cd    + 


{'■ 


it  follows,  that  we  may  substitute  instead  of  the  pro- 
posed fluid,  another  of  which  die  density  is  the  same 
throughout  the  whole  height  BlI. 

Draw  through  any  two  points  F,/ indefinitely  near, 
the  two  horizontal  planes  GT,  g  /,  which  determine  tlie 
limits  of  the  two  elements  on  the  sides  of  the  vessel ; 
and  it  follows,  that  each  point  of  G^,  or  of  Ft,  will 
experience  a  perpendicular  pressure  equal  to  the 
pressure  on  the  point  F ;  now  the  latter  pressure  is  the 
same  as  the  absolute  weight  of  the  vertical  line  HF ; 
and  as  by  making  HF  =:  x,  and  the  density  or  specific 
gravity  of  the  fluid  in  F  =  0,  the  weight  of  the  line 
HF  is  evidently/^  x,  it  follows  that  the  perpendicular 
pressure  excited  in  Gg  is 

Ogx/i^x; 
and  that  the  sum  of  the  pressures  against  AG  is 
f.Gg  x/fx. 

19.  Let  us  illustrate  these  results  by  the  application 
of  our  formulas  to  an  example. 

1.  Required  the  pressure  requisite  to  support  the 
horizontal  base  of  a  vessel,  or  the  pressure  it  has  to 
SHStain;  the  densities  of  the  lamina  being  to  each  other 
respectively  as  their  altitudes: 

Let  the  whole  altitude  =  a,  the  density  of  the  fluid 
at  any  point  =:  s,  x  any  variable  altitude,  and  ^  the 
corresponding  density ;  we  shall  have 

0  =  —  ,  and  hence 


^    •        nsxx       *.i* 
^        J      a  2a 


base. 


which,  when  xzza,  becomes  =  —  ; 

whence  the  pressure  on  the  base  =z  —  x 

The  same  result  is  obtainable  from  the  most  obvious 
principles  of  geometry,  by  considering  that  the  densities 
may  be  supposed  to  form  an  arithmetical  progression, 
of  which  the  first  term,  which  answers  to  the  point  H, 
is  zero,  the  last  «,  and  the  number  of  terms  =z  HB. 

2.  Let  a  vessel  be  cylindrical,  or  rectangular,  and 
let  it  be  required  to  determine  the  pressure  which  any 
given  part  of  the  side  of  the  vessel  has  to  sustain  (as 
VY,  fig.  23),  the  densities  being  proportional  to  the 
heights,  as  in  the  preceding  example. 

Let  the  whole  height  of  the  vessel  HB  (fig.  23)  =z  a, 
the  density  in  KD  iz  s,  x  and  variable  depth,  and  ^  the 
corresponding  density ;  and  we  shall  have 
s  X 


consequently. 


2  a 


/.G^./^;=/ 


2a 


it* 

Ha 


+  C. 


Mj, 


In  order  to  find  C,  we  may  observe  that  the  fluent 
ought  to  be  such  that  it  vanishes  when  x  zz  AV ;  this 
gives 

..AV^ 

^-"(rHb"' 

making,  afterwards,  x  =z  AY,  we  shall  have 

(iHB  ' 

for  the  total  value  of  the  pressure  on  VY. 

This  result,  however,  like  the  former,  may  be  obtained 
independent  of  the  fluxional  calculus,  as  the  reader  will 
immediately  perceive.  The  above  is  given  for  the  sake 
of  its  greater  generality. 

20.  The  preceding  deductions    find   on  .important  Thici: 
application  in  proportioning  the  tliicknesst'S  of  water  of  wa 
pipes,  intended  to  elevate  water,  or  atiy  other  fluid,  to  P*P»- 
different  heights ;  for  we  have  seen,  that  in  any  vessel 
containing  a  heavy  fluid,  the  parts  that  arc  deepest 
below   the   surface,    sustain    a    proportional   greater 
pressure :  we  may,  therefore,  run  into  a  superfluous 
expence,  by  giving  the  same  thickness  to  the  material 

in  every  part.  For  if  tlie  substance  be  uniformly 
thick,  andf  the  lower  parts  are  sufficiently  strong,  tiie 
upper  parts  are,  of  consequence,  much  thicker  thnn 
necessary ;  and  the  same  may  be  observed  in  the  con- 
struction of  sluice  gates,  dams,  banks,  &c.  In  all  such 
cases,  it  is  advisable  to  determine,  first,  the  adequate 
strength  to  resist  the  pressure  at  the  greatest  depth  ; 
and  to  proportion  the  dimensions  of  the  upper  parts  to- 
the  pressure  they  will  have  to  sustain. 

For  the  latter  purposes,  the  computations  are  more 
direct  than  in  the  former ;  indeed,  they  are  so  obvious, 
by  referring  to  our  chapter  on  the  resistance  ofsolith^ 
that  we  deem  it  unnecessary  to  say  more  on  the  subject 
in  this  place ;  but  with  respect  to  the  thickness  of  tubes, 
the  calculation  is  not  so  obvious :  we  shall,  therefore, 
enter  a  little  upon  this  subject  before  concluding  the- 
present  section. 

In  order  to  examine  this  question,  we  must  investi- 
gate the  relation  which  obtains  between  the  resistance 
of  a  circular  ring  of  metal  or  other  matter,  and  the 
power  tending  to  produce  a  rupture  in  it,  the  latter 
force  emanating  from  the  centre,  and  acting  all  round 
against  its  internal  surface. 

21.  It  will,  however,  be  best  to  begin  with  the  case  j^eril 
of  a  rce:ulav  polygon,  which  we  shall  suppose  flexible,  polyy 
as  ABCDEF  (fig.  24),  and  let  us  conceive  that  to  the  p-    | 
several  angles  of  it,  there  arc  applied  the  powers  or 
forces  P,  Q,  R,  &c.  directed  from  the  centre  O  to  the 
circumference;  to  determine  the  conditions  of  the  excit- 
ing forces : 

Draw  through  the  angle  whore  any  one  of  the  powers 
is  applied,  as,  for  example,  the  angle  A,  the  line  PO, 
and  take  any  part  of  it,  as  A;/,  to  represent  the  force 
P,  appUed  at  that  point,  and  construct  the  parallelo- 
gram A  J y z,  of  which  the  sides  Ax,  A z,  fall  on  the 
sides  AB,  AF,  of  the  polygon.  Now  the  power  P,  the 
tension  of  the  side  AB,  and  that  of  the  side  AF,  being 
in  equilibrio,  they  are  proportional  to  the  three  lines 
Ay»  A  2,  xify  or  (because  the  two  isosceles  triangles 
A  J- V,  AOB,  are  similar)  to  the  three  lines  AB,  OB,  OA : 
in  the  same  manner  tlie  power  Q,  the  tension  of  the 
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idy-  iidet  BC  and  BA,  are  proportional  to  the  three  lines 
*i^  BC,  OC,  and  OB ;  and  so  on  with  all  the  other  forces. 
'^^  Now  in  all  this  series  of  proportionals,  the  same 
ratio  evidently  obtains ;  for  since  the  whole  is  supposed 
in  equilibrio,  each  side  of  the  polygon  has  an  equal 
tension.  Therefore,  calling  x,  g,  h^  A-,  /,  z,  the  ten- 
sions of  the  sides  AB,  BC,  CD,  &c.  we  shall  have 
P  ;  Q  :  R,  &c.  \  x  :  g  :  h,  &c. : :  AB  :  BC  :  CD,  &c. : 
OB  :  OC  :  OD,  &c. ; 
whence  we  conclude  that,  since 

AB  =  BC  =  CD  =  ,  &c.  we  shall  have 
P  =   Q  =   R  =  ,  &c. 
Also,  because 

OB  =  OC  =:  OD  =  ,  (fee.  we  find 
j:   =:   g   =    A    zz ,  &c. 
And,  lastly,  by  a  composition  of  ratios,  we  have 
p+Q4.R^-,&c, :  j::  AB+BC  +  CD-f,&c.  :  OB; 
that  is,  when  a  polygon,  under  the  circumstance  we 
have  supposed,  is  in  equilibrio,  it  appears, 

1.  That  all  the  pouers  must  be  equal, 

2.  That  all  the  sides  of  the  Jigure  have  to  sustain  equal 
tauions. 

3.  That  the  smn  of  all  the  forces,  is  to  the  tension  of 
aof  rfthe  sides y  as  the  perimeter  of  the  polygon  is  to  the 
ndiu  of  the  circumscribing  circle. 

^      22.  The  above  principles  being  established,  it  will  be 
^^•^  easy  to  investigate  the  ratio  of  the  tensions  which  the 
lower  circumferences  of  different  cylinders  have  to  sus- 
tain, in  proportion  to  their  radii  and  altitudes,  and  the 
specific  gravity  of  the  fluids. 

L£t  C  and  c  denote  the  area  of  the  bases  of  two  cy- 
linders, which  we  shall  suppose  to  be  horizontal,  or  at 
leasty  that  every  point  of  the  base  of  each  cylinder  is 
at  equal  depths  below  the  upper  surface  of  the  fluid. 

We  have  assumed  C  and  c  to  denote  the  area  of  th6 
two  bases ;  let  also  the  radii  be  R  and  r,  the  altitudes 
H  and  k^  the  densities  S  and  j,  and  the  tension  of  the 
drcamferences  in  the  direction  of  their  tangents  T  and  t. 
It  is  evident  that  the  sum  of  tlie  pressures  acting, 
iinin  the  inside  to  the  outside,  according  to  the  direc- 
tion of  the  radii,  on  all  the  points  of  the  two  circum- 
ferences, are  proportional  to  the  products  C.H.S  and 
cJU;  and,  by  the  preceding  article,  we  have  the  two 
following  ratios 

C.H.S  :T::C:R, 
c,h>s  :  t  I',  c  :  r. 
But  C  :  c::  R  :  r; 

coniequently,  from  the  equality  of  the  ratios 

C.H.S  :  c.h.s  ::T  :  t; 
or,  substituting  R  and  r,  for  C  and  c  (the  ratio  being 
^  same),  we  obtain 

R.H.S  :  r.h.s  : :  T  :  t; 

'te  M,  the  tension  at  every  point  of  the  circumference  of 
fie  ttto  bases  J  vUl  be  directly  as  the  product  of  the  radius 
^tie  base,  the  altitudcy  and  the  specific  gravities  of  the 

Problem. 

•^  23.  To  determine  the  ratio  of  the  thicknesses  that 
^  oa|ht  to  give  to  two  cylinders,  composed  of  flexible 
"•gs,  m  order  to  resist  the  pressure  of  the  fluids  con- 
^iioedin  them. 

Ut  ns  conceive  the  two  cylinders  to  be  cut  through, 
Parallel  to  their  bases,  the  sections  of  which  are  shown 
^  fig.  25 f  and  fig.  26.    And  conceive  the  circular  rings 

VOL.  III. 


BSEy  &c.  b  scf  See,  to  be  composed  of  an  indefinite    Hydm- 
number  of  lamina,  of  which  XY  vZ,  and  xyvz,  repre-     ttatkt. 
sent  one  in  each ;  the  resistances  'which  these  oppose  ^^^^'^'^"^ 
to  rupture,  are  evidently  in  the  ratio  of  the  number  of 
such  lamina,  or  to  the  thicknesses  BS,  b  Sj  and  the 
tanacity  of  the  materials  of  which  the  tubes  or  cylinders 
are  composed. 

If  therefore  we  denote  the  resistances  which  it  is 
necessary  for  the  metal  to  oppose,  by  F  and  /,  the 
thicknesses  by  £  and  e,  the  tenacity  of  the  metal  by 
U  and  u ;  we  shall  have  F  :  /  : :  EU  :  e  u. 

Now,  in   order  that  there  may  be  an   equilibrium 

between  the  resistance  of  the  fluid  and  the  strength 

of  the  tube,  or  between  the  tension  and  resistance,  we 

must  have  T  =:  R  =  EU,  and  t  zzrzieu;  T  and  t 

denoting  the  tensions  as  determined  in  the  preceding 

article;  but  in  that  article  we  found  T  ;  ^  : :  R-H  :  r.  //, 

(supposing  the  densities  in  this  case  the  same);  therefore 

EU  :eu  ::  RH:r.  ^, 

.  ^  RH      r.  A 

and  E  :  c  : :  — --  : ; 

U  u 

that  is,  the  thickness  of  the  metal  ought  to  be  proportional 

to  the  radii  and  heights  directly^  and  as  the  tenacity  of  the 

metal  reciprocally. 

ConsequentW,  when  the  question  relates  only  to  the 
proportionate  dimension  of  the  metal  in  the  same  tube, 
the  bore  being  the  same  throughout,  we  see  that  the 
thickness  in  such  cases  ought  to  be  proportional  to  the 
depth  below  the  surface  of  the  fluid  in  the  general 
reservoir. 

24.  The  above  results  obviously  apply  only  to  the  FrKtkal 
proportional  thickness  and  resistance  of  tubes ;  in  appUcatkm. 
order  to  connect  them  with  the  determination  of  the 
actual  thickness,  according  to  the  nature  of  the  metal, 
and  the  maximum  of  pressure  to  which  tubes  and 
cylinders  are  exposed,  we  must  have  some  experiments 
on  which  to  found  onr  computation.  In  our  section  of 
Mechanics,  we  have  detailed  some  experiments,  per* 
formed  by  Mr.  Barlow,  on  the  strength  of  various  kinds 
of  iron,  and  which  we  believe  is  the  only  series  of  this 
kind  carried  on  upon  a  sufiiciently  large  scale  to 
inspire  us  witli  any  confidence  in  die  results.  The 
dreadful  consequences  that  may  attend  a  want  of  proper 
strength,  have  been  but  too  often  indicated  by  the 
fatal  accidents  that  have  taken  place  in  the  explosion 
of  the  boilers  of  certain  steam  vessels,  particularly 
that  which  happened  at  Norwich,  in  1817,  where,  we 
believe,  thirteen  persons  lost  their  lives,  and  others  were 
dreadfully  wounded  and  mangled.  It  is,  therefore, 
highly  important  for  engineers  engaged  in  tlie  con- 
struction of  such  machines,  to  examine  with  attention 
the  nature  of  the  pressure,  and  to  ascertain  the  thick- 
ness of  metal  necessary  to  resist  it ;  the  investigations 
given  above,  will  furnish  them  with  the  proportional 
dimensions,  and  the  section  to  which  we  have  referred, 
will  supply  them  with  well  established  data  for  their 
actual  thickness  for  any  given  pressure. 

With  respect  to  the  pipes  of  water  works,  &c.  the 
same  fatal  consequences  are  not  to  be  apprehended, 
as  in  the  cases  to  which  we  have  above  referred ;  -but 
in  these  it  is  highly  desirable  to  have  data,  on  which 
we  may  with  confidence,  compute  the  requisite  dimen- 
sions, so  that,  while  we  are  under  no  fear  of  the 
explosion  or  the  rupture  of  any  of  the  vessels,  we  may 
avoid  increasing  the  expences  of  the  construction^  by 
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Hydnkly-  ufliog  a  greater  4iuiitttj .  of  inetal  thaa  it  actually 
iiamict.    requisite,  to  ensure  safety. 

§  IV.  Of  the  determination  of  the  specific  gravity  of  bodies, 

Ceucral  25.  In  the  twelfth  section  of  our  article  Statics,  we 

prlucipltfs.  have  had  occasion  to  illustrate  the  term  specijic  gravity y 
and  to  show  in  what  respects  it  differs  from  the  density 
of  a  body :  it  will,  therefore,  be  unnecessary  in  this 
place  to  enter  again  upon  the  subject;  but  we  shall, 
m  the  present  article,  endeavour  to  explain  the  prin* 
qiples  on  which  the  different  methods  of  ascertaining 
Uie  specific  gravity  of  solids  and  fluids  are  founded, 
and  to  give  some  account  of  the  best  of  those  methods : 
but  previous  to  this,  it  may  be  proper  to  make  a  few 
observations  which  flow  immediately  from  the  definition 
of  specific  gravity,  and  the  nature  of  bodies  in  general. 
1.  The  magnitudes  of  two  bodies  being  equal,  their 
specific  gravities  will  have  the  same  proportion  as  their 
weights ;  and  when  the  weights  of  boaies  are  equal, 
their  specific  gravities  will  be  inversely  as  their  magni- 
tudes ;  consequently,  we  may  say  generally,  that  the 
weights  of  different  bodies  are  to  each  other  in  the 
compound  ratio  of  their  magnitudes  and  specific  gra- 
vities. 

Let  W  and  w  denote  the  weights  of  two  bodies ; 
S  and  s  their  respective  specific  gravities ; 
M  and  m  their  magnitudes  ; 
and  let  c  be  the  constant  co-efficient  which  converts 
the  preceding  proportionalities  into  equalities^  and  we 
shall  have 

W  :=  r  SM,  w  ^z  c  sm; 

W         M         S 

whence  —  zz  —  x  — . 

w         m  s 

A  warned         ^^  estimating  the  weights,  magnitudes,  and  specific 
unit».  gravity  of  substances,  some  standard  quantities  are 

always  assumed  to  which  other  bodies  are  referred; 
the  letters  w,  m,  «,  may  represent  the  standards,  and 
ieach  of  them  mieht  be  assumed  equal  to  I ;  but  such 
assumption  would  not  correspond  with  our  present 
weights  and  measures.  It  will,  therefore,  be  more 
Eligible  that  m  should  represent  some  known  magni- 
tude which  may  be  assumed  as  the  unit  of  capacity, 
as  a  cubic  inch,  or  cubic  foot,  Sec.  and  s  and  id  any 
convenient  numbers. 

We  have  shown  in  the  article  above  referred  to,  that, 
by  a  most  singular  coincidence,  the  cubic  foot  of  dis- 
tilled water,  at  the  temperature  of  39°  of  Fahrenheit's 
thermometer  (the  temperature  at  which  the  density  of 
this  fluid  is  at  its  maximum),  weighs  very  nearly  lOOOoz. 
avoirdupoisc,  differing  from  it  by  a  quantity  scarcely 
perceptible.  If,  therefore,  we  make  w  =:  1000,  m  =  1, 
and  *  =  1000,  our  preceding  equation  will  be  con- 
verted into 

W=:MS; 
that  is,  the  weight  of  any  body  in  aroirdupoise  ounces, 
will  be  expressed  by  the  product  of  the  ntimber  of  cubic 
feet  into  the  specific  of  the  body  taken  from  that  scale,  in 
which  the  specijic  gravity  of  distilled  water,  at  the  tem- 
perature of  S9^,  is  1000.     See  Statics  (art.  114). 

Various  ^^  ^^  ^^^®  unfortunately  in  this  country  a  variety 

s>»temsof   of  weights,  it  frequently  becomes  necessary  to  con- 
weight*,      vert  the  weight  of  a  body  from  one  denomination  to 
another,  and  in  particular,  from  avoirdupoise  to  troy 
weight,  and  the  contrary.     Now  a  troy  ounce  is  to  an 


oonce  avoirdupoise  in  the  ratio  of  960  to  875; 

,      1000        875         ,^„,^    ^ 
quently   j^  x  -^g^  =  -52746  of  an  ounce  troy,  or , 

253*181*  grains,  the  weight  of  a  cube  inch  of  water. 
Hence  the  magnitude  of  a  solid,  estimated  in  cubic 
W 


■I 


inches,  is  =: 


m  grains,  or  z= 


253-181  X  S 
W 


,  when  the  weight  Wis  giveA 
when  the  weight  is  in 


•52746x8 

ounces  troy  weight;  and,  conversely,  the  weight 
W  =  M  X  S  X  253-181,  when  the  magnitude  is  ex- 
pressed m  inches,  and  the  weight  in  grabs  troy;  or 
W  r:  M  X  S  X  -52746,  when  the  magnitude  is  given 
in  inches,  and  the  weight  in  troy  ounces.  In  all  these 
cases,  the  specific  gravity  being  supposed  to  be  taken 
from  that  scale  of  relation  in  which  the  specific  gravitj 
of  water  is  1000. 

From  these  equations  we  may  readily  determine,  and 
with  great  accuracy,  the  diameter  D  of  any  small 
sphere,  whose  specific  gravity  is  S',  its  weight  W  being 
known  in  grains  troy. 

For  the  content  of  a  sphere  whose  diameter  is  I, 
being  -523598,  wc  have 

1  :  -523598  ::  253-181  grains  : 
•523598  X  253-181  =  132-5648  grains,  the  weight  of 
the  sphere. 

Therefore,  since  the  weights  are  as  the  magpaitudes 
and  specific  gravities  conjointly;  and  the  magnitudes  of 
spheres  are  as  the  cubes  of  their  diameters,  we  have 
for  the  weight  W  of  the  sphere,  whose  diameter  is  D, 

W=132-5648.D'.:A.; 

and,  consequently, 


D  z:  1-961208^  — 


In  a  similar  manner,  various  other  useful  rules  and 
theorems,  applicable  to  the  measurement  of  bodies 
cither  regular  or  irregular,  may  be  easily  deduced.  The 
above,  however,  will,  it  is  presumed,  be  deemed  a 
sufficient  indication  of  the  method ;  at  the  same  time 
that  it  shows  the  importance  of  the  subject,  and  the 
necessity  of  a  cwrect  knowledge  of  the  principles  cm 
which  the  theory  is. founded. 

Proposition. 

26.  A  body,  when  immersed  in  a  fluid,  will,  when  Uft  Piop 
to  itself,  sink,  if  the  specijic  gravity  be  greater  than  that 
<f  the  fluid;  it  will  rise  to  the  surface  andjloat  there,  if 
its  specific  gravity  be  less  than  that  of  thejluid;  but  it  wUl 
remain  at  rest  in  any  position  when  the  specific  gravities  of 
the  body  andjiuid  arc  equal, 

1.  For  the  body  has  a  tendency  to  descend  by  its 
own  weight,  and  is  supported  or  resisted  by  a  force 
equivalent  to  the  weight  of  an  equal  bulk  of  the  fluids 
or  of  as  much  fluid  as  will  fill  the  space  occupied  by 
the  body.  If,  therefore,  the  body  be  heavier  than  the 
fluid,  bulk  for  bulk,  its  weight  will  be  greater  than  the 
pressure  upwards,  caused  by  the  action  or  resistance  of 
the  fluid ;  and  consequently  the  latter  pressure  is  not 
suflicient  to  prevent  the  body  from  sinking. 

*  This  exeecdsUie^Actoal  weight,  as  dGtemuQcd^froffl  experunie»t» 
b^'  '212  ol  a  grain.    Sec  uutc,  page  53. 
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Mj.  ^  t.  If  the  body  be  specifictiUy  lighter  thftn  the  fluid, 

^f   its  pressure  downwards  will  be  less  than  the  upward 

"'^^  pressure  of  the  water  at  the  same  depth ;  consequently, 

IB  IIm  greater  force  necessarily  overcomes  the  less, 

and  the  upward  pressure  is  the  greater,  the  body  will 

rise. 

3.  When  the  body  and  the    fluid  have  the  same 
specific  gravity,  equal  masses  of  each  are  of  tlie  same 
weight;  and  consequently  the  force  with  which  the 
body  endeavours  to  descend,  and  the  force  which  op- 
poses it,  are  equal  to  each  other ;  and  as  they  act  m 
oontraiy  directions,  the  body  will  rest  between  them, 
■0  as  neither  to  sink  by  its  own  weight,  nor  to  ascend 
by  die  upward  pressure  of  the  fluid. 
.  Rrom  the  above  we  readily  draw   the    following 
deducticms;  viz. 
inii      1.  If  by  any  contrivance  the  specific  gravity  of  a  body 
^^"^  can  be  so  varied,  as  to  be  at  one  time  greater^  and  at 
inolher  lets,  and  then  equal  to  the  specific  gravity  of 
the  fluid  wherein  it  is  immersed,  the  body  will  iink  or 
rue,  or  remain  at  rest,  according  to  the  variations 
caused  in  its  specific  gravity. 
This  is  the  case  in  the  experiment  with  those  little 

&  images  which  some  philosophers  exhibit  in  their 
es,  these  being  made  to  ascend  or  descend,  or 
jemain  suspended,  at  pleasure. 

2.  If  a  solid,  specifically  heavier  than  a  fluid,  be 
immersed  to  a  depm,  which  is  to  its  thickness  as  the 
raecific  gravity  of  the  solid  to  that  of  the  fluid,  and 
the  pressure  of  the  fluid  fi*om  above  be  removed,  the 
body  will  be  sustained  in  the  fluid :  for  the  pressure 
from  above  being  removed,  the  body  is  in  the  same 
state  with  respect  to  the  contrary  pressure,  as  if  the 
tame  weight  filled  the  whole  space  to  the  surface  of 
tbe  fluid ;  that  is,  as  if  its  specific  gravity  and  that  of 
flie  fluid  were  equal. 

TTus  serves  fbr  the  explanation  of  the  common  expe- 
riment of  making  lead  swim,  in  consequence  of  being 
fitted  to  the  bottom  of  a  glass  tube. 

3.  Hence,  also,  we  see  the  meaning  of  the  proposition, 
ttatall  bodies,  when  immersed  in  a  fluid,  lose  the  weight 
tf  an  equal  volume  of  that  fluid.  The  weight  is  not 
odienrise  lost  than  as  it  is  sustained  by  the  action  of 
i  contrary  force ;  and  it  therefore  becomes  obvious, 
why  the  weight  of  a  bucket  of  water  is  not  perceived 
Me  it  is  in  the  water ;  it  is  not  because  that  weight 

y  b  destroyed,  but  because  it  is  supported ;  not  because 
Uds  do  not  gravitate,  when  they  are  in  fluids  of  the 
itme  sort ;  but  because  there  is  a  pressure  in  a  con* 
tiny  direction,  which  is  precisely  equal  to  their  gravity. 
'Oat  weights  thus  lost  by  immerging  the  same  body 
io  different  fluids,  are  as  the  specific  gravities  of  the 
'lids ;  hence,  bodies  of  equal  weight,  but  of  different 
^'phune,  lose  in  the  same  fluid,  weights  which  are  re- 
^^>ocally  as  the  specific  gravities  of  the  bodies,  or 
^vQctly  as  their  volumes. 

4.  The  whole  weight  of  a  body  which  will  float  in  a 
^^  is  equal  to  the  weight  of  as  much  of  the  fluid  as 
^  immersed  part  of  the  body  displaces. 
^j5.  Hence,  the  magnitude  of  the  whole  body,  is  to 
^U  of  the  part  immersed,  as  the  specific  gravity  of  the 
'tid  to  that  of  the  body.  And  if  the  body  be  any 
I^riim,  with  its  base  kept  horizontally,  the  altitude  of 
^  prism  will  be  to  the  depth  immersed,  as  the  specific 
gravity  of  the  fluid,  to  that  of  the  body. 

6.  And  because  when  die  weight  of  a  body  taken  in 


a  fluid  is  subtracted  from  its  weight  out  of  the  flotd,     Hydro- 
the  difference  is  the  weight  of  an  equal  volume  of  the     atMioi. 
fluid ;  this,  therefore,  is  to  its  weight  in  the  air,  as  the  ^'^'  ^^ 
specific  gravity  of  the  fluid  is  to  that  of  the  body. 
Consequently,  if 

W  be  the  weight  of  a  body  in  air, 

W  its  weight  in  water,  or  any  other  fluid, 

S  the  specific  gravity  of  the  body, 

s  the  specific  gravity  of  the  fluid, 
we  shall  have 

w-  W:  w  ::  *;S; 

whence 

W 
S  =      ^     ,  «  ==  the  specific  gravity  of  the  body,  and 

t  zz  — -- — .  S  r=  the  specific  gravity  of  the  fluid; 

so  that  the  Mpecific  gravities  of  bodies  are  as  their  weights 
in  the  air  directly,  and  their  loss  in  one  and  the  same  fluid 
inversely. 

27,  Hence,  for  two  bodies  connected  together,  or  To  dcier- 
mixed  together  into  one  compound  of  difierent  specific  li'SI^^ 
eravities,  we  may  (supposing  there  is  no  penetration  of  gr«v^  of 
dimensions)  easily  deduce  the  necessary  equations.        bodiet. 

Let  the  respective  weights  and  specific  gravities  be 
denoted  thus : 

H  =  weight  of  the  heavier  body  in  air ; 

H'  =  weight  of  the  same  in  water;    . 
and  S  its  specific  gravity; 

L  =  weight  of  the  lighter  body  in  air ; 

U  =  weight  of  the  same  in  water ; 
and  S'  its  specific  gravity ; 

C  =  the  weight  of  the  compound  in  air ; 

C zz  the  weight  of  the  same  in  water; 
.    (T  =:  its  specific  gravity ;  and 

«  =  the  specific  gravity  of  water. . 

Then  (1.)    (H-HOSzsH*. 

(2.)    (L-  L')S'=L*. 
(3.)    (C —C)  (T  =  €«. 
(4.)     H  4-  L  =  C. 
(5.)     H'-f-L'  =  C'. 
H  .    L       C 


(6.) 


o        cr 


From  which  equation  any  of  the  above  quantities 
may  be  found  in  terms  of  the  others. 

When  the  lighter  body  L  is  of  less  specific  gravity 
than  the  water,  U  must  be  considered  as  negative ;  and 
to  find  its  specific  gravity,  we  must  have  recourse  to  a 
compound  mass,  as  C ;  thus,  because  from  equations 
4  and  5, 

L-UzzCC-CO-CH-HO; 

and  from  equation  2,  S'  =; p- ,  we  shall  have,  by 

substituting  for  the  latter  denominator, 

(7.)    S'=  ^' 


(C-C')-(H-H')' 
or,  if  we  deduce  the  value  of  S'  from  the  latter  equa- 
tion, we  have 

^^•^  ^-CS-^Her- 
28.  If  a  vessel  contain  two  fluids  of  unequal  density  Twoflddi. 
(such  as  water  and  mercury),  and  a  solid  of  some  in- 
termediate specific  gravity,  be  immersed  under  the  sur- 
face of  the  lighter  fluid  and  float  on  the  heavier;  the 
part  of  the  soud  unmersed  in  the  heavier  fhiid,  is  to  the 
2a2 
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Vydrody-  whole  «oUd!,  as  the  diftcrence  between  the  specific 
gravities  of  the  solid  and  the  lighter  fluids  to  the  dif- 
ference between  the  specific  grarities  of  the  two  fluids. 

The  truth  of  this  proposition  or  deduction  will  ap- 
pear immediately  from  the  following  considerations. 
Let  the  specific  gravity  of  the  heavier  fluid  be  a,  and 
that  of  the  lighter  fluid  *';  the  part  of  the  body  im- 
mersed in  the  former  ^  B,  and  the  part  immersed  in 
the  latter  zz  B';  also  the  specific  gravity  of  the  body 
itself  =S. 

Assnme  the  area  of  the  hori?,ontal  section  of  the 
solid  coinciding  with  the  contignous  surface  of  the  two 
fluids  —  A,  and  its  |>erpendicular  distance  from  the 
upper  surface  of  the  lighter  fluid  rr  ti.  Now  the  pres- 
sure on  this  area,  as  arising  from  the  lighter  fluid, 
would  be  Adi,  if  no  body  were  immersed;  but  in 
consequence  of  the  part  B'  of  the  body,  this  pressure 
is  reduced  to  (A(/— B')s';  and  the  pressure  arising 
from  the  bod;^  itself  —  (B  +  B')  S  ;  which,  added  to 
the  former,  will  ^tve  the  whole  force  by  which  the  sec- 
tion of  the  solid  is  nrged  downwards;  and  the  pressure 
upwards  against  the  sunie  section  is  Atis  ^  Bs, 

But  by  the  suppusiLion  the  body  is  sustained  in 
cquflibrio  by  the  apjiosite  action  of  these  forces,  con- 
ft^qnentlv  thcv  are  equal  to  each  other,  and  we  have 

A  d  ?  —  B'  /  ^-  (B  +  B)  S  —  A  d  /  -*-  B  a; 
whence  we  find 

BS  -h  B'S-  B%'  -hBs; 
or  B  ;  B'  ::  S  —  «  :*  —  S: 

or,  lasdy,        B  :  B  4-  B'  ::  S  —  f  :  .*  —  $*. 

The  latter  analogy  agrees  with  the  enunciation  of 
tlie  proposition ;  and  the  one  preceding  it ;  vh. 

B  t  B'  ::  S  -*':«-  S; 
may  be  expressed  in  words,  thus: 

As  the  part  of  tht  solid  uilhin  the  heaiirrjiuid,   to  the 

part  uithin  the  Itghh  r ;  $0  is  the  (iiffrrcfice  betuern  the 

jfpecijtc  gravities  of  the  softd  and  iipi^htcr  Jiuid^  to  the 

difivtnce  between    the  tspecijic  gravities    of   the   hfaxicr 

Jiuid  and  the  solid, 

Whtn  the  specific  gravity  of  the  lighter  fluid  is  very 
small  complied  with  that  of  the  heavier  or»  that   of 
the  solid,  then  we  may,  without  any  sensible  enor, 
consider  *  as  zero;  and  the  analogy  becomes 
B  :  B  +  B'  : :  S  :  J. 

Bpeciflc  The  specific  gravity  of  air  is  very  small,  in  comparison 

irmvitjr  of    n-itli  tliat  of  water;   and  hcnce^  it  is  very  commonly 
^^*  neglected  when  we  attempt  to  ascertain  the  specific 

gravity  of  a  fluid,  and  that  of  a  li|,^hter  solid  ;  the  rule 
generally  given  having  simply  a  reference  to  the  ratio 
between  the  whole  volume  and  the  part  immersed. 
Thi«  is  obviously  inaccurate*  because  the  uir  bein^  a 
Heavy  fluid,  every  solid  floating  on  a  solitl,  and  in  air, 
is,  in  fact,  a  solid  of  intermediate  specific  gravity  be- 
tween those  of  the  two  fluids ;  and  therefore  strictly 
/^  falls  under  the  case  above  investigated.  But»  as  we  have 

before  observed,  the  specific  gravity  of  air,  is  so  small, 
in  comparison  with  most  fluids  we  have  to  consider, 
tliat  it  may  (except  in  cases  where  the  ntmost  accuracy 
is  required)  be  omitted  without  producing  any  import- 
ant error;  and  it  may  be  rendered  perfectly  accurate 
by  subtracting  the  number  expressing  the  specific 
gravity  of  the  air,  from  the  two  numbers  expressing 
the  specific  gravities  of  the  solid,  and  that  of  the  fluid 
on  which  it  floats*  The  remainders  will  express  the 
ftctual  ratio  between  those  specilk  gravitiesj  and  \viJl 


then  coincide  with  our  preceding  analogy,  vlt,  we  shaU    - 
have 

B  :  BfW  ::  S-i  :  s^^, 

29.  Havifig  laid  down  the  preceding  principles,  it 
now  only  remains  to  illustrate  the  method  of  employing  »P 
them,  in  order  to  fmd,  practically,  the  specific  gravity. ' 

In  order  to  this  practical  determination,  it  is  neces- 
sary to  make  use  of  instruments  of  great  delicacy ;  thai 
is  to  say,  sucli  as  will  ascertain,  with  the  utmost  ac- 
curacy, the  quantity  aiul  variation  in  the  weights  of 
bodies.  The  most  improved  instmment  of  this  kind, 
the  hj/drosttifie  bahntr,  will  be  described  under  the 
general  term  Balance.  In  the  present  aiticle  we 
shall  suppose  the  weights  ascertained,  and  thence 
show  the  method  of  finding  the  specific  gravity  of  the 
bodies.  The  general  problem  may  be  divided  iato 
three  cases. 

1 ,  fl^hen  the  body  is  heavier  than  wittr. 

Find  the  weight  of  the  body,  both  in  the  water  and  ' 
oat  of  the  water;  and  the  difl'ercnce  of  tliese  will  ex- 
press the  weight  lost  in  water. 

Then  assuming  B  to  denote  the  weight  of  the  body 
out  of  water,  and  B'  its  weight  in  water,  S  its  specific 
gravity,  and  s  that  of  the  water ;  thtn  our  first  equa- 
tion (art.  27)  becomes,  by  changing  H  iuio  B, 

(B  -  B')S  =  B""^; 
whence 

^  B  ^  B' 

or,  converting  it  into  an  analogy, 

B- B'   ;    B  :;  *   ;   S; 
that  is^ 

As  the  uright  hst  in  waier 

Is  to  the  abmlutc  weighty 

So  is  the  sptcijic  grariti/  ofuater 

To  the  specific  gravitj/  of  the  body, 

.  2*  JVheu  the  body  w  lighter  than  XDoier, 
In  this  case,  attach  to  it  another  body  heavier  t1 
water,  and  of  such  magnitude  that  the  mass  com- 
pounded of  the  two  may  sink  together.  Weigh  the 
denser  and  the  compound  body  separately,  both  out 
of  the  water  and  in  it,  and  find  how  much  each  loses 
in  water,  by  aubtracting  its  weight  in  water  from  its 
weight  in  air;  and  subtract  the  less  of  these  remainders 
from  the  greater;  then  retaining  the  notation  in  art.  27 » 
our  equation  (7)  gives 

c>/  _  L_f_ . 

(C  -^  C)  -  (H  —  H')  • 
or,  converting  this  into  an  analogy, 

(C  _^c')-(ii-  H)  :'L  ::  *  :  S'; 

that  is. 

As  the  last  remainder  abare 
h  to  the  ueight  of  the  light  bod^  in  air. 
So  is  the  spccijic  g  rati  ft/  of  neater 
To  the  specific  gravity  of'  the  body, 

3.  Whai  the  specific  graiiti/  of  the  fiuid  is  requireil^^, 
Take  any  body  of  known  specific  gravity,  weigh  it  S{ 
both  in  the  fluid  and  out  of  it;  and  find  the  loss  of 
weight  by  taking  the  difference  of  those  two:  then  our 
equation  (1)  of  the  article  above  referred  to  becomes 
(by  changing  II  into  B), 

(B  -  B')S  =  B^; 
(B  ^  B')  S 

'  = B  — • 
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plj.     This  equation  is  immediately.  tran3formed  into  th^ 
kk   jbllowing  proportion : 

fi^  B:B-B'::  S:*; 

Ikttis, 

As  the  tocight  of  the  body  in  air 
Is  to  the  weight  lost  in  wafer^ 
So  is  the  specific  gravity  qf  the  body 
Tq  the  specific  graxity  ofthejiiiid. 

The  specific  gravities  of  fluids,  and  even  of  solid 
bodies,  may  be  also  determined  by  means  of  an  instru- 
mokt  csdled  an  hydrometer,  of  which  there  are  various 
constructions,  described  under  that  article  in  our 
alphabetical  part. 

30.  We  have  had  occasion,  in  our  historical  sketch 
efthe  science  of  Hydrostatics,  to  refer  to  a  celebrated 
incient  problem,  solved  by  Archimedes,  respecting  the 
crown  of  Hiero,  king  of  Syracuse  ;  we  may  now  enter 
more  minutely  upon  this  subject,  which  in  its  most 
general  sense  may  be  thus  enunciated. 
■A  To  find  the  respective  ueights  of  two  known  ingredients, 
*•      ti  a  given  compound. 

Adopting  the   notation  of  art.  27,  and  employing 
wr  4th  and  6th  equations,  viz. 

H  4-  L=  C 

S     "^     S'   -     (T    ' 

ire  shall  hence  find 

(^  ^  S')  S 

(S  -  S')  (T  • 
wUch  obviously    express    the    quantity   of  the   two 
ingredients,  in  terms  of  the  quantities  that  are  supposed 
by  the  question  to  be  known. 

These  formulae  may  be  reduced  into  the  form  of  a 
theorem,  or  rule,  as  follows : 

Take  the  three  differences  of  every  pair  of  the  three 
specific  gravities,  viz.  of  the  compound,  and  of  each 
^        iogredient;  and  multiply  each  specific  gravity  by  the 
d&rence  of  the  other  two  ;  then  say 
As  the  greatest  product 
Is  to  the  whole  weight  of  the  compound. 
So  is  each  of  the  other  two  products 
To  the  respective  weights  of  the  ttvo  ingredients. 

But  if,  instead  of  finding  the  weights,  we  were  to 
fad  the  magnitudes  M  and  M'  of  the  two  ingredients, 
the  specific  gravities  being  as  above ;  we  should  have 
the  weight  of  M  equal  to  MS,  and  the  weight  of  M' 
«qital  to  M'S' ;  while  tlie  weight  of  the  compound 
would  be  (M  -h  M')<r. 
Hence  we  should  have 

SM  4-  S'M'  =  (T  M  4-   <T  M', 
or  SM  -  (T  M  =  (T  M'  -  S'M'^; 

^kence        M  :  M' : :   tr  -  S'  :  S  -  (T, 
*iid  M  :M  -i-M' ::  (r-S':  s-S'. 

It  may  be  proper  here  to  remark,  that  this  deduction 
MD  not  always  obtain,  because  it  is  founded  upon  a 
.Supposition  Uiat  the  magnitude  of  the  compound  is 
.^<)oal  to  the  sum  of  the  magnitudes  of  the  two  in- 
KledUents.  But  it  very  frequently  happens,  that  the 
^lUiignitude  of  the  mixture  is  less  than  this  sum;  a 
circumstance  that  is  probably  occasioned  by  two  causes; 
Uie  different  magnitudes  of  the  constituent  particles  of 
%e  bodies  or  ingredients,  and  their  chemical  affinity. 
Bat  this  rule  is  notwithstanding  of  use  in  determining 


the  (Quantity  of  penetration  or  rarefaction,  by  comr  Hydro- 
paring  the  computed  magnitudes  or  densities,  with  »totic» 
those  discovered  from  observation.  '"^^^'^'^ 

Of  the  construction  of  tables  of  specific  gravities, 

31.  We   have    already  remarked,  that  in  forming  Tables  of 
tables  of  specific  gravities,  any  solid  or  fluid  may  be  'Pacific 
made  use  of  for  forming  a  standard  by  which  other  ^''^***"' 
bodies  may  be  compared  ; ,  but  by  the  universal  assent 
of  philosophers  pure  water  has  been  at  all  times  pre- 
ferred, on  account  of  its  being  more  plentiful,  and  be- 
cause it  is  found  to  be  less  anomalous  than  any  other 
fluid  whatever ;  being  always  tlic  same  in  all  parts  of 
the  earth  at  the  same  temperature. 

With  respect  to  temperature  this  will  affect  the 
specific  gravity  of  all  bodies,  as  far,  at  least,  as  obser- 
vation has  yet, extended.  Water,  when  heated  from 
60°  to  100°,  increases  in  its  volumn  nearly  -rjyth  part 
of  its  own  bulk;  mercury  ^jd  part,  and  others  more 
or  less  than  these  numbers.  It  follows,  therefore,  that 
an  experiment  determines  the  specific  gravity  only  in 
tliat  temperature  at  which  the  bodies  are  examined. 

It  will  consequently  be  proper,  in  the  more  de- 
licate kind  of  experiments,  to  note  the  temperature 
at  which  they  arc  made ;  and  as  far  as ,  possible  to 
choose  some  convenient  degree,  such  as  about  60®  of 
Fahrenheit's  thermometer,  which  may  be  generally  pro- 
cured in  these  climates.  A  temperature  of  39°  or  40° 
would  be  in  many  respects  advantageous,  particularly 
as  this  ai^swers  to  the  greatest  degree  of  condensation 
of  water:,  but  it  is  i^ot  always  to  be  obtained. 

It  will  frequently  be  useful  to  know  the  variation  which 
heat  produces  on  pure  water ;  and  this  will  be  seen  by 
the  results  in  the  following  table,  which  are  extracted 
firom  Mr.  Gilpin's  results,  published  in  the  Philosophical    - 
Transactions  for  1792. 

Temperature  of  Bulk  of  Specific 

Water.  Water.  Gravity. 

35° 99910  ......  1-00090. 

40 99070  ....'..  1-00094 

45 99914 1-00086^ 

50 99932 1-00068 

65 99962 1-00038. 

60 1-00000 1-00000 

65 1-00050 -99950 

70 1-00106 -99894 

75 1-00171 -99830- 

80 1-00242  ......  -99759 

85 100320  .' -99681 

90    .......  1-00404  .,..*..  -99598 

95 1-00501 -99502 

100 1-00602 -99402 


TABLE  OF  SPECIFIC  GRAVITY, 

32.  Extracted  from  bavies,  Lavoisier,  Young,  and  other 

authentic  sources, 

A^i7(e.— Water  at  60<»  is  assumed  1000  specific  gravity. 

.     MINERAL    BRODUCTIOXS. 

Platina,  purified 

hammered 
Platina  wire 
Platina,  laminated 
Pure  gold,  cast 


hammered , 


19500  Table  of 
20336  «P««»fic 
21041 K"'^**^ 
22069 
19258 
19361 
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Hydrodj-  Gold,22caratsflne,  of  the  standards  of  Lon-  > 
don  and  of  Paris,  cast     •        •      y 
hammered  .        .         .        • 

Gold,  French  coin,  21^^  carats,  fine,  cast 

coined 
trinket,  20  carats,  fine,  cast 

hammered 
Mercury    . 
Lead,  cast 

Litharge    . 
Silrer,  pure,  cast 

hammered 
Silver,  Parisian,  11  den.  10  gr.  fine,  cast 

hammered 
Silver,  French  coin,  10  den.  21  gr.  fine,  cast 

hammered 
Bismuth,  cast 
Copper,  cast 
wire 
Brass,  cast 
wire 
Cobalt,  cast 
Nickel,  cast 
Iron,  cast  . 
bar    . 
Steel,  hard,  not  screwed 
screwed 
soft,  not  screwed 
screwed 
Loadstone 
Haematite  . 
Tin,  cast    . 

screwed 
Zinc,  cast  . 
Anthnony,  cast 
Antimony,  glass  of 
Antimony,  crude 
Tungstein  . 
Arsenic,  cast 
Molybdena 
Spar^  ponderous 
Jargon  of  Ceylon 
Ruby,  oriental    . 
spinelle    . 
ballas 
Brasilian 
Pseudotopas 
Garnet,  Bohemian 

Syrian     . 
Sapphire  of  Puy 
oriental 
Brasil  . 
Topas,  oriental  . 
Saxon 
Brasilian 
Emery 
Hyacinth   . 
Beryl,  or  oriental  aquamarine 

occidental  aquamarine 
Diamond,  rose  coloured 
white 
lightest 
Manganese,  crude 
Schorl,  black,  crystallized 
amorphous 
Glass,  fliut 


17AQA 

Glass,  white 

• 

1  /4oO 

bottle 

17589 

green 

17402 

of  St.  Gobin     . 

17647 

Fluor,  red  .         .         .         . 

15709 

green 

15774 

violet 

13568 

blue 

11352 

white 

6300 

Hone,  black  and  white 

10474 

white 

10510 

Granitello 

10175 

Serpentine,  green,  of  Dauph 

10376 

green 

10047 

Ophite        .         .         .         . 

10407 

Jade,  green 

9822 

white 

8788 

Mica,  black 

8878 

Basaltes,  from  the  Giants'  C 

8395 

from  Auvergne     . 

8544 

Marble,  white  Parian 

7812 

green     . 

7807 

red        •         .         . 

7207 

white,  of  Carrara    . 

7788 

Jasponyx  .         .         .         . 

7816 

Chrysolith 

7818 

of  Brasil     . 

7833 

Emerald,  Peruvian 

7840 

Porphyry,  red     . 

4800 

Jasper,  grey 

4200 

violet 

7291 

yellow     . 

7299 

brown     . 

7F90 

red 

6702 

Alabaster,  white,  antique     . 

4916 

Calcarious  spar,  rhombic     . 

4064 

pyramidal  . 

6066 

Slate          .         .         .         . 

5763 

Pitch  stone,  red 

4738 

blackish 

4430 

yellow 

4416 

black  . 

4283 

Onyx,  pebble 

3760 

Chalcedony,  transparent     . 

3645 

Granite,  Egyptian,  red 

3531 

Rock  crystal,  pure 

4270 

Amorphous  quartz 

4188 

Agate,  onyx 

4000 

Carnelian 

4076 

Sardonyx 

3994 

Purbeck  stone     . 

3130 

Flint,  white 

4010 

blackish     . 

3564 

Agate,  oriental 

3536 

Prase 

4000 

Portland  stone 

3687 

WheUtone  of  Auvergn 

e 

3548 

Zeolith,  red 

2722 

crystallized     . 

3531 

Mill-stone 

3521 

Paving-stone 

3501 

Touchstone 

3530 

Porcelain,  Chinese 

3385 

of  Limoge     . 

2922 

of  Seves 

3329 

Lapis  obsidianus 

Causeway 


m 


me 


3892  I 
273*^ 

2488 

3191 

3181 

3J75 

3168 

315:5 

3131 

2876 

3062 

298J3 

2896 

2972 

2966 

2950 

2900 

2864 

2415 

2837 

2741 

2726 

2716 

2816 

2782 

2692 

2775 

2766 

2764 

2711 

2710 

2691 

2661 

2730 

2716 

2714 

2671 

2669 

2319 

2086 

2049 

2664 

2664 

2654 

2653 

2647 

2637 

2613 

2602 

2601 

2594 

2581 

2590 

2580 

2670 

2663 

2486 

2083 

2483 

2416 

2416 

2384 

2341 

2146 

2348 
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p.  Sdioite    .• 

•  •       •  • 

«       •• 

2322 

Opcpanax 

• 

•       • 

« 

* 

.        1622    flTdio. 
1606    *«•«»<*' 

Sd^te  of  potash 

2250 

Sugar,  white 

fe^  .             of  soda 

2200 

Potash,  solution  of 

1570  -'N*'^ 

-Qnidstone 

2142 

Ghun  Arabic 

1452  Veatable 

Salt          •••••• 

2130 

Honey 

•         1450  P^ 

8aljphur»  native 

2033 

Catechu    .. 

1398 

melted         .         .         .         . 

1990 

Aloes,  socotrine 

1379 

transparent           .         .        •         . 

1950 

hepatic     • 

1358 

rme         .     \        

2000 

Bdellium   . 

1371 

Kck 

2000 

Myrrh 

1360 

Ikbasta 

1874 

Cocoa  shell 

1345 

Phmbago 

1860 

Opium 

1336 

Sdphate  of  zinc 

1850 

Assafoetida 

1327 

SET 

1720 

Tragacanth 

1316 

Icnx 

1718 

Ivyg^m     . 

1294 

SiUkate  of  iron 

Iijplialtum 

1700 

S<»mmonyj  from  Smyrna    . 

1274 

1400 

from  Aleppo     , 

1235 

Ceil,  Scots 

1300 

Sarcocolla 

1268 

Newcastle         .        .        .        .        . 

1270 

Myrrh        . 

1250 

Staffordshire 

1240 

Guaiacum  . 

1229 

Jtl 

1238 

Gamboge  , 

1221 

ktjprobabijf 

930 

Resin  of  jalep     . 

1218 

P^ce-stone 

914 

Galbanum  . 
Gum  ammonmc  . 

1212 
1207 

LIQUIDS. 

Dragon  s  blood   . 

1204 

k   Siiphuric  acid            .         .         .         « 

1840 

Sagfapenum 

1201 

Ph.  London 

1850 

Lignum  nephritic  urn 

1200 

Ktioas  acid,  Ph.  London 

1550 

Olibanum  * 

1173 

Ktoc  acid 

1217 

Pitch 

1150 

Mi,    tfijiptinn   of 

1244 

Copal,  opaque    . 

1140 

Wtter  27,  Salt  10      . 

1240 

transparent 

1045 

Witer  3,  Salt  1 

1217 

Euphorbium 

1124 

Vtter  12,  Salt  1 

1060 

Storax 

1110 

Water  of  the  Dead  Sea 

1240 

Oil  of  sassafras  . 

1094 

Im  water 

1026 

Benzoin 

1092 

iDhtion  of  caustic  soda 

1200 

Sandarac    . 

1092 

Nniatic  acid 

1194 

Yellow  amber     . 

1078 

liter  of  the  Seine,  filtered 

1001 

Mastic 

1074 

Ihditha 

708 

Frankincense     ,. 

1071 

Acetic  acid 

1062 

1                           Substances  partly  Minerals, 

Oil  of  cinnamon . 

1044 

SOLIDS. 

Anime,  occidental 

1043 

ketiteoflead 

2700 

oriental   . 

1028 

fctrite  of  antimony    .         .         •         . 

2100 

Mnlmsey,  Madeira 

1038 

ftmate  of  ammonia   .... 

1400 

Oil  of  cloves 
Gall  nuts   . 

1036 
1034 

LIQUIDS. 

Elemi 

1018 

Ifer,  sulphuric 

7340 

Cider 

1018 

nitric 

9088 

Vinegar,  distilled 

•  , 

1009 

muriatic 

7298 

Water  at  60°      . 
Bounkaux  wine 

1000 
994 

ELASTIC  FLUIDS. 
Kirwan. 

Lavoisier, 

Burgundy  wine  . 

991 

Barometer,  30,         Then 

nomcter  52«. 

Turpeiitrne  liquid 

991 

jNolnireoiis  acid  gas         2*265 
Mftooic  acid  gas     .         1*500 

— 

Camphor    .         . 

988 

•00176 

Oil  of  mint 

975 

^(roas  gus 

M94 

.^^ 

Oil  of  nutmeg    . 

948 

^latic  gas      . 

1106 

... 

Linseed  oil 

940 

J^tjfgen  gn3       . 

M03 

•00137 

Oil  of  carraway  . 

940 

"Jfeospht  ric  air 
yrtrogen  gas     . 

1000 

•00128 

of  marjoram  . 

940 

•985 

•00120 

of  spike 

936 

gllimoniacaJ  gas 
•hydrogen  gas. 

•600 

of  rosemary  . 

934 

•084 

000096 

Elastic  gum 

933 

Oil  of  poppy  seed 

92^ 

,    .  •  .                    VEGETABLE    PRODUCTIONS. 

of  beech  mast 

917 

Q^ntel  of  tartar 

1850 

of  almonds    . 

9\1 

'M^orice,  extract  of 

. 

•        •        « 

1723 

of  rape 

913 

V 
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Uyditxfj.  Oil  of  lavender  . 

• 

• 

893 

MBric*.          of  oranges    . 

• 

888 

^*^^^'^^       essentiali  of  turpentine  . 

, 

870 

Balsam  Qf.Tolu  . 

•  • 

896 

Acetic  ether 

., 

866 

Indigo 

• 

- 

769 

ANIMAL   SUBSTAJfCES. 

Ammal        f^^oA          •.-..... 

2750 

«il>.t«ces.  ^^j         ......         . 

2680 

Sheep*s  bone,  recent  . 

2222 

Oyster  shell 

2092 

Ivory          .... 

1917 

Stages  horn 

1875 

Ox's  horn           ... 

1840 

Blade  bone  of  an  ox   . 

1656 

Lac  ....        . 

1139 

Isinglass   *. 

1111 

Egg  of  a  hen      . 

1090 

Human  blood 

1053 

d*^buffcoat     . 

1056 

serum 

1028 

red  globules  . 

1126 

Milk,  ewe's 

1041 

ass's 

1035 

mare's 

1034 

goat's 

1034 

cow's 

1032 

woman's     . 

1020 

Whey,  of  cow's  milk  . 

1019 

Wax,  white 

968 

yellow 

965 

Lard 

948 

Spermaceti 

943 

Butter 

942 

Tallow       .... 

942 

Fat  of  hogs 

937 

veal 

934 

mutton     . 

923 

beef 

923 

Ambergrease 

926 

Lamp  oil    . 

923 

Solution  of  pure  ammonia 

897 

WOODS. 

Woods.       Pomegranate  tree 1354 

Lignum  vitse 

1333 

Box,  Dutch 

1328 

French 

912 

Letter  wood,  Surinam 

1286 

Ebony 

1177 

Heart  of  oak,  60  years  felled 

1170 

Oak,  English,  just  felled    ) 
the  same,  seasoned    5 

.     C1113 
.      \    743 

usually  stated  at 

925 

of  Canada  . 

872 

Dantzic 

756 

Adriatic 

996 

Bog  oak,  of  Ireland    . 

1046 

Teak,  of  the  East  Indies 

from  745  to  657 

Poon,  of  the  East  Indies     . 

from  771  to  579 

Mahogany 

.      from  1063  to  637 

Pear  tree  trunk 

646 

Yellow  wood,  Cape  of  Good  Hope                .          657 

Stink  wood,    ditto     . 

. 

. 

. 

681 

Medlar  tree 

Olive  wood 

Logwood    .... 

Beech        .... 

Ash 

Yew,  Spanish     . 

Dutch 
Alder         .... 

Elm 

Apple  tree 

Plum  tree  .... 

Maple        .... 

Cherry  tree 

Quince  tree 

Orange  tree 

Walnut      .... 

Pitch  pine  .... 

Red  pme    .... 

Yellow  pine 

White  pine 

Fir,  of  New  England  . 

of  Riga 

of  Mar  Forest,  Scotland 

yellow 

white    .... 

male    .... 

female 
Cypress      .... 
Lime  tree  «... 
Filbert  wood 

Willow  .... 
Cedar  .... 
Juniper  .... 
Poplar,  white  Spanish 

common 
Sassafras  wood  . 
Larch,  of  Scotland 
Cork  .... 


044 
927 
931 5 


85S 

from  845  to  600 
807 
788 
800 
from  800  to  600 
793 
755^ 
755 
715 
705 
706 
671 
600 
657 
529 
420 
553 
753 
696 
657 
569 
550 
498 
644 
604 
60Q 
585 
560 
5^ 
529 
38a 
48ft 
530 
240 


33.  With  respect  to  the  above  table  of  the  specific  Sp 
gravity  of  different  woods,  the  results  are  selected  from  fn 
what  are  generally  conceived  to  be  the  best  authorities;  ^^ 
yet  they  do  not  agree  with  some  accurate  experiment! 
that  we  have  made  on  several  of  the  species  above 
enumerated :  but  the  fact  seems  to  be,  that  there  is  ao 
much  difference  in  the  weight  of  this  substance, 
according  to  the  soil  in  which  the  tree  grows,  the  time 
after  it  is  felled  before  the  observations  are  made,  umA 
the  part  of  the  tree  which  is  employed  in  the  experi- 
ment, that  little  agreement  can  be  expected  in  such 
determinations.  It  appears,  from  numerous  experiments 
performed  by  Du  Hamel,  the  detail  of  which  are  found 
m  his  treatise  *'  Sur  TExploitation  des  Bois,**  that  the 
specific  gravity  of  different  trees  of  the  same  species^ 
will  vary  as  much  as  in  the  ratio  of  5  :  7,  accoroing  to 
the  soil  which  produced  them  ;  and  from  other  expe» 
riments,  reported  in  Barlow*s  **  Essay  on  the  Strengtlik 
of  Timber,  &c.  it  appears,  that  in  the  seasonin^^ 
EngUsh  oak  will  lose  ^  of  \t»  original  weight,  or  specifie 
gravity ;  and  that  the  specific  gravities  of  the  top  and  . 
butt  of  the  same  tree,  vary  as  much  as  in  the  ratip  at 
4  to  5,  and  even  more. 

As  we  conceive  the  results  above  referred  to,  are 
highly  interesting,  in  relation  to  our  present  enqoirj, 
we  shall  make  a  short  abstract  of  them,  from  the  worn 
above  referred  to. 
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H/drodjr-       35,  Etptrimenis  tnaik  in  ordir  to  determine  the  weight  of  a  athic  fooi^  of  difcrcnt  kinds  of  wood ;  the  fortign 
nsmiov.     whenjirst  imported^  and  those  of  EngH&h  gro-^th^  tj«  soon  a$  felled.     Aho  the  weight  of  each  when  fUl^  seaiontd; 
^  from  different  parts  of  the  same  tree.     By  Mr,  B,  Couch, 


Speciic*  (\n  tlitr  lao- 
gunge  of  cununcrcc.) 


Riga  Fir,  superior  J 
Ditto,  inferior  J 
Pitch  Pine  .  ^ 
Ditto  .  .  ,  J 
Yellow  Pine  .  J 
White  Pine  .  | 
Northera  Pine  { 
White  Pine 
Red  Pine  , 
Spruce  Spar 
Ditto  .  .  . 
Poon  .  , 
Teak     .     . 

Yellow  Wood  , 

Stink  Wood    . 
Letter  Wood  . 

Cedar    .     ,     . 

Ditto     .     .     , 

Oak       ,     .     . 

Elm       .     .     . 
Bo^Oak    . 


Cuunlry  where 
produced. 


Russia     . 

Russia     . 

Baltimore, 
America  . 
Vir«:mia, 
America  . 

Cauudd    . 

American 
States  . 

New  York 

New  Bnins- 
.  wirk    * 

Canada  . 
Halifax  . 
Canada  . 
East  Indies 

East  Indies 

Capp   of 

Good  Hope 
Ditto  .     . 
Surinam  . 
Spanish 

America 
Canada   . 

England  . 

Ditto  .  . 
Ireland     . 


Whal  part 
of  U)e  Lire. 


*BuU  . 

Top  . 

Butt  . 

Top  . 

Butt  . 

Top  . 

Butt  . 
Top 

Butt  . 
Top 

Butt  . 

Top  . 

Butt  . 

Top  . 

Butt  , 

Top  . 

Butt  • 

Top  * 

Butt  ^ 
Top 

Butt  . 
Top 

Butt  . 

Top  . 

Butt  , 

Top  . 

Butt  . 

Top  . 
Uncertain 

Butt  . 

Root  , 

Trunk  . 
Uncertain 

Butt  , 

Top  . 
Uncertain 

Ditto  . 


XiHleml  dlmcomaiui. 


When  first  plnntd. 


When  seuioned. 


Indiea. 
18  diameter 

11  by  U 

12  diameter 
8|  diameter 
10  bv  10  . 
7i  by  H 
18^  diameter 

10  by  8     . 
18  by  18  . 

16  by  1(>  . 
12  by  12  . 
12  by  12  . 
17'^  diameter 
7Jbv7^  . 
12  by  12   . 

8  by  0       . 
12  by  12  . 

1 1  by  9     , 
8}  diameter 
oh  diameter 
7     diameter 
4^  diameter 

17  diameter 
9  by  9     . 

12  diameter 
^  by  6.1 

5i  diameter 
5  diameter 

9  by  4 

4^  by  4  . 
5Xhy6  . 
12  by  5^  . 
14  by  14  . 
12  by  Hi 
6|  by  6  . 
1 1  by  1 1  , 
3byli  . 


lucheA. 

17  J  diameter  t 
iOp  by  lOJ- 
1  !^  dianieter 
8^  diameter 
9|  by  9  J 

18J  diameter 
9|ii  by  7^^  . 
I7jby  I7i  . 
15|by  16^. 
Il|  by  |]|  . 
lljby  Hi  . 
17^  diameter 

m  by  ^tJj  . 

11+5  by  114 

'45  by  m  ' 
UJby  11|  . 
lOj^bySI  . 
8|  diameter  , 
5^  diameter  , 
6\^  diameter 
4^  diameter 
I H-J  diameter 
9  by  8  J  . 
12  diameter 
6J  by  % 
5^^  diameter 
5  aiameter 
9  by  4  . 
4|  by  4  , 
4  by  6  . 
12  by  fil- 
ial by  l^ 
llSbyUi 

]0|by  10| 
3byl^    , 


Weight  of  a  cubic  fi^iot 

in  ounces  AvoirJupoia, 

or  specific  gravity*. 


When  fir»t 
pliuied. 


672 
546 
577 
464 

755 
518 
G28 
540 
683 
495 
555 
633 
658 
432 
679 
4U 
672 
570 
587 
541 
528 
485 
651 
771 
662 
688 
661 
632 
700 

1286 
722 
457 
909 

1113 

1071 
940 

1046 


When 
lieajkoncd. 


644 

552 1 

494 

464 

741 

524 

597 

529 

461 

420 

405 

448 

549 

416 

436 

368 

569 

503 

580 

554 

524 

5J2 

576 

695 

657 

675 

657 

630 

681 

1286 
681 
453 
753 
743. 
777 
58 

104 


■st 


•  The  hutli  and  Uips  were  fnt  from  iht  same  tree. 

t  Wheodismeter  is  cipressed*  tlie  piece*  were  cylindricat;  the  nlheri  were  pumllrbpipcdons* 

*  It  liappei)$   tti  some  ca»e*,  that   (he  i|}ecil)C  gravity  is  greater  after  reasoning  than  brfore;  this  ariser  from  the  piece*  havinj 
tttorc  in  d,iiu€nsion»«  than  in  weight.  j 


rctuorkj. 


\  V.  Of  the  equilibrium  of  float  ing  bodies, 
Frrlin^ii«ry  36.  In  order  tbat  a  heavy  body  may  preserve  itself 
ifi  cquilibrio  on  tb'  surliice  of  a  fluid  at  rest,  it  ta^ 
in  the  first  place  necessary  that  its  weip^bt  be  less 
than  that  rjf  a  volume  of  the  fluid  equal  to  its  own. 
Tlicre  are  some  exceptions  to  this  rule,  in  die  case  of 
a  very  small  body,  the  matter  of  which  exercises  no 
attraction  on  the  particles  of  the  fluid,  or  where  it^ 
action  is  much  less  than  that  of  the  fluid  on  itself. 
ThuS;  for  example,  every  one  knows  the  experiment  by 


which  a  needle  is  made  to  float  on  the  surface  of  wsi.* 

in  a  bason  or  other  vessel :  this  arises  from  the  ^ 
small  weight  of  the  body  not  being  suflicicnl  to  o^ 
come  the  natural  cohesion  or  attraction  of  the  partic 
of  the  water  towards  each  oUaer;  a  consideration  wl 
will  not  be  attended  to  in  this  iirttcle;  we  shall  sup^ 
the  bodies,  whose  equilibrium  is  to  be  investigated—    ^ 
sufficient  magnitude  to  overcome  every  reaistanc 
the  kind  above  alluded  to. 

The  condition  that  the  weight  of  the  body  is  ' 
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lindy.  tkan  an  equal  volume  of  the  fluid  being  fulfilled,  the 
H<Bk   body  will  be  in  part  immersed  in  the  fluid  ;  that  is,  to 
^^'^  such  a  depth,  that  the  weight  of  the  fluid  displaced  is 
equal;  to  that  of  the  body;  and  when  these  two  weights 
we  equal,  the  body  will  remain  in  equilibrio,  if  its 
centre  of  gravity,  and  that  of  the  displaced  fluid,  be  in 
the  same  vertical  line ;  for  the  body  is  kept  in  equilibrio 
by  the  opposite  action  of  two  systems  of  forces,  viz. 
^  the  vertical  action  of  gravity  on  the  several  particles  of 

the  body,  by  which  it  tends  downwards,  and  the  opposite 
rertical  pressure  of  the  fluid  upwards,  which  counter- 
acts the  former.     Now,  since  both  these  systems  of 
£>rces  are  parallel,  to  themselves,  and  to  each  other, 
their  resultants   are  also  parallel,  and  consequently 
Iwth  vertical ;  and  since  their  opposite  action  preserves 
Ike  body  hi  equilibrio,  they  are  necessarily  found  in 
Ihe  same  vertical  line,  which,  from  what  has  been 
jbaonstrated  of  parallel  forces,  passes  through  their 
lespective  centres  of  gravity.   In  homogeneous  bodies, 
ihe  centre  of  gravity  of  the  immersed  part  of   the 
Iwdy,  coincides   with   the   centre  of  gravity  of  the 
£mA  displaced ;  and  since  the  weight  of  the  displaced 
^d  is  equal  to  that  of  the  body,  it  follows,  that  the 
densities  are  in  the  inverse  ratio  of  the  volumes,  or  that 
the  volume  of  the  immersed  part  is  to  that  of  the 
"^ole  body  as  the  density  of  the  latter  is  to  that  of 
the  fluid,  as  we  have  already  seen  in  the  preceding 
•ection.     CJonsequently  the  research  of  the  position  of 
€quihl>rium  of  a  heavy  body  on  a  fluid  of  given  density, 
greater  than  itself,  is  reducible  to  a  problem  of  pure 
geometry,  viz. 
^  It  u  required  to  cut  anp  proposed  body  by  a  plane,  so 

■^kt  the  volume  of  one  of'  the  segments,  may  be  to  that  of 
^k  wkole  body  in  a  gixen  ratio  ;  and  such  that  the  centre 
^gravity  of  the  whole  body,  and  that  of  one  of  its  seg" 
^^9iSj  may  be  both  found  in  a  line  perpendicular  to  the 
fitting  plane. 

In  order  to  the  complete  solution  of  this  problem,  it 

&  necessary,  in  each  particular  case,  to  express  the  two 

^QCHiditions  of  equilibrium,  by  means  of  equations,  the 

ttoliitions  of  which  will  make  known  all  the  directions 

^iiat  <!an  be  given  to  the  cutting  plane,  and  whence 

vu^cessarily  result  all  the  possible  positions  of  equili- 

btium  of  the  body. 

■•  "      Ifote.  The  cutting  plane  above  referred  to,  is  usually 

detaominated  the  plane  of  floatation,  and  its  contour  the 

*£we  of  fioatation  ;  also  the  vertical  line  which  we  have 

■^en  passes  through  the  two  centres  of  gravity,  is 

Jelled  the  line  of  support ;  and  the  intersection  of  this 

***^e,  with  the  axis  passing  through  the  centre  of  gravity 

C^i>out  which  the  body  revolves  through  an  indefinitely 

•**aall  angle),  is  the  meta-centre, 

37.  Let  us  first,  as  one  of  the  most  simple  cases,  in- 
^^^^tigate  tlie  conditions  of  equilibrium  of  a  right  trian- 
%^lar  prism,  placed  in  a  fiuid  with  its  edges  horizontal, 
^^^  conaequently  so  that  its  plane  of  floatation  is  parallel 
^  them. 

It  is  obvious  here  (and  it  is  the  same  with  all 
Ptismatic  or  cylindric  bodies,  that  have  their  bases 
Perpendicular  to  the  sides  or  edges,  and  which  are 
PWoed  horizontally)  that  the  positions  of  equilibrium 
^t^  independent  of  the  length  of  the  solid,  that  is,  of 
^He  distance  of  the  bases  ;  we  may,  therefore,  abstract 
^tMn  this  consideration,  by  determining  only  the  line 
^  intersection  of  the  plane  of  floatation  with  one  of 
Uae  two  basesi  or  with  any  vertical  section* 


Let,   then,  ABC  (fig.  27)  be  a  vertical  section  of    Hydro- 
the  given  prism.   It  may  happen  that  this  prism  is  placed  ,!|^JJJ2i 
in  the  fluid,  so  that  one  of  its  edges  only  is  immersed, 
or  it  may  have  two,  which  present  two  cases  that  are 
best  considered  separately. 

In  the  first  place,  let  us  suppose  tliat  the  summit  or  pne^cdge 
angle  C  only  is  plunged  into  the  fiuid,  and  that  win  is  »™™«w®^ 
the  intersection  of  the  cutting  plane  with  the  section  or  Fig.  ^* 
base,  which  intersection  obviously  represents  the  line 
of  level  of  the  fluid. 

Call  a,  b,  c,  the  given  sides  of  the  triangle  ABC, 
a  denoting  the  side  opposite  the  angle  A,  b  the  side 
opposite  the  angle  B,  and  c  that  opposite  the  angle  C : 
also  let  X  and  y  be  the  unknown  sides  C  ii,  C  m,  of  the 
triangle  Cnm;  so  that  we  may  have 
BC  =  flf,  AC  =  b,  AB  zz  CyCn  zz  Xy  and  Cm  zz  y\ 
and  since  the  surface  of  a  triangle  is  equal  to  the  pro- 
duct of  any  two  of  its  sides  with  half  the  sine  of  the 
included  angle,  we  shall  have 

ABC  zzL  ^  a  b  %\n  Cy  C  m  n  zz  \  X y  sin  C, 
Now  the  entire  prism,  and  the  part  or  prism  immersed 
in  the  fluid,  bemg  to  each  other  as  their  bases  ABC 
and  m  n  C,  the  lengths  being  equal,  we  must  have 

mnC  :  ABC  ::  r  :  1, 
r  being  a  quantity  less  than  unity,  or  the  ratio  which 
denotes  the  densitv  or  specific  gravity  of  the  body, 
that  of  the  fluid  being  unity.  Substituting,  therefore, 
for  w » C  and  ABC,  their  values  j^  xy  sin  C  and  ^  ab 
sin  C,  and  suppressing  the  common  factor  sin  C,  the 
above  analogy  becomes 

xy  :  ab  ::  r  :  I; 
whence  xy  zz.  rab,  (1) 

Let  D  represent  the  middle  of  the  base  AB,  and 
draw  the  line  CD ;  on  this  right  line  take  DG  =  ^  DC, 
and  the  point  G  will  be  the  centre  of  gravity  G  of  the 
triangle  ABC  (art.  125,  Statics). 

In  the  same  manner,  k  being  the  middle  of  m  n,  if 
we  take  kg  equal  to  one-third  of  AC,  the  point  g 
will  be  the  centre  of  gravity  of  the  triangle  Cmn. 
Now  the  line  G  g  must  be  perpendicular  to  the  line  m  n ; 
but  because  the  lines  CD,  Ck,  are  cut  proportionally 
at  the  points  G  and  g,  the  right  lines  D  k  and  Gg  are 
parallel ;  therefore,  the  right  line  D  k  which  joins  the 
middle  of  the  two  bieises  AB  and  m  n,  is  also  perpen- 
dicular to  »i  n ;  consequently  the  two  right  lines  D  m 
and  D  n  are  equal. 

Reciorocally,  if  we  have  D  m  ==  D  w,  the  right  line 
D  k  will  be  perpendicular  to  m  n,  as  also  its  parallel 
G  g ;  hence,  in  order  that  the  line  G  g,  which  joins  the 
two  centres  of  gravity  G  and  g,  may  be  perpendicular 
to  the  section  m  n  of  the  cutting  plane ;  it  is  necessary, 
and  it  is  sufficient,  that  the  values  of  the  two  quan- 
tities D  m  and  D  /i  be  equal  to  each  other. 

In  order  to  determine  these  values,  make  CD  =  h, 
and  denote  by  a  and  /3  the  two  parts  DC  wt,  and  DC  n 
into  which  the  angle  C  is  divided  ;  then  with  reference 
to  the  triangle  CD  m,  we  shall  have 
(D  my  =z  (CD)'  -h  (C  m)«  -  2  CD-  C  m,  cos  DC  m, 
or  (D  m)^  =  A«  -f  y'  —  2  hy.  cos  /3; 

the  triangle  CD  m  will,  in  like  manner,  give 
(D  «)•  =z  ^»  +  X*  —  2  ^  X  cos  a; 
and  equating  the  values  of  D  w  and  D  »j  we  have 

y  --  2  ^  y.  cos  /3  =  x»  —  2  A  X.  cos  a.       (2) 
This  equation,  and  the  preceding  one,  viz. 

xy  zz  rab, 

jBzpress  the  ifwo  conditions  of  die  problem,  and  are- 

2b  2 
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sufficient  for  detennining  the  two  unknown  quantities 
X  and  f/. 

Our  second  equation  gives 

rab 

which  substituted  in  the  first,  it  becomes 
r«fl*6*          2hrab 
; COS  /3  z:  x*  —  2  /i  X'  cos  a ; 

and  this  reduces  immediately  to 

x'  —  2 //.  cos  a. x^^2hra  b.  cos/3,  x-^r'a^b^zi  0.  (3) 
The  value  of  .r  is,  therefore,  determined  by  means  of 
an  equation  of  the  fourth  degree,  and  the  value  of  ^  is 
then  immediately  found  from  the  equation 
rab 

y  =  -r- 

We  know  from  the  principles  of  algebra  that  every 
equation  of  an  even  degree,  of  which  the  last  term  is 
negative,  has  two  real  roots,  the  one  positive,  and  the 
other  negative ;  our  equation  (3)  has,  therefore,  neces- 
sarily two  such  roots,  but  the  other  two  may  be  either 
real  or  imaginary  ;  if  they  are  real,  we  know  from  the 
property  of  equations  that  they  must  be  both  positive. 
The  body,  therefore,  that  we  have  been  considering, 
immersed  with  one  edge  only  in  the  fluid,  may  have 
three  different  positions  of  equilibrium,  but  it  cannot 
have  more  than  three. 

If  we  suppose  the  angle  or  vertex  C  out  of  the  fluid, 
or  the  two  angles  A  and  B  below  the  level  m «,  tlie 
problem  will  still  be  of  the  same  kind  as  the  preceding, 
with  this  difference  only,  that  we  change  the  density  r, 
in  our  equations  (1)  and  (3),  into  1  —  r.  In  fact,  be- 
cause the  centres  of  gravity  of  the  triangles  ABC,  and  of 
its  two  parts  Cmn  and  m n  AB,  are  in  the  same  right 
line,  the  triangles  Cmn  and  CAB  have  their  centres  of 
gravity  in  the  right  line  perpendicular  to  tnn;  so  that 
we  shall  have,  in  the  first  place,  equation  (2),  the  same 
in  both  cases,  also  the  proportion 

mtiAB  :  CAB  ::  r  :  1 
is  readily  converted  into 

C  m  n  :  CAB  : :  1  —  r  :  1 ; 
whence   we   draw   an   equation    analogous   to  equa- 
tion (1);  viz. 

xtf  -=:(}  ^  r)ab\ 
and  if  we  make  use  of  this  equation  in  order  to  elimi- 
nate 7/  out  of  our  second  equation,  we  arrive  imme- 
diately at  the  following  expression ;  viz, 
.1*  —  2  h,  cos  a.  .r'  +  2/4(1  —  r)fl  6cos  a.  x  —  (1  —  rf 
aH^zzO;  (4) 

which,  as  we  have  stated,  is  precisely  analogous  to  our 
equation  (3) ;  and,  therefore,  the  same  in  this  case  as 
in  that,  we  conclude  that  the  body  may  have  three  po- 
sitions of  equilibrium,  or  at  least  that  it  cannot  have  a 
greater  number  than  three. 

We  arrive  at  the  very  same  results  which  ever  of  the 
three  edges  of  the  prism  we  conceive  to  be  immersed  in 
the  fluid,  as  also  for  Qvery  two  edges,  as  in  the  second 
case  above;  thcsj  all  together  form  six  cases,  and  in 
cadi  tlicrc  7??/7// be  tliree  positions  of  equilibrium  ;  and 
consequently  the  entin;  prism  7nai/  have  eighteen  such 
positions,  hut  it  can n-ot  have  more. 

38.  When  the  triangle  ABC  is  isosceles,  as  in 
(fig.  28),  the  calculition  of  the  position  of  equilibrium 
becomes  a  little  more  simple  ;  for  supposing  AC  zr  BC, 
and  the  aniijlo  C  immersed  in  the  fluid,  we  may  dis- 
pense with   equation  (3),  and   resolve  directly  equa- 


tions (1)  and  (2).  In  this  case  the  right  line  CD  is 
perpendicular  to  the  middle  of  AB,  and  the  right 
angled  triangle  ADC  gives  ^ 

h^  zz  €^  —  \  c^  a.  cos  a  =  A ; 
substituting  these  values,  and  making  also  a  zi  h,  and 
/3  z=  a,  in  equations  (1)  and  (2),  they  become 
xy  zz  ra^, 

the  latter  is  satisfied  by  making  x  zz  i/; 
whence  the  first  becomes 

JT*  :=  y"  zr  r  a*,  or 

X  zz:  y   zz  a  s/  r. 

According  to  this  mode  of  solution,  we  find  but  one 
position  of  equilibrium,  which  is  that  where  the  base 
of  the  triangle  is  horizontal  and  parallel  to  the  surface 
of  the  fluid ;  but  we  must  not  thence  conclude  that 
only  one  position  is  possible.  We  obviously  only  ob- 
tained a  partial  solution  of  our  second  equation,  by 
supposing  X  zz  y\  let  us,  therefore,  now  find  the  sobi-" 
tion  of  the  two  equations  on  more  general  principles. 

With  this  view  we  may  divide  the  second  equation 
by  ^  —  ^>  and  we  obtain 

4  rt'  -  c' 
y  '\-  X  zi 


'la 


squaring  this 

/  +  2xy  +  x»zi   ^ 


4a^ 


2o 


'-)' 


subtract 
and  we  have 


Axy 


zz  Ara\ 


whence  y  —  x  zz  »J 


y  -^  xzz 


4flV— 


by  addition  and  subtraction, 
yox  X  = ^ 


cO-16ra*} 


We  may  take  each  of  the  two  roots  successively,  tl:me 
one  for  .r,  and  the  other  for  ;/ ;  and  when  these  roo-fisi 
are  real  and  positive,  and  less  than  </,  thi^re  will  res^ilt 
two  new  positions  of  equilibrium,  in  which  the  base  c>€ 
the  prism  is  inclined  to  the  surface  of  the  fluid.  If  t:lM5 
radical  is  zero,  the  tw^o  roots  become  equal,  and  i^e 
shall  then  have  but  one  position  of  equilibrium,  whidi 
will  be  the  same  as  that  wo  have  already  found;  f€^ite 
in  order  that  the  radical  mav  disappear,  we  must  hav>e 

4  tf^  —  e  =  4  fl'  v/  r, 
which  is  the  same  as  our  preceding  case ;  viz. 
y  zz  X  —  a  sj  r. 

In  the  same  manner  as,  in  the  preceding  article,  we 
determined  the  positions  of  equilibrium  when  the  base 
was  immersed  in  the  fluid,  from  the  case  previously 
found  for  thn  vortex,  so  also  in  this,  we  shall  determine 
the  same  by  merely  substituting  1  —  r  instead  off. 

In  all  cases,  thcreforo,  thero  will  bo  one  position  d 
equilibrium  with  the  base  immersed,  and  which  will  be 
given  by  the  equation 

y  zz  X  zz  a  s/  (1   —  '') ; 
and  in  this  the  base  will  be  horizontal. 

And  as,  in  the  former  case,  two  other  positions  of 
equilibrium  may  sometimes  be  found  from  our  eqtca- 
tion  (5) ;  so  also  the  analogous  equation 
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led 


i(ay  = 


-  4a'-c*±  V^{(4fl»-c7-  ie(l--r)a'} 


4a 


wffl  give  two  in  this.  It  is  obvious,  however,  that  as 
the  conditions  of  the  roots  being  real  depend  upon  the 
radical  part  of  the  expression,  it  may  happen  that  in 
one  case  there  are  three  positions  of  equilibrio,  while 
in  ibe  other  there  is  only  one ;  for  it  is  obvious  that 
we  may  have 

(4fl«  -  cy  V  I6ra*;  but  Z   16  (1  —  r)  a*, 
or     (4fl^  -.  r7  7  16  (  1  —  r)  a*;  but  Z.  16  r  a\ 
„1     39.  Let  us   next  consider   the   case  in  which   the 
V  triangle  is  equilateral :  here  we  may  make  a  z=  6  z=  c  in 
all  the  formulae  where  these  quantities  enter.     Conse- 
(juently  our  preceding  determination  for  the  equal  va- 
lues of  I  and  j;  for  the  isosceles  triangle  will  not  be 
dnnged,  but  will  remain  as  before ;  viz. 
X  zn  y  =  ay  r. 
And  with  regard   to  equation   (5),   expressing  the 
unequal  values  of  these  quantities,  we  have  only  to 
write  a  for  c,  and  it  becomes 

3  a'  di  v/  (9  a*—  16  r  a*) 
J  or  y  = 


4a 


jcory 


_  fl(3  ±V  (9  —  16  r) 


for  the  case   in  which  only  one  vertex  is  immersed ; 

J  fl(2  ±  ^  (16r  —  7) 

and      a*  or  V  =  ^— 

*  4 

when  two  of  its  edges  are  in  the  fluid. 

It  follows,  therefore,  that  if  we  have  r  /_  -f^  and 
7  -f^OT  ^y  the  first  of  the  above  formula  will  be  real, 
indils  two  values  will  be  both  less  than  a  ;  but  beyond 
tlwse  limits  the  expression  will  either  be  imaginary,  or 
one  of  its  two  roots,  viz.  that  which  answers  to  the 
5Ppcr  sign,  will  be  greater  than  a,  and  will  therefore  be 
Jittdnussible. 

In  the  same  manner,  in  order  that  the  second  formulae 

**y  give  real   and  admissible  values,  it  is  necessary 

^r  Z.  ^  and  7  t',;.'    We  see,  therefore,  that  from 

/5^^,  to  r  =:  ^,  the  first  formula  alone  will  give  ad- 

'^J'^TOle  results ;  and  that,  on  the  contrary,  the  second 

^*tt  only  obtain  from  r  rz  J  to  r  zz  ■^^,     Whenry-^^g^ 

^  ^tV»  ^^^y  ^^^^  '"  ^^^^  cases. 

.  I^  follows,  therefore,  that  when  there  are  three  posi- 
***^  of  equilibrium  with  the  vertex  immersed,  there 
J*^  be  but  one  with  the  vertex  upwards ;  and  when 
•^sre  are  three  in  the  latter  case,  there  can  be  but 
^^  in  the  former;  consequently,  it  being  the  same 
^^li  each  of  its  three  edges,  there  may  be  4  x  3 
r^  12  positions  of  horizontal  equilibrhim :  but  in  order 
^Ht  this  may  obtain,  the  density  of  the  body  must  be 
pHaprised  between  the  fractions  -A-  and  -,Vi  that   of 


T5- 


la' 


*^  fluid  being  1 ;  and  there  will  be  but  2  x  3  =z  6 
P^itioos,  when  the  density  of  the  body  falls  beyond 
^^^^le  limits.  When  there  are  12  positions,  9  of  them 
Ijiflbe  with  the  vertex  down,  and  3  with  it  up;  or 
^  With  the  vertex  up,  and  3  with  it  downwards;  but 
^^ien  there  are  only  6,  there  will  be  an  equal  number 
^cach  sort. 

We  haye  stated,  at  the  conclusion  of  art.  37,  that 
^  greatest  number  of  horizontal  positions  of  equili- 
brium of  any  triangular  prism  is  cighfnn  ;  but  from 
"•hat  is  shown  above,  it  is  highly  probable,  that  if  we 
^^ere  to  stop  to  examine  the  conditions  of  the  limits 
tfthe  equation  by  which  they  are  expressed,  we  should 
Sad  that  several  of  those  conditions  would  be  incon- 


sistent with  each  other,  and  that  the  greatest  number     Hydro- 
of  such  positions  would  fall  far  within  what  we  have     »taticf. 
stated  as  their  greatest  limit.     This,  however  is  an  en-  ^'-^"v^^si' 
quiry  that  we  must  leave  to  the  curious  reader. 

40.  Besides  their  horizontal  positions  of  equilibrium,  Vertical 
prismatic  and  cylindric  bodies,  terminated  with  bases  equilibrium, 
perpendicular  to  their  sides  or  edges,  have  also  vertical 
positions,  in  which  their  bases  are  parallel  to  the  hori- 
zontal surface  of  the  fluid  ;  and  there  are  two  such 
positions  for  each  of  these  bodies,  because  either  base 

may  be  immersed.  It  is,  therefore,  only  requisite  to 
ascertain  the  depth  of  the  body  in  the  fluid;  and  for 
this  we  may  take  on  one  of  the  edges  of  the  prism, 
measuring  from  the  immersed  base,  a  part  which  shall 
be  to  the  whole  length,  as  the  density  of  the  body  to 
that  of  the  fluid ;  for  it  is  obvious  that  the  immersed 
part  will  then  have  to  the  whole  mass  the  same  ratio. 

All  solids  of  revolution  have  also  two  positions  of 
equilibrium,  in  which  the  fixed  axis  of  the  figure  is 
vertical,  and  which  are,  therefore,  easily  determined  for 
each  particular  figure.  If,  for  example,  the  solid  be 
a  right  cone,  it  will  remain  in  equilibrio,  both  when  the 
vertex  is  immersed  in  the  fluid,  and  when  the  base  is 
so  immersed.  In  the  first  place,  the  cone  below  the 
surface  of  the  fluid  is  similar  to  the  whole,  and  their 
volumes  will  be  to  each  other  as  the  cubes  of  their  •    • 

lengths  or  heights ;  therefore,  calling  h  the  height  of 
the  whole  cone,  and  x  the  height  of  that  which  is  im- 
mersed, also  as  before,  r  the  ratio  of  the  density  of  the 
body  to  that  of  the  fluid,  we  must  have 

.i»  :  h^:\  r  :  1; 
whence  we  deduce 

x  —  h^r. 
In  the  second  case  we  find 

A  -  3^  =z  A  V,  or  3^  r=  /r(l  -  V  r), 
where  y  denotes  the  height  of-  the   immersed  conic 
fru  strum. 

Generally,  all  bodies  that  are  symmetrical  with  re-  Symmetri- 
ference  to  any  axis  or  right  line,  have  the  same  proper-  cal  bodies, 
ties  as  prisms  and  solids  of  revohition.  Understanding 
here  by  the  term  symmetrical,  anybody  homogeneous  or 
heterogenous,  composed  of  a  series  of  lamina  perpen- 
dicular to  a  right  line,  indefinitely  thin,  and  whose 
centres  of  gravity  all  fall  on  that  right  line,  which  may 
thus  be  denominated  the  axis  of  the  body. 

Every  plane  perpendicular  to  this  axis  will  cut  bodies 
of  this  kind  into  two  parts,  of  which  each  has  its  centre 
of  gravity  on  this  axis,  as  well  as  the  centre  of  gravity 
of  the  whole  body;  consequently,  keeping  the  axis 
vertical,  and  immersing  a  part  of  the  body  in  the  fluid, 
we  shall  be  certain  that  the  centre  of  gravity  of  this 
part,  and 'that  of  the  entire  solid,  are  in  the  same 
vertical,  which  we  have  seen  is  suflficient  for  esta- 
blishing a  position  of  equilibrium,  providing  only  that, 
besides  this  condition,  the  weight  of  tlie  displaced  fluid 
be  equal  to  that  of  the  whole  body.  This  latter  equa- 
lity is  always  possible,  if  the  density  of  the  body  when 
it  is  homogeneous,  or  its  mean  density  when  it  is 
heterogeneous,  be  less  than  that  of  the  fluid ;  whence 
we  may  conclude,  that  in  either  of  these  cases  the  body 
will  have  two  positions  of  equilibrio,  the  inverse  of 
each  other,  and  in  both  of  which  the  axis  is  vertical. 

41.  Having   thus   indicated  the  method   of  deter- of  the 
mining  the  different  positions  of  equilibrium  that   a  various 
body  may  assume,  it  will  be  proper  now  to  make  a  few  P^''jt.»o'^  of 
remarks  with  reference  to  thek  different  qualities,     ir  *^q"»^»*^"ura. 
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Iljrdrody-  may.bc  easily  imagined  that  in  some  cases  the  equi- 
iiaiolcs.  libriura  is  more  permanent  than  in  others ;  viz.  in  some 
^"^^^^^^^^  cases  it  may  be  such,  that  if  the  position  of  the  body 
be  changed,  it  will  have  a  tendency  to  reejain  its  primi- 
tive position;  while  in  others,  if  its  state  be  at  all 
changed,  the  body,  instead  of  tending  to  regain  its  first 
position,  will  have  a  tendency  to  revolve  farther  from 
It,  while  in  others,  it  will  remain  in  any  position  in 
which  it  is  placed.  These  three  different  states  are 
denominated  respectively,  an  equilibrium  of  .stability, 
pf  instability y  and  of  indiferaue  or  neutrality. 

Something  similar  to  this  has  place  in  solid  bodies : 
if  the  centre  of  gravity  of  a  solid  body  be  placed  in  the 
same  vertical  line  as  the  fixed  axis  about  which  it  is 
free  to  revolve,  it  will  be  in  equilibrium ;  and  this  may 
happen  either  when  the  centre  of  gravity  is  above  oV 
below  the  fixed  axis,  or  when  it  coincides  with  it :  in 
the  first  case,  if  the  body  be  slightly  put  out  of  its 
position,  it  will  have  a  tendency  to  restore  itself  again, 
as  soon  as  the  external  disturbing  cause  is  removed ; 
but  in  the  second,  if  the  position  is  in  any  respect 
altered,  the  body  will  have  a  tendency  to  revolve ;  and 
in  the  third,  it  will  obviously  be  indifferent  to  ^vcry 
position. 
RemaVkablc  The  several  positions  of  equilibrium  of  the  same 
properly,  solid  body  floating  on  a  fluid,  have  the  following 
remarkable  property,  which  may  be  demonstrated  en- 
tirely independent  of  any  calculation  ;  viz.  If  we  make 
a  body  turn  about  a  moveable  axis,  which  always  re- 
mains parallel  to  a  fixed  horizontal  right  line;  and  that 
in  this  manner  we  make  it  pass  successively  through 
all  its  positions  of  equilibrium »  in  which  the  axis  has 
the  same  direction ;  then  will  the  positions  of  equili- 
brium of  stability  and  instability  succeed  each  other 
alternately,  so  that  if  the  first  be  one  of  stability,  the 
second  will  be  one  of  instability,  the  third  one  of  sta- 
bility, &c. 

In  fact,  while  the  body  is  still  very  near  its  position 
of  stability,  it  will,  as  we  have  seen,  tend  to  return  to 
it  again :  but  as  we  recline  the  body  more  and  more, 
this  tendency  will  gradually  diminish,  till  finally  it  will 
no  longer  have  any  tendency  to  return  to  its  first  posi- 
tion ;  but  on  the  contrary  will  revolve  farther  from  it. 

Now  before  this  change  of  sign  of  its  position  (to 
speak  analytically)  takes  place,  the  body  must  pass 
through  some  position,  in  which  that  tendency  is 
zero,  or  where  it  will  neither  tend  to,  nor  from  its 
first  position ;  this,  therefore,  will  be  its  second  po- 
sition of  equilibrium,  and  before  the  body  arrives  at 
it,  it  will  tend  to  its  first  position,  and  consequently 
from  its  second;  and  after  it  has  passed  the  second, 
its  tendency  is  to  revolve  from  the  first  position  to- 
wards the  third :  consequently,  this  second  position  is 
one  of  instability,  because  on  either  side  of  it  the  body 
has  a  tendency  to  revolve  more  and  more  from  it.  With 
respect  to  the  third  position,  it  is  obviously  one  of  stabi- 
lity, because  we  have  seen  that  the  body  tends  towards, 
as  soon  as  it  has  passed  its  second  position ;  the  third 
position  being  thus  one  of  stability,  we  may  prove  in  the 
same  manner  that  its  fourth  is  an  equilibrium  of  insta- 
bility, and  so  on. 

Thus,  when  the  body  has  returned  again  to  its  pri- 
mitive position,  it  must  necessarily  have  passed  through 
some  even  number  of  positions  of  equilibrium,  alter* 
nately  of  stability  and  instability.  For  example,  if  we 
suppose  the  equilateral  prism,  whose  equilibrium  we 


have  investigated  in  (art.  39),  to  be  made  to  turn  about  : 
such  an  axis,  it  will  pass  either  through  six  or  twelve 
positions  of  equilibrium,  which  we  have  determined.  ^^ 
Now  the  half  of  these  will  answer  to  the  state  of  sta- 
bility, and  the  other  to  a  state  of  instability,  and  the 
equilibrium  of  both  species  will  succeed  each  other 
alternately. 

42.  It  is  very  important  to  be  able  to  distinguish  the  Ei 
equilibrium  of  stability  of  a  floating  body,  from  that  ®^ 
which  is  not  staple,  for  which  a  general  rule  may  be 
investigated,  deduced  from  the  principle  of  living  forces ; 
but  let  us,  in  the  first  place,  consider  a  particular  case 
which  frequently  presents  itself,  where  the  stability 
depends  only  on  a  simple  condition,  which  is  easily 
verified. 

This  case  is  that  of  a  body,  which  is  divided  by  a  FIj 
vertical  plane  CED  (fi^.  29)  into  two  piarts,  perfectly 
equal  both  in  form  and  density.  We  shall  suppose 
also  that  the  body  is  displaced  from  its  position  of 
equilibrium  in  such  a  manner  that  this  section  shall  still 
remain  vertical ;  and  that  having  thus  deranged  its  po- 
sition, it  is  left  to  itself,  without  impressing  upon  it 
any  initial  velocity.  According  to  this  supposition, the 
section  CED  will  remain  in  one  and  the  same  vertical 
plane  during  the  whole  motion  of  the  body;  for  every 
thing  being  the  same  on  each  side  of  this  section,  we 
can  see  no  reason  for  its  deviating  from  the  vertical 
plane  in  which  it  is  originally  placed.  For  the  same 
reason,  the  centre  of  gravity  of  the  displaced  fiuid  it-ill 
be  in  some  point  in  the  section  CED,  as  well  as  the 
centre  of  gravity  of  the  whole  body. 

Let  G  represent  this  last  centre ;  let  also  O,  in  the 
position  of  equilibrio,  be  the  centre  of  gravity  of  the 
displaced  fluid,  and  AB  the  intersection  of  the  level  of 
the  fluid,  with  the  plane  CED.  In  this  position  the 
right  line  GO,  which  join  the  two  centres,  is  vertical, 
and  consequently  perpendicular  to  the  right  line  AB  : 
but  it  will  be  inclined  at  a  different  angle  as  soon  as 
the  body  is  displaced  from  its  position  of  equilibrium ; 
and  at  the  same  time  the  centre  of  gravity  of  the  im- 
mersed portion,  and  the  line  of  intersection  of  the  level  • 
with  the  plane  CED,  will  change  their  positions  in  this 
plane.  In  this  situation  of  the  body,  let  O  be  the 
centre  of  gravity  of  the  part  immersed,  and  AB  the  line 
of  level ;  the  point  G  still  remaining  the  same.  Now 
the  forces  which  tend  to  put  the  body  in  motion  are  its 
own  weight,  directed  according  to  the  vertical  GH, 
drawn  through  tlie  centre  of  gravity  G,  and  the  result- 
ant of  the  vertical  pressures  of  the  fluid  on  the  sur&tce 
of  the  body  :  this  resultant  may  be  denominated  the 
thrvst  of  the  fluid :  it  is  equal  to  the  weight  of 
the  displaced  fluid,  and  acts  at  the  point  O,  in  a 
direction  opposed  to  that  of  gravity;  that  is,  in  the 
vertical  line  O'  H'.  This  vertical  and  the  right  line  GO 
being  in  the  same  plane,  they  will  cut  each  other  in 
some  point  /w,  which,  as  we  have  already  stated  (art.  36), 
is  called  the  mcta'Centre  ;  and  it  is,  as  will  be  shown,  ]^ 
the  position  of  this  point  with  respect  to  that  of  the  c^ 
centre  of  gravity  G,  on  which  depends  the  degree  of 
stability  of  the  body's  equilibrium. 

As  we  may  always  conceive  a  force  to  be  applied  at 
any  point  in  the  line  of  its  direction  (Statics,  art.  15), 
we  shall  suppose  m  to  be  the  point  of  application  of  the 
thnist  of  the  fluid,  acting  in  the  direction  m  H',  and 
the  body  will  then  obviously  be  solicited  by  two  pa- 
rallel and  contrary  forces,  applied  at  the  extremities  of 
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r  the  right  line  GO ;  and  it  remains  to  examine  the  cir- 
cumstances of  the  motion  which  the  body  will  in  con- 

■^  sequence  take ;  that  is,  whether  these  forces  will  tend 
to  cause  the  body  to  regain  the  position  of  equilibrium 
from  which  it  has  been  displaced,  or  whether  they  will 
cause  it  to  revolve  farther  from  that  position  of  equili- 
brium towards  some  other. 

I       In  the  first  place,  they  must  necessarily  produce  a 

K  motion  of  oscillation  about  the  point  G ;  for  the  motion 
of  this  point  will  be  the  same  as  if  the  two  forces  were 

J  plied  immediately  to  it ;  as  we  have  seen  in  treating 
parallel  forces ;  therefore,  because  by  the  hypothesis 
the  initial  velocity  is  zero,  its  motion  will  be  rectilineal, 
nrticaly  and  only  equal  to  the  excess  of  the  greater  of 
these  two  forces  above  the  less.  If,  at  the  origin  of 
the  motion,  the  weight  of  the  body  exceed  the  thrust 
of  the  fluid,  the  point  G  will  begin  to  descend,  and  its 
OMHion  will  be  at  first  accelerated ;  but  as  the  body  is 
tbtts  plunged  deeper  into  the  fluid  it  will  displace  a 
gieatcr  volume  of  it,  and  the  thrust  of  the  latter  will 
be  hicreased ;  till,  finally,  it  will  arrive  at  that  point 
at  which  the  latter  will  be  equal  to  the  weight  of  the 
body;  then  the  acceleration  will  cease,  but  the  point 
G  will  still  continue  to  move  in  the  same  direction,  in 
eODsequence  of  the  acquired  velocity,  till  the  thrust  of 
tbe  fluid,  prevailing  over  the  weight  of  the  body,  its 
aoiioD  is  first  retarded,  and  ultimately  destroyed. 
Rom  this  point,  the  centre  G  having  lost  all  its  ve- 
loaty,  it  will  again  return  towards  its  original  position, 
ttd  will  thus  continue  to  oscillate  till  the  resistance  of 
tbe  fluid  has  entirely  destroyed  the  motion.  The  mag- 
nitsde  or  length'  of  these  oscillations  will  be  so  much 
tbe  less,  as  the  difiercnce  between  the  weight  of  the 
body  and  that  of  the  displaced  fluid,  is  less  in  com- 
punson  with  the  first  of  these  quantities.  If  the  body 
bsfebcen  only  very  slightly  deranged  from  its  position 
of  equilibrium,  this  difference  will  itself  be  very  small, 
and  consequently  also  the  length  of  the  oscillations ; 
and  these  oscillations,  being  thus  inconsiderable,  may 
■     be  supposed  to  have  no  influence  on  the  stability  of 

eijaiEhrium  of  the  body. 
^  Daring  these  oscillations  of  the  point  G,  the  body 
S^wiDtum  about  this  centre  as  if  it  were  fixed,  and  its 
iBOtion  of  rotation  will  therefore  be  wholly  due  to  the 
face  acting  at  the  point  w,  according  to  the  direction 
•H';  and  its  state  of  equilibrium  will  be  one  of  stability, 
or  of  instability,  according,  as  the  right  line  GO,  by 
tbii  motion,  returns. towards  its  vertical  position,  or  is 
earned  farther  from  it.  Now,  from  a  simple  inspection 
<if  the  figure,  it  is  obvious  that  the  thrust  of  the  fluid 
tin  tend  to  bring  the  line  OG  towards  the  vertical 
pontion,  whenever  that  point  is  found  above  G ;  and, 
*thc  contrary,  if  the  meta-centre  be  placed  below  G. 
^  for  example,  at  m*;  the  thrust  of  the  fluid,  whicli 
•cts  according  to  the  vertical  m'  H",  will  tend  to  carry 
tkline  GO  still  farther  from  the  vertical,  and  to  upset 
4e  floating  body. 

Therefore,  when  the  meta-centre  is  below  the  centre 
of  gravity  of  the  floating  body,  such  as  we  are  consi- 
dcnng,  the  equilibrium  is  not  staple ;  and,  on  the  con- 
^niry,  when  that  point  is  found  above  the  centre  of 
gtiity  of  the  body,  the  equilibrium  is  one  of  stability, 
*t  least  while  we  only  consider  the  derangement  to  be 
«ttch  that  the  plane  CED  remains  vertical :  and  if  in 
^y  particular  case  the  meta-centre  coincide  with  the 
centre  of  gravity,  there  will  be  no  tendency  to  rotation^ 


or  the  line  GO  <vill  preserve  any  inclination  that  is    Hydro- 
given  to  it.  8tatK». 

43.  When  the  form  of  the  floating  body  is  known,  it  ^■^'"^^'"^^ 
will  always  be  easy,  by  nutting  it  into  a  position  very 

near  its  position  of  equilibrium,  to  determine  the  place 
of  the  meta-centre,  and  to  ascertain  whether  this  point 
is  above  or  below  the  centre  of  gravity  of  the  body. 

Suppose,  for  example,  the  proposed  body  to  be  a  Example, 
horizontal  cylinder,  with  homogeneous  elliptic  bases, 
and  its  density  equal  to  half  that  of  the  fluid. 

Let  AEBD  (fig.  30  and  31)  represent  a  vertical  sec  Figs,  ao,  St. 
tion,  made  at  equal  distances  from  the  two  bases.  Now, 
in  the  position  of  equilibrium,  one  of  the  two  axes  of 
this  ellipse  will  be  vertical ;  and  as  half  the  volume  will 
be  immersed  in  the  fluid,  it  follows  that  the  other  axis 
will  be  found  to  coincide  with  the  surface  of  the  fluid, 
and  will  represent  its  level.  In  ^g,  30,  we  suppose  the 
longest  axis  to  be  vertical;  and  in  fig. 31,  the  shorter; 
and  it  is  proposed  to  determine  the  position  of  the 
meta-centre  in  these  two  cases. 

Let  us  draw  through  the  point  G  in  each  figure,  a 
right  line  E'D',  making  a  very  small  angle  with  the 
axis  ED,  and  conceive  that  we  afterwards  incline  tlie 
latter  axis  till  E'D'  becomes  vertical ;  and  at  the  same 
time  let  us  suppose  that  we  raise  or  depress  the  centre 
of  gravity  G,  till  the  level  of  the  fluid  coincide  with 
the  line  A'B',  perpendicular  to  the  right  line  E'D',  at 
the  point  G'.  In  this  position,  the  part  A'E'B'G'  of 
the  ellipse  AEDB,  will  be  immersed  in  the  fluid ;  and 
this  part  is  divided  into  two  unequal  parts  A'E'G'  and 
B'E'G',  by  the  right  line  G'E'.  Now  it  is  evident,  that 
the  centre  of  gravity  of  the  displaced  fluid  is  situated 
in  some  point  in  the  greatest  of  those  parts,  as  in  the 
point  O'.  Whence  it  is  obvious,  in  examining  the  two 
figures,  that  O'  tn  parallel  to  E'D',  will  meet  the  right 
line  ED  below  the  centre  G  in  fig.  30,  and  above  it  in 
fig.  31.  And  since  by  the  definition  m  is  the  meta- 
centre,  it  follows,  that  in  the  former  position  the  equi- 
librium is  one  of  instability,  and  in  the  second  it  is 
staple.  And  if  we  suppose  the  body  to  turn  about 
the  horizontal  right  hue  which  joins  the  centre  of  the 
two  bases,  the  body  will  pass  through  four  positions  of 
equilibrium,  alternately,  of  stability  and  of  instabiUty, 
conformably  with  our  deductions  (art.  41.) 

44.  It  would  carry  too  far  to  enter  into  the  question  of  ^^^  ^ 
the  equilibrum  of  a  body  of  any  form,  and  of  hetero-  ^"^  ^"^ 
geneous  composition ;  we  shall  not  therefore  attempt 

the  question  under  this  general  character,  but  shall 
confine  ourselves  to  the  consideration  of  a  floating  body, 
which  is  symmetrical  with  respect  to  a  vertical  plane 
passing  through  its  centre  of  gravity,  when  at  rest,  and 
of  such  kind  that  we  need  only  resolve  the  problem  for 
the  area  of  the  plane  section  of  the  body.  Again, 
we  shall  suppose  the  derangement  of  the  body,  from 
its  position  of  equilibrium,  to  be  very  small,  as  we  have 
already  done  in  the  preceding  cases. 

Let  a  h  (fig.  32)  be  the  plane  of  floatation,  G  the  ^'g-  5^- 
centre  of  gravity  of  the  floating  body  DFE,  and  O  the 
centre  of  gravity  of  AFB,  or  of  the  displaced  fluid  when 
the  line  AB  coincides  with  the  plane  of  floatation  ;  the 
inclination  of  the  body  will  then  be  the  angle  GOV, 
formed  by  GO,  and  the  vertical  line  OV,  passing  through 
the  centre  of  a  F  A  ;  and  suppose  this  evanescent  angle, 
or  the  arc  which  measures  it,  equal  to  A. 

Then,  disregarding  the  vertical  motion  of  the  centre 
of  gravity  as  indefinitely  small,  we  shall  suppose  that 
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Ilydrody-  the  new  position  to  be  consistent  with  the  equality  of  the 
«-«;«  weights  of  the  body,  and  of  the  displaced  fluid.  Thus 
'  will  the  portio*  ACd,  which  is  moved  out  of  the  fluid, 
be  equal  to  the  part  BC  b,  which  has  entered  it  in  con- 
sequence of  the  motion. 
.  These  suppositions  are  not  precisely  what  the  general 
solution  of  the  problem  requires ;  it  is  obvious,  how- 
ever, that  they  differ  so  little  from  the  truth,  in  the 
case  of  very  small  oscillations,  as  to  produce  no  sen- 
sible error,  at  the  same  time  they  throw  great  facilities 
into  the  solution.  Granting  therefore  these  supposi- 
tions, the  equal  areas  AC  a  and  BC  Z»,  may  be  regarded 
as  isosceles  triancrles,  since  we  may  suppose 

CA^z=  C  a,  and  CB  =  C  ^ ; 
whence  it  follows,  that  a  C  =  C  6,  that  is,  the  inter- 
section C  of  the  two  lines  of  floatations,  is  in  the  middle 
ofAB. 

Now  the  pressure  of  the  fluid  upwards  on  a¥ b,  is 
equal  to  a  weight  of  a  lamina  of  that  fluid,  of  an  equal 
magnitude  ;  and  this  vertical  force  acts  at  the  centre  of 
gravity  of  a  F  A.  So  that,  as  it  is  necessary  to  know  this 
centre,  we  shall  flrst  endeavour  to  assign  its  position. 

For  this  purpose  we  may  observe,  that 
aF6  =  AFB-f  CBb  -  AC  a; 
and  if  we  conceive  the  laminee  of  the  fluid  equal  to 
these  areas,  it  is  evident,  that  the  moment  of  the  thrust 
of  the  fluid,  taken  with  relation  to  any  vertical  what- 
ever, is  equal  to  the  sum  of  the  fluid  lamins,  of  which 
the  volumes  are  AFB,  CB  6,  minus  the  moment  of  the 
laminee  AC  a :  let  us  therefore  estimate  these  moments 
with  respect  to  the  vertical  G  i.  First,  the  moment  of 
the  weight  of  the  fluid  laminae  AFB  =  W'GV ;  W 
denoting  the  weight  of  the  body,  or  that  of  the  dis- 
placed fluid. 

Secondly.  If  we  represent  by  to  (CB  b)  the  weight 
of  a  column  of  fluid  equal  to  CB^,  we  have  for  the 
moment  of  this  weight,  its  product  by  the  distance  qi; 
the  point  q  being  the  foot  of  tlie  perpendicular  demitted 
upon  C  b,  from  the  centre  of  gravity  CBb:  we  find 
therefore  the  point  q,  by  taking  C  7  =:  f  C  6.  Thu9  the 
momentum  of  CB  A,  is  w  (CB  ^)  x  ^  t. 

Lastly.  The  moment  of  AC  a,  is  in  like  manner, 
w (AC  a)  X  pi\  making  p  C  =  |  « C.  Where,  as  this 
latter  force  tends  to  produce  a  motion  in  the  contrary 
direction  to  the  former,  it  must  be  taken  negatively ; 
and  moreover,  since  it  ought  to  be  subtracted  from  the 
two  others,  it  becomes  positive,  and  the  moment  M  of 
the  pressure,  or  thrust  of  the  fluid  upon  a  F  b,  is 
expressed  by  M  1=  W  x  GV  -f  »(CB  b)pq, 
(because  CB  b  zz  AC  a.) 

Now  since  the  fluid  is  supposed  homogeneous,  the 
areas  AFB,  B  c  b,  are  proportional  to  the  weights  of 
the  quantities  of  fluid  to  which  they  are  respectively 
equal;  that  is  to  say,  if  we  put  the  surface  AFB  =  S, 
since  CB  =  c6,  and  Br  =  CB  sin  A  =  CB-A  (be- 
cause sin  A  —  A,  the  angle  being  indefinitely  small), 
we  have  the  triangle  CB  b  zz  I  A  x  CBCB :  therefore 

W 
S  ;  W  ::  i  A-BC  :  w  (CBb)  zz  --  ABC^ 

But;? q  zz  }  ab  zz  ^  AB  findGV  zz  A-GO ;  if,  therefore, 
we  put  GO  =z  a,  and  AB  zz  b  zz  2BC,  there  results 

M  =  A-w(«  +  -il).  (.) 

Measuit-  of      45.  Since  we  consider  the  body  as  if  it  were  retained 
the  pres-      ^y  ^  fixed  axis  passing  through  G,  the  preceding  value 


of  M  will  measure  the  pressure  of  the  fluid.   So  that  if 
we  would  compare  these  pressures  upon  different  bo- 
dies, we  must  consider  thorn  with  reference  to  the  same  ^ 
angle  of  inclination  A,  and  the  relative  stabilities  will 
then  be  measured  by 


^{^^')-- 


(6) 


and  if  the  body  be  an  iiTeguIar  solid,  the  stability  will 
be  as  the  sum  of  all  the 


W 


(-4  =*=")• 


By  stability  is  here  to  be  understood  the  resistance 
which  a  body  opposes  to  its  change  of  position ;  that 
is,  the  effort  made  by  the  fluid  to  retain  the  body  in  its 
position  of  equilibrium,  or  to  carry  it  farther  from  it; 
and  the  ambiguous  sign  prefixed  to  a,  must  be  taken, 
positive  or  negative,  according  as  the  centre  of  gravity 
of  the  whole  body  is  below  or  above  the  centre  of 
gravity  of  the  volume  of  the  displaced  fluid.  If  the 
body  be  homogeneous,  then  the  centre  of  gravity  of  the 
displaced  fluid  is  the  same  as  that  of  the  part  of  the 
body  immersed,  and,  consequently,  it  is  then  lower* 
than  that  of  the  whole  body ;  but  when  the  body  is  he- 
terogeneous, it  may  happen,  and  frequently  does  (except 
in  ships  of  war),  that  the  centre  of  gravity  of  the  boc^ 
is  below  that  of  .the  displaced  fluid,  it  being  customarr 
to  dispose  about  the  lower  parts  substance  specificallj 
heavier  than  the  materials  of  the  floating  body,  in  order 
to  accomplish  this  object. 

We  have  seen,  in  the  case  of  bodies  perfectly  unifonxiy  dj 
that  the  stability  may  be  either  positive,  negative,  or  sti 
nothing,  and  our  equation  or  expression '(^)  may,  it  is  •*■ 
obvious,  comply  with  all  these  conditions.     When  the 
centre  of  gravity  of  the  body  is  below  that  of  the  dis- 
placed fluid,  then  a  is  positive,  and  consequently  also 
the  stability,  as  is  otherwise  obvious.     On  the  con- 
trary, when  the  centre  of  gravity  of  the  body  is  aboye 
that  of  the  displaced  fluid,  tlien  a  is  negative ;  but  the 

A  A' 
stability  may  still  be  positive,  provided  — —  7  a ;  but 

A  6* 
if  a  7  79^'  ^^^^  ^^^  stability  is  negative;    and  if 

A^' 
yjr-^  =1  <7,  it  is  then  obviously  nothing,  or  zero. 

We  see  therefore  the  advantage  of  forming  the  body, 
and  disposing  the  materials  of  which  it  is  composed, 
in  such  a  manner  as  to  bring  its  centre  of  gravity  as 
low  as  possible,  as  also  of  constructing  it  so  that  it  may 
be  narrower  towards  the  bottom  than  towards  the 
plane  of  floatation. 

40.  If  the  formula  (h)  be  divided  by  W,  the  weight  72 
of  the  displaced  fluid,  the  quotient  will  express   the  c^ 
distance  from  the  vertical  Gi,  to  the  direction  of  the 
resultant  of  the  upward  pressure  of  the  fluid ;   that 
distance  being  taken  ccjual  to  G  w,  ve  shall  have 
^  Ab^        ^„        ^    /    b'  \ 

If  a  be  positive,  the  vertical  G  i  faces  to  the  left  of  "3 

the  centre   of  gravity  of  the  displaced  fluid;  in  this'  '« 

case  G  n  must  be  taken  to  the  right  of  G  i,   aiui  the  s 

same  thing  obtains  in  the  contrary  case  if 

A  ^' 
-j^7.,orGV; 

the  vortical  g  m  intersecting  the  right  line  00^  in  a  ^ 
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tf.  p(uat  m  more  elevated  than  G.    But,  if  in  the  latter 
^^cue  (that  is,  if  GV  be  negative)  we  have  GV  =:  —r-s- ; 

Uma  GnzzOf  and  the  point  m  and  G  coincide.  Finally, 

Ab* 
if  GV  7  -nrc »  and  G  consequently  higher  that  O,  the 

fine  G  i>  must  be  taken  to  the  left  of  G  t,  and  the 

pomt  m  will  fall  below  G. 

To  find  the  distance  G  nt,  it  may  be  observed,  that 

GwL  tin  A  =1 G  n,  or  because  sin  A  =  A,  A  x  Gm  =  G/i ; 

b* 
ikeicfore  G m  =  —    ±  a.  (d) 

Aithe  point  tn  obviously  corresponds  here  with  what 
ve  ktve  aefined  the  metacentre  we  come  to  the  sames 
eoDclnsion  in  this  case  as  before,  viz. 

Tke  itabiHty  of  a  bodjf  or  vessel  is  positive,  nothing,  or 
mgtiite,  according  as  the  metacentre  is  above,  coincides 
tkk,or  is  below  the  centre  of  gravity  of  the  body. 

2"^    The  following  example  will,  in  some  measure,  il- 

"■■'  kistrate  the  preceding  aeductions: 

Let  the  floating  body  be  a  homogeneous  rectangular 
pirallelopiped,  whose  altitude  is  perpendicular  to  the 
suftice  of  the  fluid.     Suppose  the  height  of  the  solid 

[       =  A,  the  breadth  of  the  base  b,  the  specific  gravity  of 

^  Ae  body  s,  then  will  the  cube  of  the  line  coinciding 
litli  the  line  of  floatation  =  6',  as  in  the  formula : 
Ik  height  of  the  immersed  part  =  <  A,  and  S  the  space 
fraportional  to  the  part  immersed  s  b  h.  The  distance 
of  the  centres  of  gravity  of  the  whole  body  and  of  the 

,       pit  immersed  will  be 

eouequentlji  the  stability  which  varies  as 
**    ±G0, 


wDviry  as 
6» 


12  S 


\2sbk 

"Hut  is,  the  stability  of  such  a  solid  will  be  propor- 
lioHdto  the  difference  between  the  sixth  part  of  the 
iipttre  of  the  breadth  of  the  base,  and  the  product  of 
« iqaare  of  the  altitude,  into  the  difference  between 
^  specific  gravity  of  the  body  and  its  square,  that  of 
^  fluid  being  unity. 

,  As  an  example,  suppose  the  height  of  the  parallelo- 
n^  equal  to  the  breadth  of  the  base,  or  hzz  b,  and 
■•t  it  be  required  to  determine  the  specific  gravity  of 
^^  solid  when  its  stability  is  nothing, 
la  Ais  case,  writing  h  for  6,  we  have 

__A*(*-.*»)  =  o,or 

f  =  ^  ±  ^  V  3  =  -78868,  or  -21132  nearly. 

These  specific  gravities  agree  very  nearly  with  those 
^  dnr  seasoned  oak  and  cork,  that  of  water  being  1 ; 
Jjjid  therefore  a  solid  of  the  form  proposed  of  either  of 
^liie  substances,  would  float  in  water  with  the  equili- 
^^^ttun  of  neutrality  or  indifference. 

2.  If  the  body  be  a  homogeneous  cylinder,  whose 
^^a  is  vertical,  and  the  circumstances  of  its  equilibrium 
^ere  required,  we  should  find,  by  an  investigation  si- 
^^^ar  to  the  above,  that  its  stability  is  as  the  quotient 
^  the  square  of  the  radius  of  the  base  divided  by  four 
^imes  the  height  of  the  part  immersed^  diminished  by 

▼OL.  III. 


the  distance  between  the  centres  of  gravity  of  the    Hydro- 
whole  solid  and  the  part  immersed ;  that  is  as  sutict. 

^-OG,  ^^^^ 

where  CG  is  the  radius  of  the  base,  at  the  depth  of 
the  part  inmiersed,  and  OG  the  distance  between  the 
centres  of  gravity  of  the  immersed  part,  and  of  the 
whole  solid.  We  leave  this  investigation,  and  the 
corollaries  that  result  from  it,  as  exercises  for  the 
reader. 

47.  If  we  consider  the  fluid  as  non-resisting,  the  Oscillations 
floatmg  body  will  oscillate  incessantly  about  a  horizon-  ff»  floating 
tal  axis,  passing  through  the  centre  of  gravity,  accord-  *^^* 
ing  to  laws  ansdogous  to  those  of  bodies  in  a  vacuum ; 
and  we  propose  here  to  examine  the  particular  nature 
of  these  oscillations,  regarding  them  as  indefinitely 
small. 

Let  us  suppose  that  the  vertical  line  passing  through 
the  centre  of^  gravity  of  the  body,  in  its  equilibrated 
position,  has  l^en  inclined  by  the  quantity/,  then  de- 
noting by  A  the  inclination  of  the  body  at  the  end  of 
the  time  t,  and  by  a,  the  arc  described  by  the  point 
which  is  placed  at  the  unit  of  distance  from  G  (fig.  32),  Fig.  52. 
we  shall  have  A  =/  —  a.  Now  the  angular  accelerat- 
ing force,  as  we  have  seen  in  Dynamics,  is  the  quotient 
of  the  sum  of  the  momenta  of  the  moving  forces  divided 
by  the  moment  of  inertia.  The  dividend  being  the 
total  vertical  pressure  of  the  fluid  is  readily  obtained, 
knowing  the  mass  of  the  body,  by  means  of  our  pre- 
ceding equation  (a);  and  the  divisor  is  M  A:*,  M  being 
the  mass  of  the  body,  and  k*  the  quotient  of  the  mo- 
mentum of  inertia  (with  respect  to  any  axis  passing 
through  the  centre  of  gravity)  divided  by  the  mass. 

Hence,  as  the  weight  W  of  the  body  is  equivalent  to 
2^  M,  2^  denoting  the  force  of  gravity,  we  have 

Or  if  we  put  /  =  f  a  -f  Tog-)  -r-  **>  there  will  arise 


4-  =  ?5(/-a). 
^        I 

Multiplying  this  by  2  a,  it  becomes 

—r — =-f(/a  -aa); 
t*  * 

and  taking  the  fluents 

^  =  ^(2/a-.«)+C. 

Here  -^  is  the  angular    velocity;    so  that  when 
i 

'-r:=io,  a  =  o,  and  consequently  C  =  o ; 

t 


''=yL 


whence  f  —  ^,    ,,     ^  , 

takmg  the  fluent  we  obtain 

t  =  y^^  X  arc  (cos  =-^)  +  C. 

Here,  in  order  to  determine  C,  we  have,  when  tizo^ 
aizOf  consequently  C  =  o ; 
2c 
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therefore  t  =  y/^  'i   ^  ^^  (^^*  ='' 
complete  fluent ;  and  we  hence  find 

•^^^^=  cos  (arc  =  f  V  y) , 

a  =/(!  —  cos  (arc  =  ^  ^/ -j) . 
Tlie  variables  comprised  in  this  equation  are  the  arcs 
a  and  t  ^^y^-j ;  where,  if  we  attribute  successively  to 

t  -Y/^"r  ^^  values  o,  J  tt,  x,  \\  w,  2  ir,  &c.     " 

we  find  o,  /,  2 /*,  3/,  4/,  &c.  for  the  corresponding 
values  of  a ;  which  shows  that  the  moving  body  after 
describing  the  descending  arc/,  will  describe  an  as- 
cending arc  /  in  the  same  time ;  then  retuni  and  rise 
the  contrary  way,  and  so  on.  It  is  obvious  also,  that 
the  time  of  making  a  complete  oscillation  is  given  by 

taking  ir  =  ^  <-/^  -^,  since  that  hypothesis  gives 

a  =  2/,  as  it  ought  to  do. 


Hence  there  results  t 


=  'x/Tg 


This  expression  for  the  time  does  not  comprise  the 
quantity/;  whence  it  follows  that  the  vibrations  are 
isochronal ;  and  by  comparing  the  above  with  the  value 
of  tf  for  the  simple  pendulum  vibrating  in  indefinitely 
small  arcs  (art  82),  it  will  appear  that  they  exactly 
agree ;  consequently,  the  principle  circumstances  traced 
there,  apply  immediately  to  the  present  case. 

Now  if  we  restore  the  value  of  /,  we  shall  have 
l^      12ifc*S 


12flS  -h  A'* 
of  the  synchronal  simple  pendulum. 

12  S 


an  expression  which  shows  the  length 
And  for  the  time 


of  oscillation,  t  zi  v  k  ^y   - 


2g(r2aS-f /»Y 

In  order  to  make  an  application  of  these  prin- 
ciples, let  us  take  the  instance  of  a  prismatic  body, 
such  that  the  transverse  section  of  the  immersed  part 
in  the  position  of  equilibrium  is  an  isosceles  triangle,  of 
which  the  vertices  of  the  equal  angles  are  in  the  plane 
of  floatation ;  the  upper  part  of  the  section  may  have 
almost  any  variety  of  form.  Let  h  represent  the  half 
base  of  the  isosceles  triangle,  which  is  the  transverse 
section  of  the  part  immersed;  h  the  hi?ight  of  this 
triangle,  and  at  the  distance  of  the  upper  suriface  of  the 
fluid  from  the  centre  of  gravity  of  the  body  ;  the  dis- 
tance of  that  surface  from  the  centre  of  gravity  of  the 
triangle  immersed  will  be  ^  ^ ;  consequently,  the  dis- 
tance between  the  centres  of  gravity  of  the  body  and  of 
the  fluid  displaced  will  be  a  =  (/  —  ^  A  ;  the  area  im- 
mersed will  be  S  =:  6  ^ ;  and  the  value  of  the  stability 
(formula  by  art.  45)  will  be 

^r3(fA-A«+26'), 
on 

which  may  be  either  positive,  nothing,  or  negative,  as 
in  the  various  cases  before  specified  ;  and  the  length  of 
the  synchronal  pendulum  will  be 

3Ai^* 
""3rfA-A*-h2  6'' 
It  may  not  be  amiss  to  observe^  that  these  results 


are  obtained  only  on  a  supposition  of  the  oscillations 
being  indefinitely  small,  and  that  they  will  not  apply  to 
any  other  case.     See  Gregory's  Mechanics,  vol.  i.  ^^ 

48.  We  cannot  enter  at  much  length  upon  the  ap-To 
plication  of  our  preceding  deductions  to  the  construe- «» 
tion  of  ships  and  vessels  generally,  as  that  would  lead  ^ 
us  upon  a  subject  sufficient  of  itself  to  form  a  consi* 
derable  volume,  we  therefore  beg  to  refer  the  reader  for 
such  application  to  the  works  to  which  we  have  alluded 
in  our  historical  chapter,  as  also  to  an  ingenious  p£^>er 
on  the  same  subject,  pubHshed  by  Mr.  Atwood  in  the 
Philosophical  Transactions  for  1796.     All  we  can  at- 
tempt in  this  place  is  to   examine  a  few  of  the  most 
simple  cases,  such  as  river  and  canal  boats,  in  which 
we  shall  avail  ourselves  of  an  article  published  by  Mr, 
English,  in  Tilloch*s  Philosopliical  Magazine. 

Vessels  of  this  kind  are  generally  of  the  same  trans- 
verse section  throughout  their  whole  length,  except  a 
small  part  in  prow  and  stem,  formed  by  segments  of 
circles  or  other  simple  curves  ;  therefore  such  a  length 
may  be  easily  assigned,  that  any  of  the  transverse  sec- 
tions being  multiplied  therebv,  the  product  will  be 
equal  to  Ae  whole  sohdity  of  the  vessel.  The  form 
of  the  transverse  section  is  generally  either  rectangular, 
as  in  fig.  33  ;  trapezoidal,  as  in  fig.  34 ;  or  mixtilineal,  F1, 
as  in  vi%,  35 ;  in  all  which  MM  represents  the  line  of 
floatation  when  upright ;  and  EF  the  same  when  in- 
clined at  any  angle  MXE ;  also  G  represents  the  centre 
of  gravity  of  the  whole  vessel,  and  R  that  of  the  part 
immersed. 

If  the  vessel  be  loaded  quite  up  to  the  line  AB,  and 
the  specific  gravity  of  the  boat  and  burden  be  the  same, 
then  the  point  G  is  simply  the  centre  of  gravity  of  the 
section  ABCD;  but  if  not,  the  centres  of  gravity  of  the 
boat  and  burden  must  be  found  separately,  and  re- 
duced to  one,  by  the  usual  method,  by  dividing  the 
sum  of  the  momenta  by  the  sum  of  the  weights  or 
areas,  which  in  this  case  are  as  the  weights. 

The  point  R  is  always  the  centre  of  gravity  of  the 
section  MMCD,  which,  if  consisting  of  different  figures, 
must  also  be  found  by  dividing  the  sum  of  the  momenta 
by  the  sum  of  the  weights  as  usual.  These  two  points 
being  found,  the  next  thing  is  to  determine  the  area 
of  the  two  equal  triangles  MXE,  MXF,  their  centres  of 
gravity  o,  o,  and-  the  perpendicular  projected  distance 
w  »  of  these  points  on  the  water  line  EF. 

This  being  done,  through  R,  and  parallel  to  EF, 
draw   RT   a  fourth  proportional  to   tne   whole   area 

MMCD,  either  triangle  MXE,  or  MXF,  and  the  dis 

tance  n  n  :  through  T,  and  at  right  angles  to  RT  or  EF,  ^ 
draw  TS  meeting  the  vertical  axis  of  the  vessel  in  S,^ 
the  metacentre ;  also  through  the  points  G,  B,  andf 
parallel  to  ST,  draw  NGW  and  BV;  and  again.,  i 
through  S  and  parallel  to  EF,  draw  WSV,  meeting^ 
the  two  former  in  V  and  W ;  then  SW  is  as  the  sta— ^ 
bility  of  the  vessel,  which  will  be  positive,  nothing,  oiK^ 
negative,  according  as  the  point  S  is  above,  coinciden' .«: 
with,  or  below  the  point  G. 

If  now  we  assume  W  to  represent  the  weight  of  th^. 
whole  vessel  and  burden  (which  will  be  equal  to  th^^i 
section  MMCD  multiplied  by  the  length  of  the  vessel)^  i 
and  P  to  denote  the  required  weight  to  be  applied  ar^tf 
the  gunwale  B,  to  sustain  the  vessel  at  the  given  angle^J 
of  inclination,  we  shall  have  this  proportion 

vs  :  sw::w  ;  P; 
which  proportion  is  general,  whether  S  W  be  positive  a^^ 


"h  T  5  no  D  i'  KAMI  cs. 


ins 
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iepLtive;  it  ifiti«ton1y,  in  the  latter  case,  be  supposed 
to  act  upward  to  prevent  an  overturn. 

to  rectanspjlar  vessels  of  given  weight  and  dinien- 
sioDS,  the  whole  process  is  so  evident^  that  any  fartlier 
explanation  wonid  be  unnecessary. 

In  trapezoidal  vessels,  after  bavins:  found  the  points 
G  and  Fi,  let  AD,  BC,  be  produced  till  ihev  meet  in 
K;  then,  since  the  two  sections,  MMCD,  EFDC,  are 
equal,  tiie  two  triang;les,  MMK,  EFK,  are  also  eijual; 
and  therefore  the  rectangle  KE  x  KF  —  KM  xKM^ 
KJrt';  and  since  the  anj^le  of  inclination  is  supposed  to 
be  known*  the  ang^le  at  E  and  F  are  given  ;  conse- 
quently, if  a  mean  proportional  be  found  between  the 
Moesofthe  angle!*  E  and  F,  we  shall  have  the  follow- 
Log  proportions. 

As  the  mean  proportional  thus  found  :  sin  E  :: 
KM  ;  KF ;  and  as  the  same  mean  proportional  :  sin  F 
::KM:KE:  therefore  ME,  MF,  become  known; 
whence  the  area  of  either  triangle  MXE,  MXF,  the 
diitiuce  n  n,  and  all  the  other  requisite  quantities,  may 
be  faund. 

In  the  mixtilineal  section,  let  AB  —  9  feet  =108 
incJve*,  ttie  whole  depth  zz  6  feet  =  72  inches,  the 
altitude  of  MM  the  line  of  floatation  =  4  feet,  or  48 
ittches;  and  let  the  tw^o  curvilineal  parts  be  circular 
Ditadnujts  of  2  feet,  or  24  inches  radius  each.  Then 
tu  area  of  the  two  quadrants  ^z  904-7808  square 
indiei,  and  the  distance  of  their  centres  of  g^ravity 
from  the  bottom  zz  13*8177  inches  nearly;  also  the 
area  of  the  included  rectangle  abic-z  1440  square 
indies,  and  the  altitude  of  its  centre  of  prravity  ^  12 
inche?.  Tn  like  manner,  the  area  of  the  rectansfle 
ABf  rf,  will  be  found  zz  5184  square  inches,  and  the 
altitude  of  its  centre  of  gravity  -^  48  inches;  we  shall 
therefore  have 

Momentum  of  the  {  _904'7808x  13'817- 12501-989; 
two  quadrants  J  '^ 

Xl2        zz  17280; 
X48        =248832; 


$ 


Momenumi  of  the  )  _^  i  ^  ja 

feetangle  afue  \ 
Momentum  of  the  j  _  ^  t  in 

— ngleABcrfJ-^fl^ 


7528-7808  278613^989. 

Kow  tl»e  sum  of  the  momenta,  divided  by  tlie  sum 

of  tbe  areas,  will  g-ive 

•J786L-H)89        „^  ^^^  ,     , 

^,  „     ^  zz  37*006  inches, 

7528-78U8  ' 

which  LK  the  altitude  of  G,  the  centre  of  gravity  of  the 

section  ABCD,  above  the  bottom. 

hi  like  niaoner  R,  the  centre  of  ^avity  of  the  sec- 

tioD  MMCD,  will  be  found  to  be  equal  to 

— ■      .^^.^  =:  24-934  inches; 
493(1*7808 

COHEequentlv,  their  difierence,    or   the  value  GR  z- 

Ii^2  inches, 

Kow^  suppose  the  vessel  to  hcc/  15^,  then  we  shall 
tate  the  foilovrtnp:  proportion : 

iaditu:tanl5^::MX  — 54  :  ME orMF=  14*469 inches; 
»kence  the  area  of  either  triangle  MXE  or  MXF  — 
390^663  inches.     Thc^refore 

4^*7808  :  390-663  ::  72  -  w  a  :^  ^  AB  ;  5*G975 
inches  :=  RT  ;    and  apain, 

radius  ;  sin  15**  ::  12-072  zz  GR  :  3*1245  —  SW, 
tk  itabihty  required, 

Apain^as  sinlS*^:  rad:  :5-697r>^TR  :  22-013:=:RS; 
to  which,  adding  24,  the  altitude  of  the  point  R,  we 


shall  have  4fi'947  for  the  height  of  the  raetacentre ;    iivHm* 
which   taken  from  72,  the  whole  altitude,    there  re-     staiici. 
mains  25-053;    from  which,   and  the  half  width  54 
inches,  the   distance    RS   is  found   —  59-529  inches 
nearly;    and   the   angle  SRV  =  80°  6' 42";    whence 
SV  -  58-645. 

Let  us  next  suppose  the  mean  length  of  the  vessel 
to  be  40  feet,  or  480  inches,  and  we  shall  have  the 
wei^rht  of  the  whole  vessel  equal  to  the  area  of  the 
secfion  MMCD  =  4936-780,  muhiplled  by  480,  or 
4936-780  X  480  —  2369654  cubic  inches  of  water, 
equal  in  weig-ht  to  85708  lbs.  avoirdupois* 

Lastly,  as  SV  :  SW,  or  as  58-645  :  2-573 ::  85708  ; 
3760  -f ,  the  weip:ht  of  the  gunwale,  which  will  sustain 
the  i^essel  at  the  g^iven  inclination »  Therefore,  a 
vessel  of  the  above  dimensions,  and  weighing 
38  tons  5  cwts.  28  lbs.  will  require  a  weight  of 
I  ton  1 3  cwts.  64  lbs.  to  cause  her  to  incline  1 5°. 

In  the  above  example,  the  deflecting  power  has  heeti 
supposed  to  act  perpendicularly  to  the  gunwale  at  B; 
but  if  the  vessel  be  navigfated  by  sails,  the  cc/itrt  vtliqife 
(or  that  point  in  a  single  equivalent  sail,  where,  if  tlie 
resultant  of  all  the  forces  of  the  wind  were  applied,  the 
same  etfect  wnyld  be  produced)  must  be  found  ;  with 
whit-h,  and  the  anii^le  of  deflection,  the  projt^cted  distance 
of  the  same,  on  the  line  SV%  may  be  obtained ;  and  then 
the  power  calculated  as  above,  necessary  to  be  applied 
at  the  projected  point,  will  be  that  part  of  the  Pjrce  of 
the  wind  which  cairses  the  vessel  to  heel ;  and  con- 
versely, if  the  weijjht  and  dimensions  of  the  vessel,  the 
area  and  altitude  of  tfie  sails,  t^nd  the  direction  and 
the  velocity  of  the  wind,  be  given,  the  angle  of  direc- 
tion may  be  determined. 

We  cannot  pursue  this  enquiry  to  a  greater  length 
in  this  place  ;  we  beg,  therefore,  to  refer  the  reader, 
for  a  full  investi^tiun,  as  it  relates  to  the  stability  of 
ships,  &c.  to  the  papers  published  by  Atwood,  Pliii 
Trans,  for  1796. 

§  VL  On  ihejigvre  of  iht  earlL 

49.  The  fi^ire  of  the  earth  was  for  a  lonp^  time  sup-  figure  of 
posed  to  be  that  of  a  perfect  sphere ;  but  when  the  tiie  c^rth. 
doctrine  of  cenlrifu|;al  and  centripetal  forces  began  to 
be  better  understood,  its  exact  spherical  figure  was 
doubled;  but  who  il  was  that  first  suggested  this  doubt 
does  not  appear  to  be  known.  Picard,  in  his  measure- 
ment of  the  earth,  published  in  1671,  speaks  of  a 
conjecture  proposed  to  the  Academy,  that  supposing 
the  diurnal  motion  of  the  earth,  heavy  bodies  would 
descend  with  less  force  at  the  equator  than  at  the 
poles,  and  observes,  that  for  the  same  reasorj  ihcre 
would  be  a  difference  in  the  length  of  the  peudulam 
vibrating  seconds  in  different  latitudes.  The  Bume 
year  Richer  was  sent  to  Cayenne,  and  among  oilier 
objects  of  his  voyage,  he  was  charged  by  the  Acadtmy 
to  observe  the  length  of  tlie  pendulum  vibrating 
seconds*  It  will  be  sufficient  to  observe,  in  this  place, 
that  the  conjecture  was  verified;  the  seconds  peudu- 
luni  at  Paris  having  been  found  to  be  a  line  and  a 
quarter  shorter  than  that  vibrating  at  the  same  rate 
in  Cayenne. 

Tliii^  may  be  said  to  be  the  first  direct  proof  of  the 
diurnal  motion;  and  Hiiygens  was  then  led  to  suspect 
that  the  same  cause  might  produce  a  protuberance  of 
the  equatorird  parts  of  the  earth,  and  a  consequent  de- 
pression of  the  poles  ;  whether  this  philosopher  were, 
2  c  2 
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Iiyiirody-  or  not,  the  first  pereoD  who  offered  this  8ng;gestion,  he 
ntinics.  was  Undoubtedly  the  first  who  attempted  the  solution 
^ of  the  problem;  viz.  the  determination  of  the  figure  of 
the  earth.  Newton  soon  afler  undertook  the  like  in- 
vestigation, but  on  a  different  hypothesis,  and  they  have 
been  since  followed  by  numerous  other  celebrated  mathe- 
maticians, through  whose  labours  and  ingenuity  the  pro- 
blem has  finally  received  every  degree  of  elucidation  of 
which  it  appears  to  be  susceptible.  We  cannot  in  this 
place  attempt  to  develope  the  views  that  different  authors 
nave  taken  in  the  solution  of  this  celebrated  problem; 
at  the  same  time  as  it  is  obviously  a  question  intimately 
connected  with  the  principles  of  Hydrostatics ;  that  is 
to  say,  the  determination  of  the  equilibrium  of  a  fluid 
under  certain  circumstances;  we  cannot  close  this 
treatise  witliout  bestowing  a  few  pages,  by  way  of  il- 
lustrating some  of  the  most  usual  modes  of  solution. 

Huygens  assumes,  as  the  base  of  his  solution,  that 
"  if  a  fluid  heavy  mass  have  all  its  points  in  equilibrio, 
its  surface  ought  to  cut  perpendicuJarly  the  directions 
of  the  gravity  of  the  particles  of  which  it  is  composed.'* 

Newton  s  hypothesis  was,  **  that  if  a  fluid  heavy 
mass  be  in  equilibrio,  any  two  columns  of  the  fluid 
directed  to  one  and  tlie  same  fixed  point,  considered 
as  a  centre,  will  mutually  counterbalaDce  each  other, 
independent  of  the  rest  of  the  mass.'* 

Before  attempting  the  general  solution  on  the  prin- 
ciples which  we  have  assumed  for  the  bases  of  our 
theory,  viz.  the  principle  of  equal  pressure^  it  will  not  be 
uninteresting  to  the  reader  to  see  an  exposition  of  the 
solution  of  the  above  two  celebrated  philosophers. 


whence  we  have  for  the  equation  of  the  meridian 


(♦ 


cos  z 


^)>=-»-- 


Solution  on  Newton  s  principle. 

51 .  Let  DAE  (fig  37)  be  the  meridian,  DE  the  axis,  ^ 
C  the  centre  of  the  earth,  towards  which  the  polar  ^ 
column  of  the  fluid  DC,  and  any  other  column  MC  ^ 
tend  (which  by  the  hypothesis  mutually  counterbalance 
each  other).    Take  on  CM  any  point  R,  the  gravity  of 
which  is  in  the  direction  RO,and  which  may  be  denoted 
by  R  ^ ;  resolve  this  force  into  two  others  R  A,  R  t  ; 
tlie  one  in  the  direction  MC,  the  other  perpendicular  to 
the  same  line.     Let  us  represent  by  R  z,  the  centrifu- 
gal force  of  the  point  R,  which  acts  in  the  direction  QR 
perpendicular  to  the  axis  of  revolution  DE,  and  resolve 
this  into  two  forces  R  «,  R  if ,  the  one  in  the  direction 
CM,  and  the  other  perpendicular  to  it. 

Now  it  is  evident,  that  the  forces  R  t,  R  i/,  contribute 
nothing  to  the  column  or  canal  RC  in  the  direction 
MC,  and  that  we  have  only  to  consider  the  forces 
R  ^,  R  *. 

Let  the  absciss  CP  =  r,  the  ordinate  MP  =:  y,  the 
angle  CRO  =  p,  CR  =  r,  QR  =z  u. 

The  force  R  ^  =  ^,  the  centrifugal  force  ==/,  at  a 
given  distance  Ar,  then  we  shall  have 

—  ,andR,=  ^; 


R  ^  =:  ^  cos  p,  R  s  = 


Solution  on  Huygens'^  hypothesis. 

Hoy^s*  50.  The  earth  being  supposed  to  have  been  originallyjlmdy 

solution.  having  the  form  of'  a  solid  of'  revolution  ;  and  all  its  par- 
tides  being  supposed  submitted  to  the  action  of  a  given 
gravitat'ing  and  centiifugal  force ;  it  is  required  to  de- 
termine thejigure  it  tc'dl  assume. 

Fig.  3d.  Let  C  (fig.  36)  represent  the  centre  of  the  earth, 

DAEB  one  of  its  meridians,  or  the  section  of  the  body 
made  by  a  plane  passing  through  its  axis  of  revolution 
DE.  Suppose  the  gravity  of  the  point  M  to  be  in  the 
direction  MO,  and  let  this  force  be  denoted  by  MF, 
which  decompose  into  two  others  MH,  MK,  perpendi- 
cular to  the  axes  DE,  AB  of  the  meridian.  The 
centrifugal  force  of  the  point  M,  which  revolves  about 
DE,  is  proportional  to  the  ordinate  MP;  let  us  repre- 
sent this  force,  which  acts  in  a  contrary  direction  to  MH, 
by  HI.  Then  it  is  obvious  that  the  point  M  is  solicited 
by  the  action  of  the  two  forces  MI,  MK;  which  by  the 
hypothesis  are  perpendicular  to  the  element  Mm  of 
the  meridian. 

Assume  CP  =  j,  PM  =  y  ;  the  force  MF  =  <^,  the 
angle  OMP  z:  z\  and  call  /  the  given  centrifugal 
tbrce  for  any  known  distance  k.    Then  we  shall  have 

MH  r=  ^  cos  2 ;  M  A:  =  ^  sin  :; 

HI^-^  and  MI  nd^cos  z  -•$• 
k  ^  k 

Now   drawing  the  ordinate   m  /?,  the  similar  right 
angled  triangles  M  r  fw,  VKM,  will  give 
Mr  :rm::    KV  :  MK; 


therefore  the  pressure  of  the  canal  RC  on  the  point  C 
is  equal  to 


fr  (^^cosp^L—^zzJr  J^cos;»- 

these  fluents  must  be  taken  with  x  a:\dyconstant :  and 
afterwards,  in  order  to  have  the  weight  of  the  canal 
MC,  we  must  make 

r  nCM  =  ^{/  -J-y^; 

which  will  give  an  expression  that  we  may  then  equate 
with  the  given  weight  of  the  column  DC. 

By  way   of  illustration,  let  us   suppose  that  gra-K 
vity  is  constant,  and  that  its  direction  is  towards  the  ^ 
centre  of  the  earth  C  (figs.  36  and  37).     Then  in  the " 
former  figure  we  have 

X 

sm  z  = 


y 

cos  z  =  — -TT'. — t:  ' 

and  the  equation  of  the  meridian  as  depending  upoo-fl 
the  supposition  of  Huygens,  will  become 

».vi       _  fyy  _     —^xi    _ 


^  (jr  X  -f-  yy) 

of  which  the  fluent  is 


or 


fv'-- 


+  C  =  o, 


or, 


—  -^f  .'i : '.  0 cos  z  ■ 


fy 


:  ^  sm  z\ 


where  the  constant  C  must  be  so  taken,   that  whe 
y  =  p,  we  may  have  x  =  CD  a  given  quantity. 
In  fig.  37,  we  have  p  ==  o,  and  the  quantity 

f;  (^  eo5  p  -  -j^^) 
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at  once 


Jr  <' 


J  CM  =  r  =  ^{^  +  ^,  we  have  for  the  weight 
column  CM 

which  onght  to  be  equal  to  the  weigfht  of  the  column 
I>C ;  whence  a^in  we  obtain 

*./(.«'+*')-  4t-  +  ^  = " 

lor  die  equation  of  the  meritlian. 

52,  The  principles  employed  by  Huygens  and  New- 
ton^ it  appears ,  from  the  above  investigations,  ^^e  on 
liesis  assumed  in  the  preceding  article  the 
Its,  and  the  same  has  place  on  sonK*  other 
relative  to  the  action  of  gravity;  while  in 
otbm  the  equations  obtained  are  very  different.  The 
principle  em  ployed  by  Huygens  establishes  the  eqiiilt- 
pfJamoDlyon  the  surface  of  the  fluid;  while  that  of 
NewtOQ  has  reference  to  the  interior  of  the  mass  with 
xtp!tA  to  the  centre;  but  these  two  conditions  are  not 
lufficient  separately,  nor  even  in  certain  cases  con- 
joiady,  to  establish  the  equilibrium  in  every  component 
pMcIe  of  the  mass,  as  is  shown  by  Clairaut  in  his 
■ftiJt^  de  la  Figure  de  la  Terre/* 

The  equilibrium  will  only  have  place  in  every 
particle  of  tht-  mass,  when,  taking  any  point  whatever 
^aad  not  a  determinate  and  fixed  point),  we  find  this 
to  be  equally  presned  in  nil  dirtctions,  Tbb  general 
fiew  of  the  problem  was  first  clearly  developed  by 
WMJaiirin,  nnd  from  it  we  derive  the  following  results ; 

!.  That  when  any  fluid  mass  OAN  (!ig.  38)  is  sub- 
inittt?d  to  any  forces,  and  in  equilibrio,  the  miguLir 
canal  OMN,  terminated  on  both  extremities  by  the 
furface,  is   separately   in   equilibrio,      For  since  the 

I  whole  mass  is  in  equilibrio,  the  particle  M  is  equally 
pressed  in  every  direction,  and  this  equality  of  pressure 
ttiU  remain  the  same,  if  we  conceive  the  canal  OMN 
tt  reiDM  fluid  while  all  the  otlier  part  of  the  mass 
tiooiiie  solid. 
t.  That  the  triangular  canal  OMR,  of  which  one 
iD^le  0  is  at  the  surface  of  the  fluid,  is  also  in  equi- 
librio.     For  if  MR  be  produced  to  the  surface  of  the 
friidf  the  two  angular  canals  OMN^  CRN,  are  each 
imiately  in  equilibrio ;  w  lience  denoting  the  pressure 
of  a  column  by  P,  we  have 
POM  =  P'NM  and  FOE  -  PNR,  or 
P*NM  =  P*NR  +  P-RM  -  FOR  +  P'RM, 
Ibtttfore        POM  =  POR  +  PRM; 
tkatis,  the  point  RI  sustains  the  same  pressure  from 
dtt  column  MN,  as  from  the  two  columns  OR  and  HM, 
which  act  on  this  point  in  the  same  manner  as  if  they 
^eie  placed  in  a  right  line*     There  will  be,  therefore, 
W  motion  in  the  canal  OMN,  either  in  tlr  direction 
b   OMR*  or  ORM,  consequently  the  canal  OMN  will  re- 
H  ttain  in  equilibrio  as  fur  as  relates  to  these  forces. 
^       3*  It  follows  also  that  the  triangular  canal  MRQ, 
t^en  in  the  interior  of  the  mass,  is  in  equilibrio.    For 
ifwepoduce  MR,  MQ,  QR  to  the  surface  of  the  fluid, 
iHe  thtte  canals  OMN,  OQZ,  NRZ  will  be  in  equi- 
librio, as  wc  have  seen  above.    Therefore,  P  denoting 
At  pressure  as  before, 


POM  =  P-NM,or  P*OQ  =  P  QM  =  PKR  +  PRM, 
and  POQ  -  PRQ  -j^  PZR,  or 

P  OQ  iz  PRQ  -h  P'NR. 

Substituting  this  value  of  P-OQ  in  the  preceding  equa- 
tion, it  will  become 

PQM  +  PRQ  =  PRM. 
Thus,  the  sum  of  the  pressures  of  the  columns  QM, 
RQ  on   the  point  M,  is  equal  to  the  pressure  of  the 
coluuui  RM  on  the  same  point;  and  consequently  tlic 
canal  QMR  is  in  equihbrio, 

4.  Again,  the  canal  UMRQN  (fig.  3D)  of  any  form 
terminating  at  each  extremity  at  the  surface  of  the 
fluid  is  in  equilibrio.  For  if  we  draw  the  diagonals 
OR,  OQ,  ail  the  canals  OMR,  ORQ,  OQN,  will  be  in 
equilibrio.     Therefore 

POM  -  PRM  +  POR;  FOR  -  P  QR  -h  P  OQ; 
P*OQ  zz  P^NQ.  Thus P-OM  ^  P-RM  -  P-QR  +  P.NQ ; 
that  is  to  say,  the  pressure  of  the  column  OM  on  the 
point  M,  is  equal  to  the  sum  of  the  pressure  of  the 
columns  II M,  QR,  NQ  on  the  same  point  Conse- 
quently the  canal  OMRQN  is  in  e<pulibrio. 

5.  Lasdy,  the  canal  MRTQV  (fig.  40)  of  any  figure 
returniufc  on  itself,  taken  in  the  interior  of  the  fluid, 
is  in  equilibrio.  For  if  the  diagonals  MT,  MQ,  be 
drawn,  it  will  be  seen  that  all  the  triangnhir  canals 
MRQ,  MQT,  MTV,  being  in  equilibrio,  the  pressure 
of  the  column  RM  on  the  point  M,  is  equal  to  the  sum 
of  the  pressures  of  the  colunms  RQ,  QT,  TV,  VM,  on 
the  same  point ;  consequently,  tlie  canal  MRQTV^, 
whatever  may  be  the  number  of  its  sides,  will  be  in 
equilibrio. 

53.  It  appears,  therefore,  that  the  principle  assumed 
by  Newton,  that  i3,  the  equilibrium  of  the  two  central 
cohmms,  is  only  a  narticular  case  of  (N**  1)  in  the  pre- 
ceding article;  and  that  the  hypothesis  or  principle  of 
Huygens,  that  is,  the  perpendicularity  of  gravity  to  the 
surface  of  the  fluid,  will  only  obtain  when  (N°  4)  of  the 
same  article  i>  verified  ;  viz.  when  a  canal  of  any  figure, 
terminated  at  each  extremity  liy  the  surface  of  llie 
fluid,  shall  be  in  equilibrio;  for  we  may  conceive  that 
this  canal  is  immediately  situated  at  the  surface  of  the 
fluid,  as  for  example  OKM  (fig.  39),  and  then  the  state 
of  equilibrium  necessarily  requires  that  gravity  to  be 
perpendicular  in  every  point  of  the  canal. 

Mathematicians,  and  particularly  Maclaurin  and 
Clairaut,  have  made  gieat  use  of  l;ht:se  supposititious 
canals,  in  order  to  determine  the  figure  of  the  eartli 
according  to  diftVrent  hypotheses  of  the  action  of 
gravity. 

When  gravity  is  supposed  primitively  to  be  directed 
towards  a  fixed  point,  whatever  may  be  the  law  which 
it  observes,  the  equation  of  the  terrestrial  meridian, 
considered  as  a  solid  of  revolution*  may  be  found  im- 
mediately from  our  general  prmciple,  viz,  of  equal 
pressure,  as  w^ill  appear  from  the  following  solution. 

54*  Suppose  iht  Jiuid  mass  ADBE  (fig.  41)  io  revoke 
ahout  the  fixed  atift  DE,  each  of  itn  particles  he  trig 
SJibmiftcd  to  the  action  of  a  centrifugal  forcc^  and  to  the 
actitm  of  ^rmifv  directed  tuwarfl^  a  fixed  cadre  C,  and 
prnpotiiomd  to  any  given  function  of  the  distance  from 
thi.\  point,  li  is  required  to  determine  its  Jigure^  on  tike 
principle  of  equal  preMures* 

Let  N  be  any  point  in  the  body,  and  conceive  thti 
locus  of  all  the  points,  whose  pressure  is  equal  to  N,  to 
be  the  curve  OTKH :  draw  from  the  centre  C  the  right 


flatie^. 


Fig.  m. 


Fli^ 


Nc'WtOT»*i 

And 


Solutlan  on 
the  princi- 
ple of  tvqual 
pretjiurc. 
Fig.  41, 
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Hydrody-  line  CXM,  and  from  the  points  N  and  M,  the  perpen- 
no.rak»,  dicubrs  NQ,  MP,  to  the  axis  of  revolution  DE. 
^^y^  Assume  CQ  =  s,  QN  ^  -,  CN  =  y.  the  central 
the  prill.  "^'^^  *^*^  "*^  P<^*"*  N  —  ^,  ^  being  some  function  of  s 
cipteof  and  2;  the  centrifugal  force  due  to  any  distance  k^^J  \ 
equal  pres-  the  pressure  in  N  ir  p  also  some  function  of  s  and  2, 

giich  that  /)  =  P  /  -f  Q  «, 

P  and  Q  beings  such  functions  of  s  and  2,  that  Pi  -f- 
Q  k  may  be  a  complete  fluxion  or  differential ;  for 
otherwise  p  would  be  an  imaginary  quantity,  and  N 
could  not  be  in  equilibvio* 

Let  us  consider  the  portion  of  the  fluid  situated  \n 
N  as  a  small  rectangle  ^nrq,  of  which  N»  =:  i,  and 
N^  =  2;;  then  it  is  evident  that  Pi,  supposing  only  8 
to  be  variable,  will  express  the  element  of  tht*  pressure 
on  each  point  of  nr\  and  that  Q 3:,  supposing  only  k 
varSabie,  will  express  the  element  of  the  pressure  on 
each  point  of  qr\  therefore  the  elementary  pressure 
against  n  r  —  P  i , »,  and  the  elementary  pressure 
against  9  r  ^  Q  k/s. 

Now  resolve  the  central  force  ^  into  two  others ;  the 
one  in  the  direction  N  «,  and  the  other  in  the  direction 

N^*,  the  first  of  which  =  —  — ,  and  the  second  ^ 

—  I-;  to  the  latter  adding  the  centrifugal  force  of  the 

fz 
point  N  —  -7-;  we  have  for  the  absolute  force,  solicit- 


ing the  element  Nil  rgf  in  the  direction  N  n, 


—  ^9 


and 


(¥-V) 


for  the  absolute  force  acting  in  the  direction  N  ^. 

Now,in  order  that  there  may  be  an  equihbrum,  it  is  re- 
quisite that  these  two  forces  be  equal,  each  respec- 
tiTely,  t6  the  corresponding  and  contrary  pressures. 

Whence  -  ^  i  li  -  P  i  i^,  or  ^^  r=  P; 

M  U 


"'(t-t)'^  =  « 


k        u 


also 


_      ♦- 


V  = 


(^T-V) 


lildog  die  fluents  />-=C—  /^iJ-f  ^—^ 

which  expression  ought  to  be  constant  for  e\Try  point 
of  the  same  bed  or  lamina  of  the  fluid.  This  condition 
gives  us  the  nature  of  the  extreme  curve  ADBE,  as  well 
as  of  the  interior  cur\e  OTKH. 

All  thinp^  remainiuEC  the  same,  let  CP  r-  J-,  PM=  v; 
CM  zr  r ;  the  central  force  in  M  =  F.  Then  the  general 
value  of  p  becomes  for  the  point  M, 

Now,  it  is  evident,  that  throughout  the  whole  extent 
of  the  upper  bed  ADB£,  the  pressure  ought  to  be 


zero  ;  whence  the  equation  of  the  curve  is 

Tlus  equation  appertains  to  every  point  of  the  curve  % 
ADBE,  and  in  order  to  determine  the  correction  C,  ^ 
we  must  suppose  a  fixed  point  throujrh  which  the  curve  P 
ought  to    pass.     Let   B  be   this   point,   and  assume 

CB  zi  by  and  for  the  same  point  ^^Ifp  also  y  F  r  —  D, 

a  known  quantity ;  then  we  shall  have 


or, 


-■>-if= 


substituting  for  C,  the  equation  of  the  curve  between 

r  and  ^v,  will  be 


D  - 


'2  k 


-P'^^^'&='' 


(1) 


Tn  order  to  detetmino  the  equation  of  the  ciirr« 
OTKH,  let  us  take  again  the  formula 


ait 


2  it' 


or,        ;>  ^  D  -  '-^  -y  fl^ « ^- 

Suppose  now  the  point  K  to  be  given,  and  assuine 
CK  =  c,  and  for  the  same  point  %z=.Cj  also  f  ^  u  -^  ^ 
a  known  quantity  ; 
whence        p  =  D  —  -^ E  + 


2k  '     *lk 

Tlius  the  equation  of  the  curve  between  u  and  i  ia 

^    2k  2k      J^     ^^k* 


D  - 


2  it 


that  is,  by  reduction, 


f^^' 


=z  0. 


C^ 


2k       J  '^"    '      2it 

T^is  general  piublem,  and  others  of  a  similar  kind, 
the  reader  will  find  treated  in  a  very  elegant  manner 
by  Elder,  in  the  Memoirs  of  Berlin  for  the  year  1755m 

55.  If  now,  according  to  the  assumption  of  Huygcns, 
we  suppose  the  central  tbrce  tp  to  be  constantly  directed . 
towards  the  fixed  point  C,  and,  moreover,  that  it  is 
constant  in  its  intensity ;  aiid  if  also  we  denote  tlits 
constant  force  by  2  g^  according  to  the  notation  ein«- 
ployed  in  Dynamics,  we  shall  have 

F-2g;J^¥'r^  2gr.  B -2  g  b\  J'^u  -  2  g  w;, 

whence  the  equation  (1)  of  the  curve  ABBE,  of 

preceding  article,  will  be 

^  2  it  ^^2it' 

and  equation  (2)  of  the  curve  OTKH,  will  be 

It  still  remains  to  determine  the  ratio  between 
radius  CB  of  the  equator,  and  the  semi-polar  axis  C 
or  the  axis  of  revolution. 

In  order  to  this  determination,  we  may  observe, 
wc  have  for  CB,  r  ^  v  —  i*,  and  for  CD,  ^  ^zo^vrh 

dve  CD  =  r  ^  &  —  -^-r—  ;  therefore 
^  4*^ 
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CB  :  CD::  6  :  6- 


/*• 


1:1- 


/** 


^  k g  "  '  '  '        4  kg' 
Assuming  now  the  arbitrary  distance  k  •:zb,  there  re- 

solte  CB  :  CD  :  1  :  1  -/■; 

'  .       f 

and  it  only  remains  to  find  the  value  of  the  fraction  ~- ; 

the  principle  of  vhich  determination  has  been  already 
iliustrated  in  ^  14.  Dynamics. 

Haying,  from  the  measurements  and  experiments 

made  in  his  time,   found  the  fraction  ^  r:  -rrrr-r^ 

2g       291-47 

Mtiiy ;  and  hence  again 

CB  :  CD  ::  1  :  1 ^ — ; 

. .  *  .  *        682*94 

or  CB  :  CD  : :  582-94  :  58 1-94, 

for  the  ratio  of  the  equatorial  and  polar  radii. 

Newton,  after  having  established  the  law  of  universal 
gitritation,  supposed  the  earth  originally  a  fluid  of  a 
i^crical  form,  and  that  it  was  changed  by  the  action 
oif  a  centrifugal  force  into  an  oblate  spheroid,  or  a  solid, 
produced  by  the  revolution  of  a  scmi-ellipsc  about  its 
iborter  axis ;  and  calculated  the  sura  of  the  attractions 
(m  all  the  particles  of  two  columns ;  the  one  terminat- 
ing at  the  equator,  and  the  other  at  the  pole,  meeting 
wA  counterbalancing  each  other  at  the  centre  of  the 
etrth.  These  two  sums  expressed  the  weights  of  the 
tto  columns ;  then,  from  the  weight  of  the  equatorial 
[  column  he  subtracted  the  sum  of  all  the  centriftigal 
I  forces  on  the  same ;  which  latter  being  made  equal  to 
f  &e  difference  of  weights  of  the  polar  column,  gave 
Ittm  the  ratio  of  the  equatorial  and  polar  axes.  Sup> 
posing  the  earth  homogeneous,  this  computation  gives 
for  the  ratio  in  question   230  to  229. 

Havmg  said  thus  much  with  reference  to  the  figure 

of  the  earth,  as  it  depends  upon  the  laws  of  the  equili- 

of  fluids,  we  shall  conclude  by  showing  in  what 

the  same  may  be  drawn  from  the  actual  mea- 

of  terrestrial  arcs  in  different  latitudes. 


Problem. 

56.  To  determine,  by  meam  of  measvred  arcSj  the  ratio 
^tk  earth's  axeSy  supposing  it  to  be  an  elliptic  spheroid , 
^^§  but  little  front  a  sphere, 

l^t  ADBE  (fig.  42)  represent  a  meridian   of  the 

•tilth,  DE  its  axis;   AB  a  diameter  of  the  equator; 

™>  J»fl,  two  arcs  of  the  same  number  of  degrees,  of 

^Wi  the  lengths  are   supposed  to  be   known  from 

•^al  measurement,  their  magnitude  being  such,  that 

«*ymaybe  considered,  without  sensible  error,  to  be 

P*rt«of  circular  arcs.     MO,  NO,  m  Oyuo,  the  radii  of 

^i^t,  corresponding  to  the  points  M,  wi,  N,  n,  and 

*?»  «p,  ordinates  perpendicular  to  the  diameter  AB. 

Awmne  CD  =  a,  CB  =  b,  6»  —  ««  n  c»;  CP  zz  x; 

W^ k;  mo  =z  Ry  mo  =z  r;  radius  zz  1 ;  the  given 

*y«,of  the  latitude  BSM  of  the  point  M  zz  p,  and 

"*  given  angle   B  *  wi  of  the  latitude  of  the  point 

■-?;  the  length  of  the  arc  MN  zz  M,  that  of  the 

T?"  ^  w,  and  we  shall  have  (in  consequence  of  the 

^"wsectorsMON,  mow) 

.  R  :  r  ::  M  :  wi; 

!{^  wRzzrM.  (1) 

■*  property  of  the  ellipse  gives 


PM  =  -^>/(&^-.aO;SP=-^; 


pm  =  —  V(6»-tO;  SP  = 
(6*  -  c'ar'^)^ 


R  = 


.i 


^  "         a'b 


Hydro- 
statics. 

Figure  of 
the  earth 
determiiicd 
from  mea* 
surcd  arcs. 


Again  we  have 

sp  :  PM  ::  cosp  :  sin/>, 

which  gires  by  snbstitution,  and  reduction. 


*»  = 


^>_-  c*sin>  ' 

b*  —  c*  sin*  q 
Substituting  now  in  equation  (1)  for  R  and  r  their 
values  as  found  above,  and  introducing  into  these  also 
the  values  of  u*  and  a^,  and  farther  observing,  that 
sin*p  -f-  cos*p  =z  1,  and  sin*  9  -f-  cos'g  n  1, 
we  obtain 

m  _  M 

(^  -  c* sin*;?)*        (6*  —  c*8in*^)* 

or,      tn  (6*  —  c*  sin*  q)^  zz  M  (6*  —  c*  sin*  j?) ; 
t>ry  which  is  still  the  same, 

m^  (6*  -  c*  sin*  7)  =  M^  (ft*  -  c*  sin*^) ; 
whence 

ft*  (M^  -  mh 

M^  sin*  p  —  nfi  sin*  q 
or,  substituting  for  c*  its  value  ft*  —  rt* 

,_         ft*  (M^  -  m^ 


ft*- 

wherefore 

ft*       M^ 


M*  sin*  p  —  nfi 


8in*p 


m^  sin*  q 
—  m^  sin*  q  ^ 


m^cos*^  — M*  co8*/> 


which  last  expression  is  reducible  to 

(M*  sin  p  •\-  ni^  sin  q) .  (M^  sinp  —  m^  sin  9) , 


(m^  cos  q 


J. 


-f- M^cosf)  (f«*cos9 
whence  we  have,  as  a  final  result. 


M*  cotp) 

ft  ^         >  f  (M^sin/?  +  »i*8in9)  (M^sinp— wi'^sin9)  % 

^       '^     i  (m3^cos9  4- MJcosp)  (m^cos 9— M^cosp)  5 

in  which  all  the  quantities  on  the  second  side  of  the 
equation  are  supposed  to  be  given. 

57.  The  only  violation  of  the  strict  principles  of  ma- 
thematical computation  introduced  into  the  preceding 
solution,  is  where  we  suppose  the  elliptic  arc  to  be  con- 
founded with  the  circular  arc  at  the  place  where  the 
measurement  is  taken,  which  we  may  add  is  so  nearly 
the  case  that  little  inaccuracy  is  to  be  apprehended 
from  such  an  hypothesis. 

As  this  question  will  be  again  examined  in  our  treatise 
on  Physical  Astronomy,  we  shall  merely  in  this  place 
show  the  application  of  the  above  formula  to  a  nume- 
rical example  taken  from  the  measurements  of  Bouguer 
at  the  equator,  and  that  of  Maupertuis  in  latitude  66^°. 
The  former  making  a  degree  of  latitude  56753  toises, 
and  the  latter  57437-9.  Wc  have  therefore 
M  =  57437-9,  m  =  56753 ;  p  =;  66^°;  9  =:  0;  or. 
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Uydtody-  tinp  =:  '91706,  cosp  =:  *39875;  sin^  =  0;  cos^  =:  1. 
iMunic*.     Which  nuttibers  substituted  in  the  above  formula,  give 
^-^'"'^^''^  b   _    35383  ^ 

T  "■    35213  ' 
or,      b  :  a  ::  35383  :  35213  or  as  179  :  178 
nearly.     Other  measurements,  as  will  be  seen  in  the 
article  above  referred  to,  give  very  different  ratios. 

Hydraulics. 
§1.     Definitions  and  general  principle*. 
DcfiniUon.        58.  Hj/draulic8y  as  we  have  already  stated,  is  that 
branch  of  general  mechanics  which  treats  of,  and  by 
which  we  examine,  the  phenomena  attending  the  mo- 
tion of  fluids. 

One  of  the  first,  and  most  simple,  cases  connected  with 
this  science,  is  to  determine  the  circumstances  connected 
with  the  issuing  of  water,  or  any  other  fluid  through 
g^ven  orifices,  made  in  the  bottom  and  sides  of  vessels. 
General  Let  us  consider  a  vessel  filled  to  a  certain  height 

pnnciplci.  ^j^^  water,  its  base  being  horizontal,  having  an  orifice 
cut  in  the  bottom ;  and  endeavour  to  investigate  the 
motion  of  the  water  which  will  necessarily  issue  through 
that  orifice.  In  the  first  place,  we  may  observe,  that 
during  this  motion  each  particle  will  take  a  particular 
velocity,  which  is  variable  from  one  particle  to  another, 
as  well  in  magnitude  as  in  direction ;  but  in  order  to 
simplify  the  solution  of  the  problem,  we  shall  suppose 
that  all  the  particles  that  appertain  to  the  same  hori- 
zontal lamina,  or  stratum,  have,  at  the  same  instant, 
the  same  velocity ;  so  that  each  stratum  will  remain 
parallel  to  itself,  and  be  composed  of  the  same  fluid 
particles  during  the  whole  continuance  of  the  motion. 
Each  lamina  will  thus  take  the  place  of  that  which  is 
below  it,  and  consequently  its  horizontal  section  will 
augment  or  diminish  according  as  the  section  of  the 
vessel  is  greater  or  less  at  diflcrent  parts  of  its  altitude ; 
at  the  same  time  the  thickness  of  each  lamina,  wliich  we 
suppose  always  infinitely  little,  will  vary  inversely  as  the 
sections  of  the  vessel.  In  order  that  this  may  obtain,  it 
is  obvious  that  the  particles  must,  in  a  certain  degree, 
have  a  horizontal  motion,  so  that  each  particle,  besides 
the  vertical  velocity  common  to  the  stratum  to  which 
it  appertains,  has  also  a  proper  horizontal  velocity ; 
but,  if  we  were  to  introduce  that  consideration  into  our 
solution,  it  would  become  extremely  complicated ;  we 
shall  therefore  only  investigate  the  conditions  of  the 
vertical  velocity.  We  may  in  fact  conceive,  and  experi- 
ment proves,  that  in  vessels  which  difler  but  little  from 
a  cyUnder,  or  when  the  height  of  the  water  is  very  con- 
siderable with  regard  to  the  different  horizontal  sec- 
tions of  the  vessels,  the  horizontal  velocities  of  the 
particles  are  indefinitely  small,  with  respect  to  the  ver- 
tical velocities,  which  at  the  same  time  are  very  nearly 
equal  in  each  particle  of  the  same  stratum ;  there  are 
therefore  a  great  number  of  cases  in  which  the  paral- 
lelism of  the  stratOy  if  not  exactly,  at  least  approxima- 
tively  obtains ;  and  in  all  such  cases,  the  calculation 
founded  on  the  above  hypothesis,  will  lead  very  nearly 
to  the  correct  solution  of^  the  problem. 

On  the  theoretic  discharge  of  vessels. 

luTcitigt-  59.  Let  ABCD  (fig.  1.  pL  1.  HvDaAULics)  repre- 
tion  of  gent  the  vertical  section  of  a  vessel,  AB  an  orifice, 
vmiuJB.  o  z  a  vertical  axis,  on  which  we  estimate  or  measure  the 
^^8-  ^^  distances  of  the  fluid  strata  from  the  fixed  point  O,  or 
from  the  horizontal  plane  drawn  through  that  point. 


Let  the  time  the  fluid  has  been  in  motion  be  denoted  i: 
by  tf  V  the  corresponding  velocity  of  any  stratum,  and  '^ 
z  the  distance  of  the  same  from  the  point  O,  so  that  9 
and  z  will  be  two  unknown  functions  of  the  time  t. 
Conceive  rnqn^m'  q'  n'  to  represent  the  vertical  sectioii 
of  the  stratum  in  question ;  then  we  shall  have  O  9  =  z, 
the  thickness  of  the  stratum  9  9'  =  «,  and  its  volume 
will  be  equal  to  this  fluxion  multiplied  bv  the  area  of 
its  horizontal  section,  or  that  of  the  vessel  in  the  same 
place;  which  area  is  therefore  some  function  of  ;r, 
depending  upon  the  equation  of  the  generating  curve 
of  the  vessel. 

Hence,  if  we  denote  this  section  by  y^  the  volume 
of  the  stratum  we  are  considering  will  be  y  k.  Let  as 
also,  as  we  have  hitherto  done,  represent  the  force  d 
gravity  by  2  g.  During  the  instant  /,  the  velocity  of 
the  lamina  y  i  would  be  increased  by  the  quantity 

2  g  ty  if  it  were  free  and  isolated ;  but  4/  is  the  increase 
which  it  actuallv  obtains,  consequently  2  g  t  —  ^  is 
the  infinitely  small  velocity  lost  at  each  instant;  whence 
by  the  principle  of  D'Alembert,  the  fluid  would  remain 
in  equilibrio,  if  all  these  strata  were  solicited  by  moving 
forces  capable  of  impressing  upon  them  the  velocities 
which  they  lose  at  each  instant :  let  us  suppose,  there- 
fore these  strata  to  be  solicited  by  similar  forces,  and 
endeavour  to  determine  according  to  this  hypothesis, 
the  conditions  of  their  motion. 
The  accelerating  force  of  any  lamina  y  ky  will  be  Ai 

expressed  by  2  g- 7-,  because  it  ought  to  produce 

the  velocity  2  g  ^  —  -v,  in  the  instant  t.     Its  motive 
force  will  therefore  be  equal  to  the  product 


{'^-7} 


sy  K\ 


$  denoting  the  density,  or  specific  gravity  of  the  fluid. 
Let  us  call  p  the  pressure,  on  the  unit  of  surface, 
which  this  stratum  has  to  sustain  on  its  upper  foce 
m  qn\  this  pressure  is  transmitted  through  the  medium 
of  the  fluid  of  which  the  stratum  is  composed,  not  only 
to  the  lower  base  m'  q'  n,  but  also  all  round  the  sides 
of  the  vessel  bounding  its  circumference.  So  that  when 
the  value  of  p  is  determined  in  terms  of  z  and  t,  we 
shall  thence  be  able  to  find  the  pressure  exercised  on 
every  point  of  the  vessel  at  every  instant.  But  besides  jP^ 
the  pressure  p^  the  lower  base  of  the  stratum  will  also, 
in  the  state  of  equilibrium  we  are  considering,  have  to 
sustain  a  pressure  due  to  the  motive  force  of  the 
stratum,  viz.  equal  to 

hg-'^)^^yOT  ^'ig  --^^syk^y. 

If,  therefore,  the  entire  pressure  on  a  unit  of  surface 
be  denoted  by  p\  we  shall  have 


P'  =  P+  (2g-y)5i. 


But  the  difference  p'  -^  p  is  obviously  the  fluxion  of 
p,  as  depending  upon  the  variable  2,  we  have  therefore 


P  ={^g-JJ^ 


an  equation  whence  we  may  determine  the  value  of  the 
pressure  p,  when  that  of  the  velocity  v  is  known. 

60.  As  the  fluid  is  supposed  to  be  incompressible,  V^, 
tbcrc  must  necessarily  pass  in  any  given  interval  of 
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^.  iimc.  the  same  volume  of  fluid  through  all  the  hori- 
►  ionial  sections  of  the  vessel ;  whence  we  may  coiicUide, 
^  ihtil  the  velocity  of  any  two  strahi  oujrlit  to  bo  every 
^^gtaiit,  ill  the  inverse  ratio  of  its  hofizonttrl  sectioiL 
HpL  therefore,  we  denote  the  velocity  at  the  horizontal 
^MHiiicc  AB  by  (t,  luid  the  area  of  the  orififve  by  a^  we 
^■Vull  have,  by  comparing  this  velocity  wjtli  that  whosa 
^■tt^V  y,  tiic  equation  yv  =z  au,  which  gives 

■—  .=  -.  (1) 

In  this  equation  we  may  obser\  e,  that  a  is  a  function 
U,  and  y  a  function  of  z;  we  may  therefore  take  the 
lion  of  either  with  reference  to  I  or  z^  as  variable^  The 
lion  with  reference  to  r,  w^ill  express  the  difterence 
«tweea  the  velocity  of  two  con«>Gciitive  strata  which 
[We place  at  the  same  instant ;  and  the  fluxion  with 
eference  to  /,  will  be   the  difference  between  the  ve- 
rities of  two  strata  of  the  fluid  which  answer  sue* 
[ce^ively  to  the  same   section  of  the  vessel ;  but,  in 
cr  to  have  the  difference  between  the  successive 
*locities  of  the  same  stratum,  we  must  take  the  fluxion 
tr  with  reference  to  the  two  variables  t  and  ;,  by 
onsidering  the  second  as  a  function  of  the  first :  this 
*v  a       u  au  yk 

TCS  us  -r  =  —  . —  .  -rr  . 

t  y      t  f    zt 

Tilts  erpression  being  now  substituted  instead  of 
r  a  in  the  value  of  p,  and  rejdacing  also  -r-*  by  the 

Sty  r,  or  by  its  equal  —  ,  we  shall  have 


p-2igz^ai 


ty  y 

Tiking  the  fluent  with  reference  to  r  variable,  and  oh- 

ttnia^^  that  in  this  case,  u  and  --7-  must  be  considered 

t 
«cwwiant,  it  will  be 

f-^Saz  —Of—  / 


'«!** 


-hC, 


1/  If 

The  correction  C  may  be  a  function  of/;  its  value 
jyoidi  on  the  pressure  which  the  upper  surface  of  the 
■W  RM  to  support.  Su[ipo?^e,  for  example,  this  pres- 
•otlobc  tliitt  of  the  atmosphere,  which  let  us  denote 
"JT.  If t  also  ERF  be  the  levtd  of  the  water  in  the 
J^l;  make  OH  —  z\  that  is  to  say,  denote  by  z' 
wnlueof :,  as  referred  to  this  level,  and  let  i/re[)ire- 
J6it  ttie  siHition  of  the  vessel  answering  to  the  same 
^^i;  so  that  y  becomes  y  when  ::'  =:  :.     Supposing^^ 

■»^ft*w,  the  fluent  f—  to  vanish,  for  this  value  of 
•  "  >  We  shall  thea  hav©  for  tlje  same  value 

?***'Nin^,  in  the  preceding  equation,  this  value  of 


+ ■   (2 

Fjpg,j^^»luc  of  p  belongs  to  every  point  of  the  vessel. 
^*  ^  «e  pessure  at  tlie  orifice  AB  is  given ;   it  is 
*•.  HI. 


equal  to  the  pressure  of  tlie  atmosphere.  If  the  fluid  tlyttmulio^ 
run  out  of  the  vessel  into  air;  and  it  is  noihirr^  if  it  w^^-'^p^ 
run  into  a  vacuum.     Generally^  we   may  represent  it 
by  TT  —  c,  c  being  the  difference  between  the  pressures 
at  the  level  of  the  fluid  and  at  the  orifice. 

Let  now  OA  ^  /  be  the  value  of  z,  whicli  answers  to 
the  orifice  AB,  a  value  which  is  given  and  constant^  4 
the  height  of  the  fluid  above  this  orifice;  viz.  ft  =  HA 

=  /  ^  I,     Assume  also  /  —  =  N. 

This  fluent,  bein|^  taken  from  z  '=  z'  to  i  —  /,  N  wrll 
in  this  case  be  a  function  of  A,  and  will  be  determinable 
for  each  particular  case,  as  depending;  upon  the  form 
of  the  vessel. 

We  shcdi  have  also,  at  the  same  time, 

2  —  :'  z=  A  ;  /  —  :^  N ;  y  =  cr,  p  z-  IT  —  c  ; 

whence,  from  equation  (2), 

«.N4.  =  c+2ff*A-(l-^.)^.     (3) 

CU  Tlic  above  investigation  contains  a  complete  so-  T^vocnscfof 
lution  of  the  problem  we  proposed  to  resolve ;  but  it  t'^^^g^"^"*! 
must  be  observed,  that  the  motion  of  the  water  nmy  l*'*"^'**^**"' 
take   place   under  two  cases  very  distinct  from  each 
other;  viz.  the  one  where  the  water  constantly  rtmaius 
at  the  same  heif^ht  above  the  orifice,  and  tjje  other, 
where  for  want  of  a  sufficient  supply  it  sinks  as  the 
fluid  issues  out. 

In  the  first  case,  h^  N  and  y  are  given  and  constant 
quantities;  and  we  may  therefore  find  the  flue  tits  in 
equation  (3)  without  any  difliculty,  aJid  from  this  will 
be  determined  the  velocity  u  at  the  orihcc  of  the  vessel 
m  terms  of  tlie  time,  and  substituting  this  value  in 
equatious  (1)  and  (2),  we  shall  have  the  velocity  v  and 
thi^  pressure  //  in  functions  of  t  aud  z. 

In  the  second  case,  N  and/  will  be  always  given 
functions  of  h ;  but  k  will  be  variable,  and  in  order  to 
determine  its  value  in  functions  of  the  time,  we  nmst 
have  one  equation  more  than  in  Ihe  tirsl  case.     Now 

at  the  level  of  the  water  the  velocity  is  —ri  and  it  is 


VVtjeii  ttiu 
1 1  right  uf 
the  tiuid  is 
cori^lajtt. 


Wht-n  lie 
tieighl  ia 
variable. 


equal  to 


by  equation  (1);    and  farther,  because 


^  ^  '  —  ::',  we  have  -r  ^ ^  ,  /  being  constant : 

t  i 

therefore 


4-  +  ^"  =  o. 


(4) 


Combining  this  with  equation  (3),  we  have  two  fiuxional 
equations  of  the  first  order,  which  arc  suflieient  for 
determining  k  and  u  in  functions  of  i ;  we  shall  know, 
therefore,  by  taking  the  fluxions,  the  depression  of  the 
surface,  and  the  velocity  of  the  fluid  at  the  oritice  for 
any  time  fi  and  then  equations  (1)  and  (2)  will  give, 
a^  in  the  first  case,  the  velocity  and  pressure  in  any 
point  of  the  vcsseh  But  it  is  only  in  a  few  cases 
chosen  for  the  express  purpose  that  we  have  any  chance 
of  finding  the  fluents  in  equations  (3)  and  (4)  under  a 
finite  form.  When  this  cannot  be  done  we  must  have 
recourse  to  series,  and  then  h  and  »/,  which  depend 
upon  these  equations,  can  only  be  obtained  by  approxi- 
mation. 
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When  (he 
pressure  at 
the  orifice 


H>drodjr-      When  the  ori6ce  AB  is  very  small  in  comparison 
iiamics.     with  the  other  dimensions  of  the  vessel,  so  that  we  may 

without  any  sensible  error  neglect  the  terms  multiplied 

by  a  in  equation  (3),  it  reduces  to 

0  =  c  +  ^gsh  —  -J*  ti»; 

and  if,  moreover,  the  pressure  is  the  same  at  the  orifice 

as  at  the  upper  surface  or  level  of  the  fluid,  in  which 

case  the  quantity  c  becomes  zero,  the  same  equation 

gives  u=z  2  s/ghi 

whence  we  draw  the  following  important  theorem  : 

The  velocity  of  the  water  issuing  from  a  small  orifice  in 
the  bottom  of  any  vessel,  is  equal  to  that  acquired  by  a 
keaxy  body  in  falling  through  a  height  equal  to  the  height 
of  the  fluid  above  the  orifice, 

^  62.  What  we  have  stated  above,  is  upon  the  supposi- 
tion that  the  pressure  at  the  orifice  is  thesame  as  at  the 
level  of  the  fluid ;  but  if  the  latter  be  greater  than  the 
•remMMuaJ  ^^""^'*>  ^^®  velocity  u  will  be  augmented  with  this 
^^    '  excess  of  pressure,  and  the  augmentation  will  be  the 
same  as  if  the  level  of  the  upper  surface  were  so  much 
higher  as  to  make  up  the  excess  of  pressure.     Let  h' 
denote  the  height  of  fluid  that  gives  2  g «  A'  =  r,  c 
being  the  difference  of  pressure,  or  the  excess  at  the 
surface  over  that  at  the  orifice,  then  we  must  substitute 
h  +  h'  instead  of /o  and  we  shall  have 
u  =  2  s/(gh  +  gh'); 
that  is,  the  velocity  u  would  be  the  same  as  if  the 
height  of  the  fluid  above  the  orifice  were  h  -4-  A'. 

Hence,  when  water  is  projected  into  a  vacuum,  as  the 
pressure  of  the  atmosphere  is  equal  to  about  34  feet  of 
water;  we  should  have  in  tms  case  h'  zz  34,  and 
u=z2y(gh-^  34  g). 

Again,  if  in  our  equation  (2)  we  reject  aU  those  terms 
that  we  multiplied  by  a,  we  shall  have 
p  =  w  +2gs{z^j'); 
whence  we  may  conclude,  that  in  this  case,  viz.  when 
the  orifice  is  very  small,  the  pressure  on  any  point  of 
the  vessel  is  equal  to  the  pressure  applied  at  the  upper 
surface,  plus  the  pressure  2  gs  (z  —  z'),  due  to  the 
height  or  the  level  of  the  water  above  that  point,  that 
is,  the  pressure  will  be  the  same  at  every  instant,  as  if  the 
fluid  had  no  motion  in  the  vessel. 

This  and  the  preceding  theorem,  relative  to  the  pres- 
sure p  and  the  velocity  ii,  will  equally  obtain  whether 
the  water  in  the  vessel  be  continually  sinking  by  the 
discharge,  or  whether  it  be  kept  constantly  full  by  a 
supply  fi-om  above. 

The  velocity  63.  Before  we  conclude  this  part  of  our  investiga- 
i»  progies-  ^iQjj^  \i  ^^y  \yQ  proper  to  remark,  that  the  velocity 
^^^^'  impressed  upon  the  several  particles  of  water,  or  other 

fluid,  issuing  through  any  orifice,  is  due  wholly  to  the 
pressure  upon  them,  which  pressure  being  a  motive 
force,  we  cannot  suppose  that  this  will  produce  instan- 
taneously a  finite  velocity ;  it  is  therefore  only  after  some 
finite  time  that  the  velocity  u  becomes  equal  to  2  s/  gh. 
In  order  to  demonstrate  this,  suppose  the  level  of 
the  water  constant,  and  the  quantity  c  equal  to  zero ; 
then,  taking  the  fluents  of  equation  (3)  on  this  hypo- 
thesis, and  resolving  it  with  reference  to  t,  it  will 
become 


t  = 


2s/.gh 


2«Nii 


4^A-«'(i  -ly 


whence,  by  taking  the  fluents,  we  have 


•  log. 


2Vg*x^(l-^) 

If  we  reckon  the  time  t  from  the  origin  of  the  n 
the  constant  arbitrary  or  correction  C  ought  to  b 
for  the  fluid  leaving  a  state  of  rest,  we  shall  have 
same  time  ^  =  0,  and  t*  ==  0,  which  gives  C  z:  0. 
pressing  therefore  this  part  of  the  expressioi 
exhibiting  the  logarithms  under  their  exponential 
we  find 

e,  being  the  number  whose  hyp.  log.  =:  1,  and 
Burning  for  the  sake  of  abridgmg  the  expression 

2  Vg^  X-v/(l-    J.   ) 


X=- 


flN 


which  may  be  put  under  the  form 


Now  when  t  is  zero,  the  exponent  X  ^  is  so  lili 
this  exponent  and  the  value  of  u  encreasing  with  i 
as  the  factor  a  which  is  found  in  the  denominato 
is  by  the  supposition  very  small,  it  follows  th 
factor  X  t  will  acquire  a  great  value  in  a  very  sh 
terval  of  time  ;  therefore,  the  second  member  ol 
tion  (5)  which  has  for  its  factor  the  exponential 
will  become  very  nearly  equal  to  zero ;  consec 
we  shall  have 

2  ^/gA-u^(l-   ^  )  =o; 

or  simply,  when  we  neglect  the  fraction  -77, 2  ^Z  ^ 

We  see,  therefore,  that,  strictly  speaking,  the  < 
sion  2  ^  gh  =iu  is  only  a  .limit  of  the  valu 
which  it  can  never  attain,  but  to  which,  notwithst 
it  approaches  indefinitely  near,  after  a  very  sli 
terval  of  time,  this  time  being  the  less  as  the 
is  smaller. 

On  the  same  principle  it  follows  that  it  is  onl 
a  certain  interval  of  time  the  pressure  of  th 
against  the  sides  of  the  vessel  becomes  ^a  a 
quantity  at  each  point.  When  the  fluid  begins 
this  pressure  is  at  first  less  than  in  the  state  of 
brium,  and  while  the  motion  has  not  attained 
mity,  or  while  the  value  of  u  is  still  variab 
pressure  also  is  variable  with  the  time;  its 
value  being  determinable  by  substituting  in  e< 
(2)  that  of  u  as  given  by  equation  (4). 

64.  When  the  orifice  is  very  small,  as  we  have 
supposed  in  the  preceding   article,  all  our  d 
nations  will  equally  apply,  whether  they  be 
sides  or  in  the  bottom  of  the  vessel ;  but  whei 
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Iniy-  not  the  case,  it  is  necessary  that  the  orifice  be  horizontal, 
■tt.  in  order  that  the  hypothesis  of  the  parallelism  of  the 
'^'^^^  lamiDa  may  obtain.  If  we  make  a  very  small  oi)ening 
m  the  bottom,  or  in  any  part  of  the  side  of  the  vessel, 
and  the  height  of  the  water  above  it  is  great  with  re- 
ference to  the  horizontal  section  of  the  vessel,  experi- 
^  mcnt  shows  that  the  motion  of  the  fluid  differs  insen- 
sibly from  the  parallelism  we  have  supposed,  except  it 
be  very  near  the  orifice,  where  the  particles  of  the 
vater  take  a  velocity  whose  direction  concur  towards  a 
point  The  results,  therefore,  above  obtained,  will 
apply  equally  to  such  small  apertures,  whether  they  be 
horizontal,  vertical,  or  any  way  inclined  to  the  base. 
Thus  the  water  issuing  through  an  orifice,  the  plane  of 
vhich  has  any  inclination,  will  in  an  indefinitely  short 
time  attain  the  same  velocity  as  a  body  would  acquire 
infiilling  freely  through  the  height  of  the  level  of  the 
fluid  above  it ;  consequently,  if  the  jet,  by  means  of  a 
tube, have  a  vertical  direction,  the  particles  of  the  water, 
which  are  projected  with  this  velocity,  will  rise  in  a 
vacuum  to  the  height  of  the  level  of  the  fluid.  This 
result  has  been  repeatedly  verified  by  experiment.  By 
knowing  thus  the  velocity  and  angle  of  projection,  the 
ranges  or  distances  to  which  the  ajutage  will  be  thrown 
on  any  given  plane,  may  be  computed  in  the  same 
manner  as  any  other  projectile. 
i|.  S.  It  follows  from  this,  that  when  the  holes  are  made 
at  different  depths,  as  at  C,  D,  E  (fig.  2)  of  the  vessel 
*"ti«LAA'  BB',  and  are  very  small,  the  velocity  with  which 
the  fluid  issues  will  be  as  the  square  roots  of  the 
several  depths,  AC,  AD,  AE.  And  as  the  time  of 
descending  through  CB,  DB,  EB,  will  be  as  the  square 
nx)t  of  these  lines,  the  distances  to  which  these  several 
jets  will  be  projected  on  the  horizontal  plane  FB  will 
vary  as  ^  (AC  x  CB),  ^  (AD  x  DB),  ^/  (AE  x  EB), 
&C.  Consequently,  if  upon  the  height  AB  a  semicircle 
AlB  be  described,  the  ranges  of  the  several  jets  will 
be  as  the  ordinates  HC,  ID,  KE,  these  being,  by  the 
nature  of  the  circle,  mean  proportionals  between  the 
corresponding  abscisses.  Again,  the  velocity  through 
toy  hole  C,  is  such  as  would  carry  the  water  horizon- 
Wly  through  a  space  equal  to  2  AC  in  the  same  time ; 
therefore  to  find  the  actual  distance  it  will  fall  from 
^  bottom  B,  we  have 

^/AC:  v^CB::2AC  :  2>/(AC  x  CB)=  2HC. 
"^  the  same  manner  we  shall  find  the  projected  dis- 
tance from  the  orifice  D  =  2  ID,  and  from  E  =  2  KE. 
Tli€  several  distances  of  projection  are  therefore  always 
^nal  to  double  the  ordinate  drawn  from  the  orifice  to 
^H  a  semicircle  described  upon  the  height  of  the 
^ettel  as  a  diameter. 

Hence  also  it  follows,  that  the  greatest  rarige  is  that 
proceeding  from  an  orifice  which  bisects  the  height  of 
tne  vessels,  and  all  those  equally  above  and  below  this 
""ddle  pdint  will  have  equal  ranges. 

ye  have  here  supposed  the  vessel  standing  on  the 
■orjzontal  plane ;  if  it  stand  higher,  then  the  distance 
^^  that  plane  from  the  surface  of  the  fluid  must  be 
^d  instead  of  what  we  have  above  supposed  to  be 
"*^  height  of  the  vessel. 
^  ^  65.  When  we  know  the  velocity  of  the  fluid  at  the 
^  onfice,  and  the  area  of  the  latter,  it  is  easy  to  compute 
^  quantity  of  water  tliat  will  issue  through  it  in  a 
P^^n  time.     In  fact,  the  quantity  which  passes  during 

"K  indefinitely  small  portion  of  time  i,  is  equal  to  the 


poduct  a  H  ty  a  denoting  the  area  of  the  orifice,  and  u  Hydrauiir^. 
the  velocity  of  the  spouting  fluid :  if,  therefore,  x  re-  '^^"^'^^^ 
present  the  volume  of  water  run  out  in  the  time  t^  we 
shall  have 

X  zz  a  n  t; 
whence,  by  taking  the  fluents,  the  value  of  x  in  func- 
tions of  t  will  be  determined. 

When  the  orifice  is  very  small  we  have  w  zz  2  i^/g  *> 
therefore 

x  =  2a    (^/gh)t\ 
and  X  =:  2at  (s/gh), 

provided  the  height  h  of  the  level  of  the  fluid  above  the 
orifice  be  constant. 

Let  //  be  the  height  tlirough  which  a  heavy  body 

would  fall  in  the  time  ^,  or  h'  =  g  t' ;  then  g  zz  — » 

which  substituted  for  g,  giies  x  zz2  a  »y  h  h'. 

Whence  it  follows,  that  the  volume  of  water  dis- 
charged in  the  case  where  the  surface  of  the  fluid  is 
constant,  is  equal  to  double  the  volume  of  a  cylinder^ 
having  for  its  base  the  orifice  a,  and  for  its  altitude  a 
mean  proportional  between  h  and  h'. 

When  the  level  is  variable,  we  must  find  h  in  terms  vn^m  the 
of  /.     Now  by  making  u  zz  2  ^/  g  A  in  equation  (4)  we  '^^?*  J! 

have  y'  ^-{-2ai  ^  g  hzzo, 

H 
an  equation  of  which  the  fluents  may  be  taken  when- 
ever the  form  of  the  vessel  is  given.     We  thus  obtain 
the  value  of  y*  in  terms  of  h  and  /,  as  also  li  in  terms  of 
t  andy  ;  and  substituting  this  last  value  in  the  equa- 
tion X  zz  2at  i>y g k,vfe  shall  have  by  again  taking  the 
fluents,  the  quantity  of  water  x  in  functions  of  ^ 
.  66,  It  should  be  observed,  however,  that  the  quan-  Contracted 
tity  of  water  discharged,  computed  on  the  above  prin-  vein, 
ciples,  does  not  agree  with  the  result  of  experiments  ; 
tlie  latter  being  always  less  than  the  former  in  the 
ratio  of  1   :  -62;   this  ratio   being  constant,  neither 
varying  with  the  altitude  of  the  fluid  above  the  orifice, 
nor  with  the  area  of  the  latter ;  so  that  in  fact  we  must 
always  reduce  the  actual  area  by  multiplying  it  by  the 
decimal  -62. 

This  diflPerence  between  the  theory  and  practice,  is 
attributable  to  tlie  contraction  of  ike  rein  of  the  fluid  in 
passing  through  the  orifice,  in  consequence  of  the  dif- 
ferent directions  which  the  particles  of  the  flnid  take  in 
their  approach  towards  it.  W^hen  they  escape,  they 
observe  still  to  a  certain  extent  the  same  directions, 
and  this  necessarily  produces  a  contraction  of  the  vein-; 
the  smallest  transverse  section  of  which  must  be  con- 
sidered as  the  area  of  the  orifice,  and  which  we  have 
seen  is  equal  to  *62  a,  a  denoting  the  actual  aperture. 
It  must  be  observed,  however,  that  this  coefficient  is 
not  universally  admitted,  different  experimentalists 
giving  difierent  results,  as  we  shall  see  in  the  following 
section :  but  we  propose  first  to  assume  this  number, 
and  to  illustrate  our  preceding  results  by  a  few  ex- 
amples. 

Probiems  relating  to  the  discharge  of  water  throygk^roUems. 
email  apertures  in  the  sides  and  bottoms  of  given  vessels., 

67.  We  have  seen  (art.  65)  that  x  denoting  the  volume 
of  the  fluid  which  has  run  out  in  the  time  /,  a  the  area 
of  the  orifice,  or  rather  the  contracted  orifice ;  u  the 

velocity  at  the  latter,  we  have  xzz^ut. 
2d  2 
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We  have  %e&a  also,  that  k  denoting  the  height  of 
the  fluid  above  the  orifice  (the  pressures  at  the  surface 
''of  the  fluid  and  at  the  orifice  being  equal),  we  have  u  == 
2gh;  and,  farther,  if  we  denote  the  area  of  the  upper 
surface  of  the  fluid  by  z,  we  shall  have  ;c  =  —  z  h; 
whence  — 2i=:2afV  gh, 

and  t  =  75 — r ; 

2a  ^  gh 

consequently,  the  resulting  equation  for  the  time  is 


"      c/2a 


zh 


+  C. 


1.  Let  it  be  required  to  determine  the  time  in  which 
a  given  cylindric  vessel  will  empty  itself  through  an 
orSice  in  its  base,  the  latter  being  small  with  regard  to 
the  dimensions  of  the  vessel. 

Let  the  area  of  the  section  be  denoted  by  A,  and  the 
altitude  of  the  water  above  the  orifice,  before  the  latter 
is  opened  by  H ;  let  A  be  any  variable  depth  due  to  the 
ihne  t ;  then  the  area  z,  being  constant,  and  equal  to 
A,  the  above  expression  becomes 

i  =  -nA.  X  n-i  h  zz  nAxh^  -{-c. 

Now  when  H  =  A,  ^  rz  o,  whence 


0=  — ^  X  H^  +C; 

wherefore  the  correct  fluent  is 

^  =  -4:;  X   (>/H-VA), 

which,  when  A  =  o,  becomes 

^_A  VH 

as/g' 
the  whole  time  of  emptying. 

If  the  vessel  were  to  be  kept  constantly  full,  the 
velocity  would  be  constant,  and  equal  to  2  >/  g  H  ;  and 
therefore  the   quantity   discharged   in  the   time  t  = 

: — ,  would  be 

2av^gH  X  :i^  =  2AH; 

that  is,  the  quantity  would  be  equal  to  double  the 
content  of  the  vessel. 

As  an  example  in  numbers,  let  the  area  of  the  vessel 
be  100  inches,  the  altitude  3  feet,  or  36  inches,  the 
aperture  -^i^th  of  an  inch,  and,  consequently,  the  area 
or  the  contracted  vein  '062  inch,  to  find  the  time  of 
emptying. 

Here  A  =  100,  v^H=^/36  =  6,  fl  =  -062 ;  and 
assuming  g  =  16^^  feet  =:  193  inches,  we  have 

the  time  required. 

2.  Let  the  vessel  be  a  hemisphere,  and  the  orifice  in 
its  vertex,  to  find  the  time  of  emptying. 

Let  the  radius  of  the  base  or  depth  ir  r,  any  va- 
riable depth  =  X,  then  the  radius  at  the  surface  will 
be  -s/  (2  r  or  —  j:^,  and  ir  (2  r  jr  —  x*)  =r  z  the  area  of 
the  descending  fluid,  where  ir  rr  3*1456,  &c.  and  a 
the  area  of  the  contracted  aperture,  as  before ;  then, 
substituting  x  for  h  in  the  general  formula,  we  have 


2  a  s/  g        \3  5         I   ^  d<ma 


When  X  •=!  r^  t  -=.  Oy  wherefore 


(4 


2«  >/g  V  3  '  5 

therefore  the  correct  fluent  is 


)■■ 


14    4 


2:a^  g      15 
C14   4       /4       I       2     ^\  > 


2as/g 

which  when  x  =  o,  gives  /  =: ;— r    for  the  whole 

oOa  s/g 

time  of  exhaustion. 

3.  Let  us  now  suppose  the  hemisphere  to  have  its  Hemi 
orifice  in  the  base,  to  determine  the  time  of  emptying,    ^mm 

Here,  employing  the  same  notation,  the  equation  of  ^^"* 
the  descending  surface  is  z  =  w-  (r*  —  jr*) ; 

whence  t  =  ;; 7-  X  /  — 


or. 


2as/g 


r»  — «^ 


la  .J g       \  5 


+  C. 


Here  when  xzzr,  f  =  o, 

ir  8     f 

X  —  r 

2«^/g        5 


therefore 
whence  t  = 


C  = 


J^A 


2  a  V  g       C  5  5 


]■■ 


which,  whenjT  =  o,  becomes 

t  z=  ~2 ; — ,  the  time  required. 

1-0  a  V  g 

The  time  of  exhaustion  in  this  ease,  therefore,  is  to 
the  time  in  the  former,  as 

4.  Let  us  now  take  a  complete  sphere,  with  an  aper-  Sphct 
ture  at  its  lowest  point,  to  find  the  time  it  will  be  in 
emptying  itself. 

If  we  use  here  the  same  notation,  we  shall  have  the 
same  general  expression  as  in  example  2,  viz. 
—  TT  /4        I       2     4\ 

2  a  s/  g        \.3  5       / 

But  in  order  to  determine  C,  we  observe  that  when 
ar  =  2  r,  f  =  0,  whence 


C  = 


2a^g 


[   3    '   -^"T"  )' 

716  v^  2    4       4       A      2    i\ 


which,  when  a:  =:  0,  becomes 

e  =  77 — T  X  V  2. 

\5a  y/  g  ♦ 

If  we  make  x  ==  r,  the  above  general  expression 

(8  v/  2  --  7)  T  r^ 
gives  t  =  —^—: — - 

for  the  time  of  emptying  the  upper  hemisphere. 
The  time  of  emptying  the  lower  hemisphere  has  been 

already  found  =  —_       ,     ; 
^5a^g 

therefore,  the  times  of  exhausting  the  successive  hemi* 

spheres  are  to  each  other  8  y/2  —  7:7. 
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5.  If  the  vessel  W  a  paraboloid,  the  radius  of  its 
base  ==  r,  and  altitude  A,  we  have 

A'  x-r'-  —• 

whence  '       =  descending  area. 

Our  general  formula,  therefore,  becomes 


or 


2a  h  ^g 


/' 


.r*  X 


+  C; 


2ah  ^g 
When  X  =  A,  then  t  = 


X  f  x^  +C. 
0,  wherefore 


and 


^  = 


'3ah  y/g 


(**-'*) 


Consequently,  when  r  =  o,  we  have  for  the  whole  time 


-      ^P 


X   /i^ 


3  a  s/g        3  o  >/^ 
where  /»  denotes  the  parameter. 

6.  Let  it  now  he  poposed  to  find  the  time  in  which 
a  given  cylinder  will  empty  itself  into  a  vacuum,  its 
upper  surface  being  exposed  to  the  pressure  of  the 
atmosphere. 

Assuming  h  to  denote  the  height  of  the  vessel,  A  its 
area,  h'  the  height  of  a  column  of  water  equal  to  the 
weight  of  the  atmosphere,  it  appears  from  what  has 
been  stated,  article  62,  that  we  must  now  substitute 
jr  -f  A'  instead  of  x,  the  variable  depth  of  the  fluid,  we 
have  therefore 

—  /*         z  X  —  /*        Ax- 

^""    jTr^g(7TY)i'^    J2a^g{x^h')i'' 


or 


t  = 


—  A  /*    X 


2a^g 
taking  the  fluent,  we  obtain 

/  =  ^x  (»•  + 


s')^ 


+  C. 


Now,  in  order  to  find  C,  we  have,  when  x  n  k, 
t  iz  o,  whence 

fiy/g 
therefore 

wherefore,  when  .r  =  o,  we  obtain 


<■)*  {  : 


.»! 


ai 


a^/g  I 
for  the  time  of  exhaustion. 

68.  In  the  preceding  examples  and  investigations 
we  have  not  considered  the  form  of  the  orifice,  because 
we  have  always  supposed  it  small  in  comparison  with 
the  depth  of  the  fluid ;  we  have  moreover  generally 
confined  ourselves  to  the  issuing  of  fluids  through 
horizontal  apertures^  in  which  case  the  form  is  of 
little  importance;  but  when  the  opening  is  in  the  side 
of  the  vessel,  and  the  depth  of  it  bears  any  considerable 
ratio  to  the  height  of  the  water  above  it,  we  must 
then  proceed  on  diflerent  principles,  as  the  velocity 
will  then  be  variable  from  the  lower  to  the  upper  part 
of  the  orifice^  we  propose,,  therefiNre,.in  the  present 


article,  to  investigate  the  relation  between  the  time  HydnniKes. 
and  the  quantity  of  fluid  discharged,  through  vertical  v^^'v^'V^' 
orifices   of  different   figures,    adopting   the  principle  ilie  depth 
illustrated  in  the  preceding  chapter,  viz.  that  the  ve-  of  th«  ilald 
locity  at  every  point  is  that  due  to  a  heavy  body  in  *J™J*  *^"" 
falling  through  a  space  equal  to  the  altitude  of  the 
fluid  above  it. 

Let  XYVZ  (fig.  3)  be  the  vertical  side  of  the  vessel  Fig.  S. 
proposed,  and  AM stM  the  vertical  orifice,  the  con- 
tour of  which  is  a  plane  curve;  SB  a  vertical  line 
passing  through  A  the  highest  point  of  the  orifice,  and 
let  MM',  m  m'  be  two  horizontal  lines  indefinitely  near 
the  one  to  the  other.  Then  the  upper  surface  of  the 
fluid  being  supposed  to  pass  through  S,  and  to  continue 
during  the  whole  discharge  at  the  same  height,  it  is 
proposed  to  ascertain  the  discharge  due  to  any  given, 
time  t. 

Assume  SA  =  A',  SB  =  A,  AP  =  x,  MM'  =  y,  and 
gravity  z=32jt=  2  g. 

The  velocity  of  the  fluid  discharged  through  the 
elementary  trapezoid  MM'  /w  wi',  whose  surface  is  y  x^ 
may  be  considered  as  that  due  to  the  height  SP  r=  /i'  -|-  x; 
consequently,  according  to  the  principle  assumed,  the 
velocity  being  uniform,  we  shall  Kave 

2tyx^(,g{h'  -{-x))^2tyx  ^gX  x/(A'+.r), 
for  the  discharge  through  the  element  of  the  orifice  in< 
the  time  t. 

Whence  the  discharge  due  to  the  whole  aperture 
will  be  2t  y/  gx  (./>^n/(A'  +  ^)  +  C).  (1) 

Since  the  nature  of  the  curve  which  bounds  the- 
orifice  is  supposed  known,  we  may  thence  find  y  in- 
functions  of  X,  and  this  value  being  substituted  for^,. 
the  fluent,  when  it  can  be  taken  in  finite  terms,  will  give 
the  discharge  due  to  the  time  t. 

Again,  since  the  velocity  at  the  lowest  point  of  tlie  Mean  depth  • 
orifice  is  the  greatest,  and  that  it  diminishes  from  this  defined, 
point  to  the  upper  part,  where  it  is  the  least;  there 
must   necessarily  be   some   intermediate  point  where 
the  velocity  is  such  that  if  the  whole  column  of  fluid 
issued   widi  .the   intermediate   velocity   due   to   that 
point,  the  discharge  would  be  the  same  in  the  same 
time  as  in  the  actual  casen  let  the  depth  of  this  point 
below  the  surface  of  the  fluid  zz  «,  then  the  velocity  at 
that  place  will  be  2  -v/  g  « ;.  consequently 
2^  s/  g^  x(/i^x+  C) 
will  denote  the  discharge  due  to  the  time  ty  and  this,  aa^ 
we  have  seen,. will  be  equal  to  the  former,. whence 

2<  s/gs  X  (fyx.  -H  C')  =  2^  ^/gx  C/yi  V(A'-k: 
x)  -h  C);  or,  dividing  by  2  f  >/ g, 

s/  s  X  {fyx+  C)  -fy  X  ^/•(r-^.  x)  +  C;* 

_  Ifyi  ^/(h'  +x)  +  cy 

The  quantity  s  is  what  is  commonly  called  the  mean* 
depth  or  mean  height  of  the  fluid  above  the  orifice. 

69.  Let  us  suppose  the  vessel  to  empty  itself,  and' 
consequently  the  aepth  of  the  fluid  variable,  and  ipves^- 
tigate  the  quantity^discharged  under  such  circumstances; 
in  any  given  time.. 

This  determination'  will  evidently  furnish,*  at  the* 
same  time,  the  depression  of  the  upper  surface  of  the 
fluid  in  the  vessel  of  which  the  interior  form  is  known; 
because  the  portion  of  the  capacity  of  the  part  exhausted^ 
is  equal  to  the  volume  of  the  fluid  expellea  at  the  orifice.. 
In  order  to  solve  this  branch  of  our  general  proposition^, 
let  us  suppose^  that  at  the  commencement  of  the  nio«- 
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tioQ  the  surface  of  the  fluid  is  at  S,  and  that  at  the  end  of 
the  given  time  t,  it  has  descended  to  K,  making  SK  =z  z, 
we  shall  have  to  obtain  an  equation  between  z,  t,  g,  x, 
hy  //.  In  order  to  this  we  shall  conceive,  at  Brst,  that 
the  vessel  is  kept  constantly  full  to  the  height  K  during 
the  time  t,  and  hence  find  from  the  preceding  determi- 
nation for  the  discharge  in  that  time  the  value  of 
2  ^y  g  X  C/>  ^  n/ ( ^' +  i- -  ;z ) -h  C  ). 

Here,  since  r  is  supposed  constant,  we  shall  easily 
determine  the  fluent  of  this  expression ;  and  correct  it 
according  to  the  required  conditions,  viz.  that  when 
or  =  0,  the  discharge  =  o,  and,  finally,  by  taking 
*  =:  A  —  ^',  we  shall  have  the  complete  fluent. 

The  value  o(2t  ^  g  x  ify  x  y^  (h'  -i- x  —  z)-\'C), 
determined  as  above,  will  contain  only  ;:  and  constant 
quantities. 

Now,  suppose  that  a  portion  of  fluid  is  discharged 

daring  the  element  of  time  f,  and  that  the  surface  Q  q 
is  depressed  to  R  r,  through  a  distance  K  k  znz,  also 
patting  the  section  Q  ^  of  the  vessel  =  S,  the  quantity 
discharged  will  be  S  x. 

According  to  this  hypothesis,  the  descent  through 
Kit  may  be  imagined  to  take  place  with  a  uniform 
velocity,  and  the  velocity  at  each  point  of  the  orifice 
to  continue  the  same  as  when  the  surface  was  at  K ; 
therefore  since  when  the  velocities  are  equal  the 
quantities  discharged  vary  as  the  times,  we  have  this 
analogy : 

whence 

/= s^ . 

consequently 

'  =  2Vi  ''Jj->,i^ih'  +  s-z)  +  C)  +  ^'-    ^^\ 

The  form  of  the  vessel  being  known,  S  is  given  in 
functions  of  z,  and  of  constant  quantities;  on  the 
other  hand,  when  the  integration  indicated  by  the 
denominated  is  effected,  it  contains  only  z,  and  invari- 
able quantities,  so  that  the  complete  value  of  f  may  be 
found  by  the  integration  of  an  expression  which  con- 
tains only  the  variable  z  and  constant  quantities;  and 
as  to  the  value  of  C,  it  will  obviously  be  determined 
by  observing  that  when  z  =  o,  t  zizo.  The  fluents  in 
question  may  therefore  always  be  referred  to  the 
quadrature  of  curves. 

Let  us  now  illustrate  the  preceding  formulae  by  a 
few  examples : 

L  Suppose  the  orifice  to  be  a  given  rectangle  to  find 
the  quantity  discharged  from  it  in  a  given  time,  tlie  water 
remaining  constantly  at  the  same  altitude. 

Here  the  quantity  indicated  by  y  in  the  preceding 
formula  is  constant,  viz.  the  horizontal  side  of  the 
rectangle,  which  let  us  denote  by  b,  its  height  being 
«=:A  — A',  substituting  therefore  b  instead  of  y,  our 
equation  (1)  becomes 

q  =  2tbVgxirx^ih'^x)  +  C\ 
q  denoting  the  quantity  of  the  discharge. 

Or,  taking  the  fluent 

But  when  x  zz.  o,  q:=:  o,  wherefore 

2tb^gxih'i^2tb^gxiC  =  o; 
consequently,  C  =  —  A'^; 


and  introducing  this  value  we  have  Hjdi 

q  =  itb^gxi{h'^x)^^h')^.  ^^ 

Now  again  assuming  xz=.h^  h\  we  have  for  the 
total  discharge  through  the  orifice  during  the  time  /, 

qTz^,b4  s/g(hi  ^h'h 
The  area  of  the  orifice  being  h!  6,  the  quantity  diii-, 
charged  in  the  time  t,  with  the  velocity  due  to  the 
mean  depth  s,  will  be 

2/  ^  gxab-^^th^  g{h^h'y. 
that  is, 

"^.t  s/  g  X  (fvx  •\-C')=2tb  ^  g{k^k')\ 
whence  we  have  for  the  mean  depth, 


9  (A  -  A'  )• 

2.  Let  now  the  orifice  be  a  triangle,  whose  vertex  U  Trian 
uppermost  and  the  base  horizontal,  the  vessel  being 
kept  constantly  full. 

Denoting  the  ratio  of  the  altitude  to  the  base  by 
m  :  1,  and  caUing  x  any  variable  base,  we  shall  have 
y  zz.  mx^  which  being  substituted  for^  in  equation  (1), 
that  expression  becomes 

q  —  ltm  ^  g  X  (jmxx  s/  (h'  +  x)  -j- C); 
or 

q=2tm^g  X  iUh'  +  ^)*-  JA'(A'  +  .T)*+  C}. 

In  order  to  determine  C  we  have  q^zo,  when  x:zzo; 
wherefore 


the  correct  fluent  therefore  is 


'^=z-^h'^ 


q  =  2tm^gx  {i{h'-^x)^^pi\h'+xy  +  ^h'i}. 
Substituting  now,  in  this  equation,  h  —  h*  zz  x,  we 
have  for  the  total  discharge  in  the  time  /, 

The  area  of  the  triangular  orifice  being  ^m  (h  —  k'f 
zzfyx  4-  C,  we  have  for  the  value  of  the  mean  depth 

_  16(3//^ -f  2K^  ^^hh'^ 

3.  Let  now  the  triangular  orifice  be  still  the  samey 
but  with  its  vertex  downwards,  and  its  base  horizontal, 
to  determine  the  discharge  due  to  the  time  t. 

In  this  case  y  zzmQi  ^h!  —-  x^\  then,  by  a  simOar 
investigation  to  the  above,  we  shall  find 

qzzt-^mj  g{2h^  +  3//-^  -  5AA'^}, 

and       .-16(2aU3A-^-5AA-I) 

4.  Let  the  orifice  be  a  circle,  and  the  quantity  dis-  Ciid 
charged  in  a  given  time  required. 

•  As  the  accurate  solution  of  this  problem  would  re- 
quire a  long  and  rather  diflicult  integration,  we  shall 
employ  an  approximative  method,  sufficiently  correct 
for  all  practicsd  cases. 

Let  the  diameter  of  the  circle  ==  rf,  then  from  the 
property  of  that  figure  we  have 

whence  the  above  general  expression  for  the  discharge 
is     q-M^gxiJi.dx^x^'^ih!  ^xyix^Q\ 
making     f{dx  ^  x^)^  i^hl -\- x^\  x—    zx\ 
the  finding  of  the  fluent  is  reduced  to  the  determination 
of  the  area  of  a  curve  whose  equation  is 
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0^^  its  origin  being  at  that  point  where  z:=,o.  We  may 
approximate  to  the  area  of  this  curve  by  the  method 
of  equidistant  ordinates.  To  this  end  suppose  x  divided 
into  four  equal  parts,  then  we  shall  find  the  four 
ordinates  corresponding  to  these  points  of  division,  by 
substituting  in  the  preceding  equation  for  z  the  values  o, 
i^f  i-r»  i^»  ^^^  ''»  these  values  being  found,  we  add  to 
the  sum  of  the  first  and  fifth,  four  times  the  sum  of  the 
second  and  fourth,  and  double  the  third.  One  third 
of  this  latter  sum,  multiplied  into  the  common  distance 
between  the  ordinates  will  be  an  approximate  value  of 
the  integral /z  x  (see  Button's  Mensuration,  Sec.  11, 
Part  iv),  which  multiplied  into  ^  t  s/  g  produces 


-  z^i  - 


'\h 


'%tx^g. 


If  in  this  equation  we  make  x  -^  d  ■=  k  —  h',  and 
perform  the  requisite  reductions,  we  shall  have  for  the 
total  discharge  at  the  orifice  qi=z  2  t  d'  ^  g  x 


^/(A  +  3^^Vf_^/  (^'-f-3A)       y  (h 


It  is  obvious  that  we  should  have  had  a  more  accurate 
approximation  by  assuming  a  greater  number  of  ordi- 
nates, but  the  labour  would  have  become  very  excessive; 
and  had  we  attempted  a  rigorous  integration,  it  would 
have  led  us  into  the  summation  of  a  series  which  would 
have  been  equally  troublesome,  and  probably  not  more 
accurate,  from  the  number  of  terms  that  must  have 
been  rejected.  Of  this,  however,  the  reader  may 
judge,  the  series  in  question  being 

&c.  > , 


32  n'       1024  «* 


fi;^-*^' 


Extending  this  to  the  entire  orifice  by  making  x  =  A  —  V> 
we  shall  have 

and  if  this  value  be  substituted  for  • 

fyx  s/(h'  ^  x^z)  ^C, 
in  our  equation  (3)  it  will  become 

_  _3^S  ^  k 


H^draoHcfl. 


and  /,  1 

,=  ,„(!  X  —  ^        1024 

where  r  z:  the  radius  of  the  circular  orifice;  n  the 
quotient  of  the  distance  of  its  centre  from  the  upper 
surface  of  the  fluid,  divided  by  the  radius  r,  and 
IT  =:  3-14159,  &c.;  that  is  to  say,  the  semicircumfer- 
ence  of  a  circle  whose  radius  is  unity. 

70*  Let  it  be  required  to  determine  in  what 
time  ty  the  upper  suiface  of  the  fluid  in  a  prismatic 
vessel,  will  be  depressed  a  vertical  distance,  z  the  ori- 
fice being  supposed  rectangular. 

Here  the  section  of  the  vessel  S,  and  the  breadth  of 
the  orifice  y,  are  constant  quantities.  According  to  the 
principle  illustrated  under  (art.  69),  we  must  first  deter- 
mine the  quantity  of  fluid  that  would  escape  through 
tfae  orifice  during  the  time  f,  on  the  supposition  that 
the  vessel  were  kept  constantly  full  to  the  height  of 
M  —  z  above  the  upper  part  of  the  orifice.  We  have, 
therefore,  to  find  the  fluent  of 

supposing  z  constant. 
This  floentis 

iy{h'^  x-2)*  +  C; 
and  when  j:  izo,  this  expression  vanishes,  wherefore 

C  =  ~|5^(A'-2)*; 
whence  the  correct  fluent  is 


Depretskm 

efthe 

lorface. 


y(A-z)*-(A'-.z)^' 


The  quantity  which  is  found  under  the  sign  of  inte- 
gration in  this  equation  is  susceptible  of  being  made 
rational ;  but  the  equations  would  be  very  complicated. 
The  most  easy  method  of  obtaining  the  result  is  to  square, 
by  approximation,  the  curve,  whiqh  for  each  value  of 

h  has   an  ordinate  equal  to  —z r.   in    the 


al^  _  (a  -.  af ' 


same  manner  as  in  the  last  example ;  observing  that 
now,  when  S  zz  h,  t  =  o,  the  surface  may  be  esti- 
mated between  the  limits  ^  zz  A,  and  3  =:  a ;  as  in 
this  case  we  should  only  have  the  terms  to  transcribe 
from  the  preceding  example,  it  will  be  sufficient  to  have 
given  this  indication  of  the  modua  operattdi,  leaving 
the  actual  deduction  as  an  exercise  for  the  reader. 

If  the  altitude  of  the  orifice  a  be  equal  to  the  height 
k  of  the  vessel,  the  time  of  exhaustion  to  any  variable 
depth  z,  reckoned  from  the  bottom,  would  be 
_      3  S  h  s/z  —  z  y/h 

'  ""  2b  s/g   ^  hz  ' 

When  z  =  o,  this  expression  is  infinite ;  that  is,  the 
time  of  complete  exhaustion  is  infinite. 

We  have  been  indebted  to  Gregory's  Mechanics  for 
some  of  the  preceding  problems ;  and  the  reader  will 
find  the  subject  still  farther  extended  in  **  Bossut's 
Hydrodynamique.'* 

S  II.    Experimental  data   relating   to  the  discharge  of 
vessels. 

7 1 .  Our  preceding  investigations  and  deductions  arc  Experi- 
founded  upon  the  hypothesis  that  all  the  fluid  particles,  ™«^»- 
issuing  from  a  horizontal  orifice  in  a  vessel,  are  expelled 
with  the  velocity  due  to  the  height  of  the  fluid  in  the 
reservoir  above  that  orifice,  no  allowance  having  been 
made  for  the  oblique  direction  in  which  the  several 
particles  approach  the  orifice ;  indeed  this  is  a  part  of  ^ 

the  subject  which  seems  nearly  to  bid  defiance  to  the 
powers  of  analysis,  but  it  is  fortunately  of  less  conse- 
quence, as  experiments  in  this  case  will  supply  what 
analysis  is  unable  to  effect. 

If  the  orifice  be  horizontal,  that  filament  of  particles 
which  answers  to  its  centre  will  descend  in  a  vertical 
line,  and  suffer  no  other  resistance  than  that  of  the 
friction  caused  by  the  excess  of  its  velocity  above  that 
of  the  colateral  filaments,  or  by  the  retardation  which 
arises  from  the  attraction  subsisting  between  them. 
The  other  filaments  are  soon  compelled  to  turn  from 
their  vertical  course,  and  to  approach  the  orifice  in  spiral 
curves,  and  when  they  arrive  at  it,  their  directions  be- 
come more  or  less  horizontal  according  as  they  pass 
nearer  to,  or  farther  from,  the  edge  of  the  orifice;  The 
motion,  therefore,  may  be  decomposed  into  two  direc- 
tions; the  one  horizontal,  which  is  destroyed  bf 
the  equal  and  contrary  resistance  of  the  filaments 
diametrically   opposite;    the  other  vertical,   in    pro* 
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Uydrody-  portion  to  wbich  the  quantity  of  water  discharged  is 
imnaci,    estimated.     Consequently  the  vertical  velocity  of  the 

^*'^^"^^'"'^^  iilaments  wiU  decrease  from  the  centre  of  the  orifice  to 
the  circumference ;  and  the  total  discharge  will  there- 
fore necessarily  be  less  than  if  the  tilainents  had  issued 
vertically,  as  that  tilanient  does  which  answers  to  the 
centre  of  the  aperture.  It  follows  also,  from  the  same 
circumstances,  tiiat  the  filaments  which  are  nearer  to  the 
centre,  moving  faster  than  those  contiguous  to  the  cir- 
cumference, supposing  the  orifice  circular,  will  form  a 
conic  frustrum  whose  greater  base  is  the  aperture ;  that 
is  to  say,  its  diameter  will  diminish  to  a  certain  dis- 
tance; because  the  exterior  filaments  are  gradually 
drawn  on,  in  consequence  of  the  mutual  attraction  be- 
tween them  and  the  inferior  filaments  whose  velocity 
is  greater ;  and  thus  is  formed  the  diminution  in  the 
diameter  of  the  vein.  This  diminution  of  the  trans- 
verse vertical  section  of  the  issuing  fluid  is  called  tl  e 
contraction  of  the  vein,  and  the  vein  itself,  from  the 
orifice  to  the  greatest  diminution,  is  called  the  vena 
contracta,  or  the  contracted  vein.  Although  it  is  very 
obvious  tliat  all  these  circumstances  must  necessarily 
take  place  from  the  physical  constitution  of  fluids,  it 
is  also  equally  evident  tliat  it  is  impossible  to  intro- 
duce them  into  an  analytical  investigation  of  this  pro- 
blem ;  we  must  therefore  supply  this  defect  by  actual 
experiments ;  and  many  have  act?ordingly  been  under- 
taken by  ditH^rent  philosophers ;  but  of  these  the  most 
important  are  those  of  Bossut,  Du  Buat,  Venturi, 
Michelotti,  and  Polenus.  It  appears  from  the  experi- 
ments of  these  authors,  that  when  the  orifice  is  circular 
and  horizontal,  the  length  of  the  contracted  vein  is 
nearly  equal  to  the  radius  of  the  orifice.  With  respect 
to  the  ratio  between  the  actual  orifice  and  the  trans- 
verse section  of  the  flowing  vein  there  is  considerable 
dificrence.  Polenus  makes  the  ratio  of  the  two  dia- 
meters as  5^  to  6i  ;  BernouUi  5  to  7  ;  Du  Buat  6  to  9; 
Michelotti  as  4  to  5 ;  Veuturi  the  same ;  and  Bossut  as 
41  to  50  ;  but  it  is  obvious,  that  the  most  certain  me- 
thod of  establishing  this  datum  is  to  measure  the 
quantity  of  the  discharge  in  a  given  time,  by  which 
means  the  latter  author  found  the  ratio  between  the 
areas  to  be  about  1  :  '62,  as  will  be  seen  by  the  fol- 
lowing detail  of  his  experiments : 

Bossut's  Experiments. 
Bo8sut*s ex-       On  the  quantitif  of  xcater  istuing/rom  lessvls  kept  con- 
P«"*«o^'    itautlif  fully  through  horizontal  apertures  formed  in  thin 
brass  plates. 

72.  In  the  following  experiments,  the  head  of  water  was 

kept  constantly  at  1 1  feet  8g  inches  above  the  centre 

of  the  orifice;    and  the  bottom  of  die  vessel  was  a 

square,  the  side  being  3  feet,  or  9  feet  area. 

Horizontal        Experiment  1.    In  50  seconds,  a  horizontal  circular 

Apertures,     orifice  of  ^  inch  diameter,  yielded  1926  cubic  inches. 

Exp.  2.  In  90  seconds,  a  horizontal  circular  orifice 
1  inch  in  diameter,  yielded  13921  cubic  inches. 

£lxp.  3.  In  21  seconds,  a  horizontal  circular  orifice 
finches  in  diameter,  gave  13021  cubic  inches. 

Exp.  4.  In  50  seconds,  a  horizontal  rectangular 
orifice  1  inch  long,  and  \  inch  broad,  gave  2444  cubic 
inches. 

Exp.  5.  In  71  seconds,  a  horizontal  square  orifice, 
whose  side  was  1  inch,  yielded  13984  cubic  inches. 

Exp.  6.  In  17  seconds,  a  horizontal  square  orifice, 
whose  bide  was  2  inches,  yielded  13419  cubic  inches. 


These  being  each  reduced  to  the  same  time,  as  for  riychi 
example  1  minute,  give  the  following  results,  viz. 

Table  I.  Of  the  reduced  results  from  Bossut's  Experiments. 


1 

Inches 

Tlie  Mune 

N'o  Constant  height  of  water  above  llic 

discharged 

reduced  to 

orifice  11  feet  8}  inch. 

in  one 

square  inch 

minute. 

orifices. 

1  Circular  orifice  \  inch  diameter 

2311 

11769 

2  do.       1         diameter 

9281 

11817 

3  do.      2         diameter 

37203 

11842 

4  Rectangle  1  inch  by  j-  inch 

2933 

1I73'2 

5  Square  1  inch  side 

11817 

11817 

6  Do.       2  inches  side  .... 

473GI 

11840 

The  mean  of  all  these  results,  gives  for  the  discharge 
through  an  orifice  of  one  square  inch,  in  one  minute 
11803  cubic  inches,  or  19()-7  cubic  inches  in  one 
second. 

Note.  The  above  are  French  feet  and  inches,  and  to  Redai 
make  them  agree  wrrfi  our  English  measures,  we  must  ^  ^ 
assume  such  a  height  in  English  feet  as  will  give  the  "*•* 
same  nominal  velocity ;  that  is,  we  must  reduce  the 
altitude  in  exactly  the  same  proportion  as  our  number, 
by   which  we  estimate  the  descent  by  gravity   in  a 
second,  is  greater  than  that  of  the  French.     For  let  k 
denote  any  height  in  French  measure,  and  g  the  descent 
of  a  heavy  body  in  a  second  in  the  same  measure,  then 
the  velocity  will  he  2  ^  h  g.     Let  h'  and  g'  denote  the 
similar  quantities  in  English  measure,  then  vzz2  ,^  k'g*; 
in  order  therefore  that  v  may  be  the  same  in  both,  we 
must  have  »y  h  g^z  s/  k  g,  ox  h  g  -i^  h'  g^^  that  is, 

g  '  ^  :\  h'  :  h,  OT  g'  \  g  ::  h  :  h'. 

The  prc^rtion  of  g'  :  g  zz  1 '06578  :  1 ;  whcnc^ 
1  06578  :  1  ::  11  feet  8^  inches  :  10  feet  11^  inches 
English.  Substituting  therefore  10  feet  11^  inch  for 
the  height  of  the  fluid ;  the  above  results  will  corres- 
pond with  English  measure.  Or  as  we  shall  see  in  the 
subsequent  articles,  that  the  discharges  or  velocities 
are  as  the  square  roots  of  the  altitudes  of  the  fluid  ;  if 
we  suppose  the  tabular  altitudes  to  be  English  mea- 
sure, we  must  increase  the  discharges  in  the  ratio  of 
^  \  :  s/  1-06578,  or  in  the  ratio  of  1  :  1-03236; 
that  is,  each  tabular  result  must  be  increased  by  about 
^^^t\\  part  of  itself. 

Experiments  on  vertical  apertures  in  thin  brass  plates. 

73.  In  the  two  following  experiments  the  head  of  Ver& 
water  was  constantly  nine  feet  above  the  centre  of  the  *p«ti 
aperture,  the  area  of  the  bottom  being  still  a  square, 
whose  side  was  three  fceL 

Exp.  1.  In  55  seconds,  a  vertical  circular  orifice^  -^ 
an  inch  in  diameter,  gave  1 850  cubic  inches. 

Exp.  2.  In  100  seconds,  a  vertical  circular  aperture, 
1  inch  in  diameter,  yielded  13558  cubic  inches. 

In  experiments  3  and  4,  the  head  of  water  was  re« 
duced  to  four  feet. 

Exp.  3.  In  60  seconds  a  vertical  circular  orifice,  ^ 
an  inch  in  diameter,  gave  1 353  cubic  inches. 

Exp.  4.  In  150  seconds  a  vertical  circular  orifice,  1 
inch  in  diameter,  discharged  13591  cubic  inches. 
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Tabis  n.  Of  retails  reduced  to  the  discharge  in  one  minute, 
from  Bossufs  erperimentt. 


N** 

Nature  and  dimensions  of 
the  orifices. 

Height  of 
the  head 
of  water. 

Discharge  in  one 
minute. 

1 
2 
3 
4 

Circular  \  inch  diameter 
Ditto       1  inch  diameter 
Ditto      \  inch  diameter 
Ditto       1  inch  diameter 

9  feet 
9  feet 
4  feet 
4  feet 

20 1 8  cubic  inches 
8135  ditto. 
1353  ditto. 
5436  ditto. 

Note. — To  make  these  correspond  to  English  mea- 
sures, the  above  altitudes  must  be  reduced  to  8  feet 
5^  inches,  and  3  feet  9  inches,  or  the  results  must  be 
multiplied  by  1^. 

If  we  compare  the  discharges  from  the  same  height, 
with  the  areas  of  the  apertures,  we  shall  find  them 
nearly  proportional  to  the  apertures  ;  viz. 
'2018  :  8072 


I*:  l«or  1:4::    I  j3^3  .  ^^j2. 

The  discrepance  in  the  one  case  being  -^^^^  and  in 
the  other  -^ . 

Again,  if  we  compare  the  discharges  from  the  same 
apertures,  under  different  altitudes,  we  shall  find  them 
to  be  nearly  proportional  to  the  square  roots  of  those 
altitudes;  for 

Vy   .    V  ^  ..    jyi35  .  5423. 

The  erroc  in  the  first  number  being  ^^g,  and  in  the 
second  7H7. 

74.  From  these  and  the  preceding  experiments,  we 
^  theiefore  obtain  the  following  practical  conclusions. 

1.  That  the  discharges  are  nearly  proportional  to 
the  area  of  the  cnrifices,  whatever  their  form  may  be, 
when  placed  horizontally ;  the  height  of  the  fluid  being 
the  same. 

2.  The  discharges  are  nearly  as  the  square  roots  of 
the  heights  <3|]f  the  fluid,  the  orifices  being  equal ;  our 
theoretical  deductions  are  therefore  so  far  verified  by 
experiment 

Consequently,  if  we  call  Q  and  q  the  quantities  of 
water  discharged  in  the  same  time,  from  the  two  ori- 
fices A  and  a,  under  the  same  head  of  water  in  the 
resenroir;  q  and  Q'  the  quantities  of  water  discharged 
during  the  same  time  by  the  same  aperture  A,  under 
the  different  heads  of  water  h  and  h ,  we  have,  from 
the  above  deductions, 

Q  :  q  ::  A  :  a,  and  ^  :  Q' ::  >/  A 


>/A'; 


whence 


q  zz  — ^  and  q  = 


consequently 
and  Q 


A     ^-^     >/A'    ' 

flQ   _    (y>/A 
A     "       s/h" 
cy::  A  V//  :  as/ h'. 

That  is,  generally,  the  quantities  of  water  discharged 
in  the  same  time  by  different  orifices,  and  under  dif- 
ferent heads  of  water,  are  to  each  other  in  the  ratio 
compounded  of  the  area  of  the  aperture  and  the  square 
root  of  the  heights  of  the  fluid. 

This  general  rule  is  sufiiciently  near  for  most  practical 
cases,  but  the  proportions  above  stated  are  obviously, 
from  the  above  experiments,  not  perfectly  correct. 

The  anomalies  m  question,  Bossut  attributes,  in  the 

VOL.  Ill, 


first  place,  to  friction,  which  is  greater  in  proportion  HydrauUcs. 
as  the  orifices  are  smaller,  the  parts  in  contact  with  v.^^v'^^ 
the  aperture  being  as'  the  perimeters  of  the  section.  Practical 
while  the  discharges  are  as  the  areas ;  the  figures  being  condosioiis. 
similar,  and  the  altitude  the  same. 

Again,  of  several  orifices  the  friction  will  be,  cctteris 
paribusy  greatest  when  the  perimeters  are  greatest ;  the 
circular  orifice  will  give,  therefore,  a  greater  discharge 
than  any  other  figure  of  equal  perimeter. 

The  discharges  are  also  less  in  proportion  as  the 
altitude  increases,  in  consequence  of  the  contraction 
being  greater  for  greater  altitudes. 

These  considerations  must  be  introduced,  in  order 
to  modify  the  rules  laid  down  in  this  article,  when 
great  accuracy  is  required. 

If  we  compute  the  velocity  due  to  a  heavy  body  in 
falling  through  1 1  feet  8  J  inches,  French  measure,  or 
10  feet  llf  inches  English,  we  shall  find  it  to  be 
318-8  inches;  and  therefore  the  theoretic  discharge 
due  to  this  height  of  water  from  an  aperture  of  1  inch, 
ought  to  be  (independent  of  the  contraction  of  the  vein) 
318*8  inches  per  second;  whereas,  the  practical  dis* 
charge  is  found,  by  table  I.  to  be  196*7  inches  per 
second;  therefore,  if  the  velocity  be  what  we  have 
supposed,  viz.  tliat  due  to  a  heavy  body  falling  through 
the  height  of  the  level  of  the  fluid  above  the  orifice, 
the  vein  must  be  contracted  in  the  actual  discharge,  in 
the  ratio  of  318-8  :  196*7;  or  as  1  :  *616,  which  nearly 
corresponds  with  the  number  stated  in  article  (71). 

75.  From  the  above  and  other  experiments,  which 
we  cannot  allow  ourselves  to  transcribe,  M.  Bossut 
deduces  the  following  results  of  the  actual  discharges 
under  different  altitudes,  with  the  computed  discharges, 
independent  of  the  contraction  of  the  vein;  viz.  by 
computing  the  velocities  due  to  the  several  altitudes ; 
the  time  of  discharge  being  always  one  minute,  and 
the  circular  aperture  1  inch  in  diameter. 

Table  III.  Of  theoretic  and  practical  discharges  through 
circular  on/ices,  1  inch  in  diameter ^  in  French  feet  and 
inches. 


Height  of 

the  fluid 

above  the 

orifice. 

Computed 
.discharge, 
independent of 
contraction, 
per  minute. 

Acti»l 

experiment.1 

discharge, 

per  minute. 

Batio  of  the 
theoretic  to  the 
actual  discliaige. 

Cubic  inches. 

Cubic  inches. 

Ifoot 

4381 

2722 

•62133 

2  feet 

6196 

3846 

•62073 

3  feet 

7589 

4710 

•62064 

4  feet 

8763 

5436 

•62034 

5  feet 

9797 

6075 

•62010 

6  feet 

10732 

6654 

•62000 

7  feet 

11592 

7183 

•61965 

8  feet 

12392 

7672 

•61911 

9  feet 

13144 

8135 

•61892 

10  feet 

13855 

8574 

•61883 

11  feet 

14532 

8990 

•61873 

12  feet 

15180 

9384 

•61819 

13  feet 

15797 

9764 

•61810 

14  feet 

16393 

10130 

•61795 

15  feet 

16968 

10472 

•61716 

The  same  remark  applies  here  as  in  the  preceding 
page,  viz.  that  these  bemg  French  feet  and  inches,  the 
several  altitudes  must   be    reduced  in  the    ratio  of 
2  E 
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fRSrcHlj-  1*06578  :  1,  to  maJte  the  results  agjee  wiik  English 
^     feet  and  inches;  or,  the  discharges  must  be  increased 
^^  in  the  ratio  of  1  :   1 3^,  if  we  consider  the  altitudes  as 
Hng^hsh  measures* 

This  reduction,  for  the  convenience  of  the  English 
reader,  is  made  in  the  tiiliowing  iMt-, 

T.^8Le  IV.    Of  theoretic    and  practical   discharges   in 
English  measures. 


Height  of 
die  fluid 
at>o%c  ttie 

Computed 
discbiirge, 
ifidcpendiMilof 
contraction^ 
per  raiimtc. 

ActUHl 

expcfintent»t 
ducliarge, 
[>er  minute. 

Ratio  of  tlie 
thpori'tic   tu   the 
actual  dlecbarge. 

Cuiuc  inches. 

Ctthic  inchfa 

1  foot 

4427 

2812 

•62133 

2  feet 

6402 

3974 

'62073 

3  feet 

7842 

4867 

'62064 

4  feet 

9055 

5617 

•62034 

5  feet 

10123 

6277 

'62010 

6  feet 

11089 

6876 

•62000 

7  feet 

11978 

7422 

'61965 

8  feet 

12805 

7928 

'G1911 

9  feet 

13582 

8406 

'61892 

10  feet 

14317 

8860 

'61883 

1 1  feet 

1501<i 

9289 

•61873 

12  feet 

'     15fi86 

9^97 

•61819      ' 

13  feet 

1G323 

1 0089 

'61810 

14  feet 

16939 

10467 

'6t795 

15  feet 

17533 

10821 

•61716 

mi;  tables* 


Reiuafks  rn  75,  i^  j^^y  ]je  proper  to  observe,  that  what  iire  railed 
l.Z  fjkL?-  iw  t^he  above  table  the  actual  discharg-cs,  were  not  all 
of  them  absolutely  determined  experimentally;  but  the 
precautions  employed  in  the  computation  were  such 
(depending  upon  the  preceding  rules)^  that  they  may 
be  considered  as  accurate^  and  may  be  employed,  by 
means  of  the  preceding  formulte,  in  the  determinatioii 
of  any  proposed  case. 

Let  it  be  required,  for  example,  to  deternune  the 
quantity  of  water  that  would  be  discharged  from  an 
orifice  of  three  inches  diameter,  under  an  altitude  of 
thirty  feet,  in  one  minute,  English  measure. 

Here,  since  the  real  discharges  are  in  the  ratio  com- 
pounded of  the  area  of  the  orifice  and  the  square  root 
of  the  altitude  of  the  fluid;  and  since  a  heij^ht  of  15 
feet^  throu^^h  a  circular  oriftce  of  1  inch  diameter,  gives 
lttH21  cubic  inches,  we  have 

10H21  X  3^  X   ^2i=  137730  cubic  inches, 
the  discharge  required. 

M.  Prony  deduces  from  the  preceding  experiments 
the  following  formulte  for  computing  the  discharge  due 
to  any  altitude,  and  with  any  given  orifice. 

Let  A  denote  the  area  in  square  feet,  H  the  heiglit 
of  the  head  of  water  also  in  feet,  T  the  time  in  seconds, 
g  zi  the  space  fallen  through  in  one  second  by  the 
force  of  gravity,  and  Q  the  quantity  of  water  in  cubic 
feet,  viz, 

1  Q  =  0-61938  Ar  s/g  H,  or  }   for  an  orifice  of 

2  Q  =      4-818  AT  v^H;  I  any  form. 


rrony**  for 
ojuls. 


3  Q—    3  7842  tPT  ^H,  wheu  the  area  »  ciN 

cular,  d  denoting  its  diameter. 

And  from  equation  (2)  we  readily  deduce  the  following : 

4  A  =  ^ 


T  = 


6     H- 


4'818T  VH* 

Q 
4'818A  VH' 


(4-818  TA)^ 

These  formulge  are  computed  by  assuming  the  mean 
coefficient  0-6194  for  the  area  of  contraction,  and  they 
will  give  residts  sulficicntly  correct  for  most  practical 
cases  ;  yet  greater  accuracy  may  be  expected,  if  we  use, 
instead  of  this  mean  coefficient,  the  tahular  number 
answering  to  the  height  nearest  to  the  given  height 
of  water  in  the  reservoir ;  for  example^  if  the  head  of 
water  were  15  feet  or  thereabouts,  we  mnst  take  the 
coefficient  -617,  whereas,  if  it  were  3  feet  we  ought  to 
take  6-20. 

When  the  time  T  is  one  second,  then  our  equation 
(2)  becomes 

Q  =  4'818  A  s/II: 
and  aa  the  velocity  per  second,  mnHiphed  by  the  area, 
is  obviously  equal  to  the  quantity  discharged  in  a  se- 
cond, it  follows  conversely  that  the  quantity  divided  by 
the  area  will  give  the  velocity ;  calling,  therefore,  the 
velocity  in  feet  V,  we  have 

7     V  -  ^  -  4-818  ^/^. 
A 

The  same  may  also  be  obtained  by  finding  the  ve- 
locity due  to  the  height  of  the  head  of  water  tn  free 
space*  and  multiplyiiig  that  velocity  by  the  mean  co- 
efficient-6194 ;  or,  where  great  acetiracy  is  required, 
by  the  Udiular  co-eflieient  answt^ring  to  the  given  alti- 
tude. 

These  formulae,  adjusted  to  English  measures,  are 


Q  -  '61938  AT  s/Hg, 
Q  -  4-978  AT  s/  H. 
Q  -  3-9103  tPT  VH. 
Q 


A=: 


T  - 


H  := 


4-978  T^/H' 

Q 

4'978A  VH* 

Q^ 


V 


-  -f  =  4-978 
A 


VH. 


77*  Such  are  the  principal  experiments  performed  by 
M.  Bossut  on  the  discharges  of  water  through  simple 
orifices.  We  shall  now  conclude  this  article  with  the 
tabular  residts  of  Michelotti's  experiments,  which  were 
conducted  upon  a  ^and  scale,  and  must  be  esteemed 
highly  valuable.  The  reservoir  employed  was  20  feet 
bight  and  3  feet  square  within,  having  openings  at  dif- 
ferent distances  tVom  the  top.  The  water  flowed  into 
a  cistern  whose  area  was  289  square  feet,  and  its  figure 
iiniform.     The  feet,  inches,  &c.  are  French  measures. 
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txutt  V.  Ctmtatmnz  ^hc  eTperimend  of*  MkhtiotH  on 

— — #-v/        r  .    .       '     '     rt'ed  hf  diffcrtnt  vertical 


il^e  quant  it  l 
"nri fleer,  uno 


uatcr. 


Siir  anA  na- 
tatt  of  tlie 

Il«?i«;hUffl<iM 

ahmf  titc 

oentre  of  tin? 

orifice* 

Time  ttf 
ruiiiung. 

Ciil»M",  frv't  of 
w»itef  e%|ic|iilcU. 

Square  of 

3  inclies. 

Ffcf.  hi.   Hncf, 
6     7     4^ 
6  10    2^ 

1!     8     U 

n    0   9^ 

2 1     ft     3  J 
21     S     7 

IMImitt'At 
10 
1*2 

H 

10 
5 
6 

4*13 
566 
516 
612 
415 
499 

In.  llnf  5 
7     3 
5     6 
9     5 

1  5 
5     3 

2  8 

Square  of 
2  Irjches- 

6     7     6 

15 

15 
10 

329 
423 
085 

9     8 
5     7 
4     0 

Square  of 
1  bell. 

6     9     1 
21^6     1 

30 
24 
60 

158 
lf>3 
562 

6     7 

9     6 

11     4 

Circular, 
3  inches  in 
didmeter. 

6     8     4 
11     7     1 
21     7     4 

15 

1-2 

8 

542 
570 
521 

10  G 

11  8 
3     7 

Circular, 
2  inches  In 
diamcUT. 

6     9     5 
118     8 
21   10  10 

30 
28 
20 

488 
589 
575 

8     3 
6     5  ! 
5  10 

Circular^ 
1  inch  in 
diameter. 

6  10     6 
U     8  11 
22     0     *2 

60 
60 
60 

,     247 
3*24 
444 

4     3  ! 
1     5 
6     5 

The  mean  coefticjent  deduced  from  ibese  rcsidts  is 
^625,  which  agrees  very  nearly  with  that  of  Bossut,  viz. 
•619. 

Similar  eit|>eriineftts  were  pprformed  by  Brindley  and 
StuealoTi,  which  ^ive  '630  for  tlie  mean  rat^o  of  eon- 
tractioD.  The  simple  ratio  of  S  :  5,  agrees  therefore 
very  nearly  with  the  me^in  of  the  three  series  *  and  may 
be  employed  with  coufidetice  in  any  practical  cases, 

.1   II L   E^pnimatt*  on  the  discharge  of  water  thrtjHgh 
tuin:^  of  (fiffer^nt  dimemioiis, 

78.  It  was  known  even  in  the  time  of  tlie  Romans  that 
ihe  fOD traction  of  the  vein,  noticed  in  the  foref::oin^ 
experiments,  depended  upon  the  apertures  being  formed 
in  thin  plates,  ntjd  there  tore,  if  inst«  ad  of  such  oriJices, 
of  a  ri  iih  were  made  nse  uf,  the  con- 

niigli  Mt'd,  and  (he  discharge  inpreased. 

It  nndtjrtouk  the  examiiutLion  of  the  eiiT'nm- 
attending  sneh  discharges,  through  cylindrieid 
1iibe««  and  deiermined  the  ratio  of  tlie  quantities 
yielded  ibrootijh  dif^rcnt  leng:th!*  of  tubes,  and  under 
dtfieieiii  altitudes  of  the  fluid. 

la  tlie  following^  experiments,  the  base  of  the  vessel 
was  a  square  whose  side  was  three  feet,  the  heigbt  of 
ti*c  waters  above  the  horizontal  orifice  1 1  feet  8j^ 
mchea ;  and  the  length  of  the  tubes  as  stated  below. 

Exp.  1,  The  tube  being  a  cylinder,  1  inch  in  dia- 
meter, and  4  inches  lonsr,  yielded  ia  66  seconds 
1^1  ctibic  inches  of  water. 


E3cp.  2,  The   tube   being  reduced   to   2   inches  in  rivtlratilie*, 
length,  ^ave  in  the  same  time  13407  inches.  Vp^^^s.^-^^ 

Exp.  3.  The  tube  bein^  farther  reduced  to  1 J  inch,  ^'^**"*'*  *^^ 
yielded  in  the  same  time  13385  incht'^.  pcrjuuri 

In  the  above  experiments  the  issuiui^  waters  cotn- 
pletely  filled  the  tubes,  but  when  these  were  farther 
reduced  in  lenq^tli,  the  conlractiou  took  plaee  in  nearly 
the  same  niciimer  a^  wljen  the  orihce  was  made  in  a 
thin  plate;  and  by  openin^jj  the  apertiire  in  a  particular 
manner,  tlieite  two  etiKln,  viz.  a  contraction,  or  no 
contraction,  niigrht  be  produced  at  pleasure  in  the 
sliort'T  tubes»  but  not  in  the  lonj^cr,  Tliis  Innngf  tried 
upon  the  lA  inch  tube,  and  a  contraction  produced, 
the  quantity  of  water  discharged  in  yi  seconds  was 
J  4078  cubic  inehes. 

These  several  discharges  bein^  reduced  to  the  dis- 
charsres  due  to  one  minute  of  time,  g:ive  tlie  following 
results: 

Consfafit  height  1 1  feet  8'4  inehes, 

Di&clmrge  in 
tiUi*  miiiiiU;. 

r>liii4ric   Uil>e  iiiside  diiim,  1  inch,  leiiglh  4    inchtsi,  l^'j7't 
ditto  diUo  Irn^tU  4?    imlK-s.  12138 

riitttj  ditto  length  11  mdi,      12168 

The  saline  tube,  vein  contratted     ,....,.     91^8^ 

It  follows  from  the  above  experiments  that  the 
quantity  of  water  discharL'^ed  through  vertie:d  cylindrical 
tubes,  are  greater  than  tlu?  discliarges  through  equal 
orifices  made  in  a  thin  plate,  and  that  the  lon;^est 
tubes  give  the  j^reatcst  quautiiies  in  the  same  time ; 
which  quantities  follow  nearly  the  proportion  of  the 
square  roots  of  the  height  of  the  water  in  the  reservoir, 
above  the  lower  extrenrity  of  the  tube.  In  lubes,  how-  • 
ever,  such  as  those  above,  whose  lengtfis  are  incon- 
sidtrable  with  resjjecl  to  the  heij^ht  of  the  water  above 
them,  the  square  roots  diflbr  but  little  from  each 
other,  or  trum  that  of  the  simple  altitude  of  the  vessel ; 
the  excess  of  dischary;e  through  the  tube  o%'er  that  of 
the  simple  aperture,  i»,  therefore, not  attributable  to  this 
circumslauce^  but  to  the  change  which  takes  place  in 
the  motion  of  the  6 aid,  whieh  change  we  shall  en- 
deavour to  account  for  in  a  subsequent  article. 

With  respect  to   the  h*st  experiment,  the  quantity  ^^'^^^' **^ 
discharged  will  be  found  to  coincide  very  exactly  with  ^''^T^''*-'*^"^^^ 
that  produced   by  the  simple  circular  orifice  of  1  inch  ij^j^i 
diameter  (art.  75),  from  which  in  fact  it  diners  in  no  dinhar^^cs. 
respect,  since  the  contraction  obtained  alike  in  both 
cases. 

79.  Comparing  then  together  the  computed  or 
theoretical  dischargees,  due  to  the  altitude  1 1  feet  8^ 
inches,  the  mean  discharge  throtigh  short  tubes,  as 
given  in  the  first  three  of  the  above  experiments,  and 
the  actual  discharge  thro u eh  a  simple  orifice  of  the 
same  diameter  in  a  brass  plate,  we  shall  find  them  to 
each  other  vtry  nearly  as  If),  13,  and  10. 

I  It  til  t\  the  thevrette  disehar^e^  tke  dineharge  through 
short  titbes^  tfmi  thai  through  a  htmfde  ortjiee^  ttt  the  same 
timey  the  attitmie  of  the  water  tieitig  the  sitntr,  an  atm  the 
diameter  oj  the  ortfnes^  will  he  to  each  other  as  the 
nutfdnrs  16,  13,  and  10 

The  same  principles  of  solution  may*  therefore,  be 
applied  to  the  deterniioaiion  of  the  quantity  of  water 
discharged  through  tubes  as  through  simple  apertures, 
by  observing  to  nuiltiply  the  actual  area  by  tlic  fraction 
lit  to  gt'*^  the  equivalent  contracted  area,  instead  of 
the  decimal  '62,  or  the  fraction  J,  as  employ t;d  in  the 
latter  case. 
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80.  It  is,  however,  important  to  observe,  that  al- 
though we  thus  obtain  what  may  be  considered  an 
equivalent  contracted  area,  there  is  in  reality  no  con- 
traction, the  tube  emitting  the  water  in  a  compact  and 
full  column;  the  area,  therefore,  in  this  case  is  not 
contracted,  but  the  velocity  is  diminished,  a  fact 
which  has  been  experimentally  demonstrated,  by  show- 
ing that  SLJet-iTeaUy  proceeding  vertically  from  a  simple 
orifice,  will  rise  to  a  greater  heightli  than  the  same 
stream  conducted  through  a  short  tube.  We  ought, 
therefore,  strictly,  in  computing  discharges  through 
additionai  tubes,  to  ascertain  the  altitude  due  to  the 
diminished  velocity,  and  to  consider  the  issuing  stream 
as  a  complete  cylinder ;  but  it  obviously  amounts  to  the 
same,  if  we  consider  the  velocity  to  be  that  due  to  the 
whole  height  of  the  fluid,  and  make  a  corresponding 
contraction.  We  prefer  the  latter,  as  being  more 
analogous  to  the  discharge  through  simple  orifices. 

81.  Before  detailing  other  experiments,  connected 
with  this  enquiry,  it  may  not  be  amiss  to  investigate 
the  cause  of  Uie  greater  discharge  through  short  tubes 
than  through  equal  orifices  in  thin  plates. 

Let  MOPN  (fig.  4)  represent  a  cylindric  horizontal 
tube,  attached  to  the  reservoir  ADCB ;  and  conceive, 
in  the  first  instance,  prior  to  the  discharge,  the  tube  to 
be  shut  by  a  plug,  or  valve,  at  MN ;  if  now  we  sup- 
pose this  to  be  suddenly  removed,  each  of  the  particles 
of  the  fluid  which  answers  to  the  different  points  of 
the  section  NM,  if  they  met  no  obstacle  afler  issuing 
out,  would  describe,  agreeably  to  the  common  princi- 
ples of  Dynamics,  the  parabolas  MitiJ?,  Nny.  But, 
in  reality,  all  the  particles  immediately  on  quitting 
the  orifice,  are  united  and  mixed  with  each  other, 
the  parabolas  are  destroyed,  and  the  fluid  has  a 
consequent  tendency  to  contract.  If  there  be  no  tube, 
or  if  Uie  tube  be  so  short,  that  in  issuing,  the  point  P 
falls  between  N  and  z,  the  vein  of  the  fiuid  will  ex- 
perience a  contraction,  the  same  as  in  the  simple  orifice. 
But  if  the  point  P  be  found  beyond  z,  as  in  our  figure, 
the  fiuid  will  accumulate  through  the  whole  extent  of 
z  P,  the  vein  will  expand,  and  fill  the  tube,  and  will 
ultimately  attain  to,  and  continue  to  flow  in  a  full 
stream.  For  the  fiuid  being  once  supposed  to  fill  the 
tube,  the  natural  motion  of  the  particles  M,  N,  are 
altered,  and  will  become  less  oblique  to  the  plane  of 
the  orifice  MN ;  whence  it  follows  that  the  issuing 
stream  will  acquire  a  greater  base,  and  continue  to  flow 
in  a  free  stream,  but  the  velocity,  as  we  have  stated 
above,  is  diminished.  This  diminution  of  velocity  is, 
however,  more  than  compensated  for  by  the  additional 
body  of  the  issuing  fluid,  so  that  upon  the  whole  the 
discharge  in  a  given  time,  under  these  circumstances, 
will  be  greater  than  it  is  through  an  equal  aperture 
in  a  thin  plate,  in  the  ratio  above  stated,  viz.  of  13  to  10. 

It  is  a  singular  fact,  that  frequently,  when  the  tube 
was  short,  the  adherence  of  the  water  to  the  interior 
surface  of  the  tube  was  so  slight,  that  it  might  be 
destroyed  by  slightly  striking  the  ouUide  of  the  tube 
with  a  small  key,  or  any  such  body.  So  that  while  the 
tube  was  discharging  the  water  in  a  full. stream,  any 
little  blows  of  the  kind  above  stated  would  destroy 
the  adhesion,  the  contraction  of  the  vein  would  be 


formed,  and  the  quantity  of  issuing  fluid  permanently  Hj 
diminished.     We  have   an  instance  of  two  different  s« 
discharges  of  this  kind  through  the  same  tube  in  onr    * 
third  and  fourth  experiments  (art.  78),  and  the  follow- 
ing eight  experiments  are  of  the  same  kind. 

Table  VI.    Experiments  on  the  discharge  through  addt" 
tional  tubes. 


Ti 
D 


Constant  neighi 

of  tlie  reservoir, 

in  l«tli8  of 

inches. 

Diameter  of  the 

tubes  in   ISths  of 

iucliet. 

Length 
of  the 
tubes. 

Cubic  inches 
discharged 
in  1  mimite. 

1 

2 
3 
4 

\    552 
\    552 

jQ  ifuU  Stream 

6  i  contracted 
105      stream 

2 
inches 

do. 

1689 
4703 
1293- 
3598 

5 
6 
7 
8 

\    288 
\   288 

,Q  I  full  stream 

6  }   contracted 
105      stream. 

2 
inches 

do. 

1222 

3402 

935 

2603 

We  may  draw  from  these  experiments  the  same  con* 
elusions  as  from  the  preceding,  viz.  that  the  discharges 
of  water  through  additional  short  tubes  when  issoing 
with  a  full  stream,  are  directly  as  the  area  of  the  in- 
terior section,  and  the  square  root  of  the  height  of  the 
level  of  the  fluid  above  the  centre  of  the  orifice.  And 
that  the  actual  discharge  in  this  case,  is  to  the  theo- 
retic discharge  in  a  ratio,  approaching  to  that  of  13 
to  16. 

82.  We  shall  conclude  this  part  of  our  investigation  by 
the  following  table  of  experimental  and  theoretic  dis- 
charges for  different  heights,  which  may  be  very  con- 
venient to  refer  to  in  various  practical  cases. 

Table  VII.  0/  theoretic  and  experimental  discharget  ts 
one  minute^  through  short  cylindric  tubes  of  one  inek 
interior  diameter,  in  French  feet  and  inches. 


£i 

Height  of  the 

Experimen- 

RaUo  between 

M  5 

reservoir  above 

charges  in  one 

taldiKbaige 

the  actual  and 

0,6 

the  centre  of 

in  the  same 

computed  dit- 

'aI 

the  aperture. 

time. 

ebai^ges. 

Cubic  inches. 

1 

1  foot 

4381 

3539 

0-817 

2 

2  feet 

6169 

5002 

0-807 

3 

3  feet 

7589 

6126 

0-807 

4 

4  feet 

8763 

7070 

0-806 

5 

5  feet 

9797 

7900 

0-806 

6 

6  feet 

10732 

8654 

0-806 

7 

7  feet 

11592 

9340 

0-805 

8 

8  feet 

12392 

9975 

0-804 

9 

9  feet 

13144 

10579 

0-804 

10 

10  feet 

13855 

11151 

0-804 

11 

11  feet 

14530 

11693 

0-804       / 

12 

12  feet 

15180 

12205 

0-804       / 

13 

13  feet 

15797 

12699 

0-803      / 

14 

14  feet 

16393 

13197 

0-803  ■  / 

15 

15  feet 

16968 

13620 

0-80S-  1 

k 
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Table  VIIT.  Of  theoretic  and  experimental  discharges  in 
ome  minute  J  through  short  ct/lindric  tubas  of  one  inch 
utirrior  diamcttr.  in  Engliah  mta&iues. 


I 


Height  of  \\\e 

Theoivttc  dh- 

taUn<ichaT<4C 

Ftatio  l>«iwec'ii 
the  actual  unci 

'^3 

the  centre  of 

clmrgcs  ill  out: 
uiinute. 

in  \hfi  jbarrie 

computed  dis- 

the  ftperttire. 

time. 

clmrgcs. 

1 

1  faol 

4527 

3657 

0'817 

1 

2  feet 

6374 

5169 

0-807 

3 

3  feet 

7862 

6330     ' 

0-807 

4 

4  feet 

9055 

7306 

0*806 

5 

5  feet 

10123 

8163 

0-806 

6 

6  feet 

11087 

8942 

0^806        , 

7 

7  feet 

11978 

9651 

0-805 

a 

8  feet 

12805 

10307 

0-804 

9 

9  feet 

13582 

10932 

0*804 

10 

10  feet 

14317 

11523 

0.804 

'  n 

U  feet 

15014 

12082 

U-804 

n 

12  feet 

15686 

12611 

0-804 

13 

13  feet 

16323 

13122 

0-803 

14 

14  feet 

16939 

13636 

0-803 

15 

15  feet 

17533 

14074 

0-802 

83.  Denoting  here  the  same  qtinntlties  by  the  letters 
A,  Q,  T,  H,&c.  as  in  article  77,  the  anabgous  eqtia- 
lions  in  this  case  will  be»  for  French  mcmun'»f 

1.  Q  -  0-81  AT  2  v/Hg-. 

2.  Q  =  4'9438f/'T  VH. 


4.    T  = 


5.     H  = 


6.    V- 


4-9438  T  V  H  ■ 
Q 


4-9438  rf  V  H 

Q_ 

(4-943S  (/•  T)'* 
Q 


•7854rf« 
The  same  reduced  to  English  meamires,  become 

1.  Q  =  0-837  AT  2  V  H^. 

2.  Q  =  5-1086  </'T  v'H. 

.3.    d  =  y-         ^ 


T  = 


5-1086  Tv'  H 
Q 


5.    H  = 


6.    V  = 


5-1086  (/'s/H 
(5-1086d*T)*' 

Q 


pies. 


Illustrate    the    latter    formulae  by 


a   few 


be  head  of  water  in  a  reservoir  above  the  centre 
of  a  circular  aperture,  3  inches  in  diameter^  is  16  feet; 
r^uired  the  number  of  cubic  feet  of  water  that  will  be 
diichar^ed  in  an  hour,  through  a  short  additional  cy- 
^■ndncal  tube^  fitted  to  the  aperture, 
■^HereT  —  3600,  H  zz  16,  and  d=:3; 
^■hence  equation  (2)  gives 
«   Q  =  5-1086  X  3'  X  3600  x   ^/  16: 
Kf  Q  —  45-9774  x   14400  —  661574  cubic  feet. 
"   2.  A  reservoir  receives  a  constant  supply  of  9  cubic 
feet  of  water  per  second,   requirtfd  the  diameter  of  a 
drculai  orifice,  fitted  with  a  short  additional  tube,  which 


placed  9  feet  below  the  level 
ofi'the  same  quantity. 

Here  T=  1,  H=;  9,  and  Q  = 
tion  (3)  becomes 


of  the  fluid   will   carry  H^dmiiJici. 
9,  whence   equa- 
1 


5-3258 


=  -766 


5^1086  X 
feet»  or  9j  inches. 

3.  Let  the  cylindric  additional  tube  be  5  inches  in 
diameter,  and  the  required  supply  6  cubic  feet  per 
second,  required  the  depth  of  the  orifice  below  the  level 
of  the  tluid. 

Here  equation  (5)  gives 

_  6* 36  _     ,Q     ^ 

■^  (5^086x1)^  ~  {l-217l5y  "*  m  feet 
nearly. 

Jnvestigatiom  ond  expenmenis  of  Dr^  M*  Yoitifg,    rC' 
latiic  to  the  discharge  through  additiomd  tube.u 

84,  In  the  seventh  volume  of  the  Transactions  of  Dr.YoungV 
the   Royal    Irish    Academy,    is    ^ven   an  i uteres tino*  ^nvc^i^n- 
paper  connected  with  the  subject  at  present  under  con-  ^'""** 
sideration  ;   that  purr  which  turns  tipon  an  illustration 
of  the  increased  discharge  through  additional  tubes,  is, 
we  think,  hig:hly  deserving  of  the  reader's  attention. 

Whcn  a  tube   m  n  r  s,  fig,  5,  is   inserted  into  the     Fig.  5. 
vessel  ABCD,  it  is  found  that  the  velocity  is  increased 
nearly  in  the  subdupHcale  ratio  of  the  feng-iii  of  the 
pipe,  and  that  it  approaches  nearer  to  that  ratio,  ac- 
cording^ as  the  length  of  the  pipe  is  increased. 

To  account  for  this  increase  of  velocity  has  appeared 
a  matter  of  some  difficulty,  since   the  water  cannot 
issue  at  r  «  with  a  greater  velocity  than  it  enters  at 
in  JT,  and  it  does  not  appear  how  the  velocity  at  m  w 
can  be  increased  by  inserting  a  tube  beneath  it.     In 
order  to  explain  the  cause  of  this  effect,  we  are   to 
consider  that  the  whole  force  with  which  the  plate  m  n 
is  pressed  down,  is  the  weight  of  a  column  of  water 
equal  to  c  m  n  f\  together  with  the  w^clght  of  a  cohimn 
of  air  of  the  same  base,  reaching  to  the  top  of  the 
atmosphere;  and    the  whole  force    with    which   it  is 
pressed  up,  is   the  weight  of  an  equal  column  of  air 
diminished  by  the  weight  of  a  column  of  water  equal 
to  m  nr  n  ;  therefore  the   actual  force  with  which  the 
plate  m  n  is  pressed  down,  is  the  weight  of  a  column  of 
water  equal    to  efrs;  the    velocity,  therefore,  with 
which  the  plate  tit  n  will  issue  through  the  orifice  m  n, 
will  be  the  same  as  through  the  orifice  r  a  of  the  vessel 
A  /j  c  D,  that  is,  equal  to  the  velocity  that  a  heavy 
body  would  acquire  in  falling  through  the  altitude  c  r, 
and   all  the   plates  of  water  in  the  tube  m  n  r  s  will 
descend  wnth  the  same  velocity;  for  they  cannot  de- 
scend   faster,   because    otherwise    there    would    be    a 
vacuum  in  the  tube,  which  is  prevented  by  the  upward 
pressure  of  the  atmosphere.     And  the  velocity  of  the 
effluent  water  will  be  the  same,  whatever  be  the  pres- 
sure  of    the   atmosphere,   provided   the  weight   of  a 
column  of  air  of  the  same  base  with  r  <v,  und  whose 
height  is  equal  to  that  of  the  atmosphere,  be  either 
equal  to»  or  greater  than  the  weight  of  the  pillar  of 
water  m  n  r  5,     This  might  be  proved  experimentally 
by  a  vessel  of  water  with  a  pipe  inserted  in  the  bottom, 
and  placed  under  the  exhausted  receiver   of  an  air 
pump:  but  as  the  operation  of  exhaustion  is  obstructed 
more  by  the  evaporation  of  the  water  than  of  merctirj', 
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Hydrody-  it  will  be  better  to  use  mercury  in  these  experiments, 
^nmics.  Now  if  D  be  the  defect  of  the  ^age  from  the  standard 
**"^^'''^'"^ -altitude,  it  will  measure  the  pressure  of  the  air  on  the 
Dr.  RL  surface  of  the  mercury  in  tlie  vessel.  Let  A  be  the 
illustration.  *^^^"^^  ^^  ^^^^  mercury  in  the  vessel  above  the  upper 
orifice  of  the  pipe,  and  P  the  leno^th  of  the  pipe ; 
then  the  whole  force  pressings  downwards,  the  plate  of 
mercury,  which  is  immediately  in  the  upper  orifice  of 
the  pipe  will  be  equal  to  D  -h  A,  and  the  whole  force 
pressing  the  same  plate  upwards  will  be  D  —  P,  and 
the  difference  between  these  forces  will  be  the  absolute 
force  pressinir  the  same  plate  of  mercury  downwards : 
while  D  is  greater  than  P,  this  absolute  force  will 
iconsequently  be  equal  to  A  -f  P;  when  D  =:  P, 
D  —  P  vanishes,  and  the  force  pressing  the  plate 
downwards  will  be  D  -f-  A  =  P  4-  A;  hence,  therefore, no 
difference  in  the  time  of  the  efflux  will  be  perceived, 
while  the  altitude  of  the  mercury  in  the  guage  is  equal 
to,  or  less  than,  the  difference  between  the  length 
of  the  pii>e  and  the  standard  altitude.  When  D  is 
less  than  P,  the  force  upwards  is  also  nothing;  and 
therefore  as  before,  the  whole  force  pressing  the  plate 
downwards  is  zz  D  -f  A,  and  A  being  given  it  decreases 
according  as  D  decreases ;  and  when  D  vanishes,  that 
is,  when  the  receiver  is  absolutely  exhausted,  the  force 
becomes  equal  to  A,  and  the  time  of  the  efflux  will  be 
the  same  as  if  the  pipe  had  not  been  inserted  in  the 
bottom  of  the  vessel. 

"  To  try,"  says  Dr.  Young,  *'  the  truth  of  these  deduc- 
tions by  experiment,  I  inserted  a  tube  7-8  inches  lon^,  in  a 
<;ylindrical  vessel,  and,  closmg  the  orifice  of  the  pipe,  I 
filled  the  vessel  with  mercury  to  the  height  of  6  inches 
then  placing  the  apparatus  under  the  receiver  of  an  air 
pump,  when  the  barometer  was  at  30  inches,  and  the 
guaee  at  *28-5  inches;  the  time  of  efflux  was  26  se- 
conds ;  when  the  experiment  was  repeated  precisely  in 
the  same  manner,  but  in  the  open  air,  the  time  of 
efflux  was  only  19  seconds.  Now  as  the  guage  stood 
at  28-5  inches  the  defect  D  was  30  —  28-5  =  1-5, 
and  the  pressure  on  the  plate  of  mercury  was  6  -f  1^ 
zz  7^;  in  the  open  air  the  pressure  was  6  4-  7*8  zz. 
13'8;  therefore  the  ratio  of  the  velocity  of  efflux 
in  both  cases,  which  is  the  same  with  the  reci- 
procal ratio  of  the  times,  was  as  >/  7*5  :  v'  13-8  ;  or 
as  2-73  to  3-70;  but  2-73  to  370  is  very  nearly  as  19 
to  26.  No  difference  was  observed  in  the  time  of 
efflux,  when  in  the  open  air  and  in  the  exhausted  re- 
ceiver, unless  the  guage  stood  higher  than  22-A  inches ; 
that  is,  unless  the  height  of  the  mercury  in  the  guage 
was  greater  than  the  difference  between  the  length  of 
the  pipe  and  the  standard  altitude.  In  another  expe- 
riment, the  guage  stood  at  27-9  and  the  height  of 
the  barometer  was  29*9,  and  the  defect  therefore  :=  2, 
and  the  pressure  zz  8.  But  n/  8  zz  2828,  and  y/  138 
=  3-7,  now  2-828  :  3-7  :;  19  :  24;  and  by  the  ex- 
periment the  efflux  appeared  to  be  23  seconds.  When 
the  efflux  is  made  in  vacuo  it  is  evident  to  observation 
that  the  pipe  is  not  filled  during  the  efflux,  as  it  is  while 
the  discharge  is  made  in  the  open  air.** 

85.  '*  Since  the  column  of  water  in  the  pipe  mnrs 
adds  to  the  pressure  which  the  plate  m  n  sustains,  by 
diminishing  the  upward  pressure  of  the  air  through  the 
pipe,  it  appears  that  it  produces  this  increase  of  pres- 
sure in  the  plate  ///  n  alone  without  producing  any 
lateral  pressure  in  the  fluid  wliich  is  on  the  level  with 
mn;  for  it  is  manifest,  that  if  an  aperture  were  made 


in  m  B  or  ft  C,  the  velocity  of  the  water  issuing  thcangfa  ny 
it  would  not  be  effected  by  the  insertion  of  the  pipe ;  v^ 
and  consequently  that  the  plate  m  /i,  which  is  imme' 
diately  in  the  orifice  of  the  pipe,  is  the  only  one,  on 
the  same  level,  whose  tendency  downwards  is  increased 
by  the  insertion  of  the  pipe.** 

Hence,  the  particles  of  water  at  the  edge  of  the  aper- 
ture having  their  perpendicular  pressure  increased  by 
the  weight  of  the  column  tn nrs,  without  any  increase 
of  their  lateral  pressure,  they  will  issua  through  the 
orifice  m  n  more  perpendicularly ;  the  sides  also  of  the 
tube  will  obstruct  the  converging  motion  of  the  par^ 
tides,  and  consequently,  on  both  these  accounts,  the 
quantity  of  water  discharged  tlu-ough  a  pipe  thus  in- 
serted will  exceed  that  discharged  through  a  simple 
orifice,  in  a  greater  ratio  than  the  sub-duplicate  of  the 
height  of  the  water :  and  according  as  the  length  of 
the  pipe  increases,  the  ratio  of  the  quantity  of  water 
actually  discharged  by  the  experiment,  to  that  which 
would  be  discharged  according  to  the  theory,  will  in- 
crease ;  because  the  ratio  of  the  perpendicular  to  the 
horizontal  pressure  increases,  in  the  ratio  of  the  sum  of 
the  depths  of  the  vessel,  and  the  Icu'jcth  of  the  pipe  to 
the  depth  of  the  vessel.  It  follows,  therefore,  that  ex- 
periments made  in  this  manner  will  approach  nearer  to 
coincidence  with  theory  than  when  made  witli  a  simple 
orifice ;  except  either  when  the  tube  is  so  long  as  that 
the  friction  of  the  fluid  against  the  sides  of  the  tubes 
shall  produce  a  sensible  effect,  or  when  it  is  so  short 
as  not  to  be  sufflcient  to  give  the  particles  a  vertical 
direction,  all  which  agrees  very  well  with  the  experi- 
ments made  by  the  ingenious  Mr.  Vince,  of  which  he 
has  given  us  an  account  in  the  Philosophical  Transac- 
tions for  the  year  1795.  Thus,  he  tells  us,  that  having 
inserted  a  tube  of  {  of  an  inch  in  length,  into  a  cylin- 
drical vessel  12  inches  deep,  he  found  that  the  velocity 
did  not  sensibly  differ  from  that  through  the  orifice : 
the  cause  of  which  he  discovered  to  be  this,  that  the 
stream  did  not  fill  the  pipe,  but  that  the  fluid  was  con- 
tracted as  when  it  flowed  through  a  simple  orifice  in  a 
thin  plate.  When  the  pipe  was  half  an  inch  long  in- 
serted into  a  vessel  of  the  same  depth  as  before,  the 
velocity  of  the  water  from  the  pipe,  and  from  the 
orifice,  which  ought  by  theory  to  have  been  as  >/  12*5 
to  -v/  12,  or  as  49  :  48,  was  by  experiment  found  to 
be  nearly  in  the  proportion  of  4  to  3 ;  now  if  the  ratio 
of  49  :  48  be  nicreased  in  the  ratio  of  7  to  6  (because 
this  is  the  ratio  of  the  diminution  of  the  velocity  on 
account  of  the  contraction  of  the  vein,  and  this  con- 
traction either  nearly  or  entirely  vanishes  in  the  pipe), 
we  shall  have  the  ratio  of  3-57  to  3.  When  the  pipe 
was  an  inch  long,  the  velocity  from  the  pipe,  and  from 
the  orifice,  which,  according  to  theory,  ought  to  hare 
been  as  ^/  l3  :  ^  12,  or  as  26  to  25  appeared  by  Aie 
experiment  to  be  nearly  as  4  to  3 ;  now,  if  the  ratio,  of 
26  to  25  be  increased  by  the  ratio  of  7  to  6,  we  shall 
have  the  ratio  of  3*64  to  3.  When  he  made  use  of 
longer  pipes,  the  velocity  of  the  effluent  water  by  ex- 
periment approached  nearer  to  that  which  ought  to 
have  been  discharged  according  to  theory ;  so  that  in 
long  pipes  the  difference  between  theory  and  experi- 
ment was  not  greater,  he  says,  than  what  might  be 
expected  from  the  friction  of  the  pipe  and  other  causes, 
which  may  be  supposed  to  retard  the  velocity. 

When  he  inserted  a  pipe  of  the  same  diameter  with 
the  aperture,  which  terminated  in  a  truncated  cone 
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«lj*  fixed  ID  the  orifice  (see  Philosophical  Transactions  for 
J^^  1795),  he  expected  that  the  quantity  of  water  dis- 
charged, in  a  given  time,  would  have  been  diminished, 
because  the  water  issuing  through  the  orifice  m  n,  would 
have  room  to  form  the  vena  cofUracta  in  the  enlarging 
oone ;  but  he  found  that  the  same  quantity  of  water 
was  discharged,  as  if  the  pipe  had  continued  through- 
out of  the  same  diameter  and  orifice.  The  reason  of 
this  is  manifest  from  what  has  been  said,  for  the  pres- 
sure of  the  air  will  not  sufier  the  truncated  cone  to 
remain  partly  empty,  as  it  would  be  if  the  vena  con- 
tracta  were  formed :  it  will,  therefore,  continue  full, 
and  consequently  the  water  will  pass  through  it  in  the 
same  manner  as  if  the  water  in  the  cone  surrounding 
the  pipe  ma  bn  were  congealed. 

Mr.  Vince  likewise  inserted  into  the  bottom  of  the 
vessel  a  perpendicular  pipe,  in  form  of  a  truncated 
cone,  the  narrower  part  being  fixed  in  the  orifice,  by 
which  he  found  the  eflflux  to  be  increased  more  than 
if  he  had  inserted  a  cylindrical  pipe  of  the  same  length, 
whose  diameter  was  equal  to  that  of  the  narrowest  part 
of  the  conical  pipe.     This  ellect  may  be  explained  on 
the  same  principles  by  which  we  account  for  the  aug- 
mentation of  the  diameter  of  a  vertical  vein  of  water 
through  a  simple  orifice,  when  the  velocity  of  efflux  is 
considerable.     For  when  a  perpendicular  pipe  is  in- 
serted, the  velocity  of  the  discharge  being  consider- 
ably increased,  the  resistance  from  the  air  will  be  so 
likewise;    and  thus  the  diameter  of  the  vein  has  a 
tendency  to  enlarge  itself:  now,  in  the  widening  cone, 
the  pipe  admits  of   this  augmentation,  at  the  same 
time  that  it  increases  the  velocity;  but  the  cylindrical 
pipe,  though  it  equally  increases  the  velocity,  does  not 
pennit  the  vein  to  enlarge  itself,  and  by  thus  confining 
It,  the  efflux  is  obstructed,  and  the  quantity  discharged 
in  a  given  time  is  diminished.     Accordingly,  under  the 
receiver  of  an  air-pump,  even  in  a  moderate  degree  of 
exhanstion,  there  is  no  difference  between  the  velocities 
widi  which  a  fluid  is  discharged  through  a  conical  or 
cylindrical  pipe.     (Irish  Trans,  vol.  vii.) 

This  abstract  will  enable  the  reader  to  judge  of  the 
cenectness  of  the  objections  made  to  some  of  these 
Mucdons  by  M.  Hachette,  given  under  a  subsequent 
•rttde. 

^iicellaneous    experiments    of    Fenturi,    PoUnus,    ami 
Du  Buaf. 

|.  86.  Venturi  has  made  a  variety  of  ingenious  ex- 

ly     periments  on  the  discharge  of  vessels,  and  particularly 
■»       00  what  he  terms  **  the  lateral  communication  of  mo- 
tion in  fluids,"  which  is  the  title  of  the  English  trans- 
«wn  of  this   work    by    Nicholson.      The   principal 
<Woctions  of  this  author  are  as  follows: 

*  fl«r  Jluid,    those  parts  which  are  in  motion  carry 

'biirrLith  them  the  lateral  parts  which  are  at  rest. 

L  To  prove  the  truth  of  this  proposition,  Venturi  in- 

•"Wiacird  a  horizontal  current  of  water  into  a  vessel 

flU  vith  the  same  fluid  at  rest.     The  stream  entering 

the  vessel  with   a  certain  velocity,  passes  through   a 

portioDof  the  fluid,  and  is  then  received  in  an  inclined 

chinwj,  the  bottom  of  which  gradually  rises,  until  it 

psttes  over  the  border  or  brim  of  the  vessel  itself;  and 

the  effect  is  found  to  be  not  only  that  the  stream  itself 

passes  out  of  the  vessel,  through  the  channel,  but  that  it 

eanies  along  with  it  the  fluid  contained  in  the  vessel ; 


so  that,  after  a  short  time,  no  more  of  the  fluid  re-  Hydiaulica. 
mains  than  was  originally  below  the  aperture  at  which  ^^.^'w^x^ 
the  stream  enters.  This  fact  is  adopted  as  a  pri- 
mitive phenomenon,  by  the  author,  under  the  deno- 
mination of  the  lateral  communication  of  the  motion 
in  fluids ;  and  to  this  he  refers  many  important  hy- 
draulic facts.  He  does  not  undertake  to  explain  this 
phenomenon  on  physical  principles,  but  shows  that  the. 
mutual  attraction  of  the  particles  of  water  is  far  from 
being  a  suflicient  cause  to  account  for  it. 

If  that  part  of  an  additional  tube  which  is  nearest  Conical 
the  side  of  the  reservoir,  be  contracted  according  to  t"^** 
the  form  of  the  contracted  vein  of  fluid  which  issues 
through  a  hole  of  the  same  diameter  in  a  thin  plate, 
the  expenditure  will  be  the  same  as  if  the  tube  were 
not  contracted  at  all ;  and  the  velocity  of  the  fluid 
within  this  tube  will  be  greater  than  that  of  a  jet 
through  a  thin  plate  in  the  ratio  of  121  to  100. 

87.  Bossut,  in  reCerring  to  experiments  of  this  kind  Polcnut*  rx- 
by  Polenus,  says,  if  water  issue  out  of  a  conical  tube,*P<?""»<'"t*- 
of  which  the  greater  base  is  next  the  reservoir,  the 
form  of  the  tube  will  facilitate  the  entry  of  the  water 
into  it;  and,  provided  it  be  not  too  wide,  it  ought  to 
give  more  water  ihan  the  cylindric  tubj  which  has  the 
same  exterior  orifice.  Polenus  having  adapted  hori- 
zontally to  a  reservoir,  which  was  kept  constantly  to  the 
height  of  21 J  inches  above  the  centre  of  the  orifice,  a 
conical  tube  7^  inches  long,  and  having  its  greater 
base  2j.  inches  in  diameter,  and  its  less  2^  inches; 
then  a  cylindric  tube  of  the  same  length  and  diameter 
z=  2^  inches ;  he  found  that  the  former  yielded  73035 
cubic  inches  in  2  minutes  51 ",  and  the  latter  the  same 
quantity  in  3  minutes  7".  He  then  made  an  orifice  in 
a  thin  plate,  the  diameter  being  still  the  same  as  the 
above  exterior  ones,  viz.  2J  inches ;  he  obtained  the 
same  discharge  in  4  minutes  36".  The  same  author 
also  compared  tlie  discharge  through  diflerent  conical 
tubes  having  the  same  common  length,  7 -J  inches,  and 
the  same  exterior  orifice,  2^  inches ;  but  with  different 
orifices  next  the  reservoir ;  the  latter  in  four  tubes, 
having  their  diameters  respectively  equal  to  2J  inches, 
3^  inches,  5  inches,  9^  inches.  The  water  in  all  these 
experiments  being  kept  to  the  constant  height  of 
21.^  inches.  The  times  employed  by  these  tubes  in 
yielding  each  73035  cubic  inches  were  2  minutes  57", 
2  minutes  5S",  3  minutes,  and  3  minutes  5'. 

If  we  reduce  the  results  of  these  experiments  to  the 
discharges  in  one  minute,  they  will  be  as  follow  : 

Cul)ic  inches.. 

Orifice  in  a  thin  plate 15877 

Cylindric  tube,  diameter  2J  inches 23434 

Conical  tube,  diameters  2Jand2,5 24758 

Ditto  diameters  3|  and  2] 24619 

Ditto  dliimeters  5    and  2  J 24345 

Ditto  diameters  9-f  and  2] 23687 

It  appears  from  these  results,  that  the  first  conical 
tube  gave  the  greatest  discharge,  and  that  even  the 
last  yielded  a  greater  quantity  tlian  the  cylindric  tube. 

88.  To  return  again  to  Venturi's  deductions.  He  Venturi.. 
endeavours  to  show  that  the  pressure  of  the  atmos- 
phere is  the  agent  which  produces  the  greater  dis- 
charge through  a  cylindric  tube,  than  through  a  simple 
orifice  of  the  same  diameter;  and  that  in  a  conical 
tube,  the  pressure  of  the  atmosphere  increases  the  ex- 
penditure in  the  proportion  of  ike  exterior  section  of 
the  tube  to  the  section  of  the  contracted  vein,  whatever 
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Fig.  5-fl. 


Hydnxly-  may  be  the  position  of  the  tube,  provided  its  internal 
mmici.     figure  throughout  be  adapted  to  the  lateral  communi- 
'^^^^^^'""^^  cation  of  motion. 

In  cylindric  pipes,  the  discharge  is  less  than  through 
conical  pipes  which  diverge  from  the  place  of  the  con- 
tracted vein,  and  have  the  same  extenor  diameter. 

For  in  the  space  between  the  inverted  contracted 
vein,  and  the  side  of  the  cylinder,  eddies,  or  circular 
whirls,  are  produced,  as  in  a  bason  which  receives 
water  by  a  channel;  and  these  retard  the  efflux  of 
the  stream,  and  produce  a  corresponding  failure  in  the 
effect. 
Discharge  89.  By  means  of  proper  adjutages  applied  to  a  given 
increased  by  cylindric  pipe,  placed  horizontally,  it  is  possible  to 
?*J*^  ***■  increase  the  expenditure  of  water  through  that  pipe  in 
the  ratio  of  24  to  10,  the  charge  on  the  height  of  the 
reservoir  remaining  the  same. 

For  this  purpose  the  inner  extremity  of  the  tube 
AD  (fig.  5-a)  must  be  fitted  at  AB  with  a  conical 
piece  of  the  form  of  the  contracted  vein ;  this  increases 
the  expenditure  in  the  ratio  of  12-1  to  10.  Every 
other  form  will  afford  less.  If  the  diameter  at  A  be 
too  great,  the  contraction  must  be  made  beyond  B, 
and  the  section  of  the  vein  will  be  smaller  dian  the 
section  of  the  tube.  Secondly,  at  the  other  extremitiy 
of  the  pipe  BC,  apply  a  truncated  conical  tube  CD,  of 
which  let  the  length  be  nearly  nine  times  the  diameter 
C,  and  its  external  diameter  D  must  be  1-8  C.  This 
additional  piece  will  increase  the  expenditure  as  24  to 
12-1.  So  that  the  quantity  of  effluent  water  will  be 
increased  by  the  two  adjutages  in  the  ratio  of  24  to  10. 
It  is  to  be  observed,  however,  that  this  is  on  the 
supposition  tuat  the  pipe  BC  has  no  elbows,  or 
sinuosities. 

When    a   tube   has    any   elbow,    or   is   otherwise 
curved,  the  discharge  is  diminished.     It  appears  from 
the  experiments  of  this  author,  that  the  proportional 
quantities  of  fluid  yielded  by  a  straight  pipe,  another 
curved  into  a  quadrantal  arc,  and  a  third  bent  at  an 
angle  of  90°,  were  as  the  numbers  70,  50,  45. 
[       The  internal  roughness  of  a  pipe   diminishes  the 
by  frictiou,  expenditure,  though  the  friction  of  the  water  against 
^c.  these  asperities  does  not  form  any  considerable  part  of 

>  the  cause.     A  right  lined  tube  may  have  its  internal 

surface  highly  polished  throughout  its  whole  length ; 
it  may  every  where  have  a  diameter  greater  than  that 
of  the  orifice  to  which  it  is  applied;  but  still  the 
expenditure  will  be  ppreatly  diminished  if  the  pipe 
should  have  enlarcjed  parts,  or  swellings.  For  by 
reason  of  these  sudden  changes  in  the  interior  dimen- 
sions of  the  pipe  much  of  the  motion  will  be  consumed 
in  eddies.  This,  as  the  author  remarks,  is  a  very  in- 
teresting circumstance,  to  which  perhaps  sufiicient  at- 
tention has  not  been  paid  in  the  construction  of  hy- 
draulic machines.  It  is  not  enough  that  contractions 
and  elbows  are  avoided ;  for  it  may  happen  by  an 
intermediate  enlargement,  that  the  whole  advantage 
may  be  lost,  which  has  been  procured  by  the  ingenious 
disposition  of  the  other  parts  of  the  machine. 

Experiments  of  Du  Buat  on  the  effects  produced  by 
bent  tubes. 

90.  We  have  in  the  preceding  account  of  Venturi's 
experiments  referred  to  the  effect  produced  by  bent 
tubes,  the  following  experiments  by  Du  Buat  relate 
to  the  same  enquiry,  and  are  pursued  to  a  greater 
length. 
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Experiments  of  M.  Uachette, 

91.   As  the  circumstances  attending  the  flowing  ofH 
water  and   the  discharge  of  vessels  are  subjects  of^ 
the  greatest  importance  in  the  present  advanced  statef* 
of  mechanical  science,  it  is  not  surprising  that  so  many 
writers  have  turned  their  attention  to  the  deterrainatioii 
of  practical  data,  and  the  investigation  of  the  causes  of 
those   discrepances  which  are  still  frequently  found 
between  the  experimental  and  theoretical  deductions. 

M.  Hachette  is  one  of  the  latest  mathematicians  who  ^ 
have  undertaken  such  a  course  of  experiments ;  he  h»Mm 
examined  the  results  and  deductions  of  earlier  authors^ « 
and  in  many  respects  has  beneBtcd  by  their  ezpeii— '^ 
mcnts,  while  in  numerous  cases  he  has  far  extende^^ 
the  views  they  had  formed,  and  drawn  several  new  an^i 
interesting  results. 

The  first  object  that  engaged  his  attention,  was  ^fl 
determine  whether  the  figure  of  the  small  orifice 
any  influence  on  the  quantity  of  fluid  discharged 
it  in  a  given  time.     It  is  generally  admitted,  that  i 
posing  the  pressure  the  same,  and  the  orifice  of  1 
same  superhcial  area,  the  quantity  which  flows  oat 
the  same  for  all  forms ;  and  M.  Hachette  has 
mined  the  correctness  of  this  principle  when  the  ociAce 
is  circular,  triangular,  elliptical,  or  formed  of  an  i 
of  a  circle,  and  two  straight  lines  ;  but  he  found 
product  very  different,  either  in  excess  or  defect,  ^ 
the  contour  of  the  surface  presented  re-entering  t 
these  occasioning  an  important   modification   of 

•  In  tlic  formula  ;  V  is  the  velocity,  s  the  dne  cf 

m 
angle  of  the  bending,  n  the  number  of  bending9,  and  m  a 
quantity,  determin^  by  experiment  to  be  =Z  300. 
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re  general  priticiple»     He  also  found,  tliat  If  the 
'  plaBe  in  which  the  aperture  is  pierced  be  not  horizontal, 
'the  fiiiid  vein  forms  a  cmve,  wlurh  is  a  parabola  cor- 
fi-^  to  a  certain  initial  velocity*  a  fact  lliat  the 
ss  deterniined  by  direct  measurement.  Setting: 
iiitii  fioui  the  place  of  greatest  contraction,  the  thick- 
[Tess  becomes  constant  for  some  considerable  extent  till 
the  jet»  by  the  resistance  of  the  air,   loses  it^  shape; 
thronghout  this  extent^  all  the  Hnld  molecules  describe 
rlhe  iame  curve,  and  the  vein  resembles  a  perfectly  pure 
trrfttAl,  and   immoveable   line.     We   have  fi-equently 
T^itnessefl   the  above  effect  by  met^ns  oF  the  apparatus 
ihown  in  (fig.  6),  in  which  the  principal  vessel  ABCD 
is  of  iron  or  copper;  PM  is  a  tbrcinp^  tube,  by  means 
of  which  the  air  is  brouo^ht  to  any  state  of  condensa- 
tion in  the  receiver  ABCD,  which  is  partly  filled  with 
■w^ter.     QU  denotes  a  tube  moveable  about  a  joint  at 
Q,  whereby  it  may  be  placed  at  any  angle  at  pleasure, 
fiadS  is  a  cock  which  opens,  or  cuts  off,  the  communi- 
cation of  the  tube  QR ,  and  the  receiver  ABCD. 

Let  us  now  conceive,  that  by  working  the  piston  H 
of  the  forcing  tube  PM,  a  quantity  of  air  has  been 
mjected  into  the  receiver,  the  cock  S  being  shut  so  as 
to  cut  off  the  communication  between  the  receiver  and 
the  moveable  tube  QR,  In  this  state  the  air  will 
remwn  in  its  state  of  condensation;  but  as  soon  as  the 
cock  S  is  turned,  and  the  communication  established 
between  the  receiver  and  tube,  the  increased  elasticity 
of  the  air  forces  the  water  out  of  the  principal  vessel 
ihrottgh  the  tube  at  R,  from  which  it  will  continue  to 
flow  for  a  considerable  time  in  a  beautiful  continued 
rchryslalcurve,  exhibiting, as  it  were,  a  living^  projectile, 
flie  condensation  of  the  air  may  be  brought  lo  any 
J  consistent  with  the  strength  of  the  vessel,  and  a 
ction  obtained  equal  to  that  due  lo  a  very  consi- 
jible  height  of  water;  and  by  giving  to  the  pipe 
|4itferent  inclinations,  all   varieties  of  ranges  may  be 

h  have  found  by  a  comparison  of  these  ranPfes  of 
(he  fluid  on  planes  differently  posited,  that  the  curve 
of  the  fluid  differs  almost  insensibly  from  a  parabola, 
*ad  M.  Hachetle  arrives  at  the  same  results.  lie  iias 
concluded  likewise,  from  the  principles  of  the  parabolic 
theory  of  projectiles,  the  velocity  of  Hie  fltiid  in  a 
l^iren  point ;  for  example,  at  the  point  of  greatest  con- 
UucUon :  he  found  also  in  a  similar  manner  that  the 
common  velocity  at  all  the  points  of  the  contracted 
vein  is  very  nearly  that  due  lo  the  height  of  the 
surface  above  the  orifice.  Whence  it  appears  that  the 
I  common  parabolic  theory  is  accurate,  or  extremely 
nearly  so,  when  applied  to  the  velocity  that  obtains  at 
tliii  section  of  the  vein;  but  it  cannot  be  true  at  the 
time  with  respect  to  the  mean  velocity  of  the 
cles  which  traverse  the  section  of  the  orifice  on 
iccotrn!  of  the  difference  between  the  areas  of  these 
two  sections. 

^.  The  velocity  at  the  contracted  vein  being  known, 
th^exfjence  of  the  fluid  in  a  given  time  will  give  the 
'filioof  this  section  to  that  of  the  orifice,  or  with  what 
w^liaine  denominated  the  vena  contracts ^  more  exactly 
tikao  can  be  done  by  direct  measurement;  that  is, 
hiving  carefully  measured  the  quantity  of  discharge  in 
«liy  given  time,  and  bavin,;  at  the  same  time  computed 
tW  llteoretic  discharge  due  lo  the  samvi  interval;  lire 
r*tio  of  these  two  quantities  will  also  be  llic  ratio  bo- 
t»#eii  the  contracted  smd  actual  orifice.     M.  Iluchtjite, 


in  all  these  dctemiinations,  followed  strictly  the  II>rfr»ulii's. 
methods  pointed  out  by  D.  Bernoulli,  and  neglected  ^^--"-^-"'^^ 
none  of  iliose  precautions  that  were  necessary  to  di- 
minish the  errors  of  the  experiments.  He  measured 
the  time  bv  means  of  an  excellent  seconds  watch,  and 
the  oritices  he  employed  were  made  and  measured  by 
a  very  correct  artist ;  and  particular  care  and  means 
were  employed  to  assure  the  perfect  stability  of  level 
in  the  fluid,  that  is  to  say*  to  assure  its  remaining 
constantly  the  same  during  each  experiment ;  but  hit* 
observations  were  made  upon  rather  a  small  scale,  both 
with  resjject  to  the  size  of  the  vessel  and  the  column  of 
issuing  fluid;  on  the  conirary,  the  times  were  very 
considerable,  lasting  in  some  instances  for  more  than 
an  hour. 

It  appears  from  a  table  given  at  the  conclusion  o1 
this  author*s  memoir,  that  the  smallest  contraction  ob- 
served during  these  experiments,  and  which  answered 
to  the  smallest  aperture,  was  -78  of  the  orifice;  the 
diameter  of  this  latter  bein,:^  only  -039  of  an  inch  : 
but  for  diameters  more  than  '39  of  an  inch,  the  con- 
traction became  nearly  constant,  viz,  between  *60  and 
■63;  which  agree  very  nearly  with  Bossut'^s  deductions. 
It  appeared  to  vary  a  little  with  the  altitude  of  the  fluid, 
but  was  independent  of  the  direction  of  the  jet 

Considerable  difference  will,  doublless,  be  noticed 
between  these  contractions,  and  still  more  if  they  be 
compared  with  some  preceding  experiments  by  Borda^ 
Bernoulli,  &c.  Much  of  this  deviation  must  certainly 
be  attributed  to  the  different  sizes  of  the  orifices  eui- 
ployed,  and  to  ihe  pressures  under  which  the  discharges 
were  made;  but  the  author  points  out  another  circum- 
stance, which  had  indeed  been  perceived  by  Bernoulli, 
and  w4iich  necessarily  has  a  considerable  influence 
in  producing  those  discrepances.  According  to  this 
author,  the  waste  of  the  fluid,  every  thing  else  being 
the  same,  is  the  smallest  when  the  surface  in  contact 
with  the  fluid  is  convex.  It  increases  when  the  surface 
becomes  plane,  and  is  greatest  when  it  is  concave. 
Accordingly,  M.  Hachette  found  the  waste  varied  about 
one-twentieth  part  when  the  copper  disc  containing  the 
orifice,  which  was  piano-coitxfTy  was  simply  turned,  the 
one  side  or  the  other,  towards  the  fluid ;  and  in  some 
instances  the  difference  was  mnch  greater, 

93,  We  have  seen  that  the  form  of  the  orifice,  when  Form  of  the 
the  sides  are  thin^  has  no  sensible  influence  on  the  tl^'t^  v^*"* 
expenditure,  unless  it  contains  re-entering  angles,  hut 
it  has  a  marked  efl'ect  upon  the  exterior  surface  of  the 
fluid  vein.  As  the  contraction  diminishes  with  the 
dimensions  of  the  orifice,  it  was  natural  to  suppose 
that  when  the  fluid  vein  escaped  between  the  two 
sides  of  a  salient  angle,  the  contraction  ought  lo  in- 
crease in  proportion  to  the  distance  from  the  summit 
of  the  angle  ;  so  that  a  section  made  at  ahttle  distance 
from  the  plane  of  the  orifice,  and  parallel  to  that  plane, 
will  be  terminated,  not  by  two  straight  lines,  but  by 
two  curve  arches,  convex  to  each  other,  and  this  is 
what  actually  happens.  Hence,  when  the  contour  of 
the  orifice  is  a  regular  polygon,  each  side  of  that  poly- 
gon becomes  the  base,  not  of  a  plane,  but  of  a  surface, 
which  viewed  externally  is  convex  from  the  orifice  lo 
the  contractt^d  Siclion.  The  concavity  of  the  suiface^ 
after  having  reached  its  maximum  between  these  two 
sections,  diminishes  as  we  approach  the  contracted  sec- 
tion, and  even  changes  beyond  it,  in  consequence  of  the 
\clocily  acquired,  into  a  very  evident  convexity*  so  at 
2   F 
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Ifvdrody-  to  show  a  sulient  edge  where  there  was  before  a  hollow, 
nwm'tc*.  The  hollow,  and  the  salient  edg^e  that  succeeds  it,  are 
''^^^^^^'^'^'  produced  on  the  middle  of  tlie  side  which  we  examine, 
and  are  situated  m  a  perpendicular  plane  on  the  same 
side.  Wlien  the  contour  of  the  orifice  presents  a  re- 
entering angle,  an  cdg:e  hollow  at  first,  and  convex 
afterwards,  passes  by  the  summit  of  this  angle. 
ArlditionaJ  94,  We  have  already  seen,  in  the  experiments  of 
tubes.  M-  Bossiit,  the  increase  of  discharge  that  may  be  ob- 

tain eil  by  employing  a  cylindric  pipe  instead  of  the 
simple  orifice;  and  it  has  also  been  shown,  in  our  ab- 
stract of  the  deductions  of  Venturi,  that  by  a  particular 
construction  of  the  additional  tube  the  discharge 
may  be  increased  in  tlie  ratio  of  10  to  24;  but  even 
this^  it  appears  from  M.  Hachette's  Memoir,  is  not 
the  maximum  flow  that  it  is  possible  to  obtain;  a 
discharge,  exceeding  that  stated  by  Venturi,  having 
been  actually  produced  by  a  construction  due  to 
M.  Clement. 

We  have  explained  the  principles  on  which  M,  Bossut 
endeavours  to  account  for  this  remarkable  phenomenon ; 
but  this  is  not  considered  by  M.  Hachette  to  be  satis- 
factor\\  According  to  this  author,  the  sole,  or  at  least, 
the  principal  cause  of  it,  is  tlie  adhesion  of  the  fluid 
to  the  sides  of  the  tube ;  that  is  to  say,  the  force  which 
produces  the  capillary  and  otl>er  similar  phenomena. 
The  following  experiments  were  made  to  confirm  ihia 
hypothesis : 

Experiment  1.  The  fluid  in  motion  was  mercury,  and 
the  pipe  was  iron.  When  the  mercury  was  pure,  hav- 
ing then  no  adinity  for  the  iron,  the  former  flowed  in 
I  lie  same  manner  as  through  a  simple  aperture ;  but 
when  the  mercury  was  covered  with  a  pellicle  formed 
of  an  alloy  of  tin  and  other  metals,  this  alloy  covered 
the  inside  of  the  pipe,  and  then  the  mercury  flowed  in 
a  full  stream. 

Exp.  2.  Here  the  fluid  was  water,  and  the  pipe  was 
coated  within  with  wax.  In  this  case  also  the  discharge 
took  place  the  same  as  in  the  .simple  orifice.  But  it  is 
always  possible  to  ciiuse  the  water  to  moisten  the  wax; 
which  being  done,  the  water  was  found  to  fill  tlie  tube, 
owing  to  the  wax  being  replaced  by  the  first  coat  of 
water  that  covered  li* 

Hence  the  reason  why  a  disc  of  glass  at  last  adheres 
to  water,  with  the  same  force  whether  it  be  covered  or 
not  with  a  coat  of  wax»  for  as  soon  as  the  wax  is  wetted 
it  is  merely  the  action  of  the  water  on  the  water  which 
determines  the  phenomenon,  as  Laplace  has  explained 
it  in  his  Theory  of  Capillary  Attraction. 
D^ichArge  g^  Another  no  less  important  fact  which  M.  Ha- 
chette has  determined  is,  that  in  a  vacuum,  or  in  air 
rarefied  to  a  certain  degree,  the  phenomenon  of  the 
increased  discharge  of  pipes  ceases  to  take  place.  To 
•how  this,  the  author  having  caused  water  to  run  in  a 
full  stream  through  a  tube  under  a  receiver  of  an  air- 
pump,  and  having  rarefied  the  air  in  the  receiver,  the 
fluid  vein  was  observed  to  detach  itself  from  the  sides 
of  the  pipe,  when  the  internal  pressure  was  reduced  to 
23  centimetres  of  mercury,  the  external  pressure  being 
76  centimetres.  By  thus  diminishing  the  internal 
pressure,  the  effect  of  the  external  jiressure  is  in- 
creased, which  increase  is  transmitted  to  the  pipe  by 
means  of  the  fluid  contained  in  the  vessel,  and  to  which 
ih  to  be  added  the  pressure  of  the  fluid  itself.  In  this 
manner  such  a  degree  of  rarety  and  additional  velocity 
may  he  obtained,  as  to  detach  the  fluid  vein  from  the 
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sides  of  the  pipe,  in  the  same  manner  as  a  sufficient  h, 
force  detaches  a  disc  from  the  surface  of  a  fluid  to 
which  it  adheres. 

The  same  experiment  was  repeated  in  the  open  air. 
The  fluid  vein  was  not  detached  from  the  sides  of  liie 
pipe,  except  under  a  column  of  water  whose  vertical 
height  was  22*8  metres,  so  that  the  difference  between 
the  superior  and  inferior  pressure  was  (22*8  -^  10.33  := 
12*47  metres  of  water),  or  91  centimetres  of  mercury. 

Thus  the  flowing  out  of  the  water  in  a  vacuum,  or 
in  rarefied  air,  agrees  perfectly  with  the  hypothesis  of 
M.  Hachette,  and  does  not  prove,  as  might  be  sup- 
posed, that  the  phenomena  of  pipes  are  owing  to  the 
pressure  of  the  air  in  which  that  Huid  flows,  an  opinion 
which  would  obviously  be  inconsistent  with  the  two 
experiments  (art.  94);  for  in  these  the  action  of  the 
air  was  the  same,  and  yet  the  phenomena  were  dif- 
ferent, according  to  the  nature  of  the  fluid  and  the 
matter  of  which  the  pipe  was  composed. 

When  the  fluid  vein  has  been  detached  by  rarefying 
the  air,  as  staled  above,  if  we  allow  the  air  to  enter 
again  into  the  receiver,  the  w^ater  does  not  in  conse- 
quence again  begin  to  flow  in  a  full  stream  ;  tlmt  h^ 
the  contraction  of  the  vein  which  took  place  in  the  rare- 
fied air,  continues  to  subsist,  although  tlie  pressure  of 
the  atmosphere  be  restored.  This,  the  author  tliinks^ 
leads  to  the  conclusion,  that  the  adhesion  of  the  fluid 
to  the  sides  of  the  pipe  takes  place  only  at  the  com- 
mencement of  the  motion,  before  the  tluid  has  acquired 
a  sen:?ible  velocity  in  a  direction  which  separates  it 
from  the  side;  an  opinion  which  M.  Hachette  verifies  by 
the  following  experiment.  The  water  flowed  in  a  full 
stream  tlirough  a  pipe  outside  of  the  receiver  of  an 
air-pump,  when  a  small  hole  being  made  in  the  pipe 
very  near  the  orifice,  and  the  external  air  thereby  enter- 
ing the  pipe,  interposed  itself  between  the  water  and 
the  sides  of  tlie  pipe,  the  contraction  of  the  vein  takes 
place  in  the  inside  of  the  tube,  and  the  water  ceases 
to  flow  in  a  full  stream.  This  being  the  case,  the 
opening  made  was  exactly  shut,  but  the  adhe-sion  of  the 
water  and  the  pipe  was  not  again  produced,  the  flowing 
of  the  water  continuing  the  same  as  if  the  pipe  had 
been  removed.  This  experiment  succeeded  equally, 
whatever  was  the  direction  of  the  jet,  but  in  order  to 
the  success  of  it,  it  is  very  necessary  to  be  careful  not 
to  agitate  the  apparatus ;  for  a  very  small  lateral  motion 
of  the  fluid  vein  causes  it  to  adhere  again  to  the  mobt 
sides  of  the  pipe.  It  was  probably  in  consequence  of 
Veniuri  having  neglected  this  precaution,  that  this 
author,  in  his  work  on  the  Lateral  Communication  of 
Motion  in  Fluids,  arrives  at  a  different  result. 

When  water,  or  any  other  fluid,  flows  through  a  pipe 
in  a  full  stream,  the  action  exercised  on  the  interior  par- 
ticles of  the  vein  by  those  which  are  in  contact  with 
the  inside  of  the  pipe,  produces  the  double  effect  of 
dilating:  the  vein  and  diminishing  its  velocity. 

When  the  leugth  of  the  pipe  is  not  suflicient  to  ren* 
der  the  latter  of  these  effects  sensible,  tlie  dih\tion  of 
the  vein  produces  a  considerable  increase  in  the  expen- 
diture. Thus,  when  a  circular  orifice  of  9^  millimetres 
in  diameter,  has  given  under  a  pressure  of  142  milli- 
metres a  contiaction  of  "37,  that  is,  when  tlie  vein  is 
contracted  to  *63  of  the  area  of  the  aperture,  it  is  suflfi- 
cient  to  add  to  this  orifice  a  pipe  of  equal  diameter, 
and  6  millimetres  in  length  to  obtain  under  a  pressure 
of  30  millimetres  a  contraction  of  only  '07, 
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mfy.      96.  When  the  length  of  the  pipe  is  considerable  in 
^    ttspect  of  its  diameter,  the  velocity  of  the  fluid  particles* 
'^^^  is  sensibly  retarded  by  the  action  of  those  which  are  in 
^   contact  wi^i  the  inside  of  the  pipe ;  and  the  conse- 
^^^  qiieice  is  a  diminution  of  expenditure,  which  destroys 
tptit,and  sometimes  eyen  surpasses  the  whole  aug- 
mentation produced  by  the  dilation  of  the  vein.     For 
example,  ir  in  the  last  case,  we  increase  considerably 
the  length  of  the  pipe,  the  expenditure  will  become 
mdiless. 

If  we  fit  a  pipe  to  a  given  orifice,  so  that  a  portion 
of  the  pipe  penetrates  through  the  aperture  into  the 
iioideof  the  vessel  in  which  the  fluid  is  retained,  and  if 
beside,  the  pipe  be  very  thin  towards  the  extremity  at 
which  the  liquor  is  introduced,  the  efiect  will  be  the 
nme  as  when  the  orifice  is  made  in  a  surface  convex 
towards  the  inside  of  the  vessel ;  that  is  to  say,  the 
expenditure  will  be  diminished.  Borda  has  remarked, 
with  reference  to  this  subject,  that  when  large  pipes 
with  thin  sides,  entirely  plunged  into  the  fluid,  are  em- 
"Wed,  the  expenditure  is  diminished  by  at  least  one 


97.  When  we  employ  a  capillary  tube  with  a  thin 
Ciid,  the  cause  just  mentioned,  joined  to  the  diminu- 
tion of  the  velocity  arising  from  the  length  of  the  tube 
(^Hiicfa  is  always  very  great  in  comparison  with  its  dia- 
meter), ought  to  produce  a  very  considerable  diminution 
^expenditure.  This  conjecture  M.  Hachette  verified 
hy  means  of  a  capillary  tube,  whose  length  was  49'3 
^fimetres,  and  its  diameter  1*19  millimetres.  This 
tabe  terminated  in  a  cone  towards  its  extremity, 
tM»casioned  under  a  pressure  of  24  centimetres  a  di- 
■Ubution  of  -6  in  the  expenditure.  And  if  we  increase 
indefinitely  the  length  of  a  capillary  tube,  we  at  last 
•^•eh  a  limit,  beyond  which  the  liquid  flows  out  only 
Aftp  by  drop;  but  this  limit  varies  with  the  height  of 
^  fluid  above  the  orifice. 

'As  a  proof  that  the  contraction  of  the  vein  dimi- 

iivbes  with  the  height  of  the  fhiid,  or  with  the  pressure 

■^nltiiig  from,  it  is  shown,  that  while  an  orifice  of  27 

^Ukmetres  diameter  gave,  under  a  pressure  of  15  cen- 

^faetres,  a  contraction  of  about  '40,  that  is,  a  con- 

^lactcd  section  of '60,  the  same  orifice,  under  a  pressure 

^  16  millimetres,  gare  only  a  contraction    of  '31. 

Omsequently,  since  tly  fhiid  vein  has  a  tendency  to 

^^otitract  in  proportion  as  the  pressure  increases,  it  was 

*Utoral  to  imagine,  that  when  a  pipe  was  employed,  the 

^•id  by  pressures  always   increasing,  ougnt  to  tend 

■'ttore  and  more  to  detach  itself  from  the  inside  of  the 

P'pe,  and  at  last  to  separate  itself  altogether ;  and  this 

'^•a  found  to  be  actually  the  case.    The  pressure  ne- 

^^•aary  to  produce  the  separation,  diminishes,  as  was 

?obe  expected,  as  the  length  of  the  pipe  increases.     It 

"•fess  for  a  conical  pipe  than  for  a  cylindrical  one,  and 

^fccreases  at  the  same  time  with  the  angle  at  the  vertex 

^  the  cone. 

If.  Hachette  found,  with  reference  to  this  subject, 
?^in  a  pipe  of  6  millimetres  length,  and  94  in  diameter, 
J^as  still  superior  to  30  millimetres.  This,  therefore, 
Jjitroys  in  part,  the  opinion  maintained  by  Professor 
^ice,  Phil.  Trans,  for  1795,  that  the  flow  cannot  take 
^••ce,  with  the  tube  full,  in  pipes  shorter  than  6  milli- 
"^ties, 

i^^-  When  the  height  of  the  fluid  above  the  orifice 
*^Oomes  very  small^  the  fluid  vein  at  last  acquires  a 


particular  form,  very  different  from  that  which  it  had  Hydraulics, 
before,  and  which  seems  to  be  independent  of  the^<-^^-v^^ 
form  of  the  orifice ;  for  M.  Hachette  observed  them 
alike  with  orifices  and  pipes  of  all  figures  and  sizes. 
These  the  author  denominates  secondary  veins. 

If  we  make  the  height  of  the  fluid  decrease  inde- 
finitely afler  having  obtained  secondary  veins,  we  at 
last  reach  a  limit  beyond  which  the  flow  ceases  to  be 
uninterrupted.  The  author  has  particularly  examined 
the  law  of  this  last  phenomenon,  in  the  case  when 
cylindrical  capillary  tubes  are  employed  as  pipes.  Six 
experiments  made  upon  similar  tubes  of  different 
lengths,  and  of  the  same  diameter,  appear  to  prove 
that  the  limit  in  question  is  proportional  to  the  lengths 
of  the  tubes. 

99.  The  experiments  above  referred  to  were  made  Natare  of 
with  water ;  but  most  of  the  phenomena  remain  the  different 
same  when  mercury  is  substituted  in  place  of  the  water.  ^"**^ 
Thur,  for  example,  the  contraction  relative  to  an  orifice 

of  one  millimetre  in  diameter,  with  thin  sides^  and  that 
which  is  given  under  a  pressure  of  24  centimetres,  by 
a  capillary  tube  of  49-3  millimetres  in  length,  and 
1*19  millimetres  in  diameter,  will  be,  for  mercury  as  for 
water,  the  first  '31  and  the  other  '60. 

Alcohol,  whose  molecules  adhere  less  to  each  other 
than  those  of  water>  flews  out  more  readily;  and  for 
the  same  reason  the  pressure  necessary  to  detach  a 
fluid  vein  from  the  inside  of  a  pipe  is  less  for  alcohol 
than  for  water. 

When  oil  is  employed,  its  viscosity  increases  very  con- 
siderably the  duration  of  the  flow  of  the  fluid,  through 
small  orifices.  Through  an  orifice  of  one  millimeter 
in  diameter,  the  time  of  the  flow  of  the  latter  in  com- 
parison to  the  time  when  water  was  used,  was  as  three 
to  one. 

The  nature  of  the  fluid,  therefore,  is  one  of  the 
principal  causes  on  which  depends  the  continuity  or 
discontinuity  of  the  jet  through  capillary  tubes. 

When  water  was  employed,  the  thread,  or  fine 
stream,  remained  continuous  at  all  pressures,  for  a 
tube  with  a  diameter  equal  to,  or  greater  than,  a  milli- 
meter. But  when  oil  was  used,  the  flow  through  a 
similar  tube,  whose  length  did  not  exceed  five  centi- 
metres, was  only  drop  by  drop,  under  a  pressure  of  a 
column  of  oil  of  more  than  a  metre  in  height. 

100.  With  respect  to  the  medium  in  which  the  ex- Effect  of  the 
periments  are  made,  it  may  influence  the  flow  in  two  medium. 
ways  :  first,  by  modifying  Uie  pressures  on  the  orifice 

of  the  liquid  under  consideration;  and,  secondly,  by 
opposing  a  certain  resistance  to  the  emission  c^  the 
fluid  or  to  its  motion.  In  order  that  the  first  two  of 
these  eflects  may  become  sensible,  it  is  necessary  that 
the  vertical  pressure,  exercised  from  the  top  to  the 
bottom  on  the  upper  surface  of  the  fluid,  and  the  pres- 
sure in  a  contrary  direction  on  the  exterior  surface  of 
the  orifice  or  pipe  should  be  very  different  from  each 
other.  This  happens  when  we  leave  the  upper  part  of 
the  vessel  contaming  the  liquor  exposed  to  the  open 
air,  and  place  the  orifice  or  the  pipe  through  which  the 
fluid  flows,  under  the  receiver  of  an  air-pump,  in  which 
the  air  may  be  rarefied  at  pleasure.  By  means  of  this 
artifice,  and  by  diminishing  progressively  the  elastic 
force  of  the  air  under  the  receiver,  we  may  observe  the 
same  phenomena  as  those  produced  in  the  open  air, 
by  the  gradual  augmentation  of  the  height  of  the  fluid. 
2f  2 
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lU^nidj-  We  maj  thus  tvcw  have  the  adTantage  of  determining 
'"*  the  result  of  a  very  considerable  pressure  at  little  ex- 
pence  :  and  it  vnt%  by  this  method  that  M .  Hachette 
was  able  to  ascertadn  the  diminution  oftlie  expenditure 
uftdtrr  a  pressure  equivalent  to  JO  metres  of  water  for 
capiUary  tubes  terminated  in  cones  towards  the  orifices; 
sft  diminution  that  was  found  the  same  as  for  pipes  with 
thin  sides  and  of  a  large  diameter  entirely  plunged  into 
the  fluid. 

If,  instead  of  increasino^  the  pressure,  we  wished  to 
diminish  it,  it  would  obviously  be  sufficient  to  leave  the 
given  orifice  or  pipe  exposed  to  the  air,  and  to  put  the 
other  surface  of  the  liquid  in  contact  with  air  rarefied 
under  the  receiver  of  an  air-pump. 

It  remains  for  us  to  speak  of  the  resistance  opposed 
to  the  issue,  and  to  the  motion  of  the  fluid  vein  by  the 
surrounditig  medium.  Some  philosophers  have  thought 
that  we  ought  to  aacribe  to  that  resistance  the  changres 
of  form  which  the  vein  experiences  under  variable 
pressures ;  but  Uiis  conjecture  is  destroyed  by  the  ex* 
periment  of  M.  Hachette,  as  he  observed  no  difference 
m  the  form  of  the  fluid  veins  produced  by  the  flow  tif 
irater  and  mercury'  through  a  trian^Iar  orifice  in  the 
atr  and  in  a  vacuum. 

The  flow  of  the  liquid  through  small  cylindrical  tubes, 
seems  entirely  to  depend  upon  the  resistance  and  den- 
sity of  the  surroundings  medium.  Dr,  Matthew  Young 
Had  remarked,  that  in  this  ease,  if  we  place  the  appa- 
ratus under  the  receiver  of  an  air-pump,  the  flow  con- 
^nually  decreases  with  the  density  of  the  air,  and  that 
in  the  open  air  the  vein  runs  in  a  full  stream,  fillings  the 
pipe  ;  while  in  a  vacuum  it  detaches  itself  from  the  sides 
of  the  pipe,  (Irish  Transactions,  vol.  vii.)  But  he 
does  not  appear  to  have  suspected  the  difference 
which  exists  in  this  respect  between  tubes  of  a  great 
and  of  a  small  diameter. 

M.  Hachette  states,  that  a  tube  6*6  millimetres  in 
diameter,  only  gave  two  different  products  for  all  den- 
sities of  the  air,  according  as  the  fluid  vtin  filled,  or  did 
not  fill  the  pipe ;  but,  when  he  employed  a  tube  whose 
diameter  was  reduced  to  3  millimetres,  he  obtained,  the 
Pame  as  Dr  Young,  an  expenditure  varying  with  the 
density  of  the  air.     Dr.  Yotmg  concluded  from  his  ex- 
periments, that  this  expenditure  rea'ched  its  maximum 
when  the  elastic  force  of  the  air  is  equivalent  to  the 
weight  of  the  liquid  contained  in  the  pipe  :  and  that  in 
this  case,   the  liquid  fills  the  pipe,  but  this  conclusion 
appears  very  doubt fuh     All  that  we  can  be  sure  of  is, 
that  for  tubes  of  a  very  small  diameter,  when  we  dimi- 
niih  the  elastic  force  of  the  air  beyond  a  certain  limit, 
Cbe  expenditure  continually  decreases  ;   M.  Hachette 
ispposea,  with  much  probability,  that  in  this  case  the 
fjetfl  fills  only  a  part  of  the  pipe;  and  he  ascribes  tliis 
dfecl  to  the  compression  due  to  the  air  which  endea- 
voiirf  to  enter  into  the  pipe,  to  replace  that  which  the 
moiion  of  the  fluid  has  necessarily  carried  off*.     When 
the  Aiwmetet  of  the  tube  augments,  a  double  current  of 
M  may  be  established,  and  the  effect  of  which  we  are 
,  cea«eii  to  take  place. 
•b- "   — rlmle  this  account  of  M.   Hachette's 
following,  on  the  im)^dtment  to  the 
ct  !fi<'  nuid,  as  arising  from  the  impinging  of  the 
Wn  on  6xed  planes,  at  different  distances  from 
he*     Dutiel   Bernoulli  thour^bt  that  these  ob- 
4id  not  dumge  the  quantity  of  fluid  that  issued 


out,  and  he  mentions  in  tlie  fourth  section  of  his  Hy-  m 
drodynamics,  an  experiment  in  support  of  his  opinion  ;  v3 
the  influence  of  such  an  object,  however,  is  very  obvious  < 
in  tl*e  following  experiments :  i 

M.  Hachette  caused  a  fluid  vein  flowing  out  of  a 
great  vessel  by  a  circular  horizontal  orifice,  20  mUli-  ^ 
metres  in  diameter,  to  fall  into  a  vessel  placed  at  a 
considerable  distance  from  the  aperture.  The  level  of 
the  fluid  in  the  vessel  was  depressed  in  10'  20",  about 
six  decimetres.  The  plane  face  of  an  obstacle  was  then 
presented  at  different  distances  from  the  orifice,  on 
which  the  jet  fell  perpendicuhirly. 

These  distances,  expressed  in  millimetres,  being 

128°*  80^  50*"  24™  4^.  • 

The  corresponding  times  of  sinking  six  decimetres, 
Wn"     10' 25'     1026'     11'  13'     15' 24'; 
which  shows  that,  at  the  distance  of  128  millimetres, 
or  5039  inches,   the  obstacle  produces  no  sensible 
effect;  hut  at  4  millimetres,  or    157  of  an  inch,  the 
time  is  increased  rather  more  than  one  half. 


§  IV.  On  the  exhamtions  (^vtsseh, 

101,  In  all  the  preceding  experiments  the  water 
was  kept  constantly  at  the  same  height,  but  tt  ts 
also  important  to  know  the  relation  which  has  place 
bcLweenthc  theoretic  and  actual  discharge,  or  between 
the  computed  time  and  the  actual  time,  in  which  a  gtven 
vessel  will  erupiy  itself  through  a  given  aperture,  or 
tube,  when  the  sujiply  from  above  is  cut  offl  Bossut 
made  some  experiments  with  a  reference  to  this  com* 
parison,  but  as,  towards  the  latter  part  of  the  eracoa* 
tion,  the  water  necessarily  runs  very  slow  and  irregular, 
it  was  thought  best  not  to  attend  to  the  actual  dta* 
charge  of  all  the  water,  but  merely  to  note  the  time 
employed  in  sinking  the  level  of  the  ffuid  in  the  reacr* 
%*oir  a  certain  quantity* 

The  vessel  used  in  these  experiments  was  a  prtsm 
three  feet  square  at  the  bottom ;  the  apertures  were 
circular,  and  made  in  the  horizontal  Ixise  of  the  reser- 
voir; the  first  height  of  the  water  abo\*e  it  was  11  feet 
8 J  inches,  and  the  time  was  observed  in  which  the 
surface  descended  4  feet  and  9  feet  successively. 
The  following  are  the  results  of  these  experiments  : 

1 .  The  water  issuing  through  a  circular  orifice  1  incfc 
in  diameter,  in  a  thin  horizontal  plate,  the  surface  was 
depressed  4  feet  in  7  minutes  25^  seconds, 

2.  The  aperture  being  increased  to  2  incbea,  tlie 
surface  was  depressed  4  feet  in  1  minute  52  seconds, 

3.  The  1  inch  orifice  being  again  replaced^  the 
water  sunk  9  feet  in  20  minutes  24^  seconds. 

4.  The  water  issuing  again  Uirough  the  2  inich 
aperture*  the  surface  was  depressed  9  feet  in  5  numalea 
G  seconds. 

If  we  compute  the  time  requisite  to  depress  tlm 
water  4  and  9  feet,  respectively,  with  the  given  aoer- 
tures,  on  the  principle  explained  (art.  70),  substltmuigs 
agreeably  to  the  preceding  deductions,  *62  « ,  insieail 
of  the  actual  area  a,  we  shall  find  the  tiines  U>  be« 
1st  experiment  =:  443*04  seconds;  2d  =  1!^^-*; 
seconds;  3d  =  1221*2  seconds;  and  4th=:3tV' 
which  agree  very  nearly  witli  the  experimental  tesmu. 
as  will  appear  by  reducing  the  former  time  to 
and  placing  the  computed  and  actual  l' 
point  of  view,  as  iu  the  tbllowing  table 
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Diameter 

Diameter  of 

Depres- 

Time  de- 

rime de- 

oractual 

contracted 

siou  of 

duced  from 

duced  from 

Uieet 

orifice. 

orifice. 

the  watei 

experiment. 

computation 

R^kirliM-i 

wiof 

Inches. 

Seconds. 

Seconds. 

tbebue 

I  inch 

•088333 

4  feet 

445-5 

443^04 

OftlK 

I  inch 

•083333 

9  feet 

1224-5 

1221-20 

Tcsatl 

9tqiurc 

SceL 

•2 'inches 

•166666 

4  feet 

112 

110-76 

2  inches 

•166666 

9  feet 

306 

305-25 

It  appears  from  these  experiments,  and  computed 
results,  the  agreement  between  the  two  is  as  near  as 
it  is  possible  to  expect  in  cases  of  this  kind,  and 
suffidcndy  so  for  all  practical  purposes. 

We  may  remark  once  again  on  concluding  this 
short  abstract  of  Mr.  Bossut's  experiments  on  the  ex- 
haustion of  vessels,  that  the  results  have  been  given  in 
the  old  French  foot  and  inch,  and  that  to  make  them 
correspond  with  English  experiments,  or  to  apply 
them  to  any  computation  in  which  the  dimensions  are 
given  in  English  measures,  we  must  reduce  the  altitude 
of  the  reservoir,  so  that  the  nominal  velocity  of  the 
descent  of  a  body  passing  through  it  by  the  force  of 
parity,  may  be  the  same  in  both  cases. 

S  V.  On  the  motion  of  water  through  long  pipes. 

■V*      102.  The  investigations  and  tabulated  experiments 

\^  gwenbthe  preceding  sections,  must  only  be  considered 

u  ftpfdicable  to  the  discharge  of  water  through  simple 

orifices  and  short  pipes ;  for  when  we  have  to  conduct 

tbii  or  any  other  fluid  from  one  place  to  another,  to  any 

considerable  distance,  as  from  a  reservoir  to  any  given 

five,  the  actual  discharge  is  very  much  diminished, 

IB  consequence  of  the  friction  and  other  obstacles,  the 

doe  estimation  of  which  it  is  almost  impossible  to  in- 

tiodvce  into  our  theoretical  investigations.     In  short, 

't  k  only  to  experiment  that  we  can  look  with  any  con- 

^dcDce  for  the  requisite  data,  in  order  to  decide  m  any 

Poetical  case  the  proper  dimensions  to  be  observed, 

^^cording  to  the  height  of  the  head  of  water,  and  the 

^■stance  to  which  the  fluid  is  to  be  conveyed. 

The  most  complete  series  of  experiments  we  possess 

j°fthis  kind  are  those  performed  by  M.  Bossut,  the 

2^^  of  which  is  given  at  considerable  length  in  his 

^hydrodynamics,  vol.  ii.     The  means  employed  by  this 

^^bcr  in  carrying  on  his  experiments  will  be  under^ 

^  ^^  from  the  following  description.     EFGD,  fig.  7, 

^^*<hrs  a  vertical  section  of  the  principal  reservoir,  which 

^^^^tained  about  30-  cubic  feet  of  water,  and  which 

^'^'ittmuiiicated  by  means  of  a  close  tube  with  a  secondary 

'^^serroir  HKLM«  containing  about  6  cubic  feet,  and 

^hick  was  preserved  constantly  at  the  same  height  by 

'^^alating  accordingly  the  supply  of  water  from  the 

Maeipal  source  FEDG.    To  the  secondary  reservoir 

^Jlt  ned  a  tin  pipe  O,  about  8  or  9  inches  in  diameter^ 

^  other  end  of  which  entered  into  a  box  of  the  same 

^>^tal,  shut  on  all  sides,  but  having  two  apertures, 

^iod  B,  either  of  which  might  be  opened  at  pleasure. 

A*  Ihete,  tin  pipes  were  fixed,  respectively,  1^  and  2 

^^'Giiet  in  diameter ;  and  these  pipes  might  be  length- 

^^4  at  pleasure,  and  were  actually,  in  the  following 

^^lerimentf ,  extended  to  different  lengtlis,  from  30  feet 

^180  feet.    Fig.  8  shows  a  horizontel  section  of  the 


same  reservoir  and  its  appendages,  the  conduit  pipes  Hydnulkt. 
mentioned  -above  being  represented  by  a  t,  and  b  u.         \^^v*"^*^ 

Experiments. — Series  I. 

103.  Constant  height  of  the  water  in  the  secondary  Deuilofcx- 
resenoir,  above  the  axis  of  the  tube,  1  foot,  the  diameter  P*'*™^'^*** 
being  14-  inches. 

1.  The  pipe  being  30  feet  long,  the  discharge  in  45 
seconds  was  2084  cubic  inches  of  water. 

2.  The  pipe  being  60  feet  in  length,  the  discharge  in 
45  seconds  was  1468  cubic  inches. 

3.  The  pipe  being  90  feet  long,  the  discharge  in  45 
seconds  was  1190  cubic  inches. 

4.  The  pipe  being  lengthened  to  120  feet,  the  dis- 
charge in  50  seconds  was  1 126  cubic  inches. 

5.  The  pipe  being  farther  lengthened  to  150  feet,  in 
50  seconds,  there  was  discharged  982  cubic  inches  of 
water. 

6.  With  180  feet  of  pipe,  the  discharge  in  50  seconds 
was  only  877  cubic  incnes. 

Experiments. — Series  II. 

104.  The  constant  height  of  the  water  above  the  axis  of 
the  conduit  pipe,  2  feet ;  the  diameter  of  that  pipe  being 
still  the  samCf  viz.  1^  inches. 

7.  The  length  of  the  pipe  being  30  feet,  there  was 
received  in  50  seconds,  3388  cubic  inches  of  water. 

8.  With  the  pipe  lengthened  to  60  feet,  the  discharge 
in  50  seconds  was  2407  cubic  inches. 

9.  The  length  of  pipe  90  feet,  the  discharge  in 
50  seconds  was  1960  cubic  inches. 

10.  The  length  of  pipe  120  feet,  discharge  in  60 
seconds,  or  1  minute,  2011  cubic  inches. 

11.  The  length  of  pipe  150  feet,  discharge  in  1 
minute  1762  cubic  inches. 

12.  The  length  of  pipe  180  feet,  discharge  in  1 
minute  1538  cubic  inches. 

Experiments. — Series  IIL 

105.  The  constant  height  of  water  1  foot  above  the 
axis  of  the  tube,  the  diameter  of  the  latter  being  2  inches, 

13.  Length  of  pipe  30  feet,  time  70  seconds,  dis- 
charge 8960  cubic  inches. 

14.  Length  of  pipe  60  feet,  time  70  seconds,  disr 
charge  6492  cubic  inches. 

15.  Length  of  pipe  90  feet,  time  70  seconds,  dis^ 
charge  5290  cubic  mches. 

16.  Length  of  pipe  120  feet,  time  75  seconds,  dis- 
charge 4930  cubic  inches. 

17.  Length  of  pipe  150  feet,  time  75  seconds,  dis- 
charge 4358  cubic  inches. 

18.  Length  of  pipe  180  feet,  time  75  seconds,  dis- 
charge 3899  cubic  inches. 

Experiments. — Series  IV. 

106.  The  constant  height  of  the  water  above  the  axis 
of  the  pipCf  2  feet ;  diameter  of  the  latter  2  inches. 

19.  Length  of  pipe  30  feet,  time  60  seconds,  dis- 
charge 11219  cubic  inches. 

20.  Length  of  pipe  60  feet,  time  60  seconds,  dis- 
charge 8190  cubic  inches. 

21.  Length  of  pipe  90  feet,  time  60  seconds,  dis- 
charge 6812  cubic  inches. 
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22,  Length  of  pi^^^B^*  ^®  65»ecandSf  dia- 
charge  6375  ruble 

23,  I^cngth  of  pipe  1 50  feet,  Ume  65  seconds,  dis- 
charge 5668  cubic  inches. 

24,  liCTigth  of  pipe   180  feet,  time  65  seconds,  dis- 
charge 5103  cubic  inches. 

Table  X.  Of  tkt  above  rrsnltJt  reduced  to  the  dhcharge$ 
due  to  1  minute. 


K**  of 

IjCMIgth  of 

tlic  t'onduit 

Height  of 

the  hVfttl  of 

water. 

DiKhttrge  in 
1  nifnutc 

p](>e  1^  hicti  ill 
diiiinetcr. 

Di»«harge  fU 
1  niinutc 

throii^li  the 
pipe  if  inches 

ill  itUmctcr. 

1..J3 

30  feet 

1  foot 

2778 

7680 

2*..14 

60  feet 

]  foot 

1957 

5564 

3..  ,15 

90  feet 

1  foot 

1587 

4534 

4..  J  6 

120  feet 

1  foot 

1351 

3944 

5...17  ' 

150  feet 

1  foot 

1178 

3486 

6...  1 8 

180  feet 

1  foot 

1052 

,       3H9 

7..J9 

30  feet 

2  feet 

40(36 

11219       ' 

8...20 

50  feet 

2  feet 

2888 

8190 

9...21 

90  feet 

2  feet 

2352 

6812 

10...22 

120  feet 

2  feet 

2011 

5885 

11. ,.23 

150  feet 

2  feet 

1762 

5232 

12...24 

180  feci 

2  feet 

1583 

4710 

oiupiiriiwn      107.  If  we  compute,  by  means  of  our  tabular  results 
trc»ult5.     (art.  75),  the  discharges  due  to  1  minute  through  short 
tubes  of  1 J  inches,  and  2  inches  diameter*  the  heads  of 
water  above  them  being  1  foot,  and  2  feet,  we  shall 
Bnd,  that  an 

Altitude  1  foot,  diameter  1 J  inches,  gives  6330  cubic 
inches. 

Altitude  2  feet,  same  tube,      .     .     .       8939  ditto. 

AUitudc  1  foot,  diameter  2  inches,    .     14243  ditto. 

Altitude  2  feet,  same  tube,      .  .     20112  ditto. 

Which   show  that  the  expence  of  the  fluid  diminishes 
%ery  considerably  as  the  len^h  of  the  pipe  increases. 

In  order  to  form  a  general  idea  of  the  ratio  of  this 
diminution  of  discbare:©,  let  us  represent  In  all  cases 
the  quantity  yielded  with  a  short  lube  by  100;  then 
we  shall  have  the  proportional  dischargees  at  30  feet, 
60  feet,  90  feet,  &c.  exhibited  in  the  fourth  terms  of 
the  following  analogies. 

The  tube  of  1^  inches  diameter,  the  altitude  of 
tlie  water  being  1  loot : 


6330    : 

2778     :;     100    :    43*89. 

6330    ; 

1957    ::    100  :   30>9L 

6330    : 

1587    ::    100  :  2507. 

6330    : 

1351    ::    100   :   21*34. 

6330    : 

1178    ::    100  :   ib^gl 

6330    : 

1052    ::    100   :    16^62. 

The  »ame  tube, 

under  2  feet  altitude,  will  give 

8939    : 

4066    ::     100    :    45-48. 

8939    : 

2888     ::     100    :    32-31. 

8^39    : 

2352   ::    loo  :  26*31. 

8939    : 

2011     ::     100    ;    22-50. 

8939    : 

1762    ::     100    ;    19-71. 

*i939    : 

1583    :;     100    :    17-70. 

The  tube  of  2 

inches  diameter^  under  a  head 

ater  of  1  foot,  wi 

II  give 

14243    : 

7680   ::    100   :   53-92. 

14243    : 

5564    ::    100    :    39-06. 

14243    : 

4534    !!     100    !    31-S^^^^H 

14243    : 

3944    !!     100    !    27-6n^^^H 

14243    : 

3486    !!     100    !    24*48.      ^^H 

14243    : 

3119     !!     100    !    21-90,       ^^H 

The  same  tube. 

under  a  head  of  water  of  2  feet:      ^| 

20112    ; 

11219    ::     100    :    55-78.            fl 

20U2    : 

8090    !!     100    ;    40-72.             ■ 

20112    : 

6812    !!     100    !    33-87.             ■ 

20112    : 

5885    !!     100    :    29-26.             ■ 

20112    : 

5232    :i     100    :    26-81.              ■ 

20112    : 

4710    ::    100   :  23-41.          ^ 

108-  We   may 

perceive,  by  means  of  the   above  f/m 

of 


numbers,  the  gradual  diminution  of  discbarge  as  the  ^^^ 
length  of  the  pipe  increases;  let  us  then  examine  the**  ^ 
question  imder  a  physical  point  of  view,  and  endeavour 
to  determine  the  cause  of  this  diminution,  and  the  law*d 
which   it  observes  with  respect  to  the  diameter  ant^f 
length  of  the  conduit  pipe. 

In  the  6rst  place  it  is  evident  that  there  will  alway 
be  asperities  in  the  interior  of  the  pipes,  however  per^ 
feet  we  may  suppose  them  polished,  which  will  retanf^ 
the  natural  velocity  of  those   particles   of   the  fluid 
coming  in  contact  with  them,  and  even  independent  o| 
this,  the  natural  adhesion  between  the  water  and  the 
metal,  will  retain,  or  tend  to  retain,  the  particles  con* 
tiguous  to  it  in  a  state  of  rest,  which   state   is  oniy 
destroyed  by  the  velocity  of  the  other  particles-     Thai 
effect,  therefore,  of  this  must  necessarily  be  to  diminisl 
the  expence  of  water,  and  that  so  much  the  more,  ac*l 
cording  to  the  length  of  the  pipe  through  which  th 
fluid  passes. 

If  we  consider  the  fluid  as  constituted  of  an  inde 
finite  number  of  thin  threads,  it  will  be  only  those  ia 
contact  with  the  sides  of  the  tube  (which  we  may  de- 
nominate the  lateral  threads)  that  will  be,  by  the  above 
supposition,  retarded  by  the  causes  we  have  suggested^H 
but  they  soon  communicate,  in  consequence  of   th^H 
natural   adhesion  of  the  particles  of  water  to  each 
other,  a  like  retardation  to  those  in  contact  with  them, 
and  hence  by  successive  steps  every  thread  is  ulti- 
mately eflccted  from  the  surface  to  the  centre  of  Ihe 
moving  column;  still,  however,  as  the  retardation 
less  from  one  thread  to  another,  the  centre   ibrca 
will  be  less  retarded  than  those  in  contact  with  them 
and    so  on  to    the  edges  where   the  velocity   is  tli 
least.     The  diminution  of  the  expence  will  not,  then 
fore,  be  proportional  to  the  length  of  the  lubes,  f< 
the  longer  these  arc,  the  less  difference  there  mil   be 
between  the  velocities  of  two  contiguous  threads,  and 
therefore  the  less  relative   diminution;  which  is  con- 
formable to  the  results  of  the  preceding  experiment 
where  it  will  be  seen,  that  for  every  increase  of 
feet  in  the  pipe,  the  ditference  between  that  disch 
and  the  one  preceding  it,  is  continually  diminished. 
109.    M.   Bossut,   in  the  work  above  referred 
enters  into  an  ingenious  investigation  in  order  to  defj 
mine  the  relation  which  has  place  between  the  len; 
uf  the  tube  and  the  coiTcspondiug  discharge.     He 
sumes  an  indefinite  hne  to  represent  the  length  of 
lube,  and  at  the  same  time  the  axis  or  absciss  of  a  cm 
upon  which,  at  distances  corresponding  to  hia  & 
experimental  lengths  of  .30,  60,  90,  &c.  feet,  he  m[ 
poses  ordinates  to  be  erected  to  denote  the  several 
dischaf^s  due  to  these  lengths,  and  then,  by  means  < 
these  six  given  ordinates,  he  interpolates,  aceordiagt 
a  prindple  given  by  M,  Charles,  under  the  article  •* ' 


he 
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dtj-  terpolation  EncyclopedieMethodique,"  other  ordinates ; 
^r    and  ultimately  conceives  a  curve  to  pass  through  their 
^^  leveral  suminits,  and  it  is  the  equation  of  this  curve 
which  expresses  the  relation  sought. 

M.  Bossut,  by  these  means,  finds  the  curve  in  ques- 

tioD,  within  most  practical  limits,  to  be  such  that  the 

ordinates  are,  very  nearly,  reciprocally  as  the  square 

roots  of  the  abscisses ;  whence  it  follows, 

?*        That  the  discharges  due  to  equal  intervals  of  time 

""•   thrtmgk  horizontal  tubes  of  the  same  diameter ,  and  under 

the  same  height  of  water,  but  of  different  lengths,  not 

i^ering  greatly  from  each  other,  will  be  very  nearly  in  the 

merse  ratio  of  the  square  roots  of  these  lengths. 

Having  therefore  ascertained,  from  actual  experiment, 
the  discharge  at  any  distance  from  the  reservoir,  that 
is,  for  any  length  of  tube,  we  may  readily  compute  the 
dMiarge  that  will  be  obtained  in  any  time,  and  for  any 
length  of  ^ipe,  by  means  of  the  preceding  theorem. 
Itiaay,  moreover,  be  observed,  that  it  appears  by  a 
coomarisoh  of  the  preceding  experiments  with  the 
tabiuar  results  (art.  75),  that  the  discharge  at  the  dis- 
tance of  30  feet  is  about  half  of  what  would  take  place 
through  a  short  cylindrical  tube ;  and  this  discharge, 
we  hare  seen,  is  to  the  theoretic  discharge,  calculated 
on  a  supposition  of  there  being  no  contraction,  in  the 
ratio  of  13  to  16.  We  have,  therefore,  all  the  data  re- 
ipuiite  for  computing  the  expence  of  water,  from  a  pipe 
of  any  length,  of  any  proposed  diameter,  and  due  to 
any  given  height  of  the  level  in  the  reservoir. 
^•■*"  110.  Let  us  suppose,  for  example,  that  the  water  in 
a  reservoir  is  4  feet  above  the  insertion  of  a  conduit 
pipe,  the  latter  120  feet  in  length  and  3  inches  in  dia- 
neter,  to  find  its  discharge  per  minute. 

First,  our  table  (art.  75)  gives,  for  the  discharge 
thmngh  a  short  tube  1  inch  in  diameter,  and  with  the 
gnen  head  of  water,  7070  cubic  inches,  therefore  a 
tobe  3  inches  in  diameter  will  yield  7070  x  9  z=  63630 
^ttbic  inches  in  the  same  time ;   consequently,  from 


•fctt  is  stated  above 


63630 


=:   31815  cubic   inches 


•31  be  the  expence  through  a  tube  30  feet  in  length ; 

*e»ce   ^/120   :    >/30    ::    31815   :    15907^  cubic 

^^€8  the  discharge  in  one  mmute  through  a  pipe  120 

**t  in  length,  as  required. 

y       111.  The  above  determinations,  however,  it  must  be 

b-    J^iiowledged,  do  not  possess  all  the  accuracy  that  is 

■^•irable,  although  they  may  be  sufficiently  exact  for 

"^^^t  practical  cases. 

•  Qf  the  two  tubes  employed  in  the  preceding  experi- 
^^^to,  that  of  1  j-  inches  diameter  gave  less  water  in 
Pj^portion  than  that  of  two  inches  under  the  same 
'^'^ight  of  reservoir,  and  the  same  length  of  tube,  a 
*^ilt  which  was  to  be  expected  when  we  reflect  that 
M^  sur&ce  of  the  fluid  subjected  to  friction  is  greater 
^  {voportion  as  the  diameter  of  the  tube  diminishes. 

Againy  the  greater  the  height  of  water  we  have  in 
*^  reservoir,  the  less  in  proportion  is  the  diminution 
^discharge ;  but  it  is  very  difficult  to  trace  the  law  of 
^^  dinainution.  We  shall  not  attempt  it  in  this  place, 
^•fefring  our  remarks  on  this  subject  till  we  have  ex- 
l^f^iiied  at  greater  length  the  experimental  results  ex- 
'^^ted  in  the  following  sections. 

li  S  VI.  On  the  discharges  through  inclined  tubes, 

-112.  When  the  tube  is  vertical,  or  inclined  at  a 


certain  angle,  gravity  will  have  a  tendency  to  accelerate  Hydraulics, 
the  velocity  of  the  fluid.  The  combination  therefore  of  v-^-v-^^ 
this  force,  with  that  due  to  the  pressure  of  the  column 
of  water,  and  the  negative  force  arising  from  the  friction 
above  considered,  will  serve  to  modify  in  any  manner  at 
pleasure  the  quantity  of  discharge  under  any  proposed 
conditions. 

Let  MQRN,  fig.  9,  denote  a  long  cylindrical  vertical  Vertical 
tube,  adapted  to  the  bottom  of  the  reservoir  ABCD,  tubes, 
kept  constantly  full  to  the  height  MH.  If  now,  in  the  pjg  9 
first  instance,  we  make  abstraction  of  the  friction  along 
the  internal  surface  of  the  tube  ;  it  is  evident  that  the 
velocity  of  the  fiuid  at  the  moment  it  is  about  to  pass 
the  section  MN,  being  that  due  to  the  height  HM  ;  each 
particle,  if  at  that  instant  it  became  an  isolated  body, 
and  only  submitted  to  the  action  of  gravity,  would, 
when  it  had  arrived  at  any  point  Q  of  the  vertical 
MQ,  have  acquired  a  velocity  due  to  the  height  HQ. 
But  the  several  particles  having  a  natural  adhesion  to 
each  other,  they  form,  in  consequence  of  this  force,  a 
column  which  fills  entirely  the  tube,  without  leaving  in 
it  any  vacant  space  whatever,  and  they  therefore  i^ces* 
sarily  all  move  with  the  same  velocity  along  the  whole 
space  MQ.  Now,  as  the  velocity  produced  by  the 
pressure  of  the  water  in  the  reservoir  above  the  section 
MN,  is  always  the  same,  and  that  on  the  other  hand 
each  particle  receives  so  much  the  greater  effect  from 
gravity,  as  it  is  farther  below  the  same  section  MN ;  it 
is  evident,  that  the  lower  particles  must  accelerate  the 
velocity  of  the  upper  ones  in  such  a  manner,  that  the 
velocity  of  every  particle  in  the  column  becomes  uni* 
formly  the  same. 

The  lower  particles  therefore  of  the  fluid  have  a  ten- 
dency from  the  adhesion,  or  viscosity  of  the  fluid,  to 
accelerate  the  velocity  of  those  above  them ;  and  on  the 
same  principle,  it  is  obvious  that  the  upper  particles 
ought  to  retard  the  natural  velocity  of  those  below 
them  ;  the  velocity  therefore  with  which  the  fluid  issues, 
is  greater  than  that  which  is  due  to  the  simple  pressure 
at  the  section  where  the  vertical  pipe  is  inserted  into 
the  reservoir,  and  less  than  the  natural  velocity  of  the 
lower  particles ;  that  is,  than  that  due  to  the  whole 
altitude  of  the  pipe,  plus  the  pressure  at  the  section 
MN.  The  conclusion,  therefore,  which  some  authors 
have  drawn,  viz.  that  the  velocity  of  dischai^  is  that 
due  to  the  whole  altitude  of  the  column,  is  incorrect, 
except  when  the  descending  tube  is  very  short,  in  which 
case  gravity  acts  freely,  and  impresses  its  whole  energy 
on  every  particle  of  the  descending  fluid. 

The  same  efiects  have  place  in  long  tubes  inclined  at 
diflerent  angles,  viz.  the  water  will  be  discharged  from 
these  with  a  greater  veloci^ty,  than  that  due  to  the 
height  of  the  fluid  above  the  section  of  their  insertion 
in  Ae  reservoir,  and  with  a  less  velocity  than  that  due 
to  the  height  of  the  head  of  water  above  their  lower 
extremity. 

It  is  very  difficult  to  make  experiments   upon  the  Experi- 
discharges  of  long  vertical  pipes ;  and  on  this  account  "*®^*^°"^ 
M.  Bossut  confined  his  experimental  researches  to  a  "ilu  wbiect 
sloping  inclined  tube,  forming  an  angle  with  the  horizon 
of  6^° ;  the  following  are  the  results  for  three  diflerent 
lengths  of  this  tube. 

Experiments. — Series  V. 
113.  Constant  height  of  the  water  in  the  reservoir  above 
the  centre  of  the  insertion  of  the  tube  10  inches. 
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Ijdrody- 


Corvcd 

tubes. 


L  Length  of  the  tube  177  feet;  time  45  seconds^ 
discharge  4346  cubic  inches,  or  5795  cubic  inches  in 
one  mtnule. 

2,  Lcng;th  of  Uie  tube  118  feet;  time  45  seconds; 
discharge  4351  cubic  inches,  or  5801  cubic  inches  in 
one  minute. 

3.  Length  of  the  tube  59  feet;  time  45  seconds; 
discharge  4356  cubic  inches,  or  5808  cubic  inches  per 
minute* 

If  the  above  tube  had  been  short,  viz.  about  2  inches 
in  length,  so  as  to  have  acted  merely  as  an  additional 
tube,  as  detailed  in  art.  75,  its  discharge  in  one  minute 
would  have  been  5779  cubic  inches;  we  see,  therefore^ 
the  discharges,  instead  of  following  the  ratio  of  the 
square  roots  of  the  height  of  the  fluid  above  iheir 
lower  extremity,  become  in  this  case  actually  less 
as  the  length  of  the  pipe  is  increased,  although  the 
depth  of  the  fluid  also  necessarily  increases  in  the  same 
proportion.  We  derive,  however,  from  these  exi)eri- 
ments  this  important  conclusion: 

That  when  a  pipe,  similar  to  the  above,  in  polish  and 
diameter,  is  inclined  from  the  horizon  at  an  angle  of 
about  6^*^,  it  will,  whatever  may  be  its  length,  give  a 
constant  discharge,  equal  to  that  which  belongs  to  a 
short  additional  tube  placed  attlie  same  distance  below 
the  head  of  water  in  the  reservoir;  the  additional 
friction  being,  at  the  above  inclination,  about  counter- 
balanced by  the  additional  action  of  gravity  upon  the 
descending  fluid.  And  we  may  hence  infer  that  what- 
ever may  be  the  diameter  of  ajiy  tube,  some  inclination 
maybe  found,  such,  that  whatever  be  the  length  of  the 
tube,  the  di^^charge  will  be  always  the  same  as  that 
which  would  take  place  through  a  short  additional 
lube ;  and  it  appears  also  highly  probable  that  there 
is  only  one  inclination  for  any  given  diameter  that 
possesses  this  peculiar  property.  We  are  aware  that 
some  authors  have  arrived  at  a  diflerent  result,  but  we 
conceive  the  experiments  above  referred  to  are  sufficient 
to  justify  the  above  conclusion* 

§  VTL  Oh  (he  motion  ofivatcr  in  curved  tithes^ 

114-  It  may  be  seen,  by  a  comparison  of  the  pre- 
ceding experimental  results  with  what  niay  be  con- 
sidered our  theoretical  deductions,  or  with  what  would 
have  been  our  deductions,  independent  of  practical 
data,  that  even  in  the  simple  case  of  tubes  perfectly 
uniform,  and  having  a  uniform  position,  either  hori- 
zontal or  inclined,  we  shoul4  have  been  led  into  the 
greatest  errors  with  resjiect  to  their  computed  rate  of 
discharge. 

If,  therefore,  in  this  comparatively  simple  instance, 
theory  alone  's  insufficient  to  meet  the  general  problem, 
it  must  naturally  be  expected  to  be  still  more  defective 
when  we  suppose  tubes  to  rtccive  all  kinds  of  curvature. 
In  such  cases  as  these,  nothing  but  the  results  of  a 
well  conducted  course  of  experiments  are  capable  of 
funxishing  the  requisite  data. 

In  connection  with  this  inquint%  M.  Bossut  begun 
by  having  constructed  for  this  purpose  a  tube  of  lead 
50  feet  in  length,  and  1  inch  interior  diameter,  the 
bore  very  perfect,  and  the  thickness  of  metal  ^  of 
an  inch :  to  the  end  of  this  pipe  was  soldered  a  short 
tube  of  "2  inches  interior  diameter,  which  communicated 
with  the  leaser  of  tlie  two  reservoirs  described  in 
urt.  102,  and  represented  in  fig.  7  and  8.  To  this  short 


tube  a  stop^cock  was  attached,  by  mean?^  of  which  the  Hy^ 
running  of  the  water  might  be  stopped  at  pleasure.  ""^ 
The  opening  m  this  was  a  circular,  and  \h  inch  in  ] 
diameter :  there  were,  moreover,  several  small  holes  , 
in  the  upper  side  of  the  lead  pipe,  intended  to  facilitate  I 
the  escape  of  any  particles  of  air  which   the  water 


might  bring  with  it. 


EXPEEIMENTS. 


4 

4 

1 15.  The  diameter  of  the  fnjpe,  ai  stated  alfoir,  1  inch,  Bo« 
ami  the  fength  50  feet*  l*** 

L  Tiie  tube  being  placed  liorizontally,  and  the  head       , 
of  water  above  its  axis  4  inches,  the  rate  of  discharge 
per  minute  was  576  cubic  inches, 

2.  The  head  of  water  being  increased  to  1  foot 
above  the  axis  of  the  tube,  the  discharge  in  1  minute 
was  1050  cubic  inches. 

3.  The  pipe  being  now  put  into  a  serpentine  form, 

as  denoted  by  the  line  OQZ,  &c.  (fig.  10),   but  theFigj, 
plane  of  the  curve  still  retaining  a  horizontal  position, 
the  discharge  in  1  minute,  with  a  head  of  water  of  4 
inches,  w^as  540  cubic  inches. 

4.  Every  thing  remaining  as  in  the  last  experiment, 
except  the  head  of  water  beinji  increased  to  1  foot,  tlje 
rate  of  discharge  per  minute  was  1030  cubic  inches. 

5.  The  plane  of  the  curve  being  now  rendered  verti- 
cal, but  its  two  extremities  being  still  placed  in  ilie 
same  horizontal  line,  and  no  point  of  the  curve  rising 
above  the  same,  the  discharge  per  minute,  with  a  head       • 
of  water  of  4  inches,  was  520  cubic  inches,  i 

A'o^f.  In  this  experiment  no  discharge  could  be  ob-       I 
tained  till  the  small  holes  were  opened  that  were  made 
in  the  upper  parts  of  the  curve  ;  the  air  accumulated  in 
them,  preventing  the  flow  of  the  water :  it  was,  therefore, 
only  after  these   had  been  opened  for  some  little  time       i 
that  the  above  unitVirm  discharge  was  ohtained.  ^ 

(5.  Every  thing  remaining  the  same,  except  the  head       ^ 
of  water  being  increased  to  a  foot^  tlie  discharge  per 
minute  was  1028. 

1 1 1>.  Before  we  attempt  to  make  any  remarks,  or  to  Co« 
draw  any  conclusions  from  the  results  given  by  the«xp| 
above'experiments,  w^e  think  it  will  he  better  to  enlarge 
the  series  by  the  addition  of  others  reported  by  M, 
Couplet,  in  the  **  Memoires  de  TAcademie"  for  the 
year  1732*  the  latter  being  lu  fact  the  actual  results  of 
observations  on  the  dischart;es  of  certain  pipes  belong- 
ing to  fountains,  Arc.  in  the  iiei ^hbourhood  of  Paris, 

In  the  first  instance,  we  may  remark  that  tlie  prin- 
cipal reservoir  was  2  feet  square  at  the  bottom,  and 
2  feet  8  inches  deep,  from  which  proceeded  a  verLical 
tube  of  lead  6  inches  in  diameter,  and  in  lengtli  about 
6  teet;    to  this  was  soldered  another  lube   of  lead       : 
4  inches   in  diameter  and    17  feet  4  inches  in  lengtlt ;       | 
at  the  extremity  of  tliis  was  again  soldered  an  iron  pipe       ' 
of  the  same  diameter,  and  nearly  at  right  angles  to  it,       ' 
which  latter  formed  the  remainder  of  thiJ  conduit,  except 
that  at  its  other  extremity  a  leaden  pipe  of  the  same 
diameter,  and  G  feet  3  inches  long,  ascended  and  dis-      i 
charged  the  water :  the  entire  lenglii  of  the  pipe,  mca-      | 
suring  it  along  all  its  bendiugs,  was  296  toiscs  5  feet  .   i 
4  inches. 

1 .  Understanding,  now,  the  height  of  water  to  denote 
the  difference  of  level  between  the  upper  surface  of  the 
water  in  the  reservoir  and  the  discharging  aperture,  it       I 
was  found,  that  with  a  height  of  9  inches,  the  discharge 
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jg^  -,  ,  of  what  would  have  takes  place  through  an 

'  fid£ticmal  short  tube  of  the  same  diameter,  or  of  the 
(dildiaxge  independent  of  friction,  the  head  of  water 
being  the  same.  Under  a  head  of  21  inches  the  dis- 
charge was  0^:^:5  5  and,  under  31  inches,  it  was  ^p^  ' 

2.  With  the  same  reservoir,  and  with  a  tube  prin- 
cipaiiy  of  iron,  the  whole  length  of  which  was  285 
toises,  and  diameter  6  inches,  the  ratio  of  the  effective 
discharge  to  that,  through  a  short  additional  tube,  was 

band,  under  a  head  of  3  inches,  to  be  ;  and, 


12-35  • 


1 


VDder  a  head  of  5{  inches,  . 

3.  Here,  about  50  toises  of  the  conduit  pipe  next  the 
reservoir  was  stone,  and  the  other  part  lead,  its  dia- 
neter  throughout  was  5  incfaesy  and  its  entire  length 
1170  tones.  This  pipe  was  tried  under  five  difife^eat 
heads  of  water,  viz.  5X  inches,  11-}^  inches,  1ft  4f  in. 
I  ft  9^  in.  and  2  ft.  Im.  and  the  corresponding  ratios 

1         1^  I         _J_       J_ 

^^  23-r    20-98'    f5^'    18-78'    18-46' 

4.  In  the  following  experiments,  the  diameters  and 
lengths  of  the  pipes  were  very  considerable,  the  lengths 
being  about  600  toises,  ana  the  diameters  18  inches 
and  12  iaches.  To  the  same  reservoir  there  were  adapted 
two  tubes  of  the  former  dimensions,  and  three  of  the 


latter.     They  were  all  similarly  situated,  and  gave  the  Ifjdraulici. 
same  results ;  that  is  lo  say,  each  of  the  two  18-inch  '^"^^"^'^'^^ 

1  Couplet's 

pipes  gave  under  a  head  of  12  feet  1-^  inch,  — —  of  the  expcri- 

^'^^  ments. 

discharge  that  would  have  been  made  through  a  short 

additional  tube,  or  the  discliarge  independent  of  fric- 
tion ;  and  each  of  the  three  12-inch  tubes  TTf.rr-,  under 

10 'Uo 

the  same  head  of  water.  >  r 

5.  Another  tube  of  iron  18  inches  in  diameter,  and 
790  toises  in  length,  gave  under  a  head  of  water  of 

4  feet  7^  inch,  the  fraction    ■       . 

6.  And  lastly,   a  pipe  12  inches  in  diameter,  and 
2340  toises  in  length,  yielded  under  a  head  of  20  feet 

3  inches,  rr-r:  of  the  discharge  due  to  a  shdrt  addi- 
19-34 

tional  tube  of  the  same  diameter. 

117.  In  order  to  the  more  ready  comparison  of  the 

results  of  the  several  experiments  related  abovfe,  it  will 

be  very  eonvcntcnt  to  bring  them  all  under  ona  point  of 

view,   and  to  reduce  the  several  results  to  ihe  tftme 

form,  which  may  be  done  by  converting  the  cutic  inches, 

in  which  M.  Bossut  has  expressed  his  dischsferges,  into 

the  proportional  part  tliat  each  bears  to  that  through  a 

short  additional  tube.     This  reduction  is  shown  in  the 


Table  XI. 


last  column  of  the  fbllowing  taM^;  the  other  results 
require  no  explanation. 

Of  the  mean  results  of  the  experiments  of  M,M.  Bossut  arid  CoUpl6t,  on  ihe  (Bscharge  of  xcaier 
through  long  tubes,  horizontal,  inclined,  and  bent. 


N*o{ 
Experi- 

•CDt 

Length  of  tube. 

Diatueter  of 

tubiB. 

Position,  fitc  of  the  tube. 

Hd^t  or  the 
head  of  water. 

Ratio  of  the  effective 
discharge  to  the  discharge 
independent  of  fhctiou. 

1 

2 

3 
4 
5 
6 
7 
8 
9 

10 

11 
12 
13 

i  50  feet. 
i  50  feet. 
\  50  feet. 
[  180  feet. 

i  180  feet. 

177  feet. 

118  feet. 

59  feet 

1  inch. 
1  rbch.      < 

1  inch.       \ 
l^inch. 

2  inch. 

1^  inch,     j 
1^  inch, 
l^inch. 

Lead,placed  horizontally  and  straight. 

Lead,  various  sinuosities,  with  the 
plane  of  the  curve  horiaontal. 

The  same  ptpej  biti  the  phme  oi 
the  curve  vertical. 

TiA,  rectilineal  and  horizontal. 

Tin,  rectilineal  and  horizontal. 

Tin,  rectilineal,  but  Inclined  to  the 
horizon,  at  an  angle  of  ^^. 

Tin,  inclined  as  above. 
Tin,  inclined  as  above. 

i   6ft.  4  m. 
l   1     0 

r  0   4 
I  1    0 

(04 
I   1     0 

I  2    0 

{■V 

12     0 

I20  11 

13    4f 
6    8i 

1 

3-55 

1 

3-18 

1 
3-78 

1 

3-43 
1 

3-93 

1 

3-44 

1 

6-01 
1 

5-64 

1 

4-57 
1 

4-27 

1 

5 
1 

4 

1 

2-82 

▼OL, 

III. 

'            '  « 

iQ 

Couplet  and 
Bossut 
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Hrdrodj- 


Coupletand 
B(>s««t. 


HYDROPYNAMI  OiS. 

Table  XL — contimted, 


Hj 


No  of 
Experi- 
ment. 


Length  of  tube. 


297  toises. 


285  toises. 


1170  toises. 


600  toises. 

600  toises. 

790  toises. 

2340  toises. 


Diameter  of  tube. 


4  inches. 


6  inches. 


5  inches. 


{ 


12  inches. 
18  inches. 
18  inches. 
12  inches. 


Poftitioo,  &c  of  the  tube. 


Iron,  with  various  bendings,  botli 
horizontal  and  vertical. 


Iron,  with  various  bendings,  both 
horizontal  and  vertical. 


Partly  stone,  and  partly  metal, 
widi  various  bendings,  both 
horizontal  and  verticsd. 


Iron,  with  various  bandings,  both 
horizontal  and  vertical. 


Ditto, 
Ditto, 
Ditto, 


ditto, 
ditto, 
ditto. 


Height  of  the 
head  of  water. 


Ratio  of  the  %SttCdre 
diicharge  to  thediickci^ge 
iadepqadeat  of  Inctioo. 


1 

28-5 
1 

26-53 
1 

25-79 
1 

1 

11-37 
1 

23-1 

1 

20-98 
1 


1949 

1 

18-78 
1 

18-46 
1 

10-08 
1 

6-05 

1 

10-11 

1 
19-34 


Experi- 
ments with 
different 
adjutages 


Theprecedingtablefumishesuswithmuchusefulprac-         118.  To  the  above  we  shall  add,  in  concluding  this 

tical  information,  but  we  shall  defer  any  comparison  of  section,  the  following  table  of  M.  Bossut,  relative  to  the 

the  results  which  it  offers  till  we  have  given  the  same  an-  discharges  through  pipes  with  different  adjutages. 
thor*s  experiments  on  the  motion  of  water  in  open  canals. 

Table  XII. — Of  discharges  through  pipes  Jitted  xcith  different  adjutages. 


Heitdofw*ter. 

Length  of 
pipe. 

DUune- 
ter    of 

pipe. 

Dimensions  of  the 
orifices. 

Ratio  of  the 
real   to    the 
theofetic<lis- 
charge. 

Ratio  of  the 
height  due  to 
the  velocity 
to  the  head 
of  water. 

Cubic  inches 

discharged  per 

minute. 

Ft. 

III. 

Inch. 

Twelfths  of  Inches. 

24 

7 

161 

1 

n 

0-045 

0-002 

242 

23 

9 

192 

1 

4 

0-075 

0.006 

230 

19 

3 

193 

1 

6i 

0-068 

0-005 

222 

19 

9 

188 

1 

4 

0-061 

0-004 

237 

19 

10 

146 

1 

^hyl 

0-089 

0-008 

168 

29 

1 

187 

H 

7iby6i 

0-505 

0-001 

588 

8 

0 

1069 

■»! 

Two  adjutages, 
each  \  inch. 

\     0-435 

0-189 

1686 

24 

7 

278 

H 

Two  adjutages, 
each  ^  inches. 

0-396 

0-157 

458 

32 

7 

314 

•*{ 

\     0-227 

0052 

1232 

30 

5 

446 

n 

2by^ 

0-037 

0-001 

636 

26 

3 

606 

n 

4 

0-447 

0-200 

696 

27 

0 

668 

4 

^ 

0-301 

0-091 

900 

30 

0 

812 

i| 

ir 

0-048 

0-002 

600 

10 

5 

194 

1 

5 

0-377 

0-139 

576 

10 

11 

462 

1 

H 

0-332 

0-109 

576 

10 

0 

420 

H 

7 

0162 

0^8 

483 
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%  VIIT.  On  the  motion  of  waUr  in  open  cmiah.  very  accurately  the  arrival  of  the  fliiid  m  tliose  points :  Hv 

119,  The  motion  of  water  in  open  canals  is  no  less  and  thns,  with  the  assistance  of  a  seconds  and  a  half- 

'a  subject  of  interest  than  that  of  its  motion  in  close  seconds  pendulum,  the  time  from  the  beginning  of  the 

■^      P'P^s%  and  accordingly   M.  Bossnt,  in  the  very  general  motion  to  the  water  reaching  these  several  jioints,  was 
.^^1  view  which  he  took  of  practical  hydranlics,  made  thi 


rfradit 


Iktiuik 


an  important  part  of  his  inquiry,  and  with  much  labour 

carried  on  a  course   of  experiments  which  is  fttr  from 

b«ag  the  least  useful  part  of  his  undertaking^.     The 

reaerroir  was  kept  constantly  at  the  same  height  during 

Ihes^ime  experiment,  and  the  canal  was  supplied  by  a 

tluice  at  the  bottom  of  the  reservoir.     The  former  was 

•5  inches  in  breadth,  and  by  means  of  a  sluice-gate  or 

tMcfj  it  could  be  opened  Jr  an  inch,  an  inch,  two  inches, 

&c.  at  pleasure;  its  whole  length  was  105  feet.     In 

orler  lo  measure  the  velocity  of  the  water  in  t!»e  canal, 

tlie  author  employed  small    wheels,   fixed  at  certain 

distances  from    the    sluice;    aomettmcs  at  five   equal 

'iistjiDces  of  21  feet  each»  and  at  others  at  three  equal 

dlitonces  of  35  feet  each.     These  wheels,  as  soon  as 

tie  fluid    struck    them,    began    to    turn,     indicating 


lis     estimated  with  a  considerable  degree  of  [irccision. 


The  results  of  these  experiments  are  si] own  in  the 
following  table :  the  first  column  of  which  gives  the 
number  of  the  experiment;  the  second  the  height  ot 
water  in  the  reservoir,  the  position  of  the  canal,  vi^- 
whether  horizontal  or  inclined ;  and  in  the  latter  case 
the  dilFerenrx  between  the  horiyonlal  levels  of  it* 
extremities  is  ludicated  by  the  words  shpr  of  (he  canaL 
In  the  same  column  is  also  shown  the  bread th»  and  ver- 
tical depth  of  the  sl\jire;  and  the  third  colunui  exhibit* 
the  time  in  seconds  that  the  water  was  in  passing  over 
the  corresponding  nuttiber  of  feet  in  the  fourth^  after 
first  opening  the  orifice. 

Not€,^Tl\e  signs  -f  or  —  show  that  the  time  a 
little  exceeded,  or  fell  short,  of  the  number  of  seconds 
to  which  these  signs  are  subjoined. 


Tamle  XI  H.  Of  experiment  k  on  the  motion  nfwnter  in  open  horizontal  canals. 


A*of  Lt^ 


ni. 


Head  of  watt  r 
Horizontal,  or 
slope  of  canal 
Bre;idth  .  . 
Depth   .     .     , 

Head  of  water 
Slope  of  canal 
Breadth  ,  . 
Depth  ,     .     , 


Head  of  water 
Slope  of  camd 
Breadth  ,  . 
Depth  ,     .     . 


Ft 

11 


0  0 
0  5 
0  Oh 

3  8 
0  0 
0  5    { 
0  Oi  ^ 


Time  Iti 
seconds. 


7   8 
0  0 


2 

5 
10 
16 
23 


•f 


3  + 
9 

17  + 

29  + 

3B  -f 


0  5    (\   ^ 


2    + 


N«  of  feet 


n 

42 

84 
10.5 

21 

42 

63 

84 

105 

21 
42 

63 
84 

105 


II. 


IV. 


VI. 


Ft.  tti. 


Head  of  water 
Slope  of  canal 
Breadth  ,  . 
Depth  ,     ,     . 

Head  of  water 
Slope  of  canal 
Brcadtli  .  . 
Depth  .     ,     , 


Head  of  water 
Slope  of  canal 
Breadth  .  . 
Depth  .     .     . 


Time  m 
ieconds. 


3  ^ 

7 

13  — 
20  - 
28   4- 

2 
4 

7 
11 


3 
6 

n 

18 
26 


N^  of  fret 


21 
42 
63 
84 
lOo 

21 
42 
63 
U 
105 

21 
42 
63 
84 
105 


^*0.  By  a  comparison  of  the  above  results,  it  ap- 

^^^*  that  the  time  employed  by  the  water  in  runnin^^ 

suc^asively  tliroagh  each  21  feet,  forms  very  nearly  g^n 

^ithnielical  progression,  so  that  the  series  may  be  con- 

^^^^^  ad  libit  am,  and  tlie  time  corresponding  to  any 

*>"»fT  distance,  not  included  in  the  series,  interpolated. 

^!fice  the   vein  of  issuing  fimd  is  reduced  by  con- 

iriction  in  the  ratio  of  8  :  5,  the  velocity  in  the  canal, 

^dependent  of  friction,  ought  to  be  to  the  velocity  due 

^  the  altitude  of  the  fluid  in  the  same  ratio.      If, 

l^^refore,  H   represent   tlie  height   of  the  fluid,  we 

iiialJ  have 

for  tk  height  due  to  the  actual  velocity :  this  velocity, 
therefore,  by  the  laws  of  falling  bodies,  will  be 
V  =i  2  ^h  g, 

^denoting  the  descent  due  to  gravity  in  one  second; 

consequently        S  ^  2  t  s/  h  g 

win  deDOte  the  space  which  ought  to  be  passed  over, 

independent  of  friction,  ^d  resistance  in  t  seconds  ; 


whence 


S 


5S 


;^yhg      B^Hg 

will  be  time  requisite,  under  these  circumstances,  for  Results 
the  Unid  to  pass  over  the  space  S.    Substituting;  in  this  oomp*w<i. 
formula  the  French  value  of  g,  viz.  g  ^  15,  we  shall 
find  the  times  of  passing  over  the  105,  to  be 

6'25\  7'83%  11*33\  &35\  7-18*,  11-33'; 
while  the  experimental  times  are 

23\  28^  38",   l6^  20\  26^; 
from  which  it  appears  that  the  velocity  of  the  water  is 
very  much  retarded  by  the  resistances  it  meets  with, 
but  that  the  retardation  is  less  as  the  height  of  tlie 
orifice  is  increased. 

It  may  not  be  amiss  to  observe  here,  that  notwith- 
standing- the  very  considerable  retardation  which  the 
velocity  of  the  fluid  experienced  in  its  motion  along  the 
canal,  yet  M,  Bossut  foimd  that  the  supply  of  the 
discharge  from  the  canal,  was  constantly  the  same 
whatever  its  length  might  be ;  in  which  respect,  there- 
fore, the  two  cases  of  open  canals  and  close  pipes  are 
essentially  different. 

2  G  2 
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Table  XIII.  continued 

^ — Egperimeni9  an  the  motion  rf  water  in  open  inclined  canaU 

N^ofKi* 

DlmmiJisoi, 

Time  in 

N>of(eet 

N«ofE«. 

Dimcgiioiu, 

Timeiu 

Kioolieet 

pcKmriit 

slope,  kt. 

■ecouds.   1 

niD, 

peri  men  t. 

•lo|ic,  &c. 

tecuods. 

run. 

Ft.  in. 

¥x.  iu. 

Head  of  water    U  8   1 
Slope  of  canal      0  3    I 
(Height  of  sluice  0  0^  ) 

4 

35 

Head  or  water     7  8   | 

4  + 

35 

VIL 

11   + 

70 

VUI. 

Slope  of  canal     0  3    J. 

14  + 

70      1 

22 

105 

Height  of  sluice  0  O^j 

26 

105      1 

Head  of  water     3  8   1 

6  + 

35 

Head  of  water    11  8   1 

H 

35 

IX. 

Slope  of  canal     0  3    I 

18  + 

70 

X. 

Slope  of  canal     0  6    I 

111 

70 

Height  of  sluice  0  Oj  ) 

3.1  + 

105 

Height  of  sluice  0  0}) 

21 

105 

Head  of  water      7  8   1 

4  + 

35 

Head  of  water    3  8) 

6 

35 

XL 

Slope  of  canal      0  6} 

14 

70 

XTI. 

Slope  of  canal      0  6} 

18  — 

70 

Height  of  sluice  0  0|  ) 

25   + 

105 

Height  of  sluice  0  0|) 

31   + 

105 

Head  of  water  U  8   i 

3 

ZH 

Head  of  water     7  8   | 

4  — 

37 

XUL 

Slope  of  canal      0  6    > 

8 

70 

XIV. 

Slope  of  canal     0  6    > 

9  + 

70 

Height  of  sluice  0  I    ) 

15 

105 

Height  of  sluice  0  1    j 

19  - 

105 

Head  of  water      3  8   1 

5  - 

35 

Head  of  water    U  S  )| 

3  - 

37       , 

XV.         , 

Slope  of  caual      0  6    > 

13  - 

70 

XVI. 

Slope  of  canal     1  0    > 

'J 

70 

Height  of  sluice  0  1    ) 

23  - 

105 

Height  of  sluice  0  1    ) 
Head  of  water     3  8   1 

14 

105 

Head  of  water     7  8   1 
Slope  of  canal      ^  0    > 
Height  of  sluice  0  I    ) 

4  - 

35 

5  - 

37 

XVIL 

9 

70 

XVIII. 

Slope  of  canal      1  0    \ 

12 

70 

16 

105 

Height  of  sluice  0  I    ) 

21 

105 

Head  of  water    118    1 

2  + 

35 

Head  of  water     7  8   1 

4  - 

35 

XIX. 

Slope  of  canal     2  0    S 

7 

70 

XX. 

Slope  of  canal     2  0    > 

9  _ 

70 

Height  of  slnice  0  1    ) 

13 

105 

Heiglit  of  sluice  0  I    ) 

15  - 

105 

Head  of  water     3  8   1 

H 

35 

Head  of  water    11  8   1 

2  + 

33 

• 

XXL 

Slope  of  canal     2  0    > 

io| 

70 

XXII. 

Slope  of  canal     4  0    > 

6i 

70 

Height  of  sluice  0  1    ) 

17^ 

105 

' 

Height  of  sluice  0  I    3 

12 

105 

Head  of  water      7  8   1 

3% 

35 

Head  of  water      3  8   1 

4  + 

35 

xxni 

Slope  of  caoal      4  0    > 

8 

70 

XXIV. 

Slope  of  canal     4  0   > 
Height  of  sluice  0  1   > 

9  + 

70 

Height  of  sluice    0  1    ) 

13 

105 

15  + 

105 

Head  of  water  11  8   1 

2   + 

35 

Head  of  water     7  8   1 

3  + 

35 

XXV- 

Slope  of  canal      6  0    > 

6 

70 

XXVI, 

Slope  of  canal     6  0    > 

7  + 

70 

Height  of  sluice  0  1    ) 

10 

10,5 

Height  of  sluice  0  I    ) 

12 

105 

Height  of  water  3  8   1 

4 

35 

Head  of  water    11  8   1 

2  + 

35 

xxvu. 

Slope  of  canal      6  0    J 

9  - 

70 

xxvni. 

Slope  of  canal      9  0    } 
Height  of  sluice  0  1    3 

6  - 

70 

Height  of  sluice  0  1    ) 

14  - 

105 

9 

105 

Head  of  water     7  8   1 

3   + 

35 

Head  of  water     3  8   1 

4  -     1 

35 

XXIX. 

Slope  of  canal      9  0V 

6J 

70 

XXX. 

Slope  of  canal      9  0    > 

8  — 

70 

Height  of  sluice    0  1    ) 

10 

105 

Height  of  sluice  0  1    J 

12  -     , 

105 

Head  of  water     3  S   1 
Slope  of  canal      9  0    > 
Height  of  alnice  0  I    ) 

H  + 

35 

Head  of  water    11  8   1 

44 

35       1 

XXXJ, 

H 

70 

XXXII. 

Slope  of  canal      9  0    V 

H 

70 

IH 

105 

Height  of  sluice  0  0^/ 

15           1 

105 

Head  of  water   11  8    # 
Slope  of  canal    11  0    V 
Height  of  sluice  0  0^  1 

1 

21 

1 

Ii  + 

21 

^ 

42 

Head  of  water     7  8    f 

4  + 

42 

XXXIIL 

? 

63 

XXXIV. 

Slope  of  canal     11  0    />> 

6i  + 

63 

H 

84 

Height  of  sluice  0  O^V 

9  + 

84 

10|  + 

105 

J 

Ui  + 

105 

Head  of  water     3  8/ 
Slope  of  canal    11  0    > 
Height  of  sluice   0  Ojl 

2   + 

21 

Head  of  water   11  8   f; 
Slope  of  canal    11  0   ^ 
Height  of  sluice  0  1    i 

1 

21 

5 

42 

H 

42 

XXXV. 

3 

63 

XXXVI. 

4i 

63 

11 

14 

84 
105 

6* 

84 
105 

HeaH  of  water     7  8/ 
Slope  of  canal    11  0    > 
Height  of  sluice  0  1    i 

Jr 

21 
42 

Hewl  of  water     3  8   f 
Slope  of  canal    11  0    > 
Height  of  sluice  0  1    i 

li 

4  + 

*1 
42 

XXXVIL 

4 

63 

XXXVIIl 

6* 

63 

i\ 

84 
105 

9  - 
11 

84 
105 

Head  of  water    11  8    / 
Slope  of  canal    11  0    V 
Height  of  alnice  0  l|i 

r 

21 

^ 

H- 

21 

H 

42 

Head  of  water     7  8    f 

3 

42 

XXXIX. 

4*+ 

63 

XL. 

Slope  of  catial    11  0    > 

5  - 

63 

6 

84 

Height  of  sluice    0  ^V 
* 

H+ 

84 

H+ 

106 

H 

105      T 

"\ 

n+ 

21 

"V 

H 

21 

Head  of  water     3  8/ 

^■. 

42 

Head  of  water     3  8   t 

3* 

4« 

XLL 

Slope  of  canal    11  0    % 

4+ 

63 

XUL 

Slqpe  of  canal    1 1  0    > 

5*- 

63 

1 

Height  of  Blnke   0  l|t 

n 

84 

Height  of  sluice  0  l|i 

H 

84 

1 

J 

10 

105 

y 

10 

105 

Hjr 
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121.  From  the  nature  of  the  preceding  experi- 
menlSy  it  is  obvious,  that  only  the  velocity  of  the  first 
^portioo  of  water  that  issued  from  the  reservoir  was 
obterved.  In  order  to  compare  this  velocity  with  that 
of  the  cnrrenty  after  it  was  completely  established, 
VL  Bossut  made  the  experiments  detailed  in  the  fol- 
lamDg  table,  in  which,  the  time  in  seconds,  of  passing 
over  certain  spaces,  are  shown  for  both  cases.    The 


former,  viz.  the  time,  in  the  first  case  was  shown  by  means  Hydnvlk 
of  the  little  wheels  above  mentioned ;  and  in  the  second ' 
by  the  aid  of  small  pieces  of  cork,  which  followed 
exactly  the  current.  The  first  portion  of  the  canal  was 
always  run  over  in  less  time  than  any  of  the  other  divi- 
sions, and  the  velocity  did  not  become  sensibly  uniform 
till  the  declivity  was  about  the  10th  part  of  Uie  length 
of  the  canal. 


TabL£  XIII.  continued, — ExpermetUs  made  in  order  to  compare  the  velocity  of  the  Jirst  portion  of  water  with 

that  of  the  estabHsked  current. 


NoofEzpe- 
ximeot 


XLIII. 


XLIV. 


XLV. 


XLVI. 


XLVII. 


XLVIII. 


XLIX. 


Dimensioni,  slope,  &c. 


Ft  In. 
Head  of  water  .  .    4  0 
Slope  -^  of  length 
Height  of  sluice  ..01 


Head  of  water  ...  4  0 
Slope  -j^  of  length 
Height  of  sluice  ..02 


Head  of  water  ...  2  0 
Slope  j^  of  length 
Height  of  sluice  ..01 


Head  of  water  ...  2  0 
Slope  -^  of  length 
Height  of  sluice  ..01 


First  water. 


Time  in  se- 
conds. 


Head  of  water  .  .  . 
Slope  -j^  of  lengdi 
Height  of  sluice  .  . 


,0. 

0 1  5 


Head  of  water  ...  1  0 
Slope  -^  of  length 
Height  of  sluice  ..02 


Head  of  water  ...  0  .4 
Slope  -jJ^  of  length 
Height  of  sluice  ..01 


Head  of  water  .  .  .  0 
Slope  -^Q  of  length 
Height  of  sluice  .  .  0 


1 

2    S 


10 

20  + 

31  - 

42  - 

62  + 

8 
17 
26 
35  - 

43  + 
62  - 

11 

23 

35 

46  + 

58 

69 

9 
19 
29 
39 
49 
58 

12  + 

25i 

39 

11  - 

22 

32^ 

15 
31 
47 

13i 
26| 
39| 


Number  of 
feet  run. 


100 
200 
300 
400 
500 
600 

100 
200 
300 
400 
500 
600 

100 
200 
300 
400 
500 
600 

100 
200 
300 
400 
500 
600 

100 
200 
300 

100 
200 
300 

100 
200 
300 

100 
200 
300 


Established  course. 


Time  in  se- 
conds. 


8 
17 
26 
35 

43  + 
52 

7 
14^ 
22 

29  + 
37  - 

44  + 

10 
20 
30 
40 
49 
58 

8  - 
16 
24 
32 
40 
48 

12 

23  + 
33 

9 

18  - 
27 

13 

26^ 

39^ 

Hi 

23 

33i 


Number  of 
feet  run. 


100 
200 
300 
400 
500 
600 

100 
200 
300 
400 
500 
600 

100 
200 
300 
400 
500 
600 

100 
200 
300 
400 
500 

6oa 

100 
200 
300 

100 
200 
300 

100 
200 
300 

100 
200 
300 


B^  a  comparison  of  these  results  with  each  other,  fact  must  necessarily  be  the  case ;  for  the  asperities 

it  iMB^appear  that  the  velocity  of  the  first  portion  of  and  other  inequalities  of  the  canal  being  the  same,  the 

th»  floia  is  always  less  than  that  of  the  established  water  issuing  always  from  the  same  sluice,  will  expe- 

t  and  that  the  one  has  to  the  other  a  ratio  that  is  rience  the  same  obstacles,  and  ought  to  establish  its 

'•ootlaat,  the  canal  rbetng  the  same.    This  in  course  regulariyandpermanently,  according  to  the  same 
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Hydrody-  law,  whatever  may  be  the  head  of  water  and  the  slope 
of  the  canal.     But  when  the  canals  are  not  the  same, 
'  we  cannot  expect  the  same  relation  will  obtain,  as  the 
primitive  velocities  in  two  different  canals  may  be  very 
unequal. 

When  the  slope  of  a  canal  is  very  small,  neither  the 
primitive  velocity  nor  the  established  velocity  will  be 
uniform  at  all  distances  ;  and  difl'erent  canals  will  re- 
quire different  slopes  to  produce  an  uniform  current. 
In  that  employed  by  M.  Bossut,  he  found  that  ueither 
the  primitive  nor  permanent  velocity  could  be  rendered 
uniform,  till  the  slope  amounted  to  about  -j^^th  part 
of  the  length  of  the  canal.  And  even  with  this  nlope, 
the  first  division  of  it  was  passed  over  in  less  time  than 
any  of  the  others. 

§  IX.   Application  of  the  preceding  experimehtal  data  to 
the  determination  of  general  fonnulce, 

Investiga-  122.  In  this  investigation  we  shall  follow  the  steps 
tionof gene-  of  Du  Buat,  and  assume  as  a  general  principle,  that 
""  whether  in  pipes,  or  in  open  canals,  such  a  slope  may 
be  found  that  the  water  will  flow  uniformly  in  them ; 
and  that  when  this  uniformity  is  obtained,  the  accele- 
rating force  of  gravity  is  exactly  equal  to  the  resistances 
which  the  fluid  experiences  from  the  friction  against 
the  sides  of  the  pipe  or  canal,  and  the  natural  viscidity 
of  the  fluid  itself. 

Let  s  denote  that  part  of  the  length  of  any  pipe 

whose  declivity  is  one  inch;  that  is,  let  —  denote  the 

ratio  of  the  perpendicular  of  a  right  angled  triangle 
to  the  hypothenuse;  this  ratio  being  such,  that  Qie 
velocity  of  the  fluid  is  uniform.  Call  the  velocity  V  ; 
and  conceive  the  head  of  water  which  produces  this 
velocity  to  be  divided  into  two  parts  ;  the  one  that 
which  would  be  necessary,  independent  of  friction,  to 
produce  the  given  velocity,  and  the  other  will  then  be 
that  part  of  the  head  that  is  employed  in  overcoming 
the  resistances  only. 

We  have  seen  (art.  83)  that  in  short  additional 
tubes  V  =  6-504  ^  Rfeet; 

whence,  supposing  H  to  be  expressed  in  inches,  we 
have  V  =  6-504  >/  12  x   >/  H, 

^^  "  =  495^6- 

This,  therefore,  is  the  height  of  the  head  of  water 
due  to  the  velocity  V,  and  the  remainder  after  this  de- 
duction must  be  considered  as  a  declivity  to  be  distri- 
buted over  the  whole  length  of  the  pipe ;  calling,  there- 
fore, the  whole  length  of  the  pipe  /,  and  the  height 
of  the  head  of  water  H  -f  D,  that  is,  supposing  D  to 
denote  the  remainder  after  deducting  H,  we  shall  have 

If  we  now  consider  the  resistances  which  bring  the 
velocity  of  the  stream  to  uniformity,  we  shall  find  that 
they  ought  to  be  proportional  to  the  square  of  the 
velocity  ;  for  while  the  impulses  on  all  the  asperities 
of  the  pipe  are  as  the  velocity,  the  number  of  striking 
particles  will  be  also  in  the  same  proportion.     We  may 

therefore  express  the  resistances  by  the  symbol  —  ,  m 

being  some  number  to  be  determined  by  experiment. 
If  '^  ^  be  takeu  to  denote  the  accelerating  force  of 


gravity  on  any  particle,  — ^  will  be  the  accelerating^ 

power,  by  which  it  would  urge  it  down  the  pipe,  whose 

slope  is — ;  whence,  by  the  principle  of  uniform  motion, 

or  the  equality  of  the  accelerating  force  and  the  resist- 
ance, we  shall  have 


Yl=:li: 


y  otY  ^  s  zz  s/  2gm. 


1am 


assumes  is 


V  = 


Therefore,  the  product  of  the  uniform  velocity  into  «l  1 
the  square  root  of  the  reciprocal  of  the  square  root  of 
the  slope  is  a  constant  quantity  =  ^/  2  ^  m,  for  any 
given  pipe,  and  the  primary  formula  for  all  the  unifonn 
velocities  of  one  and  the  same  pipe  is 
v^2gm 

~^' 

By  comparing  this  formula  with  the  results  of  expe- 
riments, Du  Buat  found,  tliat  even  with  respect  to  a 
pipe  or  canal,  which  was  uniform  throughout,  this  was 
not  true.  He  found,  in  the  first  place,  diat  in  the  same 
canal,  the  product  V  ^  s  increased  faster  than  V  « ; 
that  is,  that  the  velocity  increased  more  rapidly  than 
the  square  root  of  the  reciprocal  of  the  slope ;  in  fact, 
that  the  resistances  did  not  increase  in  the  ratio  of  the 
square  of  the  velocity,  a  remark  which  we  have  made 
in  two  or  three  places,  in  detailing  the  experiments  of 
M.  Bossut. 

123.  Du  Buat,  therefore,  next  endeavoured  to  de- 
termine some  constant  function  of  «,  which,  by  ad- 
dition or  subtraction,  should  render  the  equation  more 
consistent  with  actual  practice.     The  formula  which  he 

X     • 

X  denoting  any  function  of  s ;  and  after  numerous 
trials  and  reflections,  he  found  a  value  of  X,  which 
corresponded  with  a  great  variety  of  slopes  and  velo- 
cities, from  motions  almost  imperceptible  to  the  greatest 
velocities  which  could  be  produced  by  gravity  alone  in 
a  vertical  pipe,  and  when  he  compared  them  together, 
he  found  a  very  evident  relation  between  the  resistances 
and  the  magnitudes  of  the  section.  That  is,  in  two 
canals,  which  had  the  same  slope  and  the  same  head  of 
water,  the  velocity  was  greatest  in  the  canal  which 
had  the  greatest  section  relative  to  its  perimeter;  this 
also  might  have  been  expected,  d  priori,  and  we  have 
seen  it  obviously  marked  in  the  experiments  previously 
detailed. 

It  is  therefore  evident,  that  the  resistance  of  each 
particle  is  in  the  direct  proportion  of  the  whole  resist- 
ance, and  in  the  inverse  proportion  of  the  number  of 
particles  which  receives  equal  shares  of  it;  consequently 
It  is  as  the  perimeter  directly,  and  as  the  section  in- 

versely.  Therefore,  in  the  expression  —  above  assumed, 

the  quantity  m  can  only  be  constant  in  the  same 
pipe  or  canal :  in  diflerent  pipes  it  will  vary  with  the 
relation  of  the  section  to  the  perimeter,  because  we 
have  seen  that  the  resistances  diminish  in  proportion 
as  this  relation  increases. 

In  cyhndric  pipes  the  section  is  the  area  of  a  circle, 
and  the  perimeter  of  the  section  is  the  circumference  of 
the  circle,  and  the  quotient  arismg  from  dividing  the 
one  by  the  other  is  equal  to  one-half  of  the  nuUiis. 
In  rectangular  pipes  or  canals,  and  even  in  irregular. 
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ij-  chtimelf  9  there  is  still  some  line  which,  multiplied  by 
^  the  perimeter  of  the  section,  will  give  an  area  equal  to 
^  the  area  of  the  section,  as  in  the  circle  the  product  of 
^  half  the  radius  by  the  circumference  is  equal  to  the 
l^area  of  the  circle  ;  this  line  Du  Buat  denominates  the 
mean  radius,  and  it  is  called  by  Dr.  Robison  the  Hy- 
dnnlic  mean  depth. 

Denoting  this  mean  depth  by  d^  since  the  resistances 
increase  as  the  ratio  of  the  perimeter  to  the  area  of  the 
lection  increases,  the  quantity  m  ought  to  be  propor- 
tional to  df  and  consequently  >/(/  ought  to  be  propor- 
tional to  1^2  gm,  and  therefore  in  every  case  the  ex- 
pression — j^—  shodld  be  a  constant  quantity. 

li4.  Du  Buat,  however,  found  by  examining  this 
formula  with  the  result  of  actual  experiment,  that 
•J^mg  was  neither  proportional  to  ^ d,  nor  to  any 
power  or  root  of  d,  but  that  it  increased  less  and  less 
in  proportion  as  the  square  root  of  d  increased.  In 
irery  great  beds  of  channels,  indeed,  the  above  propor- 
tion nearly  obtained,  but  it  would  not  answer  in  cases 
of  less  magnitude.  This  led  the  author  to  consider, 
that  by  diminishing  d  by  b.  small  quantity,  such  as 
would  make  no  sensible  alterations  in  canals  of  great 
extent,  but  which  would,  notwithstanding,  become 
sensible  in  others  of  less  dimensions,  he  might  at  least 
^proximate  to  the  actual  value,  and,  after  many  com- 
parisons, he  found,  that  if  in  every  case  >/c^be  dimi- 
nished by  0-1  of  an  inch,  the  calculated  discharges 
woold  agree  very  exactly  with  the  results  of  experi- 
ment Instead,  therefore,  of  ^/{/,  he  makes  use  of 
>yd  "^  0*1,  and  finds  this  quantity  always  proportional 

(0  v^2  m  ^;  that  is,  he  finds    *;,    *^/,  =  a  constant 

is/d  —  0*1 

fKOM^,  or  xtrtf  nearly  so  ;  its  utmost  limits  being  be- 
tween 297  and  287  in  all  sections,  from  that  of  a  very 
small  pipe  to  that  of  a  small  canal.  In  the  larger 
canals  and  rivers  it  diminishes  still  more,  but  is  in  no 
case  less  than  256. 

If  we  assume  the  former  number,  viz.  297,  we  shall 
hare  for  the  resulting  equation 

^^"^^    ^  297 
297* 

88209 


or 


m  zz 


362 


the  French  value  of  g,  viz.  15^  feet,  or  181  inches, 

beiDg  here  retained  in  order  to  follow  the  author  the 

better  in  his  subsequent  comparisons. 

88209 
Or,  if  we  make  '    =  243*7  =:  n,  we  may  write 

the  above  value  of  m, 

m  =:  ii(v/rf—  O-l)*; 

«e  resistance,  therefore,  which  was  expressed  by  — , 

•^   m 

^  now  become 

R^_  J! 

n(^/(/-0•l)»' 
^ww  s  is  an  invariable  abstract  number,  given  by  the 
]^*orc  of  the  resistance  which  water  sustains  from  its 
W,  and  which  indicates  its  intensity. 
Lastly,  since  m  =  n  (>/rf  —  0-1)', 
^lave    V2jfm=:  v' 2m^(v^d— 0-1); 


V  = 


and  the  expression  for  the  velocity  V  which  water  ac-  H^di-anlicf. 
quires,  and  maintains  along  any  channel  whatever,  ^*^*v^^^ 
now  becomes  InvettigB- 

X 

m  which  X  is  a  variable  quantity,  but  some  constant 

function  of  the  slope  — . 

We  shall  not  follow  M.  Du  Buat  in  his  determination 
of  this  function ;  we  shall  merely  state  that  upon  the  sup- 
position, 1st,  that  X  must  be  sensibly  proportional  to 
^/«,  when  8  is  very  great;  2d,  that  it  must  in  all  cases 
be  less  than  ^s;  3d,  that  it  must  deviate  from  the 
proportion  of  >/«  so  much  the  more  as  s  is  smaller ; 
4th,  that  it  must  not  vanish  when  the  velocity  in  in- 
finite ;  and,  finally,  that  it  ought  to  agree  with  any 
series  of  well  conducted  experiments,  for  every  variety 
of  channels  and  slopes,  M.  Du  Buat  found  these  con- 
ditions would  be  fulfilled  by  taking 

X  =  >/*  -  hyp.  log.  ^(s  +1-6); 
so  that,  substituting  this  in  our  preceding  formula,  we 
shall  have 

297(^/rf--0•l) 


or 


V  = 


V  = 


V*  —  h.  1.  >/(* -f  1-6)  • 
297(^/(/-0•l) 


V«-^h.l.  («H-  1-6)* 

125.  This  point  being  established,  our  author  next 
supposes  that  there  is  a  constant  portion  of  the  acce- 
lerating force  employed  in  overcoming  the  viscidity  of 
the  fluid  and  producing  the  mutual  separation  of  its 
filaments. 

We  may  express  this  part  of  the  accelerating  force 

by  —  part  of  that  slope  which  constitutes  the  whole  of 

it.  If  this  were  not  employed  in  overcoming  the  re- 
sistance it  would  produce  a  velocity,  which  (on  account 
of  the  resistance)  is  not  produced.  So  that  in  rea- 
soning upon  this,  as  we  did  upon  the  real  velocity, 
its  value  will  be 

^/2ngr(^(f^0>l) 

VS-h.l.  v^S      ' 
a  quantity  which  must  always  be  subtracted  from  the 
velocity  already  determined. 

Hence  we  shall  have 

y,,  N/2>ig(v/(/-01)        s/2ng{^d^0'\) 

V«— h.l.v^(*-fl-6)  ^/S  — h.l.  v^S     ' 

or 

In  this  formula,  the  latter  term  being  composed  only 
of  constant  quantities,  viz.  S,  n,  and  g,  it  may  be 
expressed  by  a  single  letter  or  number ;  the  value  of 
which,  as  determined  firom  numerous  comparisons  and 
experiments,  was  found  by  Du  Buat  to  be  =  0*3  of 
an  inch,  very  nearly ;  and  by  substituting  this  value,  our 
latter  equation  become 


V  =  (Vrf-01)  X 


\  s/s-" 


s/2ng 


>/*  — h.l.  v^(jr-f  1-6) 


-.}, 


or 


V  = 


_  _s^^gU/rf ~Ovl) 


-.3(v/</-0-l). 


>/*  — h.l.  V(*  4-1-6) 

If  we  replace  g  by  its  numerical  value  in  French  and 
English  inches,  the  above  becomes 


232 


HYDRODYNAMTCS. 


flsmiet.      ^  — 


297(v^i/-0-l) 


Fiiiia» 
pTOMion  for 

lherelocitj« 


V  =       307(^rf-0-l)       _  .3  0  , 

>/«  — h.l.  x/(«  H- 1-b)  ^^  ^       ^ 

It  may  be  convenient  to  recall  here  to  the  recollec- 
tion of  the  reader  the  quantities  which  the  letters  in 
these  formulee  are  intended  to  represent,  viz. 

V  is  the  mean  velocity  in  inches  per  second  of  any 
current  of  water  running  uniformly,  in  a  pipe  or  open 
canal,  whose  section,  ti^re,  and  slope,  are  constant, 
but  its  length  indefinite. 

d  is  the  mean  radius,  or  hydraulic  mean  depth ;  that 
is,  the  quotient  arising  from  dividing  the  section  of  the 
pipe  or  canal,  in  square  inches,  by  its  perimeter,  ex- 
,  pressed  in  linear  inches. 

s  is  the  slope  of  the  pipe,  or  of  the  surface  of  the 
current,  being  the  denominator  of  the  fraction  express- 
ing the  ratio  between  the  sine  and  radius  of  the  angle 
of  the  pipe's  inclination  from  the  horizontal  level ;  and 
it  is  found  by  dividing  the  whole  length  of  the  pipe  by 
the  height  of  the  fluid  which  remains,  after  deducting 
that  which  would  be  sufficient  to  produce  (independent 
of  resistance)  the  uniform  velocity ;  or  by  dividing  the 
whole  length  of  the  pipe  by  the  di^erencc  in  the  hori- 
zontal levels  of  its  two  extremities. 

g  denotes  the  space  through  which  a  heavy  body 
descends  in  the  first  second  by  the  force  of  gravity  in 
inches;  it  is  therefore  =  182  French  inches,  or  193 
English. 

fi  is  an  abstract  number,  determined  by  experiment 
to  be  =z  243-7. 


h,  L  represents  the  hyperbolic  logarithm  of  any  num- 
ber or  quantity  to  which  it  is  prefixed,  and  may  be 
found  when  a  table  of  these  numbers^  is  not  at  hand, 
by  multiplying  the  common  logarithm  of  any  number 
by  2-3026.* 

126.  The  following  table  contains  the  result  of  the 
actual  experiments,  from  which  the  above  formoln 
were  deduced,  and  the  comparison  of  the  real  velocities 
with  the  velocities  computed  by  the  formula  apper- 
taining  to  it. 

It  consists  of  two  distinct  sets,  the  first  on  pipes, 
and  the  second  on  rivers  and  canals.  In  the  first  set, 
column  1,  contains  the  number  of  the  experiment;  the 
second  the  length  of  the  tube,  the  third  the  height  oi 
the  reservoir,  the  fourth  the  values  of  s  deduced  from 
the  second  and  third  columns ;  the  filUi  shows  the  6b* 
served  velocities,  and  the  sixth  the  velocities  as  cal- 
culated from  the  formula. 

In  the  second  set,  column  2  gives  the  area  of  tba 
section  of  the  channel ;  the  third  the  perimeter  of  the 
section  in  contact  with  the  water ;  the  fourth  V  </,  of 
the  square  root  of  the  mean  radius ;  the  5th  the  de- 
nominator s  of  the  slope ;  the  sixth  the  observed  mean 
velocities ;  and  the  seventh  the  mean  velocities  by  the 
formula. 

In  the  last  ten  experiments  on  large  canals  aad  s 
natural  slope,  the  sixth  column  shows  the  obserrcid 
velocities  at  the  surface. 


*  Tlic  most  extemiTe  table  of  hyperbolic  iogaritlmis  yet  pmh 
lisbed,  is  that  given  in  Barlow's  Mathematical  TaUes,  containing  4. 1 
of  all  uamben  from  1  to  10,000. 


Table  XIV.  Containing  a  comparison  of  the  velocities  calculated  by  Da  Buafs  formula y  with  the  velocities  ohservet 
in  the  experiments  of'  Couplet ^  Bossut,  and  Du  Buat,  on  pipes y  canals,  and  rivers. 


EXPERIHEKTS  OX  PIPES. 

Experiments  of  Du  Buat.     Pipe  ^s  of  a  line  in  diameter  placed  vertically. 

^d=.  0-117851. 


Comparison 
of  theoreti- 
cal and  ex- 
perimental 
Telocitics. 


N<»  of  experi- 
ment. 

Length  of  pijie 
ia  inches. 

Height  of  reser- 
voir in  iuches. 

Values  of  t  in 
inches. 

Observed   velo- 
cities  in  inches. 

Calculated  from 
the  formula,  in 
inches. 

1 

2 

12 
12 

16166 
13125 

0-75636 
0-9307 

11-704 
9-753 

12-006 
10-576 

Pipe  H  line  in  diameter,  placed  vertically, 
s/  d-  0-176776. 

3 

4 
5 
6 

34-166 
34166 
34-166 
34-166 

42-166 
38-333 
36-666 
35-333 

0-9062 
0-9951 
1-0396 
1  07805 

45-468 
43-156 
42-385 
41-614 

46-210 
43-721 
42-612 
41-714 

Same  pipe  horizontal. 

7 

8 

9 

10 

34-166 
34-166 
34-166 
34-166 

14-583 
9-292 
5-292 
2-083 

2-5838 
4-0367 
7-03597 
17-6378 

26-202 

21-064 

14-642 

7-320 

25-523 

19-882 

14-447 

2-351 

HTDRODYNAMICS. 


Noofcxpcri- 
ment. 


II 
12 
13 
14 


15 


16 
17 
18 
19 


27 


Pipe  2  ^ineM  in  diumeter,  placed  vertically. 
^  dzn  0-204124. 


Length  of  pipe 
in  inches. 


36-25 
36-25 
36-25 
36-25 


Height  oif  rescr- 
vcirin  inches. 


51-250 
45-250 
41-916 
38-750 


Values  of  J  in 
indiba. 


0-854509 
0-963382 
1-038080 
1 -120473 


Obsenred    relo- 
cities  in  indues. 


67-373 
59-605 
57-220 
54-186 


Calculated  from 
the  forronla  in 
inches.     . 


Same  pipe  with  a  slgpe  <^Y^Q^^ 


36-25 


33-500 


1-291741 


51-151 


Same  pipe  horiiontal*' 


36-25 
36-25 
36-25 
36-25 


15-292 
8-875 
5-292 
2-042 


2-79005 

4-76076 

7-89587 

20-01636 


33-378 
25-430 
19-940 
10-620 


Pipe  2-9  tines  in  diofheter^  placed  vertically. 
~      m/  rf=  0-245798. 


20 

36-26 

21 

36-25 

22 

36-25 

23 

36-25 

94 

36-25 

25 

36-25 

26 

36-25 

63-250 
50-250 
48-333 
48-333 
47-916 
44-750 
41-250 


0-952348 
1-006424 
1-044400 
1-044400 
1-052952 
1-124052 
1-215688 


85-769 
82:471 
81-646 
79-943 
81-027 
76-079 
73-811 


Same  pipe  uith  a  slope 


1 


1-3024 


36-25 


37-500 


1-332332 


70-822 


Same  pipe  horizontal. 


28 

36-25 

29 

36-25 

30 

36-25 

31 

36-25 

32 

36-25 

33 

36-25 

34 

36-25 

35 

36-25 

36 

36-25 

37 

36-25 

38 

36-25 

0-166 

2-43034 

51-956 

50-140 

9-083 

5-26858 

33-577 

32-442 

7-361 

6-45035 

28-658 

28-801 

5^00 

9-35730 

23-401 

23-195 

4-916 

9-50972 

22-989  • 

22-974 

4-833 

9-66522 

21-679 

22-754 

3-708 

12-4624 

19-587 

19-550 

2-713 

16-3135 

16-631 

16-324 

2-083 

21-6639 

14-295 

14-003 

1-625 

27-5102 

12-680 

12115 

0-833 

52-3427 

7-577 

8-216 

64-945 
60-428 
57-838 
55-321 


50-983 


33-167 
24-553 
18-313 
10-492 


^6-201 
82-461 

80-698 

8O-3I8 
77-318 
73-904 


70-138 


28a 


Hjdrtttlics. 


vox.. 


ixi. 


n 


2M 


Hjitaij. 


Tabi«  XIV% — emtUmud. 


oftheoffed- 
cal  and  ex- 
perimental 
^ciooities. 


Pipel  tfioA  m  diameter^  hwitumial^  ^/  d^  0-5. 

N«  of  experi- 
ment 

Length  of  pipe 
ininche*. 

Hd^toffeier- 
voir  in  inches. 

Vahiei  of  j  in 
inches. 

Observed  velo- 
cities  in  inches. 

Calcolated  from 
the  ibrmulft  in 
-incbesa 

39 

117 

36-000 

5-65026 

84-945 

85-524 

40 

117 

26-666 

7-48002 

71-301 

72-617 

41* 

138-5 

20-950 

10-32149 

58-808 

60034 

42 

117 

18-000 

10-78798 

58-310 

58-473 

43* 

138-5 

6-000 

33-19623 

29-341 

29-663 

.44* 

737 

23-700 

33-66578 

28-669 

29-412 

45      . 

737 

14-600 

54-26340 

21-856 

22-0^ 

46 

737 

13-700 

57-77718 

20-970 

21-240 

47 

737 

12-320 

64-15725 

19-991 

19-950 

48 
49» 

737 
737 

8-96    ) 
8-96    5 

87-86790 

16-625  ) 
16-284  5 

16-543 

50» 

737 

7-780      . 

101-0309 

15-112 

15-232 

51» 

737 

5-930 

132-1617 

13-315 

13-005 

52* 
53» 

737 

737 

4*20    ) 
4-20    5 

1860037 

10-671  ) 
10-441  5 

10-656 

54* 

J  38-5 

0-700 

257-8663 

8-689 

8-824 

55* 

737 

0-500 

1540^6 

3-623 

3-2T8 

56 

737                    0-160 

5113-42 

1-589 

1-647 

UvU.—'bi  the 

experiments  naifced  with  an  atterisk,  the  pipe  diieharg 
experimeMt  it  4iiobarged  itMlf  into  i 

«d  itself  into  watei 
lir. 

r.    In  aU  the  other 

• 

Experimaiti  of  Bossut. 
Horizontal  pipe  1  inch  in  diameter,  ^ 

d  =  0-5. 

57 

600 

12 

54-5966 

22-282 

21-975 

^ 

600 

-4 

1^1-3120 

12-223 

11-576 

fipe  If  inch,  in  tfiameter,  horizontal,  s/  d 

=  0-57735. 

59 

360 

24 

190781 

48-534 

49-515 

60 

720 

24 

33-6166 

34-473 

35-130 

61 

360 

12 

37-0828 

33-160 

33106 

m. 

.1080 

24 

48-354X6 

28-075 

28-211 

63 

1440 

24 

64-1806 

24-004 

24-023 

64 

720 

12 

66-3020 

23-360 

23-345 

65 

1800 

•..?4:' 

78-05318 

21-032 

21182 

66 

2160 

24 

92-9474 

18-896 

19096 

67 

1080 

12 

95-87567 

18-943 

18-749 

68 

1440 

12 

125-6007 

16-128 

15-991 

69 

1600 

12 

156-4015 

14-066 

14- H« 

70 

2160 

.12 

185-2487 

12-560 

12-750 

Pipe  2*01  inehet  in  ^ameter,  horitontal,  ^/  d 

=  0-7088723. 

'71 

360 

24 

21-47087 

58-903 

58-803 

72 

720 

,^4 

35-80824 

43000 

43136 

73 

360 

12 

41-27586 

40-322 

39-587 

:74 

1080 

24 

50-41193 

35-765 

35096 

75 

1440 

:24 

65-1448 

30-896 

30096 

76 

720 

12 

70-14263 

29-215 

29-796 

77 

1800     , 

24        . 

79-84866 

27-470 

26-639 

78 

2160 

24 

94  79006 

27-731 

24-079 

79 

1080     . 

12    . 

99-4979 

23-806 

23-400 

80 

1440 

12 

129-0727 

20-707 

20-076 

81 

1800 

12 

158'75116 

18-304 

17-788 

82 

2160 

12 

188-5179 

16-377 

16097 

B 

€3 


■i. 
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tm 


Experiment*  of  CovTJ.tT,  at  FersoiUet. 

Pipe  5  inches  in  diameter^  tnth  variout  bendings. 

^/(f  =  1-118034. 

N'ofexperi- 

Length  of  pipe 

Height  of  leser- 

Values  of  sin 

Observed  velo- 

CalCTilated fwan 
the  Ibronilft  in 

neot. 

inbtehes. 

Toir  in  inches. 

inches. 

cities  in  inches. 

inches. 

83 

84-240 

26-000 

3378-26 

5-323 

5-287 

84 

84-240 

24-000 

3618-98 

5-213 

5168, 

85 

84-240 

21-083 

4005-66 

4-806 

4-887 

86 

84'240 

16-750 

6041-61 

4-127 

4-225 

87 

84-240 

11-333 

7450  42 

3154 

3-388 

88 

84-240 

6-583 

15119-96 

2-010 

2-254 

Pipe  IS  ifu:kes  in  diameter ftdtktmvm  tendings, 

V(f=  2-12132. 

,,       .-...1                           ._._              .-         ..       -,     1 

89 

43-200 

145083 

304-9734     , 

39-159 

40-510 

ZXPEEIKEKTS   WITH   A   irOODEK    CAKAL. ' 

,      .     Trapezivtiteatidl^     .i.. ..-.  ■         ■■ .;    ■<...■■>  ••.:..• 

■•.in,    i.-.  1.  .        •         .  .     .                                   '■■ 

r!  ( 

t 

Vol 
experi' 
aent 

AreaoTAeMtv 
'.  tion  of  Um 
oiiuIJii  inctiM. 

P«riBtei«rQ<)o*t 
nal  in  contact 
tact  with  the 

wftier  til  luulici. 

ITm:;  ■ 

'Values  of  ^<r 
^.i^che».<     . 

'  i.i,  . 

r.':  VataM-  ■ 

MeaMofaknw 
.    vdoeity.: 

'.1 

1     Oaknlatoi. 

I 

-     90 

18-84 

13-06';' 

.1-309OT" 

,  2,12 

.      27-51 

•  27^19' 

91 

50-60 

29-50   , 

^    ^^21^ 

■     28-98 

'•    W^SS- 

"' 

92 

83-43 

■  26-00' 

1-,79130    , 

.-      442 

,      27-W  ■ 
'     "18«8 

■-■•  28i5S''' 

^ 

''     93 

27-50' 

'  '  1*31" 

•      1-35290    ' 

45i7  • 

20^35 

. 

94 

3d'36' 

I8-1'3 

■■     'j-57359 

.-427     ■ 

20-30 

22^71 

9* 

50-44 

■20-137  • 

'       427 

22-37' 

24-37 

816 

■     56-43 

21*50 

1-62007 

427 

23-54 

25-14 

91- 

"   58-74 

28-25 

1-86955 

432 

28-29 

29-06 

J 

98 

100-74' 

•  28'53 

.      1-87910    • 

7'  48a 

'.    38-6a 

28-23 

99 

119-58' 

m-oe 

'  '  I'9fe2l9  . 

432 

.30-16 

30-60 

100 

■in-^cf ' 

3H1 

•1-98866  ' 

432 

'     31-58 

31-03  . 

101 

130-71- 

94-47^ 

•1-00637 

432  • 

■      31'89 

32-32 

102  ' 

135-*?  ■• 

V  38-03 

1-05407 

•  •■  '4d2    - 

3fe'32 

31-61 

103 

20-83 

'     13=62 

1-28667 

1728 

8-94 

8-58 

104 

34-37 

17K)0 

1-42188 

1728 

6-71 

9-98 

105 

36-77 

17-56 

'      1-44708 

1728 

11-45 

10-17 

106 

42-01 

18-69 

.  1-49924             1728 

12'34 

10-53 

Rectangular  canaL 

107 

'     34-50 

21-25 

1-27418 

458 

20-24 

18-66 

108 

86-25 

27-25 

1-77908 

458 

,      28-29 

-     26-69 

109 

34-50 

21-25 

1-27418 

929 

13-56 

11-53 

110 

35-22 

21-33 

1-28499 

1412 

9-10 

1^01 

111 

51-75 

23-25 

1-49191 

1412 

12-10  • 

11-76 

112 

76- 19 

2608 

1-70921 

1412 

14-17 

13-59 

113 

105-78 

2917 

1-90427 

1412 

15-55 

16-24 

114 
115 

69-00 

25-26 

1-65308 

9288 

4-69 

4-46 

155-25 

35-25 

2-098Q8 

9288 

5-70 

6-86 

H^drauHcA. 

Couplet*» 
eipMimenls 
PB  pipes. 


Ekpeii- 


2u  2 
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Table  XIV.— continue  J, 


By4 


CoiBpttiffm 

uf-tbeoietl. 

caluidex. 

perfanentel 

velocities. 


EXPERIMENTS  ON   RIVERS  AND  CANALS. 

Experiments  on  the  canal  of  Jard. 

N«  of 
experi- 
ment 

Area  of  the 

section  of 

canal. 

Perimeter  of 

cauai  in  con- 

Uct  with  the 

water. 

Values  of 

Values 
off. 

Observed 
velocities. 

Computed 
velocities. 

116 
117 
118 
119 
120 
121 

16252 
11905 
10475 

7858 

7376 

6125    , 

402 
366 
360 
340 
337 
324 

6-3583 
5-7032 
5-3942 
4-8074 
4-6784 
4-3475 

8919 
11520 
15360 
.  21827 
27648 
27648 

17-43 

12-17 

15-74 

.    9-61 

7-79 

7f27 

18-77 

14-52 

11*61 

6*38 

7*07 

6-55 

Experhntnis  on  the  rktr  Hayne. 

experi- 
ment 

Area  of  the 

section  of  the 

river. 

Border  ip 
contact  with 
the  water. 

Values  of 

Values 
off. 

Observed  ve. 

locfty  at  the 

sur&ce. 

Calculated 
mean  velocity. 

122    ' 
123 
124 
125 

31498 
38838 

39639 

569 
601     ■ 
568 
604 

7-43974    - 
•8-03879 
-  7-37632^ 
8-10108 

---604B 

6413 

32951 

35723 

-35-11 
31-77 
13-61 
15-96 

27-62 
28-76 
10-08 
10-53 

127.  The  striking  coincidence  between  most'pf  .Uie,. 
preceding  calculated  and  observed  velocities,  is  a  stinone 
indication  of  the  accuracy  of  thft  eqaattons  by  whicn^ 
the  former  are  compated ;  at  the  same  tim^.  it  must  be', 
acknowledged,  that  it  does  not  possess  that  simplicity- 
of  construction,  nor  facility  of  applioation  so  desirable 
in  analytical  fonnulee. 

In  the  first  place  we  may  observe,  that  iathe  eqaaticoi 
vr^      V2ny(Vd-0-l)  .  . 

^-  V.-h.log.VC^-M^""^^^""    ^^ 
s  is  itself  a  function  of  V,  and  of  H',  the  height  of 
the  head  of  water. 

For  it  is  obvious  from  the  nature  of  our  investiga- 
tion that  — ,  the  slope  of  the  pipe,  depends  upon  the 

part  of  the  head  of  water,  which  remains  after  that 
portion  has  been  deducted  which  is  equivalent  to  the 
production  of  the  given  velocity:  this  height  we  have 

V* 

found  (art.  122)  to  be  H  =  ^^, 

^"  "-"goS"' 

according  to  the  determination  of  Du  Buat. 
Wherefore,  what  we  have  denoted  by  D,  article  (122) 
V* 

'*  ^  =  ^'-"505' 

H'  denoting  the  whole  head  of  water. 

«  •        D         1  / 

Hence,  since  — -  =  — ,  or  *  =  tt 


neral  ^formula,  substitute 


505/ 


505  H' 


iristead  of  <; 


/ 


D 


505/ 


^^^^"^  ^=505H'-V»' 

consequently,  when  only  the  dimensions  of  the  pipe 

and  the  head  of  water  are  given,  we  must,  in  the  ge- 


wh^nce  this' formnla  becomes 

^^^        ':■-  ^/2il^(V'rf-0'l)    

Vl^505V^V'  -  ^•^^^•V^(505:H'.iv«  "*"  ^'^) 
-•3(^(1.;.  01); 

where  it  is  .evident  tihat  we  can  only  determine  V  by  a 
very  tiresome  aad  lat)orious  approximation^ 

while,  therefore,  we  cordially  ioii^  -with  :Dr.  Robison 
and  others  in  our  admiration  of  the  ^11  and  ingenuity 
by  which  these  results  were  obtained,  we  must  qualify 
our  approbation,  with  respect  to  the  ,utility  of  them. 
Even  in  the  comparison  91  apy  give^  experiment  with 
the  computed  result,  for  which  the  ^neral  formula  is 
morepeculiarlyadapted,  k  has  been.Qi6ught  necessary 
to  comput^  extensive  tobies  of  the  value  of  the  ex- 
pression >/<«  —  h.  log.  %/(«  4-  1 '6)  fof  different  values 
ots;  but  in  the  natuiul  case,  viz.  wherel  the  dimensions 
of  the  pipe  and  the  head  of  water  only  are  given  to 
determme  the  discharge,  these  tables  are  of  little  or 
no  use,  and  the  problem  itself  becomes  one  of  great 
difficulty. 

There  are,  however,  some  cases  in  which  we  may 
avail  ourselves  of  the  original  formula^  without  much 
danger  of  error,  viz.  where  the  pipe  is  of  very  consi- 
derable length,  and  the  velocity  of  disc4iarge  in  conse- 
Suence  very  small :  in  these  cases  the  subtraction  of 
!ie  head  or  water  appertaining  to  the  actual  discharge 
will  almost  disappear,  in  comparison]  with  the  whole 
head,  and  we  may  thereffore  divide  the  whole  length  of 
the  pipe  by  the  entire  diflference  pf  *Wvel  between  the 
surface  of  the  reservoir  and  the  point  of  discharge,  for 
our  value  of  s^  as  in  the  following  examples ; 
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Practical  Examples. 

^      128.  Exam.  1.  Let  it  be  required  to  determine  the 

h^  Telocity  and  quantity  of  discharge    through    a   pipe 

'•'  14930  feet  in  length,  ite  diameter  being    ^  inches, 

and  the  slope  of  the  pipe  to  the  point  of  delivery  51 

feet. 

4*  1  51 

In  this  example  d  =  -~  =  1'125,  and —  =:— r-  —  , 

or  «  =  292-745; 

^/t  =z  17-11,  *   -f.   1-6  =  294-345,  and  J  h.  log. 
294-345  =  2-643063 ; 
whence  the  denominator  of  our  formula    ^ 
307(v^rf  — 0-1) 


V  = 


-o-scvrf-o-i). 


V<  —  h.  log.  ^/(«  +  1.6) 
becomes  17-11  -  2-643063  =r  14-466937. 

Again,  ^/  </  =  V  1125  =  1-06066,  and  V  d—  0-1 
=   -96066; 
consequendy  our  numerator  is 

307  X  -96066  =  294-92262, 
and  .3  X  (>/  d  -  0-1)  =  -288196; 

therefore 

307  (  v^  <f  —  0-1)      _  294-92262 

V*  — h.log.^/(»-h  16)—  14-466937 

Wherefore  from  20-67300 

Subtracting  3  (^/  d  —  0-1)  =:      -28819 


:  20-673; 


There  remains  V  =:  20-3848 1 

The  area  of  the  orifice  is  (4 J)*  x  '7854  =  15-9043; 
20-3848  x  15-9043  x  60 


therefore 


-=11-257  cubic 


1728 
feet,  the  discharge  per  minute. 

llie  numbers  given  in  the  above  example  are  those 
actually  appertaining  to  one  of  the  pipes  which  supply 
the  city  of  Edinburgh  with  water,  and  the  actual  supply 
of  this  pipe  at  its  maximum  is  11-333  cubic  feet  per 
minute;  the  error,  therefore,  between  the  actual  and 
oomputed  discharge  is  very  inconsiderable. 

It  is  however  to  be  observed,  that  in  consequence 
of  our  having  determined  the  value  of  s,  by  dividing 
the  whole  length  by  the  whole  height,  instead  of 
diTidhig  the  former  by  the  latter,  reduced  for  the 
height  due  to  the  velocity  of  discharge,  «  is  a  little 
less  than  it  ought  to  be,  which  defect  entering  into 
the  denominator,  gives  the  velocity  rather  greater  than 
it  ought  to  be.  This  correction  being  made,tiierefore, 
our  approximation  would  not  be  quite  so  close  as  we 
have  found  it 

Exam.  2.  As  another  case,  suppose  the  length  of  a 
pipe  to  be  21350  feet,  its  diameter  7  inches,  and  the 
h^A  of  water  222  feet,  to  find  its  delivery  per  minute. 
r   Here  d  =  i,  and  V  d  -  0-1  =:  1-2228,  and 
21350 
'  =  -22?"  ==  ^^'^^'  ^*  *  H-  1-6  =  97-77  ; 
s/  #  =  9-8066,  and  i  h.log.  97-77  =  2-29130; 
whence     V  *  —  h.  log.  ^/(*  +  1-6)  =  7-5153 ; 
also    307  (v'  d  —  0-lf  =  307  x  1-2228  =  375-3996. 

^  307(v'd-01)  375-3996       ,^^^ 

^^ce—- r-r ,,    .  ;^  =  — „  -■-.  =  49-964. 

V*— .h.log.-s/(»+l-6)  7-5153 

From  49*964 

Take -3  (Vd- 0-1)=        -367 


49-597  X  7*  X  -7854  x  60  ^ .  .         .     FTydraulics. 

whence j^^g ^     ^^^'  ^^^v-w/ 

number  of  cubic  feet  which  ought  to  be  discharged  per  Example!, 
minute. 

It  appears  that  this  computed  discharge  so  far  ex- 
ceeds the  actual  discharge  of  the  pipe  of  which  the 
above  are  the  dimensions,  that  we  must  look  to  some 
permanent  defect  in  the  pipe ;  the  reduction  of  the 
nead  for  the  actual  velocity  would  decrease  the  com- 
puted quantity,  but  by  no  means  sufficiently  to  make  it 
approximate  to  the  observed  effect,  which  is  very  little 
more  than  one  half  of  that  given  by  the  computation. 

Exam.  3.  Mr.  Watt  found,  from  very  careful  mea- 
surements of  a  canal,  that  it  was  7  feet  wide  at  the 
bottom,  and  18  feet  at  the  surface,  and  4  feet  deep; 
and  that  it  had  a  declivity  of  4  inches  in  a  mile.  Its 
velocity  at  the  surface  was  17  inches  per  second,  14 
inches  in  the  middle,  and  10  at  the  bottom  ;  the  mean 
velocity  being  13-3.  Let  it  be  required  to  compare 
this  with  the  formula. 

From  these  dimensions  we  find  the  perimeter  of  the 

section  in  contact  with  the  water  =  20-6  feet ;  and 

the  area  of  the  section  =  50  square  feet ; 

50 
whence  -—-77  =  2-4272  feet  =:  29-126  inches; 
20-0 

therefore  d  =  29-126,  and  >/  d  —  0-1  =  5-297. 

.     .       5280x12        ,^o>.A-     u 
Again,   -r =  15840  mches  =  «• 

Substituting  these  values  in  our  formula,  viz. 
it  becomes 

v  =  i^^^ -»(-")  =■'■«  = 

which  does  not  diff*er  essentially  from  that  determined 
from  observation. 

129.  We  shall  here  conclude  by  observing,  that  Dr.  Fommla  of 
Robison  proposes  to  render  the  preceding  formula  of  differewt 
Du  Buat  a  little  more  simple  by  writing  2^  com.  log.  ***^  ^^^^' 
iv/(*-f  1-6)  instead  of  h.  log.  v^  («  + 1-6) ;  we  thus  have 
307(v^d^0-l) 

V-   ^,«log.V(^  +  l-6)"  3(^/^-0^)• 

Dr.  Young  also  proposes  the  formula 

V=:153Ud-0.2)^(-i— )4. 

1.6f-4_)*-.001, 
\/  +  45d/  * 

where  /  is  the  length  of  the  pipe,  h  the  height  of  the 
whole  head  of  water,  and  d  the  diameter  of  the  pipe. 

In  this  formula,  our  s  is  equal  to ; ,   and  it 


h 


1 


There  remains  V  =     •      49-597  the  velocity ; 


may  be  applied  to  rivers,  by  taking  —  to  denote  the 

sine  of  their  inclination. 

M.  Langsdorf,  in  his  "  Theorie  der  Hydraulik,"  pub- 
lished in  1794,  recommends  the  substitution  of  the 
formula  V  1=  i^/  478  A,  instead  of  that  of  Du  Buat, 

which  reduced  to  Engligh  measure^  gives  h  =  —-\ 

oubf 

and  when  the  pipe  is  bent,  the  effect  of  the  bending, 

according  to  this  author,  may  be  f6und  by  adding  into 

one  sum,  the  squares  of  the  sines,  then  denoting  this 
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Hydfody- 
MuniM.    sum  by  2,    '  = 


orcr  weirs. 


Experi- 
ments by 
Briadley 
and 
SmeatOQ. 


Fig.  a. 


\509  "^  3000/ 
from  whick  we  deduce 

y/  509  rf  A  X 

""V^     U+^/+0-16d2/ 
in  En^ish  inches. 

§  X.  On  the  qttantity  of  water  discharged  after  xceirSf  and 
through  openings  in  reservoirs,  when  those  openings 
reach  to  the  surface. 

130.  Since  we  assume  that  the  velocity  with  which 
water  discharges  itself  from  any  head,  is  always  as  the 
square  root  of  the  height  of  each  particle  from  the 
surface,  it  necessarily  follows,  that  theoretically,  the 
quantity  discharged  through  a  rectangular  notch, 
which  reaches  to  the  surface,  is  two-thirds  of  what 
would  issue  through  an  equal  orifice  placed  at  the 
whole  depth  below  the  level  of  the  fluid ;  ror  the  velocity 
being  every  where  as  the  square  root  of  the  height, 
we  may  represent  the  several  velocities  by  the  ordi- 
nates  of  a  parabola,  which  have  the  same  relation  with 
their  abscisses,  and  consequently  the  sum  of  all  the  ve- 
locities will  have  the  same  relation  with  the  sum,  sup- 
posing them  all  equal  to  the  greatest,  as  the  area  of^a 
parabola  has  to  its  circumscribing  rectangle. 

This,  however,  is  a  mere  theoretical  result,  and  is  like 
most  others  of  the  same  kind  relating  to  the  practice  of 
Hydraulics,  of  very  little  use  without  the  aid  of  experi- 
ments ;  we  propose,  therefore,  to  add  a  few  of  the  best 
experiments  on  this  subject. 

The  following  experiments  of  Messrs.  Briadley  and 
Smeaton  were  made  on  a  great  scale;  that  is,  the  flow 
took  place  from  very  extensive  surfaces,  and  are  there- 
fore of  so  much  the  grater  value.  Column  1  contains 
the  width  of  the  notches,  the  second  their  depth,  the 
third  the  quantity  of  water  discharged,  and  me  fonrth 
the  time. 

Table  XV.  Of  Br  indie  if s  and  Smeaton  s  experiments 
on  the  discharge  of  water  through  notches  reaching  to 
the  surface. 


Width  of  the 

Depth 

Cuhic  feet 

Time  of  dis- 

notch in  inches. 

in  inchef. 

diacbarged. 

charge. 

6 

1 

20 

7min.  168ec. 

6 

H 

20 

4         55 

6 

W, 

20 

2         19 

6 

H 

20 

1         33 

6 

4 

20 

0         30 

6 

5 

20 

0        46 

6 

H 

20 

5        26 

6 

i| 

20 

3         55 

6 

H 

20 

0        42 

on  this  subject,  the  result  of  which  is  given  in  the  fol-  ^ 
lowing  table,  reduced  to  English  inches.  SH 

Table  XVI.  Containing  the  experiments  of  Du  Buai  am  lH^ 
the  quantittf  of  water  discharged  over  weirs ;  reduced  to  m 
English  inches.  .    ^' 


In  a  weir  or  jetty  the  water  is  commonly  projected 
over  a  board  called  the  waste-board,  as  AB  {^^.  11); 
we  must  here,  therefore,  measure  the  depth  of  the 
orifice  by  the  depth  of  the  upper  edge  of  the  plank  AB, 
below  the  level  surface  of  the  water  in  the  river  or 
reservoir.    Du  Buat  made  four  accurate  experiments 


Common  breadth  of  the  orifice 

=  18^  inches. 

Depth  of  the 

orifice  in  finglish 

feet 

Observed  dis- 
charge in  cubic 
feet 

Calculated  dSs- 

fofinula 
C=zil-417«ni^ 

1-778 
3-199 
4-665 
6-753 

506 
1222 
2153 
3750 

524 
1218 
2155 
3771 

Where  C  denotes  the  content  or  quantity  of  water  dis- 
charged, /  the  length  of  the  waste-board,  and  H  its 
depUi. 

131.  Dr.  Robison  examined  a  numerous  set  of  ex- Dr.  I 
periments,   in  which  the  discharge  considerably  eH'tonH 
ceeded   the  quantity   given  by   Du  Buatfs   formula,  "*■ 
which  led  him  to  that  above  given.     To  the  same 
author  we  also  owe  the  following  table. 


Depth  of  the  upper 

Coiiipated  number 

edge  of  the  waite- 

oTcoMfrfeetdit. 

board  below  the 

charged  permiiiale. 

luriace,  in  English 

for  every  inch  of -the 

inchea. 

waste-board. 

1 

0-403 

2 

1140 

3 

2-095 

4 

3-225 

5 

4-507 

6 

5-925 

7 

7-466 

8 

9122 

9 

10-884 

10 

12-748 

11 

14-707 

12 

16-758 

13 

18-895 

14 

21-117 

15 

23-419 

16 

25-800 

17 

28-258 

18 

30-786 

132.  The  above  column  is  computed- on  a  supposi* 
tion  that  the  water  from  which  the  discharge  is  made 
is  in  a  state  of  stagnation,  and  i^  therefore,  it  readi 
the  opening  with  any  velocity,  we  most  multiply  the 
opening  by  the  velocity  of  the  stream,  and  the  above 
discharge  will  be  increased  by  a  quantity  equal  to  tbat 
product. 

In  order  to  calculate  the  discharge  of  rectangulMr 
orifices  reaching  to  the  surface,  Ey  telwon  represents  tlie 
velocity,  which  varies  as  the  square  root  oi  the  height, 
by  the  ordinates  of  a  parabola,  as  we  have  stated 
above ;  then  taking  the  case  of  a  lake,  the  orifice  made 
into  it  being  3  feet  wide,  and  2  feet  deep,  and  the 
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contraction  being  introduced,  reducing  the  area  to  5*1, 
he  finds 

f  ^/Hx  5•l=|^/2  X  51  =  4-8  feet 

Ae  mean  velocity;  and  consequently 

4*8  X  6  =  28-8  cubic  feet, 
the  diacharee  due  to  one  second ; 
and  geaeraUy  denoting  the  co-efficient  for  the  con- 
traction by  C,  we  shall  have 

Q  =  |C  X  H  X  Wx  VH 

Cor  the  cubic  feet  discharged  per  second  from  any 
^y^ping  whose  height  is  H  and  width  W. 


And  the  same  formula  becomes,  when  Q  and  W  as^  Hjdniui!cs» 
given, 


H^  = 


and       W  = 


2Cx  W 
3Q 


or 


|. 


2C  x  H' 

133.  The  following  table  contains  the  co-efficients 
of  this  author  for  different  cases  connected  with  this 
inquiry.  The  whole  velocity  due  to  the  height  is  8-04, 
and  the  diminished  velocity  arising  from  contraction  is 
shown  as  below. 


Table  XVII.  Contaimng  Eytehoeiris  to-efficient s  for  different  orifices. 


N» 


1 

a 

4 


6 

7 
8 


Nature  of  the  orificei  employed. 


For  the  whole  velocity  due  to  the  height 

{For  wide  openings  whose  bottoms  are  on  a  level  with  that  of  ) 
the  reservoir ) 

For  sluices  with  walls  in  a  line  with«the  orifice 

For  bridges  with  pointed  piers 

(  For  narrow  openings  whose  bottoms  are  on  a  level  with  that  of  ) 

(      the  reservoir ) 

For  smaller  openings  in  a  sluice  with  side  walls 

For  abrupt  projections  and  square  piers  of  bridges 

For  openings  in  sluices  without  side  walls 


Ratio  between  the 
theoretical  and  real 
discbarge. 


Co-efficients  for  find* 
ing  the  velocities  in 
English  feet 


1  to     1-00 

1  to  0-961 

1  to  0-961 
1  to  0-961 

1  to  0-861 

1  to  0-861 
1  to  0-861 
1  to  0-635 


I  Ejtelwein'i 


8-04 

7-70 

7-70 
7-70 

6-90 

6-90 
6-90 
5-1 


co-effi- 
cient*. 


^  XI.  On  the  prtmtre  loub'dl  water  cxercUes  ageimt  the 

sidet  of  tubes  m  nhich  it  is  in  motion. 

f^^      134.  We  have  already,  in  (art.  23)  Hydrostatics, 

m      oflRsied  some  remarks  upon  the  pressure  which  a  stag- 

^       aant  fluid  exercises  against  the  sides. and  bottom  of 

tke  Teasels  in  which  it  is  contained,  and  on  the  thick* 

ness  of  metal,  or  other  material,  necessary  to  resist 

it;  in  the  present  section  we  propose  to  consider  the 

pEessnre  of  water  in  motion,  peirticularly  as  it  relates  to 

cylindrical  tubes. 

Tlie  thickness  of  the  pipes  through  which  water  is 
conveyed  from  one  point  to  another  is  generally  detev- 
mined  in  practice  by  experiment,  or  rather  by  imi- 
tating, as  nearly  as  circumstances  will  allow,  some 
other  work  of  a  similar  kind.  In  fact,  as  the  pressure 
of  the  fluid  is  generally  very  far  from  the  actu^  forces 
that  such  pipes  have  to  support,  and  there  being  ne- 
cessarily many  other  considerations  to  be  attended  to 
besides  the  actual  fluid  pressure,  such  tubes  commonly 
&r  exceed  in  thickness  what  would  be  required  to  re- 
sist the  former  force;  still,  however,  it  may  be  in- 
teresting in  some  cases,  to  know  the  amount  of  this 
force,  atid  some  economy  may  perhaps,  in  certain 
iBStaDces,  be  practiced  by  a  just  valuation  of  it ;  we 
psopose,.  therefore,  to  bestow  a  few  remarks  on  this 
sutnect  in  the  present  section  ;  in  which,  however,  we 
shsill  confine  ourselves  to  the  most  usual  case,  viz.  of 
c^indriea^  pipes. 

•Let  QS  conceive  a  horizontal  cylindrical  tube  adapted 
to  «  given  reservoir,  and  that  this  reservoir  is  kept 
coMtandy  at  the  same  height;  also  that  the  water 
fireely  in  the  tube,  without  experiencing  any  re- 
Then  it  is  evident  that  if  we  except  the 
which  takes  place  from  tlie  weight  of  the 
ital  column,  the  tube  will  experience. no.  effort, 


for  the  velocity  of  the  water  having  a  free  horizontal 
direction,  there  can  result  from  it  no  force  which  is 
exercised  against  the  sides  of  the  tube ;  but  in  order  to 
put  this  conclusion  to  the  test  of  experiment,  M.  Bossut 
proceeded  according  to  the  following  principles. 

In  a  great  reservoir  the  author  caused  to  be  placed  ^'(pt^ri- 
a  horizontal  tube,  3  feet  in  length,  and  J  of  an  inch  in  "^^^'** 
diameter ;  and  towards  its  middle  was  made  a  small 
lateral  hole,  intended  to  form  a  jet  deau,  the  pipe 
being  so  adjusted  that  the  hole  might  be  turned  up- 
wards, 4ownward8,  or  sideways,  by  merely  turning 
the  tube  on  its  axis.  \  < 

The  water  was  now  retained  in  the  reservoir  to  the 
height  of  4  feet  above  the  tube,  and  the  extreme  end 
of  the  latter  shut,  when  immediately  the  jet  d'eau  wa& 
formed ;  and  when  the  hole  was  upwards,  the  jet  rose 
very  nearly  to  the  level  of  the  surface  of  the  water  in 
the  reservoir.  This  effect  being  well  observed,  with 
the  hole  turned  in  different  directions,  the  end  of  the 
tube  was  opened,  the  water  began  to  flow,  and  the  jet 
ceased  to  act  almost  entirely;  it  was  only  observed^ 
that  when  the  hole  was  below,  the  water  escaped  from 
it  by  drops.  The  cessation  of  the  jet  under  the  latter- 
circumstance  clearly  demonstrated  the  cessation  of  the 
pressure  of  the  water  against  the  sides  of  the  tube. 

135.  This  being  established,  let  us  consider  a  tube 
fixed  in  the  same  manner  as  we  have  supposed  above,, 
but  instead  of  being  entirely  open  so  as  to  give  a  free 
motion  to  the  fluid,  conceive  a  part  only  of  the  extreme 
end  lobe  opened,  and  that  the  water  can  therefore 
only  escape  through  this  small  aperture.  Then,,  as  in 
this  case,  the  force  which  causes  the  water  to  pass 
from  the  reservoir  into  the  tube  is  constantly  the  same, 
but  the  water  has  not  the  means  of  escaping  with  the 
velocity  which  this  force  requires,   a  part  of  that  force. 


Hydrod}f 
Fig.  1«. 
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will  be  exercised  against  the  sideg  of  the  tube,  and 
cause  a  pressure  which  it  is  our  object  to  determine. 

13C.  Let  us  conceive  such  a  tube  andVeservoir  to  be 
represented  by  fig.  12,  and  suppose  the  column  of 
water  EN,  to  be  divided  into  an  infinite  number  of 
vertical  lamina  GF,  /'^,  equal  to  each  other.  Then, 
as  we  neglect  the  friction,  it  is  evident  that  all  the 
points  of  the  same  lamina  will  have  the  same  velocity ; 
and  moreover,  that  this  velocity  is  common  to  all  the 
laminee  of  which  we  suppose  the  column  to  be  com- 
posed. It  is  also  evident,  that  if  9  r  represent  the 
section  of  the  contracted  vein,  in  escaping  from  the 
orifice  p»,  the  velocity  of  the  column  of  water  in  the 
tube,  will  be  to  the  velocity  of  the  contracted  vein,  as 
the  area  of  the  latter  to  the  area  of  the  section  of  the 
tube,  or  of  the  column  in  it. 

Calling,  therefore,  h  the  constant  height  BH  of  the 
reservoir,  D  the  diameter  of  the  tube,  and  d  that  of  the 
contracted  vein ;  the  velocity  of  the  latter  is  as  the 
square  root  of  A,  and  may  be  denoted  hy  m  »^  h\  conr 
sequently  the  velocity  in  the  tube  will  be 
md'  ^  h 

w    • 

This  being  established,  in  the  same  manner  as  the 
velocity  m  y/  his  produced  by  the  pressure  of  a  column 

m  li*      /  h 

h,  the  velocity ,^,       ,  will  be  that  due  to  the  pres- 
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D* 


d*  h 


V'  (D«  -  «0 


"jr^f! 


sure  of  a  coluum  whose  height  is  ^^^   . 

Since,  then,  every  lamina  which  is  in  contact  with  the 

end  of  the  tube  PN,  has  a  tendency  to  move  with  the 

velocity  m  ^  h,  while  it  actually  only  moves  with  the 

,     .      m  d*  s/  h      ,  .  1     .1 

velocity r-5 ,   It  must  evidently  exercise  upon 

P  p  or  N  n    which  supports  it,  a  force  equal  to  the 

difference  between   the  pressures  which  produce  the 

,     .  .                ,       ^md^  s/  h 
velocities  m  ^Z  «  and rr; . 

Now  this  pressure,  from  the  nature  of  fluids,  is  dis- 
tributed equally  in  every  direction  throughout  the  en- 
tire mass  or  column  EN,  and  consequently  against 
every  point  in  the  sides  of  the  tube.  The  pressure, 
therefore,  exercised  upon  every  point  of  the  tube,  will  be 
d^  h  h(D*^d') 
^-"D^'   or jp . 

This  result  obviously  agrees  with  our  former  deduc- 
tion; for  supposing  the  water  to  escape  in  a  full 
cohimn,  then  we  shall  have  c/  =  D,  and  the  expression 
fbr  the  pressure  vanishes,  or  becomes  zero,  as  we  found 
in  the  preceding  article. 

137.  Supposing  that  we  have  made  in  the  sides  of 
the  tube  a  little  opening,  we  may  readily  find  the  quan- 
tity of  water  which  it  ought  to  yield  in  a  given  time. 
For  the  expences  through  the  same  opening,  and  in  the 
same  interval,  are  proportional  to  the  square  roots  of 
the  heights  of  the  reservoir,  or  which  is  the  same  thing, 
to  the  square  roots  of  the  pressures.  Whence,  calling 
Q  the  discharge,  which  is  made  during  a  certain  time, 
with  the  proposed  opening  under  tlie  pressure  A,  7  that 
which  is  made  during  the  same  time  under  the  pressure 

h rr^,  we  shall  have 


whence  we  deduce 

^  =  Q  X 

where,  since  Q  is  determinable  from  the  principlet 
previously  explained,  the  value  of  9  also  becomes 
known. 

This  theory  will  equally  obtain  for  inclined  tubes,I<MA 
provided  that  in  the  last  case  the  opening  p  «,  through ^'''^ 
which  the  water  escapes,  be  very  small  with  regard  to 
PN.  If  this  condition  have  not  place,  the  velocity  with 
which  the  fluid  issues  through  p  n,  will  not  be  that  due 
to  the  whole  height  of  the  water  in  the  reservoir;  and 
we  must  therefore,  in  such  cases,  determine  h  on  dif- 
ferent principles. 

138.  By  means  of  this  theory,  we  may  determine  at 
least  approximatively,  the  thickness  which  we  ought 
to  give  to  conduit  pipes  furnished  with  different  adju- 
tages, in  order  that  they  may  effectually  resist  the  pres- 
sure of  the  water  passing  through  them.     The  pressure 

exerted  against  each  point  of  the  circumference  of  the 

■I  » 

section  of  our  tube  EN,  being  expressed  by  h —  , 

it  is  evident,  that  in  order  to  sustain  that  pressure,  the 
tube  ought  to  have  the  same  thickness  as  if  the  water 

were  at  rest  under  the  altitude  h  — =r^;  and  we  have 

seen  (art.  23)  that  this  problem  is  always  resolvable. 
After  all,  however,  as  we  have  before  observed,  the 
pressure  of  the  water  is  only  one  of  many  circumstances 
that  require  to  be  considered  in  'determining  the  thick- 
ness of  water  pipes  ;  our  investigations  founded  on  the 
above  principles  will  thercffore  only  point  out  to  us  a 
limit  beyond  which  we  must  not  diminish  them;  but  in 
roost  cases  common  prudence  will  dictate  a  greater 
thickness  of  metal  than  would  result  from  such  compitt- 
tations. 

139.  The  following  table  contains  the  thickness  ofThk 
leaden  and  iron  pipes,  according  to  the  general  practice  ^  ^ 
of  French  engineers.  *^ 


Leaden  Pipes. 

Iron  Pipes. 

Diameter 

Thicliness  in 

Diameter 

IVickness  \n 

■u  inches. 

lines. 

in  inches. 

lines. 

1 

n 

1 

1 

H 

2 

2 

3 

2 

4 

4 

4 

3 

5 

6 

5 

^ 

6 

8 

6 

6 

7 

10 

7 

7 

8 

12 

8 

In  this  table  the  resulu  are  given  merely  with 
reference  to  the  diameters  of  the  tubes,  and  are  inde- 
pendent of  their  lengths,  or  the  height  of  the  head  of 
water  they  may  have  to  support ;  it  is  obvious,  there- 
fore,*that  they  can  only  be  considered  as  results  sanc- 
tioned by  practice,  which  are  independent  of  any  par- 
ticular computation  founded  on  the  fluid  pressure. 

140.  In  order  to   submit  the  formula  found  above. 
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Tiz,  g  zz  Q  X 


k/(D*-i?) 


to  experiment,  M.  Bossut 


pie. 


having  stopped  the  end  of  one  of  bis  horizontal  tubes, 
made  a  smul  hole  in  the  side  of  the  same  tube,  about 
3|  lines  in  diameter,  and  measured  the  discharge  due 
to  acerUuntime ;  this  quantity  being  denoted  by  Q,  he 
computed,  by  means  of  the  above  formula,  the  quan- 
tity q  which  ought  to  be  discharged  from  the  same 
lateral  hole  when  the  end  of  the  tube  was  opened  :  he 
also  measured  the  actual  discharge  in  the  latter  case, 
and  the  following  table  shows  the  results  of  these 
practical  and  computed  discharges. 


Hdghtof 

Length  of  the 

Computed  dis- 
charge for  one 

mniute, 
in  cubic  inches. 

Observed  dis- 

tb6 KMT  TOUT 

in  feet 

tat>e 
in  feet 

charge  in  cobic 
inches. 

30 

176 

171 

60 

186 

186 

90 

190 

190 

120 

191 

191 

150 

192 

193 

180 

193 

194 

2 

30 

244 

240 

2 

60 

259 

256 

2 

90 

264 

261 

2 

120 

267 

264 

2 

150 

268 

265 

2 

180 

269 

266 

The  agreement  here  between  the  computed  and 
pfactkal  discharges  is  as  accurate  as  can  b^  expected 
m  fesearches  of  this  kind,  where  experiments  are  sub- 
ject to  so  many  inequalities ;  the  greatest  error  is  that 
m  experiment  (1),  which  amounts  to  -^\^  or  ^th  part 
of  the  computed  discharge. 

141.  By  means  of  the  same  formula,  viz. 

we  may  determine  the  discharge  due  to  any  tube,  by 
means  of  the  discharges  made  through  a  small  orifice, 
of  given  dimensions  in  its  side,  for  the  values  of  q  and  Q 
being  determined,  we  have 


Q 

:  9  :: 

Q' 

•.<tv. 

rf* 

= 

Q'-?' 

D« 

Q' 

r  the  ratio  of  1 

>  ■■  v/(>-^). 


D^  -^  Q 

—^  denotes  that  of  the  velocity 

of  the  fluid  in  the  pipe,  abstracting  from  friction,  to 
that  pf  its  actual  velocity ;  we  have,  therefore,  only 
to  compute  what  ought  to  be  the  discharge  in  the 
fonner  case,  and  then  that  quantity,  multiplied  by  the 

fraction  =r; ,  will  give  the  actual  discharge. 

142.  In  order  to  illustrate  what  we  have  ^stated 
above  by  example,  let  us  suppose  a  pipe  2  inches  in 
diameter  to  be  placed  horizontally,  the  head  of  water 
3  feet,  and  that  a  circular  opening  in  its  side  of  6  lines 
diameter  yielded  in  one  minute  1000  cubic  inches  of 
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water;  to  determine  the  actual  discharge  of  the  pipe  Hydraulics. 
itself  in  the  same  time.  Sii^N/-^fc/ 

Here,  if  we  compute  the  dischai^e  due  to  an  orifict 
of  ^  an  inch  in  diameter,  and  with  a  head  of  3  feet,  by 
means  of  table  III.  (art.  75),  we  shall  find  it  1 178  =  Q, 
and  we  have  given  q  =  1000 ;  whence 

i!  =   ^<Q'-^'>  =  .5289. 
D»  Q 

Again,  the  discharge  due  to  an  additional  iube  of  2 
inches  diameter,  and  with  a  head  of  water  of  3  feet,  is, 
by  table  VIL  =  24504  cubic  inches  per  minute : 
wherefore  24504  x  -5289  =  12952,  the  actual  dis- 
charge per  minute  in  cubic  inches. 

§  XII.  On  the  theory  and  construction  of  jets  deau, 

143.  The  construction  of  jets  d'eau  and  fountains,  it  Jeud*eau. 
must  be  acknowledged,  is  rather  a  subject  of  curiosity 

than  of  utility ;  stiU,  however,  as  it  is  an  inquiry  in- 
timately connected  with  the  general  science  of  Hy- 
draulics, we  think  it  ought  not  to  be  passed  over  un- 
noticed in  this  treatise. 

When  water  is  projected  from  an  orifice  or  tube,  in 
any  direction,  either  vertical  or  obhque,  it  follows 
the  same  laws  as  any  other  projected  body,  .and  even 
approaches  nearer  to  the  circumstances  required  by  the 
parabolic  theory,  as  given  (art.  44),  Dynamics,  than 
a  sohd  body;  consequently,  the  ranges  it  will  take 
under  different  velocities  and  directions,  the  height 
to  which  it  will  ascend,  &c.  may  be  computed  on 
the  principles  explained  in  the  article  above  re- 
ferrea  to.  We  know  that,  theoretically,  the  velocity 
with  which  a  fluid  issues  from  an  orifice,  ought  to  be 
equal  to  that  which  a  heavy  body  would  acquire  in 
falling  through  the  altitude  of  the  fluid  above  the  point 
of  projection ;  but  we  have  also  seen,  in  the  preceding 
sections,  that  there  are  many  circumstances  necessary 
to  be  considered,  which,  individually  and  collectively, 
serve  to  modify  the  above  theoretical  deduction.  It  is 
also  equally  evident,  that  the  resistance  of  the  air  will 
have  an  effect  in  retarding  the  motion  of  the  issuing 
stream,  and,  consequently,  that  it  would  be  in  vain  to 
attempt  a  theoretical  computation,  unsupported  by  ex- 
perimental data;  and  various  experiments  have  ac- 
cordingly been  made  relative  to  this  inquiry,  by 
Desaguliers,  Mariotte,  Bossut,  &c.  We  shall,  how- 
ever, confine  our  remarks  principally  to  those  of  the 
latter. 

144.  The  reservoirs  employed  by  Bossut  are  repre-  Bossut'sex- 
sented  in  fig.  13  and  fig.  14.     To  each  of  these  was  periments. 
adapted,  horizontally,  a  tin  tube  0£,  shut  or  stopped  Figs  13  and 
at  die  extremity  E,  but  opened  at  the  other  end  mto        ^^ 
the  principal  vessel  ABCD.    The  tubes  were  each  6 
feet  long;  that  represented  at  fig.  13  being  3f  inches 
in  diameter,  and  that  of  fig.  14  only  4  of  an  inch. 

In  the  points  F  in  both  figures  wdis  nxed  an  adjutage 
2  lines  in  diameter ;  in  G  another,  4  lines  in  diameter ; 
and  in  H  a  third,  of  8  lines.  Moreover,  in  fig.  13,  in 
the  point  K,  there  was  fixed  a  conical  tube  KM,  of 
whicn  the  height  was  5  inches  10  lines  ;  the  diameter  at 
bottom  being  9  lines,  and  at  top  4  lines.  In  I,  the 
tube  IN  was  cylindrical,  its  height  being  5  inches  10 
lines,  and  its  diameter  4  lines. 

The  following  are  the  results  of  these  experiments. 

The  water  was  retained  constantly  in  the  reservoir 
exactly  1 1  feet  above  the  upper  side  OF  of  the  tube 
OE. 

2i 


14. 


^.i 
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I.   I  he  ori£ce  F  being  opened,  the  jet  ascended  in 
.t  iiiC  column  to  the  height  of  10  feet  10  lines;  but 
'  when  ilightly  inclined,  it  rose  to  10  feet  4  inches 
6  hues. 

•2.  The  jet  through  the  orifice  G,  same  figure,  rose 
vertically  10  feet  5  inches  10  lines  ;  and  when  slightly 
inclined,  it  ascended  to  10  feet  7  inches  6  lines. 

3.  The  vertical  jet  through  H  rose  10  feet  6  inches 
()  hnes,  and  when  a  little  inclined,  it  ascended  to 
10  feet  8  inches. 

4.  The  vertical  jet  through  tlie  conical  tube  KM, 
ascended  only  9  feet  6  inches  4  lines  ;  but  when 
slightly  inclined,  it  reached  9  feet  8  inches  6  lines ; 
this  height  being  still  measured  from  the  upper  side  of 
the  tube. 

5.  The  vertical  jet  through  the  cylindrical  tube  IN, 
rose  only  7  feet  1  inch  6  lines  ;  and  when  inclined,  it 
reached  no  more  than  7  feet  3  inches  6  lines. 


Tht  three  foUowing  experimenU  xctre  made  on.  the  ap-  H^d 
paratus  represented  in  fig,  14.  n^ 

The  height  of  water  in  the  reservoir  the  same  as 
before. 

6.  The  vertical  jet  through  F  rose  to  9  feet  1 1  inches. 

7.  The  vertical  jet  through  G  rose  to  9  feet  7  inches. 

8.  The  vertical  jet  through  H  rose  to  7  feet  10  inches. 
In  two  other  experiments   M.  Bossut  opened  an 

orifice,  ^  an  inch  in  diameter,  in  the  vertical  side  of 
his  reservoir,  and  found,  in  the  first  place,  when  the 
head  of  water  above  it  was  9  feet,  that  the  range  on  a 
horizontal  plane,  4  feet  3  inches  and  7  lines  below  the 
orifice,  was  12  feet  3  inches  3  lines. 

And  when  the  head  of  water  was  reduced  to  4  feet 
the  range  on  the  same  plane  was  8  feet  2  inches  8  lines. 

We  shall  be  able  to  form  a  comparison  between  these 
several  results  with  greater  facility,  by  reducing  them 
into  the  form  of  a  table,  as  follows: 


Table  XVllI.     Shouing  the  heights  to  xohichjets  rise  through  adjutages  of  different  dimensions,  the  altitude  of  thi 
reservoir  being  1 1  feet,  reckoning  from  the  upper  surface  of  the  horizontal  tube. 


Diameter  of 
the  tube. 


Incbei.  lin. 
3      8 

3     8 
3     8 


3 

8 

3 

8 

0 

n 

0 

n 

0    9^ 


Nature  of 
the  orifice. 


Simple  \ 
orifice.  J 

Ditto. 
Ditto. 


Conical 
tube 

Cylindric  ) 
tube.     5 

Simple 
orifice. 


al   ) 
•ic  ) 


Ditto. 
Ditto. 


Reference 

to  figs. 
13  and  14. 


F,  fig.  13. 

G,  ditto. 
H,  ditto. 


M, 

ditto. 

N, 

ditto. 

F, 

fig.  14. 

G, 

ditto. 

H, 

ditto. 

Diameter  of  the  orifice 
of  the  adjutage. 


•••••• 


Inches,  lin. 
..0    2 


0     4 


0     8 


rth  5  10"^ 
erdiam.O  9  > 
er,  do.   0    4  ) 


Length 
Lower  diam. 
Upper 
Length         5  10 
Diameter     0    4 


0     2 

0    4 
0     8 


Altitude  of 

tlie  jet  when 

vertical. 


Ft  in.  lin. 

10  0   10 

10  5   10 

10  6    6 

9  6    4 

7  1     6 

9  11     0 

9  7  10 

7  10    0 


The  same, 
when  inclhied. 


Ft     in.  lin. 
10     4     6 

10      7      6^ 


10     8     0 

9     8     6 
7     3     6 


Remarks. 


Vertical  very  fine. 

Vertical  jet  fine,  not  much 
enlarged  at  top. 

The  vertical  jet  much  en- 
larged at  top;  the  in- 
dined  one  less  so,  and 
more  beautiful. 

Vertical  jet  fine. 
The  vertical  jet  fine. 

Very  fine  jet. 

The  jet  much  enlarged  at 

top. 
Column  much  broken. 


IVductJont.  145.  By  a  comparison  of  the  results  of  these  expe- 
riments with  each  other,  and  with  those  of  Mariotte, 
M.  Bossut  finds  that  the  differences  between  the  height  of 
the  reservoir  and  that  of  the  jet,  in  different  experiments, 
are  to  each  other  very  nearly  as  the  square  roots  of  the 
heights  of  the  jets.  Whence  the  height  of  the  reservoir 
and  the  height  of  the  jet  being  given  in  one  experi- 
ment, we  may  find  the  height  of  reservoir  requisite  to 
produce  any  proposed  height  of  jet  in  another.  Thus,, 
for  example,  the  height  of  the  reservoir  in  any  case 
being  denoted  by  a  and  the  height  of  the  jet  by  b,  to 
find  the  height  d  of  another  reservoir,  which  shall  give 
sc  jet  whose  height  is  c :  wc  shall  have 

^  b  :  y/  c  :  a  ^  b  : 


(a^h)»Jc         Cs/b-{-a^c  —  bs/c 

''=^  +  — TT— =  — ^—76 

will  be  the  height  required. 

Again,  let  a,  b,  and  d  be  given  to  determine  c.  £^ 

To  distinguish  c  as  an  unknown  quantity,  let  us  de- 
note it  by  X,  and  we  shall  have 

s/b  \   y/  X  : :    a  -^  b  :  d  —  x, 
or  b  :       X  ::  (a^  b)'  :  ((/ -  x)»; 

tUs  gives 

or         6  (rf  -  xf  -f  (a  -  bf  (d^  x^  =  d{a  —  hfi 
whence 


V6        ' 

the  difference  between  the  jet  and  the  reservoir ; 
lore 


there- 


or 

-{a-hf 


^y{^..:' 
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It-   or 


(— 6)'_ 


yv^ 


a^by   ,    dia^by 


'-] 


26      ^V^      1     4  6*       •  b 

a-         146.  With  respect  ti^the  height  to  which  a  jet  will 

^**  ttBceBd,  it  appears,  by  a  comparison  of  the  preceding 

*"^  talmlated  results  with  each  other,  and  with  those  of 

Manotte,  that  when  there  is  a  proper  supply,  the  larger 

jet  will  rise  the  highest,  the  height  of  the  head  of  water 

being  the  same ;  and  it  is  obvious,  that  when  the  ori- 

fioes  are  the  same,  the  height  of  the  jet  will  depend 

«pbii  the  height  of  the  reservoir.    There  are,  therefore, 

certaiB  relations  between  the  height  of  the  reservoir, 

tke  diameter  of  the  tube,  and  that  of  the  adjutage,  in 

order  tltat  the  effect,  under  given  circumstances,  may 

be  the  greatest  possible. 

M.  Boseut  assumes,  from  the  results  of  various  ex- 
periments, that  if  such  relations  have  been  determined 
in  any  on^ase,  and  the  velocity  of  the  water  in  thepipe 
ascertained,  any  other  jet  will  have  the  greatest  effect ; 
that  is  to  say,  will  rise  to  the  greatest  height,  when  the 
▼clocity  of  ttke  water  in  its  pipe  is  ^ual  to  that  pre- 
▼iously  found ;  that  is,  the  velocity  of  the  water  in  the 
pipe  is  always  a  constant  quantity  in  all  tubes  when 
me  effect  is  the  greatest  possible. 

H,  therefore,  D  be  taken  to  denote  the  diameter  of 
any  tube,  and  d  that  of  its  adjutage,  when  under  the 
liead  of  water  h,  the  effect  is  the  greatest ;  and  v  be 
taken  to  denote  the  velocity  in  the  pipe,  we  shall  have 

For  the  velocity  at  the  adjutage  =  2  y/  hg^  and 
the  velocity  in  the  tube  is  to  that  at  the  orifiGe  as  the 
area  of  section  of  the  latter  to  that  of  the  former, 
therefore 

D':  rf«  ::   2^gh  :  v=z^2  ^gh. 

In  the  same  manner,  if  D',  (f ,  h!  and  v\  be  assumed 
to  denote  the  corresponding  quantities  in  any  other 
tube,  we  shall  have 


D' 


2  ^h'g; 


whence,  according  to  the  assumed  pridciple,  if  we  sup- 
pose V  =  v\  we  have 

or  D*  :  D"  ::   rf«  ^h  :  (f»  ^/A'. 

That  is,  the  squares  of  the  diameters  of  the  tubes 
ought  to  be  to  each  other  in  the  ratio  compounded  of 
that  of  the  squares  of  the  diameters  of  the  adjutage 
*nd  the  square  roots  of  the  heights  of  the  water  in  the 
reservoirs. 

Consequently,  knowing  the  dimensions  that  will  give 
^«  greatest  height  of  the  jet  in  any  one  case,  the  same 
"^y  be  determined  in  any  other  proposed  case  by  a 
•unpJe  proportion. 

w  giving  this  rule,  however,  the  reader  will  of  course 

^festand  that  it  is  only  meant  to  be  implied  that  the 

fntetttofthe^^^  must  not  be  less  than  that  given 

Mr  &*  .jttaMr  i  I       «^r tion ,  it  may  obviously  be  greater 

on  of  effect;  but  the  enlargement 

eht  of  the  jet. 

rimcnts  were  therefore  made 
Qg  deductions. 


The  height  of  water  in  the  reservoir  was  3  feet  2  Hydraulics. 
inches  1 1  lines,  the  diameter  of  the  tube  1  inch,  and 
the  diameters  of  the  adjutages  with  the  corresponding 
height  of  the  jet  were  as  below,  viz. 


DUmeten  of  tbe 
adjutages. 

Height  of  the  jet. 

I 
2 
3 
4 
5 
6 
7 

Feet.    Inches.     IJno. 
3           1             6 
3         1           8 
3         2           0 
3         1           7 
3         1           5 
3         0           4 
2       10           6 

IStaxiiuiuu 
eftcct  of 
jct5  d'cau. 


It  is  obvious  here,  that  the  greatest  height  is  when  the 
diameter  of  the  adjutage  is  3  lines ;  but  Bossut  sup- 

Kses  that  a  greater  height  might  have  been  obtained 
^  increasing  the  adjutage  to  3 J  lines,  and  hence  com- 
putes a  sort  of  standard,  due  to  a  reservoir  of  16  feet, 
and  an  adjutage  whose  diameter  is  6  lines ;  and  by 
this  means  finds  for  the  required  diameter 

D'  =  — -  x/^Y  ^  ^*  **^®'* 

By  assuming  this  result,  which  agrees  very  nearly 
with  the  determination  oS  Mariotte,  he  computes  the 
following  table,  which  is  intended  to  facilitate  the  prac- 
tical determination  of  the  proper  dimensions  in  the 
construction  of  fountains  and  similar  works : 


Discharge  per 

Diameters 

Heights  of  the 

HeigbUofthereser- 

minute  in 

of  the  tubes 

jet*  in  feet. 

Toir  in  feet 

cubic  inches. 

in  line*. 

Feet. 

Feet       Inches. 

6 

5              1 

1536 

21 

10 

10              4 

2160 

26 

15 

15              9 

2688 

28 

20 

21              4 

3120 

31 

25 

27              1 

3504 

33 

30 

33            0 

3888 

34 

35 

39            1 

4224 

36 

40 

45            4 

4560 

37 

45 

51            9 

4748 

38 

50 

58            4 

5184 

39 

55 

65            1 

5472 

40 

60 

72            0 

5760 

41 

65 

79            1 

6100 

42 

70 

86            4 

6188 

43 

75 

93            9 

6528 

44 

80 

101            4 

6816 

45 

85 

109            1 

7156 

46 

90 

117            0 

7294 

47 

95 

125            1 

7584 

48 

100 

133            4 

7824 

49 

^  XIII.  On  the  percussion  of  water ^  with  reference  to  the 
motion  of  water  wheels. 

148.   Water   wheels  are    distinguished  into  four  Definitioni 
kinds,  viz.  undershot  wheels^  overshot  wheels^  breast  wheels^ 
2  1  2 


H  y  D  R  O  D  Y  H  A  M  I  C  S. 


OveraJtot 
Fii;,  15, 


wliccL 
Fig.  16. 


o/dal  iihteh\  autJ  each  of  these  several  species 
lici.  are  again  variously  constructed  for  the  purpose  of 
^"'^^^  avoiding  certain  imperfections,  or  for  the  aake  of 
adjustint^  them  to  the  particular  circumstances  under 
which  they  have  to  act.  It  does  not,  however,  belong^ 
tu  the  present  article  to  enter  at  length  into  a  descrip- 
tion and  an  examination  of  the  best  practical  construc- 
tion ;  this  will  fall  in  its  proper  place  in  our  general 
alphabetical  arrangement;  our  only  business  in  this 
place  is  to  take  a  general  view  of  these  machines  as 
first  movers,  and  to  determine,  theoretically  and  expe- 
rimentally, the  laws  of  their  motion, 

149.  An  ot€i\sho(  "xht'd  of  the  common  kindj  is 
represented  in  (fig*  15),  where  ABCD  is  the  rim  of  the 
wheel,  having  a  number  of  buckets,  a,  fr,  c,  rf,  arranged 
round  it«  circumiercnce.  When  the  wheel  is  in  a  state 
of  rest  upon  its  axis  O,  and  the  water  is  introduced 
into  the  bucket  c,  from  the  horizontal  mill  course  or 
canal  EF,  the  weight  of  the  water  in  the  bucket 
acting  at  the  end  of  a  lever  equal  to  m  0,  puts  the 
wheel  in  moiion  in  the  direction  c  tL  When  the  sub- 
sequent bucket  b  comes  into  the  position  c,  it  is  also 
filled  with  water,  and  so  on  with  the  rest.  When  the 
bucket  c  reaches  the  situation  of  d,  its  mechanical 
oflect  to  turn  the  wheel  is-  increased,  being  now  equal 
to  the  weight  of  water,  acting  at  the  end  of  the  lever 
n  O,  equal  to  the  distance  of  its  centre  of  gravity  d^ 
from  a  vertical  line  passing  through  the  axis  0 ;  so 
that  the  mechanical  effect  of  the  water  in  the  biicket 
increases  alt  the  way  to  B,  and  of  course  diminishes 
while  the  buckets  are  moving  from  B  to  C,  The 
buckets,  however,  between  B  and  C  have  not  the  same 
power  upon  the  wheel  as  those  between  A  and  B ;  for 
the  water  begins  to  fall  out  of  the  buckets  before  they 
arrive  at  B,  which  are  almost  completely  empty  when 
they  reach  the  point  H.  The  cons ti-uct ions  of  the 
buckets,  therefore,  as  shown  in  the  figure,  is  very  im- 
proper, as  it  not  only  allows  the  water  to  escape  before 
it  has  reached  the  point  B,  where  its  mechanical  effect 
ought  to  be  amaxiraum;  but  also  to  escape  completely, 
long  before  the  buckets  have  reached  the  lowest  point 
C  of  the  wheel.  The  power*  therefore,  of  an  overshot 
wheel  must  depend  in  a  great  measure  on  the  form 
given  to  the  buckets,  which  should  be  so  constructed 
that  they  may  retain  the  greatest  possible  quantity  of 
water  when  they  arrive  at  the  point  of  greatest  me- 
chanical effect  B;  they  ought,  moreover,  to  retain  their 
water  the  longest  possible,  after  passing  this  point. 
These  considerations  have  given  rise  to  a  variety  of 
constructions  by  different  artists,  which  we  intend  to 
describe  at  length  when  we  have  to  consider  the  ge- 
neral article  Water  Wheels;  but  at  present,  a  simple 
definition  and  an  explanation  of  the  principles  of  opera- 
tion is  all  that  is  requisite,  and  what  is  stated  above  is 
sufficient  for  that  purpose, 

150*  An  tmdcnhot  whed^  is  a  wheel  with  a  number  of 
float  boards,  or  plane  surfaces  arranged  around  its 
circumference,  for  the  purpose  of  receiving  the  knpulse 
of  the  water^  which  is  conveyed  to  the  under  part 
of  the  wheel  from  an  inclined  canal.  A  wheel  of  this 
kind,  of  the  common  construction,  is  shown  in  (fig.  16), 
where  AB  is  the  wheel  with  ^4  float  boards.  Here  c  d 
is  a  float  board  receiving  the  impulse  of  the  water 
which  moves  with  great  velocity,  in  consequence  of 
having  fallen  from  a  considerable  height  down  the  in- 
dined  millcx^urse  MN.  The  constraciion  in  this  case  is 


Uyi 


IIoi 


Bret 
Fig. 


much  more  simple  th^a  in  the  overshot  wheel,  and  there 
is  therefore  less  room  for  the  display  of  ingenuity  in 
the  engineer ;  but  even  in  this  we  shall  see,  in  the 
article  referred  to,  that  ditierent  constructions  have 
been  proposed  in  order  to  accommodate  the  wheel  to 
some  particular  circumstances  under  which  it  may  be 
proposed  to  act. 

15h  Horizontal  water  uheeU,  These  differ  in  nO 
respect  from  the  common  undershot  wheels,  except  in 
the  circumstance  of  their  being  placed  horizontally 
instead  of  vertically.  The  mill  course  is  constructed 
nearly  in  the  same  manner  for  both.  The  principal 
object  of  this  form  of  t!ic  water  wheel,  is  to  save  ma- 
chinery, by  placing  the  mill  stone  directlv  on  the  ver- 
tical shaft  of  the  wheel.  The  water  wheel  must 
therefore  move  with  a  very  great  velocity,  in  order  to 
enable  the  mill  stones  to  perform  their  work.  The 
water  is  turned  into  a  horizontal  direction  before  it 
strikes  the  float  boards,  which  may  be  eit^fer  vertical 
or  inclined  to  the  radius,  as  in  undershot  wheels. 

Horizontal  water  wheels  are  frequently  constructed 
in  such  a  manner  that  the  tloat  boards  have  a  great 
inclination  to  the  radius.  In  this  case  the  water  is  not 
turned  into  a  horizontal  direction,  but  is  made  to  strike 
the  float  boards  perpendicularly,  as  in  (fig.  17),  where 
AB  is  tlie  wheel,  MN  the  mill  course,  discharging  it^ 
contents  perpendicularly  upon  the  float  board  C,  which 
ought  to  have  a  surface  more  than  twice  the  area  of 
the  section  of  the  stream, 

152.  A  breast  wkcel,  is  a  wheel  in  which  the  water 
is  delivered  at  an  intermediate  point  between  the  upper 
and  under  part  of  a  wheel  with  float  boards.  It  is 
generally  delivered  at  a  point  below  the  level  of  the 
axis,  as  in  (fig.  18);  but  sometimes  at  a  point  higher  than 
the  axis.  The  wheel  represented  in  the  figure  is  one  of 
Mr,  Smeaton's  construction;  AB  is  a  portion  of  the 
wheel,  MN  the  canal  which  conveys  the  water  to  the 
wheel,  MOP  the  curvilinear  mill  course  accurately 
fitted  to  the  extremities  of  the  float  boards,  and  c  d  th^ 
shuttle  moved  by  the  pinion  a,  Ibr  the  purpose  of  regu* 

la  ting  the  admission  of  water  upon  the  wheel,  » 

I 
Theory  of  water  whetk, 

153.  The  varying  force  which  communicates  motion  The 
to  water  wheels,  and  the  resistances  occasioned  by  «'  * 
friction,  tenacity,  and  various  other  causes,  render  the  '^^ 
application  of  the  theory  to  practice  in  these  cases  ex-  ' 
tremely  difficult.  For  this  reason,  perhaps,  it  happens  | 
that  the  art  of  constructing  machines  to  be  moved  by 
the  force  of  water  has  been  almost  wholly  practical ; 
the  best  improvements  having  generally  been  deduced  , 
from  constant  observation  and  i-eiterated  experiments. 

Since  the  theory  of  Mechanics  is  confessedly  inade- 
quate to  the  complete  investigation  of  every  circum- 
stance in  the  motion  of  hydraulic  machines,  it  has  been 
supposed  that  the  same  laws  of  motion  would  not 
extend  to  all  branches  of  Mechanics,  but  that  different 
principles  were  to  be  accommodated  to  the  motion  and 
mutual  action  of  different  kinds  of  bodies.  If  this 
were  truly  the  case,  the  science  of  Mechanics  would 
fall  far  short  of  that  superior  excellence  and  extent  it 
is  generally  allowed  to  possess.  But  it  is  highly  pro- 
bable that  there  is  no  kind  of  motion,  whether  of  the 
most  simple  or  complicated  nature,,  but  what  may  be 
referred  to  the  principles  estabhshed  in  our  treatise  of 
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Ij.  Mechanics ;  and  if  we  are  not  enabled  to  investigate 
k  the  efieeU  firom  the  data  in  every  case  which  can  arise, 
^^  the  defidency  must  not  be  imputed  to  a  defect  in  the 
first  principles  of  Mechantics,  but  to  a  want  of  method 
of  applying  our  mathematical  knowledge  to  the  par- 
ttmn^y  circumstances  under  discussion ;  to  which  we 
womj  also  add  a  want  of  the  whole  of  the  requisite  data, 
mod  oar  inability  to  reduce  to  computation  the  various 
censes  of  resistance  and  obstruction  to  the  moving 
forces.  For  these  reasons  we  shall  not  dwell 
long  upon  the  theory  of  the  motion  of  water  wheels, 
Imt  shall  merely  exhibit  a  few  propositions ;  the  con- 
sideration of  which  may  enable  the  student  to  appre- 
ciate mcf^exactly  the  value  and  importance  of  the 
experimental  researches  we  shall  subsequently  detail. 

Proposition  I. 

•C  154.  If  a  stream  of  water  impinge  on  the  float- 
"^  boards  of  an  undershot  wheel,  and  escape  from  it  the 
very  instant  after  it  has  made  its  impact,  the  quantity 
of  water  which  actually  impinees  against  the  wheel 
will  be  to  the  whole  quantity  which  passes  by  it  in  a 
girm  time,  as  the  difference  between  the  velocities  of 
the  water  and  wheel  to  the  absolute  velocity  of  the 
water. 

Let  WH  (fie.  19)  represent  the  wheel,  BA  the  stream 
of  water,  and  let  the  float-board  F  first  receive  the 
impact  firom  the  water  at  F,  and  quit  it  at  C  ;  also  let 
DF  be  to  FC  as  the  absolute  velocity  of  the  water  to 
Ae  velocity  of  the  float-board. 

Hien  when  F  arrives  at  C,  the  particle  at  D  will 
hare  passed  at  F,  and,  taking  DE  =  FC,  all  the  water 
in  the  space  DE  will  pass  by  the  wheel  without  im- 
|M»y^  against  it ;  for  it  cannot  impinge  on  the  float 
at  P,  because  the  float  emerges  firom  &e  water  at  C ; 
neither  can  it  impmge  on  the  subsequent  float,  because 
it  has  already  passed  it.  Therefore  the  whole  quantity 
of  water  which  passes  by  the  wheel'  in  a  given-  time,  is 
to  that  which  actually  impinges  against  it  as  DF  to  EF ; 
that  is,  as  the  velocity  of  Uie  water,  to. the  difference 
hetween  the  velocities  of  the  water  and  float,  as  stated 
in  the  proposition.  Hence  again  it  follows,  that  the 
force  of  the  impinging  water  is  as  the  square  of  the 
dUfGerence  of  the  velocities  of  the  water  and  wheeL 
For  the  force    is  as  the  relative  velocity  into    the 

Sitity  of  impinging  matter,  and  the  latter  is  mani- 
y  as  the  relative  velocity ;  therefore  the  force  will 
be  as  the  square  of  the  relative  velocity.. 

Problem  I. 

L  155.  Let  W  be  a  weight,  fastened  to  a  line  which  is 

woilnd  round  the  horizontal  axis  of  an  undershot  wheel ; 
A  the  altitude  of  the  column  of  water  equal  to  the 
force  of  impact  of  the  water  on  the  wheel  when  the 
wheel  is  quiescent;  V  the  velocity  with  which  the 
water  impinges  on  the  float-boards ;  v  the  velocity  of 
the  circumference  of  the  wheel ;  R  the  radius  of  the 
wheel,  and  r  the  radius  of  the  axle,  to  determine  the 
velocity  v,  all  the  other  quantities  being  given. 

The  relative  velocity  with  which  the  water  strikes 
the  wheel  is  V  —  tj ;  whence,  because  the  force  of  the 
stroke  is  as  the  square  of  the  relative  velocity,  we  have 


the  force  of  the  water  to  turn  the  wheel,  when  its  ve-  HyclrauU<*^. 
locity  is  V  ;  whence  v-^^v^h^ 

FxV»=A(V-v)*, 

.=v(i-^^). 

But  the  acceleration  of  the  wheel  ceases  when  the 
force  of  the  water  to  turn  it  is  equal  to  the  force  or 
the  weight  which  opposes  it ;   that  is,  when 

W.r 
F.R  =  Wr,  or  when  F=  -rr— 

H 

Hence,  substituting  this  value  for  F,  in  the  pre- 
ceding value  of  Vy  there-results 

for  the  velocity  of  the  wheel  when  its  acceleration 
ceases. 

156.  When  the  weight  W  is  supposed  variable,  and  Miaimum 
it  is  required  to  determine  it,  so  that  its  momentum  «fifec^«- 
may  be  a  maximum^  we  must  find 

V  W  n  WV ( 1  —  v/^Tr"/  ^  ^  maximum ; 
W  —  ^  ^y^-irs-    =  a  maximum ; 


or 


which  gives  W  = 

And  in  a  similar  manner  we  shall  find  that  the  greatest 
momentum  generated  in  the  ascending  weight  will  be 
=  ^AV;  also  that 

1.  When  the  momentum  of  the  ascending  weight  W 
is  a  maximum,  that  weight  will  be  ^  of  the  weight 
which  would,  if  suspended  firom  the  axle,  balance  the 
force  of  the  stream. 

2.  And  when  the  momentum  of  the  ascending  weight 
is  a  maximum,  the  velocity  will  be  i  of  the  velocity  of 
the  stream. 

3.  When  the  uniform  velocity  of  the  ascending  weight 

9Wr 
W  is  a.  maximttm,the  radius  of  the  wheel  will  be  =    ,  ^   , 

4A 

For  the  radius  of  the  wheel  being  R,  and  that  of  the 

axle  r,  the  uniform  velocity  of  the  ascending  weight 

will  be  found  by  multiplying  together 

that  is^  the  velbcity  of  W  will  be  equal  to 

iH'-y^h 

which,  supposing  R  variable,  and  making  the  fluxion  i 

«       9Wr 
=  0  gives  R  ==  -—7-  . 

4  A 

Proposition  II..  , 

1 57.  If  the  velocity  of  the  stream  be  given,  the  effect  Effect  as 
will  be  as  the  quantity  of  water  expended.  depcoding 


For  it  appears  from  the  deductions  of  the  last  pro-  "f^°  f^ 
jm,  the  greatest  effect  is  as  ^  AV ;  that  is,  since  -fy  ^"»"^*y  *>^ 
is  constant,  the  eflect  is  in  a  ratio  compounded  of  the 


water. 


V»':  (y^vyiiA  ;  F  = 


_  A(v-fy 


v» 


force  of  impact  and  the  velocity  of  the  stream;  but 
the  force  of  water  is  as  the  quantity  of  water  expended 
and  velocity  conjointly ;  consequently  the  effect  is  as 
the  quantity  of  water  expended  and  the  square  of  the 
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Hyarodj-  velocity ;  or,  if  the  velocity  be  given,  as  the  quantity 
iiamk'j.     of  water  expended. 
^"•^"^^^^^      Whence  we  may  draw  the  following  conclusions : 

1.  When  the  expence  of  water,  is  the  same,  the 
eiiect  will  be  as  the  square  of  the  velocity. 

2.  The  expence  of  water  being  the  same,  the  effect 
will  be,  theoretically,  as  the  height  of  the  head  of  water. 

3.  The  aperture  being  the  same,  the  effect  will  be  as 
the  cube  of  the  velocity.  For  the  effect  is  as  Q  (the 
quantity  of  water)  into  the  square  of  the  velocity ;  but 
the  quantity  is  obviously  as  the  velocity,  therefore  the 
effect  is,  ceteris  paribus^  as  the  cube  of  the  velocity. 

Remark.  158.  If  all  the  water  which  passes  by  an  undershot 

wheel  actually  impinged  against  it,  as  supposed  by 
some  authors,  the  force  of  the  stream  would  be  simply 
in  the  direct  ratio  of  the  relative  velocity.     For  the 
number  of  particles  which,  according  to  this  hypothesis, 
strike  the  wheel  in  a  siven  time  would  be  given,  what- 
ever might  be  the  velocity  of  the  wheel.     The  hypo- 
thesis itself  is,  however,  absolutely  erroneous,  and  it 
would,  therefore,  be  useless  to  draw  from  it  its  de- 
pending conclusions.     It  is  true,  that  even  on  the  pre- 
ceding supposition,  the  conclusions  drawn  from  theory 
do  not  agree  with  those  experimentally  determined ; 
but  the  approximation  is  nevertheless  much  nearer  than 
if  we  had  adopted  thelatter  principle.     We  have  found 
that  the  maximum  effect  is  produced  when  the  wheel 
moves  with  one-third  of  the  velocity  of  the  stream ;  but 
in  actual  practice,  the  velocity  of  the  wheel,  when  the 
machine  is  in  the  greatest  perfection,  will  be  between 
one-third  and  one-half  of  the  velocity  of  the  stream, 
as  appears  both  by  the  experiments  of  Smeaton  and 
Bossut.    The  discrepance  between  these  results,  it  is 
clear,  arises  from  this,  that  the  water  does  not  all 
escape  the  instant  after  it  has  made  the  impact,  but  is 
confined  in  the  channel  for  some  time ;  so  that  the  suc- 
ceeding water,  which  would   otherwise  pass  by  the 
wheel,  inefficaciously  drives  the  confined  water  c^inat 
the  float-boards,  and  therefore  acts  in  the  same  manner 
as  if  it  actually  impinged  against  the  wheel.     Experi- 
ments show,  Uiat  when  the  roost  work  is  done  in  a 
given  time,  the  velocity  of  the  wheel  is  nearer  the  half 
thftn  a  third  of  the  velocity  of  the  stream  in  a  confined 
canal ;  but  it  is  nearer  one-third  than  a  half  in  an  open 
river,  where  the  water  has  more  facilities  to  escape. 
More  accu-      The   discrepances   between  the   results   of  cxpcri- 
rate  invcbU-  meuts  and  the  conclusions  drawn  from  the  preceding 
gatioii.         theory,  doubtlessly  arise,  as  before  suggested,  from 
our  not  being  able  to  introduce  into  our  computations 
the  several  circumstances  attending  the  different  so- 
liciting and  impeding  causes  of  the  motion,  one  of 
which,  and  the  most  important  of  them,  we  have  al- 
ready mentioned  above.    It  may  be  observed  also,  that 
other  conditions  ought  to  enter  into  our  investigation, 
according  to  the  strict  principles  of  Dynamics,  which 
have  been  entirely  omitted,  in  consequence  of  our  not 
being  able  to  estimate  them  correctly.     Suppose,  for 
instance,  the  moving  force  generally  to  consist  of  the 
impact  and  the  weight  of  such  portion  of  the  water  as 
•  may  tend  to  move  tlie  wheel  by  its  gravity ;  this  entire 

moving  force,  whether  determined  by  theory  or  experi- 
ment, may  be  denoted  by  A.  After  the  moving  force 
which  determines  the  motion  of  the  wheel  has  been 
found,  the  resistance  opposed  to  this  force  should  also 
be  computed  ;  for  on  tne  relation  between  the  moving 
force  and  the  resistance  will  depend  the  acceleration  of 


the  machine.    The  resistance  will  arise,  fint,  from  die  Hj^ 
inertia,which  may  be  thus  estimated ;  let  the  dittance  of  n^H 
the  centre  of  gyration  of  the  wheel  firom  thiat  of  the    '"'^ 
motion  be  p,  the  weight  of  the  wheel  P,  and  the  other 
quantities  according  to  the  notation  above  adc^ted : 
then  will  the  inertia  of  the  wheel  which  resists  the  comi> 
munication  of  motion  to  the  circumference  be  expressed 

Pp' 


by 


R> 


(§  XIII.  Dynamics):  and  in  nearly  a  aimilar 


manner  the  inertia  of  any  parts  of  the  system  may  be 
obtained,  knowing  the  weight,  figure,  and  potitioo,  by 
the  proper  rules  for  determining  the  centre  of  gyration 
of  different  bodies. 

In  the  second  place,  if  the  machine  be  one  that  raises 
water,  or  other  weights,  the  weight  raised,  allowing  for 
its  mechanical  effect  on  the  point,  the  acceleration  of 
which  is  sought,  must  be  subducted  from  the  moving 
force  before  K>und,  and  this  will  be  a  constant  quantity. 

Thirdly,  there  are  likewise  other  kinds  of  resistances 
homogeneal  to  weight,  as  for  instance  friction,  tenacity. 
&c.  which  vary  in  some  ratio  of  the  velocity  of  the  ma- 
chine ;  and  in  order  to  proceed  with  the  investigation, 
the  exact  quantity  of  weight  to  which  the  friction  is 
equal,  when  the  wheel  moves  with  a  given  velocity, 
must  be  known,  as  well  as  the  variation  of  the  resistr 
ances  in  respect  of  the  velocities,  circumstances  that 
must  be  experimentally  determined.  If-then  the  force 
equivalent  to  the  friction,  &c.  be  subtracted  from  the 
moving  force,  the  remainder  may  be  considered  as 
effective  moving  power ;  and  this,  divided  by  the  inertia 
of  the  mass  moved,  will  give  the  force  which  accelerates 
the  circumference. 

Thus,  if  when  the  velocity  of  the  wheeFs  circum- 
ference is  V,  the  friction  be  equal  to  the  weight  Q  ap<- 
plied  at  the  circumference,  and  varies  as  the  ath  power 
of  the  velocity,  we  shall  have  theforce  which  acceieratea 
the.  circumference,  as  follows : 


x(^)': 


R«       WR  r 


R"Qr- 


Wjf  P  ^  I  V  y  ^  f>*  W-fPp«  V-  (W  ^  P)* 
whence,  supposing  x  to  be  the  space  which  has  been 
described  by  the  circumference  when  the  velocity  is  r, 
and  g  =  lO^ij,  the  principles  of  acceleration  will  give 

us  this  equation, 

V  /V— ry  ,     R'         WRr 


(  W  +  P 
R'Qr- 


W  ^  Pp- 


-A- 


V-(WH-P)p^ 
and  from  this,  if  v  be  determined  in  functions  of  x,  and 
constant  quantities,  the  velocity  communicated  to  the 
wheel  may  be  ascertained. 

It  is  only  by  taking  all  the  circumstances  into  the 
account  that  an  exact  coincidence  can  be  produced 
between  theory  and  experiment.  The  difficulty,  how- 
ever, of  introducinp:  these  considerations  precisely  ac- 
cording to  their  individual  effect  is  so  great,  that  we 
can  look  for  little  assistance  from  a  calculation  founded 
on  such  principles;  it  will  be  much  more  likely  to 
answer  our  purpose  to  determine  all  these  circum- 
stances, or  what  are  equivalent  to  them,  from  actual 
experiments,  and  by  means  of  the  data  thence  obtained, 
to  proceed  with  our  theoretical  researches. 
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Problem  II. 


^^  159.  To  compute  the  effective  weight  of  water  in 
of  die  bocikets  of  any  proposed  overshot  wheel. 
rihst  An  overshot  wheel  unloaded,  is  considered  as  per- 
fectly in  equilibrio  upon  its  axis;  but  when  it  is  loaded 
tlie  equilibrium  is  destroyed;  because  the  weight  of 
the  water  lies  all  upon  one  moiety  of  the  circum- 
ference, which  causes  it  to  preponderate  as  we  have 
stated  (art  149). 

Let  ABC  (fig.  20)  represent  an  overshot  wheel,  of 
whidi  the  buckets  j,  ft,  c,  B,  d,  e,  are  loaded  with  water, 
and  let  there  be  supposed  an  equal  quantity  of  fluid  W 
in  each  bucket.  Now  the  centre  of  gravity  of  tlie 
bucket  a»  being  supposed  directly  over  the  axle  C  of  the 
wbeel,  will  have  no  tendency  to  give  it  a  rotatory  motion, 
but  will  merely  cause  it  to  press  more  firmlv  upon  its 
piTOtSy  as  it  would  if  a  weig^ht  a'  equal  to  that  of  the 
water  in  the  bucket  a,  hung  directly  below  the  axle.  But 
the  second  bucket,  whose  centre  of  gravity  is  b,  acts  in 
the  same  manner  upon  the  wheel,  as  would  an  equal 
weight  b'  hanging  freely  at  the  point  /;  consequently, 
its  effort  will  DC  proportional  to  the  product  ' 

w  X  Cy  =  w  sin  aCb 
(9  denoting  the  weight  of  the  water) ;  and  the  same  will 
hold  with  respect  to  the  bucket  e. 

The  water  in  the  buckets  c  and  r/,  act  in  the  same 
maimer  as  would  the  equal  weights  c'  d'  hanging  freely 
at  the  point  g ;  their  joint  effort  will  therefore  be  pro- 
portional to 

2wxcl=iyx  2sinflCc; 
and  the  water  in  the  bucket  B,  acting  at  the  extremity 
of  the  radius,  will  have  its  effect  proportional  to 

w  sin  90°  =  II?  R, 
(R  being  the  radius  of  the  wheel). 

1.  Heace,  first,  if  there  be  12  buckets  about  the 
wheel,  as  in  the  figure,  the  arcs  a  6,  6  c,  c  B,  &c.  will 
each  contain  30°;   and  we  shall  have 

(0  +  2  sin  30°  +  2  sin  60°  +  l)t»  = 
(0  +  1  4-^3  +  l)w=  3  7320508  w, 
for  the  effective  weight  of  water,fm  the  wheel,  while  its 
real  weight  is  6  w ;  so  that  die  real  weight  of  the  water 
is  to  its  effective  weight  as 

6  :  3-732,  &c. ;  or  as  1  :  -6220,  &c. 

2.  If  the  number  of  buckets  were  24,  and  all  sup- 
posed equally  fuU^  then  pursuing  a  similar  course,  we 
should  find 

(2  Nn  15°  +  2  sin  30°  +  2  sin  45°  +  2  sin  60°  +  &c, 
2  sin  90°)  w  =  7-685754  w 

for  the  effective  weight  of  water  in  the  buckets  :  now 
the  real  weight  in  this  case  is  12  w ;  whence  the  ratio 
of  the  real  to  the  effective  weight  will  be  as 
12  :  7-585754,  or  as  1  :  -6322. 

3.  If  we  suppose  the  number  of  buckets  to  be  so 
increased  that  the  weight  may  be  considered  as  equally 
difiiised  over  the  semi-circumference  a  BN  of  the 
wheel ;  then  will  the  sum  of  all  the  efforts  to  turn  the 
wheel  be  equal  to  the  sum  of  all  the  distances,  as  c  I 
into  the  corresponding  weights  at  c ;  that  is  by  the  na- 
ture of  the  centre  of  gravity  as  the  semicircle  a  BN  x 
C  kfk  being  the  centre  of  gravity  of  the  semicircular  arc. 

Now,  by  (art  122)  Statics,  C  it  =  •  63662  CB ;  con- 
se<}uently  the  actual  weight  will  be  to  the  effectual 
weight  as  the  arc  a  BN  to  -63662  x  arc  a  BN,  or  as 


1  •  -63662;  this  being  the  ratio  to  which  the  others  Hydraulic?, 
approximate.  s^-n^^^^ 

Proposition  III. 

160.  In  an  overshot  wheel  the  machine  will  be  in  its  ^l«xinvum 
greatest  perfection,  when  the  diameter  of  the  wheel  is  yf^^h^^^" 
two-thirds  of  the  height  of  the  water  above  the  lowest  wheel. 
point  of  the  wheel. 

If  the  wheel  ABN  revolve  with  a  velocity,  such  as 
a  body  would  acquire  in  faUing  through  the  alti- 
tude X  above  the  upper  part  a  of  the  wheel,  the 
water  will  fall  into  the  buckets  without  an  impulse 
(because  tlien  V  —  vz=.  u),  and  produce  its  effect  by  its 
weight  only. 

Let  A  =  X  -f  a  N,  the  height  of  the  supply  of  water 
above  the  lowest  point  N  ot  the  wheel;  then,  as  wc 
have  already  observed,  the  sum  of  all  the  effective 
forces  of  the  water,  in  all  the  buckets  of  the  semircircle 
a  BN,  will  be  equal  to  the  semicircle  a  BN  x  C  k,  k 
being  the  centre  of  gravity  of  the  semicircular  arc ; 
that  is,  it  will  be  equal  to  the  quantity  of  water 

aBNx    ^* 


acting  at  the  point  B. 


CB  ' 


But 


Ckzz 


BC.  oN 


BC 


arc .  a  BN        a  c  B  * 


consequently  the  force  of  all  the  water  to  turn  tlie 
wheel,  is  equal  to  the  quantity  of  water 

a  BN  X  — ^ ,  acting  at  B  =:  quantity  of  water  2  BC, 

or  a  N  acting  at  B. 

Hence,  if  BC  zr  R,  the  whole  force  of  water  will 
vary  as  R  x  o  N,  or  as  R  x  (A  —  J?). 

But  the  velocity  of  the  wheel  is  2  >/  g  x,  and  con- 
sequently the  force  of  water  to  produce  the  rotatory 
motion  of  the  wheel  is  R  {2  ^^  g  .r  -f  (A  —  x)} ;  this 
being  made  a  maximum,  will  require 

A^jr  —  2Ax'-f«'a  maximum ; 
whence  we  obtain  x  zz  ^  k; 

consequently  the  height  of  the  supply  of  water  above 
the  upper  part  of  the  wheel,  should  be  one- third  of  the 
whole  height,  and  the  diameter  of  the  wheel  two* 
thirds  of  the  height,  that  the  machine  may  produce 
its  maximum  effect. 

The  velocity  of  an  overshot  wheel,  when  the  water 
produces  its  effect  by  its  weight  only,  and  tlie  machine 
is  in  its  state  of  greatest  perfection,  is  to  the  velocity  of 
an  undershot  wheel  as  V  3  to  1 ;  on  the  supposition 
that  all  the  water  escapes  from  the  undershot  wheel  the 
moment  after  it  makes  its  impact. 

For  h  being  the  height  of  the  water,  the  velocity  of 
the  overshot  wheel  will  be  equal  to  -s/  ^  gh;  and  the 
velocity  of  the  undershot  wheel  equal  to  V  ^gh;  con- 
sequently the  former  is  to  the  latter  as  v^  f  :  >/  ^  oi* 
V  3  :    1. 

Proposition  IV. 

161.  The  efficacy  of  an  overshot  wheel  is  to  that  of  Overshot 
an  undershot  wheel,  the  weight  of  the  water,  aperture  and  iind«r- 
and  diameter  being  given,  as  13  to  5  nearly.  shot  com- 

If  A  denote  the  altitude  of  the  column  of  water,  the  ^       ' 
weight  of  which  is  equal  to  the  force  of  impact  on  the 
undershot  wheel,  when  quiescent,  since  the  velocity  of 
the  wheel  is  equal  to  one-third  of  that  of  the  stream 
(art.l56-2)9  we  shall  have  the  analogy 
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pantus. 


Fit  n. 


mdrodi^-  y  :  (3  ^  ly  ::  A  :  ^  A, 

the  weight  which  is  equivalent  to  the  force  of  the 
frtreacii^  when  the  machine  is  in  its  greatest  perfection  : 
whence,  if  V  be  the  velocity  acquired  in  falling  down 
ihc  altitude  A;  the  momentum  of  the  wheel  will  be 
ef|nal  to^Ax-JV^-^  AV^  when  in  its  best  state. 
In  tlie  overshot  wheel  the  weight  of  the  water  acting 
at  the  circumference  if*  equivalent  to  j  A,  and  the  velo- 
city ::^  V  Jg  A,  when  the  machine  is  in  its  best  state. 
But  s/  JgAi^V  ^/^;  consequently  the  momentum 
of  tlie  overshot  wheel  ^^AxVv'i^J  AV  ^/  J, 
and  is  to  the  undershot  wheel  as  §  s/  -^  io  t^,  or  as 
^  V  3  to  1,  or  as  2-5987  to  1,  or  as  13  to  5  nearly. 

Bimut*s  crpcritntnts  on  Ike  motion  of  water  wheels. 
DocrifiUi'ii  \Q-2.  The  experiments  of  which  we  here  propose  to 
oi  tbc  »p-  gjy^  the  detail,  were  made  with  different  views,  viz,  to 
find  the  effect  produced  by  a  greater  or  less  number 
of  float-boards ;  the  maximum  effect,  as  depending  upon 
the  ratio  of  the  velocities  of  the  stream  and  of  the 
wheel ;  the  arc  of  immersion ;  the  direction  of  the 
6oat-boards,  &c. 

The  first  series  of  experiments  was  made  on  the 
wheel  AGFH  (fig.  21),  which  had  at  first  48  float- 
boards  or  paddles,  and  these  were  successively  re- 
duced to  24  and  12.  All  the  paddles  were  about  5 
inches  broad,  and  between  4  and  5  incbea  long,  viz. 
in  the  direction  of  the  radii  of  the  wheeL  The  axis  of 
the  wheel  was  horizontal  and  cylindrical,  for  receiving 
the  parallel  envelopes  of  the  cord  COS,  which,  passing 
over  the  pulley  0,  thus  raised  up  the  weight  P. 

The  exterior  diameter  of  the  wheel  BK,  was  3  feet 

1  inch  10  lines:  the  diameter  of  the  axis,  independent 
of  the  cord,  2  inches ;  and  the  diameter  of  its  axle 
2 J  lines ;  the  diameter  of  the  pulley  3  inches  8  lines, 
and  of  its  axle  2|  lines ;   the  diameter  of  the  cord 

2  lines. 
The  wheel  was  placed  about  50  feet  from  the  reser- 
voir, aiid  the  velocity  of  the  stream  determined  in  the 
same  manner  as  in  (article  119),  The  wheel  had  just 
room  to  turn  freely  in  the  canal ;  and  the  number  of 
revolutions  were  counted  from  the  time  that  the  velocity 
of  the  ascending  weight  became  uniform,  which  was 
generally  after  about  four  or  five  revolutions  of  the  wheel* 

163.  Results  of  the  first  series  of  experiments, 
EXP^HIMEKTS  1  — 12. 

(Wheel  as  in  fig.  210 


It  appears  from  these  experiments  that  the  weifijht  1 
raised  being  the  same*  the  wheel  will   turn  wiUi"  a ' 
greater  velocity  when  the  number  of  paddles  are  48, 
than  when  they  are  24,  and  greater  with  24  than  when 
they  are  reduced  to  12,     Whence  we  may  therefore 
conclude,  that  in  all  similar  cases  it  will  be  advan* 
tageous  to  give  at  least  48  paddles,  provided  the  cir- 
cumference of  the  wheel  be  such  that  its  strength  be      ' 
not  diminished  by  the  insertion  of  such  a  number. 

At  the  distance  of  oO  feet  from  the  reservoir,  where  lt«» 
the  wheel  was  placed,  the  water  rose  above  the  bottom 
of  the  canal  about  13  or  14  lines,  and  the  greatest 
depth  to  which  the  float-boards  were  plunged  was 
about  13  lines,  which  gives  for  the  arc  of  immersion 
about  25°.,  or  rather  24*^  54'.  In  great  wheels  of 
about  20  feet  diameter,  which  arc  turned  by  a  rapid 
current,  the  arc  immersed  seldom  exceeds  25  or  30 
degrees,  and  these  wheels  have  seldom  more  than  40 
float-boards ;  but  it  appears  from  the  above  results,  i 
that  their  number  might  be  advantageously  increased.      ' 

164.  In  the  second  course  of  experiments  the  wheel  Fif 
employed  is  represented  in  figs.  22  and  23  ;  the  floata™ 
being  secured  by  an  iron  pin ;  between  the  two  iroti 
rims,  of  which  one  appears  in  the  vertical  section  in      i 
each  figure,  and  so  contrived  that  they  might  be  aet     I 
at  any  angle,  as  represented  in  fig.  23.    The  breadth     ! 
of  the  iron  rims  B  ^  zr  9  lines,  the  thickness  1  line ; 
tJ»e  floats  were  of  plate  iron,  about  |.  a  fine  thick.     The 
diameter  BF  of  the  wheel  ^  3  feet,   the  breadth  of 
the  floats  5  inches,  and  the  height  BA  zi  6  inches :     I 
the  bare  diameter  of  the  cyhndrical  axis  2  J  inches,  and 
that  of  its  spindle  3  lines;  the  diameter  of  thj  nuUey 
3  inches  8  lines,  and  that  of  its  spindle  or  axis  2| lines; 
the  diameter  of  the  cord  2  lines ;  and  the  weight  of 
the  whole  machine  was  44  pounds.     The  breadth  of 
the  stream  or  canal  was  12  or  13  feet,  and  its  depth  7 
or  8  inches ;  and  the  wheel  was  erected  on  a  sort  of 
bridge,    that  no  impediinettt  might  be  made  to  the 
molioa  and  actiou  of  the  water. 

165.  Results  of  the  second  series  of  experiments^ 

Experiments  13 — 16. 
(W  ith  the  wheel,  fig.  22.) 


V«    in 

i  . 

N" 

Velocity,  &c. 

E  ^ 

Weight 
raised 
rnlbi. 

'  s  ?.  ,  \ 

11 

2:4 

r^  ^ 

ze 

1 

2 
3 

Veloeity  of  C 
the  stream  ^ 

48 
48 
24 

12 

16 
12 

60     , 

60 
60 

33^ 

29* 

4 
B 
6 

feet  per      J 
second.     ^ 

24 
12 
12 

16 

12 
16 

60 
60 
60 

25^ 

254 
I9i 

7 

r 

48 

12 

48 

34 

B 

Velocity  of  1 

48 

16 

48 

314 

9 

the  stream  J 

24 

12 

48 

30J 

10 
11 

10  feet  per  J 
second*     / 

24 
12 

16 
12 

48 
48 

284 
25 

12 

I 

12 

16 

48 

23 

JJO 

Velocity,  kc. 

II 

1 

i<i 

|l 

B  ^ 

11 

^^ 

? 

t^"" 

a 

13 

Velocity  68^  feet  ^ 

48 

24 

60 

271* 

14 

per  second         j 

24  ' 

24 

60 

"A 

15 

The  floats  immers-  ) 
ed  4  inches,        ) 

24 

40 

40 

l^H 

16 

12 

40 

40 

imi 

K 


Here  it  will  be  observed  that  the  wheel  raised  tlie 
same  weight,  with  a  velocity  sensibly  greater,  with  %i 
floats  than  with  12,  but  its  motion  was  very  little  ac- 
celerated by  using  48,  beyond  what  it  was  with  24. 
The  arc  plunged  in  the  water  was  77°,  53'.  With 
the  above  deplli  of  inunersjun,  iherefofe,  we  ought  to 
give  at  least  24  floats ;  hut  with  a  greater  depth  of 
immersion  they  may  be  reduced  in  number.  In  pra€« 
lice  it  is  usual  to  give,  M.  Bosstit  says,  only  8  or  10, 
and  sometimee  less,  to  the  wheela  of  mills  placed  oa 
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Irers ;  \s  nbcr  is,  he  iiseiU,  too  lit^U-  t^ey 

foald  aci  ...i..  widi  1*2  or  18. 

Wii  have   determinedi    theoretkally,   the    velocity 

rhicli  a  wheel  oug;ht  to  have  iti  comparison  with  that 

'the  Atroani,  tn  order  to  produce  the  greatest  possihle 

leet;  tliis  determination  is  put  to  the  test  of  experi- 

at  in  the  two  foUowing^  series. 

I  III  the  first  table  the  nan*ow  canal  was  employed ; 

tlitt  onade  use  of  in  the  first  experinieiila  of  this 

athof ;  and  in  the  second,  the  bro^d  canal  employed 

the  la^t  series. 

The  Vhecl  in  both  cases  was  that  shown  in  fig.  22 ; 
l^tti  in  the  first  there  were  48  floats^  and  In  the  second 
aly24. 

160.  ReitJh  tfthttJiird  Hriei  ^/\  i^../  *^.  eu^j. 

Experiments  17 — 28, 
(With  the  wheel,  fig.  22.) 


17 
18 
19 
20 
21 

122 
24 
25 
26 
27 
r 


Velocttjr.  6tc. 


Velocity 

of  the 

stream^ 

V?  feet 

per 

second. 

Number 

of  floats, 

48. 


Weight 


31 

32 

324 

33 

33i 

34 

34f 

35 

351 

36 


DurmLioii  of 

mntiod  in 

tecondt. 


40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 


NiirnbhEf  of 
revolutions. 


22^ 

21^4 
21fJ 

20« 
20i| 

19M 


\^\t\ 


ince  the  time  employed  in  these  experiments  is  the 
•4itie  for  all,  the  p:realest  effect  will  be  estimated  by 
the  greatest  product  of  the  weight  into  the  number  of 
evolutions;  this  eondition  gives  the  maximum  effect 
^t»en  20||^  revoliUions  are  made  in  40  seconds  with  a 
load  of  34|  lbs.,  as  In  experiment  25, 
'  Iti  order  to  compare  this  with  the  velocity  of  the 
stream,  we  shall  find  that,  since  the  water  runs  300 
w  27  seconds,  it  will  pa^s  over  5334  inches  in  40 
*^Coods,  Also  the  wheel  haviiig  3  feet  or  36  inches 
ter,  its  circumference  Is 

36  X  *7854  zz  113-0976 inches; 

icnce  113-0976  x  20|^  —  2311  inches  passed  over 

V  Jiny  point  in  the  circumference  of  the  wheel ;  thus 

*e  fhall  have  experlmentaHy  the  ^eatest  effect  when 

^ke  velocity  of  the  stream  is  to  that  of  the  wheel  as 

>.lKto231l. 

But  if  we  take  the  centre  of  impression  of  the  water 
w»the  floats,  the  diameter  will  be  reduced  tp  34  inches, 
wd  the  ratio  of  the  two  velocities  will  b^  as  5334  to 
2183  nearly;  which  differs  not  very  essentially  from 
'lit  of  5  :  2. 

Bwt  it  may  be  asked,  does  this  ratio  remain  the  same 

wc  have  regard  to  the  resistances  which  are  omitted 

the   preceding  valuation,      lliis  question  reduces 

io   tliis  :  We  have  two  consecutive   and  similar 

irs,  M  ,  r  and  N  .  v\  which  express  each  the  pro^ 

t  of  a  load;  by  it«  velocity  we  suppose  tliat  M.  i' 


is  a  maximum,  and  consequently  M  r  J>  Nr\  Now»  iivUrnuiii* 
in  order  to  introduce  the  resistances,  the  weights  M  and  ' 
N  must  be  conceived  to  be  each  augmented  by  a  cer- 
tain quantity.  Suppose,  then,  that  M  becomes  M  -f-  fw, 
and  that  N  becomes  N  4-  «,  it  is  required  to  determine 
whether  the  same  velocity  which  renders  M  v  a  maxi* 
mum  will  give  also  (M  -i-  m)  v  a  maximum,  or  whether 
(M  H-  f»)  r  >  (N  +  n)  v\  It  is  evident  that  this  will 
not  be  g^enerally  the  case,  as  it  will  depend  upon  the 
ratio  of  M  and  n  to  each  other.  But,  sujJposiug  (what 
IS  in  fact  very  nearly  the  case)  that  Uie  forces  m  i?  and 
n  V*  of  the  resistances  are  as  the  forces  M  v  and  N  v\ 
we  shall  have 

IVTi?  :  Ni/; 


Nr'  +  nv*  ::  Uv  :  Nt'; 


m  V  I  nv    ; 
whence  we  draw 

M  r^  +  f«r 
consequently, 

This  result,  as  we  have  stated  above,  is  certainly  not 
generally  or  geometrically  true ;  but,  at  the  same  time, 
it  is  of  that  kind  that  little  error  will  arise  in  practice  by 
adopting  it. 

Hence,  then,  we  may  conclude,  that  when  a  wheel  has 
48  float-boards,  and  is  turning  in  a  course  of  little  depth, 
the  velocity  of  its  circumference  ought  to  be  about 
|ths  of  that  of  the  stream,  in  order  to  produce  its 
maximum  effect. 

167,  Rcsulis  of  the  fourth  stries  of  ejpcrimenti, 

EXPERIMEKTS  29 — 45. 

(Wheel  as  in  fig.  22.) 


Eiperi- 

ni'enbi 
coiUmwc<l. 


29 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 


Velocity,  &c. 


Velocity 

of  the 

stream, 

684  feet 

per 
second. 
Number 
of  floats, 

24. 
Depth  of 
immersion 
4  inches. 


Weight 


30 

35 
40 
45 
50 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 


Dnnitlon  af 

iiuitiofi  io 

seconds, 


40 
40 

40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 


Number  of 
revolutionf 


•^ 
1411 

Hit 

iiA 

lOM 


Hefe,  by  multiplying  each  respective  weight  by  the 
corresponding  number  of  revolutions,  we  shall  find  that 
the  greatest  product  will  be  that  in  experiment  39,  viz. 
60  X  Hf^  —  710;  and  comparing  the  velocity  of  the 
wheel  In  this  experiment  with  that  of  the  stream,  we 
shall  find  the  lalio  to  be  again  very  nearly  that  of 
2  to  5,  as  before. 

168.  The  next  object  M.  Bossut  undertakes  to  exa- 
mine, rehites  to  the  inclination  of  the  floats  when  thoy 
take  Jaay  poakioti,  such  an  that  shown  in  fig.  23, 
'  2  k 
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Ujdfpdj.  iiMt«ad  of  heitSe  directed  iow$lrdl  tto  eftntve  Cis  hi  the 
iW6  tNT^cediitg  ctees. 

We  hAve  &e^  explidtied  thitl  by  ttMm  of  the  Ae- 
chaxiism  in  part  shoim  in  the  flglMi  the  angle  of  theit 
diireetion  might  be  chitnged  at  pleasure. 

The  experiments  reported  m  the  first  of  the  three 
following  tables  were  made  on  the  narrow  canal,  and 
the  others  on  that  employed  in  the  experiments  imme* 
diately  preceding. 

The  word  direct^  indicates  that  the  floats  were  di* 
rented  to  the  centres,  as  in  fig».  31,  32,  and  the 
abbremtions;  inclin.  9^,  inclin*  12^,  Ac.  signify  that 
the  floats  made  with  the  radius  such  or  such  an  angle. 

169.  Results  ofthejifth  series  af  txferimtnts* 

Experiments  46 — 51. 


Experi- 
menti  on 
oblique 
floats. 


(Wheel  asm  fig.  23.) 


46 
47 
43 
49 

50 
51 


Vclodtf,  &c* 


The  Telocity 

of  the  stream  I 

^^  feet 

per  second. 


Kumbef  of 
float  boards, 
4B. 


Direct. 

incjin.  e^ 

Do.  8-* 

Do,  12 

Do,  12^ 

Do.  16*^ 


^1 


34 
34 
3B 
34 
38 
34 


Q^ 


40 
40 
40 
40 
40 
40 


Number 

kiti 


20|| 
19|| 


It  appears  from  the  above  results,  that  when  the 
floats  are  directed  towards  the  centre  in  the  case  of  a 
straight  and  narrow  canai,  the  a^on  of  the  wheel  is 
knofe  adviEintageous  than  When  they  Are  inclined  at  &n 
takDgle  of  iP\  that  the  last  are  less  advantages  than 
"wten  the  inclination  is  12^;  Und  that  the  last  Incli-' 
nation  is  less  favourable  than  When  it  is  increased  to 
IV  degrees »  m  fdocX  there  is  very  titne  difference  m 
the  action  between  this  last  inclination  and  that  in 
whilsh  the  floats  are  direct. 

When  the  floats  are  direct,  the  percussion  acts  With 
the  g;lreatest  efi^t ;  land  when  itiey  are  oblique,  the 
Wafei\  besides  striking  the  floatSi  rises  up  of  them,  and 
remailiis  hangin^^  upon  them  as  it  were  for  a  certain  time, 
thus  c4unterbalimcing  by  its  weight  in  some  kneasure 
what  Was  lost  bv  the  oblique  percussion;  and  this 
comj^nsation  Will  be  so  much  Uie  more  comj^lete  ac« 
cordmg  to  the  ingle  of  tvclinaition,  and  according  to 
the  depth  and  velocity  6i  the  stretoi.  It  is  difficult, 
however,  to  say  what  the  inclhiation  ought  to  be,  as 
depending  upoti  the  latter  data. 

170.  Results  of  the  sixth  series  of  experiments^ 

£xPEtiiM£l^TS   58 — 58. 
(Wheel  as  m  iBg.  23.) 


K*» 

Velocity,  &€. 

Ntunber  of ', 

ioftt  boards^ 

4S. 

a-sl 

Nombcr' 
t4  tt*o- 

Itiliabs. 

1  52 

4  53 
1  54 
j  55 
56 
57 
■  58 

Velocity  of  the  r 

stream,68jfeetl 

per  second.    1 

Depth  of  im-  \ 

mersioti,      J 

3  inches,     1 

Dtrfect. 
Do. 

Inctin.lO-^* 
Do.    10*» 
Do.   20^ 
Do.  20^ 
Do-   30^ 

20   ; 

32 
20 
32 

eo 

32 
20 

60 

60 

60 

60. 

60 

60 

60  , 

.  It  doght  to  be  jemarited  here,  diat  wettni^trngUii^  ^fg 
rities  in  the  stream  prevented  the  same  degreeof  i 
mcy  in  these  experiments  as  in  the  fbUowing; 

ExpBatMEKTs  59«--62. 
(Wheel  as  in  fig.  23.) 


N* 

Velocity,  &c 

Ntmberof 

flott  boards, 

48. 

NamlMr 
latiMM. 

59 

60 
61 
62 

Velocity,  684  ft.  r 

per  secona.     1 

Depth  of  immer-| 

sion,  4  inches,  v 

Direct. 

Inclin.  15° 
Do.  30° 
Do.  37° 

40 
40 
40 
40 

40 

40 
.40 
40 

13H 
14H 

It  appears,  that  in  eir^amstaoces  analogous  to  those 
of  the  last  table,  the  most  advantageous  inclination 
lies  between  15^  and  30°.  There  is  here,  ai  in  all 
limtlar  cases,  ft  degree  of  oUiquity  which  we  must  not 
lorpass,  because  by  this  means  we  lose  moie  by  the 
percussion  than  is  gained  by  the  weight  of  the  suapended 
water.  ,     > 

We  conclude  our  accoutit  df  M.  Bossut's  e^Kri- 
Jineuts  on  this  stibjedt  by  the  fbUowiJag  siHes  oA  the 
motkm  of  Overriiot  wfeiter  wheels. 

Tiie  wheel  employed  in  the  foDowing  en>erifnenta  in 
Ihown  byAEDB,  fi^.24',  the  canal  wtech  bnm^t 
the  water  tx>  the  wheel  was  horicontal ;  it  was  6  incmea 
iki  breadth,  the  height  of  the  water  Was  constantly  the 
same,  and  the  supplv  1 194  cubic  inches  per  minute. 

The  diameter  of  the  wheel  was  3  feet;  that  of  its 
axis  or  cylinder  2  inches  7  lines,  and  of  the  axis  on 
which  it  turned  2^  lines.  The  pulley  O  the  same  as 
ib  the  preceding  experiments;  the  number  of  buckets 
Was  48,  their  depth  3  inches,  and  breadth  5  inches. 

It  may  be  proper  to  observe  here,  as  in  the  preceding 
detail,  that  tne  time  was  counted  from  the  period  when 
the  motion  of  the  wheel  became  uniform,  which  was 
commonly  after  5  or  6  revolutions. 

171.  AesuU  of  the  seventh  series  qf  experimenU. 

EXPERXMEVTS  1 — 8. 

(Wheel  as  in  fig.  24.) 


Weight 
nuediolbi. 

Tune  of 
motion  in 
•eoondi. 

Naaber.f 

I^^TOMltiOM. 

11 

60 

"ft 

12 

eo 

iH 

13 
14 

60 

eo 

15 
16 

60 
60 

8H 

17 

«0 

*i' 

18 

60 

m 

In  putting  19  lbs.  for  the  weight,  the  wheel  tuned 
very  slowly;  when  it  was  20  lbs.  the  wheel  stopped, 
aldiough  a  slight  motioti  was  commenced  by  the  hand, 
in  order  to  make  it  take  the  water. 

When  there  was  no  load,  the  wheel  made  40^  turns 
in  a  minute. 

If  we  multiply  each  load  fiisedby  thecorrespondbg 
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MnberoftufTis  of  the  wheel,  that  which  had  17  lbs, 
'for  iu  load  waa  the  greatest.  In  which  case  the  veto- 
'  city  of  the  wheel  is  very  ncajly  lliat  required  by  the 

Since  when  the  effect  is  the  greatest,  the  wheel  make^ 
J  revolutions  in  a  minute,  wliile  it  would  make  m  the 
Be  time  A0\  vv^lhout  any  weight,  it  follows  that  the 
rJocity  requisite  for  tlie  greatest  effect ,  i^  to  the  velo- 
jty  which  the  wheel  will  take  when  it  has  no  load  to 
tise,  as  B-f^  to  40^,  or  as  1  to  5  nearly. 

SmeatoH^i  experiments  on  water  wheelt, 

172.  A  vsduable  course  of  experiments  and  obscr\a- 

relative  to  the  action  of  difterently  constructed 

wheels,  was  undertaken  and  completed  by  the 

^ed  English   engineer,  Smeaton,  of  which   an 

detail  was  published  in  the  5l6t  volume  of  the 

Sosophicml  Transactions ^  many  years  after  the  course 

been  completed,  and  after  the  greater  part  of  the 

Edeductions  obtained  from  them  had  been  verified  by 

'  ftciutl  constructions  on  a  large  sc-ale»     They  are  thus 

rendered  doubly  valuable,  because  It  frequently  happens 

that  concliiitons  drawn  from  experiments  caiTtcd  on, 

as  such  experiments  as  these  must  necefisfirily  be,  on  a 

small  scale,   are  not  found  to  obtain  when  they  are 

Sttbmitted  to  actual  practice  in  the  constructions  of 

quUb  and  other  machinery.     In  the  series  we  are  about 

to  describe,  this  source  of  error  is  avoided  by  the  best 

of  ill  possible  criterionSf   the   actual  sidcceas  of  tlie 

Tirious  constructions  in  many  pieces  of  machinery, 

oected  under  the  direction  of  this  celebrated  en^neer. 

OfunderBhot  wheeis, 

173.  The  machine  (or  conducting  these  eifperimeiits 
i»  lepresesented  in  Hg.  25,  where  ABCD  is  the  lowt^r 
ditern  for  receiving  the  water^  after  it  has  quitted 
tlie  whecU  and  for  supplying  the  upper  cisteni  DE ; 
tiic  water  bein^  raised  by  a-  pump  to  any  required 
kttght,  that  height  is  shown  by  a  small  rod  FG, 
In^ed  into  mciiei^  and  parts  ;  witli  a  Ooat  at  the  bot^ 
I  to  move  the  rod  up  and  down,  a»  the  surface  of 
the  water  rises  and  falls.  HI  is  a  rod  by  wbicb  the 
I  is  drawn  tip,  and  stopped  at  any  heig^ht  required 
hr  iDttiis  of  a  pin  or  peg  K,  which  hts  several  holes, 
placid  in  the  manner  ot  a  diagonal  scale  on  the  face 
rf  the  rod  HI.  GL  is  the  upper  part  of  the  pump  rod, 
far  dnwing  the  water  out  of  the  lower  cistern,  in  order 
to  fiiae  and  keep  up  its  surface  at  the  desired  beig^ht 
the  cistern  DE,  to  supply  the  water  expended  by 
ihe  aperture  of  the  sluice.  MM  is  the  arch  and 
Jbfidle  for  working  the  pump,  which  is  limitt'd  in  its 
itoke  by  N,  a  piece  for  stopping  the  handle  from 
nittiig  the  piston  too  high ;  being  in  like  manner  pre- 
mled  from  going  too  low  by  meeting  the  bottom  of 
Ifae  barrel.  O  is  a  cylinder  on  which  a  cord  winds, 
vliich  being  conducted  over  the  pulley  P  and  Q, 
R,  the  scale  into  wliich  the  weights  are  put  for 
tr^toe  the  power  of  the  water*  B,  T,  are  the  two 
stannrds  which  support  the  wheel,  and  are  made  to 
tUe  irp  and  down,  to  adjust  the  wheel  as  near  as  pos- 
sible 10  the  floor  of  the  conduit ;  W,  the  beam  which 
the  scale  and  pulleys.     This,  in  the  figure,  is 

bitsd  at  b  <t  little   higher   than  the   macliine, 
p  however^  is  merely  for  bringing  tlie  figtsre  into  a 


narrow  compass  j  in  the  machine  itself  it  was  placed  Hydnulici 

15  or  16  feet  higher  than  the  wheel,  ^^^-v^^^-^ 

Fig.  26  is  a  section  of  the  same  machine,  where  the 
same  parts  are  marked  with  the  same  letters  as  in  the 
preceding  figure.  Besides  which,  XX  is  the  pump 
barrel,  being  5  inches  diameter,  and  1 1  inches  long. 
Y  is  the  piston,  and  Z  the  fixed  valve.  OV  is  a  cylinder 
of  wood,  fixed  on  the  pump  rod,  and  reaches  above  the 
surface  of  tlie  water ;  this  being  of  such  thickness  that 
its  section  is  half  the  area  of  the  pump  barrel,  and  will 
cause  the  surface  of  the  water  to  rise  in  the  head,  aji 
much  while  the  piston  is  descending  as  while  it  is 
rising,  and  will  therefore  keep  the  guage  rod,  FG,  more 
uniformly  to  its  height;  a  a  shows  one  of  the  two  wires 
which  serve  as  directors  to  the  float,  that  the  guage 
rod,  FG;,  may  be  kept  perpendicular;  h  is  the  aper- 
ture of  the  sluice ;  c  A  a  kant-board  for  throwing  the 
water  more  directly  down  the  opening  c  d  into  the  lower 
cistern ;  and  c  e  is  a  sloping  board  for  bringing  back 
the  water  that  is  tlirown  up  by  the  floats  of  the  wheel. 
Without  entering  more  minutely  into  the  particulars 
of  the  construction  of  this  machine,  the  reader  will 
readily  comprehend  the  nature  of  its  operation,  and  we 
shall  therefore  now  proceed  to  an  account  of  the  expe- 
riments themselves. 

174.  Mr.  Smeaton's  lirst  object  was  to  determine  Tlie  velocity 
the  velocity  of  the  water,  and  with  this  view  he  pro-  oftliewiik*r. 
ceeded  as  follows :  First,  kt  the  wheel  be  put  in  mo- 
tion by  the  water,  but  without  any  weights  in  the  scale, 
and  suppose  the  number  of  turns  in  a  minute  to  be 
60;  now  it  is  evident,  were  the  wheel  free  from  friction 
and  resistance,  that  60  times  the  circumference  of  the 
wheel  would  be  the  space  through  which  the  water 
would  have  moved  in  a  minute,  with  the  velocity  with 
which  it  struck  the  wheel ;  but  the  wheel  being  en- 
cumbered with  friction  and  resistance^  and  still  making 
60  revolutions  per  minute,  it  is  obvious  that  the  ve- 
locity of  the  water  must  be  g^realer  than  60  circum- 
ferences before  it  met  the  wheel.  Let  now  the  cord 
be  wound  round  the  cylinder,  but  contrary  to  the  usual 
way,  and  put  a  weight  in  the  scale ;  tliis  counter  weight 
will  assist  the  wheel  in  turning  the  same  way  as  it 
would  have  been  turned  by  the  water;  put  therefore 
as  much  weight  into  the  scale  as,  without  any  water, 
will  cause  it  to  turn  somewhat  faster,  as,  for  example, 
63  times  per  minute ;  let  it  now  be  tried  again  with 
the  water  assisted  by  the  weight,  and  if  the  wheel  still, 
from  the  action  of  the  water,  be  farther  accelerated,  it 
will  be  obvious  tlmt  the  water  has  a  greater  velocity 
tiian  63  revolutions  per  minute ;  by  proceeding  thus, 
the  motion  of  the  wheel  may  at  length  be  found  so  that 
the  water  being  kt  on  will  not  accelerate  it,  and  then  we 
may  conclude  that  the  velocity  of  the  water  and  of 
the'  circumference  of  the  wheel  are  equal  to  each  other. 
It  w^as  in  this  manner  Mr.  Sroeaton  estimated  the  ve- 
locity of  the  impinging  fluid. 

175.  In  finding  the  greatest  product  or  maximum  Maxirauai of 
eftect,  the  author  proceeded  as  follows :  Having  found  i-tVect 
by  trials  what  weight  gave  the  greatest  product,  by 
multiplying  each  weight  by  the  number  of  revolutions 
in  a  given  time,  he  found  what  weight  in  the  scale, 
when  tiie  cord  was  on  the  contrary  side  of  the  cylinder, 
caused  the  wheel  to  make  the  same  number  of  revo- 
lutions the  same  way  without  water ;  then  it  is  evi 
dent  that  this  weight  is  nearly  equal  to  all  the  friction 
and  resistance  taken  together  ;  and,  consequently,  that 
2  K  2 


MM 


HYDRO  DYNA:MICS. 


lljdrody- 
luiuiics. 


the  weight  added  to  the  counter  weight  will  be  equal 
to  the  weight  that  (;ould  have  been  raised,  if  the  ma- 
*  chine  had  been  devoid  of  friction  and  resistance,  and 
which,  multiplied  by  the  height  to  which  it  was  raised, 
will  give  the  greatest  effect  of  that  power. 

It  would  be  useless  to  enter  into  a  minute  descrip** 
tion  of  the  pump  and  other  parts  of  the  apparatus ;  it 
will  be  sufficient  to  observe,  that  their  construction  was 
such  that  the  quantity  of  water  discharged  for  any 
given  time,  or  for  any  given  number  of  strokes  of  the 
pump,  might  be  very  accurately  determined. 

Specimens  of  a  set  of  experiments. 

Sluice  drawn  to  ibe  first  hole.  Inches. 

Water  above  the  floor  of  the  sluice 30 

Strokes  of  the  pump  per  minute •  •  • 39^^ 

The  head  raised  by  12  Strokes 21 

The  wheel  raised  the  empty  scale  and  made  it  turn 

60  times  per  minute 60 

With  a  counter  weight  of  lib.  8  oz.  it  made. 85 

Ditto,  tried  with  water ,86 


Maximum 

ertrct 

computed. 


N* 

Weight. 

Revol.  per  minute. 

Ftoduct 

lb.    ox. 

1 

4     0 

45 

180 

2 

5    0 

42 

210 

3 

6    0 

36i 

217* 

4 

7    0 

33* 

236+ 

6 

8    0 

30 

240 

6 

9    0 

264 

238+ 

7 

10    0 

22 

220 

8 

11     0 

16J 

18I| 

9 

12    0 

Ceaied  worlung. 

.  Counter  wei^t  for  30  revolutions,  without  water, 
.2  oz.  in  the  scale. 

The  area  of  the  head  of  water  105*8  inches. 

Weight  of  empty  scale  and  pulley  10  oz. 

Circumference  of  the  cylinder  9  inches. 

Ditto  of  the  water  wheel  75  inches. 

176.  Here,  the  circumference  of  the  wheel  being  75, 

^e  have  ^^  jl  ^    =  107-5  mches,  or  8-96  feet  the 
oO 

velocity  per  second  of  the  water,  which  is  that  due  to 

a  head  of  15  inches ;  and  this  we  shall  call  the  virtual 

head. 

The  area  of  the  head  being  105*8  inches,  we  shall  have 
from  the  known  sjpecific  gravity  of  water,  6*126  ounces 
for  the  weight  of  one  inch  deep  of  the  head,  and  this 
multipUed  by  the  whole  depth  21  inches,  gives  80*43  lbs. 
for  the  weight  of  water  dne  to  12  strokes  bf  Ihe  pump; 
therefore,  12  :  39*5  ::  80*43  :  264-7  lbs.  the  weif^ 
of  water  expended  per  minute. 

Mr.  Smeaton  now  estimates,  as  this  weight  of  water 
has  descended  15  inches  in  a  minute,  that  the  product 
of  264*7  X  15  =  3970  will  express  the  power  of  the 
water  to  produce  its  mechanical  effect,  which  was  as 
follows : 

.  The  velocity  of  the  wheel  at  the  max}mum„a8  appears 
by  the  above  reductions,  was  30  revolutions  per  minute, 
which,  multiplied  by  9  inches,  the  circumference  of  the 
cylinder,  makes  270  inches ;  but  as  the  weight  was  hung 
by  a  pulley  and  double  line,  the  weight  was  only  raised 
half  this;  viz.  135  inches. 


The  weight  in  the  scale  at  the  maximum  8    0  s^ 

JDitto  of  scale  and  pulley. 0  10  ... 

Counter-weight  and  pulley 0  12 

Sum  of  resistance 9    6  =  9*375 

Now,  9*375  X  135  =  1266  is  the  maximum  effect  Mi 
produced ;  therefore  the  ratio  of  the  power  to  the  effect  ^^* 
at  the  maximum,  is  as  3970  :  1266,  or  as  10  :  3*8.      ^^ 

But  Mr.  Smeaton  observes,  though  this  is  the  greatest 
single  effect  producible  from  the  power  mentioned, 
by  the  impulse  of  the  water  on  an  undershot  wheel,  yet 
as  the  whole  power  of  the  water  is  not  exhausted  by  it, 
this  will  not  be  the  true  ratio  between  the  power  and 
the  water,  and  the  sum  of  all  the  effects  producible  by 
it ;  for  as  the  water  must  necessarily  leave  the  wheel, 
with  a  velocity  equal  to  that  of  the  circumference  of  the 
wheel,  it  is  plain  that  some  part  of  the  power  of  the 
water  must  remain  after  quitting  the  wheel.  The 
velocity  of  the  wheel  at  30  revolutions  per  minute,  is 
3*123  feet  per  second,  which  answers  to  a  head  of 
1*82  inches,  which,  multiphed  by  the  expence  pet 
minute,  via.  264*  lb.  gives  481  for  the  power  remaining 
in  the  water ;  and  this  deducted  from  the  original  power, 
becomes  3970  —  481  z:  3489,  ibr  the  power  employed 
in  producing  the  efiect  1266;  consequently,  the  power 
sp^t,  to  the  effect  produced,  is  as  3489  :  1266,  or 
as  1 1  to  4  nearly.  The  velocity  of  the  watei:  striking 
the  wheel  has  been  determined  to  be  equal  to  86  cir- 
cumferences per  minute,  and  the  velocity  of  the  wheel 
at  the  maximum  to  be  30;  the  velocity  therefore  of 
the  water  to  that  of  the  wheel,  is  as  86  to  30,  or  as  20 
to  7.  The  load  at  the  maximum  has  been  shown  to 
be  equal  to  9  lb.  6  oz.  and  that  tlie  wheel  ceased  moving^ 
with  12  lb.  in  the  scale;  to  which^  addine  the  weight 
of  the  scale,  10  oz.  the  proportion  will  be  nearly  as 
3  to  4  between  the  load  at  the  maximum  and  that  with 
which  the  wheel  is  stopped. 

It  is  somewhat  remarkable,  Mr.  Smeaton  remarks^ 
that  through  the  velocity  of  the  wheel  in  relation  to 
the  water,  turns  out  greater  than  ^  of  the  velocity 
•of  the  water,  yet  the  impulse  of  the  water,  in  the  case 
of  a  maximum,  is  more  than  double  what  is  assigned 
by  theory  ;  that  is,  instead  of  ^ths  of  the  column,  it  it 
nearly  equal  to  the  whole  column.  It  must  be  remem* 
bered,  therefore,  that  in  the  present  case,  the  wheel  was 
not  placed  in  an  open  river,  where  the  natural  current, 
.after  it  has  communicated  its  impulse  to.  the  float,  has 
room  on  all  sides  to  escape,  as  the  theory  supposes ; 
but  in  a  conduit,  or  race,  to  which  the  float  being 
adapted,  the  water  cannot  otherwise  escape  than  by 
moving  along  with  the  wheel. 

It  is  observable,  that  the  wheel  moving  in  this  man- 
ner, as  soon  as  the  water  meets  the  float,  it  receives  a  ^ 
sudden  check,  and  rises  up  against  the  latter  like  a 
wave  against  a  fixed  object;  so  that  when  the  shee. 
,of  water  is  not  even  ^  of  an  inch  thick  before  it  meets 
the  float,  yet  this  sheet  will  act  on  the  whole  surfaoe  of 
a  float,  whose  height  is  3  inches,  and  consequently 
were  the  float  no  higher  that  the  thickness  of  the  sheet 
of  water,  as  the  theory  also  supposes,  a  great  part  of 
the  force  would  have  been  lost,  by  the  water's  dashing 
over. 

177.  The  following  table  contains  the  results  of  27 
sets  of  experiments,  conducted  and  reduced  after  the 
manner  above  explained. 
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Tablb  of  Smeaimii  exftfrimenU  on  undenhot  whieis* 


— 

Ttuni*  of 

Ralju  ot*  the 

1  fc 

Height  o( 

Yiri^al 

Turns  lit 

Load  lit 

Luad  at 

Water 

Ratio  of 

Ratio  of  the 

lortc!  at  tilt'     Ex* 

M 

n«ter  w 

file  V*  lice 

hend 

Ihc  maxi- 

llie  etjiji- 

ihtf  til  mi- 

ctpt-ndcfi 

Povfer. 

Effect, 

pc>*vcr 

Vflooity  of 

pqtiilibrhiiii,  (huv 

V 

the 

un- 

thcuce 

iltUlU. 

Jtbmim^ 

mum. 

per 

lo  eUVct. 

t\w  ixruttfr 

to  itu'  l.jud  cit  tiiciaA. 

I^P 

'  cistern. 

loHdtfd, 

dtrcJuecd* 

uiinutt'. 

and  i*hoeL  ]tJu Tartxinjiini'            ] 

u a  lies. 

IJK'hL'i. 

lb».  I**. 

iU%.   ot 

I 

33 

88 

i5'38 

30 

13    10 

10      9 

275 

4357 

1411 

10:3-24 

10:3-4 

10:7-75 

2 

30 

86 

15-0 

30 

12  10 

9      6 

264-7 

3970 

1206 

I0:3'2 

10:3-5 

10:7-4 

3 

27 

$2 

13'7 

28 

11     2 

S     6 

243 

3329 

1044 

10:3-15 

10:3-4 

10:7-5 

4 

24 

78 

123 

27-7 

9  10 

7     5 

235 

2890 

901-4 

10:3-12 

10 :  3'55 

10:7-53 

5 

21 

75 

11-4 

25-9 

a  10 

6     5 

214 

2439 

735-1 

10:3-02 

10:3-45 

10:7-32 

Aethr 

6 

18 

70 

9-95 

*23-5 

6  10 

5     5 

199 

1970 

561-8 

1 0 : 2-82 

10:3-36 

10:8-02 

lit 

bote. 

7 

15 

65 

8-54 

23*4 

5  2 

4     4 

178-5 

1524 

442-5 

10:2-9 

10:3-6 

10:8-3 

8 

12 

60 

7-29 

22 

3  10 

3     5 

161 

1173 

328 

10:2-8 

10:3-77 

10:9-1 

9 

9 

51 

5^47 

19 

2  12 

2     8 

134 

733 

213*7 

10:2-9 

10 ;  3-65 

10:9-1 

10 

6 

42 

3-55 

16 

I   12 

1    10 

U4 

404'7 

117 

10:2*82 

10:3-8 

10:9-3 

11 

24 

84 

14'2 

30-76 

13  10 

10  14 

342 

4890 

1505 

10:3-075 

10  :  3-66 

10  1  7-9 

n 

21 

81 

13^5 

29 

11   10 

9     6 

297 

4009 

1223 

10:3-01 

10:  3-62 

10:8-05 

13 

18 

72 

10*5 

26 

9  10 

8     7 

285 

2993 

975 

10 :  3-25 

10:3-6 

10:8-75 

At  lUc 

14 

15 

69 

96 

25 

7   10 

6   14 

277 

2659 

774 

10 : 2-92 

10 :  3-62 

10:9 

£d 
hok>. 

\s 

12 

63 

80 

25 

5   10 

4  14 

234 

1872 

549 

10:2-94 

10:3-97 

10:8-7 

16 

9 

66 

6*37 

23 

4     0 

3  13 

201 

1280 

390 

10  :  3-05 

10:4-1 

10:9-5 

17 

6 

46 

4-^5 

21 

2     8 

2     4 

167-5 

712 

212 

10:2-98 

10:4-55 

10:9 

H 

IS 

72 

10-5 

29 

U   10 

9     6 

357 

3748 

1210 

10:3-23 

10:4^02 

10  :  8-05 

19 

n 

66 

8-75 

26-75 

8  10 

7     6 

330 

2887 

878 

10  :  3-05 

10:4-05 

10:8-1      AJA''*', 

SO 

9 

58 

6*8 

24-5 

5     8 

5    0 

255 

1737 

541 

10:3-01 

10:4-22 

10:9-1       l^e 

21 

6 

48 

4'7 

23-5 

3     2 

3    0 

288 

1064 

317 

10:2-99 

10:4-9 

10:9^6       "*'"■ 

a 

12 

68 

9^3 

27 

9     2 

8     6 

359 

3338 

1006 

10 :  3-02 

10:3-97 

10:9-17 

23 

9 

58 

6-8 

26-25 

6     2 

5  13 

332 

2257 

686 

10:3-04 

10:4-52  , 

10:9-5     ^^:^»<^ 

24 

6 

48 

4-7 

24'5 

3   12 

3     8 

262 

1231 

385 

10:3-13 

10:5-1 

10:9*3 

*u». 

25, 

9 

60    1 

7-29 

27-3 

6  12 

6    6 

355 

2588 

783 

10:303  'l0:4*55 

10:9-45 

m 

6 

50 

5-03 

24-6 

4     6 

4     1 

307 

1544 

450 

10:2-92 

10  :  4-9 

10:9-3       ^"^" 

27, 

6 

60 

5-03 

26 

4  15 

6 

4     9 

360 

1811 

534 

10:2-95 

10  :  5-2 

10:9-26 

14 

I 

2 

3 

4 

5 

7 

8 

9 

10 

U       1 

12 

13 
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From  the  above  experiments  Mr.  Smeaton  deduces 
ihe  followmg  practical  maxims  and  observations  :— 

L  That  the  virtual  or  effective  head  being  the  same> 
ilie  effect  will  be  nearly  as  the  quantity  of  water  ex- 
peQiled.  Tliia  appears  by  a  comparison  of  the  4th, 
8tlj,  and  lOlh  columns  of  the  preceding  table. 

2.  That  the  expence  of  water  being"  the  same, 
.ibe  effect    will    be    nearly    as    the    height    of   the 

ud  or  effective  head ;  as  appears  from  a  conn  pari  son 
ftbe  iame  columns  as  above. 

3.  Thui  the  quantity  of  water  expended  being  the 
'»ame,  the  effect  is  nearly  as  the  square  of  its  velocity. 
Mas  follows  from  a  comparison  of  columns  3,  8,  and  10» 

4.  The  aperture  being  the  same,  the  effect  is  nearly 
IM  the  cube  of  the  velocity  of  the  water,  as  appears 

fmm  columns  3,  8,  and  1 0. 

6,  On  comparing  columns  2  and  4,  it  is  evident 
that  the  virtual  head  bears  no  certain  pioportion  to 
the  head  of  water;  but  that  when  the  aperture  is 
pcaler,  or  the  velocity  of  water  that  issues  from  it  is 
«$«»  they  approach  nearer  to  a  coincidence:  and,  con- 
sequently, in  the  large  openings  of  mills  and  sluices, 
there  great  quantities  of  water  are  discharged  from 
«ttoderate  headn,  the  head  of  water,  and  the  virtual 


head,  determined  from  the  velocity,  will  nearly  agree 
with  each  other^ 

6.  On  comparing  the  several  proportions  between 
the  power  and  effect  in  column  11,  the  most  general  is 
that  of  10  to  3;  the  extremes  10  to  3-2,  and  10  to  2*8  ; 
but  as  it  is  observable,  that  where  the  quantity  of  water, 
or  its  velocity,  is  a  maximum,  that  is,  where  the  power 
is  the  greatest,  the  2d  ratio  is  greatest  also :  we  may 
therefore  properly  allow  the  proportion  subsisting  in 
large  works  to  be  as  3  to  K 

7.  The  proportions  of  velocities  between  the  water 
and  wheel,  in  column  12,  are  contained  within  the 
limits  of  3  to  1,  and  2  to  1  :  bnt  as  the  greater 
velocities  approach  the  limit  of  3  to  1,  and  the  quan- 
tity of  approach  to  that  of  2  to  1,  the  best  general 
proportion  will  be  that  of  5  to  2, 

After  the  experiments  above  referred  to  were  per- 
formed, the  wheel  which  had  in  the  first  instance  24 
floats,  was  reduced  to  12,  which  caused  a  diminution 
in  the  effect,  on  account  of  a  greater  quantity  of  water 
escaping  between  the  floats  and  the  floor;  hut  a  cir- 
cular float  being  employed,  of  such  a  length  that  one 
float  entered  the  curve  before  the  preceding  one  quitted 
it  J  the  eff'cct  came  so  near  to  the  former,  as  not  to  give 
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Ajdit>dyw  hopes  of  incraailiig  it  by  ewptoying  34  in  this  parti- 
onoAn.    cular  wheel. 

On  overshot  wheels, 
178.  In  the  former  part  of  this  article  we  have 
considered  the  impulse  of  a  confined  stream  acting  on 
undershot  wheels.  Let  us  now  follow  Mr.  Smeaton  in 
his  examination  of  the  power  and  application  of  water 
when  acting  by  its  gravity  on  overshot  wheels. 

The  alterations  in  the  machinery  already  described,  in 
order  to  accommodate  it  to  the  present  case^was  chiefly 
as  follow: 

In  fig.  26,  the  sluice  I  b  being  shut  down,  the  rod 


HI  was  unscrewed  and  taken  off.  The  undershot  water  Hj 
wheel  was  taken  off  its  axis,  and  instead  of  it  the  ^*<^ 
overshot  wheel  of  the  same  diameter  was  put  in  its 
place.  The  wheel  was  2  inches  in  the  shroud  or  depdi  of 
the  bucket,  and  the  number  of  buckets  was  36.  Thf 
standards  S  and  T,  fig.  25,  were  raised  half  an  inch, 
so  that  the  bottom  of  the  wheel  might  be  clear  of 
stagnant  water.  A  trunk  for  bringing  the  water  on 
the  wheel  was  fixed  according  to  the  dotted  lines /'  r 
(fig.  26).  The  aperture  was  adjusted  by  a  shuttle*^  t, 
which  also  closed  up  the  upper  end  of  the  trunk  when 
the  water  was  to  be  stopped. 


179.  Specimen  of  a  set  of  experiments. 

Head  6  inches;  14|  strokes  of  the  pump  per  minute;  12  ditto  =  80  lbs. ;  weight  of  scale  10|  oz, ;  counters- 
weight  for  20  turns,  besides  the  scale,  3  oz« 


No 

Weight  ia 

Number  of 
reTolotioiu. 

Pfodocti. 

OoMrvftticius. 

1 

01b. 

60 

...    ) 

Threw  most  part 

8 

1 

66 

...    t 

of  the  water  oat 

3 

2    . 

62 

...    ) 

of  the  wheel. 

4 

3 

49 

147    X 
188    5 

Raoeivad  thewa- 

5 

4 

47 

CBrmorequickly. 

6 

6 

45 

225 

7 

6 

42J 

255 

8 

7 

41 

287 

9 

8 

38i 

308 

10 

9 

36^ 

328A 

11 

10 

35| 

355 

12 

11 

32| 

3604 

13 

12 

3H 

375 

14 

13 

24 

370* 

16 

14 

27| 

385 

16 

15 

26 

390 

17 

16 

24^ 

399 

18 

17 

224 

3861 

19 

18 

21^ 

391^ 

20 
21 

19 
20 

201 
19i 

395    5 

Maximom. 

22 

21 

.14 

388 

23 

22 

18 

396 

Worked  irregularly. 

24 

23 

•  • 

•  .  • 

Overact  by  iU  load. 

In  these  experiments  the  head  being  6  inches,  and 
the  height  of  the  wheel  24  inches,  the  whole  descent 
was  30  inches :  the  exnence  of  water  was  14^ 
strokes  of  the  pump,  whicn  is  equivalent  to  96|  lbs. 
and  96|  x  30  =:  2900,  the  estimated  power.  Taking 
the  20th  experiment  for  the  maximum,  we  shall  have 
20f  revolutions  per  minute,  which  raised  the  weight 
93*37  inches  in  the  same  time.  The  weieht  of  the 
scale  and  its  load,  with  the  counter-weight,  makes 
20^  lbs.;  consequently,  according  to  Mr.  Smeaton*s 
principlei 


20^  X  93-37  =  1914,  the  effect. 
The  ratio,  therefore,  of  the  power  and  effect  will  be  as 
2900  :  1914,  or  nearly  as  3  to  2.    But  if  we  compute 
the  power  from  the  height  of  the  wheel  only,  we  shall 
have        96f  lbs.  x  24  =  2320  for  the  power ; 
and  this  will  be  to  the  effect  as 

2320  :  1914,  or  as  5  to  4  nearfy. 
180.  The  following  table  contains  the  results  of  16 
sets  of  experiments,  carried  on  and  reduced  after  the 
manner  above  explained. 
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Tablk  ifSmeatati*  aiperimtnt$  M  marthot  vkteli. 


N« 

Whole 

Water 

npend- 
ed  per 
minote. 

Brvolu* 

tioni  prr 
nunute  at 
liic  maxi- 
mum. 

Weight 

railed  at 

(he  maii- 

tluun. 

Power  of 
Ibe  whole 
dcucnt. 

Power 
odbe 

wtieeL 

Effect 

Ratio  of  the 

whole  power 

and  eflect. 

Rslioofihe 

power,  wheel, 

and  effect. 

Mean  ratio. 

r   1 

3 

4 
6 

i'     ' 

37 
87 
17 
27 
27 

30 

19 

\^ 

20i 
2H 

13* 
15* 

810 
1530 
1530 
1710 
2070 

720 
1360 
1360 
1524 
1840 

556 
1060 
1167 
1245 

1500 

10:6-9 
10 : 6-9 
10:7-6 
10;  7-3 
10:7-3 

10: 7-7  "i 
10:7-8/ 
10: 8-4  > 
10: 8-2  i 
10:8-2^ 

10:8-1 

28| 
28^ 

73* 
96f 

IRJ 

aoi 

1^ 

2090 
2755 

1764 
2320 

1476 
1868 

10:7 

10:6-8 

10:  8-4  J 
10:,8-lJ 

10:8-2 

8 

9 

10 

30 
30 
30 

90 

96| 

113^ 

20 

20f 
21 

i 

2700 
2900 
3400 

2160 

2320 
2720 

1755 
1914 

2221 

10:65 
10:6-6 
10 : 6-5 

10:8-1^ 
10: 8-2  J. 
10:8-2) 

10:8-2 

U 
12 
13 

33 
33 
33 

56^ 
106S 
146| 

65 
120 
163i 

20i 
23 

13i 
•21  i 
27i 

1870 
3520 
4840 

1360 
2560 

3520 

1230 
2153 
2846 

10:6-6 
10:61 

10:5-9 

10:901 
10: 8-4  I 
10:8l> 

10:8-5    1 

14 
15 
16 

35 
35 
35 

191 

2H 
25 

53 
26f 

2275 

4200 
6728 

1560 

2880 
3924 

1466 
2467 

2981 

10:6-5 
10:5-9 
10;  5-2 

10:9-4) 
10 : 8-6  \ 
10:7-6) 

10:8-5 

1 

2 

3 

4 

5 

6 

7 

i 

8 

9 

10 

11 

Hjdfftnlaoi. 

Triileofa. 
perimento. 


181.  Cftke  ratio  between  the  power  and  effect, 
1.  Hie  effectiTe  power  of  the  water  must  be  reckon* 
cidoii  tke  whole  descent,  because  it  must  be  raised 
tbat  height,  in  orier  to  be  in  a  condition  of  producing 
Ibe  same  effect  a  second  time. 

The  ratios  between  the  powers  so  estimated,  and  the 
cKcts  at  the  maximum  deduced  from  the  several  sets 
of  experiments,  are  exhibited  in  one  view  in  col.  9, 
Hid  it  appears  that  those  ratios  vary,  from  that 
of  10  to  7*6  to  that  of  10  to  52,  that  is  nearly  from  4  :  3 
U>4:2.  In  those  experiments  where  the  heads  of 
]*iter  and  <fMmtities  expended  are  least,  the  proportion 
>^  nearly  as  4  to  3 ;  but  where  iIm  heads  and  quan- 
^ttiet  are  greatest,  it  approaches  nearer  to  that  of 
^^3;  and  by  a  medium  of  the  whole,  the  ratio  is 
■««iy  that  of  3  to  «. 

^  We  have  seen  before,  in  the  observations  on  the 
^^  ef  undershot  wheels,  that  the  general  ratio  of 
2|^  power  to  the  effect,  when  greatest,  was  3  to  1 ; 
^^ifecty  therefore,  of  overshot  wheels,  under  the  same 
^^^^UiastttKee  of  quantity  and  fall,  is  at  a  medium 
^<^ble  to  that  of  an  undershot  wheel. 

3.  'TJie  powers  of  water  computed  from  the  height  of 

~  ^heel  only ,  compared  with  the  effects,  as  in  cdlumn 

^^>  ^PP^^  f^  observe  a  more  constant  ratio ;  (or  if 

^l^^tte  the  medium  of  each  class  which  is  set  down  in 

**^ifiBn  11,  we  shall  find  the  extremes  to  vary  only  be- 

^'•^•n the  ratio  10 :8'1  to  10 :  8*6,  and  as  the  second  term 

^  the  ratio  gradually  increases,  from  8*1  to  8-5  by  an 

ifiC^ease  of  h«ad  from  3  inches  to  1 1  inches,  the  excess 

of  ^*5  above  8'1  is  to  be  imputed  to  the  superior  im- 

pobeof  the  head  of  water  at  1 1  inches  above  that  of  3 

Oldies ;  so  that  if  we  reduce  8- 1  to  8  on  accotint  of 

tk  nnpidse  of  the  3  inch  head,  we  shall  have  the  ratio 

of  the  powo*  computed  <m  the  height  of  the  whed 


Only,  to  the  effect  at  a  maximum,  as  10  :  8,  or  as  6 :  4# 
nearly.  And  from  the  equality  of  the  ratio  between 
the  power  and  effect,  subsisting  where  the  constructions 
are  similar,  we  must  infer,  that  the  effects,  as  well  as 
the  powers,  are  as  the  quantities  of  water  and  perp^adi- 
cular  heights  multiplied  respectively  together. 

Of  the  height  of  the  wheel  as  depending  on  the  descent  of 
the  water. 

1 82.  We  have  already  seen,  from  the  preceding  obser-  Qq  ^^ 
vations,  that  the  effect  of  the  same  quantity  of  water,  heiglit  of 
descending  through  the  same  perpendicular  space,  is  ^  ivb^ei. 
double  when  acting  by  its  gravity  on  an  overshot 
wheel,  to  what  the  same  produces  when  acting  by  its 
impulse  on  an  undershot  wheel.  It  also  appears  that 
by  increasing  the  head  from  3  inches  to  11  inches, 
that  is,  the  whole  descent  from  27  inches  to  35,  or  in 
the  ratio  of  7  to  9  nearly,  the  effect  is  advanced  only 
from  8*1  to  8*4,  that  is,  7  :  7*26,  and,  consequently,  the 
increase  of  effect  is  not  -^th  of  the  increase  of  perpen* 
djeular  height.  Hence  it  follows  that  the  higher  the 
wheel  is  in  proportion  to  the  whole  descent,  the  greater 
will  be  the  efiect,  because  it  depends  less  upon  the 
impulse  of  the  head,  and  more  on  the  gravity  of  the 
water  in  the  buckets ;  and  if  we  consider  the  obliquity 
with  which  the  water  issuing  from  the  head  strikes  the 
buckets,  we  shall  not  be  at  a  loss  to  account  fbr  the 
little  advantage  that  arises  from  its  impulse,  and  shall 
immediately  see  how  little  consequence  this  impulse  is 
to  the  effect  of  an  overshot  wheel.  However,  says  Mr. 
Smcaton,  as  every  thing  has  its  limits,  so  has  this, 
for  thus  much  at  least  is  desirable,  '*  that  the  water 
should  have  a  somewhat  greater  velocity  than  the  cir* 
cumference  of  the  wheel  in  coming  on  it;"  for  other^ 
wise  the  whed  will  not  only  be  retarded  by  the  buckets 
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TdfDdjf*  Striking  the  water7  but  thence  dashing  a  part  of  it 
ttici.  oveft  so  much  of  the  power  will  be  lost.  The  velocity 
^^^^  which  die  circumference  of  the  wheel  ought  to  have, 
being  known  by  the  following  deductiorts,  the  head 
requisite  to  pve  the  waler  its  proper  velocity  is  easily 
computed  from  the  proper  rules  of  Hydrodynamics,  and 
vill  be  found  much  less  than  what  ia  generally  practised, 

0»  thexehcity  of  the  whetl  to  produce  the  greatest  ejfcct. 

Velocity  of  183,  If  a  body  be  let  fall  freely  from  the  surface  of  the 
the  wheel.  j^gg|(j  tQ  i^g  bottom  of  the  descent,  it  wnll  employ  a 
certain  time  in  fallings  and  in  this  case  the  whole  actioa 
of  gravity  is  spent  in  giving  the  body  a  certain  velocity ; 
but  if  this  body  in  falling  be  made  to  act  on  some  other 
body,  so  as  to  produce  a  mechanical  effect^  the  falling 
body  will  be  retarded^  because  a  part  of  the  action  of 
gravity  is  then  spent  in  producing  the  etieci,  and  the 
remainder  only  in  giving  motion  to  tlie  falling  body ; 
and  therefore  the  slower  the  body  descends,  the  greater 
will  be  the  portion  of  the  action  of  gravity  applicable 
to  the  producing  of  the  mechanical  eiiect,  and  in  con- 
sequence the  greater  that  efiecl  will  be. 

If  a  stream  of  water  fall  into  the  bucket  of  an  over- 
shot wheel,  it  is  there  retained  till  the  wheel  by  mov- 
ing round  discharges  it,  and  therefore  the  slower  the 
wheel  moves  the  more  water  each  bucket  will  receive, 
so  that  what  is  lost  in  speed  is  gained  by  the  pressure 
of  a  greater  quantity  of  water  acting  in  the  bucket  at 
one  time ;  and  if  considered  only  in  this  bglit,  the  me- 
clianical  power  of  an  overshot  wheel  to  produce  efTccts 
will  be  equal,  whether  it  move  quick  or  slow ;  but  if 
we  attend  to  what  has  been  just  observed  with  regard 
to  the  falling  body,  it  will  appear  that  so  mucli  of  the 
action  of  gravity,  as  is  employed  in  giving  the  wheel 
and  water  in  it  a  great  velocity,  must  be  subtracted 
from  Its  pressure  on  the  buckets  ;  so  that  through  the 
product  made  by  multiplying  the  number  of  cubic 
inches  of  water  acting  in  the  wheel  at  one  lime  by  its 
velocity,  will  be  the  same  in  all  cases ;  yet  as  each 
cubic  inch,  when  the  velocity  is  greater,  docs  not  press 
so  much  on  the  bucket  as  when  it  is  less^  the  power  of 
the  water  to  produce  effects  will  be  greater  in  the  less 
velocity ;  and  hence  we  are  led  to  this  general  rule. 
That,  Citteris  paribus^  the  lest  the  tehcity  of  the  wkcci  the 
greater  will  be  its  effects, 

A  confirmation  of  this  principle,  tO£rether  with  the 
limits  it  is  subject  to  in  practice,  may  be  deduced  from 
the  foregoing  set  of  experiments. 

2-  Again,  from  the  same  experiments  it  appears, 
that  when  the  wheel  made  about  20  turns  in  a  minute, 
the  effect  was  nearly  at  the  greatest ;  when  it  made  30 
turns,  the  effect  was  diminished  about  -j^th  part ;  but 
w!ien  it  made  40,  it  was  diminished  about  ^th  ;  when  it 
made  less  than  18^,  its  motion  was  irregular;  and  when 
it  was  loaded  so  as  not  to  admit  of  its  making  18  turnSi 
the  wheel  was  overpowered  by  its  load* 

3.  k  is  an  advantage  in  practice,  that  the  velocity  of 
the  wheel  should  not  be  diminished  farther  than  what 
will  procure  some  solid  advantage  in  point  of  power;  be- 
cause, cat  efis  paribus  J  as  the  motion  is  slower,  the  buckets 
must  be  made  larger,  and  the  wheel  l^eing  more  loaded 
with  water,  the  stress  upon  every  part  of  the  work  will 
be  increased  in  proportion.  The  hest  vehciti/  for  prac- 
tice IS,  therefore^  when  such  a  wheel  as  is  here  used  make 9 
30  rerofittions  per  minuter ;  thai  w,  when  the  lehcity  af^ 
ike  circvmfcrence  is  a  tittle  more  than,  d  feci  per  second. 


4.  Experience  confirms,  that  tfus  vmmyof  3  feet  ixJ 

per  second  is  applicable  to  tlie  highest  overshot  wl|eels  ^ 
as  well  as  the  lowest ;  and,  all  other  parts  of  the  work     I 
being  properly  adapted,  will  produce  very  nearly  th^^ 
greatest  etfect  possible :  it  is  also,   however,  ccrtaifl^| 
from  experience,  that  high  wheels  may  deviate  farth^^" 
from  this  rule  than  low  wheels  can  admit  to  do;  for  a 
wheel  of  24  feet  high  may  move  at  the  rate  of  6  feet 
per  second  witliout  losing  any  considerable  part  of  its 
power,  while,  on  the  other  hand,  Mr.  Smeaton  observes, 
tliat  he  has  seen  a  wheel  of  33   feet  high  that  has 
moved  very  steadily  and  well  with  a  velocity  but  little 
exceeding  2  feet  per  second. 

Ojthc  had  of  an  overshot  wheel  when  the  effect  is  a  maximutn, 

184,  The  maximum  load  for  an  overshot  wheel  is  that  Im 
which  reduces  the  circumference  of  the  wheel  to  its  o** 
proper  velocity,  and  this  will  be  known  by  dividing  the  *7 
effect  it  ought  to  produce  in  a  given  time  by  the  space 
intended  to  be  described  by  the  circumference  of  the 
wheel  in  the  same  time :  the  quotient  will  be  the  re- 
sistance overcome  at  the  circumference  of  the  w^heel, 
and  is  equal  to  the  load  required^  the  friction  and  re- 
sistance of  the  machinery  included. 

Of  the  maximum  irlocity  of  an  overjihot  wheel. 

185,  The  greatest  velocity  that  the  circumference  of  an  Ml 
overshot  wheel  is  capable  of,  depends  jointly  upon  the  ''4 
diameter  or  height  of  the  wheel,  and  the  velocity  of 
falbuir  bodies ;  for  it  is  evident  that  the  velocity  of  the 
circumference  can  never  be  greater  than  to  describe  a     I 
semi-circunderence,  while  a  body  let  fall  from  the  top 

of  the  wheel  will  descend  through  its  diameter ;  nor 
indeed  quite  so  great,  as  a  body  descending  through  \ 
the  same  perpendicular  space  cannot  perform  the  same  { 
in  so  small  a  time,  when  passing  through  a  semicircle » 
as  would  be  done  in  a  perpendicular  line.  Thus,  if  a  ' 
wheel  be  16  feet  1  inch  in  diameter,  a  body  would  fall 
through  that  diameter  in  one  second :  this  whceip 
theretbre,  never  can  ai-rive  at  a  velocity  equal  to  the 
making  one  turn  in  two  seconds ;  but,  in  reality,  an 
overshot  wheel  can  never  come  near  this  velocity ;  for 
when  it  acquires  a  certain  speed  the  greatest  part  of  the 
water  is  prevented  from  entering  the  buckets  ;  and  the 
rest,  at  a  certain  point  of  its  descent,  is  thrown  out  by 
the  centrifugal  force.  This  appears  to  have  been  the 
case  in  the  three  first  experiments  of  the  foregoing 
specimen ;  but  as  the  velocity,  when  this  begins  to 
happen,  depends  on  the  forms  of  the  buckets,  as  well  as 
on  other  circumstances,  tlie  utmost  velocity  of  over- 
shot wheels  is  not  to  be  determined  generally  :  and 
indeed  it  is  less  necessary  in  practice,  as  it  is  in  this 
circumstance  incapable  of  producing  any  meclianical 
effect,  for  reasons  ahready  given. 

On  the  greatest  load  that  can  be  overcome  b^  oicnhot  -a^heeU, 

186,  The  greatest  load  an  overshot  wheel  will  over-i| 
come,  considered  abstractedly,  is  unlimited  or  indeiinite;  la 
for  as  the  buckets  may  be  of  any  given  capacity,  the  more 
the  wheel  is  loaded  the  slower  it  turns ;  but  the  slower 
it  turns  the  more  will  the  buckets  be  filled  with  water ; 
and,  consequently,  though  the  diameter  of  the  wheel 
and  quantity  of  water  expended  are  both  limited,  yet 
no  resistance  can  be  assigned  which  it  is  not  able  to 
overcome;  but  in  practice  we  actually  find  a  limit  which 
cannot  be  passed,  for  the  buckets  must  necessarily  be 
of  some  given  capacity,   and,  consequently,  such    a 
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tiklslance  will  stop  tlie  wKeel  as  is  equal  to  the  effort  of 
the  buckets  in  one  semi* circumference  filled  with 

The  structure  of  the  buckets  being  given,  the  quan- 
y  of  this  effort  may  be  assigned ;  but  it  is  not  of  much 
juence  to  the  practice,  as  in  this  case  also  tlie 
loses  its  power ;  for  though  there  is  the  exertion 
grafity  on  a  given  quantity  of  water,  yet  being  pre- 
itedby  a  counter  balance  from  moving,  it  is  capable 
producing  no  mechanical  effects 
But,  in  reahty,  an  overshot  wheel  generally  ceases 
|tD  be  useful  before  it  is  loaded  to  that  pitch  ;  for  when  il 
meets  with  such  a  resistance  as  to  diminish  its  velocity 
to  aci^rtiiin  degree,  its  motion  becomes  irregular;  yet 
this  never  happens  till  the  velocity  of  the  circumference 
b  less  than  two  feet  per  second,  where  the  resistance 
is  eqoablc,  as  appears  not  only  from  the  preceding  ex- 
peri  mentSi  but  also  from  others  on  large  wheeb,  of 
which  we  have  cited  one  instance. 

187.  Having  thus  examined  the  different  effects  of 
the  power  of  water,  when  acting  by  its  impulse,  and  by 
it«  weight,  under  the  titles  of  undershot  and  overshot 
vhNfU,  we  might  proceed  to  examine  the  effect  when 
theirapube  andM*eii(ht  are  combined,  as  in  the  several 
kinds  of  bneast  wheels,  d:c»  but  what  has  been  already 
suited,  being  carefully   attended  to,    the  application 
of  the  same  principles  to  these  mixed  cases,    will  be 
eny,  and  reduce  what  is  to  be  said  on  this  head,  to  a 
T«y  narrow  compass;  for  all  kinds  of  wheels,  where  the 
fiter  cannot  descend  through  a  given  space,  unless  the 
tlwd  move  with  it,  are  to  be  coniiidercd  of  the  same  na- 
ture as  an  overshot  wheel,  according  to  the  perpendicu- 
lar height  that  the  water  descends  from  ;  and  all  those 
Ihll  receive  the  impulse  or  shock  of  the  water,  whe- 
ther in  a  horizontal, perpendicular,  orobhquc  direction, 
ire  to  be  considered  as  undershots.     And,  thercfon.\  a 
nkeel  which  the  water  strikes  at  a  certain  pottit  below 
liie  surface  of  the  head,  and  after  that  deacench  in  the 
8rcofa  circle,  pressing  by  its  gravity  on  the  whet'l,  fhc 
^€ct  iff  MUch  wheel  vqUI  be  equal  lo  tht  effect  of  nn  under^ 
§hi  wheel,  Xi:hose  head  is  eqimi  to  the  dijfe fence  of  level 
Icflreeji  the  surface  of  the  water  in  the  rexervoiry  and  the 
fmi  where  ii  strikes  (he  wheel ;  added  to  that  of  an  over- 
tkd  isheel^  whose  height  ts  equal  to  the  difference  of  level 
hdwerm  the  point  whercit  strikes  the  wheely  and  the  level  of 
lie  imi-water. 

It  is  here  supposed,  that  the  wheel  receives  the  shock 

f  vnfer  at  right  angles  to  its  radji ;  and  that  the  velo- 

(  '  H  circumference  is  properly  adapted  to  receive 

I  '*st  advantage  of  both  these  powers,  otherwise 

«  reduction  must  be  made  on  that  accounL    (See  Phil. 

.  Ahr  vol.  xi.) 

Oil  the  resistance  of  fluids  to  the  rectilinear  mo- 
tion of  bodies. 

Its.  Tn  our  historical  chapter  we  have  referred  to 
the  theories  of  Newton,  D,  Bernoulli,  Euler,  &c.  relative 
lo  the  resistance  and  percussion  of  fluids.  We  have 
tifo  stated,  that  although  these  display  great  talent  and 
m^miity,  they  involve,  with  the  exception  of  the  first, 
tatiiracies  of  calculation  little  suited  to  practical  re- 
ioiriies ;  and  the  first,  though  much  more  simple,  is 
fiNmded  upon  an  hypothesis  so  obviously  erroneous  as 
to  lead  to  results  not  to  be  depended  upon  in  all  cases. 
[la  ^ct,  the  common  theory  of  the  resistance  of  fluids 
voi«  nf. 


will  apply  with  no  better  succoi^s  to  actaal  experiment,  H^rdrtiulii  • 
than  the  parabolic  theory  of  projectiles  to  the  ranges  ^>-^^^^< 
of  balls  and  shells  from  pieces  of  ordnance.  But  on  the 
same  principles  as  the  latter  is  commonly  retained  in 
books  of  Mechanics,  for  the  sake  of  tlie  curious  geome- 
trical properties  which  it  involvt's,  and  as  being  the  foun- 
dation on  which  a  correct  theory  must  be  established, 
so  most  writers  on  Hydrodynamics  generally  appro- 
priate a  few  pages  to  discussing  the  laws  of  the  resist- 
ance of  fluids,  founded  upon  what  is  called  the  com- 
mon hypothesis,  viz.  that  the  fluid  consists  of  an  infinite 
number  of  parallel  threads  in  the  direction  of  its  motion^ 
each  of  jvhich  communicates  its  impact  on  the  hodi/  xvith- 
out  impeding  the  action  of  the  others.  This,  as  we  have 
said,  is  far  from  being  rigorously  true,  and,  in  many 
cases,  the  results  derived  from  it  but  ill  accord  with  the 
determination  of  actual  experiments ;  yet  since,  as  an 
abstract  theory,  it  famishes  several  curious  theorems, 
and  as  it  may  even  be  useful  in  examining  deductions 
drawn  from  the  experiments  we  shall  subsequently 
detail,  we  shall  make  no  apology  for  bestowing  a  few 
columns  to  these  investigations. 

Propositions. 

189.  If  a  fluid,  of  which  all  the  particles  move  with  Proposi- 
the  same  velocity,  impinge  perpendicularly  on  two  I'^ous. 
planes  at  rest,  the  percussive  forces  on  these  two 
planes  will  be  as  their  areas.  For  since  all  the  parti- 
cles of  the  fluid,  by  the  hypothesis,  move  with  the  same 
velocity,  the  impulsion  will  be  as  the  number  of  parti- 
cles that  impinge  in  a  given  time,  and  this  will  obvi- 
ously be  as  the  planes. 

190.  If  two  fluids  of  the  same  kind  move  with  dif- 
ferent velocities,  and  strike  perpendicularly  two  given 
planes  at  rest,  the  forces  will  be  as  the  product  of  the 
planes  by  the  squares  of  the  velocities  of  tiie  fluids. 
For,  supposing  the  planes  lo  be  the  same,  the  impul- 
sions in  a  given  time  will  be  as  the  product  of  the  num- 
ber of  impinging  particles,  by  the  velocity  of  each,  but 
the  number  of  particles  which  strike  in  a  given  time 
will  be  as  the  velocity ;  therefore,  when  the  planes  are 
the  same,  the  forces  are  as  the  squares  of  the  velocities ; 
and  we  liave  seen  that  when  the  velocities  are  the  same, 
the  impulsions  are  as  the  planes ;  ihercfore,  universally, 
the  force*  will  be  as  the  product  of  the  planes  and 
squares  of  the  velocities. 

Remarks. 

191.  In  the  above  propositions  we  have  supposed  R«iuarlts« 
the  planes  to  be  at  rest,  and  the  fluid  in  motion ;  but 

we  should  obviously  have  come  to  the  same  conclusion 
if  we  had  assumed  the  fluid  to  be  stagnant,  and  the 
planes  to  have  been  in  motion  with  the  velocities  wc 
have  given  to  the  fluids.  Hence,  then,  we  may  con- 
clude, that  whether  a  fluid  in  motion  strike  a  plane 
that  is  at  rest,  or  a  plane  be  moved  with  any  velocity 
in  a  stagnant  fluids  the  percussion  in  tlie  former  in- 
stance, or  the  resistance  in  the  latter,  will  vary  as  the 
plane  into  the  square  of  the  velocity.  The  imperfec- 
tion of  our  first  hypothesis^  however,  is  very  obvious  in 
the  above  deductions  ;  for  it  supposes  that  after  a  par* 
tide  strikes  the  body^  or  the  body  a  particle,  the  ac- 
tion of  that  particle  entirely  ceases;  whereas,  each 
particle,  after  it  has  come  in  conUct  with  the  plane, 
2  L 
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llvdrodj-  diverges  and  acts  upon  the  particlea  behind  it,  and 
thus  obviously  causes  some  difference  between  theory 
'  and  experiment.  Another  cause  of  error  is,  that  vre 
suppose  the  particles  of  the  fluid  to  foil  in  behind 
the  body  as  fast  as  the  body  moves  forward;  which  is 
true  as  to  sense,  while  the  velocity  of  the  body  is  in- 
considerable; but  when  the  motion  of  the  body  is  very 
rapid,  a  kind  of  vacuum  is  left  behind  the  body,  and  it 
lias,  therefore,  to  overcome,  besides  the  natural  resist- 
ance of  the  particles,  the  actual  gravity  of  those  parts 
which  are  left  without  a  counter-pressure  behind  the 
body. 

Propositions. 

Pfloposi-  192.  If  two  fluids  impinee  perpendicularly  on  two 

^^  plaaes  P  and  P  with  the  velocities  V  and  r,  while  the 

planes  themselves  are  moving  parallel  to  the  direction 
of  the  fluids  with  the  velocities  V  and  v',  the  resist- 
aaces  will  be  as  the  planes  into  the  squares  of  the  dif- 
i^rence,  or  the  squares  of  the  sum  of  the  velocities,  ac- 
cording as  Uie  motions  of  the  planes  and  bodies  are  in 
the  same  or  in  opposite  directions ;  that  is,  we  shall 
have,  denoting  the  forces  by  F  and  F', 

F  :  F  ::  P(V  ±  vo ' :  F  (»  ±  f>V' 

For  we  have  seen  that  it  is  the  same  whether  we 
suppose  the  planes  at  rest  and  the  fluids  in  motion,  or 
the  fluids  at  rest  and  the  planes  in  motion;  it  is,  there- 
fore, only  the  relative  velocities  of  the  two  which  is  im- 
portant to  be  considered ;  now  the  relative  velocities 
between  the  planes  and  the  fluids  will  obviously  be  in 
this  case  the  difi*erence  or  sum  of  the  velocities,  ac- 
<cording  as  the  two  motions  conspire  with,  or'  are  op- 
posed to,  each  other.  The  resistances,  therefore,  will 
obviously  vary  as  the  square  of  the  difference,  or  sum 
of  the  velocities,  the  planes  being  the  same;  and  if 
tiiese  also  be  different,  then  the  resistances  will  vary 
as  the  square  of  the  difference,  or  of  the  sum,  of  the 
velocities  into  the  planes,  as  is  obvious. 
Inclined  193.  If  a  fluid  impinge  on  two  equal  planes,  the  one 

plane.  ^f  ^^ch  is  perpendicular  to  the  direction  of  the  fluid, 
and  the  other  oblique  to  it,  the  impulsions  on  the  for- 
mer plane  will  be  to  that  on  the  latter  perpendicular 
to  its  surface,  as  the  square  of  radius  to  the  square  of 
the  sine  of  the  angle  of  the  plane*s  inclination  from  the 
line  of  direction  of  the  fluid.  Or,  if  two  equal  planes 
be  in  motion  in  a  stagnant  fluid,  with  equal  velocities, 
one  in  a  direction  perpendicular  to  its  own  surface,  and 
the  other  inclined  to  it ;  in  any  given  angle  the  re- 
sistances experienced  by  the  two  planes  perpendicularly 
to  their  surfaces,  will  be  respectivelv  as  the  square 
of  radius,  tathe  square  of  the  sine  oi  the  angle  of  in- 
clination. 

For  the  number  of  fluid  particles  which  come  in  con- 
tact with  the  inclined  plane  will  be  to  the  number  of  those 
which  meet  the  direct  plane  as  radius  to  the  sine  of  the 
plane's  inclination ;  moreover,  the  effect  of  the  impul- 
sion in  the  former  case,  in  a  direction  perpendicular  to 
the  surface  of  the  plane,  will,  from  the  resolution  of  forces, 
be  reduced  in  the  ratio  of  radius  to  the  sine  of  the 
angle  of  direction  or  inclination ;  therefore,  the  resist- 
ance, as  arising  from  these  two  causes,  will  obviously 
be  reduced  in  the  ratio  of  radius  squared  to  sine 
squared ;  that  is,  the  resistance  to  the  direct  plane  to 
that  of  die  inclined  plane,  will  be  as  1  to  sine  squared, 
assuming  radius  equal  to  unity. 
We  have  here  supposed  the  planes  and  velocities  to 


be  equal  to  each  other ;  if.  these  be  dilfor«Dt,  tkea.  Hi 
since  we  have  seen  thait,  cattris  parihutt  the  rosiat-  >J 
ances  are  as  the  planes  into  the  square  of  the  vdocl^  " 
ties,  the  ratio  of  the  resistances  of  two  planet  moving 
with  different  velocities,  ai^d  with  difierent  incUnatioasii 
will  be  as  the  planes  into  the  squares  of  the  velo- 
city, and  squares  of  the  sines  of  the  planes*  iodioatioiift. 
That  is,  if  P  and  F  denote  the  areas  of  two  plaajof, 
V  and  }/  their  velocities,  and  a  and  sf  the  ajagles  which 
they  form  with  the  lines  of  their  directions ;  then  will 
the  resistances  perpendicular  to  their  snrfooea  b^  to 
each  other  asPv' sin'ato  F  v^sin  V;  orifthetet 
angle  a  =  90^;  then,  because  sin  90^  zz  l»we  have  P  v* 
to  P  v"  sin  V  for  the  ratio  of  the  two  resistaocei. 
It  will  be  observed,  that  we  have  spoken  above  ooly 
of  the  resistance  perpendicular  to  the  plane;  if  we 
were  to  estimate  the  resistance  in  the  direction  of  the 
motion,  we  should  And  it  reduced  in  the  ratio  of  the 
cube  of  the  radius  to  the  cube  of  the  sine  of  the  angle 
of  inclination.  Let,  for  example,.  AB  (fig.  27)  repre-  F 
sent  any  plane  oblique  to  the  direction  of  the  fluid,  of 
which  fluid  QD  denotes  one  of  the  filamenU.  Now,  in 
the  first  place,  the  number  of  filaments  Jiat  meet  AB 
ip  this  inclined  position,  will  be  to  the  number  that 
would  meet  an  equal  direct  plane,  as  BC :  AB.  Second- 
ly, if  the  force  QD  be  resolved  into  the  two,  £D  and 
QE,  the  former  (in  consequence  of  the  supposed  facility 
of  escape  after  impact)  will  be  the  only  one  that 
produces  any  effect.  ButED:  QD::BC:AB;  whence 
the  perpendicular  force  ED,  to  the  force  on  a  6itM 
plane  equal  to  AB,  will  be  as  BC :  AB'.  Lastly,  the 
force  ED  being  resolved  into  the  two  EF,  FD,  the 
latt^  only  will  be  effective  in  the  direction  QD;  and 
here  again,  FD :  ED : :  BC :  AB :  consequently,  the  foree 
on  all  the  particles  of  the  planes  will,  from  a  combina- 
tion of  all  these  causes,  be  reduced  in  the  ratio  of 
radius  cubed  to  sine  cubed  of  the  angle  of  the 
plane's  inclination;  or  as  1  :  «';  denoting  radius  by 
unity,  and  the  sine  of  the  angle  of  inclination  by  t. 
Knowing,  therefore,  the  value  of  the  resistance  in  any 
one  case,  that  due  to  any  other  may  be  obtained  by 
means  of  the  above  analogies.  The  method  employed 
by  M.  Bossut  for  estimating  the  measure  of  the  resist 
Bnce,  or  of  the  percussion  of  a  fluid  moving  with  a 
given  velocity,  will  be  explained  in  a  subsequent  article; 
at  present  we  shall  merely  examine  the  relative  values 
in  different  cases,  results  which  are  wholly  independent 
of  any  assumed  unit  of  measure,  or  mode  of  estimation. 

Problems. 

194.  The  isosceles    triangle   ABC  (fig.   27-a),    at  I 
rest,  being  exposed  to  the  action  of  a  fluid,  of  which  tj 
the  direction  is  perpendicular  to  its  base  AB,  it  is  re-  Fi 
quired  to  determine  the  ratio  of  the  impulsion  which 
the  triangle  will  receive  parallel  to  its  altitude  CD,  to 
the  direct  and  perpendicular  impulsion  which  it  receives 
on  its  base  AB. 

Let  F  denote  the  force  of  direct  impulsion  against 
AD  or  DB ;  and  f  the  perpendicular  impulsion  against 
AC  or  CB ;  then,  by  the  preceding  article, 

F  :  /•  ::  rad.«  AD  :  sin'  ACD  :  AC; 
or         F  :/  ::   AC.''  AD  :  AD.^  AC, 
or         F  :/  ::  AC  :  AD; 
'  F  X  AD 


that  is, 


AC 


2Q0 


HYDRODYNAMICS. 


Hydrody-  knowD,  and,  consequently,  also  the  resultant  of  these 
mmict.     two  forces. 

''■^'^'^^*^  The  same  method  will  apply  to  any  solid,  by  decom- 
posing the  force  which  results  perpendicular  against 
one  of  its  elements  into  three  forces,  each  respectively 
parallel  to  three  rectangular  axes,  or  to  any  three  axes 
A^  B,  C,  given  in  position. 

As  the  calculation  which  this  general  method  re- 
quires is  long  and  intricate,  without  being  very  difficult, 
and  more  especially  as,  after  all,  it  must  be  considered 
rather  as  a  subject  of  curiosity  than  of  real  utility,  we 
shall  limit  our  illustration  of  it  to  two  or  three  of  the 
most  simple  cases. 

Semicircle.       Let  F'QF  (fig.  28)  denote  any  curve  with  two  branches 
Fig.  98.    equal  to  each  otherQF',QF,andsymmetrical  with  respect 
to  the  axis  QC,  which  is  struck  by  the  fluid  in  a  di- 
rection parallel  to  this  axis. 

Draw  to  the  axis  QC  the  two  ordinates  PF,  pf,  in- 
definitely near  to  each  other,  and  the  right  line  F  r 
paraUel  to  QC :  let  PF  =  y,/r  =i,  F/=  i;  the 
velocity  of  the  fluid  =  V ;  and  let  F  denote  the  per- 
pendicular impulsion  of  a  fluid  moving  with  a  velocity 
U  against  a  given  plane  surface  A  at  rest.  Then  the 
perpendicular  impulsion  against/r  will  be  expressed  by 

F 

(by  making  the  constant  co-efficient  -rrr^  =  «)• 

This  co-efficient  is  called  the  co-efficient  of  the  percussion, 
Now,  the  impulsion  which  results 
against  F/,  being  resolved  into  two 
directed  according  to  FP,  and  the  other  in  the  direction 
F  r,  and  the  first  of  these  forces  being  destroyed,  by 
an  equal  and  opposite  force,  which  proceeds  from  the 
point  F,  it  follows  that  the  impulsion  against  F/,  in 
the  direction  F  r,  is 

«V«jr  X-^  =  — y— 5 

it  is  then  only  requisite  to  eliminate  i  from  this  for- 
mula, by  means  of  the  equation  of  the  curve,  in  order 
to  reduce  it  to  the  proper  form  for  integration. 

Suppose,  for  example,  the  FQF'  to  be  a  semicircle, 
of  which  the  radius  CQ  =  a,  then  we  shall  have 


or, 


As  a  second  example,  let  QF  denote  a  parabola  of  Hji 
which  the  perimeter  is  p.    Then  we  shall  find  ^-^ 

-—  ——————— ,  J 

and  whence  we  have 

nV^f  _   nV  p*y 

The  fluent  may  be  put  under  the  form 
n  V*/^*/^      =:  II V*  X  arc  to  tan  5< and  radius^p. 

In  order  to  determine  the  impulsion  for  any  solid  of  Soli 
revolution,  it  will  only  be  necessary  to  multiply  the  "^^^ 
impulsion  found  above,  in  the  general  formula,  for  tte 
element  of  the  curve  by  the  circumference  generated  by 
that  element,  supposing  the  curve  to  revolve  about  its 
axis,  that  is,  by  a  circumference  whose  radius  is  y.     If 
we  put  3' 14159,  &c.  =:  ir,  this  circumference  will  be 
TT  y,  and  hence  the  general  expression  for  the  impulsion 
on  a  solid  of  revolution  becomes 
irnV^yy 
P      • 
substituting  in  this  equation  for  Py  as  given  by  the 
equation  of  the  curve,  and  it  will  be  in  a  state  reaay  for 
integration. 

We  found  the  expression  for  the  quadrant  to  be 


/- 


perpendicularly    ^'^herefore,  for  the  solid  formed  by  the  revolution  of  a 
^rces    the  one    ^l^adrant,  about  one  of  its  radii,  that  is,  for  the  hemis- 
phere, it  will  be 

irf2  V>y(fl«  —  5^^ 


f 


vhich  being  determined,  by  the  usual  rules,  gives 

TTttV'y* 


iT«yv'- 


4o' 


?  = 


«•> 


«*-/ 


and  the  general  formula 


-,  becomes 


fiV»i(a'-.y»). 


This  formula,  when  y  becomes  equal  to  a,  reduces  to 
i'lrny'V'  ^\irn\W  =  iwnY^tP, 
for  the  impulsion  against  the  convex  surface  of  the 
hemisphere. 

Now,  the  impulsion  against  the  base  of  the  same 
(its  area  being  w  a^  will  be  ir  n  V*  a';  therefore,  the 
impulsion  against  the  convex  surface  is  to  the  direct 
impulsion  against  the  base  of  the  hemisphere,  as  1  to  2, 
as  we  have  already  found  it  in  (art.  195). 

If  the  arc  were  that  of  a  parabola,  whose  parameter 
is  p,  the  formula 

irnV^vi* 


of  which  the  fluent  is 


iiV»5^- 


nVy 
""J?^' 


which  is  the  value  of  the  impulsion  against  the  inde- 
terminate arc  QF,  in  the  direction  QC ;  making  ^  =  a, 
the  above  becomes 

nV'a^inW'azzfnV^a, 
for  the  sum  of  all  the  impulsions  on  the  quadrant  QF ; 
and  as  the  perpendicular  impulsion  against  the  radius 
a  will  be  obviously  it  V^a ;  it  appears  that  the  impulsion 
against  the  quadrant  QF,  is  two-thirds  of  the  direct 
yimpulsion  against  the  radius,  and,  consequently,  the 
ipipulsion  against  the  semi  circumference  FF'  will  be 
two-thirds  of  that  against  the  diameter;  as  we  have 
already  determined  (art.  195). 


would  become 
and,  therefore. 


P       I 


will  be  the  sum  of  all  the  impulsions  sought. 

It  will  be  seen,  in  the  subsequent  section,  that  the 
solution  of  the  problem,  given  in  (art.  194),  agrees  pretty 
well  with  experiment,  when  the  angle  has  any  consider- 
able magnitude,  viz.  for  angles  between  60®  and  90^. 
But  for  angles  of  incidence,  that  are  much  below  60^, 
the  theory  and  experiment  no  longer  give  the  same 
results ;  the  percussion  diminishing  Ichs  experimentally ,- 
than  it  ought  to  do  according  to  theory. 
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^      The  other  two  problems  (arts.  195  and  196)  are  merely 
intended  to  show  the  manner  of  applying  the  theory  to 
cnrre surfaces ;  they  do  not  give  results  which  correspond 
'Widi  those  found  from  experiment;  but  the  deviation 
here  from  actual  practice,  is  contrary  to  that  in  the 
fomer  case.     Experiment,  for  example,  shows,  ac- 
cording to  M.  6ossut*s   results,   that  the   impulsion 
t^gainst  the  semi-circumference  is  only  a  little  more  than 
wf  that  of  the  perpendicular  impulsion  against  the 
^toicter;  while,   according  to  theory,  it  ought  to  be 
^wo-thirds.    It  follows,  therefore,  that  all  the  solutions 
^'^iidi  have  been  given  to  the  problem  of  the  solid  of 
l^iist  resistance,  can  only  be  considered  as  ingenious 
^'''^lytical  speculations,,  and  must  not  be  introduced 
^  sny  practical  constructions,  without  the  greatest 
^  .  ^Wioii. 
"•^     197.  Let  it  now  be  required  to  investigate  the  cir- 
cumstances attending  the  descent  of  a  heavy  spherical 
fHxly  in  a  fluid,  viz.  to  determine  the  impulsion  which 
^  motion  produces  on  the  bottom  of  the  vessel  con- 
^^ng  the  fluid. 

it  is  obvious,  in  the  first  place,  that  the  descending 

**Ody  will,  every  instant  of  its  descent,  strike  the  fluid 

^tth  the  velocity  acquired  at  that  point  of  its  path, 

^^  that  this   impulsion,  which,   from  the  nature  of 

^QidSy  is  transmitted  in  all  directions,  will  thus  operate 

Against  the  bottom  of  the  vessel.     It  is  proposed  to 

^^tenniiie  its  amount  at  any  proposed  instant. 

Let  the  radius  of  the  body 

Its  mass  or  weight 

The  ^vveight  of  the  fluid  displaced  by  it 
The  space  described  vertically 
The  -velocity  at  the  end  of  this  space 
The  oo-efficient  of  percussion 
The  Semi-circumference  ofa  circle  to  radius  1  =:  »  . 

"^^se  substitutions  being  made,  it  is  obvious  that 
the  bofly  is  urged  downwards  every  instant  by  the 
•^*^«B  of  its  own  weight  over  that  of  an  equal  bulk  of 
~^^d  and  that  of  the  resistance. 

^<>^,  the  expression  for  the  resistance  (art.  196)  is 

'"^ — -^ ,  and,  consequently,  the  accelerating  force  will 


or,  passing  to  the  numbers, 


Hj^draiilic5. 


—  irna's 


=  P, 

=  *  f 

=r  n  , 


P- F- 


na'tt* 


Uie^efoxe,  from  the  usual   formula  for  accelerating 
fofces. 


Tui 


^-         .                  PC          2irna'fi«  > 

or,       *  —  _. V  _  < • — • — ■ — '  >  : 

ol  ^hicli  the  fluent  is 

»^C ^  X  h.log.  (2P-2F-Tfia*ii»), 

v/  «emg  a  constant  arbitrary  or  correction. 

^e  shall  arrive  at  the  value  of  C,  by  observing  that 
^oen  MzzOf  uzzo;  which  gives 

P         X.  ,       /         2P-2F         \ 
•=  7^  ^  ^-  ^"^*  (2P-2F-.na'W' 

ti^refore,  if  E  be  taken  to  denote  the  number  of  which 
tbe  hypeibolic  logarithm  is  1,  and  we  multiply  «  by 
L  tog.  £,  we  shall  have 

P  /         2P  — 2P'         \ 


therefore,  the  expression  for  the  resistance,  which,  when 
the  velocity  is  u,  we  have  found  to  be 
irna''  w' 

~2~' 
becomes,  in  the  present  case, 

—  wna^s 

(P-F)  X   (l  -E       ^       )• 
As  the  quantity  E  is  greater  than  unity,  tlie  ex- 


pression E  becomes  less  and  less    as  s  in- 

creases, and  is  zero,  when  s  is  infinite ;  therefore,  in 
this  supposititious  case  only,  the  impulsion  on  the 
bottom  of  the  vessel  ever  becomes  equal  to  P  —  F. 

This  result  is  employed  to  illustrate  the  sinking  of 
the  barometer  in  rainy  weather ;  for  the  distance  from 
which  the  drops  of  rain  fall  is  never  very  great,  and, 
therefore,  their  action  on  the  surface  of  the  earth  is^ 
always  less  than  their  absolute  weight;  whereas,  while 
they  are  held  in  solution  they  press  with  their  actual 
weight ;  the  mercury  in  the  barometer,  therefore,  ought 
to  fall  during  rain,  which  is  agreeable  to  the  result 
that  Leibnitz  obtained  from  his  hypothesis. 

^  XV.    Experiments  on  the  percussion  of  fluids,  and  the 
resistances  which  they  oppose  to  the  motion  of  bodies, 

Bos8UT*s  Experiments  on  the  percussion  of  fluids^ 

198.  We  have  stated,  in  the  preceding  secticm,  the  Boasat^t  ex- 
inadequacy  of  pure  theory  to  meet  the  general  question  perimenu 
of  the  percussion  and  resistance  of  fluids ;  much  must 
necessarily  depend  upon  accurate  experimental  data, 

and  considerable  pains  and  labour  have  accordingly 
been  bestowed  upon  this  subject  by  diflerent  authors ; 
of  which  we  propose  to  give  some  abstracts  in  the  pre- 
sent section,  commencing  with  the  experiments  of  M. 
Bossut. 

The  questions  which  this  philosopher  proposed  to 
himself  were  as  follows : 

1.  What  is  the  proper  measure  of  the  perpendicular 
percussion  of  a  fluid  ? 

2.  Are  the  perpendicular  percussions  that  are  made 
with  the  same  velocities,  proportional  to  the  section  of 
the  impinging  vein,  or  to  the  surfaces  on  which  inde- 
finite nuids  impinge  ? 

3.  Are  the  perpendicular  percussions  made  on  the 
same  surface  vritn  diflerent  velocities,  proportional  to 
the  squares  of  the  velocities  ? 

4.  Are  percussions  made  on  diflerent  oblique  planes 
(all  other  circumstances  being  the  same)  as  the  squares 
of  the  sines  of  the  angles  of  incidences  ? 

199.  The  apparatus  with  which  M.  Bossut  performed  Apparatus. 
the  following  experiments,  is  represented  in  (fig.  29),Fig«.  S9and 
or  (fig.  30).    The  beam  AB  was  3  ftet  6  inches  in  30. 
leneth :  at  one  of  its  extremities  6,  was  attached  a 

scale,  and  at  the  other  a  ciicular  plate  of  copper,  2^ 
inches  in  diameter ;  this  was  well  poUshed ;  its  plane 
prolonged,  passed  through  the  axis  of  motion,  and  its 
centre  corresponded  very  exactly  with  the  centre  of 
the  additional  tube  PQ  />  9,  through  which  the  water 
paMed  out  of  the  vessel  VXYZ ;  by  means  of  the 
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Hydrody-  two  screws  sbown  in  the  stem  of  the  balance,  the 
naniics.    beam  AB  and  its  attached  plate  might  be  adjusted  to 
*  any  height,  or  to  any  distance  from  the  orifice  of  the 
tube  p  9;  and  as  the  beam  turned  freely  on  its  axis  o,  it 
might  be  inclined  at  any  angle  at  pleasure. 

In  the  first  series  of  experiments,  the  constant  height 
of  the  water  TA,  was  4  feet  above  the  centre  of  the 
plate  A,  and  the  latter  was  1  inch  distant  from  the  end 
of  the  tube  f  9,  in  order  that  the  water  might  issue 
freely,  wliich  it  did  in  a  full  stream. 


Experiments. 


Experi- 
menu. 


results. 


1.  The  diameter  of  the  tube  p  q  being  10  lines,  the 
weight  S  (fig.  29)  necessary  to  balance  the  effort  of 

F^.t9ind  the  water  was  12608  grains. 

2.  The  diameter  of  the  tube  p  q  being  10  lines,  and 
the  angle  of  inclination  TAB  (fig.  30)  bemg  60^  the 
weight  S  =  12248  grains. 

3.  The  diameter  of  the  tube  p  q  being  reduced  to  6 
lines,  the  weight  S  (fig.  29)  was  4484  grains. 

4.  The  diameter  being  still  6  lines,  and  the  beam 
inclined  at  60^,  as  in  (fig.  30),  the  weight  S  was  4315 
grains. 

The  constant  height  TA  being  now  reduced  to  2 
feet,  the  following  results  were  obtained : 

5.  Diameter  of  the  tube  10  lines  (fig.  29),  S  =: 
6306  grains. 

6;  Diameter  10  lines,  angle  TAB  =  60^  (fig.  30),  S 
=  6125  grains. 

7.  Diameter  6  lines  (fig.  29),  S  =:  2243  grains. 

8.  Diameter  6  lines,  angle  TAB  =  60®  (fig.  30),  S 
=  2138  grains.     ^ 

Compariton     200.  By  comparing  experiments  1  and  3  with  each 
ofthe         other,  as  also  5  and  7,  it  appears,   that  while  the 
velocities  are  eqnal,  the  perpendicular  percussions  are 
nearly  proportional  to  the  surfaces  struck  by  the  fluid. 

201.  Comparing  together  experiments  1  and  5,  as 
also  3  and  7,  we  see  that  the  peipendicular  percussions 
against  the  same  surface,  are  very  nearly  to  each  other  as 
the  height  of  the  fluid  above  the  centre  of  percussion, 
or  which  is  the  same,  very  nearly  as  the  squares  ofthe 
velocities  of  the  fluids ;  which  is  conformable  to  the 
theoretical  hypotheses. 

202.  When  the  water  strikes  the  plate  obliquely,  as 
in  experiments  2,  4,  6,  8,  there  results  from  the  per- 
cussion a  force  perpendicular  to  the  plate,  which  fcH'ce, 
according  to  theory,  may  be  represented  by 

^       B  sin*  TAB 

^^  AW  > 
R  denoting  the  radius;  and  F  the  force  which  the 
same  plate  receives  when  it  is  perpendicular  to  the 
action  of  the  fluid;  and  B  the  oblique  surfhce  covered 
by  the  fluid.  This  force  being  resolved  into  its  per- 
pendicular direction,  has  for  the  lever  by  which  it 
acts,  the  arm  of  the  balance  CA,  while  the  weight  S 
has  only  the  effective  distance  CL.     Since,  then, 

B  :  A  : :  rad  :  sin  TAB, 
and  AC  :  CL  : :  rad  ;  sin  TAB ; 


and  that 


Fx 


B  sin>  TAB 
A-Rad.« 


X  CA  =z  S  X  CL, 


it  follows  that  F  =  S. 

Hence,  according  to  theory,  we  ought  always  to  have 
the  same  weight  in  the  scale,  whether  the  balance  be 
hwizontal  or  inclined  at  any  angle  whatever ;  which  is 
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a  conclusion  not  borne  out  by  thete  experiments ;  the  r^ 
weight  being  less  when  the  angle  TAB  is  60^,  than  >J 
when  it  is  a  right  angle ;  and  the  former,  M.  Boisut' 
says,  diminishes  more  and  more,  as  the  angle  becomes 
less  and  less.  Our  theoretical  formalee,  therefore,  in 
which  we  introduce  the  sine  of  the  angle  of  incidence, 
requires  certain  modifications,  which  can  only  be  ob- 
tained experimentally. 

Bossufs  experimenU  on  the  renstance  of  indefinite  Jhridi. 

203.  In  the  year  1775,  Bossut,  in  company  with  B< 
D*Alembert  andCondorcet,  undertook  a  series  or  ezpe^  I^' 
riments  on  the  resistances  opposed  to  the  motion  of  ^ 
vessels  in  small  canals,  and  m  waters  of  indefinite  ex-  on 
tent,  with  respect  to  Uie  dimensions  of  the  bodies  on  fk 
which  the  experiments  were  made.  Several  innall 
vessels  were  constructed  of  different  forms  and  dimen- 
sions; and  on  the  side  ofthe  reservoir,  which  was  100 
feet  in  length,  53  feet  in  breadth,  and  6^  feet  deep, 
was  erected  a  mast  76  feet  in  height,  at  the  top  of  whi<^ 
was  fixed  a  brass  pulley,  perfectly  moveable,  and  ano- 
ther similar  one  at  bottom.  Each  of  these  pulleys  Were 
5  inches  in  diameter.  Under  the  lower  pulley  pass^  $, 
line,  which  was  thence  carried  over  the  npfei  nuUflgf ; 
the  upper  end  having  a  weight  attached  to  it,  wniledbe 
lower  end  being  brought  along  the  surfiice  of  the  watar, 
was  fixed  successively  to  the  difierent  vessels  on  whid 
the  experiments  were  to  be  made.  The  weight  being 
then  left  to  descend  by  its  gravity,  drew  the  boat  along 
the  reservoir.  The  resistance  was  estimated  by  the 
time  the  respective  bodies  were  in  passing  over  50  feet 
in  the  centre  part  of  the  reservoir ;  the  first  part  of  the 
motion  was  made  from  a  more  distant  point;  but  as  the 
velocity  did  not  become  uniform  in  the  first  moments, 
only  50  feet  space  was  employed  in  estimating  the 
efiect  The  velocity^had  always  become  uniform  before 
it  arrived  at  the  point  whence  the  time  of  the  motion 
began  to  be  counted;  and  it  terminated  when  the 
body  had  passed  over  50  feet. 

204.  Five  different  formed  bodies  were  employed,  Fa 
which  may  be  denoted  by  A,  B,  C,  D,  E;  and  of  these  *J» 
forms  there  were  different  dimensions;   these  may  be"' 
distinguished  for  each  letter,  by  N°  1,2,3,  &c.     By 
these  means  we  may  state  the  form  and  dimensions  of 
the  bodies,  as  follows  : 

A.  Rectangular  parallelopipedon,  with  one  end  in 
the  form  of  an  isosceles  wedge,  of  which  the  breadth 
was  1  foot,  the  length,  independent  of  the  end,  4  feet; 
length  of  the  triangular  end,  or  altitude  of  the  triangle, 
2  feet. 

A.  C  N°  I ,  rectangular  end  foremost. 
\  N°  2,  triangular  prow  foremost. 

B.  Rectangular  parallelopipedon,  with  one  end  of  a    ' 
trapezoidal  form,  instead  of  triangular,  as  in  vessel  A. 
The  breadth  of  this  vessel 2  feet;  length,  independent  of 
the  trapezoid,  4  feet ;  length  of  trapezoidal  end,  2  feet, 
and  smallest  end  1  foot 

In  this  vessel  the  trapezoid  always  formed  the  stem, 
and  the  other  end  had  isosceles  triangular  prows  at- 
tached to  it,  of  the  following  dimensions. 

3  The  prow,  rectangular  end. 

4  Ditto,  triangular,     altitude  6  inches, 
p.    7  5  Ditto ditto       1  foot. 

^  ^  6  Ditto ditto      1|  foot 

7  Ditto ditto      2  feet 

8  Ditto... « ditto      2|feet 
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eetattpilarparSneloptpedoii,  of whic lithe  length 
k*as  6  feet  I  inch,  aacl  the  breadth  1  foot  75  iiicht^s, 

9  The  prow,  the  rectangular  end* 
t,-.  wr  '         1  (  heijj^ht    of    trtande    9 

10  Triangular  prow     J       Tuches  cij  Hnel 

11  Ditto. ...  • ditto  19  inches  8  hne§. 

12  Cyhndrical  prow,  radius  9  inches  9|  lines. 

D,  The  vertical  section  of  this  vessel  was  of  a 
mix li lint:  ar  fomi,  sides  curved ;  of  which  the  greatest 
Lneadth  was  1  foot  7  inches  8  lines  ;  and  length  six 
feet.  This  vessel  was  tried  only  under  one  form,  and 
IS  marked  D,N°  13. 

E.  N^  14,  was  made  af^er  a  model  of  a  ship  of  the 
hne,  the  greatest  breadth  of  its  vertical  section  and 
length,  the  same  as  D,  N°  13. 

The  depth  of  the  floatation  is  specified  in  the  follow- 
ing table. 

205.  When  the  vessel  is  at  rest,  the  fluid  all  round  is 
ofthe  same  height^  and  forms  what  is  called  the  line  of 
floatation ;  but  when  it  is  in  mo  lion,  the  fluid  rises 
before  the  prow,  and  along  the  sides  of  the  vessel,  and 
hh  behind  ;  this  wave,  if  we  may  so  denominate  it,  is 
^ter  about  the  midships  than  at  the  extremities. 
These  two  cases  are  denoted  in  the  table  by  the  words 
mtral  and  lateral^  and  their  height  is  expressed  in 
lines;  when,  as  is  sometimes  the  case,  the  water  at  the 
angles  ofthe  prow  is  lower  than  the  line  of  floatation, 
it  is  indicated  by  the  sign  —  mtnus. 

Table  L    Of  exptrmcnts  h^  Bossut, 


T A  B  L r.  T . — confinHcd. 


Form. 

Depth  of 
immcr* 
ilon. 

Cent  ml 
ekviition 

6utd, 

LaleraJ 

clevatiou 

of  ihe 

iluiti* 

ex  |i  reel- 
ed in 

Time  f^mployed 

in  paA^ing  over 

u>a  feet  in  half 

seconds^ 

Inches. 

Liiifi. 

Lines. 

r 

12 

21 

15 

12 

43-70 

A.    ] 

12 

26 

19 

16 

38-37 

IS'l.  "i 

12 

34 

26 

20 

34-75 

( 

12 

•'.««« 

•  ■• « * 

'24 

32-16 

r 

12 

29 

0 

,     12 

30*80 

A, 

12 

36 

• « •  • 

16    ' 

27-25 

'  V2.  \ 

12 

38 

—  4 

20 

24-50 

( 

\2 

39 

-  6 

24 

23*40 

/- 

12 

18 

15 

16 

5011 

W3.  ^ 

12 

2.5 

21 

24 

44-54 

12 

58 

2^ 

32 

38-80 

12 

37 

30 

40 

34-80 

c 

12 

44 

37 

48 

32-33 

12 

16 

7 

16 

50<J0 

0 

12 

21 

11 

20 

43-50 

12 

27 

17 

24 

38-50 

12 

30 

19 

28 

37-00 

f 

12 

34 

22 

32 

3492 

c 

12 

22 

•  * » • 

16 

42-68 

B     S 

12 

24 

12 

20 

38-18 

"1     / 

12 

28 

u 

24 

35-56 

12 

33 

9 

28 

32-95 

( 

12 

• « « « 

«  «  •  • 

32 

3  J -60 

Form, 

iiuraer^ 

Centmi 

elevuUon 

of  the 

iluid. 

LMtfnd 

of  tht! 

fluids 

Moving 
ed  ID 

IUiltCl> 

rime  iiiuploved 

iri  paft<ii[}g  ovci 

50  feet  in  linlf 

seeoitds. 

Indies, 

Litie«, 

Littean 

/ 

12 

22 

•    if. 

16 

39-00 

R        1 

12 

24 

H 

20 

35-75 

N"6.  \ 

12 

27    ; 

•  *  •  i 

24 

32-62 

12 

33 

» •  •  t 

28 

30-37 

^ 

12 

38 

•  •  ■ » 

32 

28-87 

/- 

12 

24 

6 

16 

37-70 

N"?.  \ 

12 

29 

0 

20 

33'45 

12 

35 

•  •  •  4 

24 

3070 

12 

40 

•  •  •  • 

28 

28-50      : 

12 

45 

•  •  t  • 

32 

27-60 

N'8.  \ 

12 

29 

_ 

16 

36-62 

12 

33 



20 

33-40 

12 

38 

— , 

24 

30-81 

12 

45 

^^ 

28 

28-62 

( 

12 

52 

— 

32 

27-00 

^ 

n 

24^ 

%  m  *  * 

16 

41-75 

c     1 

7| 

32} 

•  4   •   « 

20 

37-80 

1% 

38 

«  «  *  * 

24 

34-75 

n 

46 

«  «  •  • 

30 

32-50 

^ 

50 

4  •  .  « 

36 

29-90 

^ 

12^ 

15 

•  •  •  • 

16 

52-00 

c,    1 

12I 

18 

•  •  *  • 

20 

46-05 

12* 

20J 

•  •  •  • 

24 

42-07 

m 

26 

■  *  «  « 

30 

37-25 

'1 

153 

32^ 

*  «  •  » 

35 

35-18 

^ 

15 

«  «   *  a 

20 

50-75 

c,    ) 

N«9.  A 

^H 

18 

«  »  •  * 

24 

46-50 

\5fi 

24 

«  •  •  • 

32 

41-00 

15jt 

33 

•  •  •  • 

40 

36-50 

15« 

39 

•  •  a  • 

48 

33-69 

^ 

7)f 

23 

♦  »  •  • 

12 

38^18 

c,    ) 

N'  10.  \ 

^ 

28 

10 

14 

35-37 

H 

30 

12 

16 

33-90 

H 

35 

•  •  *  * 

18 

31-95 

'1 

n 

39 

•  ♦  •  * 

20 

30-45 

^ 

ni 

16 

2 

12 

47-90 

12| 

24 

5 

16 

42-06 

m 

30 

8 

20 

37-68 

12^ 

36 

10 

24 

34-90 

m 

39^ 

a  •  •  a- 

28 

32-37 

^ 

15* 

11 

12 

54-60 

C       Ji 

15J 

\^ 

0 

16 

47-20 

N*  10.  \ 

>5jt 

18ii 

•  •  t  ♦ 

20 

42-00 

' 

15J 

20 

a  •   ■   «- 

22     1 

40-25 

m 

23 

.,.. 

24 

38-40 

i 

n 

32     1 

*  •  a  • 

14 

32- 12 

H 

36 

»  •  *  • 

16 

30-41 

n 

40 

•  •  •  • 

18 

29-20 

n 

44 

•  •  «  • 

20 

28-10 

c 

n 

50 

•  •  •  • 

24 

26'25 

HydnulieS' 

Evperi- 
iiieuls  on 
Indefrnite 
rtuidv 


'! 
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HyArtidy- 
ftamics. 

Expert- 

ment»ou 

iadefinite 

fluids. 


Table  I. — continued. 


Funn. 

Depth  oi 

imiuer- 

Centml' 

devalioii 

of  the 

Lalenil 

cletaliou 

uf  ilic 

exprt;S4- 

I'iine  employed 
inpas*in|50vcr 
5afept  ill  half 

Auid. 

fluid. 

eii  Ju    , 

Aecond^, 

ttiarcs. 

Iwhei. 

Dnei. 

Unci. 

/■ 

124 

18 

—  2 

12 

42-85 

c,   } 

12* 

24 

«   I   <   a 

16 

3715 

IH 

35 

•     At* 

20 

30-00 

IH 

40 

■   •   *   * 

24 

3110 

12i 

45 

•  «   «    4 

28 

2930 

^ 

15J 

•  •ft 

f  *  •  * 

12 

46-87 

c.    ) 

N't!  A 

15f 

•  •  • « 

t  «    f    4 

14 

44-00 

15* 

18 

-  5 

16    , 

41-50 

15jf 

24 

■  't  ■  > 

18 

39-12 

I5g 

30 

a  i  •  • 

20 

3694 

C 

7* 

26 

*  •  •  ■ 

12 

36-00 

c,    \ 

''I 

33 

•  ■  •  ■ 

16 

32-00 

N'  12.  \ 

7* 

40 

dad* 

20 

29-60 

I 

7f 

46 

«  ■   a   a 

24 

27-40 

f 

12) 

20 

■   »   t   1 

12    ! 

44-00 

c.    \ 

\^ 

26 

*  ■   •   • 

16 

38-50 

N*  12.  \ 

12* 

32 

*  •  1  * 

20 

35-40     ' 

t 

12^ 

38 

■  •   •  « 

24 

32-69 

c,     ( 
NM2,  V 

15i^ 

15 

•  •  f  * 

12 

49-31 

15^ 

20  ■ 

•   *  «  • 

16 

42-62 

y- 

m 

18 

«  «    >  • 

12 

54-65 

\ 

m 

22 

■   ■   P   > 

16 

47-94 

0'  ^ 

i2f 

26i 

•  •   *   • 

20 

43-14 

NMS.S 

12^ 

30 

a  ■  ■  ■ 

24 

38-92 

# 

12J 

36 

i  >  >  • 

30 

34-32 

^ 

12! 

42 

a  «  •  p 

36 

32-72 

/• 

1^ 

11 

•  »  -  • 

10 

65-56 

\ 

If^J, 

13 

a  «  *  # 

12 

60-70 

D.    J 

15H 

18 

a  *  »  « 

16 

53-05 

N'  13.  \ 

15,+ 

22 

4  a    I    ■ 

20 

47-65 

i 

15+^ 

27 

a   •   a   n 

24 

4306 

^ 

15H 

33 

V   a   a   a 

30 

39-25 

E      S 

I2f 

30 

*  a   a   a 

8 

3118 

W  14     J 

12^ 

.18 

«  a   «  a 

10 

27-90 

in 

48 

•   a   *  • 

12 

26-50 

E,    5 

i&H 

33 

fe  »  *  * 

8 

36-69 

iHi 

3q 

•   •  #  * 

10 

32-90 

15H 

40 

«  «   I    a 

12 

30-75 

3.  That  the  resistances  which  arise  from  oblique  im-  Hj 
pulses  are  not  in  the  ratio  of  the  squares  of  the  sines  of  v^ 
the  angles  of  incidence ;  but  that  when  these  angies  are 
between  60^  and  90°,  the  common  theory  may  be  em- 
ployed as  an  approximation,  by  observing  that  if  always 
gives  resistances  a  little  less  than  experiment;  and 
much  less  as  the  angle  diminishes. 

4.  That  the  absolute  measure  of  the  direct  and  per* 
pendicular  resistance  of  a  plane  surface  in  an  indefinite 
fluid,  is  the  weight  of  a  column  of  the  fluid,  which  has 
for  its  base  the  area  of  the  surface,  and  for  its  height 
the  altitude  due  to  the  velocity.  The  resistance  is 
much  greater,  and  nearly  double  in  a  mill  course, 
which  conveys  the  water  to  the  float  boards  of  an 
undershot  wheel. 

5.  That  the  tenacity  of  the  water  is  a  force  which 
may  be  regarded  as  indefinitely  small,  in  relation  to 
that  which  a  body  experiences  in  striking  the  water^ 
particularly  when  the  velocity  is  considerable. 

Experiments  on  the  resistance  of  bodies  in  narrow  canals* 

207.  It  having  been  known,  or  at  least  generally  Ei 
asserted,  by  persons  in  the  habit  of  navigating  ves-  ■» 
sels  on  canals,  that  the  labour  was  much  greater^ 
when  the  water  was  shallow  than  when  it  was  deep, 
and  as  in  the  preceding  course  of  experiments  the 
extent  of  the  surface  of  the  fluid  might  be  considered 
as  indefinite  with  respect  to  the  dimensions  of  the  body. 
M.  Bossut  undertook  a  second  series  of  experiments  on 
close  and  open  canals;  which  being  constructed  of 
different  breadths  and  depths,  were  placed  in  the  same 
reservoirs  as  that  above  described,  and  were  conducted 
in  exactly  the  same  manner.  The  bodies  also  were 
the  same,  and  are  therefore  denoted  by  the  same  num- 
bers in  the  following,  as  in  the  preceding  table ;  but 
another  vessel  was  now  added.  It  was  a  rectangular 
parallelopipedon,  its  breadth  19f  inches,  length  2  feet 
1  inch  ;  this  will  be  denoted  by  N®  15,  and  N^  16,  was 
the  same  in  all  respects,  but  in  its  length,  which  was 
4  feet. 

Table  II.   Of  experiments  on  narrow  canals. 

1st  canal,  opened  at  both  ends,  breadth  2  feet  4} 
inches,  depth  15|  inches. 


DeduetioDi 
from  the 
experi- 
meati. 


206.  From  a  comparison  of  these  several  experiments 
^th  each  other,  and  with  a  reference  to  those  reported 
in  the  beginning  of  this  section,  M.  Bossut  concludes, 

\.  That  the  resistances  of  the  same  body,  of  what- 
ever figure,  which  divides  a  fluid  with  different  velocities, 
are  very  nearly  proportional  to  the  squares  of  those 
velocities. 

2.  That  the  direct  and  perpendicular  resistances  of 
plane  surfaces,  are  with  the  same  velocities  nearly 
propoTtional  to  die  areas  of  the  surfaces. 


Form. 

Depth  of 
immer- 

Central 

elevation 

ofUie 

Lateral 

clcvatioii 

of  the 

Moving 
weights 
ci  press- 
ed Hi 

Tune  employed 
in  passing  over 
50  feet  in  Iwlf 

«ion. 

fluid. 

fluid. 

seconds. 

' 

marcs. 

Inches. 

Lines. 

Lines. 

y" 

12 

22 

12 

16 

50-86 

\ 

12 

16 

21 

20 

46-95 

NM.  < 

12 

30 

24 

24 

42-30 

i 

12 

35 

30 

28 

39-80 

V 

12 

40 

34 

32 

38-65 

C 

12 

18 

•  •  •  • 

32 

68-83 

N*3.  ^ 

12 

24 

18 

40 

62-75 

12 

30 

24 

48 

58-33 

t 

12 

34 

26 

56 

54-80 

r 

12^, 

18 

12 

24 

69-86 

N*15..J 

12^ 

12 

24 
30 

18 
21 

32 
40 

61-80 
55-65 

I 

m 

36 

24 

48 

52-50 
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Table  II. — continutd. 


Fotm. 

Depth  of 
immer- 

Central 

deration 

of  the 

fliud. 

LKteral 

elevation 

of  the 

fluid. 

Moring 
weights 
express- 
ed fai 
marcs. 

Timeempbjred 

in  paniog  orer 

50  feet  in  half 

second!. 

IN*  16.) 

biches. 

m 

Lines. 
18 
22 
26 
30 

lines. 
12 
16 
20 
24 

24 
32 
40 
48 

68-79 
61-40 
54-29 
49-85 

Iwi3.< 
1         1 

m 

12* 

i2i 

15 

18 

24 

.... 

9 
12 
18 

•  •  •  • 

24 
32 
40 
48 

61-30 
53-45 
47-45 
44-31 

adeanal,  breadth  3  feet  4  inches,  depth  1&|^  inches. 


'■! 

12 
12 
12 
12 

24 
30 
36 
48 

18 
24 
24 
40 

16 
20 
24 
32 

46-10 
41-00 
38-50 
34-81 

»i.\ 

12 
12 
12 

24 
30 
36 

20 
24 

28 

32 
40 
48 

60-10 
64-75 
61-00 

N-lJ 

124 
124 
l^ 

24 
29 
34 
38 

18 
21 
24 
30 

24 
32 
40 
48 

63-37 
54-60 
49-62 
46-25 

S*13.{ 

12* 
12* 

24 
30 
36 

20 
24 
30 

24 
32 
40 

53-00 
46-00 
4200 

3dcana]|  breadth  6  feet  3  inches,  depth  15^  inches. 


( 

12 

24 

20 

16 

4000 

N-l.J 

12 

28 

23 

20 

36-00 

I 

12 

32 

26 

24 

33-00 

.    c 

12 

30 

24 

32 

47-83 

vf3.y 

12 

38 

30 

40 

44-00 

( 

12 

•  •  •  • 

•  •  •  • 

48 

40-55 

( 

12^ 

26 

22 

24 

5107 

N'lfiJ 

m 

34 

•  •  •  • 

32 

46-10 

12| 

39 

32 

40 

4300 

(. 

12* 

48 

40 

48 

4000 

f 

12f 

24 

20 

24 

45-60 

N'13.J 

12* 

34 

28 

32 

40-10 

* 

12* 

44 

34 

40 

36-10 

4th  canal,  breadth  indefinite,  depth  15^  inches. 


12 
12 
12 


12-i 
12.V 


36 
42 
48 


36 
42 
48 


^OL.  III. 


30 
34 


30 
36 

42 


32 
40 
48 


32 
40 
48 


41-66 
37-56 
35-37 


41-50 
37-00 
35-25 


Table  II. — continued, 
5th  canal,  breadth  indefinite,  depth  2  feet  3^  inches. 


Fonn. 

Depth  ol 
immer- 
sion. 

Central 

elevation 

oftlie 

fluid. 

Lateral 

elcTation 

of  the 

fluid. 

Moving 

weights 

express- 

edin 

marts. 

nme  employed 

in  passing  over 

50  feet  in  half 

seconds. 

N*3.  1 

Indies. 
12 
12 
12 

lines. 
30 
39 
46 

Ijnes. 
24 
33 
38 

32 
40 
48 

40-65 
35-60 
32-55 

N»16. 1 

12* 
12+ 
12i 

30 
36 
42 

18 
24 
32 

32 
40 
48 

39-00 
35-16 
31-83 

Hydraulics. 

Experi- 
ments on 
canals  of  in- 
definite 
breadtli. 


6th  canal,  breadth  28i^  inches,  depth  15^  inches. 


( 

12 

14 

•  •  •  • 

16 

42-80 

N*2.  ^ 

12 

18 

•  •  •  • 

20 

39-37 

I 

12 

24 

•  •  •  • 

24 

37-06 

7th  canal,  breadth  28j  inches,  depth  15^  inches. 


( 

12 

18 

12 

32 

64-83 

N»6.  ^ 

12 

24 

18 

40 

59-60 

I 

12 

30 

24 

48 

64-50 

8tb  canal,  shut  at  both  ends,  breadth  28^  inches    Canals  sliut 
depth  15^  inches.  at  each  end. 


( 

12 

24 

18 

16 

49-00 

N»l.  < 

12 

30 

24 

20 

46-12 

I 

12 

36 

30 

24 

41-94 

f 

12 

18 

12 

32 

69-80 

N,3,  \ 

12 

24 

18 

40 

64-20 

X 

12 

30 

24 

48 

60-60 

208.  From  the  results  deduced  by  a  comparison  of  Deductions, 
these  experiments  with  those  given  (art.  207),  we  may 
conclude,  that  in  narrow  canals,  the  resistances  are  pro- 
portional to  the  squares  of  the  velocities,  following  the 
same  law  as  in  a  fluid  of  indefinite  extent ;  and  that  the 
resistances  in  narrow  canals,  and  canals  which  have 
little  depth,  is  greater  than  in  fluids  of  indefinite  extents 

Tht  cause  of  this  is  obvious ;  for  when  the  velocity 
of  the  body  is  considerable,  the  fluid  which  that  body 
pushes  beK>re  it  has  not  the  means  of  expanding  itself 
on  every  side,  but  forms  a  current  more  or  less  rapid 
as  the  veloci^  of  the  body  is  more  or  less  great.  If 
die  body  entirely  filled  the  canal,  it  would  push  all  the 
water  before  it  like  the  piston  of  a  pump ;  but  as  in  the 
narrowest  canals  there  is  always  some  room  for 
the  water  to  run  both  below  Uie  boat  and  at  its 
sides,  a  part  of  the  fluid  escapes,  while  another 
part  is  driven  back;  and  thus  a  variety  of  con- 
trary currents  are  formed,  by  which  the  resistance  is 
increased.  This  augmentation  of  resistance  is  pro- 
duced, not  only  by  heaping  up  the  fluid  on  its  an- 
2  M 
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Hydrod  J-  terior  part,  but  also  by  the  want  of  bydrostatical  support 
oamict.    bebina. 

"^^^^^^^  These  results  wiU  furnish  an  important  lesson  to  the 
engineer,  by  pointing  out  to  him  the  advantage  of 
making  all  canals  of  navigation  as  wide  and  deep  as  is 
consistent  with  proper  economy. 

Vesselswith     209.  We  shall  conclude  this  account  of  M.  Bossut's 

angular  labours  With  the  following  table,  containing  the  results 
of  sixty-nine  experiments,  made  principally  with  a  view 
of  determining  the  comparative  resistances  of  angular 
prows  of  different  degrees  of  inclination,  an  object  of 
considerable  importance  in  naval  architecture. 


prowl. 


The  first  five  were  made  on  a  vessel,  in  the  form  Hj 
of  a  rectangular  parallelopipedon,  the  length  of  which  >^ 
was  4  feet,  breadth  2  feet,  depth  in  the  fluid  2  feet, 
and  part  above  the  same  7  inches. 

The  other  64  were  made  with  14  different  vessels, 
in  the  form  of  a  prism,  the  prows  being  isosceles  wedges, 
having  their  vertices  forward. 

These  vertical  angles  were  varied  firom  12°  to  24**, 
36^,  &c.  to  180°;  the  length  of  each  vessel,  independent 
of  the  prow,  was  4  feet,  breadth  2  feet,  depth  of  im- 
mersion 2  feet,  part  above  the  fluid  7  inclies,  all  in 
Frencli  feet  and  measures. 


N<»ofthe 
expert 
meutf. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 


Angles  of 
the  prow. 


180<> 


168° 


156° 


144° 


132° 


120° 


108° 


Weight  of  the 
mover. 


Time  of  de- 
scribing 96  feet 
uniformly , 


Ibt. 

61-8 
112-5 
162-5 
212-5 
262-6 

62-5 
112-5 
162-5 
212-5 
262-5 

62-5 
112-5 
162-5 
212-5 
262-5 

62-5 
112-5 
162-5 
212-5 
262-5 

60-5 
111-5 
162-5 
212-5 
262-5 

62-0 
112-5 
162-5 
212-5 
262-5 

61-5 
112-5 
162-5 
262-5 
610-5 


78-08 
57-51 
47-44 
41-49 
37-32 
77-50 
56-95 
47-22 
41-26 
37-12 
7509 
56-15 
46-44 
41-03 
36-52 
73-38 
54-75 
45-35 
39-58 
37-57 
72-08 
53-25 
43-75 
38-26 
34-30 
63-32 
50-84 
41-84 
36-62 
32-77 
65-85 
48-75 
39-50 
31-46 
31-05 


NO  of  the 
experi- 
ments. 


36 

37 

38 

39 

40 

41 

42 

43 

44 

45. 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 


Angles  of 
the  prow. 


96° 

84° 
72° 
60° 

48° 

36° 
24° 

12° 


Weight  of  the 
mover. 


Time  of  de- 
scribing 96  feet 
utii&mvly. 


lbs. 

60-5 
110-5 
162-5 
212-5 
262-5 

60-5 
110-5 
162-5 
212-5 
262-5 

62-5 
112-5 
162-5 
212-5 
2625 

60-5 
112-5 
162-5 
212-5 
262-5 

G2'5 
112-5 
162-5 
212-5 
262-5 

62-5 
112-5 
162-5 

61-5 
112-5 
162-5 

62-5 
112-5 
162-5 


63-00 
46-45 
38-05 
32-66 
29-27 
60-55 
44-56 
35-78 
31-25 
27-51 
57-50 
42-75 
34-85 
29-65 
25-86 
55-45 
40-04 
33-05 
28-25 
24-77 
52-51 
38-05 
31-61 
27-56 
24-30 
51-15 
36-96 
30-53 
49-48 
35  76 
30-23 
49-38 
35-33 
30-01 


Deductions. 


210.  Tlie  direct  resistance  on  the  end  of  the  vessel, 
without  an  isosceles  prow,  may  be  represented  by  any 
arbitrary  number  (as  for  example  10,000),  and  by  this 
means  the  comparative  resistances  with  differently 
formed  prows  numerically  expressed. 

If  the  angle  of  the  prow,  or  that  formed  at  the  fore 
part  of  the  vessel  or  summit  of  the  triangular  section, 
be  jr,  the  resistance  is  found  to  be  10,000  cos'j*.  To 
correct  this  expression  by  means  of  the  fore^ing  table, 
we  may  observe,  that  when  the  angle  x  undergoes  any 
variation  of  12°,  each  of  the  angles  at  the  base  of  the 
isosceles  prow  will  vary  6^;  and  denoting  this  latter 


variation  by  7,  M.  Bossut  deduces  from  the  table  the 

(r  \  3-25 
— j         ,  X  and  q  being 

expressed  in  decimal  parts  of  the  radius  =  1.  Thus  the 
whole  resistance  against  the  prow,  estimated  in  the  oppo- 
site direction  to  that  of  the  motion  of  the  boat,  is  equal  to 

/  j:  \  3-25 
10,000  cos 'a;  +  3153  f  —  j  , 

which  formula  will  be  sufficiently  exact  when  the  ex- 
treme angle  of  the  prow  is  greater  than  12°;  but  when 
the  angle  is  less  than  12°,  the  formula  errs  in  excess. 
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f.  Die  Buats  experiments. 

211.  We  have  had  firequent  occasion  to  mention  the 
^  interefttuig  experiments  and  deductions  of  this  author, 
•   on  the  discharge  and  motion  of  fluids,  and  those  which 
he  has  made  on  their  resistance,  are  no  less  valuable ; 
we  afaally  therefore,  endeavour  to  lay  before  our  readers 
some  detail  of  them  in  the  present  section.     The  first 
object  that  M.  Du  Buat  had  in  view  was  to  determine 
the  resistance  experienced  by  an  immoveable  surface, 
wlien  struck  by  an  isolated  vein  of  fluid,  whose  area 
was  either  greater  than  or  equal  to  the  area  of  the  surface. 
From  a  series  of  experiments  directed  wholly  to  this 
determination,  but  rather  on  a  small  scale,  the  author 
found  that  the  height  due  to  the  impulse  is  the  same  as 
that  due  to  the  velocity.     Bossut  found  it  to  be  pro- 
poriional  to  the  velocity ;  but  the  height  of  the  column 
appeared  to  be  that  due  to  double  me  velocity.    Du 
Buat  accounts  for  this  difference,  by  stating  that  tlie 
▼ertical  vein  of  fluid  in  Bossut*s  experiments,  of  which 
we  have  already  given  the  detail,  enlarged  itself  in 
striking  the  surface  upon  the  balance ;  and  that  the  fluid 
filaments  taking  a  horizontal  direction  after  they  had 
made  their  impact  on  the  plate,  the  resistance  as  de- 
termmed  by  the  experiments  was  not  merely  the  im- 
pulse of  the  vein  whose  diameter  was  that  of  the 
orifice,  but  also  the  additional  pressure  of  a  ring  of  the 
fluid  of  a  certain  extent  around  the  circular  base  of  the 
Tein  in  contact  with  the  resisting  surface. 
»        Having  established  this  point,  the  next  object  of 
^  the  author  was  to  determine  the  amount  of  the  resist- 
ance when  an  immoveable  surface  is  placed  in  a  fluid 
of  indefinite  extent.     The  apparatus  employed  for  this 
purpose  was  a  tin  box,  presenting  a  surface  of  one 
•qaare  foot.     Its  thickness  was  about  one-third  of  an 
ind),  and  it  was  shut  on  all  sides  except  a  small  open- 
ing m  ito  posterior  surface,  into  which  was  soldered 
the  horizontal  branch  of  a  tin  tube,  bent  at  right  angles, 
l^incb  in  diameter,  which  received  a  float  to  indicate 
the  height  to  which  the  water  rose  within  the  tube. 
By  mrans  of  a  bar  of  iron,  about   10  feet  long,  which 
could  be  attached  to  the  back  of  the  box,  it  could  be 
fixed  at  any  depth,  within  this  limit,  below  the  surface 
of  the  current.     Five  holes,  each  about  1  line  in  dia- 
o«ter,  were  perforated  in  the  front  side  of  the  tin  box. 
The  first  was  in  the  middle;  the  second  equi-distant, 
I         ma  horizontal  line  from  the  middle  and  the  edge ;  and 
^^  third  in  the  same  horizontal  line,  but  only  J  of  an 
>nch  distant  from  the  edge ;  the  fourth  was  quite  close 
^  tbe  edge ;  and  the  fifth  in  the  lower  angle  of  the 
^"are.    When  the  box  was  fixed,  and  the  current  of 
J^ter  allowed  to  enter  one  or  more  of  these  holes,  the 
fluid  rose  in  the  vertical  branch  of  the  tin  tube  to  a 
J^l^ht  which  indicated  that  due  to  the  pressure  of  the 
"U'A  In  this  manner  Du  Buat  made  several  experiments 
which  gave  very  singular  results.     The  pressure  was 
I^  only  found  to  diminish  from  the  centre  of  the  sur- 
^  to  the  edge  or  margin,  but  it  became  nothing  at  a 
**^*n  distance  from  the  centre,  and  afterwards  nega- 
^to  the  margin ;  that  is,  when  the  water  entered 
*«>ogh  the  central  hole,  it  rose  to  a  certain  height  in 
*e  tin  tube  at  right  angles  to  the  stream.     This  height 
"Wninished  when  the  water  entered  at  a  hole  nearer  to 
^  ttargin ;  the  heiglit  became  nothing  at  a  certain 
^•^taace ;  and  still  nearer  the  margin,  the  fluid  was 
jctaj^y  depressed  in  the  tin  tube  below  the  surface  of 
">«cwrent 


In  order  to  exjdain  this  remarkable  *  anomaly,  Du  Hydraulics. 
Buat  observes,  that  the  real  pressure  against  any  part  s^^v^'^^ 
of  the  surface  is  only  the  difference  of  the  pressure 
against  the  part  considered  separately  from  the  rest  of 
the  surface,  and  the  height  due  to  the  variable  velocity 
with  which  the  water  moves  along  the  surface  which  is 
struck ;  that  is,  the  water,  in  escaping  along  the  sur- 
face, always  diminishes  the  real  pressure  of  the  current ; 
but  towards  the  edges  it  becomes  more  powerful  than 
the  real  current,  and  therefore  that  point  is  less  pressed 
than  if  the  fluid  were  immoveable,  and  it  will  there- 
fore sink  in  the  tin  tube. 

The  next  object  was  to  ascertain  the  mean  pressure 
on  the  whole  surface  ;  in  order  to  which  Du  Buat  shut 
up  the  holes  already  mentioned,  and  perforated  the 
same  surface  with  625  holes,  disposed  symmetrically 
in  a  square,  whose  side  was  25.  By  exposing  this 
surface  to  the  current,  it  appeared  that  the  height  of 
the  water  in  the  tube  was  25^  lines,  when  the  mean 
velocity  was  3  feet  per  second,  which  is  that  due  to  a 
height  of  21 J  lines.  Hence,  in  these  experiments,  the 
height  due  to  the  real  resistance  is  equal  to  1*186  times 
the  height  due  to  the  velocity.  In  like  manner,  as  the 
foremost  part  of  a  body,  or  that  immediately  opposed 
to  the  action  of  a  fluid  in  motion,  is  subjected  to  a 
greater  pressure  than  when  the  fluid  is  stagnant,  so  will 
the  after  part  of  the  body  be  relieved  from  a  certain 
portion  of  the  natural  pressure  from  the  fluid  not  falling 
instantaneously  in  behind;  this  is  called  the  non- 
pressure  ;  and  by  a  similar  contrivance,  Du  Buat  en- 
deavoured to  ascertain  its  measure,  and  found,  first, 
that  the  diminution  of  pressure  increased  considerably 
by  lengthening  the  body ;  secondly,  that  it  increased 
a  little  from  the  circumference  of  the  body  to  the  centre ; 
and,  lastly,  that  the  diminution  of  pressure  is  propor- 
tional to  the  area  of  the  surface  that  is  submerged. 

212.  In  the  theory  which  we  have  advanced,  relative  Comparison 
to  the  resistance  and  percussion  of  fluids,  we  have  stated  ^^wecuthe 
that  the  effects  are  the  same,  whether  we  suppose  the  U°  ^y 
fluid  to  be  at  rest,  and  the  body  in  motion ;  or  whether  and  Uiat  of 
the  latter  be  at  rest,  and  the  former  in  motion :  but  we  the  fluid, 
have  at  the  same  time  hinted,  that  this  is  not  true  in 
practice.     Du  Buat  undertook  a  course  of  experiments 

m  order  to  examine  this  question  in  a  clear  and  satis- 
factory manner ;  and  from  these  he  concluded,  first, 
tliat  the  phenomena  are  by  no  means  the  same,  when 
the  body  is  at  rest,  as  when  it  is  in  motion ;  secondly, 
that  in  the  latter  case,  the  pressure  does  not  diminish 
so  sensil)ly  from  the  centre  to  the  circumference,  and 
instead  of  a  negative  pressure  towards  the  sides,  that 
the  pressure  is  then  so  great  as  to  have  for  its  measure 
a  third  of  the  height  due  to  the  velocity,  which  shows 
that  the  water  runs  along  the  interior  surface  either 
with  less  velocity,  or  with  greater  uniformity.  Thirdly, 
that  the  pressure  diminishes  in  a  less  ratio  than  the  square 
of  4he  velocity,  when  this  is  less  than  three  or  four  feet 
per  second.  Fourthly,  that  the  mean  pressures  are 
measured  by  the  exact  height  due  to  the  velocities, 
instead  of  being  equal  to  1'186  times  that  height,  as  in 
the  former  case.  Lastly,  that  the  diminutions  of  pres- 
sure decrease  a  little  from  the  centre  to  the  circum- 
ference, in  tlie  same  order  as  the  pressures  themselves. 

213.  When  globes,  or  any  other  bodies,  oscillate  in  Bodies  o$- 
a  fluid,  they  drag  with  them  a  certain  quantity  of  the  ciiiating  m 
fluid ;   therefore,  in  order  to  compare  the  results  of  ^  ^"^^' 
experunents  made  .after  this  manner^  the  quantity  of 
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Hydrvdy  8uch  fluid  ouglit  to  be  detenninedy  which  it  is  obvious 
u><um;s.    can  only  be  done  by  means  of  observations,  directed 
^"^^^^^^^  entirely  to  this  inquiry.    M.  Du  Buat,  with  this  view, 
emploved  globes  of  wood,  lead,  and  glass.    These  he 
caused  to  vibrate  in  a  vessel  51  inches  in  length,  17 
inches  wide,  and  14  inches  deep;  they  were  entirely 
immersed  about  3  inches  below  the  siuface,  and  the 
wire  by  which  they  were  suspended,  was  as  delicate  as 
their  weight  would  permit.     From  these  experiments 
the  general  conclusion  was,  that  a  globe  oscillating  in 
water,  drags  with  it,  both  before  and  behind,  a  portion 
of  the  fluid  whose  volume  is  -585  times  that  of  the  globe. 
Other  experiments  of  a  similar  kind  were  made  with 
various  plane  surfaces  of  tin ;  as,  for  instance,  cylin- 
ders osallating  in  the  plane  of  their  axis ;  triangular 
and  quadrangular  prisms  also  oscillating  in  the  planes 
of  their  axis ;  cubes  oscillating  directly ;  cubes  oscil- 
lating by  the  common  section  of  two  of  their  bound- 
ing planes,  by  a  solid  angle,  &c.  &c.    We  cannot, 
however,  attempt  to  follow  the  author  in  his  detail  of 
these  varied  experiments. 
Vessels  in        214.  We  have  given  at  some  length  the  experiments 
narrow        of  Bossut  relative  to  the  resistance  opposed  to  vessels 
canals.        in  narrow  canals.     Du  Buat  made  various  comparisons 
between  these  and  similar  experiments,  and  from  the 
several  results  he  deduces  the  following  formula : 

„       K  „      8-46 

R  =  -7; ,orR=: 


h^ 


b 


+  2 


in  which  C  is  the  area  of  the  section  of  the  canal,  b  the 
area  of  the  section  of  the  vessel,  and  R  the  resistance; 
the  resistance  in  an  indefinite  fluid  being  1,  and  K  a 
constant  quantity  =  8*46. 

In  order  to  compare  this  formula  with  experiment, 
the  author  selectea  the  results  arising  from  nve  kiuds 
of  prismatic  boats,  several  feet  in  length,  and  termi- 
nated both  fore  and  afl  ^y  a  plane  surface. 

The  several  dimensions  of  these  were  as  follow : 

N^  1  had  its  immersed  part  a  rectangle  of  1  foo^ 
base,  and  1  foot  height. 

•N^  2  had  2  feet  upon  the  base,  and  1  foot  of  im- 
mersion in  height. 

N^  4  and  5  had  19f  inches  base,  and  1  foot  5^ 
lines  immersed. 

N^  6  had  its  greatest  section  like  that  of  the  midship 
section  of  a  ship  of  the  line,  and  the  area  of  the  im- 
mersed part  was  190  inches. 

Table  of  the  results  of  Du  Buafs  comparisons  on  the  re^ 
sistance  of  boats  on  narrow  canals. 

Canal  2Bj^  inches  wide,  and  15}  inches  deep. 


Number 
of  the 
vessels. 

Ratios  of  the  sec- 

Q 

tions  or  values  of -- 

0 

Observed  resist- 
ances, or  the  values 
ofR. 

Values  of  R,  as 

deduced  Irom  the 

formula. 

1 

2 

4  and  5 

6 

3-00 
1-50 
1-76 
2-275 

1-66 
2-50 
2-25 
1-94 

1-69 
2-41 
2-25 
1-97 

Canal  40  inches  wide,  and  15}  inches  deep. 


1 

4-212 

1-33 

1-36 

2 

2106 

2-11 

2-05 

4  and  5 

2-476 

1-90 

1-89 

6 

3-192 

1-92 

1-62 

M.  Du  Buat  concludes,  from  these  experiments,  that  Hj 
a  canal  cannot  be  considered  as  of  indefinite  extent^vJI 
unless  its  width  be  at  least  4^  times  that  of  the  vessel, 
or,  what  is  the  same  thing,  that  when  this  is  the  ratio 
between  the  width  of  the  vessel  and  the  canal,  Ae 
vessel  experiences  the  same  resistance  as  if  it  moved 
on  the  open  sea. 

In  order  to  confirm  this  result,  the  following  experi- 

ment&  were  made ;  in  which  -r-  and  R  in  the  last  co* 

0 

lumn  are  calculated  by  reducing  the  canal  to  4^  times 
the  breadth  of  the  vessel. 

Canal  75  inches  wide,  and  15^  inches  deep. 


Number 
of  the 
vessels. 

Ratio  of  the  sec- 

Q 

tiousor  values  of---- 

0 

Observed  resist- 

ancestor  the  values 

OfR. 

Values  of  R,  at 

deduced  from  tha 

formula. 

1 
2 

5-81 
4-036 

1-053 
1-384 

108 
1-40 

Canal  of  indefinite  width,  and  15^  inches  deep. 


2 
5 

6-75 
5-53 

1-125 
1143 

109 
1-12 

Caaal  of  indefinite  width,  and  27^  inches  deep. 


2 

4-46 

11 

1-00 

215.  With  regard  to  the  oblique  resistance,  it  does  01 
not  appear  to  be  the  same  in  narrow  canals  as  in  a  fluid  w 
of  inaefinite  extent ;  and  an  angular  prow,  added  to  a 
prismatic  vessel,  produces  a  less  diminution  of  the 
resistance,  as  the  canal  becomes  more  narrow.  M.  Du 
Buat  expresses  the  resistance  of  an  angular  prow  in  a 
narrow  canal  by  the  following  formula : 


''-(■'-7)(t-0 


5-46 


where  R  is  the  resistance  of  a  plane  prow  in  a  narrow 
canal,  r  the  resistance  of  an  angular  prow  on  the  same 
base,  q  the  ratio  between  the  resistances  of  these  two 

Q 

prows,  in  an  indefinite  fluid;  and  -r-  the  ratio  of  the 

sections  of  the  canal  and  vessel.  When  the  boat  N*2 
had  an  angular  prow  of  45^,  and  moved  in  a  canal  2S^ 
inches  wide  and  15|  deep,  the  resistance  was  4*42, 
whereas  the  formula  gives  4-444. 

When  the  same  boat  had  an  angular  prow  of  14®  y 
the  resistance  was  3*2,  and  the  formula  gives  3-25. 
When  the  canal  was  shut  at  both  ends  the  resistance 
of  the  boat  N*  1  was  very  nearly  the  same  as  when  it 
was  open ;  but  with  N^  2  the  resistance  was  consider- 
ably augmented.  The  eflects  in  this  case  become  very 
complicated,  particularly  in  short  canals ;  but  in  actual 
practice,  when  the  locks  of  canals  are  at  two  miles 
distance,  the  part  of  the  canal  between  them  may  be 
considered  as  of  indefinite  length,  and  the  resistance 
computed  accordingly. 

Experiments  by  CoLBeaufoy  on  the  oscillation  of  difertntly 
formed  bodies  in  a  fluid. 

216.  We  have  in  the  above  account  of  Du  Buat*s  ex- 
periments, alluded  to  some  which  this  author  made  on 
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i^y-  the  oscillation  of  bodies  in  water.    The  following  by 
^    CoL  Beaufoy,  though  not  made  with  precisely  the  same 
'^'^'^^newt,  are  nearly  of  the  same  kind,  and  give  rise  to 
ie?eral    curious    results :     we    extract    them    from 
^^•^  "No.  58  of  Thomson's  "  Annals  of  Philosoohy."    These 
1,^^  were  made  by  means  of  a  pendulum  rod,  with  bodies 
of  difierent  forms  attached  to  its  lowest  extremity, 
vA  hanging  in  water.     The  body  being  thus  sus- 
pended, it  is  obvious,   that  when  the   pendulum  is 
drawn  aside  to  a  certain  point,    and  then  let  go, 
tbe  less  resistance  the  fluid  offers   to  the  attached 
body,  the  greater  will  be  the  ascending  arc  described 
bj  we  pendulum ;  and  rice  vend  ;  consequentlv,  the 
greater  or  less  resistance  will  be  measured  by  the  arc 
of  ribration,  at  least  some  idea  may  hence  be  ^rmed  of 
the  comparative  resistance  of  the  different  bodies ;  but 
tliedownest  and  inequality  of  the  motion,  and  the 
passage  of  the  figures  through  the  water,  not  being 
rectHmear,  are  certainly  so  many  causes  of  error,  or  of 
the  inadequacy  of  the  results  for  furnishing  correct 
practical  data. 

The  following  experiments  were  made  with  a  pen- 
dnhun  5  feet  5-85  inches  long ;  the  lower  extremity 
being  immersed  12-7  inches. 

The  Bohds  were  two  inches  in  diameter,  and  as  much 
m  length,  with  the  exception  of  the  double  cone,  which 
was  mr  inches  long,  and  when  lengthened  by  a  cylin- 
der, it  measured  six  inches  (the  same  remark  is  appli- 
cable to  the  eUiptical  spindle.)  The  sphere,  when  cut  in 
lialre8,and  separated  by  acylinder,  measured  fourinches. 

Ratio  of 
,  Table  I.  resiatances. 

Rttistancc  of  a  cube,  the  angle  being  opposed  )  ,qqq 

to  the  fluid •••••••••••••••••• •  3 

li^^taDce  of  the  same,  with  the  side  opposed  I    o>v^ 

tothefloid ......5   ®^^ 

J^^wttance  of  a  cylmder 1000 

J^^istance  of  a  sphere ., . .       574 

"distance  of  a  spnere  cut  in  halves,  and  lengtli-  )    o  qq 

«nicdby  acylinder 5    ^"^^ 

^Utance  of  the  baseof  a  cone 1000 

"distance  of  the  vertex,  the  angle  being  53*>  08'  467 
^^istance  of  the  base  of  a  wedge,..  .^  • . . . . .  1000 
^•istance  of  its  vertex,  or  edge,  tbe  angle  being  1    -, « 

^«istance  of  a  double  cone lOOO 

•  ^^istance  of  the  same,  lengthened  by  a  cylinder      380 

JJ^istance  of  an  elliptical  spindle 1000 

*^^tance  of  the  same,  lengthened  by  a  cylinder      735 
^Tie  following  experiments  were  made  on  solids,  the 
P'^^test  diameter  of  each  of  which  was  2  inches,  and 
*«^^7bches. 

•  I    'ten.  Table  II. 

'    elliptic  spindle 1000 

'•   Circular  spindle 847 

^^   Double  circular  spindle,  the  greatest  breadth  )    ^ .  ^ 

bemg  ^th  from  the  foremost  end 3    ^^^ 

*•  Ditto,  ditto,  greatest  breadth  being  ^th )    ^^^ 

fcom  the  foremost  end j    ""^ 

^-  Ditto,  ditto,  greatest  breadth  bemg  ^d  from  I 

g  tlie  foremost  end j    ^°' 

'*•   Ditto,  ditto,  greatest  breadth  being  ^ths  from  |    ^^ 

the  foremost  end j    ^^ 

.  The  numbers  expressing  the  ratio  of  the  resistances 
^  this  and  the  preceding  table  must  only  be  under- 
j^*^H)d  to  apply  each  to  the  same  solid,  andf  the  manner 
^  ^hich  they  were  obtamed  was  as  follows:  Taking,  for 


example,  the  elliptic  spindle,  No.  1,  table  'II, — the  Hydraulics, 
pendulum  rod,  without  any  attached  body,  being  '^ 
brought  up  to  a  certain  point,  the  measure  of  the  ascend- 
ing arc  was  ascertained;  the  spindle  then  being  attach- 
ed, the  new  ascending  arc  was  found  in  the  same 
manner.  Call  the  difference  of  the  two  ascending  arcs 
in  seconds  d,  and  the  difference  betweeu  the  first  of 
these,  and  the  ascending  arcs  in  experiments  2,  3,  &c. 
(f  d'  d'\  &c.  then  assuming  the  first  difference  1000,  we 

^ave  J    ^       ,^^^     (fxlOOO 

d\d  \\  1000  : 


d\d'  \\  1000 


d 
(f'xlOOO 


&c.  &c. 


which  fourth  terms,  converted  into  numbers,  are  those 
expressed  in  the  table. 

We  give  these  experiments,  not  for  the  sake  of  the 
deductions  that  have  been  drawn  from  them,  but  because 
they  seem  to  indicate  one  of  the  most  simple  methods 
of  carrying  on  an  extensive  series,  from  which  some 
valuable  information  might  be  obtained. 
Profe$sor  Vincts  experiments  oh  the  resistance  offimds. 

2 1 7.  The  experiments  of  Mr.  Vince,  on  the  resistance  Vinoe's  ex- 
of  fluids,  were  published  in  1798,  in  the  Philosophical  perimcntj. 
Transactions.  They  were  made  with  bodies  moving  at 
a  considerable  distance  under  water,  and  from  the  well- 
established  character  of  their  author  we  may  conclude 
that  they  were  made  with  all  the  accuracy  of  which 
such  experiments  are  susceptible.  They  differ  in  many 
respects  in  their  results  from  those  which  have  been 
detailed  in  the  preceding  articles  of  this  treatise  by 
Bossut,  Buat,  dec. ;  and  we  therefore  think  it  important 
to  enter  upon  them  at  some  length,  in  order  to  give  our 
readers  an  opportunity  of  estimating  the  discrepancy, 
and  drawing  m  some  measure  their  own  conclusions 
frt>m  a  comparison  of  the  different  results. 

The  series  of  experiments  of  Mr,  Vince  may  be  con- 
sidered under  two  distinct  heads,  viz.  as  they  relate  to 
the  action  of  water  at  rest  on  a  body  moving  in  it ;  and 
to  the  action  of  a  fluid  in  motion  on  a  body  at  rest. 
The  following  table  exhibits  the  results  of  the  first  set  of 
experiments,  in  which  the  1st  column  shows  the  angle 
at  which  the  plane  struck  the  fluid ;  the  2d,  the  re- 
sistance as  determined  by  experiment  in  the  direction 
of  the  motion  in  troy  ounces ;  the  3d,  the  theoretic  re- 
sistance obtained  by  assuming  the  perpendicular  re« 
sistance  to  be  the  same  as  by  experiment;  and  the 
4th  the  power  of  the  sine  of  the  angle  to  which  the  re- 
sistance is  proportional. 
Table  I.  Showing  the  resistance  of  a  plane  surface  moving 

in  ajhdd  with  a  velocity  of  '66  of  a  foot  per  second,  and 

incHned  at  different  angles  to  the  line  of  motion. 


Inclination 

Power  of  the  sine  of 

of  the  plane 

Resistances  b^ 

Resistances  by 

inclination  to  which 

to  the  line  of 

experiraent. 

theory. 

the  resistance  is 

motion. 

proportional. 

10° 

0-0112 

0-0012 

1-73 

20<^ 

0-0364 

0-0093 

1-73 

30<^ 

0-0769 

0-0290 

1-54 

40*^ 

01174 

00016 

1-54 

50<> 

0-1552 

0-1045 

1-51 

60° 

0-1902 

0-1476 

1-38 

70° 

0-2125 

0-1926 

1-42 

80° 

0-2237 

0-2217 

2-41 

90° 

0-2321 

0-2321 
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Tlie  4th  coliinin  was  computed  as  follows  ;  Lei  i  de- 
note the  natural  suie  of  tlie  angle  to  radius  I ;  r  the 
'resistance  at  that  angle,  and  supposo  r  to  vary  a&  <*; 
then 

1-    :    5"  ;:  0^2321    ;    r: 


whence 
and 


*"  = 


0232  r 


m  log.  s  iz  log.  r  —  log.  0-2321; 


CSorapinson 
ofliieory 

and  espcri- 


Diiagrce- 
meiiiof 
these  «nd 

prcvtowi  dc 
dtictious. 


log.  r  —  lo^.  0-232 1 
consequently,    m  zz  —^ j — ; 

and,  therefore,  by  substituting  for  r  and  s  their  several 
corresponding  values,  the  respective  values  of  w,  as 
given  in  the  preceding  table,  may  be  determined. 

218,  We  have  seen  that,  according  to  theory, 
the  resistances  ought  to  vary  as  the  cube  or  third 
power  of  the  sine  of  the  angle  of  inclination,  whereas 
it  appears  from  the  above  results,  as  well  as  from  those 
of  &L  Bossiit,  that  the  resistance  decreases,  from  an 
angle  of  90^,  in  a  less  ratio  than  that,  hut  not  as  any 
constant  power,  nor  as  any  function  of  the  sine  and  co- 
sine of  the  angle  at  present  discovered.  Hence,  the 
actual  resistance  is  always  greater  than  that  which  is 
deduced  from  theory,  assuming  the  perpendicular  re- 
sistance to  be  the  same ;  which  doubtless  arises  from 
our  supposing  the  effect  of  each  part  icle  to  cease  with 
its  first  impact,  and  as  a  consequence  of  this,  that  we 
neglect  entirely  in  our  theoretic  investigation  all  that 
part  of  the  resolved  force  which  is  parallel  to  the 
plane ;  also  the  resistance  df  the  particles  which  escape 
from  the  plane  into  the  surroundinsc  fluids  may  pro- 
bably tend  to  increase  the  actual  resistance  above  that 
which  is  given  by  the  theory.  But  as  this  latter  cir- 
cumstance affects  the  resistance  at  all  angles,  and  as 
we  do  not  know  the  quantity  of  it,  it  is  impossible 
to  say  how  it  may  affect  the  resistances  at  different 
angles. 

The  area  of  the  planes  employed  in  these  experiments 
was  3'73  inches,  and  according  to  theory  the  jjerpeu- 
dicular  resistance  equal  to  a  column  of  the  fluid  having 
3*73  inches  for  its  base,  and  its  altitude  equal  to  the 
space  through  which  a  heavy  body  must  fall  to  acquire 
the  velocity  o£  *6G  of  a  foot.  Now  that  sptice  is  "08 1 24 
inches,  consequently,  the  weif^ht  of  the  cohmin  rr 
(MG98  oz.  troy;  but  the  actual  rciiiiitancc  was  found  to 
be  0*232 1  oz.  Hence,  the  actual  resistance  of  the 
planes  is  to  the  resistance  given  bv  the  theory  as 
0-2321  :  0-1598,  or  as  3  to  2  nearly.  " 

Our  readers  will  prceive  that  this  residt  is  very 
different  from  that  deduced  from  the  experiments 
carried  on  by  DVUembert,  Condorcet,  and  Bossut; 
and  as  we  can  have  no  doubt  of  the  accuracy  of  the 
latter  experiments,  while  at  the  same  time  we  have 
every  reason  to  rest  with  confidence  on  those  of  Mr. 
Vince»  we  must  attribute  the  disagreement  to  the 
different  circumstances  under  wliicli  tlie  experiments 
were  performed.  Now  one  of  the  most  striking  dif- 
ferences appears  to  be,  that  those  of  Professor  Viucc 
were  made  at  some  dt  pth  below  the  surface  of  the  fluid, 
while  the  others  were  made  on  the  surface  itself;  and  it 
is  not  difficult  to  imagine,  that  the  flttid  may  escape 
much  more  freely  from  the  surface  on  which  it  im- 
pinges in  the  latter  case  than  in  the  former,  and, 
consequently,  that  experiment  and  theory  ouglit  to 
approach  nearer  to  a  co -incidence  in  tins  case  than 
when  the  surface  h  wholly  immersed  in  the  fluid. 


219.  Mr,  Vince*s  next  cxpeilments  were  made  onriv^ 
two  hemispheres,  or  semi-globes,  which  were  made  to*^*^ 
revolve  with  their  flat  sides  foremost.     The  diameter  Be4 
of  each  was   1*1  inch,  the  distance  of  the  centre  of^^rt 
resistance  from  the  axis  was  6*22  inches,  and  they^^^^J 
moved  with  a  velocity  of -542  feet  per  second.     The        ' 
resistance,  as   found  by  experiment,  was  -08339  oz, 
which,  by  the  common  theory,  ought  to  be  *054y6.  o/.. 
Wherefore,  the  resistance  by  experiment  is  to  the  re- 
sistance from  theory  as  *08339  to  *0519G,that  is  again 
nearly  as  3  to  2,     But  when  the  convex  surface  moves 
forward   with  the  same  velocity,  the    resistance  was 
•034  oz.    Consequently,  the  resistance  on  tlie  spherical 
side  of  a  hemisphere  is  to  the  resistance  on  its  base  as 
"034  to  -08339,  which  does  not  very  well  agree  with 
the  ratio  determined  by  the  theory,  that  is  to  say  of 
1  to  2.     Moreover,  according  to  tlie  theory,  there  is  no 
difference  between  the  resistance  of  a  semi-globe  and 
that  of  a  perfect  sphere;  the  figure  of  the  hinder  part 
of  the  body  not  entering  into  the  investigation,  whereas 
in  actual  experiment  this  figure  has  a  very  considerable 
influence.      Mr.  Vince,  therefore,  took  two  cylinders* 
of  the  same  diameter  as  the  two  serai-globes,  and   of 
the   same  weight;    and    by    giving   them   the    same 
velocity,  he  found  the  resistance   to  be   "07998  oz. ; 
therefore,  the  resistance  on  the  flat  side  of  a  hemisphere 
is  to  the  resistance  of  a  hemisphere  of  the  same  di- 
ameter,   and   moving   with    the    same    velocity,     as 
■08339  to  -07998.    This  difference  can  obviously  arise 
only  from  the  action  of  the  fluid,  on  tlie  back  port  of 
the  semi-globe   being  less,  when  moving  with  its   flat 
side  foremost,  tliau  on  the  back  of  the  cyhoder ;  in 
consequence  of  which  the  former  suffers  the  greatest 
resistance. 

The  resistance  of  cylinders  determined  directly 
from  experiments  on  planes,  agrees  very  well  with 
the  foregoing  deductions.  The  resistance,  caitrt^ 
parilnis,  varies  as  the  square  of  the  velocity  very  nearly, 
and  may  be  taken  so  for  all  practical  purposes,  accord- 
ing to  the  results  of  ^^rious  expenments  performed  by 
our  author  on  different  hudirs  both  in  air  and  water. 
Hence,  for  different  planes,  the  resistance  varies  as  the 
areas  into  the  8i]unres  of  the  velocity.  Now,  tJie  re- 
sistance of  planes  whoso  area  is  3'73  inches,  moving 
with  a  velocity  of  -66  feet  per  second,  was  found  to  be 
0-2321  oz.  The  area  of  the  end  of  the  two  cylinders 
was  2  X  ( I -D'  X  '7854  =  I -9  inch ; 

and  their  velocity  was  '542  feet  per  s.?cond ;  to  find, 
therefore,  the  resistance  of  the  cylinders  from  that  of  the 
planes,  we  have 

0*66^  X  3-73  :  0-.542^  x  1*9  :  0-232!   :  007973 
for  the  resistance  on  the  cyhiKlers,wliicl>  ditrers  btit  httle 
from  0-07908,  as  detennined  (rom  actual  experiment. 

To  get  the  resistance  on  a  perfect  globe,  we 
must  consider  that  when  the  back  part  is  spherical, 
the  resistance  is  greater  than  when  it  is  flat  in  tlie 
ratio  of  -08339  to  -07998  ;  hence,  the  resistance  on  a 
globe  is  to  the  resistance  on  a  semi-globe  in  the  same 
ratio ;  but  the  resistance  on  the  semi-globe  was  '034 
oz. ;  hence, 

•07998  :  -08339   ::  -034  :  -0354, 
the  resistance  of  a  globe ;  consequently,  the  resistance 
of  a  globe  is  to  the  resistance  of  a  cylinder  of  the  same 
diameter, and  moving  with  the  same  velocity  in  water, 
as  '0354  :  -07998,  or  as  1  :  2-23. 

I^t  us  now  compare  the  actual  resistance  of  a  globe 
with  the  resistance  assumed  by  the  theory.     In  the  first 
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f.  place»  the  absolute  quantity  of  resistance  has  been  found 
u  to  be  greater  than  that  which  we  employ  in  theory,  in 
^^Ike  ratio  '2321  to  -1598;  but  by^  theory  the  resist- 
mnce  of  the  globe  is  to  the  resistance  of  the  cylinder  as 
1  to  2y  or  as  1*1 15  to  2*23 :  hence,  by  theory,  we  make 
the  resistance  of  the  globe  too  great  in  the  ratio  of 
1*115  to  1 ;  and  it  is  too  small  from  the  preceding 
consideration  in  the  ratio  of  0*  1 508  to  0-2321;  there- 
fore, the  actual  resistance  of  the  globe  is  to  the  resist- 
ance in  theory,  as 

0-2321  :  0-1598  x  M15  ::  0-2321  :  0-1782, 
which  is  nearly  in  the  ratio  of  4  to  3. 

Thus  far  we  have  considered  the  resistance  of  a  body 

moving  in  a  fluid  at  rest ;  we  shall  now  examine  the  case 

in  which  Uie  body  is  at  rest  and  the  fluid  in  motion. 

*M.       220.  The  following  table  contains  the  results  of  the 

g  OB  experiments,  made  by  the  same  author,  with  reference 

^      to  the  above  determination.     In  which  the  6rst  column 

ihows  the  angle  between  the  direction  of  the  fluid,  and 

that  of  the  plane  on  which  it   impinged ;  the  second 

contains  the  results  as  deduced  irom  experiment,  and 

the  third  the  resistances,  as  computed  by  the  theory. 

TiBLE  11.  Showing  the  resistance  of  a  plane  surface  struck 
^  ajiuid  in  motiouy  and  inclined  to  the  same  at  various 
mgla. 


Incliimtion  of  the 

Resistances  from 

Resistances  by 

phne  to  the  line  of 

experiment. 

thet>ry. 

1     taid*s  motion. 

oz.  dwts.     grs. 

oz.   dwts.    grs. 
1      17     12 

90° 

1      17      12 

80<* 

1      17        0 

1     16     22 

•        70° 

1      15      12 

1     15       6 

60° 

1     12     12 

1     12     11 

50° 

I      18     10 

1     18     17 

40° 

1       4     10 

1       4       2 

1           30° 

0     18     18 

0     18     18 

20° 

0     12     12 

0     12     12 

j           10° 

0       6      4 

0       6     12 

The  third  column  is  computed  by  assuming,  that 
die  rettftance  is  as  the  sine  of  the  angle  of  inclination, 
tnd  Ae  agreement  between  the  results  thus  obtained 
and  those  determined  experimentally,  is  as  accurate  as 
can  possibly  be  expected,  the  small  deviation  in  some 
cases  being  no  more  than  may  very  fairly  be  attributed 
to  slight  inaccuracies  in  conducting  the  experiments,  or 
in  the  observations. 

Harmg  obtained  these  results,  Mr.  Vince  next 
(iioceeds  to  consider  what  the  whole  perpendicular 
Ksistance  by  experiment  is,  when  compared  with  that 
by  the  theory.  In  the  latter,  he  observes,  the  resistance 
is  eqmd  to  a  column  of  the  fluid  whose  base  is  *045 
iDch,and  altitude  45-1  inches;  the  weight  of  such  a 
eofauim  is  1  oz.  1  dwt.  10  gr.  Hence,  the  resistance  by 
theoiy  is  to  the  resistance  by  experiment  as  1  oz.  1  dwt. 


10  gr.  to  1  oz.  17  dwt.  12  gir. ;  or  as  514  :  900.  In  Hydraulics, 
the  next  place,  in  order  to  compare  this  resistance  with  '^^■'v-^^ 
the  resi^nce  of  a  plane  moving  in  a  fluid,  it  is  to  be 
observed,  that  it  is  shown  above  that  the  resistance  of 
the  fluid  in  motion  acting  on  the  plane  at  rest,  is  to  the 
resistance  by  theory,  as  900  to  514;  and  we  have  be- 
fore seen  that  the  resistance  by  theory,  is  to  the 
actual  resistance  of  a  plane  body  moving  in  a  fluid,  as 
1598  to  2321 :  hence,  the  resistance  of  a  fluid  in  motion 
on  a  plane  at  rest,  is  to  the  same  plane  moving  with 
the  same  velocity  in  a  fluid  at  rest  as  900  x  1598  to 
514  X  2321,  or  as  6  to  5  nearly,  which  agrees  with 
the  deductions  of  Du  Buat. 

Now,  we  know  that  the  actual  effect  on  the  plane 
must  be  the  same  in  both  cases ;  and  the  difierencc 
can  only,  we  conceive,  arise  from  the  action  of  the 
fluid  behind  the  body  in  the  latter  case. 

We  must  here  bring  to  a  conclusion  our  detail  of 
these  experiments.  Mr.  Vince  pushes  his  examination 
on  to  other  inquiries,  but  for  these  we  must  refer  the 
reader  to  the  volume  of  the  Phil.  Trans,  above  quoted. 

The  society  for  the  advancement  of  Naval  Architec- 
ture made  a  series  of  valuable  experiments  on  this 
subject,  with  a  surface  of  40  square  feet,  moving  with 
different  velocities,  from  which  the  following  are  ab- 
stracted, viz. 

Resistance  when 
Velocities.  moving  in  its  own 

direction. 

1  mile  per  hour  • . .  •  • •  •  •  •  0*563  lbs. 

2   1992 

4 6-642 

6 12-839 

8 19-856. 

From  these,  and  other  experiments,  made  by  this 
society,  it  appeared  that  the  direct  resistance  varied 

221.  Dr.  T.  Young  has  bestowed  considerable  at- Dr- Young's 
tention  to  the  subject  of  the  resistance  of  fluids,  and  has  formula?. 
given,  in  the  Journal  of  the  Royal  Institution,  a  valu- 
able table,  containing  a  comparison  of  different  formulsB, 
with  the  experiments  of  Eytelwein,  Bossnt,  and  those 
of  the  society  for  the  encouragement  of  Naval  Archi- 
tecture. In  these  formulae  a  denotes  the  angle  of  in- 
clination, and  R  the  risistance. 

Formula  (A)  deduced  by  Dr.  Young,  is 

R  =:  cos'  a  -h  ^  tan  a. 

Formula  (B)  as  deduced  from  theory ,  is 

I^  =  -A  +  -rfij  t^-  «  +  288  cos'a  -5-  360^  +  tf^ 

FoHQula  (C)  as  deduced  from  experiment,  is 

R  =  COS*  fl  -h-  0000004217  a  »•", 

in  which  the  last  term  is  a  little  less  than  one  millionth 
of  the  cube  of  the  angle  of  incidence  expressed  in 
degrees. 

£ytelwein*s  formula  is 

R  =  cos*  a  -h  -4  vers.  a. 
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Table,  containing  Dr»  Yovngs  compatison  of  different  formula  and  expmi 


Angles  uf 

lions  or 
values  ofa 

CC4    V 

TftD  a. 

Formula  (A). 

ForumU  (B). 

Fonnuti  (C). 

formufi. 

Boaiut'f 

ejperimenU. 

the  Sociclv  for 
Architecture, 

0 

I '0000 

•000 

LOOOO 

I'OOOO      , 

1-0000 

1-0000 

I'OOOO 

6 

'9890 

•105 

^9995 

•9824     . 

•9891 

•9910 

•9893 

12 

'9568 

•212 

•9780 

•9492     ; 

•9580 

•9656 

•9578 

IB 

'9045 

•325 

'9370 

•9022     ' 

•9086 

•9241 

•9084 

1     24 

•8346 

•445 

•8791 

•8438     1 

•8449 

•8690 

•8446 

30 

•7500 

•577 

•8077 

•7769     1 

•7710 

•8036 

•7710 

36 

•6544 

-726 

•7270 

•7049 

•6919 

•7308      ' 

•6925 

42 

•5523 

*900 

•6423 

•6317      1 

-6135 

■6551 

•6148 

48 

•4478 

Mil 

•5589      1 

•5606 

•5414 

-5802 

•5433 

54 

•3455 

1*376 

•4831      ' 

•4985 

•4816 

•5103 

•4800 

60 

•2500 

1-732 

•4232      , 

•4407 

■4403 

•4500 

•4404 

•347 

66 

•1654     1 

2-346 

•4000 

•3924 

•4231 

•4026 

'4240 

72 

•0955 

3*078 

•4033 

•3869 

•4344 

•3719 

•4142 

•269 

78     j 

•0432 

4-705 

•5137 

•4166 

•48J6 

•3600 

•4063 

•222 

84 

•0109 

9-514 

•9623 

•5875 

•5658 

•3693 

•3999 

The  detaUs  given  in  the  preceding  pages,  appear 
to  be  those  most  to  be  depended  upon  for  accu- 
racy, and  for  utility,  of  all  that  haa  been  written  on 
this  extensive  subject;  and  our  object  has  necessarily 
been  to  present  to  the  reader  a  selection  of  experi- 
ments which  shall  best  accord  with  the  limits  and  plan 
of  this  work. 

^  XVL    On  the  osciHatoty  motion  of  water  in  a  siphon. 

222.  It  has  been  shown  (art.  80),  Dynamics,  that  if 
a  bodVt  or  pendulum,  suspended  by  a  line,  be  made  to 
describe  small  circular  arcs,  by  oscillating  about  a  fixed 
point  O,  or  in  any  arc  of  a  cycloid,  all  these  oscillations 
will  be  isoc//rL^«ou^v,  that  is,  they  will  each  be  performed 
in  the  same  time.  It  has  also  been  shown,  that  the 
times  of  vibration  ofpendulums  of  different  lengths,  are 
as  the  square  roots  of  those  lengths,  and  we  shall  see 
the  motion  of  water  which  balances  itself  in  a  siphon, 
is  of  the  same  kind. 

223.  Suppose  it  were  required  to  determine  the 
motion  of  oscillation  of  a  fluid  in  a  siphon,  as  KLMN 
(fig.  31),  the  interior  being  throughout  of  an  uniform  dia- 
meter, and  the  whole  composed  of  one  horizontal  and 
two  ascending  vertical  branches.  Let  us  conceive  at 
first,  that  the  fluid,  in  a  state  of  rest,  occupies  the  space 
ALND;  then  the  two  surfaces  AB,  CI>,  are  on  the 
same  level ;  and  let  us  suppose  now,  that  from  some 
cause,  such  for  example  as  the  action  of  a  piston,  the 
hquid  IS  forced  to  descend  to  GH,  in  the  branch  MN, 
and,  consequently,  to  rise  in  the  branch  KL  to  EF.  This 
being  supposed,  let  us  imagine  the  piston  to  be  re- 
moved, and  the  water  left  to  the  action  of  its  own 
gravity.  It  is  clear  that  the  water  will  rise  and  fall  alter- 
natcly,  forming  oscillations  similar  to  those  of  the  pen- 
dulum. Let  P  (fig.  32)  be  a  pendulum,  of  which  the 
length  OP  is  the  lialf  of  the  length  x  if  z  of  the  column 
of  fluid,  and  which  describes  at  the  lowest  point  I,  arcs 
PI,  equal  to  the  spaces  EA.  Now,  the  force  which 
causes  the  water  to  oscillate,  is  the  excess  of  the  weight 
of  the  fluid  contained  in  one  of  the  branches  of  the 
siphon,  over  that  of  the  weight  of  the  water  contained 
itt  the  other  branch.     Thus,  when  the  fluid  ascends  to 


EF  in  the  branch  KL,  and,  consequently,  decends  ta 
GH  in  the  branch  NM,  this  force  is  the  weight  of  the 
column  ESTF;  or  the  double  of  the  weight  of  the 
column  EABF.  It  is,  therefore,  to  the  weight  of  all  the 
water,  as  EA  :  x  y  z,  or  as  AE  ;  OP.  Whence  it 
follows;  1st.  that  the  length  xy  Zy  being  a  constant 
quantity,  the  force  which  causes  the  water  to  oscillate^ 
is  always  proportional  to  the  space  it  has  to  describe, 
and  that,  constquently,  the  oscillations  of  the  water  are 
isochronous  (art.  28),'  Dynamics.  2dly.  That  these 
oscillations  arc  of  the  same  duration  as  those  of  the  pen- 
dulum P  ;  for  the  force  which  causes  the  pendulum  to 
describe  the  small  arc  PI,  is  to  the  gravity  of  the  pen- 
dulum, as  PI  to  PO,  or  as  AE  is  to  OP.  The  water 
and  the  pendulum  are  then  solicited  by  the  same  force, 
and  ought,  consequently,  to  make  their  oscillation  in 
the  same  lime. 

Hence,  since  the  oscillations  of  water  follow  the 
same  laws  as  those  of  the  pendulum,  if  we  augment  or 
diminish  the  column  of  water,  the  time  of  these  oscilla- 
tions will  also  be  augmented,  and  the  times  will  be  in 
the  proportion  of  the  reciprocals  of  the  square  roots  of 
the  lengths. 

224.  Let  us  now  examine  the  circumstances 
motion  of  water  in  a  siphon  of  any  form. 

Let  KLMN  (fig.  33)  be  a  siphon  of  any  form, 
taining  a  fluid  which  having  been  elevated  lowa 
by  some  exterior  cause,  is  arri\*ed  at  the  indeterminate 
position  EFOH,  where  it  is  left  freely  to  the  action  of 
its  own  weight  or  gravity  ;  and  let  it  be  required  to  de- 
termine the  nature  of  the  oscillations  with-which  it  will 
in  consequence  be  aflected.  In  order  to  this  we 
ought  to  know  the  directions  that  the  particle*  of 
the  fluid  take  in  their  motion.  We  may  suppose 
here,  cither  that  these  lamince  are  horizontal,  or  that 
they  are  perpcudicular  to  the  curve  K^  A  M,  regarded 
as  the  axis  of  the  siphon.  The  calculation,  on  the  first 
hypothesis,  is  similar  to  that  by  which  we  estiinate« 
theoreticaHy,  the  equation  between  the  height  of  the 
water  in  a  vessel  and  the  velocity  of  its  discharge 
through  a  given  aperture,  because  we  may  consider  for 
an  iiistiUit  EFGH  as  a  vessel  or  tube,  and  EF  as  the 
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^  upper  furface  of  the  fluid,  and  GH  the  lower-  The 
K  mecond  hypothesis  is  that  adopted  by  many  of  the  most 
^P  celebrated  writers ;    the  investigation  in  this  case  is 

«s  follows : 
Im;      Let  us  ioiagine  that  the  Hmd  EFGH  is  parted  into 
;•*    an  infinite  number  of  laminos,  of  which  LO  o  Ih  one  ; 
•"l*    these  bein^  all  equal  to  each  other,  and  perpendicular 
^    at  every  point  to  the  cune  ^/  fi:  gravity,  which  acts 

■  TerticaUy*  on  each  of  these  laminve,  may  be  resolved 
mto  two  forces;  the  one  perpendicular  to  the  curve, 
which  may  be  neglected,  and  the  other  in  ibe  direction 
of  ihe  curve  ;  this  bein^  the  only  one  that  is  eftective. 

Let  the  force  of  gra>  ity =:  2  ^, 

the  surface  EF , —    P, 

the  surface  Gil =    Q, 

the  section  LO • ^     y^ 

the  arc  gf  of  the  curve  gfh  « .  •  •   =     t, 

the  radius =^     1 , 

the  angle  m  fn  which  the  curve  makes 

at  /  with  the  vertical ri     ;?, 

the  velocity  of  the  surface  EF  •*,•   r-     w, 
the  height  due  to  this  velocity  *  *  • .   =     r, 
the  velocity  of  the  section  LO . . , . .   :3     v. 
These  substitutions  being  made,  it  is  clear  that  if  the 
panicles  did  not  impede  each  others  motion »  the  ve- 
lodt?  V  at  the  end  of  the  time  /  (since  the  part  of 
|ri?ity  which  acts  in  the  direction  f  n  is  2  g  cos  p), 
oaghtio  be 

L  V  -^  1  g  co%p  t  ^ 

|H     Butss,  in  consequence  of  the  action  of  the  particles, 
"    it  becomes  r  -f  v»  it  follows  that  the  different  lamince 
tii|ed  with  the  velocity 

2  g  cos  p  t  ^  i/^ 
wciMf  by  the  principle  of  D*Alemljert,  produce  an 
equililirium  ;  we  shall  therefore  have 

^^^      Jx  (2g  COS  p  i  —  ■£•)=  0  ; 
wbeoce^  putting  instead  of ^  i^  equal  — ,  and  for  v 
in  eonal  — — ,  we  have 

y 

I  -?«*  /'casp  ;^  -  P  uf—  +  P  uy  xfL  -  0. 

ents  ought  to  answer  to  the  entire  curve  gfh, 

tLet  then 
/  cos  p  X  ^  ?; 
•     /t    ="■ 
nd  let  us  also  assume 
I  r^^J 1^; 

m  J   v'         2P»         2Q*' 

IBihe  preceding  equation  will  then  become 

F.Q'^jr-P'Q'Nr  — r3fi(Q*-P)r:0,   (I) 
t  foraittlji  which  expresses  the  motion  of  the  fluid  due 
to  ioy  time  /. 

Htm  if,  al  the  first  instant  of  the  motion,  the  fluid 
occupy  the  space  YZRN\  and  that  we  call  z  the  space 
l^fitsted  over  by  the  surface  EF  during  the  time  t ; 
if  f»  olmoiis,  since  the  nature  of  the  curve  KGHM 
Bgmn,  and  the  two  *^paccs  VZRN,  EFGH,  occupied 
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successively  by  the  fluid  are  equal  to  each  other,  that  flytirawliiJi, 
the  quantities  F,  N,  P,  Q,  y  J^  niay  be  expressed  in  func-  v^^N-'^i^ 
tioDS  of  ;  and  constant  quantities. 

Therefore,  the  velocity  of  the  surfiice  EF,  or  the 
altitude  r,  due  to  this  velocity,  will  be  also  a  function 
of  2 ;  and  in  like  manner  t  will  be  a  function  of  r,  from 

the  equation  t  i~  — . 

Let  us  apply  these  results  to  some  particular  ex- 
amples. 

2'25,  Suppose  the  siphon  to  he  cylindricaf^  and  hcnt  into  Scmk-irco- 
thr  curve  of  a  icmklrck;  the  diamcttr  KM  being  /mW-***'^'!*^'""' 
zontal. 

We  shall  have  in  this  case  P  =  Q  =:  y,  and  each  of 
these  quantities  wilt  be  constant.  Let  tliere  be  drawn 
to  the  diameter  KM,  the  ordinate  /"</,  and  call  ihe  radius 
CK  equal  to  unity;  the  semi-circumference  K^  A  M  :^ 
m ;  the  given  arc  gfh,  to  which  the  water  corresponds 
in  all  positions  of  the  siphon  ::=  n ;  fq  ^  s  ;  and  the 
indeterminate  arc  K  gf  ^  if. 

Then  we  shall  have 


cos  p  ^  -:-  =    — 


fiux.  siuiu 


=:  cos  xcy 


/  x  cos  /?  =  fx  COS  Tt*  —  f'w  cos  -w  ^  sin  n'  -t-  C, 
a  fluent  which  ought  to  be  taken  between  the  limits 
to  z^  z,  and  II*  :^  z  H-  n ; 
Now  F  ^  sin  (z  -i-  «)  —  sin  z ; 

also  N=:  — ;  yx  tz  Vi; 

V 
whence  equation  (1),  in  this  case,  becomes 

sc  {sin  {z  +  n)  —  sin  z}  —  n  r  -^  o. 
Wherefore,  supposing  the  fluid  to  depart  from  the  point 
K  (and  consequently  r  ^^  o,  when  z  =.  u),  we  shall  nave 

w  r  =z  cos  n  —  1   -f  cos  z  —  cos  {z  -f  «) ; 
which  gives  r,  or  the  height  due  to  the  velocity  of  the 
surface  EF. 

If  we  make  z  :r  f n  —  »«»  or  if  we  suppose  the  ante- 
rior surface  GH  to  come  to  M,  we  shall  again  lind 
r  ^:z  0,  Whence  it  follows  that  the  fluid  will  then  have 
lost  all  its  velocity,  and  will  re-descend;  and  thus  con- 
tinue to  oscillate  between  the  two  extremes  K  and  M  of 
the  siphon. 

The  time  of  the  vibrations  will  be  found,  by  means  of 
the  equation^ 


u 


v« 


2^gr 


Fig,  34. 


?V|r         ^{cos«  —  1  +  coss  —  cos(z  -f  n)]* 
the  fluents  of  which  must  be  taken  in  such  a  manner, 
that  t  may  vanish  when  2  =z  o,  and  that  t  may  receive 
its  complete  value  when  z  =:  m  —  n. 

226.  Let  now  the  siphon  be  composed  of  three  rec-  Rectilinear 
tillnear  tube«  of  equal  diameters,  of  which  the  inter-  "P*>*>«' 
mediate  one  is  horizontal  and  the  two  others  inclined. 

Draw  through  the  points/'  and  m  (fig.  34),  the  ver- 
ticals /*«  and  m  s,  and  call/  the  cosine  of  the  given 
angle  K/ i ;  m  the  cosine  of  the  given  angle  M  m  si 
P  the  constant  and  perpendicular  section  of  each  tube ; 
/  the  given  length  ^  f  m  h  of  the  space  occupied  by  the 
fluid;  b  the  given  length  K  /'of  the  first  inclined  tube  ; 
c  the  given  length  of  the  horizontal  tube ;  and  z  the 
space  passed  over  by  the  fluid  during  any  time  t. 

Now,  as  the  law  of  continuity  is  not  observed  from 
one  tube  to  the  other,  we  may  apply  to  each  of  them 
2h 
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llydrodj- 


Rectilinear 
siphon. 


and 


the  reasonings  adyahced  in  the  general  flolution;  and    therefore, 
we  shall  thus  find,  that  for  the  tube  EPOL,  the  quantity 

y  xcosp  =/(6  —  i); 
and  that  for  the  tiibe  GHNR, 

/ xcosp  =  mk  X  m  =  m(z  +  /—  6  -^  c); 
and,  finally,  for  the  horizontal  tube, 
X  cosp  =  0. 


H 


"  c- 


/* 


Subtracting  the  second  expression  f^om  the  first 

(because  the  sign  of  m  is  contrary  to  that  of/;,  the 

remainder 

y(ft  —  i)  —  m  (z  +  /  —  6  —  c) 

will  be  the  value  of  F  for  the  entire  siphon ;  moreover, 

the  quantity 

»x  / 

—  or  N  will  be  here  -rr- 

consequently  (observing  that  y  =  P,  i  =  *,  and  Q  = 
P),  the  general  equation  (1)  becomes 

i  {/(6  -  2)  -  m(2;  +  /  -  6  -  c)}  -  /r  =  0; 
whence  we  obtain 

_  ^*  +  «        (  ^(/'&  -{-mb^mc-^ml)!        ,  ) 

wherefore,  because 


/■ 


u 


^'ygr' 


we  shall  have  t  =: 

a  fluent  which  depends  generally  upon  the  quadrature 
of  the  circle. 

For  the  sake  of  abridgment,  let  us  represent  theco- 
eilicient  of  z  by  2  A ;  and  call  B  the  quadrant  of  the 
circle,  whose  radius  is  A;  alsoT  the  time  employed 
in  describing  the  space  A. 

Then  we  shall  have 


A>/{2g(/+m)} 


V>/'(2Az- 


^' 


B^ 
A 


and    T=: 

Now  -T-  is  &  constant  quantity,  whatever  may  be  the 

value  of  A ;  therefore,  T  is  a  constant  quantity ;  and, 
consequently,  the  entire  oscillations  of  the  fluid  are 
isochronous,  whatever  may  be  their  afliplitudes. 

Let  L  represent  the  length  of  a  simple  pendulum 
which  descnbes  small  arcs  of  a  circle ;  C  the  initial 
distance  of  this  pendulum  from  the  vertical;  D  the 
quadrant  of  a  circle,  whose  radius  is  L ;  2  the  circular 
arc  which  the  pendulum  describes  in  the  time  t  with 
the  velocity  v ;  and  T  the  time  which  it  employs  to 
arrive  at  the  vertical. 

Then  we  shall  have 

2flr(C  — z)i 

and,  consequently,  by  taking  the  fluents 
,.-  2g(2Cz-2^. 


T=4^ 

Ecj^uatbg  this  value  of  T  with  that  previously  de- 
termmed  for  the  oscillations  of  the  fluid,  and  observini: 

B          D                                         I 
that  -7-  n  -77 ,  we  shall  have  L  z= ;    this   ex- 

A  C  J+m 

presses,  therefore,  the  length  of  a  pendulum  which 
makes  its  oscillations  in  the  same  time  as  the  fluid. 

This  is  the  result  given  by  John  Bernoulli,  without 
demonstration,  in  vol.  iii.  p.  125  of  his  works. 

When  the  two  ascending  tubes  are  vertical,  then 
m  =:  1,  and/=  1,  and  the  expression 

that  is  to  say^  the  length  of  the  pendulum  which  makes 
its  oscillations  in  the  same  time  as  the  fluid,  is  then 
equal  to  half  the  length  of  the  column  of  fluid ;  which 
agrees  with  our  preceding  deduction. 

227.  Newton,  in  his  Principia,  considers,  in  con-Ui 
nection  with  the  oscillatory  motion  of  water  in  a  siphon,  ^ 
the  undulatory  motion  of  an  indefinite  fluid  mass. 

Thus,  A,  C,  E,  &c.  (fig.  35)  being  the  tops  or  highest  Fi 
points  of  fluid  waves,  and  B,  D,  F,  &c.  the  interme* 
diate  cavities  that  separate  them,  he  supposes  that  the 
succession  of  waves  is  made  in  such  a  manner,  that 
the  highest  parts  A,  C,  E,  &c.  become  afterwards  the 
lowest,  and  that  the  force  which  causes  them  to  ascend 
and  descend  is  always  the  weight  of  the  elevated  water; 
consequently,  admitting  this  hypothesis,  the  oscilla- 
tions of  the  waves  may  be  immediately  referred  to 
those  of  water  in  a  siphon.  If,  therefore,  we  suppose 
a  pendulum,  of  which  the  length  is  equal  to  hatf  the 
distance  between  any  two  consecutive  highest  and 
lowest  points,  then  the  highest  points  will  become  the 
lowest  m  the  same  time  as  the  pendulum  will  make  one 
oseiUation;  and,  agaiH^  in  the  same  time,  the  lowest 
points  will  have  become  the  highest.  The  pendulum 
will  therefore  make  two  vibrations  during  the  time  of 
one  complete  undulation ;  that  is  to  say,  during  the 
time  that  each  wave  passes  from  one  highest  point  to 
the  next  in  succession ;  the  distance  of  which  two  points 
expresses,  therefore,  the  length  of  each  complete  un- 
dulation. And  as  the  pendulum,  whose  length  is  four 
times  the  preceding,  will  have  the  time  of  vibrations 
doubled,  our  author  concludes,  that  the  time  of  one 
undulation  in  an  indefinite  fluid  is  equal  to  the  time  in 
which  a  pendulum  would  perform  one  vibration;  the 
length  of  the  pendulum  being  equal  to  the  distance  of 
any  two  consecutive  waves,  or  to  the  length  of  one  un- 
dulation. Therefore,  the  distance  between  the  tops  of 
two  consecutive  waves  being  given,  the  time  of  their 
motion  may  be  determined  on  the  same  principles  as 
the  times  of  vibration  of  a  pendulum  of  a  given  length. 

Newton,  it  must  be  observed,  gives  this  only  as  an 
approximation,  and  it  is  obviously  nothing  more ;  for 
it  supposes  that  the  particles  of  the  fluid  ascend  and 
descend  in  right  lines,  as  in  the  rectangular  siphon, 
instead  of  the  curvilinear  motion  which  they  actually 
take. 

The  motion  of  waves,  however,  may  be  determined 
analytically,  by  introducing  into  our  investigations  the 
general  laws  of  the  motions  of  fluids ;  but  the  reduc- 
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lion  of  the  reauUing  equations  is  necessarily  very  in- 
tricate and  laborious.  We  may  refer  our  readers  to  a 
paper  on  tiua  subject,  by  La  Place,  in  the  Memoirs  of 
Ihe  Academy  of  Sciences  for  1776 ;  to  another  by  La- 
grange^ ID  the  Memoirs  of  Berlin  for  1781 ;  and  to  the 
last  chapter  in  the  **  Traite  de  Mecanique,"  by  Poisson ; 
to  whicli  latter  work  we  have  been  indebted  for  the 
sketch  of  this  general  method  g^iven  in  the  following 
section. 

\  XVII,  Oeneraf  equtitimsfor  the  equilibrium  and  mot  torn 
of  incomprtmhle  Jiidds. 

2^8.  Jn  order  to  determine  the  circumstances  at- 
tending ihe  motion  of  fluids  on  the  g;cneral  principles 
alluded  to  in  the  conclusion  of  the  last  article,  it  will 
be  necessary,  in  the  first  place,  to  take  a  general  view 
of  the  conditions  of  their  equilibrium,  and  to  reduce 
oar  preceding  determinations  connected  with  this  in- 
quiry into  the  form  of  general  equations  :  a  proceeding 
which  we  purpostcly  avoided  iiv  the  early  part  of  this 
tcatifie,  for  the  sake  of  simplifying  our  deductions,  and 
thereby  Tendering;  them  more  intelligible  to  such  of  our 
reader!  who  may  not  be  familiar  with  fluxional  opera- 
tions and  the  calculus  of  variations. 

Let  JT,  y^  z  denote  the  rectangular  co-ordinates  of 

•ny  point  of  the  fluid  mass  ABCD,  parallel  to  the 

I*  three  axes  Ox,  Oy,  Oz  (fig.  36),  and  conceive,  for 

the  sake  of  perspicuity,  the  plane   O  xy  to  be  hori- 

ffmtal,  and,  consequently^  Oi  vertical.     Let  us  also 

ffpres'       ■     X,  Y,  and  Z*  the  sum  of  the  components 

(Mpt:  rallel  to  the  axes  of  r,  y,  and  z)  of  the 

aceelerj^uiig  ibrces  which  act  on  the  given  point ;  and 

eenceive  the  Hnid  mass  to  be  divided  into  an  indefinite 

mmber  of  small  elements,  by  planes  parallel 

lothe  co-ri:  ind  indefinitely  near  to  one  another. 

These  dements  will  thus  become  rectangular  parallelo- 

fipcdtf  which  will  have  their  faces  parallel  to  the  axes 

mi   equal  to  the  fluxions  or  differentials  of  the  co- 

fvdifiates*     The  two  horizontal  faces  of  the  element 

which  correspond  to  tlie  co-ordinates  j^  y,  and  r,  and 

vfateb  i»  that  shown  in  the  figure,  will  be  equal  to  xyi 

jfei  vertical  height  will  be  equal  to  k  \  and  its  volume 

»  "     '       Nire,  obviously  be  expressed  by  xjk.     The 

'be  same,  whether  constant  or  variable,  with 

to  the  whole  mass,  may  be  considered  as 

for  tiiis  element ;  and  if  we  denote  it  by  d^ 

A  the  element  of  the  mass  by  m,  we  shall  have 

m  m  d* x) z, 

U  the  fluid  be  homogeneous,  d  will  be  a  conslant 
itity;  and  it  will  be  a  function  of  x,  y,  z,  if  the 
tty  be  variable.     Jn  the  same  manner  we  may  re- 
gard the  forces  X,  Y,  and  Z,  as  constant,  throughout 
Ike  entire  extent  of  the  element  wt ;  and,  consequently, 
die  products  Xw,  Y'lw,    Zot, 

wiB  express  the  motive  forces  of  the  particle  m  parallel 
tntVu  :*vps  Ox,  Ov,  Or. 

tig  established,  we  may  obsen-c,  that  the 
^M...  ..^..ped  i^z  is  pressed  from  without,  bwards» 
ill  its  six  faces,  by  the  conli^iious  particles  of  the 
Ud,  and  that  the  pressure  which  it  experiences  ought 
16  produce  an  equilibrium  with  the  three  forces 
Xm,  Ynt,  and  Zm. 


vefereace 
cnsfatit 


Lei  Hi  denote  by  p,  the  vertical  pressure  on  an  unit 
«f  wiAce,  on  the  upper  face  of  the  element  x)  z ;  that 
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is,  on  the  face  x},  in  the  direction  vK  which  vertical  Hjnir^niiu*. 
pressure  will  vary  with  the  position  of  the  element  we  ^•^"v-^.' 
are  considering.     The  quantity  p,  which  U  supposed  Ii^u»itiun» 
to   denote   tiiis  value   for  every  element,   is   therefore  p*'<'''l'"H- 
variable,    and   a  certain   function  of  .r,  j/,  z;    conse- 
quently, when  X  and  j/  remain  constant,  and  ?  becomes 

z  -^  z,  p  will  become  p  -f  jt» «,  or  ;?  -f  4-  «,  and  will 

obviously  express  the  pressure  on  an  unit  of  surface, 
as  referred  to  the  lower  horiEOntal  face  of  the  clement 
x}  z ;  whence  it  follows,  that  the  vertical  and  opposite 
pressures  sustained  by  the  element  on  its  upper  and 
lower  surfaces,  in  the  directions  c  b  and  f  b\  will  be 
equal  to 


P^yy 


and 


('^f') 


The  first  of  these  obviously  tends  to  sink  the  element, 
and  the  second  to  elevate  it;  and,  consequently,  it  fol- 
lows, since  all  the  particles  are  supposed  in  equihbrio, 
that  the  excess  of  the  second  of  these  pressions  over 

the  first,  must  be  equal  to  the  vertical  force  Z  m  ;  thii 
consideration  leads  us  to  the  equation 

-r-  xy  z  ^  Z  w; 
and  exactly  in  the  same  manner  we  obtain 


y 

where  q  and  r  represent  the  pressures  on  an  unity  of 
surface,  when  referred  to  the  faces  parallel  to  the 
planes  of  x  z,  and  y  z,  and  nearest  to  those  planes. 

Substitittingy  in  these  equations^  the  value  of  m,  and 
suppressing  afterwards  the  eommou  factor  x  y  x^  they 
become 

par 
^-dZ,-^  -  dX  ,  —  =dX, 

X  ^  y  ^    X 

Now,  if  the  elements  into  which  we  have  supposed  the 
mass  to  be  divided,  were  solids  instead  of  bem^  fluids, 
there  would  be  no  necessary  relation  between  the  pres- 
sures which  each  of  the  faces  of  our  parallelopiped  would 
have  to  sustain,  provided  only  that  those  which  were 
opposite  were  equal  to  each  other ;  but  as  the  element 
partakes  of  the  fundamentalproperty  of  fluids,  and  beings, 
by  the  hypothesis,  in  equilibrio,  each  of  the  forces  due 
to  an  unit  of  surface,  and  which  have  been  denoted  by 
p,  7,  and  r,  are  equal  to  each  other,  or  at  least  the  dif- 
ference between  them  must  be  indefinitely  small.  In 
fact,  the  pressure  which  the  contiguous  particles  exert 
on  any  one  of  the  faces  of  the  element,  is  transmitted 
to  the  other  faces,  through  the  medium  of  the  fluid 
particJe  of  which  til e  element  is  composed;  wlience  it 
follows,  that  if  we  represent  by  p  x  y,  the  pressure 
which  has  place  on  one  of  the  horizon tal  faces,  the 
pressure  transmitted  to  the  vertical  faces  ought,  in 
the  same  manner,  to  be  represented  by  p  x  «,  py  z ; 
and,  therefore,  in  order  to  have  the  entire  pressure 
q  X  z  exerted  on  the  face  parallel  to  the  plane  of  x  ;, 
and  nearest  to  that  plane,  we  must  add  to  the  lerni 

p  X  X,  the  pressure  due  to  the  motive  forces  X  w^  Y  iw, 
2if  2 
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Z  m,  of  the  element.  Now,  although  we  may  not  know 
the  actual  value  of  these  forces^  it  is,  nevertheless,  evi- 
dent, that  it  is  an  infinitesimal  of  the  third  order,  the 
same  as  the  element  m ;  the  quantity  a  x  xh  therefore 
equal  to  p  x  z  plus,  an  infinitesimal  of  the  third  order ; 
whence,  dividing  by  x  z,  it  will  appear,  that  7  differs 
I  from  p  by  an  infinitely  small  quantity,  and  the  same 
conclusion  obviously  applies  to  the  quantities  p  and  r. 
We  may,  therefore,  suppose  p,  q,  and  r,  to  be  equal  to 
each  other,  and  modifying  accordingly  our  last  three 
equations,  they  become 


Motion  of 
fluid;). 


P^. 


V   _ 


p  -. 


dX. 


(1) 


z  y  X 

These  are  the  general  equations  of  the  equilibrium  of 
fluids.  Let  us  now  proceed  to  establish,  on  similar 
principles,  the  general  equations  of  their  motion. 

229.  We  shall  here,  as  before,  denote  by  x,  y^  z  the 
co-ordinates  of  any  point  of  the  fluid  mass,  also  still 
represent  by  X,  Y,  Z  the  components  of  the  forces 
which  act  on  this  point,  parallel  to  the  axes  f ,  y,  z* 
Then  the  quantities  X,  Y,  and  Z  are  simply  functions  of 
x,y,  and  z,  while  the  forces  of  which  they  are  the  com- 
ponents, change  not  their  intensities  during  the  motion, 
and  are  directed  towards  fixed  centres  ;  but  when  these 
forces  are  directed  towards  moveable  centres,  and  when 
they  proceed  from  the  mutual  attraction  of  the  fluid 
particles,  the  values  of  X,  Y,  and  Z,  will  contain  the 
time  in  their  expressions;  so  that  denoting  at  any 
instant  by  t,  the  time  firom  the  origin  of  the  motion, 
the  values  of  X,  Y  and  Z,  will  be  general  functions  of 
.r,^,  z  and  t. 

Let  us  resolve  into  the  directions  of  the  axes  O  or, 
O^,  O  z,  the  velocity  of  the  point  which  answers  to  the 
co-ordinates  x,  y,  z,  and  let  v,  u,  w,  be  the  respective 
components  parallel  to  these  axes ;  then  u,  v,  w  will 
be  unknown  functions  of  x,  y,  z,  t  :  they  will  depend 
upon  X,  yy  z,  because,  that  for  the  same  instant,  or  with 
the  same  value  of  /,  the  velocity  varies  from  one  parti- 
cle to  another,  both  in  magnitude  and  direction;  and 
they  will  depend  on  the  time  t,  because  that  in  the  same 
place,  or  with  the  same  values  of  x,  y  and  z,  the  velo- 
city varies  with  the  time.  If  we  wish  to  compare  toge- 
ther the  velocity  of  one  and  the  same  fluid  particle  in 
two  consecutive  instants,  we  must  suppose  that  the 
variable  t  becomes  t  +  t\  and  at  the  same  time  that 
the  co-ordinates  x,  y,  z,  become  respectively 

X'\-utfy-\-vt,  z-^wt; 
for  in  consequence  of  these  velocities  k,  v,  w,  the  same 
particle  which  answers  to  the  co-ordinates  x,  y,  z,  at 
the  end  of  the  time  f,  will  answer  to  the  co-ordinates 

^  +  ^h  y  +  vi,  z  +  wi, 
at  the  end  of  the  time  ^  -|-  f . 

It  follows,  therefore,  that  in  order  to  have  the  vari- 
ation of  the  quantities  11,  v,  w,  relatively  to  the  same 
particle,  we  must  take  the  fluxion  with  reference  to  f , 

and  with  reference  to  x,  y,  z,  taking  u  t,  v  t,  w  f,  for 
the  increase  of  these  last  variables.  We  shall  thus  have 

^  ^T  i  4.— ui  4-  —  I,/ 4.-0,  /, 
t  X  y  X 


oi;   .        w      .         w      ,        4b       .  H  V 

'^  =  'Jt'k'~ut+  —  vt  +  —  tot.  v^ 

t  X  y  AS 

230.  Let  us  now,  as  in  the  investigation  relative  to  th^  £^ 
equilibrium,  conceive  the  fluid  mass  to  be  divided  into^^ 
an  indefinite  number  of  infinitely  small  rectangular  {J^ 
parallelopides,  of  which  the  sides  or  faces  are  respee- 
tively  parallel  to  the  planes  of  the  axes  O  x,  Oy,  O  z.  ' 

The  volume  of  the  element  which  answers  to  the  co- 
ordinates X,  y,  z,  will  have,  as  in  the  former  case,  for 
its  expression  xy  «,  and  we  mav  regard  the  deniitjof 
this  element  as  constant  through  the  entire  volume  of 
it.  Representing  this  density  as  before  by  (/,  the  n^ass 
of  the  element  will  be  J  x^  x,  or  m  =  d  xy  z. 

Represent  also  by  p,  the  pressure  which  the  fluid 
exercises  on  an  unit  of  surface  on  the  different  facet 
of  the  elementary  rectangular  pcurallelopiped,  and  which 
is  the  same  on  all  sides,  according  to  the  fiindameutal 
property  of  fluids. 

Now,  the  quantities  d  and  p,  as  well  as  the  velocities 
t/,  V,  w,  are  unknown  functions  of  the  variables  x,y,  z,/, 
and  the  former  five  quantities,  viz.  11,  v,  o,  J,  and  p,  are 
the  unknowns  required  to  be  determbed.  When  we 
have  found  the  means  of  expressing  them  in  terma  of 
X,  y,  z,  and  t,  the  state  of  the  fluid  mass  will  be  de- 
termined for  any  instant,  for  we  shall  then  know  the 
velocity,  direction,  the  density  of  the  fluid,  and  the 
pressure  which  it  exercises  m  any  point  taken  at 
pleasure,  either  on  the  surface,  or  in  the  interior  of  the 
mass.  It  remains,  therefore,  for  us  to  establith  the 
equations  from  which  these  five  quantities  may-  be 
determined. 

Three  of  these  five  equations  are  given  immediately, 
by  the  principle  of  I^Alembert;  in  fact,  the  velocities  lost 
during  the  time  t,  by  the  particle  submitted  to  the 
action  of  the  three  forces  X,  Y,  Z,  are 

X  f  —  «,  Y  /  —  V,  Z  /  —  w; 

for  Uy  v,  ov,  express  the  actual  increases  of  velocities 

which  take  place  during  this  instant ;  and  X  ^  Y  t,  Z  f , 
are  those  which  would  obtain  in  the  same  time  from  the 
action  of  the  forces  X,  Y,  Z,  if  the  particles  were  en- 
tirely free. 

Dividing  now  by  t,  in  order  to  have  the  accelerating 
forces  capable  of  producing  these  velocities,  and  de^ 
noting  them  by  X',  Y',  Z',  we  shall  have 

X  -  4  =  X'. 


Y  -  4  =  Y', 
t 

Z  -  —  =  Z' . 


Or,  substituting  for  «,  v,  w,  their  values  as  above 
determined,  these  equations  become 


^»=X'. 


Y-^ 

t 

Z-±- 


—.14 ;-v  —  — ;-i(;3:Y, 


y 
y 


nv  iv  fw 
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Now,  according  to  Ihe  principle  above  cited,  there 
iriU  be  an  equilibrium  in  the  fluid  mass  if  every  par- 
^  liclc  of  it  be  impressed  with  forces  capable  of  producing 
the  velocity  lost  or  gained  at  each  instant.  Therefore, 
the  ff^ner^l  equations  appertaining  to  the  equihbrium  of 
fl  u  termined  (art.  229),  ought  to  be  estabhsli- 

e*.  li^  X',  \\  71,  for  the  accelerating  forces, 

paruhf  1  to  the  co-ordinates,  which  act  on  all  the  points 
of  an  element »  and  which  are  in  the  equations  above 
f  eferred  to,  represented  by  X,  Y,  and  Z ;  consequently, 


X  +  ttf  +  — I^ 


VH- 


^  y 


^-iir.^zz.dz*. 


jf 

X 

Or,  !.>€&'  ibnsiunf^ 

the  values  of  X', 

y\ 

and 

Z',  and 

4l?iding  by  d. 

if-- 

u 
t 

X 

u 

T r- 

Z 

w» 

] 

H— 

i 

if 

w, 

(«) 

d    i  ~  i        X  y  k     ^ 

Each  of  the  elements  into  which  we  have  supposed 
die  fiaid  niass   to  be  divided,  will  change  its  form 

kmB%  the  instant  t  \  and  it  would  also  change  itd  vo- 
iwke  tf  it  were  compressible ;  but  as  its  mass  ought 
ihriii  to  remaha  the  same,  it  follows,  that  if  we  inves- 
ijpte  what  its  volume  and  density  ought  to  become 

itllie  end  of  the  time  i  -f  t^  their  product  ought  to 
be  the  same  as  at  the  end  of  the  time  t ;  ctjuating 
tberrfbre  to  zero,  the  variation  of  this  product,  there 
vil  result  a  new  equation  of  the  motion. 

In  order  to  form  this  equation,  let  us  consider  the 
ftctangular  parallelopiped,  of  which  the  volume  is  ex- 
prMsedby  JT^  k  at  the  end  of  the  time  f»  and  asrertain 
Ihe  fonu  that  this  portion  of  the  fluid  will  take  at  the 
tnd  of  tlje  time  i  -f  l, 
*,  Let  m  (fig.  36-ff)  be  the  summit  or  angle  of  this  pa- 
fillelopiped,  which  answers  to  the  co-ordinates  j,  j/,  z; 
ind  let  also  m  «,  m  /,  m  A,  be  the  three  sides  adjacent  to 
tkts  iummit,  and  respectively  parallel  to  the  three  axes 
0  J,  0,v,  0;,  then 

m  «  zz  sc,  m  i  -=.  y^  m  k  ^.  x. 

Let  ui  abo  conceive  that  f,  /,  ^,  A,  are  the  other  four 

jl'-s,  and  that  during  the  instant  t,  the  eight  points, 

I-  ^-  ^^j\  fiTt  ^.  8tre  transferred  to  m\  n\  i\  k\  c\ 

lien  will  the  polyedron,  of  which  these  last 

f      -  ^,.  the  anglefj^be  also  a  parallelopiped, 

in  order  to  demonstrate  this,  let  us  determme  and 
compare  with  each  other  the  lengths  and  directions  of 
ibc  twelve  sides  m  n\  m  l\  &c. 

Tbe  co-ordinates  x,  v,  ;:,  of  the  point  w,  will  become, 
^ft«r  the  instant  /, 

-  fj  quantities  are,  therefore,  the  co-ordinates  of  the 
(OiM  m  :  we  may  deduce  those  of  any  other  summit, 
Jjf  merely  replacing  j,  y,  and  r,  by  the  primitive  co- 
niiiiaies  of  liiat  summit,  Tlius,  the  primitive  co- 
oidiiiates  of  the  point  n  are  j,  v,  and  :  +  i;  and,  sub- 
iltetiiif  tbefte  tor  x,  _t/,  and  i,  we  shall  have  for  the 
eo'^fdiiiates  of  n\ 


li  4,  —  zt. 


IlydrAulici 

Eqtmtioiii 

investi- 
gated. 


% 

Knowing  thus  the  co-ordinates  of  the  two  points  m' 
and  n\  it  will  be  easy  to  determine  the  length  of  the 
side  mn\  from  the  known  formula 

Taking  the  square  root,  and  neglecting  the  infini- 
tesimals of  the  third  order,  we  shall  have 

ni  h'  z^  k  -f  -r-  z  ^ 
z 

The  co-ordinates  of  e'  are  deduced  from  those  of  th\ 

and  the  co-ordinates  of  /'  from  those  of  w',  by  writing 

4  +  X,  and  1/  +  >,  instead  of  x  and  3^ ;  consequently, 

the  lengtli  of  the  side  cf  is  dedticed  in  the  sanu' 

manner  as  that  of  the  side  m  n\     This  gives 

nh    *  •       *tif    *   '   *       *w    •   •   • 

^  ^  z  XX  ^  xy^ 

whence,  neglecting  the  last  terms,  which  are  of  the 
third  order,  the  value  of  e'f  will  be  the  same  as  that 
of  m*n\  In  the  same  manner*  it  appears  that  the  sides 
k'h\  and  tg\  are  equal  to  the  same  side  w'«';  so  that, 
in  fact,  we  have 

If  we  change  z  into  ^,  and  u?  into  t,  in  the  values  of 
m*n\  it  will  evidently  become  that  of  m'  I,  viz. 

m't-y-\-ji/i. 

Changing,  in  the  same  manner,  ;  into  t,  and  w  into 
«,  we  shall  have  the  value  of  m' k\  which  will  be 

m'k'  —  x-^A-ii 

X 

We  shall  thus  have 

m't  -  k'e'  =  h'f=  n*g\ 

We  see>  therefore,  that  the  sides,  which  were  equal 
to  each  other  in  the  primitive  parallelopiped,  are  still 

equal  to  each  other  alter  it  has  chaugea  its  form ;  and 
the  parallelism  of  its  sides  is  a  consequence  of  their 
equality.  The  element,  therefore,  which  we  are  con- 
sidering, preserves,  at  the  end  of  the  instant  t^  the 
form  of  a  parallelopiped  ;  but  it  is  no  longer  rectan- 
gular, as  at  the  commencement  of  that  instant. 

We  shall  have  the  volume  of  this  element  hy  multi- 
plying one  of  its  faces  ;  for  example,  tlie  face  m'  k'  c  i* 
by  the  perpendicular  ?t'  /,  let  fall  from  the  summit  a' 
upon  this  face. 

The  area  of  the  parailelograin  m'  k*  e*  I*  is  equal  to 
the  product  of  its  two  sides  wi'^',  and  m'fy  multiplied 
by  the  sine  of  the  angle  /'m' A',  which  thev  include;  the 
perpendicular  n'  q  is  equal  to  the  side  m  /?',  multiplied 
by  the  sine  of  the  angle  nm  if  i  therefore,  the  volume 
of  our  second  parallelopiped  will  be  equal  to 
ffi  n.  m  i\  m*  k\  sin  t  m'  k\  sin  n*  m  f/. 

Now,  the  angles  t  m*  k*  and  n  m  q\  being  right 
angles  in  the  primitive  parallelopiped,  they  can  iu  the 
second  only  differ  from  a  right  angle  by  a  qimutity 
indefinitely  smallj  and  the  sine  of  such  an  angle  differ 
from  unity  only  by  quantity,  also  indefinitely  smaU^  of 
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Hjdrody-  the  gecond  order.    If,  therefore,  we  neglect  the  terms 
I'^An*^     of  the  fifUi  order,  we  must  consider  each  of  those  sines 
as  equal  to  unity ;  whence  the  preceding  product  re- 
duces to  m'n'.nit.  m  kf. 
Eqamtions    Writing  now  for  m'n\  m'H,  m'k\  the  values  above  given, 
cstabiirficd.  performing  the  multiplication,  and  neglecting  all  the 
infinitely  small  quantities  of  the  fifth  order,  we  shall, 
for  this  volume,  have 

\         *  y  K       } 

Such  is,  therefore,  at  the  end  of  the  time  t  -f  f ,  die  vo- 
lume of  the  element  which  at  the  end  of  the  time  im9M 
X  y  k.  The  density  d  being  in  the  case  where  that 
quantity  is  variable,  a  function  of  x,  y,  z  and  /,  it  ^- 
lows,  that  when  t  becomes  i  +  f,  and  that  in  the 
same  time  x,  jr  and  z  are  changed  into  x  +  ti  ^, 
jf  -h  r  f,  andz  +  wiy  it  becomes 

,       d     .       d      .        d      .        d      . 
d+  — ^+  —  «^  +  — t^^4-— wf. 
t  X  y  z 

We  now  multiply  this  densitv  by  the  preceding  ex- 
pression for  the  volume,  and  the  product  will  give  the 
mass  of  the  element  at  the  end  of  the  time  t  -i-  i\ 
from  which  subtracting  the  mass  at  the  end  of  the 
time  f,  viz.  d  xy  i,  we  shsdl  have  the  variation  of 
this  mass,  which  variation  ought  to  be  equal  to  zero. 
Neglecting,  therefore,  the  terms  <3ontatning  i*,  and  sup- 
pressing the  factors  xyi  aitdf>  which  are  common,  to 
every  term,  we  find 

d        d  d  d 

t        X  y  z 

or,  which  is  the  same, 


^  X        y         z' 


d        du 

—  +  — 

t  X 


dv 


dw 


+  —  +   -T=0.  (b) 

y       2 

This  equation,  and  the  three  equations  (a),  are  four 
of  the  five  equations  we  had  proposed  to  establish,  and 
these  appertain  equally  to  every  species  of  fluids,  whe- 
ther faet^x>geneou8  or  homogeneous,  compressible  or  in- 
compressible ;  but  they  will  now  require  certain  modifi- 
cations to  render  them  applicable  to  these  several  cases. 

1.  If  the  fluid  be  heterogeneous  and  incompres- 
-  sible,  then  equation  (6)  niav  be  resolved  into  two  others ; 
for,  in  this  case,  not  only  the  mass  of  each  -element 
ought  to  remain  constantly  the  same,  bat  also  the 
density  and  volume  are  invariable :  equalling,  tliere- 
fore,  separately  to  zero,  the  variation  of  the  density  and 
the  volume,  wc  shall  have  the  two  equations 


d         d  d  d 

—  +  —u  ^  —  v  -^-—wzzO 
t  X  y  z 


—  -h  — 

^      y 


(0 


=  0 


From  which  two  equations,  and  the  three  equations  a, 
the  five  unknown  qualities  ;?,  d^  ir,  u,  w,  may  be  deter- 
mined. 

2.  When  the  fluid  is  homogeneous  and  incompres- 


sible, d  is  given,  and  the  ftrst  equation  c  dtsappemrs,  Hj 
and  there  remains  the  second  equation  (c),  aiid  ike  s^ 
three  marked  a,  for  determining  the  four  unknownt. 

In  like  manner  we  might  show  that  the  same  eqiui-  ^ 
tions  may  be  rendered  applicable  to  compressible  and  ^ 
elastic  fluids,  bat  we  shall  reserve  this  for  our  treathe  ^10 
on  Pneumatics,  where  such  fluids  will  form  the  salijeot  kn 
of  our  investigations.  An 

It  appears,  firom  the  above  deductions,  that  what- 
ever may  be  required  with  respect  to  the  motion  of  in- 
compressible fluids,  whether  homogeneous  or  hetero* 
geneous,  we  shall  always  be  able  to  establish  as  many 
equations  as  there  are  unknown  quantities ;  but  unfor* 
tunately  these  equations,  appertaining  to  the  partial 
differences  between  four  variables,  viz.  the  co-orainates 
X,  y,  z,  and  the  time  f ,  their  general  integration  cannot 
be  obtained  by  any  means  at  present  known ;  and  when 
even  we  arrive  at  their  integration,  after  simpliiying 
them  by  certain  hypotheses,  it  still  remains  to  deter- 
mine, from  the  state  of  fluidity  at  the  origin  dT  the 
motion,  the  arbitrary  functions  which  their  integrals 
contain :  this  is  also  a  subject  of  considerable  difficulty. 

This  general  view  of  the  equilibrium  and  motioQ  of 
fluids  may  be  mteresting  to  some  of  our  analytical 
readers,  idthough  we  are  fearful  it  will  be  of  Httle 
use  to  them  in  any  mvestigation  connected  with  prac- 
tical determinations.  We  have  shown  above,  the  in- 
superable difificulties  which  attend  the  solution  of  the 
equations  involving  the  unknown  quantities,  and  un- 
less this  solution  were  possible,  the  equations  th«n- 
selves  are  of  little  value;  yet,  as  some  of  our  readers 
might  have  considered  the  treatise  incomplete  without 
some  such  general  view,  we  have  chosen  the  above  as 
being  the  most  perspicuous  and  scientific  we  remember 
to  l]^ve  seen.    M.  Poisson  pursues  liia  inquiry  to  a 

Sreater  length,  but  the  little  advantage  that  can  be 
erived  from  it  has  induced  us  to  stop  at  the  point 
where  the  establishment  of  the  equations  is  com|Aetad* 
The  reader,  therefore,  who  is  desirous  of  extending 
his  inquiries  on  this  head  to  a  greater  length,  is  re- 
ferred, for  the  requisite  information,  to  his  work  already 
cited. 

%  XVIII.  Various  hydradynamic  expervnetUt  and  siacJUiMt. 

231.  All  the  theoretical  investigations  and  deductions  e^ 
of  the  preceding  treatise,  have  been  made  to  depend  nM^ 
upon  one  general  principle ;  namely,  "  that  fluids  press  ■" 
equally  in  all  directions  ;**  this  fundamental  property 
being  admitted,  all  our  deductions  have  been  demon- 
strated to  be  necessary  consequences  of  this  one  ge- 
neral law ;  it  is,  therefore,  not  absolutely  requisite  CD 
prove  experimentally  the  truth  of  these  results,  yet,  as 
it  may  be  satisfactory  to  see  the  theory  and  practice 
go  hand  in  hand  in  cases  of  so  much  importance,  and 
as  many  of  uur  investigations  depend  upon  a  calculus, 
with  which  every  one  is  not  acquainted,  we  propose  to 
bestow  a  few  pages  upon  an  experimental  illustration  of 
the  most  interesting  cases,  and  on  an  explanation  of 
the  principles  and  constructions  of  certain  hydrostatic 
and  hydraulic  engines,  where  their  operations  are  in- 
dependent of  pneumatic  pressure,  or  but  slightly  con- 
nected with  it.  Such  as  have  an  equal  relation  bodi  to 
the  theory  of  l^ydrodynamics  and  Pneumatics,  aa  the 
various  kinds  of  pumps,  &c.  will  be  described  in  our  " 
treatise  on  the  latter  science. 
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T-     Thtidi  prtu  equally  in  all  directions, 

V  a  soft,  or  fraDgible  Bubstance,  be  cjqDosed  to  a 
^greater  pressure  in  one  direction  than  anotJier,  it  will 
^^^^ther  caange  its  form,  or  be  broktn  in  pieces ;  but  if 
^■fiie  force  with  ^^'bich  a  body  is  pressed  be  equally  ap- 
^Blied  lo  every  part,  it  will  presence  its  form  if  it  be 
I^Roft,  and  will  not  be  broken  if  it  be  frangible.  Hence 
it  follows,  that  if  any  body  be  exposed  to  a  pressure 

»  sufficiently  powerful  to  change  its  shape,  or  to  crush  it 
b  pl&ees,  and  if  it  preserve  its  form  and  remain  whole 
under  this  pressure,  we  may  conclude  thatthti  pressure 
is  equal  in  every  direction* 
ihe  following  experiment  has  been  devised  to  prove 
ibii  fundamental  properly  in  fluids. 

Let  a  piece  of  soft  wax,  of  an  irregular  figure,  and 
mi  e^.  be  placid  in  a  1*1  adder,  or  in  a  bottle  of  India 
rubber,  filled  with  water;  then  if  the  bladder  be  laid  in 
d  Strang  box,  and  a  cover  be  put  upon  it,  so  as  to  be  en- 
tire])'supported  by  the  bladder,  and  any  large  weigiit  be 
laid  on  the  cover,  although  it  shall  amount  to  three  or 
four  hundred  pounds,  yet  will  not  the  wax  be  found  to 
have  dumped  its  shape,  nor  will  the  egg  be  broken, 
notwithstanding  they  must  each  have  sustaiaed  a  pres- 
sure equal  lo  that  enormous  weight. 

n.  The  pressure  on  the  bottoms  nf  vessrls  of  diflerent 

ff^rm  depends  iihotlt/  on  the  altitude  of  t/tejinid,  and  the 

IQJ  (he  bases f  whatever  way  he  tktirjormi  or  dimen- 

.  This  is  demonstrated  by  means  of  the  apparataa 

shown  in  (figs.  12,13,  14,  and  15),  and   described   in 

Hydrostatics;    for,  notwithstanding  the 

of  dimensions  and  the  dissimilarity  of  hgure, 

in  each  of  the  three  cases  gives  way  im- 

the  fluid  has  attained   the   same  altitude. 

Atfl  T^  slight  chanixc  in  the   arrangement  of  tlie  valve 

vottld  show  thai  ihe  lateral  pressure  is  equal  to  ihe 

^emca!  at  the  same  depth ;  whic^h  is  also  one  of  our 

tfieoretiral  deductions. 

Mf.  Ferguson,   in   his  Lectures,   shows   the  above 

^Ptl  experimentally  in  a  diftereut  manner,  as  follows : 

%  Let  AB  (fig,  37)  be  a  box  which   contains  any 

*ntall  tjuantity  of  water,  as,  for  example,  about  a  pound, 

und  let  abed e  be  a  glass  tube,  hxed  to  the  end  C  of 

^*  htm\  of  a  balance,  and  the  other  end  to  a  moveable 

wtiom,  by  which  the  water  in  the  boit  is  supported, 

^"t  bottom  and  wire  being  c<^ual  in  w*eight  to  an  empty 

*cale  suspended  at  the  other  extremity  of  the  balance. 

Now,  if  a  pound  weight  be  put  into  the  empty  scale, 

'*»in  cause  the  bottom  to  rise  a  little,  and  the  water 

^11  appea/  at  the  lower  end  of  the  tube  a.     The  water 

^^^\  tncrefore  press  whh  a  force  of  one  pound  upon 

^t  bottom.     If  another  pound  be  put  into  the  scale, 

"^  water  well  ascend  to  h,  twice  as  high  as  the  point  a 

J  •bore  the  bottom  of  the  vessel.     If  a  third,  fourth, 

IJltt,  &c.  pound  be  put  into  the  scale,  the  water  will 

^81  ea*'h  time  to  c,  tl;t,  drc. ;  th*^  distance  a  A,  b  l\  c  d, 

other.     Tliis  result  will  be  oh- 

1  bore  of  the  glass  tube  may  be, 

tst  within  eertiiiu  limits ;  and  since,  wheu  the  water 

UtA,  r,  d,  t\  the  pressures  upon  the  bottom  are  succes- 

f  twice,  three  times,  four  times,  and  five  times  as 

Pas  when  the  water  was  contained  within  the  box  ; 

follows  that  the  pressures   upon  the  bottom  of  the 

^&el  depend  wholly  on  the  height  of  tlie  water  in  the 

»8  tube; and  not  upon  the  quantity  which  it  contains. 


If  a  long  narrow  tube,  therefore,  be  fixed  on  the  top  of  Hydrmilici . 
a  cask,  and  if  both  the  cask  and  the  tube  be  filled  ''^^■v-^^ 
witii  water,  then,  although  the  tube  may  be  so  small  as 
not  to  ho!d  a  pound  of  the  fluid,  the  pressure  caused 
by  the  water  in  it  will  be  sufficient,  in  many  cases, 
to  burst  the  vessel  in  pieces,  for  the  pressure  is 
the  same  as  if  the  cask  were  continued  up  in  its  full 
size  to  the  top  of  the  tube,  and  filled  with  water  to  that 
height.  It  follows,  therefore,  from  this  principle,  that 
any  quantity  of  water,  however  small,  may  be  made  to 
prgduce  a  force  of  any  given  magnitude,  however  great. 
'Mnf  has  been  already  illustrated  by  means  of  the 
l^wfestatic  bellows  (art.  13),  Hydrostatics. 

Ill,  EijferimtJits  on  the  pressure  of  Jlulds  ai  different 
depths  behw  their  surfaves, 

L  The  pressure  of  a  fluid  at  different  depths,  as  itPrPMurc«t 
arises  from  the  gravity  uf  its  particles,  may  be  very  ti'tJm'ne 
simply  and  satisfactorily  exhibited  as  follows:  attach '^'^'*^*''- 
a  bag  made  of  leather,  or  a  bottle  of  India  rubber, 
filled  with  mercury,  to  the  extremity  of  a  glass  tube, 
so  that  the  mercury  may  just  cuter  the  tube  when 
the  bag  is  held  in  the  uir.     Then,  by  immersing  the 
bag  to  different  depths,  the  mercury  will  be  forced 
hi'^her  and  higher  into  the  tube ;  and  the  elevation  of 
it  will  always  be  found  proportional  to  the  depth  of 
immersion. 

2.  As  the  pressure  of  a  column  of  water  of  about  Prpssurc  at 
33  feet,  or  34  feet»  on  a  square  inch  of  surface,  is  ^^^^^ 
equal  to  about  15  lbs.  it  follows  that  at  the  depth  of^'-'P  ' 
as  many  fathoms  the  pressure  will  be  increased  in  a 
six-fold  proportion,  and  so  on  Jbr  greater  depths; 
the  enormous  pressure  that  may  thus  be  produced  is 
shown  by  a  well-known  experiment,  viz.  of  letting 
down  an  empty  bottle,  well  corked »  to  a  great  depth 
in  the  sea;  in  wliich  case  the  pressure  of  the  water 
forces  in  the  cork,  and  the  bottle,  when  brought  up,  is 
always  filled  with  water,  Mr*  Campbell,  on  his  voyage 
home  fi*om  the  Cape  of  Good  Hope,  tried  this  experi- 
ment. He  drove,  very  tight,  into  an  empty  bottle,  a 
cork,  which  was  so  large  that  half  of  it  remained  above 
ihe  neck,  A  cord  was  then  tied  round  the  cork,  and 
fastened  to  the  neck  of  the  bottle,  and  a  coaling  of 
pitch  was  put  over  the  whole.  When  it  was  let  down 
to  about  the  depth  of  fifty  fathoms,  it  appeared 
from  the  additional  weight,  that  it  was  instantaneouBly 
filled,  and.  upon  drawing  it  up,  it  was  found  that  the 
cork  had  been  forced  in,  and,  of  course,  the  bottle 
filled  with  water.  The  experiment  was  again  repeated, 
tlie  bottle  was  corked  as  before,  with  the  additional 
precaution  of  making  a  sail-needle  pass  through  iu  so 
as  to  rest  on  each  side  on  the  neck,  the  whole  being 
pitched  over  as  belbre  •  the  bottle  was  then  let  down 
to  about  the  same  depth,  and  on  bringing  it  up,  it  was 
found  to  be  filled  with  water,  although  the  cork  still 
remained  in  its  first  position,  and  that  no  part  of  the 
pitch  seemed  to  have  been  disturbed.  Mr.  Campbell 
is  inclined  lo  accoMut  for  this  phenomenon,  by  suppos- 
ing the  water  to  have  been  forced  llirough  the  pores  of 
tlie  glass :  that  it  must  either  have  entered  iu  tma  way, 
or  throu^^h  the  pitch  and  cork,  is  obvious;  and  it  is, 
perhaps,  diflicult  to  say  ivhich,  for  the  Florentine 
experiment,  spoken  of  in  the  commencement  of  tliis 
treatise,  shows  that  water  may  be  forced  througfh  the 
pores  of  gold ;  and  there  seems,  therefore,  to  be  no 
reason  why  it  should  not  be  equally  liable  to  pervade 
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Hydrody-  those  of  glass.—- CampbelFs  '<  Travels  in  the  South 

namics,     of  Africa." 

IV.  Description  of  the  sea  gage. 

Sea  gage.  1.  The  sea  gage,  an  instrument  for  measuring  the 
depth  of  the  sea,  when  it  is  too  great  to  be  effected 
with  a  fathom*line,  is  in  some  measure  connected  with 
this  subject.  The  description  of  this  instrument,  the 
invention  of  Desaguliers  and  Dr.  Hales,  is  as  follows : 

Fig.  ^^8.  AB  (fig.  38)  is  the  gage  bottle,  into  which  is  ce- 

mented the  gaee  tube  £/  in  the  brass  cap  at  G.  Tlie 
upper  end  of  the  tube  £  is  hermetically  sealed,  wfA 
the  lower  end /is  immersed  in  mercury,  marked  CSjM^ 
which  swims  a  small  quantity  of  treacle.  On  the  %V 
of  the  bottle  is  screwed  a  tube  of  brass  GH,  pieroM 
with  several  holes  to  admit  the  water  into  the  bottle 
AB.  K  is  a  body  hanging  by  its  shank  L,  in  a  socket 
N,  with  a  notch  on  the  side  at  m,  in  which  is  fixed  the 
catch  /  of  the  spring  5,  and  passing  through  the  hole  L 
in  the  shank  of^  the  weight  K,  prevents  its  falling  off 
when  once  hung  on.  On  the  top,  in  the  upper  part  of 
the  brass  tube  at  H,  is  fixed  a  large  empty  ball,  or 
ftiU-blown  bladder  I,  which  must  not  be  so  large  but 
that  the  weight  K  may  be  able  to  sink  the  whole  under 
water. 

The  instrument  thus  constructed  is  used  in  the  fol- 
lowing manner.  The  weight  K  being  hung  on,  the 
gage  is  let  fall  into  deep  water,  and  sinks  to  the 
bottom ;  the  socket  N  is  somewhat  longer  than  the 
shank  L,  and  therefore,  after  the  weight  K  comes  to 
the  bottom,  the  gage  will  continue  to  descend  till  the 
lower  part  of  the  socket  strikes  against  the  weight ; 
which  gives  liberty  for  the  catch  to  fly  off  the  hole, 
whereby  the  weight  K  is  disengaged.  This  being 
done,  the  ball  or  bladder  I,  instantly  buoys  up  the  gage 
to  the  top  of  the  water.  While  the  gage  is  below,  the 
water,  having  free  access  to  the  treacle  and  mercury  in 
the  bottle,  will,  by  its  pressure,  force  it  up  into  the 
tube ;  and  £/*,  the  height  to  which  it  has  been  forced 
by  the  greatest  pressure,  viz.  that  at  the  bottom,  will 
be  shown  by  the  mark  in  the  tube  which  the  treacle 
leaves  behind  it,  and  which  is  its  only  use.  This 
shows  into  what  space  the  whole  air  in  the  tube  £ /*  is 
compressed,  and,  consequently,  the  height  or  depth  of 
water;  which  is  reciprocally  proportional  to  the  space 
occupied  by  the  air,  as  shown  (art.  17),  Pneumatics. 
2.  If  the  gage  tube  £/' were  of  glass,  a  scale  might  be 
drawn  on  it  by  the  point  of  a  diamond,  showing  by 
inspection  what  height  the  water  stands  above  the 
bottom ;  but  the  length  of  10  inches  is  not  sufficient 
for  fathoming  great  depths,  because,  when  all  the  air 
in  such  a  length  of  tube  is  compressed  into  half  an 
inch,  the  depth  of  the  water  will  be  not  more  than 
634  feet,  which  is  not  ^th  of  a  mile.  If,  to  remedy 
this,  we  make  use  of  a  tube  50  inches  long,  which,  for 
strength,  may  be  a  musket  barrel,  and  supposing  the 
air  compressed  into  an  hundredth  of  an  inch,  then  we 
shall  have  1  :  99  : :  400  :  39600  Inches,  or  3300  feet. 
£ven  this  is  but  little  more  than  half  a  mile.  But  it  is 
reasonable  to  suppose  the  cavities  of  the  sea  bear 
some  proportion  to  the  mountainous  parts  of  the  land ; 
some  of  which  are  more  than  four  miles  above  the  earth's 
surface ;  therefore,  to  explore  such  great  depths.  Dr. 
Hales  contrived  a  new  form  for  his  sea  gage,  or 
rather  for  the  gage  tube  in  it,  which  is  as  follows. 
6DcF(fig.  38- a)  is  a  hpllow  metallic  globe,  communi- 


cating at  the  top  with  a  long  tube  AB,  whose  capacity  Hj 
is  one  ninth  of  that  of  the  globe.     On  the  lower  part  v^ 
at  D,  it  has  also  a  short  tube  D£,  to  stand  in  the  Fig 
mercury  and  treacle.     The  air  contained  in  the  com- 
pound gage  tube  is  compressed  by  the  water  as  before, 
but  the  degree  of  compression,  or  the  height  to  which 
the  treacle  has  been  forced,   cannot  here  be  seen 
through  the  tube;   therefore,  to  answer  that  end/ a 
slender  rod  of  metal  or  wood,  with  a  knob  on  the  top 
of  the  tube  AB,  will  receive  the  mark  of  the  treacle, 
and  show  it  when  taken  out. 

If  the  tube  AB  be  50  inches  long,  and  of  such  a  bore 
that  every  inch  in  length  shall  be  a  cubic  inch  of  air, 
and  the  contents  of  the  globe  and  tube  together  equal 
to  500  cubic  inches ;  then  when  the  air  is  compressed 
witliin  one  hundredth  part  of  the  whole,  it  is  evident 
that  the  treacle  will  not  approach  nearer  than  5  inches 
to  the  top  of  the  tube,  which  will  answer  to  a  depth  of 
3300  feet  of  water,  as  above.  Twice  this  deptn  will 
compress  the  air  into  half  that  space,  viz.  2|>  inches* 
corresponding  to  a  depth  of  6600  feet,  which  is  a  mile 
and  a  quarter ;  and  halving  the  space  again,  that  is* 
reducing  it  to  14  inch,  will  give  a  depth  of  24  miles* 
which  is  probably  very  nearly  the  greatest  <i(epth  of 
the  sea. 

V.  Principle  of  the  hydrostatic  press. 

1.  It  has  been  shown  (art  4),  Hydrostatics,  if  two  H; 
pistons  be  applied  to  two  openings  in  a  vessel  containing  P" 
an  incompressible  fluid,  that  the  powers  acting  on  those 
pistons  will  be  in  equilibrio  when  they  are  respectively 
proportional  to  the  areas  of  the  pistons,  so  that,  if  (wm 
the  simplest  case)  we  suppose  a  vessel  of  water  to  have 
two  circular  openings  at  top,  one  of  half  an  inch  dia- 
meter, and  the  other  ten  inches ;  since  the  areas  of 
these  are  as  400  to  1 ,  a  force  of  1  lb.  applied  at  the 
smaller  orifice  will  balance  a  force  of  400  lbs.  applied 
at  the  greater ;  or,  a  pressure  of  1  lb.  at  the  less  orifice 
will  produce  a  pressure  of  400  lbs.  at  the  greater. 

The  vessel  being  closed  on  all  sides,  however*  it  isFi| 
immaterial  in  what  part  the  piston  acts,  and,  therefore, 
in  what  direction  the  force  of  the  machine  is  applied. 
Let  ABCD  (fig.  39)  represent  a  section  of  a  strong  iron 
cylinder  closed  on  all  sides,  and  having  a  moveaUe 
piston  EF  fitting  water  tight,  to  which  is  fixed  the 
strong  iron  piston  rod  HG,  which  passes  through  the 
end  AB,  but  so  contrived  as  to  be  also  water  tight. 
Let  abed  be  9i  small  tube  opening  into  the  part  of  the 
vessel  AEFD,  and  having  a  valve  at  a  6  opening  in- 
wards.    Now,  suppose  the  space  AEFB  to  be  filled 
with  water,  as  also  a  part  of  the  small  tube  ahcd\ 
then,  according  to  the  principle  above  explained*  the 
pressure  of  a  single  pound  applied  at  h,  to  the  piston 
rod  shown  in  the  figure,  will  produce  a  pressure  upon 
EF,  which  will  be  to.  the  former  as  the  area  of  the 
cylinder  ABCD  to  the  area  of  the  tube  abed;  if,  there-    - 
fore,  these  have  the  proportions  above  supposed*  the    4 
one  pound  at  h  will  act  with  a  force  of  400  lbs.  at  H.     „ 
All  things  being  the  same,  an  equal  force  will  be  ex-    — 
erted  at  H' ;  but  the  former  will  be  a  pressing  force,    « 
and  the  latter  a  drawing  one.     The  most  general  ap-  — 
plication  of  the  machine  is  with  the  pressing  force,  but  J 
it  is  also  frequently  made  to  act  in  the  opposite  case,  jmm 
as  in  drawing  up  piles,  driven  down  for  the  purpose  of*^ 
constructing  locks  to  canals,  and  even  in  arawing  op  ^ 
trees  by  their  roots ;  it  acts  also  in  this  manner  at  the  ^ 
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9^.  lion  cable  manufactory  of  Messrs.  Brunton  and  Co.  for 
"^  the  purpose  of  trying^  the  strength  of  their  cables  and 
'^'^^bin  of  iron,  and  in  various  other  cases. 

It  may  be  proper  to  observe,  that  we  have  been 
tpedung  merely  of  the  principle  on  which  the  machine 
icii,  aim  that  no  adequate  idea  of  its  immense  power 
en  be  formed  from  what  is  above  stated,  nor  even  of 
its  operation ;  on  these  latter  points,  however,  we  shall 
endeavour  to  be  a  little  more  exphcit  in  what  follows. 
In  the  first  place,  it  b  necessary  to  remark,  that  instead 
of  the  force  being  applied  at  the  smaller  orifice  by  the 
liand,  as  indicated  m  the  figure,  it  is  produced  by  in- 
jecting water  into  that  pipe  by  means  of  a  forcing  pump; 
or  thm  may  be  two,  three,  or  more  such  pumps,  as  the 
nature  of  the  operation,  or  power  proposed  to  be  accu- 
mulated, may  t^ypear  to  require. 

2.  Suppose  now,  the  diameter  of  the  cylinder  to  be  12 
iQches,  and  the  diameter  of  the  piston  of  the  small 
pump  or  injector,  only  one  quarter  of  an  inch,  then 
the  proportion  between  the  two  surfaces  or  ends  of  the 
said  pistons,  will  be  as  1  to  2304 ;  and,  supposing,  as 
above,  the  intermediate  space  between  them   to  be 
fiUed  with  water,  a  force  applied  to  the  small  piston 
"Will  be  multiplied  2304  times  upon  the  larger  one.     If, 
therefore,  as  may  be  easily  accomplished,  the  small 
piston  or  injector  be  forced  down,  when  in  the  act  of 
feicing,  with  a  pressure  equal  to  20  cwt.  the  piston  of 
the  great  cylinder  will  act  with  a  force  equal  to  20  x 
2304  z=  46080  cwt.  =z  2304  tons,  which  enormous 
power  may  be  employed  either  in  drawing  or  pressing, 
and  applied  in  either  case,  in  the  most  convenient  man- 
ner imaginable,  in  much  less  time  than  the  same  could 
bft  produced  by  any  other  known  means  whatever.  The 
•fti-l  produced  by  other  machines,  which  commonly 
'•pena  upon  various  combinations,  is  in  a  great  measure 
^MNBiteracted  by  an  accumulated  complio^tion  of  parts, 
yfcich  renders  them  incapable  of  being  usefully  extended 
■syoad  a  certain  degree;  but  in  machines  acting  upon, 
yjBonstructed  on  the  principles  above  described,  every 
wkulty  of  this  kind  is  obviated,  and  their  power  sub- 
ject to  no  finite  restraint ;  for  the  power  of  any  machine 
o^tlus  kind  may  be  increased,  ad  iibitum,  either  by  ex- 
|«iiding  the  proportion  between  the  diameter  of  the 
iqaetor,  and  the  great  cylinder,  or  by  applying  a  greater 
piwer  acting  on  the  lever  of  the  small  pump.     It  is 
^necessary  that  the  cylinder  be  made  sufficiently 
ftioag  to  resist  the  pressure  proposed  to  be  applied  to 
■*•    Besides  the  immense  power  "gained  by  this  kind 
P^  machine,  it  has  also  many  conveniences  peculiarly 
^^•own.    It  may,  for  example,  be  made  the  vehicle  of 
^^Q>&mttnication  between  one  machine  and  another,  let 
*beir  distances  and  their  local  situations  be  what  they 
'Jty;  thus,  suppose  two  small  tubes,  or  cylinders,  in 
*■*•  inside  of  each  of  which  is  a  piston,  made  water 
^  sir  ti|^ht,  a  tube  may  be  conveyed  under  ground, 
^Otherwise,  from  the  bottom  of  one  cylinder  to  the 
^^f  to  form  a  communication  between  them,  not- 
^itistanding  their   distance  be  ever  so  great.    This 
^•be  bemg  filled  with  water,  or  other  fluid,  until  it 
^hes  the  bottoms  of  the  two  pistons,  if  we  depress 
^Cjwton  of  one  cylinder,  the  piston  of  the  other  will 
'^fsised;  and,  in  the  same  manner,  the  forcing  pump 
^ftkc  machine  in  question,  may  act  at  any  distance 
'*[>•»  the  point  where  the  force  is  to  be  applied.  Another 
^v^tage  attending  this  kind  of  machine,  is,  that  it 
^y  be  made  of  great  strength  and  power  within  a 
Vol.  III. 


small  compass,  and  that  it  is  easily  transferred  to  any  Hyciraulics. 

place  where  its  operation  may  be  desired.    Having  s^^>^^^ 

given  the  above  description  of  the  principle  on  which 

the  operation  of  this  machine  depends,  we  must  refer  to^ 

the  article  Press  in  our  alphabetical  arrangement,  for 

its  construction  and  application  to  specific  purposes. 

It  may  be  proper  to  observe,  that  although  the  merit  of 

this  invention  appears  to  be  unquestionably  due  to  Mr. 

Bramah,  yet  the  principle  of  its  operation  has  been 

known  for  more  than  two  centuries,  and  a  machine  to 

be  constructed  upon  it  was  first  proposed  by  Pascal,  in 

his  "  Traites  de  TEquilibre  des  Liqueurs,  et  de  la  Pesan- 

tore  de  la  Mass  de  TAir,*  in  1664;  where  he  speaks  of 

it  as  a  new  sort  of  machine,  or  mechanical  power,  equal 

in  value  to  the  lever  or  the  screw. 

Hydraulic  engines. 

It  is  not  our  intention,  under  this  head,  to  treat  of 
hydraulic  machines  generally ;  but  of  those  only  which 
are  employed  for  the  purpose  of  raising  water ;  those 
which  are  put  in  motion  by  water,  in  order  to  produce 
a  mechanical  effect,  applicable  to  other  purposes,  as 
flour  mills,  saw  mills,  flax  mills,  &c.  will  be  treated  of 
in  their  proper  places  in  our  alphabetical  arrangement. 

Of  Hydraulic  engines,   whose  action  is  independent  of 
pneumatic  pressure, 

VI.  Archimedes^  screw,  or  water  snail. 

L  This  is  a  machine  for  raising  water,  which  consists  Archi- 
either  of  a  pipe  wound  spirally  round  a  cylinder  (fig.  40),  ™^^*' 
or  of  one  or  more  spiral  excavations  formed  by  means  *^J^^' 
of  spiral  projections,  from  an  internal  cylinder,  as  in  ^^'  *^*"^ 
(fig.  41),  covered  by  an  external  coating,  so  as  to  be 
water  tight;  this  screw  is  one  of  the  most  ancient 
and,  at  the  same  time,  ingenious  machines  we  know, 
being  truly  worthy  of  the  name  it  bears.  We  have 
seen,  however,  in  our  historical  chapter,  that  there  is 
some  doubt  whether  its  name  be  justly  applied.  Though 
simple  in  its  general  manner  of  operation,  its  theory  is 
attended  with  some  difficulties,  which  could  only  be 
conquered  by  the  modem  analysis.  It  was  first  stated 
correctly,  as  far  as  we  have  been  able  to  ascertain,  by 
M.  Pitot,  in  the  ^^  Memoires  de  TAcademic  Royale  des 
Sciences,"  and  afterwards  more  elaborately  by  Euler,  in 
"  Novi  Comment.  Petro,"  torn.  v.  Later  attempts  by 
Langsdorf,  in  his  '*  Handbuch  der  Maschinenfehre,*' 
and  some  other  authors,  are  not  to  be  relied  on.  That 
the  nature  of  this  curious  machine  may  be  the  better 
understood,  we  shall  here  state  generally,  its  manner 
of  operation. 

If  we  conceive  a  flexible  tube  to  be  rolled  regularly 
about  a  cylinder  from  one  end  to  the  other,  this  tube 
or  canal  will  be  a  screw  or  spiral,  in  which  we  suppose 
the  intervals  of  the  spires  or  threads  to  be  equal.  The 
cylinder  being  placed  with  its  axis  in  a  vertical  posi- 
tion, if  we  put  in  at  the  upper  end  of  the  spiral  tube 
a  small  ball  of  heavy  matter,  which  may  move  freely, 
it  is  certain  that  it  will  follow  all  the  turnings  of  the 
screw  from  the  top  to  the  bottom  of  the  cylinder, 
descending  always,  as  it  would  have  done  had  it 
fallen  in  a  right  line,. along  the  axis  of  the  cylinder, 
except  that  it  will  occupy  more  time  in  running  through 
the  spiral.  If  the  cyhnder  be  placed  with  its  axis 
horizontally,  and  we  again  put  the  ball  into  one  open- 
ing of  the  canal,  it  will  descend,  following  the  direction 
2  o 
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UyAndj'  of  the  first  demi-spire ;  but  when  it  airives  at  the 
MOMcs.  lowest  point  of  this  portion  of  the  tube,  it  will  stop, 
^"■^"v^^  It  must  be  remarked,  that  though  its  gravity  has  no 
Archimedes  q^^j^  tendency  than  to  make  its  descent  in  the  demi- 
*^'*^  spire,  the  oblique  position  of  the  tube,  with  respect 
to  the  horizon,  is  the  cause  that  the  ball,  by  always 
descending,  is  always  advancing  from  the  extremity 
of  the  cyunder  whence  it  commenced  its  motions  to 
the  other  extremity.  It  is  impossible  that  the  ball  can 
ever  advance  more  towards  the  farther,  or,  as  we  shall 
call  it,  the  second  extremity  of  the  cylinder,  if  the 
cylinder,  placed  horizontally,  remain  always  immove- 
able ;  but  if,  when  the  ball  is  arrived  at  the  bottom  of 
the  first  demi-spire,  we  cause  the  cylinder  to  turn  on 
its  axis  without  changing  the  position  of  that  axis,  and 
in  such  manner  that  fiie  lowest  part  of  the  demi- 
spire  on  which  the  ball  presses  becomes  elevated, 
then  the  ball  iidls  necessarily  from  that  point  upon  that 
which  succeeds,  and  which  then  becomes  lowest;  and 
since  this  second  point  is  more  advanced  towards  the 
second  extremity  of  the  cylinder  than  the  former  was, 
the  ball  will,  by  this  new  descent,  be  advanced  towards 
that  extremitv,  and  so  on  throughout,  in  such  a  man- 
ner that  it  will  at  length  arrive  at  the  second  extremity 
by  always  descending,  the  cylinder  having  its  rota- 
tory motion  continued.  Moreover,  the  ball  by  con- 
stantly following  its  tendency  to  descend,  has  advanced 
through  a  right  line  equal  to  the  axis  of  the  cylinder, 
and  this  distance  is  horizontal,  because  the  sides 
of  the  cylinder  are  placed  horizontally.  But  if  the 
cylinder  had  been  placed  obliquely  to  the  horizon,  and 
we  suppose  it  to  be  turned  on  its  axis  always  in  the 
same  direction,  it  is  easy  to  see  that  if  the  first  quarter 
of  a  spire  actually  descends,  the  ball  will  move  from 
the  lower  end  of  the  spiral  tube,  and  be  carried  solely 
by  gravity  to  the  lowest  point  of  the  first  demi-spire ; 
where,  as  in  the  preceding  case,  it  will  be  abandoned 
by  this  point,  as  it  is  elevated  by  the  rotation,  and 
thrown  by  its  gravity  upon  that  which  has  taken  its 
place:  whence,  as  the  succeeding  point  is  further 
advanced  towards  the  second  extremity  of  the  cylinder, 
than  that  which  the  ball  occupied  just  before,  and  is 
conseauently  more  elevated ;  therefore,  the  ball,  while 
followmg  its  tendency  to  descend  by  its  gravity,  will 
be  always  more  and  more  elevated,  by  virtue  of  the 
rotation  of  the  cylinder.  It  will  thus,  after  a  certain 
number  of  turns,  be  advanced  from  one  extremity  of 
the  tube  to  the  other,  or  through  the  whole  length  of 
the  cylinder,  but  it  will  only  he  raised  through  the 
vertical  height,  determined  by  the  obliquity  of  the 
position  of  the  cylinder. 

Instead  of  the  ball,  let  us  now  consider  water,  as  en- 
tering by  the  lower  extremity  of  the  spiral  canal,  when 
immersed  in  a  reservoir ;  this  water  descends  first  in 
the  canal  solely  by  its  gravity,  but  the  cylinder  being 
turned,  the  water  moves  on  the  canal  to  occupy  the 
lowest  place,  and  thus,  by  the  continual  rotation,  is 
made  to  advance  fSarther  and  farther  in  the  spiral,  till 
at  length  it  is  raised  to  the  upper  extremity  of  the 
canal,  where  it  is  expelled. 

There  is,  however,  with  reference  to  the  computed 
effect  of  this  machine,  an  important  difference  between 
the  water,  or  any  other  fluid,  and  the  ball ;  for  the 
water,  by  reason  of  its  fluidity,  after  having  descended 
by  its  gravity  to  the  lowest  point  of  the  demi-spire, 
rises  up  on  the  contrary  side  to  the  original  level ;  on 


which  account  more  than  half  one  of  the  spires  will  H 
soon  be  filled  with  the  fluid.  This  is  an  unportant  ^ 
particular,  which,  although  it  need  not  be  considered 
m  a  popular  illustration,  must  be  attended  to  in  a 
more  accurate  exhibition  of  the  theory  of  this  ^^^gitff 
The  very  little  application  of  this  machine  to  the  pai^ 
poses  it  is  calculated  to  answer,  will  not,  however, 
justify  our  entering  upon  a  more  minute  examination 
of  its  theory  in  this  place ;  although  we  must  obaerfe, 
that  it  seems  entitled,  in  a  practical  point  of  view,  to 
greater  attention  than  it  now  commonly  receives.  See 
Gregory's  Mechanics,  vol  ii. 

2.  The  Germans  have  a  similar  machine,  which  they  G« 
call  the  water-screw ;  it  consists  of  a  cylinder,  with  its  «* 
spiral  projections  detached  from  the  external  cylinder,  or 
coating,  within  which  it  revolves,  (as  shown  in  fig.  42.)  fi{ 
It  is  evident,  that  some  loss  must  here  be  occasioned  by 
the  want  of  perfect  contact  between  the  screw  and  its 
cover ;  in  g^ral,  at  least  one-third  of  the  water  runs 
back,  and  the  machine  cannot  be  placed  at  a  greater 
elevation  than  30^ ;  it  is  also  very  easily  clogged  by 
accidental  impurities  of  the  water.  Yet  it  has  been 
found  to  raise  more  water  than  the  screw  of  Archi- 
medes, when  the  lower  ends  of  both  are  immersed  to 
a  considerable  depth ;  so  that  if  the  heieht  of  the  sur- 
face of  the  water  to  be  raised  were  liable  to  any  greot 
variations,  the  German  water-screw  might  be  prefer- 
able to  the  screw  of  Archimedes. 

VII.  The  tympoRumy  or  drum. 

1.  This  is  a  great  hollow  wheel,  forming  a  kind  of 
barrel  or  drum,  consisting  of  several  planks  joined  to- 
gether, well  calked  and  pitched,  and  having  a  hori- 
zontal axis  on  which  it  turns ;  the  interior  of  the  drum 
is  divided  into  eight  equal  spaces,  by  as  many  pof^ 
titions  placed  in  the  direction  of  the  radii ;  each  cell 
or  space  has  an  orifice  of  about  half  a  foot  in  the  rim 
of  tne  drum  or  wheel,  so  shaped  as  to  facilitate  tbs 
admission  of  water ;  there  are  aiso  eight  hollow  chan- 
nels running  contiguous  to  each  other,  and  parallel 
to  the  axle  of  the  wheel,  each  corresponding  to  one 
of  the  large  cells.  The  water  passes  out  of  the  cells 
above  mentioned  into  these  channels,  and  after  nm- 
ning  along  them  to  a  convenient  distance,  it  escapes 
through  orifices  into  a  reservoir  placed  just  under  the 
axle.  Thus  the  water  is  raised  through  a  vertical  space 
equal  to  the  semi-diameter  of  the  wheel. 

When  this  machine  is  used  for  raising  water  from  a 
running  stream,  it  is  moved  by  means  of  float  boards, 
which  are  impelled  by  the  motion  of  the  stream ;  bat 
when  it  is  employed  tO'  raise  stagnant  water,  there  is 
commonly  a  smaller  wheel  on  the  same  axle,  which  is 
turned  by  men  walking  in  it,  as  in  the  old  walking 
crane.  The  principal  defect  of  this  machine  is,  that  it 
raises  the  water  in  the  most  disadvantageous  situation 
possible ;  for  the  load  being  always  towards  the  ex- 
tremity of  the  radius  of  the  wheel,  the  arm  of  the 
effective  lever  which  answers  to  it,  increases  through 
the  whole  quadrant  the  water  describes,  in  passing 
from  the  bottom  of  the  wheel  to  the  altitude  of  the 
centre ;  so  that  the  power  must  act  the  same  as  if  it 
were  applied  to  a  winch  or  handle,  and  therefore  can- 
not act  uniformly. 

2.  In  order  to  remedy,  in  some  measure,  the  above 
defect,  a  different  machine  has  been  devised  by  M.  De 
la  Faye,  which  may  be  thus  illustrated. 


HYDRODYNAMICS. 


283 


2$' 


When  we  de¥elq>e  the  Gircumference  of  a  circle  so 

u  to  finrn  the  iuTolute  of  that  curve,  all  the  radii  are 

J 10  Btny  tangents  to  the  circle,  and  are  all  likewise  re* 

■poetifeiy  perpendicular  to  the  several  points  of  the 

cvfs  described,  the  greatest  radius  being  equal  to  the 

pemhery  of  the  circle  evolved. 

\^^y^*9    latcefore,  having  an  axle  whose  circumference  a 

''°^*     ifttk  eiceeds  the  height  through  which  the  water  is 

jNPOposed  to  be  elevat^,  let  the  circumference  of  the 

axle  be  evolred,  and  make  a  curved  canal,  whose  curve 

siiiall  coincide  ^oughout  exactly  with  that  of  the  in- 

roiote  jast  formed :   if  the  farther  extremity  of  this 

casBtl  be  made  to  enter  the  water,  and  the  other  extre- 

flaity  abni  op<m  the  shaft  which  is  turned,  then,  in  the 

course  of  the  rotation,  the  water  will  rise  in  a  vertical 

du-«cticm  tangentially  to  the  shaft,  and  perpendicularly 

lo  the  canal,  in  whatever  position  it  may  be. 

^litts  the  action  of  the  weight,  answering  always  to 
d»e  extremity  of  a  horizontal  radius,  will  be  as  if  it 
acted  upon  an  invariable  arm  of  a  lever,  and  the  power 
wliach  raises  the  weight  will  always  be  the  same.  And 
if  tJhe  radius  of  the  wheel,  of  which  this  hollow  canal 
sertes  as  a  bent-spoke,  be  equal  to  the  height  that  the 
water  is  to  be  raiiBed,  and,  consequently,  equal  to  the 
carcom&rerence  of  the  axle  or  shafl,  the  power  will  be  to 
the  load  of  water  reciprocally  as  tbe  radius  of  a  circle 
to  its  ciicnmference,  that  is,  as  1  to  6*2832,  or  as  1  to 
6^  nearly. 

M.  F&ye,  to  whom  we  are  indd>ted  for  this  modifi- 
csitioB  of  the  ancient  tympanum,  is  of  opinion  Uiat  the 
■arhine  ought  to  be  composed  of  four  of  these  canals, 
b«t  it  has  frequently  been  constructed  with  eight,  as 
&.  diown  in  (fig.  43).  The  wheel  being  turned  by  the 
slsion  of  the  stream  upon  the  &ht  boards,  the 
F,  E,  D,  C,  dec.  of  the  corvilinear  canals,  dip 
«Kb  after  another  into  the  water,  which  runs  into 
tliau ;  and  as  the  wheel  revolves,  the  fluid  rises  in  the 
Mttals/,  r,  dj  c,  Sec,  and  runs  out  in  a  stream  P,  fiom 
dia  holes  at  O ;  it  is  received  into  the  trough  Q,  and 
conveyed  thence  in  pipes. 

By  this  construction  it  is  obvious  that  the  weiriit  to 
he  raised  offers  always  Uie  same  resistance,  and  that 
Ae  least  possible,  while  the  power  is  applied  in  the 
>Hiat  advantageous  manner  of  which  the  circumstances 
*3l  admit;  two  important  points  to  be  attended  to  in 
*U  machines  for  tiiis  purpose.  This  machine  also 
tises  the  water  by  the  shortest  way ;  that  is  to  say, 
P^irpendicalarly  or  vertically,  in  which  respect  it  is 
pcnmble  to  the  screw  of  Archimedes,  where  the  water 
"  earned  up  an  inclined  path ;  each  curved  canal  also 
^  If.  Faye's  wheel  empties  all  the  water  it  receives 
^^^  revolution,  while  the  screw  of  Archijnedes  yields 
llll^y  a  small  portion  of  the  water  with  which  it  is 
'^^^ded, frequently  not  more  than  one-twentieth  part;  on 
*"^ich  account  the  latter  machine  requires  an  enormous 
J^c*eaae  of  labour  when  a  large  quantity  is  proposed  to 
"^  laised  by  it. 

Few  machines  would  be  preferable  to  that  above 
^"^aeiibed,  were  it  not  that  it  is  limited  to  raising  the 


only  through  its  radius,  or  semi-diameter;  in 
^^teequence  of  which,  when  water  is  to  be  elevated 
^  a  great  height,  it  is  not  practicable  to  construct  a 
^'hed  of  sufficient  diameter,  but  where  the  height 
Ms  within  any  practical  limits  of  construction,  it  is  a 
*^  cheap  and  useful  engine. 
The  realder  will  observe  that  the  buckets  attached  to 


the  wheel  in  the  figure  above  referred  to,  do  not  belong  Hydraiilir«. 
to  the  tympanum,  nor  to  M.  Faye's  modification  of  it,  ^•^^v-^.^ 
but  to  the  noira  and  the  Persian  wheel,  described  in 
the  two  following  articles. 

VIII.  Thenoria. 
This  machine  is  commonly  employed  in  Spain;  it  Of  the 
consists  of  a  vertical  wheel,  about  20  feet  in  diameter,  "**"'^ 
on  the  circumference  of  which  is  fixed  a  number  of 
little  boxes,  or  square  buckets,  for  the  purpose  of 
raising  the  water  out  of  the  well,  communicating  with 
the  cfuial  below,  and  to  empty  it  into  a  reservoir  above, 
placed  by  the  side  of  the  wheel ;  the  bucket  having  a 
lateral  orifice  for  receiving  and  discharging  the  water. 
The  axis  of  the  wheel  is  embraced  by  four  small  beams, 
crossing  each  other  at  right  angles,  tapering  at  the 
extremities,  and  forming  eight  little  arms.     This  wheel 
is  near  the  centre  of  the  horse-walk,  contiguous  to  the 
vertical  axis,  into  the  top  of  which  the  horse-beam  is 
fixed;  but  near  the  bottom  it  is  embraced  by  four 
little  beams,  forming  eight  arms,  similar  to  those  above 
described,  on  the  axis  of  the  water  wheel.     As  the 
mule  which  they  use  goes  round,  the  horizontal  arms 
supplying  the  place  of  cogs,  take  hold,  each  in  suc- 
cession, of  those  arms  which  are  fixed  on  the  axis  of 
the  vrater  wheel,  and  keep  it  in  rotation. 

IX.  Persian  wheel. 

This  machine  is  represented  in  (fig.  43);  the  water  is  Persian 
raised  by  means  of  a  stream  AB,  turning  a  wheel  CD£,  ^b^- 
according  to  the  order  of  the  letters,  with  buckets  a,  <i.    Fig.  43. 
Of  a,  &c.  hune  upon  the  wheel  by  strong  pins  b,  b,  b,  6, 
dsc  fixed  in  the  side  of  the  rim ;  which  must  be  made  as 
high  as  the  water  is  intended  to  be  raised,  above  the 
level  of  that  part  of  the  stream  in  which  the  wheel  is 
placed.     As  the  wheel  turns,  the  buckets  on  the  right 
hand  go  down  into  the  water,  where  they  are  filled, 
and  return  up  full  on  the  left  hand,  till  they  come  to 
the  top  at  kj  where  they  strike  against  the  end  it,  of  the 
fixed  trough  M,  by  which  they  are  overset,  and  thus 
empty  the  water  into  the  trough,  whence  it  may  be 
conveyed  in  pipes  to  any  place  proposed.     As  each 
bucket  passes  over  the  trough,  it  falls  again  into  a  per- 
pendicular position,  and  descends  empty  till  it  arrives  at 
the  water  at  A,  where  it  is  filled  as  before.     On  each 
bucket  there  is  a  spring  r,  which,  going  over  the  top 
or  crown  of  the  bar  m  (fixed  to  the  vessel  M)  raises 
tfie  bottom  of  the  bucket  above  the  level  of  its  mouth, 
and  thus  causes  it  to  empty  all  its  water  into  the  said 
vessel.    Sometimes,  however,  the  wheel  is  made  to 
raise  water  no  higher  than  its  axis.     In  this  case,  in- 
stead of  buckets  hung  upon  it,  its  spokes  C,  </,  e,  J\ 
gi  kf  are  made  of  a  bent  form,  and  hollow  within; 
these  hc^ows  opening  into  the  holes  C,  D,  £,  F,  in  the 
outside  of  the  wheel,  and  also  into  those  at  O,  in  the 
box  N  upon  the  axis.     So  that  as  the  holes  C,  D,  &c. 
dip  into  the  water,  it  runs  into  them ;  and  as  the  wheel 
turns,  the  water  rises  in  the  hollow  spokes  c,  d,  &c.  and 
runs  out  in  a  sream  P,  from  the  holes  at  O,  and  falls 
into  the  vessel  Q,  whence  it  is  conveyed  in  pipes  to  iu 
destined  place. 

In  order  to  determine  the  due  relation  between  the 
power  and  the  weight,  so  that  this  wheel  may  be  capa- 
ble of  producing  its  greatest  effect,  the  following  ap- 
[uroximation  may  be  employed.  After  having  fixed  the 
diameter  of  the  wheel,  which  must  be  somethjing  greater 
2o  2 
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ilviimdy-  than  the  height  to  which  tlie  water  is  to  be  raised,  deter- 
namics.  Y^ine  also  upon  some  even  number  of  buckets,  to  be 
hung  round  the  periphery  of  the  wheel  at  equal  distances, 
and  mark  the  positions  of  their  centres  of  motion  in 
such  a  manner,  that  they  will  stand  at  corresponding 
positions  in  every  quarter  of  the  circle ;  conceive  ver- 
tical lines  to  be  drawn  through  the  centre  of  motion  of 
each  bucket,  in  the  rising  part  of  the  wheel,  and  they 
will  intersect  the  horizontal  diameter  of  the  wheel,  in 
points  at  which,  if  the  buckets  were  hung,  they  would 
furnish  the  same  resistance  to  the  moving  force,  as  they 
do  when  hanging  at  their  respective  places  on  the  rim 
of  the  wheel.  Suppose,  for  example,  there  were  eighteen 
equidistant  buckets,  then,  while  eight  hung  on  each 
side,  two  would  coincide  with  the  vertical  diameter.  In 
this  case,  the  resistance  arising  from  all  the  full  buckets, 
would  be  the  same  as  if  one  bucket  hung  on  the  pro- 
longation of  the  horizontal  diameter,  at  the  distance  of 

2  sin  80°  -f  2  sin  60°  -f-  2  sin  40°  -f-  2  sin  20°; 
these  being  the  sines  to  a  circle  described  with  the 
given  radius  of  the  wheel. 

To  know  the  quantity  of  water  that  each  bucket 
should  contain,  take  -^ths  of  the  absolute  force  of  the 
stream,  that  is,  Jths  of  the  prism  of  watt-r,  whose  base 
is  the  surface  of  one  of  the  float  boards,  and  whose 
height  is  equal  to  that  through  which  the  water  must 
full,  to  acquire  the  velocity  of  tlie  stream  ;  so  shall  we 
have  the  power  that  should  be  in  equilibrio  with  the 
weight  of  water  in  the  buckets  of  the  rising  semicircle. 
Then  say,  as  the  above  sum  of  tlie  sines  is  to  radius, 
so  the  power  just  found  is  to  a  fourth  term ;  the  half  of 
which  will  be  the  weight  of  water  that  ought  to  be  con- 
tained in  one  bucket.  Lastly,  as  the  velocity  of  the 
wheel  will  be  to  that  of  the  stream,  nearly  as  1  to  2|, 
the  number  of  revolutions  it  makes,  in  any  determined 
time,  becomes  known,  and  consequently  also  the  quan- 
tity of  water  the  wheel  will  raise  in  the  same  time ; 
because  we  know  the  capacity  of  each  bucket,  and  the 
number  of  them  emptied  in  every  revolution  of  the 
wheel. 

X.     Multiplying  wheel  bucket  engine. 

Multiplying      1 .  The  first  mention  we  have  of  this  ingenious  engine, 
^''®.^*  is  made  by  Schottus,  but  the  first  actually  erected 

cnKiw.  ^**  ^y  Gironimo  Finugio,  at  Rome,  in  1616;  and  the 
first  in  this  country  was  constructed  by  George  Gerves, 
for  Sir  John  Chester,  Bart,  at  Chichley,  in  Bucking- 
hamshire. 

The  object  of  this  construction  is  to  raise  water  from 
Fig.  44.  a  well,  or  spring,  A  (fig.  44)  to  a  reservoir  R.  In  order 
to  effect  this,  a  wheel  WW,  6  feet  in  diameter,  is  fixed 
above  R,  and  on  the  same  axis  another  wheel  urwj  2  feet 
in  diameter.  To  the  circumference  of  W  is  fixed  a 
chain  W  x,  to  which  is  hung  a  small  bucket  6,  with  a 
valve  in  its  bottom,  and  suspended,  as  seen  at  b  (fig.  a). 
To  the  circumference  of  w  ii?  is  fixed  another  chain  wayy 
fastened  to  a  rod  y  z,  to  which  is  suspended  the  large 
bucket  B,  with  a  valve  in  its  bottom,  as  seen  above  B. 
This  valve  is  fixed  at  the  end  of  the  arm  o  B,  and  is 
kept  in  its  place  by  the  weight  m,  acting  at  the  end  of 
tlie  lever  m  o,  whose  fulcrum  is  at  n,  but  is  raised 
from  its  place,  by  raising  the  arm  m  o,  as  shown  in 
(tig.  h).  Let  us  now  suppose  the  small  bucket  b,  to  be 
filled  with  water,  and  that  in  consequence  of  water 
being  poured  into  the  large  bucket  B,  this  bucket  de- 
scends;   the  bucket  6    will  therefore  ascend  till  it 


strikes  the  hook  at  s.  This  hook,  catching  the  edge  of  Hy 
the  bucket,  turns  it  aside,  as  shown  in  (tig.  a),  and  ^^ 
empties  it  into  the  reservoir  R.  By  this  time  tiie  de- 
scending bucket  B  has  nearly  reached  the  bottom  of 
the  cistern  z  Z.  The  arm  of  the  lever  falling  upon  xhm 
projection  M,  is  raised,  as  shewn  in  (fig.  b).  The  valTe 
in  the  bottom  is,  consequently,  also  raised,  and  the 
water  is  discharged  at  B  into  the  cistern  Z.  The  small 
bucket  b  is  now  more  than  a  balance  for  B,  in  conse- 
quience  of  its  acting  at  the  end  of  a  longer  lever,  and 
therefore  b  descends  to  the  cistern  A,  while  B  ascends 
to  the  position  it  has  in  the  figure.  When  h  reaches 
the  cistern  A,  the  lower  end  of  the  valve  strikes  against 
a  fixed  obstacle,  and  is,  in  consequence,  raised  out  of 
its  place,  and  admits  the  water  of  the  cistern  into  the 
bucket 

Now,  the  arm  n  o,  of  the  lever  in  the  large  bucket  B, 
striking  against  the  bottom  of  the  valve  seen  below  a, 
in  a  branch  a,  of  the  cistern  A,  raises  it,  and  allows 
the  water  from  the  cistern  to  run  into  the  bucket  B, 
till  the  weight  of  the  bucket  is  sufficient  to  raise  b 
out  of  the  cistern  A.  As  soon  as  it  has  received  this 
weight  of  water,  it  descends ;  the  valve  below  a  fiedls 
into  its  place ;  the  valve  in  the  bottom  of  b  also  fidis 
into  its  place,  when  it  rises  above  ^e  fixed  obstacle, 
and  the  bucket  b  ascends,  as  before,  to  discharge  its 
contents  into  the  reservoir,  while  the  lai^  bucket 
descends  to  M,  to  get  rid  of  its  load  of  waste  water. 

It  is  obvious  that  the  load  of  the  chains  and  rods 
will  be  different  in  different  positions  of  the  buckets. 
When  6  is  at  R,  and  B  at  Z,  the  bucket  B  will  be 
loaded  with  an  additional  quantity  of  chain.  In  order 
to  regulate  the  weight  of  the  chains  in  every  position,  a 
quadrant  Q  moves  round  C  as  a  centre,  ana  a  chain 
c  d  attached  to  the  point  c  of  the  rod  c  z  is  fixed  to  the 
end  d  of  the  arc  d  Q :  a  weight  X  is  also  fixed  at  the 
end  of  the  radius  d  C.  Now  when  B  is  down  at  Z, 
X  will  have  descended  top,  and  from  acting  at  the  end 
of  a  shorter  lever,  will  be  a  less  load  upon  the  rod  e  % 
than  when  it  had  the  position  at  X ;  that  is,  the 
additional  weight  which  the  bucket  B  has  received  from 
the  increase  of  its  chain,  is  counterbalanced  by  the 
diminution  of  weight  occasioned  by  the  descent  of 
CX  into  the  position  CP.  Desaguliers  remariu,  that 
one  hogshead  of  water  falling  10  feet,  will  raise  Tery 
nearly  1  hogshead  10  feet,  or  one-fourth  of  a  hogshead 
40  feet.     See  Desagulier  s  Exp.  Phil.  vol.  ii. 

2.  This  author(Desaguliers)describes  also,  in  thesame  A^ 
volume  as  that  above  referred  to,  another  very  simple  <p 
machine,  for  the  raising  of  water,  which  is  as  follows :  ^ 

To  one  end  of  a  rope  is  fixed  a  large  bucket,  having 
a  valve  in  its  bottom,  opening  upwards;  and  to  the 
other  is  attached  a  square  firame,  and  the  cord  is  made 
to  pass  over  two  pulleys,  each  about  15  inches  diame- 
meter  (and  fixed  in  a  horizontal  plane),  in  such  a 
manner  that  as  the  bucket  descends,  the  frame  ascends 
with  equal  velocity,  and  the  contrary.  The  frame  is 
made  to  run  freely  upon  four  vertical  iron  guide  rods, 
passing  through  holes  at  its  four  comers ;  and  when 
the  bucket  is  filling  with  water  at  the  well,  the  frame 
stands  at  the  horizontal  plane,  to  which  the  water  is 
to  be  raised :  when  the  bucket  is  full,  a  man  steps 
upon  the  frame,  whose  weight,  together  with  that  of 
the  frame,  exceeding  that  of  the  vessel  and  its  contained 
water,  gives  an  ascending  motion  to  the  bucket,  and 
causes  the  valve  in  its  bottom  to  close      When  the 
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^^fjNwidy.  bockatis  raised  to  the  proper  height,  a  hook  fixed  there 
7|^*^   catdies  into  a  hasp,  at  Uie  side  of  the  bucket,  turns 
'^^^^itOTer,  and  causes  it  to  empty  its.  water  into  a  trough, 
irUch  conveys  it    to   the  required  place.      At  this 
tkoe  the  man  and  the  frame  have  arrived  at  a  platform, 
whieli  prevent  their  further  descent,  where  the  man 
remains  till  he  finds  the  bucket  above  is  empty,  when 
be  steps  from  the  platform,  and  runs  up  a  fHght  of 
stain  to  the  place  from  which  he  descended.    The 
bucket,  in  the  mean  time,  being  heavier  than  the 
frame,  descends  to  the  water,  and  raises  the  frame 
to  its  original  position.     Thus  the  work  is  continued  ; 
the  man  being  at  rest  during  his  descent,  and  labour- 
ing in  his  ascent. 

Desagnliers  employed  for  this  purpose  a ''  tavern- 
drawer,"  who  weighed  160  lbs.,  whom  he  desired  to  go 
up  and  down  40  steps  of  6^  inches  each  (in  all  about 
2^  liBet)atiach  a  rate  as  he  might  continue  without  fa- 
tig^ie.    He  went  up  and  down  twice  in  a  minute;  so  that 
allcwing  the  bucket,  with  a  quarter  of  a  hogshead  in  it, 
to  weigh  140  lbs.,  he  was  able  to  raise  it  up,  through 
^^  fiset,  twice  in  a  minute.    This  Desaguliers  estimates 
f^M   equivalent  to  a  whole  hogshead  raised  1 1  feet  in  a 
nainate ;  and  rather  exceeds  what  he  has  assigned  as 
th^  maximum  of  human  exertion. 

XI.  TFirtz's  spiral  pumpy  or  the  Zurich  machine. 

^ben  a  spiral  pipe,  consisting  of  many  convolutions, 
^n-aoged  eitner  in  a  single  plane,  or  in  a  cylindrical  or 
■  ^  jjcoaical  surface,  and  revolving  round  a  horizontal 
*^is,  is  connected  at  one  end  by  a  water-tight  joint 
^-i>'^  an  ascending  pipe,  while  the  other  end  receives, 
-d^msiog  each  revolution,  nearly  equal  quantities  of  air 
'**^«fi  water,  the  machine  is  called,  a  spiral  pump.  It 
^■^^i^  invented,  about  1746,  by  Andrew  Wirtz,  at  Zurich, 
^*^cl  is  said  to  have  been  used  with  great  success  at 
^l^:xence  and  in  Russia ;  it  has  also  been  employed  in 
^'^i*  country  by  Lord  Stanhope ;  and  Dr.  Young  states, 
his  Lectures  on  Natural  Philosophy,  that  he  has 
ide  trial  of  it  for  raising  water  to  a  height  of  40  feet. 
kis  machine  is  represented  in  {i^g,  45).  The  end  of 
'A^^  pipe  is  famished  with  a  spoon,  containing  as  much 
yf^tcr  as  will  fill  half  a  coil,  which  enters  the  pipe  a 
I^^^e  before  the  spoon  has  arrived  at  its  highest  situa- 
A^c>]i,  the  other  half  remaining  full  of  air,  which  com- 
^■^Manicates  the  pressure  of  the  column  of  water  to  the 
P*>^oeding  portion,  and  in  this  manner  the  effect  of 
iii^Hiily  all  the  water  in  the  wheel  is  united,  and  becomes 
^^nivalent  to  that  of  the  column  of  water,  or  of  water 
''*^3ed  with  air,  in  the  ascending  pipe.  The  air  nearest 
^^^  joint  is  compressed  into  a  space  much  smaller  than 
^^tt  which  it  occupied  at  its  entrance,  so  that  where 
^*^^  height  is  considerable,  it  becomes  advisable  to 
•^J^mit  a  larger  portion  of  air  than  would  naturally  fill 
^^c  half  coil ;  this  lessens  the  quantity  of  water  raised, 
^^t  it  lessens  also  the  force  required  to  turn  the 
■^^idhine. 

^^  The  joint  ought  to  be  conical,  in  order  that  it  may 
v«  ti^tened  when  it  becomes  loose,  and  the  pressure 
^^igfat  to  be  removed  from  it  as  much  as  possible. 
•he  lou  of  power,  supposing  the  machine  well  con- 
^tmcted,  arises  only  from  the  friction  of  the  water  on 
^tie  pipe,  and  the  friction  of  the  wheel  on  its  axis ;  and 
Miere  a  large  quantity  of  water  is  to  be  raised  to  a 
'Moderate  height,  both  of  these  resistances  may  be 
^^dered  very  inconsiderable.    But  when  the  height  is 


very  great,  the  length  of  the  spiral  must  be  much  in-  Hydraulics, 
creased,  so  that  the  weight  of  the  pipe  becomes  ex-  ^s^^v-^ 
tremely  cumbersome,  and  causes  a  great  friction  on  the 
axis,  as  well  as  a  strain  on  the  machinery ;  thus,  for  a 
height  of  40  feet,  says  Dr.  Young,  I  found  that  the 
wheel  required  above  100  feet  of  pipe,  which  was  three 
quarters  of  an  inch  in  diameter ;  and  more  than  one- 
half  of  the  pipe  being  always  full  of  water,  we  have  to 
overcome  the  friction  of  about  80  feet  of  such  a  pipe, 
which  will  require  twenty-four  times  as  much  excess  of 
pressure  to  produce  a  given  velocity,  as  if  there  were 
no  friction.  The  centrifugal  force  of  water  in  the  wheel 
would  also  materially  impede  its  ast:ent  if  the  velocity 
were  considerable,  since  it  would  be  always  possible 
to  turn  it  so  rapidly  as  to  throw  the  whole  water  back 
into  the  spoon. 

XII.  The  chain  pump. 

1 .  The  chain  pump  is  now  generally  made  from  1 2  to  Chain 
24  feet  in  length,  and  consists  of  two  eollateral  square  pump, 
barrels,  and  an  endless  chain  of  pistons  of  the  same 
form,  fixed  at  proper  distances.     The  chain  is  moved 
round  a  coarse  kind  of  wheel-work,  fixed  sometimes  at 

one  end,  but  often  at  both  ends  of  the  machine.  The 
teeth  of  the  wheel-work  are  so  contrived  as  to  receive 
one-half  of  the  flat  pistons,  and  let  them  fold  in  ;  and 
they  take  hold  of  the  links  as  they  rise.  A  whole  row 
of  pistons  (which  go  free  of  the  sides  of  the  barrel  by 
about  a  quarter  of  an  inch)  are  always  lifting  when  the 
pump  is  at  work ;  and  as  this  machine  is  generally 
worked  briskly,  the  pistons,  or  pallets,  bring  up  a  bore 
full  of  water  in  the  pump. 

Chain  pumps  are  worked  sometimes  by  men  turning 
winches,  sometimes  by  horses,  and  sometimes  by  the 
impulse  of  a  stream  of  water.  They  are  likewise  so 
contrived,  that  by  the  continual  folding  in  of  the  pis- 
tons, stones,  dirt,  or  whatever  comes  in  the  way, 
may  be  cleared  off ;  they  are  therefore  often  nsed  to 
drain  ponds,  sewers,  and  remove  foul  water,  when  no 
other  pump  could  be  employed.  They  are  also  now 
frequently  used  for  ship  pumps. 

Chain  pumps  are  not  merely  fixed  in  a  vertical  po- 
sition, but  arc  often  inclined ;  and  in  the  latter  case 
they  are  in  a  state  of  the  greatest  perfection,  or  raise 
the  most  water  in  a  given  time,  when  the  breadths  of 
the  pallets  are  equal  to  their  distance  from  each  other, 
the  plane  being  inclined  under  an  angle  of  24°  21'. 

2.  It  is  not  unusual  for  chain  pumps  to  be  erected  with-  Different 
out  a  barrel  to  receive  the  pistons,  after  the  manner  oonstruc- 
represented  in  (fig.  46).     Here  the  pallets  are  converted  ^^^ 
into  square  boxes,  *,  s,  &c.  which  are  raised  by  means    ^*8-  '^' 
of  hexagonal  axles,  each  side  of  the  hexagon  being 

equal  to  the  distance  from  box  to  box :  they  descend 
with  their  mouths  downwards,  and  thus  enter  the 
water. 

3.  Another  contrivance  for  raising  water  similar  to  the  Patemos- 
chain  pump,  is  an  endless  rope,  with  stuffed  cushions  t«r-work. 
hung  upon  it;  which,  by  means  of  two  wheels,  or 
drums,  are  caused  to  rise  in  succession  in  the  same 
barrel,  and  to  carry  water  with  them.  From  the  re- 
semblance of  this  apparatus  to  a  string  of  beads,  it  is 
usually  called  paienwster-xoork. 

XIII.   Hair-rope  machine. 

1.  Instead  of  a  series  of  buckets,  ropes,  or  chains,  Hair-rope 
a  similar  effect  is  sometimes  produced  by  a  simple  nia<:hi"c. 
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Ilydrodj-  rope,  or  a  bundle  of  ropes,  paising  over  a  wheel  above, 
naraict.  and  a  pulley  below,  moving  with  a  velocity  of  about 
^"^^"^'^^^  8  or  10  feet  in  a  second,  and  drawing  a  certain  quan- 
i*ig-  *?'•  tity  of  water  up  by  its  friction.  (See  fig.  47.)  It  is 
probable  that  the  water  commonly  ascends  with  about 
half  the  velocity  of  the  rope,  and,  on  this  supposition, 
we  might  calculate  its  depth  on  the  rope,  by  comparing 
its  relative  motion  with  that  of  a  little  river ;  but  the 
rules  which  serve  for  calculating  the  velocity  of  rivers, 
do  not  perfectly  agree,  as  we  are  infonned  by  Dr. 
Young,  with  the  results  of  direct  experiments ;  for  the 
friction  required  for  elevating  the  quantity  raised  by 
such  a  machine,  appears,  from  calculation,  to  corres- 
pond to  a  velocity  about  twice  as  great  as  the  actual 
relative  velocity.  While  the  water  is  principally  sup- 
ported by  the  friction  of  the  rope,  its  own  cohesion  is 
amply  sufficient  to  prevent  its  wholly  falling,  or  being 
scattered  by  any  accidental  inequality  of  the  motion. 
Although  it  may  not  be  absolutely  necessary  that  the 
rope  used  for  tilis  purpose  should  be  composed  of  hair, 
yet  for  the  sake  of  durability,  as  well  as  for  increasing 
the  effect,  it  is  much  better  that  it  should  be  formed  of 
that  material. 

XIV.   The  double  phmger.  • 

Doable  This  is  a  sort  of  pump,  but  its  operation  is  entirely 

plunger.  independent  of  pneumatic  pressure,  and  is  well  calcu- 
lated, both  from  its  simplicity  and  effect,  for  raising 
large  quantities  of  water  to  small  heights.  It  is  made 
by  fitting  two  upright  beams,  or  plungers,  of  equal 
thickness  throughout,  into  cavities  nearly  of  the  same 
size,  allowing  them  only  room  to  move  without  friction, 
and  connecting  the  plungers  by  a  horizontal  beam 
Fig.  46.  moving  on  a  pivot,  as  shown  in  (fig,  48).  The  water, 
being  admitted  during  the  ascent  of  each  plunger, 
through  a  large  valve  in  the  bottom  of  the  cavity,  is 
forced,  when  the  plunger  descends,  to  escape  through 
a  second  valve  in  the  side  of  the  cavity,  and  to  ascend 
by  a  wide  pipe  to  the  level  of  the  beam.  The  plungers 
ought  not  to  be  in  any  degree  tapered,  because  of  the 
great  force  which  would  be  unnecessarily  consumed  in 
continually  throwing  out  the  water  with  great  velocity 
as  they  descend,  from  the  interstice  formed  by  their 
elevation. 

This  pump  may  be  worked  by  a  labourer  walking 
backwards  and  forwards,  either  on  the  beam,  or  on  a 
board  suspended  below  it.  By  means  of  an  apparatus 
of  this  kind,  described  by  Dr.  Robison,  an  active  man 
loaded  with  a  weight  of  30  lbs.  has  been  able  to  raise 
680  lbs.  of  water  every  minute,  to  a  height  of  1 1^  feet, 
for  10  hours  in  a  day,  without  fatigue.  This  is  the 
greatest  effect  produced  by  a  labourer,  that  has  been 
correctly  stated  by  any  antlior ;  it  is  equivalent  to 
somewhat  more  than  11  lbs.  raised  through  10  feet  in 
a  second,  instead  of  10  lbs.  which  is  a  fair  estimate  of 
the  usual  force  of  a  man,  without  any  deduction  for 
iriction.     Dr.  Young,  Nat.  Phil.  vol.  i.  ' 

Hydraulic  engines  luhich  act  in  part  by  the  pressure  of 
the  air. 

As  we  have  not  yet  treated  of  pneumatic  pressure, 
we  propose  to  introduce,  under  this  article,  such  ma- 
chines only  as  depend  upon  the  most  obvious  properties 
of  air  considered  as  a  body,  that  is  to  say,  those  whose 
operations  depend  upon  its  actual  gravity  or  elastic 
force.    The  pump,  and  a  few  otlier  machines,  in  which 


the  science  of  pneumatics  is  more  particnlarly  coii*Hyd 
cemed,  will  be  aescribed  in  the  following  treatise.         ^^^ 

XV.  The  siphon. 

We  have  had  occasion,  in  our  examination  of  the  lavt  Of  tl 
of  the  equilibrium  of  fluids,  to  refer  to  this  instrument,  "P^ 
and  have  shown  (art.  10),  that  when  iirater  or  any  other 
fluid  is  placed  in  it,  the  arc  being  downwards,  it  will 
nse  to  the  same  height  in  both  branches,  whatever  may 
be  their  form  or  dimensions.  If  these  branches  are  of 
the  same  length,  and  the  siphon  be  inverted,  the  fluid 
will  still  also  remain  in  equilibrio,  and  be  suspended  in 
the  tube,  the  pressure  of  the  air  on  each  extremity 
being  proportional  to  the  weight  of  water  it  haa  to 
support;  provided  only  that  the  latter  be  not  greater 
than  the  former,  that  is,  as  we  shall  see  in  the  follow- 
ing treatise,  provided  the  length  of  the  equal  branches 
be  less  than  34  feet.  Under  this  limit  the  water  will 
be  suspended  in  the  siphon  while  the  two  extremities 
maintain  their  horizontal  position. 

But  if  now  the  siphon  be  a  httle  inclined  to  one  side, 
so  that  the  orifice  of  one  end  becomes  lower  than  the 
other,  or  if  the  legs  be  of  unequal  lengths,  which  is  the 
same  thing,  then,  the  equilibrium  being  destroyed^  the 
water  will  descend  through  the  lower  orifice  and  rise 
in  the  shorter  branch.  For  the  air  pressing  equally, 
while  the  two  columns  are  of  uneaual  weight,  motion 
must  necessarily  commence  where  the  force  is  greatest, 
and,  once  begun,  it  will  continue  till  all  the  water 
has  been  discharged  at  the  lower  end.  If,  therefore, 
the  shorter  leg  be  immersed  into  a  vessel  of  wator,  the 
the  discharge  will  continue  till  the  vessel  is  exhausted, 
or,  at  least,  till  the  fluid  in  it  has  descended  to  the  ex- 
tremity of  the  immersed  branch  of  the  siphon.  We 
shall  examine  the  operation  of  this  machine  more  stt 
length  in  our  treatise  of  Pneumatics. 

XVI.  Hero's  fountain. 

The  construction  of  this  fountain  is  as  follows :  b  Hm 
consisU  of  two  vessels  KLMN  (fig.  49),  and  OPQR,  *** 
which  are  close  on  all  sides.  A  tube,  AB,  having  its  ^ 
funnel  at  the  top,  passes  through  the  uppermost  vessel 
without  communicating  with  it,  being  soldered  into  its 
top  and  bottom.  It  passes  through  the  top  of  the 
under  vessel,  where  it  is  also  soldered,  and  reaches 
almost  to  its  bottom.  This  tube  is  open  at  both  ends. 
There  is  another  open  tube,  ST,  which  is  soldered  into 
the  top  of  the  under  vessel,  and  the  bottom  of  the 
upper  vessel,  and  reaches  almost  to  its  top ;  these  two 
tubes  serve  also  to  support  the  upper  vessel.  A  third 
tube,  GF,  is  soldered  into  the  top  of  the  upper  vessel, 
and  reaches  almost  to  its  bottom ;  this  tube  is  open  at 
both  ends,  but  the  orifice  G  is  very  small.  Now,  sup- 
pose the  upper  vessel  filled  with  water  to  the  height 
£N,  E  e  being  its  surface,  a  little  below  T.  Stop  the 
orifice  G  with  the  finger,  and  pour  in  water  at  A.  This 
will  descend  through  AB,  and  compress  the  air  which 
formerly  occupied  the  whole  of  the  space  OPQR,  and 
K  L  c  E,  into  O  P  c  C,  and  K  Le  £ ;  and  its  elasticity 
will  he  in  equilibrio  with  the  weight  of  the  column  of 
water,  whose  base  is  the  surface  £  c,  and  whose  height 
is  A  c.  As  this  pressure  is  exerted  in  every  part  of 
the  air,  it  will  be  exerted  on  the  surface  E  e  of  the 
water  of  the  upper  vessel ;  and  if  the  pipe  FG  were 
continued  upwards,  the  water  would  be  supported  in  it 
to  the  height  e  H  above  E  e  equal  to  A  c.     Therefore 
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^^  iTlhe  fiiiger  be  now  taken  from  off  the  orifice  G,  the 

t^   fluid  will  ftpout  up  tiirou^h  It  to  the  same  height  as  if 

^^  it  had  fallen  through  a  tube,  whose  altitude  is   He. 

So  lon^  as  there  is  any  wattir  in  the  vessel  KLMN, 

there  will  be  a  discharge  through  the  oritice  ;  therefore, 

the  play  of  the  fbuutain  will  continue*  whilst  the  water 

coatamed   in  the  upper  vessel,  having  spouted  out* 

the  pipe  Ali.     T\\&  height  of  the  water 

^  n  the  basin  VAW,  to  the  surface  of  the 

crater  iQ  ihe  lower  vessel  OPQR»  is  always  equal   to 

the  height  measured  from  the  top  of  the  jet  to  the  sur* 

of  the  water  m  the  vessel   KLMN.     Now,  since 

surface  £  e  \n  always  falling,  and  the  water  in  the 

lower  vessel  always  ristni^*  the  height  of  the  jet  must 

cootiaually  decrease*  till  it  is  shorter  by  the  depth  of 

KLMN»  which  is  empty,  added  to  the  depth  of  OPQR, 

which  is  always  tilling;  and   when  the  jet  is  fallen  so 

bw,  it  immediately  ceases  to  play. 

XV  n,  I ni gating  engine. 

This  m;icltine  is  designed  to  raise  water  to  a  great 
y^hf,  for  the  irrigation  of  land,  in  such  situations*  as 
\mt  the  advantage  of  a  small  fall.  Its  principle  is 
wsarl?  the  Eanae  as  the  fountain  above  described,  being 
u  fofbw& : 

In  (fig.  50)»  a  b  represents  the  stream  of  water ;  6,  c,  c, 

the  water  fall,  supposed  to  be  10  feet;  rf,  r,  are  two 

leftden  or  iron  vessels,  contaiDing  a  certain  quantity  of 

Witer,  which  may  be  computed  to  be  about  four  gallon:^ 

/*  gy  ffy  h  A,  /,  are  leaden  vessels,  each  holding 

two  cjuart^  I  ***  Pt  two  cocks,  each  of  which  passes 

igh  two  pipes,  opening  the  one  and  shutting  the 

other  ;  q  r,  is  a  water  balance,  moving  on  its  centre  * ; 

and  by  which  the  two  cocks  o,/j,  are  alteniaicly  turned  ; 

t  u^  and  w  x,  are  two  air  pipes  of  lead,  both  internally 

one  inch  and  a  quarter  in  diameter;  and  1/2;  1^  z; 

jf  :>  are  water  pipes,  each  one  inch  in  diameter. 

The  pipe  6  c  c,  is  always  full  from  the  stream  a  b  ; 
the  imall  cisterns  g^  i,  /,  and  tlie  huge  one  d^  are  sup- 

Cd  to  have  been  previously  filled  with  water.  The 
may  then  be  admitted  (by  turning  the  cock  0) 
through  the  pipe  c  e,  into  the  large  cistern  t.  This 
«ir  will  press  the  air  contained  in  the  cistern  e  up 
the  air  pipe  w  j,  atid  will  force  the  fluid  out  of  the 
Ctttcms  g,  1,  A,  into  those  marked  A,  k,  C.  At  the 
^ajae  time,  by  opening  B,  the  water  and  condensed  air, 
which  previously  existed  in  the  large  cistern  r/,  and  in 
the  smaller  ones  marked  /,  A,  A,  will  be  discharged  at 
B.  After  a  short  time  the  water  balance  q  r^  will 
^  the  cocks,  and  exclude  the  water,  while  it  opens 
^  opposite  ones ;  the  cisterns  /,  //,  k,  are  emptied 
»tt  their  tunis  by  the  condensed  air  from  the  cistern  r/, 
>»  the  water  progressively  enters  the  latter  from  the 
Npe*c. 

Xvni.  The  Chctnnilz  fountaiti,  or  Hungarian  tmchint, 
1.  The  Chemnitz  fountain  is  represented  in  (fig.  51), 
*h«re  A  shows  the  source  of  water  elevated  13f5 
feet  above  the  mouth  of  the  pit.  From  this  there  runs 
«otn  a  pipe  A  6,  of  4  inches  diameter,  which  enters 
the  top  of  a  copper  cylinder  B,  8^  feet  high,  5  feet  in 
diameter,  and  *2  inches  thick,  and  reaches  within  4 
inches  of  the  bottom. 

This  cybnder  has  a  cock  at /',  and  a  very  large  one 
*f  <".  From  its  top  proceeds  a  pi[>e  hh^  %  inches  in 
•iiaineter,  which  goes  96  feet  aown  the  pit,  and  is 


inserted  into  the  top  of  another  brass  cylinder  C,  which  H^timuiici, 
is  6 1  feet  high,  4  hei  diameter,  and  2  inches  thick ;  v-^*v-^^ 
the   latter  containing  alxmt  83  cubic  feet,  which   is  HungariaK 
nearly  one-half  of  the  capacity  of  the  former,  viz.  170  "i^ch^ie- 
cubic  feet.     There  is  another  pipe  n   /r,  of  4  inches 
diameter,    which     rises    within     4   inches   from    the 
bottom  of  this  lower  cylinder,  is  soldered  into  its  top, 
and  rises  to  the   trough  which  carries  off  the  water 
from  the  mouth  of  the  pit.     This  lower  cylinder  com- 
municates   at   the  bottom  with   the   water   L,  whicli 
collects  in  the  driiins  of  the  mines,     A  large  cock,  A', 
sei*ves  to  admit  this  water;  another  cock,  w,  at  the 
top  of  this  cylinder  communicates  with  the  external  air. 

Now,  suppose  the  cock  C  shut,  and  all  the  rest 
open  ;  the  upper  cylinder  will  contain  air,  and  the 
lower  will  be  tilled  with  water,  becaustC  it  is  sunk  so 
deep  that  its  top  is  below  the  surface  of  the  mine 
waters^  Shut  the  cocks  e  J\  g  t",  m  k,  and  open  the 
cock  C ;  the  water  of  the  source  A,  must  run  in  by  the 
pipe  h  b,  and  rise  in  the  upper  cylinder,  compressing 
the  air  above  it,  and  along  the  pipe  hk\  and  thus  act- 
ing  on  the  surface  of  the  water  m  the  lower  cylinder. 
It  will,  therefore,  cause  it  10  rise  gradually  in  the  pipe 
nn,  where  it  will  always  be  of  such  a  height  that  its 
weight  balances  the  elasticity  of  the  compressed  air- 
Suppose  no  issue  given  to  the  air  in  the  upper  cylinder, 
it  would  be  compressed  with  one-fifth  of  its  bulk  by  the 
column  !36  feet  high.  For,  a  column  of  34  feet  nearly 
balances  the  ordinftry  elasticity  of  the  air;  therefore, 
when  there  is  an  issue  given  to  it  through  the  pipe 
h  h^  it  will  drive  the  compressed  air  along  this  pipe, 
and  expel  the  water  from  the  lower  cylinder.  \Vhea 
the  upper  cylinder  is  full  of  water,  there  will  be  34 
feet  of  water  expelled  from  the  lower  cylinder*  If  the 
pipe  n  n  had  been  more  than  !  36  feet  long»  the  water 
would  have  risen  \\l^  feet,  being  then  in  cquilibrio  with 
the  water  in  the  feeding  pipe  b  b,  by  the  intervention 
of  the  elasticity  of  the  air ;  but  no  more  water  wouki 
have  been  expelled  from  the  lower  cylinder  than  what 
fills  this  pipe.  But  the  pip«*  being  only  96  feet  high, 
the  water  will  be  thrown  out  at  O  with  a  considerable 
velocity. 

If  it  were  not  for  the  great  obstruction  which  wafer  and 
air  must  meet  with  in  their  passage  along  pipes,  the  water 
would  issue  at  O  with  a  velocity  of  more  than  50  feet 
per  second.  Its  actual  issuing  velocity  is,  however, 
much  less  than  this ;  and  at  last  the  upper  cylinder 
being  lull  of  water,  the  water  would  enter  the  pipe  h  h^ 
and  the  lower  cylinder,  and,  without  displacing  the  air 
in  it,  would  rise  through  the  discharging  pipe  11 0,  and 
run  off  to  waste.  To  prevent  this,  there  hangs  in  the 
pipe  h  /r,  at  its  orifice,  a  cork  ball,  or  double  cone,  by  a 
brass  wire,  which  is  guided  by  boles  in  two  cross 
pieces  in  that  pipe. 

When  the  upper  cylinder  is  filled  with  water,  the 
cork  ball  plugs  up  the  orifice  /i,  and  no  water  is  wasted; 
the  influx  from  b  b  now  stops.  But  the  lower  cylinder 
contains  compressed  air,  which  would  balance  the 
water  in  a  discharging  pipe  136  feet  high,  whereas  ti  n 
is  only  96  feet.  Therefore,  the  water  will  continue  to 
flow  at  O  till  the  air  is  so  for  expended  as  to  balance 
only  96  feet  of  water,  that  is,  till  it  occupies  only 
half  of  its  ordinary  bulk,  or  one-fourth  of  the  capacity 
of  the  upper  cybnder,  or  A1\  cubic  feet ;  therefore,  424 
cubic  feet  will  be  expelled,  and  tlie  efflux  at  O  will 
cease,  the  lower  cylinder  being  about  half  full  of  water. 
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2.  When  the  attending  workman  observes  this,  he 
shuts  the  cock  c;   at  the  same  time  the  cock  e  is 

'  opened,  and  the  water  issues  with  great  violence,  being 
pressed  by  the  condensed  air  in  the  lower  cylinder ; 
and  it  therefore  issues  with  the  sum  of  its  own  weight 
and  this  compression.  These  gradually  decrease  to- 
gether by  the  efflux  of  the  water  and  the  expansion  of 
the  air ;  but  the  efflux  stops  before  all  the  water  has 
flowed  out,  because  there  are  42^  foet  of  the  lower 
cylinder  occupied  by  air.  This  quantity  of  water, 
therefore,  nearly,  remains  in  the  upper  cylinder.  The 
workmen  know  this,  because  the  discharged  water  is 
received  first  into  a  vessel  of  three-fourths  the  capacity 
of  the  upper  cylinder.  Whenever  this  is  filled,  the 
attendant  opens  the  cock  A:,  by  a  long  rod,  which  goes 
down  the  shaft ;  this  allows  the  water  of  the  mine  to 
fill  the  lower  cylinder,  and  the  air  to  get  into  the 
upper  one,  which  permits  the  remaining  water  to  run 
out  of  it  Thus  every  thing  is  brought  into  its  first 
condition ;  and  when  the  attendant  sees  no  more  water 
coming  out  at  d,  he  shuts  the  cocks  «,  m,  and  opens 
the  cock  c,  and  the  operation  is  repeated. 

3.  There  is  a  very  surprising  appearance  in  the  working 
of  this  engine.  When  the  efflux  O  has  stopped,  if  the 
cock  f  be  opened,  the  water  and  air  rush  out  together 
with  prodigious  violence,  and  the  drops  of  water  are 
changed  into  hail  or  lumps  of  ice.  It  is  a  sight 
usually  shown  to  strangers,  who  are  desired  to  hold 
their  hats  to  receive  the  blasts  of  air ;  the  ice  is  said 
to  come  out  frequently  with  such  violence  as  to  pierce 
the  hat  like  a  pistol  bullet.  This  rapid  congelation  is 
a  remarkable  instance  of  the  general  fact,  that  air,  by 
suddenly  expanding,  generates  cold,  in  consequence 
of  its  capacity  for  heat  being  increased. 

The  above  account  of  the  procedure  in  working 
this  machine,  shows  that  the  efflux  both  at  O  and  d 
becomes  very  slow  near  the  end.  It  is  therefore  found 
convenient  not  to  wait  for  the  complete  discharges, 
but  to  turn  the  cocks  when  about  30  cubic  feet  of 
water  have  been  discharged  at  O ;  more  work  being 
eft'ected  in  this  way  than  by  waiting  for  the  complete 
evacuation.  A  gentleman  of  great  accuracy  and  know- 
ledge of  these  subjects  made  particular  observation  of  the 
performance  of  this  machine.  He  remarked  that  each 
stroke,  as  it  may  be  called,  occupied  about  3  minutes 
7  k  seconds,  and  that  32  cubic  feet  of  water  were  dis- 
c(iarged  at  O,  and  66  feet  expended  at  d.  The  expcnce, 
therefore,  is  66  feet  of  water  falling  136  feet,  and  the 
performance  is  32  feet  raised  96  feet ;  the  proportion 
being  as 

66  X  136  to  32  x  96,  or  as  1  to  -3422; 
that  is,  nearly  as  3  to  1. 

This  is  equal  to  the  performance  of  the  most  perfect 
undershot  mill,  even  when  friction  and  all  irregular  ob- 
structions are  neglected,  and  is  not  much  inferior  to 
any  overshot  pump  mill  that  has  yet  been  erected. 
When  we  reflect  on  the  great  obstructions  that  water 
meets  with  in  its  passage  through  long  pipes,  we  may 
be  assured  that,  by  doubling  the  size  of  the  feeder  and 
the  discharger,  the  performance  of  the  machine  will  be 
greatly  improved ;  we  do  not  hesitate  to  say,  that  it 
would  be  increased  at  least  by  one-third.  It  is  true 
that  it  will  expend  more  water ;  but  this  will  not  be 
nearly  in  the  same  proportion ;  for  most  of  the  de- 
ficiency of  the  machine  arises  from  the  needless  velocity 
of  the  first  efflux  from  O.    The  discharging  pipe  ought 


to  be  110  feet  high,  and  not  give  sensibly  less 
Again,  it  ought  to  be  considered  how  much  : 
in  the  first  expence  this  simple  machine  must  b 
mill  of  any  kind,  which  would  raise  10  cubic  i 
feet  high  in  a  minute,  and  how  small  the  repaii 
need  be  in  comparison  with  those  of  a  mill.  L4 
machine  of  this  kind  may  be  erected  where  i 
whatever  can  be  put  in  motion.  A  small  sti 
water,  which  would  not  move  any  kind  of  whe 
here  raise  one-third  of  its  own  quantity  to  th 
height,  working  as  fast  as  it  is  supplied. 

For  these  reasons,  we  think  this  engine  hig 
serving  the  attention  of  mathematicians  and  enf 
to  bring  it  to  its  utmost  perfection,  and  into 
use.  There  are  situations  where  it  may  be  < 
ingly  useful.  Thus,  where  the  tide  rises  1 
it  may  be  employed  for  compressing  air  to 
eighths  of  its  bulk ;  and  a  pipe  leading  from 
large  vessel,  inverted  in  it,  may  be  used  for 
water  in  a  vessel  of  one-eighth  of  its  capacity 
high ;  or,  if  this  vessel  have  only  one-tenth  of 
pacity  of  the  large  one  set  in  the  tide  way,  tw 
may  be  led  from  it ;  one  into  the  smaller  vess 
tlie  other  into  an  equal  vessel  16  feet  higher, 
receives  the  water  from  the  first.  Thus,  one-ai 
of  the  water  may  be  raised  34  feet,  and  a 
quantity  to  a  still  greater  height,  and  this  with 
of  power  that  can  hardly  be  employed  in  an 
way.  Machines  of  this  kind  are  described  by  Sc 
Sturmius,  Leupold,  and  other  writers,  and  the 
not  to  be  forgotten,  because  opportunities  may 
of  making  them  highly  benendal.  Gregory 
chanics,  vol.  ii. 

XIX.  BoswelTs  apparatus  intended  to  be  applied 
aboxe,  or  any  similar  engine. 

In  the  above  account  we  have  seen  that  att< 
are  constantly  employed  to  turn  the  cocks, 
ivatch  the  motion  of  Uie  machine,  as  was  usua 
working  of  the  first  steam  engines  :  the  follow 
paratus  invented  by  Mr.  Boswell,  is  intended  ti 
the  engine  perform  all  these  operations  for  ]ts< 
has  the  advantage  of  greater  regularity  than  ca 
monly  be  expected  from  a  labourer  or  workman. 

The  means  which  are  emploved  for  effecting  i 
indicated  in  (fig.  62),  where  tte  parts  commor 
two  machines  are  marked  with  the  same  letter 
the  former  figure.  By  a  comparison,  therefore, 
two  figures,  we  easily  distinguish  the  source 
basin  L,  of  water  to  be  raised,  the  two  recei 
cylinders  B  and  C,  the  tubes  bb,  dd^  h  h,nn^^ 
upper  cocks  c,  fr^  e,  and  the  lower  cock  Ir,  in  t 
figure,  replaced  by  the  valve  i(r  in  the  second. 

The  principal  addition  is  a  vessel  V,  open 
which  receives,  by  means  of  the  tube  b  b  o  i^\ 
tion  of  water  from  tlie  source,  designed  to  op 
shut  the  cocks. 

The  receiver  C,  which  in  the  first  machine  co; 
catcs  with  the  water  to  be  raised  only  by  the 
(fig.  61),  is,  in  (fig;,  62),  entirely  plunged  into  th< 
and  is  filled  by  an  orifice  supplied  with  a  \ 
which  opens  downwards. 

The  vessel  V  is  filled  by  the  tube  o  ^  X ;  the  t 
a  cock  X,  which  opens  and  shuts  alternately,  and 
0,  always  open,  which  serves  to  regulate  the  ex] 
water.    The  two  cocks  X  and  c,  connected  by  t 
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£|^'  open  aiid  shut  at  the  same  time,  by  the  action  of  the 
K^n^two  weights  ir  and  R,  the  one  constant,  the  other 
^^uiable*  R  is  a  vessel  that  is  filled  by  means  of  the 
^hon  1 1,  which,  inserted  into  the  upper  vessel  V, 
^(charges  itself  at  x  into  a  lower  vessel  S :  this  last 
Vessel  conrununicates  by  means  of  a  cock  e,  and  opens 
^  cock  when  it  descends  ;  it  is  then  discharged  by  a 
9Qck  jf,  which  can  be  more  or  less  open  to  regulate  the 
^scharge. 

In  (fig.  51)  the  upper  cock  g  is  above  the  great 
'receiver  B,  but  in  (fig.  52),  the  extremity  g,  of  the  tube 
^  ^  is  below  B,  and  is  shut  by  a  valve  which  rises  or 
failj  by  means  of  the  float  F,  which  serves  for  its  sup- 
port. 

Jo  the  first  figure  also,  the  ascending  tube  n  nO  has 
no  vaJve,  in  the  second  there  is  one  placed  at  z,  which 
opens  upwards,  and  the  object  of  which  is  to  retain  the 
w^ter  of  the  column  O  n  yi. 

The  above  being  understood,  the  following  is  the 

opera. tion  of  the  machine. 

wioQ        2.     Let  us  suppose  the  great  receiver  B  filled  with  air, 

•  and  thdi  the  cock  e  placed  below  it  is  open  ;  the  weight 

**•       of  tlie  water  to  be  raised,  of  which  tlie  level  is  LL, 

opexftathe  valve  k,  the  receiver  C  is  filled,  the  air  which 

it oontained  escapes  by  the  tube  k  kg,  and  passes  out 

^^ugh  the  cock  e.    Now  shut  this  cock,  the  weight  x 

win  dcsoend ;  the  valves  X  and  c  open,  and  the  water 

^  the  reservoir  A  will  issue  at  the  same  time  through 

J*ie  orifice  ^,  and  fill  the  vessel  V,  and  by  the  extremity 

^!  of  the  tube  b  b,  will  fill  the  great  receiver  B.     The 

^^  of  this  receiver  presses  the  water  contained  in  the 

'y^iver  C,  and  forces  it  to  open  the  valve  2,  the  water 

5^*^  to  the  level  n  O.    Now  the  vessel  V  and  cylinder 

:?  «enig  full  of  water,  the  float  F  shuts  the  orifice  g  of 

^^  tube  k  k,  and  the  water  of  the  vessel  V  descends 

J.  <^  th^  siphon^  ty  into  the  vessel  R,  and  shuts  the  cocks 

^^^*^  e.    By  means  of  the  siphon  x^  the  water  of  the 

^^*<^ei  R  falls  into  the  vessel  S,  which  descends  at  the 

^^^*^«   time  as  the  vessel  R,  and  turns  the  cock  e ;  and 

^p^J^lj   the  open  cock  y  discharges   the  superfluous 

j^^^^T  beyond  what  is  necessary  to  preserve  to  S  such . 

^^^^xoess  of  weight  as  is  sufficient  to  keep  open  the 

|V  ^^bile  the  water  of  the  great  receiver  B  runs  through 
r^^  Orifice  of  the  tube  d  c/,  the  valve  ;»,  furessed  by  toe 
•J^*^UQa  of  water  z  n  shuts  itself.  The  air  compressed 
^^^  the.  tube  k  A,  dilates,  pressing,  notwithstanding,  the 
Jm^^ter  of  the  receiver  B,  and  accelerates  its  discharge 
!*^^oiig^  th^  tube  d  d.  At  the  same  time  the  valve  k 
^Jt^^itt,  and  the  receiver  C  is  filled  with  water  from  the 
^^•Krvoir  .  UL  The  receiver  B,  and  the  vessel  V, . 
^I^"^  emptied  at  the .  same  tiii^e,  while  the  siphon  t  t 
^^^Hithes  more  water  to  the  vessel  R ;  this  vessel,  and 
^^^]^^  lower  one  S,  losing  thus  the  excess  of  the  weight, 


^bich  caused  the  cocks  X  and  c  to  shut,  the  counter 
^^^ight  T  re-descends,  and  opens  again  the  cocks;  the 
^^^civers  B  and  V  being  then  replenished,  the  same 
^^^^t»  will  be  repeated.  See  Mr.  BoswelFs  account  of 
^^^  improvement,  in  Nicholson's  Journal,  4to.  vol.  i. 
'^^^  alio  Hachette's  Traite  Elementaire  des  Machines. 

XX.   Of  the  centrifugal  pump. 

^  -  The  centrifugal  pump  is  a  very  curious  machine,  in- 

^^***^d  by  Mr.  Erskine,  for  raising  water  by  means  of 

^    ^^Utrinigal  force  combined  with   the   atmospheric 

P*^**nre.    It  consists  of  a  hu-ge  tube  of  copper,  in  the 

^^X.  III. 


form  of  a  cross,  which  is  placed  perpendicularly  in  the  ii^drnulM-^ 
water,  and  rests  at  the  bottom  on  a  piwt.  At  the  v^-rv-^i^ 
upper  part  of  the  tube  is  a  horizontal  cog  wheel,  which 
touches  the  cogs  of  anotlicr  wheel  in  a  vertical  position, 
so  that,  by  help  of  a  double  winch,  the  whole  machine  is 
moved  round  with  great  velocity.  Near  the  bottom  of 
the  perpendicular  part  of  the  tube  is  a  valve,  opening 
upwards ;  and  near  the  two  extremities,  but  on  tlie 
contrary  sides  of  the  arms  or  cross  part  of  the  engine 
are  two  other  valves,  opening  outwards.  These  two 
valves  are,  by  the  assistance  of  springs,  kept  shut  till 
the  machine  is  put  in  motion,  when  the  centrifugal 
velocity  of  the  water  forces  them  open,  and  discharges 
itself  into  a  cistern  or  reservoir  placed  there  for  that 
purpose.  On  the  upper  part  of  the  arms  are  two  holes, 
which  are  closed  by  pieces  screwed  into  the  metal  of 
the  tube.  Before  the  machine  can  work,  those  holes 
must  be  opened,  and  water  poured  in  through  them, 
till  the  whole  tube  is  filled  ;  by  this  means  all  the  air 
will  be  forced  out  of  the  machine,  and  the  water  sup- 
ported in  the  tube  by  means  of  the  valve  at  the  bottom. 

The  tube  being  thus  filled  with  water,  and  the  hole  y\»  ^j. 
closed  by  the  screw-caps,  it  is  turned  round  by  means 
of  the  wmch ;  when  the  water  in  the  arms,  or  cross 
part,  acquires  a  centrifugal  force,  opens  the  valves 
above  mentioned,  and  flies  out  with  a  velocity  nearly 
equal  to  that  of  the  extremities  of  the  said  arms.  (See 
fig.  53.) 

The  theory  of  this  machine  will  be  found  under  the 
section  Pumps,  in  our  treatise  on  Pneumatics. 

Machines  whose  operations  depend  upon  the  momentum  of 
•water. 


XXI.  Whitchursfs  machine. 

1 .  The  momentum  of  water  flowing  tlirough  a  long  pipe  \Miifc- 
seems  first  to  have  been  employed  for  the  purpose  of,**""*'.' 
raising  small  quantities  of  water  to  great  heights,  by.™**^^""®' 
Mr.  Whitehurst,  and  described  by  him  in  the  volume, 
of  the  Philosophical  Transactions  for  1775.     It  has 
since  been  carried  to  a  great  degree  of  perfection  by 
Montgolfier,  so  well  known  in  the  history  of  philosophy 
in  general,  and  in  that  of  aeronautics  in  particular. 
The  machine  is  denominated,  by  Montgolfier,  the  ht^ 
draulic  ram ;  under  which  name  it  is  described  in  the 
following  article. 

The  principle  of  Mr.  Whitehurst  s  construction  will  pig.  54. 
be  immediately  comprehended  by  referring  to  (fig.  54) ; 
in  which  A  represents  the  spring  or  original  reservoir, 
its  u{Mper  suiface  corresponding  with  the  horizontal 
line  Be,  and  with  the  bottom  of  the  reservoir  K.  I)  is 
the  main  pipe^  an  inch  and  a  half  in  diameter,  and 
nearly  200  yards  in  length ;  E  is  a  branch  pipe,  which, 
in  the  particular  construction  described  by  the  author, 
was  of  the  same  diameter,  and  intended  for  the  service 
of  the  kitchen  and  offices,  situated  at  least  18  or  20 
feet  below  the  surface  of  the  reservoir  A ;  and  the  cock 
F  was  about  16  feet  below  the  same.  G  represents  a 
valve  box,  g  the  valve,  H  an  air  vessel,  00  the  ends 
of  the  main  pipe  inserted  into  H,  and  bending  down- 
wards, to  prevent  the  air  from  being  driven  out  when 
the  water  is  forced  into  it;  W  the  surface  of  the  water. 

Now  water  discharged  from  an  aperture  under  a 

pressure  of  16  feet,  will  be  projected  with  a  velocity  of 

32  feet  per  second ;  therefore,  such  will  be  the  velocity 

of  the  water  from  the  cock  F :  consequently^  when  a 

2  p 
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Hydrody-  column  of  water  200  yards  in  length  is  thus  put  into 
motion,  and  suddenly  stopped  by  the  cock  F,  its  mo- 
'  mentum  will  open  the  valve  g,  and  condense  the  air  in 
H,  as  often  as  water  is  drawn  from  F,  and  the  elastic 
force  of  the  air  will  raise  the  water  to  any  required 
height  K. 

The  reader  will  perceive  immediately,  by  a  compari- 
son of  the  above  machine  with  the  following  one,  that 
the  principle  of  operation  is  exactly  the  same;  the 
hydraulic  ram  is  doubtless  a  great  improvement,  but 
we  cannot  consider  it  in  the  light  of  a  new  machine. 

XXII.  HydrauKc  ram. 

Hydraulic         1.  The  water  proceeding  from  any  source  is  supposed 
^'  to  enter  the  tube  at  B  ifig,  55)  with  the  velocity  due 

Fig.  55.  ^  ^jjg  height  of  the  fall,  and  to  escape,  unless  pre- 
vented at  Uie  orifice  C ;  which  orifice  may  be  shut  or 
opened  at  pleasure  by  means  of  a  valve. 

A  reservoir  of  air,  F,  is  united  by  a  small  cylinder 
ahcdy  to  the  conduit  tube  BD ;  in  the  middle  of  the 
bottom  of  the  receiver  F  is  a  circular  orifice,  to  which 
18  adapted  a  small  cylindrical  support,  of  which  the 
extremity  £  is  furnished  with  a  valve ;  s  is  another 
valve  designed  to  supply  with  air  the  reservoir  F,  and 
the  space  m  n,  which  is  comprised  between  the  adjutage 
abed  and  the  cylindrical  support.  GH  is  a  tube  of 
ascension  rising  from  the  point  G  of  the  reservoir. 

The  tube  BD,  through  which  the  water  runs,  is 
called  the  body  of  the  ram ;  the  tube  GH,  through  which 
the  water  is  raised,  is  called  the  tube  of  ascension;  the 
two  valves  which  shut  the  orifices  C  and  E,  receive 
respectively  the  denominations  of  the  stoppage  valve, 
and  the  ascension  valve.  These  valves  are  hollow 
globes,  represented  at  D  and  e,  the  thickness  of  the 
metal  being  such  that  they  may  not  weigh  more  than 
double  the  weight  of  water  which  they  displace.  The 
extremity  of  the  body  of  the  ram  C,  and  the  reservoir  E, 
form  together  what  is  called  the  head  of  the  ram. 
Operation  2.  The  above  construction  being  understood,  the  ope- 
of  the  ram.  ration  is  as  follows :  The  water  running  through  the 
orifice  C,  with  a  velocity  due  to  the  height  of  the  fall, 
forces  the  spherical  ball  or  valve  D  out  of  its  muzzle 
or  bed,  and  raises  it  to  the  orifice  C,  which  it  immedi- 
ately stops ;  when  the  water  rushing  against  the  other 
valve  e,  it  rises  against  the  orifice  E  of  the  reservoir  of 
air  F.  The  water  is  thus  introduced  into  this  reservoir, 
and  into  the  tube  of  ascension  GH  ;  finally,  the  ball  e, 
losing  the  velocity  communicated  to  it  by  the  stopping 
of  the  orifice  C,  descends,  as  well  as  the  ball  D,  by 
its  own  weight  into  their  first  positions;  the  water 
begins  running  'again  at  the  orifice  C ;  the  ball  D  is 
again  elevated  and  closes  that  orifice  anew ;  and  thus 
the  efiects  are  continually  repeated,  in  times,  which, 
for  the  same  ram,  and  the  same  current,  are  sensibly 
equal. 

The  effect  is  produced  during  the  stoppage  of  the 
orifice  C;  that  is,  it  commences  when  the  valve  D 
meets  the  orifice,  and  ceases  when  it  returns  to  its  first 
position ;  in  this  time  four  distinct  periods  or  intervals 
may  be  traced.  In  the  first  the  water  is  running  through 
the  orifice  C  with  the  velocity  due  to  the  fall,  and  that 
orifice  is  closed ;  in  the  second,  which  is  much  shorter 
than  the  first,  the  compression  of  the  air  is  effected ;  in 
the  third,  the  ascension  valve  is  opened,  the  air  in  the 
reservoir  is  compressed,  the  water  rises  in  the  ascend- 


ing tube  G,  the  ascension  valve  e  is  shut,  as  is  likewise  Uydn 
the  valve  D ;  in  the  fourth,  the  air  and  metal  com*  v^tn 
pressed  in  the  second  interval  re-acts,  the  valve  D  de- 
scends from  the  orifice,  and  the  velocity  of  the  water 
recommences,  and  reproduces  the  like  effects. 

We  have  only  spoken  above  of  one  kind  of  ram ; 
but  the  same  principles  arc  susceptible  of  very  extensive 
application:  thus,  for  example,  it  would  be  easy  to 
raise  other  water,  besides  that  which  runs  through  the 
ram,  as  the  water  in  mines,  pits,  &c. 

3.  To  judge  of  the  merits  of  any  hydraulic  engine,  we  'E»^m 
must  consider  its  produce,  the  expence  of  its  erection,  ®^'^  I 
and  that  of  keeping  it  in  repair.  Now,  in  every  hy- 
draulic engine  the  force  expended  is  the  product  of  tne 
water  which  comes  from  its  source,  multiplied  by  the 
height  it  falls  through  before  it  acts  on  the  macnine; 
the  produce  being  the  quantity  of  water  raised  in  the 
same  time,  multiplied  by  the  height  to  which  it  is  ele- 
vated. Applying  these  principles  to  the  hydraulic  ram, 
it  appears  from  an  experiment  made  upon  one  at  the 
Polytechnic  school,  in  France,  that  the  expence  was 
to  the  produce  as  100  to  45. 

The  height  of  the  fall  was  1*82  metre,  that  of  the 
ascending  pipe  1 1  *66  metres,  the  tube  of  the  vertical 
or  active  column  *054  metre  in  diameter,  being  fixed 
at  the  bottom  of  an  oval-shaped  vessel :  the  horizontal 
or  passive  column  also  -054  metre  in  diameter ;  the 
ascending  tube  of  tin  *002  metre  interior  diameter, 
and  11-66  metres  elevation;  the  total  leng^  32*66 
metres. 

The  discharging  valve  closed  from  40  to  42  times 
per  minute,  and  the  water  which  fell^'in  10  minutes  was 
493*7  litres ;  that  which  was  raised  up  the  ascending 
tube  in  the  same  time  51*8  litres;  from  which  data 
the  ratio  above  stated  is  obtained. 

In  another  hydraulic  ram,  placed  by  Mont^lfier  in 
his  garden,  the  fall  which  was  procured  artificially  was 
7^  feet ;  the  height  to  which  the  water  was  raised,  50 
feet;  the  diameter  of  the  tubes,  2  inches;  the  water 
expended  in  four  minutes  was  315  litres,  that  elevated, 
30  litres;  hence,  the  expence  or  force  employed  is 
7^  X  315  =  2362;  the  useful  force  50  x  30  = 
1500,  which  give  the  ratio  of  100  to  64. 

In  another  experiment  made  upon  a  ram  at  Avilly, 
near  Senlis,  by  M.  Turquet,  bleacher,  the  expence  was 
found  to  be  to  the  produce  as  100  to  62.  In  an  ex- 
periment on  a  fourth  machine,  in  which  the  passive 
column  was  10*4  metres  in  length,  and  the  height  of  the 
ascending  pipe  nearly  seven  times  that  of  the  head  of 
water,  the  discharging  valve  closed  104  times  in  a 
minute,  and  the  expence  was  to  the  produce  as  100 
to  57.  Taking  the  mean  of  these  experiments,  the 
expence  will  be  to  the  produce  as  100  to  57 ;  so  that 
an  hydraulic  ram,  placed  not  in  unfavourable  circum- 
stances, and  executed  with  care,  may  be  said  to  employ 
usefully  at  least  half  its  force. 

XXIII.  Improved  hydraulic  ram, 

1.  A  considerable  alteration  and  improvement  has  been  Impivi 
made  in  the  original  ram  of  Montgolfier,  by  his  son,  ^y^ 
who  has  taken  out  a  patent  for  his  construction  in  this  ™^ 
country ;  the  operation  is  more  effective  than  in  that 
of  his  father,  amounting  to  about  84  per  cent. ;  at  the 
same  time  the  length  of  the  tube  is  much  less  than  in 
the  former  machine. 

These  improvements  consist,  first,  in  the  addition  of  a 
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Il>aroily-  pressure  of  the  column  of  water  in  the  ascending  pipe, 
KniAlc*.     and  by  degrees  the  air  will  force  all  the  water  which 

^"^'*^^^^*^  was  injected  through  the  flap  valves,  through  the  said 
pipe,  and  cause  that  quantity  of  water  to  issue  from 
the  upper  extremity  of  the  pipe.  The  vis  inertia  of  the 
water,  which  was  in  motion  in  the  ram,  having  ex- 
pended itself  by  forcing  a  portion  of  the  water  into  the 
air  vessel,  and  making  a  still  greater  compression  of 
the  contained  air,  a  recoil  of  the  water  will  take  place 
in  the  body,  arising  from  the  re-action  or  elasticity  of 
the  air  contained  m  the  air  matrass,  as  likewise  of  the 
metal  of  which  the  tube  is  composed.  The  flap  valves 
within  the  vessel  being  now  shut,  prevent  the  return  of 
the  water  which  had  been  forced  into  the  air  vessel, 
and  the  recoil  of  the  water  in  the  body  towards  the 
open  end  causes  a  slight  aspiration,  the  external  stop 
valve  descends  by  its  weight,  and  prevents  the  water 
with  which  it  is  covered  from  entering  through  it ;  but 
the  air  passes  through  the  small  pipe  leading  from  the 
open  air  to  the  annular  space  above-mentioned,  and 
opens  the  snifting  valve,  by  which  means  a  very  small 
quantity  of  air  enters  the  matrass. 

During  the  recoil,  the  internal  stop  valve,  having 
nothing  to  sustain  it,  falls  by  its  own  weight  and  opens 
the  passage ;  and  as  soon  as  the  force  of  the  recoil  has 
expended  itself  in  acting  against  the  column  of  water 
contained  in  the  reservoir  in  the  body  of  the  machine, 
the  water  begins  again  to  flow  in  its  original  direction, 
and  repeats  the  action  above  described. 

XXIV.  Of  the  ram  siphon. 

Ram  1.  When  water  is  made  to  pass  from  any  source  to  a 

liphon.  lower  place,  by  means  of  a  common  siphon,  the  co- 
lumn of  water  which  fills  the  interior  of  the  tube 
remains  continuous ;  but  if  the  highest  point  of  the 
siphon  communicate  with  the  exterior  air,  the  column 
will  immediately  separate  into  two  columns,  and  be 
discharged  at  each  extremity  of  the  machine.  The  in- 
tention of  the  ram  siphon,  however,  is  to  procure  a 
discharge  from  the  higher  point,  without  the  conse- 
quences above  alluded  to.  The  following  construction 
is  due  to  M.  Hachette,  of  the  Polytechnic  school,  and 
is  described  by  him  in  his  "  Traitfe  des  Machines." 
Fig.  56.  Let  ALCR  (fig.  56)  represent  the  siphon  which  is  to 

carry  the  water  from  A  to  R ;  on  the  branch  RB  is 
placed  the  head  of  the  ram,  with  two  valves  C  and  E, 
of  discharge  and  ascension,  and  a  reservoir  of  air  F ; 
a  cock  is  placed  at  R,  and  a  valve  at  K,  which  opens 
and  shuts  by  means  of  a  lever,  of  which  the  extremity 
is  fixed  at  L,  when  the  valve  is  open.  In  order  to 
charge  the  siphon,  the  cock  R  is  shut,  as  also  the 
valve  K,  and  water  is  poured  into  the  tube  D ;  the  air 
escaping  through  the  same  adjutage,  firom  the  vertical 
and  horizontal  branches  of  the  siphon.  Ailer  having 
shut  the  orifice  D,  the  cock  R  and  the  valve  K  are 
opened ;  the  water  which  runs  through  the  siphon  from 
A  to  R,  shuts  the  valve  C,  opens  the  ascension  valve 
£,  and  escapes  from  M  in  a  jet,  or  is  raised  in  a  tube 
of  ascension. 


The 
Dimaide. 


XXV.    Of  the  Danaide. 

1 .  The  Danaide,  a  new  hydraulic  machine,  invented  by 
M.  Mannoury  Dectot,  is  thus  described  by  MM.  Prony 
and  Carnot,  in  their  report  to  the  French  Institute. 

The  model  by  which  this  machinist  exhibited  his 
experiments,  consists  principally  of    a  trough,   the 


bottom  of  which  has  a  hole  in  its  centre :  it  is  cylindrical,  Hv 
nearly  as  high  as  it  is  broad,  and  made  of  tin  plate,  v^ 
It  is  fixed  to  a  vertical  axis  of  iron,  which  passes  througli 
the  middle  of  the  hole  in  the  bottom,  leaving  a  vacant 
space  all  round,  through  which  water  escapes  as  it 
flows  into  the  trough  (from  above);  this  axis  turns  with 
the  trough  upon  a  pivot,  and  is  fixed  above  to  a  collar. 
The  object  of  the  inventor  was,  that  the  water  flowing 
into  the  trough  from  above,  with  a  certain  quantity  of 
vis  rira,  should  communicate  the  whole  of  it  to  the 
solid  parts  of  the  machine,  so  as  to  be  employed  after- 
wards in  the  producing  some  useful  eftects,  always 
excepting  the  small  quantity  of  force  necessary  to 
enable  the  water  to  escape  by  the  orifice  below.  iTxis 
object  he  thus  obtains :  within  the  trough  there  is 
affixed  to  the  axis  a  drum,  likewise,  of  tin  plate,  con- 
centric with  the  trough,  and  close  above  and  below. 
This  drum,  which  turns  round  with  the  trough,  occupies 
nearly  the  whole  of  its  capacity ;  the  space  between 
the  two  not  exceeding  an  inch  and  a  half.  A  simHar 
space  exists  also  between  the  bottom  of  the  trough 
and  the  drum ;  it  is,  however,  less  than  the  former,  and 
is  divided  into  sc\'eral  compartments  by  diaphragms, 
proceeding  from  the  circumference  to  the  central  hole 
m  the  bottom  of  the  trough.  These  diaphragms  dd 
not  exist  between  the  sides  of  the  drum  and  the 
trough,  and  the  compartments  at  the  bottom  commom- 
cate  with  this  annular  space. 

The  water,  which  comes  from  the  reservoir  above 
by  one  or  two  pipes,  makes  its  way  into  this  annolar 
space  between  the  drum  and  tlie  trough.  The  bottoms 
of  these  pipes  correspond  with  the  level  of  the  ymt/a 
in  the  trough,  and  they  are  directed  horizontally,  as 
tangents  to  the  mean  circumference  between  that  of 
the  trough  and  of  the  drum.  The  force  which  the 
water  has  acquired  by  its  fall  along  the  pipes  causes 
the  machine  to  move  round  its  axis  ;  and  this  motion 
gradually  accelerates  till  the  velocity  of  the  water  m 
the  space  between  the  trough  and  the  drum  equals 
that  of  the  water  from  the  reservoir;  so  that  the 
shock  of  the  water  from  above  upon  that  in  the 
machine  becomes  imperceptible.  Now  this  circular 
motion  communicates  to  the  water  between  the  trough 
and  the  drum  a  centrifugal  force ;  in  consequence  of 
which  it  presses  against  the  sides  of  the  trough.  "The 
centrifugal  force  acts  equally  upon  the  water  contained 
in  the  compartments  at  the  bottom  of  the  trough,  but 
obviously  less  and  less  as  the  water  approaches  thb 
centre.  The  whole  water,  then,  is  actuated  by  two 
forces,  which  oppose  each  other ;  namely,  gp^vity,  and 
the  centrifugal  force.  Tlie  first  tends  to  make  the 
water  run  out  at  the  orifice  at  the  bottom  of  the  trough ; 
the  second  tends  to  drive  the  water  from  that  hole. 
To  these  two  forces  is  joined  a  third,  friction^  which 
here  acts  an  important  and  singular  part,  since  it 
promotes  the  efficacy  of  the  machine,  while  in  other 
machines  it  always  diminishes  that  efficacy.  Here,  on 
the  contrary,  the  effect  would  be  nothing  were  it  not 
for  the  friction,  which  acts  in  a  tangent  to  the  sides  Of 
the  trough  and  drum. 

By  the  combination  of  these  three  forces,  there  must 
result  a  more  or  less  rapid  flow  from  the  orifice  at  the 
bottom  of  the  trough,  and  the  less  force  the  water  hais 
in  its  escape,  the  more  it  will  have  employed  in  moving 
the  machine,  and,  consequently,  in  producing  the  useful 
effect  for  which  it  is  destined.    The  moving  power  is 
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^^  Vhe  weight  of  the  water  running*  in,  multiplied  by  the 

height  of  the  rcser\'oir  from  which  it  flows  above  the 

hottoiu  of  the  trough,  and  the  useful  effect  is  the  same 

product  diminished  by  half  the  force  which  the  water 

stains  when  it  issues  from  the  orifice  below. 

The  reporters  endeavoured  to  ascertain,  by  direct  ex- 
periment, the  amount  of  its  useful  effect.   They  fixed  a 
Cord  to  the  axis  of  the  machine,  which,  by  means  of 
p(i//ey8,  properly  placed,  raised  a  weight  as  the  machine 
turned  round.      The  result  of  repeated  experiments 
was,  that  the  effect  produced  amounted  to  -^5,  and 
#Dnietimes  to  f^^  of  the  moving  cause ;  an  effect  which 
surpasses  that  of  most  hydraulic  machines. 

XXVI.  Hj^draulic  pendulum, 

1  -  This  machine  is  intended  to  produce,  by  the  uni- 
fo'K'wrrM.  discharge  of  a  reservoir  or  source  of  water,  an 
Sk,M  ^-^T*natc  or  vibrating  motion,  whence  it  has  obtained 
"^  J"*  «2    name  of  hydraulic  pendulum. 

Tliere  are  several  constructions  of  this  machine ;  that 

r^^  X^r-csented  in  (fig.  57),  is  due  to  M.  Perrault.     It  con- 

*  *  ^  ts  of  a  cheat  or  cask  ABCD,  moveable  on  two  pivots, 

2^y^^    divided    into    two  parts  by   the   partition    CD. 

"^^^lien  the  bottom  AB  of  this  vessel  is  horizontal,  the 

WW  ^ter  from  the  source  M,  falls  on  C,  the  middle  of  the 

'^^'Stt.Ttition ;  when  the  machine  immediately  becomes  in- 

csB  mned,  the  waterfalls  into  the  part,  such  as  B,  elevated 

Sfc."^>ovc  the  level  of  the  axis;  this  part  of  the  vessel  in- 

^^'■^^tajjes  in  weight  in  proportion  as  it  fills  with  water, 

•*-"«:x<i    when  it  is  full,    the  entire  vessel  turns  on  its  axis, 

^x^d    the  water  from  the  source  falls  in  the  part  AC, 

"^*^liich,  in   consequence  filling  up,  the  weight    again 

^^.^sesitto  oscillate;  and  this  oscillation  will  thus  con- 

*^^*ue,  and  communicate  the  same  to  a  pendulum  bar, 

^**"   to  any  other  body  attached  to  the  pendulum  vessel. 

^^^    ?-  A  difierent  form  is  given  to  this  machine  by  M. 

^^^^itias.     Here  there  is  placed  at  the  lower  extremity 

^•^  ^  pendulum,  a  very  large  float  board,  moveable  on 

^*"^ots,  which  turns  on  the  parallel  branches  of  a  frame 

*^jj*.ecl  to  the  pendulum.     This  float  board  will  assume 

^» "Ornately  the  vertical  and  horizontal  position.     In  the 

^^'st  it  plunges  into  the  stream,  and  receives  the  im- 

I^^lsion  of  the  water ;  the  float  board  moves  with  the 

*^^Hdnlum,  and  having  reached  the  lowest  point  of  its 

^*?cillation,  a  counter  weight  causes  it  to  turn  on  its 

'^Vot,   gives    it   the    horizontal    position,    and  com- 

***^i^ceB  a  new  oscillation. 

Instead  of  employing  a  coimter  weight  to  open  and 
*^Ut  the  float  board,  there  may  be  employed  two  cords 
^^tsiched  to  fixed  points,  and  to  the  float  board.  These 
^trtogs^  stretched  by  the  pendulum,  will  draw  the  float 
^^stTd  at  the  beginning  and  end  of  the  oscillation,  and 
^^ose  it  to  assume  successively  its  vertical  and  hori- 
*^***tal  position. 

This  hydraulic  pendulum,  does  hot,  like  the  common 
P^»idulum,  oscillate  on  both  sides  of  the  vertical,  but 
?**J[iply  on  one.  It  moves  on  towards  that  side  to  which 
*^  *■  impelled  by  the  motion  of  the  water,  till  reaching 
"^He  highest  point  of  its  oscillation,  the  float  board 
^Pens,  and  the  whole  is  brought  back  by  its  own  weiglit 
^  its  direction  ofverticallity;  in  that  position  the  float 
*^^^ard  again  closes  the  frame,  and  the  impulsion  of  the 
^^ter  upon  it  again  drives  it  forward;  whereby  the 
'^^Otion  IS  rendered  alternate,  and  while  the  stream  is 
^^ifwrn,  the  oscillations  will  be  so  likewise. 


Machines  for  measuring  the  xclodty  of  water.  yjl^ijll^' 

XXVII.  Of  the  bent  tube,  by  M.  Fitot. 

This  machine  was  first  invented  by  M.  Pitot,  and  is  Pitoi's  bent 
described  by  him  in  the  Memoirs  of  the  Academy  of  *"^*' 
Sciences,  Paris,  173*2.  It  consists  of  a  prism  of  wood, 
one  of  the  angles  of  which  is  presented  to  the  current. 
On  the  posterior  face  are  fixed  two  tubes  of  glass,  ver- 
tical, and  parallel  to  each  other,  having  a  graduated 
scale  between  them ;  one  of  them  being  bent  into  a 
right  angle,  so  that  a  part  of  it  may  pass  through  the 
prism  horizontally.  When  this  instrument  is  plunged 
into  a  running  stream,  the  general  level  of  the  current 
is  shown  by  the  rise  of  the  water  in  the  straight  tube, 
while  the  height  of  the  water  in  the  bent  tube  becomes 
a  measure  of  the  force  of  the  stream ;  the  difference 
between  these  heights  will  therefore  be  the  height  due  to 
the  velocity.  With  this  instrument  it  is  highly  ne- 
cessary (and  at  the  same  time  difficult  in  operation)  to 
have  it  so  permanently  fixed  as  to  prevent  certain 
small  oscillations  of  the  fluids  in  the  two  tubes,  which 
necessarily  present  so  many  causes  of  error  in  our  de- 
termination. However,  independent  of  this  defect,  we 
have  seen  how  much  irregularity  takes  place  in  the  ve- 
locities and  corresponding  heights  of  fluids;  so  that,  in 
fact,  the  instrument  answers  much  better  theoretically 
than  in  practice.  Du  Buat  found  that  it  could  only  be 
trusted  to  indicate  the  ratio  of  different  velocities,  and 
that  it  would  not  apply  to  the  determination  of  the 
actual  velocity.  He,  therefore,  suppressed  the  straight 
tube,  and  substituted,  instead  of  the  bent  glass  tube,  a 
tin  one,  sufficiently  large  to  admit  a  float  for  point- 
ing out  the  height  of  the  water  in  it,  at  the  same 
time  by  a  slight  change  in  the  immersed  end  of  the 
tube  he  prevented,  in  a  great  measure,  the  oscillations 
of  the  water  mentioned  above.  See  Du  Buat  Prin- 
cipes  d'Hydraulique,  tom.  ii. 

XXVIII.   Of  the  hjdrauUc  quadrant. 

This  instniment  is  very  simple  in  its  construction,  Hydraulic 
as  well  as  in  its  application.  It  consists  of  a  quadrant  quadrant, 
graduated  on  its  arc,  and  having  two  threads  moving 
round  its  centre.  One  of  these  strings  is  shorter  than 
the  other,  the  shorter  serving,  with  a  small  weight  at- 
tached to  it,  as  a  plumb-line ;  this  hangs  in  air,  while 
the  longer  one,  having  a  body  specifically  heavier  than 
water  attached  to  it,  hangs  in  the  water :  the  quadrant 
being  then  so  adjusted  that  the  plumb-line  answers  to 
the  zero  of  the  quadrant,  the  angle  which  the  other 
thread  forms  with  this  is  to  be  taken  as  the  measure 
of  the  velocity  of  the  water. 

Bossut  has  shown  that  the  force  is  as  the  tangent  of 
the  angle  subtended  between  the  threads;  so  that  if  u 
be  the  velocity  when  the  thread  has  any  position,  or 
forms  any  angle  S,  and  V  the  velocity  when  it  has  any 
other  position,  or  when  the  angle  is  R,  we  shall  have 

«  :  V  : :  tan  S  :  tan  K  ; 
if,  therefore,  u  be  known,  V  may  be  determined. 

XXIX.  Of  the  Clepsydra,  or  water  clock, 

1.  This  may  be  considered  as  an  hydraulic  machine,  Clepsydnu 
which  acts  by  the  momentum  of  water,  although  there 
have  been  some  clepsydree  made  with  quicksilver.  This 
machine,  which  has  received  a  variety  of  forms,  and  is 
very  ancient;  the  Egyptians  employed  it  fbr  measuring 
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f^'drody. 
nauiicf. 

inctent 
:Iepsydrift. 

Fig.  58. 


Modem 
clepsydra. 
Fig.  69. 


not  only  their  time,but  also  the  course  of  the  sun ;  and 
the  invention  of  it  is  attributed  to  this  people. 
■^  According  to  Vitruvius  Pollio,  Ctesibius  of  Alex- 
andria was  the  first  improver  of  the  ancient  clepsydra. 
Its  original  form  has  been  represented  as  follows.  A 
(fig.  58)  is  a  reservoir,  to  the  top  of  which  is  attached  a 
water  pipe  (not  shown  in  the  figure)  to  preserve  an 
equal  pressure,  by  carrying  off  the  superfluous  water. 
fi  is  a  pipe  projecting  from  the  reservoir  into  the  upper 
part  of  the  arum  MN,  on  the  front  of  which  drum  the 
ecliptic  circle  is  marked.  ODL  is  a  smaller  inner  drum, 
which  revolves  on  a  tubed  arbor  F,  and  which  is  re- 
presented as  drawn  out  of  its  place ;  this  small  drum 
nas  a  thorough  groove  a  b,  varying  in  breadth  all  round 
it,  like  a  hoop,  tapering  throughout  from  the  broadest 
part  both  ways  to  its  opposite  point.  This  is  of  such  a 
diameter,  that  the  middle  of  the  groove  just  reaches 
to,  and  coincides  with,  a  perforation  under  the  tube  B, 
at  the  upperpart  of  the  great  drum;  so  that  as  the  little 
drum  which  carries  the  diurnal  index  L,  and  the  noc- 
turnal index  O,  opposite  to  the  former,  is  turned  round 
by  hand,  the  vanation  in  the  breadth  of  the  groove 
occasions  a  corresponding  variation  in  the  velocity  of 
the  e£9uent  water,  by  making  a  lax^cr  or  smaller  aper- 
ture, according  as  the  sun's  place  is  more  or  less  ad- 
vanced in  the  ecliptic,  the  largest  aperture  being  when 
the  diurnal  index  is  at  the  beginning  of  Capricorn.  A 
little  bason,  or  funnel,  attached  to  the  upper  part  of  the 
fixed  tube  or  hollow  arbor  F,  receives  the  water  in  its 
fall  within  the  drum,  and  transmits  it  throu|^h  the  said 
tube  by  G  into  the  receiving  vessel  H,  in  which  floats 
the  piece  of  cork  I.  This  float  is  connected,  by  a  chain, 
with  the  counterpoise  K,  after  it  is  folded  round  the 
arbor  P,  which  carries  the  hour  hand  of  the  dial  plate ; 
consequently,  as  the  water  rises  in  the  vessel  H,  tlic 
cork  I  is  raised,  and  its  counterpoise  K,  at  the  same 
time  falling,  gives  motion  to  the  arbor  and  hour  hand, 
and  the  hours  are  longer  or  shorter  according  to  the 
breadth  of  the  groove,  which  is  at  any  time  under  the 
perforation  of  the  tube  B.  By  this  means  the  orifice 
being  always  adjusted  to  the  time  the  sun  was  above 
and  below  the  horizon,  the  interval  was  divided  into 
twelve  equal  portions,  or  hours,  according  to  the  method 
of  the  Egyptians. 

Such  was,  probably,  the  most  ancient  form  of  this 
instrument:  it  was  afterwards  improved,  as  we  have 
stated  above,  by  Ctesibius :  other  forms  are  also  de- 
scribed by  Beckmann,  in  his  **  History  of  Inventions  f 
Ozanam,  in  his  Recreations,  translated  by  Hutton; 
Bion,  on  Mathematical  Instruments ;  and  by  various 
other  authors.  We  shall  only  select  one  or  two  of 
these,  which  will  be  amply  sufficient  for  our  present 
purpose. 

2.  In  fig.  59,  ABCD  represents  an  oblong  frame  of 
wood,  to  the  upper  part  of  which  two  cords  Aa,Bt/, 
are  fixed  at  their  upper  extremities,  and  at  their 
lower,  to  the  metallic  arbor  ab  of  the  drum  E,  which 
contains  distilled  water:  this  water  is  contained  in 
cells  so  constructed,  that  they  regulate  the  velocity 
with  which  the  drum  should  descend  by  the  force  of 
gravity  from  the  top  to  the  bottom  of  the  frame,  and 
the  ends  of  the  arbor  indicate  the  hours  marked  on  the 
vertical  frame  during  the  time  of  descent.  An  observer, 
unacquainted  with  the  nature  of  the  interior  cells  of  the 
drum,  is  surprised  to  see  that,  by  merely  folding  the 
strings  round  the  arbor,  its  weight  does  not  make  it  run 


down  rapidly,  when  mounted  to  the  top  of  the  firame;  H^ 
there  bemg  no  apparent  mechanical  impediment  to  the  '  ' 
natural  action  of^ gravity. 

In  order  to  explain  how  this  phenomenon  is  pro- 
duced, we  must  refer  to  fig.  59-a,  which  is  a  section  of  Fig.  59.«^ 
the  drum  at  right  angles  to  its  arbor:  suppose  this 
circular  plate  to  be  (as  is  usual)  about  six  mches  in 
diameter,  and  that  it  represent  the  internal  surface  of 
either  end  of  the  drum,  which  may  be  made  of  copper, 
or  any  other  metal  not  subject  to  rust ;  then,  if  we  con- 
ceive seven  metallic  partitions,  F/,  Gg,}ih,  &c.  to  be 
closely  soldered  at  each  end  of  the  drum,  in  the 
oblique  direction  indicated  in  the  figure,  where  the 
black  lines  are  equi-distant  tangents  to  the  small  dotted 
circle  of  1^  inch  diameter,  at  the  points  /,  gy  A,  &c. 
Then  it  is  evident,  that  any  small  quantity  of  water  in- 
troduced into  the  drum,  would  fall  into  two,  or  at  most 
three,  of  the  lower  compartments,  and  would  remain 
there  until  some  external  force  should  alter  the  posi- 
tion of  the  drum,  supposing,  in  this  case,  the  cords  tied 
close  to  the  arbor ;  but  it  has  been  stated,  that  they 
are  wound  round  the  circumference  of  an  arbor  that 
has  a  sensible  diameter,  say  of  one-eighth  of  an  inch ; 
they  therefore  are  removea  one-sixteenth  of  an  inch 
or  upwards,  taking  their  thickness  into  the  account, 
from  the  centre  of  the  drum,  which  would  also  be  its 
centre  of  gravity,  if  it  were  empty ;  on  which  account 
it  would,  in  that  case,  revolve  to  the  lefl,  in  the  direc- 
tion FGH  downwards,  from  the  cord  being  at  the  re- 
mote side  of  the  centre,  as  represented  by  NO ;  but 
conceive  the  water  to  be  now  and  then  included,  it 
would  be  elevated  to  tlie  right,  till  its  weight  became 
u  counterpoise  to  the  gravity  of  the  heavier  side  of  the 
drum,  in  which  situation  all  motion  would  cease,  and 
the  drum  would  remain  suspended  by  the  cords,  in  a 
state  of  equilibrio. 

Let  us  now  conceive  a  small  hole  perforated  in  the 
partition  pressed  upon  by  the  water,  near  the  circum- 
ference of  the  large  circle,  and '  also  at  the  points 
F,  G,  H,  &c,  and  the  consequence  will  be,  that  the 
water  will  first  force  its  way  slowly  through  the  per- 
foration at  K,  from  the  more  elevated  to  the  lower 
compartment,  which  effect  will  diminish  its  power  as 
a  counterpoise,  and  give  such  an  advantage  to  the 
heavy  side  of  the  drum,  considered  as  empty,  as  will 
cause  a  small  degree  of  motion  towards  the  left,  and, 
consequently,  carry  the  water  once  more  towards  the 
right ;  but  the  water  passes  through  the  perforation  of 
the  next  partition  also  at  I,  and  produces  again  the 
same  effect  as  has  been  described  with  respect  to  k^ 
and  will  continue  to  do  so  at  the  successive  perfora- 
tions, till  all  the  compartments  have  been  filled  and 
emptied  in  succession ;  which  kind  of  motion  of  the 
drum,  contrary  to  that  of  the  water,  it  is  now  not 
difficult  to  conceive,  will  be  pretty  regular,  provided 
all  the  partitions  be  perforated  in  exactly  the  same 
manner,  both  in  magnitude  and  position. 

The  difference  in  the  pressure  of  the  water  in  cells 
nearly  full,  and  nearly  empty,  will  occasion  some  little 
deviation  from  regularity ;  but  this  will  be  periodical, 
and  must  be  allowed  for  in  the  hour  divisions,  which 
ought  to  be  made  by  a  comparison  of  the  spaces  fallen 
through,  with  tlie  time  indicated  by  a  clock  or  watch. 

About  9  ounces  of  distilled  water  is  sufficient  for  a 
clepsydra  six  inches  in  diameter  and  two  inches  in 
depth,   and  the  velocity  of  the  fall  may  be  limited 
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tiAerby  varying  the  quantity  of  water,  or  by  hanging 
,  9t  hm'^M  meUiUic  cup,  F,  to  receive  weights,  by  a  cord 
^oiiod  round  in  a  direction  coi^itrary  to  the  cords  of 
^uspeojiion,  to  act  as  a  counterpoise  m  aid  of  ihe  water, 
if  the  fall  be  too  rapid ;  and  tlie  contrary,  if  too  slow. 

It  may  be  proper  farther  to  observe,  that  it  is  ab- 
'oltitcly  necessary  that  the  arbor  should  fit  the  central 
*Cjimre  hole  so  as  to  prevent  the  escaiK?  of  water  from 
tie  drum,  otherwise  the  tnacbine  would  continue  to 
g^ain  velocity,  till  at  length  it  would  bo  longer  aflbrd  a 
tfjue  indication  of  time. 

Jn  some  cases  a  cord  c  d,  wtlh  a  weight  P,  is  made 

topa^ss  over  a  pulley  dxed  lo  an  arbor  at  the  top  of  tlie 

^im^r  witli  a  noose  passing  over  the  axis  near  a,  as 

leeo   in  the  same  figure,  which  arbor  projecting  through 

a  diaJ-plate,  or  face,  turns  round  and  carries  a  hand  to 

jzieiiciate  the  hours  like  a  common  clock.     When  this 

instruction  is  adopted,  it  is  an  indispensably  requisite, 

lat  the  circumference  of  the  groove  of  the  pulley  be 

pi^-ided  exactly  as  the  face  of  the  drum  in  12  or  "2 4  hours, 

recording  as  the  dial  is  divided*     This  clepsydra  it  is 

lid  goes  faster  in  summer  than  in  winter,  which  seems 

l>e  attributable  to  the  drum  being  relatively  heavier 

rarefied  than  in  dense  air;  for  it  is  scarcely  possible 

at  any  alteration  in  the  fluidity,  as  some  have  sup- 

sedy  would  produce  any  sensible  diflerence.     It  has 

^n  proposed  to  have  a  minute-hand  and  striking  part 

SL  common  clock  added  to  a  clepsydra  of  this  con- 

^^-Tiction,  but  we  are  not  aware  that  it  was  ever  carried 

kto  execution, 

3*    The  Hon.  Charles  Hamilton,  in  the  Philosophical 

:"*Uisactions.  vol.  xliv.  proposes  the  following  form  for 

^  c::onstruction  of  a  machine  of  this  description. 

In  (fig.  (iO)  AB,  CD,  are  two  similar  oblong  vessels, 

^^'t^i^ljed  to  a  frame  of  wood,  which  may  be  conceived 

ti.irround  the  above  figure,  which  shows  only  the 

^^^lior  raechanism ;  a  6,  and  c  d  are  two  columns  of 

so  floating  in  water,   that  their  counterpoises 

^nd  G  just  keep  their  upper  ends  level  with  the 

^*^a.ce  of  the  water,   by   means  of  toiinecting  chains 

^-^Stng  over  the  pulley /,  and  another  hid  by  the  dial- 

^-^te;  the  former  of  these  pullies/,  has  a  click,  which 

JMaljgg  the  racket  on   the  barrel  e,  when  the  counter- 

F  falls,  but  slips  easily  over  the  slopes  of  tlie 

-^tfc,  when  the  counterpoise  rises;  the  latter  pulley 

^s  also  a  similar  click,  acting,  in  like  manner,  wutli  a 

^^ond  racket  at  the  other  end  of  the  barrel  i,  which 

^'^^ket  is  also  hid  in  the   drawing  ;   so  that  whichever 

^  tlie  two  counterpoises  shall  be  at  any  time  falling, 

*^^    barrel  i  will  move  forward  in  the  same  direction, 

.     I^d  carry  the  middle  hand  along  with  it  on  the  dial- 

lF**ate;  the  hour  hand  goes  rouud  by  means  of  dial- 

I  ^Orit,  as  in  a  clock  or  watch  of  llie  common  construe* 

\  ^^nx^  where  a   diminution  of  velocity  is  effected  by 

^^e^jia  of  two  wheels  and  two  pinions*     The  action  is 

^**Us  produced  by  means   of    five   siphons  and   two 

iTie  water  enters  with  an  uniform  influx,  drawn  from 
^  *'e«crvoir  by  a  siphon  of  a  small  bore,  the  longer  leg 
^*  which  is  seen  at  J,  into  the  middle  of  what  raay  be 
^^l^d  a  horizontal  trough,  supported  like  a  balance  by 
^.  fulcrum  at  K,  in  such  a  manner  that  either  end  of 
^^  balance  may  be  elevated  according  as  the  long 
^^EeeU  AB  and  CD  recjuire  to  be  alternately  filled; 
**^^i  the  top  of  each  of  these  vessels  is  inserted  a  long 
^*pboti  /  and  nty  the  lower  branches  of  which  reach 


down  to  two  small  cylindrical  veBsels  n  and  o,  which  llydfiujieft. 

are  poised  by  auothrr  balance  at  the  fulcrum  p  ;  these  Si^^v-^-^ 

cylindrical  vessels  have,  in  like  manner,  each  a  small 

si  pi  ion  f/  and  n  lastly,  a  silken  thread   tied  to   the 

upper  end  of  the  cylinder  w,  is  carried  up  round   a 

small  pulley,  fixed  to  the  frame  at  s,  and  is  fastened 

to   the  end   of  the  trough  under  it,  a  similar  thread 

being  fastened,  in  like  maimer,  to  the  cylinder  o,  and 

to  the  end  of  the  trou|^h  under  the  small  pulley  t. 

It  is  obvious  now,  tliat  wiieu  the  vesael  AB  is  filled 
to  nearly  the  head  of  the  siphon  /,  the  bore  of  which 
is  larger  than  that  of  the  siphon  J,  the  water  will  be 
discharg^ed  into  the  cyhndric  vessel  jt,  which  conse- 
quently will  preponderate,  and,  by  means  of  the  silken 
thread  elevate  the  end  of  the  trough  above  the  hori* 
zontal  line,  and  make  its  oppositii'  i  nd,  under  the  small 
pulley  ^,  to  be  depressed,  which  wnll,  therefore,  eon- 
duct  the  water  into  the  other  long;  vessel  CD  ;  during; 
this  action,  the  counterpoise  F  rises,  and  its  pulley  /' 
produces  no  effect  on  the  racket,  by  raeaus  of  the  click 
h^  sliding  over  the  sloping  sides  of  its  teeth;  but  the 
counterpoise  G  falls,  and  the  click  of  its  pulley  pushes 
the  second  racket  forwards,  in  the  direction  of  the 
figures  of  the  face,  I,  11,  III,  IV.  &c. 

When  CD  is  nearly  full,  the  long  siphon  m^  begini 
to  discharge  its  water;  makes  the  cyhndric  vessel  o 
preponderate,  and  again  elevates,  by  means  of  itSr 
silken  thitad,  the  end  of  the  thread  under  the  small 
pulley  /,  ami  depresses  the  opposite  end  to  fill  the  vessel 
AB  again ;  during  which  time  the  click  //,  of  the 
pulley/,  acts  with  its  racket;  and  thus  the  alternate 
increase  and  decrease  of  the  water  in  the  two  vessels 
Jure  continued  without  interruption,  as  long  as  the 
feeding  siphon  continues  to  furnish  a  sufficient  supply 
of  pure  water. 

232.  We  have  in  this  section,  given,  as  far  as  was  con-  AuiUon  on 
sistent  with  the  plan  and  limits  of  this  treatise,  a  descrip*  H.vtii^xly- 
tion  of  what  we  consider  to  be  the  most  useful  and  im-  "^'"^"^ 
portant  hydraulic  engines  ;  but  it  is  obvious  that  many 
must   necessarily  also   have  been  omitted;    some  in 
consequence  of  their  connection  with  other  subjects, 
which  will  be  found  in  our  alphabetical  arrangements; 
others,  whose  operation  is  more  intimately  connected 
with   pneumatic    pressure,   will  be    described  in  our 
treatise  of  Pucumatics ;    and   for  others    of  a  more 
limited  application,  we  must  beg  to  refer  our  readers 
to  the  writings  of  particular  authors.    The  following  is 
a  catalogue  of  the  most  approved  works  on  the  subject 
of  hydraulic  machinery. 

Descriptio  Machince  Hydraulic®  curiosee  construe ta. 
Joh.  Geor,  Faudierh    Venet.  1607. 

Nouvelle  Invention  de  lever  TEau  plus  hautque  la 
Source,  avec  quelque  Machines  mouvantes  par  la 
Moyen  de  TEau,  &c,     Par  Tsaac  de  Cans.     1657. 

Joseph}  Gregorii  a  Monte  Sacr.  Principia  Pliysico- 
mechanica  diversarum  Machiiiarum  scu  Instrumento- 
rum  Pneumatices  ac  Hydraulices.     Venet.  1(1(54, 

Nouvelle  JMachine  Lydraulique,  par  Francini.  Journ. 
des  S^av.  1669. 

An  account  of  this  macltine  is  likewise  given  in  the 
Architecture  hydrauhque  of  Belidor,  tom»  ii*  and  in  the 
2d  vol.  of  Desaguliers  Experimental  Philosophy;  in 
both  which  peiformances  many  otlier  hydraulic  ma- 
chines are  described* 

An  Undertaking  for  Kaiaing  Water,  by  Sir  Samuel 
Moreland,     Pbih  Trans.  1674.  No,  102, 
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An  Ilvdraulick  Enj^inc,  by .     Phil.  Trans. 

1675.     No.  108. 

A  Cheap  Pump,  by  Mr.  Coiiyers.  Phil.  Trans.  1(577. 
No.  136. 

M.  de Hautoft'uille, Refloxionssiir quilqurs Machines 
a  clever  les  caux;  aver  sa  Desrripiion  d'un.^  uouviillc 
Pompo,  sans  FrotUfinent  et  sans  Piston,  tSL\-.   l()>^-2. 

Elevation  (les  Eaiix,  par  touto  sorti-  di-t  IMachini's, 
reduitc  a  la  Mosure,  an  Poids,  a  l.i  lialnictrs.  par  K- 
Moyen  d'un  nonveau  Piston  vl  Corp-  cl«'  I'onipo,  ct 
d'un  nouvean  Mouvemi*nt  cyclo-cUiptiiinc,  d  nJMtniii 
rUsago  dt*  touttf  Surtcs  do  ManivtlUs  ordinairrs.  Vie 
le  Chevalier  Morlaiid.    168/5. 

A  New  Way  of  Uaisinsf  Warir,  cniirinatiinllY  pro- 
posed. By  Pr.  Papin.  Phil.  Trans.  I'iS;'..  N«k  l/.i. 
Tlie  Solntions,  by  Dr.  Vincent  and  Mr.  R.  A.  in  Nu.  1 77. 

M.  dn  Torax,  Noiivelles  Marhini  s  pour  (•pi«i'<»*r  I'l/.m 
des  Foundations,  cpii,  quoi  tros  siin[)li's,  i'»nt  nii  Kill  t 
supprenant.   169o.  Journ.  des  Srav.  K^J:").  j). 'J!Ki. 

An  Enicinc  for  Raisinti;  W;iter  by  the  lUlp  of  V'lvr. 
By  Mr.  Thomas  Savery.  Phil.  Trans.  16iK).  No.  2:»:i. 

D.  Papin,  Nouvelle  Manien-  pour  lever  lEaii  par  la 
Force  dn  Feu.    A  Cassel,  1  7^7. 

Memoire  ponrlaConstruelion  d'une  Ponipoqui  foni  nit 
continuellement  de  TEau  flans  le  Reservoir.  Par  M. 
dc  la  Hire,  Mem.  Acad.  St-i.  Puris.  1716. 

Description  d*une  Machine  ])our  Klcvcr  des  F'aux. 
Par  M.  de  la  Faye,  Mem.  Acad.  Sei.  Paris.  1717. 

Joh.  Jac.  Briickmanns  and  Job.  Heiii.  Weber's 
Elementar-maschine,  oder  nniversal-mittel  bey  Alien 
Wasser  Hebunj;^n.  Cassel,  17*20. 

Jacob  Ixsupold,  Theatri  Machinariuin  Hvdraulicaruni. 
1724,  17*25. 

Joh.  Frid.  Weidler,Tractatus  de  Machinis  Ilydranli- 
cis  toto  Terrarura  orbc  maxiinus  Marlyensi  et  Londi- 
nensi,  &c.  I7'27.  Vide  edit,  t-nidit.   Lips.  17*2S. 

A  Description  of  the  M'iiter  Works  at  London  Rrid^e. 
By  H.  Bei-chton,  F.R.S.  PhiL  Trans,  1731.  No.  417. 

An  Accomit  of  a  New  Kuiiine  for  Haisin,r  Water, 
in  which  Horses,  or  other  Animals,  draw  without  any 
loss  of  Power  (which  has  nev<  r  yjt  Ihmmi  |)raetised); 
and  how  the  Strokes  of  the  l*iston  may  bf  made  of 
any  Length,  to  prevent  the  Loss  of  W;i('.  r  by  the  too 
frequent" openings  of  Valves,  &'c.  By  Walter  Church- 
man. PhiL  Trans.  1734. 

Sur  rEffet  d'une  Machine  hydralique  proposee  j»ar 
M.  Segner.  Par  M.  Leon.  Eulcr,  Mem.  Acad.  Sci. 
Berlin.  1750. 

Application  de  la  Machine  hydralique  do  M.  St-gner 
k  toutes  Sortes  d'Onvrages,  et  de  ses  Avantages  sur 
les  autres  Machines  hydranliqnes.  Par  M.  Leon.  Euier, 
Mem.  Acad.  Sci.  Berhn.   1751. 

M.  Segncr's  machine  is  no  other  than  th'*  simple, 
yet  truly  inerenious,  contrivance  known  by  the  nauie  of 
Barkers  Mill,  which  had  been  described  in  the  2(1 
volume  of  Desagidiers*  Philosopliy,  some  years  before 
•'  -  Oprman  Professor  made  any  preten?:iiMis  to  the 
-"^nfion.  The  theory  of  it  is  like- 
""     •*♦   the   end  of  his 


Roc'horthes  sur  une  Nouvelle   Mani^rc  d'Elever  de  Hydrai 
rivau   j)roposee   par  M,  de  Mour.     Par  M.  L.  EuIer, 
:Mem.  Acad.  Berlin.   17r>l. 

l.)i^ell^sion  particulierede  diverses  Mani^res  d'Elcver 
(\v  TEau  par  le  .Moven  di:s  Pompes.  Par  M.  L.  Euler, 
Mem.  Acad.  Berlin.    175-2. 

-M  >\ii:h  s  pour  arran:;cer  le  plus  avantagensement  les 
Machir.'  s  di  .^;in( c^  a  Klevir  de  I'Eau  par  le  Moven  des 
Pomprs.   Par  M.  L.  Knler.  Mnn.  Acad.  Berlin. 'l75?. 

J^(  tlcxinn-^  siir  li  s  Maihines  hydrauli(iues.  Par  M. 
le  Chevalier  D'Arcy.   Mfin.  Aeadl  Sci.  Paris.    1754. 

MciiKMr  sur  h  s  P(!:npcs.  l^ir  M.  le  Chevalier  dc 
iMird.i.  Mem.  Acad.  Sei.  Paris.    176S. 

Dan.  liiTnonlli  Mxpositio  Theoretica  singularis  Ma- 
eliime  Hytiraulic.e.  Liuuri  Helvetiorum,  exstructea. 
Nov.  Com.  Acad.  Petrop.  177*2. 

A))h:>nd!ini:;cn  von  chr  Wa^iserschraube.  Von  D, 
ScIm  riilr,  i*i:t  ^ttr.   Wit  n,  1774. 

Hc<li(rcla.s  sur  les  .Moyeiis  d\*xecuter  sous  PEau 
tout  IS  Sortes  de  Travaux  hydrauliques,  sans  employer 
auciMi  I'lpuiscment.     Pur  M.  Conlumb.   1779. 

Suenumd  IVLijrnnsscn  Ilolm,  Efterretning  om  skve 
Pumpen.      Kiobenha\n,  1779. 

Moyen  d'au«:;mentcr  la  Vitesse  dans  Ic  Mo'.ivement 
de  la  Vis  dWrchinufh*  sur  son  Axe,  tire  des  Memoires 
Manuscrits  de  M.  Pinjj:ernn,  sur  les  Arts  utiles  et 
ajrreablcs.  Journ.  cVAj^ric.  Juin.  17>>0. 

The  Theory  of  tin-  Svphon,  phiinly  and  methodically 
illustrated.   178 1.  [Uieiiardson.] 

Memoria  sopra  la  nuova  Tromba  funicularc  umiliata, 
dal  Can.  Carlo  Castelli.  Milano,  1782. 

Dissertation  de  M. de  Parcienx,sur  le  Moyen  d*Elever 
rp^au  par  la  Rotation  d'une  Corde  verticalc  sans,  fin 
Amsterdam  et  Paris,  170*2. 

Theorie  der  Wir/iscjien  spiral  Pumpe,  erlautert  von 
Heinr.  Nicander,  Schwcd.  Abhandl.  1783. 
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ceived  that  in  water  the  column  might  be  so  long  that 
its  weight  would  overcome  the  attraction  of  the  piston, 
and  consequently  descend.  This  length  in  the  case  of 
water  was  18  cubits.  We  see  here  no  indication  of 
Galileo^s  having  a  correct  idea  of  the  atmospheric  pres- 
sure, as  the  cause  of  the  ascent  of  the  water,  nor  does  it 
seem  that  his  explanation  was  of  that  kind  commonly 
attributed  to  him,  viz.  that  nature's  abhorrence  of  a 
vacuum  only  extended  to  about  34  feet ;  this  would 
appear  to  be  rather  the  pump-makcr*s  illustration  than 
the  philosophers.  Dr.  Young  says,  that  '*  before 
Galileo's  time,  it  was  generally  supposed  that  water 
was  raised  in  a  sucking-pump,  on  account  of  the  im- 
possibility of  the  existence  of  a  vacuum  ;  if,  however, 
a  vacuum  had  been  impossible  in  nature,  the  water 
would  have  followed  the  piston  to  all  heights,  however 
great ;  but  Galileo  found  that  the  limit  of  its  ascent 
was  about  34  feet,  and  concluded  that  a  column  of 
this  height  was  the  measure  of  the  magnitude  of  the 
atmospheric  pressure.** 

The  author,  therefore,  attributes  this  discovery  to 
Galileo,  the  honour  of  which  is  generally  said  to  be 
due  to  his  pupil,  Torricelli :  we  know  not  on  what  data 
he  has  founded  his  assertion ;  and  certainly  as  hr  as 
Galileo's  own-  account  of  the  circumstances  may  be 
considered  as  authority,  Dr.Y.  does  not  seem  to  have  done 
justice  toTorricelli,  who  appears  not  merely  to  have  "  con- 
firmed the  hypothesis  of  his  master,**  but  to  have  been 
the  actual  author  of  the  doctrine,  viz.  that  the  ascent 
of  the  water  was  owing  to  the  atmospheric  pressure. 

Galileo  undoubtedly  taught  that  the  air  had  weight, 
and  confirmed  his  doctrine  by  experiment ;  and  Torri- 
celli, afler  well  considering  this  circumstance,  and 
probably  disdatisiied  with  Galileo's  explanation  of  the 
ascent  of  the  water,  entered  upon  the  study  of  the 
various  phenomena  connected  with  the  sciences  of 
Hydrodynamics  and  Pneumatics,  in  which  he  was 
peculiarly  successful,  and  more  especially  in  that  part 
of  them  which  relates  to  the  subject  at  present  under 
consideration. 
TorricclHan  Itoccorred  tothis  author  in  the  year  1 643,that  whatever 
experiment,  might  \yQ  ^f^e  cause  by  which  a  column  of  water  34  feet 
high  is  sustained  above  its  level,  the  same  force  would 
sustain  a  column  of  any  other  fluid  which  weighed  as 
much  as  that  column  of  water  on  the  same  base ;  and 
hence  he  concluded,  that  since  quicksilver  is  about  four- 
teen times  as  heavy  as  water,  it  could  not  be  kept  up  at 
a  greater  height  than  29  or  30  inches.  He  then  made 
the  experiment  still  called  after  his  name.  He  pro- 
vided himself  with  a  glass  tube,  about  three  feet  long, 
and  sealed  it  hermetically  at  one  end ;  and  having  filled 
it  with  mercury,  he  closed  it  at  the  open  end  with  his 
finger,  and  inverted  it  in  a  basin  of  mercury.  Upon 
withdrawing  his  finger,  he  had  the  satisfaction  of  seeing 
the  column  of  mercury  descend  and  settle  at  the  height 
of  between  29  and  30  inches  in  the  tube.  He  was  still, 
however,  not  aware  that  the  phenomena  was  to  be  attri- 
buted to  the  pressure  of  the  atmosphere,  although  after 
a  little  reflection  he  fell  upon  that  explanation;  and 
ailer  he  had  fully  convinced  himself  of  the  truth  of  his 
hypothesis,  it  is  said  that,  with  a  feeling  of  generosity 
of  which  we  have  few  examples,  he  expressed  his  regret 
that  it  had  not  fallen  to  the  lot  of  his  master  to  have 
completed  a  discovery  of  which  he  had  first  laid  the 
foundation. 

Torricelli's  experiment  was  published  at  Warsaw,  in 


Poland,  by  Valerianus  Magnus,  as  his  own  discovery ; 
but  from  the  letters  of  Roberval,  it  appears  that  neither 
Valerianus,  nor  Honoratus  Fabri,  to  whom  it  has  been 
ascribed  so  early  as  the  year  1641,  can  justly  dispute  ^ 
it  with  him.    The  fact  appears  to  be,  that  Torricelli,^ 
before  he  had  tried  the  experiment  himself,  had  sti^  foi 
gested  his  ideas  on  the  subject  to  his  friend  Viviam,  ^ 
who  did  actually  first  make  the  experiment ;  and  it  is  ^ 
probable  that  other  philosophers  might  have  been  in-  ^ 
formed  of  the  discovery  at  this  time  before  the  anthor 
himself  had  actually  submitted  his  ideas  to  practice. 
The  discovery  of  the  weight  and  elasticity  of  the  air 
has  even  been  ascribed  to  Jean  Rey,  who  wrote  in 
1629,  some  few  years  before  Galileo;  and  his  fbmtll 
and  tenth  essays  have  been  cited  in  favour  of  his 
claims;    but  although  he  was  certainly  aware  that 
compression  augmented  the   weight  of  the  air,  and 
seems  to  have  believed,  with  Aristotle  and  Others  at 
a  very  remote  period,  that  air  was  heavy;    yet  the 
proofs  which  he  alleys  were  not  sufficient  to  convince 
those  who  maintained  the  contrary  doctrine. 

Even  the  Torricellian  experiment  was  fbr  some  tiiiie  d] 
insufficient  for  this  purpose,  many  of  the  philosophers  ^ 
of  that  day  preferring  the  mos^  absurd  bnd  ridicilloiift 
explanations  of  the  phenomenon  of  the  sustained  tfah- 
lumn  to  the  simple  and  obvious  cause  assigned  by  lirii 
author ;   others,  however,  who  could  rise  above  thtt 
prejudices  of  early  impressions,  hailed  the  discover?  as 
a  most  important  step  in  the  progress  of  the  physiifcift 
liciences.     Mersenne  received  an  account  of  the  expe- 
riment and  deduction  in  1644,  and  immediatdy  co»- 
municated  the  news  to  the  philosophers  of  France;  and 
it  was  soon  repeated  in  various  ways  by  Pascal,  Petit, 
and  others.     This  gave  rise  to  the  ingenioust  treatise 
published  by  the  former,  at  twenty-three  years  of  age, 
entitled  **  Experiences  Nouvelles  touchant  la  Vtude.** 
Having,  after  some  hesitation,  adopted  Torricelli's  idek\ 
and  abtBindoned  the  principle  fuga  vacviy  he  deinoedl 
several  experiments  for  confurming  it.     One  of  these 
was  to  make  a  vacuum  above  the  reservoir  of  qutdt-* 
silver,  in  which  case  he  found  that  it  sunk  to  the  com* 
mon  level ;  and  he  then  engaged  M.  Perrier,  his  Ino* 
ther-in-law,  to  execute  the  famous  experiment  of  the 
Puy  de  Domme ;  when  it  was  found  that  the  height  of 
the  quicksilver  halfway  up  the  mountain  was  consider- 
ablv  less  than  at  the  foot  of  it,  and  that  at  the  top  it 
had  fallen  some  inches.     These  facts  proved  inoon- 
testibly  that  it  was  the  weight  of  the  atmosphere  which 
counterpoised  the  mercury  in  the  tube  and  the  water 
in  the  pump ;  and  all  further  opposition  to  the  doctrine 
by  the  supporters  of  the  old  hypothesis  fell  harmlessly 
to  the  ground.     Des  Cartes,  although  he  cannot  be]V 
considered  as  entitled  to  the  honour  of  this  discoveiy, 
had,  notwithstanding,  a  very  just  idea  of  the  power  fX 
air  for  sustaining  fluids  above  their  level,  as  appears 
by  some  letters  which  passed  at  this  time  (1647),  and 
some  years  before,  in  one  of  which  he  lays  claim  to  the 
idea  of  the  experiment  of  the  Puy  de  Domme.     See 
"  Cartesii  Opera,'  tom.  ii.  p.  243,  246. 

The  thermometer,  one  of  the  most  useful  instruments  T 
appertaining  to  the  science  of  Ptieumatics,  is  of  earlier" 
date  than  the  barometer,  having  been  invented  about  the 
beginning  of  the  seventeenth  century.  The  first  idea  of 
the  thermometer  is  generally  ascribed  to  the  Academy 
del  Cimento,  which  flourished  at  Florence,  under  the 
protection  of  the  grand  dukes  of  the  house  of  Medici, 
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^  wluch  was  the  first  in  Europe  that  applied  to  exp€- 

Hmeotal  philosophy.     It  is  asserted  also  that  Cornelius 

Ditbbei,  of  Alcmaer,  in  North  Holland,  who  lived  at  the 

CQurt  or  James  L  king  of  England,  bad  a  share  in  this 

iavention.     But  the  first  description  of  a  thermonaeter 

e^er  published  is  that  of  Soloraan  de  Caux»  a  French 

cugiofier,    in   his   book    "   Des    Forces    MouvaDtes/ 

lariated  b  1624,  in  folio,  but  written,  as  appears,  prior 

to  tbat  period;  for  the  dedication  to  Louis  XILI.  is 

dilcd  1615,  and  the  privilege  granted  by  that  monarch 

is  of  1614. 

T'he  invention  of  the  thermometer  is  founded  on  the 
y^£^y^  rtv  which  aiJ  bodies,  and  particularly  fluids*  have 
c  -  i>y  the  heat  which  pervades  them.    As  spirit 

<uc  ii^^sesses  this  property  in  an  eminent  degree, 
;.     liquid  was  generally  employed  in  preference  to  any 
e:T;  but  that  described  by  Do  Caux  acted  by  the 
.  ^Qu  of  air  contined  in  a  box,  which  pressing  against 
sr,  forced  it  to  rise  in  a  tube ;  Drebbel's  thermometer 
of  the  same  kind,  but  which  of  these  two  philo- 
were  the  original  inventor  of  the  instrument, 
question  difficult  to  be  decided. 

iiometer  of  the  Acadenjy  del  Ciniento  con- 
liit*.  I  very  narrow  glass  tube,  terminating  in  a 

^|U^  of  about  one  inch  diameter,  which  was  HOed  with 
■l^t  of  wine,  after  it  had  been  coloured  red,  by  means 
01  tincture  of  lurnsol,  or  orchilla  weed,  m  order  to 
i^a^lcr  it  more  visible*  It  may  be  easily  conceived, 
^|i%t  tlie  si^e  of  the  bulb,  being  considerable  in  compa- 
nsoa  with  that  of  the  tube,  as  soon  as  the  liquid  be* 
^c&ixie  in  tlie  least  dilated,  it  would  be  in  part  forced  to 
from  the  bulb  into  the  tube,  where  it  would  ne- 
itrjly  ascend ;  and  on  the  other  hand,  that  as  soon 
ilie  U(|uid  became  condensed  by  cold,  it  would  of 
•bourse  descend.  Jt  was  only  necessary  to  take  care 
,  dtiriog  very  cold  weather,  the  liquor  should  not 
^tirely  descend  into  the  bulb ;  and,  during  the  greatest 
l^gree  of  heat,  that  it  should  not  entirely  escape  from 
Towards  the  lower  part,  some  degrees  of  tempera- 
**"©  were  inscribed,  as  cM;  a  little  lower,  grtat  cold ; 
"'^^ards  the  middle,  temptnUc;  and  at  the  top,  htat 
id  great  Aeat* 

^Uch  is  the  construction  of  the  thermometer  com- 
If  called  the  Florentine,  and  which  continued  to  be 
td  by  philosophers  for  neax  a  century  afterwards ; 
as  the  indications  of  the  different  degrees  of  heat 
.  were  very  vague,  and  no  two  instruments  being 
rable  witli  each  other,  it  was  rather  a  matter  of 
Bity  than  of  utility.     What  was  required  for  its 
ctAOn  was  some  metliod  of  fixing  a  standard  point, 
every  thermometer  should  be  reduced,  so  aa 
^ister  at  tliat  point  the  same  nominal  as  well  as 
-tuBd   temperature.      Experiment  at  length  proved, 
*^t  pure  water  every  where  freezes  wiUi  tlic  same 
^^ree  of  cold;    and  that  it  boils  (under  the  same 
aetrical  pressure)  with  the  same  degree  of  heat  in 
rts  of  the  world ;  these  two  points,  therefore,  fur- 
ely  what  was  necessary  for  the  completion 
iiroent;    from   this  time  the  thermometer 
Aed  in  one  country,  or  by  one  artist,  might  be 
ed  with  tliose  of  others,  and  the  temperature  of 
'  4ir  or  of  any  fluid  as  accurately  known  as  the  time 
■  the  day  by  different  clocks. 
^his  IS  the  general  principle  upon  which  all  thermo- 
i  |^**^T§  are  now  constructed ;  but  tlie  interval  or  space 
^^%oeii  the  boiling  and  freezing  pointa  is  very  differ- 
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ently  divided ;  their  forms  also  are  very  different  from 

each  other:  but  as  these  peculiar  constructions  belong 
rather  to  the  history  of  the  thermometer,  as  a  philoso- 
phical instrument,  than  to  that  of  the  general  science  of 
Pneumatics,  we  shall  reserve  our  further  account  of  it 
for  its  proper  place  in  our  alphabetical  arrangement. 

The  barometer  is  a  Pneumatic  instrument  which  may  Bftrometfr 
certainly  be  said  to  date  its  history  from  the  Torricel-  npplkd  to 
lian  experiment;  and  its  applicability  to  tlie  measuring  .''^'^  meaiur 
of  heights  was  clearly  indicated  in  PaschaPs  ^^eri-j"^^^ 
mentof  the  Puy  de  Domme.     The  intention,  however,  ^*^ 
of  tliis,  waa  merely  to  ascertain  whetl^er  the  height  of 
the  mercury  was  affected  by  being  carried  to  different 
altitudes,  and  it  was  some  time  afterwards  that  theo- 
rems und  formulcc  were  inveutLd  for  the  purpose  of 
barometrical  measurement;  tlie  balance   between  the 
mercury  and  the  atmosphere  was  indeed  known,  but 
the  value  of  the  weights  still  remained  to  be  deter^ 
mined.    The  first  thing  necessary  to  be  ascertained  was 
the  law  of  the  condensation  of  air  under  different  prcs- 
sures.     Mariotte  in  France,  and  Boyle  and  Townley  in* 
England,  found  from  experiment  that  the  density  of 
this  fluid  was  proportional  to  the  compressing  weight; 
but  this  law  is  true  only  when  the  temperature  of  the  air 
remains  constant;  attention,  liowever,  was  not  then  paid 
to  this  important  restriction,  which  in  fact  could  not  be 
indicated  by  experiments  where   the  compressed  vo- 
lumes of  air  differed  but  little  from  each  other  in  respect 
to  temperature.     The  law  of  compression  being  other- 
wise known,  Halley  made  use  of  it  for  calculating  the  HalW  and 
decrease  of  density  in  the  beds  of  the  atmosphere  at  Newton. 
different  altitudes ;  and  thus  led  to  the  mathematical 
formulse,  by  means  of  which  the  difference  of  altitude 
of  two  places  may  be  calculated  from  the  heights  of 
the  mercury  in  the   barometer  observed  at  each  of 
them.      Ne\Hon,  iu  his  Principia,  per  fee  ted  Halley** 
theory,  by  showing  that  regard  was  to  he  paid  to  the 
diminution  of  gravity,  according  as  the  distance  from 
the  surface  of  the  earth  increased ;  but,  what  is  very 
remarkable  in  so  scrupulous  an  observer  of  the  laws  of 
nature,  he  also,  as  well  as  Halley,  omitted  to  consider 
the  effect  of  the  variations  of  heat,  and  of  the  progres- 
sive decrease  of  the  temperature  and  density  of  the 
different  strata  of  the  atmosphere.     The  barometrical 
formul'do  thus  obtained,  without  the  correction  which 
renders  them  applicable  to  all  temperatures,  could  only 
furnish  a  very  imperfect  approximation,  and  therefore 
philosophers  and  maXhematicians  who  endeavoured  la 
apply  them,  found  that  they  succeeded  only  in  a  few 
instances,  and  that  generally  the  results  seemed  to  be 
subject  to  various  errors  which  appeared  to  follow  no 
uniform  law.     Hypotheses  were  tJierefore  formed  by 
some  audiors  for  explaining  these  irregularities,  while 
otiiers  maintained  that  no  dependence  whatever  was  to 
be  placed  upon  such  theorems,  and  that  they  ought  to 
be  wholly  ejtcluded  from  works  of  science.    No  person 
seems  to  have  conjectured  the  true  cause ;  and  the  omis- 
sion is   the  more  remarkable,    when  we  reflect  that 
Bouj;uer  and  Lambert,  men  of  such  peculiar  and  opposite 
talents;  the  one  a  most  accurate  observer  and  philoso- 
pher, and  the  other  a  very  inventive  and  acute  mathe- 
matician, were  both  much  occupied  with  this  instrument 
and  its  application. 

It  was  M.  Deluc  who  al  last  discovered  the  true 
source  of  all  these  errors  and  anomaliet,  by  searching 
in  the  observations  themselves  for  tlic  correspondence 
2  Q  2 
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between  the  tempeTature  of  the  air  and  the  correction 
which  the  generca  formula  required.    Numerous  expe- 
rimentB  on  the  comparative  expansion^  of  air  and  mer- 
cury enabled  him  to  perceive  thq  law  that  those  cor- 
rections ought  to  follow,  and  the  quantity  in  all  cases 
which  should  be  assigned  to  them. 
Corrections      This  remarkable  discovery,  by  giving  to  the  baromc- 
ofthebMTo-  trical  formula  an  unexpected  accuracy,  animated  the 
^*^         zeal  of  philosophers,  and  observations  were  multiplied 
to  a  great  extei)t.  Dr.  Maskeleyne  undertook  to  reduce 
the  new  formula  into  English  measures,  while  Playfair 
added  a  correction  for  the  variation  of  gravity  in  dif- 
ferent latitudes.     Sir  George  Shuckburgh,   by  very 
exact  measures,  verified  the  results  of  M.  Deluc,  and 
gave  them  a  greater  degree  of  precision;    General 
Roy  also  made  an  application  of  it  at  a  great  number 
of  places  in  the  progress  of  his  survey :  the  Alps  were 
levelled  by  MM.  Saussure  and  Pictet;  the  Pyrenees 
by  M.  Ramond,  and  the  Andes  by  Humboldt;  and 
the  barometer  rendered  portablCj^  became  an  indispen- 
sible  instrument  to  all  well-informed  travellers. 
.   Notwithstanding,  however,  so  many  successful  appli- 
cations, the  theory  of  barometrical  levelling  was  far  from 
being  brought  to  its  most  simple  terms.    M.  Deluc  had 
adapted  the  constant  co-efficient  of  his  formula  to  a  cer- 
tain degree  of  the  thermometer,  which  he  called  the  nor- 
mal temperature,  and  which  he  had  fixed  from  the  con- 
dition, that,  for  this  temperature,  the  difference  of  level 
became  adecimal  multiple  of  the  difference  of  the  tabular 


exact  and  so  ably  combined,  coincides  with  obwarfttr    n 
tions  better  than  any  other  in  which  theae  advantages     < 
are  not  united,  and  the  rigorous  proofs  to  which  MM.    ^ 
Ramond  and  Daubusson  have  submitted  it  experi-^^ 
mentally,  have  demonstrated  its  utility.     It  still  re^* 
maincd,  however,   to  render  the  observations  com- 
parable with  each  other,  though  made  with  diffiBrent' 
barometers;   which  has  also  been  done  by  Lsplfteej^ 
who  has  shown  that  the  different  indications  of  tbeib- 
instruments,  in  circumstances  otherwise  equal,  are  tte* 
efiect  of  capillary  attraction,  and  has  given  taUes  for^ 
correcting  this  effect. 

The  barometrical  formula  being  thus  improred,  ob- 
servations with  that  instrument  have  been  considerably 
multiplied,  and  carried  to  a  degree  of  precision  almost 
incredible;  a  precision  which  has  already  led  to  the 
idea  of  distinguishing  every  place  on  the  globe  (in  ad^ 
dition  to  its  latitude  and  longitude)  by  its  height  abof« 
the  level  of  the  sea,  or  rather  by  its  distance  from  Aja*- 
centre  of  the  earth;   which  corresponds  in  prineipis 
with  the  determination  of  the  position  of  a  point  in 
absolute  space,  by  means  of  three  rectangular  co-ordi- 
nates ;  with  this  view  various  tables  have  been  com- 
puted, and  principles  of  approximation  and  compentaf* 
tion  invented,   highly  creditable  to  their  respectnro' 
authors ;  several  of  which  will  be  found-  invest^ted 
at  length  in  our  section  on  barometrical  measurementi* 

4.  The  next  important  step  in  the  science  of  Pnearls 
matics  was  the  invention  of  the  air-pump  by  Otto  de  tb 


logarithms  of  the  observed  barometrical  heights.  All  the    Guericke,  the  celebrated  consul  of  Maigdebarg,  who  P|' 


corrections  relative  to  temperature  which  the  formula 
required,  commenced,  therefore,  according  to  M.  Deluc, 
at  the  normal  temperature ;  inconsequence  of  which  this 
point  of  commencement  changed  whenever  the  formula 
iRras  applied  to  any  other  measures  than  French  toises. 
These  variations  were  very  inconvenient;   and  it  ap- 
peared much  more  natural  to  make  all  the  corrections 
commence  at  some  fixed  term,  as,  for  example,  the 
freezing  point,  which  is  given  by  experiment,  and  com- 
Bj  Laplace,  mon  to  observers  of  all  countries.  This  is  what  Laplace 
has  done  in  a  chapter  of  his  *^  M4canique  Celeste",  in 
which  he  has  established  the  requisite  formula  upon  the 
most  simple  and  accurate  data.  He  determines  the  cor- 
rection for  temperature  relative  to  the  expansion  of  air, 
according  to  the  experiments  of  M.  Gay-Lussac ;  but  he 
has  modified  his  results  in  such  a  manner  as  to  take  into 
the  account  the  humidity  of  the  atmosphere ;  and,  what 
is  very  fortunate,  the  sum  of  this  correction  and  Uie  co- 
efficient of  the  expansion  of  air  is  just  equal  to  -jt^. 
With  respect  to  the  expansion  of  mercury,  Laplace  em- 
ployed the  values  obtained,  in  conjunction  with  La- 
voisier, in  experiments  on  the  expansion  of  bodies,  of 
which  there  unhappily  remains  only  a  small  number  of 
results.  Finally,  he  determined  the  general  co-efficient  of 
the  formula  from  barometrical  observations  themselves, 
by  combining  for  this  purpose  a  great  number  of  expe- 
riments made  in  the  Pyrenees  by  M.  Ramond,  with  a 
degree  of  care  and  an  accuracy  before  unknown  in  this 
science.    The  value  of  this  co-efficient  has  since  been 
confirmed  in  a  direct  manner  by  the  experiments  made 
by  M.  Arago  and  M.  Biot,  on  the  comparative  weight 
of  air  and  mercury ;  so  that  all  the  elements  of  the 
barometrical  formula,  the  research  of  which  has  cost 
travellers  so  much  labour,  has  been  obtained  direcdy, 
and  with  great  accuracy,  without  quitting  the  chemical 
laboratory.    Laplace's  formula,  founded  upon  data  so 


exhibited  his  first  public  experiments  with  it  befeie^ 
the  emperor  and  the  states  of  Germany,  at  die 
breaking  up  of  the  Imperial  diet,  at  Ratisbon,  in  ttie 
year  1654:  but  his  description  of  the  instrument,  end* 
of  the  experiments  performed  upon  it,  were  first  puri^ 
lished  in  his  "  Expenmenta  nova  Magdeburgiade  Vaoao' 
Spatio,"  in  the  year  1672. 

Like  most  other  important  inventions  and  disco- 
veries, the  honour  of  this  has  been  warmly  contested; 
Dr.  Hook  and  M.  Duhamel  ascribe  the  invention  of 
the  air-pump  to  Mr.  Boyle;  but  that  ingenious  phi- 
losopher frankly  confesses,  that  '*  De  Guericke  ivas 
before-hand  with  him.*"  In  a  letter  which  Boyle 
wrote  to  his  nephew,  Lord  Dungarvon,  at  Paris,  about 
two  years  after  Schottus*  book  was  published,  he' 
introduces  the  acknowledgment  of  his  obligation  for 
the  discovery  of  this  useful  machine,  to  what  ho 
had  heard  of  it,  though  he  had  not  perused  it,  by 
that  well-applied  passage  of  Pliny,  '^  benignum  est  el 
plenum  ingenui  pudoris  fateri  per  quos  profeceris.*' 
Some  attempts,  he  assures  us,  he  had  made  upon  die 
same  foundation,  before  he  knew  any  thing  of  what 
had  been  done  abroad ;  but  the  information  he  after* 
wards  received  from  Schottus' ''  Mechanica  Hydranlico 
Pneumatica,^^  published  in  1657,  wherein  was  given  «a 
account  of  De  Guericke's  experiments,  first  enabled 
him  to  bring  his  own  instrument  to  maturity.  Hence, 
with  some  assistance  from  Dr.  Hook,  arose  a  new 
air-pump,  more  simple  and  manageable  than  the  German 
original,  but  this  noble  instrument  has  since  received 
various  modifications  and  improvements,  the  most 
popular  of  which  will  be  described  in  the  course  of 
the  following  treatise.  We  shall  therefore  merely,  as 
connected  with  our  history,  give  an  explanation  of 
De  Guericke's  pump,  and  the  first-constructed  one  by 
Mr.  Boyle,  in  this  place,  reserving  our  further  aoooont 
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*  for  that  part  of  the  article  above  alludedto, 

ftftertHe  principles  of  its  operations  !iave  been  theoretically 

mmti^ated.     De  Guericke's  machine  is  exhibited  in 

1,  tig.  1),  Pnei^matics.     It  consists  of  an  iron 

_  *d  frame,  o  hcdj\  supporting  a  round  iron 

b  Cf  in  the  middle  of  which  is  inserted  a  brass 

^  g  A.     The  upper   part  of  tliis  syringe  Is  tVir- 

hed  with  a  rim  of  lead  y  (fig.  \-€%  and  it  is  fastened 

elow  by  means  of  an  iron  ring  i\  k^  and  three  iron 

,Q^Q,o,  to  the  legs  of  the  frame.     Within  the 

y  there  is  a  brass  plate  m  n  (fig.  1-6),  encompassed 

a  ring  of  leather,  and  fixed  by  three  screws,  which 

inate  upwards  in  a  small  tube  «,  into  which  the 

connected   with   the  vessel    to  be   exhausted   is 

as  occasion  requires.     To  this,  on  (he  lower 

is  ad H pled  a  valve  of  leather,  through  which  the 

if  passes  into  the  syringe*     In  this  plate  there  is  also 

iOtl\er  small  %'alve  at  i,  opening  upwards,  through 

;h  it  escapes.     The  plate  being  covered  by  a  copper 

I,  r,  J,  intended  for  containing  water.     The  piston 

tlie  syringe  m  h  (fig.  1)  and  (fig.  1-c),  is  connected  by 

joint  at  i  with  the  iron  rod  t  m,  which  is  fastened  to 

handle  u;  ii  «,  and  this  moves  round  the  pin  at  ly, 

which  it  is  connected  with  one  of  the  legs  of  the 

In  order  to  prevent  the  nir  from  entering  into 

syringe,  a  copper  vessel  of  water  is  suspended  by 

to  the  arms  o,  o,  o,  so  tliat  the  lower  part  of  the 

at  k,  k,  and  the  piston,  may  be  always  covered 

aier  when  the  machine  is  at  work. 

receiver  Lisa  glass  sphere,  adapted  to  a  brass 

tip^p,  which  has  a  pipe  with  a  stop-cock  q  r,  and 

tbii  pipe  is  fitted  to  the  tube  n  above-mentioned.  From 

tiiis  brief  description  of  the  machine,  its  operation  may 

be  easily  understood.      When   the  piston  *  A  is  de- 

piuied,  the  air  will  be  expanded  in  the  syringe  g  A,  and 

4tt  of  the  receiver  will  descend  into  it  through  the 

•lite  in  the  lower  surface  of  the  plate  m  n ;  but  when 

f^ piston  is  elevated,  and  the  air  is  compressed,  this 

»ahe,  shutting  upwards,  will  close  the  passage  to  the 

'^ceiver,  and  make   it   escape   through  the  valve   i, 

^bich  opens  upwards.     In  order  to  render  the  exhaus- 

wDinore  complete,  a  small  exhausting  syringe  is  adapt- 

^10  the  plate,  which  is  represented  at  m. 

Much  ingenuity  is  doubtless  displayed  in  the  con- 

•pOction  of  this  machine,  considering  t^hat  at  this  time 

^^2?*  ^J***-'*^  property  of  the  air  was  bat  little  known,  but 

^B^^  it  had  many  defects,  as  was  naturally  to  be  ex- 

P^^^tied  in  a  first  attempt;  amongst  others,  the  labour 

^■Working  it  was  very  considerable,  and  its  operation 

^'y^Ioip;  moreover,  being  worked  under  water,  the 

^jilber  of  experiments  that  might  bo  performed  upon  it 

^*%  rcrv  limited, 

^^y©  fcave  said  that  the  description  given  of  this 
^^cimie  of  De  Guericke,  by  Schottus,  led  Mr.  Boyle 
^  undertake,  with  the  assistance  of  Dr.  Hook,  the 
^^iWtruclion  of  a  similar  machine,  in  which  some  of  the 
ypre  prominent  defec[8  of  t!ie  preceding  one  were 
This  air-pump  is  represented  in  the  same 
(fig.  2),  It  consisted  of  a  spherical  receiver  A, 
hole  at  the  top,  whose  diameter  BC  was  about 
»ches ;  this  was  covered  with  a  plate,  having  a 
im  DE,  which  was  firmly  cemented  to  the  ring 
that  surrounded  the  hole,  and  to  the  tapering 
ce  of  the  brass  rim  was  adapted  a  brass  stopple 
*G,  ground  so  exactly  as  to  prevent,  as  mru'h  as  pos- 
iM^,  the  admission  of  air.     In  the  centre  of  the  CQver 
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was  a  hole,  of  abcnt  half  on  inch  diameter,  provided 
with  a  socket ;  to  which  the  brass  stopp!e  K  was  so 
fitted  as  to  prevent  tlie  entj-ance  of  the  air  ;  the  lower 
part  of  this  stopple  was  perforated  with  a  hole,  and  '^■^^-""^^ 
through  this  passed  a  string  for  the  convenience 
of  moving  to  and  fro  the  subjects  of  experiments. 
To  the  neck  of  the  receiver  a  stop-cock  N  was  fastened, 
and  to  the  shank  of  the  cock  X>  a  tin  plate  MTUW  was 
«3  cemented  as  to  prevent  the  admission  of  air.  The 
lower  part  of  the  machine  consisted  of  a  wooden  fi-anie 
with  three  legs,  a,  a,  a,  and  a  transverse  board  //,  6,  6, 
on  which  the  pump  rested.  The  cylinder  of  the 
pump  was  cast  brass,  and  it  was  fitted  with  a  sucker 
of  wliieh  one  part  was  covered  with  shoe  leather,  so 
as  exactly  to  fillthe  cavity  of  the  cylinder;  and  to  this 
was  fastened  the  other  part,  which  was  a  thick,  narrow 
plate  of  iron  e  e,  somewhat  longer  than  the  cylinder, 
indented  on  one  edge  with  narrow  teeth,  so  as  to  admit 
the  corresponding  teeth  of  a  small  iron  nut,  fastened  by 
two  staples  to  the  under  side  of  the  transverse  board 
6,  b,  b.  On  this  the  cylinder  rested,  and  was  turned  to 
and  fro  by  means  of  the  handle^!  The  last  part  of  this 
cylinder  is  the  valve  R,  consisting  of  a  hole  bored 
through  at  the  top  of  the  cylinder,  somewhat  tapering 
towards  the  cavity,  into  which  hole  a  ground  peg  of 
brass  is  fitted,  to  be  taken  out  or  put  in  at  pleasure. 
In  order  to  prevent  more  effectually  the  admission  of 
air,  and  to  prepare  the  sucker  of  the  pimp  for  motion* 
a  quantity  of  oil  was  poured  in  at  the  top  of  the  re- 
ceiver,  and  also  into  the  cylinder*  The  operator  having 
fixed  the  lower  shank  of  the  stop-cock  into  the  upper 
Mifice  of  the  cylmder,  turns  tne  handle,  and  thus 
forces  the  sucker  to  the  top  of  it,  so  that  no  air  may  be 
lefr  in  its  upper  part.  Then  shutting  the  valve  with 
the  plug,  and  turning  the  handle  the  other  way,  he 
draws  down  the  sucker  to  the  bottom  of  the  cylinder, 
and  thus  its  cavity,  into  which  no  air  is  admitted,  will 
be  in  an  exhausted  state.  By  turning  the  stop-cockj 
and  opening  a  passage  between  the  cylinder  and  the 
reservoir,  the  air  contained  in  the  one  m  ill  descend  into 
the  other;  and  this  air  being  prevented  from  returning, 
by  turning  back  the  key  of  the  stop-cock,  will  be  made 
to  open  the  valve,  and  to  escape  into  the  external  air, 
by  forcing  the  sacker  to  the  top  of  the  cylinder;  thus, 
alternately  moving  the  sucker  upwards  and  down- 
wards»  turning  the  key,  and  stoppiing  the  valve,  as 
occasion  requires,  the  exhaustion  may  be  carried  on  to 
any  extent. 

We  shall  not  eriter  more  at  length  upon  the  con- 
struction of  the  air-pump  in  this  place;  we  have  merely 
described  these  two  instruments*  considering  their  con* 
structionas  appertaining  as  much  to  the  general  history 
of  Pneumatics,  as  to  that  of  the  air-pump  in  parti- 
cular, for  we  doubtlessly  owe  to  this  invention  some  of 
the  finest  discoveries  in  the  science. 

5,  At  present  we  have  only  ti^aced  the  history  of  Pneu-  Spccilic 
matics  to  that  point  where  air  was,  in  the  most  satis-  ii'^avay  of 
factory  manner,  shown  to  be  a  heavy  body,  and  even     j"  '^i'"^- 
its  weight  or  pressure  actually  ascertained  upon  any 
given  area;  for  it  is  obvious  that  the  mercury  rn  the 
tube  of  Torricelh  was  exactly  equal  to  the  weight  of  a 
column  of  air  of  equal  base,  from  the  surface  of  the 
earth   to   the  top  of  the   atmosphere;    and  it  hence 
appeared,  that  every  square  inch  of  surface  was  pressed 
with  ft  weight  equal  to  about  14  or  15  lbs.  avoirdupois, 
but  sull  the  weight  of  any  given  bulk  of  air,  or^  ia 
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Other  words,  its  specific  gravity;  yet  remained  to  be 
determined.  It  was  soon  found  that  the  weight  of  air 
is  contiDually  varying,  according  to  the  different  de* 
grees  of  heat  and  cold,  and  the  concurrence  of  other 
causes.  Pascal  observed  it  in  France,  Descartes  in 
Sweden,  in  1650 ;  Mr.  Boyle  and  others  in  England,  in 
1656.  Some  noticed  that  it  was  generally  heaviest  at 
night,  and  in  winter;  and  that  its  variations  in  this 
season  were  the  greatest,  and  still  more  in  northern 
than  in  temperate  climates ;  and  hence  arose  the  ap- 
plication of  this  tube  to  the  uses  and  purposes  of  a 
weather-glass.  With  respect  to  the  weight  or  specific 
gravity  of  atmospheric  air,  it  was  variously  stated. 
Ricciolus  estimated  the  weight  of  air,  at  a  medium,  to 
that  of  water  as  1  to  1000;  Mersenne  as  1  to  1300, 
or  1  to  1356 ;  Lana  as  1  to  640 ;  Galileo,  as  1  to  400. 
Mr.  Boyle,  by  means  of  some  accurate  experiments, 
stated  the  ratio  to  be  as  1  to  938,  but  says,  that  ail 
things  considered,  the  proportion  of  1  to  1000  may 
be  taken  as  a  medium.  These  4ejterminations,  how- 
ever, which  were  all  made  without  any  reference  either 
to  the  state  of  the  barometer  or  thermometer,  must  be 
considered  as  very  vague  and  indefinite.  It  is,  in  fact, 
but  lately  that  the  specific  gravity  of  atmospheric  air 
has  been  ascertained  with  great  precision :  Sir  George 
Shuckburgh,  by  a  very  accurate  experiment,  found  the 
ratio  to  be  that  of  1  to  836,  the  barometer  indicating 
at  the  time  29*27  inches,  and  Fahrenheit's  thermo- 
meter 53^ ;  and  the  comparative  gravity  of  quicksilver 
to  air  as  11 364*6  to  1.  The  above  reduced  to  the  con- 
stant height  of  the  barometer  30  inches,  and  to  55^  of 
the  thermometer,  is  1  to  833.  Lavoisier  makes  the 
specific  gravity  '00128,  that  of  water  being  1. 

6.  We  have  hitherto  principally  confined  our  remarks 
to  the  progress  that  has  been  made  in  developing  the 
the  properties  of  common  or  atmospheric  air ;  but  this 
fluid  forms  only  one  of  many  which  fall  within  the 
pale  of  the  science  of  Pneumatics.  Another  important 
fluid,  particularly  with  reference  to  its  practical  appli- 
cation as  a  first  mover,  is  steam;  which  was  first 
brought  into  notice  by  the  marquis  of  Worcester,  in 
his  work  entitled  a  "  Century  of  Inventions,"  published 
in  1663.  Hints,  indeed,  of  the  possibility  of  such  a 
machine  had  been  given  a  hundred  years  before  by 
Matthesius,  in  a  collection  of  sermons  entitled  Satepta, 
and  at  a  subsequent  period  by  Brunau  ;  but  the  mar- 
quis of  Worcester  professes  to  have  carried  the  project 
into  complete  effect,  under  the  denomination  of  a  fire 
uatcr-work.  It  is  tiius  described  c  ''  I  have  taken  a 
piece  of  a  whole  cannon,  whereof  the  end  was  burst, 
and  filled  it  tliree  quarters  full  of  water,  stopping  and 
screwing  up  the  broken  end,  as  also  the  touch-hole, 
and  making  a  constant  fire  under  it :  within  twenty- 
four  hours  it  burst,  and  made  a  great  crack ;  so  tliAt 
having  a  way  to  make  my  vessels,  so  that  they 
are  strengthened  by  the  force  within  them,  and  one 
to  fill  after  another,  I  have  seen  the  water  run  like  a 
constant  fountain-stream,  forty  foot  high.  One  ves- 
sel of  water  rarefied  by  fire,  driveth  up  forty  of  cold 
water ;  and  the  man  that  tends  the  work  is  but  to  turn 
two  cocks,  that  one  vessel  of  water  being  consumed, 
another  begins  to  force  and  refill  with  cold  water,  and 
so  successively,  the  fire  being  tended  and  kept  con- 
stant; which  the  self  same  person  may  abundantly 
perform  in  the  interim  between  the  necessity  of  turn- 
ing the  said  cocks^**   This  account^  it  must  be  acknow- 


ledged, is  very  obieare,  tnd  the  maduoay  BOi  haimg  «t    ] 
the  time  practically  introduced,  was  toon  forgottea ; 
but  a  similar  engine  was  afterwards,  that  is  to  say^  a    ' 
little  before  tlie  year  1700,  constructed  by  Savary ;  but  ^ 
whether  he  were  indebted  to  the  account  given  by  the  ^ 
marquis  of  Worcester,  or  whether  he  actually  rc-iiif- 
vented  a  similar  machine,  appears  to  be  doubtfiiL 
About  the  date  of  1710,  the  piston  and  cylinder  waa 
invented  by  Newqomen,  and,  with  Beightons  appayalaa 
for  turning  the  cocks  by  its  own  motion,  the  engine  le- 
niained  nearly  stationary  for  many  years.    Within  the 
course  of  the  last  half  century,  however,  it  has  attained 
an  astonishing  degree  of  perfection;  buttheparticalan» 
we  conceive,   belong  rather  to  the    history  of  the 
steam-engine,  than  to  that  of  the  general  scienee  of 
Pneumatics,  we  shall  therefore  pursue  it  no  further  in 
this  place. 
7.  We  have  already,  in  our  historical  sketch  of  Hydner  Be 
to  refer  to  the  theory  of  Ihaoft 


\  theory 
have    mentioned   variojoa^ 


dynamics,  had  occasion 
i^esistance  of  fluids,  and 
authors  who  have  conducted  different  courses  of  ei|ie" 
riments,  in  order  to  supply  such  data  as  are  requiiita 
to  reduce  the  computed  results  to  an  agreement  wkh 
experimental  deductions.  But  in  that  detail  W€  haTa, 
as  fjiur  a$  possible,  confined  our  account  to  the  CMa4if 
incompreSiSiUe  fluids,  particularly  water,  reserving  ier 
the  present  article  what  properly  belongs  to  the  reaici- 
ance  of  the  air,  and  other  elastic  fluids. 

As  far  as  it  respecU  the  common  theory  of  resistance, 
in  which  we  suppose  that  each  particle  after  ttrfting 
the  body  ceases  to  be  efiective,  it  makes  no  difiereao» 
whether  the  fluid  be  elastic  or  non-elastic,  our  hypothenia 
is  the  same  in  botli  cases,  and  consequently  our  reante; 
but  it  is  obvious  that  air  and  water  must  resist  bodiea 
moving  in  them  with  very  difierent  effects,  and  probar 
bably  by  different  laws ;  the  former  approaching  mnokt 
nearer  to  that  sUte  of  perfect  fluidity,  which  the  tbeekj 
supposes,  than  the  latter :  still,  however,  we  have  heoa 
occasion  for  practical  data  to  correct  our  theoretical 
deductions,  and  accordingly  many  interesting  ameri- 
ments  have  been  undertaken,  with  a  view  of  suppfyjqg 
such  information. 

The  resistance  of  the  air  becomes  a  subject  of  con-Bol 
siderablc  importance  in  case  of  military  projectileSp  in  ezp 
order  to  allow  for  the  difference  which  it  causes  in  tha^J 
times  of  their  flights,  and  in  the  length  of  their  raane.  ^ 
Before  the  time  of  Mr.  Robins,  it  was  thought  Uat 
this  resistance  to  the  motion  of  such  heavy  bodieaf 
as  iron  balls,  and  shells,  was  too  inconsiderable  ta 
be  regarded,  and  that  the  rules  and  conclusions 
derived  from  the  usual  parabolic  theory,  were  suf- 
ficiently correct  for  the  common  practice  of  gunnery. 
But  this  author  demonstrated,  in  his  '<  New  Principles 
of  Gunnery,"  that  so  far  firom  being  inconsideisdile,  it 
was  in  reality  enormously  great,  and  by  no  means  to 
be  rejected,  without  causing  the  greatest  errors ;  the 
effect  being  such,  that  balls  and  shells,  which  range  in 
the  air  at  the  most  only  to  the  distance  of  two  (»r  three 
miles,  would,  in  a  vacuum,  range  20  or  30  miles,  and 
even  more.  At  the  time  to  which  we  now  allude^  vis. 
about  the  year  1740,  no  correct  method  had  yet  bam 
invented  for  estimating  the  velocity  with  which  a  ball  is 
discharged  from  a  piece  of  ordnance,  and  therefore  no 
means  could  be  employed  for  estimating  the  resistance 
of  the  air.  The  ranges  were  known,  and  by  assuming 
the  parabolic  theory  to  be  correct,  tl^  velocity  of  .pro* 
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liolidtt  iBtflit  be  faaml :  but  what  is  stated  abore  shows 
lifHir  exoesBiTeiy  erroneoud  the  deterniiDatjous  were 
tiut  depejnded  upon  such  an  hypothesis. 

Tlie  first  thing  to  be  done  was,  therefore,  to  osccr- 
Uie  vdocity  of  projectic^  which  might  be  either 
lUled,  aller  determining  the  explosive  power  of 
wdlcT,  or  be  directly  deduced  honi  experiment, 
ided  an  eh^nble  method  could  be  devised  for  the 
ter  por^Ktse.  The  apparatus  invented  by  Mr.  Robins 
determination  of  the  velocity  wa&  the  bal- 
i  ;  we  have  j^iven  a  shghl  description  of 
u;  11 L  (art,  107,  Dynamics),  but  it  will  be 

Utt  'I'c  at  length  under  the  article  Gukneev. 

Il  Will  be  sudicient,  in  this  phice,  to  observe,  that  by 
tUi  maebine  Mr.  Robins  found  thti  means  of  ascertiiin- 
iil^  v€fy  accurately  the  velocity  of  projection,  and 
bence  soon  convinced  hini&elf  of  the  iinportimce  of  a 
due  know  led  sjre  of  tlie  laws  of  the  airs  resistance* 

To  determine  the  quantity  of  this  resistance  in  the 

CMcof  dirterent  v^^lorities,  the  autlior  discharged  rnus- 

ket^bdtU,  with  various  known  velocities,  ag-ainst  his 

lioiiiiktic  pendulum,  placed  at  dilftrrent  distances,  and 

Uiui  discovered,  by  experiment^  the  quantity  of  motion 

iopBisiug  through  those  spaces,  with  the  several  known 

de^iees  of  Telocity.     Having  thus  ascertained  the  ve- 

locttj  lost  or  destroyed  ni  passing  over  a  certain  space, 

in  i  five 0  time  (which  time  is  very  nearly  equal  to  the 

<flotient  of  the  space  divided  by  th?  medium  velocity 

fc*etween  the  greatest  and  least,  or  between  the  velocity 

U  tb^  mmMi>   nf  thn  g-Qn  and  at  the  pendulum),  that 

'V   i-  y  T?,  the  time  /,  and  the  space 

^   iiiv   rr^^FSitiig   luic;   is   thence  easily   determined, 

V  b 
equal  to  ^ — j ;  where  6  denotes  the  weight  of 

ball,  and  v  the  medium  velocity  above-mentioned  ; 
o   ^  -  IG^g  feet, 

^^      '  dls  employed  by  Mr*  Robins  were  leaden  ones, 
.1  pound  weight,  and  J  of  an  inch  in  diameter; 
tiic  meaium  velocity  of  J, 600  feet  per  second,  he 
*id  theconscant  resistance  to  be  1 1  lb&.,  while,  with  a 
<^\iy  of  1,065  feet,  it  was  only  '2^  !hs*   Now»  accord- 
to  the  common  theory  of  resistance,  the  former  of 
se  fthould  have  been  4^ lbs.  and  the  latter  2 lbs.:    so 
-t,  in  tlie  former  case,  the  real  resistance  is  more  than 
***l>le  that  given  by  the  theory,  being  increased  as  9  to 
\  whereas,  in  the  lattei%  die  increase  is  only  in  the 
of  5  to  7,  or  as  9  to  12 '6.     Mr.  Robins  invented, 
wise,  anoilier  machine,  having  a  whirling  or  circular 
ion,  by  which  he  measured  the  resistance  to  larger 
tes,  though  with  much  smaller  velocities;  a  descrip- 
'On  gf  which  is  given  in  a  subsequent  article  of  this 

"^tl8€. 

fiuler  did  not  disdain  the  t£i3k  of  translating  and 
*^menting  upon  the  above  treatise  of  Robins  ;  in  the 
^seof  which  he  shows  that  the  common  doctrine  of 
Siatances  answers  pretty  well  when  the  motion  is  not 
'^v  swift ;  but  that  when  it  is  rapid,  it  gives  the  re- 
ice  le^s  than  it  ought  to  do,  for  which  he  as- 
the  following  reasons:  1st.  Because,  in  quick 
.,  the  air  does  not  fill  up  the  space  behind  the 
fast  enough  to  press  on  the  posterior  part  to 
^merbalance  the  weight  of  the  air  on  the  anterior 
ft,  2diy,  The  density  of  the  air  before  the  ball, 
t»g  increased  by  the  quick  motion,  will  press  more 
ugly  on  the  fore  part^  and  wUl  thus  resist  more 
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than  the  air  in  hi  natural  state.  He  shows  tiiat  nutory 
Robins s  rule  for  the  resistance  will  not  extend  to  any  ofUie 
greater  velocities  than  1,670  feet  per  second;  and  he  Kience. 
has  given  a  new  formula,  which  will  extend  to  much  '"•^^^^^^''^ 
higher  velocities :  in  some  other  respects  also  the 
dcducticma  of  this  author  dilFcu-  considerably  from 
those  of  Robins.  Mr.  Glcnie,  in  his  **  History  of  Gun- 
nery," published  in  1776,  mentions  some  experiments 
which  gave  very  dlffert  nl  results  from  those  dedncible 
from  the  formula  of  our  author.  Robins  h-dd  stated, 
that  whde  the  velocity  did  not  exceed  1,100  or  1/200 
feet  per  second,  the  resistance  might  be  assumed  pro- 
portional to  the  square  of  the  velocity  ;  but  that  when 
the  velocity  exceeded  1,200  feet,  the  absolute  resist- 
ance would  be  nearly  tl»ree  times  as  great  as  it  should 
be  with  a  comparison  of  smaller  velocities :  to  which 
assertions  Mr.  Gltnie  replies,  tlrat  he  found,  with  a 
much  less  velocity  than  that  of  1,100  feet  per  second, 
the  resistance  to  be  considerably  greater  than  that  due 
to  die  square  of  the  velocity ;  and  that  to  a  velocity 
greater  than  1,200  feet,  the  resistance  was  much  hss 
than  three  times  that  deterramed  by  a  comparison  of 
less  velocities.  In  fact,  a  law  which  steps  at  once 
from  a  ratio  of  equality  to  a  ratio  of  3  to  1,  could  not 
but  be  erroneous,  and  it  is  not  a  little  surprising  that 
so  accurate  a  matliematician  as  Mr.  Robins  should 
have  been  induced  to  propose  such  a  rule,  which  was 
even  contradicted  by  many  of  his  own  expcnments ; 
for  he  found  that,  with  a  velocity  of  no  more  than  400 
feet  per  second,  the  resistance  was  greater  than  that 
which  he  proposes  to  extend  to  velocities  of  1,100  feet. 

The  subject  of  the  resistance  of  air  to  t!*e  motion  of  Df.  Mutton, 
miUtaiy  projectiles,  begun  by  Mr,  Robins,  was  conti- 
nued by  Dr.  Hutton ;  this  author  made  use  of  a  much 
larger  apparatus,  and  employed  cannon  v(  larger  ca- 
libre ;  his  experiments  were  much  more  extensive,  and 
his  determinations  more  precise ;  but^  as  wc  shall  have 
occasion  to  enter  at  some  length  upon  Dr.  Button's  de- 
ductions in  the  course  of  the  following  treatise,  we 
shall  dispense  with  any  further  notice  of  it  In  this  place, 
except  in  stating,  that  he  found  the  resistance  to  be  a 
function  of  the  velocity,  expressible  in  two  terms,  tlie 
one  depending  on  the  simple,  and  the  other  on  the 
second  power  of  the  velocity,  with  constant  co-etiicients; 
viz.  denoting  the  resistance  by  R,  the  diameter  of  the 
iron  ball  by  t/,  and  the  velocity  by  r,  Button's  formula  is 

r  zz  (^00002576  u^  -  -00388  r)-^, 

which  is  general  for  every  velocity,  and  for  an  iron  ball 
of  any  given  diameter. 

8.  Another  important  inquiry  connected  with   the  force  of 
science  of  Pneumatics  is  the  determination  of  the  force  elastic 
of  elasticity  In  different  elastic  fluids,  and  particularly  ^^*^'' 
that  of  Bred  gunpowder  and  steam.     Mr.  Robins,  to 
whom  we  have  so  frequently  referred  above,  may  be 
said  to  be  the  first  who  undertook  a  course  of  experi- 
ments, with  a  view  to  this  detcrminati?>n,  an  it  relates 
to  the  former.     Be  premises  that  the  elasticity  of  this 
fluid  increases  by  heat  and  diminishes  by  cold,  in  tlie 
same  manner  as  that  of  air;   and  that  the  d*Misity  of 
the  fluid,  and  consequently  its  weight,  is  the  same  with 
an  equal  bulk  of  air,  having  the  same  elasticity  arrd  the 
same  temperature.     From  these  principles,  and  from 
the  experiments  on  which  they   are    established,    he 
conduaes  that  the  fluid  produced  by  the  firing  of  gun- 
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powder,  ift  nearly  -^^  ot  the  weig;lit  of  the  generating 
powder  itself;  nnrl  that  the  volume  of  this  air  or  fluid, 
when  expanded  to  the  rarity  of  common  atmospheric 
air,  is  about  244  times  the  volume  of  the  said  gene- 
rating powder.  Count  SaUiee,  in  his  MisceK  PbiL 
Matbem,  Soc.  Prev.  Turin,  p.  125,  makes  the  propor- 
tion aa  222  to  1 ,  which  be  says  agrees  with  the  com- 
putations of  Hauksbee,  Amontons,  and  Bebdor, 

It  follows,  therefore,  from  the  preceding  deductions 
of  Robins,  that  any  quantity  of  powder  fired  in  a  con- 
fined space,  which  it  adet[uately  fiJb,  exerts,  at  the 
instant  of  its  explosion,  against  the  sides  of  the  vessel 
containing  it  and  the  bodies  it  impels  before  it,  a  force 
at  least  *244  times  greater  than  the  elasticity  of  com- 
mon air,  or,  which  is  the  same  things  244  times  greater 
than  the  pressure  of  the  atmosphere;  and  this  without 
considering  the  great  addition  arising  from  the  violent 
degree  of  beat  generated  at  the  instant  of  explosion. 
The  augmentation  due  to  this  latter  cause  Mn  Robins 
estimates  as  somewhat  greater  than  4  to  I,  which, 
combined  with  the  former  ratio,  increased  for  the  sake 
of  simplifying  to  250,  gives  about  1,000  times  the  at- 
mospheric pressure  for  the  elastic  force  of  fired  e"un- 
powder  at  the  moment  of  explosion;  and  he  hence 
computes  that  the  force  or  pressure  of  the  flame  at 
that  moment  is  equal  to  a  weight  of  14,750  lbs.  upon 
every  square  inch. 

It  is  to  be  observed  that  the  ratio  of  4  to  1 ,  as  arising 
from  the  heat,  which  the  author  assumes  to  be  the  same 
as  the  greatest  heat  of  red-hot  iron,  is  taken  as  a  kind 
of  medium  heal;  and  that  in  the  case  of  large  quantities 
of  powder,  this  medium  is  greatly  exceeded,  while  it 
will  be  lower  with  smaller  charges ;  and  consequently, 
Ihat  in  the  former  case,  the  pressure  will  be  greater  than 
that  due  to  UOOO  atmospheres,  but  it  will  be  less  than 
the  same  when  the  quantities  are  smalL 

The  velocity  of  expansion  of  gunpowder,  however, 
and  the  pressure  on  which  it  depends,  it  must  be  ac- 
knowledged, are  yet  hut  imperfectly  known,  diflerent 
authors  giving  very  different  resuits,  Euler  seems  to 
estimate  the  pressure  at  about  double  what  results 
above  from  Hobins*s  deductions;  and  D.  Bernoulli 
makes  it  about  ten  times  as  great.  Dr.  Hutton  ob- 
serves, that  the  velocity  of  expansion  of  the  flame  of 
gunpowder,  when  fired  in  a  piece  of  artillery  without 
either  bullet  or  other  body  before  it,  is  prodigiously 
great,  viz.  7,000  feet  per  second,  and  upwards,  as  ap- 
pears from  the  experiments  of  Mr,  Robins:  but  Ber- 
noulli and  Euler  suspect  it  to  be  still  greater ;  and  that 
he  (Dr,  Hntlon)  had  reason  to  suopQ^tby  it  is  not 
less  than  four  times  as  great  at  th#15S^n|bmcnt  of 
explosion*  With  respect  to  the  expansive  force  of 
steam,  as  we  shall  have  to  examine  that  subject  at 
length  under  the  article  Steam  Engine,  we  shall 
merely  state  in  this  place^  that  the  most  accurate  re- 
sults which  have  yet  been  obtained  relative  to  this  in- 
quiry, are  those  of  Mr.  Dalton,  published  la  the  Man- 
chester Transactions,  vol.  v.,  and  ijj^ich  have  also 
appeared  in  Nicholson's  Jo tu-nal,  vol,  vi.  and  vii.  The 
author,  by  a  long  scries  of  experiments,  found  the  ex- 
pansive force  of  steam  for  all  degrees  of  temperature 
from  30°  of  Fahrenheit's  thermometer  to  212°,  esti- 
mating it  by  the  number  of  inches  of  mercury  it  was 
capable  of  sustaining;  and  fmm  these  experimental 
deductions  he  computed  llie  expansive  force  from  30*^ 
10  40**  and  from  212*=  to  225°.    It  appears  from  these, 


that  at  30°  of  temperature,  the  force  of  the  vapour  is 
equal  to  ^th  of  an  inch  of  mercurv ;  at  1 80*^  it  is  equal 
to  15^15  inches;  at  21^^  to  30  inches;  and  at  325** 
to  140-70  inches, 

9. 1 L  now  only  remains^fer  us  to  say  a  few  words  on  one  ^ 
of  the  most  recent  inventions  connected  with  the  science 
of  Pneumatics,  viz  the  construction  and  ascent  of  air- 
balloons.  Dr.  Black  had  exhibited,  in  his  lectures,  a 
bladder  filled  with  hydrogen  gas,  and  sugtr^sted  the 
possibility  of  forming,  in  this  manner,  a  mass  which, 
from  its  small  specific  gravity,  would  be  capable  of 
floating  and  rising  in  the  air.  Cavallo  afterwards  pur- 
sued the  hint,  and  put  it  into  actual  practice,  by  means 
of  soap  balls ;  and  soon  after  Montgolfier  conceived  the 
idea  of  filling  a  bag  with  smoke  so  as  to  render  the 
whole  lighter  than  air,  and  on  a  sufficiently  large  scale 
to  enable  it  to  take  up  very  considerable  w^eights.  This 
new  invention  was  eagerly  pursued  by  the  philosophera 
of  all  countries,  and  gave  rise  to  that  branch  of  Pneu- 
matics, distinguished  by  the  term  ^Erostation,  or  Aero- 
NA  IT  TICS,,  under  which  latter  designation,  in  our  alpha- 
betical arrangement,  will  be  found  an  historical  sketch 
of  most  of  the  leading  facts  connected  with  the  gradual 
progress  of  this  art,  from  its  eon»mencement  to  the  pre- 
sent time;  at  which  it  has  probably  attained  the  utmost 
perfection  it  is  capable  of  receiving, 

^11.    Properties  of  atmospheric  air,  wilh  reference  to  U§     \ 

mechanical  effects,  ' 

10*  As  much  of  the  science  of  Pneumatics  is  in-  Mi 
volved  in   investigations  relative  to  atmospheric  air;  prq 
and  as  these  investigations  are  founded  upon  certain  f*J 
quahties  of  this  fluid,   which  can  only  be  known  from 
experiment,  we  shall^  previous  to  reducing  fhe  circum- 
s  Lances  attending  the  action  of  elastic  fluids  to  mathema- 
tical computation,  give  an  account  of  a  few  of  the  most 
popular  illustrations  and  experiments  usually  employed 
to  show  the  existence  of  the  different  mechanical  anec- 
tions  ascribed  to  the  air  as  a  body ;  such,  for  instance, 
as  that  it  is  a  ponderous  fluid  ;    that  its  pressure  is 
different  at  different  altitudes;    that  it  is  elastic,  or 
capable  of  compression,  expansion,  &c. 

Air  ii  a  heuvi/  fiuiff. 

11.  First,  that  the  air  is  a  fluid  is  obvious,  because  Aij 
its  parts  arc  easily  moved,  and  yield  to  the  smallest  M 
inequality  of  pressure ;  and  that  it  is  ponderable,  is 
clearly  shown  by  the  Torricellian  experiment  mentioned 
in  the  preceding  chapter ;  but  it  may  not  be  amiss  to 
mention  a  few  other  instances  which  are  familiar  to 
every  one^  and  which  equally  prove  its  ponderous 
quality. 

Thus,  for  instance,  if  we  shut  the  nozzle  and  valve- 
hole  of  a  pair  of  bellows,  after  having  expelled  the  air 
out  of  them,  we  shall  find  that  a  considerable  force  is 
requisite  to  separate  the  boards  from  each  other.  This 
can  be  attributed  to  no  other  cause  than  the  pressure 
or  weight  of  the  atmosphere,  which,  acting  equally 
upon  the  upper  and  lower  surfaces  externally,  without 
a  counterbalancing  force  inside,  operates  Uke  a  dead 
weight  in  keeping  them  in  contact  with  each  other. 
In  like  manner*  if  we  stop  the  end  of  a  syringe,  alter 
its  piston  has  been  pressed  down  to  the  bottom,  and 
then  attempt  to  draw^  it  up  again,  a  considerable  force 
will  be  found  necessary  to  effect  our  purpose,  depend- 
ing, as  to  quantity,  upon  the  diameter  of  the  instm- 
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«•  meaty  beings  about  14  or  15  lbs.  to  every  square  incli 
of  the  piBtOD.     By  exerting  the  requisite  force,  we  may 
^  dimw  up  the  piston,  and  may  maintain  it  in  its  place 
by  continuing  to  exert  the  same  power ;  but  the  mo- 
nmit  we  cease  acting,  the  piston  rushes  down  and 
strikes  the  bottom.      This   is  commonly   spoken   of 
lader  the  term  suction^  because  we  feel  something,  as 
it  were,  drawing  tli^  piston  down ;  but  it  is  in  reiality 
the  weight  of  the  incumbent  air  pressing  it  in.     The 
same  obtains  eaually  in  all  positions  of  the  piston,  viz. 
wbether  it  be  Iield  vertically,  horizontally,  or  in  any 
iodined  position  whatever,  which  shows  that  air  par- 
tajkes  of  the  general  property  of  fluids ;  that  is  to  say, 
(bat  its  pressure  is  exerted  equally  in  all  directions. 
It  1ft  to  this  quality  of  atmospheric  air  we  must  attri- 
bute many  phenomena  of  daily  observation;  as,  for 
example,  uie  great  force  with  which  two  surfaces  tliat 
acouately  fit  cohere  to  each  other ;  we  do  not  here 
mean  to  assert  that  the  cohesion  is  not  frequently  greater 
jdban  can  be  due  to  atmospheric  pressure,  but  in  many 
cases  this  is  the  principal  cause.    This  fact  is  fami- 
liarly known  to  glass-grinders  and  the  polishers   of 
marble;  .in  these  operations,  when  the  polish  is  nearly 
opmpleted,  the  glass  and  the  tool  on  which  it  is  ground 
will  adhere  to  each  other  with  a  force  requiring  more 
than  the  strength  of  a  man  to  separate  them ;  in  fact, 
we  shall  see  hereafter,  that  every  square  inch  of  surface 
will  require  a  force  of  14  or  15  lbs.  to  produce  a  sepa- 
ration, independently  of  any  other  cause  than  the  pres- 
sure of  the  atmosphere ;  whereas,  in  a  vacuum,  the 
coanection  is  destroyed  without  any  effort. 
,  To  the  same  cause  must  be  ascribed  the  very  strong 
adhesion  of  snails,   periwinkles,  limpets,   and   other 
iuivalve  shells,  to  rocks,  &c.    The  animal  forms  the 
nooL  of  its  shell  so  as  to  fit  the  shape  of  the  rock  to 
*iuc]i  it  intends  to  cling.     It  then,  by  means  of  some 
ipoacular  exertion,  produces  a  sort  of  vacuum,  and  in 
«ia  condition  it  is  evident  that  we  must  act  with  the 
w^Ve  force  of  15  lbs.  for  every  square  inch  of  adhering 
inrlcife,  before  we  can  detach  it.     This  will  be  illus- 
^t^d  if  we  fill   a  drinking  glass  to  the  brim  with 
^^^^7f  and  having  covered  it  with  a  piece  of  thin  wet 
•^^lier,  whelm  it  on  a  tabic,  and  then  try  to  pull  it  straight 
'^P  S     when  it  will  be  found  to  require  a  considerable 
fec^.  In  the  same  manner  do  the  rcmora,  the  polypus, 
yft  lamprey,  and  many  other  animals,  adhere  with  that 
fiian^iess  which  we  so  frequently  observe.    Those  ani- 
■^8  also  which  possess  the  power  of  walking  in  oppo- 
mom  to  gravity,  as  flies,  for  example,  on  the  ceiling  of 
&  room,  or  on  the  smooth  perpendicular  surface  of  a 
^<>o^Vbg-glass,  owe  their  facility  of  support  to  a  pe- 
culiar construction  of  the  feet,  which  enables  them  to 
pfjjduce  a  vacuum,  by  mere  muscular  operation.  Natu- 
^%t$  were   long  perplexed   with   this  phenomenon, 
?jd  it  is  but  very  lately  that  Sir  E.  Home,  by  means 
*  *  very  accurate  examination  of  the  foot  of  a  peculiar 
*^  of  lizard,  the  laceria  gecko  of  Java  (which  possesses 
J*,ume  power),  has  been  able  to  discover  tne  cause. 
*ePha.Trans.  for  1816. 

Boys  are  constantly  seen  amusing  themselves  in 

puling  large  stones  from  the  pavement  by  means  of  a 

^l^e  of  stiSf  wetted  leather  fastened  to  a'string,  where 

^.  adhesion  must  still  be  attributed  to  the  atmospheric 

.''^'^are ;  and  to  the  same  cause  is  owing  the  firmness 

^^  which  bivalve  shell-fish  appear  to  close   thero- 

^Vei^.    We  are  apt  to  think  the  muscular  power  of  an 

^OL.  III. 


oyster  very  prodigious,  on  account  of  the  force  which  Proper tu« 
is  required  to  open  it ;  but  if  we  grind  off  a  part  of  the     ^^  air. 
shell  so  as  to  make  a  hole  in  it,  though  without  in-  ^*^^-^^ 
juring  the  fish  in  the  smallest  degree,  it  opens  with 
great  ease.     Many  other  instances  might  be  mentioned 
of  a  similar  kind,  but  the  above  are  sufficient  to  show 
the  important  part  which  atmospheric  pressure  per- 
forms in  the  production  of  many  common  and  interest- 
ing natural  phenomena. 

12.  With  respect  to  the  Torricellian  experiment,  we  Barometer. 
may  be  allowed  to  say  a  few  words,  by  way  of  fiirther 
illustration.  If  a  glass  tube,  32  or  33  inches  long,  and 
closed  at  one  end,  be  filled  with  quicksilver,  and  the 
open  end,  covered  with  the  finger,  be  inverted,  and 
immersed  in  a  vessel  of  the  same  fluid,  the  mercury, 
when  the  finger  is  removed,  will  subside  (as  we  have 
already  stated  in  our  historical  sketch)  to  a  certain 
height,  somewhere  between  31  and  28  inches  from  the 
surface  of  the  external  mercury ;  depending,  as  to  Ithe 
actual  quantity,  upon  the  weight  of  the  atmosphere, 
which  is  different  at  different  times.  The  state  of  the 
air  may  therefore  always  be  ascertained  by  means  of 
this  instrument,  and  it  is  in  consequence  of  this  ap- 
plication of  the  Torricellian  tube,  that  it  has  received 
its  name  of  barometer,  from  ftapotr,  weight,  and  fierpoy, 
measure.  The  weight  of  the  column  of  quicksilver, 
whose  base  is  equal  to  the  lower  orifice  of  the  tube, 
and  altitude  equal  to  that  of  the  fluid  above  the  sur- 
face of  that  in  the  vessel  or  reservoir,  is  equal  to  the 
weight  of  the  column  of  air  extending  to  the  top  of 
the  atmosphere.  And  smce  the  weight  of  the  column 
of  quicksilver  is,  ceteris  paribus,  as  its  altitude,  it  fol- 
lows that  the  weight  of  the  air  is  proportional  to  the 
altitude  of  the  mercury  in  the  barometer.  The  height 
at  which  the  mercury  is  sustained  above  the  surface  of 
that  in  the  reservoir  is  called  the  standard  altitude, 
and  will  be  the  same  in  any  number  of  tubes,  whatever 
be  their  bore  or  their  position,  provided  the  tube  be 
not  so  very  slender  as  to  expose  the  mercury  to  a 
sensible  alteration  from  the  capUlary  attraction. 

The  method  above  indicated  enables  us  to  determine 
very  accurately,  at  any  time,  the  weight  of  a  column  of 
the  atmosphere  on  any  given  surface ;  for  the  specific 
gravity  of^  mercury  being  known,  we  may  compute 
directly  the  weight  of  it  as  due  to  any  given  base  and 
observed  altitude,  and  the  same  will  be  the  weight  due 
to  a  column  of  air  on  the  same  base  and  pf  indefinite 
altitude.  In  this  way  it  has  been  determined,  that 
the  pressure  of  the  atmosphere  on  every  square  inch  of 
surface  i^ilat  a 'inedium,  about  equal  to  15lbs.  avoir- 
dupois. ^iIQ?!liistead  of  having  one  end  of  the  tube 
hermetically  sealed,  as  we  have  supposed  above,  it  be 
closely  covered  with  a  piece  of  bladder,  the  mercury 
will  still  stand  at  the  same  height,  but  on  piercing  the 
bladder  with  a  needle,  so  as  to  admit  the  air,  it  will 
immediately  fall;  for,  in  this  case,  the  weight  of  the 
air  presses  upOtt  the  mercury  in  the  tube,  and  the 
weight  of  the  tNro  together  must  obviously  preponde- 
rate over  the  contrary  pressure  and  destroy  tne  equili- 
brium. 

To  the  same  cause  is  to  be  attributed  the  well- 
known  fact,  that  a  cask  will  not  run  by  the  cock  unless 
a  hole  be  opened  in  some  other  part.  If  the  cask  be 
not  quite  full,  indeed,  some  liquor  will  be  discharged, 
but  it  will  stop,  after  a  time,  till  an  opening  be  made, 
as  above-stated.  For  the  same  reason  we  commonly 
2  u 


aee  a  small  hok  made  in  the  Vul  of  a  tea-pot,  for  if 
that  were  not  done »  and  the  lid  were  to  fit  very  ac- 
cumlely,  we  should,  for  want  of  the  atmospheric 
pressure  inside,  be  unable  to  pour  out  the  tea  throusrh 
the  spout.  It  seems  principally  owingj  to  a  like  cause 
that  a  frost  immediately  occasions  a  scantiness  of  water 
in  our  fountains  and  wells.  This  is  erroneously  ac- 
count rd  for  by  supposing;  that  the  water  freezes  fur 
below  tlie  surface  of  the  earth.  But  this  is  a  g^reat 
mistake;  the  most  intense  frost  of  a  Siberian  winter 
would  not  freeze  the  ground  two  feet  deep,  but  a  very 
moderate  frost  will  consolidate  the  whole  surface  of  a 
country,  and  make  tt  impervious  to  the  air,  especially 
if  the  frost  have  been  preceded  by  rain,  which  has 
soaked  the  surface.  When  this  ha]ipens»  the  water 
which  was  filterins^  through  the  ground  is  stopped,  and 
held  suspended  in  its  capillary  tubes  by  the  upward 
pressure  of  the  air,  and  a  scarcity  of  supply  is  the 
necessary  consequence.  A  thaw,  by  melting;  the 
superficial  ice,  ag-ain  opens  the  communication  with 
the  atmosphere,  and  the  flowing  of  the  water  is  re- 
newed, 

j^it'U  an  tluAtic  fluids 

13*  That  air  is  an  elastic  fluid,  and  capable  of  com- 
pression and  expansion,  may  be  shown  by  a  great 
variety  of  methods,  particularly  with  the  assistance  oF 
the  air-pump;  and,  oven  independently  of  this  machine, 
it  may  be  rendered  evident  by  numberless  experiments : 
as,  for  example,  by  squeezing;  in  the  hand  a  blown 
bladder,  in  which  case  we  find  an  obvious  resistance 
from  tlio  included  air,  and,  upon  taking  o^  the  pres- 
sure, the  compressed  parts  immediately  restore  them- 
selves to  their  former  roynd  figure.  The  elastic  and 
compressible  quality  orcomman  air  may  also  be  shown 
by  invertin<^  an  open  glass  vessel,  and  immersing 
it  in  a  fluid :  in  the  first  instance,  viz.  when  the  ori- 
fice of  the  vessel  first  comes  in  contact  with  the 
water,  the  whole  internal  space  of  tlie  vessel  will  be 
occupied  by  the  air,  but  on  forcing  it  downwards  to  a 
greater  depth,  the  pressure  of  the  fluid  will  act  upon 
the  surface  of  the  air  tn  con  tact  with  it,  and  force  it  to 
occupy  a  less  and  less  space,  as  the  vessel  is  more  and 
more  immersed.  This  shows  the  air  to  be  compres- 
sible; and  if  the  power  be  removed  that  caused  the 
vessel  tfj  descend,  and  which  has  kept  it  at  any 
given  depth,  it  will  re-ascend  with  considerable  force  ; 
which  demonstrates  the  air  to  be  elastic  and  expan- 
sible ;  for  had  it  been  incompressible,  the  water  could 
not  have  entered ;  and  had  it  been  merely  compres- 
sible, without  possessing  elasticity,  it  would  not  have 
re-ascended  with  the  force  above-described. 

Other  e.xperiments  are  sometimes  cited  to  prove  the 
above  quality  of  atmospheric  air,  viz.  by  the  great 
f*xpansion  of  a  small  quantity  of  air  in  a  bladder,  ap- 
parently nearly  empty,  when  the  air  is  removed  from 
the  externul  parts,  by  placing  it  nnder  the  receiver  of 
an  air-pump.  This  experiment  is  sometimes  perfurmed 
by  placing  the  flaccid  bladder  in  a  small  box,  and  laying 
u  proper  weight  on  the  lid,  when,  on  exhausting  the 
air  exterually,  the  lid  will  be  raised  up  by  the  ex- 
pansion of  that  in  the  bladder. 

Every  particle  of  air  possesses  this  property,  and 
lends  to  expansion,  and  thus  counteracts  an  equal 
tendency  of  the  ambient  particles  ;  and  if  the  resist- 
tiiicc  of  any  of  these  happea  to  be  wcokcued^  it  imme- 


diately difTuscs  itself  to  an  immense  extent,     llenee  it  ^ 
is  tliat  tliin  glass  bubbles,  and  bladders  filled  with 
air  and  exactly  closed,  being  included  in  the  exhausted  ^ 
receiver  of  an  air-pump,  burst  by  the  force  of  the  in-     * 
eluded  air.  i 

The  pressiffff  of'  the  atmmphtrt  varies  at  dtfereni  akitudef. 

\4.  This  fact  was  first  established  by  the  celebrated 
experiment  of  the  Put/  dc  Domme,  mentioned  in  our 
historical  chapter,  and  may  be  made  otherwise  obvious  \ 
by  merely  carrying  a  bladder,  with  a  small  portion  of  1 
air  in  it,  to  the  top  of  a  high  mountain,  where  it  will 
be  found  distended,  although  at  the  bottom  it  was 
perfectly  flaccid  ;  this  change  is  obviously  occasioned 
by  the  external  air  pressing  with  less  force  at  the  top 
than  at  the  bottoui  of  the  mountain,  which  enables 
the  included  air  to  expand  itself  and  distend  tlie 
bladder.     This  proof  is  suflicient  for  our  present  pur- 

t>ose  ;  we  shall,  in  a  subsequent  chapter,  enter  more  nl      ' 
ength  upon  this  subject,  in  treating  of  Uie  measuring 
heights  by  the  barometer. 

Limits  of  condensation  and  rare/act  tan. 

15,  The  limits  of  condensation  and  rarefaction  oflif 
air,  by  artificial  powers,  are  not  ascertained.  Certain  ^'^ 
experiments  of  General  Roy,  detailed  in  vol,  Ixvii,  of  ^'^ 
the  PhiL  Trans.,  render  it  probable  that  the  particles  •* 
of  air  may  be  so  far  removed  from  each  other,  by  the 
diminution  of  pressure,  as  to  lose  a  very  considerable 
portion  of  their  elastic  force.  It  also  appears  that  the  j 
clastic  force  of  common  air  is  proportionally  greater  \ 
than  when  its  density  is  considerably  augmented  or 
diminished,  by  an  addition  to,  or  a  subtraction  from, 
the  weight  with  which  it  is  usually  loaded  ;  a  fact 
which  contradicts  the  experiments  of  Boyle,  Mariotte, 
and  others.  These  experiments  also  further  show  that 
the  elasticity  of  moist  air  is  greatly  superior  to  that  of 
dry  air ;  in  some  cases  the  total  expansion  of  the 
former  was  quadruple  that  of  the  latter. 

Philosophers  have  doubted  whether  this  elastic  power  Eli 
of  air  were  capable  of  being  entirely  destroyed.  Mr  p«i 
Boyle  made  several  experiments  with  a  view  to  dj»-  *^ 
cover  how  long  air,  brought  to  the  greatest  degree  of  ^ 
expansion  to  which  he  could  reduce  it,  would  maintain 
its  spring,  and  could  never  discern  any  sensible  dirai- 
nntion.  Desaguliers  found  that  after  air  had  been 
enclosed  for  half  a  year  in  a  wind-gun,  it  had  lost 
none  of  its  original  elasticity ;  and  Roberval,  after  pre- 
serving it  in  the  same  manner  for  sixteen  years,  found 
that  its  expansive  projectile  force  was  the  same  as  if  it 
had  been  recently  condensed.  Hawksbee^  however, 
from  a  later  experiment,  concludes,  that  the  spring  of 
the  air  may  be  so  disturbed  by  a  violent  pressure  as  tn 
require  some  time  to  return  to  its  natural  tone :  and 
Dr.  Hales  inferred,  from  a  number  of  experiments,  that 
the  elasticity  of  the  air  is  capable  of  being  impaired  and 
diminished  by  a  variety  of  causes,  so  as  to  be  actually 
destroyed  an<l  reduced  to  a  fixed  state  :  hence  he 
concludes,  that  elasticity  is  not  an  essential  and  immu- 
table properly  of  the  particles  of  air:  and  that  the  at- 
mosphere is  a  chaos,  consisting  not  only  of  elastic*  but 
also  of  nonclaslic  air  particles,  which  copiously  float 
in  It  This  philosopher  found  that  when  dry  wood 
was  put  into  a  strong  vessel,  which  it  almost  filled, 
and  the  remainder  was  filled  with  water,  the  swelling 
of  tlic  wood  occasioned  by  its  imbibing  the  water,  con- 
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2^  dented  the  air  of  his  gage  into  one-thousandth  of  its 
v^^^*^nial1>iilk.     He  found  also  that  peas,  treated  in  the 
Mte  manner,  generated  elastic  air,  which,  pressing  on 
the  air  in  the  gage,  condensed  it  into  a  fifteen-hun- 
dredth part  of  its  bulk.   This  is  the  greatest  condensa- 
tion that  has  been  ascertained  with  precision,  although, 
in  other  experiments,  it  has  certainly  been  carried  much 
ftrther;  but  the  precise  degree  could  not  be  ascer- 
tained. 
»?         16.  The  elasticity  of  the  air  exerts  its  force  equally 
***■  m  all  directions,  and  when  released  from  the  force 
which  compresses  it,  it  assumes  a  spherical  figure  in 
tbe   interstices  of  the  body  which  contains  it.     By  ex- 
hausting the   air  from  liquors  placed  under  the  re- 
ceiver of  an  air  pump,  the  bubbles  which  gradually 
aiis«,  and  are  enlarged  in  size,  retain  their  round 
tg'MJiTe*    Such  are  also  the  bubbles  discharged  from  a 
pHLlkc  of  metal  immersed  in  a  fluid  under  the  same  cir- 
enxkstances.   On  this  account  large  glass  globes  always 
assume  a  spherical  shape  by  blowing  air  through  an  iron 
tal3e  into  a  piece  of  melted  glass  at  the  end  of  the  tube. 
Ho-w  far  air  has  a  power  to  dilate  itself  when  all  ex- 
texTial  pressure  is  removed  is  uncertain,  although  we 
kn<yw  tnat  it  possesses  this  power  in  a  very  high  de- 
cree.   In  sereral  experiments  made  by  Mr.  Boyle,  it 
mlcLted  into  9  times  its  former  space,  then  into  31,  then 
bto  60,  and  lastly  into  150 :  but  it  was  afterwards  di- 
lated into  8,000  times  its  first  space,  and  ultimately 
into  13,679  times  its  original  bulk;  and  this  without 
the  assistance  of  fire.    (See  Boyle's  Works  by  Birch, 
»ol.  L  and  tol.  iti.) 

It  appears,  therefore,  from  what  has  been  above 
stated,  that  the  air  we  breathe  near  the  surface  of  the 
•trtli  is  compressed  by  the  weight  of  the  superincum- 
bent column  of  air  into  at  least  the  13,000th  part  of 
•'^c  space  it  would  occupy  in  vacuo ;  but  if  the  same 
^  lie  condensed  by  art  to  the  greatest  degree  hitherto 
•fepted,  the  ratio  of  the  spaces  occupied  by  the  same 
9^*itity  of  air  in  its  greatest  state  of  rarefaction,  to 
™*  same  under  its  highest  degree  of  condensation,  will 
»  ^a  550,000  to  1. 

Lmc  of  condensation  and  elasticity, 

■"^  **  ■?.  The  weight  or  pressure  of  the  air,  it  is  obvious,  has 
J*  ^  dependence  on  its  elasticity;  and  would  be  the  same 
'' J^^ther  it  possessed  the  latter  property  or  not;  but 
lyfig  elastic,  it  is  necessarily  effected  by  the  pressure, 
7?!^di  reduces  it  into  such  a  space,  as  that  the  elasti- 
^*^  which  re-acts  against  the  compressing  weight  is 
^$^<d  to  that  weight  Indeed,  the  law  of  this  elasti- 
^y  is,  that  it  increases  as  the  density  of  the  air  in- 
^''^s^,  and  the  density  increases  as  the  force  in- 
2^«Ues  with  which  it  is  pressed,  at  least  within  certain 
^^ti,  and  there  must  necessarily  be  a  balance  between 
™^  action  and  re-action;  that  is  to  say,  the  gravity 
Hi  the  air,  which  tends  to  compress  it,  and  the 
r^tici^  of  the  air,  which  has  a  tendency  to  expand 
>  liiast  be  equal ;  hence  the  elasticity  of  the  air,  not 
]^^  different  from  its  natural  state,  being  as  the 
f'^i^ty.  will  of  course  be  inversely  as  the  space  it  oc- 

- ,  Vcmseqaently,  since  the  elasticity  increases  or  dimi- 
^^tiea  as  the  density  increases  or  diminishes;  that  is 
^  aay,  as  the  distance  between  the  particles  dimi- 
^l^es  or  increases,  it  is  indifferent  whether  the  air 
^compressed  and  retained  in  such  space  by  the  weight 


of  the  atmosphere,  or  by  any  other  means ;  for  it  will.  Properties 
in  either  case,  have  a  tendency  to  expand  with  the  same      of  air. 
force.     Therefore,  if  air  near  the  earth  be  confined  in  ^•^"^^'"^ 
a  vesssel  shut  on  all  sides,  so  as  to  cut  off  all  commu- 
nication with  the  external  air,  the  pressure  of  the  en- 
closed air  will  be  equal  to  that  of  the  atmosphere.  Ac- 
cordingly we  find  mercury  sustained  to  the  same  height 
by  the  elastic  force  of  air  enclosed  in  a  glass  vessel,  as 
by  the  whole  atmospheric  pressure. 

In  order  to  prove  experimentally  the  truth  of  the  ExpcrU 
preceding    deductions,    let    a   cylindrical    tube    BC,  ments. 
(fig.  3)  open  at  one  end  B,  be  filled  with  mercury  to  Fig.  3. 
an  altitude  equal  to  BD,  before  inversion,  and  after 
the  immersion  of  B  in  a  bason  of  mercury,  the  air, 
which  before  occupied  a  space  equal  to  CD,  is  dilated 
through  a  larger  space  at  CA ;  and  if  BN  be  the  alti- 
tude due  to  the  atmospheric  pressure,  the  mercury  will 
be  depressed  from  N  to  A.     Now  the  elastic  force  of 
air  in  its  natural  state,  or  occupying  a  space  equal  to 
CD,  is  to  the  elastic  force  of  air  occupying  the  space 

BD,  as  the  columns  of  water  they  are  capable  of  sup- 
porting, that  is,  as  BN  to  AN ;  but  experiment  shows 
that  BN  :  AN:: AC  :  CD,  consequently  the  elastici- 
ties, are  to  each  other  as  AC  :  CD. 

The  same  may  be  otherwise  shown  by  a  bent  tube, 
as  follows :  Take  a  long  crooked  glass  tube  (fig.  4), 
equally  wide  throughout,  or  at  least  in  the  part  BD ; 
open  at  A,  but  close  at  the  other  end  B ;  pour  in  a 
little  quicksilver  at  A,  just  to  cover  the  bottom  to  the 
bend  at  C  (/,  to  stop  the  communication  between  the 
exten\al  air  and  that  contained  in  BD.  Then  pour  in 
more  quicksilver,  and  mark  the  corresponding  height 
at  which  it  stands  in  the  two  legs,  and  suppose  when 
it  rises  to  H  in  the  open  leg  AC,  that  it  ascends  to 
E  in  the  close  one,  reducing  the  volume  of  the  included 
air  from  its  natural  bulk  BD  to  the  contracted  space 

BE,  by  the  pressure  of  the  column  H  e ;  and  when  the 
quicksilver  stands  at  I  and  K,  in  the  open  leg,  let  it 
rise  to  F  and  G  in  the  other,  reducing  the  air  to  the 
respective  spaces  BF,  BG,  by  the  weight  of  the  co- 
lumns 1/,  Kg.  Then  it  will  be  found,  that  the  con- 
densation and  elasticities  are  as  the  compressingweights 
or  columns  of  quicksilver  and  the  atmosphere  together. 
Hence,  if  the  natural  bulk  of  the  air  BD,  be  com- 
pressed into  the  spaces  f ,  ^,  \  of  BD,  or  as  the  num- 
bers 3,  2,  1,  then  the  atmosphere,  together  with  the 
corresponding  columns  He,  lj\  Kg,  are  also  found 
to  be  m  the  same  proportion  reciprocally ;  viz.  as  ^,  ^, 
\y  or  as  the  numbers  2,  3,  6.  And  then  H  e  =  ^  A, 
1/=  A,  and  Kg  =;  3A,  where  A  denotes  the  weight 
of  the  atmosphere,  which  shows  that  the  condensations 
are  directly  as  the  compressing  forces  ;  and  the  elasti- 
cities are  in  the  same  ratio,  since  the  columns  in  AC 
are  sustained  by  the  elasticities  in  BD. 

18.  The  experiments  to  which  we  have  above  alluded,  J^^^  a^^c 
however,  cannot  be  carried  to  a  sufficient  extent  to  ^^  "Tf 
ascertain  the  exact  law  between  the  compression  and  ^^ 
the  space  occupied ;  and  it  is  well  known,  that  although 
it  may  be  admitted  as  a  general  principle  that  the 
density  of  air  is  proportional  to  the  force  by  which  it 
is  compressed,  as  we  have  stated  to  be  deducible  from 
the  above  experiments,  yet,  in  the  case  of  air  con- 
densed to  any  considerable  de^yree,  the  rale  will  not 
obtain.     When  air  is  very  forcibly  condensed,  so  as  to 
reduce  it  to  a  small  part  of  its  ordinary  bulk,   it 
makes  a  greater  resistance,  and  requires  a  strongir 
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force  to  compress  it  tiian  is  conformable  with  die    between  the  densities  I  and  1  *5,  within  which  limitB 


Sulzer*s  ex* 
pcrimcDts. 


Rohisoii's 
i*\|ii'ri- 


preceding  principle. 

Thus  SulEer,  who  compressed  air  into  ^th  of  its  ori- 
ginal volume,  found  a  considerable  deviation  from  the 
above  law.  The  results  of  his  experiments  arc  exhi- 
bited in  the  following  table;  where  the  first  column 
shows  the  densities,  and  the  second  marks  the  cor- 
responding elasticities. 


we    have  very  nearly  D  z:  £ 


or   log.  D  = 


Table  of  Sulzers  cipt 

rimaUs  on 

compressed  air. 

Ist  Set. 

«d  Sot. 

1                              t 

1               M  Sirt.              i 

T>enHty. 

1 

Khi5ticity.| 

Density. 

LClast'iL-lty. 

1                   1 
Doiwity 

Elasticity. 

1-000 

1-000 

1-000 

1-000 

1-000 

1-000 

MOO 

1-093 

1-236 

1-224 

1-091 

1-076 

1-222 

1-211 

1-294 

1--288 

'■  1-200 

M83 

1-375 

1-284 

1-375 

l-;{32 

i  1-3M3 

1-303 

1-571 

1-599 

1-4G6 

1-417 

,  1-500 

1  -472 

1-C92 

1-669 

1-571 

1-515 

1  1-714 

l-6;"59 

1-833 

1-796 

1-692 

l'r,47 

!    

2-000 

1-058 

2-000 

1-^64 

2OU0 

1-900 

2-288 

2-130 





2-444 

2-375 

2-444 

2-392 

2-400 

2-241 

3-143 

2-936 

3-143 

3-078 

:  3-000 

2-793 

3-666 

3-391 

3-666 

3-575 

4-000 

3706 



4-000 

3-631 

4-444 

4-035    '  4-444 

4-320 

i  

4'888 

4-438 

5-500 

4-922 

5-500 

5-096 

5-882 

5-552 

7-33:3 

6-694 

!  6-000 
1  8-060 

5-297 
6-835 

Other  experiments  for  the  same  purpose  were  insti- 
tuted by  professor  Robison  on  dry  and  moist  air ;  the 
results  of  which  may  be  seen  below. 

Table  of  Professor  Robison's  experiments. 


1    Air  impPTRnati-fl 

Dry  air. 

Moist  ulr, 

wUli  TJi|»oiir9  of 
i          cBiiipljiro. 

Di-iislly. 

f.hi9tidry. 

Deusitj. 

Elujticily, 

Dfimily. 

Kk^tjclty. 

O'OOO 

1-000 

'  1-000 

1-000 

;    1*000 

1-000 

I'OOO 

1-957 

!  '2-000 

1-9-20 

'   2-000 

1-909 

3-000 

2-848 

;  3-000 

2*839 

3-000 

2-845 

4-000 

3-737 

A  4-000 

3-726 

4-000 

3-718 

5^500 

4-930 

1  5-500 

5-000 

:,  5-500 

5-104 

6-300 

5-34^2 

1  6-000 

5-452 

1;  6-000 

5-463 

7-620 

6'490 

1  7 '620 

6-775 

*^  7- 620 

1* 

6-81-2 

The  conclusion  to  be  drawn  from  these  experiments 
is  manifest;  it  appears,  in  the  clearest  manner,  that  tlie 
elasticities  do  not  increase  so  fast  as  the  densities; 
this  is  the  case  in  both  series  of  experiments ;  but  it 
is  more  particularly  so  in  the  latter.  The  second  set 
in  Pr.  Robison's  experiments  were  the  results  obtained 
from  very  damp  air  111  a  warm  morning  in  summer,  and 
in  these  the  elasticities  are  very  nearly  proportional  to 
the  densities  plus,  the  same  small  constant  quantity, 
'^  '  ^     The  deviation  from  this  rule  lies  principally 


1*0017  log.  E.  As  the  state  of  the  air  betweea  these 
limits  is  nearer  to  the  consitution  of  atmospheric  air 
than  the  furinor,  the  above  law  may  be  more  properly 
applied  in  cases  where  atmospheric  air  is  concerned^ 
tlian  that  which  makes  D  +  0*1 1  vary  as  E ;  that  is, 
in  such  cases  as  the  admeasurement  of  heights  and 
depths  by  the  barometer,  &o. 

The  air  employed  in  forming  the  third  set  of  results 
was  strongly  impregnated  with  the  vapours  of  camphire : 
in  this  case  the  elasticity  varies  more  nearly  at  the 
densities  than  in  either  of  the  other  two  ;  what  devia- 
tion there  is,  is  in  favour  of  the  elasticity ;  that  is,  the 
elasticities  increase  rather  faster  than  the  densities. 

Expansion  of  air  by  heat, 

19.  Tills  property  of  common  air  is  rendered  ob-A««« 
vious  by  means  of  a  very  simple  experiment,   if,  for  ex-  gr 
ample,  we  tie  a  bladder  very  close- witli  some  air  in  it,^ 
ana  lay  it  before  a  fire,  as  it  experiences  the  heat,  th^  -^^""^^ 
bladder  will  become  more  and  more  distended,  and  wii|^^^  '-^ 
at  last  burst,  if  the  heat  be  continued  long  enougtx 
and  provided  there  were  a  sufficient  quantity  of  air  ^1 
the  bladder  at  first.    If  now  the  bladder  be  remove ^ 
from  the  fire,  as  it  cools  it  will  contract  again  as  l> 
fore,  and  assume  its  original  figure  and  volume.     It 
on  this  principle  that  the  first  fire-balloons  of  Movi 
golfier  were  made  to  ascend.   See  Akron  autics.    Ad 
ther  experiment,  which  shows  the  rarefaction  of  air 
heat,  and  its  return  afterwards  to  its  former  bulk,  is 
follows :   Take  a  wine  glass  that  may  be  completely 
covered  by  the  palm  of  the  hand  ;  light  a  small  piece 
of  paper,  and  put  it  while  burning  into  the  glass,  by 
which  means  the  contained  air  is  greatly  expanded : 
now,  while  the  paper  is  still  light,  cover  the  mouth  of 
the  glass  with  the  hand,  the  fire  is  immediately  extin- 
guished, and  the  air  is  soon  cooled ;  when  the  external 
air  pressing  with  a  greater  elastic  force  than  the  air  in- 
side, in  consequence  of  the  rarefaction  of  the  latter,  the 
hand  will  be  pressed  with  very  considerable  force  into 
the  glass,  and  it  is  with  some  difficulty  that   it  is 
afterwards  removed.  ^ 

20.  We  have  spoken  above  only  of  the  general  fact,  lai/^*^ 
that  air  is  rarefied  by  heat  and  condensed  by  cold ;  but  it  ««PJ^ 

is  important  for  many  philosophical  inquiries  to  know  the 
degree  of  expansion  corresponding  to  different  tempe- 
ratures, which  is,  however,  very  difficult  to  be  ascer- 
tained ;  the  expansion  being  different  under  the  same 
temperature  at  different  times,  owing  to  the  variation 
in  (knsity,  coldness,  humidity,  &c.  It  appears  from 
the  very  numerous  experiments  of  General  Koy  (Phil. 
Trans,  vol.  Ixvii.),  that  1,000  parts  of  air,  of  the  density 
of  the  common  atmosphere  at  0^  of  heat,  become 
1-484-21  at  212**;  viz.  the  air  is  expanded  484*21 
of  those  parts  by  the  application  of  212°  of  heat. 

It  is  also  shown  by  the  same  philosopher,  that  1,000  G 
parts,    loaded   with    2^    atmospheres,    are     expand-" 
ed  by  434   of  tliose  parts,  with  the  same  degree  of" 
heat;  that  1,000  parts  pressed  only  with  fths  of  an 
atmosphere,  are  expanded  nearly  484  of  those  parts 
by  212°  of  heat;  and  lastly,  that  when  the  pressure 
is  reduced  to  ^th  of  an  atmosphere,  the  expansion  is 
only  141  parts,  at  180°  of  heat;  viz.  from  the  freezing 
to  the  boiling  point. 

From  these  and  similar  experiments  General  Roy 


^    >• 
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Conse- 

auences  of 
le  laws  of 
repulsion. 


Under  what 
law  of  re- 
imlsion  a 
fluid  is 
cla&tic 


and,  in  the  same  maimer,  if  h  be  taken  to  denote  the 
height  of  the  column  corresponding  to  the  pressure  p, 
'we  shall  have  pzz^ghd;  D  and  d^  in  both  cases, 
denoting  the  corresponding  densities.  Substituting 
now  these  values  for  P  and  p,  in  our  first  two  equations, 
they  become 

AD  =  Hdand^w=:HM. 
From  which  it  appears,  that  two  columns  of  elastic 
fluids  will  balance  each  other,  when  their  weights  are 
equal,  or  when  their  heights  are  reciprocally  as  their 
densities.    We  have  found  above, 

But  this  supposes  that  the  fluid  under  both  pressures 
is  the  same ;  or,  that  it  is  such,  that  under  the  pres- 
sure P  the  density  is  D.  If,  instead  of  this,  the  fluid 
under  the  pressure  p  be  such  that,  with  a  pressure  P 
the  density  would  be  2,  while  the  other  fluid  remains 
as  before,  we  should  then  have 

p=^2giH  =  ^2gSH.  (3) 

For,  in  this  case,  we  should  have  P  =:  2  g  H  £,  which 

substituted  for  P,  in  equations  (2),  produces  those  above. 

24.  If  the  nature  of  an  elastic  fluid  be  such,  that  its 

particles  repel  each  other  with  equal  forces  at  equal 

distances,  and  with  unequal  forces  when  the  distances 

are  unequal,  and  such  a  fluid  be  in  a  state  of  quiescence, 

all  its  particles  must  be  situated  at  equal  distances 

from  each  other,  or,  which  is  the  same,  its  density 

must  be  unUbrm.     For,  if  the  distances  of  any  two  of 

its  particles  from  an  intermediate  particle  were  unequal, 

theur  repulsive  forces  would  be  unequal,  and  motion 

would  ensue;  the  fluid,  therefore,  would  not  be  quiescent, 

consequently,  when  it  is  quiescent,  its  density  is  uniform. 

The  converse  of  this  proposition  will  also  obtain,  viz. 

if  an  elastic  fluid,  or  any  portion  of  an  elastic  fluid  of 

uniform  density,  be  equally  pressed  on  all  sides,  it  will 

be  quiescent. 

'  25.  If  the  particles  of  a  fluid  repel  each  otiier  with 

forces  which  are  in  a  less  ratio  than  the  square  of  their 

distances,  whether  direct  or  inverse,  that  fluid  will  be 

elastic.     For,  denoting  the  interval  between  any  two 

contiguous  particles  by  I,  and  the  force  with  which 

they  repel  each  other  at  that  distance  by  F,  then  the 

F* 
repulsive  force  on  any  surface  will  vary  as  — ;  that  is, 

as  the  number  of  particles  in  that  surface,  which  will 
be  inversely  as  the  square  of  the  linear  distance  of  the 
particles  from  each  other ;  if,  therefore,  F  vary  in  any 
inverse  or  any  direct  ratio  less  than  the  duplicate  ratio 
of  I,  the  whole  force  will  vary  in  some  inverse  ratio  of 
the  distance  of  the  particles,  and  the  fluid  will  there- 
fore necessarily  be  elastic. 

Denoting,  as  above,  the  density  of  an  elastic  fluid  by 
D,  the  linear  .distance  of  the  particles,  which  we  have 

called  I,  will  obviously  vary  as ;  that  is,  recipro- 


D 


i: 


cally  as  the  cube  root  of  the  density ;  and  the  number 
of  particles  in  any  given  surface  is  evidently  as  the 

square  of  the  same,  that  is  as  — —.   If,  therefore,  the 

D* 

repubion  of  the  particles  be  supposed  to  vary  inversely » 
as  the  iith  power  of  their  distance,  the  whole  repulsion 
on  any  given  surface  will  vary,  as 


/    1    \-  I  I 

whence,  if  the  particles  of  an  elastic  fluid  repel  etch  ^ 
other  with  forces  varying  inversely  as  the  nth  power  of 
their  distance,  and  C  be  taken  to  denote  tae  comr 
pressing  force  on  any  given  surface,  the  compressioa 
C  will  vary  as  that  power  of  the  density  whose'  mdex  is 

*  that  18,  C  will  vary  as  D 


E<3 
o 


3 


3 


And  hence  again,  conversely,  when  the  compresskm 

varies  as  D     ^    ,  it  follows  that  the  repulsion  of  the 

particles  is  inversely  as  the  nth  power  of  their  distance. 

26.  We  have  seen  that  in  common  atmospheric  tk  La 
the  density  varies  as  the  compressing  force  very  nesily ;  >«( 
consequently,  in  this  fluid,  n  must  be  very  neany  eqa$l  ^" 
to  1 ;  that  is,  in  common  air  the  particles  repel  each 
other  with  forces  that  are  inversely  as  their  distances. 

Since  C  varies  as  D     ^    ,  it  follows  that  D  varies 
3 
as  C  **  "^  ^ ;  therefore,  in  incompressible  fluids  whose 

density  is  the  same  under  all  degrees  of  compression. 
It  must  be  infinite;  and  if  water  be  in  a  slight  degree 
compressible,  so  that  C  remains,  not  exactly,  but  nearly 
constant  under  all  degrees  of  pression,  it  will  follow 
that  the  particles  of  this  fluid  must  repel  each  other 
with  forces  varying  inversely  as  a  very  high  power  of 
their  distance. 

27.  We  call  a  homogeneous  atmosphere  a  supposititious  H< 
column  of  air  of  uniform  density,  equal  to  that  of  the  ^ 
atmosphere  at  the  surface  of  the  earth.     If  we  assume*"* 
H  to  denote  the  height  of  such  a  homogeneous   atmo- 
sphere;   D   its    uniform   density;   h   the  height   of  a 
column  of  quicksilver  of  equal  base  and  weight ;  and 

d  the  density  of  the  latter  fluid ;   we  shall  have 

HD=A(/,  orH=^. 

Now  it  will  be  seen  in  our  table  of  specific  gravities 
(Statics),  that  the  density  of  air,  at  a  medium,  is  to 
that  of  mercury  as  l^  to  13600.  Assuming,  therefore,' 
//,  or  tlie  height  of  the  barometrical  colunm  z:  30  inches, 
or  2  J  feet,  we  shall  have 


H  = 


n  X  13600 


=  27818  feet  =  5-268  miles* 


If,  therefore,  the  density  of  the  air  were  every  where 
the  same  as  at  the  surface  of  the  earth,  its  height  wo«ld 
be  equal  to  rather  more  than  5-1  miles. 

28.  We  know,  however,  that  the  atmosphere  is  not  of 
the  same  density  at  all  altitudes ;  but  that,  on  the  contrary, 
the  density  varies  at  the  compressing  force,  and  con- 
sequently decreases  from  the  surface  upwards ;  on  whidl' 
decrease  is  founded  the  principle  of  the  method  for 
ascertaining  altitudes  by  the  barometer.     If  we  aup-|r- 
pose  gravity  to  be  the  same  at  all  heights,  the  law  hfUm 
which  the  density  and  elasticity  of  the  atmosphere  vai^V 
is  such,  that  while  the  heights  increase  in  an  arithme-'f^ 
tical  progression,  the  density  decreases  in  a  geometrical' 
progression,  as  we  shall  show  in  the  following  article; 
but  if  we  suppose  that  gravity  varies  as  the  wlh  power  of 
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^J**  Ae  distance  from  the  centre  of  the  earth,  and  that  the 
gv^  impressing  force  varies  as  the  density,  we  shall  have  a 
^    '    i^ore  complicated  relation  between  the  successive  den- 
^^  at  oifferent  altitudes;  but,  at  the  same  time,  it 
^be  more  general,  because,  by  given  different  values 
to  ft,  d^erent  results  will  be  obtained,  amongst  which 
we  shall  find  that  stated  above,  when  we  suppose  the 
jj-^      action  of  gravity  to  be  constant. 
I  29.  Let  X  represent  any  variable  distance  from  the  sur- 

Aceof  the  earth,  the  radius  of  the  latter  being  denoted 
6/  unity ;  d  the  density  of  the  air  at  the  distance  x ;  and 
H  the  Height  of  the  homogeneous  atmosphere.     Now, 
since  by  hypothesis  the  compressing  force  varies  as  the 
deiiBity,  the  fluxion  of  the  former  will  vary  as  the  fluxion 
of  the  latter,  while  at  any  distance  .r,  the  fluxion  of  the 
compressing  force  must  vary  as  the  force  of  gravity, 
die  density,  and  the  fluxion  of  the  altitude  conjointly ; 
so  that  the  fluxion  of  the  compressing  force,  will  be  to 
that  of  the  density,  in  the  constant  ratio  of  x*  d  x  to 
—  d  ithe  latter  fluxion  having  the  negative  sign,  be- 
cause the  density  decreases,  while  the  altitude  increases), 
consequently,  smce  H  denotes  the  height  of  a  homoge- 
neous atmosphere,  it  will  also  represent  the  compressing 
force  at  the  surface  of  the  earth,  and  we  shall  have 
H  ;  1  ::  x-dx:  -i;  . 


l-ir-l 


1 


Eqailibrium 


«.x=-H^; 


whence 

and  taking  the  fluents,  we  obtain 


n  +  1 


.=  —  H  hyp.  log.  rf-f-  C. 


^^^  correction  C  may  be  found  by  considering  that 
"■*>^  -:«  n  1,  rf  =:l ;  whence  C  =  — — r ,  and  the  cor- 
wcta«entiix"  +  ^  1 


H  hyp.  log  d ; 


T+l =  H  hyp.  log.  (f, 

y^^^^     >s  a  general  equation,  expressing  the  relation 

I?^^"  the  altitude  and  density. 

.    "   >J^e  suppose  «  =  o,  or  the  force  of  gravity,  to  be 

^**^^»t,  as  we  may  do,  without  any  sensible  error,  for 

^altitudes  to  which  we  can  attain,  the  above  equation 

^^^^^es  to         1  -  X  =  H  hyp.  log.  d; 

^^^uently,  while  r,   or  the  altitude,  increases  in 

"*J5Xietical   progression,    1  —  x,   will    decrease   ac- 

^^•^^  to  the  same  law,  as  well  as  the  hyperbolic 

J^^thm  of  d;  but  while  the  logarithms  of  quantities 

2??^e   in   arithmetical   progression,  the   quantities 

?J^«clves  decrease  in  geometrical  progression :  there- 

*7^  while  the  altitudes  to  which  we  ascend  increase 

y^^ing  to  any  arithmetical  series,  the  densities  will 

^R*^ea«e .  according  to   a  certain  geometrical  series, 

jj^ch  remarkable  relation  forms  the  foundation  of  the 

22^^  of  determining  altitudes  by  means  of  the  baro- 

ra»fe»^*  If  we  suppose,  as  is  really  the  case,  that  the 
*'S!^  of  gravity  decreases  as  the  square  of  the  distance 
*  sfeta^  the  centre  of  the  earth  increases,  that  is,  if  we 
appose  s=:  —  2,  then 


=  H  hyp.  lo^.  J,  or  — —  1  =:  H  hyp.log.  d;    of  elastic 
while  x    increases  in  harmonic 


progression, 


1  -  j^  +  i 
n  +  1 


=  H  hyp.  log.  d,. 


-  1 
so  that 

—  will  decrease  in  arithmetical  progression,  and  con- 
sequently hyp.  log.  d  will  decrease  still  according  to 
the  same  geometrical  law.  That  is,  according  to  this 
supposition,  while  the  altitudes  increase  in  harmonic 
progression,  the  densities  will  decrease  in  a  geometri- 
cal progression. 

Since  the  common  logarithms  of  numbers  are  to  the 
hyperbolic  logarithms  of  the  same  numbers  in  a  con- 
stant ratio,  viz.  as  '43429448  to  1,  it  follows  that  tlie 
same  law  is  still  observed  in  the  common  logarithms  of 
the  densities. 

31.  If,  according  to  the  hypothesis  of  equal  gravity,  Equations. 
A  and  a  denote  two  different  altitudes,  and  k  and  D 

the  corresponding  densities,  we  shall  have 
A  =z  —  C  log.  d, 
a  =  ^  C  log.  D; 
and,  consequently,  by  subtraction, 

A  —  a  =  C  (log.  D  —  log.  d), 

or  A  —  fl  =z  C  log.  — . 

That  is,  generally,  the  difference  in  the  altitudes  of 
two  places,  is  proportional  to  the  difference  of  the 
logarithms  of  the  densities  at  those  places  ;  the  quan- 
tity C  being  a  constant  co-efficient,  which  remains  to 
be  determined. 

32.  The  above  deductions  are  frequently  illustrated  Tl»  P"*^ 
by  means  of  the  logarithmic  curve,  as  follows :  ceding  ili»- 

Let  ARQ  (fig.  5)  represent  a  section  of  a  terrestrial  iijaVtratJd. 
hemisphere,  by  a  plane  through  its  centre  O,  m  0AM 
a  vertical  line,  AE  a  horizontal  line  drawn  through  A, 
a  point  on  the  earth's  surface.  Let  this  line  AE  denote 
the  density  of  the  air  at  A,  and  take  DH  to  AE  as  the 
density  at  D  to  the  density  at  A,  and  draw  DFT  parallel 
to  AE ;  then  it  is  obvious,  that  if  a  logarithmic  curve 
EHN  be  drawn,  having  AM  for  its  axis,  and  passing 
through  the  points  E  and  H,  the  density  of  the  air  at 
any  other  point  C,  in  the  vertical  AM,  will  be  repre- 
sented by  CG,  the  ordinate  to  the  curve  at  that  point ; 
for  it  is  a  known  property  of  this  curve,  that  if  portions 
AB,  AC,  AD  of  its  axis  be  taken  in  arithmetical  pro- 
gression, the  ordinates  AE,  BF,  CG,  &c.  will  be  in  geo- 
metrical progression. 

We  know  also,  that  if  tangents  be  drawn  to  this 
curve  at  any  points,  as  £  and  H,  the  subtangents  AK, 
DS  will  be  constant,  and  will  denote  the  modulus  of 
the  system  of  logarithms  which  the  particular  curve 
represents;  and  another  property  equally  well  known 
is,  that  the  infinitely  extended  area  AENM  is  equal 
to  the  rectangle  AELK  of  the  ordinate  at  A  and  the 
subtangent ;  and  in  like  manner,  the  area  MDHN  above 
DH  is  equal  to  the  rectangle  SD  x  DH,  or  KA  x 
DH;  so  that  the  area  lying  above,  or  beyond  any 
ordinate,  is  proportional  to  that  ordinate.  These  geo- 
metrical properties  of  this  curve  are  precisely  analo- 
gous to  the  analytical  deductions  we  have  obtained, 
with  reference  to  the  altitudes  and  varying  density  of 
the  atmosphere,  upon  the  supposition  of  the  uniform 
action  of  ^vity.  For  example,  the  area  MBFN  may 
represent  the  whole  quantity  of  the  elastic  fluid,  which 
is  above  B;  for  BF  is  the  density  at  B,  and  BC  is  the 
depth  or  ddckness  oC  the  stratum  between  B  and  C ; 
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Pncuma-  wlirreforc,  BFCG  will  be  as  the  quantity  of  air  hi  tUal 
gtratum.  In  like  manner,  CGHD  will  be  at*  the 
quantity  of  fluid  in  the  stratum,  whose  depth  is  CD ; 
and  the  same  of  their  sums,  or  of  the  whole  area 
MBFN. 

Again,  as  each  ordinate  is  proportional  to  the  area 
above  it,  so  each  density  and  the  quantity  of  air  in 
each  stratum  h  proportional  to   the  quantity  of  air 
above  it;  and  as  the  whole  area  AENM  is  equal  to 
the  rectano:le  AELK,  so  all  the  air  of  variable  density 
above  A  mi^ht  be  contained  in  a  column  KA  of  the 
same  base,   if,  instead  of  being  compressed  with  its 
whole  weight,  it  ¥rcre  without  weight,  and  compressed 
by  an  external  force,  equal  to  the  pressure  of  the  air 
at  the  surface  of  the  earth.     In  this  case  it  would  be 
of  the  unifoim  density  AE,  which  it  has  at  the  surface, 
and  would  therefore  constitute  what  we  have  denomi- 
nated the  homogeneous  atmosphere.    It  folio wb^  there- 
fore, that  the  height  of  the  homogenous  atmosphere 
is  the  subtangent  of  the  curve,  whose  ordinates  are 
as  the  density  of  the  air  at  the  different  altitudes,  on 
the  supposition  of  equal  gravity.     This  curve  has  hence 
been  denominated  by  Dn  Halley,  who  first  treated  of 
it,  the  atmosphtrk  hgaritkmic  ;  and   its   subtangents, 
or  the  heights  of  the  homogeneous  atmosphere,  is,  as 
we  have  stated,  above  the  modulus  of  the  system  of 
logarithms  to  which  the  curve  corresponds. 
Ileighi  of         33.  The  height  of  the  homogenous  atmosphere  we 
itifhomogf-have  seen  may  be  readily  dctenntncd  by  means  of  the 
'  *c°"  h  '*'    barometer,  that  is,  by  saying,  as  the  density  of  the  air 
"r^rvilfie     ^^  ^^^^  surface  is  to  the  density  of  mercury,  so  is  the 
dcicnmufd.  height  of  the  latter  to  that  of  the  former.     We  might 
*     also  find  the  same  from  what  is  given  above,  as  fol- 
lows: When  the  mercury  and  the  air  are  both  of  the 
same  temperature,  viz.  about  32°  of  Fahrenheit*s  ther- 
mometer, the  barometer  on  the  seashore  is  supposed 
to  stand  at  30  inches ;  and  if  we  take  the  latter  instru- 
ment to  an  altitude  of  936  feet,  the  tcm|>erature  being 
the  same,  the  mercury  will  have  descended  ^^^th  part 
of  its  original  column,  viz.  to  29  inches.     And  since 
In  all  logarithmic  curves,   having  equal  altitudes,  the 
Ifortions  of  the  axes  intercepted  between  the  corre- 
sponding pairs  of  ordinates   arc  proportional   to  the 
subtangents ;  and  the  subtangent  of  the  curve,  cor- 
re?iponding  to  our  common  logarithms,  is  *43429448, 
&c. ;  also   the  diflercncc  of  the  logs,  of  30  and  29, 
which  is  tlie  portion  of  the  axes  intercepted  between 
the  ordinate's  30   and  29,  being  M)147233.  we  have 
*0147233  :  -43429448  ::  935  ;  27600  feet,  or  5x  miles 
nearly,  the  same  result  as  before.    It  must  be  acknow- 
ledged, however,  that  our  preceding  determination  of 
this  altitude  (art.    27)    has    the   advantage   of  much 
greater  simplicity. 
IttUiion  34.  We  shall  conclude  this  part  of  our  inquiry,  by 

iTiUudTand  ^^^^^^^  *^*^^  application  of  the  above  principles  to  the 
dcmiij.  determination  of  altitudes,  the  densities  being  supposed 
known,  or  to  the  finding  of  the  densities  when  the  al- 
titudes are  given;  premising,  however,  that  it  is  only 
with  a  view  to  a  general  ilhistration,  and  that  it  must 
not  be  considered  as  actually  applicable  to  the  deter- 
mination in  question,  for  various  observations  have 
shown,  that  the  above  general  principles  require  very 
considerable  modifieations,  on  account  of  the  difference 
in  low  and  elevated  situations,  the  latitude  of  the 
place  and  many  other  circumstances,  which  will  be 
minutely  investigated  in  a  subsequent  chapter. 


We  have  seen  (art.  31)  tlmt,  gwmj] 
I         ^ 


A  -*  «  =  C 


where  C  denotes  a  constant  co-efficient,  which,  in  the  \ 
article  above  referred  to,  we  left  to  be  determined. 

Let  US,   in  order  to  this  determination,   take  the  ' 
density  at  the  surface,  and  at  one  foot  above  it;  Uic  ^ 
former,  when  the  barometer  stands  at  29 J  inches,  and 
Fahrenheit*s  thermometer  at  31*^,  will  be  as  follows: 
f7  =  0  ;  D  ^  26057, 
k—\\d—  2605r3, 
the  densities  being  estimated  by  the  height  of  the  hov  ^ 
mogeneous  atmosphere  above  them  ;  that  is,  at  the 
surface  the  density  will  be  proportional  to  a  pres^ur<^  I 
of  26057  feet,  and   1   foot  above,  the  pressure  being 
only   26056,  the   density  will  be  proportionally   dc* 
creased. 

We  have,  therefore, 

,       ^,       26057 
A-«=l^Clog.— ^;  . 

or,  making  26057  —  «,  the  above  becomes  \ 

1  :=  C  loo;. 


But  log. 


=  M 


t  n 


—  I 
I 


1 


-h  &C- 


in  the  present  case,  n  is  a  great  number. 


I 


And,  as 

the  terms  past  the  first  may  be  neglected;  and 

also  M  =  -43429441^,  &c.  in  the  common  sy&tem  oi 

logarithms,  we  shall  obtain 

_  -43429448 

^  -  ^  ^       26057     ■ 
Whence  again  by  division, 

26057 

therefore  the  above  general  formula  becomes 
A  ^  a  —  GOOOO  X 


log;.  —-. 
d 


Or,  since  by  the  supposition  a  =r  o,  tiie  altitude  ab 
the  actual  surface  will  be  expressed  by 


A  =:  COaOO  X 


log.-; 


the  quantidca  D  and  f/,  as  employed  in  the  kihove  in- 
vestigation, denote  the  numerical  values  of  the  atmo- 
spherical pressure ;  but  as  the  mercurial  cc^? 
always  proportional   to  those  pressures,  we 
sti^tute  M  and  m  for  the  heights  of  the  mercunai  cci- 
liimns  at  tliose  altitudes,  and  we  shall  then  liave 


A  -  a  zx  60000  x 


1       M 

log-  IT  • 


that  is,  to  find  the  difference  in  the  altitudes  of  m 
two  places,  we  have  only  to  multiply  the  dilTerem 
between  the  logarithms  of  the  heights  of  the  raerrurii 
columns  by  the  constant  co-efficient  60000,  and  the 
product  will  g-ive  the  difference  of  altitude  bct^rceothe 
two  stations  in  English  feet. 

35.  By  transposing  the  formula  jj^^ 

M  *Lil 

A  —  a  :=  C  log.  — ,  or  A  —  n  ^  C  (log.  M  —  log.  m)  ihf 

we  have  C  log,  w  n  C  log.  M  — 


'  aeuma- 
tic*. 


Jltj^hl  Qf 
dip  Jiimo- 


Alf-pui&p, 


responding  variations  in  the  weather.  The  causes 
which  influence  the  one,  produce  also  a  similar  effect 
on  the  other;  tlicrefore,  if  the  former  were  kiiown^  the 
latter  might  be  ascertaineii.  The  immediate  causes 
may  probably  be  reduced  to  the  two  following,  viz.  an 
emission  of  latent  heat  from  the  vapours  of  I  he  atmo- 
sphere, or  of  electric  fluid  from  these  or  from  the  earth. 
Both  these  causes  are  observed  to  produce  the  same 
effect  with  the  solar  beat  in  tropical  chmatcs,  that  is^ 
they  both  rarefy  the  air,  by  blending  wlrli  it,  or  setting 
loose  a  lighter  fluid,  which  did  not  previously  act  with 
such  power  in  any  particular  place.  It  is  not  here  our 
business  to  pursue  these  inquiries:  as  far  as  they  relate 
to  the  present  stibject  we  are  only  concerned  with 
the  effect,  the  causes  of  which  will  he  considered  more 
at  length  in  another  part  of  this  work. 

39,  The  actual  height  of  the  atmosphere  has  been 
made  the  subject  of  particular  investi^tion.  We  have 
seen  (art.  27),  that  if  this  fluid  were,  like  water,  incom- 
pressible, or  every  where  of  the  same  density  as  at  the 
surface  of  the  earth,  its  height  must  then  be  about  5^ 
miles,  in  order  to  produce  the  pressure  actually  indi- 
cated by  the  barometer.  But,  iu  consequence  of  the 
elastic  property  of  atmospheric  air,  it  expands  and 
contracts  according^  to  the  pressure  it  has  to  sustain  ; 
and,  consequeutly,  the  height  to  which  it  actually  ex- 
tends must  very  far  exceed  that  above  assigned  to  an 
homogcncotis  atmosphere  :  in  fact,  if  the  earth  were  an 
isolated  body  in  space,  we  could  imagine  no  limit  to 
the  atmosphere ;  but  as  this  is  not  the  case,  we  must 
doubtless  arrive  at  a  point  Avhere  the  particles  of  this 
fluid  would  be  equally  attracted  by  the  body  nearest  to 
our  earth.  The  moon  is  this  body;  and  if  our  atmo- 
sphere for  a  moment  exceeded  in  height  the  distance 
of  the  point  of  equal  attraction  between  the  earth  and 
moon,  as  the  former  revolved  on  its  axis,  all  the  par- 
ticles beyond  this  point,  and  nearer  to  the  moon,  would 
be  attracted  towards  that  body ;  the  terrestrial  atmo- 
sphere cannot  therefore,  permanently,  be  higher  than 
the  point  of  equal  attraction  between  the  earth  and 
moon :  whether  it  actually  attain  this  altittide^  it  is, 
perhaps,  impossible  to  say  ;  but  that  tt  cannot  perma- 
nently exceed  it  is  obvious  from  what  is  stated  above. 
We  have  already  observed  (art*  ^5)^  that  at  the  distance 
of  500  miles  ubove  the  surface  of  the  earth  the  air  be- 
comes so  extremi  ly  rarefied,  that  one  cubic  inch  of  the 
air  we  breathe  would  fill  a  sphere  equal  in  diameter  to 
the  orbit  t)f  Saturn  ;  consequently,  to  whatever  extent 
the  atmosphere  might  be  expanded,  it  would  become, 
at  a  comparatively  small  distance,  so  attenuated,  as  to 
be  utterly  imperceptible  in  its  eflects  as  a  resisting  me- 
dium; and  if  the  atmosphere  of  the  planets  resemble 
that  of  the  earth,  they  must  have  ultimately  such  a 
degree  of  rarity  as  to  oflerno  sensible  resistance  to  the 
motion  of  those  bodies  round  the  sun,  for  many  ages; 
supposing  even  that  the  boundaries  of  them  were  not 
limited  by  their  respective  secondary  or  nearest  planets. 

%  IV.  Principle  and  apcration  of  the  air -pump, 

40.  We  have  already^  in  our  historical  chapter, 
traced  the  first  invention  of  this  instrument  as  far  as 
wc  considered  it  connected  with  the  history  of  the 
general  science  of  Pneumatics;  and  we  shall,  in  a  subse- 

3uent  section,  enter  more  minutely  into  the  various  mo- 
ificalions  it  has  undergone  in  the  hands  of  different 
philosophers^  and  describe  one  or  two  such  instrumeuts 


»^H 


of  the  most  improved  constructions;  in  this  place  we  Coi 
shall  only  endeavour  to  give  a  simple  and  general  idea 
of  its  operation. 

This  consists  in  expelling  a  portion  of  air  out  of  a 
vessel,  which  is  so  secured  as  to  prevent  any  of  the 
external  air  rushing  into  its  place,  and  consequently 
producing  a  certain  degree  of  rarefaction  within  ;  an* 
other  portion  being  again  expelled,  the  air  becomes 
further  rarefted,  and  thus,  by  repeated  operations,  such 
a  state  of  rarity  is  produced  as  to  be  nearly  equivalent 
to  an  absolute  vacuum ;  though  it  is  obvious  that  ii  Is 
impossible  ever  to  arrive  completely  at  it,  because,  at 
each  operation,  only  a  part  of  the  remaining  air  is 
excluded.  The  basis,  or  essential  part  of  the  air- 
pump,  is  a  metallic  tube,  answering  to  the  barrel  of  a 
common  pump ;  having  a  valve  at  die  bottom,  opening 
upwards,  and  a  moveable  piston,  or  embolus,  answering 
to  the  sucker  of  a  pump,  furnished  also  with  a  valve 
opening  upwards,  the  whole  being  supplied  with  a 
proper  vessel  as  a  recipient,  or  receiver. 

Thus,  let  B  (fig.  6)  represent  the  section  of  a  per-  f^. 
fectly  uniform  metallic  barrel,  communicating  ivith  the 
glass  receiver  A,  by  means  of  the  tube  t  t;  let  P  be 
a  piston  attached  to  the  rod  R,  and  fitting  the  barrel 
air-tight;  v  and  r'  two  valves  opening  upward ^,  tlie 
one  adapted  to  the  hole  in  the  piston,  and  the  other  to 
the  end  of  the  tube  /  t.  Now  the  receiver  A  being 
placed  upon  its  support  CD,  in  such  a  manner  as  to 
prevent  any  communication  with  the  external  air,  by 
setting  it  on  wet  leather  collars,  or,  which  is  better, 
upon  a  surface  well  ground  and  level ;  the  operation  is 
carried  on  as  follows : 

When  the  piston  rod  is  forced  down,  the  air  in  the  0] 
barrel  is  compressed  in  the  first  instance,  which  shuts 
the  lower  valve  v\  and  forces  open  the  upper  valve  in 
the  piston,  whereby  all  the  air  in  the  baiTel  escapes; 
then  by  drawing  back  the  piston  the  incumbent  aUlkCK 
sphere  shuts  the  upper  valve  r,  and  a  vacuum  would  be 
left  behind  it,  but  that  the  air  in  the  receiver,  pressing 
against  the  lower  valve  i',  and  finding  there  no  resist- 
ance, rushes  into  the  barrel,  and  the  whole  is  filletl 
with  air  as  before.  But  it  is  now  so  much  more  rare, 
as  the  contents  of  the  barrel  and  receiver  exceed  that 
of  the  receiver  alone.  The  operation  being  again  re* 
peated,  another  barrel  of  air  escapes,  and  when  the 
piston  is  again  lifted  up»the  air  rushing  into  the  barrel 
as  before,  produces  a  further  rarefaction ;  and  thus,  by 
a  number  of  repetitions,  the  receiver  is  finally  nearly 
exhausted  of  air;  but  it  is  obvious,  as  we  ha%*e  stated 
above,  that  it  can  never  be  completely  so,  as  the  portion 
of  air  each, time  expelled  is  only  a  certain  part  of  the 
whole  quantity  contained  in  the  vessel  previous  to  each 
stroke  of  the  piston. 

41.  The  above  must  be  considered  simply  as  an 
illustration  of  the  operation  of  this  machine,  and  not  f^^^ 
as  a  practical  constmction,  which  we  shall  explain  in 
a  subsequent  article ;  we  shidl  here  only  examine  the 
degree  of  exhaustion  and  rarefaction  that  will  be  pro- 
duced by  any  number  of  strokes,  the  proportion  of  the 
(Opacities  of  the  receiver  and  barrel  being  given,  If 
we  suppose  no  vapour  to  arise  in  the  receiver  from 
moisture  or  other  cause,  it  is  obvious,  from  what  is 
above  stated,  that  every  stroke  of  the  piston  expo^s 
a  portion  of  air  equal  to  the  capacity  of  the  barrel, 
which  bearing  a  constant  ratio  to  the  capacity  of  thr 
receiver  and  barrel  together,  it  follows  that  the  ar 
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■^  forced  out  at  erery  stroke  is  a  certain  fractional  part 

'     tf  the  iHiole  before  the  stroke;  the  exhaustion  will, 

^  ^kerefore,  go  on  in  a  geometrical  progression,  the  ratio 

sf  whidi  is  the  same  as  that  which  the  sum  of  the 

Mttfer  and  barrel  together  bears  to  that  of  the  re- 

Qclnv  alone :  and  this  ratio  of  exhaustion  will  be  fol- 

b«^  till  the  elasticity  of  the  included  air  is  so  far 

fadniBhed  by  its  rarefaction  as  to  render  it  too  weak 

to  force  open  the  valve  of  the  piston. 

If,  therefore,  we  denote  the  capacity  of  the  receiver 
hfr,  and  that  of  the  barrel  by  6;  and  consequently 
ttesam  of  the  two  together  by  6  +  r ;  calling  sJso  the 
eripn^l  density  d,  we  shall  have 

3  -f  r  :  r : :  d  :  r f^y  the  density  after  1  stroke; 


n  =  • 


log-N 


B+  r  :  ri: 
Strokes; 


b  +  r     -(A  +  ry 


strokes,  &c,  Stc»; 


.».— 1 


*  H-  r  ;  r  ::  .    d       :  -r- 

s  Strokes.     Denoting,  therefore,  the  density  after  n 
strokes  by  d,  we  shall  obtain  the  equation 

^   '    Suppose,  for  example,  the  ratio  of  the  capacities  of 
A^  receiver  and  barrel  to  be  as  4  to  1,  and  let  it  be 
^^vired  to  determine  the  rarefaction  produced  in  the 
after  10  strokes;  the  density  in  the  first in- 
behig  assumed  as  unity.    Here  we  shall  have 
**  ^  4y  &  =  1,  fi  z=  10,  and  (f  =  1 ;  whence 

^I^atit  tasay,  the  rarefaction  will  be  about  ten  times 

Bi'Mter  than  in  the  first  instance,  or  the  density  ten 

Mnetless. 

-     Our  equation 

_a^  _  _  r  • 

rf  .—  (r  +  by 

04sy  be  put  under  the  form 

log.  i  —  log.  d  =  n  log,  r  ^  n  log.  (r  +  b); 
*****  denoting  the  primitive  density  by  1, 

log. «  =  «  {log.  r  -  log.  (r  +  b)}, 
^nence 

•  .  .  log.r  —  log.  (r-f  6)' 

*^>M  which  the  number  of  strokes  may  be  found  that 
'^^  lequisite  for  producing  any  proposed  degree  of 
^^lefcction. 

Ai  ^  in  the  above  equation  expresses  the  density, 
^is  therefore  necessarily  fractional,  let  its  reciprocal, 

.     1    • 

^  -J-  =  N,  where  N  is  an  integer  expressing  the 

I'  .- 

lucfiustion;  then,  since 

log.  J  =  —  log.  N, 

liie.abofe  equation  may  be  written 


log.  (  r  +  A  )  —  log.  r 
Another  form  under  which  our  equation 

d  ""(r  +  by 

may  be  put,  is  as  follows,  viz. 

r         ^   y  I  -  r         loff.  I  —  log.  d 

r=iX  -r»  or  log. r  =  -^ 2 — . 

rH-6     V     d  *  ^  r  +  6  n 

Consequently  from  this,  we  may,  when  the  number  of 
strokes  ft,  and  the  densities  I  and  d  are  given,  determine 
the  ratio  between  the  receiver  alone,  and  the  receiver 
and  barrel  together ;  and  hence  the  ratio  of  the  two 
latter.  It  is  seldom,  however,  that  we  have  occasion 
fbr  the  equation  in  this  form. 

We  shall  not  enter  more  particularly  into  a  descrip- 
tion of  the  present  improved  construction  of  the  air- 
pump  till  we  treat  of  Pneumatic  machines  generally  at 
the  conclusion  of  this  treatise. 

^  V.  (y  tht  construction  of  pumps  for  raising  ivater. 

42.  The  term  pump  is  generally  applied  to  a  hydrau- 
lic machine  for  raising  water  by  means  of  the  pressure 
d,  the  density  after  of  the  atmosphere.  Of  these  diere  are  many  different 
kinds,  a  few  of  the  most  approved  of  which  will  be 
described  at  the  end  of  this  treatise  when  we  treat 
of  Pneumatic  machines ;  at  present  we  shall  only  speak 
of  the  three  fundamental  pumps,  from  a  combination  of 
which  all  the  other  sorts  owe  their  principles  of  con- 
struction and  operation.  These  are  the  suchmg-pump^ 
the  lifting-pump^  and  the  forcing-pump,  to  which  we 
may  also  add  the  centrifugal-pump. 
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Of  the  sucking-pump, 

43.  The  common  sucking-pump  is  represented  in  (fig.  Description 
7) ;  it  is  composed  of  two  vertical  tubes  AMNC,  ABDC,  o^  ^5 
which  have  the  same  axis,  and  are  united  together  in  ■"^'"'K* 
AC.    The  first,  which  is  placed  partly  in  the  water  of  pT^* 
a  well,  or  other  reservoir,  is  called  the  suction-tube ,   ^' 
and  the  other  the  body  of  the  pump.     In  AC  is  a  dia- 
phragm, pierced  with  holes,  and  covered  by  a  valve 
£,  whidi  opens  upwards.     In  the  body  of  the  pump  is 
a  piston,  which  is  made  to  ascend  and  descend  alter- 
nately, by  means  of  the  rod  Z  attached  to  a  lever.  The 
head  of  this  piston  is  pierced  in  the  direction  of  its 
axis  with  a  hole,  which  is  covered  by  a  valte  F^  also 
opening  upwards.     The  play  of  the  piston  we  will 
suppose  to  be  limited  by  KG,  tiiat  is  to  say,  the  pis- 
ton being  depressed,  its  lower  surface  is  supposed  to 
be  in  the  horizontal  plane  GH,  and  being  lifted  up,  the 
same  base  rises  to  the  plane  of  KI.     Practically,  the 
inferior  base  of  the  piston,  in  its  lowest  position,  ought 
to  come  as  near  as  possible  to  the  valve  E.    We  may 
observe,  that  of  the  two  valves  E  and  F,  which  open 
and  shut  alternately  in  the  same  manner,  the  first  E 
always  occupies  the  same  place,  and  is  for  this  reason 
called  the  fixed  valve,  and  the  second  the  moveable  valve, 
because  it  ascends  and  descends  with  the  piston. 

The  pressure  of  the  air,  we  have  seen  in  Uie  preceding 
section,  is  subject  to  certain  variations ;  but,  as  far  as 
relates  to  our  present  inquiry,  we  shall  consider  it  as 
constant,  and  equal  in  quantity  to  the  pressure  of  a 
column  of  water  of  34  feet,  which  corresponds  to  about 
30  inches  of  mercury. 
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Pneuma-  44.  In  order  to  explain  the  operation  of  this  pump^ 
tics.  let  U3  suppose^  in  the  first  instance,  the  base  of 
^"^^'^'^"^^  the  piston  to  be  in  GH;  then  the  air  comprised  in  the 
^x*^!^ttl«?  spiice  MC,  that  also  in  AIT,  and  the  natural  air,  or  the 
atmosphere,  in  the  place  where  the  machine  is  acting, 
have  the  same  density  and  the  same  elastic  force.  The 
two  valves  E  and  F  being  supposed  to  permit,  by  the 
facility  with  whicb  they  open,  a  free  communication 
between  the  air  of  the  tub^s  and  that  of  the  atmo- 
sphere, af^er  which  they  naturally  close  with  their  own 
weight.  If  now  we  raise  the  piston  from  GH  to  KI, 
the  valve  F  will  remain  shut  by  means  of  it«  own 
weight,  and  by  the  pressure  of  the  air  above  it.  The 
miT  in  the  apace  GC,  MC,  being  now  relieved  of  the 
pressure  to  which  it  was  exposed,  will  expand ;  and 
the  first,  by  its  power  of  expansion,  will  force  open 
the  valve  £,  and  the  whole  space  between  KI  and 
MN  will  be  again  filled  with  air  of  one  common  den- 
sity, tlve  degree  of  which,  and  of  its  conseqvient  elasti- 
city, will  be  to  that  before  the  first  stroke  of  the  piston 
as  the  space  GHMN  to  the  space  KLM^J.  In  this  state, 
therefore^  the  elasticity  of  this  air  can  no  long;er  keep  in 
cquilibrio  the  pressure  of  the  air  on  the  external  sur- 
face of  the  water  MN  of  the  reservoir;  consequently, 
the  latter  pressure  will  force  a  portion  of  water  into  the 
tube  MNAC,  in  which  it  will  rise  to  a  certain  height; 
let  us  sirppose  the  quantity  of  its  ascent  to  be  M  x  for 
this  first  movempnt  of  the  piston. 

Now,  the  height  Mx  is  *uch,  that  the  weight  of  the 
column  of  water  M  m,  added  to  the  weakened  elastic 
force  of  the  air  in  the  space  KI  r  ?/,  and  to  the  weight  of 
the  valve  E,  is  In  cqnihbrio  with  the  pressure  of  the 
external  air.  The  piston  being  now  at  KI,  the  valve 
E,  by  its  Dwn  weight,  fails  and  isolates  the  air  com- 
prised in  the  space  G  j:,  and  the  column  of  water 
MNrw  remains  suspended  at  the  same  height  Mx 
Let  us  now  depress  the  piston  from  KI  to  GH  ;  the 
elasticity  of  the  air  contained  In  the  space  AI,  acting 
in  even»^  direction,  shuts  the  valve  E»  and  opens  the 
moveable  valve  F,  by  means  of  whidi  all  tlic  air  com- 
prised between  KI  and  GH  again  escapes,  and  mixes 
with  the  external  atmosphere^  The  piston  being  aow 
in  GH,  and  the  valve  F  being  shut  by  its  own  weight, 
if  we  agatii  ele^'ate  the  piston  from  GH  to  KI,  the  valve 
F  will  still  remain  shut,  the  valve  E  will  open,  and  tlie 
water  will  ag^ain  rise  another  certain  quantity,  as  .r  v, 
in  the  sucking-tube,  and  so  on  for  every  ascent  and 
descent  of  the  piston.  It  is  obvious,  therefore,  that 
after  a  certain  number  of  strokes  of  the  piston »  die 
water  will  enter  the  body  of  the  pump,  and  will  ulti- 
mately escape  either  over  Uie  top  of  the  tnbc  at  BD,  or 
through  the  lateral  tube  O,  ftxed  in  the  body  of  the 
piimp;  and  this  discharge  will  obviously  remain  as 
long  as  we  continue  the  alternate  motion  of  the  piston, 
provided  the  source  of  water  be  not  exhausted. 

45.  We  may  observe,  that»  even  neglecting  tl^ 
weight  of  the  valve  E,  and  supposing  that  we  could 
produce  as  perfect  a  vacuum  in  the  tube  ACMN  as 
in  the  tube  of  a  barometer,  the  height  AM  out^ht  still 
to  be  less  than  34  feet,  that  is,  less  than  a  column  of 
water  whose  pressure  is  the  same  with  that  of  the 
atmosphere  in  the  same  place ;  because,  otherwise,  it 
will  never  pass  into  the  body  of  the  pump.  But  this 
condition  being  once  fulfilled,  the  height  LV,  of  tl»e 
suflace  BD,  of  tiie  water  in  the  body  of  the  pump, 
above  the  surface  MN,  of  the  water  of  the  reservoir^ 


may  be  greater  than  that  of  a  column  of  water  equal  CcMi 
to  the  atmospheric  pressure;  which  enables  us  to  »nofl 
place  the  apout  O,  arbitrarily,  at  any  lieight;  but  in  ****JJ 
this  case  it  is  necessary  that  the  rod  Z  of  the  piston  , 
move  in  the  body  of  the  pump  ABCD ;  at  the  same 
time»  however,  the  height  to  which  the  water  is  to  be^^ 
raised^  beyond  that  which  appertains  to  the  atmospherie.( 
pressure t  ought  not  to  be  vei7  great,  because  it  wiHij 
produce  a  considerable  strain  upon  the  fulcrtun  of  the 
lever,  as  well  as  on  the  rod  and  piston  itself 

46,  It  is  obvious,  from  the  above  description,  thati 
the  discharge  from  a  pump  of  this  kind  is  not  made  *^ 
in  a  continuous  and  uniform  stream ;    it  is  only  while     *^ 
the  piston  is  rising  that  any  water  issues ;    when  it  ' 
descends,  there  is  a  suspenston  of  the  operation,  at 
least,   according  to  the  above  construction;    but  in 
actual  practice  a  cistern  is  |iiaced  in  the  body  of  the 
pump,  opposite  to  the  discharging  spout;  this  cistern 
receives  the  water  quicker  than  it  can  he  discharged* 
at  O;    and  it  therefore  continues  to   run  while   the] 
piston   is   descending;  by  this  means    the  stream 
rendered,  if  not  uniform,  at  least  continuous,  provide 
the  strokes  of  the  piston  be  repeated  with  suffic 
rapidity.     According  to  either  of  these  constructions^^ 
the  quantity  of  water  discharged,  in  a  given  time,   ii^ 
obviously  equal  to  as  many  times  the  volume  of  the 
tube  KIHG  as  the  piston  has  been  elevated  during  that 
time,  because  every  ascent  of  the  piston  brings  up  with 

it  all  the  water  contained  in  that  space. 

47.  In  order  to  determine  the  force  which  must  be,  ^mJ 
at  any  given  time,  employed  to  overcome  the  resist-  ?^3 
ance  which  the  piston  meets  with  in  its  ascent,  let  us  ^'l 
denote  by  h  the  height  LV  of  the  surface  of  the  water  t 
in  the  body  of  the  pump  above  the  level  MN  of  that  is 
the  reservoir;  a^  the  area  of  the  circular  section  GHj 
and  f  the  elFort  of  the  water  on  the  head  of  the  piste 
or  the  force  of  its  tendency  to  cause  it  to  descea 
Now,  in  whatever  part  kg  of  its  course  the  piston  ma] 
be  in  its  ascent,  it  will  constantly  be  opposed  by 
force  W  ^n.  a*  x  LV,  or  a*  x  A;  for  let  VSbe  the  height 
of  the  column  of  water  equivalent  to  the  pressure  ol 
the  atmosphere,  and  let  us  suppose  that  the  piston,  in 
ascending^  is  arrived  at  any  position  gh,  which  answe 
to  the  height  rV;  then  it  is  obvious,  in  the  first  placeiH 
that  the  piston  is  acted  upon  downwards  by  tlie 
pressure  of  the  atmosphere,  whtch  is  equal  in  intensity 
to  fl*  X  VS;  and  by  the  pressure  of  tlie  column 
water  D  g,  the  effort  of  which  is  equal  to  t/'  x  r  L : 
that,  in  tacti  the  whole  tendency  of  the  piston 
descend  is  expressed  by 

a^iVS  +  rL). 
In  the  next  place,  the  piston  rs  operated  upon  up 
wards  by  the  pressure  of  the  air  on  the  external  surfac 
of  the  water  MN  of  the  reservoir,  eq^ial  in  its  cffec 
to  fl'  X  VS,  which  effort  is  in  part  destroyed  by  th€ 
weight  of  the   column  of  water  having  for  its  bas« 
the  cirde  ^A,  or  GH,  and  for  its  height  r  V;  so  tha 
the  entire  action  on  the  piston,  upwards,  will  be 

at(VS-rV); 
consequently,  we  shall  have 

F  =  a^  (VS  +  rL>  —  II*  (VS  —  rV),  or 
F  -  a"  (fh  +  rV)-  a*  X  hV  -  4^  X  h% 
that  is,  the  piston,  throughout  its  whole  ascent,  will 
be  opposed    by  an  effort  equal  to  the  weight  of 
column  of  water  having  the  same  base  as  the  piston^-' 
and  for  its  altitude  a  height  equal  to  that  of  the  surface 
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of  the  wmter  tn  the  body  of  the  pump  above  that  in  the 

retervoir. 

Therefore,  in  order  to  produce  the  upward  motion  of 
the  piston,  we  must  employ  a  force  which  is  equal  to 
the  effort  above  determined,  pins  the  weight  of  the 
pigton  and  rod,  and  plus  the  resistance  which  the  piston 
may  experience  in  consequence  of  the  friction  a^inst 
the  interna)  bore  of  the  tube. 

With  respect  to  the  descent  of  the  piston,  i\m  will 
ht  nearly  accomplished  by  means  of  its  own  weight,  as 
ill  this  case  there  is  no  other  resistance  to  bo  orer- 
than  the  friction  and  a  slight  impact  against  the 


Of  the  lifimg'pimp, 

46.  A  pump  of  this  kind  is  shown  in  (fig.  8)»  the 
tedy  of  it,  A  BCD,  is,  in  this  case,  inserted  into  the 
witer  of  the  reservoir,  of  which  we  may  suppose  the 
surfiee  to  be  MN,  the  piston  enters  brlow,  and  lifts 
the  water  upwards  ;  the  piston-rod  Z  is  firmly  fixed  to 
a  moveable  frame »  TYZ,  which  is  made  to  ascend  and 
descend  alternately  by  means  of  the  usual  lever  or 
pomp-handle.  The  head  of  the  piston  is  pierced  witli 
a  hole,  which  is  covered  by  a  valve  F,  opening  upwards  j 
and  at  AC,  a  little  below  the  surface  MN  of  the 
reservoir  is  a  diaphragm,  or  plug,  pierced  with  a  hole, 
irhick  b  covered  by  another  valve,  E,  also  openings 
upwards.  The  body  of  the  pump  is  united  in  AC 
with  the  ascending  tube  ACV,  through  which  the 
water  is  to  he  raised. 

In  order  to  explain  the  operation  of  this  pump,  let  us 
suppose,  in  the  first  place,  that  KI  is  the  lower  limit 
of  the  motion  of  the  base  or  end  of  the  piston  ;  then, 
when  the  body  of  the  pump  is  filltid  with  .water,  and 
ikis  water  is  on  a  level  with  that  in  the  reservoir,  the 
two  valves,  E  and  F,  permit,  by  the  facility  with  which 
they  open,  the  free  communication  of  the  water  in  the 
reservoir   with  that  in  the  body  of  the  pump,   after 
which  the  valves  shut  by  tljeir  own  weight.     If  now 
we  raise  the  piston  from  KI  to  GH,  which  latter  is  the 
Itait  upwards  of  its  course,  the  lower  valve  F  will  re- 
main shut,   the   valve   E    will  open,  and  the    water 
ettnteiiied  in  the  space  KH  will  be  carried  above  GH, 
wad  pass    into  the  ascendrngj  tube ;  moreover,  while 
the  piston   is  ascending,  it  is   followed  by  the  water 
which  enters  from   the  reservoir  into   the  body  of  the 
pamp.     The  piston  being  then  depressed  from  GH  to 
KI,  the  valve  F  is  opened,  and  the  valve  E  is  shut, 
aod  by  this  means  the  water,  which  was  at  the  first 
stroke  carried  above  GH,  is  prevented  from  returninpf. 
ELevate  now  the  piston  a  second  time,  the  valve  F  wiO 
be  shut  as  before,  and  the  valve  E  opened,  by  which 
veans  the  water  is  again  raised  in  the  ascendino^  lube 
ACV;  and  by  thus  repeating  the  operation,  it  is  ob- 
vious that  the  water  may  be  raised  to  any   height  at 
iileeture.     In  this  pomp,  as  in  the  one  described  in  the 
hit  article,  the  elevation    of  the  water  is  not  con- 
tittiiOQs  and  uniform,  but  intermitting:  its  discharge, 
■•wevcr,  may,  as  in  the  former  case,  be  regulated  by 
taeaiis  of  a  cistern  properly  proportioned  and  adjusted. 
1%e  disckarge  obtained  by  a  pump  of  this  description, 
for  every  stroke  of  the  piston,  is  equal  to  the  capacity 
«i  the  cylinder  GHKI ;  and   tlie   pressure  upon  the 
psUm  ifi  eqttal  to  the  weight  of  a  column  of  water 
^dios»lia«e  is  the  same  as  that  of  the  piston,  and  whose 


height  is  equal  to  the  distance  between  the  surface  of  Comtrttcti- 
water  in  the  reservoir  and  in  the  ascending  tube.  oimf  pumps 

The  power,  therefore,  which  is  requisite  to  be  ap-  ^^  w»»nit 
plied,  must  exceed  this  pressure  by  a  quantity  equal  to  y^J^l^t^^ 
the  weight  of  the  piston-rod  and  frame,  plus  the  re* 
sistance  arising  from  the  friction  of  the  piston  against 
tJi€  sides  of  the  pump-barreL  With  respect  to  the  re* 
turn  of  the  piston,  it  will  have  a  tendency  to  descend 
by  its  own  weight,  but  it  will  be  resisted  by  friction, 
and  by  a  sUght  impact  against  the  water. 

Of  (ht  farciftg'pump, 

49.  This  machine  unites,  in  some  measure,  the  pro^  Furctng- 
perties  of  both  those  above  described,  and  may  be  repre*  p'^up* 
sented  under  two  difier^nttbrms,  as  in  (figs.  9  and  10,) 

In  the  former  it  operates  by  suction  as  the  piston  as- 
cends, and  it  forces  in  its  descent.  In  the  second,  on 
the  contrary,  the  atmospheric  pressure  takes  placo 
when  the  piston  d^cends,  and  it  forces  in  its  ascent. 
We  shall  describe  each  of  these  constructions  sepa- 
rately, 

deferring  to  (fig,  9),  we  may  observe^  in  the  first  First  con- 
place,  that  the  pump  consists  of  a  8uctiori*tubeAMNC,  jimcuon, 
partly  immersed  in  the  water  MN  of  the  reservoir;  and  Fig,  9, 
of  the  pump-barrel,  or  body  of  the  pump  ABDC,  in 
which  the  piston  P  works,  as  in  the  common  sucking- 
pump  above  described,  and  of  the  tube  of  ascension 
CQV.  At  CA  and  QR  arc  two  valves,  which  open 
upwards,  and  the  play  of  the  piston  we  shall  suppose 
to  be  in  the  space  GK,  but  its  head  is  solid,  having 
no  hole  through  it,  as  in  the  two  preceding  cases.  It 
is  obvious  now,  that  by  making  the  piston  ascend  and 
descend  alternately,  the  water  will  first  be  raised  up  in 
the  suction-tube*  and  in  the  body  of  the  pump,  in  the 
same  manner  as  in  the  sUcking-pump,  at  least  with 
this  ditference  only,  that  instead  of  escaping,  as  in  the 
latter,  tlirough  the  hole  in  the  head  of  the  piston,  it 
is  in  this  case  forced  through  the  valve  F,  and  expelled 
at  the  opening  of  the  ascending  tube  ;  in  other  respects 
the  alternate  motion  of  the  two  valves  E  and  F  is  ex- 
actly the  same  in  both  cases. 

After  a  few  strokes  of  ihe  piston,  all  the  air  will  be 
discharged,  and  the  void  filled  with  the  water  which 
passes  up  tlxrough  the  suction-tube*  This  being  sup- 
posed to  have  obtained,  and  the  piston  being  forced 
down,  it  presses  the  water  contained  in  the  space 
KIGH  through  the  valve  F  into  the  ascending  tube, 
which  latter  valve  prevents  it  from  returning  into  the 
body  of  the  pump.  The  space  which  would  thus  be 
left  void  is  filled  by  the  water  rushing  up  through 
the  suction-tube,  in  consequence  of  the  pressure  of  the 
atmosphere,  and  follows  the  piston  in  its  ascent  to  KI, 
when  a  second  descending  motion  produces  again  the 
same  eflfect ;  and,  con5ef|uenlly,  a  repetition  of  those 
alttrnate  motions  will  raise  the  water  to  any  required 
heio^ht. 

50.  In  {^g.  10)  the  piston  is  also  sohd ;  and  by  making  Second  c©n- 
il  descend,  the  water  is  raised  successively  m  the  sue-  atructlun. 
tion-tube  AMNC ;  and  after  a  certain  number  of  strokes  Fig.  lO* 

it  arrives  at  the  ascending  tube  QRV,  where  it  is  then 
successively  raised  by  the  upward  nioiion  of  the  piston. 
The  valves  *E  and  F  act  here  the  same  as  in  (fig.  9) ;  a/id 
the  discharge  in  a  given  time  is  computed,  m  both 
cases,  by  the  number  of  strokes  of  the  pifiton^  and  the 
cjuantity  it  discbarges  at  eftch. 
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Force  to  be 
applied. 
First  con- 
struction. 

Fig.  9. 


Force  to  be 
applied. 
Second  con- 
struction. 

Fig.  10. 


Forces 
ought  to  be 
uniform. 


51.  Let  ui  now  determbe  the  force  that  muit  be  ap- 
plied at  any  instant  in  either  of  the  above  machines,  in 
order  to  produce  the  requisite  motion  of  the  piston. 

In  the  first  place,  in  (fig.  9),  let  us  suppose  that  the 
head  of  the  piston  is  in  the  position  g  A,  which  corres- 
ponds to  the  Tertical  height  g  M,  above  the  water  in 
the  reservoir.  Let  MS  be  the  height  of  a  column  of 
water  equivalent  to  the  pressure  of  the  atmosphere, 
and  ML  the  height  to  which  the  water  is  raised. 
Assume  a*  to  denote  the  area  of  the  circle  g  A,  and 
call  g  M  =  A;  g  L  =  H ;  the  weight  of  the  piston 
and  its  appendages  =  P ;  X  the  force  requisite  to 
push  the  piston  upwards,  Uiat  is,  during  the  suction, 
abstracting  from  the  friction;  and  Y  the  force  em- 
ployed to  produce  a  motion  in  the  same  downwards, 
that  is,  while  the  forcing  takes  place. 

These  suppositions  being  made,  and  conceiving  the 
piston  now  m  g  A,  and  that  it  is  ascending,   and 
consequently  the  valve  F  shut,  it  is  obvious  that 
X  =  P  +  ii».  SM  -  (a".  SM  -ii».gM),  or, 
X  =  P  +  a*.gM  =  P  +fl«A. 

Again,  supposing  the  piston  to  be  arrived  at  the 
same  point  in  its  descent,  in  which  case  the  valve  £ 
will  be  shut,  we  shall  have 

Y  =  a\  SM  +  a".gL-.(ii».SM  +  P),  or, 
Y=ia*.gL-.P  =  ii»H-P; 
consequently,  uie  sum  of  the  two  forces  is 

X  +Y  =  ii»A  +  fl«H  =  ii»(A  +  H)  =  fl«.  ML. 
Hence  it  appears  that  the  effort  requisite  to  be  em- 
ployed to  produce  the  desired  effect,  is  equal  to  the 
weight  of  a  column  of  water,  which  shall  have  for  its 
base  the  head  of  the  piston,  and  its  height  equal  to  the 
distance  between  the  point  of  delivery  and  the  surface 
of  the  water  in  the  reservoir.  But  the  advantage  in 
this  species  of  pump  is,  that  the  effort  is  divided  into 
two  parts ;  the  one  being  opposed  to  the  suction,  and 
the  other  to  the  forcing ;  whereas,  in  the  sucking  and 
lifting-pumps,  the  whole  effort  is  made  at  once  during 
the  time  the  water  is  elevated. 

We  shall  find  a  similar  result  in'  the  pump  (fig.  1 0). 
For  denoting  the  area  of  the  circle  g  h  again  by  a',  and 
calling  rM  =  A,  rL=H,  P  the  weight  of  the  piston 
and  appendages  as  before;  also,  still  denoting  by  X 
and  Y  the  two  separate  forces  to  overcome  the  suction 
and  forcing,  we  shall  have,  independent  of  the  friction, 
X  =  a«  A  -  P, 
Y  =  a»H  +  P; 
consequently, 

X  +  Y  =  fl«(A  +  H)=:ii».  ML, 
the  same  result  as  before. 

52.  There  is  one  point  deserving  of  remark  in  the 
operation  of  this  machine,  which  is,  that  as  it  is  always 
desirable  to  have  the  applied  force  uniform,  we  ought, 
as  far  as  possible,  to  have  X  =  Y,  which  may  be  done 
by  equating  their  values  as  above  determined ;  that  is, 
by  writing,  in  case  of  (fig.  9), 

P  +  fli*.A  =  a*H-P, 
which  gives 

P:^ia*(H-.A); 
and,  in  (fig.  10),  by  making 

a».A-.P=:fl«H  4.P; 
whence  we  have 

P  =  ^  a"  (A  -  H). 
In  the  former  figure,  therefore,  the  piston  ought  to 
be  made  to  play  in  such  a  manner  that  the  point  g,  at 


which  the  whole  height  ML  is  divided,  may  «i 
greater  than  g}A\  and  in  {^^,  10),  rM  oug^t 
greater  than  rL ;  and  in  both  cases  the  division  i 
be  such  that  the  difference  in  the  weights  qf  th 
columns  of  water  be  equal  to  double  the  weight 
piston  and  its  appendages;  the  latter  being  aiqp 
given. 

If  the  position  of  the  piston  be  given  by  the  i 
of  the  construction,  or  by  the  circumstances 
which  the  machine  is  employed,  then  the  weigh 
should  be  determined  by  means  of  the  above  eqoa 
and  if  the  pump  be  so  situated  that  the  water 
always  at  the  same  level,  the  load  of  the  piston  i 
be  so  contrived  that  it  may  be  increased  or  dimi] 
as  circumstances  may  require;   in  all  these 
assuming  the  middle  point  between  the  higfaei 
lowest  position  of  the  piston  as  its  mean  plsicey  ( 
for  the  point  g. 

53.  We  have  ahready  remarked,  that,  accord 
the  construction  of  the  three  preceding  machin 
exhibited  in  the  figures,  the  discharge  must  neoe 
be  intermitting,  because  it  is  only  during  one 
two  alternate  motions  of  the  piston  that  the  w 
elevated.  If,  for  example,  the  water  be  raised 
the  piston  is  raised,  there  is  no  discharge,  or,  at 
a  very  trifling  one,  while  the  piston  descends;  i 
as  in  (fig.  9),  the  water  be  discharged  when  the  iri 
depressed,  there  is  a  suspension  during  its  elei 
This  inconvenience,  however,  may  be  in  a  grea 
sure  avoided,  by  supplying  the  ascending  tube  * 
cistern,  or  small  reservoir;  in  which  case  the  wi 
in  the  first  instance,  thrown  into  this  cistern,  ai 
continue  to  flow  during  the  noneffective  motion 
piston ;  this  cistern  is  an  usual  appendage  to  all  ] 
of  common  construction.  Another  method  of  pro 
an  uniform  discharge  is  by  means  of  an  air- 
attached  to  any  convenient  part  of  the  tube  of 
sion :  the  air  in  this  vessel  is,  in  the  first  install 
the  same  density  as  the  external  air;  but  aft 
water  is  raised  in  the  tube,  it  distributes  itself  in 
vessel,  cuts  off  the  communication  between  t 
contained  in  it  and  the  external  air,  and  the  fon 
thus  compressed  into  a  less  space  ;^  then,  as  si 
the  piston  descends,  or  during  its  noneffective  n 
the  elasticity  of  the  air  begins  to  operate ;  the 
is  expelled  from  the  air-vessel,  and  continues  to  i 
and  flow  in  an  uniform  stream. 

54.  A  great  deal  depends  as  to  the  most  e£ 
operation  of  a  pump  upon  the  position  of  the 
valve.  In  a  sucking-pump  of  the  usual  coioatn 
where  the  fixed  valve  E(fig.  7)  is  situated  at  tlu 
tion  of  the  suction-pipe  with  the  body  of  the 
the  water  is  successively  raised,  and  will,  after 
tain  number  of  strokes  of  the  handle  or  lever,  en 
body  of  the  pump,  provided  the  suction-tube  J 
not  exceed  34  feet,  and  that  the  air  be  completi 
hausted ;  consequently,  in  a  pump  of  this  kinc 
position  of  the  fixed  valve  is  the  most  advantaj 
there  is,  however,  still  this  inconvenience,  th 
leather  with  which  the  valve  is  commonly  cover 
comes  dry  when  the  pump  has  been  for  some  tl 
active,  in  consequence  of  which  the  valve  E  w 
exactly  close.  To  prevent  this  inconveniem 
suction-tube  is  commonly  made  less  than  woi 
otherwise  necessary.    In  sdme  pumps  of  this  Idi 
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;^^  fixed  Talve  is  even  placed  at,  or  a  litde  beIow,'the  sur- 
^*      hcB  ot  the  water  MN,  in  order  to  keep  the  valve  always 
^  moist,  and  which,  of  course,  entirely  prevents  the  in- 
convenience in  question :  in  others  there  are  two  fixed 
nlves,  one  in  MN,  and  another  in  AC,  by  which  means 
fte  water  is  retained  during  the  inaction  of  the  machine 
to  the  height  AC,  and  the  valve  E  kept  constantly 
QKHSt,  the  same  as  if  it  had  been  situated  at  the  sur« 
&ceof  the  water  in  the  reservoir.    In  this  case  the  two 
Falves  act  at  the  same  time,  both  opening  and  closing 
together. 
'^        L5,  Having  thus  described  the  fundamental  princi- 
pies  of  the  construction  and  operation  of  pumps,  we 
sliall  DOW  bestow  a  few  pages  in  investigating  the  rate 
or  ascent  of  the  water  and  other  circumstances  con- 
fiscated with  the  theory  of  these  machines,  in  which  we 
•b^  assume,  as  a  principle,  that  in  the  sucking-pump, 
*^t«r  every  elevation  of  the  piston  to  KI,  there  will  be 
~  ~      equilibrium  between  the  pressure  of  the  atmosphere 
the  surface  of  the  water  in  the  reservoir  MN,  and 
elastic  force  of  the  rarefied  air  contained  between 
J. and  the  surface  of  the  column  of  water  in  the  as- 
f^te^nding  tube,  plus  the  weight  of  that  column  of  water. 
Inoraerio  establish  clearly  the  conditions  of  this 
^<^v3ibrium  between  those  three  forces,  we  shall  re- 
<S.«sce  them  to  the  same  species,  by  representing  the  two 
fojnncr  by  columns  of  water  of  the  requisite  heights. 
S^Sae  first  of  these  coluinns,  which  depends  upon  the 
p»s-)cssure  of  the  atmosphere,  is  constant,  or  at  least  we 
^       "  consider  it  as  such;  but  the  second,  which  de* 
i  upon  the  degree  of  rarity  of  the  included  air  in 
1  tnbe  AN,  will  be  variable. 

Hiis  being  supposed,  it  is  clear  that  we  shall  have  an 

|Tiilibrium  between  our  three  forces,  when  the  height 

tb  the  pressure  of  the  atmosphere  is  equal  to  the 

s^jasju  of  the  neight  due  to  the  pressure  of  Uie  interior 

r,  and  the  height  of  column  in  the  suction  of  tube 

re  the  general  surface  of  the  water  in  the  reservoir 

p-  56.  Let  it  now  be  required  to  determine  the  suc- 

tsnre  elevations  of  the  water  in  the  suction-tube  NA, 
'  the  fixed  valve  E  to  be  situated  in  AC,  that 
immeoiately  at  the  junction  of  the  tube  with  the 
ftdy  of  the  pump. 

We  shall  assume  that  in  consequence  of  the  first 
ke  of  the  piston,  that  is,  its  first  ascent  from  QH 
^^c^    KI,  the  water  is  raised  from  MN  to  x  u  in  the 
t  ^   ■^'^^■Lietidn-tabe ;  and  let  us  conceive  the  piston  to  remain 
f^^V  an  instant  in  that  position,  then  the  pressure  of  the 
■  ^  ^Snoiphere  will  counterbalance  the  pressure  of  the  co- 
a'm^iiiiiorwater  M*!!,.  and  the  elastic  force  of  die  dilated 
^^s  m  the  space  K  V. 
Let  us  denote 
Hie  height  AM  of  the  suction-tube  by  •  •  •  •  a. . 
The  height  of  the  play  of  the  piston  KG  •  •  •  •  6. 

The  radius  of  the  pump-barrel  AD R. 

(v\  Hie  radius  of  the  suction-tube  AN. r. 

Tke  ratio  of  the  curcumference  to  diameter  w. 
^1  The  height  due  to  the  pressure  of  the  at- 

^ i|  ^  motphere  ••••••••••••••••••  •.•••••^. 

r^f}  The  height  M  X  of  the  column  Mv jr. 

^■Y  The  height  due  to  the  pressure  of  the  di- 

^*>I  lated  air  in  the  space  Kxul y. 

_         We  shall  then  have  f(>r  our  equation  of  equilibrium, 
W  '  ^  x+yzzk.  (1) 

Hie  height  due  to  the  elastic  force  of  the  air  heme 


suction,  that  is,  while  the  included  air  occupied  {he  Constmo- 
space  AN,  being  denoted  by  h,  and  this  air  being  now     tion  of 
expanded  through  the  whole  space  K  «,  the  height  y  pn«p«  fw 
due  to  its  elastic  force,  after  suction,  will  be  found  to    ^1^^ 
be 

,       AN 

Now  the  space  AN,  or  the  content  of  the  cyhnder 
AMNC  =9r/^a;   and  the  space  Kti,  or  the  sum  of 
the  two  cylinders  KACI,  and  A  xti  C  =: 
IT  R'  6  +  ir  r*  (o  —  x), 
whence  we  obtain  a  second  equation, 

v  = ±12. .  (2) 

Substitute  tins  value  of  y  in  equation  (1)  and  we 
shall  have 

"*'R«^  +  r»(fl-*)* 
or 

/*R"^+//r«(a  —  a:)z=R*6jr  +  r»(ajr  —  **)  +  Ar'fl, 
which,  transposed  and  reduced  by  vrriting, 

-y  =  A:,  and ^  +  a -f  A:6  =p, 

becomes  x*— .fjf=  --  khb; 

2 


wherefore,  x : 


and 


^-  2 


! 


Ascent  due 
.  to  the  tint 
(3)      itroke. 


We  have  here  two  values  both  for  x  and  ^,  but  it  is 
obvious  that  only  one  in  each  will  apply,  and  this  one 
in  both  equations  inust  be  that  answering  to  the  lower 
sign,  for  it  is  evident  that  both  x  and  y  must  be  less 
than  hy  and  if  in  the  equation  for  x,  we  use  the  upper 
sign  + ,  we  should  have  x  7'  A,  or 

that  is>  substituting  forf, 

for  squariiig  both  sides  of  the  latter  equation,  and 
reducing,  we  have  4  a  ^  7  0. 

.  If,  on  the  contrary,  the  lower  sign  be  employed,  .we 
shall  find  that  the  value  of  x  is  less  than  A,  and  the  cor- 
responding  value  of  y,  that  is,  the  quantity  ' 

2 
also  less  than  h. 

Consequently,  the  two  values  of  or  andjf,  which  answer 
the  conditions  of  the  question,  are 


y—  2  ) 


(4) 


These  are  the  values  of  x  and  y,  which  answer 
to  the  first  stroke  of  the  piston,  but  knowing  these 
we  shall  readily  find  the  analogous  values  correspond- 
ing to  the  second,  third,  66e%  strokes. 

57.  Let  My  represent  the  height  of  the  water  in  General 
the  suction-tu^  after  the  second  ascent  of  the  piston,  equations, 
and  cidl  this  height «','  and  the  height  due  to  the  elastic 
force  of  the  air  y ;  then  we  shall  have  as  brfore, 

*  =  ;r'+y-  (6)' 


C6) 


^e-'.r^li^ 


c- 


,4x 


t«- 


-ty 


[i*  rf  E  tT"M  A  T  1  CS'. 


ient  that,  after  the  Brat  stroke  of  the  piston,  we  shall 
^  Kave  the  two  equations 

__         ha 
[whence  we  deduce 


iT  = 


p  ^  ^(f^4khb) 


^- 2 

equations  are  the  same  as  those  winch  answer 

i  first  stroke  of  the  piston  in  the  preceding;  article ; 

bfrt  the  analogous  equations  which  express  the  height 
aad  reduced  pressure  after  the  second,  third,  ic. 
jt^s  of  the  piston,  have  not  the  same  form  as  in 
vHbrmer  case. 
In  order  to  obtain  these,  we  may  in  the  first  place 
.   that  at   the  commencement   of  the   second 


I 


upiratioHf  the  air  compressed  in  the  space  A  «» is  the 
Hiwal  air ;  whence,  after  the  second  aspiration,  this 
Wt^  spread  through  the  space  K  z,  the  height  due  to 
Ae  elastic  force  of  the  same,  will  be 

,      A  X  At* 


or, 


V   IZ — * 

^       kb  ^  a~~i 


Aod  we  hare  »tiU  j'  -r  y  =:  ^ ;  whence,  by  equaling 
md  reducing 


,_  p^  ^{p^^4khb~4hx} 
"  -  2  • 

2A-;,+  ^fp^-4khb-4k.T} 


Jn  the  same  manner,  observing  that  ^  and  »/*'  are 
'knvcd  from  x'  and  y',  as  these  latter  are  from  x  and 
y.  Wf  shall  find 

^_p^  ^  {p''  ^  Akhb~^4hx) 

2 

.  _  2A  — p  +  ^  \f  ^Mhh^4hj\ 

V —     — ^—  —  • 


^'iJ.  generally. 


4JtA6-4*,r 


«— 1 


I. 


ft—  1 


) 


Now,  supposing  the  water  to  gain  no  further  ascen- 
*iot»  after  rt  -f   1   strokes  of  the  piston,  \vc  sliall  have 

I     —  X  **  ,  and  consequently 

(«  ^  I )      V-^J{  p^  ^Akhb^^kx^'^^X 

I        = J — ; 

we  have 
(,^n_  a  ^  kh±  ^  {{a-^kby^^kkb} 

^  %  ' 

^''^twelbre,  in  consequence  of  the  double  sign  which 
ippcruins  to  the  radical,  it  appears  that  there  arc 

^01  in. 


two  heights  where  the  water  may  stop  in  its  ascent,  Conitryt- 
supposing  the  quantity  under  the  radical  to  be  a  real      *'<»«^  ^{ 
quantity » a  condition  which  reqairos  either,  that  ^'r^^V^^ '"' 

(a  ^  kbf::z4hk  b,  ^^^.^ 

or  that  (a  +  fc  *)•  7  4  A  A:  6.  ^^^-.-n^ 

In  the  first  instance,  as  the  radical  vanishes,  the 

fn  ^—  1^ 

two  ^-^alues  of  jr  are  equal   to  each  other,  or 

which  is  the  same,  there  will  be  but  one  point  where 
the  water  will  remain  in  equilibrio  ;  which  height  is 
expressed  by  the  equation 

(»—!)_  a  -\-  k  b 

X  ^^  — ■ — '     , 

2 

In  the  second  case,  that  is,  when  (a  -|*  k  bf  74  k  k  />, 
there  are  two  such  points,  which  will  be  determined 
from  the  preceding  equations.  When  the  quantity 
under  the  radical  is  imaginary,  that  is,  when  (a  +  k  bf 
l_  4  khby  then  the  water  will  not  stop,  but  will  after  a 
time  enter  the  body  of  the  pump. 

61-  As  an  example,  lot  us  assume  A,  aftir  deducting  EsAuipIcf, 
for  the  weight  of  the  valve  :^  32  feet;  a,  or  the  height 
of  the  suction-tube  =  20  feet ;  h^  or  the  lengtli  of  the 
play  of  the  piston  -z  4  feet ;  and  let  A,  or  the  ratio  of 
R»  :  r*  ^  I,  that  is,  let  the  pnmp-barrel  and  suction- 
tu1>e  have  equal  diameters,  then  we  shall  find 

(T^T)      20  +  4  ±  ^/  (24*  —  4-32-4>  0 


or,      X  =  12  ±  4  =  16  or  8. 

As  a  second  example,  let  h  i^  32  feet,  a  :::  25  feet, 
/•  =  2  feet,  and  A-  —  4  ;  then   we  shall  find  the  two 

,    (n  — 1} 
values  of  X  -  to  be 

(t  -  i)_  33  ±  V  65 
^  — ^  2~        ' 

and  the  ivater  will  stop  in  two  places  as  before ;  but  if 
all  the  other  quantities  remain  the  same,  except  Ar, 
which  we  shall  suppose  to  be  equal  to  b,  there  will  be 
no  stoppage,  the  radical  becoming,  in  this  case,  imagi- 
nary; or,  if  we  suppose  k  Lo  remain  as  at  first  ^  4,  and 
make  b  =  4,  there  will  also  be  no  stoppage. 

It  follows,  therefore,  that  all  the  other  quantitieft 
being  given,  b  may  always  be  &o  assumed  that  the 
action  of  the  pump  may  be  eflPectual,  it  is  for  this  pur- 
pose only  necessary  to  take  b^  so  that  {a  -^  k  bf 
Z.  Ahkb. 

If  it  =  1 ,  and  we  write  a  -^  b  =.  c^  the  greatest 
height  of  the  piston  above  the  surface  of  the  water  in 
the  resen'oir,  we  must  have 

in  order  to  ensure  an  effective  operation  of  the  machlne- 

62.  Tlie  same  may  be  shown  geometrically,  as  fol~  The  sainc 
lows:     Suppose,  as  above,  the  valve  E  to  be  situated  gto'neirU 
at  the  surface  of  the  water  in   MN,  the  tube  to  be  of  ^^    ^* 
uniform  bore,  and  VL  l^  be    the  height  due  to    the  ^'6-^* 
pressure  of  the  atmosphere,  minu^  the  weight  of  the 
piston;  tliat  is,  let  LV  =  32  feel,     Conceive  t!ie  water 
to  be  raised  by  working  to  t  s^  then  the  weight  of  the 
column  of  water  i  N,  together  with  the  elasticity  of  the 
air  above  it,  exactly  balances  the  column  whose  height 
is  l.V.     But  the  elasticity  of  the  air  in  the  space  1  ^ 
(KI  being  the  highest,  and  Gil  the  lowest  position  of 
2  T 
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the  piston)  is  proportional  to  LV  x 


Hi 
is 


and  conse- 


quently in  the  place  where  the  limit  obtains,  and  the 
water  rises  no  further,  we  shall  have 

LV  =  ;yN  ^  LV  X  ^i 

1  s 

transposing  N  j,  we  have 

LV  -  *  N  =  LY  :=:  LV 
:   LY 


Us 


whence,    Is   :    H  jf  ::  LV 
or,  by  the  division  of  ratios, 
1  *  -  H  *  (=  L  r')   ;   I  #  ::  LV  -  LY  =  VY  :   LV; 

consequently,  Lr'  x  LV  ^  I  jf  x  VY. 

Hence,  we  see  that*  if  KM,  the  height  of  the  piston 
in  its  hit^hest  position  above  the  surface  of  the  wiiter  in 
the  reservoir,  and  KG,  the  length  of  the  play  of  the 
piston,  be  s:iven,  there  is  a  certain  determined  heiy;ht 
M  4',  to  which  the  water  can  be  raised  hy  the  difference 
of  the  pressures  of  the  exterior  and  interior  air :  for,  LV 
is  to  be  considered  as  a  constant  quantity,  and  of  course 
when  KG  is  given,  I  ^  x  VY  is  given  likewise. 

To  ensiirt^  therefore,  the  delivery  of  water  by  the 
pump,  the  stroke  must  he  such  that  the  rectangle  L  r' 
X  LV  may  be  greater  than  any  rectangle  that  can  be 
made  of  the  parts  of  IN,  that  is,  greater  than  the  square 
of  ^  IN, 

Hence,  therefore,  we  may  deduce  the  following  prac- 
tical maxim,  viz.  No  sucking-pump  can  raise  water 
e0ectually  unless  the  play  ol'  the  piston,  in  feet,  be 
greater  than  the  square  of  the  greatest  height  of  the 
piston,  divided  by  four  times  the  height  due  to  the 
atmospheric  pressure,  t/iejhed  lahc  being  applied  at  the 
surface  of  the  reservoir. 
When  the  The  circumstances  above  investigated  do  not  occur 
JUediralve  when  the  fixed  valve  E  is  situated  at  the  junction  of 
tlie  suction-tube  and  pump-barrel ;  we  therefore  see 
the  defect  of  placing  that  valve  at  the  surface  MN, 
although  some  advantage  may  be  supposed  to  he  de- 
rived from  its  being  kept  always  moist  when  so  posited : 
but  if  precautions  be  taken  to  keep  the  valve  E  moist 
in  its  upper  situation,  it  must  be  considered  a  more 
favourable  position  than  when  it  is  placed  below,  or  at 
the  surface  of  the  water. 

63.  The  forcing- pump  is  subject  to  no  stoppage  when 
the  valve  E  is  placed  in  the  w^ater  of  the  reservoir; 
but  if  it  be  placed  above  the  surface,  as  in  r*  (fig.  9), 
or  at  such  a  height  *•  t^  that  the  interior  space  AC  *  r 
18  greater  than  the  volume  of  water  that  the  piston 
raises  in  its, motion  from  Kl  to  GH  ;  then  it  may  hap- 
pen that  the  water  cannot  arrive  at  r  j,  that  is,  it  may 
stop  at  some  intermediate  height.  For  let  us  con- 
ceive that  by  the  first  elevation  of  the  piston  the  water 
ascends  to  u  t*,  at  this  moment  the  air  comprised 
between  the  surface  of  the  water  and  r  s  is  the  natural 
air  which  is  dilated  and  weakened  when  the  piston 
descends,  and  so  on,  alternately,  during  the  entire  play 
of  the  piston. 

When  the  latter  descends,  the  column  of  water  A  z 
is  operated  upon  downwards  by  its  own  weij^ht  and 
by  tne  elastic  force  of  the  air  contained  in  the  space 
u  s;  so  that  the  resultant  or  the  sum  of  the  two  forces 
niny  be  in  equilibrio  with  the  pressure  of  the  external 
air  on  the  surface  MN  of  the  reservoir.    Now,  since 


h  at  the 

janction  of 
f  he  putn|i- 
bnrreL 


Fnrcing- 
[Himp. 
Fig.  9. 


the  column  of  water  A  z  ascends  and  descends  witJi  the 
piston,  if  it  happen  (which  is  evidently  possible)  that 
irom  one  stroke  of  the  piston  to  the  following,  the 
descent  of  the  column  Ax  be  equal  to  its  ascent,  it 
can  never  reach  r  s;  and  there  will,  therefore,  in  this 
case,  be  a  stoppage  in  the  action  of  this  machine.    The 
position  of  this  point  is  computed,  as  also  the  succes- 
sive elevations  of  the  water,  precisely  in   the  same 
manner    as  in  the  case  of  the  sucking-pump;  it  inA 
therefore,  unnecessary  to  repeat  the  operation;  andj 
the  same  calculus  will  also  apply  to  the  circumstanc 
attending  the  ascent  and  stoppage  of  the  water  in  the! 
forcing-pump,  whether  the  suction  take  place  with  the 
ascent  or  descent  of  the  piston. 

64.  In  all  the  preceding  cases  we  have  supposed  the  C^M 
several  niachines  to  be  worked  simply  by  the  operatioa  P"*( 
of  one  lever  applied  to  a  single  piston-rod,  but  ire- 
quenlly,  when  a  great  supply  or  discharge  is  wanted, 
a  more  powerful  moving  force,  and  a  greater  number 
of  pistons  are  employed,  we  propose,  therefore^  before 
concluding  this  section,  to  give  the  solution  of  the 
following  problem,  which  may  be  of  some  practical 
utility,  viz. 

To  dctenninc  the  circumstantes  attending  the  cletatim 
of  water  in  the  asceftding  tube  of  a   such  tug- pump  ^  uhei 
the  operation  depends  upon  the  action  of  n  triple  lever. 

Let  AMNC  (tig.  10-a)  represent  the  ascending  tube  figjj 
of  such  a  machine,  with  three  equal  pump-barrels,  in 
which  are  situated  three  pistons  moved  by  means  of 
the  three  levers,  RV,  TY,  SX;  these  levers  receiving 
their  motion  by  means  of  three  other  levers,  or  three 
chains,  RB,  TK,  SH,  the  extrcmitiefe^  of  which,  B»  K,  H, 
form  the  simimits  of  an  equilateral  triangle  B,  K,  H, 
which  is  made  to  turn  circularly  about  its  centre  O. 
The  wheel  BllK  may  be  moved  by  any  agent,  as,  for 
instance,  by  a  cuiTent  of  water,  which  causes  it  to 
turn  in  the  direction  BKDH.  The  position  and  opera- 
tion of  the  valves  in  each  pump-barrel  are  supposed  to 
be  the  same  as  m  the  common  sucking-pump.  As  to 
the  fulcrums  on  which  the  levers  turn,  they  may  b«  ♦] 
situated  in  any  point,  according  as  circumstances  re- 
quire, or  render  desirable;  but  for  the  sake  of  sim- 
plicity, in  the  following  investigation,  we  shall  suppose 
them  to  bisect  each  its  respective  lever;  we  shall  also 
assume  that  the  lever  of  each  piston  is  equal  to  the 
diameter  of  the  circle  described  by  BHK.  \ 

Now,  whatever  may  be  the  initial  situation  of  the      i 
wheel,  it  is  evident  that  the  air  comprised  in  the  suction- 
tube,  and  in  the  body  of  the  pump,  is  the  same  as  that     J 
of  the  atmosphere.     Afterwards,  when  we  cause  the      | 
wheel  to  turn,  the  air  contained   in   the  suction-tube, 
and  in  the  pump-barrel,  whose  piston  ascends,  is  rare- 
fied or  dilated,  while  any  piston  which  descends,  gives 
entrance  to  the  exterior  air  into  tfie  space  comprised 
between  the  moveable  and  fixed  valve;  so  that  in  fact, 
when  a  piston  ascends,  its  moveable  valve  is  shut,  and 
the  fixed  valve   is  open,  and   the    contrary  when  it 
descends. 

Let  us  suppose,  in  the  first  instance,  the  pivot  B  of 
the  lever  RB  to  be  situated  at  the  upper  extremity  of 
the  vertical  diameter  BD  of  the  wheel,  and  tlmt  con> 
sequently  the  horizontal  line  which  joins  the  other  two 
pivots  K,  H,  divides  the  radius  OD  into  two  equal 
At  this  instant,  the  valve  F  is  in   iu  lowest 


parts. 

position,  and  may  be  supposed  in  contact  with  the 

fixed  valve  E;  and  the  other  two  moveable  valve*  P 
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^ft-  tod  V".  are  eacb  distant  Arom  their  respective  fixed 
JJJl  valvea  E'  and  E"  by  a  quantity  =  BG. 
BT^  Let  the  points. Q  and  M  be  the  middle  of  the  arcs 
W^  BK,  BH,  and  draw  the  right  line  QM.  The  circum- 
^'  fa^ioe  of  the  wheel  will  thus  be  divided  into  six 
etiaal  parts  BQ,  QK,  KD,  DH,  HM,  MB,  and  we  shall 
therefore  have  BL  =  DG. 

As  the  pivots  B,  K,  H  rise  and  fall  by  the  motion  of 

the  wheely  they  will  produce  a  contrary  motion  in  the 

piston-rods;  and  it  is  obvious,  that  after  one-sixth  of 

I  revolution,  B  will  have  passed  to  Q,  K  to  D,  and  H  to 

M;  the  piston  corresponding  to  B  will  be  raised  a 

floantity  equal  to  BL;    the  piston  corresponding  to 

&,  already  raised  a  quantity  equal  to  BG,  will  be 

liirther  elevated  by  the  quantity  GD  ;  and  finally,  the 

oorresponding  piston  to  H,  which  at  first  was  raised  a 

quantity  equu  to  BG,  will  now  be  depressed  through 

•  space  equal  to  GL. 

The  interior  air  being  thus  dilated  to  a  certain 
extent,  the  water  will  ascend  in  the  suction-tube  to  some 
height,  which  let  us  denote  by  M  r.  Since  the  dilation 
of  the  interior  air  takes  place,  as  we  have  seen,  only 
duxiag  the  ascent  of  a  piston,  it  follows  that  if  we 
denote  by  «-  the  constant  number  3*14159,  &c.  viz.  the 
^^mi-circumference  of  a  circle  whose  radius  is  unity ;  by 
^  the  radius  of  the  suction-tube ;  by  n  the  radius  of 
Mick  of  the  pump-barrels ;  it  will  follow  that  the  por- 
^Oa  of  air  which  in  the  first  instant  occupied  a  space 
'^^tmsented  by 

wn^xAM  +  xii'x  BG, 
occupy,  at  the  end  of  one-sixth  of  a  revolution,  a 
equal  to 

»«»  X  Ar  +  xii'  X  (BD  -J-  BL). 

this  second  state,  the  elastic  force  of  the  air  thus 

yOated,  piui  the  weight  of  the  column  of  water  r  N, 

"^t  to  be  in  equilibrio  with  the  atmospheric  pressure ; 

we  may  therefore  determine,  as  m  (art.  54),  the 

'it  Mr  to  which  the  water  will  ascend  after  the 

has  made  one-sixth  of  a  revolution.    We  may 

determine,  in  the  same  manner,  the  height  M  ^  of 

water  after  the  second  sixth  part  of  a  revolution ; 

considering,  that  as  soon  as  the  pivot  K,  now  in  D, 

—  this  pomt,  the  portion  of  dilated  air  which  still 

in  the  interior  of  the  pump  is  reduced  from 

s  qoiantity 

»  m*  X  A  r  +  T  w*  X  BL 
U^  »  m«  X  A  /  -t-  T  n«  X  BG, 

^■^Isen  the  point  K  arrives  at  H,  and  so  on. 

Hence»  generally,  let  us  suppose  that  in  the  first  in- 
iDoe  the  three  pivots  are  placed  in  the  points  byk,k: 
ftw  thnHigh  the  vertical  BD  the  perpendiculars  bf^ 
If  k  t,  and  let  us  endeavour  to  compute  the  height 
a  to  which  the  water  will  be  raised  in  the  suction- 
^uIm,  whfle  ^passes  to  Q,  Ar  to  D,  and  A  to  M. 

la  this  interval  of  time  the  portion  of  the  natural 
^'^taioc  air  which  occupied  a  space  represented  by 

«•  «•  X  AM  -f  irw*  (B/  -<-  B^), 
^^v  fills  a  space  equal  to 

«•««  X  Am  -h  irii*(BD.  +  BL). 
\he  nMment  the  point  k  passes  the  point  D,  the  por- 
^  of  the  interior  air  is  reduced  to  the  quantity 

»«'  X  Ati-f-irn*x  BL; 
^  when  the  pomt  k  arrives  at  H,  its  volume  becomes 

»m'xAz  +  irfi*x  BO, 
m  height  M  x  being  then  that  of  the  water  in  die 
Melion-tabe,  and  so  on. 


It  would  not  be  difficult  to  express,  analytically,  the  Constroc- 
progressive  ascensions  of  the  water  in  the  suction-tube,     tion  of 
computed  on  the  above  principles ;  and  thence  to  as-  P"";pf  ^"^ 
sure  ourselves  whether  it  will  or  will  not  pass  into  the     ^^^[^ 
body  of  the  pump ;   but  the  detail  of  the  operation  v^f^^^w' 
would  carry  us  too  far ;  we  leave,  therefore,  the  opera- 
tion to  be  supplied  by  the  reader,  who  will  readily 
extend  a  similar  calculus  to  any  greater  number  of 
levers. 

Theory  of  the  centrifugal-pump. 

65.  We  have  already  described  the  construction  and  Centrifagal- 
operation  of  the  centrifugal-pump  (art.  231,  No.  xx),  P""P- 
Hydrodynamics;  we  shall  here,  therefore,  only  at- 
tend to  the  theory  of  it,  as  far  as  it  relates  to  the  quan- 
tity of  water  which  it  is  capable  of  discharging  in  a 
given  time,  the  limits  of  its  operation,  &c. 

In  order  to  this,  let  a  =  tlie  lenc:th  ef  the  arm  LI 
(fig.  II),  in  feet,  /  ==  the  length  of  the  leg  KL  also  pig.  n. 
in  feet,  t  the  time  of  a  revolution  in  seconds,  2g  z= 
32^  feet,  the  measure  of  the  force  of  gravity,  and 
X  =  3' 14159,  the  semi-circumference  of  a  circle  whose 
radius  is  unity. 

Then,  since  the  centrifugal  force  is  as  the  velocity 
generated  in  an  unit  of  time,  we  shall  have  the  centri- 
fugal force  of  a  particle  x  of  the  fluid,  at  the  distance 
X  from  L,  equal  to 

./2irx\«  Air'xx 


the  fluent  of  which  is 


2tV 


which  is  the  centrifugal 


comes 


for  the  whole  centrifugal  motive  force  of 


motive  force  of  the  column  x ;  this,  when  x  =  a,  be- 
2ir'a' 

the  water  in  the  arm  Lt.  Now  the  pressure  of  a 
column  whose  length  is  (i,  wilV,  enterU  paribus^  vary 
as  2  g  a :  hence  we  shall  have 

#hich  latter  term  is  eqaal  to  the  length  of  a  column  ot 
water  whose  pressure  is  equivalent  to  the  centrifugal 
force.  If  from  this  we  deduct  the  altitude  /  of  the 
vertical  leg,  the  remainder, 


S^ 


I. 


will  be  the  length  of  a  column  whose  action  would 
expel  the  water  from  the  orifice  I,  vrith  the  same  force 
as  that  occasioned  by  the  whiriin^  motion ;  and  the 
column  moved  will  be  a  -f  /.  This  will  also  denote 
the  space  through  which  the  column  is  accelerated. 

The  circumstances,   therefore,   of  the  case  under 
consideration  are  the  same  as  if  a  constant  head  of 

•  /»• 
water,  whose  height  =  — 3 —  /,  impelled  a  column 

o 

of  water  horizontally  at  the  bottom  of  the  depth  a  -t-  /; 
hence  the  accelerative  force  is 


/ 


)-^(a  +  0> 


and  the  space  « :r  a  +  ^  so  that  the  velocity  Rented 
wiUbe 

2t2 
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or 


r  =  8-0208xv/(^-/). 


This  result,  it  will  be  observed,  is  independent  of 
the  contraction  of  the  vein,  therefore,  to  reduce  it  to 
practical  purposes,  the  co-efficient  8*0208  must  be 
multiplied  by  the  co-efficient  for  the  contraction  of  the 
orifice,  viz.  ^,  or  *62 ;  in  which  case  the  equation  will 
become 

V  z=5^(^^^  -  /j,  very  nearly. 

Limits  the  66.  It  is  obvious  that  /  must  never  exceed  34  feet, 
Mrtie  as  in  q,  jj^g  height  due  to  the  pressure  of  the  atmosphere, 
pump?  '"^  because  a  greater  column  cannot  be  supported  by  that 
pressure ;  so  that  the  limits  of  the  operation  of  this 
machine  are  the  same  as  for  those  of  the  sucking- 
pump.  Besides  which,  the  time  of  the  revolution  of 
the  arm  has  its  limits ;  between  which  only,  the  pump 
is  effectiye :  it  is  therefore  necessary  to  carry  the  in- 
vestigation a  little  further. 

When  the  centrifugal  force  is  barely  equal  to  the 
weight  to  be  raised,  the  expression  under  the  radical 
vanishes,  and  v  r:  o,  or  the  water  is  stationary  in  the 
pump.     In  this  case  we  have  evidently 

gf  ~  ' 

from  which  we  obtain 

<  =  xa^l= -78336  ^-?1, 

for  the  time  of  a  revolution  in  seconds,  when  no  work 
is  done. 

If  the  machine  be  effisctual,  the  velocity  of  the 
^  stream  can  never  exceed  the  velocity  which  a  heavy 
body  would  acquire  in  falling  through  a  height  equal  to 
the  difference  between  the  height  due  to  the  pressure 
of  the  atmosphere  and  the  height  of  the  vertical  leg ; 
for  a  greater  velocity  would  cause  a  vacuity  in  the  ma- 
chine that  would  not  be  supplied  by  the  pressure  of 
the  atmosphere.  Now,  by  the  laws  of  falling  bodies, 
the  velocity  acquired  in  falling  through  the  height 
(34-/),  is  x)  =  2v^(34-./)g; 
and,  from  what  is  shown  above,  the  velocity  of  the 
^    efflux  is  y  t  T«  0*       ,  ) 

whence^  making  these  values  equal,  we  have 

^-/=34-/; 
from  which  we  find 


'='^v/3l7  =  '^®^^^ 


34g 


v^34 


If /=:  34,  then  the  last  value  of  t  will  be  the  same 
as  the  preceding,  and  no  discharge  can  take  place, 
agreeably  to  the  observations  at  the  beginning  of  this 
article.  In  all  other  cases,  having  found  the  time  of 
revolution  when  the  water  is  stationary,  we  have  only 
to  diminish  that  time  in  the  ratio  of  >/  34  to  ^/  /,  and 
we  shall  have  the  time  of  a  revolution,  when  the  work 
done  is  the  greatest  possible*  Gregory's  "  Me- 
chanics," vol.  i. 


S  VI.  On  the  meoiuremeni  oj  keigJUi  fy  the  hurameier.     J 

67.  We  have  already  explained  the  fimdamental 
principles  of  this  admeasurement,  but  there  are  many 
minute  particulars  which  it  is  necessary  to  introduce  ^ 
beyond  what  we  have  hitherto  considered,  m  order  to  ^^ 
render  the  results  of  the  obl9ervations  and  calcalar 
tions  sufficiently  accurate  for  any  practical  determi- 
nation. We  propose  now  to  enter  upon  this  subject 
at  some  length,  and  to  examine  it  with  all  the  detail 
its  importance  and  utility  demands. 

Let  us  conceive  a  vertical  tube,  filled  with  air,  ex- 
tending from  the  surface  of  the  earth  to  the  limits  of 
the  atmosphere ;  also,  for  the  purpose  of  simplifying 
the  problem,  let  us  suppose,  in  tne  first  place,  that  this 
column  is  composed  of  perfectly  dry  air,  and  that  it  is 
of  the  same  temperature  throughout;  let  us  assume 
also,  that  there  is  no  decrease  of  gravity  in  conse- 
quence of  the  greater  elevation,  or  that  gravity  acts 
uniformly  through  the  whole  extent.  On  Uiese  suppo- 
sitions let  us  examine  the  state  of  equilibrium  of  such- 
a  column. 

68.  First,  it  is  evident  that  each  particle  will  bePi 
compressed  by  the  weight  of  all  those  above  it;  and  ^ 
as  the  air  in  consequence  of  its  elasticit;^  is  condensed  ^ 
proportionally  to  the  compressing  force,  its  density  will 
decrease  from  the  bottom  to  the  top  by  insensible  gra- 
dations. In  order  to  discover  the  law  of  this  decrease, 
conceive  the  column  to  be  divided  into  an  indefinite 
number  of  very  thin  beds,  or  strata,  so  that  the  sensible 
density  may  be  the  same  throughout  the  height 
of  each,  varying  only  from  one  to  another.  Then,  if 
the  barometer  be  carried  successively  into  each  of  these 
beds  at  different  distances  from  the  centre  of  the  earth, 
there  will  be  a  certain  ratio  between  these  distances, 
which  may  be  represented  by  x',  x*,  x'^  &c. ,  and  the 
elevation  of  the  mercury  H',  H^  H**,  Sec, ;  and  it  is 
this  ratio  which  is  required  to  be  determined. 

W^ith  a  view  to  this  determination,  it  may  be  re-n 
marked,  that  the  thickness  of  the  first  bed,  or  stratnm,  >^ 
is  expressed  by  x*  —  x',  and  the  depression  of  the  "■ 
mercury  in  raising  it  through  this  stratum  is  H'  —  H^ 
Consequently,  at  that  elevation,  a  column  of  air  of  the 
height  x^  —  x'  weighs  as  much  as  a  column  of  mercury 
whose  height  is  H' »  H'',  the  base  of  each  being  the 
same.    Thus  the  density  of  that  stratum,  compared 

H'  —  H' 

with  that  of  the  mercury,  is  as  — j to  1,  the  den- 

j»    — ^  X 

sities  being  reciprocally  as  the  masses  when  the  weights 
are  equal :  but  this  ratio  between  the  density  of  the   j 
stratum  and  that  of  mercury  may  also  be  obtained  is  m 
a  different  manner,  as  follows : 

69.  At  an  equal  temperature,  the  density  of  etdl  m 
stratum  is  proportional  to  the  pressure  it  sustains,  thMt^ 
is,  to  the  weight  of  the  superior  beds ;  and  since  allM 
the  beds  are  supposed  to  have  the  same  temperaliire,^ 
the  pressure  sustained  by  each  is  proportional  to  tk 
heignt  of  the  mercury  in  the  barometer.  Thus,  on  tl 
hypothesis  above  assumed,  the  density  of  the  difierent^. 
beds  may  b^  represented  by 

CH',  CH*,  CH"',  &c. 

C  being  a  constant  co-efficient  common  to  every  sta— - 
tum  in  the  whole  column. 

In  this  manner  two  expressions  fot  the  density' of  the  ^ 
first  stratum  are  obtained,  viz. 
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H'-H' 


and  CH': 


uidbj  puttii^  these  equal  to  each  other,  we  have 
H'-H* 


CHS 


nhenee 


*'-«'  • 


H'  =  H'{1  -C  (*•-/)}. 


The  lame  relation  will  obviously  obtain  m  passing  from 
the  lecond  stratum  to  the  third,  from  the  third  to  the 
fonrth,  and  so  on  in  succession,  at  least  on  the  suppo- 
utioni  that  have  been  admitted;  whence,  therefore, 
ve  have  the  following  equations : 

H*  =  H'  {1  -  C  (*'  -  /  )}, 

H*  =  H'{1  ^C(y" -**)>, 

H''  =  H''{1 -C(«" -«*)f, 

H'  ^Wll  -C(x'  -«'')}, 

&c.  =  &c. 
Or,  if  we  represent  the  thickness  of  each  stratum  far 
i,  which  is  supposed  to  be  always  the  same,  we  shall 
hare 

H'  =  H'  (1  -  CD), 

H"  =  H'  (1  -  CD), 

H"  =  H'  (1  -  CD), 

H'  =  H"  (1  -  CD), 

&c.  =  &c. 
Or,sobstitttting  for  H',  H",  &c,  in  the  second  mem« 
Ixn  of  these  equations,  they  become 

H"  =  H'  (1  -  CD), 

H*  =  H'  (1  -  CDy, 

H"  =  H'  (1  -  CD)', 

H»  =  H'  (1  -  CD)«, 

tic.  =  &c. 
70.   We  have,  therefore,  between  the  differences  of 
~^f*^  9uaA  the  depressions  of  the  mercury,  the  following 
"wtions: 


gr  -(1 

-CD), 

2-:  =  a 

-CD)". 

^  =  (. 

-CD)*, 

Ti7    —  Vl 

-  CD)S 

^^  =  D 

>  and  ^ 

Sec.  =  &c. 

)^w  the  quantity  1  —  CD  is  necessarily  a  fraction ; 

**  C  and  D  are  both  positive;  let,  therefore,  C  be 

^W  it  mtcy^  D  may  always  be  taken  so  small  that  the 

I^^Odbd  CD  may  be  a  fraction,  and  therefore  1  —  CD 

.'  /^Jteitiye  fraction,  and  coDse<]uently  the  powers  of  it 

^QB  decceaae  as  the  indices  mcrease.    Hence,  then, 

5^  anife  at  the  same  conclusion  as  in  (art.  29),  tiz. 

"^^^  nien  ike  altitudts  above  the  first  station  increase  in 

g^^^Ameiieel  progression^  the  heights  of  the  mercury  in  the 

^^^^mettr  decrease  in  a  geometrical  progression. 

^^^1.  We  have  been  enabled  to  arrive  at  this  result 

r^    jRipposing  that  the  density  is  the  same  for  each 

i  throug^ut  its  whole  depth,  but  we  have  not 

to  these  strata  any  ffiven  and  determinate 

if  we  bad,  the  hypomesis  itself  would  have 

I  enroneoBSy  because  the  density  varieii  at  every 


height;  but  as  it  appears  that  the  conclusion  is  wholly  Mettm- 
independent  of  any  particular  dimensions  of  the  strata,    ment  of 
we  may  infer  that  it  is  true  when  they  are  indefinitely 
thin ;  and  the  same  may  be  otherwise  shown,  as  follows : 
If  the  rank  of  any  term  in  the  two  preceding  series  « 
be  denoted  by  the  nth,  and  its  value  be  found,  which 
may  be  done  by  the  second  series,  by  means  of  loga* 
riUuns,  we  find 

^"  +  *^      ■"       ^  (log.H'-log.H<"  +  ^>). 
log.  (1- CD)       ■     ' 


ft  = 


'-^ 


n  r: 


whence 


(n+l) 


,(«  +  0_^_  _  D  (log.  H^  ^  log.  H  ^         -  ^ 

log.  (1  -  CD) 

Now  X  —  x'  =  the  difference  of  level  of  any 

two  stations,  which,  for  the  sake  of  simplifying,  may 

be  denoted  by  X.  If  also  H  ^"  "*■  ^\  the  height  of 
the  mercury  at  the  higher  station  be  called  hy  and  H' 
the  height  of  it  at  the  lower  station  be  csJled  H,  we^ 
shall  have 

^=log.(T-CD)^<'°g-"-^°g-*>- 
Now  we  know  that 

C*D*  .     i 

M  denoting  the  modulus  of  the  common  table  of  lo- 
garithms, or  M  =  2-30258509,  &c. 
We  have,  therefore,  rigorously, 

^=  C+iC'D+iC^iy"HiC'D»H.lte:^<'"g-»~'°g-^> 

Since,  also,  by  the  supposition,  D,  which  denotes 
the  thickness  of  the  several  strata,  is  very  small,  and 
may  in  fact  be  considered  as  zero,  the  preceding  for- 
mula becomes 

X=^(log.H-log.A); 

that  is  to  say,  the  difference  of  level  betxoeen  any  tvxt 
places  is  found  by  multiplying  the  difference  between  the 
logs,  of  the  two  mercwrial  columns  by  a  constant  co-efficient  ^ 
which  remains  to  be  determined.  This  result  still  agrees 
with  our  deductions  (art  29,  et  seq.). 

72.  In  order  to  determine  this  constant  multiplier,  Ca-effident 
let  us  represent  the  density  of  the  air  under  the  pret-  d«ter- 
sore  H  by  d,  that  of  the  mercury  being  unity,  and  we  "^^^^^ 
shall  have,  agreeably  to  the  preceding  suppositions, 
3  =  CH,  H  being  the  height  of  the  mercury  in  the 

barometer ;  consequently,  we  have  C  =z  --p  ;  and  it 

therefore  only  remams  to  determine,  by. a  well-con- 
ducted and  extensive  series  of  observations,  the  values 
of  d  corresponding  to  the  different  values  of  H.  Tliis, 
at  least,  is  all  that  would  be  required,  if  there  were- 
actually  that  uniform  relation  between  the  density  and 
altitude  which  we  have  supposed,  and  if  the  former  of 
these  quantities  were  independent  of  different  degrees 
of  temperature ;  and,  moreover,  if  the  action  of  gravity 
were  constant  at  all  places  and  at  all  heights.  It  waa- 
by  supposing  all  these  to  obtain,  that  we  deduced  our 
constant  co-efficient  m  the  articles  above  referred  to ; 
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Modlficft- 
tionof  tiie 
preceding 
hypothetift. 


Asdepcnd- 
iiigoDthe 
latitude. 


but  Bot  oae  of  these  Mswiiptioiui  ooght  to  be  admitted 
-wh^  we  msk  to  apply  the  barometrical  meaturement 
to  actual  practice. 

73.  In  the  first  place,  the  ratio  between  the  densities 
of  the  air  and  mercury  under  a  given  atmospheric 
pressure,  is  not  the  same  in  all  places.  We  shall  suppose 
that  t  denote  the  density  of  the  air  under  a  given  pressure, 
as  for  example  under  29*920896  inches,  or  -831136  of 
an  English  yard,  corresponding  to  *76  of  a  metre. 
But  accordine  as  the  intensity  of  gravity  is  greater 
or  less,  the  column  of  mercury  having  always  '831 136 
of  a  yard  for  its  alUtude,  its  weight  will  be  greater  or 
less,  and  consequently  the  air  sustaining  this  pressure 
will  be  proportionally  compressed.  From  experiments 
it  has  been  ascertained,  that  calling  the  force  of  gravity 
in  the  parallel  of  45^  of  latitude  =  1,  the  gravity 
under  any  other  parallel  of  latitude  i/^  will  be  express- 
ed by  1  -  0002837  cos  2  ^J. ; 
and  the  density  i  being  proportional  to  the  force  of 
^vity,  will  vary  in  the  same  ratio,  that  is,  by  calling 
It  i  under  a  pressure  H,  where  gravity  is  unity,  viz.  at 
45^,  it  will  become  for  any  other  latitude,  under  a 
column  of  mercury  of  the  same  height, 

a(l  -  0002837  cos  2 ,^.) 
The  co-efficient  C,  which  expresses  the  ratio  of  the 
density  to  the  height  of  the  barometrical  column, 
ought  therefore  to  vary  in  the  same  proportion,  and 
consequently  it  will  become 

C  (1  -  0-002837  cos  2  if.), 
which  being  substituted   in   the   vsduc  of  X,  found 
above,  gives 

^  "  C(- 0-002837  cos  2,^)  ^  ****(t/  ' 

it  will  therefore  be  sufficient  to  find  the  co-efficient 

M 

C  (1  -  0-002837  cos  2  i//) 
by  experiment  for  any  given  latitude ;  for  then,  since 

2  ipmVL  be  known,  ^  may  be  determined,  and  the  for* 

mula  will  become  applicable  to  all  latitudes. 

If  we  convert  the  above  co-efficient  into  a  series  by 
division,  we  shall  find 

M       1 

C  ^  (1  -  0-002837  cos  2i/.)   "" 

^  X  (1  +  0-002837  cos  2  ^  +  0-00000804857  cos«2  ^|^ 

-f  &c.), 

and  .retaining  only  the  first  two  terms  of  the  develop- 
ment, the  tlurd,  fourth,  &c.  being  too  small  to  efiect 
the  result,  the  above  formula  may  be  more  conveniently 
expressed,  as  follows : 


Other 
causes. 


x  = 


-^  (1  +  0-002837  cos  2  1^)  log.  (y). 


74.  It  has  hitherto  been  considered  that  the  value 
of  the  co-efficient  C  or  |=-  is  the  same  in  all  the  strata 

of  the  column ;  but  this  is  not  actually  the  case,  there 
being  several  causes  which  have  the  effect  of  varying 
this  ratio.  The  principal  of  these  is. the  difference 
in  the  temperature. of  the  strata.  The  elasticity  of  air 
is,  for  example,  increased  by  heat,  so  that  with  a  less 
density  it  may  sustam  an  equal  column,  ormercury, 


which,  therefore,  likewise  causes  a  variation  ic 

•==- ,  or  of  the  co-efficient  C. 
rl 

This  ratio  also  varies  with  the  Quantity  oi 
vapour  that  is  suspended  in  the  dinereat  stn 
column  which  weighs  less  than  dry  air  of 
elastic  force ;  so  that  its  presence  in  the 
beds  of  air,  renders  them  susceptible  of  sustai 
a  less  density,  a  column  of  merciuy  of  equ 
Lastly,  the  decrease  of  gravity,  arising  from  tl 
elevation,  is  another  cause  of  change ;  for 
quence  of  this  decrease,  a  column  of  mer 
length  of  which  is  H,  weighs  less  as  it  is  moi 
from  the  centre  of  the  eiurth ;  and,  conseque 
weighs  less,  the  beds  of  air  into  which  it  is  ct 
less  compressed.    Thus,  the  ratio  of  their  c 

the  length  of  the  mercurial  column,  or  -== 

H 

the  same  for  these  beds  as  for  those  below  tfc 
We  propose  now  to  investigate  the  numei 
of  the  influence  of  these  various  causes  on  t 
cient  C. 

75.  In  the  first  place,  let  ^,  ^\  g'"y  &c.  d 
successive  decreasing  actions  of  gravity  in  tl 
strata  of  the  atmosphere,  the  weights  of  the  c 
mercury  as  depending  upon  these  actions 
noted  by  H',  H",  H"',  and  which  are  propc 
them;  consequently,  if  all  other  circumsta 
the  same,  the  densities  of  the  beds  of  air  com] 
these  columns  would  also  have  the  same  p 

Tlicrefore,  the  ratio  -p-  ought  to  Vary  from  on 

to  another,  proportionally  to  the  gravity^. 

76.  If  now  we  consider  the  influence  of  the 
ture,  we  shall  find,  that  in  consequence  of  i 
a  mass  of  air,  of  which  the  magnitude  is  1  f 
gree  of  a  given  scale,  will  be  a  certain  qnanti 
at  any  higher  degree  of  it ;  for  example,  a  m: 
magnitude  is  1  at  32^  of  Fahrenheit's  thei 
will  be  1  +  '0020833  /  at  f  degrees  above  tb 
point,  the  barometrical  pressure  remaining 
And  the  densities  of  this  mass  under  a  cons 
sure  are  reciprocally  as  the  spaces  it  occupi^ 
quently,  if  its  density  at  32°  be  1,  its  dens 
-f  t  degrees,  will  be 

I  +-0020833^' 
tlie  pressure  remaining  the  same ;  therefore, 

-7-  varies  in  the  different  beds  proportiona 
H 

former  fraction. 

77.  The  next  point  to  be  considered  is  the 
of  the  aqueous  vapour.  Now,  according  in 
periments  of  Saussure  and  Watt,  the  weigl 
vapour  is  to  that  of  air  as  10  to  14,  when  then 
tures  and  elastic  forces  are  the  same ;  that 
the  air  and  vapour  having  the  same  tempera 
tain  equal  columns  of  mercury.  Hence,  the 
of  tliis  vapour  in  the  columns  of  air  renders  I 
cifically  lighter,  without  diminishing  their  ela 

In  order  to  obtain  an  expression  for  th< 
this  effect,  let  H  denote  the  barometrica] 
which  a  bed  of  air  supports;  and  call  Ft 
force  of  the  aqueous  vapour  contained  iB'h 
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*-  of  the  whole  coJunin  of  mercury  H ;  let  P  be  the  part 
of  It  which  is  due  to  the  elasticity  of  the  aqueous 
^  Tapoiir,  and  consequently  H  —  F  that  part  due  to  the 
pressure  of  the  dry  air,  F  and  H  being  both  estimated 
in  the  same  measure.  The  French  estimate  both  in 
metres,  but  it  will  be  move  convenient  for  the  reader  if 
,Te  express  them  iu  some  English  measure;  as  for 
sample,  in  inches,  feet,  or  yards  ;  and  as  it  is  wholly 
jidiflTerent  which,  we  shall  adopt  the  latter. 
The  total  weight  of  the  column  may  therefore  be 
[cofisidered  as  composed  of  two  parts;  viz.  of  a  certain 
quantity  of  vapour,  the  elastic  force  of  which  is  F,  and 
of  a  certain  quantity  of  dry  air,  of  which  the  elasticity 
is  H  —  F  ;  let  p  be  the  whole  weight  of  the  column, 
supposing  it  entirely  comjMjsed  of  dry  air,  under  the 
pre»ure  H,  then  the  weight  of  the  same  column  of 

H  — F 
dry  air,  under  the  pressure  H  —  F  will  be  p  x  — ^ —  ; 

and  the  weight  of  the  same,  under  the  pressure  F,  will 

F 
bep  X  Tj-;   §0  that  if  this  volume,  remaining  always 
H 

iJjesame  under  the  pressure  F,  were  composed  entirely 
of  atjueous  vapour,  its  weight  would  be  \^t\\s  of  the 

preceding,  that  is,  it  would  be  p  x  tt-tt' 

Now  it  has  been  ascertained  from  numerous  accurate 
a|jeriment8,  Ihat  in  a  mixture  of  vapour  and  air  in  a 
state  of  permanent  equilibrium,  the  two  fluids  are 
traifonaly  expanded  throughout  the  whole  space  which 
they  occupy.  Thus  the  weight  of  the  mixture,  in  the 
preceding  proportions,  will  be  equal  to  the  sum  of  the 
weight!  of  air  and  vapour  whifli  occupy  the  given 
apace  under  the  pressures  H  —  F  liuil  F;  that  is,  the 
weight  will  be 


I 


P 


W     B, 

1  r.f    i\ 


(H-F)       10  pF       f!  - 
p*  — n—   ^  


H         '     14  H  11 

But  before  the  introduction  of  the  vapour,  the  weight 
of  the  Barnc  volume  of  dry  air^  sustaining  the  same 
pressure  H,  was  denoted  by  p  ;  and  the  density  being 
proportional  to  the  weights,  if  e"^  represent  the  density 
of  I  stratum  in  the  dry  state,  its  density  in  the  humid 
state  wiU  be 

ta      '"-^=^{'-^^). 

the  ptwsure  being  the  same, 
^'hence  it  appears  that  the   existence  of  aqueous 

vapour  in  the  b€ds  of  air,  causes  the  ratio  -rj,  or  the 

co-efficient  C,  to  vary  proportionally  to  f  1  —  ^  —  J  • 

78.  Introducing  now  the  three  sources  of  variation, 
^  *he  expressions  for  the  several  causes  of  change 
•bove  investigated,   wc  shall  find  for  the  most  general 

t^*pW8iioa  of  the  co-efficient, 

thesii 


Sl 


thermometer  above  th«   freezing  point.    There  only  Meume*! 

remains  now  to  substitute  in  this  expression  for  ^  F,    meni  of  / 
H  and  t  their  respective  values,  relative  to  the  different     ^*^**?^** 

79.  With  respect  to  tiie  value  of  ^,  it  is  known,  ,^_^^.^^^,^^^ 

that  in  receding  from  the  centre  of  the  earth,  the  force  Valiic  of  ^. 
of  gravity  is  reciprocally  as  the  square  of  the  dis- 
tance. Now  the  distances  of  the  ditlercnt  beds  from 
the  centre  have  been  denoted  by  x\  j",  i^\  Sici 
therefore,  calling  g\  g"*,  g"  the  corresponding  inten- 
sities of  gravity,  we  shall  have 


/  t  M  In  Hi  o 


,  &C, 


1  +'0020833^  ' 
A  denotes  a  constant  quantity  common  to  all 
strata,  and  I  the  number  of  degrees  of  Fahrenheit's 


80.  The  values  of  g',  g"^  g'*'^  &c,  being  thus  esta-  vdu*  of  F* 
blished,  let  us  next  endeavour  to  determine,  iu  a  like 
general  manner,  the  value  of  F;  this,  we  may  observe, 
is  always  very  small  under  the  circumstances  in  which 
barometrical  measurements  are  conducted*  Laplace, 
in  his  **  Mecanique  Culeste/'  has  calculated  the  valuta 
of  F  for  the  point  of  extieme  saturation,  according  to 
experiments  conducted  by  Dal  ton,  and  tinds  that  at 

32*^  of  Fahrenheit^  therm.  F  =  -00560142  yards, 
86°  of  the  same,  F  —    ■0346562  yards, 

and  between  these  limits,  which  are  nearly  those  of 
barometrical  observation^  the  increase  of  F  may  be  re- 
presented with  snfhcient  accuracy  by 

F  =  (-00560142  +  '00052547  /), 

/  denoting  still  the  number  of  degrees  above  the  freez- 
ing point  of  Fahrenheit's  thermometer.  This  formula, 
as  we  have  hinted  above,  is  not  strictly  accurate,  but 
it  is  sufficiently  so  for  our  purpose,  its  influence  being 
very  small  on  the  observed  heights*  But  before  it  is 
made  applicable  to  the  atmosphere  it  will  still  require 
a  further  modification. 

This  relates  to  the  point  of  extreme  saturation,  which 
very  rarely  takes  place  in  atmospheric  air,  and  conse- 
quently the  value  of  F,  as  determined  from  the  above 
fonnula,  will  be  generally  in  excess.  Unfortunately 
we  cannot  determine  any  tbin^  certain  relative  to  the 
quantity  of  aqueous  vapour  suspended  in  the  at- 
mosphere, ll  is  variable,  and  differs  considerably  from 
one  time  to  another;  and  even  from  one  strata  to 
another  there  is  frequently  a  considerable  variation. 
But,  independent  of  these  extraordinary  circumstances, 
there  is  ^eat  reason  to  believe  that  we  shall  approach 
most  frequently  to  nature,  by  avoiding  the  extremes, 
which  will  be  best  done  by  assuming  for  F  half  the 
value  which  answers  to  the  state  of  maximum  humi- 
dity ;  that  is,  by  making 

F  -  '00280071  +  '0002674  f.  {a) 

When  we  substitute  this  value  in  the  expression  for 
the  co-efficient  C,  it  must  be  multiplied  by  the  variable 

F 

factor  I-  YT »  ^^^  ^"  consequence  of  the  smallnest  of 

this  correction,  and  the  little  difierence  in  the  values  of 
H,  in  the  extent  of  the  columns  of  air  which  are  ufiually 
measured,  it  will  be  sufficient  to  put  for  H,  the  constant 
value  *831136  yards,  answering^  to  the  mean  pressure 
at  the  level  of  the  sea ;  by  which  means  this  term  of 
our  correction  will  be  diminished  for  the  upper  strata, 
which  is  consonant  to  the  observed  laws  of  nature,  the 
humidity  of  these  strata  generally  decreasing  as  the 


tk9. 

The  itinc 
modi  tied. 


eigtits  infre&s€«  soisieiifiieft  me 
%tBsmg  a  great  degree  of  dryness, 

81.  By  adopting  this  simplification,  we  sbaJl  have 

7H   ~  7x    831136  ^ 

1*00280071  +  »00026274  f } 
^  I  —  -0009628  —  '0000904/. 
This  expression,  without  sensible  error,  may  be  re- 
duced to 

(I  ^  *0009628)  (I  -  -0000904  0; 
which  gives 

_  Ag  (1  —  0009628)  (1  ^  '0000904  e) 
1  +  -0020833  t 
In  this  way  C  contains  a  constant  factor,  common 
to  all  the  stnita  ;  and  the  oi!»er  factor,  depending  upon 
/,  which  is  still  found  in  the  inimerator,  may  be  united 
with  that  which  arises  from  the  temperature.  For  the 
co-eilicient  *0000904  being  very  small,  we  may,  without 
any  sensible  error,  substitute 


multiply  by  -^  the  ratio  of  grav 
We  shall  thus  have 


I 


,  instead  of  1  ^  0000904 1  ; 


I  +  ^0000904  t 

in  which  case  we  shall  have,  in  the  denominator  of  the 
product, 

(1  +  '00009041)  (l  +  -0020833  0- 
In  performing  tlie  multiplication,  the  product 
(*0000904/)  X  (0020833/) 
may  be  neglected  :  the  denominator  is,  thereforej  ulti- 
mately reduced  to 

1  +  -0021737  ^ 
We  may  further  change  this  co-cfiicicnt  of  i  into 
'0022,  withoiit  danger  of  any  sensible  error  ;   by  which 
means  the  co-efficient  C  is  more  simply  expressed  as 
follows,  viz. 


_  A(\  ^ -0009628)  g 
"       (1  -h  *0022  0        ' 


where,  it  must  still  be  remembered,  that  I  indicates 

the  number  of  degrees  above  the  freezing  point. 

Gefierai  ^'2*   ^c^  ^^  ^0^  search,    according  lo  the   above 

investiga-    general  principle,  the  ratio  of  the  heights  of  the  baro- 

lion,  meter,  witli  the  elevation  of  the  strata  in  which  it  is 

observed  ;  in  order  to  effect  this,  we  roust  employ  again 

the  same  chain  of  reasoning  as  in  the  simple  hypothesis 

investigated  in  the  beginning  of  this  section. 

In  considering  the  first  stratum,  it  has  been  re- 
fnarked,  that  a  bed  of  air,  the  depth  or  thickness  of 
which  is  x*  —  y,  weighs  as  much  as  a  column  of  mer- 
cury of  the  same  base,  and  of  which  the  height  is 
ir  —  H*  (art  69) ;  whence  it  has  been  seen  that 

H^  -  H^ 

is  the  ratio  of  the  densities  of  air  and  mercury  in  such 
stratum.  The  same  consideration  is  also  applicable  to 
the  actual  case,  except  that,  as  gravity  is  supposed 
now  to  vary  from  one  stratum  to  another,  the  intensity 
of  this  force  upon  the  colunm  of  the  mercury  H*',  which 
takes  place  m  the  second  stratum,  is  different  from 
that  which  solicits  the  column  of  mercury  If  in  the 
fu-st. 

In  order  to  express  the  weight  of  the  first  stratum 

LPf  the  column  of  mercury  H',  it  will  be 

to  what  it  would  be 


for  the  diminution  of  the  barometrical  pressure  in  the 
extent  of  the  first  stratum  of  air,  the  thickness  of  whicji 
will  still  be  Jf'  —  4^,  as  before.  The  ratio  of  the  den* 
sities  of  air  and  mercury  in  this  siatunt  will,  therefore, 
be  equal  to 

be  expressed  by  C/  H',  repre- 


H'^ 


g 


^  -  x'     " 
which  ratio  may  still 

senting  by  C  the  value  of  the' co-efficient  C  under  con- 
feideralion :  then,  by  equating  the  two  values,  and  de- 
noting, as  in  (art.  69),  the  thickness  of  the  stratum  by 
D,  we  shall  have 

whence  we  vie  rive 

H'g-=HY{1-C' (.'-*-)}. 
The  passage  from  the  second  stratum  to  the  ilitrd. 
from  the  third  to  the  fourth,  aad  so  on,  will  all  give 
similar  equations :  viz.  wc  shall  have 

4"  -  r'  =:  D.  j"  _  j^  =  D.  ^  -  mT' =.  D.  Ac.  and 
H'^  =H'  g'   (l-C  (x'  _.r')t. 
;I  -C  {x--*-)}. 


H"  f "'  =  H*  g* 
H"  ^''  =  H"  g* 
&c.=&c.— &c. 

(«+l) 


H 


(»  +  1) 


83.  By  performing  successively,  as  in  (art,  70),  the 
several  eliminations,  and  substituting  D  for  x'  —  x\ 
x"  —  a*,  «SlC.  tlie  above  /ith  term  becomes 

h(«+^)  g<»  +  ^>  ^H'^Xl  -C'I>)(1  -.C'DXl  - 

a'  D)  &c.  (1  -  Q^%). 

We  have  here,  in  the  second  member  of  this  equa- 
tion, as  many  factors  as  there  are  strata,  the  same  as 
in  (art,  70),  but  in  that  case  they  are  all  equal  to  each 
other,  whereas  in  the  one  at  present  under  considera- 
tion they  are  all  ditfcrent,  on  account  of  the  variable 
co-efficient  C. 

If  we  put  the  last  equation  into  logarithms^  we  shall 
have,  after  dividing  by  H'  g\ 

^„  -U  I)  /„  +  1) 

-H  log.  J .  z=  log.  (I  -  CD)  + 


H 


log.(l-CD)  -^  log.(l  «  CD)  +  log,(l  -CD)  +  Ac 


Or,  log. - 


r  i^   -^   0 


log. 


(n  +  U 


--log.(l^CD> 


^  Iog.(  1  -CD)-  log.(l  ^C'D)  -  log.(l  -C«'D)^&v] 
In  ibis  series,  as  we  have  no  explicit  value  of  n,  wj 
cannot  pursue  the  same  principles  of  elimination  as 
(art,  7l>,  but  we  may  still  follow  the  sam.e  method 

calculation  ;  and  by  t&king  the  values  of  x 
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/"+^^-/  = 


'log.(l-C'D)-i.log.(l-C''D)+,&c.log.(l-.C^'*^D) 

NoWy  by  developing  the  logarithms,  dividing  by  D, 
^  then  supposing  D  to  be  indefinitely  small,  or  equal 
toierOy  precisely  the  same  as  in  (art.  71)^  we  shall 
obtain 

H' 


log. 


(n+i)        ,       1^ 


H 


n-f  1 


+  log. 


g 


n  +1 


ferent  latitudes,  which,  as  we  have  seen  (art.  73),  Mcamc- 
consists  in  multiplying  each  of  them  by  the  factor   "*?*  °^ 
(1  —  -002837  cos  2  >//),  >//  denoting  the  latitude;  and    ^^^ 
as  this  factor  is  common  to  all  the  co-efficients,  be-  barometer, 
cause  all  the  points  of  the  column  of  air  are  situated  > 
in  the  same  vertical,  and  may  therefore  be  considered 
as  in  the  same  latitude  ;  whence  the  corrected  sum  will 
be,  for  any  latitude,  \j^ 

(1  —  -002837  cos  2;/.)  IC; 
and  by  transferring  this  correction  into  the  numerator, 
by  developing  it  into  a  series,  as  in  (art.  73),  we  shall 

^       M«(l-f002837cos2v//) 
have  X  =z i ^jp ^  X 


,(») 


C'+  0"+  C'"+,&c.  C 

M  being  the  modulus  of  the  common  system  of  loga- 
iTtlims. 

84.  This  formula  is  analogous  to  that  in  (art.  71)  ; 
bot  liere  we  have  the  sum  of  all  the  C's  in  the  denomi- 
na.tor,  and  they  are  all  different  from  each  other ;  while 
ixM.  tbe  formula  referred  to,  they  are  all  equal,  and  their 
suxn  ecpial  to  fi  C.  This  n,  and  that  in  the  numerator, 
CflLEicel  each  other,  and,  consequently,  that  letter  dis- 
aippears  in  the  former  equation,  but  is  necessarily  re- 
tained in  the  above. 

Xet  us,  for  the  sake  of  simplifying,  denote  the  sum 
of*  all  the  C's  by  IC ;  we  may  also  denote  the  altitude, 

or*  the  difierence  *  ^"        —  x'  by  X,  as  before ;  and, 

moreover,  substitute  h  for  H  ^^        ,  and  H  for  H' : 
by  tbls  means  the  above  expression  is  reduced  to 

log.  —  +  log.    ^ — 


X  =  Mii. 


g 


(n+i) 


2C' 
I         BS.  It  remains  now  to  find  the  value  of  the  fraction 

^' 
"jr  ""r^JTTx  f  which  is  the  ratio  of  gravity  in  the  two  sta- 

**^^s.  .  Here,  since  the  force  of  gravity  is  reciprocally 
•*  tlic  square  of  the  distance  from  the  centre  of  the 
^^*^,  we  shall  have 

*«•.  «uice  »^''"^^^=  *'  +  X,  we  have 

Now  x'  being  the  distance  of  the  lower  station  from 
^e  Centre  of  the  earth,  we  may,  without  any  sensible 
*!^or,  assume  it  equal  to  tlie  mean  radius  of  the  earth, 
7^  =s  6962074  yards,  and  denoting  it  by  a,  we  shall 
^^«»  with  sufficient  accuracy. 


{log.»+21og.(l+^)}. 


n+'^''\ 


87.  In  order  now  to  find  the  value  of  IC,  it  must  Valac  of 
be  observed,  that  from  the  general  expression  for  ^l^^^^^*^'* 
co-efficient  C  (art.  81),  it  is  evident  that 
I C  z=  A  (I  -  -00009628)  x 

\  1  +  -0022  *  "^  1  +  -0022  ^  "^  1  +  -0022 

it  is,  therefore,  the  sum  of  this  latter  series  which  is 
required;  and  to  accomplish  this  summation  in  a 
perfect  manner,  it  would  be  necessary  to  know  the  law 
of  the  decrease,  which  is  subject  to  many  irregularities ; 
but,  generally,  at  small  heights,  such  as  those  at  which 
barometrical  observations  are  made,  it  is  a  very  slowly 
decreasing  arithmetical  progression;  we  shall  therefore 
deviate  but  little  from  me  truth,  if  we  assume  all  the 
temperatures  equal  to  each  other,  and  to  the  mean 
temperature  between  the  two  extreme  strata,  that  is, 

by  assuming  the  mean  temperature  =  —  . 

This  supposition  will  increase  the  temperatures  of 
the  upper  strata,  while  it  diminishes  those  in  the  lower 
ones,  and  thus  produce  a  sort  of  compensation,  which, 
as  we  have  said  above,  cannot  be  far  from  the  truth. 

By  this  means  the  factor,  which  is  dependent  upon 
the  temperature,  becomes  common  to  all  the  strata, 
and  the  above  expression  for  the  sum  SO'  becomes 

yc  -    A  (1  -  0009628) 


•0022 


fe  nave  (  _«        _«'       »«•  l 

=  2iog.  fn-4)-  ^        e      e       ^  > 

N  ^  ^  in  which  t'  of  the  former  exnression  is  h 


9 

Mn{log.y  +  2  1og.  (i+y) 


[uently, 


in  which  t'  of  the  former  expression  is  here  denoted  by 

T,  and  t  by  f ,  each  of  these  denoting  the  num- 

ber of  degrees  above  freezing ;  a  notation  analagous  tQ 
that  employed  for  the  mercurial  columns  H  and  h. 
Again,  we  have  seen  (art,  79)  that 

g' ""  *'"'  g'  "■  £"^' 

Or,  since  the  difference  between  any  two  consecutive 
strata  is  D,  we  may  write 


«". 


y"_ 


y 


vAc* 


IC 


^^.  Before  we  investigate  the  value  of  IC,  we  may 
*fP^^  to  each  of  the  oo-efficients  C,  C*,  C*',  &c.  the 
^^'^'^ction  respecting  the  variation  of  gravity  for  dif- 

^^L.  III. 


g^  -(jf  +  D)«'  g''-(x'4-2D)«'r""(*'+3D)»' 

The  second  members  of  these  equations  may  be 
further  reduced  by  division,  and  retaining  in  each  re- 
sulting series  only  the  first  two  terms,  which  will  be 
sufficiently  exact  for  the  purpose  we  have  in  view,  therQ 
will  result 

2u 


sm 
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g  -  (/ +  D) 


1  -^  *  —  '~3^> 


1 


£1'  = 


^'   ^  (y  +  3D)« 
&c.  =        &c.     = 


4D 
6D 


=:  1 


(»  +  i) 


whence  the  required  sum 

p-  +  ^'  +  f  +,  &c.  £ 
8         H  g  s 

becomes 

«  -  -^  (D  +  «  D  +  3  D  +,  &c.  II D). 

The  pairt  included  between  the  parenthesis  obviously 
constitutes  an  arithmetical  fHrogression,  of  which  the 
sum  is 

(1  +  n)  n  D 

2  ' 

the  term  n  D,  being  evidently  the  difference  of  the  level 
of  the  two  stations,  is  therefore  equal  to  X;  conse- 
quently, 

•{>-(>-I)f}- 

We  see  here  again  the  factor  n,  which  remained  in 
the  numerator  of  the  expression  for  the  difference  of 
level.  By  substituting  this  value  in  the  expression  for 
2C,  it  will  be  sufficient  to  take,  as  in  (art  85),  instead 
of  x'j  the  mean  radius  of  the  earth ;  moreover,  as  the 
number  of  strata  is,  by  the  supposition,  indefinitely 

great,  we  may  neglect  the  term  in  which  —  enters:  in 

n 

fact,  as  we  ultimately  make  D  =  o,  »  must  necessarily 

be  infinite ;  we  shall  thus  have 

A(l  -  -0009628) g*!!  (l  -  —) 
IG  = ^  *  ^ 


1  + 


(^) 


•0022 


Or,  since  '0022  =  -^^  nearly,  we  may  write 

A  (1  -  -0009628)  g'n  (l  -  —  ) 
IC  = ^  ^ 


1  + 


T  4-  ^ 
900 


General  ®^-  ^h^  ^^^  ^  ^^'  being  thus  determined,  it  may 

equation  for  be  substituted  into  the  genend  value  of  X  (art  ),  and 
tiie  altitude,  we  shall  find  that  the  letter  n  in  the  numerator  and 

denominator  will  disappear,  being  common  to  both, 

consequently, 

M  (1  +  '002837  cos  2  ^) 


X  = 


A  g'  (1  -  -0009628)  ^  1  -  —  ^ 


1  + 


T-fJ 
"900" 


}x{log4  +  21og.(l+^)} 


The  factor  1 ,  found  m  the  denominator  of  our 

a 

first  fraction,  may  be  transferred  into  the  numerator  by 

division ;  that  is,  by  writing 


X 

+  — +,&c. 


1.1 
a 

and  retaining  only  the  first  two  terms,  o 
power  only  of  — ,  which  will  be  sufficiently 
eases ;  by  this  means  we  obtain 

This  equation  contains  X  in  both  its  men 
theref^  appears  not  perfectly  resolved ;  bu 
remarked  th^t  X,  in  the  second  member,  is 
a,  which  is  always  extremely  great  with  res 
there  is,  therefore,  no  necessity  in  calcula 
terms  to  know  X  very  accurately,  but  only  n 
may,  therefore,  divide  the  calculation  into 
first  finding  X  approximatively  by  neglec 
terms  in  which  it  enters  on  the  second  side 
introducing  this  approximate  value  in  order  i 
actual  value  of  it ;  at  least  this  second  ope 
bring  us  to  a  result  differing  extremely  littl 
truth. 

89.  In  order  that  we  may  be  able  to 
formula  which  has  been  above  obtained,  it 
determine  the  constant  co-efficient  A ;  and  h 
to  (art  78),  where  it  ^vas  first  introduced, 
that  by  calling  ^  the  ratio  of  the  densities 
and  mercury  imder  the  pressure  H,  and  th 
ture  tf  in  a  place  whose  latitude  is  \p,  and  t 
g,  we  have  generally 

A(l  - -002837  cos  2  if/)  gH 
""  1  +  -0020833 1 

The  most  simple  method  of  determinmg 
of  weighing  very  exactly  known  quantities  • 
mercury  under  a  determinate  pressure  and  te; 
and  at  a  place  the  latitude  and  height  of 
known. 

These  experiments  have  been  performec 
with  great  accuracy  by  Biot  and  Arago ;  fn 
suit  of  which  it  appears,  that  at  the  tern] 
melting  ice,  and  under  a  pressure  of  -76 
-831136  English  yard,  or  29-9209  inches, 

^=10463  ' 
whence 

A~ L__ 

""  10463  g  (1  —  002837  cos  2  i//)  -82 

)p  here  denoting  the  latitude  of  Paris ;  consc 
the  modulus  of  the  common  system  of  logax 
2-30258509,  be  denoted  by  M,  the  co-effic 

M 

barometrical  formula,  or ;- ,  will  become 

Ag 

^    =  10463  (1  -  -002837  cos  2^P)x  '83: 


Ag' 

In  this  formula  \/^,  or  the  latitude  of  tliie  c 
at  Paris  is  48°  50'  14".  The  cosine  of  1 
expressed  numerically,  and  introduced  ini 
ceding  equation,  gives  us 

-^  =  20031-27435^; 
Ag'  g 
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» and,  conseqtiently^ 

M 


-  20050*5654 


Ag*0  — '^^^^**^)  B' 

Let  r  represent  the  height  of  the  lower  station  above 
the  lerel  of  the  sea,  then  a  -^  r  will  be  its  distaace 
from  the  centre  of  the  earth  (a  denoting  the  radius). 
Now  M.  Biot  estimates  the  height  of  the  Paris  ob- 
servatory- tis  65-6  yards  above  the  level  of  the  sea,  and» 
eonteqitenilv,  its  distance  from  the  centre  of  the  eartli 
h  a  -j-  65' Cu  or  rt  -h  66,  and  therefore  the  ratio  of  the 
Jfttities  is  very  nearly 

g'     -      (£2  +   66)*' 

ieh  ie  reducible  to 

('-■■^^)('-t)-.. 

by  developing  the  two  squares  and  limiting  ourselves 

.  66       ^    r 
to  the  first  powers  of  —  and  — . 


The  first  factor,  1  — 


131-2 


may  be  converted  into 


nomberSi  by  taking  a  ^  6962074  yards,  the  number 
already  assumed ;  this  will  reduce  the  co-efficient  to 

^^  =  20050-1826  f  I  H-— V 

90,  This  co-efficient  may  be  otherwise  determined , 
^ prion,  by  comparing  observations  of  the  barometer 
^th  differences  of  level  measured  trigonometrically, 
A  great  number  of  very  accurate  observations »  made  by 
Jtf-  Ramond,  after  this  manner,  have  g^iven  20052'2496 
«>f  Uie  value  of  the  co-efficient,  which  M.  Biot  and 
M.  Arago  found »  from  the  weigiiU  of  air  and  nicrcwry, 
tobe  i20050')826;  an  agreement  which  proves,  in  the 
■^c^st  satisfactory  manner,  the  accuracy  of  the  formula 
^<l  that  of  the  data  on  which  it  is  founded. 

1^1*  There  might  even  be  obtained,  from  this  agree- 
''^ttt,  a  confirmation  of  the  decrease  of  gravity  in  a 
T^tical  line;  for  if  that  decrease  were  disregarded,  the 
^ait>metrical  observations  of  M.  Ramond  would  give 
*Ql  14-3848  for  the  co-efficient,  instead  of  20O52-2496, 
**''  20050-1826,  as  determined  from  the  comparative 
^^ights  of  air  and  mercury.  This  difference  Ciumot 
^  attributed  to  the  value  w^hich  we  assigned  to  the 
^^midity  of  the  air,  that  vahie  being  rather  too  great 
^han  too  litlie ;  besides,  even  the  clifference  would  not 
^^*app6ar  by  supposing  the  air  in  a  state  of  extreme 
*^tmudity,  because  this  supposition,  by  doubling  the 

i^otrectiont  which  has  already  been  made  with  this 
j^^w,  would  only  cause  19-2911  to  be  added  to 
^0050-1826,  which  would  be  only  20069'4737,  still 
*^Ucb  inferior  to  20114-5848.  It  must,  therefore,  be 
Jtcknowledged,  that  the  decrease  of  gravity,  though 
"Ut  rnconsiderable  in  the  limits  within  which  baromc- 
^cal  observations  are  made,  becomes,  notwithstanding, 
^ery  sensible  ;  and  the  agreements  of  the  results,  when 
*W*  dearease  is  taken  into  account,  demonstrates  its 
reality, 

55^  9^.  The  inequality  of  temperature  in  the  highest  and 
^  loi^est  beds  of  a  coiuran  of  air  which  is  measured,  is 
comnmnicated  to  the  barometer  employed,  and  re- 
quires a  reduction  on  this  account  of  the  observed 
*J^^ghts.  In  fact*  mercury,  like  other  bodies,  is  con- 
«*^««ed  by  cold  and  expanded  by  heat.    I1iis  variation 


from  the  freezing  point  to  212^^  of  Fahreiiheit*s  ther- 
naometer,.is  uniform»  according;  to  the  experiments  of 

Gay-Lussac,  being  equal  to   -  -  for  each  degree  of 

that  thermometer,  conformably  to  the  deductions  of  ^ 
MM,  Lavoisier  and  Laplace,  which  agree  also  with 
certain  experiments  puhUshed   in   the   Philosophical 
Transactions. 

Thus,  when  the  height  of  the  barometer  is  observed 
in  the  colder  station,  the  column  of  mercury  which  is 
condensed  ought  to  appear  a  little  shorter  than  if  it  had 
been  observed  at  the  warmer,  which  is  generally  the 
lower.  To  bring  those  heights  to  the  same  terms,  the 
length  of  the  mercurial  column  at  the  upper,  or,  at 
least,  at  the  colder  station,  must  be  increased  in  con- 
sequence of  the  different  temperatures  of  the  mercury, 
and  proportionally  to  the  condensation  which  ought  to 
result  from  it;  that  is,  if  the  observed  length  hv.  h\ 
there  must  be  taken 

T  and  t  denoting  the  number  of  degrees  above  freezing. 

93.  This,  again,  is  upon  a  supposition  that  the  mer- 
cury of  the  barometer  has  the  same  temperature  as  the 
surrounding  air,  but  this  is  not  always  the  case,  the 
temperature  of  the  mercury  and  the  surrounding  me- 
dium being  frequendy  very  different.  If  at  each  sta- 
tion where  this  circumstance  is  met  with,  we  wished 
to  wait  till  the  barometer  had  acquired  the  same  tem- 
perature as  the  ambient  air,  we  should  be  obliged  to 
wait  several  hours  before  we  should  be  able  to  make 
the  observation,  these  clianges  taking  place  very 
slowly;  therefore,  to  avoid  this  inconvenience,  the 
temperature  of  the  mercury  in  the  barometer  Is  mea- 
sured by  moans  of  a  small  thermometer  adapted  to  the 
former  instrument,  and  the  degree  of  heat  indicated  by 
this  thermometer  at  the  two  stations,  is  that  which 
must  be  used  in  reducing  the  barometrical  columns  to 
the  same  temperature.  This  is  called  tlic  attackid 
(hcnnomtter. 

Let  us,  for  example,  suppose  that  it  marks  T^  (de- 
grees) at  the  lower  station,  and  t^  at  the  upper;  also^ 
that  the  observed  length  of  the  mercurial  coiuran  ob- 
served at  this  last  station  is  A',  then  we  sliall  have  to 
make 

\     ^     y742  / 

94.  Whence,  resuming  the  foregoing  considerations, 
the  definite  formula  for  the  measure  of  heights,  by  ba- 
rometrical observations,  according  to  the  experiments 
above  indicated,  will  be 

X  =  20050-1826(1  -j- -002837  cos  2  ^t)  x  |  (^+^) 

Where  i^  »5  the  latitude  of  the  place,  H  and  h  the 
height  of  the  barometrical  columns  at  the  iipper  and 
lower  stations;  T  and  #.  the  number  of  degrees  of 
Fahrenheit's  scale  above  32°,  that  is,  above  the  freezing 
point;  r  the  height  of  the  lower  station  above  the  level 
of  the  sea;  and  «  the  mean  radius  of  the  earth  expressed 
in  the  same  linear  measure  as  r.  The  co-efficient 
20050-1826  gives  the  result  in  English  yards;  we  may, 
therefore,  express  a  and  r  also  in  yards;  il*we  were  to 
2  u  2 
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employ  60150*5478.  we  should  have  our  result  in  feet, 
ana  a  and  r  might  then  also  be  taken  in  feet ;  this  is, 
'  however,  perfectly  optional,  all  that  is  necessary  is, 
that  r  and  «,  in  the  second  factor,  be  taken  in  the  same 
measure,  and  X  and  a  in  the  third  and  fourth. 

95.  By  means  of  the  preceding  formula,  the  diffe- 
rence of  level  of  any  two  places  may  be  very  accurately 
determined  from  barometrical  observations ;  but  these 
observations  must  be  made  with  great  care,  and  with 
good  instruments,  without  which  great  errors  mav  be 
committed.  Calm  weather,  and  about  the  middle  of 
the  day  should  be  chosen  for  the  observations  as  often 
as  possible.  One  observer  should  be  fixed  at  each 
station,  with  instruments  previously  compared.  Each 
of  them  should  observe,  at  the  time  appointed,  the 
height  of  the  barometer ;  noting  at  the  same  instant 
the  state  of  the  thermometer  attached  to  the  barometer, 
in  order  to  have  the  temperature  of  the  mercury ;  ob- 
serving also  that  of  a  very  sensible  detached  thermo- 
meter in  the  shade,  for  the  purpose  of  ascertaining  the 
temperature  of  the  air.  These  observations  should  be 
repeated  every  quarter  of  a,n  hour  (the  watches  having 
been  well  regulated  by  each  other),  until  a  certain 
number  of  observations  have  been  obtained;  that  is,  not 
less  than  ten  or  twelve.  Then  the  two  observers  meet 
and  compare  a^in  their  instruments,  in  order  to  ascer- 
tain whether  they  have  experienced  any  change  from 
accident  or  otherwise.  If  they  are  found  to  correspond 
accurately,  the  mean  of  the  observations  made  at  each 
station  is  to  be  taken,  and  the  difference  of  the  level 
calculated  with  these  means.  If  the  operation  have 
been  performed  with  all  the  precautions  above  described, 
the  result  will  only  be  susceptible  of  very  small  errors, 
arising  from  accidental  irregularities  of  pressure  and 
temperature  of  the  atmospheric  strata ;  errors  which 
may  be  made  to  disappear  by  their  reciprocal  compen- 
sation, by  repeating  the  observations  on  different  days, 
and  taking  an  arithmetical  mean  between  all  the  re- 
sults. By  thus  uniting  five  or  six  series  of  correspond* 
ing  observations,  made  with  good  thermometers,  and 
with  a  barometer,  mounted  with  a  nonius,  which  gives 
at  least  ^^th  of  an  inch,  we  may  answer  for  our  re- 
sults to  two  or  three  yards  in  the  greatest  heights. 

If,  by  a  long  series  of  observations,  made  at  the  same 
place,  the  mean  height  of  the  barometer  and  the  mean 
temperature  of  the  atmosphere  be  determined,  the  for- 
mula will  give  the  height  of  that  place  above  the  level 
of  the  sea,  or  any  other  determinate  point.  For  this 
we  must  also  have  the  mean  height  of  the  barometer 
and  the  thermometer  at  this  second  point,  and  with 
these  mean  results  calculate  by  the  formula  in  the  same 
manner  as  we  should  do  for  two  stations  where  we  had 
corresponding  observations.  This  supposes  that  the 
mean  temperature  at  the  surface  of  the  earth  always 
remains  constant,  as  well  as  the  height  of  the  barometer 
at  each  place.  It  is  possible  that  these  elements  may 
experience  some  variations ;  but  the  mvention  of  the 
barometer  and  thermometer  bein^  of  too  modem  a  date 
to  determine  this,  we  may,  at  least  without  sensible 
errors,  regard  them  as  constant  during  an  interval  of 
some  years. 

For  performing  the  calculation,  the  mean  height  of 
the  barometer  at  the  level  of  the  sea  must  be  known. 
According  to  the  experiments  of  Sir  George  Shuck- 
burgh,  which  are  regarded  as  very  accurate,  it  is 
30*035  inches,  in  the  latitude  of  50^,  the  mean  tem- 


perature of  the  air  being  55®  of  Fahrenheit's 
meter,  or  12° -2  of  the  centigrade.  These  dat 
therefore  considered  as  established,  when  th 
pressure  and  temperature  are  known  from  r 
observation  for  any  given  place,  the  height  of  th 
above  the  level  of  the  sea  becomes  detenninal 
may  be  given  as  a  third  co-ordinate  in  fixing  th 
situation  of  it  with  reference  to  the  centre  of  th 
The  latitude  and  longitude  only  define  the  re 
which  a  place  is  situated,  but  me  introductioi 
above  element  fixes  its  absolute  position,  and  ii 
fore,  a  great  desideratum  in  physical  geography 

96.  In  order  to  facilitate,  as  far  as  possible, 
complishment  of  this  object,  M.  Biot,  in  the 
of  his  "  Physical  Astronomy,"  has  reduced  1 
ceding  equation  for  the  height  into  the  form  of 
whereby  the  difference  in  the  level  of  two  plac 
a  slight  reduction  of  the  barometrical  pressor 
station,  may  be  found  by  simple  inspection. 

We  propose  to  exhibit  to  our  readers  a  sh 
cimen  of  this  table,  after  first  illustrating  the  pi 
on  which  the  reduction  is  founded. 

Our  resulting  formula  (art  94)  may  be  simp 
writing 

N  =  20050-1826  (l  +  ?^){1  +  -002837  cc 

(■-^)= 

and  then 

X  =  N{log.^+21og.(l+|.)  }  x(l  + 

According  to  this  formula,  the  number  answ 
the  height  will  be  in  yards ;  and  T  and  ^,  the  t< 
tures,  are  supposed  to  be  those  of  Fahrenheit's 
32°,  the  actual  degrees  shown  by  the  instrumec 
32°  -f-  T  and  32°  +  f;  but  if  we,  after  the  m 
of  M.  Biot,  obtain  the  answer  in  metres,  and  < 
our  temperatures  by  the  centigrade  thermomc 
must  change  our  co-eflGicient  20050*  1 826  into 
and  our  divisor  of  T  +  f  from  900  to  ^^^ ;  i 
adopt  these  measures,  and  therefore  write 

N  =  18334^1 -f--){l  +  -002837  cos  2^j 

2(T4^\ 
*  ■*■    1000  J  ' 
and 


( 


X=zN{log."+21og.(n-^)  j  X  (l  + 

in  which  T  and  t  are  now  the  actual  number  of 
indicated  by  the  centigrade  thermometer. 

As  X  is  contained  in  each  member  of  the 
equation,  our  first  object  must  be  to  transfer  th: 
to  one  side  only,  which  may  be  done  by  expan< 

log.  {  1  H )  ,  and  limiting  the  series  to  t 

X 

term  only,  which  is  ^j^ — ;  M  being  the  modolv 

system ;  this  substitution  being  made,  and  th 
multiplicationperformed,  with  the  otherfactorM 


we  have 


X  =  N„S.H+1J,„,.»+|}, 
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***•     ,                          -.         H  made  in  the  iirst  member ;  this  latter  only,  there- 

jl^wiience                   JN  log.  —  fo^^  ^^^  1,^  reduced  into  a  tabulated  form.    In  the 

X  =  -^ „  '      o  \  *  latitude  of  45°,  cos  2 1//  =  0,  and  the  fraction  vanishes ; 

1 flog, j J  when  \p  7  45°,  the  cos  2  ;//  is  negative,  and  the  frac- 

r                                     a  \     .    h        M/  tion  must  therefore  be  subducted  from  the  height ;  but 

The  denominator  of  the  latter  fraction  is  nearly  equal  ^j,en  j^  jg  iggg  t^an  45°,  2  cos  yj,  is  positive,  and  the 

to  unity ;  the  co-efficient  -  being  itself  a  very  small  P^rtf'i  P^''^"^"^^  ^f  "^f^  addatiye. 

I                  •'                               a          ^  99.  The  foUowmg  table  shows  the  mtiuence  of  the 

I         fraction,  never  exceeding  -jX-j,  and  the  other  factor  will  latitude  for  every  5°,  the  fraction  indicated  being  the 

never  exceed  unity  within  the  limits  in  which  observa-  proportional  part  of  the  calculated  height  which  must 

tions  are  usually  made ;  we  know,  for  example,  that  be  added  to,  or  subtracted  from,  the  result  given  either 

2        «z»ft^«o        J  xi       .1           .1       ^        I.-  u  •  by  the  tables,  or  by  actual  logarithmic  computation : 

rr  =  -868583,  and  the  other  part,  log.  ~ ,  which  is  -^   ^    .    ^     '         ^   ^        .  ^                      ^ 

M                      '                              '^      '      ^    h  Latitude.                   Correction. 

variable,  win  not  exceed -1026623,  even  for  an  altitude  0° +  ^  of  calculated  height. 

of  2000  metres ;  that  is,  for  the  values  H  =  -76,  and  5° +  ^. 

i  ==  -600.     If,  therefore,  we  were  to  neglect  this  term  10° +  j^. 

entirely,  it  would  produce  no  very  sensible  error,  but  it  15° +  ^^» 

may  be  better  to  preserve  it  by  giving  to  it  the  mean  20° +  ^^ 

value  derived  from  the  preceding  calculation ;  for  the  25° +  3^. 

error  which  may  result  from  it  when  h  is  less  than  -600,  30° -j-    ^ij. 

will  always  be  extremely  small,  and  that  which  may  35°  ......  -f-  tJto* 

ariae  when  A  is  greater,  will  be  diminished  by  the  small-  40° +  ^^^j- 

H  45° 0. 

ness  of  log.  —  in  the  numerator.     By  this  means  the  590 .^  ^tJW. 

second  term  in  the  denominator  becomes  constant ;  for  ^^^ ""  TcW* 

being  so  small  we  may  calculate  it  with  the  constant  ^ ""  tjt* 

part  of  the  co-efficient  N,  and  then  its  value  (by  using  ^^^ ""  tH* 

—  ^jir)  becomes  75° —  -j^- 

'"''t.ir''''  =  -0028061 ;  85°  i  !  :  i  i  i  -  X 

6366198  90° -  ^^j. 

the  denominator  of  oui^fracdon^^^^  therofore,  ^^q   ^.^  correction  being  thus  provided  for,  we 

•-^w-  1- 1.  •      •  .    J      J   .i!     °"^*'   .      ,  have  only  to  attend  to  that  part  which  is  independent 

wl^ich  bemg  mtroduced,  the  expression  becomes  ^^  ^j^^  j^^j^^^^^  that  is  to 

X=:N(1  + -0028061)  log.  f.  X  =  18393  (l   +  %^)log.^. 

5        97.  With  respect  to  the  value  of  N,  it  will  be  ne-  .         .           ^         .      ^"""     ^          ^ 

^^J?«ary  to  assume  a  mean  value  for  r,  which  M.  Biot  Thw  again  may  be  written 

*«nk»  may  be  called  1200  metres,  this  being,  perhaps,  v  —  ift'^Q'i  fj   j.  ^  (T  +  0\ „ „       ,       ;  v. 

a^ariythemeanheightabove  the  level  of  the  sea,  atwhfch  ^  -  ^^'^^'^  V  "^  ~T000^J^^^           log.//.;, 

**^veller8  most  commonly  make  their  observations  in  ^          2  (T  +  0\ 

^^»  climates.    The  introduction  of  this  number  gives  orX=  18393  f  1  +       ioqq   J^^^'^ 

^  ^18393(H..002837cos2^)(H-^ti))log.«.  ^  ^33^3  ^^   ^  i^^jiog.;i. 

.This  formula  has  all  the  exactitude  which  we  can  Qt  the  same  may  be  otherwise  expressed  by 

^^-^pe  to  attain  to  in  barometncal  measurements.  When  _                    „^ 

^^^JJapared  with  the  rigorous  formula  above  given,  it  Xzi  18393  (l  +  2  (T  -h  0  j|      'Zy* 

^j^pears  that  an  error  of  little  more  than  4  yards  will  \               1000     /       "   h 

^^  made  in  the  height  of  Chimbara^o,  which  is  about  ,    iqqqq  f,     ,    ^  (T  -f  0\,      '76 

^^SOO  yards  above  the  level  of  the  ocean.  +  ^^^^^  V  *   ^       lOOO     /    ^'  "H  * 

,^^  ^8.  There  is,  however,  still  in  this  formula  a  factor  xtrv.^  ^  4k^  *-.^  ♦^•^^  u«: ^^,„  ^f  ♦k^  -««.^  Av»«> 

a^^fcj^,    ..        '     '   ^  c        j«       'M.  '  ^        xi.1  Where  the  two  terms  bein&r  now  01  the  same  form, 

V^S^     "'  iijconvenient  for  reducm^  it  into  a  tabular  ^^  ^^^     j^^^  j^  ^^^  ^1     ^^  ^j^^  ^^  ^^  ^^ 

5?^    VIZ   that  part  of  it  which  reTates  to  the  latitude  J  ^^  ^^^j^  difference,  when.H  exceeds  -76,  will  be 

^i^t  P^^^^^  ^^^  here  we  may  observe    tha    this  ^he  height  sought.     In  the  foUowing  table  the  value  of 

^^li^Tila  may  be  separa^d  into  two  parts,  by  wntmg  ^  ^  ^f^  ^^^^^  ^^  ^^^^^  ^^^^ J  decree,  from  12° 

^^  22-  18393  (1  +  lilZi^  log.  —  )   H-  to  42°,  and  the  value  of  H  from  -765  to  600. 

V           1^^^             *  ^  We  have  therefore  only  to  look  out  the  values  of  H,, 

^%3q3  w  .002837  cos  2  v^  ^1  4-  ^^"^"^^^^  W    —  •  ^^^  ^  *^  '^®  ^^^  vertical  column  of  the  table,  and  that 

^^                                         r  ^     -r    ^QQQ    J     6-    ^  »  of  T  +  ^  in  the  upper  horizontal  line,  then  the  sum  or 

^**     ^hich  the  latter  will  always  be  to  the  former  as  differences  of  the  two  resulting^  tabular  values  will  be 

•*^^                        '002837  cos  2  \//  ;   1.  the  height  sought. 

^^^?  |nroportion  may  therefore  be  computed  to  all  the  101.  There  still  remains  one  other  correction,  which 

^^^eties  of  latitudes,  and  the  corresponding  correction  does  not,  however,  in  any  respect  affect  the  form  of 
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PneuixMi-  oar  general  equaUon;  thia  U  for  the  attached  thernio* 

tics,      meter,  and  it  must  be  majde  before  we  attempt  to  enter 

Sf^^'^'^^^the  table,  or  in  any  other  maimer  to  make  our  cdbu- 

&?rt-°  Nation- 

m^^ther.  Mercury  expands  jjl^g  part  for  every  degree  of  the 
mometer.  centigrade  thermometer,  or  -^p^  part  for  every  degree 
of  F^renheit*s :  we  must,  therefore,  in  the  first  in- 
stance, reduce  our  barometrical  columns  to  the  same 
temperature,  by  correct'mg  the  height  of  the  upper 
column  by  a  quan^ty  equ^  to 

T  —  ^ 

-  for  the  centigrade ;  or 


5412 
T-  t 


im  Fahrenheit's. 


9742 

These  are  generally  addative,  the  upper  station  being, 
in  most  cases,  the  lowest  temperature ;  if  the  contrary 
should  ever  occur,  the  ocffrection  is  subtractive. 

One  example  will  be  amply  sufficient  to  illustrate 
the  use  and  application  of  the  table. 
Example  of     102.  Let  US  suppose  the  following  observations  to 
the  use  of    ijave  been  made : 
the  table.  .      ,         * 

LaUtud^5tf*. 


Height  of 
barometer. 

Detached 

Attached 
thermometer. 

Lower  station 
Upper  station 

•75  metre 
•68  metre 

18° 
8° 

.    18° 
8° 

The  difference  of  the  attached  thermpmeter  being 

10°,  we  have  — -^ —  =:  '00125  addative  for  the 
5412 

correctioi^  of  the  barometrical  column  at  the  upper 

station;  it  therefore  becomes  *6  8125 ;  whence 

T  +  f  =  26%  H  =  -75,  and  A  =  -68125. 

R    fU    foKin  f  26°,  when  *  =:  -681,  gives  922-3  metres. 
ijy  tne  taDie  1 26°, whenH=  -75,   gives  111-3  metres. 


Difference 
Correct  for  latitude  ^y^j^ 


811-0 

-4  nearly. 


Remark. 


>^. 


The  height  sought    810*6  metres. 

103.  It  is  obvious,  from  this  example,  that  the  tables 
are  well  calculated  to  facilitate  the  computation  of  the 
difference  of  level  between  any  two  stations,  at  least 
while  the  heights  of  the  barometrical  columns  are 
found  within  its  limits ;  and  even  when  they  are  be- 
yond it,  a  certain  modification  may  be  made  to  render 
them  still  applicable ; .  but  as  the  logarithmic  operation 
is  not  very  difficult,  and  as  the  table  itself  includes  all 
those  heights  which  are  likely  to  become  an  object  of 
measurement  in  this  country,  we  do  not  think  it  ne- 
cessary to  enter  into  any  further  explanation,  particu- 
larly as  the  table  is  not  given  in  English  measures. 

We  shall  conclude  this  article  by  a  reduction  of  the 

preceding  formula  to  English  feet  and  inches,  showing 

the  logarithmic  operation  in  one  or  two  examples. 

Formula  re-      104.  The  formula  in  French  metres,  answering  to 

duced  to      the  centigrade  thermometer,  abstracting  from  that  part 

which  depends  upon  the  latitude,  is 

18393  (l+-^  +  '>^-*^ 

H 


English 
lucdsurc. 


1000 


h 


let  us  suppose  English  inches,  and  the  co-efficient 
18393  will  give  the  answer  in  metres ;  in  order,  there- 
fore, to  reduce  the  result  to  feet,  we  must  multiply  it 
by  the  number  of  feet  in  a  metre,  nameW,  by  3-281,  \ 
whence  it  will  become  60347.  Again,  iif  T  and  t  be  > 
takjen  according  to  the  scale  of  Fahrenheit,  since  the 
number  of  degrees  of  this  scale  are  to  those  of  the 
centigrade  as  9  to  5,  within  any  proposed  limits,  we 

2  1 

much  change  yr—  into  — rrr- ;  whence  we  shall  have, 

in  English  feet, 

X  =  60347  (l  +  Xtl)  log.  «; 

in  which  expression  it  is  to  be  observed  that  T  tnd  t 
denote  the  number  of  degrees  indicated  above  the 
freezing  point  of  Fahrenheit's  thermometer*  It  is  to  be 
observed  also,  that  the  correction  for  the  barometrical 
column  in  degrees  of  Fahrenheit's  scale  will  be  ex- 
pressed by  _^,  instead  of -5^. 

105.  Let  us  conclude  this  article  by  the  soltttron  of 
an  example  in  which  the  data  are  given  in  English 
measures. 

Humboldt  made  observations  on  the  mDuntain  of 
Quindiik,  in  the  kingdom  of  New  Granada,  whidiy  wheo 
reduced  to  English  measure,  were  as  follow : 

Latitude  5°. 


Observations. 

Height  of 
barometer. 

Detached 
tbcnBometer. 

Attached 
tfaermonieter. 

Upper  station 
At  the  level  "^ 
of  the  Pa-   / 
cific  ocean  ^ 
at  the  same  I 
time        J 

2-0713  in. 
30-036 

(^5""  -75 
77° -54 

68° 

First,  the  difference  of  attached  thermometers  is 

9.54 
9°  -54,  whence  -—  =  -00098  (addative),  therefore 

h   =  20-07228  W  =  77° -54  -  32°  =  45° -54 
H  =  30-036      5T  =  65° -75  -  32°  z=  33°  -75 


and 


1  + 


T  +  t 


=  1  + 


900     ""  ■    '      900 
Again, 

log.  30-036      =  1-4776421 

log.  20-07228  =  1-3025966 

log.  of  -1750495  = 

log.  of  60347  = 

log.  of  1-0881        = 
11492 


T  +  <  =  79° -29 
'^'^^    =  1-0881. 


1-2431373 
4-7806557 
0-0366688 

40604618 


32 


In  this  formula  —  may  be  taken  in  any  measure ; 


Height 
Correction 

for  latitude    

1 1524    feet  correct  altitude. 

It  may  not  be  amiss  to  observe  here  that  some  liitl»l 
variation  will  appear  in  the  results  of  different  solutions^ 
when  reduced  to  our  measures,  according  to  the  ratio 
which  is  assumed  betweea  the  English  foot  and  thai 
French  metre:  we  have  used  the  ratio  of  1  :  3281,  a» 
given  in  Barlow's  "  Mathematical  Tables."  The  maim 
recent  determination  of  Captain  Kater  is  1  :  3-2809. 
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PNEUMATICS. 


»-  *i  ©' 


<N  O  Oi  t^ 
>b  l>  GO  o 
O  ^  <N  -^ 

"^  ^  ^  Tl* 


O  •-<  (N  CD  ''*'  "^  ^ 


aoiO'-jc^'^40cot^ooo«c^co'^coi^<»Q>oc5c*DTr40coooo>o»-«^SSS> 


^  Oi  CO  CO  »7^  i>  CO 


coTt  Ti«Tt^Trrf'<it'Tj»»o»o*o^o»o»o»o»o*o;oco;o< 


Me 
be 


^<2^?55^^t^0>O^(N'^»0C0t^<»O»-<C^e0*0;0l^00Ci'-«<NC*5TtCCt>^«SJ-«f5S2J^ 


;pTh'^ip»ocp;pcpt^t^t;*c»ooirf^qi^cpkOi^c>cp;oocor^^'^toO'-^^ 
TtTrTt^»Oio<>»oc5u':)Oicw'^(r>&>oco;d;ococoSt^t-?SSS?:S5SS6o«£ 


^<Nco'^»ot^oooiO'-^co'^Ko;or>.CiO'-^cJTt»o3KSo2BS§SSt 


aiOCJCO'^»OCOl^OiO«-(N«U^;Ot^OOOiOC*W^»OCOOOOiO^?OTf»Or^»-^^^—  =^S—  — 


{;?;;?;>5i:r'"^""'  ^'*«>^c^OiOi— e<co»oco 
>;o<£>coi>t^t^t>t^t^t>t^a>ooQoooaoS 


co^T}«'*Tt'^TrTt'^»o*ow:)»o<>*o»o^ou:);o<oococoSb£Ki>SKSSi^c2SSSSSS 


•  cot^t^ooooo>0)^co;OQo 


i>»'?^co'^ococpqi<pcpoi^Ti«c*^Oii^»pcp--<oopi>»<oo»0'^»c«oco;o 
rj*cbi>6ii— '<f»'^»ci^6i»^<NTfcoi^di»^cb»oi>cboo»Tpcboooc^ 

Cr5O--C^^«^C0l^000i^<NC0rf«C;00005O^C^'^50C0?*SoSSSDSSE:5§§SSSR 


rfTtTfTtTt'^Tf<^»o^o^o»c»c»c^o»ococococo;o;oco<x><©i>r*r*St-*St^SooooSSS 


io»o»o»co'x><r>coco;o;ococoi>i^i^t^i^i^i^t>»ooooao 


.tf  «  3i  -g 


»OTrCO<M^00500t^CO»0'^OOC^^OOiOOt^CO«OTj*COC^^0030Ct^?0»0'^COC<^00>OOt^ 
C<  C^  d  Ci  a«  C^  »-*  i-i— H  ^*-«i— if-Hi— II— i*-«OOOOOOOOOO0>05050i0iC50i050>0>0000eCC 

t^i^r^t^t^t^t^r«^t^t^t^t^t^i^t^t^t^i>t^i^i^t^i^t^t>.t^co;ocoNOco<oco<o<o^o?o^OB 


^^^m^^^^^p  "  E  tr  m"X  T  I  c  s: 

*^^^^^^^M 

Ci  *;">  o»  a.  ^'^  -7*  ^.  gc  <:p  Tf  ro  --  q:  t^  o  -^  'vf  -i<  tp  ^                                            *-;^  1-*  c:  *^  ^  0  00  <>»  0  -^  *p  q:  cp  t^  oj  to  0    J|^'"^]^ 

Z^c^  -H  *o  t^  0  c^  *b  a:'  —  rr  t^  0  ff  1  ^-'?  c>D  --  4*  i-^  0  r-i  <b  c^  c^ 

■bP"-  —  -?*  0  *0  '^  i-*  IX'  0  — •  ci  *r  w^  0  1-*  CTi  0  — '  rt  ^  l''^  0  oc  0^  O'  '7-»  c^  ^  'O  r^  CO  0  ^  c<  -^  »^  ^  oc  c^'  O'  *M  r?  TT  0  t--  'X* 

^^^  Ci  0&  c:*  c^  Ci  r:  CTw  c  0  ?=  C'  0  0  0  0  ^  --•  --*  -^  -^  ^  '-^  ■-•  c^i  c*  e*  cs»  c^  r^»  c^  eo  fo  c^  ec  rr>  to  cr:^  ^ 

^V                           — .^p-^^^^.-^  —  .      ^^^^  ^^^^^p-,p-  ^^^^^^^, ^^^^^^^^^^ 

■  it  c^  '^  -^  0  .3i  f^^  w^  t^  0  c^  cC'  {^  -^  -t  t^  6  r:  --^  f^  r^*  0  d:*  -^  -^  r^  6                                                                             &*  »o  c;  ci 

^1  Ci'  0  i^>  r^  -^  ^  t^  oC'  C'-  *-^  c^  ^  ^  ^'  r^  ■>:■  w  .-^  D*  rt  i.'i  ;^  i^  :r.  0  -—  CO  ^  c^  «^  '30  Cj  0  <?i  c^  rt«  ID  i>.  a,'  0  —  c '  ^ 

■  tc  ct'  c:;  3i  cr^  Oi  CT*  r*  c^^  0  a  0  c:  0  0  0  -^  --*  r-*  ,-^  r-j  *-4  ^  ^  ':'4  c-i  «^  0*  (^j 

^H                                                                                         '"''         '^              """*'         '                  ,-1^4,              *.1r        r-i*^;--iii         ,ii          .ti*,         rljlr-^j         j         rir-t.1,i.         .J.i,          p^ 

^1  r^a6^0i*pOw*pC*Oii>^'7'qpcpccc»«?i'7'OCico»t^i-*^Ot^co 

B  ^  '''s  ^  '=5  ^  ^  **  *"  '^  ^  '^  *^  ^'^  »^  *^  "^^  ^  ^  '^  *'^  t^  ^  <=^  ^  <^j  '^^^ 

■    0  c;  --  r^  't  ^0  CO  Gc  cTj  0  P-*  CO  '^  'O  i--  oc  c^  0  e»  CO  -^  cc  t--  ce^  (T^  --  CI  c^  u^  '^  t^  Oi  0  ^  CO  -r  ^^  i^ 

H    GO  c;  0  Ci  Oj  3^'  C3'  C;  o:  0  O'  0  O'  0  0  0  0  ^  ^  ^  --«  —  --  --•  --^  c*  c^  oi  c*  c^  c*  c*  eo  ^  CO  eo  ro  CO  PO  eo  *?  -^  'T-  rf  *^ 

^H                                                                                                                                                                                                                                                                                ^    '                      J           ^         ,     *    ^          .          r-1    r-<    .          -          -         »     N    p      i    ^— I     .      -     .      T    ^1     .      -     -    J    ^^ 

'^^'^t^ciciC^t^oc^iocb*^cotba>6i»bi>oeo^c^ei^odb^T^i^oco 

Qc.  c-  ^  c^  r^  k-^  ^  1^  0>  0  --  t>i  '^  uo  0  t>»  c;  0  '^  CO  -i-  'O  iUD  cfi  c^^  O-  i!N  c^  ^  ^  t-^-  OD  CT/  -^  c->  CO  *0 

«  ei  a  C3  CTi  0:  OS  a;  ctj  0  0  0  0  0  0  c  0  --.  -^  —  ^  ^  --^  .-.  ^  CJ  c-^  c^j  >t^i  c^  C^  <?»  C^  CO  CO  CO  CO  CO  r^  CO  ^  -^1*  ^ 

1                                                   ^^^^^^       ^^-.^^^^^^, ^^^^^^^^^^^^^^^^^^ 

^B   66i'-"^^c©^^^63^'^i^oci^b(»r^co'i3o>c»t-ot^ocb 

H    K  35  -^  oi  CO  't  ^  t^  00  01  --  c4  ro  u::^  'o  i^  00  0  «  c-*  CO  *o  tD  i^  G^  0  ^  c*  '^  uo  CO  'XJ  a^  0  c^  CO  -^  f-^'  t^  00  0  ^  c^  CO  ^"^  '^ 

■    Qc  go  a  3^  02  ^j  o'j  C5  ^j  C5  0  O'  e  0  O'  0  0  •-  --*  ^  --•  ^  ^  -^  ---  t?-i  c*  e^  c*  c.»  o<  ci  e»  CO  CO  c^  CO  'ro  CO  CO  ^  ^  ^  r^ 

«*OQb6ei»'Ot^oco*ocboco^cc'^-^tbdie>>«oi>o 

tc  a;  0  c*  CO'  ^  •-.o  t-^  00  3i  0  c^i  CO  -rf  10  t--  00  Qi  0  c»  CO  -^  (S  t-»  00  m  ^  c^  CO  io  ^  1:^  CO  0  --  c*  ^  *o  t43  i>5  G".  0  e*  r^ 

cciKQt^CiCi  a;  aj'^  OS  oocjooooo^^--^-— .---—■-«  —  c^  CI  c^  CI  c«cic^eo<r":eocococococo'^^^*f-t' 

o-yb.-7^rpoocoo5'fOtoo^o--wc»j::^b-^--*Oi<ocoooo»^^'«tfoc^c-i'-*oaiCtqpG>7^c*e^ 
0  c«  '^  i*-*  Ci  -^  '^  *ii  '3>  ?N  Tt-  t^  6-  fN  -T  t^  ci  <N  ih  db  0  (^  <i  Ci 

00  35  0  ^  CJ  '^  t^-^  0  t-^  C?;  0  -^  0»  "-f  ^-0  (^D  l^  Cr-  0  r-»  CO  Tf  ^O  ^  CC'  Oj  0  C<»  ?0  -^  i^'  I"*  CC  ex.  ^  ei  CO  'O  0  I--  X'  0  ^ 

ccaoc5C;Ci3^aivi'w5C^oooooooo-^^'— ™^'-**— •—  c»c^c^c^cici^c*corococof'jcoc^''^'^TfTi<^ 

•t*  0  CO  9  (T.  <N  t;-  C*  t^  ^  t;.  01  l;»  C>  t;*  C<  3;  'TJ  ^1  g:  C43  CO  0  '^ 

*b  o^  -^  .'0  «o  db  0  eb  ib  oo  0  CO  *o  (K  0  CO  lb  ob  »^  r^  ri  -3; 

^  00  0  ^  C«  :0  •rj  1^  l^  00  0  ^  C*  CO  CO  CC'  l-»  CC'  0  --  c»  '^^  ^O  'O  1--  Oi  0  ^  ^1  'i*  «0  CD  00  '31  0  ^  CO  Tf  CO  i--.  00  C*^  ^  <>*  CO  ^ 

6DQOO&<3la^T>aic3505CiOOOOOooo^-^^-^--•-^^-^'^c^^O^^'^^C^c^J(^*cocococococo«ocO':t''^ 

*p^x— *coo-—  »OOT^oicp(xc^t<.-^i>^'^or*coG^cpc>o>»^co 

»^a0C5  —  c^co^^O^-Q03>oc»co^*Oc•-•ooO>ocJCO^cc■^^^oo<:J5^^^>co•rfCDKooO-*c^cococol--C3C''-^cO'^ 
j«QOa^050^^0iOiO>Oi35  0  00000oo.--i^^<-^*^^p--^c»c^c^c^cJC'CJCOcocorococorr;co'rfTtT}'Tt^ 

oc*'^'c<»-^:o^odboco^bt^o«^^^bt^o^lbQbo€b»bdb^ 
^•^o*iO--coTfioco<»^3•JO--^co•*'c-D^^o©a^O'-^co■*^^o«Dc©CiO--^co'^»Ol^co<7>oc^coTt'Co^>xo-^^c^ 

cc3coC'3^.  csajOvOiOjaJC^oooo'OooO'^-^i-N^  —  ^Fi^-^c^c<oic4cicio»o»cocoeococ^cO'Coco'^'^^ 

^m   ^^«0(^l<^*{agic*:D3icot;»o^t;•'^^c>t7•co*^ccogi^o 

IC  t^  Ob  0  -—  c*  fO  CO  ::0  t^  00  0  --  Ct  CO  "u^  cs  t^  oc  0  "^  r>»  CO  no  ^  t'^  <X>  0  "-^  C^  -^  '^  «©  t^  05  0  ^^  C*  ^ 
36oooo3iO^OiG5Cicri3:05000ooooo^i^-«— ♦^^ — '---c-icic^c^icic^c^c^cocoeocoeoeococO'-^^ 

^9^c;*CjOco<pa5q^*p'»r-4'^i>o*oo*ooi^o^'C3*90i^'i'9'^ 
,         ^  w>  i>  ci  '^  -^f  '^  db  0  CO  tb  t^  0  C4  '^  c^  d^  CJ  ^  i^  di  <^^  ^  t^  35  oi  ^ 

1^     5  t^  'X  (7j  —  5-*  r:  -^f  ^;o  t--  cx>  a:  »-*  c^  fo  ^  CO  t-*  00  cj;  0  c->  CO  ^  •O  i-»  00  0^  --•  c*  CO  ^  ti?  i^  ^xj  Ci  ^  c*  c^ 

^^    *acao»a^^o^'3jOi'^o^wiOOOooooo-^^^*--«>--*^-»^-*'^-—  c<c^*c*c<e^c^cic^fococococococo*t^ 

^M    o^'^Caboo^'^t^3:-rlH-^fiobodb^bt>0(N'bi>oc<^b 

^H     'CC*3D'5aOC*CO'g*«C^iOOGiO^CO^i/^yDQ0350"-^CO'^xCtOCOa50^CO'^iO?DoOa50^CO'^COl>QCiC';OC> 

^H    «ooaox'aiO:0><XO>0>C>OiOooooooo"^^^*-«<~i— '<— c^c^C^C*c^c^c^c»o^?OfOcop^cococO'-r'r 

^H    •^^*>t>^^OC»»pi:;-q:^cocpqpOTPc»C*c0o^Op 

^B   ^aoc'4Tp':od>^cb^i'-oc4^o6^rl^^<c-db^cb^Qbocb*bt^ 

W    <:«OacOSO'^O^^w^Ot^050-^C*CO^<»l>goO'-C*r^MljcDt>000--*C*cO*0«Dt^QOO«-*C^COCOQ3c^C>0^ 
1        »ao»»ciOioac^o>wa05C7iOO?sooooO'-^»-^'-^'^--^^-^»^c^9^G^c^c^c*c*o*cocococococococo^"^ 

-rpcow:j^<»Oc^cpiOt^c»0'^^»^'^i»p^^p<MC^ 
-^cb*bt>d><Nrhiibcbo(>*'bi><^c*'^^di'-»cb^db'^cb^ 
^        1           o--«??^cO'^i;Dt^t3Co^^c^co-^kO^-ooooc*co^»oi-*Qoa50c4coTf^t^ooaiOcs»oo"-f;DL^ 

^L  XXXXClOi^CiO'j<3iaiOiC5  00000000^'-^^'^^'-^'-^^C^C*€HC*0*Q^C^CJCOCOfOfOCOCOCOCO-t* 

^f  ^"                  -'XO^^^»"^*occt^0^ocof^'q:ic^«3c»F-^Tft^ow:>O'^ai'^^'^ 

B. ''                  "     T<^corfcoi-*cca^o.-^cO'^uf3C^x>c^o.-HGaTf*^<Oc^a:)0*-tc«'^M^cDt-3'jO  —  c*^^cooo^ 
^B  QC   »XX'X'3iC3C>05a3aj<^C3OOOOOOOO^^^-^*^^^^C4C>*(Hc4csl^&*C^C0'?0C0C0C0c0'C0C0rf 

^H                                             ^                   p^     ^_*,«.^^^^^,^^_.^,^^^^«^         ^     ^,^p^ 
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■h  inCo  99di 

nr^  Af^w^ftffy  rTintiiTfWimiifiirr  wtirh  tbeair 
^  tlie  iimnifleTf.  wOl  mmsxmtk  Inm  the  Inertia  of 

It  ^m-MM  ^m  dbe  i2w«e«  tfatt  tlM^ir  wtli  be  a  coo- 

\mi  m  mm  a*  th»  «q«alMf  takespbce^  the  tootkici  will 


,mtktf  csse^i 


stUHnve  1  --—  =  0. 


We  lee,  ako,  tliat  as  tke  iresid  filb  and  ^  tacreaae, 


^  .  ndosacal,  dm  no  artifidai  fPSMiie  can  be  employed 
^  to  Boaae  die  vdodor  vidi  wydi  oir  mnes  into  a 
void  t  HVt  mwioaMg  soy  oi^ce  01  prcMoie  to  oore 
bees  ardficsaif  prolocedr  diedeoittj  of  tke  flaid  viD 
lie  JMitf  d  in  dv  nme  poportiottr  1W  deoiitj, 
fhfTffcif,  tv^vif  as  tbe  pteasore,  tbe  vdodty  «i!l  be 
die  aame  oodfr  all  liwiiHiifii,  agreeably  to  tbe 
iftatedin  ti 


tbe  tngxtMimm  I  — ^ 


taki 


btangto  airnrdiio;;  iiUm  1  mcdiimi  mrr  ffrtn  ttaelt 

Wbairier  nay  hB  tbe  dcMtjr  of  tbie  air,  its  daa^csty, 
wUcb  IbQovm  tbe  pniportioii  ot  iu  dessatj,  will  ^ 
a  pcopoirtiooal  part  of  tbe  |wtaiiuw  of  the 
aod  It  if  llie  excess  of  tbts  part  onij  wbkbu  tKe 
mann^  faee*  let  D  deoote  tbe  aataial  dcncsity  of 
tbe  air«  and  3  tbe  deasity  of  tbe  air  coataioed  ia  tbe 
it  is  ioppoied  to  ima,  aod  let  P  be 
fradooHbeie^  aad  tbewdbie  eqoal  to 
Ibe  faee  «bieb  bBpeb  il  bito  a  toid;  let  also  f  re- 
tbe  tece  «Kb  wbkb  tbis  rarer  atr  would  ran 
a  tacttani ;  tben  we  sball  ba^e 

D:^::P;♦; 
iP 


Novtlie 


P-*,orP-jL?-  = 


force,  in  tbe  present  insUoce,  is 

_  PD  -  f*  P 

D 


Again,  let  Y  denote  the  Tcfocttj  with  wbieh  we  bare 
detezntined  air  to  nisb  into  a  void,  and  r  the  ref^uired 
velocity,  tbat  is,  the  velocity  witb  which  it  rushes  into 
this  rarefied  air.  Then,  since  we  have  seen  that  the 
velocilies  are  as  the  square  roots  of  the  pressures, 
every  thing  else  being  the  same;  that  is,  since  our 
ripresskm  for  the  velocity  (art.  61,  HvDnAi7i.ics)  is 

where  h  may  be  supposed  to  represent  the  pressure, 
we  shaU  have 

consequently        ^  ==  V  M  —  ~\  ; 

Supposing,  therefore,  the  rarefied  air  to  have  one- 
Jo  urth  of  the  density  of  common  air,  the  velocity  with 


and  eonseqnentW 
tly  in  the  ex- 


to  deSefiPme  the  time  in  Tis 
wil  flow  into  a  given  ^^ 
ir  in  ^  vessel  attains  ^ 


tbe  velocity  of  iofcx, 
treoiecase-of^rz:  D* 

110.  Let  US  no 
wfaicb  tbe  air  of  tbe  1 
vessel,  or  void  space,  belbie'tbe  i 
a  given  deputy. 

Let  0  denote  tbe  mean  dennty  of  tbe  air,  and  ?  that 
to  which  tbe  aor  in  tbe  vessel  b  to  anive;  let  also  R 
be  tbe  beigbt  of  a  komogeneoos  almosphere,  or  tlie 
height  tbroiigb  which  a  heavy  body  most  fill  to  acquire 
tbe  velocity  above  denoted  by  V.  .Assume  C^  to  repre- 
sent the  capacity  of  tbe  ves^l  in  cubic  feet;  A,  the 
area  of  tbe  section  of  tbe  ori£ce;  and  t  tbe  required  time 
in  seconds. 

The  quantity  of  air  contained  in  any  vessel  depends 
upon  the  density  of  the  Ibfiner  and  the  capacity  of  the 
latter^  coojoindy ;  we  mar  tberclbre  express  the  quan- 
tity of  the  air  which  vrodd  fill  the  vessel  by  CD  when 
the  air  is  in  the  ordinary  state,  that  is,  when  its  density 
is  D,  and  by  C I  when  its  densttr  is  =  e.  Now«  in  order 
to  obtain  the  rale  at  which  it' fills,  we  must  take  the 

fluxion  of  C  ^  which  is  C  J;   C  being  a  constant 
quantity,  and  l  the  vaitable  or  flowing  quantity. 

The  velocity  of  influx,  in  the  first  inataot,  we  have 
seen  (art.  107)  is 

or,  assuming  g  tz  16,  instead  of  16^,  we  have 

V  =  8  v'  H; 

and  when  the  air  has  attained  the  density  i,  tbat  is,  at 
the  end  of  the  time  i,  the  velocity  will  be 

V^(l-A).or8s/Hx^{l— ^){art.i09)L 

The  rate  of  inJiux,  therefore  (which  may  be  conceivwl 
as  measured  by  the  little  mass  of  air  which  will  enr  ^ 

during  the  time  /  with  this  velocity),  will  be 

Sy^Hy   v/(D--r)x  DAi 

7I>  ' 


red    J 


1 


or,  which  is  the  same,  by 

Sv^Hx  s/  (D  -^r)^!)  X  Air 
that  is,  by  multiplying  the  velocity  by  the  orifice 
density*  J 

We  have  thus  two  valnes  of  the  rate  of  infloxi  aiiii«j| 
by  equaling  them  we  shall  have  an  equation  firoaci  v  ^  -^ 
the  fluents  may  be  obtained,  and  whence  we  ma  ^ 

duce  the  value  of  the  time  i  in  soeonds*    These  expr«&  ^ 
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^    ftions  are  C  ^,  and  that  last  obtained  in  terms  of  t, 
1^^/  wherefore,  making 

we  obtain 

c  i 


8  A  VHD 
liie  fluent  of  y^hich  gives 

4  A  VHD 


V(D-^) 


X  v'  (D  —  ^)  +  correction. 


Or,  denoting  the  correction  by  B, 


-C 


=-  X  {>/(D-^)+B}. 


4  A  VHD 

Me  may  determine  the  value  of  the  correction  by  ob- 
serving, that  when  ^  is  zero,  that  is,  when  */  (D  —  ^)  z: 
i^D,  t  IS  then  zero  also;  we  must,  therefore,  have 
B  n  ,yD,  and  the  correct  fluent  will  be 


x{n/D- v/(D-a)}. 


4  A  VHD 

This  expresses  the  time  necessary  to  bring  the  air  in 
the  vessel  to  the  density  ^;  whence,  in  order  to  find 
the  time  in  which  the  vessel  will  be  completely  filled, 
^e  must  make  ^  zz  D,  and  the  expression  becomes 
_  C  C 

'  "  4A  ^HD    ^  ^^-   4  A  VH  • 
^J'-     111.  Let  us  illustrate  these  formulee  by  applying 
^  ^  them  in  the  solution  of  a  few  numerical  problems. 

Suppose  the  capacity  of  the  vessel  to  be  8  cubic 

fe^t,  or  nearly  a  wine  hogshead,  and  that  the  orifice 

^y  which  the  ordinary  air  enters  (whose  density  D  we 

'■^ay  call  1),  to  be  a  square  inch,  or  -^  th  part  of  a 

•^uare  foot.    Then  we  shall  have  H  =  27818,  C  =  8, 

-A.  ^  ,j^,  and  D  =  1 ;  whence 

*  ^         C        ^8x144     ,1152 
4A  VH  "    4  v^  27818  ""    668 

^^conds,  for  the  time  of  completely  filling  the  vessel. 
^^B  the  time  is  reciprocally  as  the  area  of  the  orifice, 
^^  is  obvious,  that  if  we  suppose  the  area  of  the  orifice 
^J^  be  only  -^th  of  a  square  inch,  the  time  will  be 
?  '7'245  seconds ;  and  if  we  suppose  it  to  be  square,  and 
^"^  side  only  ^^th  of  an  inch,  and  consequently  its 
^i^ea  equal  to  i^th  of  an  inch,  the  time  will  be  172*45 
^^conds,  or  3  minutes  nearly. 

It  will  be  remarked,  that  m  the  above  determination 

"^e  have  not  considered  the  contraction  of  the  vein, 

Consequently  the  time  will  be  greater  than  that  above 

^^termined  theoretically,  in  the  ratio  of  the  actual  to 

^die  contracted  orifice.    That  a  contraction  takes  place 

%A  this  case  as  well  as  in  the  discharge  of  a  vessel  of 

>irater  we  cannot  doubt,  but  whether  the  quantity  of. 

that  contraction  be  the  same  in  both  cases,  b  perhaps 

>ei7  doubtful ;  supposing  it  to  be  the  same,  the  actual 

experimental  time  of  filling  will  be  to  that  determined 

«boTe  in  about  the  ratio  of  1  :  f ,  or  as  8  to  5.    See 

(svC  179)  Hydraulics. 

Hits-  supposes  the  air  to  enter  through  an  orifice  in 
k  dun  plate ;  if  it  pass  through  a  short  additional  tube, 
•sd  tlie  same  law  be  supposed  to  obtain  here  as  in  the 
dmAuatge  of  water,  the  velocity  will  only  be  diminished 
in.  die  fBtio  of  16  to  13^.  and;  consequently,  the  time  of 


filling  will  be  to  that  theoretically  determined  as  16  to  Motion  of 
13.     See  the  article  above  referred  to.  elastic 

This  equality  in  the  contraction  of  the  issuing  vein  , 
of  water  and  air  under  similar  circumstances  is  as- 
sumed by  writers  on  Pneumatics,  but  we  think  it  ex- 
tremely doubtful;  it  must  be  acknowledged,  at  the 
same  time,  to  be  very  difficult  to  submit  to  the  test  of 
experiment. 

Let  us,  as  a  second  example,  suppose  all  the  num- 
bers to  remain  the  same  as  in  the  preceding  case,  to 
find  the  time  requisite  to  bring  the  density  of  the  air 
in  the  vessel  to  |ths  of  that  of  the  ordinary  air.  Here 
we  must  employ  the  general  formula 

in  which  we  have  merely  to  assume  ^  =  ^,  and,  conse- 
quently, D  —  ^  =  ^,  or  ^/(D  —  ^)  =  J;  this  also 
gives  il/D— -/(D  —  ^)  =  J;  and,  since  the  value  of 

Q 

the  co-efficient  --— — -r=- ,  will  still  remain  as  before, 
4  A  V  " 

it  appears  that  we  shall  have,  in  this  case, 

C 

=  -86225  second; 


8Ax/H 


that  is,  it  will  be  exactly  one-half  of  that  determined 
in  the  preceding  example. 

112.  Let  us  now  conceive  the  air  in  the  vessel  to  be  Velocity 
compressed  by  a  weight  acting  on  the  cover,  supposed  ^^«?  » 
to  be  moveable  down  the  vessel,  to  determine  the  ve-  "*°^^°8 
locity  of  the  air  expelled  at  the  aperture.  employed. 

Conceive  the  proposed  vessel  to  be  denoted  by 
ABCD  (fig.  12),  and  C  to  be  the  aperture ;  and  let  D  Fig.  is. 
denote  the  pressure  of  the  external  air  due  to  the  pres- 
sure P.  Now,  the  immediate  effect  of  the  external  pres- 
sure is  to  compress  the  air  in  the  vessel,  and  to  give  it 
another  density ;  let  this  additional  pressure  be  called 
p,  and  the  consequent  density  of  the  air  in  the  vessel  d^ 
then  we  shall  have,  from  the  nature  of  elastic  fluids, 


or 


and 


P  :  P-f.p::D  :  d, 

,_D(P-hrt 


1>=  P  X 


cf-D 


Now,  because  the  pressure  which  expels  the  air  is  the 
difference  between  the  force  which  compresses  the  air 
in  the  vessel  and.  that  which  compresses  the  external, 
air,  the  expelling  force  isp;  and  because  the  quan- 
tities of  motion  are  as  the  forces  which  similarly  pro- 
duce them^.we  shall  have 


P:P  X 


D 


MV  :mv. 


where  M  and  m  express  the  quantities  of  matter  ex» 
pelled,  V  the  velocity  with  which  air  rushes  into  a 
vacuum,  and  v  the  velocity  required.  But  because  the 
quantities  of  air  which  issue  firom  the  same  orifice  in 
an  instant  are  as  the  densities  and  velocities  jointly^ 
we  shall  have 

MV:mt?::DV*:rft/«;    . 

consequently, 

P  :  P  X  ±~:DV«:rf««;. 
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PnemiM.  asd  faeBce  we  dedoce 

»=  V  V 


rf-D 


a 

Another  expression  for  the  Yelocity  may  be  obtained 
Tfithoot  computing  the  densities :  for  since 

P  :  p  -HP ::  D  :  rf, 

wefaave  dzz '^    ■    ; 

and  consequently 


Dp 


whence 

rf— D  _  Dp  P         _      p 

rf    -  p  ^  D(rT7)"^  p  +p' 

wherefore  we  ultimately  obtain 

P 


were  possible  to  destroy  the  air  as  soon  as  discharged,  M 
so  that  the  vacuum  could  be  constantly  preserved.  < 

This  may  be  otherwise  illustrated  as  follows :  Let 
P  denote  the  pressure  of  the  atmosphere,  which  being  ^"^ 
the  measure  of  the  initial  elasticity,  is  equal  to  the  ex- 
pelling force  in  the  first  instant.  Let  D  be  the  ftrst 
density,  and  V  the  initial  velocity;  assume  d  to  de- 
note ue  density  after  any  time  t^  and  v  for  the  con- 
temporaneous velocity.  Then  it  is  obvious  that,  at  the 
end  of  this  time,  the  expelling  force  f  will  be 
Prf 


for 


vsrV  V 


P-HP' 


♦  = 


D  :  J::  P  :  f  = 


a  very  simple  and  convenient  expression. 
Velocity  as       113.  We  have  hitherto  considered  the  motion  of  the 
dcpeiichng   ^ji^  ^  produced  by  its  weight  only ;   let  us  now  in- 
^  «*»*^-  vestigate  the  effects  due  to  its  elasticity. 

Let  ABCD  (fig.  12)  be  a  vessel  containing  air  of  any 
density  D ;  in  this  case  the  air  is  in  a  state  of  com- 
pression, and  if  the  compressing  force  be  removed,  it 
will  expcmd,  and  its  elasticity  will  diminish  with  the 
density ;  the  measure  of  the  elasticity  being  estimated 
by  the  compressing  force.  The  force  which  keeps 
cotnmon  air  m  its  ordinary  density,  is  the  weight  of  the 
atmosphere,  which  we  have  seen,  is  the  same  as  the 
weight  of  a  column  of  water  33^^  feet  high.  If,  there- 
fore, we  suppose  that  this  air,  mstead  of  being  con- 
fined by  the  top  of  the  vessel,  is  pressed  down  with  a 
moveable  piston,  carrying  a  column  of  water  3^  foet 
in  height,  its  elasticity  will  balance  this  as  it  balances 
the  pressure  of  the  atmosphere ;  and  as  it  is  a  fiuid, 
and  presses  equally  in  all  directions,  it  will  press  upon 
any  little  portion  of  the  vessel  by  its  elasticity,  in  the 
same  manner  as  when  loaded  with  this  column.  It  fol- 
lows, therefore,  that  if  this  small  portion  of  the  vessel 
be  removed,  and  a  passage  thus  made  into  the  void, 
the  air  will  begin  to  issue  oat  with  the  same  velocity 
as  it  would  do  when  impelled  by  its  weight  only,  or 
with  the  velocity  acquired  in  ftlKng  through  a  homo- 
gefieons  atmosphere.  But  the  moment  any  air  has 
entered  into  wkat,  m  the  first  place,  was  void  space, 
that  is,  the  moment  any  air  has  been  discharged  from 
the  vessel  containing  it,  the  elasticity  of  tfie  remaming 
air  is  diminished,  and  consequently  also  the  expeHing 
force.  But  the  matter  to  be  moved  is  also  diminished 
in  exactly  the  same  proportion,  so  that  there  is  still 
the  same  ratio  existing  between  the  force  and  the 
body,  and  consequently  the  velocity  will  always  be 
the  same  whatever  may  be  the  degree  of  rarefaction ; 
which  is  an  analogous  conclusion  to  that  whicb  obtained 
with  respect  to  condensation  (art.  108). 

tt  appears,  therefore,  that  whatever  may  be  the 
degree,  either  of  compression  or  condensation,  to  which 
air  may  be  brought  by  any  artificial  means,  it  will 
always  rush  into  a  void  with  one  and  the  Same  Velocity 
during  the  first  instatft  of  its  issuing,  and  this  velocity 
would  continue  til)  the  exhaustion  was  complete,  if  it 


Now  these  forces  are  proportional  to  the  (Quantities  of 
motion  which  they  produce,  and  the  quantities  of  mo* 
tion  are  proportional  to  the  quantities  of  matter  or 
masses  M,  m,  and  to  the  velocities  V,  v,  jointly ;  that  if» 

p  ;  J^  ::  MV  :  mv. 

But  the  quantities  of  matter  which  escape  through  m 
given  orifice  are  as  die  densities  and  velocities  jointly ; 
that  is, 

M  :  m  ::  DV  :  rfr; 
hence 

P  :-^::  DV'  :  d^; 


consequently 

P  X  rf»«=Prf  X  VM 

and  therefore 

V«  =  tJ^,  orV  =  r; 

tliat  is,  the  velocity  is  the  same,  under  all  degrees  of 
compression  or  rarefiaction,  as  deduced  from  the  pre- 
ceding investigation. 

114.  Let  us  now  suppose  that  the  quantity  of  air  (|> 
which  is  discharged  into  a  void  in  any  given  time  t  were  ?" 
required,  and  consequently  the  density  of  the  remainif^ng, 
air  after  that  time. 

In  order  to  this  determination  we  must  obtain  a  ge- 
neral expression  for  the  rate  of  efflux;  now,  from  what 

is  stated  above,  it  is  obvious  that  during  the  time  /  (thi 
density  being  1 )  the  quantity  discharged  is  expressed  by 

8  A  >/  H  X  f , 
because  tlie  velocity  V  m  8  >/H  is  constant,  and 
consequently,  when  the  density  is  rf,  the  quantity  will  be 

SAd^VLxl 
At  the  commencement  of  the  efflux  the  quantity  of  air 
was  CD,  C  being  the  capacity  of  the  vessel,  and  D  the 
density  of  the  air ;  and  whea  the  air  has  acquired  the 
density  d,  the  qwantity  wiU  hit  C  dy  and  quantity  dia» 
charged  CD  -^  C  d; 

whence,  what  has  run  out  duriirg  the  time  t  mnst  be 

the  fluxion  of  CD  —  Crf,  wbichis  —  G  (^  <i  being  the 
on^  variable  contained  in  the  expression. 

we  have  thus  two  values  of  tne  fluxion  of  the  dis* 

charge,  vie. SAd%/ii  x  t  and  C  d^  we  may  theccftre 
equflite  them,  and  thence  deduce  the  value  of  d, 
consequently  aJso  of  CD  —  C  if  the  qaamtk^f 
changed ;  tfasii  ia,  we  shall  have 

8Atf  v^H  X  /=  — Ctf; 


F 


whence 


-Crf 


d 
X r 


d' 


SAd^n~    8AVH 
taking  the  fiuents 

t  =  -rr-. — TTj-  K  (—  !»)!?•  '^g-  *^  +  correction). 


8A  VH 

This  fluent  must  be  taken  so  that  t  may  be  zero  when 

Consequently,  the  correction  must  be  hyp*  log.  B, 
aod  the  corrected  expression  becomes 

I  C 

/  =  TT-. — rr^  X  (hyp,  log.  D  —  UypJog.cf); 


8A  VH 


or. 


1  = 


.^^^-^xhypJog.^. 


When  «f  =  0,  —  5  and  hyp,  log,  —  are  both  infinite, 

wbeoee  we  leant  that  it  will  require  an  infinite  Lime  for 
the  vessel  to  exhaust  itself. 
By  transposing  the  first  of  the  abo%'e  equaitons  we 

hyp.  log.  D  —  hyp.  log.  d  ^ — — — ; 


wherefore 

hyp.  log.  d-zi  hyp,  log,  D  ■ 


8  A  f  v'H 


ironi which  the  density,  after  any  proposed  time,  may  be 
deiennined^  and  consequently  the  quantity  discharged, 
tKis  being,  as  we  have  seen,  expressed  by 

CD  -  C  rf, 

1  Id.  In  the  above  investigation  the  discharge  is  sup- 
'  posed  to  be  made  into  a  void :  kt  us  now  inquire  into 
*  the  circumstances  of  the  discharge  when  it  is  made 
into  a  medium  of  given  density^  supposed  to  remain 
constant  during  the  ed^ux.  as  we  may  suppose  to  be 
the  case  when  a  vessel  containing  condensed  air  emits 
it  info  the  open  atmosphere. 

Let  the  initial  density  of  the  air  in  the  vessel  be  ^, 
lad  that  of  the  atmosphert;  D.  Then  it  is  obvious  that 
the  expelling  force  is 

and  that,  after  the  time  t,  it  is 
Prf  PD 

We  have  therefore 

FD      PD        PD 


P- 


MV:m«:«V':^r«; 


b  h  c 

m  i^Did^  Dy.iX'zdv'i 

il>ercfore     rf  r*  (3  -  D)  =  ^  V»  (ei  -  D) ; 

It  appears^  from  this  expression,  that  when  d  =:!>  the 
VUDefEtor  vanishes,  and  therefore  the  motion  will  ter- 
ainalt,  as  is  otherwise  obvious;  and  when  ^  ;=  D  there 
dfibeooe^Bux. 


ontteqaently 
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116.  In  order  to  find  the  relation  between  the  time  Motion  of 
and  the  density,  let  H,  as  before,  be  tiie  height  re-     t-iastic 
quistte  to  produce  the  velocity  V.     Then  the  height 
producing  the  velocity  of  efflux  i>  will  be  . 

^  (^  —  D)  between  the 

H      T7t        FT*  time  and 


fluids 


H 


-^^{h^J|5^,5'- 


and  the  portion  of  air  which  flows  out  during  the  time 
f,  will  be 

£(rf^D) 

d 

Considering  it  again  as  the  ftnxion  of  the  quantity  in 
the  vessel  after  the  time  f,  when  the  density  is  rf,  and 
the  quantity  CD  —  C  J,  it  is  —  C  i,  we  have  therefore 

and,  consequently, 

.  _  Q^jc^m  ^d 

"     8A  ^/H^     ^   Ve^-Drf)' 
The  fluent  of  this  corrected,  so  as  to  make  t  r:  0  when 
d  -^  I,  is 


%kd 


v/{h 


d; 


C  v'  f -5  -  D) 


8  A  V  Ha 
and  the  time  of  completing  the  efflux  when  r/  =  D,  is 

hyp. log.  {^-^"-/^^'-^^^ 


^_Cv^(5-D)^ 


8A  V  Hi 


*D 


*• 


117.  Hitherto  we  have  considered  the  vacuum  into  ASr  dis- 
which  the  air  is  discharged  to  remain  perfect »  and  the  charged  out 
medium,  when  we  have  taken  this  case,  has  also  been  of  ^'/levea- 
supposed  to  remain  of  the  same  density;  but  when  air  ^^^^^.j.^ 
is  discharged  from  one  vessel  to  another,  this  hypothe- 
sis can  be  no  longer  employed ;  for,  in  this  case,  as  the 
air  in  one  vessel  becomes  rarer  by  the  etflux,  the  other 
will  become  more  dense  by  the  influx  j  let  us,  therefore, 
in  concluding  this  part  of  our  inquiry,  examine  the  cir- 
cumstances attending  the  discharge  of  air  under  these 
circumstances* 

Let  there  be  two  vessels,  ABCD,  CFGH  {^^,  1 3),  Ftg.  t3- 
containing  air  of  different  densities^  and  communicating 
by  the  oriiice  C ;  then  there  will  be  a  current  from  the 
vessel  containing  the  denser  air,  into  that  in  which 
medium  is  rarer;  let  us  suppose  from  ABCD  into 
CFGH. 

Let  P  denote  the  initial  elastic  force  of  the  air  in  the 
former  of  these,  Q  its  density,  and  V  its  velocity;  and 
assume  D  for  the  density  of  the  air  in  the  other  vesseL 
Again,  after  the  time  ^  let  the  density  of  the  air  in 
ABCD  be  ^,  its  velocity  r,  and  the  density  of  the  air 
in  CFGA  be  h. 

Then  the  expelbng  force  from  ABCD  will  be,  in  the 
first  instant, 

Q    * 

and  at  the  end  of  the  lime  /  it  will  be 
Py    _    P^ 
Q  Q    '■ 

we  have,  therefore,  the  following  analogy : 
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P  N  E  U  M  A  T  I  C  S. 


or 
consequently 


-     V^    5(Q_D)' 


the  motion,  therefore,  will  cease  when  J  =  g. 

Let  us  assume  the  capacity  of  the  first  vessel  to  be 
A,  and  that  of  the  second  B ;  then  we  shall  have  this 
second  equation, 

AQ-fBD  =  A7  +  B^; 
for  the  quantity  of  air  in  the  case  we  are  investigating 
will  obviously  remain  constant 
This  latter  equation  gives 

A(Q^  +  BD. 
^-  B  • 

and  substituting  this  for  S  in  the  foregoing  value  of  r, 
that  equation  will  become 

"/Q^[B(7-D)^A(Q-7)}, 


t?  =  V  X 


7  B  (Q  -  D) 

which  give  the  relation  between  the  velocity  v  and  the 
density  9. 

In  onler  to  determine  the  relation  between  the  time 
and  the  density,  that  is,  to  find  the  density  9  due  to 
any  time,  let  us  simplify  our  expression  by  writing 
Q  (B  -f  A)  =  HI,  BDQ  -f  BQ*  =  n,  BQ  —  BD  =  r, 

and  —  =  ». 
tn 

Then  proceeding  the  same  as  above,  and  denoting, 

for  distinction  sake,  the  area  of  the  orifice  by  A',  we 

shall  have 

8  A'  V  H  X        ^  / '  X  qt 

>/  rq 

for  the  fluxion  of  the  quantity  taken  with  reference  to 
the  time  and  velocity.  And  the  same,  taken  with  re- 
ference to  the  quantity,  after  the  time  ty  in  the  first 

vessel,  that  is  with  reference  to  (AQ— A  9),  will  be— A  q ; 
whence  we  shall  have 


8  A'  v'  H  X 


^(mq-^n) 


^  rq 
or,  which  is  the  same. 


X  9  ^=  —  A  9; 


tzz 


8A'  V  Hm        ^((f  ^  sq) 

The  fluent  of  which  must  be  taken  so  that  when  ^  =  0, 
9  z=  Q ;  this  gives,  for  the  complete  fluent, 

___  X  byp.iog.{^^|^^^(^3,)} . 

Remarks.  118.  Many  of  the  deductions  •obtained  in  this  sec- 
tion hear  a  certain  analogy  to  those  deduced  in  our 
treatise  on  Hydraulics,  respecting  the  flowing  of  water 
and  discharges  of  vessels  under  the  various  circum- 
stances there  supposed.  We  have  seen,  in  the  course 
of  our  investigations  on  the  latter  subject,  that  how- 
ever necessary  our  theoretical  principles  might  be,  in 
order  to  arrive  at  correct  practical  conclusions,  yet, 
that  they  would  have  been  employed  to  little  or  no 
purpose  without  the  aid  of  experiments,  in  order  to 
modify  and  adjust  them  to  tlie  different  cases  that  may 
happen.  The  discrepancy  between  the  theory  and 
practice  doubtless  anses  from  various  circumstances 
being  omitted  to  be  considered  in  the  former,  which 
actually  obtain  in  the  latter;  from  our  imperfect  know- 


ledge of  the  nature  of  fluidity,  and  the  erroneoot  hypo-  m 
theses  which  are  employed  in  consequence.     Experi*     < 
ments,  by  giving  the  actual  results  under  varioiiB  cir- 
cumstances, supply,  in  some  measure,  these  defects,  and  ^^ 
enable  us  to  modify  our  theoretical  expressions,  in  such 
a  manner  as  to  produce  corresponding  results,  and 
having  thus  produced  the  required  coincidences,  in  all 
cases  where  we  are  able  to  form  the  comparisoqs,  we 
infer,  and  with  great  propriety,  that  in  any  other  cases, 
not  very  different  from  the  above,  the  same  formvlK 
will  apply,  and  thus,  by  blending  experiment  with  the^Mry, 
our  knowledge  is  rendered  subservient  to  varioas  use- 
ful and  practical  purposes  of  life. 

There  is  little  doubt  that  modifications  of  a  similar 
nature,  but  different  probably  in  quantity,  become  also 
necessary  in  order  to  render  our  preceding  deductions 
actually  appUcable  to  such  cases  as  may  result  respect- 
ing the  discharge  of  air  under  different  circumstances ; 
but  experiments  on  this  medium  are  much  more  diffi- 
cult to  execute  and  observe  than  those  reupectiag^ 
water  and  other  heavy  fluids,  and  our  practical  imeii- 
matical  knowledge  is  therefore  much  more  limited  tban 
in  the  cases  alluded  to.  The  only  experimentSi  indeedy 
having  any  decided  reference  to  the  present  subject, 
that  we  are  acquainted  with,  are  those  made  by  Mr. 
Banks,  and  published  by  that  gentleman  in  his  work 
on  the  power  of  machines,  the  most  important  oS 
which  are  as  follow : 

119.  Referring  to  (fig.  14),  A  is  a  cask  qf  known  Ba 
capacity,  into  the  top  of  which  is  screwed  an  apertuie  P« 
a,  of  known  area,  the  tube  T  d,  recurved  at  i,  is  soldered  Fi| 
or  screwed  into  the  top  of  the  said  cask.  The  hoia  m 
is  stopped,  and  water  poured  into  the  tube  T  till  it  Is 
full ;  at  which  time  a  quantity  of  water  will  have  pnosod 
out  of  the  tube  at  d,  and  condense  the  air  in  the  cask 
till  its  spring  is  equal  to  the  weight  of  the.  water  in.  the 
tube.  At  this  time  a  cock  placed  over  the  tube  T,  suf- 
ficiently laree  to  supply  water  as  fast  as  it  can  descend 
in  the  vessel  A,  must  be  opened,  to  keep  the  tube  con- 
stantly filled ;  for  this  purpose  one  person  must  attend 
it,  and  another  must  open  the  aperture  a,  which  needs 
only  to  be  closed  by  the  finger,  and  he  must  measure 
the  seconds,  from  the  moment  that  the  finger  is  re- 
moved, till  Ae  water  flies  out  at  the  jet.  Hence,  fiom 
knowing  the  capacity  of  the  vessel,  and  the  area  of  the 
jet,  the  velocity  may  be  obtained.  If  the  tube  Td 
should  be  continued  nearly  to  the  bottom  of  A,  while 
A  was  filling  with  water,  the  length  of  the  compressing 
column  would  be  gradually  diminished,  and  or  conse- 
quence the  pressure  would  be  constantly  changing :  to 
avoid  any  irregularity  this  might  produce,  Uie  open 
end  of  the  tube  is  as  near  the  bottom  of  the  cask  as  is 
consistent  with  a  free  passage  for  the  water. 

Experiments. 

1.  The  vessel  contained  15  lbs.  6oz.  of  water>  firom 
which  we  find  its  capacity  425*088  cubic  inches.  The 
area  of  the  aperture  a,  through  which  is  discharged 
-0046  of  an  inch. 


i.<  Yi 


The  altitude  of  T  above  the  cask  30  inches* 

Time  of  expelling  the  air  33  seconds. 

This  result  was  obtained  from   the  mean 

several  trials. 
The  altitude  of  T,  six  feet.     ' 
The  time  of  expelling  the  air  21*3  seconds. 
This  result  is  also  the  mean  of  several  trials. 


of 
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In  the  fint  experiment,  425*088,  the  capacity  of  the 
cask,  beisg  divided  by  *0046,  the  area  of  the  hole, 
'  gires  92410-4  inches,   for  the  length  of  the   stream 
oziveii  cot  in  33  seconds.     Hence 


92410-4 
12  X  33 


=  233-3  feet, 


tlie  velocity  per  ^cond. 

From  the  second  experiment  we  dednce,  by  a  similar 
process,  361-6  feet,  for  the  velocity  per  second,  and  to 
sbow  the  correspondence  of  this  with  the  first,  say,  as 
V30:  V6x  12  ::  233-3  :  361-8, 
^iiffering  from  the  former  by  only  -2,  or  ^th  of  a  foot. 
If  we  were  to  compute  these  velocities  theoretically, 
'vre  should  have 

v^33{.  :  V2^  ::  1339  :  367. 
This  is  too  great,  but  if  we  suppose  the  contraction 
mMM,  tliis  case  to  be  the  same  as  in  the  discharge  of  water, 
Alirough  an  orifice  in  a  thin  plate,  we  must  reduce  the 
ilirrr  in   the  ratio   of  8  to  5,  which    gives  for  the 
^^relocity,  under  a  constant  pressure  of  30  inches,  230 
'fieet  per  second,  which  agrees  very  nearly  with  the 
s^boye  practical  determination. 
Jkgtdn^        V  33^  :    V  6  :    1339  :  568-8, 
«]id  568-8  X  f  =  355  feet, 

^lie  computed  velocity  in  the  second  experiment. 

As  far,  therefore,  as  the  preceding  experiments  can 

l>e    depended  upon,  it  appears  that  the  contraction  of 

wSt,  in  passing  through  an  orifice  in  a  thin  plate,  is 

nearly  tne  same^s  that  of  water;  still  we  must  again 

repeat,  that  the  great  dissimilarity  of  the  two  fluids 

leads  us  to  suspect  the  accuracy  of  the  deductions.    A 

well-conducted  course  of  experiments  directed  to  this 

iiB<{iury,  would  be  highly  interesting ;  although,  per- 

liaps,  it  would  be  a  subject  of  curiosity,  rather  than 

of  much  practical  utihty,  for  it  fortunately  happens,  thsit 

•iicli  determinations  are  not  frequently  necessary  in  the 

Mual  .amlications  of  the  science  of  Pneumatics. 

S^.       120.  The  cases  of  greatest  utility  are  those  where  air 

•'••-Is  expelled  from  a  vessel  by  an  external  force,  as  in 

^'^  Ibe  working  of  bellows,  either  of  the  ordinary  construc- 

ton,  Dr  as  consisting  of  a  cylinder  fitted  with  a  move- 

•*>!«  piston.     This  last  case  deserves  some  attention, 

^d  we  shall  see  that  the  investigation  n  very  simple 

•■^ti  direct.     Suppose,  for  example,  a  machine  of  this 

"•id  to  be  represented  in  (fig.  12),  AD  being  considered 

^  a  piston  moving  downwards  with  the  uniform  velo- 

^^*^3f  If,  and  let  the  area  of  the  piston  be  n  times  the 

J^l^^of  the  orifice;  then  the  velocity  of  efiAux  arising 

^Om  the  motion  of  the  piston  will  hen  u,  and  if  to 

*^i»  we  add  the  velocity  V  due  to  the  elasticity  of  the 

**^,  we  shall  have  V  +  n  ti  for  the  whole  velocity  of 

^flBux. 

This  is  the  principal  object  of  inquiry  as  far  as  any 
P^^wrtical  application  is  concerned ;  if  we  were,  as  a  mat- 
^^ip  «f  curiosity,  to  examine  the  density  of  the  air  in  the 
Tassel  after  any  given  time,  we  should  still  find  the 
Problem,  although  so  simple  as  far  as  it  regards  the 
**H)vc  determination,  extremely  intricate  and  unma- 
n^^feable,  even  on  the  supposition  of  an  uniform  motion 
?^  the  piston.  At  the  beginning  of  the  motion  the  air 
,  '■^  the  vessel  will  be  of  the  usual  density,  but  as  the 
P^tDn  descends  faster  than  the  air  can  escape,  it  will 
^^  lx>th  expelled  and  compressed,  and  its  density  will 
'l^ty  secerning  to  a  law  very  difficult  to  express,  and 
^**^  same  will  be  the  case  with  respect  to  its  resistance 
^^  re-action  on  the  piston.    On  account  of  this  irre- 
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gular  density  of  the  air,  a  piston  which  moves  uniformly  Motion  6f 
by  means  of  an  external  force,  will  never  produce  an     dasUc 
uniform  blast  by  successive  strokes.     The  best  method      *""*^ 
of  obtaining  uniformity  is  to  employ  the  external  force  ^*^^^^"^ 
only  for  lifting  up  the  piston,  and  to  let  it  descend  by 
its  own  weight;  in  this  way  it  will  sink  down  in  the 
first  instants  rapidly,  compressing  the  ajr  till  its  density 
and  corresponding  elasticity  exactly  balance  the  weight 
of  the  piston,  after  which  it  will  descend  equably,  and 
the  blast  will  be  uniform. 

121.  We  have  seen,  in  our  treatise  on  Hydraulics,  Motion  of 
that  the  discharge  of  water  through  long  pipes  differs  air  through 
very  essentially  from  the  discharge  through  a  simple  ***°^  P*P"- 
orifice,  and  we  have  reported  various  experiments  from 
which  the  retardation,  under  certain  limits,  may  be 
determined.  A  similar  efiect  is  observed  in  the  pas- 
sage of  air  through  tubes  of  great  length ;  but  whether 
we  can  with  sdety  infer  the  laws  of  resistance  and 
retardation  to  be  the  same  here  as  in  the  former  case, 
appears  to  be  exceedingly  doubtful.  We  know  that 
the  motion  of.  water  is  greatly  impeded  by  all  con- 
tractions of  its  passage ;  these  requiring  an  accelera- 
tion of  velocity  where  the  passage  is  narrowest,  ren- 
der an  increase  of  pressure  to  force  them  through  also 
necessary,  which  pressure  ought  to  be  proportional  to 
the  square  of  the  velocity.  Thus,  if  a  machine  working 
a  pump  cause  it  to  give  a  certain  number  of  strokes  in 
a  minute,  it  will  deliver  a  determinate  quantity  of 
water  in  that  time ;  but  should  it  happen  that  the  pas- 
sage is  contracted  to  oae-half,  in  any  pai't  of  the  ma- 
chine, a  thing  which  frequently  occurs  at  the  valves, 
the  water  must  move  through  this  contraction  with 
twice  the  velocity  that  it  has  in  the .  rest  of  the  pas- 
sage, which  requires  four  times  the  force  to  be  exerted 
on  the  piston ;  and  a  similar  efiect  will  be  produced  if, 
instead  of  a  contraction,  a  widening  of  the  pipe  have 
place  in  any  part  of  its  length ;  in  fact,  any  irregula- 
rities of  form  will  produce  a  greater  or  less  retardation 
of  velocity,  or  a  greater  force  to  produce  the  same  ve- 
locity as  in  a  pipe  of  uniform  dimensions. 

The  same  thing  takes  place  in  the  motion  of  air,  and 
therefore  all  contractions  and  dilations  ought  to  be  as 
carefully  avoided  in  the  transmission  of  air  as  in  the 
case  of  water. 

122.  When  the  bore  of  the  pipe  is  perfectly  uniform,  FaUureof 
a  retardation  will  still  take  place,  and  that  greater  or  certain 
less  in  proportion  to  the  length,  diameter  of  the  tube  ™*chjncs. 
through  wluch  the  air  passes,  and  the  force  with  which 
it  is  impelled.  By  not  attqading  to  this  circumstance, 
engineers  of  the  first  reputation  have  been  prodigiously 
disappointed  in  their  expectations  of  the  quantities  of 
air  which  will  be  delivered  by  long  pipes.  Its  extreme 
mobility  and  lightness  hindered  them  from  suspecting 
that  it  should  sufier  any  sensible  retardation.  The 
ingeniots  Dr.  Papin  proposed  the  following  as  the 
most  efiectual  method  of  transferring  the  action  of  a 
moving  power  to  a  great  distance.  Suppose  that  it 
were  required  to  raise  water  out  of  a  mine  by  a 
water-machine,  and  that  there  were  no  fall  of  water 
nearer  than  a  mile;  he  proposed  to  employ  this 
water  to  drive  a  piston  which  should  compress  the 
air  in  a  cyhnder  communicating  by  a  long  pipe,  with 
another  cylinder  at  the  mouth  of  the  mine ;  and 
this  second  cylinder  to  be  supplied  with  a  piston 
whose  rod  was  to  give  motion  to  the  pumps  at 
the  mine.  He  expected  that,  as  soon  as  the  pis- 
ton at  the  water-machine  had  compressed  the  air 
2y 
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sufficiently,  it  should  cause  that  in  the  cylinder,  at 
the  mine,  to  force  up  its  piston,  and  thus  work  the 
pumps.  Dr.  Hook  made  many  objections  to  the 
method,  when  laid  before  the  Royal  Society,  and  it 
was  much  debated  there ;  but  at  this  time  Dynamics 
was  in  its  infancy,  and  very  little  understood.  Not- 
withstanding the  great  reputation  of  the  projector  of 
this  machine,  he  could  not  bring  his  scheme  into  use 
in  England ;  but  afterwards,  in  France  and  in  Germany, 
where  he  settled,  he  found  some  persons  of  fortune  to 
employ  him  in  this  project ;  and  he  erected  several  con- 
siderable machines  in  Auvergne  and  Westphalia  for 
draining  mines ;  but  so  far  from  their  being  effective, 
they  would  not  even  begin  to  move.  He  attributed 
this  failure  to  the  quantity  of  air  in  the  pipe  of  commu- 
nication, which  must  be  condensed  berore  it  can  con- 
dense the  air  in  the  cylinder.  This,  indeed,  is  true, 
and  he  should  have  thought  of  it  earlier ;  he  therefore 
diminished  the  size  of  the  pipe,  and  made  his  water- 
machine  exhaust  instead  of  condensing,  and  had  no 
doubt  but  that  the  immense  velocity  with  which  air 
rushes  into  a  vacuum,  would  make  a  rapid  and  effectual 
communication  of  power ;  but  he  was  equally  disap- 
pointed in  this  construction,  for  the  machine  at  the 
mine  stood  still  as  before. 

Long  after  this  a  very  enlightened  engineer  attempted 
a  much  more  plausible  thing  of  the  same  description  at 
an  iron  foundery  in  Wales.  He  erected  a  machine  at  a 
powerful  water-fall,  which  works  a  set  of  cylinder  bel- 
lows; the  blow-pipe  of  which  was  conducted  to  the  dis- 
tance of  a  mile  and  a  half,  where  it  was  applied  to  a  blast 
furnace ;  but  notwithstanding  every  care  to  make  the 
conducting-pipe  exactly  air-tight,  of  great  size,  and  as 
smooth  as  possible,  it  would  hardly  blow  out  a  candle. 
The  failure  was  ascribed  to  the  impossibility  of  making 
the  pipe  perfectly  air-tight;  but  what  was  surprising, 
about  ten  minutes  elapsed  after  the  action  of  the  pis- 
ton in  the  bellows,  before  the  least  wind  could  be  per- 
ceived at  the  end  of  the  pipe ;  whereas  the  engineer 
expected  an  interval  of  six  seconds  only. 

These  facts  show  the  extreme  inadequacy  of  mere 
theoretical  deductions  to  guide  us  in  any  actual  prac- 
tical application,  and  the  great  necessity  for  multi- 
plied observations  and  experiments  in  order  to  render 
our  knowledge  of  any  real  utility  in  mechanical  con- 
structions. 

123.  In  the  operation  of  bellows,  of  whatever  con- 
struction, the  pipe  through  which  the  air  passes  is  not  of 
great  length,  and  our  theory  may  be  employed  to  more 
advantage  in  determining  their  effect,  than  in  most  other 
cases,  while  it  is  fortunate  that  this  is  almost  the  only 
one  of  real  utility.  The  questions  which  present  them- 
selves to  the  engineer  in  connection  with  this  inquiry, 
are  to  determine  the  proper  size  of  the  bellows,  the 
requisite  load  on  the  board  or  piston,  what  size  of 
tube  will  give  the  blast  which  the  service  requires, 
and  what  force  must  be  employed  to  give  them  the  ne- 
cessary degree  of  motion.  We  shall  accomplish  these 
purposes  by  considering  the  efflux  of  the  compressed 
air  through  the  tube. 

That  we  may  proportion  every  thing  to  the  power 
employed,  we  must  recollect,  that  if  the  pisUm  of  a 
cyhnder  employed  for  expelling  air  be  pressed  down 
with  any  force  p,  it  must  be  considered  as  superadded 
to  the  atmospheric  pressure  P  on  the  same  piston,  in 
order  that  we  may  compare  the  velocity  v  of  efflux  with 
the  known  velocity  V  with  which  air  rushes  into  a  void. 


From  the  principles  illustrated  in  the  preceding  part  of  m 
this  section  (art.  112),  it  appears  that  this  velocity  is     < 

r  =  V  X  xXjt^, —  ,  where  P  is  the  pressure  oliha  "^ 
^     tr  +  p 

atmosphere  on  the  piston,  and  p  the  additional  load  Yd 
laid  on  it.  This  velocity  is  expressed  in  feet  pCT«* 
second ;  and,  when  multiplied  by  the  area  of  the  orince 
(also  expressed  in  square  feet),  it  will  give  us  the  ca- 
bical  feet  of  condensed  air  expelled  in  a  second ;  bat 
the  bellows  are  always  to  be  filled  again  with  common 
air,  and  therefore  we  want  to  know  the  quantity  of 
common  air  which  will  be  expelled ;  for  it  is  this  which 
determines  the  number  of  strokes  which  must  be  made 
in  a  minute,  in  order  that  the  proper  supply  may  be 
obtained.  Therefore  we  must  recollect,  that  the  quantity 
expelled  from  a  given  orifice  with  a  given  velocity,  is  in 
the  proportion  of  the  density ;  and  that  when  D  is  the 
density  of  common  air  produced  by  the  pressure  P,  the 
density  d  produced  by  the  pressure  P  +  p,  is 


D  X 


P  +  P 


;  or  if  D  be  made  1 ,  we  have  d  zz 


P+/> 


Hence,  calling  the  area  of  the  orifice  expressed  in 
square  feet  A,  and  the  quantity  of  common  air,  or  the 
cubic  feet  expelled  in  a  second  Q,  we  have 

Q  =  V  -  A  -    ^-^ P  +  y 


X  A  X 


y-, 


^+P    -^        P      • 

It  will  be  sufficiently  exact  for  all  practical  purpbaei  Q% 
to  suppose  P  to  be  15  pounds  on  every  square  inch  Of  cxj 
the  piston :  and  p  is  then  conveniently  expressed  by 
the  pounds  of  additional  load  on  every  square  mch ; 
we  may  also  take  V  =  1339  feet,  the  velocity  with 
which  air  rushes  into  a  vacuum,  as  determined  in  (art. 
107). 

As  the  orifice  through  which  the  air  is  expelled  is 
generally  very  small,  never  exceeding  three  inches  in 
diameter,  it  will  be  more  convenient  to  express  it  in 
square  inches  ;  which  being  the  -xi?  of  a  square  foot, 
we  shall  have  the  cubic  feet  of  common  air  expelled  in 


a  second,  or  Q  =z 


1339 
144  ' 


y> 


P   + 


f  • 


or,9-3A^ 


P+P 

P  P  +P        1^.  1 

„  ^ —  X  — tT^*  which  seems  to  be 
P  H-P  P 

as  simple  an  expression  as  we  can  obtain. 

This  will,  perhaps,  be  illustrated  by  taking  an  ex* 

ample  in  numbers.     Let  the  area  of  the  piston  be  four 

square  feet,  and  the  area  of  the  round  hole  through 

which  the   air    is  expelled  two  inches,  its  diameter 

being  1*6,  and  let  the  load  on  the  piston  be  1728 

pounds ;  this  is  three  pounds  on  every  square  inch. 

We  have  P  =  I5,p  =  3,  P  +  p  =z  18,  and  A  =  2; 

therefore  we  shall  have  Q  z:  2  x  93  x  \Xt5  ^  rr, 

'^      18       15 

=:  9*056  cubic  feet  of  common  air  expelled  in  a  second. 
This  will,  however,  be  diminished  about  one-third  hj 
the  contraction  of  the  jet ;  and  therefore  the  supply 
will  not  exceed  six  cubic  feet  per  second.  Supposing^ 
therefore,  the  blowing-machine  to  be*  a  cylindar  or 
prism  of  this  dimension  in  its  section,  the  piston  so 
loaded  would  (after  having  compressed  the  air)  descend 
about  15  inches  in  a  second.  It  would  first  sink  j^  of 
the  whole  length  of  the  cylinder  pretty  suddenly,  tul  it 
had  reduced  die  air  to  the  density  ^^  and  would  thai 
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descend  uniformly  at  the  above  rate,  expelling  six  cubic 
feet  of  common  air  in  a  second. 

The  compulation  is  made  much  in  the  same  way  for 
bellow*  of  the  common  form,  with  this  additional  cir- 
cum6tance»  that  as  the  loaded  board  moves  round  a 
hioge  at  one  end,  the  pressure  of  the  load  must  be 
calculated  accordingly.  The  computation,  however, 
becomes  a  little  intricate,  when  the  form  of  the  loaded 
board  is  not  reclim^ular;  it  Is  almost  useless  when 
the  bellows  have  flexible  sides,  either  like  smithes 
Or  organ  bellows,  because  the  change  of  fi^re,  during 
their  motion,  makes  continual  variation  on  the  com- 
pressing powers.  It  is  therefore  chiefly  with  re* 
^ct  to  the  wooden  or  iron  bellows,  of  which  the  board 
er  piston  slides  down  between  the  aides,  that  the  above 
calculation  is  of  service. 

The  propriety,  however,  of  this  piece  of  information 
evident:  we  do  not  know  precisely  the  quantity  of 
r  necessary  for  animating  a  furnace;  but  this  calcu- 
ail  on  tells  iis  what  force   mast  be  employed  for  ex- 
iting' the  air  that  may  be  thoug-ht  ncccssarv*     If  we 
ave  fixed  on  the  strength  of  the  blast,  and  the  diame- 
r  of  the  cylinder,  we  learn  the  weig-htwith  which  the 
iston  must  be  loaded  ;  the  length  of  the  cylinder  de- 
munes  its  capacity,  and  the  above  calculation  tells 
e  expence  per  second ;  hence  we  have  the  time  of 
c  piston's  coming  to  the  bottom.     This  gives  us  the 
Tiu ruber  of  strokes  per  minute  :  the  load  must  be  lifted 

I  up  by  the  machine  this  number  of  times,  making  the 
time  of  ascent  precisely  equal  to  that  of  descent; 
ptherwise  the  machine  will  either  catch  and  stop  the 
diescent  of  the  piston*  or  allow  it  to  he  inactive  for 
^^wbile  after  each  stroke.  These  circumstances  deter- 
anine  the  labour  to  be  peifoi-med  by  the  machine,  and  it 
in u St  be  constructed  accordingly. 
In  machines  which  force  the  piston  or  bellows-board 
j  ^tli  a  certam  determinate  motion,  different  from  that 
;       due  to  their  OM^n  weight,  the  computation,  as  we  have 

N observed  before,  becomes  extremely  intricate ;  we  may, 
poiwever,    approximate  to  the  force  required   by  em- 
ploying  the  following  considerations: 
Every  time  the  piston  is  drawn  up,  a  certain  space 
of  the  cylinder  is  tilled  again  with  air  of  the  common 
liensity,  and  this  is  expelled  during  the  descent  of  the 
^i»ton.     A  certain  number  of  feet  of  common  air  is 
•Hetcfore  expelled  during  this  time  with   a  velocity, 
Perhaps  constantly  var)'ing;  but  there  is  doubtless  a 
y^edium  velocity  with  which  it  might  have  been  uni- 
formly expelled,  nnd  a  pressure  corresponding  to  that 
'^locity.     To  find  this,  divide  the  area  of  the  piston  by 
^e  area  of  the  blast-hole  maltiplted  by  ^  (assuming 
*l^t«  fraction  for  the  contraction  of  the  vein),  and  multi- 
ply the  length  of  strokes  performed  in  a  second  by  the 
H**otient  arising  from  this  division,  and  the  product  is 
^w  medium  velocity  of  the   air  of  natural   density* 
*«en  find,  by  the  proper  rules,  the  height  through  which 
Mjody  must  fall  to  acquire  this  velocity,  and  this  will 
^  the   height   of  a  homogeneous  atmosphere  which 
^Tild  expel  it  with  the  same  velocity.     The  weight  of 
J«ts  column  is  the  least  force  that  can  be  exerted  by 
,ne  engine;  it  is  too  small  to  overcome  the  resistance 
'^  the  middle  of  the  stroke,  it  is  too  great  for  the  end  of 
}h^  stroke,  and  much  too  great  tbr  the  beginning.    But 
J^  the  machine  be  turned  by  a  very  heavy  water-wheel , 
***§  will  act  as  a  regulator,  accumulating  in  itself  the 
^fjerfluous  force  during  the  two  favourable  positions 
^^  the  crank,  and  exerting  it  by  its  vk  imitu  during  the 


fluids. 


time   of  its  greatest  effort.     A  force  not  greatly  ex-  Moii«n  of 
ceeding  the  weight  of  this  column   of  air  will,  there-     ekHiic 
fore,  suffice.     On  the  other  hand,  if  the  strength   of  ^ 
the  blast  be  determined,  which  is  the  general  state 
of  the  problem,  this  will  give  the  degree  of  condensa- 
tion of  the  air,  and  the  load  on  the  square  inch  of  the 
piston,   or  the  mean  force  which   the  machine  must 
exert  on  it* 

1*24.  Mr.  Banks,   in  his  Treatise  on  the  Power  of  Bants*  ex- 
Machines,  describes  certain  experiments  performed  by  p<^j^''"^^ 
him   for   determining   the  velocity  with   which  air  is  ^f  jjjyj,^** 
driven  out  of  bellows,  of  any  form  or  size,  and  loaded 
with  unknown  weights,  and  without  knowing  the  area 
of  the  pipe  or  aperture  through  which  it  is  discharged* 

Referring  to  (fig.  15),  B  is  a  tube  of  brass  or  iron,  to  Apparttu*, 
which  a  bottom  may  be  screwed  or  soldered,  but  not  PJg-  ^^' 
with  soft  solder ;  AC  is  a  tube  made  fast  in  that  bottom, 
and  reaching  nearly  to  the  top.  The  upper  plate  L  is 
fixed  With  a  screw,  or  with  screws  and  leather;  DE  is 
a  pretty  strong  glass  tube,  the  bore  of  which  need  not 
be  more  than  Jth  of  an  inch.  When  the  instrument 
is  to  be  used  it  is  filled  with  water  to  within  an  mch  of 
the  top,  and  the  end  A  may  be  stuck  fast  into  a  hole 
made  to  receive  it  in  the  upper  board  of  a  pair  of  com- 
mon smith's  bellows;  then  blowing  gently,  the  pressure 
will  act  upon  the  surface  of  the  water  contained  m  the 
instrument,  and  cauBc  it  to  rise  in  the  tube  DE, 
which  is  open  at  top,  and  by  the  altitude  of  the  water 
we  know  by  means  of  the  following  table  the  velocity 
with  which  the  air  leaves  the  bellows. 

When  the  air  requires  to  be  much  compressed,  as  in 
iron-furnaces,  the  water  would  flow  out  at  the  top  of 
the  tube,  except  it  were  5  feet  or  more  in  length ;  in 
this  case  quicksilver  may  be  used  instead  of  water,  and 
the  tube  may  be  shorter ;  one  foot,  for  instance,  would 
be  long  enough  for  the  strongest  blast,  that  is,  for  the 
greatest  compression  of  air  in  the  most  powerful 
bellows* 

Table.  Of  the  vehcih/  commnnicatrd to  air  %  water ^  SfC, 


AlUtudc 

Altitudir 

Velocity  of 

1  Ahiiude 

Altitudi; 

Velocity  of 
air,  in  i\x\, 

of 

of 

alr»  in  teet» 

of 

of 

iiicrcary. 

water 

per  second. 

valer. 

per  second. 

liuljcs. 

inches. 

li)>ch«a. 

Fe«L 

*077 

1 

42 

8-3 

9 

442    : 

•15 

1 

57 

10*0 

12 

510 

■23 

3 

73 

13*0 

14 

550 

^30 

4 

85 

140 

16 

589 

•38 
•46 

5 

95 
104 

Ftf€l. 

Feet 

•53 

7 

112 

1*30 

17 

608 

•61 

8 

123 

1*38 

18 

622 

*m 

9 

128 

1-46 

19 

638       , 

.77 

10 

134 

1-53 

20 

658-i 

*84 

11 

141 

161 

21 

672 

•92 

12 

1471     i 

1*70 

22 

690J 

1-77 

1*84 

23 
24 

704 
719 

1L5 

15 

164 

1-38 

18 

180 

1-92 

25 

736 

1^61 

21 

194 

2-00 

26 

748 

2-07 
2*15 

27 

763 

1-84 

24 

208 

28 

779      1 

2-80 

36 

251-8 

2*23 

29 

789 

3*70 

48 

294 

2-30 

30 

803 

415 

54 

312 

2-38 

31 

818 

4*61 

60 

329 

2*46 

32 

832 

5-53 

72 

360 

2-53 

33 

845 

Y   2 
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Of  the  vc- 
liirity  of  the 
wind. 


By  means  of  this  ttiblc,  and  the  mstniment  above 
described,  it  will  be  easy  to  compare  the  velocities  com- 
municated to  air  by  different  bellows,  whether  we  em- 
ploy mercury  or  watier.  In  small  velocities  water  will 
be  the  most  convenient,  as  the  scale  of  variation  will  be 
larger ;  but  when  the  pressure  is  equal  to  4  or  5  feet 
of  water,  on  account  of  the  length  of  the  tube,  quick- 
silver will  be  the  best  fluid  to  employ ;  the  instrument 
or  gage  may  be  connected  with  any  pair  of  bellows  or 
tube,  where  the  air  b  condensed ;  a  hole  may  be  bored 
tliroughthe  iron,  near  the  tewei,  or  nosel  of  the  bellows, 
as  a  proper  place  to  try  the  condensation. 

Let  us  suppose,  for  example,  it  were  observed  that  the 
mercury  was  raised  54  inches,  then  we  should  learn  from 
an  inspection  in  the  above  table,  that  the  velocity  of  the 
air  was  360  feet  per  second,  or  about  245  miles  per 
hour ;  and  in  the  same  manner  any  other  elevation  of 
the  mercury  or  water  will  point  out  the  velocity  of  the 
effluent  air. 

125.  Instead  of  a  long  tube  for  a  strong  blast,  Mr. 
Banks  proposes  the  following;  adjustment,  viz.  to  seal 
the  end  £  (fig.  16).  Accordmg  to  this  plan,  a  tube  12 
inches  long  will  be  amply  sufficient^  to  which  a  scale 
may  be  adapted. 

Let  us  suppose  it  filled  with  water  to  DD,  and  the 
top  L  screwed  tight ;  then  whatever  quantity  of  air  may 
be  forced  through  AC  into  the  gage  B,  it  will  press 
upon  the  water,  and  cause  it  to  rise  in  the  tube  DE, 
till  the  condensed  air  is  of  the  same  density  as  that  in 
B :  that  is,  if  the  density  in  B  be  doubled,  that  in  DE 
will  be  doubled  also,  or  the  water  will  have  filled  half 
the  tube.  In  short,  the  density  in  B,  and  the  upper 
part  of  the  tube  D£,  will  always  be  the  same;  and  in 
the  latter  it  will  be  reciprocally  as  the  length ;  that  is, 
as  the  length  of  the  tube  is  to  the  pressure  of  the 
atmosphere,  so  is  the  length  of  the  column  of  com- 
pressed air  to  the  force  which  compresses  it ;  which 
force  being  thus  known,  the  dependent  velocity  may 
be  determined  as  in  the  former  case. 

In  the  foregoing  articles  we  have  spoken  only  of  the 
tlicory  of  the  operation  of  bellows  and  blowing  ma- 
chines ;  for  their  construction  we  must  refer  the  reader 
to  their  respective  heads  in  our  alphabetical  arrange- 
ment. 

§  VIII.  On  the  motion ^  impulse ^  and  resistance  of  air, 

126.  One  of  the  first  and  most  obvious  effects  of  the 
motion  of  air,  is  the  natural  production  of  wind,  the 
causes  of  which  have  given  rise  to  much  philosophical 
inquiry  and  discussion.  It  is,  however,  not  our  pro- 
vince, in  the  present  article,  to  investigate  causes,but 
to  estimate  effects  ;  we  shall  therefore  refer  the  reader 
to  the  article  Wind,  in  our  alphabetical  arrangement, 
for  an  account  of  the  philosophical  arguments  and 
theories  respecting  the  causes  of  the  production  of. 
this  important  natural  agent,  and  shall  here  confine 
ourselves  to  a  statement  of  its  actual  operation,  and  of 
the  effects  it  is  capable  of  producing. 

It  is  a  matter  of  considerable  importance  to  mecha- 
nical science,  as  well  as  an  interesting  subject  of  phi- 
losophical inquiry,  to  determine  the  velocity  of  the 
wind;  but  no  good  and  unexceptional  method  has 
been  contrived  for  this  purpose. 


.  The  space  passed  over  by  the  shadow  of  a  clu 
given  time  has  been  proposed  as  one  of  the  be 
this  is  extremely  fallacious.  Ia  the  first  place  it 
tain,  that  if  even  we  admit  the  cloud  to  have  th 
city  of  the  air  in  which  it  is  carried  along,  this 
an  exact  measure  of  the  current  on  the  suxface 
earth ;  we  may  be  almost  certain  that  it  is  grea 
air,  like  all  other  fluids,  is  retarded  by  the  aid 
bottom  of  the  channel  in  which  it  moves.  But 
next  place,  it  is  very  gratuitous  to  suppose  tl 
velocity  of  the  cloud  is  the  same  as  the  velocity 
stratum  of  air  between  the  cloud  and  the  earth ;  i 
it  is  pretty  certain  that  it  is  not.  It  has  been 
by  Dr.  Hutton  of  Edinburgh,  that  clouds  are 
formed  when  two  parcels  of  air  of  different  te 
tures  mix  together,  each  sustaining  a  proper  q 
of  vapour  in  the  state  of  chemical  solution,  s 
know  that  different  strata  of  air  will  flow  in  d 
directions  for  a  lone  time ;  a  cloud,  therefore,  i 
acted  upon  by  two  distinct  currents,  and  cannot 
means  of  forming  a  correct  estimate  of  the  vel( 
either. 

The  cloud  being  formed  on  the  contiguous  sui 
two  different  currents,  it  is  pretty  obvious,  thai 
of  these  should  come  from  the  east  and  the  oth 
the  west,  with  equal  velocities,  the  cloud  fom 
tween  them  will  have  no  motion  at  all ;  and  sho^ 
come  from  the  east  and  the  other  from  the  noi 
cloud  will  move  from  the  north-east,  but  it  will  n 
the  velocity  of  either  of  the  principal  current 
certain  measure  of  the  wind  is  therefore  to  be  f< 
the  motion  of  the  clouds ;  a  better  estimate  i 
made  by  thick  smoke  from  a  furnace;  but  ti 
of  all  seems  to  be  the  velocity  with  which  a  ba 
carried  from  one  place  to  another  at  a  consi 
distance. 

We  have  some  few  partial  observations  of  thi 
thus  Lunardi  in  one  of  his  voyages  passed  c 
miles  in  an  hour,  although  at  die  time  of  his 
from  Edinburgh  it  was  quite  a  calm,  and  contii 
during  his  whole  voyage ;  Gamerin,  also,  in  his 
from  London  to  Colchester,  passed  over  a  i 
estimated  at  60  miles,  in  three  quarters  of  a 
which  gives  for  the  velocity  of  the  wind,  at  thj 
80  miles  per  hour,  or  1^  mile  per  minute. 

That  the  currents  of  air,  which  we  call  wine 
vrith  such  a  velocity  as  this  is  therefore  obvioi 
we  have  no  means  still  of  determining  the  actu 
city  at  the  surface  of  the  earth,  nor  the  natur 
gale  which  is  produced  by  such  a  velocity  of  th 
because  it  is  the  velocity  of  the  upper  currents  1 
thus  determined,  of  the  violence  of  which  the  c 
has  no  means  of  judging,  as  he  is  moving  in  th 
fectly  easy,  and  the  calm  at  the  surface  (as 
pened  in  both  these  cases)  equally  prevents  the 
trial  spectator  from  judging  of  the  effect  such  a 
would  produce. 

127.  Mr.  Smeaton,  in  the  59th  volume  of  th 
sophical  Transactions,  has  given  the  velocity 
vnnd  corresponding  to  the  usual  denominationt 
language.  These  were  communicated  to  him 
Rouse,  and  are  founded  upon  great  practical 
ledge  and  experience. 
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P^  Taiu-k.  0/ lUt  diJ'ercHt  rttucUte*  and  J'ontt  of  the  nind, 
\        tccwding  to  their  common  appellations,  Bji  J,  Smeaton. 


Velocity- 

erf  the  wind. 

l^c'r|ifiidicu- 

lar  force 
uti  a  square 
iiHii  \\\  lbs 

^llM 

Feet 

per  hour. 

per  i«t:o[id. 

nvotrdu|H>gi«. 

I 

1-47 

-005 

2 

2-93 

'020 

.     3 

4-40 

-044 

4 

5^87 

'079 

►      * 

7-33 

-123     , 

!  10 

14-67 

*492 

15 

22-00 

'    M07 

.    30 

29-34 

1-968 

25 

3667 

3-075 

30 

44-01 

4-429 

35 

51'34 

6-027 

40 

58-68 

7S73 

.    45 

66-01 

9^963 

50 

73-35 

12-000 

60 

88-02 

17-715 

80 

117-36 

31-490 

100 

146-70 

49-200 

Comjuou  appelltttloui  of  the 
wiudt 


Hardly  |iercepUble. 
S  Just  perceptible. 

1  Gentle  pleasaat  gale* 

[  Pleasant  brisk  gale. 

J  Very  brisk  gale. 

J  High  winds. 

J  Very  high  winds. 


\ 


A  storm  or  tempest. 

A  ^real  storm. 

A  hurricane. 

A  hurricane  that  tears 

up  trees  by  their  roots, 

and  carries   buildings, 

^c.  before  it. 


128.  There  have  been  various  instruments  invented 

for  measuring  the  velocity  and  the  power  of  the  wind 

m  a  given  surface,  some  few  of  which  it  will  be  proper 

describe  in  this  article.     They  are  generally  deno- 

aated  anrmomcfers  or  nuid-gnges* 

!•  The  tirst  instrument  of  this  description  seems  to 
tavebeen  invented  by  Wolfius,  in  1708,  and  is  described 
by  him  in  his  **  Areometry,"  in  1709,  and  afterwards  in 
I  two  or  three  other  works  of  this  author;  but  us  consi* 
durable  miprovements  have  since  bt^t'n  made  upon  the 

tcoajtrucUon  proposed  by  VVoIfius,  we  think  it  mmn* 
Cfissary  to  enter  here  into  a  description  of  his  raachiue. 
Ofle  of  the  most  ingenious  and  convenient  methods 
for  measunns:  the  force  of  the  wind  is  to  employ  its 
praasure  in  supporting  a  column  of  watcr»  in  the  same 
4Aj|gj|(.  Pi  tot  measures  the  velocity  of  a  current  of 
^BKl  description  of  which  machine  is  given  in  page 
293,  Hyduaulics. 
2.  An  instrument  of  this  kind  was,  we  believe,  first 
F^posed  by  Dr.  Lind,  and  is  described  by  him  in  the 
rliiL  Trans,  vol.  Ixxv,  a  brief  account  of*  which  is  as 
follows.  Referring  to  (hg,  17),  AB,  CD,  are  two  glass 
^m  J^i>€i,  which  should  not  be  less  than  8  or  9  inches 
^H  '^aji  the  bore  of  each  being  about  '4  of  an  inch  in 
^m  '^flimeter;  they  are  connected  together  by  a  small  bent 
B  ?l''^s  tube  a  A,  only  -i*^th  of  an  inch  in  diameter,  to 
~  filed  the  undulations  of  the  water»  caused  by  a  sudden 
tM  oi  wind.  On  the  upper  end  of  the  leg  AB  Is 
ftUed  a  thin  tueial  lube,  having  its  end  open  to  receive 
^oe  Wind  blowing  horizontally  into  it.  The  two  tubes, 
^rather  the  two  branches  of  the  tube,  are  conntcted 
'"i  A  steel  spindle  KL  by  slips  of  brass  near  the  top 
*od bottom,  by  the  sockets  of  which,  ate  and/,  the 
*bok  instrumL'nt  turns  easily  about  the  spindle,  which 
"fixed  into  a  block  by  a  screw  in  its  bottom,  by  the 
wind  blowing  into  the  orifice  at  F,  When  the  inslru- 
">eQt  i^  used,  a  quantity  of  water  is  poured  in,  till  the 
^  are  about  ball'  full ;  then  cxposbg  the  iustru- 


IT 


ment  to  the  wind,  this,  by  blowing   in  at  the  orifice    J&loUini, 
F,  forces  the  water  down  lower  in  the  tube  AB,  and    »»npuJsf, 
raises  it  so  much  higher  in  the  other  tube  ;  and  the  dif-    .""'^  ^\'  . 
ference  between  the  heights  of  the  surfaces  of  the  water       \^^^ 
in  the  two  tubes,   estimated  by  a   scale  of  inches  and  k^t-^^-^^ 
parts  HI,  placed  by  the  side  of  them,  will  be  the  height 
of  a  column  of  water,  whose  pressure  is  equal   to  the 
force  or  momentum  of  the  wmd,  blowing  or  striking 
against  an  equal  base. 

A  cubic  foot  of  water  weighs  1000  ounces,  or  tl24 
pounds,  the  twelfth  part  of  which  is  5^  lbs,  nearly; 
therefore,  for  every  inch  the  surfLice  of  the  water  is 
raised,  the  force  of  the  wind  will  be  equal  to  so  many 
times  5^  lbs.  on  a  square  foot.  Thus,  suppose  the 
water  to  stand  3  inches  higher  in  one  tube  than  in  the 
other,  then  3  x  5|  =  154- lbs,  will  be  equal  to  the 
pressure  or  force  of  the  wind  on  the  surface  of  a 
square  foot. 

129.  This  instrument  of  Dr.  IJnd  measures  only  the  Dt,linUm\ 
force  or  momentum  of  the  wind,  -and  not  its  velocity;  result*, 
but  Dn  C,  Hntton,  in  his  Mathemaiical  Dictionary, 
proposes  a  method  of  deducing  the  velocity  by  means 
of  the  above  machine  and  certain  experiments  per- 
formed by  himself  at  the  Royal  Military  Academy, 
Woolwich.  From  these  experiments  it  appears,  that 
a  plane  surface  of  a  square  foot  sutlers  a  resistance  of 
1*2  ounces  from  the  wind,  when  blowing  with  a  velocity 
of  20  feet  per  second »  and  that  the  force  is  nearly  as 
the  square  of  th*»  velocity-  Hence,  then,  taking  the 
force  at  15^  lbs.  found  above,  fori  he  force  of  the  wind, 
when  it  sustains  3  inches  of  water,  and  taking  the  square 
roots  of  the  forces^  we  shall  have 

v/12  :  ^/16f  ::20  :  224; 
that  is,  224  feet  per  second,  or  I. ^  miles  per  hour,  is 
the  rate  at  which  wind  blows  when  tiie  distance  be- 
tween the  surfaces  of  the  two  columns  of  water,  in  the 
instrument  above  described  is  three  inches.  And  fur- 
ther, as  the  said  height  is  as  the  force,  and  the  force  as 
the  square  of  the  velocity,  we  shall  have  the  force  and 
veJocity  corresponding  to  the  several  heights  of  the 
water  in  the  one  tube  above  that  in  the  other,  as  in  the 
following  table : 

Table*  Of  the  correspomlut^  height  of  water ^  the  fmre 
an  a  square  Jooi^  and  the  velocity  of  wind. 


Jlvi^ia  of  the 

Force  of  wind  on 

Velocity  per 

%valer. 

a  square  foot 

hour. 

04-  inches. 

•  • « •  lbs. 

18-0  miles 

4 

•  t  *  * 

25^6 

1 

5-2 

36-0 

2 

10-4 

50-8 

3 

15-6 

62-0 

4 

20-8 

72-0 

5 

26'0 

80-4 

6 

31.25 

88-0 

7 

36-5 

95-2 

8 

41-7 

101-6 

9 

46-9 

108-0 

10 

52-1 

113-6 

11 

57-3 

119-2 

12 

62-5 

1240 

These  results  di0er  in  some  respects  ironi  those 
given  above  from  Mr  Smeaton's  paper;  but,  perhaps, 
the  agreement  is  as  near  as  is  to  be  expected  irom  two 
different  observers,  considering  tliat  the  best  means  of 
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anemome- 
ter. 


Figi.  18 


Piicnma.  obtaining  tl»c  requisite  data  Cflnnot  but  be  considered  as 
lica.  extremely  deficient  in  point  of  accuracy.  We  have 
seen  in  the  article  above  referred  to  in  Hydraulics, 
that  experiments  made  witb  Pi  tot's  tube,  which  Dn 
Lind's  instrnment  strongly  refiembleg,  requires  various 
corrections  before  we  can  conclude  the  velocity  of  the 
current  troni  it,  and  similar  corrections  are  in  all  pro- 
bability eipially  necessary  in  the  present  case  ;  but  it 
would  require  multiplied  experiments  in  order  to  form 
a  correct  measure  of  tlie  various  modifications  that  may 
be  requisite,  in  order  to  reduce  the  operation  of  tbe 
machine  to  accuracy  and  uniformity* 

130»  It  would  be  inconsistent  with  the  nature  of 
this  work  to  describe  the  various  constructions  that 
have  been  proposed  under  the  detioniination  of  anemo- 
metors,  or  wind-^a^es,  we  shall  therefore  content  our- 
selves with  a  short  accoimt  of  the  followiog,  as  de- 
scribed by  M,  Reg^iier : 

Figures  18  and  19  exhibit  two  views  of  this  machine^ 
from  which  the  nature  of  its  operation  will  be  as  well 
understood  as  from  any  verbal  description  that  we  can 
give;  GH  is  a  surfrtce  of  g^iven  dimensions,  which  is 
exposed  to  the  direct  impulse  of  the  wind ;  this  sur- 
face, as  shown  in  the  first  figtire,  is  attached  to  the 
stem  EB  in  the  second.  AF  is  a  spring  which  is 
forced  back  by  the  operation  of  the  wind,  the  power  of 
which  spring  may  be  previously  ascertained^  and  the 
effect  registered  on  the  graduated  dial-plate  KI  (fig,  18). 
The  index  is  fixed  to  the  wheel  C,  shown  in  the  second 
figure,  and  which  is  made  to  revolve  by  means  of  the 
rectUinear  motion  of  the  principal  stem  EB.  This  appears 
to  be  by  far  the  simplest  construction  for  an  anemometer 
of  any  which  has  been  yet  invented.  See  **  Bulletin 
de  la  Society  d'Encouragement,  &c/*  No,  150. 
RL^iiMtance  131.  The  next  important  subject  for  investigation, 
of  the  air.  connected  witb  this  branch  of  Pneumatics,  is  the  abso- 
lute resistance  which  a  body  of  given  figure  and  di- 
mensions experiences  in  passing  through  the  air  with  a 
given  velocity,  and  the  actual  effect  produced  upon  a 
body  either  at  rest  or  in  motion  by  the  action  of  the  air 
or  wind.  This  is,  indeed  a  particular  case  of  the  re* 
sistance  of  Huids^  a  subject  which  we  have  already  had 
occasion  to  treat  of  partially  in  our  treatise  on  ITydm- 
dynamics ;  that  is,  we  have  there  examined  the  suh- 
jcct  as  far  as  relates  to  the  percussion  and  rtsi^tanee  of 
incompressible  fluids,  more  especially  water,  and  have 
detailed  a  great  variety  of  experiments  performed  by 
different  authors,  with  a  view  of  obtaining  the  requisite 
data,  but  we  reserved  those  which  relate  to  the  re- 
sistance of  the  air  for  the  present  section,  in  conse- 
quence of  their  obvious  connection  with  the  science  of 
Pneumatics.  The  common  theory  of  resistances  treated 
of  in  the  article  above  referred  to,  being  general  for  all 
descriptions  of  fluids,  we  shall  not  repeat  it  in  this 
place;  but  shall  pass  immediately  to  an  account  of  the 
most  satisfactory  and  best-conducted  experiments  that 
have  been  made  on  the  resistance  of  the  air,  and  of  the 
results  that  have  been  deduced  from  them. 

Experiments  on  this  subject  are  by  no  means  nu- 
merous ;  at  least  such  experimejits  as  can  be  depended 
upon  for  the  foundation  of  any  practical  application. 
The  first  that  have  any  claim  to  this  character,  are 
those  published  by  Robins,  in  1742,  in  his  Treatise  on 
Gunnery.  They  were  repeated,  with  some  additions 
and  variations^  by  Borda,  and  some  account  of  them 
publisheti  in  the  Memoirs  of  the  Academy  of  Paris,  in 


1763,  We  find  also  an  account  of  similar  experimeols 
by  Mr.  Edgeworth,  in  the  Philosophical  Transactions, 
vol.  ixxiii. ;  but  the  most  complete  of  any  hitherto  made 
are  those  detailed  by  Dr.  C.  Hutton,  in  the  3d  volume 
of  his  Mathematical  tracts,  1812. 

RoMns*  experiments,  \ 

132.  Tlie  principal  objects  which  Mr,  Robins  seems  Robi 
to  have  had  in  view  in  carrying  on  the  following  expe-  P*"* 
rinients,  were  to  establish  the  two  following  propo- 
sitions : 

L  *'  Tliat  the  resistance  of  the  air  to  a  12  lb.  iron 
bullet,  moving  with  a  velocity  of  25  feet  per  second,  is 
not  le**s  than  J  an  ounce  avoirdupois." 

2.  **  That  the  resistance  of  the  air  within  certain 
limits,  is  nearly  in  the  duplicate  ratio  of  the  velocity  of 
the  resisted  body." 

These  propositions,  the  author  observes,  are  neither 
unknown  nor  doubtful ;  but  yet  as  they  are  the  basis 
of  some  other  assertions,  which   have  been  hitherto 
contested  on  the  one  hand  and  denied  on  the  other,  it 
may  be  proper  to    evince  their  veracity  by  more  un- 
questionable   and  simpler    methods   than  have   been 
hitherto  practised.     In  order  to  effect  tliis,  Mr.  Robins 
caused  a  machine  to  be  constructed,  which  he  called  a 
xchiriing  machine^  represented  in  (fig.  20),  and  the  de-  R^| 
scription  of  which  is  given  by  the  author  as  follows ; 
**  OCDE  is  a  brass  barrel,  moveable  on  its  axis^  and  so  I^jJ 
adjusted  by  means  of  friction-wheels,  which  are  not?*^^ 
represented  In  the  figure,  as  to  have  no  friction  ^ortH^^J 
attending  to.    The  frame  in  which  this  barrel  is  fixed  i&       i 
so  placed  that  its  axis    may  be   perpendicular  to  the 
horizon.     The  axis  itself  is  continued  above  the  other 
plate  of  the  frame,  and  has  fastened  on  it  a  light  hollow  ^  |»  ^ 
cone  AFG ;  from  the  lower  part  of  this  cone  there  1^11 
extended  a  long  arm  of  wood  GH,  which  is  very  thin**^ 
and  cut  feather-edged,  and  at  its  extremity  there  is  a 
contrivance  for  fixing  on  the  body,  whose  resistance 
is  to  be  investigated,  as  here,  the  globe  P  ;  and  to  pre-       ' 
vent  the  arm  GH   from   swaying  out  of  its  horizontal 
position  by  the  weight  of  the  annexed  body  P,  tliere  is 
a  brace  AH,  of  fine  wire  fastened  to  the  top    of  the 
cone,  which  supports  the  end  of  the  arm." 

*'  Round  the  barrel  BCDE  there  is  wound  a  fine 
silk  bne,  the  turns  of  which  appear  in  the  figure,  and 
after  this  line  has  taken  a  suflicient  number  of  turns, 
it  is  conducted  horizontally  to  the  pulley  L,over  which 
it  is  passed,  and  then  a  proper  weight  M  is  hung  to 
its  extremity.  If  this  weight  be  left  at  liberty,  it  is 
obvious  that  it  will  descend  by  its  own  gravity,  and  by 
its  descent  will  cause  the  barrel  BCDE  to  revolve, 
together  with  the  arm  GH,  and  the  body  P  fastened 
to  it.  While  the  resistance  on  the  arm  GH  and  the 
body  Pis  less  than  the  weight  M,  that  weight  wil^ 
accelerate  its  motion,  and  thereby  the  motion  of  Gl 
and  P  will  increase,  and  consequently  their  resistanc 
\v\\\  increase,  till  at  last  this  resistance  and  the  weig' 
M  becomes  nearly  equal  to  each  other.  The  motic 
with  which  M  descends,  and  with  which  the  body  P' 
revolves,  will  not  sensibly  difler  from  an  equable  one. 
Whence  it  is  not  difficult  to  conceive  that,  by  proper 
observations  made  with  this  machine,  the  resistance  of  . 
the  body  P  may  be  determined.*' 

133.  *'  The  most  natural  method  of  proceeding  In  m4 
this  investigation  is  as  follows  ;  Let  the  machine  have  f^ 
first  acquired  its  equable  motion  (which,  as  will  here&fter  '^ 


wiU      , 
^tio^H 
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»-  Appear,  will  he  usually  attained  in  five  or  six  turns 
from  the  beginning),  and  then  let  it  be  observed,  by 
^^  counlina:  a  number  of  tums,  what  time  is  taken  up  by 
One  revolution  of  the  body  P ;  tlien  taking  otf  the  body 
P  and  the  weight  M,  let  it  l>e  examined  what  smaller 
weight  will  make  the  arm  GH  revolve  in  the  same  time 
[as when  P  was  fixed  to  it;  this  smaller  weight  beino- 
aken  from  M,  the  remainder  is  obviously  e^^rd\  in 
[effort  U)  the  resistance  of  the  revolving^  body  P:  and 
Uhis  remainder  being"  reduced  in  the  ratio  of  the  length 
^  of  the  arm  to  the  semitJiaraeter  of  the  barrel,  will  then 
k-lieoome  equal  to  the  absolute  quantity  of  the  resistance. 
iAnd  as  the  time  of  one  revolution  is  known,  anri  con- 
I  ftequently  the  velocity  of  the  revolvinj^  body,  there  is 
rihereby  discovered  the  ahsohite  quantity  of  the  re- 
sistance to  the  given  body  P,  moving  with  a  given 
iegree  of  celerity.*' 
*'  And  note,  t}»at  to  avoid  all  exceptions,  I  have  ge- 
Jmerally  chosen  when  the  body  P  was  removed,  to  fix 
{In  its  stead  a  thin  piece  of  lead,  of  the  same  weight, 
Ifilaecd  horizontally ;  so  that  the  weig^ht  which  was  to 
turn  round  the  arm  GH  without  the  body  P.  did  also 
Scarry  round  this  piece  of  lead.  Tliis  1  di<l  lest  it  should 
\he  objected  that  the  body  P  retarded  the  weight  M  by 
Mts  quantity  of  matter,  as  well  as  by  its  resistance. 
'  But  matliematicians  will  easily  allow,  that  there  is  no 
necessity  for  this  precaution. 

'^  The  measures  of  the  parts  of  this  machine  were  as 
follow : 

I  Inches. 

^  The  diameter  of  the  barrel  BCD,  and  of  the 
silk  string  wound  round  it,  was,..,*,.. 2'06 
**  The  length  of  the  arm  GH,  measured  from 
the  axis  to  the  surface  of  the  globe  P,  was,*,  49*5 
'•  The  body  P,  the  globe  made  use  of^  was  of 
ptsteboard,  its  surface  very  neatly  coated 
with  marble  paper,  and  was  not  much  dis- 
tant from  the  size  of  a  121b.  shot,  being  in 
diameter *.,...,      4*5 

"  So  that  the  radius  of  the  circle  described  by 

»tHe  centre  of  the  globe,  was 51*75 
**  When  this  globe  was  fixed  at  the  end  of  the  arm, 
4ti<l  a  weight  of  half  a  pound  was  hung  at  the  end  of 
tkttring  at  M,  it  was  examined  how  soon  the  motion 
of  the  descending  weight  M,  and  of  the  revolving  globe 
IP wotdd  become  equable  as  to  sense;  and  with  this 
*ieir,  three  revolutions  being  suffered  to  elapse,  it  was 
fourul,  that 

The  next  10  were  performed  in 27^* 

^0  in  less  than ,,...  55 

30  in 82^ 

^x\idLi  the  1st    10  were  performed  in 27f 

2d     10  in ...,.  27| 

3d     10  in 27X 

"niwe  experiments  sufficiently  evince,  that  even  witli 
Wf  a  potind,  the  smallest  weight  hereafter  used,  the 
•Wtion  of  the  machine  wa^  sufficiently  equable  after 
Affect  three  revolutions. 

*'  Now,  to  prove  the  two  fore-mentioned  proposi- 
i»OM,  the  following  experiments  were  made;  the  times 
marked  down  being  observed  by  several  stop-watches, 
which  rarely  ditVcred  half  a  second  from  each  other* 

"  The  fore-raentioiied  glol>e  being  6xed  at  the  end 
of  the  arm,  there  was  Imng  on,  in  the  situation  M,  a 
weight  of  lijlb.  and  10  revolutions  being  suffered  to 
eltpie^  the  succeeding  20  were  performed  in  2 1 J^ 


**  Tlie  fore-mentioned  globe  being  fixed  at  the  end  of    Motiwu, 
the  arm^  there  was  hung  on,  in  the  situation  M,  a     iuipul* 
weight  of  ruibs,  and  10  revolutions  beino-  suffered  to    ."f^'^^'l 
elapse,  the  succeeding  20  were  performed  in  21 V'.  ^j-. 

**  Then  the  globe  being  taken  otT,  and  a  thin  plate  s^p^,,'-^ 
of  lead,  equal   to  it  in  weight,  placed  in  its  room,  it 
was  found,    Uiat  instead   of  3Ub,  a  weight  of  Hb 
would  make  it  revolve  in  less  time  than  it  did  before, 
it  performed  20  revolutions,  after  10  were  elapsed,  in 
the  space  of  1 9  seconds, 

"  Hence  it  follows,  that  from  the  3|lb.  first  hung 
on,  there  is  less  than  1  lb.  to  be  deducted  for  the  re- 
sistance on  the  arm,  and  consequently  the  resistance 
on  the  globe  itsell"  is  not  less  than  the  effort  of  2  V  lb, 
in  the  situation  M ;  and  it  appearing  from  the  former 
meiisures,  that  the  radius  of  the  barrel  is  nearly  -^^ 
part  of  the  radius  of  the  circle  described  by  the  centre 
of  the  globe ;  it  follows,  that  the  absolute  resistance  of 
the  globe,  when  it  revolves  20  times  in  21^  (which, 
if  computed  by  the  measures  given  above,  comes  out  u 
velocity  of  about  25^  feet  in  a  second),  it  follows,  I 
say,  that  the  resistance  of  the  globe  in  this  case  is 
not  less  than  the  ^^^^  part  of  2|lb.  or  than  the  ^  part 
of  36  ounces;  and  this  being  considerably  more  than 
half  an  ounce,  and  the  globe  being  nearly  the  size  of  a 
12-pounder,  it  irrelragably  confirms  oar  first  propo- 
sition, *^  Tftat  the  resistance  of  tht  air  to  a  \2th,  iron 
buiki,  7Hm  ing  with  a  vdocitu  of  25  feet  in  a  atcand,  is 
nut  less  than  huif  an  otince  avoirdupois  J 

"The  next  experiments  were  made  with  a  view  of 
examining  the  second  proposition.  And,  for  this  pur- 
pose, there  were  successively  hung  on,  in  the  situation 
M,  weights  in  the  proportion  of  the  numbers,  1,  4,  9, 
16;  and  letting  10  revolutions  first  elapse,  the  obser- 
vations on  these  were  as  follow : 

\\'ith  1    lb,  the  globe  went  20  turns  in  54  J* 
that  is,  it  went   10  turns  in  27^ 

With  2    lb.  it  went.. 20  turns  in  27 ^ 

With  4^  lb.  it  went 30  turns  in  27^ 

With  8'  lb,  it  went 40  turns  in  27| 

"'  So  that  it  appears,  that  to  the  resistance  of  the 
proportions  of  the  numbers  1,4,  9,  16,  there  corre- 
spond velocities  of  the  resisted  body,  in  the  proportion 
of  the  numbers  1,  2,  3,  4;  which  proves  with  great 
nicety,  within  the  limits  of  these  experiments,  the 
second  proposition,  *  That  the  resistance  of  the  aiY  is 
near  It/  in  the  tiifplkafe  proportion  of  the  rchcity ;  9  times 
as  much  uhen  it  moies  with  tktre  times  the  xelocitify 
and  so  otu  " 

Dr.  C,  Hntions  experiments. 

134.    Tlie    experiments  thus  ingeniously  proposed  T^r.  Htn. 
and  commenced  by  Mr,  Robins^  were  pri>8e€uted  with  *p'i*f*|»e- 

niiii'^iiilv. 

great  perseverance  and  ability  by  Dr.  Hutton,  with  the 
same  machine,  or,  if  it  were  not  the  identical  one,  it 
was,  at  least,  one  made  by  the  same  accurate  workman, 
Mr.  Ellicof,  and  precisely  answering  the  above  de- 
scription; it  is  still  preserved,  in  perfect  order^  in  the 
model -room  of  tlie  Royal  Military  Academy,  Wool- 
wicL 

Dr.  Hutton  commenced  his  expenmenta  by  ordering  Biinensioua 
three  hemispheres  of  pasteboard,  of  different  sizes,  to  of  tUebdh 
be  very  accurately  ra<ide,  w^ith  a  view  of  determining  the  ""^^  "ppa- 
difference  in  the  resistances  between  the  plane  surface 
and  the  convex  side  of  the  hemisphere;  the  weight  and 
dime  us  ions  of  wliich  were  as  follow  : 


5 


2oz.  Udrs. 

5*1  inches, 

2V2  inches, 

or  ^  foot 


No.  3. 

4oz.  3drs. 
6-375  inches. 
32  inches, 
or  %  foot. 


about  which  the  stnng"  was 
very  accurately  1*044  inch. 


No.  1, 
Weights  2oz.  5dr3» 

Diameters      4*7.5  inches, 
Area  of  the  ^  11*7  inches, 

circle       (  or  ^  foot 
The  radius  of  tlie  barrel, 
wound ^  was  found  to  be 

and  the  radii  of  the  circles,  described  by  the  several 
hemispheres,  were  determined  to  be  as  follow  ; 

No.  I.  No.  2.  No.  3. 

Id.  In.  In. 

Radii  52-42  52-74  53*34 

Circumferences    329^36  335-38  335-41 

And,  consequently,  the  ratio  between  the  radius  of  the 
barrel  and  the  radii  of  the  above  circles  were 

50-2  50*5  5M 

These  data  being  established,  the  following  experiments 
were  performed* 

The  hemisphere.  No,  3,  was  fitted  on,  and  actuated 
by  a  small  weight  of  only  1|oe.  or  loz.  12drs. ;  that  is, 
this  weight  was  suspended  from  the  end  M  of  the  thread, 
opposing  first  the  convex  side  to  the  air,  and  then 
the  flat  side ;  when  the  number  of  rounds  and  corres- 
ponding  times,  were  observed  as  follow,  both  in  this 
and  all  the  other  experiments,  by  stop-watches,  and  by 
a  clock  of  peculiar  construction,  made  for  the  purpose* 

ExPERtMEKTs. — Fint  Series, 
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FUn€  side  foremost. 

Ho,  aflunu. 

Tiroe. 

Difference. 

1 

0' 

27^' 



2 

0 

47 

20 

3 

1 

6 

19 

4 

0 

24 

18 

S 

0 

42 

18 

6 

2 

0 

18 

1 

0 

18 

18 

8 

0 

36 

18 

9 

0 

54 

18 

10 

3 

IH 

18i 

11 

0 

30i 

18 

12 

0 

48 

174 

•  13 

4 

5 

17 

14 

0 

22^ 

.    ^H 

The  mean  of  all  these  gives  for  the  time  of  one  turn 
18",  or  -jJ^th  of  a  revolution  per  second. 

Convex  side  foremost. 
No,  of  turns.  Time.  Diffcrencct 

3  0'   59"  — 

6  1     37  38 

9  2     12  35 

12  2    47  35 

15  3     22  35 

The  mean  of  these,  gives  for  the  difference  due  to  1 
turn  11  f ",  or  ^j^ths  of  a  turn  to  I  second. 

Note. -^Th^i  the  resistance  of  the  arm  is  still  wanted 
to  be  deducted  from  these  resistances,  and  then  to  be 
reduced  from  the  circumference  of  the  barrel  to  the 
centre  of  the  hemisphere. 

In  the  above  tabic,  the  1st  column  shows  the  number 
of  turns  made  by  the  arm;  the  2d,  the  corresponding 
times  elapsed  from  the  beginning;  and  the  3d,  shows 
the  differences  of  those  times,  answering  to  differences 
of  the  turns  in  the  1st  column. 


135.  A  thin  pieee  of  lead,  of  the  same  weight  as  the 
hemisphere,  was  now  fitted  on  the  arm,  and  it  was 
found  that  it  required  about  10  drs.  to  overcome  the  ^ 
friction  and  rii  inertia^  and  to  give  a  small  motion  to      i 
the  machine.     With  12  drs.  the  average  of  the  turns  ^^ 
was  from  1 1 J  to  12  seconds  each,  being  nearly  the  same  wl 
velocity  that  the  convex  side  of  the  heroiaphert:  had  in  M 
the  above  trials ;  but,  that  wiili  a  weight  of  24  drs.  Uie 
average  time  of  one  turn  of  the  arm  was  about  G''.    It  ap- 
peared, therefore,  that  each  turn  was  made  in  about  12" 
with    12  drs,,  and  in  about  6"  with  24  drs.;  whence 
it  was  inferred  that  a  weight  of  8  drs,  would  carry  the 
arm  round  in  about  18",  being  the  time  of  revolution 
with  the  plane  of  the  circle  foremost. 

The  weight  in  the  former  instance,  we  have  seen,  waa  Rii 

1  oz.  12  drs.,  or  28  drs.;  the  difference,  therefore,  be-^*^ 
tween  28  drs.  and  12  drs.,  viz.  Iti  drs.  or  1  oz.  h  the 
part  of  the  weight  overcome  by,  and  equal  to,  the  re- 
sistance of  the  air,  measured  at  the  circumference  of 
the  barrel,  against  the  convex  side  of  the  large  hemi* 
sphere,  moving  with  a  velocity  of  2*394  per  second; 
and  28  —  8  ^  20  ozs.  is  the  difference  in  the  second 
case ;  that  is,  with  the  plane  side  moving  forward,  when 
the  velocity  is  1  '552  feet  per  second ;  and,  each  of 
these  divided  by  51-1  (the  ratio  between  the  radii  of 
the  barrel  and  of  the  circle  described  by  the  centre  of 
the  hemisphere)  will  give  the  actual  resistance  acting 

at  the  centre  of  the  body. 

Weights  were  next  tried  for  producing  motion  in  ihe 
hemisphere,  with  the  plane  side  foremost,  in  order  to 
give  it  the  same  velocity  as  in  the  first  table,  when  the 
convex,  side  was  foremost ;  and  the  mean  of  the  several 
results  was  1  turn  in   llf  seconds,  with  a  weight  of 

2  ozs.  12  drs.  In  each  trial  the  motion  became  uniform 
after  the  first  two  or  three  turns,  after  which  it  was 
permitted  to  go  12  times  round,  and  the  time  noted 
down  at  every  round.  The  difference  of  these  times 
commonly  agreed  with  the  mean  time  to  half  a  second, 
or  less ;  but  the  meun  time  itself  was  very  accurately 
obtained  by  dividing  the  whole  of  the  observed  times  of 
tlie  equable  rounds  by  the  number  of  them,  from  which 
was  determined  the  meun  result  above  stated,  viz. 
1  round  in  llj  seconds. 

It  appears,  therefore,  that  with  a  velocity  of  1  turn  in 
115^  seconds,  the  arm  and  phine  side  of  the  body  were 
resisted  with  a  weig!jt  o(  2  ozs.  12  drs.;  tlie  arm  and 
convex  side  of  the  body  with  a  weight  of  1  ox*  12  drs. ; 
and  the  arm,  with  a  thin  piece  of  lead  of  equal  weight 
to  the  hemisphere,  with  12  drs. ;  the  velocities  in  tlie 
three  cases  being  as  nearly  equal  as  possible*  Sub- 
tracting, therefore,  12  drs-  from  each  of  the  preceding 
resistances,  we  find  the  resistance  of  the  air  in  the  first 
case,  vi^. with  the  plane  side  foremost,  equal  to  2  ounces ; 
and,  in  the  latter,  viz,  with  the  convex  side  ♦  '^• 
most,  1  ounce.  The  one  being  just  double  the 
which  agrees  with  our  theoretical  deduction,  page  ^^i-. 

These  resi stances,  however,  it  will  be  observed,  are 
those  which  take  place  at   the  circumference  of  tl»e 
barrel ;  they  must  each  be  divided  by  the  ratio  beiwet^n 
the  radii  of  this  barrel  and  that  of  the  circle  des*  i " 
in  order  to  oljtain  the  actual  resistance  at  the  cer. 
the  body:  this  ratio,  we  have  seen, is 51- 1 ;  where(are, 

2 
— -—  I-  -039  oz.  for  the  absolute  resistance  of  the  flat 
51*1 

surface;  and  -^^-j-  =  '019i  ozs.  for  the  convex  surface, 
o  I '  1 
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A  moving  perpcndjculai  I7  against  the  meditrm  with 
velocity  of  one  turn  in  llj  seconds^  or  at  the  rate 
of  2'394  feel  per  second;  the  area  of  the  circle  in  the 
si  case  bein^  32  Inches^  or  ^ths  of  a  square  foot. 

Ex  p  E  n  I M  R5  T. — Second  uries. 

136.   Various  weights  were  now  tned  in  order  to 
bring  the  same  hemisphere^  with  the  flat  side  foremost, 
.and  the  arm  without  it,  to  revolve  each  in  10  seconds. 
ken  a^in  the  same  body,  both  sides  foremost,  and  the 
alone,  all  in  8  seconds  each  turn*    The  following 
the  particulars  of  these  experiments: 


Ta  b  le^ — ccntmted. 


For  10  seconds. 

For  B  »econd*, 

1 

Pl«nr  side. 

Ann  (iuiy,   i 

Wrights. 

Pliinp 
aide. 

Can- 

Ann 
oidv* 

W^ghu. 

1^ 

1 

It    !      1 

If  una. 

turn*    tiinki  1  turn. 

* 

»ide. 

o«.  ttr.  i 

i«*  dr. 

3     0    140* 

log 

- — 

— 

4  10 

8' 
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— 

2     2    IW 

10^. 
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6     0 

7^ 

— 

— 

3   4  iua* 

lOii 



— 

8     0   , 

6" 

— 

— 

3   Buno" 

10 

■ 

— 

2     2 

»•• 

10*' 

— 

1     0 

««* 

•  4* 

108 

9 

2   14 

«'«* 

^' 

— 

0  14 

«*• 

•  •• 

132 

11 

1     3 

•«> 

»»• 

8 

0  15 

,*. 

... 

120 

10 

I     8 

•»» 

.., 

6 

Now,  by  deducting  each  weight  without  the  bemi- 
1  sphere,  from  the  corresponding  weight  with  it,  there 
Ir&Biains  the  weight  due  to  the  resistances  of  the  two 
[l&ces,  as  below: 

For  1 0  $€CQndt* 


oci.     dn. 

4)r,%. 

An 

From 

3       S\ 

2 

2 

Take 

0     15 

0 

15 

.Remains 

2       6J 
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Where  iu  both  cases  the  resistance  fo  the  plane  side 
if  rery  nearly  double  that  opposed  to  the  convex,  as 
Tfquired  by  the  theory,  page  '259. 

137,  The  following  may  be  considered  as  the  re- 
IqILb  of  the  experiments  concluding  the  second  series. 

The  number  of  turns  in  each  experiment  was  15, 
biftthe  medium  lime  of  one  revolution,  deduced  from 
ibe  12  last  turns  only,  are  entered  in  the  following 
libit,  with  the  weights  which  produced  them* 

KtTl. — Tkc  convex  surface  in  the  folhuing  cjtperiments 
ttmsjhremost* 
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138.  The  following  experiments  were  carried  on  in  Pkue 

a  manner  precisely  similar  to  the  above,  except  that  surface 
the  Jiat  Aide  of  the  kemhpiicrc  "wm  now  presented  to  tkc  *^f*^">*>s** 
resistance  of  the  air. 
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vol,   IlL. 


1 39.  Considering  the  above  as  a  sufficient  number  £^  ^^^ 
of  results   with  the   flat  side  foremost,   the  following  meLi  with 
experiments   were  performed  upon   tlie  simple  arm  of  the  lead* 
the    machine,    the   hemisphere  being   removed,    and 
a  piece   of   thin   lead   of    equal   weight  put   in   its 
place. 

The  following  are   the    results  of   these   experi- 
mentss : 

2  X 
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PNEUMATICS. 


Experiments  (m  the  nmpk  arm  of  the  machine. 
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results. 
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140.  The  author,  considering  now  that  he  had  ob- 
tained a  sufficient  series  of  experiments,  both  with  the 
convex  and  plane  surface  foremost,  as  also  with  the 
simple  arm  of  the  machine,  or  with  that  arm  loaded  to 
an  equal  weight  by  a  thin  piece  of  lead ;  he  deduces 
from  them  the  following  general  table  of  results,  in 
which  the  1st  column  shows  the  several  rates  of  ve- 
locity, from  3  to  20  feet  per  second ;  the  next  three 
columns  contain- the  corresponding  weights  acting  on 
the  axis,  the  radius  of  which  was  1*044  for  both  sides 
of  the  body,  and  for  the  arm  without  the  body.  The 
next  three  columns  show  the  same  quantities,  but  a 
little  modified,  in  order  to  reduce  them  to  a  greater 
uniformity  than  was  obtained  from  the  actual  experi- 
ments, a  change,  however,  which  only  amounts  to  a 
little  correction  of  the  fi-actional  parts.  The  two  next 
columns  show  the  difference  in  the  three  former,  or 
the  actual  resistance  opposed  to  the  motion  of  the 
body  at  the  circumference  of  the  barrel,  or  axis ;  and 
the  last  contains  the  ratio  of  those  resistances  according 
as  the  plane  or  convex. surface  is  presented  to  the  action 
of  the  air. 
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141.  The  reader  will  observe,  that  the  lesisUnces  ] 
shown  in  the  above  table  arc  those  applied  at  the  cir-  i 
cumference  of  the  barrel ;  and  that  to  find  tlie  actual  * 
resistance  in  any  case,  when  applied  to  the  centre  of 
the  body,  the  corresponding  tabular  number  must  be  .^ 
divided  by  51*1,  the  ratio  of  the  radii  of  the  two  circles,  ly^ 

It  appears  from  the  last  colunm  of  tlie  above  t«tble,  fro 
that  the  resistance  to  the  plane  side  of  the  body  is  to  P" 
the  resistance  on  the  convex  surface,  at  a  medium  as-^' 
2*48  to  1,  or  as  2^  to  1  nearly,  which  exceeds  cODfti-^ 
derably  the  ratio  2  to  1  assigned  by  the  common  theory 
of  resistances,  and  which  was  found  to  obtain  in  tha 
first  series. 

It  also  appears  from  the  two  columns  for  both  the 
plane  and  convex  surfaces,  that  the  resistances  increase 
m  a  ratio  a  little  higher  than  that  of  the  squares  of  the 
velocities.  The  exact  determination  of  the  index  of  the 
power  of  the  velocity  will  be  examined  in  a  subsequent 
article. 

142.  These  experiments  being  completed,  the  author  Oi 
next  endeavoured  to   ascertain,    whether  a  diffi^^nteff 
figure  hindmost,  as  well  as  foremost,  would  make  any  ^ 
difference,  and. if  any,  what  the  amount  of  that  differ-  ^ 
ence  might  be.     The  hemisphere,  cone,  and  cylinder, 
each  with.the  plane  surface  foremost,  have  three  different 
figures  iiindmost,  and  the  contrary.     Also  the  sphere 
and  hemisphere  with  the  convex  surface  foremost,  have 
different  figtires  behind,  and  it  was  the  examinadon' 
of  the  circumstances   attending  these  several  cases, 
which  the  author  proposed  to  himself  in  the  following 
series  of  experiments : 

Experiments. — Third  series. 
Short  cylinder;  diameter  6-375  inches,  weight  5  ozs.  K 
1  dr. ;  the  time  of  revolution  deduced  from  a  mean  of  !J 
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Th»^  broke.  1 

Experiments  with  tlic  globe ;  diameter  6*375  inches, 

weight  8  ozs.  14  drs. 
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14^  In  remarking  oh  the  refluHs  ot  the  above  ex- 
periments, the  author  observes,  that  the  globe  required 
the  Ist  weight,  or  2  ozs.  to  put  it  barely  in  motion,  and 
that  a  less  weight  would  not  stir  it,  which  he  considers 
to  be  attributable  ]>artly  to  the  greater  weight  of  the 
globe,  and  the  length  of  string  between  the  axis  of  the 
machine  and  the  weight;  the  difference,  therefore^ 
observable  with  the  small  weights  between  the  globe 
and  cylinder,  is  not  to  be  attributed  to  the  form  of  the 
sfter-part  of  the^body  ;  in  fact,  those  differences  dimi- 
nish as  the  weights  increase,  so  cks  to  become,  at  length, 
almost  insensible ;  whence  the  author  concludes  that, 
under  circumstances,  in  all  other  respects  the  same,  the 
hinder  part  of  the  body  produces  no  sensible  effect. 

144.    Experiments   on  the   cone ;    diameter  6*375 
inches,  heignt  6*625  inches,  weight  8  ozs.  6  drs. 
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By  comparing  these  times  with  those  in  the  pre- 
ceding taUcy  it  appears  that  they  are  a  very  little' 
greater,  and  consequently  that  the  resistance  to  the 
oonrez  .surface  of  the  cone  is  nearly  equal  to,  but 
rather  g[reater  than  that  on  the  globe,  or  hemisphere, 
tti6  diameters  being  the  same. 

In^tke  foUffwing  experiments  the  base  of  the,  cone  tma 
foremost : 
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These  times  are  rather  greater  than  those  of  the 
^^linder,  but  the  cone  was  rather  the  heavier. 

As  far  as  these  experiments  go,  therefore,  we  can- 
*^ot  infer  that  the  hinder  part  of  the  body  produces  any 
^«*y  sensible  effect. 

Experiments. — Fourth  series. 

145.  The  author's  next  object  was  to  ascertain 
Whether  the  resistances  to  two  similar  bodies  were  as 
^He  surfaces,  all  other  things  being  the  same ;  and 
^^th  this  view  experiments  were  made  upon  the  smaller 
^^misphere,  No.  1,  the  base  of  which  was  to  that  of  No.  3, 
^^<Bfare  employed,  as  9  to  16;  and  the  radius  of  the 
^ti-cle  described  by  its  centre,  to  that  of  the  circle  de- 
^^ribed  by  the  latter,  was  as  52-42  to  53-34 ;  which 
Kires  for  the  compound  ratio  of  the  area  and  path 
tiearly  21  to  38. 


4 
^ 

i 

1     » 

:  ^ 

i 

i 

ox.  dr. 

sec. 

oas.  dr.|    sec. 

!  oz.  dr. 

sec. 

02.  dr. 

sec. 

1     0 

21-80 

7     0  4-67 

20     0 

2-65 

66     0 

1-57 

2     0 

10-82 

8     0|4-35 

24     0 

2-45 

64     0 

1-45 

3     0 

7-70 

10     0 

3-90 

,'28     0 

2-25 

72     0 

1-40 

4     C 

6-47 

12     0 

3-50 

'32    0 

2-10 

80     0 

1-32 

5     C 

5-67 

14     0  3-25 

}40     0 

1-82 

— 

— 

6     C 

5-15 

16     0 

3-00 

43     0 

1-67 

— 

Motion, 
impulfle. 
and  re- 
sistance of 
air. 

On  the  he- 
muphere. 


146.  The  following  experiments  were  made  after  the  Experi- 
hemisphere  was  removed,  and  its  weight  supplied  by  a  ™^*^^*'** 
thin  strip  of  lead : 


the  lead. 


^ 

. 

^ 

*s 

1 

1 

•a 
1 

1 

1 

1 

i  :!> 
1 

0) 

1 

0(.  dr. 

sec. 

oz.  dr. 

sec. 

1  oz.  dr. 

sec. 

oz.  dr. 

sec. 

1      0 

8-10 

2     4 

3-55 

4     0 

2-40 

8     0 

1-60 

1      4 

6-00 

2      8 

3-30 

4     8 

2-25 

9     0 

1-50 

1     8 

4-95 

2  12 

3-10 

5    0 

2-10 

10    0 

1-40 

1-12 

4-35 

3     0 

2-90 

6    0 

1-90 

11     0 

1-30 

2     0 

3-80 

3     8 

2-60 

7     0 

1-70 

12    0 

1-25 

The  experiments  which  follow  were  made  upon  the 
simple  arm  loaded  widi  a  thin  piece  of  leaa,  whose 
weight  was  8  ozs.  IDdrs.^  viz.  only  4 drs.  more  than  the 
cone,  and  4  less  than  the  whole  globe,  so  as  nearly  to 
agree  with  both. 


^ 

u 

. 

^ 

*& 

1 

!» 

s 

.    w 

1 

^ 

1 

^ 

^ 

e; 

^ 

P 

$ 

02.    dr. 

sec. 

oz.    dr. 

sec. 

Ox.    dr. 

•ec. 

oz.    dr. 

««c 

1       8 

90 

2      8 

4-2 

4       0 

2-8 

7     0 

20 

I     10 

70 

2     10 

4-0 

4       4 

2-7 

8     0 

1-8 

1     12 

6-4 

2     13 

3-8 

4       8 

2-65 

9     0 

1-7 

1     14 

5-9 

3      0 

3-6 

4     12 

2-6 

10     0 

1-6 

2      0 

5-3 

3      3 

3-4 

5       0 

2-5 

11     0 

1-5 

2       2 

4-9 

3      6 

3-2 

5.     8 

2-4 

12    0 

1-4 

2       4 

4-6 

3      9 

30 

6       9 

2-24 

13    0 

1-35 

2      6 

4-4 

3     12 

2-9 

6      8 

2-1 

14    0 

1-3 

Replaced  the  preceding  weight  of  8  ozs.  10  drs.  by 
a  less  weight,  viz.  of  4  ozs.  3  drs. 


^ 

*i 

*i 

.1 

i" 

1 

t 

1 

1 

^ 

i 

^ 

OS.    dr. 

sec. 

oz.    dr. 

sec. 

M.    dr. 

sec. 

OZ.    dr. 

sec. 

2        0 

4-6 

3        8 

3-0 

7      0 

1-9 

12     0 

1-3 

2       4 

4-2 

4      0 

2-7 

8     0 

1-75 

13     0 

1-25 

2       8 

3-85 

4      8 

2-5 

9     0 

1-6 

14     0 

1-2 

1     12 

3-5 

5 

2-3 

10     0 

1-5 

— 

— 

3       0 

3-3 

6 

2-1 

11     0 

1-4 

— 

— 

1       4 

10-8 

I       6 

8-4 

1     8 

7-0 

1  12 

5-8 

1       5 

9-8 

1       7 

7-6 

1   10 

6-4 

1  14 

5-3 

147.   The  experiments  being  thus  varied  and  ex-  General 
tended,  the  author  next  proceeds  to  arrange  them  in  table  of 
an  uniform  series,  in  order  to  draw  from  them  the '*'"'''• 
results  and  determinations  which  he  had  in  view  in 
first  undertakmg  this  laborious  but  interesting  task. 
2  z2 
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Table  of  nguUt  actuali/ig  uetghU  and  velocities,  the  latter  reduced  to  feet  per  secotul,  from  3  to  ^0,  and  ike 
actual  eiperimental  results  modified  %  the  addition  and  suhtraction  of  small  fractional  parts. 


Cone,  weight  8  oz. 

Whole 

Large  hemisphere, 

if- 

§ 

i 

s 

VcJocIty 

per 
secoud. 

6  drs. 

1  gl«bo. 
weight 
8o£. 
14  Ura. 

Cylinder 
5oz.l4r, 

weight  4 

oE.  3  dn. 

'=  1  ° 

it 

i 

Vertex 

Ba*c 

Convct* 

Plane, 

furemoAt. 

r<iremost. 

i^s 

Ft 
3 

11'9 

4-7 

2-8 

3*5 

2*2 

3*8 

2-4 

1-4 

13 

0*9 

4 

40 

6-9 

3-9 

6*0 

3*4 

6*1 

3*6 

1*6 

1*5 

1-1 

5 

5*4 

9'9 

5-2 

9*0 

4*9 

9-2 

54 

1*9 

1*8 

1*4 

6 

7-3 

13'7 

7-1 

12-5 

66 

12-8 

7-1 

2-2 

2-0 

1*7 

7 

9-5 

180 

9-2 

16^8 

8*7 

17*0 

9*5 

2-6 

2*4 

1*9 

8 

12*5 

229 

11*3 

21-8 

11*0 

22 

12^0 

3*1 

2-8 

2*3 

9 

15^1 

29-0  ' 

14'0 

27*6 

13^3 

28 

15*1 

3'5 

3*3 

2-7 

10 

18-0 

35-6  1 

16-7 

33' 5 

15^8 

34 

18-3 

40 

3-8 

3*1    1 

11 

21-8 

41-7 

20*7 

39*7 

19*0 

40 

22^0 

4*4 

4*4 

3'6 

12 

25-2 

49-9 

240 

47-0 

23 

48 

26*4 

5-8 

51 

4*1 

13 

28-8 

58-2 

28*0 

54 

27 

56 

30-7 

6*2 

5*7 

4*7 

14 

34-5 

65*8 

32*0 

62 

31 

64 

34-9 

7-0 

65 

ry5 

15 

39*3 

78-0 

37*2 

72 

35 

73    • 

38*6 

7-7 

7*2 

62 

16 

44-0 

90 

42-7 

84 

40 

84 

43-7   : 

8*5 

8*0 

6*8 

17 

48-6 

101 

48*5 

95      1 

45 

101 

50-4    ; 

9*5 

%'6 

7*6 

Id 

54-2 

no 

53*3 

109 

50 

112 

57*3 

10*5 

9-4 

8*5 

19 

60-0 

126 

58*4 

125 

57 

121 

62^7 

11-3 

10-3 

9*3 

20 

66-3 

•  *• 

64' 0 

««• 

64 

140 

72*0 

12*0 

110 

10*0 

^ 


Deductioni  148.  If  now  we  subtract  from  the  resistances  given  in 
from  the  the  above  table,  for  the  ditterent  bodies,  the  resistance 
it>ore  uble,  ^^^  ^^  ^^^  ^^^^  ^^^^  \^^^  nearest  corresponding  in  weight, 
the  remainders  will  show  the  actual  resistance  of  the 
several  bodies  under  the  particular  circumstances  in 
which  they  are  placed ;  tnese  remainders  show  the 
resistances  as  applied  at  the  circumference  of  the 
cylinder,  or  barrel,  but  by  dividing  each  of  them  by  51  ■  1 , 
which  expresses  the  ratio  between  the  radius  of  the 
barrel,  and  that  of  the  circle  described,  we  shall  have 
the  actual  resistance  as  applied  to  the  centre  of  each 
body. 

These  reductions  are  all  performed,  and  the  results 
exhibited  in  the  following  table ;  besides  which,  the 
two  last  columns  show  the  index  of  the  power  of  the 
velocity  which  corresponds  with  the  several  resistances, 
and  the  ratio  of  the  resistances  experienced  by  the 


hemisphere,  according  as  the  flat  or  convex  surface  was 
presented  to  the  action  of  the  medium. 

The  indices  of  the  powers  of  the  velocities  are  found  as 
follow.  Taking,  for  example,  the  whole  globe,  and  the 
velocities  10  and  11,  the  resistances  to  which  are 
•255  and  -310,  and  assuming  the  index  r=  x,  we 
shall  have 

10'  ;  11'  ::  255 


310; 


consequently 


Hi 

10' 


310 
155" 


and 

whence 

and  so  on  for  the  rest 


X  log.  M  :^  log.  310  —  log,  255; 
_  lo^.  310  — Ing,  255 


log.  1*1 


^ 
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Table  of  tht  medium  true  mistmces  applied  to  the  centre  of  each  body,  in  otuKes,  ^c. 


Vefcwtj 
tecond. 

Cone. 

Whole 

glob*. 

Cjrliuder. 

Hemisphere. 

Small 
hemisphere. 

Index  of 
the  power 

of  the 
velocity. 

Ratio  of 

tliebase 

to  the 
convexity. 

•    1 

Vertex.     [      Base. 

Plane. 

Convex. 

leet 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

OS. 

•028 
•048 
-071 
•098 
•129 
•168 
•211 
•260 
•315 
•376 
•440 
•512 
•589 
•673 
•762 
•858 
•959 
1-069 

oz. 

•064 

•109 

•162 

•225 

•298 

•382 

•478 

•587 

•712 

•850 

1-000 

M66 

1^346 

1^546 

1-763 

2-002 

2-260 

2-540 

ox. 
-027 
-047 
•068 
•094 
•125 
•162 
•205 
•255 
•310 
•370 
•435 
•505 
•581 
•663 
-752 
•848 
•949 
1-057 

oz. 

•050 

•090 

•143 

•205 

•278 

•360 

•456 

•565 

•688 

•826 

•979 

M45 

1-327 

1-526 

1-745 

1-986 

2-246 

2-528 

OS. 

•051 

•096 

•148 

•211 

•284 

•368 

•464 

•573 

•698 

•836 

•988 

M54 

1-336 

1-538 

hi  57 

1998 

2-258 

2-542 

oz. 
•020 
•039 
•063 
•092 
•123 
•160 
•199 
•242 
•297 
•347 
•409 
•478 
•552 
•634 
•722 
•818 
•922 
1033 

oz. 
•028 
•048 
•072 
•103 
•141 
•184 
•233 
•287 
•349 
•418 
•492 
•573 
•661 
•754 
•853 
•959 
1^073 
M96 



2-649 
2-042 
2036 
2-031 
2-031 
2-033 
2038 
2-044 
2-047 
2051 

1 
2-36 
2-33 
2-38 
2-30 
2-30 
2-30 
2-32 
2-36 
2-40 
2-41 
2-42 
2-42 
2^42 
2-43 
2-43 
2-44 
2^45 
2^46 

Propor- 
tioiuU 
Nog. 

126 

291 

124 

285 

288 

119 

140 

2-040 

— 

Motion, 
impulse, 
and  re- 
sistance of 
air. 


Note. — ^The  numbers  in  the  bottom  row  denote  the 
proportional  resistances  of  the  several  bodies  corre- 
sponding to  the  mean  velocity  of  10  feet  per  second. 

The  general  height  of  the  barometer,  during  the  ex- 
paiments,  was  30*1  inches,  and  the  thermometer,  at  a 
mean,  was  62^  Fahrenheit's ;  the  ratio  of  the  weight 
of  air  to  water  was,  therefore,  1  to  840,  or  the  weight 
of  a  cobic  foot  of  air  was  1  j^oz.  avoirdupois. 

All  the  bodies,  except  the  small  hemisphere,  had 

their  greatest  circular  section  32  inches,  and  the  side  of 

the  cone  was  inclined  to  its  axis  at  an  angle  of  25°  24'. 

149.  From  the  above  table  of  resistances  we  may 

diaw  the  following  practical  inferences. 

t       !•  That  the  resistance  is  nearly  as  the  surface,  but 

^  that  it  increases  a  little  above  that  proportion  ia  the 

larger  surfaces. 

2.  The  resistance  to  the  same  surface,  with  different 
^locities,  is  in  these  slow  motions  nearly  as  the  square 
<rf  the  velocity,  but  gradually  increasing  more  and  more 
^e  that  proportion  as  the  velocities  increase. 

3.  The  round  ends  and  sharp  ends  of  bodies  su£fi3r 
leis  resistance  than  the  flat  or  plane  ends  of  the  same 
J^ter:  thus,  the  cylinder,  and  the  plane  end  of  the 
■^Mphere,  and  cone,  experience  more  resistance  than 
™^  convexities,  but  the  sharper  end  has  not  sdways 
«*Maaller  resistance ;  for  the  convexity  of  the  hemi- 
V^  has  less  resistance  than  the  pointed  end  of  the 
cone.    •  ^ 

4«  When  the  hinder  parts  of  bodies  are  of  different 
J"™«,  the  resistances  are  slightly  different,  although 
^^fere  parte  be  exactly  alike  and  equal ;  this  difference 
"•^^wnes  less  and  less  sensible  as  the  velocities  are 
"^  considerable,  and  vanish  when  those  velocities 
^jery  great. 

5«  The  resistance  on  the  base  of  the  hemisphere,  is 


to  that  on  the  convexity,  or  on  the  whole  sphere,  nearly 
as  ^  to  1,  or  as  12  to  5,  instead  of  2  to  1,  as  assigned 
by  the  theory ;  the  actual  resistance,  also,  in  both  cases,, 
is  about  4  part  more  than  that  given  from  theoretical 
investigation. 

6.  The  resistance  on  the  base  of  the  cone,  is  to  that 
on  ite  convexity,  as  2*3  to  I^  or  as  23  to  10 ;  the  angle 
formed  between  the  axis  and  side  \>ein^  25°  42'. 
The  ratio  between  ^e  radius  and  sine  of  Uie  angle  is 
very  nearly  the  same ;  so  that  in  this  instance  the  re- 
sistance is  nearlv  in  the  direct  ratio  of  the  radius  to  the 
sine  of  the  angle  of  incidence,  the  transverse  sectioa 
being  the  same 

7.  Hence  we  may  determine  the  altitude  of  a  coliima 
of  air,  whose  pressure  shall  be  equalta  the  resistance  of 
a  body  moving  with  any  given  velocity ;  for, 

Let  a  z=  the  area  of  the  section  of  the  body,  similar  to 
any  of  those  in  the  table,  perpendicular  to  the 
direction  of  motion,, 
r  =  the  resistance  to  the  velocity  in  the  table, 
X  zz.  the  altitude  sought,  of  a  column  of  air,  whose 
base  is  a,  and  pressure  r ;  then  will 
ax  iz  the  content  or  the  column  in  feet,  and 
l^a  JT  =  j^  a  X,  its  weight  in  ounces;  consequently, 

r  =  f  a  Jf,  and  jt  =  |  x  — j 

is  the  altitude  sought  in  feet;  that  is,  fths  of  the 
quotient  arising  from  dividing  the  resistance  due  to  the 
given  velocity  by  the  area  of  ite  transverse  section,  i» 
equal  to  the  altitude  of  a  column  of  air,  whose  pres- 
sure is  equal  to  the  resistance. 

8.  Again,  if  it  were  required  to  find  with  what 
velocity  any  flat  surface  must  be  moved,  so  as  to  ex- 
perience a  resistance  equal  to  a  given  pressure ;  as,  fbir 
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example,  equal  to  that  of  the  atmoipbere,  we  should 
be  able  to  detennine  it  as  follows : 

The  resistance  on  the  whole  circle,  whose  area  is  32 
inches,  or  ^  of  a  foot,  is,  by  the  table  "051  oz.  when 
the  velocity  is  3  feet  per  second;  and,  as  the  resistance 
is  nearly  as  the  square  of  the  velocity,  it  will  b^  but 
one-ninth  of  this,  or  '00566  oz.  witli  a  velocity  of  1 
foot;  but,  2^  X  13600  x  §  =  7555^  oz.  is  the  whole 
pressure  of  the  atmosphere :  whence, 

V -00566   :    ^/7555J::  1    :    1 162  feet, 

nearly  the  velocity  sought ;  which  is  nearly  equal  to 
the  velocity  with  which  air  rushes  into  a  vacuum. 

9.  We  may  hence  also  infer  the  great  resistances 
opposed  to  the  motion  of  military  projectiles ;  for,  hy 
the  foregoine  tables  it  appears,  that  a  globe  of  6|  inches 
diameter,  which  is  equal  in  size  to  an  iron  ball  weighing 
36  lbs.  moving  with  a  velocity,  of  only  16  feet  per 
second,  meets  with  a  resistance  equal  to  the  pressure 
of  f  of  an  ounce ;  and,  therefore,  computing  only  ac- 
cording to  the  square  of  the  velocity,  uie  least  resists 
ance  that  such  a  ball  would  meet  with,  when  moving 
with  a  velocity  of  1600  feet  per  second,  would  be  equal 
to  f  of  an  ounce  multiplied  by  10000,  the  square  of 
the  ratio  of  the  two  velocities.     Now, 

2        10000        ^,^„ 

T^-T6-=^^'^^^- 

Moreover,  this  is  independent  of  the  pressure  of  the 
atmosphere  itself  on  ttie  forepart  of  the  ball,  which 
would  be  487  lbs.  more ;  for,  the  velocity  of  the  ball 
being  greater  than  that  with  which  air  rushes  into  a 
vacuum,  it  follows  that  the  hinder  part  of  the  body  is 
left  unsupported  by  any  counter  pressure.  The  whole 
resistance  to  the  motion,  with  such  a  velocity,  would 
therefore  be  more  than  900  lbs. 

The  author,  to  whom  we  have  been  indebted  for  the 
preceding  experiments  and  deductions,  conclddet  this 
section  of  his  valuable  work,  by  the  following  obsei^ 
vations. 

"  On  a  review  of  the  whole  of  the  premises,  we  find  that 
theresistance  of  the  air,  as  determined  from  the  foregoing 
experiments,  differ  very  widely,  both  in  tespect  to  its 
quantity  on  all  figures,  and  in  regard  to  the  proportions 
of  its  action  on  oblique  surfaces,  from  the  same  actions 
and  resistances,  as  assigned  by  the  most  plausible  and 
imposing  theories,  which  have  hitherto  been  delivered 
and  confided  in  by  philosophers.  Hence  it  may  be 
concluded,  that  all  the  speculative  theories  on  the  re- 
sistance of  the  air,  hitherto  laid  down,  are  very  erro- 
neous, and  that  it  is  from  experiments  only, carefully  and 
skilfully  executed,  that  a  rational  hope  can  be  grounded, 
of  deducing  and  establishing  a  true  and  useful  theory 
of  the  action  of  forces,  so  intimately  connected  with 
the  numerous  and  important  concerns  in  human  life.** 

Experiments. — Fifth  series. 

150.  Some  peculiarity  being  observable  in  the  re- 
sults of  the  preceding  experiments  on  the  cone  and 
hemisphere :  these  being  found,  practically,  to  be  nearly 
equal,  while  the  theory  required  the  ratio  between 
them  to  be  as  2  to  5,  moreover,  tlie  resistance  having 
been  found  to  vary  as  the  sine  of  incidence,  instead  of 
the  square  of  the  sine,  some,  further  experiments  were 


thought  necessary  to  examine  these  cases  wit 
greater  accuracy.  With  this  view,  the  author  pn 
himself  with  a  thin  rectangular  plate  of  brass  to 
the  arm  of  the  machine ;  its  weight  being  1 1  ozi.  i 
or  ll^Y  OZ9.  and  iis  dimensions  8  inches  by  4i 
and,  consequently,  its  area  32  inches,  or  ^  of  a 
the  same  as  the  area  of  the  base  of  the  cone,  cyl 
and  hemisphere,  in  the  foregoing  experiments, 
plate  was  adapted  for  fitting  on  the  end  of  the  i 
both  directions  :  viz.  in  the  direction  both  of  its 
and  breadth,  in  order  to  try  the  effect  of  the  saoc 
face  in  both  positions.  It  was  also  contrived  in  s 
way,  that  it  might  be  inclined  in  any  degree  I 
direction  of  the  motion,  in  order  to  try  the  reais 
at  all  angles  of  inclination. 

When  fitted  on  with  its  length  in  the  direction 
arm,  the  distance  of  its  centre  from  the  axis  of  i 
was  52}  inches,  and  the  distance  was  still  the 
when  fitted  on  the  other  way. 

151.  Experiments  on   the  plate  in  both  position 
t noting  weight  2  lbs. 


Angles  of 

Time  of  one  revolution, 

Time  of  one  revd 

incUuation. 

plane  iengthvrise. 

plane  breadthw 

seconds. 

seconds. 

0° 

1-00 

1-00 

5 

M7 

117 

10 

1-34 

1-35 

20 

1-67 

1-69 

30 

1-98 

200 

40 

2-27 

2-30 

45 

2-40 

— 

50 

2-54 

2-57 

60 

2-78 

280 

70 

2-94 

2-93 

80 

3-00 

3-00 

90 

3-02 

303 

The  1st  column  of  the  above  table  shows  the  8 
degrees  of  inclination  at  which  the  plate  was  fi: 
the  direction  of  its  motion;  the  2d  column 
mean  time  of  one  revolution,  as  deduced  from  a  m 
of  the  whole  time  of  revolving,  corresponding  t 
different  angles  of  inclination  in  the  1st  columi 
plate  having  in  this  case  its  length  in  the  direct 
the  arm.  The  3d  column  shows  the  same  whc 
breadth  of  the  piece  was  placed  in  the  direction 
arm. 

Note. — ^The  area  of  the  plane,  as  above  stated 
^ths  of  a  foot ;  the  radius  of  the  circle,  described 
centre,  53^  inches ;  and  its  circumference  237-7  i 
or  28-4  feet.  The  ratio  of  the  radius  of  the  aiis 
machine  to  that  of  the  circle  described,  51*1,  as  1 

By  comparing  the  times  in  the  two  last  colui 
appears,  that  the  differences  are  very  small,  an 
be  attributed  to  errors  of  observations,  rather  tl 
any  effect  due  to  the  position  of  the  plate. 

152.  Similar  experiments  being  now  perlbm 
the  simple  arm,  loaded  with  a  weight  equal  to 
the  plate,  and  with  different  actuating  weigli 
following  table  of  results  was  deduced : 


PNEUMATICS. 


S59 


1- 

Table  of  results. 

^ 

i'he  same 

In^ifyt. 

Time  of 

ActuatiRg  weieht. 

Differ- 

reduced 

Velocity 

tioDofthe 
plane. 

one  re- 
Tolution. 

encc  of 

resist- 

to the  ex- 
tremity 

per 
second. 

with 

without 

plane. 

plane. 

ance. 

of  arm. 

oz. 

oz. 

oz. 

oz. 

0° 

1-00 

32 

32  0 

0-0 

•000 

28-1 

5 

117 

32 

24-8 

7-2 

•140 

24-1 

10 

1-35 

32 

19-5 

12-5 

•243 

20-8 

20 

1-68 

32 

15-5 

16-5 

•320 

16-8 

30 

1-99 

32 

12-7 

19-3 

•371 

14-1 

40 

2-28 

32 

10-9 

211 

•410 

12-4 

45 

2-42 

82 

10-4 

21-6 

•420 

11-6 

50 

2-1x6 

32 

9-9 

22- 1 

•429 

110 

60 

2-79 

32 

9-3 

22-7 

-441 

10-1 

70 

2-94 

32 

8-9 

23-1 

•448 

9-6 

80 

3-00 

32 

8-7 

23-3 

•452 

9-4 

90 

3-02 

32 

8-6 

23-4 

-454 

9-3 

1 

2 

3 

4 

5 

6 

7  . 

the  resistance  as  it  depended  upon  the  angle  of  inclina- 
tion, with  which  view  the  following  experiments  were 
performed : 

Table  of  expenmenti  on  oblique  planes. 


It  may  not  be  amiss  to  observe,  that  the  numbers  in 
tbs  6th  column,  in  thousands  of  an  ounce,  express  the 
resistanOlB  to  the  plane  placed  at  the  angle,  indicated  by 
the  corresponding  line  in  the  1st  column,  when  the 
▼docity  in  feet  per  second  is  that  shown  in  the  last 
column. 

15S.  These  experiments  having  shown  that  the  re- 
sistance 18  the  same,  under  the  same  circumstances,' 
whichever  side  of  the  plane  was  put  in  the  direction  of 
tlie  arm,  the  next  object  was  to  determine  the  law  of 


Similar  experiments  continued  with  less  velocities. 

Angle 
with  the 
horixon. 

Actuating 
weight. 

Time  of  one 
revolution. 

Velocity 
per  second. 

Difference 
of  weights. 

Resistance 
to  12  feet 
velocity. 

The  same 
reduced  to 
the  body. 

Ratio  to 
the  last. 

Sines  of 
die  angles. 

oz.    dr. 

»ec. 

feet 

ox.    dr. 

o» 

10      0 

2-50 

11-25 

0      0 

0 

0 

0 

0 

.=  { 

10     4 
10  12 

2-67 
2-43 

10-54 
11-58 

0     4 
0    12 

}    0-81 

-016 

19 

87 

10° 

12     0 

2^50 

11-25 

2      0 

2-28 

-044 

52 

173 

20°    { 

15  0 

16  0 
24     0 

2-73 
52-50 
2-37 

10-31 
11-25 
11-87 

5  0 

6  0 
14     0 

-133 

158 

342 

30°    < 

26     0 

28     0 

2-26 
2^19 

1245 
12-85 

16     0 
18     0 

J  14-31 

•278 

331 

500    - 

40^    1 

32     0 

2-40 

11-72 

22     0 

) 

34     0 

2-30 

.12^23 

24     0 

V  23-09 

-448 

583 

643 

36     0 

2-26 

12-45 

26     0 

3 

f 

39     0 

2-40 

11-72 

29     0 

) 

50°    < 

40  0 

41  0 

2-39 
2^38 

11-77 
11-83 

30  0 

31  0 

V31-34 

-609 

724 

766 

60° 

43     0 

2-50 

11-25 

33     0 

37-60 

•730 

868 

866 

70°    { 

44  0 

45  0 

2^58 
2-55 

10-91 
11-04 

34  0 

35  0 

|41-49 

-805 

957 

940 

80°    { 

46  0 

47  0 

2-60 
2-52 

10'88 
11-14 

36  0 

37  0 

}  43-06 

•836 

994 

985 

90° 

48     0 

2-50 

11-25 

38     0 

43-35 

-841 

1000 

1000 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Motion, 
impuise, 
and  re- 
sistance of 
air. 


Angle  with 
the  horizon. 

Actuating 

Time  of  one 

Velocity 

weight. 

revolution. 

per  second. 

oz. 

sec. 

feet 

0°  j 

19 

150 

1876 

20 

143 

19-68 

s-J 

22 

1-43 

19-68 

23 

133 

21-16 

10°  { 

24 

r43 

19-68 

25 

1-40 

20-10 

r 

26 

1-76 

16-00 

1 

27 

1-73 

16-27         ! 

i 

28 

r67 

16-85 

1 

29 

1-65 

17-06 

20°/ 

30 

1-58 

17-81 

32 

156 

18-04 

j 

34 

1-52 

1851 

m 

36 

1-48 

19^02 

w 

38 

1-44 

19-54      ^ 

\^ 

40 

1-36 

20-69 

c 

44 

1-60 

17-59 

30°-? 

48 

1-54 

18-27 

52 

1-43 

19-68 

{ 

56 

1-40 

20-10 

40° 

64      - 

Thread  brc 

ke. 

**»*^cnL  '^"  the  above  table,   the  numbers  in   the  3d     whole  time  of  the  weight  descending,  after  the  motion 
^mn  show  the  medium  time  as  deduced  from  the    became  uniform,  as  explained  in  the  preceding  experi- 
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Pnenrom-  metiU.  These  times  correspond  to  the  angle  of  in- 
tic».  clination  in  the  1st,  and  the  actuating  weight  in  the 
^^^^"'"''^  2d  column.  The  4th  column  shows  the  velocity  in 
feet  per  second,  found  by  dividing  the  circumference  of 
the  circle  described,  by  the  time  of  describing  it. 
Then  the  first  weight  of  lOozs.  when  the  thin  edge  of 
the  plane  only  was  opposed  to  the  air,  bein^  deducted 
from  every  weight  in  the  2d  column,  leaves  the  weights 
in  the  5th,  which  are  to  be  considered  as  the  actual 
resistances  applied  to  the  circumference  of  the  barrel. 
The  6th  bolumn  gives  the  resistances  to  a  velocity 
of  12  feet  per  second,  as  deduced  from  those  in  the 
4th,  to  which  number  these  are  nearly  equal,  by  stating 
the  resistances  to  be  proportional  to  the  2*04  power 
of  the  velocities,  agreeable  to  the  medium  above  found 
for  slow  motions  (art.  148). 

In  the  7th  column  the  resistances  in  the  6th  are 
reduced,  by  dividing  the  latter  by  55' 1,  the  ratio 
between  the  radii  of  the  two  circles  :  these,  therefore, 
may  be  considered  as  the  true  measures  of  the  re- 
sistances when  applied  to  the  centre  of  the  body,  and 
corresponding  to  a  velocity  of  12  feet  per  second. 

The  8  th  column  shows  the  ratio  of  all  these  re- 
sistances, to  the  last  or  greatest  of  them,  in  order  to 
compare  them  with  the  sines  of  the  same  angles,  placed 
in  the  9th  and  last  column. 
Law  of  re-       155.  From  this  comparison,  it  appears  that  the  re- 
ftiiiupce  dc-  sistance  is  in  nowise  proportional  to  those  sines,  for, 
uyrmmcd.     f^^^  ^^  direct  vertical  position,  or  90°,  the  sine  of  the 
angle  of  inclination  decreases  faster  than  the  sines, 
but  nowhere  so  fast  as  the  square  of  the  sines,  and 
much  less  of  their  cubes,  as  the  theory  requires.     In 
fact,  the  resistance  varies  neither  as  the  first,  second, 
nor  third  power  of  the  sine  of  inclination. 

156.  The  index  of  the  power  of  the  sine  being,  there- 
fore, some  firactional  and  variable  number,  the  author, 
in  order  to  determine  it,  proceeds  as  follows : 

It  is  manifest  that  the  exponent  must  be  some  variable 
quantity,  which  at  60°  must  be  equal  to  1,  or  nearly 
so;  below  60°,  it  must  be  greater  than  1,  but  less  than 
2,  and  above  60°,  it  must  be  between  1  and  0.  Now 
tlic  cosines  of  angles  increase  from  90°  to  0°,  and  by 
such  a  law,  that  their  doubles  have  the  above  requisite 
property,  that  at  60°,  2  cos  =:  1,  above  60°,  2  cos 
Z.  1  and  7  0,  and  below  60°,  2  cos  7  1  and  /_  2. 
He  then  computes  the  proportions  of  sin**®*  for  all 
the  several  angles  of  inclination,  in  order  to  compare 
them  with  the  resistances,  but  the  agreement  is  not 
sufficiently  accurate  to  admit  this  law  of  variation. 

Instead,  therefore,  of  sin**^***,  he  assumes  sin"~* 
for  the  law.  in  question,  and  searches  the  value  of  n,  such 
as  to  produce  the  requisite  coincidences,  and  thus  finds 
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n  = ^ T-  =  1-842,  nearly. 


cos 


X  log. 


The  law  sought,  therefore,  is  sin  **•''"*»;  that  is,  the 
resistance  must  be  supposed  to  vary  as  the  sine  of  the 
angle  of  inclination,  raised  to  a  power  whose  index  is 
equal  to  1*842  times  the  cosine  of  the  same  angle. 

In  order  to  see  how  nearly  this  law  approximates  to 
the  actual  results,  the  following  table  is  constructed, 
in  which  the  numbers  in  the  2d  column  are  those 
computed  by  means  of  the  above  expression,  and  those 
in  the  3d  are  the  resistances  as  determined  from 
experiment. 


Angles. 

Valuer  of 

.'in  l'M9  COa. 

£xperi- 
nienul 

Diffiiieooe. 

9111             "—••. 

vcluchies. 

5° 

11 

18 

+  7 

10 

42 

62 

+    10 

20 

15G 

158 

+  2 

30 

331 

331 

0 

40 

536 

533 

-  3 

50 

730 

724 

-  & 

60 

876 

868 

-  8 

70 

962 

957 

-  5 

80 

995 

994 

—  1 

90 

1000 

1000 

0 

The  agreement  here  between  the  actual  resistances 
and  those  computed  is  such  as  seems  to  justify  qb  in 
assuming  the  above  expression  for  the  law  we  were  in 
search  of;  and  the  formula  being  multiplied  by  *84iy  in 
order  to  bring  it  to  ounces,  we  shall  have  -841  sin 
X  ^'**'  ^^  ',  for  the  resistance  in  ounces,  on  a  plane  wliose 
area  is  |ths  of  a  foot,  and  whose  angle  or  inclinatioB 
is  Xy  and  the  velocity  12  feet  per  second;  whence 
the  resistance  due  to  any  other  surface,  and  for  wskj 
proposed  velocity,  may  be  readily  computed  by  meins 
of  the  laws  established  in  the  preceding  articles. 

It  is  proper  to  obser\'e,  that  the  law  of  resistance 
thus  obtained,  will  only  apply  in  the  case  of  smldl 
velocities :  when  a  body  moves  with  a  very  great 
velocity,  as  in  the  case  of  a  projectile  from  a  piece  of 
ordnance,  which  is  frequently  at  the  rate  of  1600  or 
2000  feet  pdr  second,  a  difierent  law  takes  place.  WjS 
cannot  here  enter  into  the  detail  of  the  experiments 
from  which  the  law  alluded  to  is  deduced,  but  shall 
merely  state  the  result,  which  is,  that  r  being  taken 
to  denote  the  resistance  in  lbs.  v  the  velocity  in  feet 
per  second,  and  d  the  diameter  of  the  ball  in  inches 
shall  have,  in  case  of  very  great  velocities, 

r  =  (-0000073  v*  -  -0015  r)  d\ 

We  have  been  highly  indebted  to  the  third  Tolume  of 
Dr.  Huttons  Tracts  for  the  foregoing  tables  and  de- 
ductions, where  the  subject  is  carried  to  a  much  greater 
length  than  is  consistent  with  the  plan  of  this  work; 
those  readers,  therefore,  who  are  desirous  of  pursuing 
the  inquiry,  and  of  tracing  its  operation  in  practioJ 
gunnery,  are  referred  to  the  volume  above  quoted. 
See  also  the  article  Gunnery  in  our  alphabetical  ar- 
rangement 

Smeaton*s  experimcntt» 

157.  We  have  seen  from  the  deductions  of  the  expeii-  s 
ments  in  the  preceding  articles,  that  the  general  ex- » 
pression  for  the  resistance  of  the  air  to  an  oblique  soi^*  • 
face,  is  of  the  form  A  t?  *.  sin  ar  ■  **• ',   which  is  on-    - 
fortunately  very  ill  suited  to  the  purposes  of  analytical  A 
investigation.      If,    for    example,    it   were    required  M 
to  determine   the  best  position   for  the  sails  of  %^m 
windmill,  in  order,  with  a  given  quantity  of  cloth,  io^ 
produce  the  greatest  effect;  we  should  have  both  the 
root  and  index  indeterminate,  and  consequently  our 
fluxional  expression  extremely  complicated  and  unma- 
nageable^  supposing  we  even  assumed  the  index  fs,  ap- 
pertaining to  the  velocity,*  to  be  equal  to  2.  The  common 
solution  of  this  problem  gives  for  the  angle  of  the  sail 
54^  44',  but  this  merely  contemplates  the  action  of  (he 
air  upon  a  plane  at  rest,  or  when  all  the  parts  are 
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moving  with  the  same  velocity;  and,  therefore,  will 
not  properly  apply  to  a  wmdmiil-saii,  in  which  the  ve- 
locity of  every  part,  from  the  axis  outwards,  describes 
diBTereat  circles.  Maclauriii,  in  the  soliition  which  he 
has  given  of  this  problem,  in  his  **  Account  of  Sir  Isaac 
Newton**  Discoveries,"  and  in  his  Fluxions,  (art.  914,) 
has  treated  it  with  reference  to  this  consideration ;  and 
the  theorem  which  is  dedueed  from  this  view  of  the 
subject  is  as  follows :  **  Suppose  the  velocity  of  the 
wind  to  be  represented  by  //,  and  the  velocity  of  any 
given  part  of  the  sail  to  be  denoted  by  r,  then  the  effect 
of  the  wind  on  that  part  of  the  sail  will  be  the  greatest 
when  the  tangent  of  the  angle  in  which  the  wind  strikes 
it  is  to  radius,  as 

This  result  is  doubtless  much  nearer  the  truth  than 
that  above-mentioned ;  but  as  the  force  is  even  here 
estimated  according  to  the  common  doctrine  of  resist- 
ance, as  it  depends  upon  the  sine  of  the  angle  of  inci- 
dence, it  is  probably  still  far  from  the  best  practical 
mode  of  construction ;  it  moreover  assigns  no  actual 
angle,  nor  what  velocity  any  one  given  part  of  the  sail 
oujjht  to  have  in  respect  to  the  wind ;  so  that  much  is 
still  left  for  practical  determination;  and  we  hope  not 
to  be  suspected  of  any  want  of  respect  for  the  powers 
of  analysis,  when  we  give  it  as  our  opinion  that  in 
8uch  determinations  as  these^  much  more  rational  and 
iiseful  information  may  be  expected  from  ivell-con- 
ducted  experiments,  than  from  the  most  profound 
mathematical  researches.  Being  fully  impressed  with 
this  idea,  and  well  assured  of  the  great  accuracy  with 
Mhich  Mr.  Smeaton  always  examined  all  mechanical 
effects  which  fell  practically  under  his  observation,  we 
propose  to  conclude  this  section  by  a  detail  of  certain 

I  experiments  performed  by  him  on  the  construction  and 
efmct  of  windmill-sails,  the  results  of  which  are  pub- 
liihed  in  the  Phil.  Trans,  for  1759. 
158.  The  machine  by  means  of  which  these  cxperi- 
bwdU  were  performed,  acted  on  similar  principles  to 
tbat  employed  by  Robins  and  Hut  ton  in  their  experi- 
tneols.  Referring  to  (tig.  20-a),  ABC  is  a  pyramidical 
Irime  for  supporting  the  moving   parts,     DE  is  an 

Iuprtght  axis,  on  which  is  framed  FG,  an  arm  for  carry- 
ine;  the  siiils  at  a  proper  distance  from  the  centre  of  the 
ttpright  axis.  H  is  a  barrel  on  the  same  axis,  on 
loich  is  wound  a  cord,  which,  being  drawn  by  the 
Uad,  gives  a  circular  motion  to  the  axis  and  to  the 
onn  FG,  and  thus  carries  the  axis  of  the  sail  forward 
in  the  circumference  of  a  circle,  whose  radius  is  Dl; 
causing  the  sails  to  strike  the  air,  and  thus  to  re- 
^oWe  on  their  own  axis.  At  L  is  tixed  the  end  of  a 
M&all  line,  wliich,  passing  over  the  pulleys  M,  N,  0, 
tMinates  on  a  small  cylinder,  or  barrel,  on  the  axis  of 
tlie  lails,  and  by  winding  on  it,  raises  the  scale  P,  with 
^be  weights  placed  in  it  for  trying  the  power  of  the  sails. 
Two  parallel  pillais,  Q,  R,  stand  on  the  arm  FG, 
(Wiopporting  and  keeping  the  scale  P  steady,  which  is 
l^pttrom  swinging  by  means  of  S,  T,  two  small  chains 
•Web  hang  loosely  round  the  two  pillars.  W  is  a 
•«ight  for  b  1  •  !  e  centre  of  gravity  of  the  moveable 

^^1  gf  the  i  into  the  centre  of  motion  of  the 

yX  is  a  pendulum  composed  of  two  balls  of  lead, 
*Wch  are  moveable  on  a  wooden  rod,  and  can  thus  be 


adjusted  so  as  to  vibrate  iti  any  time  reqtiii'cd.  This  Muiluu. 
pendulum  hangs  on  a  cylindrical  wire,  on  which  it  «nipii'»f» 
vibrates  as  on  a  rolling  axis*  si^ioTof 

The  pendulum  being:  so  adjusted  as  to  make  two  ^y. 
vibrations  in  the  time  that  the  arm  FG  is  intended  to  ^^^-"^^-^ 
make  one  revolution,  and  tlie  pendulum  being  set  vi- 
brating, the  experimenter  pulls  the  cord  at  Z  with  suf- 
ficient force  to  make  each  half  revolution  of  the  arm  to 
correspond  to  each  vibration  as  accurately  as  possible 
during^  the  time  of  the  experiment,  which  is  rendered 
easy  by  a  little  practice. 

159,  The  machine  being  properly  aHjtisled,  the  ex*  Eipcriimiit 
periments  detailed  in  the  following  table  were  made,  ^i^*  ^'^ 
In  No.  1„  the  sails  were  set  at  the  an^le  recommended  ^^J^^^j^^ifi^^, 
by  M.  Parents  and  many  other  mathematicians,  the 
plane  of  the  s^iils  making  nearly  an  angle  of  55^  with 
the  axis,  the  complement  of  which,  or  35°,  being, 
therefore,  the  angle  with  reference  to  the  direction  of 
motion,  and  which  is  indicated  in  the  3d  and  4th  co- 
lumns of  the  table.  In  the  same  columns,  also,  arc 
sliown  the  angles  at  the  extremities  and  the  greatest 
angles  of  the  sails,  in  those  cases  where  different  incli* 
nations  were  given,  agreeably  to  Maclaurin's  theorem, 
and  according  to  the  constructions  practised  by  Dutch 
millwrights.  The  5th  column  exhibits  the  number  of 
turns  made  when  the  sails  were  unloaded;  and  the 
6th,  the  number  of  turns  made  by  the  same  wlien  the 
effect  was  at  a  maximum  ;  that  is,  when  the  product  of 
the  load  raised,  multiplied  by  its  velocity,  was  a  tnaxi* 
mum.  The  7th  column  shows  this  load  ;  and  the  8th, 
the  greatest  load,  or  that  which  stopped  the  motion^ 
The  9thcolnmn  contains  the  products  above-mentioned ; 
the  1 0th,  the  quantity  of  surface  of  the  sails;  and  the 
llth,  12th,  and  13th,  the  ratios,  indicated  by  the  heads 
of  the  respective  columns. 

The  method  of  obtaining  the  maximum  effect,  or  max-  Matlnrafa 
imum  product,  will  be  best  seen  by  a  statement  of  an  cifccideu;r- 
experiment  at  length.  '  "'^°*^^' 

Specimen  of  a  act  of  experiments, 

Radius  of  the  sails  • *••••**.  21  inches. 

I^ength  of  ditto  in  doth  •.,.«,«^«...  18  inches. 

Breadth  of  ditto ••«••..  56  inches. 

Angle  at  the  extremity ....  ,••...... .  10  degrees. 

Ditto  at  the  greatest  inclination ......  "25  degrees. 

20  turns  of  the  sail  raised  the  weight  11*3  inches. 

Velocity  of  the  centre  of  the  sail,  in  die 
circumference  of   the  great  circle, 

per  second  , • .  •  • • , ,  6  feet. 

Time  of  the  experiment • 52  seconds. 

Ko*        W*  in  the  scale.        No.  of  turns.  Product 

1  0  lbs.  103  0 

2  6  85  51  f> 

3  6^  81  5W^ 

4  7'  78  564^ 

5  7^  73  5474  max. 
S  ft  65  520" 

7  9  0  0 

Note, — ^The  weight  of  the  scale  and  pulley  was  3  ois, 
and  1  oz.  suspended  on  one  of  the  radii,  at  12^  inches 
from  the  centre  of  the  axis,  just  overcame  the  friction^ 
scale,  and  load  of  7 Jibs;  and  placed  at  14^1  inches, 
it  overcame  the  same  with  19  lbs, 

No.  5  being  taken  for  the  maximnm^  the  weight  in 
the  scale,  and  of  the  scale  itself,  was  7  lbs.  1 1  ozs.  or, 
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123  028.  which,  added  to  the  resistance  due  to  the 
^  ftictioD  of  the  machinery,  ascertained  to  be  IGozs.  give 
'  139 ozs.,  or  8*69 lbs.  for  the  whole  resistance.     Now 

the  number  of  turns  was  73,  and  multiplying  ^8-69 lbs. 

by  73,  we  have 


8-69  X  73  ::=  634, 
which  may  be  called  the  representatioik  of  the  elfect 
produced,  and  die  numbers  thus  obtained,  are  givea  ill 

the  9th  column  of  the  following  table. 


Erperiments  on  xcintfmill'Sails 

of  various  constructions,  positions,  tfC. 

li 

\%t 

.  of  ditto 
the  imxi- 

%i 

•8 

tioofthc 
atest  vc- 
ity  to  the 
ocity  at  a 
xinium. 

nn . 

^si 

Description  of  the  sails. 

NO 

5"i 

It 

13 

i 

tioof 
ateati 
the  1 
them 
mom. 

ill 

i.^' 

&« 

J  s 

3    3 

\AUlt 

:2S>8i 

Plane  sails,    at  an ) 
angle  of  55^.         ] 

Plane    sails,    wea-^ 
thered     according  f 
to     the     common  | 
custom.                  J 

1 

deg. 

35 

deg. 

35 

66 

42 

ib«. 
7-56 

lbs. 

12-59 

318 

404 

10:7 

10:6 

10:7-9 

2 

12 

12 

70 

6-3 

7-56 

441 

404 

10:8-3 

10:10-1     V 

3 

15 

15 

105 

60 

6-72 

8-12 

464 

404 

i'6:'6-6 

10:8-3 

10:10-1& 

4 

18 

18 

96 

66 

7-0 

9-81 

462 

404 

10:7 

10:71 

10:101s 

Weathered  accord-^ 

5 

9 

26} 
29 

•  •• 

66 

70 

•  •• 

462 

404 

10:11-4 

ing  to  Maclaurin  s  >- 

6 

12 

•  •• 

70} 

7-35 

•  •• 

518 

404 

10:12-8 

theorem.                j 

7 

15 

32: 

•  •• 

631 

8-3 

•  •• 

527 

404 

•••••• 

10:13- 

/ 

8 

0 

15 

120 

93 

4-75 

5-31 

442 

404 

10:7-7 

i6:8-9 

lO-.ll' 

% 

9 

3 

18 

120 

79 

7-0 

8-12 

553 

404 

10:6-6 

10:8-6 

10:13-r 

Weathered  after  the  1 

10 

5 

20 

••• 

78 

7-5 

8-12 

585 

404 

10:9-2 

10:14-5 

Dutch  practice.      \ 

11 

n 

22i 

113 

77 

8-3 

9-81 

639 

404 

io-e-s 

10:8-5 

10:15-8 

t 

12 

10 

25 

108 

73 

8-69 

10-37 

634 

404 

10:6-8 

10:8-4 

10:15-7 

v^ 

13 

12 

27 

100 

66 

8-41 

10-94 

580 

404 

10:6-6 

10:7-7 

10:14-4  - 

Ditto ;  but  enlarged  ( 
towards    the    ex--^ 
tremities.                1 

8  sails, being  sectors  C 
of  ellipses  in  their  < 
best  posit  ons.        ( 

14 
15 

.? 

224 
25 

123 
117 

75 

74 

10-65 
11-08 

12-59 
13-69 

799 
820 

505 
506 

10:6-1 
10:6-3 

10:8-5 
10:8-1 

10:15-8 
10:19-2 

16 

12 

27 

114 

66 

12-09 

14-23 

799 

605 

10:5-8 

10:8-4 

10:15-8 

17 

15 

30 

96 

63 

1209 

14-78 

762 

605 

10:6-6 

10:8-2 

10:151 

18 
19 

12 
12 

22 
22 

105 
99 

64i 
64^ 

16-42 
1806 

27-87 

1059 
1165 

864 
1145 

10:6-1 
10:6-9 

10:5-9 

10:124 
10:10-1 

U 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13        , 

160.  An  estimate  of  these  effects  may  be  made  im- 
mediately by  an  inspection  of  the  9th  andi  13th  columns, 
and  they  are  decidedly  in  favour  of  the  Dutch  con- 
struction, although  those  sails  that  are  weathered 
according  to  the  |;>rinciple  of  Maclaurin,  approximate 
nearly  towards  them  with  respect  to  the  maximum 
effect. 

In  No.  5,  the  result  is  nearly  ihe  same  as  with  the 
plane  sails  in  their  best  positions ;  but  being  turned 
round  in  their  sockets,  so  that  every  part  of  each  sail 
stood  at  an  ande  of  3°,  and  afterwards  of  6®  greater 
than  before;  that  is,  their  extremities  being  moved 
from  9°  to  12®  and  15®,  the  products  were  increased 
to 518  and  527  respectively;  the  latter  appears,  there- 
fore, to  be  nearly  the  most  favourable  position  for  sails 
of  this  construction. 

It  is  to  be  observed,  that  a  sail  inclined  according  to 
the  theorem  above  referred  to,  presents  a  convex  sur- 
face to  the  wind ;  whereas,  the  Dutch,  and  all  our  best 
modern  millwrights,  although  they  make  the  angle  to 
diminish,  yet  they  constanUy  do  it  in  such  a  manner 
as  that  the  surface  of  the  sail  may  be  concave  towards 
the  wind.  In  this  manner  the  sails  made  use  of  in  Nos. 
8,  9,  10,  &c.  were  constructed,  and  the  several  results 
show  the  advantage  of  this  form,  and  the  best  position 
that  can  be  given  to  them. 

The  foregoing  series  of  experiments  ftirnished  Mr. 
Smeaton  with  the  following  practical  maxims : 

1.  The  velocity  of  windlmill-sails,  whether  unloaded 


or  loaded  so  as  to  produce  a  maximum  effect,  is  neailj"* 
as  the  velocity  of  the  wind,  their  shape  and  pontiQa^ 
being  the  same. 

2.  The  load  at  the  maximum  is  nearly,  but  somewhat  - 
less  than,  as  the  square  of  the  velocity  of  the  wind,  m 
the  shape  and  position  of  the  sails  being  the  same. 

3.  The  effects  of  the  same  sails  at  the  maximum,  are^ 
nearly,  but  somewhat  less  than,  as  the  cubes  of  tke^ 
velocity  of  the  wind. 

4.  The  load  of  the  same  sails  at  the  maximum,  isr 
nearly  as  the  squares,  and  their  efiects  as  the  cobcg  s 
of  their  number  of  turns  in  a  given  time. 

5.  When  sails  are  loaded,  so  as  to  produce  a  mtxif 
mum  at  a  given  velocity,  and  tlie  velocity  of  the  imx^-^^ 
increases,  the  load   continuing  the  same;    1st,  T 
increase  of  effect,  when  the  increase  of  velocity  of  1 
wind  is  the  same,  will  be  nearly  as  the  squares  of  thi 
velocities.    2dly ,  When  the  velocity  of  the  wind  is  do^' 
ble,  the  effects  will  be  nearly  as  10  to  27|.    But,  Sdly, 
When  the  velocity  compared  is  more  than  double  c/ 
that  where  the  given  load  produces  a  maximum,  Ae 
effects  increase  nearly  in  the  simple  ratio  of  the  y^Mi^ 
of  the  wind. 

6.  In  sails  where  the  figure  and  position  are  similai, 
and  the  velocity  of  the  wind  the  same,  the  number  oi 
turns  in  a  given  time  will  be  reciprocally  as  the  radint 
or  length  of  the  sail. 

7.  The  load  at  a  maximum  that  sails  of  a  umilar 
figure  and  position  will  overcome,  at  a  giyen  distance 


P  N  E  IT  M  A  T  I  C  S; 


363 


r 

II 


from  lEe  centre  of  motion,  will  be  as  the  cube  of  the 

8.  Tfre  eflecU  of  a  sail  of  similar  figure  and  position 
are  as  the  square  of  ttie  radius. 

9.  The  velocities  of  the  extremities  of  the  sails,  m 
nil  their  usual  positions,  when  unloaded,  or  even 
leaded  to  a  maximum »  are  considerably  quicker  tlian 
the  velocity  of  the  wind. 

Other  practical  deductions  obtained  from  the  pre- 
ceding results  may  be  found  in  the  volume  of  the  Phil. 
Trmns,  above  referred  to.  See  also  PhiL  Trans,  abridged 
by  Hniton,  Sec,  vol.  ni.  p.  360. 

§  IX.    On  tkc  natvrt  and  propagation  of  sound, 

^^^^^^      101.  The  doctrine  of  Acoustics,  according  to  the 
most  exteniiive  si^ification  of  this  term,  includes  in- 
quiries concern  in  g-  the  nature  and  origin  of  sound,  its 
propagation  and  velocity,  its  operation  and  effect  on 
th«  ear,   the   consequences   of  the    combinations    of 
sounds  variously  related,  constituting  the  doctrine  of 
hmnonics,  the  construction  and  theory  of  musical  in- 
struments, &c,  &c.      It  is  not  our  intention,  however, 
iQ  this  section,  to  consider  the  subject  under  this  gene- 
ral point  oi"  view;  we  shall  confine  our  inquiries  only  ly 
tht  two  former  of  these  heads,  reserving  what  relates 
to  the  latter  for  its  proper  place  in  our  treatijic  on  Music. 
Br.  Young  defines  sound  to  be  a  motion  capable  of 
a^ccting  the  ear  with  the  sensation  peculiar  to  the 
Ofgan.     It  is  not  simply  a  vibration  or  undulation  of 
the  air,  as  it  is  sometimes  called  ;  for  there  are  many 
^ouDds  ID  which  the  air  is  not  concerned,  as  wlieti  any 
sounding  body  is  held  by  the  tooth :    nor  is   sound 
always  a  vibration  or  alternation  of  Quy  kind,  for  every 
QOifle  is  a  sound,  and  a  noise,  as  distinguished  from  a 
continued  sound,  consists  of  a  single  impulse  in  one 
direction   only,   sometimes   without   any    alternation; 
irliile  a  continued  sound  is  a  succession  of  such  ini- 

Ctilses,  whjch»  in  tlie  organ  of  hearing,  at  least,  cannot 
*^t  be  alternate.     If  these  successive  impulses  form  a 
oonected  series,  following  each  other  too  rapidly  to  be 
'^parately  distinguished,  tliey  constitute  a  continued 
^^'^ud,  like  that  of  the  voice  in  speaking,  and  if  they 
^^'  equal  among  themselves  in  duration,  they  produce 
•tusical  or  equable  sound,  as  that  of  a  vibrating  chord 
firing,  or  of  the  voice  in  singing*     Thus,  a  string 
^^king  against  a  piece  of  wood,  causes  a  noise,  but, 
.  *'*king  against  the  teeth  of  a  wheel  or  a  comb,  u  con- 
?*Ued  sound  ;  and  if  the  teeth  of  the  wheel  be  at  equal 
'"Stances,   and  its  velocity   or  motion   constant  and 
**ifcirm,  a  musical  note. 

1 62.  These  definitions  being   understood,  we  may 

^^*^serve,  tliat  the  particles  of  an  elastic  body,  when  they 

^*e  drawn  momentarily  from    their   natural  position, 

til  return  towards  it  again  by  a  series  of  isochronal 

IJtttions.     These  vibrations  communicate  themselves 

tlic  air,  which  is  also  a  compressible  and  elastic 

dy,  and  produce  in  it  alternate  condensations  and 

4ations,  which  are,  in  the  first  instance,  excited  in  the 

^eds  of  this  tluid  nearest  to  the  body  put  in  motion, 

*^nd  are  hence   transmitted   to  others   more   distant, 

^iuough  the  entire  mass  of  air,  in  the  same  manner  as 

r-Pac  waves  formed  in  tranquil  water,  by  a  stone  thrown 

jt,^  are  propagated  in  successive  circles  from  the 

"  centre — 


A»  the  tmall  pchhh  itlr»  the  peaceful  I;ikc, 

A  circle  formed,  tiiiulJjer  *Uaight  skiccteds, 
Another  snll«  unditjll  aiiiother  apreudn. 


N«t4ire  Mnd 
of  «uiiad. 


When  these  dilations  and  contractions  succeed  each 
other  with  sufficient  rapidity,  they  excite,  as  we  have 
said  above,  in  our  ear,  tlie  sensation  of  sound;  and  the 
greater  or  less  rapidity  of  their  succession,  constitutes 
all  the  difftTcuce  between  acute  and  grave  tones,  by 
which  sounds  are  distinguished  from  each  other. 

It  appears,  therefore,  that  air  is  the  principial  me- 
dium for  the  transmission  of  sound;  and  on  this  account, 
the  doctrine  of  Acoustics  is  commonly  eonsidered,  and 
treated  of  as  a  branch  of  the  general  science  of  Paeu- 
matics. 

When  sohd  bodies  are  struck  in  such  a  manner  as 
to  produce  a  distinct  sound,  they  vibrate  with  great 
rapidity  ;  for,  if  while  giving  out  the  sound,  we  touch 
them  slightly  with  the  end  of  the  finger,  or  with  the 
edge  of  a  small  metallic  lamina,  we  may  perceive  very 
distinctly  a  great  number  of  pulsations  succeeding  each 
other  with  extreme  rapidity  :  a  bell  that  is  struck,  or  a 
stretched  wire  made  to  give  forth  a  sound,  will  furnish 
abundant  proofs  of  the  truth  of  this  assertion. 

163.  In  order  to  demonstrate  that  sound  is  really  Scwind  u 
the  effect  of  these  vibrations  when  carried  on  witli  sufH-  *^*  ^^"*'^ 
cient  rapidity,  we  need  only  observe  what  follows  when  vjiJJJf^^Ji^J^ 
we  render  them  very  slow,  as  by  atretching  a  musical 
string  by  a  very  small  weight :  in  this  case,  the  vibra* 
tions  may  be  made  so  slow,  that  they  maybe  counted; 
and  the  consequence  will  be,  that  no  sound  will  be  pra*> 
duced.  In  order  that  sound  may  be  obtained,  the 
tension  nf  the  chord  must  be  increased ;  and  it  will  be 
found,  that  the  greater  the  tension  is,  the  length  re- 
maining the  same,  the  more  acute  the  sound  will 
become  j  in  the  mean  time,  the  vibrations  will  succeed 
each  other  so  rapidly,  that  they  cannot  be  followed 
by  the  eye ;  and  we  must,  therefore,  have  recourse  to 
calculation,  in  order  to  determine  tlie  duration  of  the 
successive  vibrations,  which  may  always  be  eS'ected 
when  we  know  the  length  and  weight  of  the  string  and 
the  degree  of  tension  to  which  it  is  submitted.  In  thi« 
way  it  has  been  found*  that  the  sound  given  forth  by  a 
vibrating  chord,  ceases  to  be  distinctly  appreciable  to 
the  most  delicate  ear,  when  it  makes  less  than  32 
vibrations  per  second,  Ihis  will,  of  course,  be  only 
considered  as  a  rough  approximation  ;  it  is  obvious,  that 
it  must  be  very  difl'erent  in  different  persons,  and  that 
it  is  a  determination  which  cannot  be  expected  to  be 
made  with  great  accuracy. 

lt>4.  Having  thus  shown  that  sound  is  excited  by  the  S<mncl  not 
rapid  vibrations  of  elastic   bodies,  we  shall  next  en- pj^^^ut^ttl  ia 
deavour  to  demonstrate,  tliat  the  trtmstnifesion  is  made  *  **^"^^™- 
by  means  of  the  air;  at  least,  tliat  it  is  only  made 
when  there  is  this  fluid,    or   some  x>Uier  conducting 
medium^  between  the  sonorous  body  and  the  ear.     In  * 
order  to  prove  this,  it  is  sutficiefit  to  suspend  a  small 
bell  in  the  moveable  receiver  of  an  aij"-pump.     Whea 
the  receiver  is  full  of  air,  if  we  shake  the  machine^ 
the  clapper  or  tongue  will  strike  the  bell,  and  tije 
sound  will  be  heard  distincdy ;  but,  if  we  afterwards 
exhaust  die  air,  and  again  shake  tlie  machine,  so  as  to 
produce   the  same   motion   as  before,  we  shall  hear 
no   sound;    again,    let   us    admit   a  small  portion   of 
air,  and  the  sound  again  bicomes  sensible,  and  more 
and  more  distinct  according  as  the  rarefied  air  ap- 
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proaches  nearer  and  nearer  to  the  state  it  was  in  at 
first. 

Air,  however,  is  not  the  only  medium  through  wliich 
sound  may  be  propagated,  as  has  been  demonstrated 
by  introducing  mto  the  exhausted  receiver  many  other 
elastic  fluids.  Vapours,  also,  of  water,  ether,  spirit  of 
wine,  &c.  are  capable  of  this  transmission,  as  philoso- 
phers have  proved  in  numerous  instances;  on  which 
account  it  is  necessary,  in  performing  the  experiment 
above  referred  to  (viz.  to  show  that  sound  cannot  be 
transmitted  throu^  a  void),  to  place  in  the  receiver 
small  pieces  of  some  absorbing  substance  that  shall 
attract  to  itself  the  aqueous  vapours  which  may  remain 
there ;  and  which  would  otherwise  transmit  the  sound 
in  a  perceptible  manner,  although  very  weak,  in  con- 
sequence of  their  little  density. 

Again,  elastic  fluids  are  not  the  only  bodies  which 
transmit  sound,  for  it  is  also  propagated  by  means  of  non- 
elastic  fluid  bodies.  This  may  be  shown  by  striking  to- 
gether two  stones,  or  other  bodies  under  water,  in  which 
we  not  only  hear  the  sound,  but  the  noise  of  the  blow, 
if  the  head  be  placed  under  water,  is  audible  at  consi- 
derable distances.  Dr.  Franklin  assures  us,  that  he 
has  thus  heard  noises  at  the  distance  of  half  a  mile. 

Lastly,  sound  is  likewise  transmitted  through  solid 
bodies.  This  is  a  fact  well  known  to  military  miners,  who 
not  only  hear  the  miners  opposed  to  them,  but  are  able 
thence  to  judge  of  then*  petition  and  direction.  Some 
very  interesting  experiments  on  the  subject  of  the 
transmission  of  sound  through  solid  bodies,  were  made 
by  M.  Biot,  on  the  aqueducts  of  Paris,  of  which  we 
shall  give  some  account  in  a  subsequent  article;  we 
shall  here  merely  observe,  that  a  cylindrical  tube  being 
struck  with  a  hammer  at  one  extremity,  a  double  sound 
was  very  distinctly  heard  at  the  other :  the  one,  through 
the  solid  matter,  being  transmitted  much  more  rapiSy 
than  the  other  through  the  medium  of  the  atmospnere. 

165.  These  points  being  established,  let  us  now 
examine  a  little  more  minutely,  how  the  perturbations 
produced  by  the  vibrations  of  sonorous  bodies  in  the 
particles  of  air  in  their  vicinity,  can  be  thence  transmitted 
to  the  ear.  Since  the  continuity  of  the  vibrations  does 
nothing  more  than  render  the  transmission  continual 
and  of  greater  duration,  it  is  obvious  that,  in  order  to 
consider  the  phenomenon  in  its  simplest  form,  we  must 
first  examine  how  a  single  perturbation  is  propagated, 
as  for  example,  the  explosion  from  a  cannon  or  pistol. 

Let  us,  in  order  to  simplify  this  inquiry,  suppose  the 
explosion  to  happen  in  a  spherical  mass  of  air.  Then, 
at  the  moment  it  takes  place,  the  particles  comprised 
in  this  sphere,  will  be  strongly  pressed  upon  those 
near  them.  But  these  opposing  a  resistance  which 
must  be  overcome,  it  follows,  that  the  first  are  com- 
pressed in  the  same  time  that  they  are  displaced. 
Those  which  encompass  them,  yield  in  part  to  their 
effort ;  and  are,  therefore,  in  like  manner,  aisplaced  and 
compressed,  but  in  a  less  degree,  till  at  length  the 
motion  and  compression  become  insensible  at  a  certain 
distance  from  the  phonic  centre,  or  centre  of  explosion. 
All  this  takes  place  in  the  first  instant,  when  the  ex- 
plosion having  ceased,  the  particles  which  had  been  com- 
pressed, dilate  themselves  in  all  directions  in  conse- 
quence of  their  elasticity,  and  thus  again  re-act  upon 
all  the  particles  which  oppose  their  motion ;  these,  in 
like  manner,  act  upon  all  the  particles  in  their  vicinity, 


which  had  not  been  effected  in  tike  Brst  inatancey  mud  Nmt 
they  are  thus  also  compressed  in  their  turn.    The  v^y 
eflfect  then  becomes  the  same  for  these,  as  for  those  in  ^ 
the  first  instant,  and  by  these  alternate  condensations 
and  dilations,  the  induiation  is  propagated  sucoessivdy 
in  all  directions  from  the  general  centre  through  the 
mass  of  air. 

166.  Dr.  Young  illustrates  this  matter  somevdut  I>r. 
diflerently ;  he  observes,  ''  that  in  order  to  form  a  ■'^ 
distinct  idea  of  the  manner  in  which  sound  is  propagth 
ted  through  an  clastic  substance,  we  must  first  ooa- 
sider  the  motion  of  a  single  particle,  which,  in  the 
case  of  a  noise  is  pushed  forwards,  and  then  either 
remains  stationary,  or  returns  back  to  its  original 
situation ;  but  in  the  case  of  a  musical  sound,  is  con-> 
tinually  moved  backwards  and  forwards  with  a  velocity 
always  varying,  and  varying  by  different  degrees,  ac- 
cording to  the  natnre  or  quality  of  the  tone;  -tot 
instance,  differenUy  in  the  tones  of  the  bdl  and  a 
trumpet  We  may  first  suppose,  for  the  sake  of  siiH 
plicity,  a  single  series  of  purticles  to  be  placed  ooW  ia 
the  same  line  with  the  direction  of  the  motion.  It  is 
obvious,  that  if  these  particles  were  absolutely  incoiiH 
pressible,  or  infinitely  elastic,  and  were  only  retained 
in  contact  with  each  other  by  an  infinite  force  of  c(Ae- 
sion  or  of  compression,  the  whole  series  must  move  pre- 
cisely at  the  same  time,  as  well  as  in  the  same  maaaer. 
But  m  a  substance  which  is  both  compressible  and  ex- 
tensible, or  expansible,  the  motion  must  occupy  a. 
certain  time  in  being  propagated  to  the  successive  par^ 
tides  on  either  side,  by  means  of  the  impulse  of  die 
first  particle  on  those  which  are  before  it,  and  by  metni 
of  the  diminution  of  its  pressure  on  those  ndiidi  m^ 
behind ;  so  that  when  the  sound  consists  of  a  series  of 
alternations,  the  motion  of  some  of  the  particles  will  be  . 
always  in  a  less  advanced  state  than  that  of  oAesi 
nearer  to  its  source ;  while  at  a  greater  distance  Ibf^ 
wards,  the  particles  will  be  in  the  opposite  stage  of  the 
undulation,  and  still  further  on,  they  will  again  be 
moving  in  the  same  manner  with  the  nrst  partide,  in 
consequence  of  the  effect  of  a  former  vibration.  The 
situation  of  a  particle  at  any  time  may  be  represented 
by  supposing  it  to  mark  its  path,  on  a  surface  sliding 
uniformly  along  in  a  transverse  direction.  Thus,  if  we 
fix  a  small  pencil  in  a  vibrating  rod,  and  draw  a  sheet 
of  paper  along,  against  the  point  of  the  pencil,  an  an* 
duhited  line  will  be  marked  on  the  paper,  and  will  cor- 
rectly represent  the  progress  of  the  vibration.  What- 
ever the  nature  of  the  sound  transmitted  through  any 
medium  may  be,  it  may  be  shown  that  the  path  thai 
described  will  also  indicate  the  situation  of  the  dif> 
ferent  particles  at  any  one  time.  The  simplest  case  of 
the  motion  of  the  particles  is  that  in  which  they  ol^- 
serve  the  same  law  with  the  vibrations  of  a  pendulmBy 
which  is  always  found  opposite  to  a  point  supposed  to 
move  uniformly  in  a  cnx:le ;  in  this  case,  the  path  de^ 
scribed  will  be  the  figure  denominated  the  harmooic 
curve;  and  it  may  be  demonstrated,  that  the  force, 
impelling  any  particle  backwards  and  forwards,  "will 
always  be  represented  by  the  distance  of  the  partide 
before  or  behind  its  natural  place ;  the  greatest  con* 
densation  and  the  greatest  direct  velocity,  as  well  at 
the  greatest  rarefaction  and  retrograde  wodty,  hap- 
pening at  the  instant  when  it  passes  throagh  its  nati&-> 
ral  place." 
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167.  From  all  that  lias  tiow  been  stated,  it  appears 
that  tbe  motion  and  condeiisatioQ  which  take  pliice 
wnfPf  instant  in  the  mass  of  air,  are  in  reality  only  the 
I«p»ffCii8«ion8  of  the  motion  and  of  the  condensation 
unptOMed  on  the  first  particles  on  which  the  explosion, 
or  blow  acts ;  and  since  in  free  air,  as  the  undulations 
are  more  and  more  extended,  a  gprearer  number  of  par- 
ticles are  put  in  motion  ;  it  foUows^  as  a  necessary  con- 
fleqiieiice,  chat  the  etfect  on  each  becomes  weaker ; 
CUM  the  intensity  of  the  sound  ought,  therefore,  to 
become  less  and  less,  as  we  are  further  removed  from 
«O0Dtre  of  explosion,  an  e fleet  that  is  constantly 
to  take  place  with  respect  to  the  propag:ation 
<WF  ftound  in  the  open  attnosphere.  If  we  conceive  the 
e&cl  to  be  produced  on  a  central  partide,  and  to  be 
ttenee  transferred  to  other  particles,  all  in  the  same 
plane,  it  is  obvious  that  as  the  number  of  particles  put 
in  motion  are  thus  greater,  the  intensity  of  the  snund 
oiigiit  to  diminish  as  the  distance  increases;  but  if  the 
central  particle  be  supposed  to  communicate  its  per- 
turbntions  to  a  sphere  of  particles,  then  the  effect  must 
dimimsh,  m  the  square  of  the  distance  from  that  centre* 
and  such  >  be  the  law  of  decrease,  as  far  as  we 

are  abfe  ■  i  <in  the  fact  from  observation.     If  the 

central  particle  only  act  in  a  lineal  direction,  that  is,  we 
suppose  it  to  communicate  its  effects  to  the  particles  on 
each  side  of  it,  and  these  acrain  to  the  next,  and  so  on, 
M  in  the  communication  of  sound  through  a  cylindrical, 
<90flined  space,  we  can  then  see  no  reason  for  the 
toimd  becoming  more  weak  at  one  distance  than  at 
another,  unless,  indeed,  the  friction  against  the  sides 
of  the  tube  may  have  such  an  effect, 

M.  Biot  submitted  this  to  the  test  of  experiment  in 
the  tubes  of  the  aqueducts  of  Paris,  these  beings  about 
951  metres,  or  3120  feet  in  length.  At  this  distance 
the  lowest  voice  was  heard  very  distinctly ;  the  words 
clearly  understood,  and  a  conversation  maintained 
ch  the  greatest  ease.  This  effect  is  known  to  many 
i€f  our  London  tradesmen,  who  have  workmen  employed 
the  upper  part  of  their  houses;  a  tube  of  copper  or 
is  conducted  from  the  upper  rooms  to  the  shop  or 
arehouse,  and  any  question  is  asked  and  the  answer 
jved  With  the  greatest  facility.  M.  Biot  endeavoured 
ascertain  the  lowest  pitch  of  voice  that  could  be  dis- 
hed at  the  cibove  distance,  but  he  could  come  to 
determinate  limit;  *^  in  order  not  to  hear" be  observes, 
••  it  was  absolutely  necessary  not  to  speak  at  all." 

168-  That  he  might  ascertain  whether  acute  and 
gfwe  tones  passed  with  the  same  velocity,  this  au- 
IllOfr  proceeded  as  follows.     He  caused  a  man  at  one 
ettremity  of  the  tube  to  play  several  airs  on  a  flute, 
while  he  stationed   himself  at  the  other.     Now,  we 
generally^  that  a  piece  of  music  is  subject  to  a 
III  measure,  which  rules  very  accurately  the  inter- 
vals of  the  successive  tones,  and  consequently,  if  there 
were  at  the  distance  of  31*30  feet  any  difference  in  the 
vtbcity  of  the  different  notes,  the  music  would  become 
nn?  confused  and  imperfect  at  the  other  extremity  of 
^tube*     This,  however,  was  far  from  being  the  case, 
^  harmony  being  as  perfect  at  the  above  distance  as 
'nthe  immediate  focus  ot^  the  sounds, 

V^,  It  follows,  then,  from  what  has  been  above 
*taJ^,  that  sound  is  transmitted  through  the  medium 
^thf  air  by  means  of  the  undulation  of  this  fluid, 
**tts<id  by  the  vibrations  of  the  sonorous  body ;  that 
«We  vibrations  must  be  performed  with   a  certain 


velocity  in  order  to  render  the  sound  audible;    and  that  Xaiurf  and 
the  limit  of  this  velocity  for  the  most  delicate  ear  is  32  propttgatJon 
vibrations  per  second.     Again,  it  has  been  shown,  that    **^  *«»»Ti«i- 
sounds  made  in  the  op^n  air  ought  to  become  more  ^■^'"^^'"^^ 
and  more  weak  the  further  we  are  removed  from  the 
phonic  centre ;    but,  that    in    a    con^ned   cylindrical 
space,  such  a  diminution  of  intensity  is  not  pLiceptibte 
even  at  the  distance  of  3120  feet;  and  that  acute  and 
grave  tones  are  transmitted  with  equal  velocities,     Jt 
has  also  been  shown,  that  not  only  air,  but  all  other 
elastic  fluids  will  also  act  as  the  medium  of  the  trans- 
mission of  sound;  as  wdl  also,  all  vapours,  fluids,  and 
solid  bodies.     We  shall  examine  in  a  subsequent  part 
of  this  article,  the  greater  or  less  facility  of  transmis- 
sion which  these  several  bodies  possess. 

170,  The  above  deductions  (each  of  which  has  been  TJiwrHical 
verllied  by  experiment),  as  far  as  they  respect  common  *l^^"t^*^'^"»- 
air,  are  the  simple  consequences  of  the  physical  con- 
stitution of  the  atmosphere,  being  such  as  we  should 
have  naturally  inferred  independent  of  any  practical 
data;  we  may,  theiefore,  with  confidence  use  them  as 
the  basis  of  our  inquiries  respecting  any  other  of  the 
circumstances  attending  tbe  transmission  of  sound;  the 
most  important  of  which  is  the  velocity.  Is  this  con- 
stant under  all  circumstances;  and  if  not,  what  ought 
to  be  the  measure  of  its  motion  under  the  medium 
state  of  the  atmosphere  ?  It  may  be  shown  analytically, 
that  in  an  elastic  tluid  wliose  temperature  is  constant, 
the  velosity  of  transmission  is  constant  also;  for  the 
square  of  the  velocity  of  transmission  is  directly  as  the 
elasticity,  and  reciprocally  as  the  density :  and  conse- 
quently, if  we  suppose,  as  we  commonly  do,  that  the 
elasticity  is  as  the  density,  it  will  follow  that  while  the 
temperature  remains  the  same,  the  velocity  will  be  uni- 
form under  all  degrees  of  pressure.  It  also  appears 
that  the  actual  velocity  is  ihat  which  is  due  to  a  heavy 
body  in  falling  freely  through  half  the  height  of  a  ho- 
mogeneous atmosphere  of  equal  pressure,  or,  as  it  is 
sometimes  expressed,  in  falling  through  half  the  height 
of  the  modulus  of  elasticity. 

171.  The  least  elastic  substance  that  has  been  yet  Tbe  above 
examined  is  carbonic  acid  gas,  or  fixed  air ;  which  is  ^*^*^^t  <!"" 
considerably  denser  than  atmospheric  air  exposed  to  "V\'*g^^ 
an  equal  pressure.     The  height  at  the  air  supposed  to  |.|mejn/ 
be  homogeneous  in  ordinary  circumstances  at  the  sur- 
face of  the  sea,  we  have  seen  (art.  27),  is  computed 
to  be  about  ^7818  feet,  and  the  velocity  acquired  by 
a  body  in  falling  through  half  this  height,  or  13909 
feet,  is  found  to  i)e 

2^/(1 3909  X  1 6^)  =  946  feet  per  second ; 
and  this,  therefore,  as  far  as  our  present  investigation 
extends,  ought  to  be  the  velocity  with  which  sound  is 
transmitted  through  the  atmosphere. 

But  from  a  comparison  of  the  accurate  experiments  Sound  tm- 
of  Derham  made  in  the  day-time,  with  those  of  the  ^^Is  ii50 
French  Academy  made  by  night,  it  appears  that  the^*'''*!-" 
actual  velocity  of  sound,  at  the  zero  of  temperature  of 
the  centigrade  thermometer,  is  about   1130  feet  per 
second,  which  agrees  also  with  other  accurate  cxperi- 
menrs  made  by  Professor  Pictet,     This  difterence  be- 
tween calculation  and  experiment  for  a  long  time  en- 
gaged the  attention  of  philosophers,  but  the  difficulty 
appears  to  have  been  at  length  removed  by  the   for- 
tunate suggestion  of  Laplace,  who  attributes  the  dis- 
crepance in  question  to  the  elevation  of  temperature, 
which  is  always  found  to  uccompany  the  action  of  con- 
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ruma*  densalion»  and  to  the  depression  pro<luced  by  rare- 
ticf.  faction.  It  appears,  however,  that  this  hypothesis  will 
^^'^^^  require  a  greater  change  of  temperature  than  we  are 
justified,  from  the  experiments  of  Mr.  Dalton,  in  sup- 
posing actually  to  take  place ;  at  the  same  time  it  has 
Deen  observed,  that  Mr.  Dalton  s  experiments  do  not 
perfectly  accord  with  each  other,  and  that  the  experi- 
ment by  which  tow  is  set  on  fire  by  a  sudden  conden- 
sation, seems  to  show  that  Dalton's  results  are  too  low, 
and  adds  greater  probability  to  Laplace*s  suggestions ; 
admitting  them  to  be  accurate,  the  theory  may  be  cor- 
rectly reconciled  with  experiments ;  we  may  estimate 
the  modulus  of  the  air*s  elasticity,  which  is  tiio  measure 
of  its  immediate  force,  from  the  velocity  which  is  ac- 
tually observed,  and  we  shall  thus  find  it  to  be  about 
39800  feet,  instead  of  27818  feet,  commonly  assumed 
as  the  height  of  a  homogeneous  atmosphere. 
VelocitT  172.  This  velocity,  as  we  have  seen  above,  remains 

tlf^**  **-  unchanged  by  any  alteration  of  pressure  indicated  by  the 
ni?ur^?^*  barometer;  because  it  varies  as  the  elasticity  directly, 
and  as  the  density  reciprocally ;  the  temperature,  how- 
ever, will  have  an  efiect,  because  this  increases  the 
elasticity,  while  the  density  remains  the  same.  The 
equality  of  motion,  under  different  pressures,  may  be 
satisfactorily  shown  by  means  of  experiments  on  the 
sounds  of  organ-pipes,  which  are  intimately  connected 
with  the  velocity  of  the  transmission  of  sound  through 
the  atmosphere,  and  which  are  found  to  remain  pre- 
cisely the  same,  however  the  air  may  be  rarefiea  or 
condensed.  The  Academicians  del  Cimento  enclosed 
an  organ-pipe,  with  bellows  worked  by  a  spring  in  the 
receiver  of  an  air-pump,  and  of  a  condenser,  and  thev 
found  that  as  long  as  the  sound  was  audible,  its  pitch 
remained  unchanged.  Papin  screwed  a  whistle  on  the 
orifice  which  admits  the  air  into  the  receiver  of  the  air- 
pump,  and  Dr.  Young  has  fixed  an  organ-pipe  in  the 
same  manner,  and  the  result  agreed  with  the  experi- 
ments of  tlie  Academicians. 

But  if  the  density  of  tlie  air  be  changed,  while  its 
elasticity  remains  unaltered,  as  in  the  case  of  its  being 
expanded  by  heat,  or  contracted  by  cold,  the  height  of 
the  column,  and  consequently  the  velocity,  will  also  be 
altered ;  so  that  for  each  degree  of  Fahrenhcit*s  ther- 
mometer, the  velocity  will  vary  about  one  part  in  a 
thousand. 
liianion'rs  173.  Biauconi  says  he  has  actually  observed  this 
rviK-ri-  difference  of  velocity  according  to  the  different  heights 
incuts.  ^£  ^1^^  thermometer,  and  it  may  be  shown  less  directly 
by  means  of  the  sounds  of  pipes ;  but  it  has  not  been 
accurately  determined  whether  or  no  the  correction,  on 
account  of  the  effect  of  compression  in  causing  heat, 
remains  unaltered,  although  Bianconi*s  experiments 
agree  very  well  with  the  supposition  that  no  material 
change  takes  place  in  this  respect.  The  velocity  of 
sound  must  also  be  in  some  measure  influenced  by  the 
quantity  of  moisture  contained  in  the  atmosphere ;  it 
must  be  a  little  diminished  by  cold  fogs,  which  add  to 
the  density  without  augmenting  the  elasticity,  and  in- 
creased by  warm  vapours,  which  tend  to  make  the  air 
lighter;  and  these  two  opposite  states  are  probably 
onen  produced  in  succession  in  wind-instruments  blown 
by  the  mouth,  the  air  within  them  being  at  first  cold 
and  damp,  and  afterwards  warm  and  moist. 

In  pure  hydrogen  gas,  the  velocity  of  sound  ought, 
from  calculation,  to  be  more  than  three  times  as  great 
as  in  common  air,  but  tlic  difference  does  not  appear 
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to  have  been  so  great  in  any  experiment  Uthota  aiade 
on  the  sounds  of  pipes  in  gasaes  of  diffisrent  kinda,  : 

Steam,  at  the  temperature  of  boiling  wateTp  in  onijr 
one-third  »s  heavy  as  common  air;  contequentlyt  the 
velocity  of  sound  in  steam  ought  to  be  nearly  thxee- 
fourths  greater  than  in  air. 

174.  It  does  not  appear  that  any  direct  ezpenmaita  Vi 
have  been  made  on  the  velocity  with  which  an  impalse  tn 
is  transmitted  through  a  liquid,  although  it  is  well'^!^^''' 
known  that  liquids  are  capable  of  conveying  found*  ^^  ^ 
without  difficulty :  Professor  Robison  informs  us,  for 
example,  that  he  heard  the  sound  of  a  bell,  transmitted 
by  water,  at  the  distance  of  1200  feeL  It  is,  however, 
easy  to  calculate  the  velocity  vnth  which  sound  nnut 
be  propagated  in  any  liquid  of  which  the  compressibility 
has  been  measured.  Mr.  Canton  has  ascertained,  that 
the  elasticity  of  water  is  about  22000  times  as  great  as 
that  of  air;  it  is,  therefore,  measured  by  the  height  of 
a  column,  which  is  as  many  times  34  feet,  tlvst  is^ 
748000  feet,  and  the  velocity  corresponding  to  half  thb 
height,  is  4900  feet  in  a  second.  In  mercury,  also,  it 
appears  from  Mr.  Canton's  experiments,  that  thn  wilo- 
city  must  be  nearly  the  same  as  in  water,  and  in  spirit 
of  wine  a  little  less.  These  experiments  were  unde 
bv  filling  the  bulb  of  a  thermometer  with  water,  ud 
observing  the  effects  of  placing  it  in  an  exhausted  r&> 
ceiver,  and  in  condensed  air ;  Uking  care  to  avoid  the 
changes  of  temperature,  and  other  sources  of  error. 
Sec  (art.  2\  Hydrostatics.    A  slight  correction  is, 

however,  required  on  account  of  the  expansion  nnd  

contraction  of  the  glass,  which  must  have  tended  to  ^ 

make  the  elasticity  of  the  fluids  appear  somewfait  ^j^ 

greater  than  it  really  was. 

175.  It  is  also  well  known  that  solid  bodies  are  good  Vc»"7  g^^ 
conductors  of  sound ;  we  have  already  referred  to  M;  ^^^  •  IBii 
Biot's  experiments  on  this  subject,  and  we  may  nowyj^^  "^^4 
state  them  a  little  more  minutely.  They  were  nuuSfe, 
as  we  have  already  observed,  upon  the  tubes  forming 
the  aqueducts  at  Paris,  the  length  of  which  was  3120 
feet.  At  one  extremity  of  these  tubes  was  adapted  a 
ring  of  metal,  of  the  same  diameter  as  the  orifice,  in  the 
centre  of  which  were  fixed  a  clock-ball  and  hammer, 
which  could  be  made  to  strike  at  pleasure,  and  tlie 
blow  was  made  equally  upon  the  ball  and  the  ring  of 
metal  above-mentioned,  the  sound  from  the  latter, 
therefore,  ought  to  be  transmitted  through  the  tube,  and 
the  former  through  the  air ;  and  by  this  means,  any  per- 
ceptible difference  in  the  time  of  transmission  miglft  be 
determined.  And  such  was  actually  the  case,  for  by 
placing  the  car  against  the  other  extremity  of  the  pipe, 
two  sounds  were  very  distinctly  heard;  the  time  was 
noted  very  accurately,  by  means  of  a  seconds  watch, 
and  from  a  mean  of  many  experiments  it  appears,  that 
sound  is  transmitted  with  10-^  times  the  velocity  through 
tlie  metal  of  which  these  tubes  were  composed,  than 
through  the  air ;  that  is  to  say,  at  the  rate  of  about 
1 1865  feet  per  second. 

It  is  probable  tliat  different  metals  and  woods  possess 
different  degrees  of  facility  of  transmission,  but  we  have 
very  few  experiments  from  which  any  conclusions  can 
be  drawn. 

17G.  We  have  stated  (art.  171)  that  from  a  medium  EAi^ 
of  several  of  the  best-conducted  experiments,  the  ve-  ^  ^ 
locity  of  sound  through  tlie  atmosphere,  at  the  zero 
of  temperature,  is  about  1130  feet  per  second;  but 
this  must  be  understood  to  appertain  to  a  perfect  calm ; 


J 
OS 


-to 


PN  E  UM  ATI  C  S- 


3R7 


k*i  tbeie  can  be  little  doubt,  all  hough  the  contrary  has 
Jmcd  stated  by  some  writers,  that  the  velocity  of  trans- 
flUMon  must  be  efTected  by  that  of  the  wind.  If  the 
wind  blows  directly  from  the  point  where  the  sound  is 
generated  to  where  it  is  observed,  its  velocity  must  be 
added  to  the  natural  velocity  of  sound  ;  and  if  directly 
from  it,  it  ought  to  be  deducted  ;  and  in  any  other 
dinetiou  the  actual  velocity  must  be  determined  on  the 
Mune  principles  as  we  have  laid  down  in  Dynamics 
ibr  the  composition  of  motion* 

177.  It  is  probable  that  a  want  of  attention  to  this 

and  other  circumstances,  important  to  be  noted,  has 

Iieen  the  canse  of  that  difference  wbich  is  observed  in 

the  deductions  of  different  authors  on  the  subject  of 

the  velocity  of  sound.     We  have  stated  1130  feet  per 

aecond  nsi  the  result  which  agrees  best  with  what  are 

generally  considered  the  most  accurate  experiments ; 

but  we  ought  to  observe,  that  1 14^  feet  and  1 150  feet 

per  second,  are  numbers  very  commonly  assumed  by 

Eaglish  writers ;    €md»  from  a  series  of  experiments 

CCNmeled  with  much  apparent  accuracy  by  Don.  J*  de 

Egpioota  and  Don  F.  Bauza,  at  St.  Jago,  the  mean 

lesiilt  gives  121  B|  feet  per  second  for  the  velocity  of 

SMiad.     These  ex[>eriments  having  been  made  under 

ligh  degrees  of  temperature,  ought,  according  to  what 

tsstated  above  (art.  172),  to  give  a  greater  velocity,  but 

Ik  increase  of  yc^th  part  for  every  degree  of  Fahren- 

MC%  thermometer  will  not  be  sufficient  to  reconcile 

these  results  with  the  former :  at  the  same  time,  the 

Accuracy  with  which  they  appear  to  have  been  con- 

Aieted,  and  their  number,  certainly  entitle  them  to  the 

notice  of  philosophers.     The  detail  of  them,  as  ptilj- 

lisked  in  the  **  Annales  de  Chimie  et  de  Physique,**  voL 

TIL  18  as  follows : 

On  a  plane  of  great  extent,  a  station  was  fixed  upon 
(or  the  position  of  the  gun,  which  was  a  Spanish  eight- 
povmder,  and  from  this  station,  which  may  be  cwfled 
B,  were  measured,  very  accurately,  four  distances  to 
four  other  stations,  these  being  called  C,  D,  E,  F ;  tlie 
KTeral  lengths  were 

BC=  13841;  BD-:50316:  BE:=43365;  BF^29558. 
The  times  of  observing  the  flash  of  the  gun  and  of 
Irttring  the  report  were  observed  by  means  of  two 
ticelleol  seconds  watches,  one  at  the  gun,  and  one 
with  the  observer.     The  following  are  the  results. 

l^Canaon  at  B;  observer  at  E. 

January  13th,  1794  at  sun-set ;  very  calm  weather, 
tlj«  wind  very  weak,  firom  the  south-wesl ;  sky  cloudy. 
B«onieter25'75  inches ;  centigrade  thermometer  22*5°* 
*Ae  cannon,  with  regard  to  the  station  E^was  69°  from 

L^      ute  north  towards  the  west, 

■  Distsmce  43365  feet. 

I 


^ 


f 
^ 


S«w  lb(?  flash  At 

8     10       0 
8     20      0 


ITfard  the  report  it 
8»*      0'     38" 
8     10     38 
8     20     38 


Sftw  the  flath  at 

4^     0'      0* 

4     10       0 

4    20       0 


Heard  the  report  at 
4^     0'    38* 
4     10     38 
4    20     38 


3.  Cannon  at  B ;  obserxer  at  D*  Nature  and 

January  1 4th — evening ;  wind  south-west,  fresh  at  ^^f^gg^'JJP 
station  B ;  but  at  the  station  D,   it  was  shifting  from 
the  north  ;    the  cannon,  with  referrence  to  the  station 
D,  was  44*  towards  the  west.    Barometer  2*75,  ther- 
mometer 28- 8^ 

Distance  50316  feet. 

Heard  Uie  report  at 

7»»  30'    43* 
7     40     43 

7  50     43 

8  0     43-5 
not  heard. 
8     20     43 

4.  Samt  at  at  tan  • 

January  15th — morning;  weather  calm,  with  slight 
fogs.  Barometer  25*75  inches,thenBometer25^  Wijid 
as  above, 

Distance  50316  feet. 


Saw 

the  aaab  mt 

7h 

30'       0' 

7 

40         0 

7 

50       0 

8 

0       0 

8 

10       0 

8 

20       0 

2.    Cannon  at  B  ;  ebitrxcr  at  E, 

^Jaanaij  14th — morning;  weather  calnij  but  a  little 
*tBr.    Barometer  25*75  inches;  thermometer  20^.. 
Distance  43365  feet. 


Saw  the  flaib  at 

Heafi 

1  the  report  at 

4*^      0' 

0" 

4I1 

0*    43*5* 

4    10 

0 

4 

10    43 

4     20 

0 

4 

20    43*5 

4     30 

0 

4 

30    435 

4    40 

0 

_ 

, — .    , — 

4    50 

0 

4 

50    43-5 

5,  Cannm  at  B ;  ohicrrer  at  F. 

January  16th — evening  ;  wind  fresh  at  B,  from  the 
south-west,  but  at  the  station  F  it  blew  slightly  from 
the  north-east;  the  direction  of  B  from  F  was  72^ 
fk*m  the  north  towards  the  west.  Barometer  25*75 
inches ;  thermometer  25^. 

Distance  29558  feet* 


Saw  tbe  flub  at 

Heard  tbc  report  at 

8"      0'       0* 

8''      0'    26* 

8     10      0 

8     10    26 

8    20      0 

8     20    26 

8    30      0 

8     30    26 

8    40      0 

8    40    26 

6»   Cannon  at  B  ;  obserrer  at  C, 

January  17th— at  night.  Barometer  25*75  inches; 
thermometer  22*5^;  clear  weather;  wind  south-west, 
pretty  fresh;  the  azimuth  of  B  from  C  20°  to  the- 
north>west« 

Distance  13841  feet. 


Saw  the  fiath  at 

1^   30'      O'' 
35 
40 
45 

50 


0 
0 
0 

0 


Heard  tbe  report  at 
7^  30'    13" 
35 

40 
45 

50 


7 
7 
7 
7 


12 
12 
12 


Such  are  the  results  of  this  seiies  of  experiments^ 
from  which  we  readily  deduce  the  following  mean 
velocity* 

VeL  per  sec. 
in  metres. 


Station.  Bistance* 

43365 
50316 
29558 


1 
2 
3 
4 


13846 


Time, 
secfindi. 

38*0 
43*3 
26*0 
12*2 


370-7 
377*3 
369*3 
368*6 


Bar. 

25*75 
ditto 
ditto 
ditto 


Tbcr.ceat* 
degreet. 
21*3 
25*0 
25*0 
22*5 


Mean  velocity  per  second,  371*5  metres,  or  1218^ 
English  feet.  The  medium  temperature  being  23^**  of 
the  centigrade,  or  74*3^  of  Fahrenheit's  tjiennometer,- 
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rig.fl. 

Common 

syringe. 


178.  Thii  result  bring  reduced  to  the  zero  of  tem- 
perature, or  to  32^  of  Fa}irenheit*8  scale,  agreeably  to 
the  proportion  given  in  (art.  172),  becomes  1167-3  feet 
per  second  ;  which  exceeds  very  considerably  the  velo- 
city as  deduced  from  a  mean  of  Derham*s  and  the 
Academy  experiments,  which  we  have  seen  give  only  a 
velocity  of  1130  feet.  Upon  the  whole,  we  cannot 
consider  this  point  at  present  as  well  established; 
other  experiments  performed  under  all  varieties  of  wind 
and  weather  would  be  highly  interesting.  It  has  sdso 
been  suggested,  that  light  itself  has  a  certain  influence 
on  the  nature  and  velocity  of  sound,  and  an  interesting 
course  of  experiments,  made  with  a  view  to  a  determi- 
nation of  its  actual  operation,  performed  by  M.  Paro- 
lette,  may  be  seen  in  Nicholson's  ''  Journal  of  Natural 
Philosophy,*'  vol.  xxv.  See  also  an  article  on  the 
same  subject,  by  Hassenfratz^  in  the  2d  volume  of  the 
Memoirs  presented  to  the  Institute  of  France  by 
Learned  Strangers ;  and  Chladni's  '<  Treatise  on  Acou- 
stics,** 2d  edition,  1802. 

§  X.  Pneumatic  machines  and  experiments, 

179.  Pneumatic  machines  are  such  as  are  principally 
dependent  in  their  operation  upon  the  properties  of 
elastic  fluids,  as  the  air-pump,  condensers,  bellows, 
steam-engines,  &c.  These  are  purely  pneumatic  ma- 
chines, besides  which,  we  have  many  that  may  be 
called  hydro-pneumatic  engines,  which  are  nearly  as 
much  related  to  hydrodynamics  as  to  pneumatics ;  such 
as  the  siphon,  pumps,  various  engines  for  raising  water, 
&c.  We  have  described  many  of  the  latter  kind,  in 
the  last  chapter  of  our  treatise  on  Hydrodynamics ;  a  few 
others  will  be  found  at  the  conclusion  of  this  section. 

It  is  not,  of  course,  our  intention  in  this  place  to  enter 
at  length  into  a  detailed  description  of  all  the  machines 
which  fall  within  the  class  properly  called  pneumatic, 
as  this  would  far  exceed  the  limits  we  propose  for  this 
chapter,  and  would,  at  the  same  time,  be  inconsistent 
with  our  plan  and  arrangement :  generally,  compound 
machines,  or  such  as  admit  of  a  variety  of  constructions, 
as  bellows,  blowing-machines,  pumps,  fire-engines,  &c. 
will  be  treated  of,  as  to  their  construction  and  practical 
eflects,  under  the  respective  heads  in  our  alphabetical 
division ;  in  the  present  section  we  shall  confine  our- 
selves chiefly  to  those  depending  on  the  most  simple 
principles,  and  which  form  the  fundamental  parts  of  the 
more  complex  and  compound  machinery  above  referred 
to. 

I.  Common  syringe,  rarefying  syringe,  Spc. 

180.  Let  the  barrel  of  the  syringe  AB  (h^.  21)  com- 
municate with  the  vessel  V,  having  a  stop-cock  C 
between  them ;  and  suppose  it  to  communicate  with 
the  external  air  by  another  orifice  D  in  any  convenient 
situation,  also  furnished  with  a  stop-cock :  conceive  this 
syringe  to  have  a  piston  very  accurately  fitted  to  it,  so 
as  to  touch  the  bottom  when  pushed  down,  and  to  have 
no  vacancy  about  the  sides. 

If  we  now  suppose  the  piston  to  be  at  the  bottom,  the 
cock  C  open,  and  the  cock  D  shut,  and  that  the  piston 
is  then  drawn  upwards,  th^  air  which  filled  the  vessel 
V,  will  expand  so  as  to  fill  both  that  vessel  and  the 
barrel  AB,  and  be  uniformly  diffused  through  both; 
or,  if  instead  of  air  the  vessel  be  supposed  to  contain 
water,  then  this  water  will  rush  up  mto  the  barrel, 
whence  it  may  be  expelled  by  the  contrary  motion  of 


the  piston.  The  common  water-syringe ooBmti  Mily  cf  vt 
the  barrel  and  piston,  and  when  used»  its  end  ii  dipjped  a 
into  water,  which  is  drawn  into  the  barrel  as  uiovt  * 
described.  "    \1 

When  it  is  employed  for  exhausting  air  out  of  an 
vessel,  as  above  explained,  it  differs  nothing  b  princi- 
ple from  the  barrel  and  piston  of  an  air-jibii^i;.  widtht 
tormulee  given  in  (art.  41)  for  that  macbmey  w3l 
equally  apply  in  this  case.  We  have  seen  there,  that 
the  air  can  never  be  wholly  exhausted,  bat  only  mefiad 
to  a  very  high  degree ;  and,  the  same  may  be  obaenred 
with  reeard  to  the  exhausting  syringe :  for,  wh«i  the 
piston  has  reached  the  bottom,  there  will  remain  a 
amall  space  between  it  and  the  cock  C,  filled  with 
mon  air.  When  the  piston  is  drawn  up,  this 
quantity  of  air  expands,  and  also  a  similar  quantity  m 
Uie  neck  of  the  other  cock ;  and  no  air  will  come  out 
of  the  receiver  V  till  the  expanded  air  in  the  beoral  ia 
of  less  density  than  the  air  in  the  receiver ;  which 
cumstance  evidently  directs  us  to  make  the  two 
as  small  as  possible,  or,  by  some  contrivance,  to  fill 
up  entirely ;  and  certain  constructions  have  been  nh 
commended  for  accomplishing  this  purpose :  we  dial 
not,  however,  dwell  on  the  subject  in  this  place,  Imt 
pass  to  a  description  of  the  common  valve  piston. 

The  pipe  of  communication  MN  (fig.  21-a)  htm  a  fo 
male  screw  in  its  extremity,  and  over  this  is  tied  a^ 
slip  of  bladder  or  leather,  M.    The  lower  half  ef  the  P^' 
piston  has  also  a  male  screw  on  it,  covered  at  the  end  ^ 
with  a  slip  of  bladder  Q.    This  in  screwed  into  the 
upper  half  of  the  piston,  which  is  pierced  with  a  hole 
H  coming  out  of  the  side  of  the  rod.    If,  now,  we  bii|^ 
pose  the  syringe  screwed  to  the  conducting*pipe,  and 
that  screwed  into  the  receiver  V,  and  the  piston  at  tlie 
bottom  of  the  barrel ;  when  the  latter  is  drawn  up,  the 
pressure  of  the  external  air  shuts  the  vdlve  O,  and  a 
void  is  left  below  the  piston :  there  is,  therefore,  no 
pressure  on  the  upper  side  of  the  valve  M  to  bala 
the  elasticity  of  the  air  in  the  receiver,  which  " 
balanced  the  weight  of  the  atmosphere.    When  tke 
piston  is  let  go,  it  descends,  because  the  elastioi^  of 
the  expanded  air  is  not  a  balance  for  the  pressure  or  the 
atmosphere,  and  therefore,  presses  down  the  pisCoa 
with  the  difference,  keeping  the  piston  valve  still  slmt 
The  valve  M  also  shuts  at  the  same  time;  for,  the  latUdr 
is  at  first  opened  by  the  prevailing  elasticity  of  the  air  in 
the  receiver,  and  while  it  is  open,  the  two  airs  become 
of  equal  density  and  elasticity :   but,  the  moment  the 
piston  descends,  the  capacity  of  the  barrel,  or  of  thii  . 
part  containing  the  air,  is  diminished,  and  theelastieity^ 
of  the  air  is  increased,  which  prevailing  over  that  in  \' 
receiver,  shuts  the  valve  M ,  as  above  stated. 

But  the  piston  will  soon  have  arrived  at  such  a  [ 
of  the  barrel,  that  the  air  in  it  is  of  the  same  densit^^: 
with  the  external  air,  and  there  is  no  force  to  pash  i^^ 
further  down,  which  must  therefore  now  be  done  by  th^  m 
hand.     This  tends  to  condense  the  air  in  the  barrelKT- 
and  therefore  increases  its  elasticity,  so  that  it  lifts  th».^ 
valve  O,  and  escapes,  and  the  piston  gets  to  the  " 
tom.     When  drawn  up,  greater  force  is  required  t 
in  the  former  instance,  because  the  elasticity  of  tli^  -  ^ 
included  air  is  less  than  in  the  preceding  stroke;  th  ^^ 
piston  rises  further  before  the  valve  M  is  lifted  up,  an^V 
when  it  has  reached  the  top  of  the  barrel  the  density 
of  the  included  air  will  be  further  diminished.     The 
piston  now,  when  let  go,  will  descend  further  than  it 
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did  m  the  former  descent,  before  the  val^^e  opens,  and 
Qkeiefore  there  will  be  leas  to  effect  with  the  hand,  in 
Older  to  cause  the  air  to  escape  through  O*     Thus  the 
lurefaction  may  be  carried  on  at  pleasure,  by  repeating 
the  strokes  of  the  piston*     This  ia  certainly  by  far  the 
«*mplest  form  for  an  exhauj^ting^  syringe,  but  it  is  far 
jbu  powerful  in  its  operation  than  one  with  cocks.     It 
^  evident  that  no  air  can  come  out  of  the  receiver,  un- 
i&sB  its  elasticity  exceed  that  of  tht-  air  in  tfie  barrel  by 
3  cli^erenee  suiHcient  to  raise  up  the  valve  M.     A  piece 
o^  oiled  leather  tied  across  this  hole  can  scarcely  be 
fgM^^jde  tight,  and  certain  of  clasping  to  the  hole,  without 
^i^me  small  straining,  which  nmst  therefore  be  over- 
pome  ;  and  it  must  be  very  gentle  indeed  not  to  require 
^     force  equal  to  the  weight  of  2  inches  of  water,  and 
^p^is  is  equal  to  about  the  200th  part  of  the  whole  elas- 
fi^moty  of  common  air;  and  therefore  if  nothtnef  further 
c^CJUDter acted  the  operation,  we  could  not  rarefy  the  air 
XKmore  than  200  times  ;  but  the  valve  O  cannot  be  raised 
^M^ithout  a  similar  etlort,  or  prevalence  of  the  elasticity 
^i£'tbe  air  In  the  barrel  above  the  weight  of  the  atmo- 
l^phere;  consequently,  uniling^  the  two  causes,  it  will 
b^  fcry  difficult,  if  not  impossible,  to  rarefy  the  air  100 
^mes,  and  very  few  such  syringes  will  rarefy  it  more 
tl&Aa  50  times;  whereas  a  good  syringe  with  cocks  will 
Tmiefy  1000  times ;  but  it  must  be  observed  that  these 
l&tter  are  very  expensive,  diiiicult  to  make,  and,  what 
Ha  itiil  worse,  are  very  soon,  by  the  repeated  turning 
of  the  cocks,  put  out  of  order  ;  on  which  account  the 
"^tention  of  instrument-makers  have  been  principally 
rectcd  towards  the  improvement  of  the  valve  piston, 
shall  see  in  the  following  description  of  the  air- 
p,  of  which  the  syringe  must  be  considered  as  a 
mpoaetit  part. 

U,  Air-pump. 

181.  Of  all  pneumatic  machines,  the  air-pump  seems 

3 titled  to  the  highest  consideration ;  since  it  is  to  this 

^e  owe  much  of  our  knowledge  of  the  physical  proper* 

es  and  mechanical  operations  of  common  or  aimo- 

>hcric  air  as  a  fluid  body.    The  invention  of  this  noble 

[IHBlrument  forms  so  important  a  part  of  the  history  of 

]^1«€ science  of  Pneumatics,  that  we  conceived  we  should 

*ve  left    our    first   chapter   imperfect,    had   we    not 

uen  a  description  of  one  or  two  of  the  first  eonstruc- 

J*oiu  of  this  kind ;  but  we  have  pursued  the  subject  no 

lunher  than  was  deemed  Eibsolutely  necessary  forgiving 

^  connected   sketch   of  the  progress   of  the  science 

*fieneially.      Again,   in    our    third   section,    we    have 

Lteamined  and  illustrated  the  general  theoretical  princi- 

l^esofthe  air-pump,  and  have  investigated  such  ana- 

i-v^'cid  formulaj  as  are  necessary  for  computing    its 

l^^ts;  it  only  remains,  therefore,  to  enter  here  upon 

k»he  mechanical  improvements  that  this  machine  has 

^/idergonc  since  the  ingenious  but  imperfect  construe- 

^ori  gf  Boyle,  whose  apparatus  has  been  already  de- 

y?5^ibed  in  the  section  above  rclerred  to. 

Bot/le's  air 'pump  bnproicd  bj/  Hawkcslfec, — ^The 

_^!iption  of  this  machine  as  given  by  Desaguliers, 

?ol.  2  of  his  Expen  Philos.  is  as  follows: 

,    It  consists  of  two  brass  barrels  aa^aa  (fig.  22),  12 

i^ehes  high  and  2  wide.     The  pistons  are  raised  and 

^^ressed  by  turning  the  winch  h  b.     This  is  fastened 

to  an  axis  passing  througfe  a  strong  toothed  wheel, 

*hich  lays  bold  of  the  teeth  of  the  racks  cccc,  the 

one  being  raised  while  tliQ  other  is  depressed ;  by  which 

VOL,  IIU 


means  the  valves,  which  are  made  of  limber  bladder,  Pneunuiic 
fixed  in  the  upper  part  of  each  piston,  as  well  as  in  the    macliiiica 
openings  into  the  bottom  of  the  barrels,  perform  their    *  .    ^* 
office  of  discharging  the  air  from  the  barrels,  and  ad-  ^£^^^.-^^ 
mitting  into  them  the  air  from  the  receiver  to  be  after- 
wards discharged;    and  wheoj  the   receiver  becomes 
pretty  well  exhausted  of  its  air,    the  pressure  of  the 
atmosphere  in  the  descending  piston  is  nearly  so  great, 
that  the  power  required  to  raise  the  other  h  little  more 
than  is  necessary  for  overcoming  the  friction  of  the 
piston  ;  this  renders  the  pump  preferable  to  all  others, 
which  require  more  force    to  work  ihem  as  the  rare- 
faction of  the  air  in  the  receiver  advances- 

The  barrels  are  set  in  a  brass  dish  about  two  inches 
deep,  filled  with  water  or  oil  to  prevent  the  insinuation 
of  ain  The  barrels  are  screwed  tight  down  by  the  nuts 
c  r,  €  e,  and  thus  force  the  frontispiece//  down  on  them^ 
tlirough  which  the  two  pillars  u-^,  g  g  pass. 

From  between  the  barrels  rises  a  slender  brass  pipe  Gag«  to  tbe 
h  A,  communicating  with  each  by  a  perforation  in  the  p»imp. 
transverse  piece  of  brass  on  which  they  stand.  The 
upper  end  of  this  pipe  communicates  with  another 
perforated  piece  of  brass^  which  screws  on  underneath 
the  plate  iiiiy  of  10  inches  diameter,  and  surrounded 
with  a  brass  rim  to  prevent  the  shedding  of  water  used 
in  some  experiments.  This  piece  of  brass  has  three 
branches:  1st,  An  horizontal  one  communicating  with 
the  conduit-pipe  hh,  2d.  An  upright  one  screwed  into 
the  middle  of  the  pump-plate,  and  terminating  in  a 
small  pipe  A",  rising  about  an  inch  above  it,  3d,  A  per- 
pendicular one,  pointing  downwards  in  the  continuation 
of  the  pipe  A,  and  having  a  hollow  screw  in  its  end  re- 
ceiving the  brass  cap  of  the  gage-pipe  lU!^  which  is  of 
glass,  34  inches  long,  and  immersed  in  a  glass  cistern 
m  m  filled  with  mercury.  This  is  covered  on  the  top 
with  a  cork  float,  carrying  the  weight  of  a  light  woodea 
scale  divided  into  inches,  which  are  numbered  from  the 
surface  of  the  mercury  in  the  cistern  ;  and  the  scale  will 
therefore  rise  and  fall  with  the  mercury  in  the  cistern, 
and  indicate  the  true  elevation  of  that  in  the  tube. 

There  is  a  stop-cock  immediately  above  the  insertion 
of  the  gage-pipe,  by  which  its  communication  may  be 
cutoff;  and  another  at  «,  by  which  a  communication 
is  opened  with  the  external  air,  for  allowing  its  re-ad- 
mission ;  there  is  sometimes  also  another  immediately 
within  the  insertion  of  the  conduct-pipe  for  cutting  off 
the  communication  between  the  receiver  and  the  pump. 
This  is  particularly  useful  when  the  rarefaction  is  to  be 
continued  long,  as  there  are  by  these  means  fewer 
chances  of  the  insinuation  of  air  by  the  many  jomts. 

The  receivers  are  made  tight  by  simply  setting  them 
on  the  pump-plate  with  a  piece  of  wet  or  oiled  leatlier 
between ;  and  the  receivers,  which  are  open  at  the  top, 
have  a  brass  cover  set  on  them  in  the  same  manner.  In 
these  covers  there  are  perforations  and  contrivances  for 
various  purposes.  The  one  in  the  figure  has  a  slip  wire 
passing  through  a  collar  of  oiled  leather,  having  a  hook 
or  a  screw  in  its  lower  end  for  hanging  any  thing  on,  or 
for  producing  a  variety  of  motions. 

Sometimes  the  receivers  are  set  on  another  plate, 
which  has  a  pipe  screwed  into  its  middle,  furnished 
with  a  stop-cock  and  a  screw,  fitting  the  middle  pipe  it. 
When  the  rarefaction  has  been  made  in  it,  the  cock  is 
shut,  and  tlien  the  whole  may  be  unscrewed  from  the 
pump,  and  removed  to  any  convenient  place,  This  i« 
called  a  iran^ortcr-phte, 
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It  only  remains  to  expkifi  tlie  gege  illL     In  the 
ordinary  state  of  the  air  its  elasticity  balatices  the  pres- 
sure of  the  incumbent  atmosphere.     We  find  this  from 
the  force  that  is  necessary  to  prei^s  it  into  less  bulk 
in  opposition  to  this  elastieity.   Therefore  the  elasticity 
of  the  ah*  increases  with  the  vicinity  of  its  particles; 
consequently  it  is  reasonable  to  expect,  that  when  we  al- 
low it  to  occupy  more  rooni^  and  its  particles  are  further 
asunder^  its  elasticity  will  be  diniiiiished,    though  not 
aimihilated  ;  that  is,  it   will   no  long^er   balance   the 
WHOLE  pressure  of  the  atmosphere,  though  it  may  still 
balance  part  of  it     If,  therefore,  an  upright  pipe  have 
its  lower  end  immersed  in  a  vessel  of  mercury,  and 
communicate  by  its  upper  end  with  a  vessel  containing 
rarefied,  and  therefore  less  elastic,  air,  we  should  ex- 
pect  that  the  pressure   of  the  air  will  prevail^  force 
the  mercury  into  the  tube,  and  cause   it  to  rise  to 
such  a  hcig!)t  that  the  weight  of  the  mercury,  added  to 
the  elasticity  of  the  rarefied  air,  acting  on  its  upper 
surface,  shall  be  exactly  equal  to  the  whole  pressure  of 
the  atmosphere.     The  height  of  the  mercury  is  the 
uieaaurc  of  that  part  of  the  whole  pressure  which  is  not 
balanced  by  the  elasticity  of  the  rarefied  air,    and  its 
deficiency  from  the  height  of  the  mercury  in  the  Torri- 
cellian lube,  is,  in  like  manner,  the  exact  measure  of 
Ibis  remaining  elasticity. 

It  is  evident,  therefore,  that  the  pipe  will  be  a  scale 
of  the  elasticity  of  the  remaining  air,  and  will  indicate 
the  degree  of  rarefaction ;  for  there  must  be  some  ana- 
logy between  the  density  of  the  air  and  its  elasticity, 
and  we  have  seen  (except  in  extreme  cases  of  conden- 
sation and  rarefjiction)  that  they  increase  and  diminish 
together  and  according  to  the  same  law. 

This  gage  must  be  considered  as  one  of  the  most 
important  improvements  introduced  into  this  machine 
by  Hawkesbee  ;  at  the  same  time  it  must  be  acknow- 
ledged to  have  certain  imperfections  and  inconveniences 
attending  it,  which  are  obviated  in  other  contrivances 
of  a  like  kind  ;  some  of  these  will  be  described  io  what 
follows : 

183.  It  is,  however,  not  only  in  the  gage  that  in- 
conveniences are  experienced,  but  in  the  pump  itself, 
constrocted  on  the  principles  above  explained,  and 
which  are,  indeed,  common  to  all  the  machines  of  the 
old  or  common  form.  It  will  be  immediately  per- 
ceived, that  air-pumps  merely  serve  to  rarefy  the  air 
to  a  greater  or  less  degree,  and  that  none  of  tliem  can 
produce  a  complete  exhaustion  ;  the  same  will  appear 
"by  consulting  the  analytical  formula  given  (art,  41)  for 
expressing  the  degree  of  rarefaction  after  any  number 
of  strokes,  from  which  we  perceive,  that  nothing 
'short  of  an  infinite  number  can  produce  a  complete  ex- 
haustion. But,  independent  of  this  theoretica!  im- 
possibility, there  are  mechanical  defects  which  prevent 
U9  from  carrying  on  the  exhaustion  according  to  the 
law  laid  down  in  theory  ;  few  pumps  will  bring  the 
tnercnry,  in  such  a  gage  as  that  above  described,  to 
withm  -f^th  of  an  inch  ;  and  that  of  Hawkesbee's,  fitted 
up  according  to  his  own  instructions,  will  seldon  bring 
it  within  ^th.  Pumps  w^ith  cocks  of  the  best  con- 
Strttction,  and  under  the  most  favourable  circumstances, 
will  bring  it  within  ;jVt*^»  ^^^  ^^i^  degree  of  rarefaction 
has  never  been  attained,  when  valves  fitted  up  with 
wet  leather  were  employed :  in  such  cases,  ^th  of  an 
inch  is  the  least  that  the  gage  falls  short  of  the  Torri- 
celhan  column  * 


Pumps  with  stop-cocks,  when  well  made  and  newly 
put  together,  are  generally  found  to  rarefy  the  air  to  a 
greater  degree  than  those  which  are  made  with  valves; 
but  after  being  used  for  some  time  they  become  le*a 
accurate  than  those  with  valvel.  The  valvies,  however, 
are  also  imperfect,  because  the  extemnl  air,  pressing 
upon  that  in  the  piston,  prevents  its  rising  when  the 
elastic  force  of  air  in  the  receiver  under  exhaustion  is 
much  diminir^hcd :  and  attempts  have  then^fore  been 
made,  particularly  by  the  Abb^  Nollet  and  Gravesande^ 
to  perfect  the  construction  of  cocks, 

184,  In  the  latter  authoT*8  double-barrelled-pump,  Gi 
the  cocks  at  the  bottom  of  the  pistons  are  turned  by  an  ^f 
apparatus  that  is  moved  by  the  handle  of  the  pump,  *" 
The  piston  has  no  valve,  and  the  rod  is  connected  witiv 
it  by  a  stirrup,  as  in  a  common  pump.  This  rod  has  h 
cylindrical  part,  which  passes  through  the  stirrup  and 
moves  stiffly  in  it,  through  the  space  of  about  half  an 
inch,  between  a  shoulder  above  and  a  nut  below.  The 
stirrup  supports  a  round  plate,  which  has  a  short  square 
tube  that  fits  tight  into  the  iiole  of  a  piece  of  cork, 
and  which  has  also  a  square  shank  that  goes  into  Xht 
square  tube.  Between  the  plate  and  the  cock  is  put  a 
piece  of  thin  leather,  soaked  in  oil,  and  another  is 
placed  between  the  cork  and  the  plate,  which  forms 
the  sole  of  the  stirrup.  When  the  winch  is  turned  to 
raise  the  piston  from  the  bottom  of  the  barrel,  tht 
friction  of  the  piston  against  it  keeps  it  in  its  place, 
and  the  rod  is  drawn  up  through  the  stirrup.  Tlie 
wheel  has  thus  liberty  to  turn  about  an  inch,  and  this 
is  sufficient  to  turn  the  cock,  so  as  to  cut  off  the  coin- 
muntcation  with  the  external  air»  and  to  open  that 
with  the  receiver.  When  this  is  done,  the  eontimied 
motion  serves  to  raise  up  the  piston  to  the  top  of  the 
barrel.  When  the  winch  is  turned  in  the  opposite  di- 
rection, the  piston  remains  fixed  till  the  cock  is  turned, 
so  as  to  shut  the  communication  with  the  receiver  and 
open  that  with  the  external  air.  The  cock  has  one 
perforation  diametrically  through  it,  and  another  in  a 
perpendictilar  direction  to  this,  and  after  reaching  the 
centre,  it  passes  along  the  axis  of  the  cock,  and  com- 
municates with  the  external  air. 

By  means  of  this  communication,  when  it  is  opened, 
the  air  rushes  in  and  ballances  the  pressure  on  the 
upper  side  of  the  piston  in  this  barrel,  so  thai  the 
pressure  on  the  other  must  be  counteracted  by  the 
person  who  works  the  pump.  In  order  to  obviate  this 
inconvenience,  Gravesande  put  a  valve  on  the  orifice 
of  the  cock,  by  tying  over  it  a  slip  of  wet  bladder,  or 
oiled  leather;  and  by  means  of  this  the  niston  is 
pressed  down  as  long  as  the  air  in  the  barrel  is  rarer 
than  the  outward  air,  just  as  if  the  valve  were  in  the 
piston  itself* 

This  is  all  that  is  necessary  to  be  descriV-^  ■ - 
Gravesande's  pump  ;  its  performance  is  highly  t 
by  him,  as  far  exceeding  his  former  pumps  with  vmv  s; 
and  the  same  preference  was  given  to  it  by  his  suc- 
cessor Muschenbroeck.  Hawkesbee's  pump,  however, 
maintained  its  pre-eminence  in  this  country,  and,  in* 
deed,  pretty  generally  on  the  continent,  except  in 
France,  till  about  the  year  1750,  when  Smeaton,  so 
celebrated  for  his  mechanical  skill,  undertook  to  im- 
prove and  perfect  the  cock-pumps,  which,  however,  be 
at  length,  after  various  attempts,  gave  up,  finding  it 
absolutely  impossible  to  bring  them  to  that  degree  of 
accuracy  he  had  in  view ;  and  he  then  turned  his  at- 


\ 


J 


PNEUMATICS. 


371 


tentiott  to  the  yalve-pumpsy  and  the  great  advantages 

gsOMMed  by  lus  consUmction  it  is  now  for  us  to  explain. 

His  fint  object  was  to  diminish  the  resistance  to 

ih^  entry  of  the  air  from  the  receiver  into  the  barrels, 

vfeich  ae  rendered  almost  nothing,  by  enlarging  the 

bSBrfisoe  on  which  this  feebly  elastic  air  was  to  press. 

CT*^^^**^  of  making  these  valves  to  open  by  the  pressure 

i^  tbe  air  on  a  circle  of -giiyth  of  an  inch  in  diameter,  he 

le  the  valve-hole  an  inch  in  diameter,  thus  enlarging 

Aurfoce  400  times;  and  to  prevent  this  piece  of 

leather  from  being  burst  by  the  great  pressure  upon 

K^   -^hen  the  piston  in  its  descent  was  approaching  the 

MSttom  of  the  barrel,  he  supported  it  by  a  delicate  but 

^^ztong  grating,  dividing  the  valve-hole  like  the  section 

cyf  •.  hmiey-oomb ;  and  that  the  points  of  contact  between 

tlie  bladder  and  grating  might  be  as  few  as  possible, 

I  holes  were  made  hexag^oal,  and  the  partitions  filed 

loat  to  an  edge.    The  breadths  of  these  hexagona 

» -^ths  of  an  inch,  and,  consequently,  the  suriace 

ke  times  larger  than  common ;  and,  as  the  circum- 

facence  is  three  times,  greater  than  that  of  the  common 

it|dve»and  the  cohesion  to^be  overcome  is,  in  the  first 

vsment  of  the  air  exerting  its  force,  proportional  to 

the  ciccamference  of  the  hole,  the  valve  over  any  of 

I  holes  will  be  raised  with  three  times  m<H<e  ease. 

e,  the  raising  of  the  valve  over  the  centre  hole  is 

i  OR  all  sides  by  those  that  are  placed  round  it; 

^ndy  as  they  all  contribute  as  much  to  raise  the  bladder 

over  the  centre  hole,  as  the  air  acting  immediately  un- 

4m  it|  the  valve  wiU  be  raised  with  much  more  facility 

UuB  we  have  already  supposed,  that  is,  with  about 

opHath  of  the  force  commonly  necessary. 

r  .Tk  other  defect  in  the  common  construction  would 

Mtt  hinder  the  rarefaction  from  being  carried  on  be- 

SMda  certain  degree;  for,  as  the  piston  does  not  fit 

iQ  fksely  to  the  bottom  of  the  barrel  as  totally  to  ex- 

d«df  the  air,  this  air,  as  the  piston  rises,  will  expand 

Jwtf,  and,  pressing  upon  the  valves  in  proportion  to  its 

"«aiity,  prevent  the  air  within  the  receiver  from  coming 

••t    Therefore,  if  a  vacancy,  for  example,  equal  to 

•SWi  part  of  the  capacity  of  the  whole  barrel  had 

PUee,  no  air  could  pass  out  of  the  receiver  when  ex- 

iMded  150  times,  though  the  piston  were  constantly 

^•■11  to  the  top ;  because  the  air  in  the  receiver  would 

■^  in  equiiibrio  with  that  in  the  barrel  when  in  its  high- 

^K  state  of  rarefaction. 

■Jil  Older  to  obviate  this  inconvenience,  Mr.  Smeaton 
fw  ^1  the  top  of  the  barrel  with  a  plate,  having 
^the  middle  a  collar  of  leather,  tlmmgh  which 
^^ecylinder  works  that  carries  the  piston ;  by  which 
^^tlBS  the  external  air  is  prevented  from  pressing 
••the  pist<m;  but,  for  the  discharge  of  the  air  that 
P^ies  from  below  through  the  valve  of  the  latter, 
"V^Mj^aiiother  valve  applied  to  the  plate  at  top,  which 
?Pte  upwards.  By  this  construction,  when  the  piston 
l^jPHI  oown  to  the  bottom  of  the  cylinder,  the  air 
J^  it  will  evacuate  itself  so  much  the  more,  as 
^:^ve  of  the  piston  opens  more  easily  when  pressed 
2J^  nurefied  air  above  it,  than  when  pressed  by  the 
^■We  weig^  of  the  atmosphere ;  and,  as  the  piston 
^^  be  made  to  fit  as  nearly  to  the  top  of  the  cylinder 
^  It  can  to  the  bottom,  ue  air  may  be  rarc^d  as 
Mck  above  the  piston  as  it  could  before  have  been  in 
M  Nceiver;  whence  it  follows,  that  the  air  may  now 
feennefied  in  the  receiver,  in  the  duplicate  proportion 


and  ex- 
perimeuts. 


to  what  it  could  be  upon  the  common  principle.    By  Pneumailc 
this  means  a  pump,  consisting  of  a  common  barrel,  may  machines 
be  worked  with  more  ease  than  the  common  pump  witli 
two  barrels,  because  the  pressure  of  the  outward  air  is  v 
taken  ofi'by  the  upper  plate;  and  when  a  considerable 
degree  of  rarefaction  is  required,  it  will  produce  it  more 
speedily. 

185.  Mr.  Smeaton*s  air-pump,  as  constructed  by  Mr.  Smeaton^s 
Naime,  may  be  described  as  follows :  air-puinp. 

Upon  a  solid  base  or  table  are  set  up  three  pillars  ^  ^"'"^• 
F,  H,  H  (fig.  23) ;  the  pillar  F  supports  the  pump-plate  Fig.  S3. 
A;  and  the  pillars  H,  H,  support  the  front  or  head, 
containing  a  orass  cog-wheel,  which  is  turned  by  the 
handle  B,  and  works  in  the  rack  C  fastened  to  the 
upper  end  of  the  piston-rod.  The  whole  is  still  farther 
steadied  by  two  pieces  of  brass  c  b  and  o  ky  which  con- 
nect the  pump-plate  with  the  front,  and  have  perfora- 
tions communicating  between  the  hole  a  in  the  middle 
of  the  plate  and  the  barrel.  D£  is  the  barrel  of  the 
pump,  firmly  fixed  to  the  table  by  screws  through  its 
upper  fianch ;  e  f  dc  is  o,  slender  brass  tube  screwed 
to  the  bottom  of  the  barrel,  and  to  the  under  hole  of 
the  horizontal  canal  c  6.  In  this  canal  there  is  a  cock 
which  opens  a  communication  between  the  barrel  and 
the  receiver,  when  the  key  is  in  the  position  represented 
in  the  figure ;  but  when  the  key  is  at  right  angles  with 
this  position,  this  communication  is  cut  ofi*.  If  that 
side  of  the  key  which  is  here  drawn  next  to  the  pump« 
plate  be  turned  outward,  Uie  external  air  is  admitted 
mto  the  receiver ;  but  if  turned  inwards,  the  air  is  ad- 
mitted into  the  barrel. 

g  k  IB  another  slender  brass  pipe,  leading  from  the 
discharnng  valve  at  g  to  the  horizontal  canal  A  it,  to 
the  under  side  of  which  it  is  screwed  fast.  In  this 
horizontal  canal  there  is  a  cock  »  which  opens  a  passage 
from  the  barrel  to  the  receiver  when  the  key  is  in  the 
position  here  drawn;  from  the  barrel  to  the  exter- 
nal air  when  the  key  is  turned  outwards,  and  firom 
the  receiver  to  the  external  air  when  the  key  is 
turned  inwards.  This  communication  with  the  ex- 
ternal air  is  not  immediate,  but  through  a  sort  of 
box  1 ;  the  use  of  which  is  to  receive  the  oil  which  is 
discharged  through  the  top  valve  g.  In  order  to  keep 
the  pump  tight,  and  in  working  order,  it  is  proper 
sometimes  to  pour  a  table-spoonful  of  olive  oil  into  the 
hole  a  of  the  pump-plate,  and  then  to  work  the  pump. 
The  oil  goes  along  the  conduit  be  dfcj  gets  into  the 
barrel  and  through  the  piston-valve,  when  the  piston  is 
pressed  to  the  bottom  of  the  barrel,  and  is  then  drawn 
up,  and  forced  through  the  discharging  valve,  g  along 
the  pipe  g  h,  the  horizontal  passage  h  n,  and  finally 
into  the  box  t.  This  box  has  a  small  hole  in  its  side, 
near  the  top,  through  which  the  air  escapes. 

From  the  upper  side  of  the  canal  c  b  there  arises  i^ 
slender  pipe,  which  bends  outward  and  then  turns 
downwaras,  and  is  joined  to  a  small  box,  which  cannot 
be  seen  in  this  view.  From  the  bottom  of  this  box 
proceeds  downwards  the  gage-pipe  of  glass,  which 
enters  the  cistern  of  mercury  G  fixed  below. 

On  the  upper  side  of  the  other  canal  at  o  is  seen  a 
small  stud,  naving  a  short  pipe  of  glass  projecting  hori- 
zontaUy  fix>m  it,  dose  by  and  parallel  to  the  front  piece 
of  the  pomp,  and  reaching  to  the  other  canal.  This 
pipe  ifl  closed  at  the  further  end,  and  has  a  small  drop 
of  mercury  or  oil  in  it  at  the  end  o.  This  serves  as  a 
3  B  2 
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gage  in  coodenising^  indicating  llic  degree  of  condensa* 
lion  by  the  place  of  the  drop;  for  this  cirop  is  foiced 
along"  the  pipe,  and  condenses  the  air  bLtbre  it  in  the  same 
degree  that  it  ts  condensed  in  the  barrel  and  the  receiver. 

In  constructing  this  pump,  Mr.  Smeaton  introduced 
a  method  of  joining  together  the  different  pipes  and 
other  pieces,  which  has  great  advantages  over  the 
usual  manner  of  screwing  them  together  with  leather 
between,  and  which  is  now  much  used  in  hydraulic  and 
pneumatic  engines- 

The  piece  h  i  p  in  fig.  24,  is  the  same  with  the  little 
cylinder  observable  on  the  upper  aide  of  the  horizontal 
canal  c  rf,  in  fig.  23.  The  upper  part  h  i  is  formed  into 
an  outside  screw,  to  fit  the  hollow  screw  of  the  piece 
deed.  The  top  of  this  last  piece  has  a  hole  in  its 
middle,  giving  an  easy  passage  to  the  bent  tube  c  b  a, 
so  as  to  slip  along  it  with  freedom.  To  the  end  c  of 
this  bent  tnbe  is  soldered  a  piece  of  brass  cf^^  per- 
forated in  continuation  of  the  tube,  and  having  its  end 
ground  flat  on  the  top  of  the  piece  A  i  p,  and  also 
covered  with  a  slip  of  thm  leather  strained  across  it  and 
pierced  with  a  hole  in  the  middle. 

It  is  plain,  from  this  form,  that  if  the  surface/ g  be 
applied  to  the  top  of  h  i,  and  the  cover  deed  he 
screwed  down  on  it,  it  will  draw  or  press  them  together, 
so  that  no  air  can  escape  by  the  joint,  and  this  without 
turning  the  whole  tube  c  b  a  round,  as  is  necessaij  in 
the  usual  way. 

The  conduit-pipe  E  efc  {fig.  23)  is  fastened  to  the 
bottom  of  the  barrel,  and  the  discharging  pipe  g  h  to 
its  top,  in  the  same  manner. 

186.  The  above  description  of  Mr.  SmeatoQ*s  pump 
will  be  sufficient  for  enabling  the  reader  to  understand 
its  operation,  and  to  appreciate  its  advantages  over 
other  pumps  of  the  common  construction :  in  order  to 
place  the  latter  more  immediately  before  the  reader, 
we  may  observe,  that,  supposing  the  stiffness  of  the 
?alvc  equal  to  the  weight  of -'p  th  of  an  inch  of  mercury, 
when  the  barometer  stands  at  30  inches,  and  that  the 
pump-gage  stands  at  29*9;  then,  in  the  ordinary  pump, 
the  valve  in  the  piston  will  not  rise,  till  the  latter  has 
got  within  the  30(Uh  part  of  the  bottom  of  the  barrel, 
and  it  will  leave  the  vaive-hole  filkd  with  air  of  the 
ordinary  density.  But,  in  this  pump,  the  valve  will 
rise  as  soon  as  the  piston  quits  the  top  of  the  barrel, 
and  when  it  is  quite  down,  the  valve-hole  will  contain 
only  the  300th  part  of  the  air  which  it  would  have  con- 
tftined  in  a  pump  of  the  usual  form.  Suppose  further, 
that  the  barrel  is  of  equal  capacity  with  the  receiver, 
and  that  both  pumps  are  so  badly  constructed,  that  the 
apace  left  below  the  piston  is  the  300th  part  of  the 
barrel,  then,  in  the  common  pump,  the  pistoti-valve  will 
rise  no  more,  and  the  rareficatiou  can  be  carried  no 
further,  however  delicate  the  barrel- valve  may  be;  but 
in  this  pump,  the  next  stroke  will  raise  the  gage  to 
t9*95,  and  the  pis tou- valve  will  again  rise  as  soon  as 
the  piston  gets  halfway  down  the  barrel. 

Another  advantage  attending  this  construction,  is 
that  in  drawing  up  the  piston,  we  are  not  resisted  by 
the  whole  pressure  of  the  bW\  because  the  air  is  rare- 
fied above  this  piston  as  well  as  below  it,  and  the  piston 
is  in  precisely  the  same  state  as  if  connected  with 
another  piston  in  a  double  pump.  The  resistance  to 
the  ascent  of  it,  is  the  excess  of  the  elasticity  of  the  air 
above  it,  over  the  elasticity  of  the   air  below;  this, 


towards  the  end  of  the  rarefaction,  is  rcry  small,  while 
the  piston  is  near  the  bottom  of  the  barrel,  but  gradually 
increases  as  the  piston  rises»  reduces  the  air  above 
it  into  smaller  dimensions,  and  becomes  equal  to  the 
pressure  of  the  atmosphere,  when  the  air  above  the 
piston  is  of  the  common  density.  If  we  should  raise  the 
piston  still  higher,  the  air  would  be  condensed  above, 
but,  to  preveut  this,  Mr.  Smeaton  has  there  made  an 
issue  for  the  air,  by  a  small  hole  in  tlie  top  of  the  barrel, 
covered  with  a  delicate  valve,  which  allows  the  air  to 
escape,  and  slmts  again  as  soon  as  the  piston  begins  to 
descend,  leaving  almost  a  perfect  void  behind. 

A  third  advantage  belonging  to  this  construction  te, 
that  the  pump  may  he  in  a  moment  converted  from  a 
rarefying  to  a  condensing  machine,  by  simply  turning 
the  cocks  introduced  for  that  purpose. 

1  $7.  We  have  had  occasion,  in  describing Hawkesbec*s,  m 
or  Dcsagulier's  air-pump,  to  mention  the  gage  employed  g^ 
by  that  author  for  estimating  the  degree  of  rarefaction ' 
produced  by  the  operation  of  the  machine ;  we  have 
also  stated  that  it  was  subject  to  some  inconveniencies, 
and  particularly  on  account  of  its  length,  which  ren- 
dered its  application  very  incommodious*  In  order  to 
remove  this  inconvenience,  a  short  baromtter-gage  was  SI 
next  introduced.  This  was,  in  fact,  only  the  bottom 
part  of  a  conmion  barometer,  about  eight  or  nine  inches 
m  length,  filled  with  mercury,  and  immersed  with  its 
aperture  into  a  small  {|uantity  of  mercury  contained  in 
a  glass  vessel,  which  forms  the  cistern.  This  may 
either  be  placed  under  the  receiver,  upon  the  principal 
plate  of  the  pump,  or  under  a  small  receiver,  upon  a 
small  auxiliary  plate,  which  is  annexed  to  some  air- 
pumps  for  this  purpose.  As  this  gage  is  not  equal  to 
a  wliole  barometer,  it  will  not  show  the  first  stages  or^j 
the  rarefaction;  but  its  indications  will  commenccL.J 
when  about  three-fourths  of  the  air  have  been  remof  CiT^ 
from  the  receiver  ;  that  is,  when  the  air  has  been  rare 
fied  till  its  remaining  elasticity  is  not  able  to  supper: 
that  short  column  of  mercury. 

188.  The  siphojf-goge,  which  is  show*n  in  the 
of  Smeaton*s  air-pump,  differs  from  the  short  baromei 
gage  merely  in  this  circumstance,  that,  instead  of 
minating  in  a  cistern,  the  tube  is  here  bent  and  ni 
upwards  wilb  its  aperture,  which,  by  means  of  abi 
tube,  is  made  to  communicate  with  the  inside  of  t 
pump,  BO  that  the  ascending  leg  of  the  tube  perfon 
the  oflfice  of  a  cistern.     Hence,  in  rarefying  the  air, 
mercury  descends  tVom  the  closed  end  of  the  tube,  i 
rises  into  the  ascending  leg;  and,  consequently, 
altitude  of  it  in  one  leg,  above  its  altitude  in  theorbo 
shows  the  degree  of  rarefaction ;  and  this  altitude, 
tn  the  long  and  short  harometcr-gages,  is  shown  by 
annexed  scale  of  inches  and  parts. 

The  gages  above-mentioned  evidently  indicate  ^BR 
elasticity  of  the  fluid,  which  remains  in  the  rccciveu  ■" 
the  pump  after  a  certain  degree  of  rarefaction;  anc^B 
is  immaterial  whether  that  elastic  fluid  be  air  or  vap<^  ^ 

189.  Mr,  Smeaton  invented  another  instmmeot^ 
this  kind,  which,  from  its  form,  is  called  b.  ptar^ga^ 
this  shows  (not  at  the  actual  time,  but  aAer  the    J 
admission  of  the  air  into  the  receiver)  how  much 
that  fluid  had  been  left  In  the  receiver  in  the  precedi 
rartftiction.     This  gage  is  also  shown  in  the  figure 
Smeaton*s  pump  above  described.    It  consists  of  a  gl« 
vessel,  which  has  a  small  projecting  orifice,  and  at 
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oihet  end  It  Is  extcQded  Into  a  tube  closed  at  the  upper 
extremity;  the  capacity  of  which  is  lOOlh  part  of  that 
of  Uie  whole  vessel.  The  instru merit  is  suspended  with 
its  aperture  downwards  to  the  lower  end  of  a  shp  of 
wire,  or  a  wire  wliich  passes  through  a  collar  of  leather, 
within  the  glass  receiver  of  the  pump,  and  exactly 
under  it,  a  small  cup,  coiitaininor  quicksilver,  is  placed 
tipou  the  plate  of  the  pump.  Wheu  the  machine  has 
been  worked  to  the  intended  degree,  the  air  in  the 
pear-gage  is  evidently  rarefied  as  much  as  it  is  in  the 
receiver ;  and  in  that  state,  by  lowering  the  slip  of  wire, 
the  pear-gage  is  let  down  till  its  aperture  has  reached 
the  bottom  of  the  mercury.  This  done,  the  external 
air  is  admitted  into  the  receiver;  which  cannot,  as  is 
obvious,  enter  the  pear-gage,  on  account  of  the  aper- 
ture being  immersed  in  the  quicksilver;  but  the  pres- 
mre  of  the  aimospliere,  now  acting  on  the  surface  of 
the  mercury,  forces  that  fluid  into  the  gage,  and  fills 
It  op  to  a  certain  degree,  for  instance  tor;  then  the 
n^r  part  of  the  gage  will  contain  all  the  air  or  va- 
pour which  occupied  the  whole  cavity  of  it  during  the 
^refaction.  To  the  upper  part  of  the  gage  is  annexed 
a  divided  scale,  which  shows  what  part  of  the  capacity 
of  the  whole  e?»ge  is  filled  with  ajr»  and  of  course  mea- 
sures the  degree  to  which  the  rarefaction  of  the  air 
Aad  been  carried. 

190.  When  Mr,  Smeaton  first  made  use  of  this  gage, 
^^  iie  was  much  surprised  to  find  that  it  did  not  give  al- 
^k^ays  the  same  results  as  the  common  gages  above 
^Bo^scribed  ;  but  it  was  afterwards  found  that  it  arose  from 
^Hi«ie  vapour  which  was  mixed  with,  and  formed  a  part  of 
^^^^e  elastic  fluid  in  the  receiver.  When  the  receiver  con* 
^-^jus  no  other  fluid  besides  air.  the  pear- gage  and  the 
~  her  g^ges  will  indicate  the  same  degree  of  rarefac- 
but  if  the  receiver  contain  the  vapour  of  water  or 
^Cother  liquor,  *h<?n  the  pear-gage  will  indicate  a  much 
Lveater  degree  of  rarefaction  ihm  the  siphon  or  short 
aeter-gage;  because  the  vapour,  which  has  elas- 
f  sufficient  to  supply  the  place  of  air  in  the  receiver, 
^othe  re-admission  of  air,  is  condensed  into  a  much 
mailer  space  than  the  same  quantity  of  rarefied  air 
ould  be,  so  that  the  pear-gage  shows  the  (juantity  of 
done  which  had  been  left  in  the  receiver,  whereas 
f  other  gages  show  the  quantity  of  elastic  fluid  which 
ctualiy  remaining  in  it. 

191,  1  his  cause,  however,  of  the  difference  in  these 
i»0  kinds  of  gages  was  not  in  the  least  suspected  when 
the  circumstance  was  first  observed,     Mr.  Nairne,  who 
[  constructed  many  instruments  and  gages  after  the  plan 
of  Mr,  Smtaton,  was  much  struck  with  the  disagree- 
iinent  above  alluded  to,  and  made  a  great  variety  of 
|, experiments,  m  order,  if  possilile,  to  discover  the  reason 
of  It;  some  of  which  being  repeated  before  the  Honour- 
kftble  Mr.  Cavendish,   the  latter  accurate  philosopher 
immediately  accounted  for  the  amazing  dtflerence  which 
the  t"  ^   -.  -fs  intlieated  on  the  principles  above  stated, 
•  byr  (o  some  experiments  of  Jiis  father,  Lord 

ChaTJCs  ^.  avendish,  from  which  it  appeared  that  water, 
wbcflever  the  pressure  of  ihe  atmosphere  on  it  is  di- 
minished to  a  certain  degree,  is  immediately  turned 
iato  vapour,  awd  reduced  as  suddenly  to  water  again 
^OB  rettoring  the  pressure.      The  degree  of  pressure 
^ curies  according  to  the  temperature  of  the  water ;  for 
r  w hon  the  heat  is  72*^  of  Fahrenheit's  scale,  it  is  con- 
r^erted  into  vapour  as  soon  as  the  pressure  is  reduced 
'  ^  three-quarters  of  an  inch  of  quicksilver,  or  about 


peniaciits. 


one- fortieth  of  the  usual  pressure  of  the  atmosphere;  Pneumatic 
but  when  the  heat  is  only  41°  of  Fahrenheit's  scale,  nmchinct 
the  pressure  mvist  be  reduced  to  that  of  a  quarter  of  ^^^  "- 
an  inch  of  quicksilver,  or  to  a  y^^th  part  of  the  usual 
pressure,  before  the  water  turns  into  vapour.  Accord- 
ing to  this  hypothesis,  whenever  the  air  in  the  receiver 
is  exhausted  to  the  above-mentioned  degree,  the  mois- 
ture adhering  to  the  difl'erent  parts  of  the  machine  will 
be  converted  into  an  elastic  vapour,  and  supply  the 
place  of  the  air  which  is  drawn  away  by  the  working' 
of  the  pump,  atid  the  fluid  left  in  the  receiver  an <1  pear- 
gage  will  be  chiefly  this  vapour.  When  the  air  is  let 
into  the  receiver  again,  the  vapour  within  the  pear-gage 
will  be  reduced  to  water,  and  only  the  real  air  will  re- 
main uncondensed;  consequently,  this  gage  shows 
only  how  much  real  air  is  left  in  the  receiver,  and  noi 
how  much  the  pressure  or  spring  of  the  included  Biris 
dtmtnished  ;  whereas  either  of  the  other  gap^es  shows 
how  much  the  included  elastic  fluid  is  diminished,  and 
that  equjdly,  whether  it  consist  of  air  or  vapour. 

192.  In  order  to  ascertain  the  tnith  of  this  plausible  Tliirjibov* 
theory,  Mr.  Nairnc  proceeded  to  free  every  part  of  his  l»yi»oUiesi* 
apparatus  as  much  as  possible  from  any  adhering  mois-  ^^^^'fl"**^** 
ture,  concluding  that  by  this  means  he  should  be  able  ^^Jni^, 
to  bring  the  two  gages  to  an  agreement.  Instead,  there- 
fore, of  placing  the  receiver  on  leather  as  before,  he 
put  it  on  the  pump-plute,  made  as  clean  and  dry  as 
possible,  and  applied  a  cement  round  its  edge  to  ex» 
elude  the  outward  air,  W^hen  the  pump,  in  this  state, 
was  worked  for  ten  minutes,  the  baronseter-gage  indi- 
cated a  degree  of  exhaustion  nearly  equal  to6€0;  and 
on  letting  the  air  into  the  receiver,  the  pear-gage  showed 
also  an  exhaustion  but  little  exceeding  the  former.  In 
another  experiment  he  put  a  piece  of  the  oiled  leather 
above-mentioned  in  the  receiver,  and  found,  on  work- 
ing the  pump,  that  the  barometer-gage  indicated  a  de- 
gree of  exhaustion  of  nearly  300,  while,  on  the  re- 
admission  of  the  air,  the  pear-gage  gave  an  exhaustion 
of  little  less  than  40t)0,  and  thus  confirmed  the  hypo- 
thesis advanced  by  Mr.  Cavendish.  He  performed,  like- 
wise, numerous  other  experiments  relating  to  this  sub- 
ject, which  may  be  seen  in  voh  Ixvii,  Phil.  Trans. 

193    Let  us,  after  this  necessary  digression,  return  Imperfec- 
to  the  subject  more  particularly  in  question,  which  we  ti^n  tt( 
shall  do  by  observing,   that  there  siill  remained  one  '^'"<^*'<^"  • 
imperfection  which  Mr.  Smeaton  had  not  attempted  to  f^^°*P' 
remove.  The  discharging-valve  was  still  opened  against 
the  pressure  of  the  atmosphere;  and  although  the  in- 
genious contrivances  of  this  celebrated  mechanist  had 
greatly  diminished,  it  had  not  annihilated  the  obstruc- 
tions to  the  passage  of  the  air  from  the  receiver  into 
the  barrel.     His  success,  liowever,  encouraged  other 
attempts,  but  they  are  too  numerous  for  us  to  enter 
upon  in  detail  in  this  article;  we  shall,  therefore,  pass 
over  some  of  minor  importance,  and  proceed  at  once  to 
describe  that  of  Mr.  Prince,  a  native  of  America,  who 
conceived  the  idea  of  dispensing  with  the  valves  entirely. 
194.  In  order  to  effect  this,  he  removed  the  lower 
valve,  and  opened  the  bottom  of  the  barrel  into  a  cis- Princess  air* 
tern  on  which  it  was  placed,  and  which  had  a  free  com-  pump, 
munication  with  the  receiver:  ibr  the  va!ve  on  the  upper 
plate  on  the  top  of  the  barrel,  constructed  like  Mr. 
Smeaton*s,  made  it  unnecessary  that  there  should  be 
any  at  the  bottom,  in  order  to  rarefy  the  air  in  the 
receiver.     The  cistern  was  made  deep  enough  to  admit 
the  piston  descending  into  it  below  the- bottom  of  the 
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barrel.  If  the  piston  be  solid,  that  is,  without  a  valve, 
when  it  enters  the  barrel  and  rises  to  the  top  plate, 
which  is  made  air-tight  with  a  collar  of  leather  like 
Smeaton's,  it  forces  out  all  the  air  above  it ;  and  as  the 
air  cannot  return  into  the  barrel  on  account  of  the  valve 
in  the  top  plate,  when  the  piston  descends  there  will 
be  a  vacuum  between  it  and  the  plate,  every  thing 
being  supposed  perfect.  But,  in  working  the  pump, 
the  piston  is  not  allowed  to  descend  entirely  into  the 
cistern,  so  far  as  to  leave  the  barrel  open ;  it  descends 
only  below  a  hole  in  the  side  of  the  barrel  near  the 
bottom,  which  opens  a  free  communication  between 
the  barrel,  cistern,  and  receiver.  Through  this  hole 
the  air  rushes  from  the  cistern  into  the  exhausted  bar- 
rel, when  the  piston  has  dropped  below  it;  and  by  the 
next  ascent,  this  air  is  forced  out  as  the  other  was 
before.  If  the  capacity  of  the  receiver,  cistern,  pipes, 
&c.  below  the  bottom  of  the  barrel  taken  together,  be 
equal  to  the  capacity  of  the  barrel,  half  the  remaining 
air  will  be  expelled  at  every  stroke.  But  in  order  to 
save  the  labour  that  would  attend  the  working  of  this 
pump  with  a  solid  piston,  the  constructor  pierced  it 
with  three  holes,  at  equal  distances  from  each  other, 
and  by  a  circular  piece  of  bladder  tied  over  the  top  of 
the  piston,  formed  a  sort  of  valve  over  the  holes,  which 
opened  with  sufficient  ease  to  save  any  labour  in  work- 
ing the  pump,  by  allowing  the  air  to  pass  through  the 
piston  in  its  descent.  The  escape  of  the  air,  however, 
does  .not  depend^  upon  a  passage  through  the  piston 
into  the  barrel ;  for  when  the  air,  weakened  by  rare- 
faction, cannot  open  this  valve,  it  will  still  get  into  the 
barrel  when  the  communication  is  opened  with  the  hole 
at  the  bottom.  This  piston  will,  therefore,  descend  as 
easily  as  any  other,  nor  will  the  rarefaction  be  in  any 
respect  impeded  by  the  valves.  By  this  construction 
the  valves,  made  to  open  with  more  ease  by  Mr.  Smea- 
ton,  are  rendered  useless  for  rarefying  the  air,  and  that 
at  the  bottom  of  the  barrel  is  entirely  removed ;  the 
valve  on  the  top  plate  being  the  only  one  necessary  in 
the  rarefaction. 

The  next  object  of  this  mechanist  was  to  expel  the 
air  more  perfectly  out  of  tlia  barrel  than  was  eflfected 
in  the  machine  last  described,  by  making  a  more  com- 
plete vacuum  between  the  piston  and  the  top  plate^  so 
that  more  of  the  air  might  be  allowed  to  expand  itself 
into  the  barrel  from  the  receiver.  Mr.  Prince  also 
contrived  to  connect  the  valves  on  the  top  plate  with 
the  receiver,  occasionally,  by  means  of  a  pipe  and  cock, 
by  the  turning  of  which  the  machine  might  be  made  to 
exhaust  or  condense  at  pleasure.  It  still  remained  to 
remove  the  pressure  of  the  atmosphere  from  the  valve 
on  the  top  plate,  so  that  this  might  open  as  easily  as 
tlie  piston-valve ;  with  which  view  he  connected  with 
the  duct  on  the  bottom  piece,  which  conveys  the  air 
from  the  valves  to  the  cock,  a  small  pump  of  the  same 
construction  as  the  large  one,  having  the  barrel  opening 
into  the  cistern;  the  piston-rod,  which  is  solid,  moving 
through  a  collar  of  leathers,  and  a  valve  at  the  top, 
through  which  the  air  is  forced  into  the  atmosphere. 
This  is  called  the  valve-pump ;  its  principal  use  being 
to  rarefy  the  air  above  the  valves,  or  to  remove  the 
weight  of  the  atmosphere  from  them.  When  this  valve- 
pump  is  used,  the  passage  through  the  cock  is  shut  up ; 
and,  therefore,  instead  of  placing  three  ducts  at  equal 
distances  round  the  cock,  after  the  manner  of  Mr. 
Smeaton,  the  whole  is  divided  mto  five  equal  parts, 


leaving  the  distance  of  one-fifth  part  between  th 
leading  from  the  cistern  and  the  valves  to  tfa 
and  two-fifths  between  each  of  these  and  the  oi 
ing  from  the  cock  to  the  receiver;  therefore,  wl 
communication  is  open  between  the  receiver  \ 
valves  for  condensation,  the  other  hole  throe 
cock  opens  the  cistern  to  the  atmosphere;  tn 
the  communication  is  made  between  the  ciat€ 
the  receiver,  for  exhaustion,  a  solid  part  of  1 
comes  against  the  duct  leading  to  the  valve^ 
up,  and  the  air  which  is  forced  out  of  the  barrel 
through  the  atmosphere  into  the  valve-pump. 

195.  A  great  advantage  in  this  construction 
the  pump  with  two  barrels  may  be  made  like  the  c 


Immp,  which  cannot  be  conveniently  done  wl 
ower  valve  is  retained.  In  this  pump  the  pis 
not  move  the  whole  length  of  the  barrel,  a  no 


section  being  made  in  them  a  little  more  than  fa 
from  the  bottom,  where  the  top  plates  are  inser 
which  account  it  is  more  convenient  and  simple 
head  of  it  is  brought  down  from  the  top  of  tne 
in  the  same  manner  as  in  the  common  air-pum] 
barrels  also  stand  upon  the  receiver-plate,  v 
raised  high  enough  to  admit  the  long  bs^ometer 
32  or  33  inches  to  stand  under  it,  without  incom 
in  working  the  pump ;  as  the  winch  moves  thi 
smaller  portion  of  an  arc  at  each  stroke,  than  i 
do  if  the  piston  moved  through  the  whole  lengt 
barrels. 

196.  When  the  condensation  is  to  be  meai 
gage  is  placed  between  the  barrels,  having  a  fr 
munication  with  the  valves,  cock,  &c.  which  is 
so  constructed  that  it  will  serve  to  measure  t 
faction  above  the  valves,  when  the  air  is  worke 
the  valve-pump.  This  consists  of  a  pedestal,  t] 
which  is  made  of  glass  (which  forms  a  cisten 
mercury),  a  hollow  brass  pillar,  and  a  glass  t 
metically  sealed  at  one  end,  which  moves  up  ai 
in  the  pillar  through  a  collar  of  leathers.  Vi 
pump  is  used  as  a  condenser,  the  degree  of  cond 
IS  shown  by  a  scale  marked  on  one  edge  of  tli 
and  when  as  an  exhauster,  the  rarefaction  is  vca 
the  other  edge.  This  gage  will  also  show  v 
valves  have  done  playing,  either  with  the  weigl 
atmosphere  on  them,  or  taken  off.  For  the  pur 
great  condensation,  the  inventor  has  fitted  a  c( 
of  a  smaller  bore  than  the  barrel  of  the  great  f 
the  cistern  of  a  valve-pump,  to  be  screwed  on  o 
ally.  Or  even  without  this  condenser,  the  val 
may  be  adapted  to  the  purpose,  by  being  mad 
larger,  and  by  having  a  plate  made  to  screw 
bottom  of  the  cylinder,  with  a  valve  on  it  opei 
the  cistern ;  a  hole  must  be  made  to  open  on  i 
occasion  near  the  top  of  the  cylinder,  to  let  air 
the  piston,  when  this  is  drawn  up  above  it.  1 
mon  gage,  which  is  generally  placed  under  the 
plate,  is  here  situated  in  the  front  of  tlio  pump 
it  may  be  seen  by  the  person  working  the  maich 
that  the  plate  itself  may  be  lefl  free  for  other  i 
plate  is  also  so  fixed  to  the  pipe  leading  to  t 
that  it  may  be  taken  off  at  pleasure,  and  u 
transferrer,  or  for  other  purposes. 

197.  We  may  likewise  observe,  that  the 
made  whole,  except  a  small  piece  on  the  bac 
the  wheel  is  let  in ;  the  latter  being  freed  from  tl 
rods  by  pushing  it  into  the  back  part  of  i 
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^kikt^  where  it  is  kept  in  its  place  by  a  button,  screwed  into 
Ast     tke  Mdcet  in  tiie  axis  behind.    The  piston-rods  are 
dins  dislodged  from  the  wheel,  and  let  down  into  the 
dstem  when  the  pump  is  not  in  use,  in  which  cistern 
they  may  have  the  advantage  of  being  covered  with  oil ; 
the  same  may  also  be  done  with  all  the  principal  joints 
f^ich  are  Bunk  into  the  sockets,  that  the  leathers  which 
^lose  them  may  be  covered  with  oil,  to  prevent  their 
J^aking-aftera  long  disuse. 

A  perspo^itive  view  of  Prince's  air-pump,  as  con- 
atJi  ucled  by  Mr.  Jones,  is  shown  in  (fig.  25),  which  will 
t^^rte  to  render  the  above  account  more  intelligible, 
tjcm^  save  the  necessity  of  further  description. 

198.  Cvtkbcrtson^s  air-pump,  llie  last  improvement 
im  'Ciie  construction  of  air-pumps  which  ii  will  be  neces- 
laksr^  for  us  to  mention  in  this  place,  is  that  by  Mr. 
C^^vs^berlson;  this  machine  is  so  excellent  in  its  structure, 
ftrx  ^  80  powerful  in  its  effects,  as  to  claim  particular 
'fcice  and  description. 

^A  perspective  view  of  it  is  given  in  (fig.  26),  with 
two  principal  gages  screwed  into  their  places, 
irS^Seh  need  not,  however,  be  used  together  except 
iiB.  vnses  where  the  utmost  exactness  is  required.  In 
CCrvmsmon  experiments  one  of  them  is  removed,  and  a 
ftfcj^>]>-cock  put  in  its  place.  When  the  pear-gage  is 
sd,  a  small,  round  plate,  on  which  the  receiver  may 
/nd,  must  be  first  screwed  into  the  hole  at  A ;  but 
hole  is  stopped  on  other  occasions  by  a  screw, 
n  all  the  three  gages  are  used,  and  the  receiver  is 
gfl^^'Mittiisted,  the  stop-screw  B,  at  the  bottom  of  the 
tf*^  gup,  must  be  unscrewed,  to  admit  the  air  into  the 
♦fe^scher;  but  when  they  are  not  all  used,  any  of  the 
**OT>-8crew8  will  answer  the  purpose.  Fig.  27  repre- 
^*^t8  a  cross  bar  for  preventing  the  barrel  from  being 
^^«ken,  either  by  working  the  pump,  or  by  accident; 
"place  in  fig.  26  is  represented  by  the  dotted  lines  ; 
«re  it  is  confined  and  kept  down  close  to  the  barrels 
■^F  two  slips  of  wood  NN,  which  must  be  drawn  out,  as 
J^^^ttas  the  screws  00,  when  the  pump  is  taken  asunder. 
.***^^  figures  28,  29,  &c.  exhibit  a  section  of  all  the 
y  ^^^ing  parts  of  the  pump,  except  the  wheel  and  rack, 
^^  '^hidi  there  is  nothing  uncj^mmon.  Fig.  28  is  a 
y^^^on  of  one  of  the  barrels, 'Wth  all  its  internal  parts ; 
«5^^  figs.  29,  30,  31,  and  32  are  different  parts  of  the 
l^^ton,  proportioned  to  the  size  of  the  barrel. 

'■ft  fig.  28,  CD  represents  the  barrel,  F  the  collar  of 

'^^•."Aers,  G  a  hollow  cylindrical  vessel   to  contain  oil, 

^-    Is  also  an  oil-vessel  to  receive  the  oil  which  is  drawn 

™oiig  with  the  air  through  the  hole  a  a,  when  tho  piston 

*  drawn  upwards;  and  when  this  is  full,  the  oil 's  carried 

^f^et  with  the  air,  along  the  tube  T,  into  the  o»i  vessel 

Q;  cc  is  a  wire,  which  is  driven  upwards  from   the 

^ole«  a  by  the  passage  of  the  air ;  and  as  soon  as"  this 

..        ^***  escaped,  it  falls  down  again  by  its  own  weight, 

L  skats  up  the  hole,  and  prevents  all  return  of  air  again 

;  mto  the  barrel. 

At  i/  rf  are  fixed  two  pieces  of  brass  to  keep  the  wire 
^^n  a  vertical  position,  in  order  that  it  may  accurately 
2?^  the  hole;  and  H  is  a  cylindrical  wire  or  rod, 
'^h  carries  the  piston  I,  being  made  hollow  to  receive 
!^***g  wire  g  g,  which  opens  and  shuts  the  hole  L.  On 
?^  ^ther  end  of  the  wire  O,  is  screwed  a  nut,  which, 
^•topping  in  the  narrowest  part  of  the  hole,  prevents 
^  "Wire  from  being  driven  up  too  far ;  these  are  seen 
"Ai^  distinctly  in  figs.  29  and  33 ;  they  slide  in  a  collar 
rf  wather  rr,  figs.  29  and  32,  in  the  middle  piece  of 


the  piston.    Figs  31  and  32  are  the  tm'o  mean  parts  Pnenmatlb 
which  compose  the  piston,  and  when  the  pieces  fig.  30,  machines  . 
and  33,  are  added  to  it,  the  whole  is  represented  by    "^  **" 
fig.  29;  and  fig.  32  is  a  piece  of  brass  of  conical  form,  JJ^^I^^^ 
having  a  shoulder  at  bottom,  in  which  is  cut  a  long 
hollow  screw,  about  two-thirds  of  its  length,  and  the 
remaining  part  of  the  hole,  in  which  there  is  no  screw, 
is  of  about  the  same  diameter  as  the  screwed  part, 
except  a  thin  plate  at  the  end,  which  is  of  a  width 
exactly  equal  to  the  thickness  oTgg. 

That  part  of  the  inside  of  the  conical  brass  in  which 
no  screw  is  cut,  is  filled  with  oiled  leathers,  having  holes, 
through  which  gg  can  slide  stifl9y.  An  externafscrew, 
with  a  hole  in  it,  is  also  fitted  to  ggy  and  serves  to 
compress  the  leathers  r  r.  In  fig.  31,  a  aa a  is  the 
outside  of  the  piston,  the  inside  of  which  is  turned  so 
as  exactly  to  fit  the  outside  of  fig.  32 ;  bb  are  round 
leathers,  about  sixty  in  number ;  and  c  c  is  a  circular 
piece  of  brass  of  the  size  of  the  leathers,  while  dd  re* 
presents  the  screw  serving  to  compress  them.  The 
screw  at  the  end  of  fig.  30  is  made  to  fit  the  screw 
fig.  32,  and  if  fig.  33  be  pushed  into  fig.  32,  this  into 
fig.  31,  and  fig.  30  be  screwed  into  the  end  of  fig.  32, 
these  will  compose  the  whole  piston,  as  shown  in  fig. 
28.  In  fig.  28  and  29,  H  represents  the  same  part, 
being  that  to  which  the  rack  is  fixed  ;  if,  therefore,  this 
be  drawn  upwards,  it  will  cause  fig.  32  to  shut  close 
into  fig.  31 ,  and  drive  out  the  air  above  it ;  and  on  the 
contrary,  when  it  is  pushed  downwards,  it  will  open 
as  far  as  the  shoulder  a  a  will  permit,  and  suffer  the 
air  to  pass  through.  A  A  (fig.  34)  is  the  receiver-plate,  Fig,  3^ 
BB  is  a  long  square  piece  of  brass,  screwed  into  the 
under  side  of  the  plate,  through  which  a  hole  is  drilled, 
corresponding  to  that  in  the  centre  of  the  receiver- 
plates,  and  with  three  internal  screws,  b,  b,  c. 

199.  Having  thus  described  at  large  the  several  Process  of 
parts  of  this  machine,  let  us  now  endeavour  to  explain  rarefactioiu 
the  process  of  rarefaction,  which  is  carried  on  as  fol- 
lows. Conceive  the  piston  to  be  at  the  bottom  of  the 
barrel,  the  inside  of  which,  from  a  (fig.  28),  contains 
common  air.  Now  when  the  rod  is  drawn  up,  the 
upper  part  of  the  piston  sticks  fast  in  the  barrel,  till 
the  conical  part  connected  with  the  rod  shuts  the 
conical  hole,  and  its  shoulder  applies  close  to  its 
bottom.  The  piston  being  now  shut,  the  whole  is 
drawn  up  by  the  rack-work,  driving  the  air  before  it 
through  the  hole  a  c  into  the  oil-vessel  at  R,  and  out 
into  the  atmosphere  by  the  tube  T.  The  piston  will 
then  be  at  the  top  of  the  barrel  at  a,  and  the  wire  gg 
will  stand  nearly  as  shown  in  the  figure,  just  raised  from 
the  hole  L,  where  it  is  prevented  from  risin?  higher  by 
the  nut  O.  During  this  motion,  the  air  will  expand  in 
the  receiver,  and  come  along  the  bent  tube  m,  into  the 
barrel.  By  this  means  the  barrel  will  be  again  filled 
with  air,  which,  as  the  piston  rises,  will  be  rarefied  in 
the  proportion  of  the  capacity  of  the  receiver,  pipes, 
and  barrel,  together,  to  that  of  the  latter  alone. 

When  the  piston  is  moved  down  again  by  the  rack- 
work,  it  will  force  the  conical  part  (fig,  32)  out  of  the 
hollow  part  (fig.  31)  as  fisur  as  the  shoulders  aa; 
(fig.  29)  will  rest  on  a  a  (fig.  31),  which  will  then  be  so 
far  open  as  to  permit  the  air  to  pass  freely  through  it, 
while  at  the  same  time  the  end  ox  ge  is  forced  against 
he  top  of  the  hole,  and  by  shutting  prevents  any 
air  from  returning  into  the  receiver ;  thus  the  piston, 
tnoring  dowiiwar£i,  sufiers  the  air  to  pass  out  between 
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the  fitdes  of  flgt.  ^1  and  32 ;  and  when  it  is  at  the 
bottom  of  the  barrel,  it  will  have  the  column  of  air 
above  it,  and,  consequently,  when  drawn  up^  it  will 
shut,  and  drive  out  this  air,  and,  by  openings  the  hole 
at  L,  will>  at  the  same  time,  g^ive  a  free  passage  to 
more  air  from  the  receiver.  This  process  being:  con- 
tinued, the  air  of  the  receiver  will  be  rarefied  as  far  as 
its  expansive  power  will  permit ;  for,  in  iUi^  machino* 
there  are  no  valves  to  be  forced  open  by  the  elasticity 
of  the  air  in  t!ie  receiver,  which  at  last  it  is  unable  to 
effect^  there  is,  therefore,  nothings  to  prevent  the  air 
from  expanditip^  to  its  utmost  degree,  which  is  the  pe- 
culiar excellency  of  this  construction. 

200.  When  this  machine  is  used  for  condensation, 
at  the  same  time  that  it  rarefies,  or  separately,  the 
piece  containing  the  bent  tube  T  must  be  removed, 
and  fig.  35  put  in  its  place,  and  fixed  by  its  screws* 
This  figure,  as  drawn  in  the  plate,  is  intended  for  a 
douhle-barrelled-pump ;  but  for  a  single-barrol,  only 
one  piece  is  used,  represented  by  b  a  a,  the  double 
piece  being  cut  off  at  the  dotted  line  a  a.  In  this 
piece  is  an  internal  screw,  to  receive  the  end  of  a  long 
brass  tube,  to  which  a  bladder  (if  sufficient  for  the 
experiment  ofcondcnsati on),  or  a  glass,  properly  secured 
for  this  purpose,  must  be  screwed  :  then  the  air,  which 
is  abstracted  from  the  receiver  on  the  pump*plate,  will 
be  forced  into  the  bladder,  or  glass  ;  but,  if  the  pump 
be  double,  the  apparatus  fig.  35  is  used,  and  the  loug 
brass  tube  screwed  on  at  c. 

Figs.  36  and  37  represent  two  gages,  the  former  of 
which  is  screwed  into  c  6,  or  into  the  screw  at  the 
other  end  of  c  (fig.  34),  and  fig.  37  into  the  screw  a  b 
(fig.  34).  When  tlie  machine  is  used  as  a  single 
pump,  either  to  rarefy  or  condense,  the  screw  K,  which 
fastens  the  rack  to  the  piston-rod  H,  must  be  taken  out; 
then  turning  the  winch  till  H  is  depressed  as  low  as 
possible,  the  machine  will  be  fitted  to  exhaust  as  a 
single  pump,  and  if  it  be  required  to  condense,  the 
directions  above  given  must  be  observed  with  regard 
to  the  tube  T  and  fig.  35. 

Mr.  Cuthbertson,  by  a  variety  of  experiments  with 
tills  air-pump*  has  shown  its  great  power  of  exhaustion 
with  the  double  siphon-gage,  as  also  with  the  long 
gage,  compared  with  an  attached  barometer,  in  which 
the  mercury  had  been  repeatedly  boiled ;  and  the  dif- 
ference between  the  heights  of  the  mercurial  columns 
was  found  not  to  exceed  ^^^yth  of  an  inch,  the  barome- 
ter standing  at  30  inches,  which  gives  a  rarefaction  of 
1200.  On  some  occasions,  when  the  air  was  in  a  very 
dry  state,  the  difference  has  been  observed  as  low  as 
-^J^^lh  part  of  an  inch,  a  rarefaction  more  than  double 
the  former-  See  a  Description  of  an  improved  Air- Pump 
by  John  Cuthbertson;  and  Nicholson's  Phil,  Journal, 
vol*  i. 

201.  The  latter  author,  in  examining  the  respective 
merits  of  Princess  and  Cuthbcrtson's  air-pumps,  offers,  in 
that  comparison,  the  following  judicious  observations  : 

** There  is  no  provision  to  open  the  upper  fixed  valve 
of  Princes  greater  barrel,  except  the  ditlerence  between 
the  pressures  of  the  elastic  fluid  on  each  side  of  the 
stripe  of  bladder;  and  tliis  may  reasoDably  be  inferred 
to  limit  the  power  of  his  small  pump.  In  Cutbbertsons 
pump,  the  same  valve  is  exposed  to  the  action  of  the 
atmosphere,  together  with  that  of  a  column  of  oil  in 
the  oil-vessel.  The  mischief  in  cither  instrument  is 
probably  trifling ;  but  in  both  the  valve  might  have  been 
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opened  mechanically.  If  tliis  were  done,  the  small 
pump  of  Prince  might,  perhaps,  be  unnecessary  in 
most  states  of  the  atmosphere.  With  regard  to  the 
lower  valves,  Cuthbertson,  by  an  admu-able  display  of 
talents  as  a  workman,  has  insured  their  action ;  Prince, 
on  the  other  hand,  has,  by  the  process  of  reasoning, 
so  far  improved  the  instrument,  tliat  no  valves  are 
wanted.  In  this  respect  he  has  the  advantage  of 
simplicity  and  cheapness  with  equal  effect.  The 
mechanical  combination  of  Cuthbertson  s  pump^  re- 
duces the  operation  to  one  simple  act  of  the  handle; 
but  Prince*8  engine  requires  some  manipulation  with  re- 
gard to  the  play  of  the  small  pump;  though  this  might 
have  been  remedied  by  a  more  skilful  disposition  of  the 
first  mover. 

**  The  most  perfect  scheme  for  an  air-pump,  taking 
advantage  of  the  labours  of  these  judicbus  operators^ 
seems  to  be  that  in  which  two  pis  tons »  of  the  construc- 
tion of  Prince,  should  work  in  one  barrel,  one  pbton 
being  fixed  at  the  lower  end  of  the  rod,  and  the  other 
at  the  middle.  The  lower  piston  must  come  clear  out 
of  the  barrel  when  down,  and  work  air-tight  through  a 
diaphragm  at  an  equal  distvmce  from  die  effective  ends 
of  the  barreK  In  the  diaphragm  must  be  a  metallics 
valve  of  the  form  of  Cuthbertson's  lower  valve,  but  with 
a  short  tail  beneath,  that  it  may  be  mechanically  opened 
when  the  piston  comes  up*  Above  the  diaphr<igia 
must  work  the  open  piston,  similar  to  the  first;  but  as 
it  cannot  quit  the  barrel  when  down,  a  small  portion  of 
tlie  barrel  must  be  enlarged  just  above  the  diaphragm, 
so  that  the  leathers  may  be  clear  in  that  position* 
Lastly,  the  top  of  the  barrel  must  be  closed,  and  fitted 
with  a  valve  and  oil-vessel,  according  to  the  excellent 
contrivance  of  Cuthbertson/' 

If  we  suppose  the  workmanship  of  such  a  pump  la 
leave  the  space  between  the  diaphragm  and  lower 
piston,  when  up,  equal  to  one  thousandth  part  of  ihe 
space  passed  through  by  the  stroke  of  that  piston,  the 
rarefaction  produttd  by  this  part  of  the  engine  will,  in 
theory,  bear  the  same  proportion' to  that  of  the  external 
air ;  and  the  same  supposition  applied  to  the  upper 
piston,  would  increase  the  effect  one  thousandth  part 
more  :  whence  the  rarefaction  would  be  1 OUOOOO.  How 
far  the  practical  effect  might  fall  short  of  this,  from  the 
unavoidable  imperfections  of  the  workmanship,  or  the 
nature  of  the  air,  which,  in  very  hi^h  rarefactions  may 
not  diffuse  itself  equally  through  the  containing  spaces, 
or  from  other  yet  unobserved  circumstances,  cannot  be 
deduced  from  mere  reasoning,  independent  of  experi- 
ment* 

20*2.  We  have  given  above,  as  far  as  was  consistent  Rem 
with  the  plan  of  this  work,  such  a  view  of  the  succes- 
sive improvements  in  the  construction  of  the  air-pump 
as  will  furnish,  in  connection  with  what  has  been  given , 
in  our  historical  chapter,  a  connected  sketch  of  the 
particular  history  of  this  important  pneumatic  machine  ; 
at  the  same  time,  it  must  be  obvious,  that  many  minute 
particulars,  and  a  variety  of  constructions,  have  ne- 
ccsssarily  been  omitted ;  an  entire  volume,  perhaps, 
being  barely  sufficient  to  enter  upon  this  subject  at  full 
length ;  but  if  we  have  introduced  all  the  more  im- 
portant particulars,  and  described  one  or  two  of  tba 
best  modern  machines,  we  trust  it  is  all  that  is  to  b« 
expected  in  a  treatise  of  tliis  kind.  We  shall  coneluda 
our  sketch  with  the  description  of  a  table,  or  portable 
air-pumpr   wliich  is,   from  its  si^e   and   figure^  vtrf 
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coBT^nient  and  sufficiently  powerful  for  most  common 
eiEperimenU. 

203.  TMc,  or  portable  air-pump.    This  has  two  brass 
btfrels,  which  are  firmty  retained  in  a  perpendicular 
situation  to  the  square  wooden  table  on  which  they 
rest,  by  a  traosrerie  beam,  which  is  pressed  upon  them 
hj  screws  at  the  top  of  the  two  pillars.     From  the 
hole  in  the  centre  of  the  pump*plate  there  is  a  perfora- 
.tion,  or  canal p  in  a  brass  piece  to  the  fore  part  of  the 
Irtme  of  the  pump;  and  from  this  canal  there  is  a  per- 
foration, at  rio^ht  angles  to  the  former,  passing  to  the 
centre  of  the  base  of  each  barrel.     At  each  of  these  cen- 
tres a  valve  is  placed,  opening;  upwards,  to  admit  the  air 
into  the  barrels  ;  and  to  each  barrel  a  piston  is  so  fitted 
that  the  air  cannot  pass  between  it  and  the  sides  of  the 
barrel.     Both  pistons  have  a  valve  opening  upwards, 
that  the  air  in  the  lower  part  of  the  barrel  may  escape 
through  them  into  the  room  or  atmosphere.     They  are 
also  connected  by  a  rack,  and  raised  or  depressed  by 
a  hiindle,  the  lower  part  of  which  is  fLxed  to  the  axis  of 
a  cog-wheel,  whose  teeth  lay  hold  of  the  rack.     One 
piston  is  raised,  and  the  other  is  depressed  by  the  same 
tttm  of  the  handle,  and  the  operation  of  exKaustton  is 
the  same  as  in  the  common  pump  first  described-    The 
,two  barrels  are  advantageous,  because  they  perform 
ibe  work  more  speedily,  and  also  because  the  weig-ht  of 
atmosphere,  pressing  upon  the  rising  piston,  is 
iterbaliineed  by  an  equal  weight  pressing  upon  the 
pis  to  a  descending.     Behind  the  large  receiver  on 
pump-plate,  there  is  sometimes  a  small  plate  for 
ining  a  small  receiver;  and  from  the  hole,  at  the 
e  of  this  plate,  there  is  a  canal  communicating 
that,  whicn  passes  from  the  large  receiver  to  the 
Under  the   receiver  is  a  small  bottle  con- 
lifig  mercury,  and  a  small  tube  filled  with  mercury, 
freed  from  air,  inverted  with  the  open  end  in  the  mer- 
tiiy ;  which  is,  in  fact,  the  short  barometer* gage  de- 
icribed  (art,  187),     This  pump,  without  the  gage,  is 
shown  by  fig.  38. 

Expermcnts  ivith  the  air-pump* 
S04.  In  the  introductory  part  of  this  treatise  we  have 
P  radeavoured  to  demonstrate  experimentally  all  the  most 
important  mechanical  properties  and  effects  of  common 
*•-•  in  which,  however,  we  have  avoided,  as  much  as 
_ibie,  such  as  required  the  assistance  of  the  air-pump; 
^smce  the  operation  of  this  machine  depends  upon 
"  same  properties,  we  did  not.  consider  it  satisfac- 
tory toemploy  it  as  the  ground -work  of  our  theory;  but 
hatnng  now  established  the  principles  of  its  operation, 
and  illustrated  its  construction  under  a  variety  of  forms, 
\i  may  be  interesting  to  many  of  our  readers  to  see  our 
preceding  deductions  confirmed  and  established  by  ex- 
pertments  on  this  important  pneumatic  apparatus* 

uL  EiperimciJifi  for  showing  the  -weight  ajii  pressure  of 
atmospheric  air. 

205.  K  One  of  the  most  incontestible  experiments 
f*  this  kind  is  to  take  a  large  copper  ball,  as  light  as 
^consistent  with  the  purpose  it  is  intended  lo  answer, 
"J^ig  a  small  neck  to  it,  furnished  with  a  stop-cock ; 
."ttioeck  is  to  he  screwed  on  the  receiver-plate,  so  that 
•^ttlybe  exhausted  of  air  after  the  same  manner  as  the 
^ttmon  receiver  ;  this  being  done,  turn  the  stop-cock, 
^cb  will  prevent  any  air  from  entering  when  the  ball 
'Sttmcrewed.     Let  now  the  weight  of  the  ball  be  taken 
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by  a  very  accurate  balance,  and  when  this  is  well 
ascertained,  turn  again  the  stop-cock,  and  the  air  will 
immediately  rush  in,  and  the  ball  will  in  consequence 
preponderate.  The  weight  necessary  to  bring  the 
balance  to  an  equihbrium  will  be  equal  to  the  weight  of 
the  air  re-admitted.  In  tJijs  manner,  the  specific  gravity 
of  air  has  been  ascertained  to  be  -00128,  that  of  water 
being  1. 

2.  Place  a  receiver  on  the  plate  of  the  air-pump, 
having  a  hole  an  inch  or  an  inch  and  a-half  in  diameter 
at  the  top ;  cover  this  hole  with  the  palm  of  the  hand, 
while  another  person  works  the  machine  so  as  to 
produce  the  exhaustion ;  and  the  pressure  which,  after 
two  or  three  strokes  of  the  piston,  will  be  experienced 
On  the  hand  from  the  external  atmosphere,  will  be  such 
as  to  convince  the  most  sceptical  of  the  truth  of  the 
proposition.  If  the  exhaustion  be  carried  to  any  con- 
siderable degree,  it  will  be  difficult  to  remove  the  hand 
without  violence,  or  without  re-admitting  the  air. 

3.  Place  a  small  receiver  CI  (fig.  39)  over  the  hole  Fig,  59, 
of  the  pump-plate,  and,  upon  exhausting  the  air,  the 
receiver  will  be  fixed  down  to  the  plate  by  the  pressure 

on  its  outside ;  then,  by  turning  the  cock  of  the  pump, 
and  re-admitting  the  air,  tlie  receiver  will  become  loose* 
In  order  to  prove  that  the  receiver  O  is  held  down  by 
the  pressure  of  the  air,  suspend  it  on  the  hook  of  the 
wire  PP  passing  through  the  collar  of  leathers  at  the 
top  of  the  receiver  M,  by  which  it  is  covered,  and  thus 
let  it  down  on  the  plate  of  the  pump ;  and  when  the  air 
is  exhausted  from  both  receivers,  the  large  receiver  M 
will  be  fixed  to  the  plate  by  the  pressure  of  the  external 
air ;  but  the  small  one  will  be  loose  and  easily  removed ; 
then  again,  in  letting  in  the  air,  the  lesser  one  will  b€ 
fixed  to  the  plate,  and  the  other  will  be  released. 

4.  The  same  may  be  otherwise  shown  by  the  glass 
employed  in  experiment  2,  viz.  by  tying  over  the  hole 
at  top  a  piece  of  bladder ;  then,  as  the  air  is  exhausted, 
the  bladder  will  be  pressed  into  the  receiver  in  a  con- 
cave hemispherical  form,  and,  by  carrying  the  ex- 
haustion to  a  suflficicnl  extent,  the  bladder  will  at 
length  burst  with  a  loud  report ;  or,  instead  of  the 
bladder,  a  piece  of  common  window-glass  may  be  em- 
ployed, resting  on  a  rim  of  leather ;  when  it  will  be 
fouod  that  the  pressure  of  the  external  air  will  break 
the  ^lass  as  soon  as  the  air  is  exhausted. 

5.  Join  together  the  two  hollow  brass  hemipherea  Fig.  40. 
A  and  B  (fig.  40),  the  edges  of  which  must  fc>e  made 

very  perfect,  or  otherwise  they  must  have  a  circle  of 
wet  leather  placed  between  them ;  screw  the  end  D  into 
the  plate  of  the  pump,  and  open  the -stop-cock  E  of  the 
pipe  CD  communicating  with  the  hemispheres;  and 
having  exhausted  the  air,  turn  the  cock  again  so  as  to 
stop  the  pipe;  remove  the  ball  from  the  plate,  and 
screw  on  at  the  end  D  the  handle  FH.  Two  strong 
men  now,  one  taking  hold  of  each  handle,  aiid  pulling 
straight  against  each  other,  will  find  considerable  diffi- 
culty, or  will  be,  perhaps,  wholly  unable  to  separate 
the  two  hemispheres.  The  degree  of  strength  tliat  will 
be  requisite  depends  upon  the  diameter  of  the  sphere 
and  the  nature  of  the  exhaustion.  If  the  latter  be 
nearly  complete,  and  the  diameter  be  4  inches^  the  area 
of  section  will  be 

4^  X  '7854  =  12-5664  inches; 
and*  assuming  the  pressure  on  every  square  inch  to  be 
about  1 5  lbs.  we  shall  have 

12' 5664  X  15-  188lbs, 
3c 
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for  tlife  force  or  strength  requisite  to  produce  the 
separation. 

6.  The  pressure  of  the  air  may  be  also  shown  as  fol 
lows :  Set  a  square  phial  of  thin  glass  upon  the  pump- 
plate,  and,  to  prevent  accidents,  cover  it  with  a  wire 
cag:e,  and  place  both  under  a  close  receiver.  The  phial 
must  be  supplied  at  top  with  a  small  valve  opening  up- 
wards, 80  as  to  be  exhausted  with  the  receiver,  but 
which  shuts  and  prevents  the  air  from  afterwards 
entering.  Let  the  air  be  exhausted  from  the  receiver 
and  phial,  and  it  will  be  found  that,  upon  re-admitting 
the  air  into  the  former,  the  latter  will  be  crushed  into 
a  number  of  small  pieces.  Quicksilver  may  also  be 
forced  into  the  pores  of  wood,  and  made  to  pass  through 
it  by  the  pressure  of  the  atmosphere. 

7.  Immerse  the  neck  cdof  the  hollow  glass  ball  e  h 
(fig.  41)  in  the  water  of  the  vessel  aa\  place  it  on  the 
plate  of  the  pump,  and  cover  it  and  the  hole  of  the 
plate  by  the  receiver  A ;  exhaust  this  receiyer,  and  the 
air  will  escape  by  its  spring,  from  the  ball  e  6,  through 
the  neck  c  r/,  rise  in  bubbles  through  the  water,  and 
pass  off  into  the  external  air.  When  the  water  has 
done  bubbling,  turn  the  cock  of  the  pump,  and  the 
air  that  is  admitted  will,  by  its  pressure  on  the  surface 
of  the  water,  force  it  up  in  a  jet  into  the  ball  eh^  and 
Dearly  fill  it ;  the  small  quantity  of  remaining  air  which 
occupied  the  whole  ball,  and  which  is  now  reduced  to 
a  small  space  by  condensation,  is  all  that  prevents  the 
water  from  filling  the  whole  cavity  of  the  ball. 

This  experiment  may  be  varied  by  screwing  the  end 
A  of  the  brass  pipe  ABF  (fig.  42)  into  the  hole  of  the 
pump-plate,  ana  placing  it,  by  means  of  a  circle  of  lea- 
ther, upon  the  plate  c  cf  a  tall  receiver  GH,  close  at  top, 
exhausting  the  receiver  of  air,  and  stopping  the  pipe  by 
the  cock  e :  when  this  is  done,  remove  the  apparatus 
from  the  pump,  set  its  end  A  in  a  bason  of  water,  and 
open  the  pipe  by  turning  the  cock  e,  when  it  will  be 
found  that  the  pressure  of  the  air  on  the  water  will 
force  it  up  through  the  pipe,  so  that  it  will  ascend  in 
a  jet  to  the  top  of  the  receiver. 

8.  Place  the  tall  open  receiver  AB  (fig.  43)  on  the  pump- 

Elate  over  the  jar  D,  containing  quicksilver;  the  latter 
eing  placed  near  the  hole  or  pipe  communicating  with 
the  barrels.  Into  the  plate  C,  placed  upon  the  upper 
jend  of  this  receiver,  introduce  the  open  glass  tube  g/, 
immersed  at  its  lower  extremity  in  the  quicksilver  of  the 
jar  D,  and  screwed  by  a  brass  top  annexed  to  it  at  A, 
to  the  syringe  H,  which  is  itself  screwed  to  the  plate 
C.  By  means  of  the  ring  I,  draw  up  the  piston  of  the 
syringe,  and  thus  exhaust  the  tube  of  its  air;  and  the 
quicksilver  in  the  bason,  pressed  by  the  undilated  air 
of  the  receiver  AB,  will  ascend  in  the  tube.  That  this 
ascent  is  owing  to  the  pressure  of  the  air,  and  not  to 
triiat  is  vulgarly  called  suction,  may  be  shown  by  ex* 
hausting  the  receiver  of  its  air,  which  will  cause  the 
quicksilver  to  descend  into  the  jar,  and,  by  re-admits 
ting  the  air,  it  will  rise  again  in  the  tube,  although  the 
piston  of  the  syringe  be  not  moved. 

If  the  tube  l>e  32  or  33  inches  in  length,  the  quick- 
•sihrer  will  rise  nearly  as  high  in  the  tube  as  it  stands 
at  that  time  in  the  iMurometer ;  and  if  the  syringe  have 
a  small  hole  at  m,  and  the  piston  be  drawn  up  above 
that  hole,  the  air  will  pass  through  it  into  the  svringe 
and  tube,  and  the  quicksilver  will  immediately  fall 
down  into  the  jar^ 

9.  The  jar  A  (fig.  44)  being  filled  with  quicksilver, 


and  placed  on  the  pump-plate,  cover  it  with  the  re-  Pm 
ceiver  B,  and  push  the  open  ei\d  of  the  glass  tube  d  e   mi 
through  the  collar  of  leather  in  the  brass  neck  C,    ^ 
almost  down  to  the  quicksilver  in  the  jar;  then  exhaust  ^ 
the  receiver  B  of  its  air,  and  the  tube  d  e^  which  is  close  ^ 
to  the  top  J\  will  at  the  same  time  be  exhausted.  ^' 
When  the  exhaustion  has  been  carried  on  to  a  sufli- 
cient  extent,  push  the  open  end  of  the  tube  into  the 
quicksilver  of  the  jar,  and  it  will  be  found,  that  al- 
though the  tube  is  exhausted,  the  mercury  will  not 
rise  in  it,  because  there  is  no  pressure  on  the  aurfhoe 
of  that  in  the  jar ;  but  upon  admittmg  the  air  into  Ih^ 
receiver,   tlie  quicksilver  will   immediately  rise,   and 
stand  as  high  as  it  did,  in  consequence  of  the  action 
of  the  syringe  in  the  preceding  experiment. 

These  latter  oxperiments  not  only  exhibit  the  weight 
and  pressure  of  the  atmosphere,  but  they  also  show 
that  they  are  increased  or  diminished  in  proportion  MO 
the  mcrease  or  decrease  of  the  density  of  the  air. 

IV.  Elasticity  of  the  air. 

206.  10.  This  property  of  air  may  be  shown  in  the  Ela 
most  satisfactory  manner,  by  placing  under  the  received  ^ 
of  an  air-pump  a  flaccid  bladder,  well  tied  and  secnred  at 
its  neck,  so  as  to  prevent  the  air  within  it  from  escapiiig. 
Exhaust  the  air  out  of  the  receiver,  and  the  bladdar, 
as  the  process  proceeds,  will  continue  to  expand,  tin 
at  length  it  will  appear  like  one  full  blown,  and  even 
burst  if  the  exhaustion  be  carried  on  to  a  snflMent 
degree ;  but  upon  re-admitting  the  air,  it  will  quickly 
return  to  its  original  flaccid  state. 

11.  In  experiment  7,  we  supposed  the  glass  ball 
(fig.  41)  to  be  filled  with  water,  with  the  exception  of  a 
small  bubble  of  air;  if,  in  this  state,  it  be  placed  wA 
its  neck  downwards  into  the  empty  Jar  aa^  and  covered 
with  a  close  receiver,  and  the  air  of  the  latter  be  ex- 
hausted, the  air-bubble  will  expand  itself,  and  by  its 
elastic  force  protrude  the  water  out  of  the  globe  into 
the  jar. 

The  same  may  be  shown  by  screwing  the  pipe  AB 
(fig.  42)  into  the  pump-plate,   and  by  placing  the  tall 
receiver  GH  upon  the  plate  cd;  for  now,  exhausting 
the  receiver,  remove  the  apparatus,  and  screw  it  into 
the  copper  vessel  CC  (fig.  45),  half  filled  with  water;  r   , 
then  turn  the  cock  e  (fig.  42),  and  the  air  confined  in    j 
this  vessel  will,  by  its  spring,  force  the  water  throngh  ^ 
the  pipe  AB,  and  cause  it  to  form  a  jet  into  the  ex-«-»: 
hausted  receiver  equal  to  that  which  was  produced^^ 
by  the  pressure  of  the  air  in  the  former  experiment. 

12.  The  little  amusing  experiment  called  the  Carfesuat^  ^ 
devii,  depends  upon  principles  nearly  the  same  as  th^^ 
above.  The  figure  of  a  man,  made  of  glass,  or  enamel  ^  ^ 
is  so  constructed  as  to  have  the  same  specific  gravity  ,j 
as  water,  and  will  therefore  remain  suspended  in  s- 
mass  of  that  fluid.  A  bubble,  similar  to  that  in  th  ^^b. 
last  experiment,  communicating  with  the   water,  ^Bn 

placed  in  some  part  of  the  fic^re,  sometimes  in  a  sma li 

globe,  as  shown  at  tn  (fig.  46).  At  the  bottom  B  of  th^^ 
vessel  is  a  diaphragm  of  bladder,  which  can  be  presse  d 
upwards  by  applying  the  finger  to  the  extremity  f  of  « 
lever  r  o,  moving  about  a  centre  «.  The  pressure  ap^^^ 
plied  to  c  is  communicated  through  the  water  to  th^  -*^ 
bubble  of  air  which  is  thus  compressed.  The  specifiv-  S 
gravity  of  the  figure  is  thereby  increased,  and  it  conse  "^^ 
quently  sinks  to  the  bottom ;  but  by  removing  th^  ^ 
pressure,  the  figure  again  rises,  so  that  it  may  be  mad<^^ 
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W  oscSlate  or  dance  in  tlie  Tessel  without  any  visible 
^  cause.  Fishes  made  of  glass  are  sometimes  substituted 
for  Uie  human  shape,  aud  when  a  commoB  jar  is  used 
fcf  the  experiment,  the  pressure  is  applied  to  the  upper 
aurface  of  it  at  A,  which  is,  in  this  case,  a  piece  of 
bladder,  mstead  of  being  placed  at  the  bottom^  as  shown 
ia  ihe  figure. 

The  same  effects  will  be  produced  by  placing  the  jar 

undtU'  the  receiver  of  an    air-pump,    and   varying  the 

I  j>ressure  by  rarefaction;  but,  in  this  case,  the  specific 

ra^vity  of  the  figure  ought  a  little  to  exceed  that  of  the 

tter  in  the  jar. 

13,  Pour  mercury  into  the  bottle  A  (fig.  47),  and 
*rcw  the  brass  collar  c  of  the  tube  BC,  into  the  brass 
»ck  h  of  the  bottle,  and  let  the  lower  end  of  the  tube 

immersed  into  the  quicksilver,  so  that  tlie  air  above 
may  be  confined  there.  Cover  this  tube,  which  is 
>en  at  the  top,  with  the  receiver  G  and  large  tube 
fixed  by  collars  to  the  receiver  and  close  at  the 
»p.  Exhaust  the  receiver  and  its  tube,  and  the  air 
ill  be  thus  exhausted  out  of  the  inner  tube  BC  through 
lis  open  top  C  ;  and  then  the  air  confined  in  the  bottle 
A  ^w-ill,  by  its  elasticity,  force  the  mercury  into  the 
inner  tube,  in  the  same  manner  as  the  pressure  of  the 
'n.re  caused  it  to  rise  in  experiment  6 ;  whence 
-  i  „:u,  that  the  elasticity  of  the  air  is  equivalent  to 
its  weight. 

14.  We  have  had  occasion,  in  a  preceding  article, 
^l^en  describing  the  air-pump,  to  speak  of  a  transfert'cr; 

the  nature  of  this  apparatus  will  be  better  under- 
*  by  attending  to  the  tollowing  experiment ;    Re- 
^  to  t&g.  48),  screw  the  end  C  of  the  pipe  CD  into 
^lioie  of  the  pump-plate,  aud  open  the  communica- 
between  the  three  pipes  E,   F,  and  DC,  and  tlie 
_[>w  trunk  AB,  by  turning  the  three  cocks  d,  G,  H. 
|J?over  the  plates  g  and  It  with  wet  leather,  having  holes 
fJlR  their  middle,  so  as  to  communicate  with  the  pipes; 
plau:e  the  close  receiver  1  upon  the  gage-plate  g^  shut 
|tl»e  pipe  F  by  turning  the  cock  H,  and  exhaujst  the  air 
|ut  of  the  receiver.     Shut  out  the  air  by  turning  the 
-k  ti;  remove  the  machine  from  the  pump  ;  screw  it 
tie  wooden  stand  L,  aud  put  the  receiver  K  upon  the 
i^te  A,  in  which  it  will  be  loose  while  it  is  full  of  air; 
upon  turning  the  cock  H*  and  opening  the  com- 
munication between  the  pipes  E  and   F   through  the 
*iik  AB,  the  air  in  K  will,  by  its  spring,  pass  from  K  to 
till  it  become  of  equal  density  in  both  receivers; 
ilUf]  they  will  then  be  held  down  with  equal  force  upon 
I  their  respective  plates  by  the  pressure  of  the  atmo- 
Jplicre,  ajid  the  force  with  which  K  was  held  down  will 
'  ^  divided  between  K  and  I ;  whence  it  appears  that  a 
^QB  equal  to  half  the  elastic  force  of  common  air,  will 
^t  within  the  receivers  against  the  whole  pressure  of 
^e  common  air  on  their  outsides. 

1 5,  We  shall  only  detail  one  other  experiment  as  a 
I{*^>of  of  the  expansible  property  of  atmospheric  air. 
■^^«ry  one  must  hare  observed  a  cavity  at  the  broad  end 
\^  an  egg,    between  the  shell  and  the  white.     The 
J^ite  and  yoke  are  contained  in  a  thin  membrane,  or 
'    *^-dder,  which  adheres  loosely  to  the  shell,  but  is  de- 
cked from  it  at  that  part ;  and  this  cavity  increases 
keeping  the  egg  in  a  dry  place.     One  may  form  a 
l^gment  of  its  size,  and  therefore  of  the  freshness  of 
I    ^  egg,  by  touching  it  with  the  tongue  ;  for  the  shell, 
I    **€re  it  is  not  in  contact  with  its  contents,  will  pre- 


sently feel  warm^  being  quickly  heated  by  tlie  tongue,  PiKum«iic 
whde  the  rest  of  tlie  egg  feels  quite  cold.  maclnoi'!' 

If  a  hole  be  made  in  the  opposite  side  of  the  e^^^  ^^cm*i 
aud  it  be  set  on  a  little  tripod,  and  put  under  a  re-  \^^^^^^^ 
ceiver,  the  expansion  of  the  air  in  the  cavity  of  the  egg 
will  force  the  contents  through  the  hole  till  the  egg  be 
quite  emptied :  or,  if  nearly  one  half  of  the  egg  be 
taken  away  at  the  other  end^  the  white  and  yoke  be 
taken  out,  the  shell  put  under  a  receiver,  and  the  air 
abstracted,  the  air  in  the  cavity  of  the  egg  will  expand^ 
gradually  detaching  the  membrane  from  the  shell,  till 
it  causes  it  to  swell  out,  and  gives  the  whole  the  ap- 
pearance of  a  whole  egg.  In  like  manner,  shrivelled 
apples  and  other  fruit  will  swell  in  vacuo  by  the  ex- 
pansion of  the  air  confined  in  their  cavities.  And  ii* 
a  square  phial,  such  as  that  employed  in  experiment  6, 
be  placed  in  like  manner,  having  its  open  end  well 
corked  and  cemented,  it  will  be  burst  into  pieces  by 
tlie  expansive  force  of  the  included  air.  In  this  last 
case  it  is  best  to  place  the  phial  under  a  wire  cage,  to 
prevent  the  pieces  of  glass  from  damaging  the  principal 
receiver. 

207.  Experiments  to  sh§m  the  resUtance  of  the  air, 

16,  Bodies  cannot  move  about  in  the  atmosphere  Ex  peri- 
without  displacing  it,  which  requires  force,  and  there-  mciiusbow- 
fore  the  resistance  of  tlie  air  always  diminishes  the  »nB^^'*'  f*- 
velocity  of  moving  bodies  ;  but  this  diminution  will  be  ^j^^  ^j. 
greater  or  less,  according  to  the  density  of  the  falling 

or  moving  mass  ;  for  which  reason,  those  bodies  which 
we  call  light,  fall  much  slower  than  more  dense  or 
heavy  substances.  To  show  that  this  is  actually  tlie 
case,  we  need  only  let  fall  a  feather  and  a  piece  of 
metal  out  of  our  hands  at  the  same  instant,  and  it  will 
be  found  that  the  metal  has  reached  the  floor  while 
the  feather  is  yet  falling ;  but  place  them  both  under 
the  receiver  of  an  air-pump  anci  exhaust  the  air,  and 
then  let  them  fall,  and  they  will  both  be  found  to 
reach  the  bottom  in  the  same  time  ;  an  apparatus  for 
performing  this  experiment  is  shown  in  (fig.  49),  the  Fig.  49* 
two  bodies  being  laid  together  on  the  brass  flap  cf  or  e, 
which  may  be  at  any  time  let  down,  by  simply  turning 
the  wire/,  wliich  passes  through  a  collar  of  leathers  gj 
placed  in  the  head  of  the  receiver  AB. 

17.  Figure  50  represents  another  apparatus  for  Fig.  50^ 
showing  the  same  thing.  It  consists  of  two  sets  of 
brass  vanes  put  on  separate  axles,  in  the  manner  of 
windmill-sails.  One  set  has  the  edges  placed  m  the 
direction  of  their  whirling  motion,  that  is,  in  a  plane  to 
which  the  axis  is  perpendicular.  The  planes  of  the 
other  set  pass  through  the  axis,  and  they  are,  there- 
fore, trimmed  so  as  exactly  to  front  the  air  through 
which  they  move.  Two  springs  act  upon  pins  pro* 
jecting  from  the  axis,  and  their  strengths  or  tensions 

are  so  adjusted,  that  when  they  ai^e  dLisengaged  in  a 
vacuum,  the  two  sets  continue  in  motion  equally  long  ; 
but  if  they  arc  disengaged  in  air,  those  vanes  which 
oppose  the  air  by  their  planes  will  stop  long  before 
those  that  cut  it  edgewise. 

We  might  enumerate  a  great  variety  of  experimenta 
on  the  air-pump,  which  are  certainly  highly  interesting, 
but  we  conceive  that  many  of  tliem  belong  more  pro- 
perly to  a  course  of  experimental  pbilosophy>  tlian  to 
a  regular  treatise  of  Pneumatics;  we  shall,  therefore, 
proceed  no  furtlier  with  our  detail  in  this  section,  but 
3  c  2 
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Pr»**nrod»  simply  refer  the  reader  to  the  works  of  Franklin,  Cotes, 
lies.       Helsham^  Ferguson,  Adams,  &c,  where  lie  will  find 
"^"'^''''^^^  ampltj  fnformiitioii  on  this  subj<?ct, 

V.  Of  the  condense r^  condensing  springe ,  ^c. 
208*  We  have  seen  in  the  preceding  account  of  the 


aijd  con- 
dc  tiling 
tjrrtiige. 


air-pump,  that  the  roost  modern  of  these  machines  may 
be  made  use  of  cither  for  the  purpose  of  rarefaetion  or 
condensation,  but  in  many  cases  the  latter  operation  b 
required  to  be  performed  when  no  pump  is  at  hand^  and 
moreover,  it  does  not  always  require  the  same  dehcacy 
of  process  as  that  of  rarefaction,  and  more  simple  ap- 
paratus are,  therefore,  more  frequently  employed. 
Fig.  51,  Take,  for  example,  a  prismatic  tube  AD  (iig.  51), 

shut  at  one  end,  and  fit  it  with  a  piston,  or  plu^  C,  so 
that  no  atr  can  pass  by  its  sides,  which^  in  a  cylindrical 
tube  J  is  best  done  with  a  turned  stopper,  covered  with 
oiled  leather,  and  tilted  with  a  long;  handle  CD.  When 
this  is  tbrust  down»  the  air,  which  formerly  occupied 
the  whole  capacity  of  the  tube,  is  condensed  into  less 
room,  and  the  force  necessary  to  produce  any  degree 
of  condensation,  may  be  concluded  from  the  weijjht 
necessary  for  pushiue:  down  the  plug  to  any  depth ; 
but  it  is  obvious  that  the  instrument  in  this  form  is  not 
sufficiently  accurate  for  us  to  deduce,  from  experiments 
upon  it,  any  very  accurate  conclusions  i  the  following 
is,  therefore,  more  commonly  the  form  of  the  condenser. 
Coodeniiiig  The  end  of  the  tube,  instead  of  being  closed  as  de- 
6>  Tinge.  scribed  above,  is  perforated  wi  th  a  very  smal  1  hole  rf\  and 
being  externally  turned  to  a  small  cylinder,  a  narrow 
slip  of  bladder,  or  of  thin  leather,  soaked  in  a  mixture 
of  oil  and  tallow^  must  be  lied  over  the  hole.  Now,  let 
us  suppose  that  the  piston  is  forced  down  to  the  bottom 
of  the  barrel,  to  which  it  applies  close;  then,  when  it 
is  drawn  up  to  the  top,  it  leaves  a  void  behind,  and  the 
weight  of  the  external  air  presses  on  the  slip  of  bladder, 
which,  therefore,  claps  close  to  the  brass,  and  thus 
performs  the  part  of  a  valve,  and  keeps  it  close  so  that 
no  air  can  enter.  But,  the  piston  having  reached  the 
top  of  the  barrel,  a  hole  F  in  the  side  of  it  is  just  below 
the  piston^  and  the  air  rushes  through  this  hole  and 
fills  the  barrel.  Push  the  piston  down  again,  it  imme- 
diately passes  the  hole  F,  and  no  air  escapes  through 
it,  therefore  it  forces  open  the  valve  at^',  and  escapes 
while  the  piston  moves  to  the  bottom. 

Now,  let  any  vessel  E,  as,  for  instance,  a  glass  bottle, 
or  brass  ball,  have  its  mouth  furnished  with  a  brass 
cap  firmly  cemented  to  it,  having  a  hollow  screw,  wliich 
Bis  a  sohd  screw  p  y,  turned  on  the  cyhndric  nozzle  of 
the  syringe,  and  this  vessel  may  be  considered  as  a 
receiver.  Screw  the  syringe  into  this  cap,  and  it  is 
evident  that  the  air  forced  out  of  tlie  syringe  will  be 
accumulated  in  this  vessel;  for  upon  drawing  up  the 
piston,  the  valve/  always  shuts  by  the  elasticity  or  ex- 
pansive force  of  the  air  in  E;  and  on  pushing  it  down 
again,  the  valve  will  open  as  soon  as  the  piston  has  got 
so  far  down  that  the  air  in  the  lower  part  of  the  barrel 
is  more  powerful  than  the  air  already  in  the  vessel. 
Thus,  at  every  stroke,  an  additional  barrel-full  of  air 
will  be  forced  into  the  vessel  E;  and  it  will  be  found 
that,  after  every  stroke,  the  piston  must  be  pushed 
down  further  before  the  valve  will  open  ;  for,  as  stated 
above,  it  cannot  open  till  the  air,  condensed  in  the 
barrel  by  the  downward  motion  of  the  piston,  exceeds 
that  io  the  receiver,  and  as  the  latter  is  increased  at 


every  stroke,  so  also  must  the  stroke  be  longer  every  j^ 
time  before  the  valve  will  be  opened,  ^ 

A  construction  somewhat  different  to  the  above  is    ■ 
now  very  commonly  adopted:  this  consists  in  supplying  ^ 
the  piston  itself  with  a  valve ;  that  is,  instead  of  being,  ^^ 
as  above  described,  one  solid  piece,  it  is  made  of  two^ 
pieces  perforated.     The  uppjer  part,   i  h  m  ft,  is  con-  ^ 
ni'cted  with  the  rod  or  handle,  and  has  its  lower  part      i 
turned  down  to  a  smal!  cylinder,  which  is   screwed 
into  the  lower  pari  k  ion;  and  has  a  perforation  g  ^      ' 
going  up  the  axis,  and  terminating  in  a  hole  h  in  one      \ 
side  of  the  rod,  and  a  piece  of  oiled  leather  is  stretched 
across  the  hole  g.     When  the  piston  is  drawn  up,  and 
a  void  left   below  it,  the  weight  of  the  external  air 
forces  it  through  the  hole  h  g,  opens  the  valve  g^  and 
fills  the  barreL     Then,  on  pushing  down  the  pistoo* 
the  air  being  compressed  into  less  space,  presses  on  the 
valve  g,  shuts  it,  and  none  escaping  through  the  piston, 
it  is  gradually  condensed,  as  the  piston  descends,  tilt 
it  opens  the  valve /',  and  is  added  to  that  already  accu- 
mulaled  in  the  vessel  E. 

We  may  thus  force  any  quantity  of  air  consistent 
with  the  strength  of  the  vessel  into  it,  and  it  will  be 
ready  for  any  experiments  that  we  may  be  desirous  of 
making  with*it.  Instead  of  the  glass  bolde,  or  simple 
hollow  globe  supposed  above,  we  may  use  the  latter  fuf- 
nished  with  a  neck  and  stop-cock;  in  this  case,  the 
cock  may  be  turned,  the  ball  unscrewed  from  the 
syringe,  and  be  ihus  in  a  state  to  be  transferred  and 
applied  to  any  other  purpose  required. 

The  condensation  thus  produced  may  be  measured 
by  a  gage  fitted  to  the  instrument  as  follows :  a  glass 
tube  GH  (fig.  51 -a),  of  cylindrical  bore,  and  close  at  ^ 
the  end,  is  screwed  into  the  side  of  the  cap  on  the 
mouth  of  the  vessel  E ;  a  small  drop  of  water  or  mer* 
cury  is  taken  into  this  tube  by  warming  it  a  little  in  the 
hand,  which  expands  the  contained  air,  so  that  when 
the  open  end  is  dipped  into  water,  and  the  whole  al- 
lowed to  cool,  the  water  -advances  a  litlle  into  the  tube. 
The  tube  is  f^irnished  with  a  scale,,  divided  into  small 
equal  parts,  numbered  from  its  close  end.  Now,  since 
this  tube  communicates  with  the  vessel,  it  is  evident 
that  the  condensation  will  force  the  water  along  the 
tube,  acting  like  a  piston  on  the  air  beyond  it,  and  the 
air  in  the  tube  and  vessel  will  always  be  of  one  density, 
Suppose,  for  example,  the  number  at  which  the  drop 
stands,  before  ihe  condensation  is  made,  to  be  c,  and 
that  it  stand  at  d,  when  the  condensation  has  attained 
the  required  degree  ;  the  density  of  the  air  at  the  re- 
mote end  of  the  gage,  and  consequently  in  the  vessel, 

will  be  -T- .     It  was  by  such  means  that  the  laws  of 

a 
the  condensation  and  elasticity  of  common  atr  were  de- 
duced, a  statement  of  which  has  been  already  given  in 
the  introductory  section  of  this  treatise. 
VI,  Of  the  air-gun, 

210.  One  of  the  most  interesting  applications  of  con- 
densed air  is  that  where  it  is  made  to  project  bullets >  as 
in  the  air-gun. 

The  first  account  we  meet  ^*?ith  of  an  air*gun  is  in  Py 
the  **  Eiemens  d'Arlillerie"  of  David  Rivaut,  who  was  ^' 
preceptor  to  Louis  XIIL   of  France  :    he  ascribes  tlie 
invention  to  Marin,  of  Lisieux,  who  presented  one  to 
Henry  IV.     We  have  seen,  however  (art,  2),  that  m- 
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^truments  of  ihU  kind  were  not  wholly  unknown  to  the 
ancients. 

In  order  to  construct  a  machine  of  this  kind,  it  h 

necessary  to  use  a  condenser  such  as  that  above 

ibed;  and  then  attaching  it  to  a  barrel  contaimng 

ft  bullet ;  when,  upon  turning:  a  cock,  and  opening  a 

I  oommuuication  between  the   condensed    air   ai>d  the 

I        fjallet,  the  latter  will  be  projected  forward  with  a  greater 

I       or  less  velocity,  according  to  the  state  of  condensation 

I      anci  the  weight  of  the  projected  body.     The  efl'cct, 

|h||i€-refore^  will  be  similar  to  a  gun  charged  with  powder^ 

I^KbcJ  hence  we  may  readily  forui  a  comparison  between 

"^^^  effects  of  the  two  fluids;  for  inflamed  gunpowder 

is     m:iolhing  more  than  very  condensed  air,  so  that  the 

ti«ro  forces  are  exactly  similar.     The  elasticity  of  con- 

d^M^sed  air  has  been  estimated,  by  Mr.  Robins,  as  equal 

\j»     »bout  1000  times  that  of  conunon  air:  admitting, 

tk^  refore,  this  to  be  correct  (although  there  seems  to  be 

^|r^at  reason  to  suppose  it  to  be  much  under-rated),  it 

mjld  be  necessary  that  air  should  be  condensed  1000 

»«s  more  than  in  lis  natural  state,  to  produce  the 

nie  effect  as  gunpowder.     There  is,  however,  this  im- 

lant  consideration  to  be  attended  to,  viz.  that  the 

l€3cities  with  which  equal  balls  arc  impelled  are  di- 

tJy  proportional  to  the  square  roots  of  the  forces ; 

that  if  the  air  in  an  air-gun  be  eoiidenscd  only  10 

€s,  the  velocity  with  which  it  will  project  a  ball 

will  be-^*jjth  of  that  artsinir  from  gunpowder;  and  if 

iBk^  air  were  condensed  20  times,  it  would  communicate 

t  velocity  of  -t  th  of  that  of  gunpowder,  and  so  on. 

Air-guns,  however,  project  their  balls  with  a  much 
greater  proportion  of  velocity  than  that  staled  above, 
5ind  for  this  reason,  that  as  the  reservoir,  or  maga^ne 
of  condensed  air  is  commonly  very  large  in  proportion 
to  the  tube  which  contains  the  ball,  its  density  rs  very 
hltle  altered  by  expanding  through  that  narrow  tube, 
^tid,  consequently,  the  ball  is  urged  all  the  way  by 
nearly  the  same  nnifonn  force  as  at  the  first  instant; 
^hcreaa  the  elastic  fluid  arising  from  inflamed  gun- 
powder is  hut  very  small  in  proportion   to  the  lube  or 
"^TTcl  of  the  gun,  occupying,  indeed,  but  a  very  small 
'   Ttion  of  it  next  the  butt-end  ;  and,  tlierefore,  by  di- 
^^ing  into  a  comparatively  large  space  as  it  urges  the 
'^^l  along  the  barrel,  its  elastic  force  is  proportionally 
J^'^akened,  and  it  acts  always  less  and  less  on  the  ball 
^  t.he  tube.     Whence  it  happens  that  air  condensed 
i'^^oa  pretty  large  machine  only  10  times  will  project 
*^^    ball  with  a  velocity  but  little  inferior  to  that  given 
"y   gunpowder;  and,  if  the  valve  of  communication  be 
^*^tidenly  shut  again  by  a  spring,  after  opening  it  to  let 
^'^riie  air  escape,  then  the  same  charge  may  serve  to 
'^pel  several  balls  in  succession.     In  all  cases  where 
*^  ^^^niiderable  force  is  required^  and,  consequently,  a 
^^«il  condensation  of  air,  it  will  be  requisite  to  have 
^^  condensing  syringe  of  a  small  bore,  perhaps  not 
?^^*re  than   half  an  inch  in  diajueter;    otherwise  the 
*^^ce  requisite  to  produce  the  compression  will  become 
great,  that  the  operator  cannot  work  the  machine; 
,  as  the  pressure  against  every  square  inch  is  about 
^  lbs,,  and  against  every  circular  area  of  an  inch  dia- 
^ter,  12  lbs.;  if  the  synnge  be  an  inch  in  diameter,  it 
*^l  require  a  force  of  as   many  times  1 2  lbs.  as  the 
^UBity  of  the  air  in  the  receiver  exceeds  that  of  the 
^omtnon  atmosphere  ;    so  that  when  the  condensation 
**  10  times,  the  force  required  will  be  1  '20  lbs. ;  whereas, 
%ith  a  half-inch  bore,  it  will  only  amount  to  30  lbs. 


21 L  There  are  air-guns  of  various  constructions:  an  Pneumatic 
easy  and  portable  one  is  represented  in  (fig.  5'2),  which  is    mHchhicj 
a  se  c  tion  1  c  n  gth  w  i  s  e  t h  ro  ti  gh  the  axis,  to  sTi  o  w  th  e  i  n  s  i  de ,     *",^  *^*' 
It  is  made  of  brass,   and  has  two  barrels;    the  inner  ^^^^If^^I^ 
barrel  KA,  of  a  small  bore,  fron^  which  the  bullets  are  ,, 
shot ;  and  a  larger  barrel  ESCDR,  on  the  outside  of  it,  ll^^^^  ^^  ^,g 
Id  the  stock  of  the  gun  there  is  a  syringe  NFS,  whose  air-guiu 
rod  iM  draws  out  to  take  in  air;   and,  by  pushing  it  in  Fig,  5ii. 
aguiii,  the  piston  SN  drives  the  air  before  it,  through 
the  valve  PE,  into  the  cavity  between  the  two  barrels. 
The  ball  K  is  put  down  into  its  place  in  the  small  bar- 
rel with  the  rammer,  as  in  another  gun.      There  is 
another  valve,  at  SL,   which,  being  opened   by   the 
trigger  O,  permits  the  air  to  come  behind  the  ball,  so 
as  to  drive  it  out  with  great  force.     If  this  valve  be 
opened  and  shut  suddenly,  one  charge  of  condensed 
air  may  make  several  discharges  of  bullets,  because 
only  part  of  the  injected  air  will  then  go  out  at  u  time, 
and  another  bullet  may  be  put  into  the  place  K  ;  but*  if 
the  whole  air  be  discharged  on  a  single  bullet,  it  will 
impel  it  more  forcibly.     This  discharge  is  ejected  by 
means  of  a  lock  (fig.  53),  when  fixed  to  its  place  as  Fig.  5 J. 
usual  in  other  guns;  for,  the  trigger  being  pulled,  the 
cock  will  go  down  and  drive  a  lever  which  opens  the 
valve. 

Dr.  Macbride  (Exper,  Ess.  p,  81)  mentions  an  im- 
provement of  the  air-gun,  made  by  Dr.  Ellis,  in  which 
the  chamber  containing  the  condensed  air  is  not  in  the 
stock,  but  in  five  or  six  hollow  copper  balls,  about  3 
inches  in  diameter.  These  are  titled  to  a  screw  on  the 
lock  of  the  gun,  and  are  so  furnished  with  valves  as  to 
retain  at  pleasure  the  air  forced  into  their  cavities^ 
whereby  they  may  be  carried  about  from  place  to  place, 
ready  charged  with  condensed  air,  and  the  gun  itself 
is  rendered  as  light  and  portable  as  the  smallest 
fowling-piece, 

212.  But  the  best  construction  is,  perhaps,  thai  of  Martin 'i 
Martin,  which  is  shown  in  (^^*  54),  It  consists  of  a*i'-gi^* 
lock,  stock,  barrel,  ramrod,  &c.  of  about  the  size  and  figs.  54 
weight  of  a  common  fowling-piece.  Under  the  lock, '"'^  ^^' 
at  b^  is  screwed  on  a  hollow  copper  ball  c,  perfectly 
air-tight.     This  bail  is  fully  charged  with  condensed 

air,  by  means  of  the  syringe  B  (fig.  55),  previous  to 
its  being  applied  to  the  tube  6  of  (fig.  54).  Being 
charged  and  screwed  on  as  above  stated,  it  is  evident 
that  if  a  bullet  be  rammed  down  in  the  barrel,  and  the 
trigger  a  be  pulled,  that  the  pin  in  b  will,  by  the 
spring-work  within  the  lock,  forcibly  strike  out  into 
the  copper  ball,  and  there,  by  pushing  in  suddenly  a 
valve  within  it,  let  out  a  portion  of  the  condensed  air, 
w*hich  air  will  rush  up  through  the  aperture  of  the  lock 
and  forcibly  act  against  the  bullet,  driving  it  to  the 
distance  of  60  or  70  yards,  or  further,  if  the  air  be 
strongly  condensed.  At  every  discharge  only  a  portion 
of  the  air  escapes  from  the  ball ;  therefore,  by  re- 
cocking  the  piece,  another  discharge  may  ha  made, 
and  the  same  be  repeated  fifteen  or  sixteen  times. 
Sometimes  an  additional  barrel  is  made,  and  applied 
for  the  discharge  of  shot,  instead  of  the  one  above 
described. 

213.  The  air  in  the  copper  ball  is  condensed  by  Mciliod  of 
means  of  the  syringe  B,  in  the  following  umnner.    The  ^^l^^rS'i^S' 
ball  is  screwed  quite  close  on  the  top  of  the  syringe ; 

at  the  end  of  the  steel-pointed  rod  a  is  a  stout  ring, 
through  which  passes  the  rod  A  :  upon  this  rod  the  feet 
should  be  firmly  set^  then  the  hands  are  to  be  applied 
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to  the  two  handles  i<,  fixed  on  the  side  of  the  barrel 
oi  the  syringe;  whtft,  by  looviii^  the  barrel  B  steadily  up 
and  down  on  the  rod  a,  the  bail  e  will  become  charged 
wi(ii  condensed  uir ;  aiid  it  may  be  easily  known  wheo 
the  ball  is  as  full  as  possible,  by  the  hrcsistible  actio  a 
that  the  air  maktds  against  the  piston  when  you  are 
working  the  syringe.  At  the  end  of  the  rod  k  ia  usually 
a  sr|uare  hole,  which,  with  the  rod,  serves  as  a  key  to 
fix  the  ball  c  fast  to  the  screw  h  of  the  guo  and  syringe, 
close  to  the  orifice  in  the  ball  c.  In  the  inside  is  fixed 
a  valve  and  springy,  which  gives  way  for  the  admission 
of  air,  but,  npon  itJ*  emission,  cumes  close  up  to  the 
orifice^  shutting  up  the  external  air.  The  piston-rod 
works  air-tight  by  a  collar  of  leather  on  it,  in  the 
barrel  B ;  it  is  therefore  obvious,  that  when  the  barrel 
i<»  drawn  up  the  air  will  rush  in  at  the  hole  //,  Wlien 
the  barrel  is  pushed  down,  the  contained  air  will  have 
riQ  other  way  to  pass  from  the  pressure  of  the  piston 
but  into  the  ball  c  at  tlie  top.  The  barrel  being  drawn 
up,  the  operation  is  repeated,  until  the  condensation  is 
80  strong  as  to  resist  the  action  of  the  piston. 

Various  other  constrnc lions  have  been  devised  for 
guns  of  this  description,  which  it  would  be  inconsistent 
with  the  plan  of  this  work  to  detail.  The  most  im- 
portant of  these  is  the  magaxine  air-gun  of  Colbe,  by 
which  ten  balls  may  be  discharged  in  succession,  and 
80  quick  as  to  answer  the  purpose  of  as  many  difterent 
guns.  See  *'  Adams's  Leetnres,  by  Jones,"  vol.  i. ;  and 
''  Martins  Phil.  Brit.^  vol  ii. 

VII.  Air<an€, 
214.  This  is  the  same  in  principle  as  the  air-gun, 
i%.  56.  the  only  difference  beinj^  tiiat  the  syringe  is  applied  to 
the  end  of  the  barrel  C  (fig.  56)/ and  the  lock  and 
trigger  shut  wp  in  a  brass  case,  and  the  trigger  pulled, 
or  the  discharge  made  by  pulling  the  chain  6.  In  this 
form  of  the  machine,  there  is  a  round  chamber  for  the 
condensed  air  at  the  end  of  the  string  at  e,  and  it  has 
a  valve  acting  in  a  similm*  manner  to  that  of  the  copjicr- 
ball.  When  this  instrument  is  not  in  use,  the  brass 
case  d  is  made  to  slide  off,  and  it  then  becomes  a  walk- 
ing-stick ;  from  whicli  circumstance,  and  the  barrel 
being  made  of  cane,  or  wood,  it  derives  its  name  of  air* 
cane;  generally,  however,  tlie  barrel  is  made  of  brass, 
or  otlier  metah  The  head  of  the  cane  unscrews  or 
takes  off  at  cr,  where  the  extremity  of  the  piston-rod  in 
the  barrel  is  shown.  An  iron-rod  is  placed  in  a  ring  at 
the  end  of  this,  and  the  air  is  condensed  in  the  barrel 
in  a  manner  similar  to  that  of  the  gun  above  described, 
but  its  force  and  action  are  not  near  so  great  as  in  that 
machine. 

Air 'lamp, 

Aif'Iamp.  215.  The  air-lamp,  although  depending  upon  prin- 
ciples different  from  those  which  have  been  illustrated 
in  the  preceding  sections,  is  generally  classed  with 
Paenmatic  machines,  we,  therefore,  make  no  apology 
for  introducing  a  description  of  it  in  this  place.  The 
construction  of  it  is  as  follows  : 

Fig.  57,  A  (fig.  57)  is  a  glass  jar,  containing  inflammable  air, 

B  an  open  glass  urn  holding  water,  by  the  pressure  of 
which  tlie  air  is  forced  out  of  the  jar  A,  through  tlie 
brass  pipe  ^  ;  C  is  the  stop-cock,  so  perforated  that  the 
water  may  descend  from  B  into  A,  and  the  air  pass 
out  through  the  wipe  a.  By  turning  the  bar  of  the 
stop-cock  into  a  norizontal  position^  the  communica- 
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tion  between  the  two  vessels  in  cut  off,  and  the  pn 
of  I  he  air  obstructed  \  but  by  placing  it  in  a  vti 
position,  the  communication  is  again 
lower  jiu-  A  is  supplied  with  inflammable 
of  the  bladder  (fig.  58),  and  two  bladders  of  this  kind  ^'*i 
are  attached  to  each  lamp.  The  method  of  using  the 
machine  is  as  follows  :— Take  off  the  cover  D  from  the 
lanip,  and  turn  the  stop-cock  upwards,  then  pour  as 
much  clean  water  into  it  as  will  fill  the  vessel  A  up  to 
the  pipe  */,  unscrew  this  pipe,  and  put  in  its  place  the 
small  brass  piece  W,  and  to  this  screw  one  of  the 
stop-cocks  and  bladder  {fig.  58), 

With  the  bladder  under  one  arm,  ami  with  one  hand 
applied  to  the  cock  at  C,  while  the  other  is  directed  to 
the  bladder,  press  the  latter,  and,  at  the  same  time, 
open  the  apertures ;  by  which  means  the  air  will  be 
forced  upon  the  water  in  A,  and  driven  up  the  glass 
pipe  through  the  tube  into  B.  When  the  vessel  A  U 
thus  charged  with  air,  the  stop-cocks  are  to  be  turned, 
so  as  to  cut  off  the  communication  with  the  external 
air;  and  care  must  be  taken  tliat  the  common  atmo* 
spheric  air  docs  not  mix  widi  the  inflammable;  for,  if 
this  take  place,  the  explosion  would  be  great,  and 
might  be  attended  witli  unpleasant  circumstances. 

For  lighting  the  lamp  the  electric  fluid  is  employed, 
the  apparatus  being  as  follows :  The  wooden  base  EF 
(fig*  59),  is  a  sort  of  box,  about  1 2  inches  square  and  5 14 
inches  deep;  and  in  this  is  phiced  an  electrophorus,coii* 
aisting  of  a  resinous  cake  c,  and  metallic  plate  r/,  which, 
by  a  hinge  at  its  back,  admits  of  being  pulled  upwards 
and  downwards  by  the  silken  string  /?,  connected  both 
with  it  and  with  the  s Lop-cock  C,     When  this  cake  b 
once  excited,  its  electric  eficct  upon  tlie  metallic  plate 
will  be  continued  a  long  time.     A  metallic  chain  G^ 
communicates  with   a  wire  and  ball,  passing  through 
a  brass  tube  below,  in  the  box  over  the  plate ;  and  above, 
with  a  fine  wire  passing  through  a  glass  tube.     This 
upper  wire  is  bent  to  about  \  of  an  inch  distance  from 
the  flame-pipe.     It  is  evident  that  when  the  electro-      j 
phorus  in  the  box  is  previously  excited,  and  tlie  stop-     ] 
cock  C  turned,  the  silken  string  b  will  raise  the  me-     ] 
tallic  plate;  and  this  will  give  an  electric  spark  to  the 
ball  and  wire  above,  which  will  convey  it  instantly  to     1 
the  flame-pipe,  and  inflame  the  air  issuing  out  of  the     i 
pipe,  in  consequence  of  the  pressure  of  the  water  in  its 
descent  into  the  vessel  A,     The  coc^  C  being  ttime4 
back,  the  flame  ceases;    am!  turned  again,  appes 
and  will  serve  to  light  a  candle,  match,  &c.  whenev 
it  may  be  thought  proper. 

The  number  of  times  in  which  light  may  be  product 
will  be  very  great,  depending  on  the  quantity  of  in* 
flammable  air  in  the  vessel  A.  If  the  cock  be  not 
turned  back,  the  flame  will  continue  till  the  whole  of 
the  iufiammable  air  is  consumed.  The  light  thus  pro- 
duced will  be  saflicient  for  reading  a  large  print  in  the 
night,  or  seeing  the  hour  by  a  watch,  \Vhen  the  elec- 
trophorus  is  to  be  excited,  the  silken  string  b  is  un- 
hooked from  the  plate,  and  the  apparatus  taken  out  of 
the  box;  and  the  metallic  plate  is  lifted  up,  whilst  with 
a  silken  string,  or  dry  cat-skin  rubber,  you  may  briskly 
rub  the  surface  of  the  resinous  cake.  About  20  revo- 
lutions in  rubbing  will  be  suFHctent,  so  that  the  plate 
wUl  give  a  spark  to  the  knuckle  about  the  distance  of 
an  inch ;  and  by  the  strength  of  the  spark  the  degree  of 
excitation  is  to  be  estimated.  The  silken  string  and 
small  glass  tubes,  through  wliich  the  wire  G  passes, 
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I^  iKonld  always  be  very  dry,  that  the  passage  of  the 

•v^  electrical  spark  may  be  quite  perfect.     The  whole 

loigth  of  this  apparatus  is  about  22  inches ;  but  it  may 

be  made  of  any  dimensions.     Dr.  Ingenhouz  used  a 

Anall  apparatus,  constructed  upon  a  similar  principle, 

hk  obtaining  light  for  domestic  purposes,  both  when  at 

Aame  and  on  his  travels.  <* Adams  s  Lectures,  by  Jones/' 

rol.  ii.  p.  99,  &c. 

Principle  of  the  steam-engine. 

-^16.  The  steam-engine  is,  without  doubt,  one  of  the 
^K^BSt  noble  and  most  important  machines  ever  produced 
v^^  the  genius  of  man ;  but  its  constructions  are  so  va- 
^^^iiSy  and  its  purposes  so  numerous,  that  it  would  be 
^^K3K.<diy  inconsistent  with  our  arrangement  to  enter  into 
^ninute  detail  of  its  history  and  successive  improve- 
K^utnts  in  this  place;  at  the  same  time,  the  general 
tf-^ndple  of  its  operation  is  so  ultimately  connected 
r^-Atne  properties  of  air  and  elastic  fluids,  treated  of 
^  the  preceding  pages,  that  we  must  not  pass  it  over 
r^'Choat  endeavouring  concisely  to  explain  the  nature 
fP     its  operation. 

let  a  cylinder  ABCD  (fig.  60),  placed  vertically, 

i^pMj^e  a  piston  working  in  it,  the  rod  of  which  is  fixed 

tc^     ihe  end  of  a  beam  GH,  turning  on  the  axis  O,  and 

lofs^ded  at  its  other  extremity  by  a  weight  W ;  and 

irlsi^n  the   machine  is  at  rest,  let  the  beam  incline 

U>^wpa!ds  the  side  where  the  weight  is.    Then,  if  a  va- 

tkmvam  be  any  way  made  in  the  part  of  the  cylinder 

mder  the  piston,  the  whole  pressure  of  the  atmosphere 

will  tend  to  depress  the  piston,  and  will  raise  the 

vieight  W,  at  least,  if  its  momentum  be  not  greater 

Aiaui  that  of  a  column  of  water  of  33  or  34  feet,  having 

fCir  its  base  the  section  of  the  cylinder,  and  acting  by 

dw  lever  GH. 

Thus  far  it  is  unimportant  how  the  vacuum  is 
(obtained,  the  principle  of  operation  being  still  the 
Mme,  but  in  the  steam-engine,  the  steam  of  boiling 
^Vitter  is  the  agent  employed  for  this  purpose,  and 
tf^Dce  the  name  of  the  machine.  Let  us.  therefore, 
(iqppose  the  steam  from  a  boiler  to  be  introduced 
flk^oagh  a  valve  into  the  cylinder,  and  to  expel  the  air ; 
^ea  this  is  done,  the  valve  to  be  shut,  and  another 
''•Ive  opened,  by  which  a  jet  of  cold  water  is  injected  into 
^  cyhnder ;  by  this  means  the  steam  will  be  suddenly 
^^densed,  a  vacuum  will  be  produced,  and  the  piston 
^^^  be  forced  down  by  the  pressure  of  the  atmosphere. 
^^  mtroduction  of  the  steam  at  the  bottom  of  the 

glinder  will  again  elevate  the  piston,  and  the  repro- 
iction  of  the  vacuum  will  cause  the  depression  or  it ; 
*  that  the  end  of  the  lever  to  which  W  is  attached, 
*^y  be  employed  to  raise  any  weight,  to  pump  up 
^*ter,  &c.  &c. 
■■ .    ^17.  This  is  the  simplest  form  of  the  steam-engine ; 
^  <^ration  depends  upon  the  pressure  of  the  atmo- 
fP^erc,  and  its  effects  may  be  computed  as  follows : 
^**  6  denote  the  length  of  the  stroke  of  the  piston, 
r^kie  radius  of  the  cylinder,  h  the  height  of  a  column 
P^^ater  which  balances  the  pressure  of  the  atmosphere, 
^e  semi-circumference  of  a  circle  whose  radius  is  1 , 
r*  the  area  of  a  circle  whose  diameter   is  2;     then 
*■  »•*  k  will  be  the  moving  power,  and  n  r*  h  b  its  mo- 
^*^lnm.     If  the  radius  of  the  piston  of  the  pump 
^^^*ked  by  the  beam  be  /,  d  the  depth  of  the  water, 
^  il'  the  height  to  which  it  is  raised  at  one  stroke, 
tben/r  i^*  d  h*  will  be  the  amount  or  momentum  of  the 


IiDprov<>d 
ttean-cii- 
ginc. 


resistance.    In  order,  therefore,  that  tlie  machine  may  Pneamatic 
be  effective,  we  must  have  nwdiincs 

rHhyr'^dh'.  pSLenJ.. 

This  will,  undoubtedly,  be  understood  as  merely 
indicating  the  nature  of  the  calculation,  and  not  the 
actual  process  by  which  its  power  is  computed :  for,  in 
order  to  form  a  complete  theory  of  the  steam-engine, 
much  more  is  necessary  than  the  knowledge  that 
i^hh  must  be  greater  than  r^*dh';  for  the  rate  of 
working  depends  on  that  excess,  and  must  be  deter- 
mined on  other  principles ;  the  weight  of  the  pump- 
rods  must  also  be  included ;  the  effects  of  the  friction 
duly  estimated,  &c.  &c.  before  we  arrive  at  a  conclusion 
which  is  required  by  the  constructor.  We  have  like- 
wise above  supposed,  that  a  perfect  vacuum  is  produced 
in  the  cylinder  bv  the  jet  of  cold  water,  which  is  not 
the  fact ;  for  by  the  alternations  of  the  heat  and  cold,  to 
which  the  cylinder  is  exposed,  it  can  neither  acquire  the 
heat  necessary  to  the  nill  elasticity  of  the  steam,  nor 
the  cold  reqmsite  for  its  complete  condensation ;  and 
on  this  account  the  effect  of  the  machine  faUs  much 
under  the  computed  value. 

218.  We  have  observed  above,  that  the  form  we 
have  described  is  the  simplest  possible  construction 
of  this  machine ;  and  the  inconvenience  to  which  we 
last  alluded,  is  the  greatest.  To  obviate  this  in  some 
measure,  it  may  be  remarked,  that  when  the  cylinder 
is  full  of  steam,  if  a  valve  be  opened,  by  which  the 
steam  is  allowed  to  escape  into  a  another  vessel,  where 
a  jet  of  cold  water  is  introduced,  the  condensation  is 
much  more  complete,  and  the  heat  of  the  cylinder  being 
preserved,  the  steam  will  possess  its  full  elasticity.  This 
improvement  was  made  by  Mr.  Watt,  who  thus  com- 
pletely changed  the  character  of  the  steam-engme.  In 
the  old  form,  that  is,  in  the  one  described  above,  the 
power  was  reduced  nearly  to  half  its  real  value,  so  that 
the  moving  force,  insteftd  of  amounting  to  14  lbs.  on 
every  square  inch  of  the  piston,  was  reduced  to  little 
more  than  7  lbs.  By  the  last  construction,  the  moving 
force  is  very  nearly  12  lbs.  per  square  inch. 

219.  Both  the  above  forms  are  now  distinguished  by 
the  name  of  atmospheric  steam-engines,  because  in  both 
the  action  depends  upon  the  pressure  of  the  atmo- 
sphere ;  but  a  further  improvement  was  afterwards  made 
by  injecting  the  steam  into  the  cylinder,  alternately 
above  and  below  the  piston,  so  that  the  whole  motion 
is  produced  by.  the  elasticity  of  steam,  and  has  no 
dependence  on  the  weight  of  the  atmosphere.  This 
improvement  we  owe  also  to  Mr.  Watt.  For  a  further 
account  of  this  important  machine,  the  reader  is  re- 
ferred to  the  article  Steam-Engine,  in  our  alphabeti- 
cal arrangement. 

VIII.  Principle  of  the  barometer. 

220.  We  have  already  described  the  principle  of  this  Principle 
instrument,  when  speaking  of  the  Torricellian  tube,  and  ^^^^  *««)- 
the  experiment  of  the  Puy.  do  Domme ;  it  is,  in  fBiCt/^^' 

no  more  than  this,  ABD  (fig.  61)  represente  a  glass  Fig.  6i. 
tube  about  three  feet  long,  recurved  at  D,  and  termi- 
nating at  A  in  an  open  bulb  or  cistern,  the  other  end 
beine  hermetically  scaled,  or  rendered  perfectly  im- 
pervious to  the  air.  Conceive  now  quicksihrer  to  be 
poured  in  at  A,  and  the  tube  inclined,  and  finally  re- 
versed, so  that  the  entire  capacity  is  tilled  with  this 
fluid,  and  all  air-bubbles  wholly  expelled.  Then,  when 
the  tube  is  again  reversed,  so  as  to  bring  it  into  the 
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,|>ii9i]itiA.  position  shown  in  the  figure,  the  column  of  mercury  of 
tics.  36  iiiches  (the  leogth  we  have  supposerl)  being  more 
than  equal  to  the  atmospheric  pressure,  it  will  descend 
by  Its  superior  gravity,  leaving  a  vacuum  behind  it, 
till  the  equilibrium  belweeii  the  pressure  of  the  air  and 
that  of  the  mercurial  column  is  established ;  and  the 
quicksilver^  supposing  the  whole  bore  to  have  been 
quite  full,  will  ruo  over  at  A  during  this  descent,  after 
which  it  will  remain  atrest»  as  we  have  already  stated 
in  describing  the  Torricellian  tube;  or,  if  the  bore  be 
not  quite  full,  the  equilibrium  will  ultimately  obtain 
when  the  surface  of  the  mercury  in  the  bulb  has  risen 
to  a  certain  height,  suppose  to  e/,  the  largest  section 
of  the  bulb.  In  this  state,  the  distance  between  the 
surface  e/ of  the  fluid  in  the  bulb,  and  the  upper  sur- 
face of  the  column  in  the  tube,  will  be  the  height  due 
to  the  atmospheric  pressure ;  in  order  to  estimate 
which,  a  scale  of  inches  and  parts,  with  a  noninus,  or 
vernier  scale,  is  fixed  towards  the  upper  part^  extend- 
ing to  a  greater  or  less  distance,  according  to  the  in- 
tended purpose  of  the  instniment ;  when  it  is  only  used 
for  the  house,  to  indicate  the  changes  in  the  state  of  the 
atmosphere,  the  scale  need  not  exceed  3  or  4  inches,  3 
inches  beiiig  the  greatest  variation  ever  experienced;  but 
when  the  instrument  is  designed  for  the  barometrical 
measurement  of  heights,  the  scale  must,  of  course,  de- 
scend lower.  Instead  of  the  recurred  tube  and  bulb, 
as  described  in  the  figure,  a  leather  bag  of  mercury  is 
more  commonly  fixed  to  the  end  of  a  straight  tube, 
which  obviously  answers  the  same  purpose,  and  is 
much  more  convenient  for  instruments  designed  to  be 
carried  from  place  to  place,  as  in  those  for  the  purposes 
of  measurements*  Such  is  the  most  simple  construc- 
tion and  general  principle  of  this  instrument,  but  there 
are  majiy  particulars  relating  to  its  form,  the  pre  para'- 
lion  of  the  mercury,  &c.  to  be  observed  beyond  the 
simple  deacription  above  given,  which  will  be  found 
under  the  article  BAEOMEXEft*  in  our  Alphabetical 
Division. 

'\X,  Of  ike  ihcrmomettr. 
Principle  of  22  L  We  have  already  referred  to  the  thermometer 
the  UiL-rmo- jj^  our  sketch  of  the  history  of  Pneumatics,  but  what 
IS  there  stated  relates  merely  to  tne  mvention  of  this 
instrument,  little  being  said  respecting  the  principles 
of  its  operation  and  construction.  Experiment  teaches 
ns,  that  all  bodies  expand  by  heat,  and  are  contracted 
by  cold,  and  hence  the' degree  of  expansion  and  con- 
traction becomes  the  measure  of  the  degree  of  heat. 
Fluids  are  more  convenient  for  this  purpose  than 
solids^  and  of  the  former,  quicksilver  is  now  commonly 
fig*  61 -a.  preferred  to  any  other.  Let  AB  (fig.  Gl-a)  represent  a 
very  fine  glass  tube,  having  a  pretty  large  hollow  ball 
at  the  bottom,  and  conceive  the  ball  and  about  half 
the  tube  to  be  filled  with  quicksilver,  at  any  medium 
state  of  temperature.  Then  conceive  the  instrument 
in  this  state  to  be  heated  to  a  very  great  degree,  which 
will  expand  the  quicksilver  till  it  tlows  out  of  the  open 
end  ot  the  tube.  While  exposed  to  this  heat,  and 
while  the  the  quicksilver  is  stil!  flowing  out  at  the  end, 
let  the  tube  be  hermetically  sealed,  so  as  perfectly  to 
exclude  all  communication  with  the  outward  air.  Then, 
in  cooling,  the  fluid  will  contract^  and»  consequently, 
its  surface  will  descend  in  the  tube  till  it  comes  to  a 
certain  point,  corresponding  to  the  temperature  or 
heat  of  air,  and  it  will  afterwards  ascend  and  descend 


as  the  heat  of  the  air  or  the  medium  in  which  it  is 

immersed  is  increased  or  diminished. 

After  various  attempts,  philosophers  have  agreed  ta 
fix,  for  the  two  stanaard  points  of  the  thermometer, 
those  which  correspond  to  the  freezing  and  boiling  of 
water,  which,  under  the  same  barometrical  pressure, 
are  found  to  be  the  same  in  all  parts  of  tUe  worrd. 
Th(^  instrument  being,  therefore,  made  as  above  da^^ 
scribed,  it  is  first  immersed  in  ice  just  thawing,  ^^M 
water  just  freezing,  and  the  point  to  which  the  mercury 
descends  is  marked.  This  is  called  the  freezing  point. 
Then  immersing  it  in  water  just  boiling,  the  mercury 
rises ;  and  this  point,  being  marked,  is  called  the 
boiling  point ;  and  on  a  supposition  that  equal  quan- 
tities  of  expansion  take  place  with  equal  degrees  of 
temperature,  that  is,  that  the  expansion  is  proportional 
to  the  difference  of  temperature,  the  distance  between 
those  two  points  is  divided  into  a  certain  number  of 
equal  parts,  each  one  of  which  answers  to  one  degree 
of  temperature.  i 

222.  With  respect  to  the  extent  of  those  degrees,  Di 
or   the  number  of  degrees  between  these    extremes,  *<=^ 
there  is  still  considerable  diflerence.     In  the  centigrade     i 
thermometer  this  distance  is  divided  into  100  equal 
parts,  and  the  scale  is  continued  considerably  above 
and  below  the  two  standard  points  ;  the  lowest  patnt, 
or  that  answering  to  freezing^,  is  marked  0,  or  aeerO,     i 
and  the  degrees  are  marked  oft  from  it  both  ways,  those 
below  being  considered  as  negative  ;  so  that  when  the     i 
mercury  descends  below  the  freezing  point  any  num-     , 
ber  of  degrees,  as,  for  example,  9°,  we  say  the  tem- 
perature  is   —  9^,    or   9°   below  zero;   and   when  it     , 
ascends  above,  they  are  called  positive      It  is  not,     | 
however,  commonly  so  expressed,  but  is  always  uader-     I 
stood.     This  is  by  far  the  most  simple  form  of  tlie 
thermometer  ;  but  in  England,  and  indeed  in  many     J 
parts  of  the  continent,  Talirenhtit's  scale  is  employed : 
here  the  freezing  point  is  marked  32%  and  the  boiling     1 
point  212*^,  and  the  distance  between  them  is  divided 
into  180  equal  parts,  or  degrees,  numbered  from  32^ 
upwards ;    and  the   scale  extends  downwards  to  0 ; 
which,  at  the  time  this  division  was  projected,   wis 
considered  to  be  tlie  maximum  degree  of  cold.   Another 
scale  of  very  common  use  is  Rtimmura:  \n  this  the 
freezing  point  is  zero,  as  in  the  centigrade  ;  the  boiling 
point  is  80,  and  the  scale  is  continued  both  ways,  the 
same  as  in  the  latter. 

These  arc  the  scales  most  commonly  employed; 
but  various  others  have  been  proposed,  and  a  great 
variety  of  constructions  have  been  given  which  we  shall 
not  here  attempt  to  describe;  they  will  be  found  under 
the  article  Thermometer,  in  our  Miscellaneous  Di* 
vision. 

It  follows,  from  what  has  been  stated  above,  that  the 
number  of  degrees  between  any  two  points,  according     ^ 
lo  these  several  scales,  are  as   100,  180,  and  80,  or  as 
5t  9,  and  4;  wlicnce  they  may  be  readily  converted 
from  one  scale  to  another. 

The  same  proportions  will  also  convert  the  regis- 
tered degree  of  the  one  thermometer  to  that  of  another, 
observing  only,  that  32^  must  always  be  added  to  the 
result,  when  the  conversion  is  to  Fahrenheit's^  because 
the  zero  on  each  of  the  others  is  marked  32°  on  his. 
This  conversion  will,  however,  be  more  simply  effected 
by  the  following  theorems,  in  which  C,  F,  and  R,  de- 
note the  degrees  on  each  instrument  respectii^ly. 
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Fig.  66, 


when  the  two  plates  are  fixed  together  by  screws  passing 
through  thcra,  they  close  the  tow  rouni  the  tube,  both 
to  steady  it  and  to  prevent  the  escape  of  steam* 

**  Fi^.  65  is  the  scale,  5  inches  long,  0*9  broad ;  be- 
tween the  two  standards  NO,  a  length  of  4*15  inches 
U  divided  into  100  parts,  and.by  the  vernier  into  1000, 
giving  241  parts  to  the  inch  ;  this  was  accidental, 
beitig  occasioned  originally  by  the  thread,  of  my  ad- 
justing screw,  which  assisted  me  in  muking  the  divi- 
sions* The  scale  is  fixed  down  to  the  upper  plate 
(fig.  64),  within  the  collar,  by  screws  passing  thronj^h 
the  fltmch  P  at  the  back  of  the  scale*  It  would  be 
well  that  a  piece  of  thick  leather,  or  soft  wood,  should 
be  screwed  between  these  two,  if  it  can  be  done  with 
sufficient  firmness,  for  the  purpose  of  preventing  tlie 
scale  getting  inconveniently  hot. 

**  The  adjusting  screw,  which  carries  the  vernier,  is 
raised  by  the  standards  above  the  scale,  and  is  placed 
opposite  the  centres  of  the  plates  (fig.  63  and  64),  by 
which  means  the  milled  head  Q  goes  better  into  the 
case  hereafter  described*  The  tube  of  the  thermometer, 
when  passed  throug;h  the  central  holes  in  the  two 
plates »  turns  by  its  bend  to  the  left  hand,  and  up  the 
side  of  the  scale,  being  slightly  fastened  to  it  at  the 
lop  only  with  a  small  piece  of  cork  under  it,  to  keep  it 
clear  fi-om  the  scale.  The  vernier  has  fixed  to  it,  by 
means  of  a  screw  head,  two  pieces  of  thick  paper  laid 
upon  each  other,  the  one  black  and  the  other  white  ; 
half  of  the  outer  paper  being  cut  away  straight,  makes 
a  line  between  the  black  and  while  better  than  any 
that  can  be  drawn  for  adjustment  to  the  top  of  the  mer- 
curial thread*" 

In  boiling,  the  bulb  should  be  exposed  to  steam  only, 
as  being  steadier  in  its  heat  than  water*  Mr.  Wolbs- 
ton's  boiler  is  a  tin  cylinder,  5-5  inches  deep,  and 
1  '2  inch  in  diameter,  with  an  external  cylinder  of  1  *4 
inch  diameter,  to  prevent  the  transmission  of  heat ;  the 
bottom  only  is  single.  The  interior  cylinder  has  a  brass 
collar  soldered  into  it,  having  an  internal  screw  which 
(its  to  cither  of  tiie  external  screws  on  the  plate  {in^.  64), 
so  that  what  is  the  boiler  when  fixed  below  the  plate,  be- 
comes a  CHse,  to  protect  the  scale  when  screwed  to  the 
upper  side  of  tliat  plate.  The  top  of  the  external 
cylinder  being  closed  into  the  same  brass  collar,  be- 
comes slightly  conical,  and  is  to  be  soldered  into  it* 
An  opening  of  0  2  inch  diameter,  is  made  through 
both  cylinders,  immediately  under  the  collar,  as  a  vent 
for  the  steam  from  within,  but  is  prevented  from  com- 
municating with  the  annular  space  between  the  vessels, 
lest  inconvenience  should  arise  from  water  accidentally 
getting  between  them*  Another  tin  cylinder  1-2  inch 
diameter,  and  2-1  deep,  with  a  similar  screw  collar  at 
top,  forms  a  case  for  protecting  the  bulb  when  screwed 
to  the  under  side  of  plate  (fig.  64),  and  is  also  a  mea- 
sure for  the  quantity  of  water  put  into  the  boiler,  which 
should  not  touch  the  bulb;  it  is  here  1*25  inch 
below  it* 

For  the  purpose  of  rendering  every  thing  requisite 
for  use  portable  widi  the  thermometer,  a  stand  is 
made,  which  will  be  immediately  understood  from  the 
following  description :  Round  the  outside  of  the  boiler, 
and  just  below  the  conical  closing  of  it,  is  soldered  a 
ring  of  brass  wire  ST  (fig.  66),  Fitting  to  the  conical 
top  of  the  boiler  is  made  another  short  cone  of  thick 
tin,  which  may  be  fastened  down  by  screwing  the  ther- 
mometer into  the  boiler;  or,  which  is  better,  by  a  se- 


parate collar  V  for  the  purpose,  to  screw  into  the 
boiler,  having  the  same  internal  screw  above  to  re- 
ceive the  thermometer*  This  conical  cap  has  a  wire 
soldered  round  it  at  VWX  ;  and  on  this  wire  tums^by  ^ 
eyes  at  their  ends,  seven  wires,  9  inches  long,  and 
of  sufficient  strength.  They  are  placed  at  six  eqtaal 
distances  round  the  cap,  two  of  them  being  placed 
close  together.  These  wires  bearing  on  the  ring  ST, 
are  spread  outward ;  being  connected  with  gores  of  thin 
linen,  sewed  between  them  from  top  to  bottom,  they 
are  prevented  from  spreading  beyond  a  certain  point ; 
they  form  a  very  steady  base  for  the  support  of  the 
whole  instrument,  and,  at  the  same  time,  a  bell  tent, 
to  protect  the  lamp  and  boiler  from  the  wind.  The 
two  wire  legs  which  are  placed  together,  are  not  con- 
nected otherwise  than  by  a  hook  at  bottom,  and  will 
allow  the  tent  to  be  opened  at  that  part,  for  examiai^ 
and  adjusting  the  lamp,  while  the  instrument  stao^K 
firm  on  the  remaining  legs.  The  lamp  (fig.  67)  is  a  cf*  1 
linder  1*8  inch  in  diameter  and  09  deep,  having  a  tube 
in  the  centre  to  carry  a  wick  and  a  cover,  with  six 
holes  round  it  of  0'2  inch  diameter  each,  and  an  open*^ 
ing  in  the  middle  0'8  inch  in  diameter.  A  copper  pi 
0-85  inch  in  diameter  and  I'l  inch  long,  turns  overtb^ 
opening  by  means  of  a  hinge,  and  forms  a  chimney,  t»j 
prevent  smoke,  on  the  principle  of  Argand's  laragp- 
Mr.  Wollaston  biirns  oil,  mixed  with  tallow,  to  make 
congeal.  The  lamp  has  a  rod  of  strong  wire  fixed  ^  ^ 
its  circumference  wttbin,  and  sliding  in  a  tube  YZ  <^ 
the  outside  of  the  boiler.  The  instrument,  with  f 
stand,  fit  for  use,  is   shown    in  (fig,  68).     For  soi»^ 

further  particulars  respecting  this  instrument,  thereac^^ 

is  referred  to  Phil*  Trans.  Partii.  p.  183,  for  1817,       J 

XI*   Of  (he  liifihon, 

224.  In  consequence  of  the  close  connection  betw 
certain  pneumatic  and  hydraulic  machines,  or  rni»     -j^^ 
on  account  of  many  machines  uniting  in   themse^Br 
the  principles  both  of  Pneumatics  and  Hydraulics,  ^kc 
difficult  to  draw  an  exact  line  of  separation  belw^    ^ 
them,    on    which  account   we    have   already,    in       o 
treatise  on  the  latter  subject,  been  obliged  to  introdtu^ 
a  slight  description  of  the  siphon ;  but  we  could  nc»^ 
that  place  so  well  explain  the  principle  of  its  operatic? 
we  therefore  again  recur  to  the  subject  in  this  pi 
because  what  has  now  been  delivered  will  enable  \m 
illustrate  its  uses  more  particularly  than  in  the  cha,|;>*^r 
above  alluded  to. 

225.  The  common  siphon  is  represented  in  (fig.  ^^\ 
where  we  suppose  the  shorter  leg  AB  to  be  iramei"^™ 
in  a  fluid  contained  in  the  vessel  MNOP.  Now,  ^7 
applying  the  mouth  to  the  orifice  D,  and  sucklt  --^-'»t 
the  air,  the  water  will  ascend  till  it  rises  to  th^:  .  ' 
arch;  after  which  it  will  descend  by  its  own  gravt  ^: 
and  continue  to  be  discharged  at  D  till  the  vessel  ^' 
completely  emptied. 

In  order  to  illustrate  this,  let  us  Suppose  Uiat  "^. 
siphon  had  branches  of  equal  lengths,  such  as  .^^^* 
BC,  and  that  the  water  were  drawn  up  by  suctioii^ 
rather  pressed  up  by  the  weight  of  the  atmosp^ 
upon  the  surface  of  the  water;  then  it  is  obvious 
as  this  pressure  is  equal  to  the  pressure  of  the  sti 
the  extremity  C,  and  as  the  altitudes  of  the  col«^ 
of  the  fluid  AB,  BC,  are  equal,  tliere  is  no  force .vir 
will  determine  the  water  to  discharge  itself  at  C 
when  the  leg  BC  is  lengthened,  so  as  to  exce 
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as  to  D,  tliea  die  water  wOl  tie  discliarged  at  the  latter 
orilice  by  the  pressure  of  tlie  additional  eoiumn  CD, 
^d  the  velocity  of  discharge  will  be  equul  to  dmt  due 
k>  the  difi'erence  in  the  lengths  of  the  two  branches. 

226.  Tlie  above  is  the  coramou  form  of  this  instru- 
Qient:  an  improved  construction  is  as  follows,  D 
(fig.  70)  is  a  stop -cock  fixed  at  the  extremity  of  the 
longer  branch  AB ;  a  small  bent  tube  ED,  lying  along 
the  outside  of  the  same  branch*  communicates  with 
file  cavity  of  the  leg  AB  above  the  stop-cock.  When 
I  tlie  aperture  C  is  placed  in  the  Huid  to  be  drawn  off, 
I       ^je  mouth  of  the  stop-cock  D  is  closed^  and  the  air  is 

Iiram  out  of  the  longer  branch  by  suction  at  E  ;  or, 
iMetid  of  a  slop-ccKik,  the  finger  may  be  applied  till 
km  air  is  sucked  out  at  E. 
227,  By  means  of  the  principles  above  iUustrated, 
s  may  explain  the  phenomena  of  reciprocating  springs, 
3t  is  to  say,  those  springs  which  ebb  and  flow  alter- 
^  w«i-tely,  and  those  which  have  a  periodical  swell,  or 
w^l^ch  discharge  a  greater  quantity  of  water  at  one  time 
tl:m^n  at  another,  the  changes  taking  place  at  equal 
^»^ervals. 

^^t  The  first  of  these  kind  of  aprings  is  very  easily  ac* 
^^K> tinted  for,  by  supposing  the  channel  wiitch  caiTies 
^^^bc  wmter  off  from  a  cavern  to  have  the  form  of  a  siphon, 
^^nm  this  ca&e  the  water  will  only  How  when  it  rises  in 
^^Dme  cavern  to  a  height  equal  to  that  of  tlie  upper  curve 
^or  the  siphon-formed  canal^  and  it  will  fail  again  when 
It.  de&cends  below  it. 

The  following  explanation  of  the  second  kind  of  in- 
termitting springs  was  suggested  about  a  century  back 
by  Dr,  Atwell,  of  Oxford,  by  attending  to  the  pheno- 
mena of  Laywell  spring,  at  Brixam,  near  Torbay,  in 
ooshire*     Let  AA  (fig,  71)  be  a  large  cavern  near 
top  of  a  hiU^  which  derives  its  supply  of  water  from 
^he  rains  or  melted  snow  filtering  through  the  crevices 
'<pf  the   mountains ;    and  let  CC  represent  the   small 
ilphannel  which  conveys  the  waters  of  the  cavern  to  the 
^pening  G  in  the  hill,  where  they  are  discharged  in  the 
form  of  a  small  spring.     From  the  cavern  AA  let  there 
**^  a  Biuall  channel  D,  which  carries  w^ater  into  another 
'^^▼ern  B,  and  conceive  the  water  in  the  second  cavern 
^  be  carried  off  by  a  bent  channel  E  e  F,  wider  than 
jP»  and  joining  the  first  channel  CC  at  J,  before  it  issues 
•''cam  the  mountain,  the  point  of  junction  ^  being  below 
***€  level  of  Uie  bottoms  of  both  the  caverns.     Then, 
^^  the  cavern  B  fills  with  water,  the  fluid  will  ascend  to 
^*}^  same  height  in  the  channel  E  c  F,  but  it  will  not  be 
^i«c barged  by  it  till  the  surface  in  B  is  on  a  level  with 
^'   the  highest  part  of  the  channcL     The  water  will 
^hen  be  carried  off  by  the  natural  siphon  E  e  F  G,  till 
r**^  whole  is  discharged,  and  consequently  there  will 
'^^  a  great  swell  in  the  spring  at  G,     This  spring  will 
J<*^  cease,  because  the  channel  D  does  not  convey  the 
^ter  into  B  so  fast  as  die  siphon  E  e  F  carries  it  off, 
"^<i  it  will  again  commence  as  soon  as  the  water  in  B 
•^s  to  a  level  with  the  summit  f,     A  machine  for  il- 
^rating  these  phenomena  is  described  by  Ferguson 
Uis  Lectures,  voi  ii.  p.  106-     This  subject  will  be 
^**-led  of  at  greater  lengdi  under  die  article  Sfeikg. 

XIL  ETptrimenLi  imth  the  siphon, 

-t*2g.  Comtmctiofi  of  a  lessei  which  discharges  its  con- 

"^a  xihen  the  Jiuid  attmm   a  certain   height.     This  is 

^^iUarly  known  under  the  name  of  Tantalus*  cup, 

i^d  eonsi&ta  of  either  a  glas«  or  metal  vessel  ABCD 


(fig.  72),  divided  into  two  compartments  by  the  partition  Pncnmatl^ 
EF.     A  glass  tube  H  A,  open  at  both  ends,  is  inserted    machiiw* 
in  the  opening  II,  in  the  partition  EF  ;  the  lower  end    *^  ^' 
being  allowed  to  reach  a  litde  below  EF,  the  tube  H  h  ^^P^^^J^ 
must  then  be  covered  by  a  small  glass  receiver  a  be,  Yis.7^ 
or  a  wide  tube  hermetically  sealed  above,  a  small  aper- 
ture being  left  at  the  bottom  of  this  tube  to  admit  the 
water.     This  mechanism  is  generally  covered   by  the 
figure  of  a  man  representing  Tajitalus,  as  shown  in  the 
drawing.     If  the  water  be  now  poured  into  the  vessel, 
it   will   get  admittance    into    the    receiver  or    wide 
tube,  and  will  always  stand  at  the  same  height  in  this 
tube  that  it  does  in  the  vessel.     The  water  will  there- 
fore be  retained  in  the  vessel  as  long  as  it  does  not 
enter  the  tube  H  h,  but  jis  soon  as  the  water  rises  in 
the  vessel   to  the  same  level   as    the  point  A,  it  will 
fiow  down  the  tube  H  /<,  according  to  the  principles  of  the 
siphon,  and  will  discharge  the  whole  fluid  in  the  vessel. 
If  water   be  poured  slowly   in  with  die  intention   of 
making  it  risp.  to  the  lips  of  Tantalus  it  will  never  reach 
them,  provided  the  siphon  carries  off  the  water  faster 
than  it  is   poured   in-     In   the  lower  compartment  of 
the  vessel  there  ought  to  be  a  small  air-hole  near  thfe 
top,  to  allow   the  air  to  escape  when  the  water  takes 
its  place* 

229.  To  cmutruct  a  vessel  which  reiaiits  riafer  when  Second  cx- 
upright,  but  discharges  it  when  incHited,  Let  ABCD  (fig.  P^"'^^*'^ 
73)  be  the  vessel,  divided  as  above  into  two  compart- Fig.  73, 
ments  by  the  partition  EF.     Into  this  partition  insert 

the  longer  branch  be  of  a  siphon  a  &  t;,  whose  shorter 
branch  h  a  reaches  nearly  to  the  bottom  of  the  vessel. 
If  water  be  now  poured  into  the  vessel  till  it  stand  a 
little  below  the  lower  side  of  the  bent  part  of  the 
siphon,  it  is  obvious  diat  no  water  wiil  descend  through 
the  siphon,  as  it  has  not  risen  high  enough  in 
the  shorter  branch  to  enable  it  to  pass  through  the 
bent  portion.  If  the  vessel,  however,  be  inchned  on 
one  side,  as  it  is  in  the  act  of  drinking^  the  water  will 
rise  higher  in  the  short  branch  ab,  pass  over  the  bent 
part  of  the  siphon,  descend  in  the  longer  branch,  and 
carry  off  all  the  water  into  the  lower  compartment  of 
the  vessel.  In  order  diat  this  experiment  may  su<_ceed, 
the  sides  of  the  vessel  ought  not  to  be  symmetrical 
round  the  point  6,  at  the  summit  of  the  siphon ;  for  in 
this  case  no  inclination  of  the  vessel,  however  great, 
will  cause  the  water  to  flow  over  the  point  a.  The 
siphon  should  therefore  be  placed  towards  one  side  of 
the  vessel,  and  the  vessel  inclined  to  the  same  side. 

A  similar  effect  may  be  produced  much  more  ele- 
gantly by  using  the  double  cup,  shown   in  (fig.  73-ff),  Fig.  73-fl. 
where  a  b  c  represents  the  siphon.     The  pt^rson  who 
tries  to  drink  must  apply  his  lips  to  the  side  b  of  die 
siphon,  otherwise  the  experiment  will  not  succeed. 

230.  The  following  h  another  very  pretty  machine, 
whose   operation  depends   upon   principles  nearly  the 
same  as  the  above.     ABCD  (fig.  74)  is  a  vessel  divided  ^^S-  '^^ 
into  three  compartments  by  the   partidons    EF   and 

GH.  In  die  pardtion  EF,  are  inserted  two  tubes,  one  of 
whichj  LM,  forms  a  communicadon  between  the  hot* 
torn  of  the  compartment  BO  and  the  bottom  of  FC, 
while  the  other  tube  IK  forms  a  communication  be- 
tween the  upper  part  of  FC  and  the  upper  part  of  HF» 
A  third  tube^  NO,  is  fixed  in  the  cover  AB,  extending 
from  near  the  bottom  of  HF,  and  rising  from  the  ta^ 
pering  bore  to  the  point  O,  through  the  middle  of  tha 
▼cssel  SR,  intended  to  receive  the  water  which  foils 
3  z>2 
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Pnetima*   from  the  pipe  NO.    The  figure  df  a  bird,  with  its  bill 
t^cs,       imniersed  in  the  water  in  the  basin  SR  is  placed  on 

'^•^^'"'^^^^  one  side,  and  through  its  body  passes  a  bent  siphon 
QP,  the  lower  branch  of  which  goes  into  the  compart- 
ment BG. 

NVhen  the  two  upper  compartments  are  nearly  filled 
lip  to  a  litile  below  K  with  water,  through  two  aper- 
tures for  that  purpose,  and  when  these  apertures  are 
shut,  it  is  obvious  that  the  cock  of  the  pipe  LM 
heini^  opened,  the  water  will  descend  through  LM,  and 
occupying:  the  compartment  EC,  will  drive  the  air  up 
throug^ii  the  pipe  IK,  and  compress  the  air  contained 
in  the  cavity  HF.  This  condensed  air  pressing  on  the 
surface  HK  of  the  water,  will  raise  it  in  the  twbe  NC, 
and  cause  it  to  be  projected  upwards  in  a  jet  d'ean. 
The  water  from  the  jet,  after  being  carried  to  a  height 
due  to  the  pressure  which  is  experienced,  wi!l  fall 
down  into  the  vessel  SR;  but  as  the  water  escapes 
from  the  compartment  BG,  the  air  in  that  compart- 
ment will  be  rarefied,  and  will  therefore  not  be  suf- 
Hcient  to  balance  the  pressure  of  the  exterior  air  upon 
the  surface  of  the  water  SR,  This  unbalanced  pressure 
will  therefore  force  the  water  up  the  siphon  QP,  throug^h 
which  all  the  water  in  the  vessel  SR  will  be  conveyed 
into  the  cavity  BG,  as  if  it  had  been  drank  by  the 
bird, 

XTIT.   Of  the  siphon-fountaut. 

The  siphon-      231.  Let  AB  (fig.  75)  represent   a   tall  receiver, 

fouutftui.      standing  in  a  wide  basin  DE,  which  is  supported  on 

Fig,  75.       the  pedestal  H  by  the  hollow  tube  FG.     In  the  centre 

of  the  rereiver  is  a  jet-pipe  C,  and  in  the  top  a  ^ound- 

stopper  A ;  near  the  base  of  the  pillar  is  a  cock  N, 

and  in  the  pedestal  is  another,  O, 

Fill  the  basin  DE  with  water  within  half  an  inch  of 
the  brim :  pour  in  water  at  the  top  of  the  receiver 
(the  cock  N  beinpj  shut)  till  it  is  about  half  full,  and 
then  put  in  the  stopper.  A  little  water  will  run  out 
into  the  vessel  DE ;  but  before  it  runs  over,  open  the 
cock  N,  and  the  water  will  run  into  the  cistern  H  ; 
and  by  the  time  that  the  pipe  C  appears  above  the 
water,  n  jet  will  rise  from  it.  and  continue  as  long  as 
water  is  supplied  from  the  basin  DE.  The  passage 
mto  the  base  cistern  may  be  so  tempered  by  the  cock 
N  that  the  water  within  the  receiver  shall  keep  at  the 
same  height,  and  what  r«ns  into  the  bass  may  be  re- 
ceived from  the  cock  O  into  another  vessel,  and  re- 
turned into  DE,  to  keep  up  the  stream^ 


This  pretty  philosophical  toy  l»ay  be  ^onilmcted  in 
the  following  manner :  BB  (fig.  76)  is  the  femile,  or  cap;  i«lB 
into  which  tlie  receiver  is  cemented.     From  its  centre     ™^ 
descends  the  jet-pipe  Ca,  sloping  outwartl«^  to  ^ve  |^ 
room  for  the  discharging-pipe  b  d,  of  larger  diaraeter,  |?j^  7, 
whose  lower  extremity  d  fits  tightly  into  the  top  of  the 
hollow  pillar  FG. 

The  operation  of  the  toy  is  easily  understood.     Sup- 
pose   the    distance    from   C    to    H    (fig.  75)  3  feet; 
which  is  about  -|\th  of  the  height  at  which  the  ai*^ 
mosphere  would  support  a  column  of  water.   The  watttr 
poured  into  AB  wonld  descend  through  FG(the  hole 
A  being  shut)  till  the  air  has  expanded  y^th,  and  then  it 
would  stop*    If  the  pipe  C  a  (fig.  7 6)  be  now  opened,  tlie 
pressure  of  the  air  on  the  surface  of  the  water  in  the 
cistern  DE  will  canse  it  to  spout  through  C  to  the 
height  tjf  3  feet  nearly,  and  the  water  will  coirtinti© 
to  descend  thrcmgh  the  pipe  FO*     By  tempering  the 
cock  N,  so  as  to  allow  the  water  to  pass  through  it  119 
fast  as  it  is  supplied  by  the  jet,  the  amusement  maybe 
continued  a  long  time.     It  will  stop  at  last,  howeter;  ^ 
because,  as  the  jet  is  made  into  rarefied  air,  a  little  aii*^^^ 
will  be  extricated  from  the  water,  which  will  gradunll^^ 
accumulate  in  the  receiver,  and  diminish  its  nirefaction  «^  _ 
which  is  the  moving  cause  of  the  jet.     This,  indeed,  t^ 
an  inconvenience  felt  in  every  employment  of  sjj*  ^"^     -^ 


and  so  much  the  more  remarkably,  as  their  top  i- 
than  the  surface  of  the  water  in  the  cistern  oC 
Cases  of  this  employment  of  a  siphon  are  not 
quent.     When  water  collected  at  A  (fig.  77)  is  to 
conducted  in  a  pipe  to  C,  situated  in  a  lower  part 
the  countr}\  it  sometimes  happens,  as  between  Lorhe  r:^^^,^^ . 
and  Leith,  that  the  intervening  groimd  is  higher  thi— ::^ 
the  fountain-It ead,  as  at  B.  A  forcingj-pump  is  er**cte<^z:::3:f  ^^ 
A,  and  the  water  forced  along  the  pipe.    When  onc^    ,^  ^ 
runs  out  at  C,  the  pump  may  be  removed,  and  the  w^^^^,. 
will  continue  to  run  on  the  siphon  principle,  provi^s^^ 
BD  do  not  exceed  33  feet.     But  the  water  in  diat  ^pjtft 
of  the  conduit  which  is  above  the  hori^^ontal  plane  — s^B, 
is  in  the  same  state  as  in  a  receiver  of  rarefied  air»      ^aad 
gives  out  some  of  the  air  which  is  chemically  n 
with  it.     This  gradually  accumulates  in  the  elev^^' 
part  of  the  conduit,  and   at  last  choaks  it  entk^r-ely. 
When  this  happens,  the  forcing-pump  must  ft^t  tt   ht 
w^orked.     Although  the  elevation  in  the  1 
is  only  about  8  or  10  feet,  it  will  seldom  nu^ 
hours. 
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OPTICS. 


Ornr<  (t$irru*//,  from  onro/iot,  io  see  J  is  a  physico* 
/ina  1    science,   by  which  we  investigate   the 

prc^  '  light  and  vision, 

iaUiis  science,  as  it  is  now  taught,  light  is  regarded 
nM  proceeding  from  the  object  lo  the  eye  in  three  dif- 
ferent virays :  1st,  dircvthf^  or  without  any  change  in 
its  course ;  2dly,  in  a  course  which  ii^  bent  or  refracted  ; 
Mir,  in  a  path  which,  meeting  with  some  other  object, 
becomts  rrftectcii.  We  denominate  that  part  of  the 
sciencfi  which  relates  to  direct  vision,  optica  propcrfy 
mpcakin^^  or  simple  optkn  (to  distinguish  it  from  the  gene- 
ral term  optica^  which  includes  all  the  varieties).  Tlie 
pan  which  relates  to  vision,  occasioned  by  refracted  light, 
ift  crdled  thoptrks  ;  and  that  which  relatus  lo  the  vision, 
which  results  from  reflected  light,  is  called  catoptrks, 

\  L    Uutory  of  Optics, 

It  would  be  more  easy  to  become  the  encomiast  of 

science  than  to  trace  its  history ;  for  there  is  no 

partment  of  philosophy  more  deserving  of  our  study, 

hether  we  consider  its  beauty  or  the  nud  tip  I  icily  of 

phenomena*     Air,  which  serves  as  the  medium  of 

h,  and  the  vehicle  of  sound,  enables  us  to  carry 

tfi  intellectual  intercourse  with  our  fellow-creatures; 

btii  hnw  considerably  is  that  rntercourse  improved  and 

^  J  by  lifrht,  which  brings  liefore  us  their  image — - 

Age  which  tells  us  so  much  of  iheir  characier 

*«4  o(  their  thoughts!  The  eye,  so  susceptible  of  mul- 

^farious  impressions,  conveys  to  the  mind  ideas  of  the 

I      wiui  by  which  bodies  are  limited,  the  colours  by  which 

^cy  are   adorned,  their  relative   positions,  and   their 

''•otioos.    By  a  single  look  this  admirable  organ  enables 

[^J^^  seize  the  indefinite  modiBcations  of  the  numerous 

^^^^■eu  that  diversify  our  richest  landscapes;  and  when 

^^^Veeomec  aided  by  the  instruments  furnished  by  our 

^P^PpUctttions  of  reflected  and  refracted  light,  it  con- 

I      ^tnplates  the  two  kinds  of  infinity  that  would  other* 

^ifec  liave  remained  unknown— tlrat  of  animalculteand 

kPf  iraall  inanimate  objects,  imperceptible  by  reason  of 

JtHetr  miuutenesfi — and  that  of  the  celestial  bodies,  in* 

i^tsible  by  reason  of  their  remoteness  i  thus  opening^  to 

ural  history  a  new  6eld,  to  astronomy  a  new  hea- 

fti  and  inviting  us  successfully  to  contentplate  the 

of  the  poet, 

■■-  ■       "  Withmit  bound, 
WitiiDnt  dfmeiulon,  where  IcugLfe,  brtjadlh,  tuid  betght. 
And  thtif  iii}ij  pUcf  «re  lott" 

B«toQrpri.>ficnt  employment  must  not  be  that  of  eulogy, 
Tba  ancieutji  for  several  centurii's  seem,  as  was  na* 

iJirally  to  be  expected,  lo  have  had  no  knowledge  of 

i«e  4t'ory  of  Optics,  and  tn  have  made  no  advances  of 

i|oeiicc  in  the  construction  of  optical  instiumt^nts. 

'  observance  of  a  straight  rod  partially  immersed  in 

■•^,  would  suggest  to  them  the  idea  of  refraction  ; 


and  the  sight  of  their  own  image  reflected  from  the    History, 

smooth  surlace  of  a  quiescent  liquid,  would  naturally  '--^-^^^y^^ 
lead  them  to  attempt  the  construction  of  artiticial 
mirrors.  Accordingly,  we  find  mention  not  merely  of  Hebrew 
mirrors,  but  of  mrtuKk  mhrurs,  in  the  earliest  writings  •n»r"'r», 
now  extant,  tliose  of  Moses.  In  Exodus  xxxviii.  8, 
though  Luther,  and  some  few  after  him,  translate  the 
passage  '^  He  made  the  hand-bason  of  brass*  and  its 
stand  also  of  brass,  in  the  presence  of'  the  wt/nten  wha 
served  before  the  door  of  the  tabernacle  f  yet  they 
have  been  censured  for  this,  since  the  Septuagint,  the 
Vulgate,  the  English  and  the  Dutch  Bibles,  agree  in 
translating  Beramvtk  "  of  the  mirrors,**  made,  say  many 
of  the  commentators,  of  polished  brass.  In  the  hook 
of  Job,  too,  now  generally  assigned  by  biblical  critics 
to  Moses  as  the  author,  we  have  (xxxvii.  18)  in  the 
address  of  Elihu  to  his  afHicled  friend,  the  inquiry, 

"  Hast  tlioti  with  biin  (God )  inrcad  out  the  Ucavcns,    , 
**  Foli&lictl  as  «  moiitn'mXTTm- r* 

Pliny  assures  us  *  that  the  pagan  women,  when  at^ 
tending  the  worship  of  their  deities,  were  ornamented 
with  metallic  mirrors ;  and  it  seems  extremely  probable, 
as  Cyril,  of  Alexandria,  has  aftirmed,  f  that  the 
Israelitish  women  borrowed  this  custom  from  the  Egyp- 
tians, and  attempted  to  introduce  it  into  their  own 
worship.  These  early  mirrors  were  flat,  and  so  they 
appear  to  have  been,  generally,  down  to  the  time  of 
Prasitelis,  who  lived  in  the  reign  of  Pompey  the  Great, 

His  mirrors  chiefly  consisted  of  hammered  plates  of  Pmsiu-lis'i 
pure  silver,  as  we  learn  from  the  words  of  Pliny  : — La-  ^w'rruw, 
mina  dud  ct  specufa  fieri  non  nisi  ex  optima  (argcnto)  ^'  ^*  ^^^ 
posac  credit  urn  f Herat,     But  the   silver  was  sometime* 
mixed  with  other  metals : — Id  tjtmqtic  jam  fraud t  cor- 
rumpkur,     Pliny  further  informs  us,  that   *'  Specula 
quoque  ex  eo  (stanno)  laudatissima,  Brundusii  tempe« 
rabuntur,    donee   argenteis    uii    compere    et   ancillee.* 
Highly -praised  mirrors  were  manufactured  at  Brundu* 
Bium,  tdi  the  xern  maid-Hrvaiits  kegan  to  me  silver  ones. 
The  monster,  Nero,  who  it  seems  was  short-sighted, 
employed  as  a  mirror  an  tintrald^  reduced  to  a  polished 
surface,  on  which  he  viewed  by  reflection,  the  combats 
of  the  gladiators.     Here,  however,  is  no  optical  science, 

Aristotle  is  the  earliest  author  whose  writings  on  the  Amiotle. 
subject  of  Optics  have  reached  our  times  ;  but,  uutbr-  B.  c,  350, 
Innately,  he  has  not  been  more  successful  in  this 
branch  of  research  than  he  was  in  reference  to  Mecha- 
nics, His  spt'cuhitiuus  on  the  nature  of  the  rainbow, 
on  the  manner  in  which  we  perceive  objects,  and  on 
different  optical  phenomena,  are  not  merely  crude,  but 
generally  erroneous ;  and  in  this  treatise,  irifii  yj^opnruiv, 
dc  coloribus,  every  thing  is  so  vague  and  foreign  from 


•  Lib,  %%xi\\*  cap.  ^,     lib.  xixlv.  cap.  17, 
t  lib.  ii,    Dt.'  ddoratii^nc  in  iptriiu. 

3t 


394 


OPTICS. 


Optks.     correctness  of  expli cation^  that  we  should  not  hold 

SK^v-^fc/  OTirselves  justified  In  presenting  any  detaih 

Etttlid.  Soon  after  Aristotle,  the  celebrated  geometer  Euclid 

K.  c.  300»  coitiposed  a  book  on  this  subject.     It  appears  under  the 

title  OKTtKa  (neuter  plural),  and  has  been  sometimes 

ascribed  to  another  author  bearing  tlie  same  name.    We 

are  of  opinion,  however,  that  it  fairly  belongs  to  tbe 

geometrician,  and  that  it  is  the  infrodtfctiov  only  which 

was  wiitten  by  another  hand.     As  the  dtductions  of 

Euclid^  though  founded  upon  a  wrong  hypothesis,  arc 

curious,  considering  the  state  of  mixed  matlirmatics  at 

the  epoch  in  which  they  appeared,  we  shall  present  a 

synopsis  of  them  in  this  place. 

IVtffMi-  Light  propagates  itself  in  right  lines,  as  is  shown 

ttiiuus,        by  the  shadows  of  bodies,  and  l>y  the  passage  of  light 

through  a  door  or  window* 

If  the  laminous  object  be  ecpial  to  the  object  illumin- 
ated, the  sections  of  the  shadow  are  equal  to  the  ob- 
ject, because  the  extreme  rays  are  parallel.  If  tlie 
illuminated  body  be  less  than  the  lumino«5  body,  the 
shadow  will  successively  diminish  :  on  the  contrary^  if 
the  illuminated  body  be  largest,  the  shadow  wOl  be- 
come successively  larger  and  larger. 

HiipothoiU.  Visual  rays  issue  from  the  eyes  in  di- 
verging^ right  lines,  so  as  to  form  a  pyramitl,  or  cone, 
whose  vertex  is  in  the  eye,  and  whose  base  encircles 
the  object  which  we  contemplate.  Objects  to  which 
these  rays  are  directed  are  seen  by  us;  but  we  cannot 
see  those  towards  which  these  visual  lines  do  not  point. 

Objects  appear  larger*  smuller,  or  equal,  according 
as  the  angles  under  which  wt^  see  theni»  are  trreater, 
less,  or  equal.  The  object  is  always  seen  In  the  direc- 
tion of  the  visual  ray;  and  those  which  are  seen  by  the 
greatest  number  of  rays  arc  most  distinct. 

We  never  sec  the  whole  of  an  object.  Of  two  equal 
objects,  the  nearest  will  be  seen  most  distinctly.  Every 
visible  object  becomes  invisible  at  a  certain  distance. 

Of  eq*ial  parts  of  a  riL^htlini%  those  which  are  most 
remote  ajit^  seen  unOer  the  smallest  angle,  and  appear 
smallest. 

Equal  magiMhidcs,  seen  at  unequal  distances,  appear 
unequal ;  that  whicli  is  nearest  will  a[>ppar  greatest. 

Parallel  lines,  viewed  from  a  distun*  e,  appear  to  con- 
verge. 

If  ahorizutUal  surface  be  lower  than  tlie  eye,  the  part 
wlrich  is  most  remote  will  appear  to  be  elevated  ;  if  the 
horizontal  be  higher  than  the  eye,  the  most  remote 
portion  w^ill  appear  depressed* 

A  circle,  viewed  in  the  direction  of  its  own  plane, 
will  appear  as  a  right  line. 

When  we  look  at  a  sphere  with  one  eye,  we  never 
Bce  so  much  as  its  half. 

Viewed  from  a  distance,  a  sphere  appears  as  a  circle. 

Wlien  we  look  at  a  sphere  with  both  eyes,  if  its  di- 
ameter be  equal  to  the  distance  betw^een  the  two  pupils, 
we  see  its  half:  if  the  interval  between  the  jujpils  be 
greater,  we  see  more  than  half;  if  the  said  interval  be 
less,  le^^s  than  the  sphere  lialf  will  be  seen. 

If  we  look  at  a  cyhnder  with  one  eye,  we  shall  not 
see  its  half;  as  we  approacti  nearer  to  it,  we  see  less 
and  less. 

If  the  eye  be  in  a  line  that  (masses  throngli  the  centre 
of  a  circle  perpendicularly  to  its  plane,  all  the  radii  of 
the  circle  appear  equal* 

A  circle,  seen  obliquely^  appears  flattened  or  con- 
.tracted. 


If  several  objects  are  in  motion,  and  only  one  quies- 
cent, that  one  wdl  seem  to  move  in  a  contrary  direc-  S 
tion. 

If  several  bodies  move  with  unequal  velocities,  and 
the  eye  is  carried  along  in  the  same  direction,  those 
objects  which  have  the  same  velocity  as  the  eye  will 
appear  stationary  ;  those  which  have  greater  velocities 
will  appear  to  advance,  while  those  which  have  less 
velocities  will  seem  to  recede. 

If  several  objects  have  equal  velocities,  those  which 
are  most  remote  will  appear  to  move  most  slowly. 

If  the  eye  advance,  distant  objects  will  appear  to  be 
left  behind. 

If  an  object  appear  to  augment,  we  judge  that  it  is 
approaching  towards  the  eye. 

Objects  unequally  distant,  which  are  not  in  a  right 
line,  may  sometimes  give  tlie  idea  of  a  concave  sur- 
face, and  at  others,  tlie  idea  of  a  convex  surface. 

These  propositions  relate  to  direct  vision  :  there  arc 
a  few  whith  relate  to  roHcction,  Among  these  wc  find 
the  problem,  to  find  the  heigiit  of  an  object  by  its 
shadow,  or»  in  tlie  absence  of  the  sun,  %  meatiM  of  a 
nnnorj  on  the  principle  of  the  equality  of  the  angles  of 
incidence  and  reflection. 

Euclid    also    attempts   to    determine   the    biimiog^^ 
point  of  a  concave  spherieal  mirror,  but  errs  in  hi^ 
conclusion ;  for  he  supposes  that  this  point  was  tll«^ 
centre  of  the  concavity^  or  the  centre  of  tlje  sphere. 

How  lonjjj  tins    error  in  theoretical  dcdnclion 
maincd  nncoirectcd,  ir  is  not  easy  to  say  :  it  is 
known  that  the  ancients  employed  concave  mirrors 
re-kindle   the  vestal  fires.     Plutarch,    in    his   Life 
Niima,  gives  a  description,  not  very  distinct,  howeir 
of  the  tTm<prt(tf  or  dishes,  which  ihcy  thus  employ  , 
They  seem  to  have  been  concave  polished  hemisphr^ 
or  segments  nearly  hemijspherical ;  and  Plutarch  L^  ^ 
US,  that  the  combustible  matter  was  placed  in  tli 
ct'H(r(\     This  could  not  be;   for  the  focus  is  at     ll-i|| 
distance  of  /taffthv  radius. 

liuperfectj  however,  as  the  theory  appears  to  hsfc. 
been,  there  can  be  no  question  that  the  practice 
settinsj  fire  to  substances  by  placing*  them  in  the  iicxj 
of  catoptric  and  dioptric  instruments,  was  known  soj 
centuries  before  the  Cliristian  a-ra.  In  addition  to 
what  is  already  adduced,  we  may  cite  a  passage  frc^^ni 
the  Clouds  of  Aristophanes,  in  which  he  inlro^lur—  <*? 
Socrates  as  giving  lessons  hi  Strepsitides.  The 
of  the  dramatist  is  to  ridicule  the  philosopher.  S.. 
siades  proposes  an  expedient  by  means  of  whicli 
intends  to  pay  his  debts. 

**  -SV/r/j.'— You  have  seen  at  the  dni^gists  that 
transparent  stone  with  which  fires  are  kindled, 

**  -S'oc— You  mean  gin^s,  do  you  not  ? 

*»  .SY/rp.— Just  so. 

*'  Soc. — VVelb  wliat  will  you  do  with  that  ^ 

**  Stnp, — When  a  summons  is  sent  to  mc  I  will  tn 
this  stone,   and,   placing  myself  in  the  sun,    I  wil 
thoug:h   at   a  distance,   melt  all    the   writing  of  th-^ 
summons." 

Writino:,  in  those  times,  was  traced  on  wax  8pcea^ 
upon  'a  more  solid   substance.      Hence  we  see  wh  ^ 
Strepsiades  should  propose  to  fnelt  the  writings* 

From  this  use  of  bnrnine:  glasses,  the  transition  t  ^ 
the  mirrors,  said  to  have  been  employed  by  Archimedcsr 
is  not  either  so  extj-aordinary,  or  so  difficult,  as  liaT^ 
been  usually  imaglued.  It  has  been  rcpeaU^y  affiimec^ ' 
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ke  ftulhorily  of  Hero,  Diodorus  Siciilus,  Lucian 

Pappus,  that  Archimedes,  by  means  of  burniug 

rmlrrors,  set  fire  to  the  Uonian  fleet  that  was  drawn  up 

^  to  besiege  Syracuse.     This^  however,  has  been  often 

denied,    Descaries,  and  many  after  him,  have  regarded 

the  tiling  as  iinposstble.     To   the  discussion  of  this 

(Question  we  cannot  devote   much  space ;    it  will  be 

«Ttpeeted,  however,  that  we  do  not  pass  it  over  in  total 

siknce, 

FathtT  Kircher,  althoug^h  he  was  araon^  the  incre- 
dulous, in  reference  to  the  Archimedean  mirrors,  con- 
clude^l  from  an  actual  survey  of  the  site  of  the  lown 
tod  haibour  of  Syracuse,  that  the  distance  to  which 
the  philosopher  had  to  project  the  solar  rays,  was  not 
iftore  thun  thirhf  paces.  And  whatt^ver  may  have  been 
fe  doubu  formt-rly  entertained  on  this  subject,  it  is 
How  well  known,  that  the  solar  rays  may,  after  reflec- 
tion, be  thrown  to  an  eHective  focus  at  a  much  greater 
Stance  than  this.  Our  deduction  will  not  be  specu- 
htlsQ^  but  historic  ah 

Zonaras  afhrms,  from  the  autliorities  above  speci6ed, 
iAm  Archimedes  set  fire  to  the  Ronum  lleet  by  means 
^the  sobr  rays  collected  and  reflected  by  a  polished 
Hjfrror.  He  then  adds,  that  Proclus,  copying  his  ex- 
■«ipte,  burnt  with  mirrors  of  brass  the  fleet  of  Vitalian^ 
Who  besieged  ConstantinoplCj  under  the  emperor  Auas- 
^««»U4,  in  the  year  514. 

Tjeues,  who  also  quotes  the  same  authorities,  pre- 

*ciiU  a  particular    explication  of  the  mechanism  of 

-^"■•"hitnedes*    burning   min'ors.      **  Wlien    MarcelJus, 

^  he)  had  removed  his  fleet  out  of  the  reach  of  the 

^*^  i.5,    Archimedes   brought   into     play    a   hexagonal 

^trror,  composed  of  several  other  smaller  mirrors,  each 

llich  had  twenty-four  angles,  and  which  could  be 

by  means  of  their  hinges,  and  of  certain  plates 

tnetal.     He  placed  this  mirror  in  such  a  position  that 

**  was  in  the  midst  of  the  meridional  solar  rays  both  in 

^'Jmmer  and  in  winter;  so  that  those  rays,  being:  re- 

^'^^ed  on  the  mirror,  were  reflected  by  it,  and  kindled 

-^}<-h  a  fire  as  reduced  the  Roman  vessels  to  ashes/' 

A  his  is  much  such  a  description  as  might  naturally  be 

jxpected  from  a  person  not  skilled  in  either  Optics  or 

Mechanics  ;  and  such  a  person  was  Tzetzes. 

A  very  obscure  hint,  however,  is  sulhcient  to  bring 

genius  into  action  ;  and  it  is  highly  probable,  that 

celebrated  Napier,  putting  a  happy  construction 

"f>Ofi  the  words  of  Tzetzes,  recovered  the  admirable  in- 

J^t^ IX t,inii  of  Archimedes.     In  a  paper  of  Napier's,  bear- 

flate  June  2,  1596,  and  containing  hints  of  secret 

iv^ntjons,  we  meet  with  the  following: — 

'^  *  The  invention,  proof,  and  perfect  demonstration, 
">fnetrical  and  algebraical,  of  a  burning  mirror,  which 
-living  of  dispersed  beams  of  the  sun,  doth  reflex 
*^  lame  beams  altogether  united,  and  concurring  pre- 
*^ty  in  one  mathematical  point,  in  the  which  point 
*<*si  necessarily    it  engendcreth   fire ;   with   an  evi- 
^^t  demonstration  vf  their  error,  who  aflirm  this  to 
'  ^ade  a  parabolic  section.     The  use  of  this  invention 
mZ^^^^  ^^r  ^^^^  burning  of  the  enemy's  ships  at  what- 
^^^er  appointed  distance* 

t-^dly.  *'  The  invention  and  sure  demonstration  of 
^^tcr  mirror  which,  receiving  the  dispersed  beams  of 
y  i5iaterial  Are,  or  flame,  yieldeth  also  the  fonner  efl'ect, 
^  serveth  for  the  like  use/' 
i<  3^"?  ^^^^  ^*^»s,  viz.  in  1726,  M.  Du  Fay  found  that, 
^-^  ^00, 300,  and  even  as  far  as  600  Frencli  feet  (about 
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640  English),  the  rayfi  of  tlie  aim  received  on  a  plane    iii>»on. 
mirror,  one  foot  square,  and  thence  reflected  to  a  concave 
one,    17  inches  in   diameter,  consumed   combustible 
bodies  in  the  focus  of  the  latter." 

The  success  of  this  interesting  experiment,  doubtless,  Boflfbn. 
stimuhited  Bufl>:>n  to  attempt  the  production  of  fire  at  a  a.  d. 
distance,  after  the  manner  of  Archimedes,  by  one  re*  1747. 
flection  only.  In  the  year  1 747,  after  various  trials  with 
combinations  of  plane  mirrors  (in  number  sometimes 
amounting  to  400),  placed  in  a  square  frame,  and  brought 
to  bear  upon  the  object  by  means  of  screws,  he  suc- 
ceeded in  melting  lead  and  tin  at  the  distance  of  about 
50  English  yanU  ;  and  in  burning  lighter  substances,  afc 
the  distance  of  75  yards.  This  was  afl'ected  in  March  and 
April.  With  summer  heat,  and  abetter  apparatus,  he 
expresses  a  certainty  of  producing  combustion  at  more 
tlian  140  of  our  yards;  a  distance,  probably,  double 
that  at  which  Archimedes  produced  his  conflagration. 
Since  the  publication  of  Buflbn's  results,  the  scepticism 
which  prevailed  in  reference  to  the  burning  mirror  of 
Archimedes,  has  been  rapidly  wearing  away.  The  phi- 
losopher Ikad  not  to  inieni  the  apparatus  for  the  purpose, 
but  simply  to  apply  what  he  had  previously  invented. 
The  vessels  in  the  harbour  might  have  been  left  di'y  by 
the  receding  tide ;  and,  of  consequence,  there  would 
not  be  soflicient  water  at  hand  to  check  the  progress  of 
combustion.  With  regard  to  the  probable  construction 
of  Archimedes'  appartus,  since  this  would  not  be  the 
proper  place  to  enter  into  detail,  we  refer  to  the  specu- 
lations in  Peyrard's  edition  of  Archimedes,  torn,  ih  Pcyrwd. 
pp.  464 — 508.  We  must  now  return  to  the  point  at  a.  i>. 
which  we  commenced  this  inquiry,  1808, 

In  the  same  century  with  Archimedes,  lived  Ptolemy  Piolcm^^ 
Euergetes,  celebrated  by  historians  for  caujsing  to  be  Kucr^etef. 
placed  on  the  tower  of  the  Pharos  at  Alexandria,  a  w-  c.  224, 
mirror,  which  represented  accurately  all  that  was  done 
on  water  or  land  within  its  scope ;  and  by  means  of 
which,  as  some  authors  relate,  an  enemy's  fleet  was  seen 
at  the  distance  of  600^000  paces,     W'c  do  not  hold 
ourselves  responsible   for   the  truth  of  this.     Father 
Abat,  whose  Amu6cmtiis  P/tilosophiqucs  were  pubbshed 
in  1763,  has  an  ingenious  attempt  to  prove  the  proba- 
ble existence  of  such  a  mirror  at  the  time  specified  ;  and 
a  copious  abridgment  of  his  arguments,  by  a  very  able 
writer,  was  given  in  the  nineteenth  volume  of  Tillocb's 
Philosophical  Magazine. 

Among  the  writings  which  still  remain  of  the  celebra-  PMemy  the 
ted  Claudius  Ptolemy »  the  Alexandrian  astronomer,  is  "^^^i^^t"*'- 
one  on  Optics.     It  is  comprised  in  Ave  discourses,  or  a,  d.  140, 
books,  of  which  the  fust  is  lost;  most  part  of  tlie  re- 
maining four  are  preserved,  and  have  been  carefully  ex- 
amined in  the  MSS.,  both  by  Delambre  and  by  Venturi. 

Although,  as  we  have  just  remarked,  the  first  book 
is  wanting,  we  are  not  entirely  ignorant  of  its  contents, 
because  each  book  commences  with  a  recapitulation  of 
what  liad  been  taught  in  the  former.  Thus  we  learn, 
that  the  first  book  treated  of  the  relations  between 
liglit  and  vision,  of  their  resemblance  and  of  their  dif- 
ference. It  was  probably  a  philosophical  dissertation 
after  tiie  manner  of  Aristotle.  Ptolemy  supposes  th^ 
vision  is  effected  by  means  of  a  pyramid  of  visual  rays, 
of  which  the  vertex  is  at  the  eye,  and  the  base  at  the 
object  seen.  This  agrees  with  the  notions  of  Euclid: 
some  writers,  earlier  than  ijther  of  these,  taught,  as 
the  modems  do,  that  the  rays  of  light  proceed  from 
the  visible  object ;  but  this  notion  had  few  partizans> 
3  e2 
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Optics,  while  the  notions  of  Euclid  and  Ptolemy  prevailed  ex- 
tensively. Vision  by  the  axis  of  tlie  pyramid  is,  ac- 
cording to  Ptolemy,  more  correct  and  perfect  than  that 
by  oblique  rays.  Vision  makes  bodies  known,  reveals 
their  magnitude,  colour,  tignre,  rest,  and  motion ;  but 
all  this  requires  light. 

Shadows  arc  not  seen  :  we  know  them  only  by  pri- 
vation. 

We  can  see  better  with  two  eyes  than  with  one :  with 
one  only  we  do  not  sec  the  object  precisely  at  the  same 
place  as  with  two.  \Ve  see  the  object  simple,  if  the  two 
axes  of  the  pyramids  are  directed  in  the  same  manner 
upon  the  object;  we  see  the  same  object  double,  if  the 
axes  are  not  directed  naturally,  and  if  the  distance  is 
a  little  less  than  that  between  the  two  eyes. 

Colour  makes  part  of  bodies,  it  is  the  exterior  crust 
The  eye  perceives  the  direction  of  the  visual  ray  which 
it  sends  towards  the  body ;  it  perceives,  in  like  manner, 
the  length ;  it  judges  of  the  magnitude  of  the  object, 
from  the  length  of  the  pyramid  combined  with  the 
magnitude  of  its  base.  If  the  humidity  of  the  visual 
ray  be  promptly  dissipated,  bodies  are  seen  better  wheD 
near ;  if  it  be  slowly  dissipated,  they  are  seen  better  at 
a  distance. 

That  which  causes  certain  persons  to  see  better  than 
others,  is  the  abundance  of  the  visual  virtue ;  which,  like 
all  other  faculties,  fails  in  old  men. 

The  moon  has  a  colour  which  is  peculiar  to  it,  and 
which  is  only  perceived  in  eclipses. 

When  we  have  long  contemplated  an  object  highly 
coloured,  and  then  direct  our  eyes  to  another  object, 
we  attribute  to  that  the  colour  of  the  former. 

Things  which  we  see  by  reflection,  partake  of  the 
colour  of  the  mirror ;  as  those  which  we  see  through  a 
diaphanous  or  transparent  body,  assume  its  colour. 

When  we  observe  a  fire  or  a  light  at  the  horizon, 
beyond  a  pool  of  water,  we  perceive  a  long  luminous 
train  which  follows  our  motion. 

A  sail  seen  from  far,  appears  more  curved  than  it  is 
in  fact ;  because  the  middle,  which  is  seen  directly,  is 
perceived  better  than  the  edges,  which  ap()ear  to  fly. 
Thus  painters,  when  they  would  excite  the  idea  of  any 
thing  concave,  give  a  less  vivid  tint  to  the  middle  than 
to  the  edges  ;  and  the  contrary,  if  they  would  give  the 
idea  of  convexity. 

Similar  to  these  are  the  remaining  speculations  in 
the  second  book. 

In  the  third  book  Ptolemy  proceeds  to  the  subject  of 
mirrors.  The  principal  propositions  are  these: — In 
the  plane  mirror,  the  object  is  seen  in  the  continuation 
of  the  perpendicular  let  fall  from  the  object  itself  upon 
the  plane,  and  as  far  behind  the  plane  as  the  object  is 
before  it.  This  had  been  previously  taught  by  Euclid  ; 
as  had  been  the  equality  of  the  angles  of  incidence  and 
reflection. 

Ptolemy  then  recurs  to  the  consideration  of  objects 
which  appear  in  (iiflVrent  placrs  at  the  same  time, 
though  simple ;  and  to  those  which,  though  more  than 
two,  appear  in  one  and  the  same  place.  We  cannot  de- 
tail his  si)eculations  on  these  points,  but  must  limit  our- 
selves to  one  only,  and  that  relating  to  astronomy.  **  It 
rirsuUs  (says  he)  from  the  preceding,  that  of  things 
which  are  in  the  sky  and  subtend  equal  angles,  those 
which  are  nearest  the  zenith  ought  to  appear  less,  and 
those  which  are  near  the  horizon  appear  greater ;  be- 
cause we.  sec  tlte  latter  in  a  manner  to  which  we  are 


more  accustomed.    Elevated  objects  are  seen  in  a  way    ii; 
with  which  we  are  less  familiar,  and  with  difficulty  of  ^^ 
action.^'    Thus,  according  to  Ptolemy,  the  moon  in 
the  zenith,  appears  smaller  ;  because  he  who  looks  to- 
wards the  zenith,  is  in  a  less  natural  position  than  whea 
he  looks  at  any  object  posited  horizontally. 

The  author  next  returns  to  plane  mirrors,  and  shows 
that  in  them  objects  are  not  disfigured  ;  but  that  the 
right  becomes  the  left,  and  rice  versa. 

In  concave  mirrors,  objects  appear  concave ;  in  con- 
vex mirrors,  they  appear  convex.  In  convex  mirrors 
objects  seem  diminished.    Thus,  also,  taught  Euclid. 

In  a  concave  mirror,  a  curve  line  may,  according  to^ 
circumstances,  appear  either  convex,  concave,  or  rec- 
tihncal.  In  a  convex  mirror,  objects  appear  on  the  side 
on  which  they  really  arc ;  yet,  by  reason  of  our  habit 
of  judging,  the  right  will  seem  to  be  on  the  left,  •nl 
the  left  on  the  right. 

Ptolemy's  fourth  book  relates  principally  to  conciEtft- 
mirrors. 

He  treats  of  the  place  of  the  image,  and  shows  wheii> 
it  may  be  upon  the  Surface  of  the  mirror;  whea  befinv 
that  surface,  when-  behind  the  eye,  when  behind  tbfr 
mirror. 

When  the  image  is  behind  the  mirror,  the  distanos 
of  the  object  from  the  mirror  i&  less  than  that  of  the 
image. 

When  the  image  is  between  the  eye  and  the  mirror^ 
the  distance  of  the  ol^ect  from  the  eye,  will  be  greater^ 
equal,  or  less,,  than  the  distance  of  the  image  from  the 
mirror,  according  to  circumstances. 

When  the  object  is  between  the  eye  and  the  mirror, 
it  appears  in  a  different  place  from  that  in  which  it 
really  is;  and  when  we  move  it  in  one  direction,  it  wilk 
appear  to  move  in  the  contrary  one. 

Ptolemy  next  passes  to  the  consideration  of  mirrors- 
compounded  of  a  plane  and  a  concave,  or  of  a  convex 
and  a  concave ;  and  explains  tlie  cases  in  which  the 
image  is  director  inverted,  augmented  or  diminished; 
after  which  he  traces  the  peculiarities  of  pyramidal 
mirrors  with  circular  or  pyramidal  bases,  having  the  eye 
placed  in  the  axis  of  the  pyramid.  In  all  this  Ptolemy 
never  determines  the  precise  point  of  reflection,  when 
the  place  of  the  eye  and  that  of  the  image  are  known : 
he  satisfles  himself  with  showing,  generally,  that  the 
object  is  before  or  behind  the  mirror,  or  the  eye,  or 
nearer  to  the  mirror,  or  more  remote  than  the  eye ;  the 
relations  being  not  measured,  but  indicated  vaguely. 

The  fifth  book  of  Ptolemy's  Optics  contains  his  re-  Pt<A 
searches  into  the  nature  of  refraction.  ntm 

He  explains  the  experiment  of  the  piece  of  money  so 
placed  in  a  vessel  that  its  edges  render  it  invisible,  until 
water  is  poured  in,  when  the  money  is  brought  into 
sight,  while  it  has  remained  quiescent.  After  this,  he 
proceeds  to  a  curious  set  of  experiments,  which  we 
cannot  here  detail,  in  order  to  determine  the  relation 
between  the  positions  of  the  incident  and  refracted  ray, 
the  media  being  air  and  water,  for  all  degrees  of  inci- 
dence, varying  l)y  tens,  up  to  80°.  The  medium  ratio 
of  the  sine  of  incidence  to  that  of  refraction,  when  the 
ray  passes  from  air  into  water,  is  4  to  3*06936 :  ac- 
cording to  the  experiments  of  Newton,  the  ratio  of  these 
sines  is  4  to  2-9043'2.  When  the  ray  passes  from  air 
into  glass,  the  result  of  Ptolemy's  experiments  is,  that 
the  sines  of  incidence  and  refraction  are  as  3  to 
2*02158.    Newton  gives  for  the  ratio  of  these  sines 
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5  to  1'9304&.    The  correspondence  between  these  re- 
spective ratios  is  greater  than  raight  reasoQably  have 
been  expected,  considering  ihat  the  instruments  em- 
ployed by  Ptolemy  woiihi  not  enable  Uiin  to  measure 
angles  to   nearer  than   half  a  degree.     Newton  era- 
ployed  rain  water:  Ptolemy  lias  simp»ly  iiifoi'med  us 
that  his  water  was  always  of  the  same  density.     New- 
tan,  aaraia,  employed  common  glass  :  Ptolemy  calls  his 
tht»  pwrefit  fjlass :  what  that  was  we  cannot  say,  be- 
vv  nothiDs^  of  tJie  fjlass-manufactory  atooDg 
>  in  the  lime  dt  Ptolemy. 
I  \  rcation  of  astronomical  refraction,  Ptolemy 

proi  I  several  respects  as  Cassini  did  in  the  last 

CBdtury.  He,  also,  taug^iit  expressly,  that  the  more  a 
stiff  is  elevated,  the  less  will  be  the  ditference  between 
Uie  tiaeand  the  apparent  place,  and  that  this  difference 
rs  nothing  when  the  star  is  In  the  ienith,  because  the 
V  *  -  Lic^il  ray  does  not  undergo  any  flexure.  This  Pto- 
lemy dcmoiutrates  by  means  of  a  %ure ;  from  whidi  it 
•fipears,  that  in  all  ca^es  the  refraction  carries  the  star 
towards  the  zenith. 

Pt<'»lemy  afterwards  describes  different  experiments 
^;d  with  the  siibject  of  refraction;  but  his  de- 
-  from  them  are,  in  general,  erroneous,  Alto- 
j^ctht^r,  however,  this  fifth  book  of  his  Optics  is  highly 
curious  and  interesting;  and,  indeed,  the  whole  work 
ia  methodical  and  instructive;  on  which  account,  we 
ba^e  entered  more  fully  into  description  of  it  than  has 
been  usual  among  the  historians  of  Optics. 

it  is  an  interesting-  inquiry,  but  by  no  means  of  easy 

termination,  how  far  the  ancients  attempted  to  assist 

jg^bt  by  dioptrical  instnmients.     Rog-er  Bacon,  in  his 

:e  **  On  the  Secret  Works  of  Nature  and  Art,  and 

the  nidlity  of  Ma^ic/  says,  *'  trausprirent  bodies 

y  be  so  figured,  that  things  at  the  ^^reaiest  distance 

ay    appear  to  be  the  nearest,  and  the  contrary;  so 

tp   from  an  incredible  distance,  we  may  read  the 

ttUiAllcst  letters,  and  nuntber  thini^s,  however  minute  : 

tltus   it  is  thought  that  Julius  Caesar,  on  the  coast  of 

1,    discerned,  by  or  throuj>;h  very   large   glasseSf 

disposition  and  situation  of  the  camps  and  (coast) 

s  of  Britannia  Major.**     We  here  render  per  in- 

a  fprc(da^  by  or  through  very  large  glassc^s,  be- 

-e  tlie  autlior  is  speaking  of,  perspicua,  transparent 

^:      ^^.     On  what  evidence  he  grounds  his  assertion 

^       k '  1'  <'A'  not. 

TU«  ancients  are  well  known  to  have  used  dioptric 
as  well  as  catoptric  burning  glasses ;  and  it  is  uot 
probable  that  they  would  employ  the  former  thus,  and 
yet  remain  ignorant  of  their  magnifying  power.  The 
contrary  t  indeed,  is  plafnly  atKrmed  by  Seneca  :  Li  terse 
-  quamvis  minutte  et  obscurai*  per  vitream  pi  lam  arpji 
plenam,  majores  clarioresque  cernuntur.  *'  Letters^ 
tbough  minute  and  obscure,  appear  larger  and  clearer 
through  a  glass  bubble  filled  with  water/'*  Such  a 
phenomenon,  often  observed,  would  naturally  lead  in- 
(|tiis]tive  men  a  few  steps  farther*  But  they  could 
make  no  important  advance  (says  Dr.  Hook)  without 
the  art  of  grinding  gla^^s.  This  they  had  :  so  at  least 
§%JB  Plioy.  *'  Some  glass  is  fashioned  by  blowing ; 
some  is  ground  upon  a  wheel,  or  in  a  turnmg  lathe; 
and  some  is  engraved  like  silver.  Sidon  was  celebrated 
for  its  glass  works,  having  also  invented  specula.    Such 


was  the  ancient  art  of  glass*"*  What  were  here  meant 
by  specula  t  The  phrase  '■*■  siquidem  etiam  specula  <  i- 
cugitaierat^^  points  evidently  to  s?>m*  notable  invention. 

That  glass  was  ground  by  the  ancients,  ia  also  fairly 
deducible  from  the  language  of  Seneca.  He  ttUs  us 
that  pri.sms  were  in  use  among  the  virtuosi  of  Rohie, 
in  the  di*ys  of  Nero;  and  how  could  a  glass  prism  be 
made  by  blowing  ?  "A  rod,  or  bar  of  glass  (says  he) 
is  made  with  several  angles  ;  and  if  the  rays  of  the  sun 
pass  throngh  it,  such  colours  are  made  as  we  see  in 
the  rainbow.^'t  Seneca  also  speaks  of  multiplying- 
ghisses,  the  several  faces  of  which  must  have  been  cut 
upon  a  wheel. 

All  this,  however,  brings  us  not  to  any  such  inven- 
tion as  that  of  telescopes.  Nor  are  we  aware  of  any 
thing  in  antiquity  that  can  indubitiibly  be  so  interpreted. 
We  have  seen  adduced,  for  this  purpose,  a  passage 
from  Pmdm^  a  Christian  writer,  who  flourished  at 
Constantinople  in  the  seventh  century: — Tci  piXSotrra 
toic  f^ta  ttoirrpH  trv  pXeir^ic  ;  **  you  see  things  luture  as 
by  a  diopfntm.''^  They  who  contend  for  tlic  early  in- 
vention of  telescopes,  say  that  this  dioptrum  was  a 
prospective  glass.  But,  if  it  were  the  same  as  the  di- 
optrum employed  by  Hipparchus,  and  afterwards  by 
Ptolemy,  it  was  no  other  than  a  straight  ruler  of  about 
four  feet  long,  on  which  were  fixed  three  equidistant 
**  sights,"  as  they  are  technically  called-  A  figure  of 
it  IS  given  in  jVL  Halma's  edition  of  the  Almagest, 

From  what  has  been  stau^d,then, it  will  be  seen  that  the 
ancients  had  but  little  that  deserved  the  name  of  optical 
science  ;  that  what  they  possessed  was  conjined  almost 
entirely  to  catoptrics,  and  was  even  in  reference  to  that 
department,  extremely  imperfect;  that  their  instruments 
were  chiefly  catoptriral,  some  of  which,  however,  they 
carried  to  very  high  perfcctiot* ;  and  that  we  have  no 
proof  that  their  dioptric  instruments  went  beyond  single 
lenses,  prisms,  and  multiplying  glasses.  In  reference 
to  refraction,  the  few  researches  which  they  had  institu- 
ted, seem  to  have  l>een  ingenious  and  partially  suc- 
cessfuL 

After  an  interval  of  some  centiiries,  we  arrive  at  the 
time  of  Alhazen,  an  Arabian  mathematician;  in  whose 
work,  translated  from  the  Arabic,  and  published  in 
I57"l,  under  the  title  of  TitnattruA  Optiae,  we  probably 
have  a  summary  of  the  optical  knowledge  of  Persia  and 
Arabia,  at  the  period  in  which  he  lived,  and  which 
knowledge  he  carried  into  Spain.  It  does  not  appear 
from  an  inspeciion  of  this  Thtsaurus,  that  Alhazen  was 
at  all  acquainted  with  the  optical  writings  of  Ptolemy* 
But  we  find,  first,  that  Alhazen  has  refuted  the  system 
of  vision  which  prevailed  among  the  Greeks,  ^ly. 
That  he  has  attempted  the  anatomical  description  of  the 
eye,  and  has  assigned  the  respective  functions  of  the 
several  parts  in  vision.  3dly.  That  he  succeeds  better 
than  Ptolemy  in  accounting  for  the  single  vision  with 
both  eyes.  4thly.  That  he  has  investigated  the  nature 
o( sviin  kinds  of  mirrors,  while  Ptolemy  had  contem- 
plated only  f/tnr,  5thly.  Tliat  in  sjieculating  upon 
astronomical  refraction,  he  was  led  to  ftome  inquiries 
respecting  hviiig/i(^  in  which  he  concludes  that  the  morn- 
ing twilight  commences  when  the  sun  is  18°  below  the 
horizon.  6thly.  That  he  attempts  the  explication  of 
the  phenomenon  of  the  /tornontal  moon.     This  attempt, 
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however,  is  extremely  UDSuqcessful,  abd  need  not  to  be 
detailed  ip  this  place. 

Roger  Bacon,  whe  flourished  in  the  thirteenth  cen* 
tury,  has  many  claims  to  the  notice  and  gratitude  of 
posterity;  and  among  these,  on  account  of  his  dis- 
coveries in  Optics.  He  has  treated  very  ingeniously  on 
the  subjects  of  astronomical  refraction,  the  apparent 
magnitudes  of  objects,  the  extraordinary  she  of  the  sun 
and  moon  near  the  horizon,  and  the  place  of  spherical 
foci.  That  his  theory  and  practice  of  optical  glasses 
were  much  farther  advanced  than  many  modems  have 
been  willing  to  admit,  will  be  evident  from  the  following 
quotation  from  the  Optis  Magnus:  '*  Greater  things  than 
these  may  be  performed  by  refracted  vision.  For  it  is 
easy  to  understand,  by  the  canons  above-mentioned,  that 
the  greatest  things  may  appear  exceedingly  small,  and 
contrarily.  For  we  can  give  such  figures  to  transparent 
bodies,  and  disperse  them  in  such  order,  with  respect  to 
the  eye  and  the  objects,  that  the  rays  shall  be  refracted 
and  bent  toward  any  place  we  please,  so  that  we  shall  see 
the  object  near  at  hand,  or  at  a  distance,  under  any  angle 
we  please ;  and  thus,  from  an  incredible  distance,  we  may 
read  the  smallest  letter,  and  may  number  the  smallest 
particles  of  dust  and  sand,  by  reason  of  the  greatness 
of  the  angle  under  which  we  may  see  them ;  and,  on 
the  contrary,  we  may  not  be  able  to  see  the  greatest 
bodies  just  by  us,  by  reason  of  the  small^ess  of  the 
angle  under  which  they  may  appear.  For  distance 
does  not  affect  this  kind  of  vision,  excepting  by  acci- 
dent, but  the  quantity  of  the  angle  does.  And  thus  a 
boy  may  appear  to  be  a  giant,  and  a  man  as  big  as  a 
mountain ;  forasmuch  as  we  may  see  the  man  under  as 
great  an  angle  as  the  mountain,  and  as  near  as  we 
please.  And  thus  a  small  army  may  appear  a  very 
great  one,  and  though  very  far  off,  yet  very  near  us ; 
and  contrarily.  Thus,  also,  the  sun,  moon,  and  stars 
may  be  made  to  descend  hither  in  appearance,  and  to 
appear  over  the  heads  of  our  enemies  ;  and  many  things 
of  the  like  sort,  which  would  astonish  unskilful  persons.* 

It  would  not  be  ric^ht  to  infer  from  this  passage, 
that  Roger  Bacon  had  precisely  such  instruments  as 
the  common  telescopes  and  microscopes  of  the  nine- 
teenth century ;  yet  this  we  think  is  fairly  admissible, 
that  he  could,  and  did  so  combine  and  fix  transparent 
bodies,  as,  by  means  of  them,  to  make  distant  objects 
appear  as  though  they  were  near,  or  contiguous  objects 
as  though  they  were  remote,  or  minute  objects  as 
though  they  were  large ;  that  is,  that  he  produced 
effects  in  practical  optics  precisely  analagous  to  those 
which  we  now  accomplish  by  means  of  telescopes  and 
microscopes.  But  further.  Bacon,  in  his  work,  ad- 
dressed to  Clement  IV.  after  proposing  some  expe- 
dients for  promoting  Optics  and  Astronomy,  adds, 
"  But  what  is  much  more  (important  or  requisite)  than 
these  things;  men  ought  to  be  had  who  understand 
perspective  and  its  instruments  well  ;  because  the 
instruments  of  astronomy  only  proceed  by  vision,  ac- 
cording to  the  laws  of  that  science.'*  From  this, 
bearing  in  mind  that  in  the  time  of  R.  Bacon,  the  term 
^erspectite  was  employed  to  signify  0/7/ /c«  in  general,  it  is 
not  unnatural  to  conclude,  that  he  made  use  of,  and  re- 
commended optical  instruments  in  astronomical  observa- 
tions. Bacon  himself  tells  us,  that  the  first  burning 
glass  which  he  made  cost  him  20  /.  equivalent  to  about 
187/.  of  our  money;  and  that  he  expended  in  che- 
mistry, '^  experimental  perspective,  and  practical  astro* 


nomy,*  in  twenty  years,  '^  no  less  than  2,000  /."  about    I 
18,733/.  as  at  present  valued.    Much  that  he  knew  ^ 
and  accomplished  is,  doubtless,  lost;  but  surely  there 
can  be  no  reason  to  conclude,  as  many  have  done,  that 
the  most  valuable  application  of  his  optical  knowledge 
did  not  equal  in  utility  a  common  pair  of  spectacles. 

Contemporary  with  Roger  Bacon  was  Vitellio,  orVii 
Vitello,  a  Polish  philosopher.  His  treatise  on  Optics 
was  published  with  Alhazen  s,  in  the  Thesaurus  Optiat^ 
1572,  He  observed,  that  light  was  always  lost  by 
refraction,  but  does  not  attempt  to  estimate  the  quan- 
tity lost.  He  remarked,  also,  that  refraction  is  necessary 
as  well  as  reflection,  to  produce  the  rainbow.  He 
ascribed  the  twinkling  of  the  stars  to  the  motioii  of 
the  air  in  which  the  liglit  is  refracted;  and  to  illustrate 
his  hj^pothesis,  remarked,  that  they  twinkle  still  more 
when  viewed  in  water  that  is  in  gentle  motion. 

John  Baptista  Porta,  a  Neapolitan,  published  his  Xl 
Magia  Naturaiis  towards  the  end  of  the  fifteenth  cen-  ^ 
tury.     In  the  sixth  book  of  that  work  he  treats  of  onpti-     * 
cal  refractions,  and  teaches,  that,  if  there  be  made  a  ^ 
small  orifice  in  the  window-shutter  of  a  room^  from^ 
which  tlie  light  is  every  where  else  completely  ezcl«ded|    j 
the  external  objects  will  depict  themselves  on  a  white 
wall,  or  on  a  piece  of  paper,  in  their  natural  colours; 
and  he  adds,  that,  by  placing  a  small  convex  lens  at 
the  aperture,  the  objects  will  appear  so  distinct  as  ID 
be  instantaneously  recognised.    This  is  no  other  thaa 
the  camera  obscura ;  from  the  invention  of  which)  to  tfie  Ci 
true  explication  of  the  mechanism  of  vision,  there  was  ^ 
but  one  step;  that  step,  however,  though  indicated  by  " 
Porta,  was  not  by  him  taken. 

Robert  Recorde,  an  early  English  writer  on  arith-  Bs 
metic,  algebra,  and  geometry,  must  not  be  omitted  in  i 
a  history  of  Optics.  In  the  preface  to  his  **  Path-wsy  I 
to  Knowledge,"  a  book  on  the  elements  of  geometrfy 
printed  in  1551 ,  and  dedicated  to  our  King  Edward  Vj. 
(whose  physician  Recorde  was),  we  meet  with  this  fs- 
markable  passage :  "  But  to  retoume  againe  to  Archi- 
mides,  he  did  also  by  art  prospectiue  (whiche  is  a  part  • 
of  geometric)*  deuise  suche  glasses  within  the  towne  of 
Syracusa,  that  did  burne  their  enemies  shippes  a  greats 
waie  from  the  towne,  which  was  a  meruailous  politiks 
thynge.  And  if  I  should  repeate  the  varietie  of  such 
straunge  inuentions,  as  Archimedes  and  others  hane 
wrought  by  gcometrie,  I  should  not  onely  excede  the 
order  of  a  preface,  but  f  should  also  speake  of  sucbs 
things  as  can  not  well  bee  understoode  in  talke  withoat 
some  knowledge  in  the  principles  of  geometrie.  But 
this  will  I  promise,  that  if  I  maie  perceiue  my  paiiles 
to  be  thankfully  taken,  I  will  not  onely  write  of  suche 
pleasaunte  inuentions,  declaryng  what  they  were,  bat 
also  will  teache  /tow  a  great  nomher  of  them  werewrougklt^ 
that  they  maie  be  practised  in  this  tyme  also.  Whereby 
shall  be  plainly  perceiucd  that  many  thynges  seeme  in- 
possible  to  bee  done,  which  by  arte  maie  verie  well  bee 
wrought.  And  when  they  bee  wrought,  and  the  reasOD 
thereof  not  understoode,  then  saie  the  vulgare  people, 
that  those  thynges  are  doun  by  negromancie,  Afld 
hereof  came  it  that  frier  Bacon  was  accompted  so  greate 
a  negromancier,  whiche  heuer  used  that  art  (by  any 
coniecture  that  I  can  finde),  but  was  in  geometrie  and 
other  mathematical!  sciences  so  experte  that  he  coaM 
doe  by  them  suche  thynges  as  appear  wonderfull  in  the 
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si^ht  of  moste  pieople.  Great  talke  there  is  of  a  glasse 
'  that  he  made  in  Oxforde,  in  whiche  men  might  see 
thinges  that  weare  doen  in  other  places,  and  that  was 
ividged  to  bee  docn  by  power  of  cnill  spirites.  But  I 
kiiou'c  the  reason  of  it  to  hcc  good  and  naturall,  and  to  be 
wrought  by  geometric  (sith  perspective  is  a  parte  of  it  J, 
and  to  stande  as  well  xvith  reason,  as  to  see  your  face  in  a 
common  glasse.  But  this  conclusion,  and  other  diuers 
of  like  sort,  are  more  meete  for  princes,  for  sundry 
causes,  then  for  other  men,  and  ought  not  to  be  taught 
commonly." 

Maurolicus,  a  teacher  of  mathematics  at  Messina, 
about  1575,  published  two  treatises,  entitled  Tltcortmata 
Lucis  et  Umbrcty  and  Diaphanorum  Partes,  &c.  These 
treatises  exhibit  some  curious  speculations  on  the  mea- 
sure and  comparison  of  the  effects  of  light;  on  the 
difierent  degrees  of  brilliancy  which  is  communicated  to 
an  opaque  body  from  a  luminous  body,  according  to 
their  <linerent  distances,  &c.  Maurolicus  demonstrates 
that  the  chrystalinc  humour  of  the  eye  is  a  lens  which 
croUects  the  rays  of  light  that  issue  from  an  object,  and 
throws  them  upon  the  retina,  where  is  the  focus  of  every 
pencil.  From  this  he  explained  why  some  persons  were 
•hort-sighted,  and  others  long-sighted ;  and  why  the  for- 
mer are  relieved  by  concave,  the  latter  by  convex  glasses. 
He  also  correctly  explained  a  phenomenon  which  had 
ezceednigly  embarrassed  Aristotle  and  others  among 
the  ancients,  viz.  that  the  rays  of  the  sun  when  they 
pass  through  a  small  hole  of  any  shape,  (as  triangular^ 
Wfaare,  &c.)  always  form  a  luminous  circle,  when  re- 
cetred  on  a  paper  perpendicular  to  the  course  of  the 
ntySy  and  at  a  suitable  distance  from  the  oriBce. 

In  the  year  1570  was  first  published,  the  first  English 
edition  of  Euclid's  Elements,  by  Sir  H^nry  Billingsley, 
a  highly  interesting  and  curious  work.  It  is  here  men- 
tioned,, on  account  of  an  erudite  mathematical  preface 
ttt  it  by  the  celebrated  John  Doe,  "  specifying  the- 
diiele  mathematical!  sciences,  what  they  are,  and 
frheieunto  commodious :  whore,  also,  are  diclosed, 
certain  new  secrets  mathematical!  and  mechanicall, 
vntill  these  our  daies  greatly  missed.**  In  this  preface. 
Dee  defines  perspective  to  be  "  an  art  mathematical!, 
ivilicfa  demonstrateth  the  nature  and  properties  of  all 
Tadiations,  direct,  broken,  and  reflected :"  and  "  Glasse," 
be  says,  "  is  a  generall  name  in  catoptrike,  for  any 
tfamg  from  which  a  beam  reboundeth."  He  describes 
a  great  variety  of  the  most  curious  phenomena  of  re- 
fraction and  reflection,  the  latter  from  mirrors  of  dif- 
ferent kinds.  In  this  connection,  he  says,  *'  I  speake 
nothing  of  Naturall  Philosophic  which  without ;;c/\v/>rf- 
'  titfe  cannot  be  fully  undcrstanded,  nor  perfectly  atteined 
unto.  Nor  of  astronomic,  which  without  perspective 
,  cannot  well  be  grounded."  He  means,  we  conceive, 
tluLt  the  former  requires  instruments  analoo:ous  to  our 
microscopes,  the  latter  instruments  analosrous  to  our 
telescopes.  He  certainly  speaks  of  them  as  his  own, 
and  gives  the  initials,  S.  VV.  P.,  of  a  o-entK^man  who 

Kssessed  "  a  marueillous  glasse."  In  th;^  same  pre- 
•e  we  meet  with  this  extraordinary  passage: — '*  No 
small  skill  ought  lie  to  have,  that  should  make  true 
report,  or  neer  the  truth  of  the  numbers  and  summes, 
of  footmen  or  horsemen,  in  the  enemies  ordering. 
Afarre  oiF,  to  make  an  estimate  betwec!i  necr  terms  of 
More  and  Lcsse,  is  not  a  thing  verv  rife,  among  those 
that  gladly  would  do  it.** — **  The  Herald,  Pursuivant, 
Seijeant  Royally  Captain,  or  whosoever  is  carefuil  to 


come  neer  the  truth  herein,  besides  the  Judgmentof  his  History, 
expert  eye,  his  skill  of  Ordering  Tactically  the  help  of  his  >«^"v*^ 
Geometricall  instrument :  Ring  or  Statfe  Astronomicall : 
commodiously  framed  for  carriage  and  use.  He  may 
wonderfulli/  help  himself  by  perspective  Glasses,  In  which 
(I  trust)  our  posterity  will  prove  more  skilful!  and  expert, 
and  to  greater  purposes,  than  in  these  dayes,  can  (al- 
most) be  credited  to  be  possible."  This  passage  we 
regard  as  furnishing  decisive  evidence  that  "  perspec- 
tive glasses,"  and  some  of  their  most  useful  effects, 
were  known  in  England  at  least  forty  years  earlier  than 
their  supposed  invention  in  Holland.  Another  quota- 
tion or  two  from  writers  of  the  same  age,  will  tend  to 
render  this  important  fact  still  more  unquestionable. 

In  the  Pantometria  of  Leonard  Digges,  first  pub- L- I^»g?«. 
Hshed  in  1571,  and  afterwards  in  1591,  with  improve-  ^-Jp' 
ments,  by  his  son,  Thomas  Digges,  there  are  some  15/1. 
curious  investigations  relative  to  Optics.  Both  father 
and  son  were  educated  at  Oxford,  and  both  were  re- 
spectable mathematicians.  In  the  preface  to  the  edi- 
tion of  1591,  Thomas  Digges,  after  speaking  of 
Archimedes*  burning  mirrors,  and  similar  contrivances 
known  to  the  ancients,  adds,  **  But  to  loave  these  ce- 
lestiall  causes,  and  things  doone  of  antiquitie  longagoe, 
my  father,  by  his  continuall  painfull  practises,  assisted 
with  demonstrations  mathematicall,  was  able  and  sun- 
drie  times  hath,  by  proportionall  glasses,  duely  situate 
in  convenient  angles,  not  onely  discouered  things  farre 
off,  read  letters,  numbered  peeces  of  money  with  the 
verye  coyne  and  superscription  thereof,  cast  by  some 
of  his  freends  of  purpose,  upon  downes  in  open  fields, 
but  also  scuen  myles  off  declared  what  hath  been  doone 
at  that  instant  in  priuate  places.  He  hath  also  sundrie 
times,  by  the  sunne  beames,  fired  powder  and  dischargde 
ordinance  half  a  mile  and  more  distanto;  which  things  ' 
I  am  the  boulder  to  report,  for  that  there  arc  yet  lining 
diuerse,  of  these  his  dooings  oculati  testes  [eye  wit- 
nesses], and  many  other  matters  farn^  more  strange 
and  rare,  which  I  omit  as  impertinent  to  this  place.'' 

Thomas  Diiiges  further  informs  us,  that  his  father's 
great  knowledge  and  dexterity  in  Optics  *'  partly  grew 
by  the  aid  he  liad  of  one  old  written  book  of  the  same 
Bacon  [ofOxfordJs  experiments,  that  by  strange  ad- 
venture, or  rather  destinie,  came  to  his  hands  ;  though 
chiefly  by  conjoyning  continuall  laborious  practise  with 
his  matiieniaticall  studies  T  and  in  the  twenty-first 
chapter  of  the  first  book  of  this  curious  treatise,  we 
meet  with  the  following  interesting  paragraph  : 

"  Thus  much  I  thought  good  to  open  concerning  the 
effects  of  a  plaine  glasse,*  very  pleasant  to  practise, 
yea  most  exactly  seruing  for  the  description  of  a  plaine 
champion  country.  But  marueillous  are  the  conclu- 
sions that  may  be  performed  by  glasses  concaue  and 
conuex  of  circulaire  and  parabolicall  formes,  using  for 
multiplication  of  beames  sometime  the  aide  of  glasses 
transparent,  which  by  fraction  should  unite  or  dissipate 
the  images  or  figures  presented  by  the  reflection  of 
other.  By  these  kinde  of  glasses,  or  rather  frames  of- 
them,  placed  in  due  angles,  yce  may  not  onely  set  out 
the  proportion  of  an  whole  region,  yea  represent  before 
your  eye  the  liuely  image  of  euery  towne,  uillage,  dro. 
and  that  in  as  little  or  great  space  or  place  as  .ye  will  ■ 

*  Bv  gl(v>%e  llie  author  hero  means  any  plane  reflecting  surface  ; 
for,  in  the  chapter  from  which  the  above* is  quoted,  he  snys,  "  'lh;r 
bent  kinde  of  gUisic  for  this  pur{)ose  is  of  Steele  linely  po!i*-li(.  \, 
neither  convex  nor  coucave,  but  tiaU" 
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prescribe,  but  also  augment  and  dilate  any  parcell 
thereof,  so  that  whereas  at  the  first  appearance,  an 
whole  towne  shall  present  itselfe  so  small  and  compact 
together  that  yee  shall  not  disceme  anye  difference  of 
streates,  yee  may  by  application  of  glasses  in  due  pro- 
portion, cause  any  poculiare  house  or  roome  thereof 
dilate  and  shew  itself  in  as  ample  forme  as  the  whole 
towne  first  appeared,  so  that  yee  shall  disceme  any 
trifle,  or  reade  any  letter  lying  there  open,  especially 
if  the  sunne  beames  may  come  unto  it,  as  plainely  as 
if  you  were  corporally  present,  although  it  be  distante 
from  you  as  farrc  as  eye  can  discric :  but  of  these  con- 
clusions I  minde  not  here  more  to  intreate,  hauing  at 
large  in  a  uolumc  by  itself  opened  the  miraculous 
effects  of  perspectiue-glasses.** 

Quotations  from  books,  so  scarce  and  so  little  known 
as  those  which  we  have  here  cited,  are  not  only 
curious,  but  important  in  the  history  of  this  branch  of 
science.  Considered  jointly;  they  present,  in  our  opi- 
nion, decisive  evidence  that  optical  instruments  were 
employed  in  astronomy,  &c.  long  before  the  time  to 
which  it  has  been  customary  to  refer  the  invention  of 
the  telescope.  We  know  that  Harriot,  our  celebrated 
analyst,  observed  the  spots  in  the  sun,  between  1610 
and  1613,  by  means  of  telescopes  "  which  had  mag- 
nifying powers  of  10,  20,  and  30  times ;"  and  though 
it  has  been  generally  supposed  that  Harriot  procured 
his  telescopes  from  Holland,  yet,  since  he  was  bom 
and  educated  at  Oxford,  where  Bacon  and  the  Diggeses 
preceded  him,  and  where,  if  any  where,  their  dis- 
coveries and  inventions  would  be  known,  we  think  it 
highly  probable  that  the  instruments  which  he  cm- 
ployed  were  of  English,  not  of  foreign  construction. 
The  Diggeses,  Dee,  and  Bacon,  evidently  possessed 
instruments  which  served  for  the  purposes  to  which  we 
now  devote  telescopes ;  yet  neither  of  them  claimed  the 
invention  for  himself.  Thomas  Digges  tells  us,  that 
his  father  profited  by  a  manuscript  of  Roger  Bacon ; 
and  Bacon  tells  us,  that  Julius  Ctssar  had  an  instru- 
ment which  answered  a  similar  purpose.  From  this 
induction  of  particulars,  which  we  have  extended  to  a 
length  commensurate  with  its  importance,  we  regard  it 
as  neither  rash  nor  inconsistent  with  the  undoubted ' 
pretensions  of  modern  inventors,  to  infer  that  the 
knowledge  of  some  such  instrument  as  the  telescope 
has  been  concealed  amon^  the  learned  fiom  very  re- 
mote ages ;  and  that,  on  the  revival  of  letters,  learned 
and  scientific  men  in  Britain,  so  applied  the  theoretical 
knowledge  they  undoubtedly  possessed,  to  the  hints 
which  they  drew  from  the  writings  of  antiquity,  as  to 
re- invent  instruments  for  like  purposes  several  years 
before  they  were  heard  or  thought  of  in  any  other  part 
of  Europe. 

In  the  year  1611,  Antonio  de  Dominis,  archbishop 
of  Spalatro,  published  his  treatise  De  Radiis  Visus  et 
Lucis,  in  which  he  seems  a  little  to  have  improved 
Vitello's  theory  of  the  rainbow  :  he  also  attempted  to 
account  for  the  inferior  bow,  but  without  success. 

Kepler,  so  justly  celebrated  for  his  indefatigable  ap- 
plication as  an  astronomer,  made  some  researches  in 
Optics,  on  which  he  published  two  treatises.  He  suc- 
ceeded better  than  any  of  his  predecessors  in  explaining 
the  nature  of  vision  :  yet  he  failed  -(as  many  have 
done  since  his  time)  in  accounting  for  the  circumstance 
of  an  inverted  image  on  the  retina,  exciting  in  the  mind 
the  idea  of  an  erect  object. 


It  has  often  been  remarked^  in  Ae  history  of  tdence,  I 
that  what  reiterated  investigation  has  failed  to  acoom-  ^ 
plish,  has  been  effected  by  apparent  accident,  withoat 
labour:  and  thus  has  it  been  with  respect  to  the 
telescope.  Bacon,  Dee,  and  Digges,  as  we  have  just 
seen,  invented  instruments  by  which  minute  objects 
were  made  to  appear  large,  and  remote  objects  to  ap* 
pear  near ;  yet  the  happy  results  of  their  investigations 
never  became  generally'known,  even  in  England,  much 
less  on  the  continent.  Towards  the  end  of  the  six- 
teenth century,  however,  a  fortunate  concurrence  led 
to  the  invention  of  dioptric  telescopes  in  Holland,  and, 
speedily,  to  the  active  and  successftd  employment  of 
this  valuable  invention  in  the  region  of  astronomical 
discovery.  Borelli  informs  us,  in  a  treatise  composed 
not  so  long  after  the  circumstance  as  to  render  his  au- 
thority doubtful,*  that  the  children  of  Zachariah  Jan-  J« 
sen,  a  spectacle-maker  of  Middleburgh,  amusing^ 
themselves  in  their  father  s  shop,  placed  by  chance  a  ^ 
convex  and  a  concave  lens  in  such  a  manner,  tiiat  on 
looking  through  them  at  the  weathercock  of  the  church, 
it  seemed  to  them  nearer  and  much  larger  than  usual. 
The  father  was  called  to  witness  this,  and  immediately 
fixing  the  glasses  upon  a  board,  that  their  relative 
position  might  be  rendered  permanent,  he  presented 
either  these,  or  others  similarly  arranged,  to  his  patron. 
Prince  Maurice.  This  was  about  the  year  1590.  No 
sooner  was  this  interesting  discovery  known,  as  it  speedily 
was,  over  the  principal  part  of  the  continent  of  Europe, 
than  Galileo,  Kepler,  Descartes,  and  other  philoso- 
phers, bent  the  whole  force  of  their  genius  to  the  im« 
provcment  and  employment  of  so  usefiil  an  apparatus; 
and  since  that  epoch,  theoretical  and  practical  men 
have  vied  with  each  other  in  improving  its  constructioB 
and  extending  its  powers. 

Since  the  microscope  is  an  instrument  whose  con* 
struction  flows  from  the  same  principles  as  that  of  the 
telescope,  it  is  natural  to  look  for  the  invention  of  both 
at  nearly  the  same  time.     Conformably  with  this  idea, 
we  find  that  microscopes  were  in  frequent  use  within 
thirty  years  of  the  lucky  incident  so  well  improved  by 
Jansen.     We  cannot  speak  positively  respecting  the 
real  inventor  of  the  microscope,    but  it  is  generally 
imagined  to  be  Cornelius  Drebbel  of  Alkmaer.     He    ^ 
had  obtained  telescopes  of  Jansen  about  1600,  aod,^ 
doubtless,  constructed  and  employed  microscopes  be-««^^ 
tween  the  years  1618  and  1620.  ^ 

We  are  indebted  to  Willebrord  Snell  for  the  know^^^ 
ledge  of  the  laws  to  which  the  refraction  of  light  < 
forms.     After  a  variety  of  delicate   experiments,  h-j 
found  that,  by  prolonging  the  incident  and  refractefei!^^ 
rays  on  each  side  of  the  point  where  the  refraction  i^^ 
made,  and  drawing  any  vertical  line,  the  parts  of  thiw** 
two  rays  comprised  between  the  above  point  and  thK^ 
vertical  line,  always  preserve  a  constant  ratio  to  eacfm 
other,  whatever  the  obliquity  may  be.     This  is  pre-' 
<;isely  the  same  thing  as  saying,  that  when  a  ray  cf 
light  passes  out  of  one  medium  into  another,  the  smet 
of  the  angles  of  incidence  and  refraction,  always  pre-. 
serve  a  constant  ratio  for  every  variety  of  incidence  iut 
the  same  media.     Snell,   however,  did  not  perceive ]|3 
that  the  two  propositions  were  the  same;  but  Det-1 
cartes  did,  and  in  1637  published  the  discovery  a$  kU^ 
ouuy  in  his  Treatise  on  Dioptrics.   Huygens,  who  knew 

*  Borelli,  De  vero  TelcBCopu  inventoce,  Hagn  Com.  1655. 
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Optics.  **  I  then  proceeded  to  examine  more  critically,  what 
'  might  be  eftected  by  the  difference  of  the  incidence  of 
rays  coming  from  divers  parts  of  the  sun ;  and  to  that 
endf  measured  the  several  lines  and  angles  belonging 
to  the  image.  Its  distance  from  the  hole,  or  prism,  was 
22  feet;  its  utmost  length  13^  incKes;  its  breadth  2^; 
the  diameter  of  the  hole  ^  of  an  inch ;  the  angle,  which 
the  rays,  tending  towards  the  middle  of  the  image, 
made  with  those  lines  in  which  they  would  have  pro- 
ceeded without  refraction,  was  44®  56\  And  the  ver- 
tical angle  of  the  prism,  63°  12'.  Also  the  refractions 
on  both  sides  the  prism,  that  is,  of  the  incident  and 
emergent  rays,  were,  as  near  as  I  could  make  them, 
equal,  and  consequently  about  54®  4'.  And  the  rays 
fell  perpendicularly  upon  the  wall.  Now  subducting 
the  diameter  of  the  hole  from  the  length  and  breadth  of 
the  image,  there  remains  13  inches  the  length,  and  2  J 
the  breadth,  comprehended  by  those  rays,  which  passed 
through  the  centre  of  the  said  hole,  and  consequently 
the  angle  of  the  hole,  which  that  breadth  subtended, 
was  about  31',  answerable  to  the  sun's  diameter;  but 
the  angle  which  its  length  subtended,  was  more  than 
five  such  diameters,  namely  2*  49'. 

*^  Having  made  these  observations,  I  first  computed 
from  them  the  refractive  power  of  that  glass,  and 
found  it .  measured,  by  the  ratio  of  the  sines,  20 
to  3U  And  then,  by  that  ratio,  I  computed  the  re- 
fractions of  tiivo  rays  flowing  from  opposite  parts  of  the 
sun's  discus,  so  as  to  differ  31'  in  their  obliquity  of 
incidence,  and  found  that  the  emergent  rays  should 
have  comprehended  an  angle  of  about  31',  as  they  did 
before  they  were  incident  But  because  this  computa- 
tion was  founded  on  the  hypothesis  of  the  proportion- 
ality of  the  sines  of  incidence  and  refraction,  which 
though,  by  my  own  experience,  I  could  not  imagine  to 
be  so  erroneous  as  to  make  that  angle  but  31',  which 
in  reality  was  2®  49' ;  yet  my  curiosity  caused  me  again 
to  take  my  prism.  And  having  placed  it  at  my  win- 
dow, as  before,  I  observed,  that  by  turning  it  a  little 
about  its  axis  to  and  fro,  so  as  to  vary  its  obliquity  to 
the  light,  more  than  an  angle  of  four  or  five  degrees, 
the  colours  were  not  thereby  sensibly  translated  from 
their  place  on  the  wall,  and  consequently  by  that  va- 
riation of  incidence,  the  quantity  of  refraction  was  not 
sensibly  varied.  By  this  experiment,  therefore,  as  well 
as  by  the  former  computation,  it  was  evident,  that  the 
difference  of  the  incidence  of  rays,  flowing  from  divers 
parts  of  the  sun,  could  not  make  them,  after  a  decus- 
sation, diverge  at  a  sensibly  greater  angle,  than  that 
at  which  they  before  converged ;  which  being  at  most 
but  about  31  or  32  minutes,  there  still  remained  some 
other  cause  to  be  found  out,  from  whence  it  could  be 
2®  49'. 

**  Then  I  began  to  suspect  whether  the  rays,  after 
their  trajection  through  the  prism,  did  not  move  in 
curve  lines,  and  according  to  their  more  or  less  cur?ity 
tend  to  divers  parts  of  the  wall.  And  it  increased  my 
suspicion,  when  I  remembered  that  I  had  often  seen  a 
tennis  ball,  struck  with  an  oblique  racket,  describe  such 
a  curve  line.  For,  a  circular  as  well  as  a  progressive 
motion  being  communicated  to  it  by  that  stroke,  its 
parts  on  that  side,  where  the  nK)tions  conspire,  must 
press  and  beat  the  contiguous  air  more  violently  than 
on  the  other,  and  there  excite  a  reluctancy  and  reaction 
of  the  air  proportionably  greater.    And  for  the  same 


reason,  if  the  rays  of  light  should  possibly  be  gl< 
bodies,  and  by  their  oblique  passage  out  of  on 
dium  into  another  acquire  a  circulating  motioD, 
ought  to  feel  the  greater  resistance  from  the  an 
sether,  on  that  side  where  the  motions  conspire 
thence  be  continually  bowed  to  the  other.  But, 
withstanding  this  plausible  ground  of  suspicion, 
I  came  to  examine  it,  I  could  observe  no  such  c 
in  them.  And  besides  (which  was  enough  for  mi 
pose)  I  observed,  that  the  difference  between  the  1 
of  the  image  and  diameter  of  the  hole,  through 
the  light  was  transmitted,  was  proportionable  to 
distance. 

**  The  gradual  removal  of  these  suspicions,  at  1 
led  me  to  the  experimentum  crusis,  which  was  t] 
took  two  boards,  and  placed  one  of  them  close  fa 
the  prism  at  the  window,  so  that  the  light  migh 
through  a  small  hole,  made  in  it  for  the  purpos< 
fall  on  the  other  board,  which  I  placed  at  about  1 
distance,  having  first  made  a  small  hole  in  it  als< 
some  of  that  incident  light  to  pass  through.  1 
placed  another  prism  behind  this  second  board,  s 
the  light  trajected  through  both  the  boards,  migh 
throught  that  also,  and  be  again  refracted  before 
rived  at  the  wall.  This  done,  I  took  the  first  prii 
my  hand,  and  turned  it  to  and  fro  slowly  about  its 
so  much  as  to  make  the  several  parts  of  the  imag< 
on  the  second  board,  successively  pass  through  th 
in  it,  that  I  might  observe  to  what  places  on  th 
the  second  prism  would  refract  them.  And  I  sa 
the  variation  of  those  places,  that  the  light  tend 
that  end  of  the  image,  towards  which  the  refract 
the  first  prism  was  made,  did  in  the  second  prism 
a  refraction  considerably  greater  than  the  light  tend 
the  other  end.  And  so  the  true  cause  of  the  length  ( 
image  was  detected  to  be  no  other,  than  that  Hgh 
sists  of  rays  differently  refrangible,  which,  withoi 
respect  to  a  difference  in  their  incidence,  were,  acc< 
to  their  degrees  of  refrangibility,  transmitted  to 
divers  parts  of  the  wall. 

"  When  I  understood  this,  I  left  off  my  afo 
glass  works  ;  for  I  saw,  that  the  perfection  of  teles 
was  hitherto  limited,  not  so  much  for  want  of  g 
truly  figured  according  to  the  prestriptions  of 
authors  (which  all  men  have  hitherto  imagined 
because  that  light  itself  is  a  heterogeneous  mixt 
differently  refrangible  rays.  So  that,  were  a  gb 
exactly  figured,  as  to  collect  any  one  sort  of  ray 
one  point,  it  could  not  collect  those  also  into  the 
point,  which,  having  the  same  incidence  upon  the 
medium,  are  apt  to  suffer  a  different  refraction. 
I  wondered,  that  seeing  the  difference  of  refrang 
was  so  great,  as  I  found  it,  telescopes  should  arr 
that  perfection  they  are  now  at.  For  measurin 
refractions  in  one  of  my  prisms,  I  found,  that  supp 
the  common  sine  of  incidence  upon  one  of  its  j 
was  44  parts,  the  sine  of  refraction  of  the  utmos 
on  tlio  red  end  of  the  colours,  made  out  of  the 
into  the  air,  would  be  68  parts,  and  the  sine  of  refh 
of  the  utmost  rays  on  the  other  end  69  parts :  so 
the  difference  is  about  a  24th  or  25th  part  of  the 
refraction;  and,  consequently,  the  object-glass  o 
telescope  cannot  collect  all  the  rays  which  come 
one  point  of  an  object,  so  as  to  make  them  conv€ 
its  focus  in  less  room  than  in  a  circular  space^  \ 
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riL     difltxseter  is  the  50th  part  of  the  diameter  of  its  aper- 
^^  iar^\  which  is  an  irre^larity,  some  hundreds  of  times 
l^x-^siter  than  a  circularly  figured  lens,  of  so  small  a  sec- 
tion as  the  object-glasses  of  long  telescopes  are,  would 
cekMM.se  by  the  unfitness  of  its  figure,  were  light  uniform. 
'  *  Thus  made  me  take  reflections  into  consideration, 
siK»d  finding  them  regular,  so  that  the  angle  of  reflection 
o£*    ^1  sorts  of  rays  was  equal  to  their  angle  of  inci- 
d^KSce;  I  understood  that  by  their  mediation,  optic  in- 
iB^  ^ruments  might  be  brought  to  any  degree  of  perfection 
iK%:i3ginable,  provided  a   reflecting  substance  could  be 
^V>Lmnd,  which  would  polish  as  finely  as  glass,  and  reflect 
S3t,.^      much  light' as  glass  transmits,  and  the  art  of  com- 
.uKiicating  to  it  a  parabolic  figure  be  also  attained. 
'fMM  C  there  seemed  very  great  difficulties,  and  1  have 
lJ  xx^cst  thought  them  insuperable,  when  I  further  con- 
^m  d^red,  that  every  irregularity  in  a  reflecting  superficies 
ikes  the  rays  stray  5  or  6  times  more  out  of  their 
cS  mjL^    course,  than  the  like  irregularities  in  a  refracting 
c>aca^   :  so  that  a  much  greater  curiosity  would  be  here 
«r^<q|uisite,  than  in  figuring  glasses  for  refraction. 

•*••    Amidst  these  thoughts,  1  was  forced  from  Cam- 

l:>M-iclge  by  the  intervening  plague,  and  it  was  more  than 

^^w€^   years  before  I  proceeded  further.  But,  then,  having 

^^-k^ought  on  a  tender  way   of   polishing,    proper   for 

I^Km^Csd,  whereby,  as  I  imagined,  the  figure  also  would 

%>^    corrected  to  the  last,  1  began  to  try  what  might  be 

^fifected  in  this  kind,  and  by  degrees  so  far  perfected 

s^xx     instrument  (in  the  essential  parts  of  it  like  that  I 

Aex^t.  to  London),  by  which  1  could  discern   Jupiter's 

#c>^ur  concomitants,  and  showed  them  divers  times  to 

^^^o    others  of  my  acquaintance.     I  could  also  discern 

^1*«  moon-like  phase  of  Venus,  but  not  very  distinctly, 

^Ek^r  'without  some  niceness  in  disposing  the  instrument. 

*^  From  that  time  I  was  interrupted  till  this  last 

^mittimn,  when  1  made  the  other.     And  as  that  was 

sensibly  better  then  the  first  (especially  for  day  objects), 

^o  X  doubt  not,  but  they  will  be  still  brought  to  a  much 

•^■^atter  perfection  by  their  endeavours,  who,  as  you  in- 

*^-rna  me,  are  taking  care  about  it  at  London. 

**  I  have  sometimes  thought  to  make  a  microscope, 
"^"litoh  in  like  manner  should  have,  instead  of  an  object 
S\i^8s,  a  reflecting  piece  of  metal.  And  this  I  hope  they 
'^ill  also  take  into  consideration.  For  those  instru- 
'"^^Xits  seem  as  capable  of  improvement  as  telescopes, 
^**^  perhaps  more,  because  but  one  reflective  piece  of 
^**^tual  is  requisite  in  them. 

-.  **  But  to  return  from  this  digression,  I  told  you,  that 
^S^M  is  not  similar,  or  homogeneal,  but  consists  of  dif- 
■ '[•*^  rays,  some  of  which  are  more  refrangible  than 
^J*^^rs :  80  that  of  those,  which  are  alike  incident  on 
^^  same  medium,  some  shall  be  more  refracted  than 
^^*iers^  and  that  not  by  any  virtue  of  the  glass,  or  other 
^^temal  cause,  but  from  a  predisposition,  which  every 
J^'^cular  ray  has  to  suffer  a  particular  degree  of  re- 
^^tion. 

■  **  I  shall  now  proceed  to  acquaint  you  with  another 
**Jprci  notable  difformity  in  its  rays,  wherein  the  origin 
Y  colours  is  unfolded :  concerning  which,  I  shall  lay 
?Wn  the  doctrine  first,  and  then,  for  its  examination, 
&*^e  you  an  instance  or  two  of  the  experiments,  as  a 
*l^oimen  of  the  rest. — The  doctrine  you  will  find  com- 
■^^^Kended  arid  illustrated  in  the  following  propositions: — 
.  **  1.  As  the  rays  of  light  difler  in  degrees  of  refran- 
5*.  *lity,  so  they  also  difter  in  their  disposition  to  exhibit 
or  that  particular  colour.     Colours  are  not  qualifi- 
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cations  of  light,  derived  from  refractions,  or  reflections 
of  natural  bodies  (as  it  is  generally  believed),  but  ori- 
ginal and  connate  properties,  which  in  divers  rays  are 
diverse.  Some  rays  are  disposed  to  exhibit  a  red  colour, 
and  no  otlier ;  some  a  yellow,  and  no  other ;  some  a 
green  and  no  other ;  and  so  of  the  rest.  Nor  are  there 
only  rays  proper  and  particular  to  the  more  eminent 
colours,  but  even  to  all  their  intermediate  gradations. 

"  2.  To  the  same  degree  of  refrangibility  ever  belongs 
the  same  colour,  and  to  the  same  colour  ever  belongs  the 
same  degree  of  refrangibility.  The  least  refrangible  rays 
are  all  disposed  to  exhibit  a  red  colour,  and  contrarily, 
those  rays  which  are  disposed  to  exhibit  a  red  colour, 
are  all  the  least  refrangible :  so  the  most  refrangible 
rays  are  all  disposed  to  exhibit  a  deep  violet-colour, 
and  contrarily,  those  which  are  apt  to  exhibit  such  a 
violet-colour,  are  all  the  most  refrangible.  And  so  to 
all  the  intermediate  colours,  in  a  continued  series,  be-* 
long  intermediate  degrees  of  refrangibility.  And  thi» 
analogy  betwixt  colours,  and  refrangibility,  is  very 
precise  and  strict :  the  rays  always  either  exactly  agree- 
ing in  both,  or  proportionally  disagreeing  in  both. 

"  3.  The  species  of  colour,  and  degree  of  refrangi- 
bility proper  to  any  particular  sort  of  rays,  is  not  mu- 
table by  refraction,  nor  by  reflection  from  natural  bodies, 
nor  by  any  other  cause,  that  I  could  yet  observe. 
When  any  one  sort  of  rays  has  been  well  parted  firom 
those  of  other  kinds,  it  has  afterwards  obstinately  re-i 
tained  its  colour,  notwithstanding  my  utmost  endea- 
vours to  change  it.  I  have  refracted  it  with  prisms, 
and  reflected  it  with  bodies,  which  in  day- light  weie 
of  other  colours ;  I  have  intercepted  it  with  the  co- 
loured film  of  air  interceding  two  compressed  plates  of 
glass ;  transmitted  it  through  coloured  mediums,  and 
through  mediums  irradiated  with  other  sorts  of  rays, 
and  diversely  terminated  it;  and  yet  could  never  pro- 
duce any  new  colour  out  of  it.  It  would,  by  con- 
tracting or  dilating,  become  more  brisk,  or  faint,  and 
by  the  loss  of  many  rays,  in  some  cases  very  obscure 
and  dark  ;  but  1  could  never  see  it  change  in  specie. 

*'  4.  Yet  seeming  transmutations  of  colours  may  be 
made,  where  there  is  any  mixture  of  divers  sorts  of 
rays.  For,  in  such  mixtures,  the  component  colours 
appear  not ;  but,  by  their  mutual  allaying  each  other, 
constitute  a  middling  colour.  And,  therefore,  if  by  re- 
fraction, or  any  other  of  the  aforesaid  causes,  the  dif* 
form  rays,  latent  in  such  a  mixture,  be  separated,  there 
shall  emerge  colours  difterent  from  the  colour  of  the 
composition;  which  colours  are  not  new  generated, 
but  only  made  apparent  by  being  parted  :  for  if  they 
be  again  entirely  mixed  and  blended  together,  they  will 
again  compose  that  colour  which  they  did  before  sepa- 
ration. And  for  tlie  same  reason,  transmutations  made 
by  the  convening  of  divers  colours  are  not  real ;  for 
when  the  diftbrm  rays  are  again  severed,  they  will  ex- 
hibit the  very  same  colours  which  they  did  before  they 
entered  the  composition ;  as  you  see,  blue  and  yellow 
powders,  when  finely  mixed,  appear  to  the  naked  eye 
green,  and  yet  the  colours  of  the  component  corpuscles 
are  not  thereby  really  transmuted,  but  only  blended. 
For,  whon  viewed  with  a  good  microscope,  they  still 
appear  blue  and  yellow  intersperscdly. 

"  5.  There  are,    therefore,   two   sorts   of  colours. 

The  one  original  and  simple,  the  other  compounded  of 

these.     The   original,    or   primary   colours   are  red, 

yellow,  green,  blue,  and  a  violet-purple ;  together  with 
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Optics,     orange,  indigo,  and  an  indefinite  variety  of  interme- 
'  diate  gradations. 

**  6.  The  same  colours  in  specie  with  these  primary 
ones  may  be  also  produced  by  composition :  for  a  mix- 
ture of  yellow  and  blue  makes  green;  of  red  and 
yellow  makes  orange ;  of  orange  and  yellowish  green 
makes  yellow.  And  in  general,  if  any  two  colours  be 
mixed,  which  in  the  series  of  those,  generated  by  the 
prism,  are  not  too  far  distant  one  from  another,  they 
by  their  mutual  alloy  compound  that  colour,  which  in 
the  said  series  appears  in  the  midway  between  them. 
But  those  which  are  situated  at  too  great  a  distance,  do 
not  so.  Orange  and  indigo  produce  not  the  interme- 
diate green,  nor  scarlet  and  green  the  intermediate 
yellow. 

"  7.  But  the  most  surprising  and  wonderful  compo- 
sition was  that  of  whiteness.  There  is  no  one  sort  of 
rays  which  alone  can  exhibit  this.  It  is  ever  com- 
pounded, and  to  its  composition  are  requisite  all  the 
aforesaid  primary  colours,  mixed  in  a  due  proportion. 
I  have  often  with  admiration  beheld,  that  all  the  co- 
lours of  the  prism  being  made  to  converge,  and  thereby 
to  be  again  mixed  as  they  were  in  the  light  before  it 
was  incident  upon  the  prism,  reproduced  light,  intirely 
and  perfectly  white,  and  not  at  all  sensibly  differing  from 
a  direct  light  of  the  sun,  unless  when  the  glasses  I  used, 
were  not  sufficiently  clear ;  for  then  they  would  a  little 
incline  it  to  their  colour. 

'^  8.  Hence,  therefore,  it  comes  to  pass,  that  white- 
ness is  the  usual  colour  of  light ;  for  light  is  a  confused 
aggregate  of  rays  indued  with  all  sorts  of  colours',  as 
they  are  promiscuously  darted  from  the  various  parts 
of  luminous  bodies.  And  of  such  a  confused  aggregate, 
as  I  said,  is  generated  whiteness,  if  there  be  a  due  pro-> 
portion  of  the  ingredients  ;  but  if  any  one  predominate, 
the  light  must  incline  to  that  colour ;  as  it  happens  in 
the  blue  flame  of  brimstone ;  the  yellow  flame  of  a 
candle  ;  and  the  various  colours  of  the  fixed  stars. 

"  9.  These  things  considered,  the  manner  how  colours 
are  produced  by  the  prism,  is  evident  For,  of  the 
rays  constituting  the  incident  light,  since  those  which 
differ  in  colour,  proportionably  differ  in  refrangibility, 
Ihey,  by  their  unequal  refractions,  must  be  severed  and 
dispersed  into  an  oblong  form  in  an  orderly  succession, 
from  the  least  refiracted  scarlet,  to  the  most  refracted 
violet.  And  for  the  same  reason  it  is,  that  objects, 
when  looked  upon  through  a  prism,  appear  coloured. 
For  the  difform  rays,  by  their  unequal  refractions,  are 
made  to  diverge  towards  several  parts  of  the  retina,  and 
there  express  the  images  of  things  coloured,  as  iu  the 
former  case  they  did  the  sun's  image  upon  a  wall.  And 
by  this  inequality  of  refractions,  they  become  not  only 
coloured,  but  also  very  confused  and  indistinct. 

"  10.  Why  the  colours  of  the  rainbow  appear  in  fall- 
ing drops  of  rain,  is  also  from  hence,  evident.  For, 
Uiose  drops  which  refract  the  rays  disposed  to  appear 
purple,  in  the  greatest  quantity  to  the  spectator's  eye, 
refract  the  rays  of  other  sorts  so  much  less,  as  to  make 
them  pass  beside  it ;  and  such  are  the  drops  on  the 
inside  of  the  primary  bow,  and  on  the  outside  of  the 
secondary  or  exterior  one.  So  those  drops,  which  re- 
fraet  in  greatest  plenty  the  rays  apt  to  appear  red, 
toward's  the  spectator's  eye,  refract  those  of  other  sorts 
so  much  more,  as  to  make  them  pass  beside  it;  and 
such  are  the  drops  on  the  exterior  part  of  the  primary, 
and  interior  part  of  the  secondary  bow. 


<<  11.  The  odd  phsenomena  of  an  infiitioii  of  ligmun  h 
nephriticum,  leaf  gold,  fragments  of  coloured  glass,  and  v^ 
some  other  transparently  coloured  bodies,  appeariae  in 
one  position  of  one  colour,  and  of  another  in  another, 
are  on  these  grounds  no  longer  riddles.  For,  those 
are  substances  apt  to  reflect  one  sort  of  light,  and  trans- 
mit another ;  as  may  be  seen  in  a  dark  room,  by  iilumi- 
nating  them  with  similar  or  uncompounded  light.  For, 
then  they  appear  of  that  colour  only,  with  which  they 
are  illuminated,  but  yet  in  one  position  more  vivid  and 
luminous  than  in  another,  accordingly  as  they  are  dis* 
posed,  more  or  less,  to  reflect  or  transmit  the  incident 
colour. 

<*  12.  From  hence,  also,  is  manifest  the  reason  of  an 
unexpected  experiment,  which  Mr.  Hook,  son^^ewhere  in 
his  micrography,  relates  to  have  made  with  two  wedge- 
like transparent  vessels,  filled  the  one  with  red,  the  other 
with  a  blue  liquor :  namely,  that  though  they  were  se- 
verally transparent  enough,  yet  both  together  became 
opaque ;  for,  if  one  transmitted  only  red,  and  the  other 
only  blue,  no  rays  could  pass  through  both. 

*'  13.  I  might  add  more  instances  of  this  nature ; 
but  I  shall  conclude  with  this  general  one,  that  the 
colours  of  all  natural  bodies  have  no  other  origin  than 
this,  that  they  are  variously  qualified  to  reflect  one  sort 
of  light  in  greater  plenty  than  another.  And  thk  I 
have  experimented  in  a  dark  room,  by  illuminatin|^ 
those  bodies  with  uncompounded  light  of  divers  co- 
lours. For,  by  that  means,  any  body  may  be  made 
to  appear  of  any  colour.  They  have  there  no  appro- 
priate colour,  but  ever  appear  of  the  colour  of  the  light 
cast  u^on  them,  but  yet  with  this  difference,  that  they 
are  most  brisk  and  vivid  in  the  light  of  their  owndny^ 
light  colour.  Minium  appears  there  of  any  colour  in- 
differently, with  which  it  is  illustrated,  but  yet  most 
luminous  in  red ;  and  so  bise  appears  indifferently  of 
any  colour  with  which  it  is  illustrated,  but  yet  most 
luminous  in  blue.  And,  therefore,  minium  reflects  rays 
of  any  colour,  but  most  copiously  those  indued  wiA 
red;  and,  consequently,  when  illustrated  with  day- 
light, that  is,  with  all  sorts  of  rays  promiscuously 
blended,  those  qualified  with  red  shall  abound  most  in 
the  reflected  light,  and  by  their  prevalence  cause  it  to 
appear  of  that  colour.  And  for  the  same  reason  bise, 
reflecting  blue  most  copiously,  shall  appear  blue  by  the 
excess  of  those  rays  in  its  reflected  light ;  and  the  like 
of  other  bodies.  And  that  this  is  the  entire  and  ade- 
quate cause  of  their  colours,  is  manifest,  because  they 
have  no  power  to  change  or  alter  the  colours  of  any 
sort  of  rays,  incident  apart,  but  put  on  all  colours  in- 
differently, with  which  they  are  enlightened. 

*'  These  thin^^s  being  so,  it  can  be  no  longer  dis- 
puted whether  there  be  colours  in  the  dark,  nor  whe- 
ther they  be  the  qualitii*s  of  the  objects  we  see ;  no,  nor, 
perhaps,  whether  light  be  a  body.     For,  since  colours    - 
are  the  qualities  of  light,  having  its  rays  for  their  en- 
tire and  immediate  subject,  how  can  we  think  those 
rays  qualities   also,    unless   one  quality  may  be  the     - 
subject  of  and  sustain  another;  which,  in  efliect,  is  to  -^ 
call  it  substance.  We  should  not  know  bodies  for  sob-     - 
stances,  were  it  not  for  their  sensible  qualities ;  and  the 
principal  of  those  being  now  found  due  to  something 
else,  we  have  -  as  good  reason  to  believe  that  to  be  a 
substance  also. 

"  Besides,  whoever  thought  any  quality  to  be  a  hete- 
rogeneous aggregate,  such  as  light  is  discovered  to  be» 
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commended  one  which  is  much  more  simple.  In  his 
reflecting  telescope,  the  rays  from  the  object  first  strike 
on  the  whole  of  the  concave  and  well-polished  bottom 
of  the  tube,  whence  they  are  reflected  to  a  plane  mirror, 
which  convey  them  to  the  eye  of  the  observer,  by  means 
of  a  lens  adapted  to  an  aperture  made  in  the  side  of 
the  tube.  In  this  disposition  of  the  mirrors,  however, 
objects  are  not  seen  directly ;  a  lateral  telescope, 
therefore,  has  been  added,  to  direct  the  instrument 
towards  the  object  which  the  observer  wishes  to  con- 
template. 

In  1672,  M.  Cassqgrain  published  in  the  French 
memoirs,  a  description  of  a  reflecting  telescope,  which 
he  pretended  was  invented  prior  to  that  of  Newton. 
That,  however,  is  not  correct :  nor,  indeed,  is  Casse- 
grain*s  telescope  any  thing  else  than  James  Gregory's  a 
little  disguised,  by  making  the  small  mirror  convex, 
instead  of  concave,  as  Gregory  proposed.  This  change, 
as  Newton  showed  (Phil.  Trans.  May  4,  1672),  would 
be  productive  of  disadvantages,  where  its  author  ex- 
pected advantages. 

Newton  and  Gregory  had  a  friendly  correspondence 
in  reference  to  their  respective  inventions.  Each  of 
these  was  a  man  of  genius,  and  each  knew  and  highly 
estimated  the  talents  of  the  other.  Their  letters  on 
this  subject  (preserved  in  the  supplement  to  Dr.  David 
Gregory's  "  Catoptrics  and  Dioptrics")  are  fine  speci- 
mens of  the  candour,  urbanity,  and  mildness,  with  which 
scientific  discussions  ought  always  to  be  conducted. 

The  constructions  of  both  the  Gregorian  and  the 
Newtonian  telescopes,  were  much  improved  by  Mr. 
Hadley,  the  inventor  of  the  reflecting  quadrant.  And 
about  the  year  1734,  Mr.  James  Short,  of  Edinburgh, 
brought  the  Gregorian  telescope  to  very  great  perfec- 
tion. But  these  are  points  to  wliich  we  can  but  just 
allude. 

The  invention  of  reflecting  telescopes,  caused  the 
minds  of  investigators  to  revert  to  a  problem  proposed 
long  ago  by  Alhazen,  which  was  this  : — "  Having  given 
a  concave  or  a  convex  speculum,  as  also  the  place  of 
the  eye  and  the  visual  point,  to  find  the  point  of  re- 
flexion." In  this  probUin,  if  reduced  to  geometrical 
terms,  it  is  required  in  a  given  circle  whose  centre  is 
A,  and  radius  AP,  to  find  some  point  P,  such  that 
drawing  the  lines  PE,  PB,  to  the  given  points  E,  B, 
unequally  distant  from  the  centre  A,  the  line  AP  pro- 
duced, may  bisect  the  angle  EPB."  This  admits  of 
various  cases,  most  of  which  have  been  investigated 
and  elegantly  solved,  with  practical  applications,  by 
Huygcns  and  Slusius,  in  the  Philosophical  Transactions 
for  1673.  The  general  construction,  by  means  of  the 
hyperbola,  is  also  most  neatly  and  perspicuously  effected 
by  Robins,  in  the  Remarks  on  Dr.  Smith's  Optics,  in 
the  second  volume  of  his  Mathematical  Tracts. 

The  first  who  exhibited  a  correct  theory  of  the  rain- 
bow, was  Descartes.  He  showed  that  the  first  rain- 
bow, or  that  which  is  most  usually  seen  in  the  heavens, 
is  formed  by  one  reflection  and  two  refractions  of  the 
suns  rays  falling  upon  drops  of  rain  ;  that  the  second 
rainbow  is  formed  by  the  rays  fallinic  upon  drops  of 
rain,  and  emerging  after  two  refractions  and  two  re- 
flections; aud  that  so  we  might  go  on  to  the  third, 
fourth,  or  any  other  iris,  which  are  made  successively 
when  the  rays  emerge  out  of  the  drops  after  tliree, 
four,  or  more  reflections.  Such  was  the  general 
theory.     In  1700,  Dr.  Halley  proposed  to  determine 


the  colours  and  diameter  of  the  raiabow  from  the  giyen  ] 
ratio  of  refraction ;  and  the  contrary.  He  demonstrates  Vi^ 
that  in  all  the  bows  there  is  this  general  rule,  that  the 
excess  of  fooF,  or  five,  or  more  refracted  angles  (the 
number  of  reflections  increased  by  unit)  above  one 
angle  of  incidence,  must  be  a  maximum.  That  maxi- 
mum being  doubled,  ifi  always  the  distance  of  the  iris 
from  the  point  opposite  to  the  sun«  when  the  number 
of  reflections  is  odd.  But,  if  that  number  be  even,  the 
double  of  the  said  maximum  angle  is  the  distance  of 
the  iris  from  the  sun  itself.  Hence,  by  elee^nt  con- 
structions and  theorems,  he  shows  how  to  determine 
the  dimensions  of  the  successive  rainbows  in  any  liquid 
whose  refraction  is  known ;  and,  conversely,  knowing 
the  andes  under  which  colours,  by  refraction  from 
liquid  drops,  are  exhibited,  he  shows  how  to  determine 
the  refraction  of  the  liquid  employed  in  the  experiment. 
Admitting  the  ratio  of  Descartes,  Halley  shows  that 
the  primary  rainbow  is  distant  from  the  point  that  is 
opposite  to  the  sun  41°  30',  the  secondary  rainbow 
55^  55' ;  aud  that  the  third  and  the  fourth  (if  they  can 
be  seen  at  all)  will  appear  at  40"^  20'  and  45°  30'  respect- 
ively, from  the  sun  itself.  More  compact  and  perspi- 
cuous elucidations  of  the  nature  and  cause  of  the  rain- 
bow, have  been  given  by  different  writers  since  the 
time  of  Halley ;  but  we  recollect  none  which  contain 
more  curious  or  useful  results. 

Among  the  different  topics  of  optical  research,  one  Vi 
of  the  most  diflicuit,  as  well  as  most  interesting,  re- 
lates to  the  nature  of  vision  itself.  Ever  since  the  lime 
of  Baptista  Porta,  the  eye  has  been  justly  considered 
as  a  natural  optical  instrument,  or  camera  obscura^ 
in  which  pictures  of  the  external  objects  are  pourtrayed 
upon  the  retina,  by  rays  introduced  through  the  aper* 
ture  of  the  pupil.  This  is  beautifully  demoustrated  bj 
the  famous  discovery  of  Scheiner.  If  we  take  the  eye  Sc 
of  an  ox,  recently  killed,  and  strip  the  scltrotic  coat  ex 
with  the  choroides  from  its  posterior  portion,  carefully 
preserving  the  retina  as  it  lies  upon  the  vitreous  ha« 
mour,  and  place  the  eye  in  a  suitable  aperture  in  the 
window  shutter  of  a  darkened  chamber,  with  the  comer 
outwards,  a  transparent  miniature  painting  of  the  ex- 
ternal landscape,  in  all  its  variety  of  figures  and 
colours,  will  be  exhibited  upon  the  retiua.  Such  was 
Scheiner's  experiment ;  in  which,  however,  the  whole 
scene  appeai-s  completely  inverted. 

This  inverted  appearance  of  the  picture  on  the  re-  in 
tina,  though  evidenlly  agreeable  to  the  general  laws  of  ni 
Optics,  involves  an  important  question :  How  comes 
it  to  pass,  since  they  appear  inicriedli/  upon  the  retina 
of  another  eye,  that  every  person  perceives  the  objects 
of  vision  that  are  in  his  own  eye,  in  a  different,  or  cred 
position  ?  This  question,  and  others,  in  reference  to 
the  apparent  place  of  the  object,  the  limits  of  distinct 
and  indistinct  vision,  &c.  have  much  exercised  the 
talents  of  mathematicians,  physiologists,  and  meta- 
physicians. But  after  all  the  attention  which  has  been 
paid  to  them  by  Kepler,  Descartes,  Barrow,  Berkeley, 
Picard,  Le  Cat"^  Mariotte,  Pecquet,  Reid,  PorU-rfield, 
Jurin,  Robins,  Young,  Hosack,  Horn,  and  others, 
there  atill  remain  doubts  as  to  the  most  usual  explica- 
tions. This,  however,  is  not  the  place  to  detail  them: 
the  theories  and  their  defects  will  be  shown  in  our 
treatise. 

Newton,  in  attempting  to  explain  the  reflection  of 
light,  remarks,  that  many  of  the  rays  which  impinge 
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Optics.  Here  the  first  refleotion  under  the  angle  3^  35',  was 
nearly  as  vivid  as  from  mercury  itself.  It  is  thus  with 
all  plane  bodies  whatever.  They  are  all  very  good 
reflectors,  when  the  incident  rays  make  very  small 
angles  with  their  surface;  but  their  reflecting  force 
becomes  rapidly  weakened  as  the  incidence  of  the 
rays  becomes  elevated,  and  approaches  the  perpendi- 
cular. In  this,  they  evidently  differ  from  bodies  which 
have  a  strong  reflecting  force ;  for,  in  them,  the  inten- 
sity of  the  reflected  light  experiences  only  slight  vari- 
ations under  different  incidences.  On  mercury,  for 
example,  and  on  the  reflectors  of  telescopes,  the  total 
extent  of  this  variation  between  0^  and  90°  of  incidence, 
does  not  exceed  J  or  ^.  For  the  incidence  of  21°  counted 
from  the  surface,  mercury  will  reflect  about  G37  rays 
out  of  1,000 :  in  the  reflection  of  all  other  angles,  the 
reflected  rays  vary  between  700  and  600.  This 
metal,  therefore,  although  it  be  probably  the  best  re- 
flector of  all  bodies,  extinguishes  in  its  substance, 
according  to  Bouguer,  more  than  a  quarter  of  the  light 
which  strikes  it;  and  the  corresponding  absorption  is 
much  greater  with  regard  to  those  bodies,  which  are 
not  so  good  reflectors  as  mercury. 

Bouguer  also  made  researches  into  the  comparative 
intensities  of  light  reflected  by  the  moon  and  planets, 
with  respect  to  each  other,  or  with  regard  to  its  own 
light  at  different  elevations  above  the  horizon.  His 
estimates  in  this  respect  have  been  much  corrected  by 
Professor  Leslie,  and  other  philosphers. 

Many  years  after  the  time  of  Bouguer,  Count  Rum- 
ford  devoted  much  time  and  ingenuity  to  tlie  subject 
of  the  comparative  intensities  of  light,  and  the  best 
means  of  ascertaining  them  experimentally.  His  prin- 
cipal apparatus  is  described  in  the  eighty-fourth  volume 
of  the  Philosophical  Transactions,  under  the  name  of 
Photometer.  The  first  object,  in  his  experiments,  was 
to  determine  the  certainty  of  the  assumed  law  of  varia- 
tion of  intensity;  namely,  the  inverse  ratio  of  the 
squares  of  the  distances.  This  he  found  to  obtain. 
Then  he  ascertained  that  the  air  did  not  resist  light : 
after  which  he  investigated  the  loss  of  light  in  its 
passage  through  plates  or  panes  of  different  glass ; 
the  loss  of  light  in  its  reflection  from  the  surface  of  a 
plane  glass  mirror  ;  the  relative  quantities  of  bees- 
wax, tallow,  olive  oil,  rape  oil,  and  linseed  oil,  con- 
sumed in  the  production  of  light ;  the  relative  quan- 
tities of  oil  consumed,  and  of  light  emitted,  by  lamps 
of  different  kinds  ;  the  fluctuations  of  the  light  emitted 
by  candles,  and  the  transparency  of  flame.  Several  of 
his  results  are  very  curious  ;  but  they  are  not  suscepti- 
ble of  the  kind  of  abridgment  which  will  render  them 
admissible  into  this  history. 

One  of  the  principal  defects  of  refracting  telescopes 
has  been  long  known  to  be  that  which  arises  from  the 
aberration  of  refrangibility ;  in  consequence  of  which 
the  images  of  objects,  as  seen  throut^h  these  instru- 
ments, appear  tinged  with  colours  which  do  not  apper- 
tain to  the  objects  themselves.  This  defect  has  been 
in  a  great  measure  removed,  by  the  invention  of 
achromatic  telescopes;  an  invention,  the  honour  of 
which  has  been  ascribed  to  difterent  individuals  of  dif- 
ferent nations.  The  truth,  we  are  persuaded,  is,  that 
this  kind  of  telescopes  was  invented  by  Mr.  Chester 
A.  D.  More  Hall  (a  private  gentleman  of  Essex),  in  the 
1729.  7^^^  1729.  After  maturely  deliberating  upon  the 
nature  of  the  different  humours  of  the  eye,  he  con- 
cluded that  they  W6re  endowed  with  such    proper- 
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ties,  and  so  placed  as  to  eorrcct  the  difFeFent  refirangU 
bility  of  light.  He  then  conceived,  that  if  he  could  \fl 
find  substances  which  had  such  properties  at  he  sap- 
posed  those  humours  to  possess,  he  should  be  enabled 
to  construct  an  object-glass  that  would  exhibit  objects 
colourless.  After  many  experiments,  he  had  the  good 
fortune  to  find  those  properties  in  two  difierent  kinds 
of  glass,  which,  by  dispersing  the  rays  of  light  in  dif- 
ferent directions,  effected  the  achromatism.  About 
1733,  he  completed  several  achromatic  object-glasses^ 
which  bore  an  aperture  of  2^  inches,  though  the  focal 
length  did  not  exceed  20.  Some  of  these  oliject- 
glasses  are  still  in  existence;  and  achromatic  tele- 
scopes, of  Mr.  Halfs  construction,  are  well  known  to 
have  been  on  sale  in  the  year  1754. 

In  the  year  1747,  the  celebrated  I^eonard  Euler^  by  I* 
whose  labours  many  departments  of  mathematics  and  *^ 
natural  philosophy  have  been  considerably  enricbedy  *" 
published,  in  the  Berlin  Memoirs,  a  short  paper,  io 
which  he  deduced,   from  a  fanciful  optical  principle 
which  he  had  devised,  the  composition  of  a  lens  formed 
according  to  certain  proportions  with  glass  and  water, 
which  should  entirely  remove  all  extraneous  colours, 
whether  occasioned  by  the  unequal  refraction  of  the 
several'  rays,  or  by  spherical  aberration.     John  Doi-  j, 
lond,  who  did  not  see  Euler's  paper  till  the  beginning 
of  1 752,  called  in  question  the  truth  of  Euler's  theorem, 
and  assigned  his  reasons  in  a  letter  addressed  to  Mr. 
James  Short,  and  published  in  the  48th  volume  of  the 
Philosophical  Transactions.      Euler  immediately  re- 
plied to  the  animadversions  of  the  English  artist;  and 
the  dispute  soon  excited  the  attention  of  other  philoso* 
phers.     Klingenstierna,  a  Swedish  geometer  of  some 
eminence,  sent  to  Dollond,  in  1754,  some  investtga* 
tions,  tending  to  show  that  the  Newtonian  principle  to 
which  Dollond  had  appealed,  was,  in  some  extreme 
cases,  incompatible  with  the  phenomena,  and  therefore 
ought  not  to  be  received  as  an  undoubted  law  of  na« 
ture.     This  stimulated  Dollond  to  recur  to  the  test  of 
experiment ;  and,  after  a  series  of  researches  of  this 
kind,    conducted  under  several   interruptions,    he  at    ^ 
length  discovered  as  well  the  cause  of  the   mistake    ^ 
which  had  been  imputed  to  Newton,  as  the  means  of  ^^ 
correcting  in  a  very  high  degree  the  defect  in  telescopes  ^ 
of  the  dissipation  of  the  rays  that  arises  from  tbeir^, 
unequal  refrangibility.     He  combined  together,  so  t^^ 
to  appear  but  one,  two  lenses,  one  of  flint  glass,  th^^ 
other  of  crown  glass,  which  have  different  refractive  ^ 
and  dispersive  powers,  and  which,  by  means  of 
combination,  are  made  to  correct  each  other's  effects 
and  he  found  that,  by  rightly  proportioning  the 
spiring  and  counteracting  curvatures,  it  was  possibl 
to  remove  almost  entirely  the  errors  that  arise  faw       ^ 
spherical  aberration.     **  Notwithstanding  (says  he,  i    -3k 
concluding  his  paper  to  which  the  Royal  Society  vote-^ad 
the  Copleian  medal)  so  many  difficulties   as  I  hav^    € 
enumerated,  I  have,  after  numerous  trials,  and  a  rgg^- 
solute  perseverance,  brought  the  matter  at  last  to  sad^^ 
an  issue,  that  1  can  construct  refracting  telescope^^^ 
with  such  apertures  and  magnifying  powers,    ande — Si 
Kmited  lengths,  as,  in  the  opinion  of  the  best  and  vn^^^ 
deniable  judges,    who   have    experienced   them,    fa'-^ 
exceed  any  thing  that  has  been  produced,  as  repre-"^ 
senting  objects  with  great  distinctness,  and  in  mei*-^ 
true  colours."  _^^_ 

Many  investigations  of  mathematicians  contritmted^^ 
to  the  perfection  of  this  mvention.   Euler,  Bevis,  dair*--^ 
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Optica,     of  the  substance  in  which  the  property  is  destroyed, 
'^u^^0'  Dr.  Brewster  called  the  depolarizing  axis ;  and  the  tods 
in  which  it  is  not  altered,  the  neutral  axis. 

8.  Mica  and  topaz,  while  they  possess,  in  common 
with  other  bodies,  the  neutral  and  depolarizing  axes, 
have  also  axes  of  a  different  kind.  Each  depolarizing 
axis  of  the  mica  is  accompanied  with  an  oblique  neutral 
axisy  while  the  neutral  axis  between  Uie  two  common 
depolarizing  axes,  has  an  oblique  depolatizing  axis. 

9.  When  the  images  of  a  luminous  object  are  depo- 
larized by  the  mica,  they  exhibit,  by  a  gentle  inclina- 
tion of  the  plate*,  very  singular  alternations  of  the 
prismatic  colours.  The  same  colours  were  observed  in 
the  topaz ;  and  in  a  more  (krfect  manner  in  a  rhomboid 
of  iceland  spar,  which  exhibited  some  new  phenomena. 

'^lO.  light  suffers  a  peculiar  modification  when  reflected 
from  the  oxidated  surface  of  polished  steel,  from  which 
it  was  inferred  that  the  oxide  is  a  thin  transparent  film. 

11.  Light  is  partially  polarized  when  it  is  reflected 
from  polished  metallic  surfaces. 

12.  The  light  that  is  reflected  from  the  clouds,  the 
blue  light  of  the  sky,  and  the  light  which  forms  the 
rainbow,  are  all  polarized. 

1 3.  From  a  variety  of  experiments,  it  appears,  that 
bodies  exert  a  different  action  upon  the  different  co- 
loured rays ;  oil  of  cassia,  for  example,  having  the 
least,  and  sulphuric  acid  the  greatest,  action  upon 
green  light. 

14.  The  existence  of  a  third,  or  of  a  teriiart/  spcctruniy 
has  been  established  by  numerous  experiments  ;  antl 
Br.  Brewster  has  shown  how  to  employ  tlus  spectrum 
as  a  measure  of  the  action,  which  different  bodies  ex- 
ercise upon  the  different  coloured  rays. 

TJiese  discoveries  of  Dr.  Brewster,  were  made  during 
a  time  of  suspended  intercourse  between  Great  Britain 
and  the  continent.  Soon  afterwards,  however,  he 
learnt  from  the  abridged  account  of  the  labours  of  the 
French  Institute,  for  1812,  and  from  some  other 
notices,  that  M.  Arago  had  discovered  the  depolari- 
zation of  light  by  transparent  bodies ;  that  M alus  had 
ascertained  before  his  death,  that  light  was  polarized 
by  reflection  from  metallic  surfaces ;  and  that  M.  Biot 
had  discovered  the  law  which  generalizes  many  of 
these  and  other  facts. 

Brewster,  Biot.  and  Dr.  Seebeck,  have  with  much 
skill  and  assiduity  continued  their  researches,  inde- 
pendently of  each  other,  in  tliis-  new  and  inviting 
region  of  inquiry.  The  results  at  which  they  have 
arrived,  approxiniatc  more  and  more  to  a  systematic 
shape  ;  and  we  hope  that,  by  the  time  we  arrive  at  the 
physical  doctrine  of  light  and  colours  in  this  general 
arrangement,  we  shall  be  able  to  present  an  accurate 
view  of  the  curious  facts  thus  developed,  and  of  the 
theory  which  will  best  serve  to  connect  them  together. 

Having  thus  brought  do^wn  our  history  to  the  present 
period,  it  remains  for  us  to  remark,  that,  interesting 
as  is  this  branch  of  science,  there  is  scarcely  a  single 
treatise  which  the  reader  can  consult,  from  which  he 
will  obtain  a  perspicuous  and  comprehensive  view  of 
Trefttises.  ^®  present  state  of  Optics.  Among  the  works  which 
may  always  be  consulted  with  advantage,  as  exhibiting 
perspicuous  representations  of  the  science  at  the  age 
in  which  they  were  written,  are  Barrow,  I^ctiones 
Opticee,  London,  1669 ;  Jac.  Gregory,  Optica  Promota, 
London,  1663;  GrimaIdi,Physico-Mathesis  de  Lumine, 
Coloribus,  et  Iride,  Bononia,  1665;   and,  still  more 


beneficially,  Newton's  Optics  and  I^ecikmet  Optict»  j] 
1704.  The  performaRoes  of  David  Gregory^  Emerson,  \^ 
and  Martin,  cannot  now  be  regarded  as  of  much  im- 
portance ;  and  a  much  more  recent  work,  that  of  Dr. 
Wood,  though  neat  and  perspicuous  as  far  as  it  goes, 
is  too  concise  and  incomplete  to  be  intrinsically  so 
valuable  as  some  other  treatises  by  that  author.  The 
two  quarto  volumes  published  at  Cambridge,  by  Dr. 
Smith,  convey  much  useful  information,  but  not  in  a 
manner  that  can  be  commended  for  its  perspicuity  and 
order.  Both  that  work,  and  its  abridgment  by  Dr. 
Hipling,  are  now,  we  believe,  out  of  print  Bouguer  s 
Treatise  on  the  Gradation  of  LiglU,  already  mentioned 
in  tliis  history,  contains  many  curious  and  valuable  ex- 
periments and  deductions.  But,  probably,  the  best 
view  of  the  modern  state  of  Optics,  though  defective  in 
arrangement,  is  that  given  in  the  third  and  fourth 
volumes  of  M.  Biot  s  Traite  de  Physique. 

We  shall  now  proceed  to  exhibit,  as  succinctly  as  is 
consistent  with  perspecuity  and  utility,  the  mathemati- 
cal principles  of  this  science,  referring  the  physical  facts 
and  several  deductions  from  them,  to  our  subsequent 
disquisitions  on  light  and  colours,  and  simply  intro- 
ducing in  this  treatise  so  many  of  those  facts  as  serve  for 
the  basis  of  the  correct  and  received  theory  of  Optics. 


PART  I. 

SIMPLE  OPTICS. 

§  I.    Fundamental  facts, 

1.  Preliminary  definitions. — A  space  which  light  tn^i:^ 
verses,  is  denominated  a  medium,  2.  If  that  space  be  t^ 
eitlier  absolutely  void,  or  filled  with  matter  of  such  a 
nature  as  opposes  no  obstacle  to  the  motion  of  light,  it  ^ 
is  called  Bifrce  medium.  3.  If  the  space  be  occupied  by*  ^ 
some  matter  which,  though  it  suffer  light  to  pass,  inler-  ^ 
poses  some  principle  which  modifies  its  motion,  and  ^ 
lets  it  proceed  with  a  facility  varied  by  that  principle,  ^ 
we  call  it  a  diaphanous ,  or  transparent  medium,  4.  If  the  ^3 
interposed  matter  be  throughout  the  same,  it  is  called  a-oB 
homogeneous  medium:  if  the  parts  of  the  interposedJEa 
matter  differ  in  their  nature,  the  medium  is  then  caliedEa 
heterogeneous. 

Here  we  assume  the  motion  of  light :  it  will  not  lone^ 
remain  a  subject  of  mere  assumption. 

5.  The  principles  which  serve  for  the  foundation  a>«3 
optical  science,  must  be  drawn  from  experience.  Thc^.^ 
are  facts  which  every  one  may  realize :  we  may  deduc*-^^ 
them  all  from  an  examination  of  the  circumstances  r:  i 
the  following  experiment : 

Let  a  chamber,  or  other  apartment,  be  closed  on  a  I 
sides,  so  that  the  light  shall  nowhere  enter,  except  ^^mi 
one  very  small  aperture.  Then,  if  the  day  be  clea^^, 
there  will  appear  on  the  opposite  wall  of  this  apartme 
(if  it  be  smooth  and  white),  images  or  pictures  of  i 
the  objects  that  are  conveniently  posited  without, 
depicted  in  its  proper  colour ;  that  colour,  however,  1 
brilliant  in  the  picture  than  in  the  object.  The  pictur^gg^ 
of  fixed  or  stationary  objects,  as  of  houses,  tr^s,  &c 
will  appear  unmoveable;  while  those  of  objects 
motion  as  of  men,  horses,  oxen,  &c.  will  appear  to  I 
in  motion.  The  whole  will  appear  inverted;  and  T 
for  a  reason  which  will  be  explained  when  we  treat  ( 
Dioptrics.     If  the  sun  shine  through  the  aperture,  ir> 
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Thus,  s apposing  rays  of  liglU  to  emanate  from  a  ra- 
diant pomtP  (fi^.2.  PI.  I.  Optics),  and  we  for  sim- 
plicity confine  our  attention  to  the  coqc  of  rays  PR  '/-^ 
lying  in  one  general  direction.  The  same  number  of  rays 
which  at  the  distance  PC  fall  upon  the  circle  R/\  will,  at 
thedistanee  VC  be  diffused  over  the  larger  circle  W  r\ 
and  at  the  distance  PC  over  the  atiU  larger  circle  R"  A 
The  intensities  of  light,  therefore,  as  intercepted  at 
those  respective  circles,  will  be  inversely  as  the  areas 
of  those  circles,  that  is,  by  the  principles  of  geometry, 
inversely  as  the  squares  of  the  radii  CR,  CtV,  CR"; 
that  is,  fnrther,  by  similar  triangles  (FCR,  PC'R', 
PC'H*'),  inversely  as  the  squares  of  the  respective  dis- 
tances PC^  PC,  PC^  The  same  reasoning  may,  evi- 
dently, be  extended  to  pyramids  of  rays  of  any  bases 
whatever, 

VS.  This  law  of  the  intensity  of  light  varying  in- 
versely as  tlie  squares  of  the  distances  from  the  lu- 
minous body,  is  that  which  was  employed  by  Bougiier 
in  the  experiments  (of  which  we  made  brief  mention  in 
the  preceding  hislory)  for  determining  the  intensities  of 
different  lights* 

Clairaut,  and  many  others,  have  also  employed  this 
law  in  solving  the  problem  which  recpiires  ihe  thttrmi- 
nation^  %n  a  ri^ht  itftc  n7/iVA  Johix  two  lights  of  dtfftrcnt 
inhnstties^  of  the  patttt  of  tfiuat  mttnaity,  A  more  ge- 
neral problem,  of  easy  solution,  upon  the  same  prin- 
ciples, is  the  following: 

PuoBLr.M. — Having  given  the  position  of  two  lights 
of  known  intcnsittcSj  to  determine  the  nature  and  equa- 
tion of  the  surface,  of  which  every  point  shall  be 
ecpially  iUiiminated  by  the  two  lights. 

Let  A  ti ud  TJ  (fig-  3)  be  the  two  points  at  which  the 
lights  are  placed.  Assume  for  the  axis  of  the  ordinales 
denoted  by  r  the  line  AB  whicli  joins  those  points,  and 
one  of  those  points  for  the  origin.  Let  a  zz  AB,  be  the 
absciss  of  the  other  point,  and  let  m  and  n  be  the  in- 
tensitiesof  the  two  lights  at  any  assumed  unit  of  distance. 
For  a  point  in  space  of  which  the  rectangular  co-ordinates 
are  i*,  v,  and  i,  tlie  intensity  of  the  light  proceeding 
from  the  first   luminous  point  will  be  expressed  by 

,  while  that  of  the  light  from  the  second 


makin^r  J"  =  x'  — 


n  —  m 

a  n  m 


,  it  becomes 


*r^  H-  y  -h  I*  r: 
Tlie  surface  required  is,  therefore,  a  sphere  of  which 
the  radius  = s/  "» '^  ^^^  whose  centre  has  for 


i 


4^  +  y  +  '• 

luminous  point  will  be  expressed  by — — * 

'  ("  —  0  +  !f  -^  ^ 

Consequently,  for  a  point  of  the  surface  sought,  we 
shall  have  the  equatioti 

jr»  4-  y  +  2*    ^    («  ^  xf  +  y  -f  2»  " 
Reducing  this  equation  to  its  simplest  expression^  and 
m  a 


an  absciss  the  quantitv —  • 

Urn  ^2  fly  then  the  centre  has  for  its  absciss  2  a,  and 
the  radius  :^  a  v^  2  :  describing  from  B,  as  a  centre,  the 
circumference  ADE,  and  from  E,  as  a  centre,  a  sphere 
passing  through  D  (BD  being  perpendicular  to  AE)  this 
::tphere  will  be  the  surface  sought. 


In  the  case  where  w  ^  «  the  radius  is  infinite,  and 
so,  likewise,  is  the  abscissa  from  the  centre :  thus  is 
indicated,  instead  of  a  sphere,  a  plane  at  a  finite  dis-* 
tance.     Indeed »  if  we  make  wi  ^:  «  in  the  first  equa 
tion  above,  we  shall  have  x  ^i^a.     Consequently, 
required  surface  in  this  particular  case,    becomes 
plane  perpendicular  to  the  middle  of  the  right   Uti 
AB  ;  as  is,  otherwise,  sufficiently  evident,  * 

14.  Remark. — Though  the  /b/T<*  of  light  decreases  as  Bif 
rapidly  as  we  have  seen,  in  passing  from  its  origin,  yet  f**^* 
the  brightness  of  the  same  luminous  body,  seen  at  any  |^ 
distance  whatever,  through  a  perfectly  free  medium,  con 
and  with  the  same  opening  of  the  pupil,  is  constant. 

For  the  brightness  is  the  same,  when  the  same  quan- 
tity of  light  falls  upon  the  same  portion  of  the  retina 
of  the  eye  (as  will  be  seen  when  we  treat  of  vision); 
that  is,  when  the  density  of  light  upon  the  retina  is  the 
same.  But  the  density  of  light  falling  on  the  pupil,  is 
reciprocally  as  the  square  of  the  distance ;  and  the 
jipparent  magnitude  of  the  object  is  {from  the  prin- 
ciples of  geometry)  reciprocally  as  the  square  of  the 
distance.  Therefore,  the  quantity  of  light  on  the  pupil 
is  as  the  apparent  magnitude  of  the  object;  that  is,  as 
the  space  tnkeu  up  on  the  retina.  Consequently,  the 
quantity  of  light  being  as  the  space  taken  up,  the 
bright fuss  is  given,  or  constant 

15.  It  is  true,  however,  in  our  actual  experience* 
that  the  same  objects  appear  so  much  the  less  bright 
as  they  are  more  remote  (arterk  parihts),  and  that  at 
length  they  cease  to  be  visible.  But  this  obscurity 
arises  from  the  circumstance  of  their  jnassing  through 
the  air,  which  is  a  medium  sufficiently  aense,  especiaHy 
near  the  surface  of  the  earth,  and  which,  of  consequence, 
dissipates  a  prodigious  quantity  of  the  rays,  in  the  ia-  < 
terval  between  a  remote  object  and  our  eyes. 

IG.  Prop.  111. — The  e&ct  of  a  uniformly  dense 
diaphanous  medium,  is  to  produce  a  diminution  in  a 
geometrical  progression  of  the  intensity  of  light  propa- 
gated by  any  ray^s  whatever. 

Imagine  that  the  uniform  density  of  a  medium,  for 
example,  a  piece  of  glass,  consists  in  this,  that  each  of 
the  numerous  small  solid  portions  of  glass  which  stop« 

the  light  in  its  passage,  is  the  — th  part  of  the  volume 

of  the  glass.  Imagine  also,  that  the  thickness  of  this 
glass  is  divided  into  laminse,  eadi  equal  in  thickness  to 
the  diameter  of  one  of  these  solid  parts,  which  we  sup- 
pose to  be  respectively  equal.  It  is  evident,  that  if  a 
bundle  of  rays  of  hght,  however  disposed,  and  regarded 

I 
as  unity,  fall  upon  this  glass,   the  — th  part  of  these 

rays  will  be  stopped  in  passing  the  first  lamina;  so 

that  there  will  issue  onlv  1  ^ ,  or  — — .   And,  since 

ii  n 

the  second  lamina  is  homogeneous,  and  equal  to  thft    " 
former^  it  will  stop  in  like  manner  the  — th  part  of  the 

^       ,      ,      I     ^/i-  I         «—  1 

ravs  which  arrive  at  it ;  that  is,  —  of ,  or  — * 

There  will,  therefore,  issue  from  the  second  lamina, 
„  «  1       ri-\  _n'~  2yi-^  I  _  {n -^  if 


portion 


/( 


n  n 
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l^^die  manner  it  may  be  fthown,  that  there  will  issue 

faom  the  third  lamina,  the  portion —  ;  from  the: 

(n  ^  ly 


foorth,  the  portion 


and  so  on.     This  is  evi- 


dently a  geometrical  progression. 

b  St     R^^o^^' — This  law  of  the  density  of  light,  in  a  dia- 
ri^^  nhanous  medium,  is  tlic  origin  of  the  hci grade  of  father 
Fjranqois- Marie,  an  instrument  composed  of  plates  of 
g^Iass. 

He  observes  the  light  through  these  plates  ;  and, 
adding  plate  after  plate  till  the  light  can  no  longer  be 
cb'jscinguishcd,  determine  the  ratio  of  the  intensities 
frod  the  number  of  equally  thick  plates. 

;Now,  let  m  be  the  number  of  plates  of  glass  neces- 
sary to  intercept  the  whole  of  that  light,  whose  intensity 
is  denoted  by  I,  and  n  the  number  of  such  plates  ne- 
cesjsary  totally  to  intercept  the  other  light  of  intensity  K. 

Le^    -^  be  the  portion  of  light  intercepted  by  each 

pla.'tc.    The  portion  of  light  which  will  arrive  at  the 

eye,  after  having  traversed  m  plates,  will  be  I  {- j   , 

and  that  of  the  light  K  which  will  arrive  at  the  eye,  after 

phasing  through  n  plates,  will  be  K  (- j  .   Making 

=1  ky  the  light  which  will  arrive  at  the  eye,  after 

^*ving  passed  through  m  and  n  plates  respectively,  will 
be  I  A*  and  KA:'.  But  as,  in  each  case,  the  intensity 
thus  reduced  is  the  limit  of  visible  light,  we  may  sup- 

Cse  it  equal  to  a  constant  quantity  A-.     Thus  we  shall 
▼€  I  A:"  =  K  A*  1=  a.     Consequently, 

^=p-»andK=|^; 

«ttd  the  ratio  of  the  intensities  I  :  K  ::  it"  :  ^•. 

17.  Prop.  IV. — In  a  diaphanous  medium  of  uni- 
fe*wi  density,  the  intensity  of  light  which  diverges  from 
ft  luminous  point  taken  in  that  medium,  will  decrease 

^        :,.  ,.  .      «  — 1      (**—!)•       (^—  1)' 

*^oordmg  to  the  series  ^        \  / 

(j,^ — ly     (w--iy 
^Sji*    '      25  «*   ' 


P— -1 


'       An'     '  9/1*     ' 

&c.  in  which  n  expresses  the  por- 

?>xi  of  rays  of  light  stopped  by  the  medium  at  each 
"iit^rval  of  distance  from  the  luminous  point. 

^  ^or,  at  the  end  of  each  successive  interval  of 
^'^tancCjby  reason  of  the  divergence  (art.  13),  the  in- 
|^*^^ity  is  as  the  corresponding  fraction  in  the  series 
-^  -^,  ^,  1^,  ^,  &c.  and,  by  reason  of  the  uniform 
isity  of  the  medium,  it  is  (art.  16)  as  the  corre- 


^'•^•Tiauig  terms  of  the  series  ,   r-^,  i — r— ^ , 


,  &c.    The  fractions  in  these  respective  series 

led,  term  by  term,  give  those  in  the  proposition* 
a^    18.  If,  for  example,  it  is  gathered  from  experiment 
Jl^^M,  at  403  yards   distance,  light  loses  -^^^  -of  its 
^^Sn,  at  the  mean  density  of  the  air  near  the  earth's 
^^^^*ce,  it  will  follow  that  the  intensity  of  the  light  by. 


Simple 
Optics. 


which  we  see  an  object  at  a  quarter  of  a  mile  distance, 
is  to  that  by  which  we  see  it  at  the  distance  of  a  mile, 
as  T? 8X8 888b  ^o  i%>  or,  very  nearly,  as  33  to  2.        ^^^^'-w/ 

19.  Remark  I.     As  the  light  which  comes    to    usUghtlostin 
from  the  heavenly  bodies  passes  through  the  atmo-  traversing 
sphere  which   surrounds   the  earth  on  all  sides,  the**^^*^**" 
quantity  of  light    stopped  and    absorbed  by  it  will 

vary  with  the  portion,  greater  or  less,  which  it  has  to 
pass  through.  Let  ABC  (fig.  4)  be  a  portion  of  the  Fig.  4. 
circumference  of  the  earth,  ahc  o.  concentric  arc  to 
represent  the  limit  (as  to  sensible  effects)  of  the  atmos- 
phere. Let  DB  be  a  ray  of  light  which  comes  from 
the  zenith,  vertically,  to  an  observer  at  B,  EB  a  ray 
which  comes  obliquely,  and  FB  another  which  comes 
horizontally.  It  is  evident  that  the  vertical  ray  DB 
has  only  the  shortest  distance,  b  B,  of  the  atmosphere 
to  pass  through,  while  the  oblique  ray,  EB,  has  to 
pass  over  a  larger  portion,  GB,  and  the  horizontal  ray 
FB,  a  still  larger  portion,  HB.  From  which  it  is 
manifest,  without  entering  prematurely  into  the  con- 
sideration of  the  effect  of  air  of  different  densities,  or 
of  the  refraction  of  the  rays  in  passing  through  the 
atmosphere,  that  light  in  the  direction  EB  will  be  more 
weakened  in  its  progress  through  the  atmosphere,  than 
light  in  the  direction  DB ;  and  light  in  the  direction  FB 
still  more  so. 

20.  Bouguer,  to  whose  researches  we  have  more  than  Bongocr's 
once  adverted,  made  several  experiments  in  reference  c^p**'*- 
to  this  very  point.     Of  10,000  rays,  which  he  supposes  ™®"*^ 
to  come  from  a  star,  he  finds,  that  when  the  star  is 
vertical,  8,123  rays  will  reach  the  eye  ;  at  an  elevation 

of  80  degrees,  8,098  rays;  and  at  elevations  of  70,  60, 
60,  40,  30,  20,  10,  5,  3,  and  1  degrees,  the  respective 
numbers  of  rays  that  reach  the  eye,  are  8,016,  7,866, 
7,624,  7,237,  6,613,  5,474,  3,149,  1,201,  454,  and  7. 
This  happens  when  the  air  is  clear  and  free  firom  dew 
or  fog. 

Hence  we  see  why  the  sun  and  moon  appear  with 
greater  faintness  when  near  the  horizon,  than  when  at 
higher  elevations.  They  also  appear  larger;  but  the 
reason  of  that  phenomenon  is  not  yet  to  be  assigned. 

21.  Remark  II.  Though  the  light  of  luminous  bodies 
which  shine  in  the  dark,  as  lamps,  torches,  &c.  suffers 
a  continual  diminution  by  the  extinguishing  operation 
of  the  medium  the  farther  it  goes ;  yet,  since  they  emit 
(art.  10)  considerably  more  particles  than  are  requisite 
for  distinct  and  continuous  vision,  they  are,  notwith- 
standing the  extinction  of  many  rays,  seen  with  com- 
parative brightness  at  very  great  distances. 

22.  Remark  III.  A  property  of  light  to  which  we  have  Velocity  of^ 
already  alluded,   viz.  its  rapid  propagation,  is  made  ^ig^^ 
known  to  us  by  the  observations  of  astronomers.      It  ^'^^^ 
was  by  observations  on  the  satellites  of  Jupiter  that  the  i^nd!^ 
actual  velocity  of  light  was  appreciated.     Roemer  first 
noticed  this,  and  Pound  confirmed  it.     It  has  since  been 

found  by  repeated  experiments,  that  when  the  earth  is 
exactly  between  Jupiter  and  the  sun,  the  satellites  of 
that  planet  appear  eclipsed  about  8^  minutes  sooner 
than  they  should,  according  to  astronomical  tables;  and, 
on  the  contrary,  that  when  the  earth  is  in  the  opposite 
point  of  its  orbit,  those  eclipses  occur  about  8^  minutes 
later  than  the  tables  alone  would  have  led  us  to  expect 
them.  Thus  it  appears,  that  light  occupies  about  1 6^ 
minutes  in  passing  over  a  space  equal  to  the  diameter 
of  the  earth's  orbit,  that  is,  in  passing  over  about  190 
millons  of  miles.    This  gives  us  the  astonishing  velocity 
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of  200,000  miles  per  second  I  How  exceedingly  minute 
must  die  corpuscles  be,  that  their  impression  upon  the 
eye,  and  even  upon  substances  generally,  should  not  be, 
in  all  cases,  injurious,  and  even  dangerous ! 

23.  Prop.  V. — If  rays  of  light,  emanating  from  a 
poittty  pass  through  an  orifice  into  a  darkened  apartment, 
and  arc  received  on  a  plane,  parallel  to  that  of  the  ori- 
fice, they  will  form  on  that  plane  a  figure  similar  to  that 
of  the  orifice,  and  so  much  the  greater  as  it  is  more 
remote  from  the  orHice. 

For,  in  the  case  of  this  proposition,  the  luminous  point 
is  the  vertex  of  a  pyramid  of  light,  the  faces  of  which 
are  determined  by  those  rays  which  pass  by  the  margin 
and  the  sides  of  the  aperture :  and  tne  plane  on  which 
the  rays  are  received,  being,  by  supposition,  parallel  to 
that  of  the  orifice,  the  luminous  image,  and  the  section 
of  the  said  orifice,  are  analogous  to  parallel  sections  of 
a  pyramid,  which,  from  the  principles  of  geometry,  are 
known  to  be  similar ;  and  that  most  distant  from  the 
vertex  of  proportionally  larger  dimensions. 

24.  If  the  plane  on  which  the  rays  are  received,  be 
posited  obliquely  to  that  of  the  orifice,  the  luminous 
figure  upon  it  will  still  have  as  many  sides  as  the  orifice, 
but  the  figures  will  not  be  similar.  If  the  orifice  be  cir- 
cular, the  figure  received  upon  the  oblique  plane  will 
be  that  of  a  conic  section. 

25.  It  is,  further,  evident  that  the  luminous  figure  is 
nothing  else  than  a  compact  group  of  images  of  the 
luminous  point. 

26.  Prop.  VI. — When  the  light  that  comes  from  the 
sun,  or  from  the  full  moon,  passes  through  a  small 
orifice  of  any  figure  whatever ;  if  it  be  received  on  a 
plane  parallel  to  that  of  the  aperture  and  very  near  to 
it,  there  will  be  depicted  upon  it  a  luminous  figure 
similar  to  that  of  the  aperture :  but  if  the  light  be  re- 
ceived on  a  plane  at  a  sufficient  distance,  the  luminous 
figure  will  appear  circular. 

For  the  surface  of  the  aperture  may  be  regarded  as 
composed  of  an  infinitude  of  points  which  are  like  so 
many  contiguous  small  holes,  through  each  of  which 
the  rays  of  light  pass  that  come  from  all  points  of  the 
disc  of  the  luminary.  Each  point  of  the  surface  of  the 
aperture,  therefore,  is  the  vertex  of  a  luminous  cone 
whose  base  is  the  disc  of  the  luminary  :  the  axis  of  the 
cone  is  the  ray  which  passes  from  the  centre  of  the 
disc  to  that  point,  and  the  angle  at  the  vertex  of  the 
cone  is  the  angle  which  the  luminary  subtends  [about 
32  minutes  for  the  sun,  and  about  31  for  the  moon; 
both,  however,  variable] :  the  rays  of  hght  passing  be- 
yond the  orifice  cross  each  other  there,  and  form  ano- 
ther luminous  cone  inverted  with  respect  to  the  former, 
having  the  same  vertex,  the  same  axis,  and  the  same 
vertical  angle ;  but  extended  indefinitely  beyond  the 
orifice,  opposite  to  the  luminary.  And  since  the  breadth 
of  the  orifice  is  indefinitely  small,  with  regard  to  its  dis- 
tance from  the  luminary,  the  axes  of  all  the  cones  may 
be  considered  as  parallel.  Also,  because  of  the  small- 
ness  of  the  angle  at  the  vertex  of  each  cone,  the  slant 
sides  of  such  cone  will  not,  for  a  small  distance,  be 
distinguishable  from  the  axes.  Consequently,  a  plane, 
posited  near  the  orifice,  will  receive  the  light  from 
the  luminary,  as  though  it  came  by  the  axes  only ;  and 
these,  being  parallel  as  to  sense,  are  arranged  in  the 
same  order  as  all  the  points  of  the  surface  of  the  orifice  : 
ahd,  therefore,  the  luminous  figure  on  this  plane,  will 
be  similar  to  Uie  fi^e  of  the  orifice  itself. 


But,  2dly,  as  the  plane  is  removed  further  b'gim  tbe     s 
orifice^  the  slant  sides  of  the  luminous  cones  deviate     0 
more  and  more  i^erceptibly  from  the  axes,  the  cones  '^^ 
themselves  continually  widen,  so  that  at  a  considerable  Ca» 
distance  from  the  orifice  tlie  luminous  figure  is  com-  7^ 
posed  of  all  the  bases  of  these  cones,  which  are  circles.  ^ 
The  centres  of  these  circles,  determined  by  the  inter- 
section of  the  axes  of  the  cones  with  the  intercepted 
plane,  are,  in  fact,  arranged  upon  that  plane  similarly 
to  the  corresponding  points  of  the  surface  of  the  orifice; 
but  their  circumferences  are  mutually  blended  one  with 
another,  in  such  manner  as  to  cp/istitute  a  figure  that 
differs  insensibly  from  a  circle.   Thus  the  seven  circles, 
whose  centres  are  A,  6,  C,  D,  E,  F,  G,  (fig.  5)  form  a  ^'g 
curvilinear  heptagon,  which,  at  a  moderate  dListance^ 
would  be  scarcely  distinguishable  from  a  circle :  and  an 
increased  number  of  equal  circles,  drawn  from  different 
centres  included  within  the  same  general  space,  would, 
evidently,   still  further  diminish  the  irregularities   of 
contour.     Whence  both  parts  of  the  proposition  are 
manifest. 

27.  Remark  I.  It  is,  however,  meant  in  the  abore, 
that  the  dimensions  of  the  orifice  are  not  much  dis- 
torted, but  approximate  to  regularity,  though  they  aie 
not  circular.  If  the  figure  of  the  orifice  be  oblong, 
that  of  a  parallelogram,  for  example,  the  luminous 
figure  woiUa  be  a  parallelogram  terminated  at  the  two 
opposite  ends  by  a  semicircle.  In  general,  all  lu- 
minous figures  thus  caused  by  the  sun,  or  by  the  moon, 
have  their  angles  rounded  off  to  a  certain  distance. 

28.  If  the  plane,  spoken  of  in  the  proposition, 
be  not  parallel  to  that  of  tlie  orifice,  the  luminous 
figure  will  be  oval,  because  the  bases  of  all  the  cones 
of  lines  will  then  be  ellipses,  and  their  mutual  blending 
will  constitute  an  oval  outline. 

29.  If  we  stop  up  a  part  of  the  aperture,  thus 
changing  its  figure,  that  of  the  luminous  image  will 
still  remain  the  same ;  it  will  simply  become  less  vivid, 
or,  in  some  cases,  a  little  smaller. 

30.  Hence  we  perceive  how  it  happcbs,  iliat  when  j 
we  are  iu  a  walk  ovcrshadod  by  a  thick  arch  of  trees,  ^ 
we  sometimes  see  li^ht  passiug  from  the  sua  through  ^ 
small  opeuiiii^s  between  the  loaves  produeiuijlumiilous  ^ 
circles  on  tlie  ground. 

31.  If  there  bo  various  orifices  near  to  each  other,^  • 
t/irccj  for  example,  through  vvliich  the  solar  ligfat:]^ 
passes  into  a  darkened  apartment,  we  shall  observe^.  ^ 
at  first,  at  a  certain  distance,  three  distinct  luminous 
circles  :  in  proportion  as  the  plane  which  intercepts  tha 
light  is  removed  further  from  the  apertures,  the  circum-. 
ference  of  th(»  luminous  circles  approach  each  otlier 
then  they  touch ;  afterwards  become  blended ;  and  aa 
length  appear  as  though  they  were  all  united  to  foiic 
one  circle. 

§  III.    Properties  of  shadows, 

32.  Prop.  I.- -An  opaque  body,  partly  illuminate 
casts  a  shadow  that  is  bounded  by  right  lines,  and  | 
cisely  opposite  to  the  IitJ;ht. 

For,  since  light  is  always  propagated  in  right  fine-^^ 
(6),  the  rays  of  light  which  pass  contiguously  to  th*-.  J^ 
limits  of  any  body,  pass  on  rectilinearly,  and  constitat^^ 
the  b  mndaries  to  the  shadow  behind  the  body  tba  -^ 
interc<?pt«  the  light. 

33.  Prop.  II. — The  shadow  of  a  body,  partly  iUn—-* 
minated,  produces  an  obscurity  so  mucli  the  more  cti— ^^ 
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I.    dent  as  the  light  which  illuminates  the  opposite  pa];t  is 
V/  the  strongeV. 

For  then  the  contrast  of  the  light  which  passes  in 
the  vicinity  of  the  shadow,  is  the  more  sensible  and 
striking. 

34.  When  the   same   body  is   exposed    to  several 
di&rent  lights,   situated    nearly  on    the   same  side, 
they  cast  on  the  opposite  side  as  many  different  sha- 
dows^   which  become  partially  confounded   near  the 
base  of  the  body  :  we  may  learn  from  this  proposition, 
why  the  darkness  of  these  shadows  is  so  much  the 
greater  as  there  are  a  greater    number  confounded 
together, 
a,        35.  Prop.  III. — ^Thc  shadow  occasioned  by  the  in- 
terposition of  an  opaque  body  in  an  illuminated  me- 
ditiin,  and  received  on  a  plane,  is  always  terminated 
by     a  penumbra,    increasing    in    extent,    by  reason 
or    the  magnitude  of  the  b<xly  from  which  the  light 
eaAsnates,  the  distance  of  the  opaque  body  from  the 
plfline  which  receives  its  shadow,  and  the  obliquity  of 
tfabG    shadow  to  that  plane:  and  the  intensity  of  the 
peLK&vmbra  dimmishes  as  it  is  more  remote  from  the 
sioiple  shadow. 

Xlet  AB  represent  the  sun,  or  other  body  from  which 
the  light  issues  (fig.  6),  ED  an  object  placed  upon  the 
earth  DI.  Having  drawn  the  rays  BF,  CG,  AH,  it  is 
ananifest  that  an  eye  which  shall  advance  from  I  to^ 
wards  H,  will  perceive  the  whole  of  the  luminous  body. 
Arrived  at  H,  it  will  begin  to  lose  sight  of  the  lower 
part  of  the  body  about  A,  and  to  lose  the  benefit  of  a 
portion  of  the  illumination.  Continuing  to  move  on 
towards  D,  he  will  see  less  and  less  of  the  body  AB ; 
when  arrived  at  G,  for  example,  only  the  upper  half 
of  Hie  disc  will  be  visible ;  proceeding  onwards,  less  and 
ksa  will  be  seen ;  till,  when  the  eye  has  arrived  at  F, 
it  ^vill  have  lost  sight  entirely  of  the  body,  and  will 
^ater  the  pure  shadow  which  occupies  the  space  FD£. 
Hence  it  follows,  1st,  That  we  perceive  the  object  less 
^ad  less  clearly  as  we  approach  the  true  shadow,  the 
^pace  HF  being  covered  by  a  penumbra  which  era- 
Wally  deepens  from  H  to  F,  where  the  true  shadow 
commences ;  2dly,  That  in  the  triangle  FEH,  the  side 
PR,  which  is  a  measure  of  the  penumbra,  is  so  much 
tbe  greater,  jointly  as  the  opposite  angle  FEH  (which 
>neasures  the  apparent  diameter  AB  of  the  luminous 
^9ect)  is  greater,  as  the  distance  £D  of  the  extremity 
^  of  die  lK>dy  which  casts  the  shadow,  is  greater  firora 
^^  plane  DI  which  receives  it,  and  as  the  right  lines 
JH,  EF,  are  more  oblique.  This  reecsoning  may  evi- 
^^ntly  be  generalized  to  apply  to  all  analogous  cases. 
^^36.  Hence  we  see  why  the  limit  of  the  shadow 
^  bodies  illuminated  by  the  sun  is  always  con- 
2*J5d,  especially  when  the  shadow  is  raised  on  a  plane 
J«^ch  is  far  from  the  body  that  causes  it.  And  since 
^•^  diameter  of  the  sun  appears  at  a  medium  under  an 
^*Mjle  of  32  minutes  [the  limits  are  32'  35"  in  January, 
??^  31'  31"  in  July],  it  is  evident  from  the  principles  of 
^iSonometry,  that  the  magnitude  FH  of  the  penumbra 
?*[  ^n  object,  is  to  the  distance,  EF,  of  the  extremity  E 
jr  ^«  object  from  the  commencement  F  of  its  pure 
S^^ow,  as  the  sine  of  32'  is  to  the  sine  of  the  angle 
^|*lD,  that  is,  of  the  apparent  elevation  of  the  sun  s 
./^er  limb  above  the  plane  DI  which  receives  the 
*Muiow. 

^What  is  here  said  of  the  sun  may  also  be  extended 
^    the  moQD,  and,  generally,  to  all  lumiooui  bodies 


which  have  a  sensible  diameter,  and  by  which  a  pe-  Simple 
numbra  is  formed.  Those  which  have  simply  a  lumi-  Optics, 
nous  point  form  no  penumbra.  ^'•^^v^W 

37.  Prop.  IV. — The  lengths  of  the  true  shadows  of  Lengths  of 
bodies  that  present  obstacles  to  the  light  which  comes  shadows, 
from  the  sun  or  moon,  are  directly  as  the  heights  of 
the  bodies,  and  directly  as  the  co-tangents  of  the  ele- 
vations of  the  upper  limb  of  the  'respective  luinlnary 
above  the  plane  which  receives  the  shadow. 

This  il^  evident  from  fig.  6,  in  which  DF,  the  dimen- 
sion of  the  pure  shadow,  obviously  increases  with  DE, 
the  altitude  of  the  opposing  object,  as  it  does  also 
with  the  tangent  of  the  angk  DEF  or  the  co-tangent 
of  EFD  to  the  radius  DE. 

33.  Hence,  having  given  two  of  these  three  things, 
vb.  the  angle  of  elevation  of  the  upper  limb  of 
the  luminary,  the  perpendicular  altitude  of  an  ob- 
ject above  the  plane  from  which  we  estimate  the 
elevation  of  the  luminary,  and  the  length  of  the  true 
shadow  of  that  object  (measured  from  the  foot  of  the 
pendicular  let  fall  from  the  object  on  the  plane),  we 
may  determine  the  third  by  the  resolution  of  a  rights 
arigled  triangle. 

39.  Paor.  V. — If  light  emanating  from  a  luminous  Shadows  re* 
globe,  be  projected  upon  an  opaque  globe  that  is  larger  ceivcd.by 
than  the  former,  the  part  which  causes  the  illumination  1^^}^,,'^ 
will  be  greater  than,  and  the  part  which  receives  the 
illumination  less  than,  a  hemisphere.     If  the  globe  from 
which  the  light  emanates  be  greater  than  the  other,  the 
contrary  will  take  place.     And,  if  both  globes  be  equal, 
the  half  of  the  radiant  globe  will  illuminate  half  of  the 
opaque  globe. 

Suppose  that  light  emitted  from  the  whole  surface  of  Fig.  r. 
the  dobe  B  (fig.  7),  illuminate  the  face  which  is  towards 
it  of  the  larger  globe  C ;  let  the  tangent  planes  which  ^ 
in  the  figure  are  projected  into  the  lines  LQ,  KV,  be 
drawn  to  touch  both  spheres.  Then  it  is  evident,  that 
every  part  of  the  surface  of  the  smaller  sphere  which 
lies  between  L  and  K  towards  C,  communicates  its 
portion  of  light  towards  the  illumination  of  the  lafTger 
globe ;  and,  on  the  other  hand,  that  no  part  of  the  sur- 
face of  that  larger  globe,  which  is  beyond  the  points  P  ' 
and  O,  can  receive  direct  light  from  the  smaller  globe. 
If,  now,  perpendicularly  to  the  right  line  BC,  which 
joins  the  centres  of  the  two  globes,  there  be  drawn  the 
two  diameters  IH,  NM,  being  projections  of  the  great 
circles  which  divide  each  into  its  respective  hemispheres, 
it  will  be  manifest  that  the  portion  LRK  of  the  smaller 
sphere,  which  illuminates  the  larger,  exceeds  a  hemis- 
pnere ;  while  the  portion  OSP,  of  the  larger  sphere, 
which  receives  illumination,  is  less  than  a  hemisphere. 
The  contrary  will  obviously  be  the  case,  if  C  be  the 
luminous,  and  B  the  opaque  globe.  And,  if  C  and  B 
were  equal  in  size,  LP  and  KO  would  both  be  parallel 
to  BC ;  BI  and  BK  would  coincide  with  BH  and  BI ; 
CP  and  CO  would  coincide  with  CM  and  CN :  and, 
consequently,  the  portion  of  one  globe  which  tended  to 
illuminate  the  other,  and  the  portiovi  of  the  second, 
which  received  the  illumination,  would  both  be  hemi- 
spheres. 

Remarks  — It  is  evident,  from  the  similarity  of  the  Deductions, 
right-angled  triangles  LBH,  PMC,  KBI,  OCN,  that 
the  axes  IH,  PM,  KI,  ON,  being  the  measures  of 
equal  angles,  contain  an  equal  number  of  degrees ;  and 
consequently,  the  arc  of  the  luminous  globe,  which  mea- 
sures its  efiective  portion  in  illuminating  Uie  other,  is 
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Optici.     the  supplement  to  360^  of  the  arc  which  measures  the 
^^"•^^'■^  illuminated  portion  of  that  second  globe. 

41.  Hence,  also,  the  portion  of  the  opaque  globe 
which  remains  dark,  is  similar  to  the  portion  of  the 
luminous  globe  which  communicates  illumination  to  the 
other  globe,  and  vice  versa. 

42.  And  because  of  the  similar  triangles  ABL,  BLH, 
ABK,  BKl,  we  have  LBH  =  LAB,  KBI  =:  KAB, 
LAK  =  LBH  +  KBI  =i  PCM  +  OCN  :  consequently, 
the  di£Rerence  between  the  illuminated  part  and  that 
which  remains  dark,  is  measured  by  the  angle  of  incli- 
nation LAK  of  the  tangent  rays. 

43.  A  luminous  globe  illuminates  the  half  of  an  equal 
globe,  at  whatever  distance  they  may  be  the  one  from 
the  other;  but  a  globe  which  throws  light  upon  a 
smaller  one,  illuminates  so  much  the  greater  portion 
as  it  is  nearer,  and  reciprocally. 

45.  The  shadow  of  a  globe  that  is  illuminated  by 
an  equal  globe,  is  cylindrical  and  indefinitely  long. 
The  shadow  of  a  less  globe,  illuminated  by  a  greater 
(as  of  the  earth,  or  of  the  moon,  illuminated  by  the 
sun),  is  a  cone  of  finite  length,  and  computable 
when  the  diameters  and  distances  of  the  globes  are 
known.  And  lastly,  the  shadow  of  a  globe,  illumi- 
nated by  one  that  is  smaller^  extends  itself  indefinitely 
in  a  truncated  cone,  perpetually  enlarging. 

46.  These  properties  of  shadows,  and  others,  which 
readily  flow  from  them,  will  find  their  application 
partly  in  the  doctrine  of  eclipses  in  Astronomy,  and 
partly  in  perspective. 

§  IV.  Of   the  nature   and  properties   of  light,   with 
regard  to  vision  and  to  colours. 

Light,  with  47.  It  is  not  our  intention  to  attempt  the  full  expli- 
reference  to  cation  of  vision  (because  it  is  not  possible),  till  we  have 
vbion  and  exhibited  the  principles  of  Catoptrics  and  Dioptrics : 
we  may  then  describe  the  eye  with  a  certain  degree  of 
minuteness,  as  an  optical  instrument,  and  speak  of 
common  vision  distinct,  and  indistinct ;  as  well  as  of 
vision  when  aided  by  lenses,  mirrors,  &c.  At  present, 
we  shall  only  consider  vision  in  its  obvious  analogy  to 
the  phenomena  of  the  camera  obscura ;  and  of  these 
general  properties  of  colours,  which  connect  them  with 
the  mathematical  part  of  Optics  ;  leaving  the  physical 
properties  of  light  to  be  traced  in  a  more  suitable  por- 
tion of  our  work. 

48.  In  the  general  terms  of  analog^y,  we  may  say, 
that,  to  us,  the  eye  answers  a  similar  purpose  with  a 
darkened  apartment,  or  camera  obscura.  The  pupil  is 
a  small  orifice  through  which  the  rays  of  light  pass, 
and  from  whence,  after  mutually  crossing  each  other, 
they  go  on  to  the  bottom  of  the  eye ;  where,  on  a 
suitable  membrane,  they  depict  inverted  images  of  all 
the  objects  which  are  exposed  to  our  view  in  such 
manner,  that  the  diameters  of  the  images  thus  formed, 
ave  nearly  proportional  to  the  angles  formed  at  the 
pupil  of  the  eye,  by  the  two  rays  which  issue  from  the 
two  extremities  of  the  object,  when  those  angles  are 
small ;  or,  which  amounts  to  the  same,  the  diameters 
of  the  images  of  the  same  object,  as  the  distance  of 
the  object  is  less  ;  and  vice  versa.  Though  the  images 
of  direct  objects  appear  inverted,  they,  notwithstanding, 
excite  the  idea  o(  directness  of  position,  for  reasons  which 
we  shall  attempt  to  explain  when  we  treat  of  vision. 

49.  Although  we  cannot  give  a  complete  explica- 
tion of  the  manner  in  which  light  forms  the  images  of 


colour. 


objects  in  the  eye,  till  we  have  established  th* 
ciples  of  Dioptrics,  yet  we  may  here  explain 
what  experience  teaches  us,  as  to  the  manner  in 
light  acts  on  the  organ  of  sight ;  and  the  ideas 
are  excited  by  that  action. 

50.  Light  is  constituted  of  a  prodigious  quai 
moleculee  or  corpuscles,  distinguished  one  frou 
ther,  of  an  indefinite  minuteness,  extremely  e 
moving  with  an  astonishing  velocity :  when  arri 
the  organ  of  sight,  they  strike  it  with  forc< 
jointly  proportional  to  their  density,  mass,  and  v€ 
and  excite  different  impressions ;  which,  by  ret 
the  intimate  union  that  subsists  between  oui 
and  our  soul,  occasion  in  our  mind  dififerent,  and  i 
distinguishable  ideas,  respecting  the  objects  from 
the  luminous  moleculee  emanate. 

51.  Either  the  luminous  moleculee  are  of  di 
kinds,  or  they  have  particular  properties  whici 
tinue  invariable  with  regard  to  each  class,  and 
pendent  of  the  different  modifications  which  ligl 
undergo  in  its  route.  It  is  not  all  necessary  to  oi 
sent  purpose,  to  inquire  which  of  these  is  th< 
probable. 

52.  We  may  now  define  a  ray  of  light  more  p 
larly,  as  a  stream  of  luminous  atoms,  cofiti 
homogeneous,  and  of  the  same  kind.  Mathemi 
speaking,  single  particles  of  light  succeeding 
other  in  a  right  line,  constitute  a  ray  of  light 
physically  speaking,  a  ray  is  the  least  part  o 
on  which  alone  experiments  can  be  made.  In  rel 
to  colours,  there  are  as  many  kiuds  of  luminou 
as  there  are  kinds  of  luminours  molecutee,  or  aa 
are  classes  of  invariable  properties.  These  di 
kinds,  are  distinguished  by  the  different  seni 
which  the  organ  experiences ;  and  these  differet 
sations,  excite  in  the  mind  ideas  which  we  deno 
those  of  different  colours. 

53.  Though  we  are  not  able  to  make  an 
classification  of  all  the  rays  of  coloured  light, 
may  be  produced  in  various  ways,  yet  we  may  : 
distinguish  seven  kinds,  forming  so  many  di 
colours,  which,  since  the  time  of  Newton,  hav 
usually  and  correctly  called  primitive.  In  the  o: 
which  they  occur  in  the  rainbow,  they  are  name 
orange,  yellow,  green,  blue,  indigo,  violet.  In  sp 
of  the  rays  of  light,  we  sometimes,  for  the  sake  i 
venience,  speak  of  the  red  rays,  the  blue  rays, 
denote  streams  of  luminous  atoms  which,  striki 
eyes,  excite  in  us  peculiar  sensations,  as,  for  ex 
those  of  a  blue,  or  of  a  red  colour,  &c. 

54.  An  object  may  be  visible,  1st,  because  it 
particles  of  light  directly  to  our  eye  ;  and  in  th 
we  call  it,  as  we  have  done  all  along,  a  luminous 
such  as  the  sun,  a  torch,  a  lighted  candle.  Sec. 
from  an  object  of  this  kind  is  called  direct  Hgk 
object  may  become  visible,  2dly,  because  whei 
struck  by  rays  that  proceed  from  a  luminous  obj 
reflects  and  sends  them  back  towards  our  eyi 
exciting  in  us  an  idea  of  its  presence.  In  thi 
the  object  is  said  to  be  illuminated,  and  the  ligh 
prised  between  the  eye  and  it,  is  called  reflected 

As  the  sun  is,  with  respect  to  us,  the  most  lui 
of  all  objects,  we  shall  here  explain,  generally, 
causes  us  to  sec  objects.  The  same  explicati> 
plies,  mutatis  mutandis,  to  other  luminous  ol]ject 

55.  The  sun  throws  out  from  every  point  of  i 
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anil  in  all  dlrcctloaSp  to  an  tnimcusc  dlslance,  a 

lig^ious  quantity  of  rays  of  all  kinds,  so  hlended 

g-ether  Uiat  no  kind  predominates  perceptibly,  and 

M^i  tliroughoat  the  known  regions  of  the  universe, 

^tre  is  liot  any  sensible  point  that  does  not  posses  its 

lit;  or,  in  other  words,  liiere  is  no  place  where  solid 

3.tter  is  fomid,  m  which  we  do  not  also  find  the  true 

adow  of  some  body  impenetrable   to  light,    which 

>^<:idedly  indicates  the  existence  of  light  itself. 

*56,  The  rays  which  oitr  eye  receives  directly  from 
,11  points  of  the  suns  surface  exposed  to  our  view, 
a  cone  of  which  that  surface  is  the  base,  and  the 
int  of  admission  into  the  iris  the  vertex.  The  pro* 
ogation  of  those  rays  beyond  the  pupil  (neghctiiiji;  in 
e  present  account  the  cHbcts  of  the  different  humonrs 
Che  eye),  forms  within  the  organ  another  cone  which 
tenninated  at  the  bottom  of  the  eye,  and  which 
ere  makes  an  impression  on  a  circular  space  (of 
eater  or  less  dimensions  according  to  circumstances), 
ich,  in  its  turn,  through  the  intervention  of  appro- 
ate  nen'es,  excites  the  idea  of  a  round  and  luminous 
cly,  and  this  we  call  t/ic  sun. 

^7.  In  what  foHows,  we  shall  generally  dislin;^iish 
the  term  imagtii  of  ohjtcfji  in  the  rj;c,  the  spaces  at 
e  bottotn  of  the  eye  in  which  the  rays  of  li^lil  are 
ppcd:  audwliere,  of  consequence,  the  impressions 
ff  Wnch  we  have  been  speaking,  are  nuide.  We  tnus 
'enoannute  them,  because,  when,  according  to  the 
.Experiment  of  Scheiuer,  we  present  an  eye,  divested 
of  its  exterior  coats,  to  a  strongly  luminous  object,  we 
Actually  see  an  image  of  that  object  depicted  in  its 
•proper  colours  at  the  bottom  of  the  eye*  When  rays 
-iroro  the  sun  do  not  come  to  us  till  alter  reflection,  or, 
Jnore  generally,  when  those  rays  meet  with  a  body, 
there  may  happen  four  cases : 

58.  CflAC  I, — When  the  soiid  parts  of  that  body 
|j(»vhicli  we  hi^re  suppose  impenetrable  to  light)  are  situ- 
ated so  regularly  with  regard  to  eacli  other,  at  the  part 
of  the  surface  on  which  the  light  falls,  that  they  send 
lack  all  those  rays  in  the  same  order  as  that  in  which 
Ibey  arrived  at  it,*  it  is  evident  that  an  eye  that  shall  be 
tlic  path  of  those  reHeeted  rays,  will  receive  an  impres- 
of  precisely  the  same  kind  as  though  those  rays 
le  directly  from  tlie  sun.  The  eye,  therefore,  has 
;isely  the  same  kind  of  sensations  as  it  would  re- 
'^^ivefrom  the  sun  itself;  an  image  of  the  sun  is  formed 
^^  the  bottom  of  the  organ,  and  the  body  which  has 
^U5  reflected  the  rays  is,  in  fact,  a  true  mirrur^  though 
^^  may  be  inviBihle  to  the  eye.  But,  since  the  reflected 
^y$  have  changed  their  direction,  the  place  in  which 
^^  sun  will  appear  will  not  be  the  same  as  if  it 
*'^i"e  seen  directly;  because,  we  suppose  that  objects 
"f^  situated  in  tlie  right  line  which  coincides  with  the 
'*" action  of  the  rays  at  the  moment  when  they  reach 
^^  eye. 
•69.  We  know  from  experience,  that  the  more  highly 
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the  surface  of  a  body  exposed  to  tlie  sun  is  polished »     siiuplc 
the  more  completely  it  ariiiwers  the  purpose  of  a  mirror ;     Opiiot. 
that  is,  it  becomes  so  mueh  the  less  visible  in  itself,  '>-^"^^'"^ 
while  it  more  vividly  relilects  the  image  of  a  luminous  hnpcrfect 
object :  and,  since  the  surfaces  of  bodies  can  never  re-  "^"■"'"• 
ceive  ii  perfect  polish,  that  is,  can  never  be  entirely 
free  from  protuberances  diftlrently  inclined,  Sic.   how- 
ever  minute,  we  shalU  through  the  remainder  of  this 
section,  suppose   thut  no  bodies  can  become  perfect 
mirrors,  in  the  sense  just  described. 

60.  Case  IL  — Jf  the  solid  parts  of  a  body  are  so  si- 
tuated at  ihat  portioa  of  the  surface  where  the  rays 
fidl,  that  they  reflect  nearly  all  the  rays  of  the  sun,  or, 
at  least,  that  they  do  not  absorb  perceptibly  more  of 
one  kind  of  rays  than  of  another,  in  such  manner  that 
these  rays  are  reflected  confusedly,  some  on  one  side, 
some  on  another,  according  to  the  position  of  the  sur- 
face of  the  small  solid  part  which  received  them,  the 
eye  which  iinds  itself  in  the  stream  of  the  light  thus 
confusedly  reflected,  will  receive  rays  that  come  from  all 
parts  of  the  retiecting  surface.  Those  rays  will  form  a 
pyramid,  of  which  that  surface  will  be  the  base,  and 
the  pupil  of  the  eye  the  vertex  :  their  prolongation 
will,  as  in  the  cases  previously  described,  form  within  the 
eye  another  pyramid,  terminated  at  the  bottom  of  that 
org^fin,  by  a  base  similar  (vei-y  nearly)  to  that  of  ihe 
txtenar  pyramid.  Now,  each  t=olJd  particle  of  the  re- 
flecting surface  is  a  small  mirror,  which  can  only  refer 
to  the  eye  a  very  small  part  of  the  image  of  the  sun ; 
the  irreg^ular  situation  of  all  these  solid  particles, 
render  them,  in  effect,  so  many  minute  mirrors  diffe- 
rently posited;  which  causes  so  many  different  positions 
in  the  appearance  of  each  portion  of  the  sun's  image. 
Whence  it  follows,  that  the  aggregate  impression  made 
in  the  whole  extent  of  the  base  of  the  pyramid  withia 
the  cye»  will  excite  the  idea  of  an  assemblage  of  lu- 
minous parts,  terminated  by  a  figure  similar  to  that  of 
this  base. 

61.  This  may  be  better  comprehended  by  means  of 
the  following  example.  The  diameter  of  the  sun  ap- 
pears to  us  to  subtend  in  the  sky  an  arc  of  about  32 
minutts.  If,  therefore,  we  reflect,  by  means  of  a  plane 
mirror  exposed  to  the  sun,  an  Imag-e  of  that  luminary 
towards  an  eye,  that  image  will  seem  to  occupy  a  mo- 
derately considerable  portion  of  the  mirror.  Suppose 
that  we  covered  nearly  the  whole  of  that  portion, 
leaving  only  a  small  part  uncovered:  it  is  evident,  1st, 
That  we  should  now  be  able  to  see  only  a  small  part  of 
the  image  of  the  sun,  which  we  had  before  seen  en- 
tirely,  t2dly,  That  the  part  seen  wotdd  appear  of  the 
same  figure  as  the  uncovered  part  of  the  mirror.  And, 
it  would  obviously  be  the  same  in  effect,  if,  instead  of 
a  large  mirror  almost  entirely  covered,  we  had  simply 
employed  a  small  mirror  equal  and  similar  to  tbe  part 
which  we  have  been  .supposing  to  be  uncovered.  This 
granted,  imagine  that  there  be  taken  several  pieces  of 
looking-glass,  each  too  small  to  exhibit  an  entire  image 
of  the  sun  ;  and  that  we  dispose  each,  of  those  pieces 
in  any  figure  whatever,  as  a  liexagon,  for  example,  in 
such  manner,  too,  that  each  shall  reflect  to  the  same 
eye  that  pan  of  the  image  of  the  sun  which  it  is  ca- 
pable of  reflecting  (the  manner  of  efteciing  which  will 
be  shown  in  the  sequel);  it  is  clear  that  in  this  case  the 
eye  will  see  as  many  portions  of  images  of  the  sun  as 
there  are  mirrors,  and  that-all  those  [K>rtions  of  tmagis 
will  form  a  luminous  figure  similar  to  that  which  results 
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Opiic%.  from  the  assemblage  of  mirrors  (a  hexagon,  for  ex- 
ample); 30  that,  as  we  add  or  take  away  a  piece  of 
glass,  there  will  appear,  or  disappear,  a  corresponding 
portion  of  the  suns  image,  which  will  change  the  lu- 
minous fig^ure  in  the  same  manner  as  tlie  assemblage  of 
portions  of  glass  changes  its  figure, 

62.  We  may  further  perceive,  1st,  That  we  may  so 
dispose  these  pieces  of  glass,  that  there  shall  be  no 
perceptible  interval  between  tht-  portions  of  the  solar 
images  which  they  reflect;  and  that  thus  the  lumi- 
oous  figare  shall  appear  contimious  and  without  inter- 
ruption. '  2dly,  That,  accordtnir  to  the  clearness  and 
polish,  will  be  the  brlUiancy  of  the  part  of  the  luminous 
figure  which  it  forms.  3dly,  That  the  luminous  figure 
will  make  the  same  impression  in  the  eye,  as  if  the 
rays  which  reach  that  or^n  came  directly  from  the 
sun,  and  that  consequently,  it  will  be  of  the  same 
colour  as  the  sun,  namely,  white. 

63.  If,  therefore,  we  regard  the  surface  of  a  body 
which  reflects  a  very  great  cjuantity  of  solar  rays  of  all 
kinds,  without  absurbing  more  of  one  kind  than  of  ano- 
ther, as  terminated  by  solid  particles,  which  are  polyedra 
separated  one  fiom  another,  so  that  their  faces  consti- 
tute so  many  small  mirrors  placed  irregularly,  and  in 
ditferent  planes  ;  w^e  may  conceive  that  this  body 
ought  to  appear  nhitc^  and  terminated  by  a  figure  simi- 
Jar  to  that  of  its  image  in  the  eye  :  and  the  parts  of  the 
surface  of  this  body  will  appear  of  a  white,  more  or  less 
bright,  according  to  the  greater  or  less  compactness  of 
the  tissue  of  these  small  |K>lyedra,  whicli  leave,  of  con- 
sequence, more  or  fewer  dark  internals,  according  to 
their  polish,  and  to  the  position  of  their  faces  with 
regard  to  the  eye  and  to  tlie  sun. 

64.  On  this  hypothesis,  therefore,  it  appears,  that 
white  bodies  are  those  which  reflect  towards  our  eyes 
rays  of  all  kinds  mixed  together,  in  the  same  propor- 
tion, or  nearly,  as  the  blended  rays  of  the  sun. 

65.  Case  tlL — ^If  the  solid  parts  of  bodies  are  so  si- 
tuated with  regard  to  the  eye,  and  to  the  sun ;  or,  if 
they  are  of  such  a  nature  that  they  send  back  very  few 
rays,  almost  the  whole  being  absorbed  by  reason  of 
some  peculiarity  in  the  constitution  of  such  bodies ; 
then  the  eye  will  receive  such  excessively  minute  por- 
tions of  images  of  t!ie  sun,  that  they  will  not  make 
any  sensible  impression,  or  will  merely  make  such  an 
impresjiion  as  will  enable  us  to  perceive  that  there 
are  br^fore  the  eye  some  bodies,  or  parts  of  bodies, 
which  reflect  a  little  light.  Such  bodies  will  either  be 
not  visible,  or  scarcely  visible,  and  we  shall  have  no 
idea  of  llieir  presence  and  figure,  except  as  other 
neiglibouring  objects  are  brighter,  and  make  a  strong 
contrast  with  it.     These  we  call  opaque  bodies. 

66.  On  this  hypothesis,  therefore,  opaque  bodies 
are  those  which  reflect  only  very  few  rays  of  light. 

Production  67.  Ctue  IV, — If  the  solid  parts  which  terminate  the 
oi'  colours,  surface  of  a  body,  are  of  such  a  nature  that  they  absorb 
almost  all  the  rays  of  light,  except  those  of  one  kind, 
t^caily  all  of  which  they  reflect,  an  eye  which  is  in  the 
ilncetion  of  the  rays  thus  reflected,  will  receive  so  many 
small  portions  of  images  of  the  sun  as  there  are  solid 
fiarticlcs  that  have  reflected  the  rays  :  but  those  minute 
portions  of  images  being,  in  this  case,  all  producetl  by 
one  kind  of  rays,  their  assemblage  will  excite  the  idea 
of  a  body  of  a  certain  colour  (namely,  that  which  be- 
longs to  the  class  of  rays  which  are  reflected),  aad  of  a 
6^re  determined  by  that  uf  this  assemblage. 
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68.  From  the  preceding  it  folldws,  T.  Tliai  bodies  of 
a  certain  colour,  as  red,  green,  &c.  are  those  which 
absorb  all  the  ditferent  kinds  of  rays  except  one;  and 
that  kind  which  is  reflected,  is  the  appropriate  kind  of 
rays  to  excite  the  idea  of  the  specific  colour,  red,  green, 
&c. 

IT.  That  the  shades  of  colours  depend  on  the  com* 
bination  of  the  diflerent  kinds  of  rays  reflected. 

111.    That,    in  order   a  body  mav  have  a   certain 
colour   or  tint,    in  some   cases  its  mterior   parts,   in  ^^ 
others  those  at  the  surface,  must  have  a  certain  spe-  ^ 
cific  and  appropriate  arrangement;  or,  a  peculiar  fo- 
reign matter  must  be  made  to  enter  its  pores;  or  its  , 
surface  must  be  covered  by  a  coat  or  varnish  ;  or,  lijrJ 
some  other  suitable  means,  the  body  must  become  dia 
posed  to  reflect  rays  all  of  one  species ;  or,  at  least,  iha 
that  class  of  rays  shall  make  an  impression  upon  thi 
optic  organs  of  observers,  so  as  decidedly  to  prcdomi<t 
nate  over  the  rays  that  arc  fitted  to  excite  the  ideas 
other  colours. 

69.  It  follows  also,  from  the  preceding  general  ^xk 
plication  of  vision  and  colours,  that  a  particle  of  ligkiX 
possesses  the  poirer  of  product  fig   the  image  oj    the   Itimx 
Tious  point  "whence  it  comes.     If  a  yellow  ray  proceed ini 
from  the  sun  meets  with  a  red  body,  or  one  so  tinged  i 
coloured  as  to  appear  rcd»  that  ray  will  not  be  reflected  sl 
it  may  either  penetrate  the  body,  or  it  may  be  stifled 
and  absorbed  within  it ;  or,  after  having  made   many 
changes  in   its  course,  it  may  issue  again,  but  not  in 
such  a  way  as  to  reach  the  eye.     But,  if  the  said  yellow 
ray  meet  a  yellow  body*  it  will  be  reflected  without 
penetrating ;   and  when  it  reaches  the  eye,  will  excite 
the  idea  of  its  proper  colotir. 

70.  Such  is  the  popular  representation  which  is  St 
usually  given  of  the  nature  of  the  colours  of  bocljes,J^ 
Newton,  who  never  examined  any  subject  superfi 
cially,  has  given  a  much  more  recondite  view  € 
the  cause  of  colours;  to  which,  however,  we  must 
here  advert  only  briefly.  He  has  irrefragabiy  proved, 
that  every  ray  of  light,  in  its  passage  through  any 
refracting  surface,  is  put  into  a  certain  transient  con* 
stitution  or  state,  which,  in  the  progress  of  the  ray 
returns  at  equal  intervals;  and  disposes  the  ray  ai 
every  return  to  be  transmitted,  and  Ifttivcfn  the  re- 
turns to  be  reflected  by  it.  Hence,  he  assigns  as  the 
reason  why  the  surface  of  liodies  reflect  part  of  the 
light  that  falls  on  them,  and  transmits  the  rest ;  that 
some  rays  at  their  incidence  are  in  fits  of  easy  reflec- 
tion, and  others  in  tils  of  easy  transmission ;  the  re- 
turns of  these  dispositions  of  the  rays  being  denomi- 
nated Jtts  of  easy  reflf  ction  and  transmission  respect- 
ively. Hence,  also,  he  teaches,  Ist,  That  those 
surfaces  which  refract  the  rays  roost  strongly  in  fits  of 
easy  refraction,  reflect,  them  most  strongly  in  fltjs  of 
easy  reflection.  *2dly.  That  when  rays  of  nckep  yellow 
pass  perpendicularly  out  of  any  medium  iai<5  air,  the 
interval  of  the  fits  of  e^isy  reflection  are  the  89,000lti 
part  of  an  inch;  and  that  the  fits  of  easy  transuiissioii 
have  the  same  iuterval,  3dly,  That  when  a  phae  is 
thinner  than  the  178,000th  purt  of  an  inch,  the  rays 
are  all  transmitted,  4thly,  That  the  intenals  of  the 
fits  arc  shortest  in  the  most  refrangible  rays.  5thly> 
Thai  all  bodies  appear  transparent,  whose  particles  and 
pores  are  too  small  to  cause  any  reflections,  6thly, 
Thft^  the  opacity  of  bodies  arisef^  from  the  multl' 
plicity  of  reflections  within  them*     7thly,  That  tlie 
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of  bodies  on  which  their  colours   depend,  are 
lUe  nitjtliuui  included  m  the  pores,     8thiy, 
es    whose  colours    appeor   most  thiu,   have 
ilituerit  parts  greatest.     9tlily,  That  a  body 
rendered  transparent  by  filling-  its  pores  with  a  fluid 
«qunl  density.     These  are  natural  consequences  of 
;  n  ton's  exquisite  theory  of  hg:ht  and  colours*     They 
L-ve  been  frcquentiy  questioned  by  hasty    sciohsts, 
i4i  ha?c  not  either  sutJicicnt  patience,   or   suftkient 
Al  to  repeat   his  experiments.     But  the  objections 
t^w^e  been  proved  nugatory,  and  the  theory  of  Newton 
i^i^.st  received  an  unexpectexl  con  firm  nti  on  in  the  recent 
^g^cxiveries  respecting  polarization,  of  which  we  hope  to 
nt  a  satisfactory  view  in  its  proper  place. 


V.    OJ*  the  ideas  which  light  occajsiom  in  the  tnmd, 

1.  Most  of  our  sensations  are  caused  (we  need  not 
inquire  in  what  tnanuer)  by  impressions  from  ex- 
^tcw^^ai  objects;  and  particular  sensations  never  fail  to 
'  eic^-^ite  in  U8  specific  ideas;  those  ideas,  or  something 
eft^e^^Dtial  at  least  in  their  composition,  we  undoubtedly 
SkCdi^uire  by  experience.     How  else  could  a  particular 
id  produce  the  compound  idea  of  h  bell^  a  drum,  a 
,  a  friend?    And  lauf^uage  is  a  strikit^g  instance  of 
great  strength  and  quickness  of  our  retentive  fa- 
ties,  in  associating  together  a  vast  variety  of  ideas ^ 
^Hich  before  were  collected  and  treasured  up,  as  the 
per  significatioui  of  such  particular  words  or  sounds. 
like  manner,  diiierent  smells  and  tastes  are  now  ac- 
mpanied  with  ideas  which  before  had  been  treasured 
ip    in  the  memory.      Our  sensations   themselves  are 
obably  coeval  with  ua>  and  perhaps  differ  not  very 
much  all  our  lives,  except  in  point  of  vividness  and 
rfectioo.     But  the  ideas  that  accompany  them  are 
quired;  yet,  for  the  most  part  are  got  so  early,  that 
e  may  forget  our  having  learned,  as  it  may  with  pro- 
iety  be  called,  to  see,  to  hear,  &c.    Stiil,  that  seeing 
and  hearing  are  arts  to  be  learned,  is  evident  from  the 
cose  of  pensons  wlio,  having  been  blind  or  deaf  from 
Ihelr  iufuncy,  at  adult  age  acquire  the  use  of  their  eyes 
*>!*  oars ;  for  it  is  always  found  that   they  are  not  able 
to  derive  any  practiced  advantage  from  their  newly  re- 
stored sense,  till  they  have  time  and  opportunities  to 
iseertain  the  use  of  them  by  means  of  repeated  experi- 
^^tits,   observations,   trials,   and   comparisons.      The 
"teOry  of  seeing,  fittie  as  we  know  of  it,  is  better  un- 
"^ratood  (and  that  because  it  is  more  entirely  suscep- 
^ble  of  reference  to  mathematical  principles),  than  that 
^^    any  of  our  senses.     It  is  very  manifest  from  what 
un*  gone  before,  that  the  same  object  placed  in  a  dif- 
'^^ent  light,  in  a  different  position  as  to  high  or  low, 
''-ht  or   left,  Arc.  or  at  a  different  distance  from  the 
will  occasion  a  different  image  upon  the  bottom  of 
e  eye :  still,  extreme  variety  of  these  circumstances 
*ll  cause  no  difference  in  the  actual  idea;  for,  having 
d  from  experience  that  the  difference  in  the  sen- 
arises  from  appreciable  difference  of  circum* 
is^  we  instantly  and  imperceptibly  form  the  cor- 
'^'^^1  notion;  that  is,  if  the  usual  sources  of  accurate 
^'l^ii  within  our  reach. 

T  1  us  but  little  room  to  doubt  that  like  sen* 

^ign*  alvvttys  excite  like  ideas  (unless  we  are  enabled 
conect  them,  however  unconsciously  to  ourselves, 
means  of  the  judgment^  although  the  causes  of 
^se  ftimilar  sensations  may  be  different.    The  light- 
^^g-like  flashes^  Bometimek  arising  from  a  sudden 


Lf/^ 


tUc: 


blow  upon  the  head,  or  a  blow  or  partial  squeeze  upon  Stmple 
the  eye,  are  probably  owing  to  this,  that  the  same  effect  Opdct, 
is  produced  upon  the  muscles  and  nerves  of  the  eye,  as  '-^"n^"^-' 
by  the  impressions  of  real  lightning.  After  the  same 
manner,  we  may  make  some  probable  conjectures  as  to 
the  causes  of  other  phenomena  of  the  like  sort.  Thus, 
the  circle  of  colours,  like  those  in  the  feather  of  a  pea- 
cocks tail,  that  appeal*  upon  pressing  in  the  dark  one 
comer  of  the  eye  with  the  finger,  are  probably  owing 
t<o  the  like  motions  being  excited  at  the  bottom  of  the 
eye,  by  the  pressure  of  the  finger,  as  at  other  times  are 
excited  there  by  light  for  causing  vision.  And  these 
phenomena  are  supposed  by  some  to  corroborate  the 
hypothesis,  of  vision  being  caused  by  some  motion  ex- 
cited in  the  optic  nerve,  by  the  impulses  of  light  upon 
the  bottom  of  the  eye. 

72.  The  ideas  we  have  from  the  impressions  of  light  Impr^ssioii 
do  not  instantly  vanish,  but  remain  for  some  small  time,  of  H^t  oa 
This  must  undoubtedly  be  tme,  with  respect  to  all  our  *'^  ^'J^*-'' 
sensations;  for  all  motions  must  be  performed  in  time, 
though  imperceptible  to  us.     Tiie  phenomenon  of  a 
burning  coal  appearing  like  a  ring  of  fire,  when  whirled 
rapidly  about  in  the  circumference  of  a  circle,  seems  to 

prove  that  visible  sensations  have  a  sensible  duration. 

For  the  impress^ions  of  light  from  the  coal  in  every  part 

of  the  circle  probably  remain  entire  on  the  eye,  till  they 

are  renewed  by  the  arrival  of  the  coal  at  the  same  part 

again ;  otherwise,  instead  of  a  ring  of  fire,  we  should 

see  the  coal  distinctly  in  the  successive  places ;  as  the 

case  is  when  it  is  moved  but  slowly.     In  hke  manner, 

on  going  suddenly  out  of  a  strong  light  into  the  dark,  *t 

the  impressions  of  the  light  are  perceptible  for  some  ^ 

time  ;  and  the  uneasiness  we  feel  at  such  times,  shows 

that  a  sudden  change,  even  from  light  to  darkness,  is 

hurtful  to  the  eyes :  the  same  kind  of  uneasiness  is 

likewise  felt  in  going  suddenly  out  of  a  dark  room  into 

a  strong  light.     These  phenomena  also  show  that  the 

eye  requires  some  time  to  adapt  itself  to  different  de* 

grees  of  light. 

Thus  far,  then,  it  is  evident,  that  we  judge  of  the 
presence  and  of  the  figure  of  objects  by  means  of  the 
impressions  made  in  the  eye  itscif,  at  the  bottom  of 
which,  images  of  those  objects  are  depicted ;  that  we 
infer  their  magniiude,  position,  motion,  and  distance, 
in  part  by  those  impressionSt  and  in  part  by  certain 
judgments  to  which  we  are  accustomed ;  whicli,  liow- 
ever,  are  often  erroneous,  and  require  to  be  corrected 
by  reasoning,  or  by  the  aid  of  other  senses  besides 
that  of  seeing. 

73.  There  is  a  certain  ordinary  hmit  of  our  sight,  ofLhemng- 
or  a  certain  distance  within  which   the  objects    aremtudcof 
found  with  which  we  are  most  conversant  in  the  com-  iniages, 
merce  of  life.    When  objects  are  seen  witbm  this  limit, 
although  the  dimensions  of  their  images  in  our  eye 
change  prodigiously  in  consequence  of  our  approaching 

to  tbemj  or  receding  from  them,  but  a  httle,  yet  the 
objects  do  not  appear  to  change  their  magnitude. 
Beyond  that  limit,  however,  objects  appear  to  diminish 
in  proportion  as  we  recede  from  them,  and  reciprocally. 
If,  for  example,  I  place  my  eye,  successively,  at  2,  4, 
and  6  feet  distance  from  t!ie  same  man,  it  is  evident 
that  the  lineal  dimensions  of  his  image  will  be  succes* 
sively  as  1,  \,  ^;  and,  of  consequence,  that,  so  far 
as  the  magnitude  of  the  image  directs  our  judgment,  he 
ought  to  appear  less  and  less  in  the  ratio  of  those 
numbers :  yet,  notwithstanding  this,  we  know  ihat»  ib 
3m2 
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faeti  no  sudi  dirninutlon  k  prrtlvcil. 
winced  that  this  arises  from  liabit,  we 
consider  that  it  we  see  a  man  before  us,  at  the  distance 
of  40  yards,  he  will  not  appear  by  any  means  so  small 
as  if  we  saw  him  (ourselves  bein^  near  the  bottom)  at 
tbe  top  of  a  tower  of  40  yards  high.  We  are  in  the 
haifit  of  seeing  men  on  the  same  horizon  tail  plane,  but 
not  much  above  us  or  below  us;  so  that,  in  the  latter 
case,  we  dorive  no  assistance  from  experience,  and 
infer  the  magnitude  of  objects  principally  by  that  of 
their  images  in  our  eye. 

74,  When,  tliereforc,  an  object  is  within  the  ordinary 
liniitofour  sight,  it  appears  that  we  judge  of  its  mag- 
nitude and  distance  hy  the  kiiowledj^e  which  we  have 
acquired,  through  Jong  and  familiar  use,  of  tlie  dimen- 
sions of  all  which  is  seen  between  our  eye  and  that 
object  J  and  that  this  judgment  does  not  depend  upon 
the  dimensions  of  its  diifertnt  images  in  our  eye.  Also, 
that  beyond  that  limit,  or  when  some  obstacle  hides 
from  us  the  intermediate  objects,  as  when  we  look  at 
some  object  through  a  telescope^  or  a  microscope,  or 
merely  through  a  small  orifice  pierced  in  an  opaque 
substance,  the  magnitude  and  the  distance  of  that 
object  appear  to  us  to  depend  principally  on  the  dif- 
ferent dimensions  of  its  ima^e  in  our  eye*  in  sudi  man- 
ner, that  if  that  image  he  enlarged  or  diminished  by 
some  optical  artifice,  the  object,  though  fixed,  will 
appear  to  us  to  change  its  magnitude  and  dbtance, 
that  is,  either  to  have  approached  and  become  larger, 
or  to  have  receded  and  become  smaller. 

75.  Dr.  Smith,  in  his  Optics,  and  many  subsequent 
writers,  relate  in  connection  with  this  subject,  the  case 
of  the  boy  of  thirteen  years  okl,  on  whom  Mr.  Cheselden 
performed  the  operation  for  the  cataract,  and  who, 
when  he  first  began  to  see,  thought  all  visible  objects 
touched  his  eyes.  Tn  a  paper  of  Sir  Everard  Home  s, 
published  in  the  Philosophical  Transactions  for  1807, 
he  remarks,  that  in  alt  cases  "  where  the  eye,  before 
the  cataract  is  removed,  has  only  been  capable  of 
discerning  li^ht  williout  bring  able  to  dislingiiish 
colours,  objects,  afttr  removal,  will  seem  to  fottch  the 
eye,  and  there  wdl  be  no  knowledge  of  their  outline." 
Bui,  that  '*  where  the  eye  has  previously  distinguished 
colours,  there  must  also  be  an  imperfi  ct  knowledge  of 
distances,  but  not  of  outline;  which,  however,  will 
soon  be  acquired." 

In  one  boy  of  seven  years  of  age,  on  whom  the  late 
Mr.  Ware  perfonned  the  operation  successfully,  in 
October,  1807,  the  progress  in  the  facultv  of  seeing 
and  discerning  is  thus  described*  He  had  before  been 
able  to  distinguish  bright  colours  with  tolerable  ac- 
curacy; ten  minutes  after  tbe  operation,  a  round  piece 
of  card,  of  a  yellow  colour,  was  placed  before  his  eye; 
he  said  immediately  that  it  was  yellow ;  and  on  being 
asked  its  shape,  said,  **  let  me  touch  it,  and  1  will  tell 
you."  Being  told  that  he  must  not  touch  it,  after  look- 
ing for  some  time,  he  said  it  was  round.  A  square 
blue  card,  nearly  of  the  same  size,  being  put  before 
him,  he  said  it  was  blue  and  round.  A  triangular 
piece  he  also  called  round*  He  directed  his  uyes  to 
objects  at  different  distances,  but  seemed  to  see  best 
at  six  or  seven  inches.  His  focal  distance  has  been 
since  determined  to  be  seven  inches.  Being  asked 
whether  the  object  seemed  to  touch  his  eye,  he  said 
"  no,"  but  could  not  form  any  entimate  of  its  distance. 
He  was  highly  delighted  with  the  pleasure  of  seeingi 


and  said  jt  was  *'  so  pretty,**  even  when  no  particular 
object  was  before  him.  About  two  hours  after  the  ope- 
ration, as  nothing  could  induce  the  child  to  abstain 
from  the  employment  of  his  new  sense,  the  experiments 
were  repeated.  At  first,  he  again  called  all  the  cards 
round,  but  being  asked  if  he  could  find  any  corners  in 
the  square  card,  he  was  very  desirons  of  touching  it; 
this  being  refused,  he  examined  it  for  some  lime,  and 
said  at  last  that  he  had  found  a  corner,  and  then 
counted  the  tour  corners  of  the  square,  and  afterwards 
the  corners  of  a  triangle ;  but  in  doiag  so  he  directed 
his  eye  along  the  edge,  naming  each  comer  when  he 
arrived  at  it.  The  next  day  a  guinea  being  held  at  tl^e 
distatice  of  fifteen  inches  from  his  eye,  he  said  it  was  a 
seven  shillitig  piece;  but  when  placed  about  five  inches 
from  his  eye,  he  knew  it  to  be  a  guinea;  and  he  made 
the  same  mistake  as  often  us  the  ex|*enment  was  re- 
peated. Three  days  afterwards,  he  was  allowed  lo  go 
to  a  window,  and  immediately  called  out,  **  what  )S 
that  movijig?"  being  asked  what  he  thought  it  was,  be 
said,  **  a  dog  drawing  a  wheelbarrow;  there  is  one, 
twOj  three  dogs  drawing  another ;  how  very  pretty !" 
It  may  easily  be  imagined  that  these  were  carts  and 
horses,  which  he  saw  from  a  two-pair-ot-stairs  window. 
All  this  is  very  consistent  with  our  preceding  remarks; 
and  will  receive  still  farther  explication  when  we  come 
to  treat  of  the  optical  nature  of  vision  with  both  eyes, 

VI.    On  tfic  dtffcrntt   appearattcts  uf  ohjrcts   Tk^hethcr 
quicsirnt  or  in  tfwfia/f,  ulan  nan  at  a  iimiancc, 

76.  lyviV. — VUual  angle ^  is  that  which  is  formed  in 
the  pupil  of  the  eye,  by  the  two  rays  which  proceed 
from  the  two  extremities  of  an  object ;  or  from  certain  ' 
points  of  two  separte  objects. 

When  we  thus  speak,  we  do  not  mean  to  have  si  im- 
derstood  that  the  eye  measures  that  angle  as  with  an 
instrument;  but  simply  that,  as  the  magnitude  of  an 
image  upon  the  bottom  of  the  eye,  is  always  at  equal 
distances  proportional  to  that  of  the  visual  angle  of  th€ 
object,  so  the  ditl'erence  of  sensations  that  accompuny 
difiercnt  degrees  of  the  one,  enable  us,  Cijrtcri&  parihtiSf 
to  judge  of  didereut  degrees  of  the  other.  Thus,  lines 
and  angles  in  Optics,  are  not  merely  useful  for  the 
mutual  communication  of  ideas,  but  really  have  their 
foundation  in  nature. 

77.  Pitop.  L^Objects,  whether  equal  or  unequal, 
seen  under  the  same  angle,  appear  equal ;  unless  there 
be  some  particular  cause  wliich  changes  the  appearance. 
This  is  evident  from  the  preceding  observations. 

78.  Prop,  H.— Objects  presented  in  the  same  man- 
ner to  our  view,  ap[>ear  to  diminish  in  magnitude  in 
proportion  as  tliey  are  further  from  the  eye. 

This,  in  all  cases  where  other  circumstance  do  not 
modify  the  judgment,  is  a  necessary  consequence  of 
geometrical  principles*  For  the  lineal  dimensiom*  of 
those  objects  arc  constant  bases  of  a  triangle  whose 
sides  are  the  distances  of  their  two  extremities  from  the 
eye ;  these  sides  increase  in  proportion  as  the  object  or 
eye  retires;  their  opposite  angles,  consequently,  in- 
crease; and,  therefore,  the  third  angle,  or  that  opposite 
to  the  constant  side,  must  diminish,  and  form  in  the  eye 
images  smaller  in  proportion. 

79.  Coroliati/ 1. — The  apparent  ma^ottudes»  or  the 
visual  angles  of  objects,  arc  inversely  as  their  distances 
firom  the  eye,  when  those  angles  are  sinalL 

80.  Con  IL — Equal  parts  of  a  large  object*  beyond  the^ 
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ordinary  limit  of  our  view,  do  not  appear  equal.  For  the 
pHrtfl  rhat  nre  most  remote  from  the  eye,  subtend  smaller 
ang-Ies,  and,  of  course,  seem  smaller;  and  vice  v^rsa. 

81.  Cur,  UK — The  smallest  of  two  parts  of  an  object 
may  appear  to  be  ^eatest:  if  the  whole  be  so  posited 

Ithat  the  smallest  part  appears  under  the  greatest  ang^le, 
8'i*  Pttop»  UK — Parallel  lines,  beinir  prolonged  to  a 
great  distance,  appear  lo  concur  and  form  an  angle  at 
their  extremities. 
For  the  lines  which  measure  the  distance  between 
those  parallel  lines,  being  always  equals  subtend  visual 
angles  which  incessantly  diminish^  and  at  length  become 
insensible^  when  they  are  seen  at  an  indefinitely  large 
distance:  whence  the  proposition  is  tnanifest, 
83,  Rcmarkfs. — Different  degrees  ofiipparent  bright- 
ncss  in  objects  placed  along  these  parallel  lines,  may 
1^^  so  modify  the  result,  in  some  rases,  as  to  make  the 
^^  lines  instead  ofconver^ng  right  lines,  appear  con  verging 
^H  curves.  But,  without  here  regarding  this  etfect,  wt- 
^H  may  learn  from  the  proposition,  1st,  Why  a  high 
^^  lower^  or  other  upright  building,  seems  to  lean  forward. 
For,  if  the  tower  be  vertical,  the  spectator  compares  it 
^^  with  the  vertical  line  wbich  passes  through  his  eye. 
^B  These  two  vertical  lines  are  parallel,  which  from  the 
^^  proposition  appear  to  approach  each  other.  Therefore, 
i;  the  verticul  line,  or  face  of  the  tower,  will  seem  as 

^L  though,  at  its  upper  part,  it  approached  towards  the 
"  vertical  line  which  passes  through  the  eye,  so  that 
■  the  wall  will  seem  to  hang  over,  or  reclined  upon  the 

Tertical.' 
prphc*  2dly,  Why  the  sea  appears  to  be  more  elevated  as  it 
P*»ad is  further  from  the  shore,  and  as  we  observe  it  from  a 
L  more  elevated  spot.  Here,  for  a  similar  reason*  we 
^^m  compare  the  surface  of  the  sea,  which  is  horizontal, 
^H  with  the  line  of  level  which  passes  through  the  eye : 
^V  these  two  levels  being  parallel,  seem  to  approach  as 
^B  they  reced.^  from  the  eye.  The  apparent  approximation 
"  IS  the  greater,  as  we  see  a  greater  extent  of  the  sea; 
0Dd  that,  obviously  is,  as  we  are  more  raised  above  its 
^Lf  aurface :  consequently,  on  both  these  accounts,  the 
^^k  surface  appears  to  approach  the  ideal  level  which  passes 
^^^H    ^hrou<i^h  our  eye. 

^K  3dly,  Why  in  a  long  gallery  tlie  floor  appears  to  rise, 

and  the  eieling  to  be  depressed,  as  they  are  further 
^rom  us.  This  is,  because  we  rffer  bath  of  diem  to  the 
line  of  level  which  passes  through  the  eye. 

4thly,  Why,  when  we  are  walking  through  a  long 

•renue,  or  by  a  long  w^all,  the  parts  which  are  to  the 

^^ht,  appear  to  tend  more  and  more  towards  the  \^Sl ; 

'         ^'*»  if  we  are  between  two  rows  of  trees,  they  appear  to 

^^parate  from  each  other  as  we  approach  them, 

Bon  Prop.  IV.^ — The  apparent  figure  of  an  object  is 
^^termined  by  the  situation  of  the  points  of  that  object 
^liich  can  send  rays  to  the  eye.     This  is  evident. 

86.  Cor,  \, — A  right  line  so  posited  that  its  prolon- 
gation will  pass  throujj^h  the  centre  of  the  pupil,  per- 
Y^^ndicularly  to  the  surface  of  the  eye,  will  appear  simply 
^^«  a  point. 

•  If  is  pro|>cf,  bottcvpf,  fu  renifirk,  llmt  thb  pheiroinenon  may 

owin^  lu  afiutbrr  cjAuse.     In  lurking  upwanls,  after  in- 

-r  hfarb  vXX  v,e  cart,  we  are  upt   lo  imagine  that  wc  arc 

' -^cn  i[>  t'lwards  tlie  xemttt  ;    yti  tliis,  \u  tmlh,   h  not  tht 

►  ^a*'  •  vffl  look  fur^^ards  *otiie  degrees  from  thu  xemth  :  the 

*i  t,.d, -.  ijiitfnceh,  ihwt  whalcvi-r  is  actuallj  hi  the  zenith  seems 

^^bc«ji  many  dcj^rees  l>eliJnd  ii«.     Tlib,  also,  evidt^iitfy  accuitiUs 

to  thetnUtakffa  wliLh  |it*riotis  u-^ually  make  cunccnihig  Ihe  ollitudcs 

«f  9tftn  that  liQve  liJgli  elevatioiu. 


8  7 .  Car,  I  r . — A  pla n  e  SO  p  I5S  i t€  d  that  \  ts  prol  o  n  ga  tion 
passes  through  the  centre  of  the  pupil,  will  appear 
merely  as  a  line, 

88.  Cor,  III. — A  solid  which  presents  towards  the  eye 
only  one  of  its  faces,  will  appear  simply  as  a  surface, 

89.  Pkop.  V. — To  an  eye  which  is  in  the  plane  of 
any  considerable  line  whatever,  very  remote,  whether 
reirular  or  irregular,  such  line  appears  as  an  arc  of  a 
circle  whose  centre  ia  the  eye  itself. 

For,  since  the  points  G,'F,  A,  B,  C,  D,  O  {f^^,  8),  Fi^.8 
of  the  irregular  curve  GFAO,  are  in  the  plane  which 
passes  through  the  eyi-  E,  and  are,  by  hypothesis,  much 
beyond  the  ordinary  limit  of  view,  the  eye  cannot  judge 
which  are  the  nearest,  or  which  the  most  remote  points. 
It  cannot,  for  example,  disLinguish  the  didl-rence  be- 
tween EP  and  ED.  because  it  is  very  small  with  regard 
to  either  of  those  lines;  and,  therefore,  being  unable  to 
judge  of  the  difference  between  those  radii,  it  supposes 
them  equal.  The  same  is  the  case  with  respect  to  EB 
and  EL,  El,  and  EF,&c.  It,  therefore,  conceives  itself 
at  the  centre  of  a  circle  in  whose  circumference  those 
points  all  lie. 

90.  Remark.— \^  the  differences  are  extremely  un- 
equal, we  may  sometimes  ascertain  which  are  the  nearest 
parts  by  the  greater  vividness  of  the  light,  or  by  their 
greater  apparent  magnitude.  And,  if  tlie  eye  were  very  far 
from  the  plane  of  that  curve,  it  miglitalso  perceive  those 
inequalities,  provided  the  lines  DP,  BL,  IF,  be  not  in- 
definitely small  with  respect  to  ED,  EB,  EF  ;  for,  being 
exposed  more  directly  to  veiw  than  when  the  eye  is  in 
their  plane,  they  would  become  sensible. 

9L  CoroL — A  4 7rttf// irregular  line,  as  ABCDO,  seen 
from  a  distance,  will  appear  like  a  right  line;  that  is 
as  an  arc  of  a  circle  so  small  as  not  to  be  distinguish- 
able from  its  chord. 

92-  Hence  it  is,  1st,  That  when  we  are  in  an  extenr 
sive  plane  terminated  irregularly,  we  seem  always  to  be 
in  the  centre  of  a  large  circle,  the  elevated  distant 
objects  appearing  as  though  they  were  arranged  in  the 
circumference.  *2dly.  That  in  such  a  plane  we  do  not 
seem  to  advance,  although  we  be  always  moving,  be- 
cause we  are  still  in  the  centre,  3dly,  That  the  sky 
appears  like  a  hollow  sphere,  somewhere  on  one  of  the 
diameters  of  which  our  eye  seems  to  be  pointed.  4thly, 
That  a  remote  sphere,  as  the  sun  or  the  moon,  appears 
only  as  a  flat  circle.  5thly,  That  a  regidar  polyliedron 
viewed  from  a  moderate  distance,  appears  lik«i  a  globe; 
and,  from  a  considerable  distance,  like  a  circle.  6tbly, 
That  a  tower  on  a  polygonal  base,  appears  either  round 
or  flat,  according  to  the  distance.  7thly,  That  vre  can- 
not perceive  a  revolving  globe,  at  a  moderate  distance, 
to  turn  on  its  axis,  unless  there  be  one  or  more  spota 
upon  it,  and  the  globe  turns  slowly, 

93.  Prop.  VI. — To  an  eye  placed  in  a  line  elevated 
perpendicular  to  the  plane  and  passing  through  the  cen- 
tre of  a  regular  polygon,  that  polygon  will  appear  regu- 
lar; but  if  the  eye  is  out  of  that  line,  the  polygon  will 
appear  irregular. 

For  the  lines  drawn  from  the  several  angles  of  the 
polygon  to  the  eye  in  the  line  perpendicular  to  its  cen- 
tre, will  form  a  right  pyramid  with  a  regular  base,  in 
which  all  the  angles  composing  the  solid  angle  of 
the  vertex  of  the  pyramid  will  be  respectively  equal,  and 
the  hnes  which  bound  those  plane  angles,  also  ecpial ; 
therefore,  the  sides  of  the  polygon  will  appear  to  the  eye 
under  equal  angles^  and  symmetrically  posited.     Bu4j 
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if  Ui6  eye  be  plaeaS  out  of  diat  perpendicular  liuts,  the 
equality  of  the  plane  ang^lea  and  their  respective  sides 
will  no  longer  obtain,  the  sides  of  the  polyg;on  will  be 
unequally  distant,  and  appear  under  unequal  angles, 
and  consequently  tlie  polygon  will  seem  irregular. 

94.  Cot^L — A  rej^ular  polygon  viewed  obliquely,  will 
appear  irresrutar,  and  a  circle  will  appear  as  an  oval ; 
or,  indeed,  as  an  ellipse. 

95*  Remark.-  -The  object  of  PrnsrECTivt  i&  to  re- 
present geometrically,  the  appearances  explained  in  the 
preceding  pioposilions,  and  other  such  appearances  to 
which  no  allusion  has  here  been  made.  ^ 

96 .  P II  OP,  V  H . — 0  bj  ect  s  situatedin  a  tract  of  co  n  n- 
try  open  to  our  view,  appear  so  much  the  more  dark 
and  confused  as  they  are  more  remote:  and,  contrarily, 
with  colours  so  much  the  more  vivid,  ajid  with  so  much 
the  more  distinctness,  as  they  are  nearer. 

This  is  matter  of  fact,  conhrmed  by  experience :  and 
the  principal  reason  is,  that  distinctness  of  appearance 
and  vividness  of  colouring  depend  on  the  iniensity  of  the 
light,  which,  as  we  liave  already  shown  (art.  15),  de- 
creases in  proportion  to  the  distance  of  objects,  in  con- 
sequence of  the  interposition  of  the  air  comprized  be- 
tween the  object  and  the  eye. 

97.  Hence  it  is,  1st,  That  objects  elevated  above 
the  usual  surface  of  the  earth,  such  as  those  that  are 
on  the  tops  of  mountains,  are  seen  much  more  dis- 
tinctly than  those  that  are  below,  because  tlie  air  is 
rarer  and  more  free  from  vapours  on  such  elevated  spots 
than  at  the  earth's  surface;  2d!y,  That  by  means  of 
light  and  shade  skiliViUy  managed,  painters  nmke  some 
objects  appear  to  stand  forward  and  seem  prominent, 
others  to  retire,  as  if  into  the  back  ground* 

98.  Prop.  VI IK— Objects  which  appear  dark  and 
indistinct,  are,  in  consequence,  referred  by  the  mind  to 
a  greater  distance. 

The  reason  is,  that  beiti^  accustomed  to  see  only 
remote  objects  appear  indistinct,  we  are  inclined  to 
refer  all  indistinctness  to  the  same  cause,  namely,  re- 
motenesSa 

99.  Remark, — If  it  happen  that,  from  any  cause  what- 
ever,  an  object  beyond  the  ordinary  limit  of  out  view, 
but  of  a  magnitude  to  which  our  eye  is  accustomed,  or 
possessing  certain  characteristics  with  which  we  are 
tamiliar,  become  more  dark  and  indistinct,  we  imme- 
diately judge  that  it  is  more  remote  :  yet,  as  it  remains 
at  the  same  distance,  and,  of  consequence,  forms  in 
our  eye  an  image  which  is  not  diminished,  we  conclude 
that  the  object  is  larger  than  it  is  in  fact. 

lOCK  Hence  we  may  at  once  perceive,  Ist,  Why  ob- 
jects appear  larger  when  seen  in  a  mist;  2dly,  Why  ob- 
jects seen  in  the  night  appear  larger  and  more  remote 
than  they  are  in  reality;  3dly,  Why  the  sky  appears 
to  us  as  a  depressed  concavity,  and  not  a  concave 
hemisphere.  For  the  light  of  the  stars  being  less  vivid 
(art.  20J  as  they  are  nearer  the  horizon,  those  stars 
which  are  most  elevated  appear  less  remote,  and  vice 
versa:  thus  it  is  found  by  experiment,  thai  the  apparent 
distance  from  our  eye  to  the  horizon  is  nearly  thrice 
the  apparent  distance  from  the  zenith.  Such  is  tliis 
apparent  depression  of  the  upper  parts  of  the  sky,  that 
jl  we  attempt  to  estimate  by  sight  the  middle  between 
the  zenith  and  the  horizon*  we  shall  assume  some  point 
fthout  23°  or  24^  in  elevation  ;  instead  of  which,  if  the 
sky  appeared  perfectly  hemispherical,  this  point  would 
be  at  45°    4tlily,  Thus,  alio,  we  may  learn  why  the 
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sun  and  moon  appear  so  mucR^!i^r  wnelTiim  %b€    i| 

liorizon,  and  seem  to  diminish  as  they  rise  above  it,  ^ 
while  accurate  measures  of  their  diameters  with  astro-  ^*^ 
nomical  instruments  prove  that  the  contrary  actually  11*^4 
obtains.  Let  AG  (fig*  0)  be  the  horizon,  O  the  place  ^*^ 
of  the  observer;  the  luminary  at  different  elevations  in 
the  sky,  at  BC,  DH,  FG;  AKMR  the  apparent  de- *^^  ♦ 
pressed  concavity  of  a  portion  of  the  sky.  It  is  evident, 
that  in  whatever  place  the  luminary  may  be  in  the 
circle  ADHFG,  of  which  0  is  the  centre,  its  diameter  j 
will  appear  nearly  under  the  equal  angles  BOC,  DOH, 
FOG,  But,  on  account  of  the  depressed  apparent 
concavity  of  the  sky,  the  luminary  will  be  thought  at| 
KI  when  it  is  really  at  BC;  and,  in  like  manner,  at 
PN,  and  TS,  when  it  is  at  DH  and  FG ;  and  the  ap- 
parent disc  of  the  luminary,  which  is  bounded  by  th$ 
tangents  drawn  from  the  real  disc  (as  in  the  diagram), 
will  be  less  at  tlie  elevation  AM  than  at  AL,  and  lesa^ 
at  the  elevation  AR  than  at  AM ;  although  its  apparent 
diameter  in  the  three  cases  is  measured  by  tlie  angleil 
IOK»  PON,  T05>,  equal  respectively  to  the  true  angki 
BOC,  BOH,  FOG. 

O tiler  causes  may  contribute  a  little  to  modify  thi 
result,  so  as  to  make  the  horizontal  sun  or  moon 
appear  larger  at  some  times  than  at  otliers;  but  the^ 
principal  occasion  of  the  phenomenon  is  as  we  haT© 
here  explained. 

101.  Prop.  IX, — Objects  appear  more  remote  and 
of  greater  magnitude,  in  proportion  as  we  see  agreatej 
number  of  objects,  and  a  greater  extent  of  ground  be-J 
tween  the  eye  and  tliose  objects ;  and^   reciprocally,, 
tiiey  appear  nearer  and  smaller,  as  we  sec  fewer  object*( 
mid  less  extent  of  ground  between  them  and  the  eye. 

For  a  great  quantity  of  intermediate  objects  and. 
ground  give  tlie  idea  of  a  great  distance,  and,  conse* 
quenily,  of  a  magnitude  so  much  the  more  considerable,'^ 
and  reciprocally. 

102.  Hence  ii  is,  1st,  That  the  hori^son  appears  con- SknH 
tiguous  to  the  sky,  because  we  see  nothing  between  ***"^ 
the  one  and  the  other.     2dly,  That  when  we  do  not 
perceive  a  valley  which  is  posited  in  the  midst  of  a 
comparative  plane,  the  objects  which  are  beyond   tha 
valley  appear  very  near  to  us  ;  but  recede  to  their  actua 
remoteness  when  we  approach  the  edge  of  the  valley 
3dly,  That  at  evening,  objects  wliich  are  a  little  ekvatei 
and  full  in   view,  appear  far  uff^  and  large,  becaus 
night  preventing  us  from  judging  of  their  distance, 
the  quantity  of  ground  or  the  number  of  objects  whic 
intervene,  we  refer  the  objects  seen,  to  the  horixoaj 
and,  of  consequence,  regard  ihem  as  |3TOportionally 
mote  and  large. 

103.  Prop.  X, — If  two  objects  uaequally  distal] 
from  the  eye,  pass  over  parallel  and  equal  spaces 
the  same  time,  the  most  remote  body  will  appear 
move  most  slowly,  and  the  nearest  lo  move  most 
pidly. 

lliis  is  evident,  because  the  space  described  by  the 
most  distant  object,  in  any  given  time,  will  subtend  Ui«^ 
smallest  angle  at  the  eye. 

CaroL — The  apparent  velocities  of  bmlie*  moving 
parallel  lines,  at  different  distances  from  the  eye^ 
directly  as  the  real  velocities,  aud  reciprocally  as 
distances, 

104.  Ratiark, — If  the  directions  of  the  moiiottt  ar 
not  pavalkl,  it  may  happen  that  the  nearest  body  shii 
appear  to  move  moit  slowly,  altliough  it  moves  ia  reality* 
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most  iwifUy ;  because  tlie  spftce  that  it  describes  may 

be  feo  oblique  to  the  visual  rays,  that  they  shall  form 
smellier  5uigl<si  at  the  eyc^  than  tbu  siiialler  spaces 
'1  f*y  tlic  more  tlistaui  body  in  the  same  time. 

1'  I ^.  10),  allhou;i;h  the  lU'urer  body  should  move 

unilormly  liom  C  to  D,  in  the  sdme  time  ihiit  the  more 
remote  body  moved  uniformly  over  the  shorter  space 
AB;  yet,  sitice  tiie  an^le  AEB  at  tlie  eye  of  the  ob- 
^rver.  excet  ds  the  angle  CED,  which  would  measure 
the  simultaneous  motion  of  the  nearer  body,  it  would 
seem  to  have  moved  niore  slowly,  though  it  have,  in 
trutii^  moved  more  rapidly. 

105,  PiiouL EM.— Having  given  the  position  of  the 
place  S,  where  the  spectator  thinks  himself  immovable, 
and  a  certain  number  of  points  A,  B,  C,  of  the  real  path 
<>f  a  body  in  any  plane  whatever,  with  the  pomts  a,  fr,  r, 
»n  which  the  eye  of  the  spectator  really  is,  at  those 
niwnents,  to  determine  the  apparent  path  of  the  mov- 
ina;  body. 

Having  drawn  the  right  lines  A  «,  B  /j,  Cc  (fig.  1 1), 
*lraw  through  the  point  8  lines  8  a,  S/3,  S  y,  respect- 
hAy  equal  and  parallel  to  the  former ;  and  the  points 
«,  y3, 7,  will  be  those  through  which  the  apparent  path 
Of  the  body  will  puss.     For  the  right  line,  8  «  for  ex- 
ample, bein^  equal  and  parallel  to  A  tt,  the  point  a  is 
^ittmted  in  the  same  manner  with  respect  to  S,  and  at 
^e  sanve  distance  from  it,  as  the  point  A  with  respect 
*o    the  point  a.    Therefore  the  spectator,  who  supposes 
ors   eye  to  be  in  S,    will  of  consequence  suppose   the 
<*'>S^ct  lo  be  in  n,  when  it  is  really  in   A  ;  and   he  will 
ccMiclude  the  same  with  regurd  to  /5  and  y,  when  the 
<>^i^ct  h  at  B  and  C.     And  so  of  other  points. 

1.  13*  Car,  I. — The  true  and  imaginary  place  of  the 

^y^^  y  and  the  true  and  imaginary  place  of  the  object, 

^  '^^^  4ys  occupy  the  angles  of  a  parallelo-j^ram*     The 

**"*^«  place  of  the  object,  and  the  imaginary  place  of  the 

^^  ^^  ire  always  opposite  angles;  the  apparent  place  of 

!ij€ct  and  the  true  place  of  the  eye^  always  at  the 

'  -  »  »itr two  opposite  angles;  so  thai  the  object  appears 

^*^2^^"'y'  *^  ^  situation  opposite  to  that  of  the  true  place 

*      ihe  spectators  eye* 

114.  CV,  IL — If  the  object  be  immovable  in  A,  its 
^mrent  path  a  /3  y  (fig^,  12)  is  a  line  equal  to  the  real 
th  of  Uic  eye,  and  situated  in  a  parallel  plane. 
^  For,  because  of  the  paralleloj^ram  ««,  hfi^cy,  of 

J^^^kiich  SA  is  a  common  diagonal,  and  at  the  same 
^"■^  *:  m  a  common  intersection  of  their  planes,  and  of 
^^-''  %ich  the  bases  S  a^  8  0,  S  c,  arc  situated  in  tlie  same 
P^^  ane,  which  is  that  of  the  path  of  the  eye ;  their  pa» 
ilels  and  equab  A  a,  A/3,  Ay,  must  be  also  in  the 
plane  parallel  to  the  plane  of  the  path  of  the 
tator*s  eye,  and  form  angles  a  A  /I,  /]  A  y,  otjunl 
^pectivcly  to  the  angles  aH  b,  t  S  c.  Theretbre  the 
**>irit§  a,  /3,  y,  must  be  in  a  line  equal  to  the  line  a  be, 
^^d  in  a  pLiralhfl  plane;  it  is  evident  also,  that  abc 
*»d  apy  will  be  inverted  with  rc^^ard  to  each  other. 
^  that,  if  the  object  be  placed  in  the  plane  which  con* 
^^     'n*  the   path  of  the   eye,  the   apparent  path  oi  the 

*i|fH'i  will  be  also  in  the  same  plane. 

'    *     ^  \5*  Cor.  III. — If  the   object   be   immovable,   and 

^    ^'^^ated  in  the  place  where  the  observer  imagines   his 

^^^^  to  be,  the  object  will  appear  at  the  extremity  of  an 

^^^tal  line,  and  in  the  same  direction  as  the  line  drawn 

/^tn  the  true  place  of  the  eye  to  its  imagniary  place. 

_"    '^U»,  if  the  eye  move  in  a  circle  of  which  tlie  object 

^^^^«pic8  the  centre,  and  where  the  observer  imagiuea 


himself  to  be,  the  object  will  appear  to  describe  the     simple 
same  circle ;  but  to  be  all  along  in  the  points  diame*     Optics, 
trically  oppo.site  to  those  in   which  the  observer's   eye  ^-■^""^^'^^ 
is    successively  found;    and  consequently  the    object 
will  appear  to  move  with  a  velocity  equal  to  that  of 
the  eye. 

1 1*6.  Remark. — ^Terrestjrial  objects  which  surround  Ccrtaiii 
us  on  all  sides,  and  which  are  tixed  with  respect  to  us,  ceJestial 
or  to  one  another,  although  they  are  really  carried  with  pli<;"omcii«, 
us  about  the  sun»  lead  us  to  conchide  that  we  are  at 
rest  in  the  centre  of  the  world,  and  that  the  sun  re- 
volves about  us  (or  about  the  earth)  though  it  in  truth 
be  tixed;  also,  that  the  planets,  wliich  in  fact  revolve 
about  the  sun,  seem  to  describe  irregular  curves,  in 
which  they  proceed  somelimes  from  east  to  west,  at 
others  from  west  to  uasl.  Now,  by  the  preceeding 
problem,  we  may  describe  all  these  apparent  motion§ 
on  a  plane;  if  we  draw  two  concentric  circles,  one 
to  represent  the  orbit  of  the  ernlh,  the  other  to  re* 
present  that  of  a  planet.  Thus,  taking  Jupiter,  for 
example,  the  radii  of  the  two  circles  must  be  in  the 
ratio  of  the  distances  of  the  sun  from  the  earth,  and 
from  the  planet,  viz.  nearly  as  1  to  5;  these  two 
circles  must  be  divided  in  the  ratio  of  the  velocities  of 
the  earth  and  planet,  which  is  nearly  that  of  11  to  I ; 
that  is,  we  may  divide  tht*  circle  which  represents  the 
earth's  orbit  into  portions  of  1 1°  each,  the  other  circle 
into  degrees;  then  making  the  consecutive  divisions 
of  the  earth's  orbit  by  a,  hy  c,  d,  &c.,  and  those  of  Ju* 
piter's  orbit  by  A,B,"C,  D,  &:c.  (commencing  by  simul- 
taneous points  assumed  at  pleasure)*  putting  8  for  the 
common  centre  of  the  two  circles ;  it  will  be  easy  lo 
find  all  the  points  of  the  apparent  curve  described  by 
Jupiter,  and  consequently  to  elucidate  and  explain  the  ^ 

peculiarities  of  the  apparent  motion  of  that  planet. 

The  same  may  be  done  for  the  other  planets.  Astro- 
nomers have  other  methods  of  representing  the  epicy- 
cloidal  curves  thus  formed;  but,  as  they  evidently 
appertain  to  another  department  of  science,  we  need 
not  dwell  upon  the  subject  here. 

General  scholia  relative  to  apparent  matioHf  the  minmuM 

117.  SchoL  I.— We  have  seen  that,  after  the  same  Minimurn 
manner,  as  objects  in  motion  will  huve  different  appa- ''"*'*^****^*^* 
rent  velocities,  according  to  their  dtHerent  distances 
from  a  spectator,  so  to  a  spectator  in  motion,  objects 
at  rest  will  have  different  apparent  velocities.  And 
hence  it  is,  that  a  passenger  in  a  coach  ohsen^es  the 
trees  in  the  next  hedge  to  move  swiftly  backwards, 
in  appearance,  whilst  those  in  the  field  beyond  move 
slower  :  those  further  oif,  slower  still,  and  so  on,  till 
those  that  are  very  remote  seem  scarcely  to  move,  if  at 
all.  And  if  a  spectator  in  motion  keep  his  eye  fixed 
upon  an  object  at  some  distance,  stationary  objects  whicli 
arc  tolerably  near  to  that  will  appt^ar  at  rest,  as  in  this 
case  their  images  u|K)n  the  bottom  of  the  eye  will  keep 
a  CO  II 3  tan  I  distance  ;  whilst  nearer  objects  will  seem  to 
go  backwards,  and  more  remote  one»  progressively 
forwards,  the  same  way  with  the  spectator. 

These,    and   other   illusions  of  a  similar  <^l8^s*^  are  iHu^ions 
most  effectual  in  children.     Men  correct  them  partially  ciperkijced 
by  the  deductions  of  the  judgment  Irnm  long   expe-  hy  laiid»- 
rience  ;  but  whenever  they  are  thrown  into  a  newclas-  "**'"  ^l»«» 
sification  of  moving  scenery,  they   remark  the  same  *'  *'^ 
eilects.    So  it  is  with  laadsmeo  who  take  a  short 
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voyasre,  and  observe  ships  at  anclior,  or  moving  in  dif- 
ferent directions,  as  the  vessel  in  wliich  tbey  are  sails 
along;. 

118.  Siftot.  IL  — If  two  or  more  objecls  that  have 
the  same  apparent  velocity,  move  all  tlie  same  way.  an 
object  at  rest,  by  which  they  pass»  may  appear  to  move 
the  contrary  way,  wliiUt  the  objects  in  motion  may 
seem  at  rest.  For,  since  their  images  witiiiii  the  eye 
keep  the  same  distances  from  each  other,  no  motion 
among  them  h  perceptible ;  and  if  the  spectator  insen- 
sibly move  his  eye,  so  as  to  keep  these  images  in  the 
same  place,  the  image  of  the  object  at  rest  will  pass 
successively  over  them,  after  the  same  manner  as  it 
w*ou!d  if  that  object  had  been  in  motion  the  contrary 
way.  The  same  phenomenon  may  happen  if  the  single 
object  be  in  motion,  either  the  same  or  the  contrary 
way;  only  its  apparent  motion  will  be  quicker  or 
slower,  direct  or  retrograde,  according  to  the  ditierent 
cinnnnstanccs.  Thus,  when  the  clouds  move  suc- 
cessively over  the  moon,  she  seems  to  movt  with  iheir 
velocity  the  contrary  way,  whether  that  be  eastward  or 
westward. 

119.  Schffl,  III, — From  the  precediiia^  propositions, 
we  may  perceive  how  dithcnlt  it  is  to  form  a  just  eiiti- 
niation  of  the  real  velocities  of  objects,  from  the  appa- 
rent ones;  since,  to  make  a  correct  inference,  we 
ought  to  know  both  the  directions  and  distances  <if  ilie 
moving  objects,  neither  of  which,  in  numerous  cases, 
can  be  guessed  at  with  any  tolerable  accuracy :  and 
even,  though  we  had  tliem  both  given,  the  computa- 
tion is  too  perplexed  to  be  made  ex  i  an  pore* 

120»  ScktjL  IV, — By  mistaking  the  nearest  extreme, 
or  the  nearest  of  a  series  of  objects,  to  be  tlie  most 
remote,  which  may  frequently  happen  from  a  variety  of 
causes,  we  also  mistake  the  situation  with  respect  to 
right  and  left,  of  the  side  nearest  to  ns  ;  and  the  more 
is  the  real  obliquity,  the  more  liable  we  are  to  commit 
these  mistakes,  and  dependent  ones  in  reference  to 
motion. 

Let  A,  B,  C,  D,  (fig*  13)  be  a  row  of  lamps,  trees, 
columns,  the  arches  of  a  bridge,  Ac.  Now,  if  u  spec- 
tator at  O,  by  reason  of  some  partial  obscurity  in  the 
nearest  ol)ject  A  (or  froui  any  other  cause),  be  led  to 
imagine  it  the  rt-njotest  in  the  scries,  as  at  o;  he  will 
of  consequence,  imagine  all  the  rest  to  be,  us  at  /%  r,  d,  m 
a  hne  extended  on  his  right  hunt!,  contrar)'  to  the  situa- 
tion of  the  line  AD,  which  here  is  to  his  left.  And  thus, 
while  he  is  mirier  this  mistake,  if  he  see  a  body  moving 
from  A  towards  D,  it  will  appear  to  him  to  take  quite 
a  different  course,  as  from  a  towards  d.  The  position 
of  the  line  tid  will  be  variable,  according  to  the  imagi- 
nary proportion  of  On  to  Od  For  the  visual  ang;k^s 
AOB^  BOC,  COD,  will  be  the  same,  wherever  in  the 
lines  OA,  OB,  OC,  OD,  the  points  a^  i,  c,  d,  be  taken. 
I'2l.  When  the  object  is  but  of  small  extent,  in  pro- 
tiuticf  rwia-  portion  to  its  distance  from  the  spectator,  it  is  so  much 
Oi7oriijUu"  ^h^^*^**^  difficult  todtaermine  its  true  position,  or  motion. 
9iiiJ»)  often  ^'^^^^  hence,  beyond  a  certain  distance,  we  are  very 
tuimtaktii,  liable  to  mistake  the  position  of  a  weather-cock,  the 
fly  or  sails  of  a  wiud^mill,  &c,,  and  consequently  to 
mistake  the  course  of  tJieir  circular  motion.  Thus,  if  a 
spectator  at  O  (fig.  14)  situated  nearly  in  the  plane  of 
the  sails,  imagine  the  nearest  end  A,  of  tl^  sail  AE,  to 
be  the  most  remote,  and  the  real  motion  of  the  sails  be 
according  lo  the  order  of  the  letters  ABCDE,  then 
wrben  A  has  arrived  at  B  it  will  seem  in  D,  as  if  it  had 
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moved  from  £  to  D ;  and  so  the  «ail  will  se^m  to  go 
round  according  to  the  order  of  the  letters  EDCBA, 
contrary  to  the  true  course  of  its  motion.  This  illusion 
is  so  strong,  that  it  is  frequently  an  even  wager,  that 
one  mistakes  the  true  course  of  such  circular  motion. 
We  are  also  liable  to  the  same  mistakes,  and  that  for  a 
similar  cause,  with  regard  to  the  circular  course  of  a 
branch  or  hoop  of  lighted  candles  turning  round  9i 
some  distance, 

122.  Sc/ioi,  V. — Apparent  motion,  or  the  motion  of 
the  images  of  a  moving  object  upon  the  nervous  ex- 

f>ansion  at  the  bottom  of  the  eye,  must  have  a  certain 
imited  degree  of  velocity,  both  as  to  quickness  and 
slowness,  to  become  perceptible :  that  is,  the  space  de- 
scribed in  a  given  time  by  that  image  must  be  neither 
less  than  some  determiDed  space,  nor  greater  than  some 
other  determined  space. 

Vi:\,  If  the  motion  of  the  sun  s  shadow,  at  the  The 
distance  of  5  feet  from  the  gnomon  tliat  casts  it,  be  *PH 
observed  at  about  a  foot  distance  from  the  shadow 
wljen  the  sun  changes  his  azimuth  10  degrees  ii 
an  hour,  the  apparent  motion  of  the  shadow  will  be  t. 
then  as  sion^  as  can  well  he  perceived/  and  the  space  *^ 
described  by  it  upon  the  floor  will  be  about  10^.  inches  in  ^ 
an  hour;  and  the  motion  of  the  image  of  the  shadow^ij 
on  the  bottum  of  an  eve  which  observes  it  at 
distance  of  1 1  inches,  will  be  at  the  rate  of  about  ^q 
of  an  iJich  in  an  hour,  a  hundredth  of  an  inch  in 
minute,  or  a  six  thousandth  part  of  an  inch  in 
second. 

124.  It  is  obvious,  from  the  above  experiment,  thai 
the  space  described  in  an  hour  by  an  object  that  moves' 
with  tlie  slowest  perceptible  motion,  and  the  distance 
of  the  eye  froni  the  object  are  nearly  equal :  and  there* 
fore,  since  radius  is  equal  to  the  chord  of  f>0°,  the 
space  described  iu  a  minute  of  time,  by  an  object  that 
has  such  a  rate  of  motion,  subtends  an  angle  at  the 
eve  of  about  one  dt-gtrv:  or  the  space  described  in  a 
minute  by  an  object  that  moves  in  a  hoe  parallel  to  tlie 
face  of  the  spectator,  and  with  such  a  velocity  as  to 
he  just  distingutshable  from  quiescence,  is  about  J^  of 
the  distance  between  the  object  and  the  spectator. 

Hence  the  reai?on  why  the  stars  are  not  seen  to  more 
is  manifest ;  the  spaces  described,  even  by  those  of 
them  that  ate  in  the  etpialor,  in  a  minute,  not  anb- 
t ending  an  angle  of  more  than  a  quarter  of  a  de^jee* 
The  appiirent  motion  of  the  moon  never  exceeds  1 5'  40* 
iu  a  minute  of  time,  or  15;^"  in  a  second  ;  and  this  also 
is  imperieptible  by  the  naked  eye. 

125.  »Si7hi/.  VK— It  is  more  difficult  to  assign  the 
angular  spare  which  is  described  in  a  given  time  by  aa 
object  which  has  tlie  greatest  perceptible  motion;  and 
t!ve  dilferen<'C'  may  be  very  great  betwistt  that  degree 
of  velocity  with  which  something  may  l»e  perceived  to 
cross  the  field  of  \iew.  and  that  with  which  ilie  same 
object  may  be  distinctly  seen,  as  it  moves.  Of  Uiic 
latter  kind,  hi  that  of  a  falling  body,  at  the  distance 
of  20  feet  from  the  8|»ectator/ and  in  that  part  of 
fall  when  its  velocity  is  19  feet  per  second,  be 
quickest  perceptible  motion  (as  it  will  he  to  mosl  eye* 


•  ITiia  mution  of  ilic  slmdow,  howcfcr,  woM  not  be  pcrceptitikv 
if  we  *ti<l  not  JiUcnd  to  fitcd  mttrks  upon  tlic  floor,  mmi  mlvcB  w« 
caimot  tompare  th**  sltnatinn^  of  moving  botlies  with  otticrs  «l  ft*l» 
a  mntiori  iniicli  swift<*r  tliJin  the  above  obserrcd  motiou  of  the  «li*- 
dow  nill  be  imprrct'pnble. 
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and,  excepting  ki  few  oaaes,  an  object  canDOt  be  seen 

'  that  is  less  than  ^\j^  of  an  inch  in  diameter;  an  object 
of  that  brcafltii  siibtendmg  an  angle  of  1  minute  at  ihe 
distance  of  8  inches  from  the  eye.  But^  further,  an 
object  pluced  on  a  field  that  differs  insensibly  from  it 
in  colour,  is  not  perceptible  under  a  less  angle  than 
^botit  4  minules;  and,  in  such  circumstance,  the 
imallest  visible  object  is  scarcely  less  than  ^^Jp  of  an 
inch  in  diameter.  At  a  medium,  the  breadth  of  the 
least  globular  object  that  is  discernible  by  the  naked 
eye,  is  probably  about  the  -j^^  of  an  inch, 

132.  Svhot.  VIII. — ^ Before  we  terminate  these  scho- 
lia, it  may  not  be  amiss  to  make  an  inquiry  concerning 
the  limit  or  extent  of  the  greatest  apparent  distance, 
when  that  is  not  regulated  by  the  apparent  magnitude 
of  distant  objects,  as  trees,  churches,  &c.  whose  real 
maguitude  we  nearly  know.  It  is  very  certain,  that  no 
objects  appear  further  from  us  than  the  visible  horizon ; 
and  that  the  horizon  itself  appears  most  remote  when 
the  whole  intermediate  tract  of  land  is  visible.  But,  as 
that  visible  extent  will  be  different  according  to  the 
height  of  the  spectator,  the  evenness  or  roughness  of 
the  ground,  according  also,  as  the  ground  is  horizontal 
or  lies  either  ascending  or  descending  from  the  place  of 
the  spectator,  it  will  be  well  to  have  recourse  to  some 
general  estimate,  always  bearing  in  mind,  however, 
fliat  a  pre-conceived  notion  of  a  greater  distance  will, 
inevitably,  in  some  measure  modify  our  idea  of  appa- 
rent distance. 

Suppose*  now,  that  the  moon*  for  instance,  when 
near  the  horizon,  appears  to  be  a  yard  in  diameter, 
or  equal  to  a  round  table  just  at  hand,  whose  diiimeter 
is  a  yard.  The  vi«inal  angle  subtended  by  the  moon 
15  (art.  26)  about  half  a  degree,  and,  therefore,  in 
this  case,  the  apparent  distance  of  the  inoon  is  the 
radius  of  a  circle  whose  circumference  is  twice  360 
yards  :  for  it  is  evident  that  twice  360  apparent  i^oons 
(each  a  yard  in  diameter),  would  go  round  the  peri- 
phery of  a  circle  of  the  above-stated  mai^nityde.  Thns» 
upon  this  supposition,  the  a[}parent  distance  of  the 
moon  will  he  about  1 15  yards.  In  like  manner*  know- 
ing the  visual  angle,  and  the  apparent  magnitude  of 
any  other  object,  we  may  ascertain  its  visible  or  appa- 
rent distance.  But,  perhaps*  few  objects  furnish  so 
good  a  scale  of  comparison  as  the  horizontal  moon; 
with  regard  to  which,  if  the  apparent  magnitude,  as 
above  spt^cified,  be  too  large,  the  re?iulting  maximum 
apparent  distance  will  be  proportionally  too  great; 
100  yards  will,  probably,  he  a  medium  measure.  But 
in  some  cases,  as  when  we  stand  on  an  eminence, 
viewing  an  extensive  vale,  or  a  gradual  ascent,  on 
which  are  a  great  number  of  objects  whose  different  dis- 
tances are  very  perceptible,  the  greatest  apparent  dis- 
tance may  reach  to  a  quarter,  or  even  half  a  mile. 

This  will,  doubtless,  appear  extraordinary  to  most 
persons;  but  it  is  an  accurate  deduction  notwith- 
standing. 

A  prindpie  purpose  of  vision  being  to  discover,  as 
nearly  a§  circumstances  will  permit,  the  true  places  of 
objects,  we  do  not  rest  satisfied  with  mere  apparent 
distances ;  but  from  ihtnee,  and  from  such  other  helps 
as  occur,  we  always  make  some  judgment  of  the  real 
distances  of  terrestrial  objecfs.  And  hence  it  is*  that 
most  persons  are  apt  lo  think  the  simple  apparent  dis- 
tance of  a  remote  object  to  be  much  more  extensive 
than  it  really  is.     It  is  unquestionable,  that  the  appa- 


rent distances  of  two  steeples,  one  a  furlong  off,  the  | 
other  10  miles,  are  much  the  same,  if  no  intervening  i 
objects  are  perceived ;  and  yet  we  are  seldom  without^ 
helps,  by  which  we  can  readily  distinguish  that  on 
is  more  remote  than  the  other.  Upon  these,  howev€ 
we  cannot  now  dwell;  but  must  proceed  to  oth 
topics. 
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Geheral  notions  respecting  Catoptrics  and  Dioptric 

I.  On  imager  foci,  SfC, 

1 33.  Catoptrics  is  that  part  of  Optics  wkich  relatef  Cd 
to  the  Tcfltction  of  light,  and  the  various  phenomena 
which  depend  upon  it.  \ 

Rt-fkjibifili/  is  the  disposition  of  the  rays  to  be  turned  R^ 
back   into  the  medium  whence  they  came;    and  tlie  1**1 
change  of  motion  which   the  ray  in  this  case  under* 
goes,  is  called  rrJhchotK  ^ 

The  angles  which  the  incident  and  reflected  rays  ^a 
contain  with  the  perpendicular  to  the  reflecting  surface  in^ 
at  the  point  of  incidence,  are  called  the  angles  of  incidence  ^ 
and  of  re/icction. 

Any  smooth  surface  that  reflects  light,  is  called  a  S|| 
f^pccuium,  or  minor ,  and  is  evidently  either  plane, 
vex,  or  concave. 

A  line  drawn  through  the  centres  of  the  sphere 
of  the  lesser  circle  which  terminates  a  spherical  specu- 
lum, is  called  the  ox/v, 

134.  Dioptrics  is  that  part  of  Optics  which  relates  13^ 
to  the  nfrmtifm  of  light,  and  the  various  phenomena 
which  result  from  it. 

When  light  moves  through  a  homogeneous  medium,  E( 
it  preserves  a  continued  rectilineal  coursti ;  but  in  pa§i 
ing  from  one  medium  to  another  of  different  density,  f 
deviates  from  its  former  course ;  the  change  of  directic 
is  called  rffracdofK 

The  lines  which  a  ray  describes  before  and  after  it  M 
enters  the  refi acting  medium,  are  called  the  iftctdent  ^«* 
ikuA  refracted  rtiifs :    the  angle  contained  between   the  ^f* 
incident  ray,  and  a  perpendicular  to  the  surface  dravTti 
from  the  point  on  which  the  ray  falls,  is  called  the  angtt 
of  incidence:  the  angle  contained  between  the  refracted 
ray  and  the  said  perpendicular,  is  called  the  arrgie  of 
n fraction. 
'  1"he  difference  of  the  angles  of  incidence  and  rd'rac-  Ai 
tion,  is  the  angle  by  which  the  ray  deviates  from  iti  <^ 
original  direction,  and  is  called  the  refracted  angle,  or 
the  angle  of  deviation. 

1 35.  A  slender  portion  of  rays  separated  from  the  pg 
rest,,  is  called  a pcmil  of  rai/s.  rm 

Pencils  of  rays  are  either  conical  or  cylindrical ;  the 
axis  of  the  pencil  is  the  same  with  the  axis  of  the  cone 
or  cylinder. 

136-  P^ro/W  rays  are  such  as  proceed  equally  dis-  I^ 
tant  from  each  other  through  all  their  course.  Rays  *  ■ 
which  proceed  from  any  point,  and,  as  they  proceed*  ^ 
recede  more  from  each  other,  are  called  diverging ;  and" 
such  as  tend  towards  a  certain  point,  at  which  tl 
would  at  last  unite  if  not  prevented,  are  called  convef] 
iftg  rays. 

137,  By  the  aid  of  glasses  and  mirrors,  and  the 
reflexibilit^y  and  refrangibility  of  light,  we  may  collect 
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at  the  saine  sensible  point,  a  very  great  number  of  the 
rays  that  emanate  from  the  same  point  of  an  object; 
'And  siDce  each  ray  carries  with  it  the  property  of  eiL- 
citing  the  image  (art.  50)  of  the  point  whence  it  has 
issued,  the  combination  of  many  such  rays  cannot  do 
Otherwise  than  form  an  image,  which  will  be  bo  much  the 
more  vivid  as  there  are  more  rays  united »  and  so  much 
the  more  distinct,  as  they  preserve  in  their  combination 
the  order  in  which  they  were  transmitted  from  the  lumi- 
jious  object.  If  a  smooth  white  plane  be  placed  at  tlie 
int  of  convergence  of  these  rays,  the  image  in  its 
Datural  shape  and  colours  wilt  there  be  depicted. 

138.  The  foe  Its  is  that  point  from  which  rays 
diverge,  or  towards  which  they  conver<re.  The  point 
from  which  rays  seem  to  diverge,  when  in  reality  they 
diverge  from  another,  is  called  a  liriuut  or  imagimtrjf 
focus.  The  point  to  which  parallel  rays  are  reflected  or 
refracted,  is  called  the  prirtd pa  I  focus.  The  focus  before 
reflection  is  called  the  Jocus  of  incidatt  rays  ;  and  the 
focus  after  reflection,  the  foe  us  of  rtficcttd  ray.s ;  both 
together  are  called  vonju^^atc  foci:  and  they  are  so 
related,  that  if  either  of  them  be  the  radiant  point,  or 
the  focus  of  incident  rays,  the  other  will  be  the  focus  of 
reflected  rays, 

139.  From  this  fact,  that  each  ray  carries  with  it  the 
image  of  the  object  whence  it  issues,  it  follows,  that  if 
fays,  after  mutually  intersecting  and  forming  an  image 
ftt  tUeir  intersection,  can  again  be  brought  together  by 
toy  refraction  or  reflection,  they  will  form  a  new 
image;  and  so  on,  so  long  as  their  order  is  not  con- 
found ed.  We  may,  therefore,  fomi  as  many  images  of 
the  same  object,  as  we  can  effect  new  re-unions  of  the 
rays  (which  had  been  separated)  without  confounding 
them. 

140«  It  follows,  that  so  long  as  the  question  relates 

^Oidy  to  the  progress  of  the   luminous  rays,  we  may 

vegard  the  image  as  the  object,   and  the  object  as  the 

iioage;  and  even  a  second  image,  as  if  the  first  image 

had  been  the  object  which  produced  it;  and  so  on. 

11.  Laux  or  principirs  Jedmvd  from  rjpcrimrnt^  ott 
whii'h  the  tlcmonstration  if  Diuptrkh  and  Cutuptrkn  art 
Jumdtd, 

141.  1st  Law. — Every  luminous  ray  which  passes 
through  a  medium,  on  meeting  with  another  medium 
of  a  ditfcrent  density,  or  a  different  nature,  changes  its 
direction.  If  it  do  not  penetrate  that  medium,  it  will 
be  reflected  at  its  surtace;  if  it  enter  the  medium,  it 
*illbe  bent  or  refracted  at  its  entrance;  except  it  meet 
li»e  medium  perpendicularly  to  its  surface  at  the  point 
^  ea trance. 

This  is  matter  of  universal  experience.  With  regard 
^r^ficction,  the  proof  is  furnished  by  the  surfaces  of 
^om  and  other  smooth  bodies.  A  simple  instance 
^(  the  effect  of  refraction,  is  that  of  a  straight  staff 
plunged  obliquely  into  a  vessel  of  quiescent  water, 
the  fitaff  appears  as  if  it  were  broken  at  the  point 
w  immersion  ;  and  the  pan  immersed,  although  it 
jjppears  rectilinear,  seems  to  approach  more  to  the 
•^wistontal  position  than  the  part  which  is  out  of  the 
*^U:r.  The  same  thing  is  observed  in  all  inclinations 
<>'tbesiair. 

^  let  AC  (fig.  15)  be  a  ray  which,  passing  through  the 

^  falls  upon  the  surface  PQ  of  a  solid  piece  of  glass 

At  the  point  C  (where  the  surface  of  the  new 


P8. 


Medium  meets  the  ray),  that  is,  t/it  point  of  incidence^ 
^^yt  the  perpendicular   MD,  sometimes 'called   the 


cathetus  of  incidence.     If  the  incident  ray  AC  finds  Cat*>pui<«, 
some  obstacle  wliich  prevents  its  penetrating  the  glass,       ^*^* 
it  will  change  its  direction  by  reflection,  and  will  take  ''-^^v-x^ 
its  course  along  CI ;  so  that,  while  ACM  ii^  tJi€  angie 
of  incidtmcy  MCI  is  the  angle  of  reficciion.     But  if  the 
incident  ray  AC  can  enter  the  glass,  instead  of  pursuing 
its  first  direction  CB,  it  will  be  refracted  and  lake  its 
course  in  some  other  direction  CT.     In  that  case  the 
angle  DCT  is  called  the  attgie  of  refraetion,  TCB  the 
refracted  anglc^  BE  the  sine  of  the  angle  of  incidence, 
or  the  sine  of  incidence^  and  TH  the  sine  of  the  angle  of 
reOaction^  or  the  sine  of  refraction,   to  the  assumed 
radius  CT. 

142.  2d  Law. — A  luminous  point  which,  on  meeting 
different  surfaces  or  media,  had  experienced  all  tlie 
reflections,  refractions,  &c.  wiiich  they  were  calculated 
to  produce,  would,  if  it  met  with  an  obstacle  which 
compelled  it  to  return  in  a  precisely  opposite  direction, 
re- issue  from  the  last  surtace  upon  the  same  line  as  that 
in  which  it  entered. 

Thus,  a  ray  AC  {^^^,  15),  which  being  refracted  atC 
described  CT,  would,  if  it  were  repelled  from  T  in  tire 
direction  TC,  re-issue  at  C  in  the  direction  CA. 

143.  3d  hAW, — The  angle  of  reflection  or  of  refrae- 
tion,  is  in  the  same  plane  as  the  angle  of  incidence,  and 
this  plane  is  perpendicular  to  the  ^urlace  of  the  medium. 

For  its  iKJsition  is  determined  l>y  the  cathetus  of  in- 
cidence, which  is  perpendicular  to  that  surface, 

144.  4th  Law. — The  sine  of  the  angle  of  reflection 
and  the  sine  of  the  angle  of  refraction  of  a  ray,  are  in 
constant  ratios  to  the  sine  of  the  angle  of  incidence; 
with  regard  to  the  same  media. 

Some  experiments  on  which  this  law  is  founded,  are 
described.  We  shall  here  state  the  resuUs,  and  naake 
a  deduction  or  two. 

In  rtihxtiori^  the  ratio  of  the  sines  is  that  of  equality; 
or,  in  truth,  the  anglai  of  incidence  and  of  i^eflectioa 
are  eqtiah 

The  ratio  of  the  sine  of  refraction  to  the  sine  of  inci*  Lawi  of  r«- 
deuce,  is,  when  tlie  himinouB  point  passes  from  air  into  fractiwi. 
rain-water,  nearly  as  3  to  4,  or  more  exactly  as  3  to 
4-007G  ; — from  air  into  glass,  as  2  to  3,  or  more  accu- 
rately, as  20  to  31 ; — from  glass  into  water,  as  8  to  9, 
And  reciprocally,  the  sine  of  refraction  is  to  that  of  in- 
cidence, in  the  passage  from  water  into  air,  as  4  to  3; — 
from  glass  into  air,  as  3  to  2 ;  &c. 

145.  Cor.  1. — Hence  we  see  that  it  is  consistent  with 
the  general  law,  that  when  an  incident  ray  is  perpendi- 
cular to  the  surface  of  the  medium  which  it  meets,  it  is 
either  reflected  upon  itself,  or  it  is  transmitted  through 
the  medium  without  changing  its  course.  For  then  the 
sine  of  incidence  being  zero,  the  sine  of  reflection  and 
that  of  refraction  arc  zero  also ;  or,  which  amounts  to 
the  same,  the  ray  continues  confounded  with  the  Ga- 
llic tus  of  incidence. 

146.  Cor,  11,— Under  whatever  angle  of  incidence 
a  ray  meets  a  medium  impenetrable  to  light,  it  may 
always  be  reflected ;  but  when  the  sine  of  the  angle  of 
incidence  must,  by  the  nature  of  the  medium,  be  smaller 
than  the  sine  of  the  angle  of  retract i on >  the  ray 
cannot  always  penetrate  that  medium  by  refraction: 
or,  which  amounts  to  the  same,  there  are  always  certain 
limits  in  the  angles  of  incidence,  beyond  which  a  ray 
cannot  be  refracted,  or  pass  from  the  medium  fn  which 
it  is,  into  tliat  which  it  meets.  For^  if  a  luminous 
particle,   passing  through  the  air,  meet  a  surface  of 
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Optica,  water,  under  an  nn^fe  of  incidence  of  nearly  90*,  the 
angle  of  refraction  will  be  about  48*  36'  or  48°-^ ;  be- 
cause the  sine  of  48"*  36'  is  f  of  the  sine  of  90°,  If, 
therefore,  on  the  contrary,  a  ray  were  to  pass  from 
water  into  air,  under  an  incidence  of  48°^,  it  would 
issue  from  the  water  in  an  angle  of  about  90°,  and,  in 
a  manner,  glide  along^  the  surface :  and,  if  the  ray  had 
to  pass  under  an  angle  of  incidenee  of  more  than  48° t, 
the  sine  of  its  corresponding  an»;le  of  retraction  would 
exceed  radius ;  which  is  inrtpossible.  Ft  is,  therefore, 
imposBible  that  a  ray  with  snch  an  incidence  can  pass 
from  water  into  air ;  and,  we  learn  from  experiment,  that 
a  ray  so  circumstanced,  is  reflected  at  the  common  sur- 
face of  the  water  and  the  air,  and  remains  withm  the 
former. 

The  same  reasoning  applies  to  other  medicc;  and  by 
means  of  it  we  may  determine  the  limits  of  the  possible 
refractions  for  any  given  ratios  of  the  sines  of  incidence 
and  refraction » 

III.  Etptrimental  and  theoretkal  mvcstigailons  of  the 
preceding  tawH^  and  of  the  measure  of  refraction. 
Laws  of  re-  147.  The  proof  from  experiment  of  the  laws  of  re- 
flection  is  very  simple*  Instead  of  employing  the  light 
which  emanates  immediately  from  the  sun,  we  may 
make  use  of  the  flame  of  a  candle  or  lump,  or  even,  of 
the  light  naturally  flowing  from  some  point  of  a  terres- 
trial object,  which  we  receive,  after  reflection,  from  the 
first  surface  of  a  polished  plate.  Let  such  a  plate 
(fig.  16)  HL  be  placed  in  a  perfectly  horizontal  position  ; 
and  let  S  be  the  point  of  an  object,  from  which  a  ray, 
as  SI,  reflected  from  the  plate  at  I  into  the  direction 
IC,  is  that  which  we  would  examine.  Let  C  be  the 
centre  of  a  fi:raduated  circle,  furnished  with  sights,  and 
o^erwise  fitted  for  measuring  angles,  be  placed  some- 
where on  IC  :  if,  after  having  posited  this  circle  verti- 
cally in  the  right  direction,  we  give  a  continued  motion 
to  the  index  which  carries  the  sights,  we  shall  find  that 
it  successively  points  to  the  image,  the  point  of  inci- 
'dence,  and  the  object ;  which  proves,  that  the  indtknt 
ami  rejected  rai/s  are  both  contained  in  one  plane  perpen- 
ditaUir  to  the  surface  of  incidence  (art.  143), 

Now  (conceiving,  through  the  point  C,  a  horizontal 
line  CH'  to  be  drawn)  we  may,  by  means  of  the  circu- 
lar instrument,  ascertain  the  angle  SCH\  the  apparent 
altitude  of  the  point  S  above  the  horizon,  a«  well  as 
the  angle  SCI  between  the  direct  ray  SO  and  the  re- 
flected ray  IC.  Thus,  taking  the  most  simple  case,  in 
which  the  luminous  point  is  so  remote  that  the  distance 
CI  from  the  point  of  incidence  to  the  centre  of  the 
circle  may  be  insensible  with  respect  to  it.  Then,  the 
angles  being  measured,  we  shall  find  that  SCI  is  double 
of  SCH',  But,  since  the  luminous  point  ivS  supposed 
indefiaitely  remote  from  tlie  circle,  SC  (fig.  17)  will  be, 
as  to  sense,  parallel  to  SI,  at  the  same  time  that  LH  is 
parallel  to  CH'  i  co  isequently  SIH  —  SCH'.  The  angles 
H'CI,  CIL,  being  alternate  angles,  are  equal :  there- 
fore, we  have,  for  the  total  value  of  SCI, 

SCI  =  SIH  -f  CIL. 
But  it  is  found,  by  observation,  that 

SCI  =  2SCH'=:  2  SIH. 
Therefore,  by  equating  the  two  values  of  SCI,  we  have 
2  SIH  =  SIH  +  CIL,  or  SIH  =  OIL. 
Hence  it  appears,  that  the  incident  and  reacted  rays 
form  €jMi  angles  mth  the  reflecting  $urfact  (art.  144). 


%  i^ 


148,  Strictly  speaking,  ft  k  not  possible  that  ihl 
rays  SI,  SO,  be  exactly  parallel ;  but  the  error* 
become  so  small  as  to  be  altogether  imperceptible^ 
besides,  whenever  it  is  necessary,  we  can  have  nt 
to  the  angle  which  they  make  between  them, 
(returning  to  fig.  16),  let  there  be  drawn,  throui 
centre  C  of  the  circle,  the  line  CS'  parallel  to  \f 
this  case,  if  the  angle  CSI  be  sensible,  we  find, 
servation, 

SCI  =  2SCR'+  CSL 

Adding  CSI  to  both  sides  of  the  equation,  wo  Im 

SCI  H-  CSI  =  2  {SCH'  4-  CSI). 
But,  since  CS'  is  parallel  to   IS,    it  is  ev ideal 
CSI  ^  S'CS,  and,  consequently, 

SCI  -I-  CSI  -  2  (SCH'  -f  SCS)  =:  2 S'CH'  = 
and  SCIT  -f  CSI  =  S  CH'.  j 

Substituting  these  values  in  the  equation  given  U 
servation,  it  becooi^a 

S'CI=:2STH': 
which  is  obviously  the  same  in  effect  as  the  precfll 
and  thence  again  we  obtain,  as  before,  81 H  ^ 
an  equation  tliat  establishes  this  law  of  rcAectiooJ 

149,  The  fundamental  law  of  rejr action,  namcljl|| 
the  sine  of  incidence  of  homogeneous  rays,  is  U 
sine  of  refraction,  in  a  given  ratio,  most  eleg 
demonstrated  by  Newton,  after  a  synthetic  pr< 
from  this  supposition  that  bodies  refract  the  r^ 
light  by  acting  upon  them  in  lines  perpendicol 
their  surfaces;  without  stopping  to  decide  whatj 
is,  or  by  what  kind  of  force  it  is  refracted,  Waj 
here  exhibit  tlie  demonstration  precisely  as  Newtd 
done.*  I 

150,  Prop. — If  two  similar  mediums  are  sepdt 
from  each  other  by  a  space  terminated  on  eaeJi 
by  parallel  planes;  and  a  body  in  its  transit  tbj 
this  space,  is  attracted  or  impelled  pi'rpendicuJafi 
wards  either  medium,  and  i^  not  agitated  or  himt 
by  any  other  force;  and  the  attra«;huii  is  every  \ 
the  same  at  equal  distances  from  either  plane,  I 
towards  the  same  side  of  the  plane ;  thtu  will  thi 
of  incidence  on  either  plant"  be  to  the  sine  of  emen 
from  the  other  plane  in  a  given  ratio.  j 

€au-  1.  Let  A  a,  B  h,  be  two  parallel  planes.] 
the  body  fall  upon  the  first  plane  in  the  direction  | 
line  GH,  and  in  its  whole  transit  through  the  I 
mediate  space  let  it  be  attracted  or  iujpelled  tof 
the  medium  of  incidence,  and  by  that  action  conc^ 
to  describe  the  curve  line  HI  (fig.  18);  and  let  it  ell 
in  tlie  direction  of  the  line  IK,  Let  IM  be  erecteJ 
pendicular  to  the  plane  of  emergence  B  6;  ntti 
both  the  iine  of  incidence  GH  produced  in  M,  an 
plane  of  incidence  A  a  in  R :  and  let  the  line  of  i 
gence,  Kl,  produced,  meet  HM  in  L,  With  the  a 
L  at  the  interval  LI  let  ;i  circle  be  described,  cd 
both  HM  in  P  and  Q,  and  MI  produced  in  N; 
first,  if  the  attraction  or  impulsion  be  supposed  unl 
the  curve  HI,  from  what  Galileo  has  demonfl 
(see  also  Mf-ciianics,  p.  105,  art,  44»)t  willi 
parabola,  of  which  this  is  a  property,  that  the  reclj 
under  its  given  httn  rectum  and  the  line  IM,  is  ' 
to  the  square  of  HM.  But,  further,  the  line 
be  bisected  in  L;  whence,  if  LO  be  let  fall 

*  PriDcip,  Math,  lib,  L  Prop.  xdv.  Thcor.  48. 
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ilwly  to  Ml,  MO  and  OH  uilt  be  equal ;  and  the 

ual  lines  ON,  Oi,beinj?  added,  MN\  IR,  will  become 

uaL     Where  tore,  since   I R  is  given,  MN  is  likewise 

ven,  and  NM-ME  is  to  the  rectangle  utider  tlie  iattts 

€t9im  and  1M»  thnt  h,  to  WW,  in  a  given  ratio.     But 

M  '  Ml  -  PM  Mg,  that  is  -  UV  -  PL'  -  UV  - 

Vi   and  HM'  has  a  e:iv^n  ratio  to  its  fourth  ML': 

erefbre,  the  ratio  of  ML*  —  LV  to  ML',  is  given; 

d,  by  conversion,  the  ratio  of  LI"  to  ML%  and  its  sub- 

^  aiplicale,  the  ratio  of  LI  to  ML,    But,  in  every  irian^le 
l^^^lf  the  sines  of  the  ang'les  are  proportional  to  the 
j^  j^posite  sides.     Therefore  the  ratio  of  tlie  sine  of  the 
^^i^gle  of  JDcidenoe,  LMR,  to  the  siae  of  the  angle  of 
^^^^ergence,  LLR,  h  given;  which  was  to  be  demon* 
ted. 
Cflif  IL—  Let  the  body  now  pass  successively  tlirough 
^i-rat  spaces,  terminated  with  parallel  planes  AabB^ 
^      ^  f  C,  &c.  (fig.  19);    and  let  it  be  agitated  by  a 
fcm''^~^^  which  Is    uniform  in   each  of  them  separately, 
\)m-:m  ^  diflferent  in  different  spaces.     By  what  has  been 
^  ^c— ^ady  demonstrated,  the  sine  of  incidence  on  the  first 
^^:^mJiG  A  fl,  will  be  to  the  sine  of  emergence  from  the 
^^d^ond  plane  B6,  is  a  given  ratio  ;  and  this  sine,  which 
\^      -Che  sine  of  incidence  on  the  second  plane  B  ^,  will  be 
to     the  t^ine  of  emergence  from  the  third  plane  C  c  in 
^^    E*'^^"  ratio  ;  and  this  sine  to  the  sine  of  emergence 
^Hb^crin  the  fourth  plane  D  t/,  in  a  given  ratio:  and  so  on, 
^HBOiitinuaUy  :  and  rr  tFfjuo^  the  sine  of  tncidenee  on  the 
^K|r«  I  jjlane,  to  the  sine  of  emergence  from  the  last  pdane, 
^in  a  given  ratio.     Let  the  intervals  of  the  planes  be 
tiow   diminished,    and    their    number   increased   con- 
tinual Jy,  so  that  the  action  of  attraction  or  impulse, 
exerted  according  to  aay  assigned  law^  may  become 
^     ^        tt ;  and  the  ratio  of  the  sine  of  incidence  on  the 
J  \  to  the  sine  of  emergence  from  the  last  plane, 
i>L'i[i^  continually  given,  will  be  still  given*     Which  was 
to  be  demonstrated. 

lol,  Newton  g^oes  on  to  demonstrate  that,  the  same 
wing's  being  supposed,  the  velocity  before  incidence,  is 
t*^  Its  velocity  after  emergence,  as  the  sine  of  emergence 
to  the  sine  of  incidence.  This  he  eflects  by  the  follow- 
^%  proct^^ss : 

Let  AH,  I rf,  be  taken  equal;  and  let  the  perpendi* 
culars  AG,  d  K,  be  erected,  meeting  the  lines  of  inci- 
dence and  emergence  GH,  IK,  in  G  and  K.     In  GH 
»j^5  ^H  be  taken  equal  to  IK;  and  let  fall  Tr  perpen- 
^^ular  to  the  plane  A  a.    And  (Mfxii  a  xics  ^  VIIL)  let 
™^  tnotton  of  the  body  be  resolved  into  two,  one  per- 
pendicular to  the  planes  A  a,  B  h,  C  c,  &c,   the  other 
P^llel  to  them.    The  force  of  attraction,  or  of  impulse, 
•tting  iti  perpendicular  directions,  does  not  at  all  eliange 
^  motion   in  parallel   directions ;  and  therefore  the 
Y^y^  with  this  motion,  will  describe  in  equal   times, 
tiiose   equal   parallel   intervals  which  are  between  the 
^"leAG  and  the  point  H,  and  between  the  point  I  and 
:^^  line  d  K ;  that  is,  it  will  describe  the  lines  GH,  IK, 
?  ^quai  times.     Therefore,  the  velocity  before    inci- 
I'-f^c^  ia  the  velocity  after  emergence,  as  GH  to  !K,  or 
I^JLL  *^^t  '^^ ^^  AH  or  I  f/  to  r  H  ;  that  is  (with  respect 
lin        ^^^^  '"^^  radius),  as  the  sine  of  emergence  to  the 
"^  of  incidence. 


too 


1^2. 


As  all  wfiich  relates  to  the  law  of  refraction  is 


^     >tnportant  to  be  pa.^seti  over  slightly,  we  shall  add 
^      ^aJytical   demonstration   of  the    constant  propor- 
!*^UtYoftbe  sines  of  iucidence  and  refractioa. 


rcction  of  the  refracted  ray,  i*  du^  to  a  constant  acce-  Caioptfici, 
lerating  force,  the  curve  described  by  the  inflected  ray      &c. 
will  be  a  parabola  (art.  150). 

Now,  let  tf  -=  —  fl  ,r  4-  b,  be  the  equation  of  the  in- 
cident ray,  and  lei  r  denote  the  velocity  of  impulsion 
in  a  rectilinear  direction,  by  the  augmentation  of  the 
accelerating  force  in  a  unit  of  time.  By  virtue  of  the 
force  of  impulsion,  in  a  time  t,  the  ray  would  have 
described  the  space  H  n  by  an  uniform  motion,  and  we 
should  have  B'  n  —  v  t,  or,  since  BVm'  =  B*  r*  -f 
r'n^-a^T'  ^  t*  zz  x"  (I  -f  a%  and  (1  +  a')  x^-v't*. 

But,  having  regard  to  the  attraction,  and  putting  # 
for  the  vertical  space,  described  by  reason  of  that  force, 
we  shall  have  (Mechanics,   §  111.  p.  85)  *  —  gf*; 
which  compared  with  the  last  equation,  gives 
_   g.r^d  -her) 

for  the  vertical  space,  that  the  attraction  will  cause  the 
particle  to  describe'  to  retain  it  on  the  curve.  The 
ordinate  of  the  curve  will  therefore  be 


5^=  — ajr  +  A  — 


S^.r'Cl+ff^ 


which,  makins:  -  -  ^   , —  =  c,  will  become 
2  u^ 

y  ^  —  fl  *r  —  c  j'  -f-  6, 
an  equation  to  a  parabola. 

The  sine  of  refraction,  at  the  point  I,  will  be  ex- 
pressed by   ; ; T-i — •  fof  the  tangent  of  the 

V  (I  +  i^  +  4Ac)  ^ 

angle,  at  the  point  c,  is  found  by  taking  the  value  of 
-V  for  that  of  x,  which  corresponds  to ^  ^0;  which 


y 

gives  -:-  ^  —  »^  {if  -^  Ahc). 

t 

at  the  point  H  is 


S 


Upposing,  -mth  Newton,  thmt  the  change  in  the  di- 


The  sine  of  incidence 

, .     The  ratio  of  these  sineg 
Vtl-hO 

is  constant,  and  is  equal  to  the  ratio  of    jT  /  l  -f  £*  i 

to  1. 

153.  For  the  purpose  of  determining  exactly  the 
angles  of  incidence  and  refraction^  and  thence  the 
ratio  of  their  sines,  differetit  processes  have  been  recom- 
mended and  employed  by  dilftrent  philosophers.  The 
method  exhibited  by  M,  Biot,  with  respect  to  transpa- 
rent solids,  is,  on  the  whole,  as  elegant  as  any  which 
we  have  seen.  A  brief  view  of  it  may  here  be  pre- 
sented. 

Let  ABC  (fig.  20)  be  a  section  made  in  a  triangular  rriTt-shga- 
prisra  (constituted  of  the  diaphanous  substance  which  ti«n  of 
we  would  subject  to  the  experiment),  by  a  plane  perpen-  formulae  for 
dicular  to  its  rectangular  faces.  In  this  plane,  conceive  [Jirollh*" 
a  luminous  ray  SI  to  fall  on  the  surface  of  the  prism  at  nri»m». 
the  point  1,  and  be  refracted  in  the  direction  11 .   From  ^^„  ^o, 
the  first  law  of  refraction,  the  two  lines  S^l,  IF,  will 
continue  in  one  plane  perpend icular  to  the  refringent 
surface  ;  they  will,  therefore,  remain  in  the  plane  of  the 
section  ABC,  which  fulfils  those  conditions.     The  re- 
fracted ray,  after  having  passed  through  the  substance 
of  the   prism,  will  meet  the  second  surface  in  I',  and 
there,  on  p;i4sing  into  the  air,  will  again  be  refracted 
into  a  new  direction  I'D  ;  still,  however,  in  the  same 
plane,  for  the  same  reason  as  before.    A  spectator, 
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Opticf,  tbercfore,  wlio  shall  place  his  eye  on  a  convenient 
point  O  of  the  direction  TO,  will  receive  simultaneoiisly 
on  the  org's n  of  vision  the  refracted  ray  TO  and  the 
direct  ray  OS  that  proceeds  from  the  himinous  object. 
Now,  it  is  evident  that  the  angle  of  deviation  SOT  will, 
in  all  eases,  depend  npon  the  law  of  refraction;  aod, 
therefore,  conversely,  that  a  careful  estimate  of  that 
angle  may  lead  to  tlie  determination  of  ilie  refraction 
itself. 

Let  ^  be  the  anscle  SI  A  which  the  incident  ray  forms 
with  the  surface  of  the  prism  towanh  iht  base^  and  ^jt^ 
the  opposite  angle  AIT  formed  by  the  refracted  ray  with 
the  same  surface:  ^^  the  angle,  IVC,  which  the  re- 
fracted ray  makes  with  the  second  surface  towards  the 
base,  and  f^  the  apposite  angle  made  by  the  emergent 
ray  after  its  second  refraction.  The  same  kind  of  no- 
tation may  evidently  be  continwed  to  any  extent, 

154.  Now,  to  verify  the  general  law  of  refraction, 
iuppose  the  sines  of  incidence  and  refraction,  reckoned 
from  the  cathetus  of  incidence  at  each  surface,  to  be  in 
the  ratio  of  n  to  1,  In  reference  lo  the  first  surface, 
these  anp;;ies  will  be  90*^  —  <p  and  90°  —  *^j ,  suppositig^ 
to  be  less  than  a  right  angle :  so  that  we  shall  have 

,  for  the  ratio  of  their  sines*     la  the  case  where 

COS^j 

A  is  greater  than  90°,  the  angle  of  incidence,  reckoned 
from  the  said  cathetus,  wdl  l^  ^  —  90°  and  ^j  —  90°. 

So  that  we  shall  still  have  — — —  for  the  ratio  of  their 

cos^^ 

sines.  The  like  will  evidently  hold  at  the  second  sur- 
face, where,  of  course,  the  ratio  of  the  sines  of  inci- 
dence and  refraction  will  be  ^;  placing;  always 

in  the  numerator  of  the  ratio,  that  of  the  two  angles 
which  obtains  in  the  air.  But  since  these  ratios  are 
constant  with  regard  to  the  same  refracting  substance, 
we  shall  have 

cos  6                   ,    cos  6^ 
i—  rz  w,  and =  n* 

cos  ^j  cos  (jt^ 

155.  Tlierc  must  be  further  introduced  into  con- 
sideration, live  refringcnt  angle  BAG  (suppose  —  a)  of 
the  prism  ;  which,  evidently,  .|ias  its  influence  on  the 
deviation  of  the  ray,  by  tha inclination  whioh  it  gives 
to  the  second  surface,  witli  rei;;tird  to  the  refracted  ray, 
&c.  For,  relatively  to  the  triangle  lAl',  the  angle  f,, 
is  exterior;  so  that  we  have 

this  condition  we  blend  with  the  others,  tlius : 

cos  ip  -=.  n  cos  ^j  . . . . .  ^2  —  «  +  ^1 <^os  f^  zz 

n  cos  f ,.  (l) 

Of  these,  the  first  makes  (j>^  known,  when  the  angle  of 
incidence  ^  and  the  ratio  n  are  given  :  tp^  bt^ing  known, 
as  the  angle  a  of  the  prism  is  given,  the  second  equa- 
tion will  give  f^  ;  and,  by  means  of  this  and  w,  the 
last  equation  will  give  the  emergent  angle  ^^, 

This  angle  must  now  be  connected  with  ihe  dt; 
viation  SOr,  in  order  that  lhis»  when  it  can  be  ob- 
served, may  serve  for  the  determination  of  n.  Here 
the  mode  of  connection  presents  itself  at  once;  for  the 
%ure  SirO  being  a  quudnlateral,  the  sum  of  its  iu- 
lerior  angles  will  be  equal  to  four  right  angles.  Let, 
theni   A  denote  the  deviation  SOr,  mud  S  the  angle 


ISO.  This  last,  bemf  lorme<t  ijy  l1ie  SIrect'ray  SOCal 
and  the  incident  ray  SI,  is  given  from  the  positions  af  J 
the  object,  the  observer,  and  of  the  point  of  tnci«  ^^ 
dence.     The  two  other  angles  of  the  quadrilateral  are 


We,  there- 


^  4.  ISO^—  ^j,  and  ^^  -t-  180^^ 
fore>  have 

S  ^f  +  180°  -  ^i  +  <>->  +  180^  -  ^3  +  A  =  360^, 
Striking  360°  from  both  members  of  the  equation,  and 
putting  for  f^  —  ^i>  i's  value  a,  we  shall  have 

i  -j-  ^  -h  a  -h   A  -  ^,  =  0, 
which  gives        ^^  =  ^  4-  A  -f  ^  -h  (7*  (2) 

By  means  of  this  equation,  f^  will  be  entirely  ex- 
pressed in  terms  of  the  data  of  the  problem,  and  of 
the  observed  deviation  a*  It  will  remain,  therefore* 
to  know  tft^^,  in  order  to  obtain  w.  To  effect  this,  we 
may  proceed  thus : 

Substituting  in  the  first  of  the  equations  (I)  for  ^^, 
its  value  deduced  from  the  second,  and  combining  it 
with  the  third,  we  sliall  have 

cos  f  zz  n  cos  (9*.  —  a), 
and  cos  ^^  —  «  cos  f^  » 

The  difference  and  the  sura  of  these  equations  w 
give,  respectively, 

cos  f^  —  cos  f  :^  n  [cos  ^^  —  cos  (f^  —  a)], 
cos  f  3  +  cos  ^  =  It  [cos  <^.^  +  cos  (^2  —  fl)]. 

On  dividing  the  first  of  these  equations  by  the  se- 
cond, member  for  member,  n  will  disappear,  and 
shall  have 

cos  ^ji  —  cos  ^  _  cos  ^2  —  cos  (^3  —  a) 
cos  f^  -i-cosf  ^  cos^,,  -I-  cos  (fj>^  —  a)  ' 

But,  it  is  a  general  property  of  any  two  angles  jt  and  q 
demonstrated  in  our  treatise  on  Trigonometry,  that 

cos  p  — cos  9  ^       ,  .      ...       ,  /  V 

— "^  ^  =  -  tan  i{p  +  q)  tan  ^  (p  _  q)^ 

cos;* -h  cos ^ 

The  respective  terms  of  the  above  equation  for  ihe 
cosines  of^,  ^j,  d>^,  &c.  being  transformed  agreeably 
to  their  corrcsponaing  values  in  the  tangents,  we  have 

tan  1  (f^  H-  tp)  tan  J  (^ ,  —  ^)  =  tan  (i/i^,  -~  J  a)  tan  J  a. 
Of  this  equation,  the  first  rut^rnhLr  contains  only  known 
quantities.  The  second  toiiiuins  no  other  unknown 
quantity  than  tan^...  This  quantity,  therefore*  will  be 
determined.  But  it  may  be  previously  remarked  Uiat, 
from  the  value  of  ^g  given  by  equation  (2)  we  have    ^ 

J-  (^^+^)  =  ^^i{^  ^S-^a)i  ^ 

4  0/.J  "f)  -  J  (A  ^c^a.) 
Snhstituting  these  values  in  the  equation  which  gives 
^,,,  all  the  results  of  the  pmblem  will  be  comprized  tn 
the  form u he 

tan  (f  ,j  —  \  a)  = 
tan  (<^  +  ^ (  A  -h  ^  4-ff)lian4(A  +  ^  -^  ft) 


1 


tan  4  (' 


cosd>, 
n  = -^ 


C3) 


^^        ^  cos  ^5 

The  first  of  these  will  enable  us  to  determine  ^„  — *  ^^^ 
from  the  data  furnished  by  observation;  and  to  tfii«> 
adding  ^n^  we  liavc  ^..,  The  second  will  enable  us  ta 
find  ^^  :  and  tVom  this  and  ^^.  by  meiins  of  the  third 
enuation,  wu  obtain  n.  These  fornmleB  are  evidently 
fitted  for  logariUunic  computation  ;  and  require  simply 
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usual  precautions  witli  regard  to  the  signs  of  the 
i^onometrical  quaiitilies. 

1 36,  Instead  of  eliminattng  (p ,  from  the  primitive 
►rmulfB,  we  might  have  eliminaLed  ^j,     In  that  case, 
Ler  operating  in  a  similar  manjier,  we  should  find 

tan(f^  +iff)  = 
can  [»  +  i(  A  4-  ^  -I-  fl)]  tan  ^  ( A  +  ^^  H-  <i, 

tan  ^  a  '  >     (4) 

cos  f 

n  ^  — — 

cos*;«i 

These  formula  are,  in  certain  cases,  not  merely  use* 

il,  but  necessary ;  for  when  the  angle  of  emergence 

is  a  right  angle,  the  formulee  (3)  cease  to  be  apj^li- 

^l>le.     In  such  circumstances  ^«  also  is  a  right  angle, 

"fidd  II  is  presented  under  the  form  n  ^  — ,     Then  re- 

cotrrse  must  be  had  to  the  formulee  (4).     These,  for 

like  reasons,  cease  to  be  apphcable  wheii  ^  is  a  right 

aug-le  :  but,  whenever  that  is  the  case,  we  may  employ 

the  equations  (3). 

I       157,  Let  us  now  inquire,   from  these  formulae,  what 

►  will   bappen  when  the  angle  a  vanislies*     This  is  inte- 

■*  resting  to  know»  because  it  is  the  case  of  refraction 

through  a  transparent  plate  whose  surfaces  are  parallel. 

TakiDg  the  equations  (I )  and  Ci),  and  supposing  a  ^  0, 

we  have  ^^  ^z  ^  ^ :  so  that  the  two  cf[uations  in  f  and 

f  J  become 

cos  f  =.  n  cos  ^j  ,  .  .  .  cos  ^^  —  «  cos  f^  i 
whence  we  have  either 

f^  ^  f ,  or  ^,  =  360°  -  ^. 
Of  these  valnes  of  ^^  the  second  is  inadmissible,  be- 
cause it  would  make  the  tmergcnt  ray  enter  within  the 
P»ate^  instead  of  issuin^^  from  it.  Adoptitifr*  thereibre, 
the  former  value,  and  introducing  it  into  the  cqudtion 
fa  2^  ^  -f  ^  -f  ^  -J*  £r,  where,  also,  d  ^  0 ;  it  will 
^eomc  0  ==  A  +  ^;  whence  a  =  —  ^^ 

The  interpretation  of  iliese  results  will  be  very 
T^a-ttimJ  on  the  contemplation  of  fig.  2 1 ,  For,  in  the 
»**^st  place,  since  ^j  ^  ^,  the  emcrprent  ray  FO,  and 
^^  incident  ray  SI  make  equal  angles  with  the  faces 
^  incidence  and  emergence ;  consequently  those  rays 
^^^  parallel.  Hence  their  incltnation  to  the  line  08  is 
equal,  hilt  opposite! ;  that  line  passing  between  the  two 
r^ys.  This  is  indicated  by  the  opposite  signs,  in  the 
formula  a  =  —  c.     Generally,  the  deviation  a  is  ne- 

Stive  whenever  the  emergent  ray  TO  passes  below 
B  direct  ray  OS ;  because,  in  the  establishment  of  the 
"OnnultR,  we  have  supposed  a  to  be  positive  in  the 
*^outrary  case. 

The  angle  ^  vanishes  when  the  object  is  so  remote 

that  ilie  rays  which  it  transmits  lo  the  obsen^er,  and  to 

ijj^   point  of  incidence,  may  be  ret!:arded  as  parallel. 

^  hen ,  also  a  vanishes ;  that  is  to  say >  the  emergent 

^y  I'O  coincides,  as  to  sense,  with  the  direct  ray  SO. 

1^8.     It  further  results  from  this  investigation,  that 

"Crn  ve  behold  a  I u miaous  point  throug!i  a  piece  of 

Sla.SB  whose  two  siirlaces  are  paialkl,  the  image  of  that 

P^*f*l  deviates  a  little  in  conseipence  of  refraction,  and 

ue  deviation  is  equal  to  the  angle  ^,  formed  by  the  two 

;^ys  from  the  object  to  the  observer,  and  to  the  point 

incidence.     If  the  luminous  point  or  object  is  very 

T^te^te,  this  angle  vanishes*  and  the  deviation  becomes 

'^>»<^ble. 


159.  To  render  the  application  of  the  preceeding  Catoptrics, 
formulee  easy  and  evident,  we  shall  subjoin  a  numerical      ^^c. 
example-     M.  M.  Biot  and  Cauchoix,   obsen^d   the  ^-^^^^'^-^ 
refraction  of  a  prism  of  French  tlint  glass,  manufactured  Nuraericfti 
by  M.  d'Artigues.     The  refringent  angle  of  this  (irisni,*^*®™^^'^. 
measured  by  the  reflection  of  the  light,  was  24°  25'  30".  ininf"*'" 
llie  angle  of  the  incident  ray,  with  the  first  face  of  the  gi-iss. 

fjrism,  reckoned  from  its  base,  was  90^  17'  10".  The 
uminous  point  was  suiliciently  remote,  for  the  rays 
from  that  point  to  the  observer,  and  to  the  prism,  to  be 
regarded  as  paralleL  The  deviation  was  observed  to 
be  17^  45'  9",  for  the  green  rays. 

From  these  data  we  have 
^  -  96°  17'  10",  a  -  24"'  25'  30\  ^  —  o,  A  =  17^45'  ^' 
The  calculation  will,  therefore,  be  as  below : 

Ua  -h  «)~ -I°5' ^O^l^g'tan^    9^5861878 
^^  ^(^  ^-  fl)-  117°  22'  30-C  add 

log,  tan  =  10*2858402 

19-8720280 
\a-  XT'  12' 45'  sub.  log.  tan  =r    9*3353295 

Remains,  log.  tan.  (f  3— J  a)  —  10-5366985 
This  tangent  being  negative^   falls   in   the    second 
quadmnt,  and  the  corresponding  angle  is  (^^ — \a) 
-  180^-73^  47' 45". 

A  +  a  =  42°  10'  39*      ^,  -  J  a  -  106^  12'  15" 
^-96    17  10         "       ifl^    12    12  45 


^3-138  27  49 


^2  =^  118    25     0 


From  W^.  cos  ^,  -=:  9-8742138 
Sub.  log.  cos  ^„  —  9-6774975 

Log  nzz  0-1967 1 63; 

whence  «  —  1-57296. 

For  the  sake  of  verification,  we  may  compute  n  by 

means  of  the  angles  of  incidence  and  refraction  on  the 

first  face ;  where 

cos  d 
n  =   i— . 

cos  ^j 

Here  we  have       ^^  ^  ^^  —  cr, 
and,  from  the  precedmg, 

^,  =:  118°  25',  a  =  24^25'  30^. 

Hence,  f ,  -  9:^  59'  30^  .  stib.  log.  cos  —  8-8426803 
V»  =96  17  ICfromlog.  cos  =  9-0393fe78 


n  —  1*57292 


log.»     =0*1967075 


The  accordance  of  these  two  results  is  quite  as  great 

as  can  naturally  be  expected. 

160.  If  the  experiment  be  repeated  by  varyin*  the  IVoc^jsof 
incidence  f  of  the  ray  on  the  anterior  surface  of  the  '^^■,*i'^^-* 
prism,  the  computation  will  s^ive  values  of  n  that  cor-  "'^J|,^  °  ^^ 
respond  within  the   limits  of  variation,  that  may  na- 
turally be   assio^ed   to  errors   of  observation.      This 
correspondence  is  a  practical  confirmation  of  the  truth 
of  the  hiw  eJipressed  by  the  sines. 

16L  The  value  of  w*  —  1»  and  thence  of  «,  may  be 
readily  obtained »  by  smother  formula,  first  given  by 
M.M.  Levy  and  Rodriguez.  Resume  the  two  fijnda- 
mentul  etpiations 

cos  f  zz  n  cus  (^^  -^  ff),  ....  cos  ^,j  =:  n  cos  ^,j. 
Developing  tlie  first  of  these,  and  exterminating  cos  f^ 
and  sin  ^«,  by  means  of  the  second,  it  becomes 
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COS  ^  =  COS  a  cos  ^3  +  »  sin 


.y{ 


This  equatioti  conlains  one  iinkfiown  quantity,  that 
is  n.     Causing  the  radical  to  disappear^  wc  have 

«'  sin  ^^t  ^  cos  '^  —  2  cos  a  cos  ^  cos  ^^^  +  cos  '^-, . 

Substituting:,  in  the  second  member,  instead  of  the 
powers  of  the  cosines,  their  vahus  in  products  of  the 
different  ares,  the  result  will  assume  thl^  form: 

(n*  —  1)  sin  *o  z=.  cos  V  -f  cos  {jji  -f  ^3)  cos  (^  —  ^3) 

—  cos  a  [cos  (f>  4-  0a)  +  cos  (^  —  ^s)]  i 
which  evidently  becomes 
(h'  —  1)  sin  *fl  =  [cos  a  —  cos  (^  +  ^3)]  [cos  a  <— 

COS(0-^»,)]. 

Each  of  the  factors  of  the  second  member  may  be 
transfonned  into  a  product  of  two  sines ;  and  this 
transformation  gives 

(^*'—  1)  sin  *a  -z  4  sin  \{n  -k-  f  +  ^3) sin  i  (<i  —  ^  *-  ^3), 
sin  I  (a  +  0  —  ^3)  sin  i  (a  —  ^  +  ^3), 

Here  the  second  member  is  composed  entirely  of 
known  quantities.  For  the  angle  of  incidence  <p  is 
^ven,  as  well  as  the  refringent  angle  a  of  the  prism  ; 
ftnd  with  these  data,  and  the  observed  deviation,  we 
have  03  by  the  formula  (2) 

If,  for  the  sake  of  simplicity,  we  put  ^  (a  +  2)  =  H, 
we  shall  have 

Substituting  these  in  the  preceding  formula,  and 
dividing  by  sin  V,  there  results 

_  45inHfiin(a  +  H)sin(ij)  +  H)sin(fi+i^  +  H) 
sin   a 

Thus  «*  —  1 ,  and  conseqnently  n  becomes  known. 
In  practice,  there  will  not  be  more  facility  in  the  use  of 
this  formula  than  of  those  before  given  :  yet  it  deserves 
a  place,  on  account  of  its  analytical  eleguoce. 

162.  Upon  the  same  general  principles,  and  with 
appropriate  apparatus,  the  ratio  of  the  sines  of  inci- 
dence and  refraction  is  determined,  with  respect  to 
liquids  and  aeriform  fluids ;  but  as  the  practical  de- 
tails would  occupy  more  space  than  is  consistent  with 
their  importance,  in  a  general  treatise  like  the  present, 
we  must  now  turn  to  other  subjects. 

The  result  obtained  from  our  investigation  in  the 
foregoing  part  of  this  section  gives,  for  the  ratio  of  tbe 
sine  of  incidence  to  the  sine  of  refraction  (when  a  ray 
passes  out  of  air  into  glass),  1*57292  ;  1,  winch  is 
however  usually  stated  as  3  to  2,  or  31  :  20;  and 
consequently  the  sine  of  incidence  to  the  sine  of  re- 
fraction, when  the  ray  passes  from  glass  into  air,  as 
20  to  31.  In  like  manner,  when  a  ray  passes  out  of 
air  into  water,  we  call  the  ratio  that  of  3  ;  4,  and  from 
water  into  air,  4  to  3;  see  (art,  145).  The  latter 
ratios  will  be  determined  with  greater  accuracy  in  a 
subsequent  investigation  ;  till  then  we  shall  suppose 
them  to  be  as  above  stated,  being  near  enough  for  our 
present  purpose. 

%  II.    Catoptrics. 
I.  Images  and  foci  by  rtfltction. 
Cttoptnci.       163.  Def. — When  several  luminous  rays  (as  those 


from  the  sun)  arrive  at  a  concave  surface,  the  series  4rf  G 
intersections  formed  by  reflect*?d  rays  indednitely  near 
to  each  other,  form  luminous  curves  (fig,  22)  which  fire  F?j 
called  tYrt/^Yic  bif  refitction.     In  surfaces  of  revolt  j 

all  the  generating  curves  have  equal  caustics,  ^^  ^ 

touch  mutually  in  one  and  the  same  point  of  the  axis 
called  the  /WiM.  Thus  it  appears,  that  in  this  sense  ijie 
focus  is  not  a  mathematical,  but  a  physiciU  pointy 
which  is  the  assemblagre  of  several  rays.  When  the 
surface  is  convex,  the  caustics  are  imaginary.  These 
curves  are  recti  liable  when  they  are  derived  from  alsre- 
braic  curves.  The  properties  of  caustics  are  usual  I  v 
investigated  in  our  treatises  on  Fluxions ;  and 
Haiiy  and  some  other  authors  apply  ihem  to  the  del 
mination  of  foci:  but  the  method  more  generally  ei 
ployed  has  the  preference  in  point  of  simplicity , 
is,  therefore,  here  adopted. 

164.  Problem, — Having  given  a  point,  or  an  object 
O,  posited  on  the  axis  AO  of  a  spherical  mirror  BAM»  f*' 
whether  concave,  as  figs.  23,  24,  or  convex,  as  fig,  25,  * 
and  an  incident  ray  OM  indefinitely  near  to  the  axis  ft] 
AO  ;  to  find  the  point  F  of  the  axis  through  which  the 
ray  reflected  from  tlie  point  M  will  pass. 

Draw  from  the  centre  C  of  the  spherical  surface  to 
the  point  M,  the  right  line  MC;  this  being,  by  the 
prmciples  of  geometry,  perpendicular  to  the  reflecting 
surface  at  the  point  M.  is  the  cathetus  of  incidence. 
The  angles  OMG,  or  CME,  is,  therefore,  the  angle  of 
incidence  :  whence,  making  CMF  —  OMG,  the  reflecicil 
ray  is  MD,  which  intersects  the  axis  OA  in  F,  the 
point  sought. 

To  find  an  analytical   expression  of  AF,  equal 
MF,  when  M  is  indefinitely  near  to  A  ;  let  OA,  or  O 
the  distance  of  the  object  from  the  mirror  be  put  ^ 
±  f/,   -\-  d  when  the  mirror  is  concave,  —  d  when  it  is 
convex  ;  these  signs  being  thus  determined  by  the  posi- 
tion of  the  ineidt^nt  ray  OM  with  regard  to  the  semi- 
diameter  AC  of  the  mirror.     Let  AC  =  r,  and  FA,  or 
FM  ^  /;     Tlien  we  shall  have  FC  =  r  --  /.  figs.  23, 
25,  and  FC  =  /  —  r,  ii^,  24  ;  also  CO  =  —  r  +  */, 
fig.  23,  CO  -  r^—  d,  fig.  24,  and  CO  =:  r  +  *^»  fig. 
Now,  by  the  principles  of  geometry,  since   FMC 
CMO, 

CO  :  CF::  MO  :  mf. 

This,  in  figs,  23,  24,  is  :^  r  dz  cf  :  ±  r  :p/  : :  d^fi 

whence  we  have/^ 


And,  in  fig.  25,  we 
FMC   ;   sin  MCO  or 
FMC  :  sinMCF::  cf 
consequently, 
CO:CF::MO;MF, 


2(/-r 

have  CO  :  MO  ::  sin  CMO  m 
MCF  in  the  triangle  FMC,  sija 
:FM; 


4 


or,  r  -\-d:r^f\i  d  :fi 

Whence  we  have,  for  convex  mirrors,  /  ^  — — r , 

2d^r 

So  that  the  general  formula  for  spherical  mirrors  Cd 

both  concaie  and  cohtcx,  is  ^ 

f-      ^^  f 

-^  "  2d:^r 

IL  Oh  ike  magnitude  of  the  imager, 

165.  In  order  to  ascertain  the  magnitude  of  the  )Ia 
images,  let  A  A'  (fig.  26),  a  convex  spherical  mirror,  J*' f 
and  of  a  radius  equal  to  AC ;  DD',  an  object  whose  ei^  J?1 
tremities  are  supposed  equidistant  from  the  ceati^  C;   *• 
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109.  Sinc^  all  tlie  lip:Vit  wliicli  emanates  from  the 
object  0,  and  falls  on  the  mirror  at  ii  small  distance 
from  the  point  A,  will,  in  concave  roirrorg,  pass  either 
through  the  pomt  F,  or  very  near  to  it,  there  must 
be  formed  in  that  point  a  sensible  image  of  the  ob- 
ject 0.  In  convex  mirrors,  the  reflection  disperses  the 
rays  which  issue  from  the  point  O,  and  gives  them 
*ttch  a  diruction  that  they  appear  to  concur  at  the  point 
F ;  and  the  reflected  light  gives  an  image  of  Uie  object 
as  at  that  point. 

170.  Since  the  image  of  the  object  O  is  placed 
uj>on  Uie  axis  of  the  sphere  which  passes  throug^h 
Uiat  point  O,  it  follows  that,  if  there  be  any  obstacle 
which  would  prevent  the  drawing  of  an  uninterrapttd 
line  tVom  the  object  to  the  centre  of  the  sphere,  there 
cannot  be  formed  uu  image  of  the  object, 

171.  If  the  object  0  emits  rays  of  light  \n  suffi- 
cient quantity  and  of  such  a  kind  as  to  excite  a 
perceptible  heat*  without  being  condensed,  such  as  are 
rays  from  the  san,  Irom  a  torch,  &c.  it  is  evident  that, 
if  these  rays  are  combined  and  brought  nearer  together 
by  means  of  a  concave  mirror,  tliey  will  produce  a  de- 
gree of  heat  proportional  to  their  density,  and  to  the 
actual  heat  of  the  incident  rays.  Hence  it  is»  tlmt  the 
name  of  Jocu*^  or  burning  point,  has  been  given  ta  the 
point  where  thejeflected  rays  meet. 

II.   On  the  place  J  iituation^  and  modon  of  imaged  hif  ve- 
Jitciion. 

172.  We  have  already  seen  how  certain  modifications 
of  the  general  theorem,  indicate  the  diversities  in  the 
apparent  magmtttdc  of  the  image.  \Vc  may  now,  by 
making  dlflerent  snppo&itions  as  to  the  distances  to 
whicli  uu  object  expo&ed  to  the  reflecting  surface  of  a 
spherical  mirror  may  be  removed,  And  the  place  and  the 
motion  of  its  image.  Takipg  our  hypotheses  ofdistance 
in  order ; — 

173.  When  the  distance  from  the  mirror  is  infi- 
nitely small-»  the  image  is  infinitely  near,  and  behind 

the  mirror.     For,  when  d  ^  — -,  the  general  expression 

/  —   T—i (art.  164),  becomes  f' ^  , 

*2d  ^  r  zf.  m 

The  sign  —  indicates,  that  in  the  concave  mirror,  the 

image  is  on  the  opposite  side  to  the  radius  of  the  con* 

cavity,  which  we  suppose  =:  -f-  r;  consLqucutly,  the 

image  is  behind  the  mirror,     The  sign  -f  shows,   that 

with  regard  to  the  convex  mirror,  the  image  is  on  the 

side  of  the  centre   of  convexity,  of  which  the  radius 

has  been  supposed  -f  r.     And,  as  it  is  evident  that, 

d  r 
whatever  value  we  assign  to  dm  the  fonnula  /  =  — — — 
®  "^        2  (/  +  r' 

the  value   of  /'  cannot  become  negative,  it  follows, 

that,  in  the  convex  mirror,  the  image  is  nece&sarily  on 

the  side  of  the  centre  of  convexity,  at  whatever  distance 

wc  conceive  the  object.     This  must  be  kept  in  mind 

throughout. 

173*  As  the  distance  of  the  object  from  the  mirror 

iocreases   from   0   to   a   quantify   equal    to    half  the 

radius  of  sphericity,  the  imago  will  continue  to  recede 

behind  the  mirror.     In  the  vofnoit  mirror  it  will  recede 

from  apparent  contact  to  an  mtinite  distance ;  and  in  the 

convex  from  contact  to  tlje  distance  of  J  r.     For,   1st, 

conceiving  d  to  be  less  than  J  r,  or  2  d  less  than  r, 

tlien  will  2  c/  —  r  be  negative :  therefore,  in  the  con- 


cave mirror,  /  also  is  negative,  and  the  image  behind  ( 
tlie  mirror.     But,  2dly,  if  we  conceive  d  zz  ^  r,  t|£|  ^ 

formula  for  the  concave  mirror  becomes y  ^  - —  ^  o&| 

which  shows  that  if  the  object  be  placed  at  a  distance 
equal  to  half  the  radius,  the  image  wdl  then  be  infi- 
nitely remote;  or,  which  amounts  to  the  same^  tbe 
rays  of  light  that  pass  from  the  object  to  the  mirror^ 
will  be  reflected  m  directions  respectively  parallel* 
3dly,  In  the  case  of  die  convex  mirror,  when  —  ri  ^  ^  r, 

we  have  /  ~  — =;—  —  i  r\ 

^         ^4  r 

174.  When    the  distance  of  the  object  from  the 

mirror  iucreases  from  half  radius  to  equality  with  the 
radius,  tite  image  in  the  amawc  mirror  is  on  tlie  same 
side,  and  approadies  the  mirror  from  inliitity  till  it  ar- 
rives at  the  centre  of  concavity :  in  the  cmxex  mirnoTj 
the  same  motion  of  the  object  causes  the  image  which 
is  behind  the  mirror  to  remove  from  tlie  distance  of  ^  f 
to  i  r. 

For,  it  is  evident  that  so  long  as  d  is  greater  than  \  r, 
or  2  d  greater  than  r,  the  theorem  for  tlic  concave  mir- 
ror can  never  become  negative ;  hence,  the  image  will 
be  always  on  the  side  of  the  concavity.  And,  if  we 
convert  the  theorem  into  a  proportion 

d\  2d^  r::j  :r, 

because  of  d  being  greater  than  ^  r,  and  less  than  r, 
the  antecedent  d  is  greater  than  the  consequent  2  d  —  r  ; 
consetjuently  /  exceeds  r,  and  the  imago  is  beyond  the 
centre.  If  \/ =  r,  then  2  d  —  r  —  d,  and/^=rl 
Therefore,  in  the  concave  mirror,  the  object  being  at  the 
ceniie,  the  image  is  likewise  there.  But,  in  the  con- 
vex mirror,   making  ^  d  ^z  r,  we  have  /'  ^  j^  t\ 

175.  Hence  we  see  why  a  spectator,  on  placing  hii 
eye  before  a  concave  mirror,  between  the  distance  of 
I  r  and  the  centre,  cannot  perceive  the  image*  It  le 
beliind  the  eye.  It  Is  inlinitely  distant  when  the  eye  is 
at  half  the  radius  of  concavity,  and  it  moves  from  in^ 
flnity  to  the  centre,  where  it  becomes  confounded  w*itli 
the  eye,  wiiile  the  eye  recedes  from  half  the  radius  to 
the  centre. 

1 76.  The  distance  of  the  object  from  the  mirror 
increasing  from  the  centre  of  sphericity  to  in^ity,  the 
image  will  advance  towardji  the  coficaic  minor,  from 
the  centre  to  the  distance  of  half  the  radius  ;  and  will 
retire  bvhimi  tttc  convex  mirror,  from  tlic  distance  of  J 
to  that  of  J  the  radius. 

For,  r  l>eing  then  smaller  than  d,  in  the  proportion 
d  :  2(/  —  r  ::  /  :  r,  the  antecedent  d  is  less  than  the 
consequent  2d  —  r;  therefore /'  is  less  than  r.  And 
if  we  put  d  :=:  y3,  the  general  theorem  becomes /':=  }r* 

177.  Tr  roll  EM.— If  an  arc  of  a  circle  Ol^Q  (figs* 
28,  29),  having  the  same  centre  as  a  spherical  mitror, 
serves  as  an  object  presented  to  that  mirror:  1st,  the 
image  opt^  is  a  like  arc  of  a  concentric  cinclc.  2dlT» 
The  radius  of  that  image  is  greater  or  less,  and,  con- 
sequently, the  image  itself  is  greater  or  less,  accord- 
ing as  the  said  image  is  nearer  to,  or  further  from  the 
centre  C  of  the  mirror.  3dly»  That  image  will  he 
direct,  viz.  its  position  will  correspond  with  that  of  die 
object,  ^o  long  as  the  image  and  the  object  are  on  the 
same  side  of  the  centre  C  ;  while,  on  the  conlraryt  the 
image  will  be  inverted  when  the  centre  falls 
the  image  and  the  object. 
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Tor,  rince;OPQ  is  concentric  with  BAD,  the  right 
,  lixses  OB,  PA,  QD,  which  pass  through  the  centre  C, 
^Ysd  on  which  are  situated  the  images  o,  p,  7,  of  the 
-g^^^i^^i^  O,  P,  Q,  are  equal  respectively :  therefore  </, 
^Pf^ich  expresses  their  value  in  the  general  formula,  is 
^1^  CJ^^nstant  quality,  as  well  as  r :  consequently,/,  which 
^^ncnds  upon  d  and  r,  is  a  constant  quantity ;  or,  in 
g-^tl»^r  words,  oB,  p  A,  7D,  are  equal,  and  opq, 
^^■j^C},  BAD,  concentric  arcs,  since  the  same  reasoning 
^^£11  apply  to  any  number  of  points. 

1  78.    This  premised,  it  is  evident,  1st,  that  when 

^^^     image  and  the  object  are  on  the  same  side  with 

^.^spcct  to  the  centre,  as  in  fig.  29,  the  image  is  posited 

glxni^arly  with  the  object,  since  every  point  of  the  image 

is   on  a  radius  which  passes  through  the  corresponding 

^oirtt  in  the  object.     But  that  if  the  image  is  beyond 

time  centre  with  regard  to  the  object  (fig.  28),  the  right 

lines,  on  which  are  the  images  of  the  several  parts  of 

tbe     object,   pass  necessarily   through  the   centre   of 

spHericity  of  the  mirror;  and,  therefore,  those  which 

prooeed  from  points  that  are  above  the  axis  that  passes 

throii^h  the  middle  of  the  object,  will  be  found  below, 

after  having  passed  through  the  centre,  and  rice  versa. 

If,    t,lierefore,  one  of  those  right  lines  which  are  above 

tba^t   axis,  issue,  from  the  superior  part  of  the  object, 

vhioh  is,  of  consequence,  above  the  axis,  the  image  of 

tba't  part  must  be  below,  because  it  cannot  be  formed 

upon  that  line,  until  aflcr  it  has  passed  the  centre :  con- 

•eqnently,  the  whole  image  is  inverted  with  respect  to 

the  object. 

It  is  evident,  also,  2dly,  that  the  whole  image  of  an 
object  being  comprised  between  the  right  lines  (as  CB, 
CI>,  or  their  continuations)  which  concur  at  the  centre, 
it  must  he  so  much  the  smaller  as  it  is  nearer  the 
Centre  of  sphericity ;  and  the  contrary. 

1 79.  In  the  convex  mirror,  the  image  of  an  object 

that  forms  an  arc  concentric  with  the  mirror,  is  always 

direct,  because  it  is  always  on  the  same  side  of  the 

.        centre,  with  regard  to  the  observer,  as  the  object; 

'       and   it  decreases  as  the  object  is  more  remote,  because 

it  cif^roaches  more  and  more  to  the  centre.     In  the 

cottoczTf  mirror,  the  image  is  erect,  and  continues  to  aug- 

"»erit  in  proportion  as  the  object  recedes  from  the  sur- 

ft(^    of  the  mirror  to  half  the  radius ;  it  decreases  and 

"  '*»'rer^erf  as  the  object  passes  from  half  the  radius  to 

^    centre;  it  increases  again,  but  is  still  inverted  diS 

J^    CDbject  proceeds  from  the  centre  till  it  is  infinitely 

*"^^«i.nt.     It  must  be  remarked,  principally  in  this  latter 

^^^  ,  that  if  the  object  does  not  augment,  but  if  it  take 

P'^'^^ly  a  concentric  figure,  in  proportion  as  it  recedes 

"^ ^  ^Toage  will  diminish. 

.•^  SO.  The  smaller  the  radius  of  sphericity  of  the 

*"^*^or,  the  smaller,  cateris  paribus,  will  be  the  images. 

?-  ^1.  Remark. — ^The  preceding  theorem  cannot  be 

**^^itly  applied  to  all  sorts  of  obiects  placed  before 

*r^^Tical  mirrors :  yet,  supposing  them  to  be  so  small 

^^^  their  length  may  be  regarded  as  an  arc  concentric 

^^^  the  mirror,  we  may,  by  means  of  what  has  been 

*Jplained  above,  comorehend,  1st,  Why  the  images  of 

?*?l^ct8  placed  before  a  spherical  mirror  are  sometimes 

^S^r,  at  others  smaller,  than  the  objects ;  2dly,  Why 

^^y  are  sometimes  direct,  at  others  inverted;  3dly, 

S^^y  they  seem  to  recede  from  the  object  when  the 
^vi^t  is  removed  further  from  the  concave  mirror,  &c. 
f  l8f.  We  see,  also,  that  the  images  of  objects,  whose 


surfaces  are  not  gpherico-coic^ntric,  mast  be  'so  much  Catoptric*, 
the  more  disfigured,  or  the  less  similar  to  the  objects,  v^i^^i^ 
as  their  surface  is  the  greater,  and  as  the  radius  of 
sphericity  of  the  mirror  is  the  less.  Thus,  for  example, 
a  right  line  placed  before  a  spherical  mirror  must  have 
a  curvilinear  image,  because  the  points  of  that  right 
line  being  at  unequal  distances  from  the  mirror,  the 
images  also  of  those  points  are  at  unequal  distances ; 
and  the  inequalities  are  not  in  a  constant  ratio.  The 
images,  then,  are  tlie  more  disfigured,  as  the  objects 
arc  the  nearer  the  middle  of  the  radius,  in  the  concave 
mirror;  for  in  that  position  the  images  are  very  large, 
and  a  small  difirrcnce  of  distance  from  the  mirror  in 
the  several  parts  of  the  object,  will  cause  great  dif- 
ferences of  distance  and  magnitude,  in  the  correspond- 
ing portions  of  the  image. 

III.  Application  of  the  preceding  theory  to  plane  mirrors,  Apptkatioo 

183.  Regarding  plane  mirrors  as  spherical  ones  in  ^^^,3. 
which  the  radius  of  sphericity  is  infinite,  we  may  easily 
deduce   their  principal  properties  from   the   general 
theorem,  by  making  r  =  00 .      In   that  case,  /  == 

,  becomes  /*=—</.     From  this  we  learn. 

2  r/  —  r  '  ^ 

that  the  images  seen  in  plane  mirrors  are  always  as 
much  behind  as  the  objects  are  before,  and  that  they 
are  always  direct.  And  since,  in  spherical  mirrors  thi 
image  of  each  point  of  an  object  is  in  the  right  line 
which  passes  through  that  point  and  the  centre,  and 
which  is,  consequently,  perpendicular  to  the  surface  of 
the  mirror,  the  image  of  each  point  of  an  object  placed 
before  a  plane  mirror,  is  in  the  prolongation  of  the  per- 
pendicular drawn  from  that  point  to  the  surface  of  the 
mirror.  Lastly,  because  perpendiculars  let  fall  from 
any  extremities  of  the  object  upon  the  mirror,  are  re- 
spectively parallel,  the  images  comprized  between  those 
right  lines  are  equal  to  the  object  in  all  their  dimen" 
sions. 

184.  Independently  of  the  spherical  mirror,  let  DD' Image  and 
(fig.  30),  be  an  object,  and  AB  a  plane  mirror,  O  the  ob>ct  equal 
point  at  which  the  observer's  eye  is  placed :  the  angle  JJJjJjJJ^ 
of  incidence  being  equal  to  the  angle  of  reflection,  the  from  the 
angles  DMA  and  FMA  formed  by  the  incident  and  plane 

the  reflected  rays  with  the  reflecting  plane,  are  per-  »*»"«>'• 
fectly  equal ;  therefore,  since  the  angles  at  A  are  Fig.  ao. 
right  angles,  AF  =  AD,  that  is  to  say,  the  rays  re- 
flected to  the  eye,  or  their  prolongations  naeet  at  a 
distance  from  the  mirror  equal  to  that  of  the  object;  and 
the  same  will  obtain  with  regard  to  rays  issuing  from 
the  point  D',  and  all  intermediate  points.  The  imagtt 
of  the  object,  therefore,  is  situated  behind  the  miitw, 
at  a  distance  equal  to  that  of  the  object  before  it;  land 
it  is  direct,  because  the  rays  are  reflected,  without 
crossing  in  the  same  order  as  that  in  which  they  arrived 
at  the  sufface.  And  further,  since  the  lines  DF,  and 
D'F'  are  equal  and  parallel,  it  is  evident  that  DD'  =:  FP; 
that  is,  that  the  image  is  equal  to  the  object.  If  the 
object  DD'  were  inclined  with  respect  to  the  mirror,  the 
equality  of  image  and  object  would  still  obtain ;  since 
we  should  have  on  the  different  sides  of  the  mhrror, 
equal  trapezia  instead  of  the  equal  rectangles  ADIW 
and  AFF^N. 

185.  If  in  any  plane  speculum  a  person  sees  his  own 
image,  or  that  of  an  object  that  is  behind  him,  if  thft 
image  appear  erect,  it  will  appear  rcverBed  at  to  rig^t 

3  k2        * 


TICS. 


Ullage. 


%  31. 


Optics,  and  left ;  because,  the  object  and  (he  image  face  each 
other,  and,  as  it  were,  look  conlrai^  ways.  The  case 
is  not  unlike,  when  the  object  k  between  us  and  the 
ii»irror ;  though  we  are  apt  to  make  it  ditferent  for  want 
of  considering:  that  with  respect  to  the  image  seen  in 
the  mirror,  it  is  the  back  of  the  object  that  i:»  now  to- 
wards us;  and  so  we  now  call  that  the  right  side  of  tlie 
object,  which  we  should  call  the  left,  if  we  were  on  the 
other  side  of  it, 

186.  TiiEoiiEM  1. — The  iniasje  of  an  object  that  is 
Space  occu-  placed  parallel  to  the  surface  of  a  plane  mirror,  seems 
pied  by  lui  to  occupy  no  more  in  the  mirror  than  a  space  equal 
^^*^^'         in  each  dimension  to   half  of  thai  which  the  object 

occupies. 

Let  AB  {%,  31)  be  one  of  the  lineal  dimensions  of 
an  object  parallel  to  a  mirror  IG,  and  let  AB  be  the 
image  of  AB  behind  ihe  mirror.  From  any  point  P 
taken  on  AB,  draw  Pa,  PA,  to  the  extremilics  of  the 
ima^e,  Uiose  lines  intcrscctinsj  IG  in  the  points  1,  E: 
then,  it  is  evident,  that  IE  is  the  part  of  the  mirror  oc- 
cupied by  the  image  a  it  i  and  because  IG  is  midway 
lietween  the  object  and  imag^e,  it  follows  from  the  prin- 
ciples of  j^cometry,  that  IE  —  ^  ab  —  ^  AK 

187.  CaroL — Hence,  that  a  person  may  see  himself 
from  head  to  foot,  in  a  plane  mirror,  it  is  requisite  that 
the  mirror  be  at  least  half  the  length  and  half  die 
breadth  of  the  said  person. 

188.  Theorem  II.— if  a  plane  mirror  turn  upon  an 
axis,  the  angular  motion  of  the  images  is  double  that  of 
the  mirror. 

Let  AB(tig.  32)  be  the  first  position  of  the  mirror,  OE 
imiUnii  or  A  an  hicident  ray,  EF  the  reflected  ray.  Suppose  the  mirror 
mWml*" of  ^^  ^^**"  "P*^"  ^"  ^^^^'  which  pai^ses  through  the  point 
afi^t^tl''  E,  and  to  take  a  new  position  CD  ;  then  will  the  in- 
cident  ray  OE  have  ajiother  ray,  as  EG,  for  that  of 
reflection.  Then,  the  an^^le  FEG,  which  expresses  the 
angular  motion,  or  the  quantity  by  which  the  reflected 
ray  EG  deviates  from  its  first  position,  is  double  A  EC 
the  angular  motion  of  the  mirror.  For  the  cathetus  of 
incidence  is  always  midway  between  the  incident  and 
the  reflected  rays  ;  and  as  it  is  always  perpendicular  to 
the  surface  of  the  mirror,  it  has  the  same  angular 
motion  as  the  mirror  itself  If,  therefore,  the  anj^^ular 
motion  of  the  niirror  carry  it  towards  the  incident 
ray^  it  will  cause  the  cathetus  of  incidence  to  remove 
so  mucli  furtlier  from  it^T  and,  in  the  same  time,  the 
iiefiecled  ray  will  remove  from  the  cathetus  by  the 
same  quantity^  that  the  cathetus  may,  as  before,  be 
midway  between  the  two  rays.  Consequently,  the  re* 
fleeted  ray  is  now  separated  from  the  incident  ray,  by 
a  quantity  double  the  angular  motion  of  the  lever. 

189.  if  we  give  a  motion  of  a  quarter  of  a  circle 
to  the  mirror,  the  reflected  ray  will  describe  a  semi- 
circle* And  hence  it  is,  that  we  can  give  so  rapid 
a  motion  to  the  images  of  the  sun  rejected  by  the 
mirror.  Thus  also  it  is,  that  images  of  the  sun  reflected 
from  water,  frequently  appear  very  agitated,  especially 
when  they  are  received  on  a  plane  a  little  remote  from 
the  point  of  incidence. 

190.  Theorem  IIL— If  a  ray  of  light  be  reflected 
ingplaiies:  ^^^^  ^y  ^^^^^  ^j-  ^^^,^  rerlecttng  surfaces,  and  in  a  plane 
foroH'dbv    ^'*^^^"    *^  perpencijcumr  to  ineir  common  mtersectton, 

the  angle  contained  between  the  first  and  last  directions 
of  the  ray,  is  double  the  angle  at  which  the  reflectors 
.arc  iiiclined  to.  each  other. 
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Let  AB,  CD,  be  two  plane  reflectors  (ftg.  33),  incUfted  q^ 
at  the  angle  AGD ;  and  let  SB,  BD,  DH,  be  the  courie  ^ 
of  a  ray  refletted  by  them*  Produce  HD  to  O,  aud  H 
SB,  till  it  meets  UHin  H. 
Then,  because   HBG  =  ABS  =  DBG; 

DBH  ^  HBG  +  DBG  =  2  DBG ; 
In  like  manner,      BDO  :=  2  BDC  : 
And  since, 

BGD  =  BDC-DBG; 

we  have,  

2  BGD  =  2  BDC  -  2  DBG  zz  BDO  -  DBH  =  BHl 

Himark\—Thk  theorem  includes    the    fundament 
property  in   the  construction  of  Hadley*s  sextant  an 
octant ;  and  Theor.  11.  includes  in   like  manner, 
fundamental  property  in  the  construction  of  Bickford.^ 
reflecting  quadrant. 

191.  Thjohem  IV.  If  two  reflecting^  planes,  BC^  if^, 
DC  (tig.  34),  be  placed  at  right  angles  to  each  other,  a  «iai 
body  A  moving  along  the  Ime  AB,  perpen<iicular  to  "^-^^ 
the  one  speculum,  and  consequently  parallel  to  the  ^^^^ 
other,  will  have  its  images  £/,  b,  move  the  contrary  pij 
ways;  that  is,  while  the  body  A  is  io  motion,  theiicci 
image  b  goes  on  in  the  same  direction,  whilst  a  moves  Fg.i 
directly  towards  A:  and  the  motions  of  A,  ^,  and  n, 
are  ail  exactly  at  the  snme  rate. 

It  ia  manifest,  that  the  lines  a  B,  b  c,  described 
the  images  cr,  b,  arc  the  images  of  tlie  line  A B  iu  th 
respective  mirrors  BC,  DC  ;  therefore  aB  zz  AB, 
a  b  is  perpendicular  to  BC  :  also  hJ}^  AD,  and  be 
parellcl  to  DC,     ^V hence  the  proposition  is  manifest,! 

19'i,    If  the    line  AB    be   inclined  to  the  mirror 
BC,  CD  (fig.  35),  the  hues  a B,  he,  described  by  the] 
images  o,  i,  raay  be  found  by   drawing  the  perpen* 
dicular  Afl,  to  BC,  and  the    perpendiculars  A  A,  hc^ 
to  DC:  then  taking:  da  ^  tlA.  B  b  zz  DA,   and  Cr 
zz  C/i,      Or,    the  lines  wB,  be,    may   be    found   b^ 
making  the  angles  aBd  and  ABd  equal,  and  tlie  an^lc 
hcjy,  AeD. 

193-  Theorem  V.-^If  a  plane  mirror  RS  (fig.  36)  Fig 
be  inclined  to  the  horizon  in  an  angle  of  45  decreet 
with  its  face  downwards,  an  upright  object  CD  wij 
have  its  image  re/  in  a  horizontal  position;  and  tl] 
image  a  b  of  an  object  AB,  lying  liomontally,  will 
vertical. 

For,  each  object  and  its  image  forming  equal  angU 
with  the  mirror^  and  those  which  the  objects  for 
being  each  half  a  right  angle,  the  angles  CRc,  BSl 
are  right  angles.     Whence  the  theorem  is  evideut* 

194.  Hence,  if  RS  be  a  plane  mirror,  with  its  fa 
upwards,  AB  will  be  the  image  of  an  object  ab;  and 
the   image  of  an  object  cd  will  be  CD.     So  that 
person  who  stands  upri^lil  before  such  a  mirror,  wi^ 
see  his  ima^e  extended  horizontally,  as  it  were,  on  1 ' 
floor,  wltlx  nis  face  upwards. 

195.  A  person  lookm;^  in  a  plane  mirror  incline 
to  the  horizon  in  an  au^le  of  45°,  with  its  face  u% 
wardsj  will  see  himself,  as  it  were,  in  a  flying  po 
ture ;  for  he  will  seem  suspended  horizontally  in  th 
air  with  his  face  downwards;  and  if  the  mirror  be  su 
ticiently  long,  he  will  seem  to  fly  downwards  or  ut 
wards,  as  he  walks  towards  or  from  the  muTor. 

196.  If  tlje  plane  mirror  8R  be  inclined  to  th« 
horizon  in  any  other  angle  than  45°,  the  images  c,  J 
ba^  of  the  veitical  and  harizontal  objects  CD^  BAj. 
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k.  will  be  correspondently  inclined  from  the  position 
^^  which  they  now  have  in  the  figure.  And  particularly, 
the  objects  CD,  AB,  retaining  their  vertical  and  hori- 
lontal  position ;  if  the  angle  RSB  be  greater  than  45^, 
the  image  c  d  will  recline  upwards,  the  point  d  being 
higher  than  e ;  and  the  image  a  h  will  recline  back- 
wards from  the  speculum.  The  contrary  will  happen, 
when  the  angle  RSB  is  less  than  45^. 

197.  Upon  a  jflat  and  smooth  board  FI  (fig.  37), 
let  there  be   made  a  groove  or  channel  abcde,  by 
means    of  thin   ledges  A,  B,  C,  D,  E,  glued  to  the 
board  Fl ;  and  let  the  edges  of  the  boards  A,  B,  C,  &c. 
that  are  next  the  channel,  form  the  same  angles  with 
the  sides  of  the  rectangular  board  FL*     The  board 
being  thus  prepared,  and  ledges  fixed  to  the  sides  of 
it,    and  another  at  ae;  if  the  end  FG  be  a  little  ele- 
vated, a  marble  or  ivory  ball  placed  at  c,  will  move 
with  tolerably  uniform  velocity  along  the  channel  till  it 
geta  to  the  bottom  at  e.     Now,  if  the  board  be  placed 
at.   the  bottom  of  a  box,  in  which  is  a  looking-glass  so 
inolined,  that  the  board  FI  appears  vertically,  the  end 
HI  appearing  uppermost,  the  ball  will  seem  to  roll  up- 
^irttrds,  till  it  arrives  at  the  top  at  e. 

This  little  deceit  is  surprizing  enough  till  the  cause 
is    Imown ;  and  to  prevent  its  being  immediately  de- 
tected, the  box  should  be  placed  a  little  above  the  eye, 
aod  the  aperture  in  the  n-ont ;  the  size  of  the  glass 
beiog  so  limited  that,  from  a  certain  station,  nothing 
shall  be  visible  but  the  image  of  the  board  FI.     In  the 
side  ae  of  the  box,  and  below  the  end  e  of  the  channel, 
may  be  a  narrow  board,  whose  end  e  may  be  lifted  up 
lor  the  purpose  of  throwing  the  ball  back  again  to  a ; 
and  then  it  will  re-commence  its  journey,  as  before. 

198.  Theorem  VI. — In  any  number  of  plane  mirrors 
f-  ftll  lie  in  the  same  plane,  there  can  be  seen  firom  the 
^   iame  j^ace  only  one  image  of  the  same  object. 

•  For,  in  this  case,  there  can  be  but  one  image ;  and 
Ac  object  is  seen  by  rays  proceeding  directly  to  the  eye, 
•»  from  the  image.     Whence  the  theorem  is  evident. 

J 99.  Hence,  if  two  plane  mirrors  be  inclined  back- 
^•wis,  80  that  perpendiculars  to  each  meet  some- 
^ere  beyond  them,  it  is  manifest  that  rays  diverging 
frwa  any  object  cannot  be  reflected  by  both  mirrors  to 
•tt  eye  having  any  given  position ;  and  therefore  they 
5^  exhibit  only  one  image  of  the  same  object.  Vide 
%•  36,  where  a  may  bfe  suj^osed  the  object,,  e  the  eye, 
"C>  CD,  the  two  mirrors. 

^OO.  Theorem  VII.— If  two  plane  mirrors,  AB,  BC, 
"^joined  together  so  as  to  form  any  angle  BAG,  there 
'^"*  be  'a  certain  distance  AF  (fig.  38),  within  which  a 
JJl^tator  will  see  his  image  in  each  mirror  at  the  same 
^^  :  and  if  to  these  be  joined  two  other  mirrors  BD, 
^fi»  forming  angles  ABD,  ACE,  a  spectator  placed 
f  y  Mrhere  within  a  certain  distance  HG,  will  see  his 
?^ge  in  each  of  the  four  mirrors.  And  universally, 
^^^ever  many  plane  mirrors  are  joined  together  in  an 
^^  of  a  circle,  not  too  wide  to  be  comprehended  in 
~J^  Tiew,  a  small  object  placed  near  the  centre  of  that 
?J^e,  will  be  multiplied  as  many  times  as  there  are 
^Oecting  planes. 

J-.  ^pon  AB,  AC,  raise  the  perpendiculars  BF,  CF. 
^^  an  object  placed  any  where  between  F  and  A, 

vj-  Tllc  bfcadth  of  the  channel  a,  6,  c,  d,  e,  may  be  less  than  half 
S*  diameter  of  the  ball ;  and  the  ball  will  nm  upon  a  less  declivity, 
^.  ^  tdge»  of  the  boards^  against  which  it  bears  be  chamfered  or 
•*^ped  considerably. 


will  have  its  images  in  lines  parallel  to  FB,  FC,  till  it  Catoptncs. 

arrives  at  A,  where  both  images  will  be  united.    Again,  s^'-^^-^ 

upon  BD  and  CE  raise  the  perpendiculars  DG,  BH, 

and  EG,  CH ;  and,  from  the  same  reasoning  it  will  be 

seen,  that  a  spectator  placed  any  where  between  G  and 

H,  will  see  his  image  or  part  of  it;  both  in  BD  and 

CE.     And  universally,  if  O  be  the  centre  of  an  arch 

ED,  any  number  of  mirrors  joined  together  within  this 

arch,  will,  each  of  them,  exhibit  the  image  of  an  eye  — 

placed  at  or  near  O.    Whence  the  truth  of  the  theorem 

IS  evident. 

201.  Hence  it  follows,  that  as  a  spectator  walks  from 
F  towards  A,  his  images  in  the  two  mirrors  AB,  AC, 
continually  approach  nearer  together ;  and  at  a  certain 
station  he  will  see  two  heads  and  one  body. 

If  the  place  of  an  object  and  of  the  eye  be  given,  the 
phenomena  may  be  easily  deduced.  Thus,  if  H  be 
the  place  of  an  object,  its  image  will  be  visible  in  the 
mirrors  AB,  AC,  at  all  distances;  because  the  angle 
of  incidence  HBF  or  HCF,  is  not  less  than  the  angle 
HFB  or  HFC.  And  in  the  mirrors  BD,  CE,  the  image 
will  be  also  visible  to  a  considerable  distance  beyond 
H ;  because  the  angle  of  incidence  HDG  is  not  much 
less  than  the  angle  HGD.  For  it  is  manifest  that, 
when  the  angle  of  incidence  is  equal  to  the  angle 
formed  by  the  cathctus  of  incidence  and  the  line  AO, 
the  reflected  ray  is  parallel  to  AO. 

202.  Theorem  VIII.— The  images  of  any  sector  SRT  Images 
(fig.  39),  contained  between  two  reflecting  planes  RS,  ^'^f"*^  ^T 
RT,  inclined  to  one  another  in  the  given  angle  SRT,  JJJ!^"^^ 
will  all  be  concentric ;  and  the  number  of  these  images  given  angle, 
will  be  such  as  will  exactly  complete  the  whole  circle,    p,    59^ 

The  images  of  the  sector  SRT,  formed  by  the  mirrors 
RS,  RT,  are  respectively  the  sectors  SRG,  TRM.  But 
it  is  manifest  that  the  rays  which  form  the  image  SCG 
fall  on  the  speculum  RT,  after  the  same  manner  as  if 
SRG  were  a  real  object ;  and  so  the  said  rays  form  a 
second  image,  or  sector  MRL.  In  like  manner,  the  rays 
forming  the  image  TRM,  by  means  of  the  reflection  of 
RS,  form  the  image  GRH ;  and  the  images  MRL,  GRH, 
form  the  sectors  HRI,  LRK,  by  the  reflections  of  RS 
and  RT  respectively.  Again,  by  the  reflection  of  the 
rays  forming  either  of  the  two  last  images  at  the  re- 
spective speculums,  the  sector  IRK  will  be  exhibited, 
and  so  on  till  the  whole  circle  is  completed.  But  it  is 
obvious  that  none  of  the  rays  forming  the  image  IRK, 
or  which  exhibit  the  space  IRK  contained  between  the 
backs  of  the  reflecting  planes  SR,  TR  produced,  can  be 
again  reflected,  or  form  another  image. 

203.  Hence  then  it  appears,  that  the  images  of  any 
sector,  contained  between  two  reflecting  planes  inclined 
to  each  other  in  any  given  angle  will  be  all  concentric ; 
and  that  tlie  number  of  them  will  be  such  as  will  exactly 
complete  the  whole  circle.  But  when  the  sector  SRT 
is  not  an  aliquot  part  of  a  circle,  the  last  image  as  IRK, 
will  be  less  than  SRT,  if  the  two  last  perfect  images^ 
HRI,  LRK,  do  not  intersect  each  other.  When  they 
do  so  intersect,  they  will  then  frequently  appear  as  one 
image,  greater  than  SRT;  but  this  image  can  never  be 
twice  as  great  as  SRT :  because  it  is  manifest  that  each- 
speculum  forms  the  same  number  of  images  of  the 
sector  SRT ;  and,  therefore,  the  remaining  sector  IRK- 
may  be  of  any  magnitude  not  so  great  as  the  double  of. 
the  original  sector  SRT. 

204.  The  images  A,  B,  C,  D ;  a,  by  c,  d,  of.  air  ob« 
j^t  Q.  placed  between  two  speculuais  AS,  .RT^  inclined 
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to  each  ctWi'  ift  nny  angle  WT,  wiM  be  all  m  the 
pertphery  of  the  crrt-le  whose  cciilre  is  R,  and  nidiiis 
QR,  Tliere  will  be  one  \mvkge  and  no  more  in  each 
^^ure  of  the  sector  SHT,  and  the*  arcs  contained  between 
llie  images  will  be  alternately  equal  to  2QS  and  2QT. 
This  h  sufficiently  maniitst  from  the  preceding  propo- 
ailion  ;  but  it  will  not  l>o  ami^s,  in  consequence  of  the 
very  6ing:ular  and  popnlar  application  lately  made  of 
this  principle  in  the  construction  of  the  fvaUifkMcnpe,  to 
enter  a  little  further  at  length  into  an  investigation  of 
this  property. 

Upon  tlie  reflecting^  planes  RS»  RT,  let  fall  ahemately 
the  perpendiculars  QmA^Qtia;  A  o  B,  a  p  b ;  B  7  C, 
h  r  c ;  C  s  d,  and  c  t  d*   Take 

/«  A  —  f «  Q ;  na  -^  nQi  o  B  ^  «  A ,  p //  —  ;;  m 
7  C  =:  7  B ;  rcz^rhi  .5  D  ^  «  C,  ^  <i  =:  /  c 
Kow  A,  B,  C,  D,  a,  b,  c,  <i  are  the  images  formed  by 
the  rays  diverging  from  Q  upon  the  speculum  US,  RT 
respectively,  after  one,  two,  three,  &c.  rejections.  For 
At  0,  are  first  images  of  the  object  Q :  and  the  rays 
proceeding  from  these  images  fall  upon  the  opposite 
speojulums  so  as  to  form  the  second  images  B,  b ;  for  the 
same  reason,  lluse  again  form  the  third  images  C,  c; 
and  lastly,  the  images  D,  r/.  But  in  this  example,  be- 
cause the  angle  SRT^  is  an  ali^piot  and  also  an  even 
part  of  a  circle^  the  two  images  D,  t/,  coincide  and  form 
but  one  image;  whence  it  is  sufficiently  manifest  that, 
1st,  All  the  images  are  in  the  periphery  of  the  circle 
whose  centre  is  R,  and  radius  QR  :  2dly,  There  is  one 
image  and  no  more  in  every  reflection  of  the  space 
SRT;  3dlv,  The  arc^s. 

A  6  ^  B  c  :=  2  Q  T ;  bC=:  aB=:2QB 
Cd-Qu-z1QT;  Dc  =  QA=2QS. 
When  the  sector  SRT  is  |,^,  ^,  ,;,  ^5,  ^^^,  d:c,  of  a 
circk%  the  numbtr  of  images  of  the  said  sector,  and  of 
an  object  Q,  placed  between  the  two  reflecting  planer*, 
will  be  accordingly  2,  3,  4,  5,  9,  19,  At.  But  when 
tlie  angle  of  the  planes  becomes  too  aente,  there  is  a 
danger  from  the  loss  of  light  in  the  ifuccessive  re- 
flections of  one  or  more  of  the  last  images  becoming 
invisible,  or  very  indistinct. 

205.  If  the  two  plane  speculums  SR,  TR  (fig.  40), 
be  placed  parallel  to  one  another,  tljerc  will  be  a  series 
of  images  of  the  floor,  or  space  between  them,  in- 
definitely extended  both  ways:  there  being  no  other 
limitation  of  their  number,  than  what  is  caused  on 
account  of  the  decrease  of  light  by  tlie  continual  re- 
fleclimis.  Also  an  object  Q,  placed  belween  the  said 
speculums,  will  have  a  like  series  of  images  all  situated 
in  the  indefinite  line  BQA,  perpendinilar  to  the  re- 
flecting planes;  and  the  distance  between  the  said 
images  wdl  be  eqnal  to  2  Q  T  and  2  Q  S,  alternaiely,  as 
is  evident  from  what  is  stated  above,  A  person  stand- 
ing between  two  such  speculums  will  see,  in  that  he 
faces,  the  images  of  both  his  fore  and  back  part, 
repeated  several  times  in  a  long  row,  but  contimialiy 
becoming  fainter  as  the  distance  increases. 

*206.  PiiOBLEM.  I, — Having  given  the  angle  of  incli* 
nation  of  two  plane  specu!un»«j  and  the  situation  of  an 
object,  and  of  the  eye  placed  between  them*  it  is  re- 
quired to  trace  the  progress  of  any  ray  diverging  from 
that  object,  through  its  several  reflections  to  the  eye, 

!,et  RS,  RT  bribe  speculums,  SRT  the  given  angle, 
Q  the  object,  and  U  the  pliiet;  of  the  eye  (fig.  41). 

It  is  obvious  here,  that  the  rays  diverging  from  Q, 
and  falling  in  the  same  manner  on  each  of  the  two 


,-*U*.^_   -^  3l^ 


speculnms  RS,  RT,  will  be  reflected  hi  afnffnnFT 
fectly  analogous  to  each  other;  and  therefore, 
will  be  sufficient  if  we  consider  only  the  progress 
of  those  rays,  as  for  example,  that  which  divtT] 
Q  upon  R8,  First,  by  drawing  the  perpcni 
QA,  AB,  BC,  CD,  upon  the  respective  s(>ecutii 
by  taking 

;»  A  ^  7fl  Q,  0  B  ^  o  A  >  7  C  =  g  B,  .1  D  :=  9 
we  have  the  places  of  the  images  A,  B,  C,  D 

Draw  a  line  from  O  to  any  given  image  (A» 
&c,);  and  from  the  point  where  this  line  inters* 
speculum,  draw  a  line  to  the  next  preeeding" 
and  from  tbe  point  where  this  line  meets  the  s 
draw  a  line  to  the  next  preceding  image,  and  so  o 
the  object  itself  Q ;  and  this  ray  traced  backwards 
Q,  will  be  that  which  exhibits  the  given  imag^  t 
eye  at  0.  Thus,  to  find  the  ray  which  paints  tie  ii 
D,  draw  the  line  O  A  D;  and  tVom  the  point  of  i 
section  k,  to  the  next  preceding  image  C,  the  line  k 
draw  also  the  lines  1  6  B,  ft  g  A,  and,  lastly,  g  Q ; 
will  Qjg,  gh,  hi,  tk,  A  Q,  be  the  ray  that  exhtM 
ima^re  I)  to  the  eve  at  O.  m 

For  the  angle  OA  T  =  R  A  D  =  R  A  C,  and,  C 
fore,  the  ray  i  k  is  rc^flected  from  k  to  O.  Agaio 
angle  Jt  i  S  rr  C  1  A  —  K  i  B ;  and  the  angle  i  M 
B  /^  T  —  T  ^  A ;  also  the  angle  h  g  li  =  A  gi 
^  gQ-  Therefore,  the  ray  diverging  IVom  Q  to 
reflecte<l  from  g  to  h,  from  h  to  i,  from  r  to  A,  and 
k  to  O.  In  like  manner,  the  image  C  is  seen  by  n 
of  the  ray  Q  d,  d  r,  c /i  /  O;  the  image  B  by  th 
Q  ^,  b  c,  c  O;  and  the  image  A  by  the  ray  Q  u. 
And,  exactly,  in  the  same  way,  we  may  trace  tfc 
diverging  from  Q  upon  the  speculum  R  T,  tiP 
reach  the  eye  at  O, 

207*  It  may  be  proper  to  observe  here,  tl 
pencil  of  niys  which  exhibits  any  image  to  the  i 
reflected  onlerly,  as  from  each  of  the  preceding  ii 
beginning  with  the  first  image,  and  fi-om  no  otiief 
of  the  si>ecuhjms  :  and  conserpiently,  the  wliole  ! 
of  reflections  is  always  equal  to  the  whole  mx\ 
images;  as  the  images  A,  B,  C,  or  D,  are  si 
spectively  by  rays  which  have  undergone 
three,  or  four  reflections, 

208.  Again,  the  distance  OD  of  any  image  I 
the  eye  at  O,  is  equal  to  the  whole  ray  pro«( 
from  Q,  till,  after  all  its  reflecHons,  it  arrives'* 
that  is, 

OD  ^  Qg  -^  gk  -^  hi  -h  »A  -h  AG. 

For  it  is  manifest  that 

Qg  +  ^^  ^  A  A  =  *B, 
and      tA  -f  AB  =  iC;  alsoiC  -f  lA  —  ADw 

In  like  manner,  we  have 

OC  =  Qi/  -+-  de  ^  r/^+ZO, 

OB  —  Qb-^hc^  rO, 

O A  =  Q  ri  -h  fl  O. 
20?).    The  last  image,  as  D,  of  a  small 
will  be  invisible,  whenever  the  eye  O  is  so  situai 
the  straight  line  Ol>  passing  through  the  cen 
so  as  not  to  touch  either  of  the  speculums 
meet  not  in  R ;  in  that  case,  the  next  precediuj 
C  is  to  be  reckoned  die  l^isi  image,     Conseqm 
these  cases,  if  the  arc  ST  be  ^,  \,  i,  i,  ^^^  or 
of  a  circle ;  the  number  of  visible  images  of 
object  Q,  will  be  accordingly  OEe^  two,  thrci 
eight  or  eighteen,  &c 
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^  ^10.  In  Kke  manner,  as  in  (art.  206),  we  may  trace 
^^  die  rays  exhibiting  any  image  of  an  object  Q,  to  the 
eye  at  O,  placed  between  two  parallel  speculums  SR, 
RT.  For  the  image  A  is  seen  by  the  rays  Q  r,  r  O,  the 
image  B,  by  the  rays  Q  s,  st,  to;  the  image  ci,  by 
Q  r,  r  O,  and  ^  by  rays  Q  r,  j  y,  y  O.  But  the  image 
on  one  side  will  be  visible  to  a  much  greater  distance, 
if  t,he  eye  be  placed  behind  one  of  the  speculums, 
looking  through  a  hole  in  it,  or  over  its  edge  at  the 
otHer  speculum. 

Sll.*  By  placing  two  plane  speculums,  one  at  each 
end  of  a  box,  parallel  to  one  another,  and  looking  over 
or  "by  the  edge  of  one  of  them,  the  images  of  the  bottom 
oF  the  box  will  appear  continued  to  a  considerable  dis- 
teucfcce.  Or,  if  the  t^YO  speculums  be  placed  upright  in 
a.  1>ox,  but  inclined  to  one  another,  the  trapezium  thus 
formed  by  the  bottom  of  the  two  glasses,  and  the  lines 
joiising  them,  will  be  repeated  on  each  side  till  the 
iiKisiges  meet ;  and  thus  form  two  concentric  polygons, 
wlxcse  centre  is  the  point  where  the  two  speculums 
iroiild  meet  if  produced.  By  joining  four  speculums 
together,  such  as  those  we  have  been  describing,  viz. 
two  parallel  to  each  other,  and  the  other  two  joining 
tbose  parallel  planes,  and  fixing  them  thus  posited  in 
a.  l>ox,  the  bottom  of  the  latter  will  be  multiplied  to  a 
Tery  astonishing  extent,  there  being  no  other  limitation 
to  the  number  of  images  but  what  is  ov/ing  to  the  con- 
tinued losR  of  jight  from  reflection.  The  top  of  the 
tax  may  be  covered  with  thin  canvas,  which  will  let 
Vifficient  light  enter  to  render  the  exhibition  very  dis- 
&et  This  experiment  may  be  made  very  entertaining, 
by  placing  ©n  the  bottom  of  the  box  some  toy,  as  two 
persons  playing  cards,  soldiers  on  sentry,  &c. ;  and 
if  these  be  put  in  motion,  by  wires  attached  to  their 
mM  feet,  or  otherwise,  and  passing  through  the  bottom  or 
e«|  lide  of  the  box,  it  will  aflbrd  a  speotacle  still  more  en- 
tCTtaiaing.  Or  three  plane  speculums  joined  together 
f^ff  ^1  have  a  like  effect ;  for  the  polygon  formed  by  two 
of  the  reflectnig  planes,  will  be  repeated  by  the  other. 
'^  bottom  of  the  box  may  be  covered  with  artificial 
JM8S,  shining  pebbles,  flowers,  &c. ;  only  in  all  cases  it 
"•necessary  to  observe,  that  the  upright  figures  between 
«Je  speculums  should  be  slender,  and  not  too  many  in 
Jnaber,  as  they  would  otherwise  too  much  obstruct 
*®  '^fleeted  rays  in  their  passage  to  the  eye. 
.  212.  Another  application  of  this  principle  is  as  fol- 
r^  •  If  the  sides  of  a  small  room,  whose  floor  or  base 
JJ  *  polygon,  be  all  lined  or  covered  with  looking- 
P*sses,  the  room  being  enlightened  either  through  the 
J?P»  Or  by  a  chandelier  suspended  in  the  middle,  the 
®«<^rent  objects  in  it  will  be  multiplied  to  an  almost 
"^definite  extent,  the  reason  and  principle  of  which 
P^^plication  will  be  obvious  from  what  is  stated  above. 
^^ibitions  of  this  experiment  are  sometimes  made 
''^^der  the  denomination  of  himinouH  amphithtafres.  The 
J]^^  should  not  be  very  large ;  for  the  smaller  it  is,  the 
'Oftener  will  the  images  be  repeated  before  they  beconie 
*^  faint  to  be  perceived. 

,  ^13.  On  principles  precisely  similar  to  the  above, 
S^pends  the  operation  of  an  instrument  described  by 
"^'adley,  in  his  Art  of  Gardening,  published  in  the  early 
P*^  of  the  last  century,  which  has  lately  attracted 
^tJsiderable  attention  on  account  of  its  supposed  re- 
^^•liblance  to  the  kaleidoscope  of  Dr.  Brewster.  We 
^^^  examine  this  question  more  at  length  in  a  subse- 
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IV.    On  glass  mirrors^  amsidered  toM  refarence  to  their  Catoptnct. 
re/iecting  and  refracting  surface. 

214.  We  have  hitherto  only  considered  the  pheno- 
mena and  properties  of  plane  mirrors,  under  the  sup- 
position of  their  reflecting  all  the  rays  impinging  on 
them  at  their  front  surface,  as  would  obviously  be  the 
case  with  all  the  reflected  rays  from  a  polished  metal 
plate  ;  but  when  the  mirror  consists  of  a  plate  of  glass 
silvered  at  the  back,  the  principal  reflection  is  from  the 
surface  of  the  silver ;  and  a  ray  of  light  thus  passing 
through  the  glass  will  be  subjected  both  to  reflection 
and  refraction,  and  consequently  a  slight  modification 
of  the  preceding  deductions  becomes  necessary  to  ac- 
commodate them  to  this  case.  Without  immediately 
pursuing  this  inquiry,  we  may  ob8er\'e,  that  as  some  of 
the  rays,  falling  on  such  a  medium  as  we  are  sup- 
posing, an;  reflected  at  the  first  surface,  without  ever 
entering  the  irlass,  while  the  greater  number  pass 
through,  :incl  are  afterwards  reflected,  there  will  in 
such  cases  be  two  images  of  the  same  object,  the  one 
near  and  faint,  the  other  vivid  and  more  distant  from 
the  eye  of  the  observer,  and  that  the  weak  image  will 
become  so  much  the  more  perceptible  as  we  view  it 
more  obliquely ;  because  when  we  observe  it  directly, 
that  is,  p(:r|X'ndiculariy  to  the  surface  of  the  mirror,  it 
falls  upon,  and  is  confounded  with  the  vivid  image 
formed  by  the  reflection  from  the  second  or  silvered 
face  of  the  glass.  We  propose  here  to  examine  the 
eftect  of  this  refi^ction  as  it  regards  glass  reflecting 
mirrors, 

215.  Theorem  IX.— If  Q  (?i^,  42)  be  taken  to  de 
note  the  focus  of  the  incident  rays  /,  upon  a  refracting 
plane  BAC,  and  a  point  7  be  taken  in  a  perpendicular 
QA  (produced  if  necessary)  to  that  plane,  so  that  A  q 
shall  be  to  AQ  as  the  sine  of  incidence  to  the  sine  of 
refraction,  the  point  9  will  be  the  focus  of  those  rays 
that  are  nearest  to  the  perpendicular  Q  a  after  refrac- 
tion ;  that  is,  if  the  points  of  incidence  B,  C,  of  the  rays 
QB,  QC,  are  not  remote  from  A,  the  refracted  rays  B  c, 
CJ  produced  backwards  would  meet  in  q  nearly. 

Let  QC  be  any  incident  ray,  and  Cf  the  reflected 
ray,  which  produced  backward,  meets  the  perpen- 
dicular QA  somewhere  as  in  7.  Through  the  point 
of  incidence  C,  draw  EH  parallel  to  QA ;  then  will 
QCE  =  AQC  be  the  angle  of  incidence,  and  HC/  = 
A  7  C  the  angle  of  refraction.  And  in  the  triangle 
Q  7  C,  it  will  be  as  the  sine  of  <  CQ  7  or  AQC  to  the 
sine  of  <  C  7  Q  or  A  7  C,  so  is  C  7  to  CQ. 

But  when  the  angle  of  incidence  AQC  is  very  small, 
it  will  be  C  7  :  CQ  : :  A  7  :  AQ  nearlif. 

And  the  nearer  any  incident  ray,  as  Q  6  or  Q  ff,  is  to 
the  perpendicular  QA,  the  nearer  will  the  sides  7  6, 
Q  6,  or  7  flf,  Q  fl  of  the  triangles  Q  7  6,  Q  7  o,  approach 
to  a  ratio  of  equality  with  7  A,  QA,  until  at  length  they 
will  coincide,  and  therefore  the  point  7,  as  determined 
by  the  preceding  theorem,  is  without  sensible  error  the 
focus  of  the  refracted  rays. 

Cor,  I.— If  7  be  the  focus  of  converging  rays  (e  B, 
/C,  &c.),  then  Q  will  be  their  focus  after  refraction; 
and  because  sin  CQ  7  :  sin  C  7  Q  : :  A  7  :  AQ,  we  shall 
have  denoting  the  ratio  of  the  sines  by  w  to  n 
Xq<n  AQ  :  A  7  : :  wi  —  /I  ;  /w  or  //, 

according  as  the  incidence  is  into  a  rarer  or  a  denser 
medium.  And  if  the  point  of  incidence  of  a  ray  QC 
be  so  near  to  A,  that  the  angles  and  their  sines  may. 
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be  reckoned  proportional,  it  will  be  m,  or  n  :  m  —  n  : : 
I,  of  incidence  AQC   :    Z.  of  refraction  Qc  q. 

2.  The  image  9  of  a  small  object  Q,  placed  under 
water,  is,  obviously,  from  what  is  stated  above,  one- 
fourth  nearer  to  the  surface  than  the  object  itself;  and 
hence,  the  reason  why  the  bottom  of  a  river  or  pond 
always  appear  nearer  than  it  actually  is,  the  water 
being  always  one-third  deeper  than  it  appears  to  the 
spectator  above.  Persons  who  are  not  expert  swim- 
mers should  be  aware  of  this,  or  they  may  plunge  into 
water  which  appears  fleet,  when  it  is  actually  beyond 
their  depth ;  and  many  melancholy  accidents  may  pro- 
bably be  attributed  to  this  optical  deception.  On  the 
same  principle,  depends  the  well-known  phenomenon  of 
a  shilling  or  other  object  in  a  basin  of  water,  appearing 
more  elevated  than  it  does  when  the  basin  or  vessel  is 
empty ;  and  that  the  object  becomes  visible  to  an  eye 
in  a  certain  position,  with  the  vessel  filled,  although  the 
view  of  it  was  intercepted  by  the  edge  of  the  vessel 
when  the  latter  was  empty. 

3.  If  the  refracting  medium  be  glass,  and  the  angle 
of  incidence  and  refraction  be  so  small  as  to  be  consi- 
dered without  sensible  error,  proportional  to  their 
sines,  the  refracted  angle,  or  that  angle  contained  be- 
tween the  incident  ray  produced  and  the  refracted  ray, 
will  be  fd  of  the  greatest  of  those  angles,  and  ^  of  the 
least ;  and  hence,  if  the  angle  of  incidence  be  increased 
or  diminished,  the  refracted  angle  will  be  increased  or 
diminished  by  jd  of  that  augmented  or  diminished  part, 
if  the  incidence  be  from  air  into  glass ;  and  by  one-half 
if  the  incidence  be  from  glass  into  air, 

216.  When  an  incident  ray,  as  QC  (fig.  43),  is 
oblique  to  the  plane-refracting  surface  AC,  the  proper 
focus  X  of  the  refracted  ray  CD,  will  be  further  from 
Q  than  the  geometrical  focus  9,  that  is,  Q  x  will  always 
be  greater  than  q  x ;  and  the  more  oblique  the  incidence 
the  greater  will  be  the  aberration  q  x.  In  each  division 
of  the  figure,  conceive  a  right  line  drawn  from  9  to  C ; 
then,  if  9  be  supposed  to  represent  the  focus  of  the 
refracted  ray  CD,  we  ought  to  have  the  proportion 

AQ:  Ay::CQ:  Cq  ::;«:«• 

But  it  is  manifest  that  these  ratios  are  not  equal ;  for, 
if  QA  and  Q  a  be  made  radii,  CQ  and  C  7  will  be  the 
secants  of  the  unequal  angles  AQC,  A  9  C ;  and  since 
we  must  have' 

AQ:  Aqr.CQiCx, 
it  is  manifest  that  in  the  first  part  of  the  figure,  C  x  is 
greater  than  C^,  and  the  contrary  in  the  second; 
but,  in  both  cases,  Q  x  is  greater  than  Q  9.  It  is  also 
further  evident,  that  the  greater  the  angle  AQC,  the 
greater  will  q  x  become. 

217.  Problem  II. — Having  the  focus  of  incidence,  of 
rays  diverging  upon  a  plane  looking  glass,  whose  thick- 
ness is  given,  to  find  the  focus  of  the  emergent  rays 
after  this  second  refraction  at  the  foreside  of  the  glass. 

Let  CF  (fig.  44),  represent  a  plane  glass  mirror, 
whose  back,  reflecting,  or  quicksilvered  side  is  EF, 
the  thickness  of  the  plate  being  AB ;  and  let  Q  be  the 
focus  of  incident  rays.  Through  the  point  Q,  draw 
the  indefinite  line  NP  perpendicular  to  the  sides  of  the 
glass ;  in  this  line  take  the  point  G,  such  that 

AQ  :  AG  :  n  ::  m 
(n  :  m  denoting  ratio  of  the  sines  of  incidence  and  re- 
fraction); then  from  what  is  shown  above  (art.  215), 
G  will  be  the  focus  of  the  rays,  after  their  refraction  at 
the  .first  ^ui£Eu:e  of  the  glass  CD.    Again,  take  BH  =: 


BG,  and  H  will  be  the  focus  of  the  raji  afker  I 
reflection  at  the  sur&ce  EF;  also -find  tbe  poin 
by  means  of  the  proportion 

m :  II : :  AH :  AR 

and  R  will  be  the  focus  required.    That  is,  an  incii 

ray,  as  Q  a,  will  be  first  refi*acted  into  a  b^  so  a 

belong  to  the  focus  G ;  then  at  6,  it  will  be  reflei 

into  h  c,  proceeding  from  the  focus  H ;  and  lastly 

c  it  will  be  refracted  into  c  4r,  so  as  to  belong  to 

focus  R. 

If  A  r  =  A  Q,  that  is,  if  r  be  the  focus  of  : 

reflected  by  the  surface  CD,  before  they  enter 

2  n 
glass,  we  shall  have  Rr  =  —  AB;  that  is,  in  a  k 

m 

ing  glass  R  r  =:  4  of  its  thickness. 

For      AH  =  AG  +  2  AB;  Ar,  or  AQ  =  —  AG 

and  AR  =  —  AH  =  —  AG  +  -^  AB, 

tn  m  m 

2  n 
whence      Rm  —  AB  =  4  AB. 
m  ^ 

218.  SchoL — Some  of  the  rays  diverging  upon  a  k 
ing-glass,  as  £D  (fig.  44),  may  be  several  times  refle< 
between  its  surfaces,  before  they  totally  emerge,  w 
some  other  of  the  pencil  emerge  each  time  at  the 
face  CD.  These  emergent  rays  will  have  diffis 
focii,  «,  ty  r,  &c.  all  situated  orderly  one  behind 
other  in  the  perpendicular  BP ;  and  the  distances 
s  t,tv,  &c.  between  the  several  focii  s,  t,  r,  &c,  wil 

each  =  R  r  =  —  AB. 
rn 

Therefore,  of  a  slender  pencil  of  rays,  suppose 
flow  along  the  physical  line  Q  a,  some  will  be  ir 
diately  refiectea  at  a  into  a  p,  belonging  to  the  foe 
but  the  greatest  quantity  will  enter  the  glass  aloD 
line  a  6,  and  being  reflected  at  b  along  b  c,  will  ei 
into  c  Ar,  belonging  to  the  focus  R.     Again,  so 
the  rays  proceeding  along  b  c  will  be  reflecte 
c  <f,  rfe,  as  if  they  proceeded  from  I,  K,  respec 
and  then  some  of  them  will  emerge  along  e 
cceding  directly  from  s.     In  like  manner,  some 
rays  may  be  reflected  back  at  e,  into  c  /,  then  f 
and  at  g,  some  will  be  refracted  into  g  tn,  lehil 
will  be  returned  back  along  g  h,  h  1,  i  n,  &c. 
of  the  refracted  rays  g  m,  i  «,  will  he  t,v\ 
GI,  IL,  LN,  &c.  HK,  KM,  MP,  &c.  are  each 
2  AB ;  and  Rs^st,  tv,  &c.  are  each  equal  t< 

By  making  the  angles  of  incidence  and 
equal  to  each  other,  it  is  manifest  that 
AI  =  AH  =  AG  4-  2  AB, 
BK  =  BI  =  BH  -f  2AB  =  BG4-C 
therefore,  GI  =:  2  AB  =  KH. 

In  the  same  manner,  it  may  be  shown  th 
LN,  MP,  &c.  are  each  =  2  AB. 

Again, 

A5  =  -^AK=:— AH  +  -^HK  =  AR  ^ 

m  m  in 


whence, 


«         2ii    .  ^      „ 
R^z=—  AB  =  Rr; 

m 


and  in  the  same  manner  it  appears  that  9 

219    The  phenomena  which  we  have 

on  theoretical  principles,  to  obtain  in  \ 
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may  be  exhibited  experimentally,  by  placing  a  lighted 
/  cax&dle  in  an  oblique  position  with  respect  to  the  plane 
Qf  ^lie  minror,  by  which  a  series  of  images  such  as  we 
l^akve  been  describing,  will  be  observed  all  situated  in  the 
saixie  line  and  at  equal  distances  from  each  other.     In 
tills  case,  all  the  images  beyond  R  will  continually  de- 
crease in  brightness,  until  at  length  the  rays  become 
too  faint  to  exhibit  a  visible  image ;  the  number,  how- 
ever, will  be  greater  or  less  according  to  the  intensity 
of  light  in  the  illuminating  body;  and  the  images  will 
be  more  distinct  and  distinguishable  from  each  other, 
tbe    more  obliquely  they  are  viewed ;  because,  then 
tbe  angles  formed  by  the  spaces  r  R,  R  a,  &c.  become 
so    much  the  larger.     In  other  cases,  the  images  will 
partly  cover  each  other,  and  the  more  so  the  larger  the 
object  is,  or  the  thinner  the  p^Iass. 

It  appears  from  the  above  phenomenon,  that  light 
must  suffer  a  considerable  diminution  in  its  passage 
tliroiigh  glass ;  that  is,  a  considerable  portion  of  the 
li^ht  which  arrives  at  the  surface  of  the  glass  is  pre- 
vented from  taking  its  natural  direction,  or  that  which 
it  ought  to  take  according  to  theory. 
of       220    We  have  seen  (art.  215)  that  the  image  of  a 
<*  body  viewed  at  the  bottom  of  a  vessel  of  water,  will 
^   appear  to  be  at  only  Jths  of  its  actual  depth  below  the 
tgr. surface;  and  on  the  same  principle,  an  object  viewed 
F^  through  a  glass  plate,  will  exhibit  an  image  which  will 
I      lead  us  to  give  to  the  glass  only  J  of  its  actual  thick- 
k      ness.     Knowing,  then,  this  fact,  we  have  a  ready  way 
1      of  estimating  tlie  thickness  of  a  looking-glass  plate, 
*1      by  observing  the   distance  between  a  wire  or  other 
1      slender  object  brought  into  contact  with  the  fore  surface 
of  the  glass  and  its  image,  as  shown  by  reflection  ;  for, 
M  the  apparent  place  of  the  image  behind  the  silvered 
or  reflectmg  surface,  is  always  equal  to  the  apparent 
distance  of  the  object  itself  from  the  same,  tlie  dis- 
tance between  the  two,  therefore,  in  this  case,  will  be 
^s  of  the  thickness  of  the  glass ;  or,  which  is  the 
>aine,  the  thickness  of  the  glass  will  be  equal  to  |ths 
dfl     pf  the  apparent  distance  between  the  object  and  its 


221.  The  course  that  a  ray  would  take  in  coming 
^^  Q  (fig.  45),  to  an  eye  at  O,  is  represented  by 
Q  a  6  c  O,  on  the  supposition  that  if  a  small  pencil  of 
f^ys,  impinging  obliquely  on  the  looking-glass  CF,  had 
iti  foei,  after  refraction,  at  the  surface  CD  in  the  points 
"»  R,  as  above  determined.  ,But  because  of  the 
^Mirations  of  refractions  at  the  surface  CD  (art.  216), 
*«*  ray  Q  a  will  be  refracted  into  a  d,  whose  focus  is 
•[>n>e^here  in  the  line  AG  further  from  Q  than  G. 
•^S^,  the  my  ad  will  be  reflected  into  r/ e,  making  the 
^'^le  B«A=:  Acrf=  Atfgz=De/i;  and,  lastly,  the 
^y  ate  will  emerge  into  fo,  whose  focus  isx,  lying 
somewhere  between  R  and  r;  and  the  greater  the 
J^H^ity  of  the  incident  ray,  the  greater  will  be  the 
•j^'Tation  R  x.  When  the  point  of  incidence  a  is  nearest 
^  ^1  to  A,  then  A  .r  zz  All ;  and  we  shall  have  then 
^  Aa  :  ae  y,  Ar  :  rx. 

^  the  angle  A  ag  being  equal  to  De/>,  the  angle 
"*0rzQiiA=:Aflr;  consequently,  cx'is  parallel  to 
*  '•  If  we  conceive  the  line  «  ^  to  be  produced  until  it 
**«t»  the  perpendicular  AG  also  produced,  in  a  point 
^*  then  we  shall  have 
w^  y  A  :  AB  ::  Aa  :  ^a  e, 

*Jt  Is  the  point  a  recedes  from  A,  the  ratio  of  ^  A  to 
"  it  contiaoaUy  increasing,  and  therefore  the  ratio 
Vol,  III. 


of  e  a,  a  A  is  constantly  decreasing,  whereby  the  point  Catopiricv 
jr  is  always  approaching  nearer  to  r ;  with  which,  how-  v^hk^«««^/ 
ever,  it  can  never  coincide  until  A  a  becomes  infinite ; 
for  until  then  the  ratio  of  A  a  :  a  e,  and  consequently, 
of  i^r  :  rx  will  be  finite.  The  point  x  is  therefore 
always  betwixt  R  and  r ;  and  as  the  point  a  is  nearer 
to  or  more  remote  from  A,  so  will  the  point  x  be  nearer 
to  R  or  r. 

In  the  same  manner,  the  distances  between  the  foci 
R,  s,  tf  V,  &c.  which  here  correspond  to  those  in  fig.  44, 
will,  as  a  recedes  from  A,  be  also  lessened,  so  as  to  be 
always  nearly  equal  to  rx.  But  the  focus  of  a  pen- 
cil>  whose  axis  is  Qadeo,  will  be  in  the  line  oex^ 
nearer  to  e  than  x;  for  a  ray  diverging  from  Q  upon  a 
point  of  the  speculum,  which  is  nearer  to  A  than  ^> 
will  have  its  focus  afler  emersion  between  x  and  R ;  and 
a  ray  falling  on  the  other  side  of  (?,  will  emerge  in  a 
line  proceeding  to  a  point  between  x  and  r ;  and  these 
two  rays  will  intersect  the  line  e  ;r  in  a  point  between  x 
and  e :  so  that  a  line  connecting  the  several  successive 
images  made  by  the  reflections  within  the  glass,  or 
those  corresponding  to  R,  s,  ^  r,  &c.  will  be  inclined 
from  BA  towards  (/,  and  also  a  little  curved. 

When  the  angle  AQ  a  z:  CO**,  r  jr  will  be  only  about 
f  of  AB. 

222.  The  degree  of  perfection   in   the  polish   and  To  jadge  <Jlr 
figure  of  a  plane  speculum,  may  be  easily  known  by  ob-  the  pcrfeif- 
serving  whether  the  images,  seen  in  all  positions,  espe-  ^*IV  {"  ^ 
cially  in  very  oblique  ones,  and  from  all  parts  of  the  ^  ' 
speculum,  appear  exactly  equal  and  similar  to  the  ob- 
jects ;  that  is,  whether  the  images  (more  particularly  of 
the  most  distant  objects)  in  the  room,  appear  natu- 
rally, without  having  any  part  of  them  distorted ;  when 
this  is  the  case,  the  speculum  may  be  pronounced  to 
hfi  a  perfect  one :  the  straight  edges  of  the  rails  of 
wainscot  are  among  the  best  objects  for  this  experiment. 
A  mirror  must  be  exceedingly  bad,  that  will  distort  the 
face  of  a  person  looking  into  it;  because  the  rays  being 
returned  almost  directly  back  to  the  eye,  small  aberra- 
tions will  not  be  rendered  sensible ;  but  let  two  persons 
look  at  each  other^s  image  as  obliquely  as  they  can^ 
and  they  will  soon  perceive  whether  or  not  the  figure 
of  the  speculum  be  defective. 

The  grinding  of  a  plate  to  a  true  plane  is  considered 
to  be  a  very  diffichlt  operation^  but  that  of  makine  & 
good  looking-glass  is  still  greater;  because,  beside 
each  plane  being  perfect,  it  is  also  necessary  that  they 
are  also  parallel.  If  the  images  of  a  candle,  seen  yerj, 
obliquely  as  in  fig.  45,  and  under  different  degrees  of 
obliquity,  and  from  all  parts  of  the  glass,  do  not  alipNiys 
keep  pretty  nearly  at  equal  distances  from  one  anotheri 
it  is  a  proof  that  the  sides  of  the  glass  are  neither 
plane  nor  parallel. 

Another  method,  analogous  to  the  preceding,  to  try 
the  goodness  of  a  looking-glass,  is  as  follows  :  stick  a 
pin  or  slender  wire  by  the  point  into  the  upright  jamb 
of  a  window-fhime,  or  in  a  bar  of  the  sash,  so  that  the 
pin  may  be  nearly  horizontal,  and  in  the  plane  of  the 
window.  Then  hold  the  looking-glass,  and  turn  it 
about  so  as  to  see  the  image  of  the  pin  very  obliquely, 
and  from  all  parts  of  the  glass.  In  this  case,  there  will 
seldom  be  visible  but  two  images  corresponding  to 
R,  r,  of  the  two  preceding  figures ;  and  if  these  images 
keep  always  straight,  parallel,  and  at  regular  distances 
one  from  another,  according  to  the  preceding  theory, 
the  glass  may  be  considered  as  being  well  figured. 
3  L 
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OpUci.  The  phenomena  of  the  different  distances  of  the  images 
from  each  other  will  be  more  conspicuous,  if  two  pins 
be  stuck  parallel  to  one  another,  and  at  a  small  dis- 
tance asunder.  By  this  method  also,  the  correctness 
of  a  figure  of  a  metallic  plane  speculum  may  al&p  be 
examined*  By  making  such  trials,  a  very  consider- 
able diiierence  will  be  observed  in  the  perfection  and 
imperfection  of  different  looking-glasses:  and  it  is  very 
r«re  any  common,  glass  will  be  able  to  bear  these  tests 
in  every  part  of  its  surface. 

In  aU  speculums,  the  better  they  are  polished^  other 
circitmatances  being  the  same^  the  brighter  will  be  the 
images;  that  is,  the  more  light  an  eye  will  receive 
from  a  given  object,  which  will  enable  us  to  examine 
the  goodness  of  speculums,  as  to  their  polish,  whenever 
we  have  an  opportunity  of  comparing  several  of  the 
same  sort  and  in  the  same  light  together.  We  may 
also  observe,  cctterh  paribnSj  that  the  darker  the  colour 
of  the  glass  of  the  speculum  is,  the  better,  generally,  is 
the  polish  ;  for  the  glass  itself  can  be  no  otherwise 
seen,  than  by  the  reflections  of  those  particles  which 
have  irregular  positions  with  respect  to  the  rest  of  the 
surface.  But  difterent  glasses,  though  equally  well 
polished,  will  not  always  appear  equally  dark;  gene- 
rally, however,  the  above  rule  may  be  observed,  and 
the  darkest  mirror  be  considered  as  that  which  has  the 
best  polish, 

V.  Of  concave  and  convex  mirrors* 

Of  conctve  223.  In  our  first  and  second  sections  we  have  treated 
«L«1^^''^  of  imasres  formed  bv  reflection  from  concave  and  con- 
vex  mirrors,  on  the  supposition  that  these  images  were 
received  on  a  plane.  In  this  particular  case  the  images 
are  always  in  the  right  lines  produced,  drawn  from 
different  points  of  the  object  to  the  centre  of  the  minor, 
and  their  distances,  as  well  as  their  magnitudes,  are 
determinable  from  the  formula 


/  = 


dr 


2rf- 


224.  Conceive  a  plane  to  pass  through  the  three  cd 
poinU  A,  B,  C,  cutting  the  mirror  in  the  circle  M  MM';  >^ 
and  then  supposing  the  origin  of  the  co-ordinates  in  C,  lan 
we  may  denote  the  co-ordinates  of  the  point  B  by  —  u  tiot 
and  -f  /i,  and  let  the  distance  AC  =  k.  Assume  the 
angle  AMT  =  m,  the  angle  MTA  —  /,  the  angle 
MAI  —  a,  and  180^  —  tt  ;  then  we  shall  have 

tan  m  :=  tan  {w  —  a  ^  i)  ~  —  tan  (a  -f  t). 
From  the  equation  of  the  circle,  we  have 
^  +  j^'  =  r». 


which  gives 

tan  f  =  — : 

y                           1 

we  have  also 

^""-.-r                ^ 

Whence 

■ 

tan  m 

= 

.V    ^  x-k  _  r'-kx 
jr./       ~        ky 
t/U-Al 

Now  the  exterior  angle  OMQ  of  the  triangle  TMA, 
or  TMQ,  is  equal  to  the  sum  of  the  two  interior  and 
opposite  angles  a'  and  t;  denoting  the  angle  TMQ 
by  a',  consequently. 


tan  m  = 


V 


whence  we  have 


or 


1  + 


f^v  -^  2  kx^ 


but  when  the  images  are  seen  without  being  thus  re- 
ceived on  an  intermediate  plane,  each  point  ought  to 
be  found  in  the  right  line  which  arrives  at  the  eye, 
after  having  been  reflected  at  the  surface  of  the  mirror, 
which  right  line  will  vary  with  the  position  of  the  eye, 

in  order  to  determine  the  form  and  the  position  of 
the  image,  we  must  trace  from  many  points  of  the  ob- 
ject, the  caustics  by  reflection,  and  draw  from  the  two 
extremities  of  the  pupil  of  the  eye,  tangents  to  these 
caustics :  the  tangents  prolonged  to  the  surface  of  the 
mirror,  form,  with  the  cathetus,  angles  of  reflection 
equal  to  the  angles  of  incidence  formed  by  the  points 
of  the  object  corresponding  to  these  caustics,  as  in  the 
figure  referred  to  below. 
Determine-       We  may  determine  by  analysis  the  positions  of  the 
lion  *^^^    points  of  the  mirror,  where  these  reflections  are  made 
the  iDci dent  ™^   different  luminous  points  proceeding   from  the 
ny,  body,  and  which  arrive  at  the  eye  after  having  been 

reflected.  In  order  to  take  the  simplest  case,  we  shall 
suppose  the  body  to  be  a  point,  and  the  opening  of  the 
pupil  indeflnitely  smalL 

Let  us  also  suppose  any  three  points  in  a  plane,  as 

Fig.  46.       A^  B,  C  (fig.  46),  to  be  given,  of  which  C  is  at  the 

centre  of  the  mirror  M  M'M";  and  let  it  be  required 

to  determine  the  point  M,  such  ihitt  the  angle  AMC 

s^halj  be  equal  to  the  angle  CMB» 


A(r"-  2.r»)  -i-  t's 
The  equation  of  the  reflected  ray  is,  therefore^ 
f^i/  —  2  k  xt/ 


P^-y- 


k  (r*  —  2  .r')  -h  r'x 


TX{a  +  I); 


or, 


+  J^-2l-^ 


H(A'-«) 


-^-Y  = 


r  ana 

'"41 

n   D^ 


2  j(U 

This  equation,  together  with  that  belonging  to  the 
circle,  will  enable  us  to  determine  the  values  of  x  and 
I/:  but,  it  unfortunately  ascends  to  an  equation  of 
4th  degree,  and  is,  there tore,  but  ill  suited  to  practi 
computation.  The  construction  of  the  equation 
means  of  the  hyperbola  is  also  not  less  unmanageable 
but,  supposing  the  direction  of  the  incident  ray  to  be 
determined,  the  situation  of  the  image  may  be  easily 
ascertained  as  follows  i — 

215.  Let  GBH  (fig.  47)  be  the  mirror;  C  the  centre :  ^ 
A  the  luminous  point ;  AB  the  incident  ray ;  and  O  the  *• 
eye.  Fj 

If  from  the  point  A  we  draw  the  ray  AB,  and  another 
Ab  indefinitely  near  to  the  former;  also,  if  from  the 
points  B  6,  we  draw  to  the  two  extremities  of  the  ptipfl 
of  the  eye,  the  two  lines  BO,  bo^  the  point  E  of  inle^ 
section  of  these  two  lines,  will  be  the  place  of  the 
image. 

In  order  to  determine  the  position  of  tills  point,  let 
there  be  drawn  the  two  perpendiculars  CD,  CE,  to  the 
two  right  Unes  AB,  BO  ;.  and  the  perpcttdicidars  B  f 
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gui d    B  c  to  the  lines  A  ^  b  oi  also  divide  the  line  BD, 
^  13 E^   into  two  equal  parts  in  a  ^ndj\  tlien  from  the  timi- 
lii.x*i^y  of  the  triangles  ABc,  ABd,  BF  ^,  EF  e, 
AB  :  AD  :i  B^  :  D  ri 
BF  ;  EF  : ;  B  ^  :  E  c. 
]3«jiC  since  D*/  ^  Ec,  we  have 

AB  ;  AD  ::  BF  :  FE, 
^j^iierefore, 

AB  ±  AD  :  AD  : :  BF  ±  EF  :  EF 
l^rs  d    consequetiUy, 

AE  +  AD     BF+EF      AB-AD     BF--EF 


d.Ticl    alternately  I 
WHe^nce  we  have 


Atf  -.  B/::  aB  ;  Ff, 

Aa  :  «B  : :  B/  :  ¥f. 


F/  = 


uB  X  Bf 

Aa  ' 
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Ofximn  bj/  reflection  of  iphcrical  spcculums, 
ContfT  spfciilum, 

^Q6.  It  follows,  from  what  has  now  been  established 
^it_l^  reference  to  the  reflection  of  spherical  surfaces  and 
t\\&  images  thus  formed,  that,  in  a  convex  speculum,  the 
iraa.gesofohjects  are  always  seen  erect,  a  little  convexed 
to\^a.rds  the  eye,  and  diminished  as  the  objects  ap- 
proach the  speculum;  and^  moreover,  that  the  greater 
tlie   convexity  of  the  speculum,  or  the  smaller  its  radius, 
the  nearer,  the  less,  and  tlie  more  convex  will  be  the 
ttnages  of  given  objects.     In  (fig.  48)  ABC  represent  a 
convex  speculum,  whose  centre  is  O,  and  of  which  the 
principle  foci  in  the  axes  OP,  OQ,  OR,  are  E,  I',  G; 
the  curved  line  p  q  r,  is  the  geometrical  image  of  the 
straight  object  PQR;  and  svt  is  the  image  of  the 
*^^jectSVT.  The  lines  diverging  from  B A  towards  PR, 
represent  rays  that  originally  diverged  from  Pj  and  arc 
^^fv-  reflected  from  the  focus  p ;  and  the  lines  proceeding 
f^orr^  the  part  AC  of  th<f  speculum,  represent  rays  he- 
/ojig-jug  iQ  t^jie  physical  point  R,  und  now  diverging-  from 
wie    focus  r.     In  like  manner,  as  rayj^  diverge  upon  the 
^P^-ciMilum  from  every  physical  point  of  the  object  PQR  ; 
so  ^f ter  reflection  they  diverge  from  every  correspond- 
'"S"    ^oint  in  the  ima^ep  q  r;  and  as  tt  is  manifest  that 
^01*:^^  rays,  belonging  lop  and  r,  will,  after  reflection 
«'o«:»-^^  some  part  or  other  of  the  speculum,   be  mixed 
^ghout  the  whole  space  BCKH,  so  that  wherever 
=     -^ye  is  placed  witliin  that  space,  it  will  see  the  whole 
^-^e  p  9  r.     Thus,  if  K  a  be  the  breadth  of  the  pupil, 
^ve  placed   at  Ka,  will  gee  the  point  r,  by  the 
"il  of  rays  whose  base  is  K  o  and  vertex  r ;  and  the 
t  p,  by  the  pencil  of  rays  K  p  a.     And  as  thiB  is 
cable  to  the  nature  of  simple  vision,  p  q  r  will  ap» 
as  a  real  object  of  the  same  colour  with  PQR,  be- 
*^«e  it  is  seen  by  rays  propascated  from  PR,  without 
i  ng  undergone  any  other  change  than  that  of  being 
^^4e  to  diverge  more,  which  is  the  cause  of  the  dirai- 
'^ion  aud  convexity  of  the  image. 
*  C"  the  speculum  be  a  segment  of  any  considerable 
P^^nt  with  reference  to  the  sphere,  of  which  it  is  apart, 
'  ^^'  ill  exhibit  the  images  of  objects  so  much  the  wider 
**  Glider,  so  that  part  of  the  ceiling,  floor,  and  sides  of  the 
t^^^»»  may  be  seen  at  the  same  time,  the  whole  making 
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a  kind  of  picture,  very  agreeable  in  lit  effects ;  and  tb«  Cmoi^ttw 
nearer  the  eye  is  to  the  speculum,  the  larger  will  be  the  ' 
field  of  visible  images.  If,  while  the  objects  and  specu- 
lum  remain  tixed,  a  spectator  move  towards  or  from 
the  speculum,  liie  apparent  places  and  magnitudes  of 
the  images  will  remain  invariable;  but,  if  an  object 
move  towards  or  from  the  speculum,  the  image  will 
appear  to  move  the  contrary  way ;  and  a?>  it  approaches 
nearer,  or  recedes  further,  it  will  accordingly  appear 
morv  aud  more  enlarged  or  diminished, 

'227,  In  certain  cases,  the  mind  is  very  much  deceived  Pt»»itmiif 
with  respect  to  the  magnitude  and  place  which  it  assigns  ^^'^"'jt'"'^* 
to  objects  seen  in  speculums,  such  as  we  have  been  ^^^^_"' 
describing.     Thus,  if  a  convex  speculum   be  placed 
against  a  window  having   an  extensive  prospect,  or 
facing  the  end   of  a  street,  the  great  mnltipiidty  of 
objects  that  are  seen  one  behind  another,  and  the  dimi- 
nution of  their  images,  will  frequently,  after  looking  for 
a  long  lime  into  a  mirror,  lead  us  to  imagine  that  these 
images  are  at  a  greater  diBlaiice  than  they  really  are; 
but  after  a  time,  and  a  due  comparison  of  the  eflects, 
the  mistake  will  be  corrected,  and  the  apparent  places 
of  the  images  will  not  differ  sensibly  from  their  real 
places,  fiz-  those  whence  the  rays  diverge  to  the  eye. 

228.  When  the  eye  sees  an  image  very  obliquely,  the 
rays,  in  that  case,  diverging  from  the  foci  that  are 
nearer  to  the  speculum  than  p  q  t\  the  place  and  the 
figure  of  the  apparent  image  will  be  ditlerent  from  thoso 
of  p  ^  r;  but  the  image  will  not  be  sensibly  the  less 
distinct;  because^  though  the  rays  that  enter  the  eye, 
have  great  aberrations  from  the  axes  of  the  pencils, 
yet  as  tliey  make  but  a  slender  pencil,  they  have  but 
small  aberrations  with  each  other,  and  will,  therefore, 
cause  no  confusion.  Thus,  to  an  eye  at  b  c  (fig.  49),  the  PSg,  49. 
apparent  image  of  the  object  PQR,  is  «  /  r,  lying  in  a 
ditierent  position  from  the  geometiical  image  p  q  r,  and 

in  a  line  between  it  and  the  speculum. 

229.  Again,  as  the  rays  diverge  much  more  after  linage 
reflection  from  a  convex  speculum  than  they  did  before,  «lorltfr  than 
this  will  be  an  additional  reason,  besides  that  which       ^^HJ**** 
arises  from  the  loss  of  light  by  reflection,  why  images, 

seen  in  such  speculums,  appear  much  darker  than  the 
objects.  For  the  eye  at  b  c  receives  no  more  light  from 
P,  than  what  is  contained  in  the  slender  pencil  Fd ;  the 
two  extreme  rays  of  that  pencU  being  reflected  respect- 
ively  to  b  and  c,  the  edge  of  the  pupil*  In  like  manner, 
the  two  extreme  rays  in  R  g  are  refl<*cied  respectively 
to  b  and  c.  But  the  pencil  R^  is  broader  than  P  J» 
because  it  falls  less  obliciucly  on  the  speculum,  asid, 
therefore,  the  point  v  of  the  image  wiil  be  a  little  brighter 
than  the  point  s. 

CoJTcate  Bpccuhtmt, 

230.  We  have  here  three  cases  to  consider,  vi?.        Centre 

1.  When  tlie  object  is  between  the  speculum  and  its  "pcculwui. 
principal  focus, 

2.  When  it  is  between  its  centre  and  that  focus* 

3.  When  it  is  beyond  or  more  remote  than  the 
centre. 

In  the  four  following  figures,  50,  51,  52,  ami  53,  fi^,^  50  51 
appertaining  to  the  present  inquiry,  BAC  is  supposed  M,  53. 
to  denote  the  concave  speculum,  whose  centre  is  0,  and 
whose  principal  foci  are  in  the  arc  EFG  :  PQR  is  a 
rectilinear  object,  placed  at  right  angles  to  the  axis 
ACQ  of  I  he  speculum ;  and  p  </  r  is  its  geometrical 
Image.  TJhe  straight  lines  issuing  from  the  ipeculum, 
3  L  2 
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represent  rays  which  diverge  upon  it  from  the  respective 
points  P,  Q,  R,  and  which  now  diverge  from,  or  con- 
verge to,  the  respective  |>o»nrs  p,  q,  r, ;  the  aberrations 
of  the  more  remote  raya  not  hein^j  considered.  The 
rays  issuing  immediately  from  the  object  to  the  specu- 
lum»  tire  not  here  represented »  in  order  to  prevent  the 
confusion  of  too  many  lines. 

Case  1. —  JV/icH  the  oi^ect  is  httvittn  the  speculum  attd  Us 
principal  focus. 

*231,  It  is  obvious  (referring  to  fig-.  50),  that  in  this 
case  the  images  of  objects  will  be  erect  and  magniHed, 
and  the  more  so,  as  the  object  is  nearer  to  the  principal 
foc\is  F.  If  the  object  be  a  straight  line,  or  a  plane, 
placed  at  right  angles  to  the  principal  axis  AG,  ita 
geometrical  image  will  be  always  concave,  and  the 
nearer  the  point  Q  is  to  F,  the  greater  will  be  the  con- 
ciivity  of  the  image  p  q  r. 

In  the  figure  relerred  to,  the  rays  diverging  from  the 
part  BA  of  the  speculum,  are  the  rays  belonging  to  F, 
and  those  diverging  from  CA,  are  those  which  issue 
from  R,  If  the  rays  belonging  to  P  and  R,  had  also 
been  drawn  from  the  other  half  of  tlie  speculum,  they 
would  have  intersected  throughout  the  whole  space 
BCKH;  and^  therefore,  to  any  eye  placed  anywhere 
within  that  space,  the  images  of  the  points  P  and  R, 
and  consequently  ihc  images  of  every  other  point  of 
the  object  PQR,  will  be  visible.  If  K  a  be  the  position 
and  brearlth  of  the  pupil,  the  eye  will  see  the  image  of 
the  point  P,  by  the  pencil  of  light  «/>AK:  and  the 
image  of  the  point  R,  by  the  a  dCK  ;  and  in  the  same 
manner  it  will  see  every  point  of  the  image  p  9  r,  by 
pencils  of  ravs  reflected  from  the  speculum  between  It 
and  C.  * 

23*2.  We  have  seen  that  in  the  case  above  supposed, 
the  image  will  always  appear  erect,  and  larger  ihan  the 
object;  and  if,  while  the  object  and  speculum  retain  llie 
same  position,  the  eye  moves  a  little  either  way  in  the 
axis  OA,  tlie  appfirent  place,  figure,  and  magnitude  of 
the  visible  image  will  continue  nearly  the  same.  Also, 
if  the  geometrical  image  be  pretty  near  the  speculum, 
80  thai  the  rays  in  the  pencil  entering  the  eye  have 
sensible  divergencies,  the  visible  image  will  appear 
nearly  in  the  same  place,  and  of  the  same  figure  and 
magnitude  with  the  true  image.  But  when  the  geome- 
trical image  is  remote  from  the  speculum,  its  apparent 
place  will  be  in  a  manucr  indeterminate  and  variable 
according  to  ditVertnt  cireum«ttaiioes  uf  light,  and  par- 
ticularly as  the  eye  happen  to  have  a  different  con- 
formation for  seeing  at  different  distances.  But  the 
visible  image  never  appears  very  remote  ;  and,  in  some 
cases,  it  will  seem  to  approach  the  speculum  when  the 
geometrical  image  recedes  from  it*  while  at  others  it 
may  appear  stationary  when  the  object  is  actually  in 
motion,     ' 

Let  us  for  example,  conceive  PR  to  represent  the 
length  of  the  face  of  a  person  viewing  his  own  linage  in 
the  speculum  ABC,  from  dilferent  stations  in  the  axis 
AF;  then  when  PR  is  near  the  speculum,  its  visible 
jmae^  on  the  other  side  will  be  pretty  nearly  in  the 
same  place,  and  of  the  same  figure  and  magnitude 
with  the  geometrical  image  p  9  r,  as  we  have  already 
observed  above  ;  the  rays  in  this  case  having  a  sensible 
divergency,  and  the  geometrical  image  p  q  r  being  not 
very  concave.  As  PR  recedes  from  A,  its  image  will 
also  in  tbe  first  instance  appear  to  recede  from  A^  but 


not  so  fast  as  the  geometric  image p  ^  r;  at  length  tlie  ( 
visible  image  will  become  stationary ;  or  may  be  eve 
seen  to  approach  towards  the  speculum,  more  esp 
cially  if  PR  be  an  object  whose  ima^  is  viewed  byj 
spectator  placed  near  the  centre  0»     For,  as  the  obje 
advances  towards  F,  the  divergencies  of  the  reflecte 
rays  become  less  and  less  sensible ;  while,  at  the  same 
time,  the  images  of  the  smaller  parts  of  the  objects 
appear  pretty  nearly  equally  bright  and  distinct.    Also, 
as  the  spectator  recedes   from   A,  his  image   fills   a 
larger  part  of  the  speculum  ;  that  is  to  say,  a  part  or 
9i>gmcnl  whose  breadth  is  the  measure  of  half  the  angle 
PUR.    We,  therefore, combining  together  all  the*e  cir- 
cumstances, see  why,  as  the  spectator  retreats  from  A 
towards  F,  his  apparent  image  at  first  also   retreai^ 
from    the  speculum  pretty  quickly,   then  slower  agifl 
slower,  till  it  becomes  stationary,  and  at  last  seems  t^ 
advance  forward. 

233.  With  respect  to  the  observ^ed  magnitude  of  the  j 
image,  it  is  obvious,  thai  when  the  apparent  distance  « 
is  less  than  the  geometrical  distance,  the  apparent  mag- 
nitude will  be  less  than  the  geometrical  magnitude. 
And  while  the  apparent  distance  increases  but  slowly, 
or  remains  the  same,  the  apparent  magnitude  will  hke- 
wise  increase  but  slowly,  or  may  remain  for  a  time  in- 
variable ;  for  the  visual  angle  decreases,  though  slowly, 
while  the  spectator  sees  his  image  reflected  from  a 
larger  part  of  the  speculum,  and  for  this  reason  the 
apparent  magnitude  scarcely  ever  appears  to  decrease 
by  retreating  from  the  speculum.  For  the  same  rea- 
son, the  image  of  a  flat  and  blank  surface  will  not 
appear  so  concave  as  its  geometrical  image;  because 
the  spectator  being  unable  to  determine  the  distance 
of  the  several  parts  of  this  image,  he  sometimes  ima- 
gines it  to  be  nearly  fiat  like  the  object.  But  when 
the  geometrical  image  is  not  very  re mnTe,  our  prejudice 
will  be  overcome,  and  the  image  will  appear  more  con- 
cave as  it  is  view*ed  with  the  greater  attcutioa. 

234.  The  same,  reasons  as  we  have  advanced  abore  ] 
to  account  for  ihe  apparent  magnitudes  of  objects*  will ' 
also  serve  to  explain  the  appearances  observed  in  the  I 
following  experiment*  If  a  holiuw  cone  be  held,  with 
its  base  towards  the  spLCulum,so  that  iU  vertex  nearly 
coincides  with  the  priucipal  focus  F,  its  image  will 
appear  projected  into  a  prodigious  length,  in  conse-. 
quenee  of  our  having  in  this  case  a  series  of  these 
images,  lying  orderly  one  behind  another ;  whereby 
we  are  enabled  to  judge  of  the  places  where  the  rays 
diverge  to  the  eye  more  correctly ;  and  the  whole  visi- 
ble length  is,  in  consequence,  protracted,  and  the 
image  rendered  nearly  cylindrical,  or  at  least  much 
more  aceute  than  the  coue  itself:  and  for  tlic  same 
reason,  a  stick  laid  nearly  in  the  direction  of  the  aatis, 
with  its  further  extremity  nearly  in  the  focus,  will  afv 
pear  of  great  length  uiid  slightly  conical,  Its  furiher_ 
extremity  being  the  greatest. 


J 


Case  2. — fV/tcn  the  oifject  in  biitcecn  the  I'tuitt^KiiJi 
a  fid  the  ctntre  of  the  apecitlum. 
235.  We  have  above  examined  the  phenomena  at- 
tending a  spectator  viewing  his  image  from  any  point 
between  the  speculum  and  its  principal  focus;  and  we 
htive  seen  tuat,  at  the  focus,  his  image  is  erect,  mag- 
nified, aud  pretty  near  to  the  speculum  ;  let  us  now 
follow  him  in  his  retreat  from  the  focus  to  the  centre. 
In  this  case,  as  he  moves,  his  apparent  ima^  will  be 
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hebukd  hiniy  bnt  advanciug  towards  him,  as  he  ap- 
/  proache»  nearer  to  the  centre,  at  which  point  the  image 
^nd  the  object  will  coincide.  During  this  retreat  the 
olnect  will  appear  to  be  still  erect,  because  the  rays 
l^^longing  to  each  visible  point  will  not  intersect  before 
^bey  reach  the  eye ;  but  the  image  becomes  less  and 
|^$0S  distinct,  at  the  same  time  that  its  visual  angle  i» 
iKBoreasing,  so  that  at  the  centre,  or  rather  a  little  be- 
pi^ye,  the  whole  is  lost  in  confusion ;  arising  from  the 
^wxislW  parts  of  the  objects  subtending  angles  too  large 
4>r  distinct  vision,  exactly  as  in  the  case  of  viewing 
tm.em  too  near  with  the  naked  eye. 

In  order  to  illustrate  this  case,  let  an  object,  PQR, 
^^    fixed  between  the  principal  focus  and  the  centre  O 
il^.    51),  while  the  eye  looks  for  its  image  in  the  specu- 
tAcn  »  from  different  parts  of  the  axis  A^.     If  the  pupil 
►tf"  rbe  eye  be  be,  the  images  of  the  points  P,  Q,  R,  will 
>c^     seen  by  the  pencils  of  rays  bclAc,  befc,  bAgc, 
vli^ose  respective  foci  are  p,  q,  r.     Now,  if  the  consti- 
tvKtion  of  the  eye  be  such,  that  the  rays  contained  in 
iYm.^     above  pencils  are  brought  to  unite  before  they 
re«toli  the  retina,  the  re|Mresentation  of  PR  will  be  con- 
futed, as  remote  objects  appear  to  short-sighted  per- 
sons.    But  although  the  rays  come  to  the  eye  converg- 
iog",    which  is  a  case    that  never  happens   in  naked 
▼i«ioii,  yet,  as  they  are  orderly  reflected  accordingly 
»•   they  come  from  different  parts  of  the  object,  they 
convey  an  idea  of  that  object,  through  an  indistinct 
one,  both  as  to  its  shape  and  colour.     And  in  the 
present  case,  an  aged  person  might  see  distinct  enough, 
•ihI  perhaps  more  distinct,  than  he  would  be  able  to 
do  by  the  naked  eye.     For  whatever  be  the  disposition 
of  tlie  rays  coming  from  every  visible  point  of  an  ob- 
ject, before  they  enter  the  eye,  as  diverging  or  con- 
verging, vision  will   be   still  distinct,    if  the  several 
pencils  are  not  mixed  upon  the  retina ;  and  the  ap- 
parent places  and  magnitudes  will  be  according  to  the 
general  laws  of  vision  in  other  cases  ;  that  is,  as  some 
ordinary  helps  are  wanting,  others  will  preponderate. 
[         As  the  eye  recedes  further  back  from  the  speculum, 
w   confusion  of  the  image  will  necessarily  increase. 
''^€11  the  pupil  .r;/  is  at  the  centre  O,  it  receives  from 
^^e  points  P,  Q,  R,  the  pencils  B x  y  h,  dxyg,  KxyC, 
^hose  extreme  rays  converge  about  twice  as  much  as 
those  of  the  former  pencils,  and  before  the  eye  is  got 
V**te  as  far  as  7,  the  whole  image  will  be  lost  in  con- 
"••ion ;  while  all  the  way  from  A  to  7  the  image  neces- 
'J^'^^y  appears  enct,  and  also  its  visual  angle  is  con- 
^nually  increasing. 

^34.  As  the  eye  recedes  from  A,  towards  q,  the  field 

2J[  ^»«ion  in  the  given  speculum  of  an  indefinite  object 

^^y    is  continually  diminishing;    so  that  beyond  K, 

^tie  of  the  rays  belonging  to  the  points  PR,  can  enter 

^  pupil;  and  at  7,  the  said  field  will  be  dhninished 

.  .notning.     After  the  eye  has  past  7,  the  field  of 

^•«On  of  the  indefinite  object  PR,  will  again  begin  to 

^J^^i,  and  the  further  back  the  eye  is  from  7,  the  wider 

^r^  be  the  field.     All  which  will  be  manifest  from  a 

5jJ^ple  inspection  of  the  figure  above  referred  to.    After 

^  eye  has  passed  7,  the  image  will  appear  inverted, 

^^  for  some  time  continue  indistinct,  as  in  the  case 

^^\>jects  viewed  too  near,  till  the  eye  has  got  so  far 

^^  the  rays  enter  it  at  a  proper  divergency  for  dis- 

^"^'^'St  vision.     But  as  the  image  itself  is  so  much  the 

^^J^  m  proportion  as  it  is  magnified,  and  the  pencils 

^  "ght  entering  the  pupil  contmually  decrease  m  den- 


sity as  the  eye  retreats  further  back,  so  beyond  a  cer-  Catoptrics, 
tain  distance  it  will  be  difficult  to  find  the  image,  unless  ^^^V^'W^ 
it  be  that  of  a  bright  object  as  a  candle ;  and  when  it 
is  found,  the  spectator  will,  for  the  above  reasons,  be 
likely  to  imagine  it  further  from  him  than  it  really  is ; 
and  conforming  his  eyes  Ticcordingly,  will  thus  furnish 
another  cause  tor  indistinctness. 

If  the  object  be  a  straight  stick,  or  a  plane  at  right 
angles  to  the  axis  of  the  speculum,  its  image,  to  a 
spectator  at  a  proper  distance  behind  it,  instead  of 
appearing  concave  will  be  convex.  This  phenomenon, 
as  at  first  sight  it  may  seem  to  involve  some  difficulty, 
deserves  to  be  further  explained. 

Let,  as  before,  p  q  r  (fig.  52)  be  the  geometrical  Fig.  5f . 
image  of  the  object  PQR  after  reflection,  by  the  spe- 
culum BAG,  and  let  6  c  be  the  breadth  and  place  of 
the  pupil.  Now  the  extreme  rays  d  t  c,  g  t  b  o(  the 
pencil,  belonging  to  Q,  being  not  remote  from  the  axis 
AQ  a,  will  diverge  to  the  eye  from  a  point  t  that  is 
very  near  to  7.  But  the  nearest  ray  k  s  c  to  th6  axis 
POD  of  the  pencil  belonging  to  P,  that  can  enter  the 
pupil,  being  very  oblique  to  that  axis,  will  intersect  it 
at  a  point  s,  much  nearer  to  the  speculum  than  p,  and 
the  rest  of  the  rays  belonging  to  this  pencil  will  inter- 
sect the  axis  a  little  further  from  p  than  «;  the  extreme 
ray  Cy  b  intersecting  the  ray  A: 5  c  in  y.  In  like  man- 
ner the  nearest  ray  h  v  b,  to  the  axis  ROH  of  the  pencil 
belonging  to  R,  intersects  that  axis  at  the  point  r ;  and 
the  extreme  ray  B  x  c  intersects  the  other  extreme  ray 
h  XV  b  at  the  point  t.  And  thus  the  apparent  image 
is  a  convex  curve  y  stv  x,  agreeably  to  the  theory  il- 
lustrated in  the  preceding  sections. 

Case  3. — When  the  object  is  further  from  the  speculum 
than  the  centre, 

235.  We  have  seen  that  when  the  object  is  placed  The  object 
between  the  speculum  and  the  principal  focus,  the  image  beyond  the 
will  preserve  its  direct  position,  as  it  will  also  while  ^^^^^^ 
the  object  passes  from  this  situation  to  the  centre,  at 

which  point  it  is  lost ;  but,  if  now,  as  in  the  third  or 
last  case,  the  object  be  supposed  to  pass  beyond  the 
centre,  then  the  image  will  be  inverted ;  and  the  further 
the  object  is  from  the  centre,  the  less  will  be  its  image, 
and  the  further  from  the  said  centre,  or  the  nearer  to 
the  focus,  and  the  converse;  the  image  and  object 
coinciding  when  the  latter  is  placed  in  the  centre,  as 
we  have  seen  in  the  preceding  case. 

Let  PR  {^^.  53)  represent  a  spectator  viewing  his  Fig.  53, 
own  image  at  a  considerable  distance  beyond  the  centre 
O  of  the  speculum ;  his  image  will  then  appear  inverted, 
small,  faint,  and  indistinct.  The  faintness  is  occasioned 
by  the  few  rays  that  can  enter  the  pupil,  and  this  faint- 
ness occasions  the  apparent  distance  to  be  the  greater, 
in  consequence  of  which  the  image  generally  appears 
beyond  the  speculum ;  and  this  misconception  of  its 
place  adds  to  the  indistinctness.  As  the  spectator  ad- 
vances forward,  his  image  will  appear  gradually  larger 
and  brighter,  and  also  to  approach  nearer  to  him ;  but 
if  he  do  not  see  it  between  him  and  the  speculum,  it 
will  continue  still  indistinct. 

236.  If  an  observer  situated  as  above  supposed,  hold  Experi- 
out  a  stick  with  its  end  towards  the  speculum,  it  will  "**"*• 
immediately  perceive  its  image  come  out,  as  it  were, 

to  meet  him ;  the  length  of  image  now  assisting  him  to 
judge  more  accurately  of  its  distance.  But  the  image 
of  me  stick  will  appear  shorter  than  the  stick  itself,  and 
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if  it  be  a  cylinder,  or  a  ruler  with  parallel  gides,  the 
^  image  will  appear  tapering,  that  end  appearing  the 
smallest  which  is  held  in  the  hand,  or  which  is  seen  at 
the  greatest  distance.  Both  these  phenomena,  vii^.  the 
apparent  shortening  of  the  stick,  and  its  conical  figure, 
are  exactly  conformable  to  the  theory  of  the  geometrical 
image.  If  the  object  be  stretched  forward  nearer  to  the 
speculum,  its  image  will  be  seen  to  advance  further 
out;  and,  when  the  end  of  it  is  in  O,  its  image  will  be 
seen  there  also :  and,  if  the  spectator  advance  further, 
he  will  see  the  image  and  the  object  pass  by  each  other. 
After  this,  stretching  out  his  arm  without  the  stick,  the 
spectator  will  see  its  image  advance,  so  that  it  appears 
as  if  he  might  actually  grasp  his  own  hand ;  and  if,  at 
this  time,  he  observes  the  image  of  his  face,  he  will  sec 
it  suspended  in  the  air  at  its  proper  place,  between  him- 
self and  the  speculum.  As  soon  as  the  image  is  seen  at 
le  image,  its  true  place,  it  becomes  a  determinate  and  a  fixed 
hen  most  object,  wnereas,  before,  it  shifted  its  place,  as  it  were, 
^^^^  casually,  and  then,  and  not  till  then,  it  will  appear 
perfectly  distinct. 

After  a  few  trials,  a  person  will  find  the  true  place 
of  his  image  pretty  readily*  provided  he  be  not  too 
near,  or  too  far  distant  from  it,  and  it  will  then  con- 
tinue distinct  as  he  moves  backward  and  forward  from 
his  first  position  for  some  distance ;  but  when  he  has 
got  within  a  small  distance  of  the  true  place  of  the 
image,  the  latter  will  begin  to  appear  indistinct,  and 
this  indistinctness  will  increase  till  he  has  arrived 
at  the  centre  O,  where  the  image  will  be  wholly  lost  in 
confusion.  If  he  advance  beyond  the  centre,  ho  will 
begin  to  have  some  glimmenngs  of  an  erect  image, 
which  will  become  more  perfect  as  he  advances  forward, 
as  we  have  already  explained. 

237.  If  PQR  be  an  object  remaining  fixed,  while  the 
eye  is  in  motion  along  the  axis  OAQ,  the  image  will 
appear  inverted  while  the  eye  is  behind  p  q  r,  and  when 
it  18  at  such  a  distance  that  the  image  appears  at  the 
place  pqr,  it  then  also  is  seen  distinctly.  If  the  eye  be 
fax  behind  the  image,  it  will  appeat  faint  for  want  of 
sufficient  light,  and  if  it  be  too  near  it,  it  will  be  indis- 
tinct, because  of  the  two  great  diver<rencies  of  the  rays. 
If  the  eye  get  before  the  image,  it  will  appear  erect  and 
confused,  but  this  confusion  will  diminish  as. the  eye  is 
brought  nearer  to  the  speculum,  because  the  divergen- 
cies of  the  ravs  will  then  be  lessened. 

Again,  if  the  eye  be  fixed,  while  the  object  PQR 
moves  towards  the  centre  of  the  speculum,  as  the  real 
magnitude  of  the  image  will  be  all  the  way  increasing, 
410  will  also  its  apparent  magnitude.     And  if  the  eye  be 
pretty  near  the  centre  O,  the  above  motion  of  the 
object  will  cause  an  indistinctness  which  will  increase 
as  the  image  approaches  nearer  to  the  eye.     If  the  eye 
had  been  placed  between  the  image  and  the  speculum, 
the  indistinctness  of  the  image  would  have  lessoned  as 
the  object  advanced  nearer  towards  the  centre.  And  it 
would  be  the  contrary  in  both  cases,  if  we  suppose  the 
object,  instead  of  advancing,  to  be  made  to  retreat 
further  back. 
Wlicn  the        ^'^^'  1"  the  two  last  cases,  if  the  eye  be  supposed  to 
oje  is  cnit    bo  situated  out  of  the  principal  axis,  the  figure  and  po- 
of tlic  prin-  sit  ion  of  the  ima^^e  fprmod  by  the  pencil  entering  the 
cipal  axis.    p,,pij^  ^iii  \^f,  ditlerent  from  those  of  />  7  r,  as  we  have 
already  explained  to  be  the  case  in  convex  mirrors 
(art.  228),  and  as  shown  in  (fig.  49);  but  as  vision  in 
$nz\i  positions  of  the  eye  is  generally  indistinct,  and 


the  apparent  image  necessarily  aiu«^... . 
stances  from  that  formed  by  the  concourse  ot  \tn»  .^^ 
entering  the  pupil,  it  would  be  neediest  to  dwell  upon 
this  sulnect  at  great  length :  we  shall  therefore  enly  ob» 
serve,  that  when  the  eye  is  in  the  axes  9Q»  itt  a 
distance  behind  p  r,  the  apparent  image  will  be 
concave  thanp  q  r,  and  nmy  even  be  convex ;  because  the 
pencils  entering  the  pupil  from  the  extreme  parts,  they 
diverge  from  the  foci  that  are  nearer  the  speculum  thi 
the  points  ;*,  r,  as  in  art.  234. 

239.  When  the  eye  is  in  or  near  the  principal  azi» 
in  any  of  the  three  last  figures,  and  between  the  imag^ 
P  q  r,  of  a  plane  object  PQR,  and  the  speculum,  m^  ^ 
image  generally  appears  concave  or  hollow,  and  8om< 
what  less  indistinct  about  the  middle,  than  towards  th 
edges,  because  the  rays  belonging  to  the  middle  of 
object,  converge  less  than  the  other  at  their  entraai 
into  the  pupil ;  which  again  seems  to  be  the  reason  w' 
the  middle  appears  further,  or  at  a  better  distance  ft 
distinct  vision;   the  greater  indistinctnessi  in  ihif  a 
suggesting  a  nearer  distance  of  the  object. 

240.  We  have  hitherto  supposed  the  observer  to 
using  one  eye  only ;  but  it  may  be  proper,  before 
close  this  section,  to  offer  a  few  remarks  on  the  an 

natural  case,  where  botli  eyes  are  employed  in  viewi       

the  images  of  objects  presented  to  spherical  speculoiMcz:^^ 
A  small  image  9,  of  an  object  Q  (fig.  54),  will  app^^  ^btp- 
double,  as  at  m,  n,  if  the  optic  axes  a  v  F,  6  r  E,  be  k^  .^     ^ 
directed  to  </,  but  to  some  point  F  beyond  it.  This  pheK&  ^ 
menon  frequently  happens  in  consequence  of  our  beSiza^ 
led  to  look  beyond  the  speculum  for  the  image;   blwm^ 
the  cause  of  it  is,  that  the  points  r,  «,  where  the  viati  ^si 
rays  Qmq rVjQnq  v  s,  meet  the  retina,  fall  on  cli/^ 
ferent  sides  of  the  points  a,  b  in  the  optic  axes.     In  lilce 
manner,  i(  pq  r  (hg.  51)  be  the  image  of  an  uprtg^hC 
and  slender  object,  as  a  wire,  this  image  to  a  spectator 
beyond  it,  will  also  frequently  appear  double,  and  th&t 
for  the  same  cause. 

When  the  image  9  (fig.  5o)  is  behind  the  Spectator,  Tf, 
there  will  likewise  appear  a  double  image,  if  the  specu- 
lum be  broad  enough  to  throw  rays  diverging  upon  it, 
from  Q,  into  both  eyes.  For  in  this  case  also,  the  poiats 
r,  *,  where  the  visual  rays  B  r  r,  C  v  *,  meet  the  retia^ 
as  they  arc  tending  towards  9,  are  on  difierent  sides  ^>f 
the  optic  axt*s  ;  and  consequently  the  vision  is  double* 
The  case  here  is  analogous  to  that  where  the  object  §ees^ 
is  further  off  than  the  point  towiuds  which  the  opt-^*^ 
axes  are  directed,  which  is  the  reverse  of  the  precedragBS'' 

24 1 .  The  inverted  image  of  a  person  standing  a  sm^  ^]^ 
distance  behind  it,  appears  to  him  equally  bright  an^^*^ 
distinct  with  his  image  in  a  convex  speculum  of  ll^'''"^ 
same  radius  as  the  concave  one,  supposing  him  to  ^  *^^? 
such  a  distance  that  his  image  is  of  the  same  siae  in  escl^^^^ 

The  above  will  be  found  to  illustrate  most  of  tt-*  , 
phenomena  exhibited  by  concave  and  convex  spherics  — ^^ 
reflectors,  we  shall  now,  therefore,  conclude  this    ~ 
tion  by  demonstrating  the  following  general  prop^ 
sition : 

I. 

242.  I/iht  ohjat  placed  he/ore  a  spherical  rejlecidir^       •^ 
a  right  line,  the  linage  is  a  conic  section,  _ 

Let  ACB  be  the  reflector,  E  its  centre,  PR  the  ^^^3 
ject  placed  before  it.      Through  E  draw  DEPN,  ^^V^ 
right  angles  to  PR ;  take  any  point  R  in  the  object  *fg^ 
join  ER  and  produce  it;  bisect  EC  in  F,  and  letrl^^..  ^ 
the  image  of  R;  in  the  line  PED,  take  ED  equal  t^  «^ 


N 


^-e: 
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EP»  and  draw  DR  at  right  angles  to  PD;  again,  from 
,  y-  draw  r  H,  r  S,  respectively  parallel  to  DN  and  RP. 
'X'hen,  because  r  is  the  image  of  R,  we  have 
RF  :  FE  ::  ER  :  Er; 
^^nd  alternately 

RF  :  ER  :  FE  :  Er. 
y^lso  in  the  similar  triangles  EPR,  £S  r, 

ER  :  Er  ::  EP  :  ES  ::  ED  :  ES; 
^lierefore 

RF  :  EF  : :  ED  :  ES ; 


coosequendy                ^ 

r* 

RF  :  RF  +  EF  : 

:ED  :  ED  +  ES; 

or.   "which  is  the  same, 

RF  :  ER::ED 

:  DS,  or  H  r, 

'vrhexefore 

ED  :  Hr::FE  ; 

;  Eri 

iutdL  alternately 

ED  :  FE::  Hr  ; 

:  Er; 

Mki 


t 


tlia.^  is  E  r,  bears  an  invariable  ratio  to  H  r,  and  there- 
forte  r  is  a  point  in  the  conic  section,  whose  focus  is  E 
and  directrix  DH.  We  may  hence  draw  the  following 
dlec^Kictions : 

1-.  When  EP  is  eqtial  to  EF,  H  r  is  equal  to  Er, 
Hxid  the  conic  section  is  a  parabola ;  it  is  an  hyperbola 
CMT  ellipse  according  as  EP  is  less  or  greater  than  EF. 

-i.  When  the  distance  of  the  object  is  so  great  that  the 
rays  proceeding  from  every  point  of  it  may  be  consi- 
derea  as  parallel,  the  image  is  a  circle  whose  radius 
!•  EF.    ' 

3^  If  ET  b^  drawn  perpendicular  to  EN,  when  r 
coincides  with  T,  H^r  becomes  equal  to  ED ;  and  since 
we  iMive  ED  :  EF  ::  Hr  :  Er,  Er  becomes  equal  to 
EP  :  that  is,  ET  (half  the  parameter  of  the  conic  sec- 
^n)  is  equal  to  E  F,  half  the  radius  of  the  reflector. 

4«,  Since  the  radius  of  curvature  at  the  vertex  of  the 

^gureis  equal  to  half  the  parameter,  the  curvature  of 

^e   image  at  N  is  the  same,  wherever  the  object  is 

placed. 

I  5.  If  the  radius  of  the  speculum  be  finite,  the  evienes- 

^^CQt  arc  r  N  is  equal  to  the  ordinate  r  S,  and  therefore 

RP    :  Rr  ::  EP  :  ES  ::  EP  :  EN.      Also  while  the 

*Qgle  REP,  which  the  straight  line  subtends  at  the 

^c«4Ure  of  the  reflector,. is  small  though  finite,  the   arc 

*M  -will,  as  to  sense,  be  a  right  line. 

.    6«  In  the  figure  above  referred  to,  where  the  object 

tt  supposed  to  lie  between  the  principal  focus  and  the 

f'^rfacc  ACB,  TN  x  is  the  erect  image  of  the  line  RP, 

J'^efinitely  produced  both  ways,  and  TM  j,  its  inverted 

'i?^^'  P*"^^  ^^^  **  formed  by  reflection  from 

^^  concave  surfaces  A  ^,  BL ;  and  TM  x  by  reflection 

*^Oi  the  concave  surface  k  GL. 

*!•  Of  vptadumsjoxmtdhy  the  revolution  of  conic  sections, 

^  -^-43.  It  appears  from  what  has  been  stated  in  our 
^^^  and  second  sections,  that  unless  the  focus  coin-? 
^**^  with,  the  centre,  a  .spherical  reflector  does  not 
^*^^e  all  the  rays  in  a  pencil  either  to  converge  or  di- 
^•"Ig^  accurately.  This  circumstance  produces  some 
r^^^lttsion  in  vision,  when  these  reflectors  are  employed ; 
?*^^  by  increasing  the  breadth  of  each  pencil,  or,  which 
*V/tie  same  thing,  by  enlarging  the  aperture  of  the 
5^^^cting  surface,  in  order  to  increase  the  quantity  of 

rd^t,  the  indistinctness  thus  produced  is  increased, 

^^tjead  of  being  diminished. 

«ii  order  to  remedy  this  inconvenience,  it  has  been 
F^^KMi^  to  make  use  of  reflecting  surfaces  foHned  by 


the  revolution  of  conic  sections  about  their  axes ;  and  Catoptrics, 
that  such  surfaces  are  capable  of  causing  the  rays  to  ^^^v^^-' 
converge  or  diverge  accurately,  in  certain  cases,  may 
be  shown  as  follow : 

244.  Theorem  1. — Parallel  rays  maybe  made  to  Theorem, 
converge  or  diverge  accurately  by  means  of  a  parabolic 
reflector. 

Let  ACB  {^%,  57)  be  a  parabola,  by  the  revolution  Fig.  57. 
of  which  about  its  axis  QC,  a  parabolic  speculum  is 
generated.  Take  F,  the  focus ;  and  let  DA,  which  is  pa- 
rallel to  QC,  be  a  ray  of  light  incident  upon  the  con- 
cave side  of  this  reflector,  and  join  AF.  Draw  TAB, 
in  the  plane  DAF,  and  touching  the  paraboloid  in  A. 
Then,  since  the  angle  TAD  is  equal  to  the  angle  EAFj 
from  the  nature  of  the  parabola,  the  ray  DA  will  be 
reflected  in  the  direction  AF.  In  the  same  manner  it 
may  be  shown,  that  any  other  ray  parallel  to  QC;  will 
be  reflected  to  F,  and  therefore  the  reflected  rays  con- 
verge accurately  to  this  point. 

If  DA,  FA,  be  produced,  it  is  manifest  that  rays 
incident  upon  the  convex  surface  of  the  paraboloid, 
parallel  to  the  axis,  will,  after  reflection,  diverge  accu- 
rately from  F. 

The  advantage,  however,  of  a  parabolic  reflector  i» 
not  so  great  as  might  at  first-sight  be  imagined ;  for  if 
the  pencil  be  inclined  to  the  axis  of  the  parabola,  t^e 
rays  will  not  be  made  to  converge  or  diverge  accu- 
rately ;  and  the  greater  this  inclination  is,  the  greater 
will  the  error  become.  If  F  be  the  focus  of  incidence, 
the  rays  will  be  reflected  parallel  to  the  axis. 

245.  Theorem   II. — Diverging  or  converging  rays  Hyperbolic 
may  be  made  to  converge  or  diverge  accurately,  by  a  •n^J  elliptic 
speculum  in  the  form  of  a  spheroid  ;  and  to  diverge  or  ™^**"'*» 
converge  accurately  by  one  in  the  form  of  an  hyper- 
boloid. 

Let  F  and  D  (^%.  58)  be  the  foci  of  the  conic  sec-  Fig.  ^. 
tion,  by  the  revolution  of  which  about  its  axis,  the  re- 
flecting surface  is  formed ;  F  the-  focus  of  incident  rays, 
then  will  D  be  the  focus  of  the  reflected  rays. 

For,  let  FA  f fig.  59)  be  an  incident  ray  ;  join  DA,  Fig.  59. 
and  produce  it  to  d ;  draw  TAE,  in  the  plane  DAF, 
touching  the  reflector  in  A;  then  the  angle  EAF  is 
equal  to  the  angle  TAD,  in  the  ellipse,  and  to  d  AT  in 
the  hyperbola  :  therefore,  AD  is  the  reflected  ray  in  the 
former  case,  and  A  </  in  the  latter :  consequently,  D  is 
the  focus  of  reflected  rays. 

If  FA  be  produced  to  /,  the  figures  serve  for  the 
case  in  which  rays  are  incident  upon  similar  convex 
surfaces. 

It  may  be  remarked  here,  as  in  the  preceding  theorem, 
that  if  rays  fall  upon  the  reflector,  converging  to  or 
diverging  from  any  other  point  than  one  of  the  foci, 
they  will  not  converge  accurately  after  reflection. 

VIII.  Of  pyramidaly  conical,  ^c.  mirrors, 

246.  Miirors  of  the  above  description  are  little  else  Cylindrical 
than  mere  subjects  of  curiosity ;  they  serve  to  distort  conical,  &c. 
regular  objects  presented  to  them,  or  ta  show  those '*^^*®"* 
regular  uhich  are  actually  distorted. 

Prismatic  and  pyramidal  mirrors  being  nothing  more 
than  plane  mirrors  placed  vertically,  or  inclined,  they 
will  not  require  any  particular  description,  as  all  the 
phenomena  of  them  may  be  referred  to  the  subjects 
treated  of  under  section  III.  p.  435. 

As  to  cylindrical  mirrors,  they  ought  to  be  consi** 
dered  as.au  assemblage  of  murrors^  in  part  planeiand; 
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erect,  and  in  part  gpherical ;  while  the  conical  may  be 
referred  to  a  similar  asaemblage,  in  part  plane  and  in- 
clined, and  in  part  spherical.  In  short,  by  combining 
the  properties  of  plane  mirrors  with  those  that  have  the 
spherical  figure,  we  shall  be  able  to  conceive  the  cause 
of  the  distortions  of  regular  images  produced  by  such 
reflectors. 

For  example,  a  regular  object  being  presented  ver- 
tically before  a  cylindrical  mirror,  pkced  also  verti- 
cally, it  is  obvious  that  the  vertical  dimensions  of  the 
object,  whatever  may  be  its  distance,  ought  not  to  be 
distorted ;  because  these  dimensions  are,  in  fact,  in  the 
same  case  as  if  they  were  presented  before  plane  ver- 
tical mirrors ;  but  the  horizontal  dimensions  will  be  so 
much  the  more  disfigured  as  they  are  less  concentric 
with  the  mirror,  or  as  the  distance  of  their  several  parts 
are  more  unequal;  consequently,  the  images  of  the  dif- 
ferent parts  of  an  object,  being  in  one  case  regular,  and 
in  the  other  irregular,  the  entire  image  will  be  extremely 
distorted.  On  the  other  hand,  a  very  distorted  object 
being  placed  before  such  a  mirror,  may  be  sometimes 
found  to  exhibit  a  very  regular  image ;  but  in  this  case, 
the  distortion  ought  to  be  made  according  to  certain 
principles,  as  follows : 

247.  Problem. — ^To  draw  a  distorted  figure,  or  ana- 
morphosis^  which,  when  placed  vertically  before  a  cylin- 
dric  mirror  of  given  radius,  and  at  a  certain  distance 
from  it,  shall  appear  regular,  when  seen  from  a  given 
point. 

On  a  separate  plane  draw  the  regular  object  which 
is  intended  to  be  shown  in  the  mirror,  observing  that 
its  lateral  dimension  does  not  exceed  the  chord  of 
1 20^  or  1 30''  ol  base  of  the  cylinder.  About  this  figure 
draw  a  square  or  rectangle,  as  shown  in  (fig.  60),  which 
is  called  the  prototype.  Divide  this  rectangle  into  any 
number  of  small  equal  sauares,  or  rectangles,  and 
which  will  of  course  divide  tne  picture  into  a  number  of 
small  eqnal  parts.  On  the  given  plane,  fix  the  place 
where  the  base  of  the  cylinder  is  to  be  posited,  which 
let  be  the  circle  FTK  (fig.  61),  and  draw  in  it  the  chord 
FK,  equal  to  the  side  FK  of  the  prototype,  answering  to 
the  bottom  of  the  designed  figure.  Divide  also  the 
chord  FK  in  the  same  manner  as  the  side  KF  {fig,  60). 
Through  the  centre  H  of  the  chord  FK,  draw  a  per- 
pendicular HO,  which  terminates  in  O,  the  point  where 
a  perpendicular  let  fall  from  the  eye  meets  the  plane. 
From  the  point  O,  draw  through  the  divisions  of  the 
chord  FK,  the  indefinite  right  lines  OA',  Og',  O  k\  O  i, 
&c.  and  on  one  of  these,  as  OF,  erect  a  perpendicular 
OV,  equal  to  the  height  at  which  the  eye  is  proposed 
to  be  placed  above  the  point  O,  that  is  to  say,  above 
the  plane  of  the  distorted  figure.  On  the  same  right 
line  OF,  and  from  the  point  F,  where  it  cuts  KF,  erect 
the  perpendicular  FA,  equal  to  the  side  FA  of  (fig.  60), 
and  divide  it  in  the  same  manner;  through  V,  and  the 
points  of  division  of  FA,  draw  the  indefinite  right  lines 
VF,  VE',  VD',  VC  VF,  VA',  which  will  meetthe  right 
line  OA',  in  certain  points,  through  which  draw  parellel 
to  FK,  E'  e,  DV,  C'c',  B' 6',  A' it';  and  we  shall 
have,  according  to  the  laws  of  perspective,  a  trapezium 
KFA'  k,  which  is  the  perspective  representation  of 
(fig.  60),  seen  from  the  point  where  the  eye  is  to  be 
placed,  in  order  to  see  the  object  in  the  cylinder,  that 
IS  to  say,  from  a  point  raised  above  the  point  O,  by  a 
quantity  equal  to  OV. 

Through  the  centre  Q  of  the  arc  FTK  of  the  base 


of  the  cylinder,  and  through  the  pohits  of  inc 
F,  S,  T,  K,  where  the  right  lines,  or  radii  OF,  C 
OK  meet  this  arc,  draw  the  cathetus  of  incident 
also  QP,  QR,  QX  :  then  the  indefinite  right  lim 
S^,  Ti,  K/r,  which  make  the  angles  a  FL  = 
g  SP  =  OSP,  i  Til  =z  OTR,  and  yt  KX  =  OK 
be  the  reflected  rays.  On  these  right  lines, 
fleeted  radii,  carry  the  divisions  of  the  corresp 
right  lines  of  the  perspective  trapeziums;  thai 
say,  the  right  lines  FA',  Sg',  M//,  Ti',  KA 
through  all  the  points  found  in  this  manner,  draw 
which  are  nearly  arcs  of  concentric  circles,  of 
the  centre  is  in  H,  and  which  represent  the  rigl 
A  a,  B  6,  Or,  D  f/,  &c.  of  the  prototype,  the  si 
FA',  Gg\  HA',  I  f',  &c.  represent  the  sides  F/ 
H  /<,  I  i,  &c.  of  the  same ;  and  finally,  each 
spaces,  or  trapeziums,  represent  the  small  squt 
rectangles  of  fig.  60.  If,  therefore,  we  pla< 
cylinder  on  the  arc  FTK,  and  the  eye  at  the 
point  of  sight,  we  shall  see  in  the  cylinder  a  i 
image  of  the  prototype,  and  consequently  by  d 
in  each  trapezium,  or  mixtilinear  space,  the  f 
the  figure  drawn  in  each  square  of  fig.  60^  W 
have  the  distorted  figure  required. 

§  III.  Dioptrics. 
1 ,  Of  images  and  foci  by  a  simple  refraction 

248.  By  the  term  simple  refraction,  is  here  to 
derstood  the  refraction  of  a  ray  in  passing  out 
medium  into  another,  without  considering  its  en 
again  from  the  same ;  this  latter,  which  is  a  » 
case,  will  be  treated  of  in  a  subsequent  article. 

We  have  already  in  our  first  section,  conside 
refraction  of  a  ray  impinging  upon  the  plane  surfi 
given  medium,  and  have  shown  that  the  angle  < 
dence  and  the  angle  of  refraction  are  such,  the 
sines  have  a  constant  ratio;  we  now  proceed 
amine  the  phenomena  and  laws  attending  the  re( 
of  rays  impinging  on  a  medium  terminated  by  s{ 
concave  and  convex  surfaces. 

249.  Theorem  I. — Parallel  rays  refracted  at  a 
spherical  surface  of  a  denser,  or  a  concave,  of 
medium  into  which  they  pass,  are  made  to  coj 
and  refiracted  at  a  concave  spherical  surface  of  a< 
or  convex  of  a  rarer  medium,  they  are  made  to  d 

1.  Let  DA,  GC  {fig,  62),  be  two  rays  of  a  j 
pencil  passing  out  of  a  rarer  medium  into  a  densi 
incident  upon  the  convex  spherical  surface  ACB, 
centre  is  E.  Let  GCE  pass  through  the  centre 
surface,  and  it  sufiers  no  refraction.  Join  £i 
produce  it  to  H ;  also  produce  DA  to  K ;  and  I 
be  refracted  in  the  direction  AF;  then  DAH 
angle  of  incidence,  and  EAF  the  angle  of  refhtc 
this  ray ;  and  since  it  passes  out  of  a  rarer  medh 
a  denser,  the  angle  EAF,  is  less  than  the  angle 
and,  therefore,  it  is  less  than  tlie  angle  KA£; 
each  the  angle  AEF,  and  the  two  angles  FAE 
are  together  less  than  the  tw^o  KAE,  AEF  ;  and, 
fore,  they  are  less  than  two  right  angles ;  conseq 
AF  and  GE,  if  produced,  will  meet. 

2.  When  the  rays  pass  out  of  a  denser  medic 
a  rarer,  and  the  surface  of  the  medium  into  wWc 
are  refracted  is  spherically  concave. 

The  construction  being  made  as  before,  since  I 
DA  (fig.  63),  passes  out  of  a  denser  medium 
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T^^T^fy  the  angle  of  incidence  DAE,  or  its  equal  AEC  is 
^  1^0  s  than  the  angle  of  refraction  HAF ;  add  to  each  the 
^n^le  EAF  and  the  two  EAF,  AEF,  are  together  less 
^Hc^n  the  two  EAF,  HAF ;  that  is,  they  are  together  less 
^fB^n  two  right  angles ;  therefore,  AF  and  EC,  if  pro- 
^lA^^ed,  will  meet. 

3.  When  the  rays  pass  out  of  a  rarer  nnedium  into 
a,  clenser,  and  the  surface  of  the  medium  into  which 
f;h^-y  are  refracted,  is  spherically  concave. 

•The  same  construction  being  made,  let  DA  (^^.  64) 

\y^    vefracted  in  the  direction  AL;  and  produce  LA  to 

F-         Then,  since  the  ray  DA  passes  out  of  a  rarer  me- 

dii  w  vn  into  a  denser,  the  angle  DAE  is  greater  than  the 

stn^le  HAL  or  FAE;  add  to  each  the  angle  AEG,  and 

t\%^     two  FAE,  AEG,  are  together  less  than  the  two 

I>-A.  E,  AEG ;    that  is,   they  are  less  than  two  right 

^les ;  therefore  AF  and  EG  will  meet. 

^4" .  When  the  rays  pass  out  of  a  denser  medium  into 

"ajrer,  and  the  surface  of  the  medium  into  which  they 

reihtcted,  is  spherically  convex. 
I«i  this  case,  as  before,  the  angle  DAH  {jcag,  65),  or 
i€&  ^ual  AEC,  is  less  than  the  angle  EAL;  add  to 
eatc::li  the  angle  EAF,  and  the  two  EAF,  AEC  are  to- 
g^^tier  less  than  the  two  EAF,  EAL;  that  is,  they 
9LTr^  less  than  two  right  angles ;  therefore  AF,  and  EC, 
i^   |3T-oduced,  will  meet. 

f  n  the  two  last  cases  the  rays  meet,  if  produced 

l>a.crX<wards ;  that  is,  they  diverge. 

lie  -S.  It  follows,  from  what  has  been  shown  above,  that 

"^l^eii  parallel  rays  are  incident  nearly  perpendicularly 

the  la'pon  a  spherical  surface,  the  distance  of  the  geometri- 

^    oal     focus  of  refracted  rays  from  the  surface,  is  to  its 

^ist^wce  from  the  centre  as  the  sine  of  incidence  to  the 

»i«i.e    of  refraction.     For,  referring  to  the  last  four 

iigxiircs,  the  angle  AEF  is  either  equal  to  the  angle  of 

iiioicience  of  the  ray  DA,  or  to  its  supplement ;  there*- 

fore,  sin  AEF  =  sin  of  incidence.   In  the  same  manner, 

sin    EAF=:siu  of  refraction;  and  since  the  sides  of 

tiiftngles  are  proportional  to  the  sines  of  their  opposite 

Singles,  we  have 

FA  :  FE  : :  sin  AEF  ;  sin  EAF  : :  sin  incidence  ; 
sin  refraction. 

N'ow,  let  the  point  A  approximate  to  C,  and  FA  will 
ultimately  become  equal  to  FC;  consequently,  the 
praportion  becomes 

FC  ;  FE  : :  sin  incidence  :  sin  refraction. 
2.50.  Problem. — Given  the  position  of  an  object, 
witti  reference  to  a  spherical  refracting  surface  of  given 
radius,  together  with  the  ratio  of  the  sines  of  incidence 
■wl  refraction,  to  find  the  place  of  the  image  formed 
^  *e  refractio^i. 

.     ^t  BAI  be  the  given  spherical  surface  (6gs.  66  and 

^)>  of  which  the  radius  is  AK,  and  let  O  be  the  given 

Ijl^ect ;  assume  also  the  ratio  of  the  sines  as  p  to  ^. 

*]|^^>U^  the  object  O,  and  the  centre  K,  draw  the  in- 

"l^^ite  right  line  OA,  to  represent  the  axis  of  spheri- 

^v  Vrhich  passes  through  the  object  O.     Let  01  be 

¥^  *^ciident  ray  indefinitely  near  to  the  axis  OA,  and 

^^'^  from  the  centre  K  to  the  point  of  incidence  I  the 

^?^^*  KI,  which  will  be  the  cathetus  of  incidence. 

^U^^e  incident  ray  01  (produced  if  necessary),  let  fall 

™*^  ^e  centre  the  perpendicular  KG,  which  will  be 

^^  aine  of  the  angle  of  incidence  OIN,  or  KIG :  then 

•*J  asp  z  q\\  KG  :  a  fourth  term,  with  which  as  a 

^™ii»s  describe  from  the  centre  K  an  arc;  to  which 
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draw  the  tangent  IH,  and  this  will  cut  tlie  axis  AO  Dioptria. 
in  the  point  P  required.  v*^-v-^p^ 

For  letting  fall  the  perpendicular  KH,  to  the  line 
PI,  it  is  obvious  that  it  will  be  the  sine  of  the  angle 
of  refraction  KIP.  And  since  the  same  construction 
will  obtain  for  every  ray  proceeding  from  the  point  O, 
on  the  surface  of  the  medium  indefinitely  near  to  the 
point  A,  it  follows  that  they  are  all  so  refracted  as  to 
be  directed  to  the  point  P,  which  is  therefore  the  focus 
or  image. 

250.  In  order  to  obtain  an  analytical  expression  for  Ana^ytiwl 
AP  (fig.  66),  let  OA  or  01  =  d,  the  radius  of  sphe- T."!!?*  °^ 
ricity  KI  or  AK  =  r;  and  AP  or  IP  =/;  then,  by"* 
the  above  construction, 

p:y::KG:KH, 

KG  =  >?ii^. 
7 
Now  since,  by  the  supposition,  01  is  indefinitely 
near  to  OA,  the  arc  AI  may  be  considered  as  a  right 
line  perpendicular  to  the  radius  OA,  and  the  trian^es 
AOl,  OKG,  as  similar  triangles;  as  also  the  two 
PAI  and  PKH ;  therefore 

OK:  01 ::  kg  :  al 

Whence  AI  =  ^^^  :r  9L-  P  -  ^^ 


And  KH 

Whence,  again, 


Al ::  PK 


OK  X  V 
PI  or  AP. 


AP  = 


AI  X  PK  _  01  X  p  X  KP 


KH 


OK  X9 


/: 


Wherefore 


We  have  Here  01  =  rf,  OK  =  J  +r,  and  KP  =: 
AP  —  AK  =  /  —  r ;  wherefore 

Or  fdq  +frq  =z  dp/  —  dpr. 

J-  d{p^q)^rq' 

for  the  case  in  which  the  rays  impinge  on  the  convexity. 

In  order  to  reduce  this  formula  to  the  case  in  which 
the  rays  impinge  on  the  concavity,  it  is  only  necessary 
to  make  the  radius  of  sphericity  r  (which  has  now  a 
contrary  direction  with  respect  to  the  object)  minusy  or 
equal  to  —  r,  which  gives  for  this  case 

/•=       -dP^ 
J       d(p^qHrq' 

t5l.  The  figures  referred  to  in  the  above  investiga-  Remark, 
tions,  are  applicable  to  the  cases  in  which  the  passage 
is  made  from  a  rarer  into  a  denser  medium,  or  to  the 
supposition  of  p  >  </ ;  but  the  formulee  will  apply 
equally  to  those,  in  which  p  Z,  qi  the  sign  oi/,  how- 
ever, will  obviously  then  be  changed,  this  depending 
upon  the  relative  value  of  rf,  p,  q,  and  r.  When  the 
rays  are  parallel  to  the  axis,  d  may  be  considered  aa 
infinite,  and,  consequently,  we  shall  then  always  have 
d  {p  ^  q)  >  rq\  that  is,  the  denominators  of  our 
fractions  will  always  have  the  same  sign  as  p  —  ^. 
Therefore,  when  the  rays  impinge  on  a  convex  surface, 
f  will  be  positive,  or  negative,  accordingly  as  p  is 
greater  or  less  than  q ;  and  when  the  turfiace  is  con- 
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care,  it  will  be  negatire  or  posittre,  under  the,  same 
'  circumstances :  that  is,  the  rays  will  couTerge  in  pass- 
ing out  of  a  rarer  into  a  denser  medium,  when  the  sur- 
face is  convex ;  or  from  a  denser  into  a  rarer,  with  a 
concave  surfoce ;  and  they  will  diverge  in  the  former 
case  when  the  surface  is  convex,  and  in  the  latter  when 
the  surface  is  concave,  which  agrees  with  the  enun- 
ciation of  our  theorem  (art  249). 

252.  The  same  remarks  will  apply  also  to  these 
formulee,  as  we  have  made  in  the  case  of  reflection 
(art.  168).  We  may  likewise  apply  here  the  theorem, 
with  its  demonstration  and  corollaries,  as  given  in  the 
former  case  (art.  177).  We  shall  suppose  this  to  have 
been  done  in  what  follows. 

I.  Application  of  the  preceding  formulct  to  the  deter^ 
mnation  of  the  place  of  images,  as  it  depends  upon  the 
passage  of  rays  from  air  into  glass, 

253.  As  the  most  important  application  of  Dioptrics 
is  the  determination  of  the  laws  observed  by  light  in 
passing  out  of  air  into  glass,  and  the  contrary,  in  order 
to  the  forming  a  due  estimation  of  the  effects  of  tele- 
scopes, microscopes,  and  other  optical  instmments, 
we  shall  examine,  with  reference  to  this  application, 
the  preceding  theorems  or  formulee. 

We  have  seen  that,  in  the  passage  of  light  from 
air  into  glass,  the  sines  of  incidence  and  refraction 
are  to  each  other  as  3  :  2,  or,  more  accurately,  as 
31  to  20 ;  that  is,  we  have  in  this  case  p  =  31,  and 
q  =:  20,  which  numbers  being  substituted,  reduce  the 
above  formulee  to 

/=  iw    on^  •  •  •  •  i^)f^^  ^^^^  swfacesy 


and     /  = 


lU-20r' 
-31rfr 


{h)for  concave  surfaces. 


supposed  the  positive  sign  to  indicate  a  differe 
rection  of/;  ihat  is,  a  direction  passing  from  t] 
fracting  surface  from  the  object :  the  image  als* 
in  the  above  case,  be  erect,  and  will  continue  » 
its  nearest  distance  to  infinity ;  and  the  rays  whi 
their  concourse,  determine  the  place  of  the  imag 
be  less  aud  less  diverging  till  they  become  p8 

20 
From  this  value  of  rf  =  -—  '*»  to  J  zz  oo  r,  /"  is  i 
11  '•' 

positive  ;  the  image  is  formed  within  the  glass, 
reversed;    it  comes  from  an  infinite  distance 
sponding  to  the  former  value  of  d,  and  approac 
a  increases  nearer  and  hearer  to  the  spherical  st 

31 
till  it  arrives  within  the  limit  -r—  r,   which   corref 

to  the  infinite  value  of  d ;  and  during  this  time  tl 
will  acquire  a  greater  degree  of  convergency. 

255.  But  if  the  surface  which  separates  the  hm 
be  concave  on  that  side  next  the  air,  then  the  fi 
(b)  (art.  253) 

^2\dr 

•^""  llrf4-20r 

indicates,  that  whatever  may  be  the  distance 
object,  that  is,  whatever  may  be  the  valne  of  ef, 
always  be  negative,   that  the  image    is  witho 

glass  and  direct ;  also,  that  as  d  increases  from  c 
to  <f  =  00  r,  /  will  increase  from  an  infinitely 


quantity  to 


31  r 
11 


or  the  image  will  pass  from  1 


lld-f  20r 

254.  Let  us  now  conceive  two  mediums  of  indefinite 
extent,  the  one  of  air  and  the  other  of  glass,  each 
respectively  homogeneous,  and  separated  only  by  a 
spherical  surface. 

In  the  first  place,  let  us  suppose  this  surface  to  be 
convex,  on  the  part  next  the  air,  and  that  a  luminous 
object  of  small  extent  is  placed  before  it  at  the  surface, 
and  that  it  is  afterwards  carried  to  an  indefinite  distance 
from  it,  in  a  direction  [>erpendicular  to  the  surface ;  it 
is  proposed  to  determine,  by  means  of  the  formula  {a) 

31rfr 
•^■^  ll(/-20r' 

all  the  circumstances  relative  to  the  motion  and  po- 
sition of  the  image  of  this  object,  according  to  the 
difierent  values  of  d\  which  we  shall  suppose  to  be 
expressed  in  parts  of  which  r  will  be  assumed  as  the 
umt. 

In  the  first  place  we  may  observe,  that  between  the 

values  of  rf,  infinitely  small,   or  rf  =:  —  r,  to  rf  = 

00 

20 

—  r,  /will  always  be  negative,  and  that  its  value  will 


fracting  surface  to  the  above  distance,  and  th 
which  enter  the  glass  will  diverge,  but  the  dive 
will  be  less  and  less  as  d  augments. 

256.  If  we  had  supposed  the  image  to  be 
within  the  glass,  on  the  surface  which  separat 
two  mediums,  and  that  it  were  made  to  move 
the  glass,  then  we  should  have  p  =z  20,  q  :±  ^ 
our  two  formulee  (art.  253)  would  in  this  case  t 

20  flfr  ,  X  /.      , 

/=  irTrrf"ZTr7  •  •  •  •  ^^^•^'"'     ^'"''''''  ' 

._       20  dr 
-^  =  Ud  —  3lr  •• 

If,  therefore,  we  suppose  the  object  to  be  pla 
the  convex  surface,' within  the  glass,  it  will  be  c 
by  a  course  of  argument,  similar  to  the  precedin 
while  the  object  moves  from  its  first  situation 
finity,  the  image  will  be  direct,  and  formed  wit] 
glass,  and  will  pass  from  the  common  surface 
two  mediums  to  the  distance  ^  r,  and  the  ra^i 
pass  into  the  air  will  become  more  and  more  divt 

257.  Final,  if  the  object  be  placed  on  the  o 

20  dr 
side,  the  formula  (d)  viz./zz  -;-;— 7 — — —  show! 


.  {d)for  the  concave  4 


increase  to  infinity,  which  happens  when  d  =  — —  ; 

the  image  or  focus  will  therefore,  during  this  time,  be 
without  the  glass,  or  on  the  same  side  as  the  object ; 
because^  by  the  construction  of  our  figure,  we  have 


20  r      /  ^^^^    ^®    negative    for 


Ud-^  31  r 
all   values   of  J, 


1 


the  limits  d  =  —  r,   and  d 


31       t^       ,. 
=  —  r;  that  the 


will  be  erect,  within  the  glass,  and  will  ulti 
be  formed  at  an  infinite  (Ustance  from  the  si 
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FF 


31  r 


DD'  ""      d  4-  r     ""   11  d4-3lr' 

which  is,  therefore,  the  ratio  of  the  magnitude  of  the 
imaee  to  that  of  the  object. 

If  we  here  suppose  </  =  0,  the  ratio  reduces  to  unity, 
which  shows,  that  while  the  object  is  placed  at  the 
common  surface  of  the  two  mediums,  the  magnitude 
of  the  image  and  object  are  equal  to  each  other. 

From  d  zz  0,  to  d  zz  CO  r,  this  ratio  decreases  from 
unity  to  0 ;  that  is,  while  the  object  passes  from  the 
surface  to  an  infinite  distance,  the  magnitude  of  the 
object  will  diminish,  firom  being  equal  to  the  object,  to 
nothing. 

4.  The  object  being  still  supposed  in  the  glass,  and  oppo» 
site  to  the  concave  surface. 

261.  Let  AA'  (figs.  71  and  72)  represent  the  surface 
which  separates  the  two  mediums,  its  concavity  being 
^.^^       on  the  side  of  the  glass ;  Diy,  FF,  the  image,  &c.  as 
Kfli.71,72.  ^  ^^  precedmg  cases;  then  we  have,  as  before, 
FF  :  DD'::CF  :  CD; 
FF  CF 

^"^  dF=-cd 

will  denote  the  ratio  of  the  image  to  the  object. 

Now     CDz:  AD-AC=:d-r,  figs.  71and72, 
CF  =  AC  +  AF  =/  +  r,  fig.  71, 
CF  =  -(AC  -h  AF)=  -/-^  r,  fig.  72 ; 

this  change  of  sign  being  merely  with  reference  to  the 
direction  of  CF,  and  has  no  influence  on  the  magnitude. 

Again  (art  256),    AF=/=       ^^^'' 


Tbe  object 
opposed  to 
the  concave 
swftce. 


llrf-  31r' 
and  substitutbg  this  value,  we  have 

20  dr 


FF   _    CF    _  (f+r)_ 
DD'  ""    CD   ""    d  -  r  " 

31  r(rf-  r) 


ll(/^31r 


+  r 


air 


—   ((/-.r)(llc/-31r)   ■"    lld-31r' 

which  latter,  therefore,  expresses  the  ratio  of  the  mag- 
nitude of  the  image  to  that  of  the  object. 

If  now  here,  we  make  rf  =:  0,  the  ratio  reduces  to 
—  1 ;  which  indicates  that  when  the  object  is  at  the 
surface  and  on  the  side  of  the  glass,  the  image  is  equal 
to  the  object,  and  on  the  interior  surface  of  the  glass. 

31  r 
From  d  zz  0  to  d  zz  — — ,  the  ratio  will  increase 

firom  —  1  to  infinity ;  that  is  to  say,  while  the  object 

31  r 
passes  from  the  surface  to  the  distance  -r-p- ,  the  mag- 
nitude of  the  image  will  increase  from  being  equal  to 
the  object,  to  infinite  (fig.  71);  and  will  be  always  in 
the  interior  of  the  glass. 

31  r 


Ijrom  dzz 


11 


to  d  zi  00  r,  the  ratio  will  decrease 


from  00  to  0,  and  consequently  the  imaee  will  decrease 
from  a  quantity  infinitely  great  to  noUiing,  it  will  be 
situated  in  the  air,  and  will  be  direct  or  reversed,  ac- 
cordingly as  the  eye  receives  the  impression  of  the 
rays  before  or  after  their  concourse. 


We  may  further  observe,  that  in  the  passage  of 
31  r 
from  — ry"  ^  infinity,  we  shall  find  the  value  d  = 

2  X  31  r 


11 


at  which  latter  distance  the  magidtude  o 

the  image  and  object  will  be  again  equal  to  each  other 
262.  When  the  surface  which  separates  the  two  me 
diums  is  a  plane,  the  radius  of  curvature  being  thei 
infinite,  the  formula  (art  250) 

^ _  dp  r dp  r   


become^ 


dp-^qid-Jirr)       d(p  —  y)  —  rq' 


f^    dyr     _   -  dp 
-  ^r  q      ' 

that  is,  all  the  terms  will  then  vanish  in  respect  of  l 
which  is  infinitely  great;  therefore,  when  the  two  m^ 
diums  are  glass  and  air,  we  shall  then  have  p  z=  31  an 


q  =  20,  which  give  the  value  offzz 


-31 
"20" 


Therefore,  in  this  case,  the  image  will  be  found 
the  air,  and  is  more  distant  than  the  object  in  the  i 
of  31  to  20;  and  the  ratio  between  the  magnitude 
the  image  and  object  is  unity,  provided  only  that  d  H 
not  infinite.   . 

If  the  object  be  supposed  to  move  in  the  medium. 
the  glass,  we  shall  have  p  =  20,  ^  =  31,  and 
—20 

that  is,  the  image  is  nearer  to  the  surface  than  the  o 
ject,  in  tlie  ratio  of  20  to  31 ;  or,  as  we  comoM^xi 
assume  the  ratio  of  the  sine*s  incidence  and  refiracticji 
as  2  to  3,  which  corresponds  with  what  has  bea 
already  stated  with  reference  to  plane  mirrors  (art.  252C 

IV.  Of  the  refraction  of  light  at  two  swfaceMm 

263.  We  have  hitherto,  in  this  section,  only  con-: 
dered  the  simple  refraction  of  the  rays  of  light  vh- 
they  impinge  upon  the  plane  or  spherical  surfoce  of 
indefinite  medium  ;  but  the  case  which  most  commoi= 
requires  investigation,  particularly  in  the  constructi 
of  optical  instruments,  is  that  in  which  the  rays  ipsm 
through  a  finite  medium,  and  are,  therefore,  subject 
refraction  both  at  their  incidence  on,  and  emergen— 
from,  the  medium  in  question,  as  in  the  passage 
light  through  a  glass-plate,  or  lens.    The  case  of  pla^ 
surfaces,  whether  parallel,  or  forming  any  given  angS 
with  each  other,  has  been  already  treated  of  as  ftr  -^ 
relates  to  the  directions  of  the  incident  and  emerge= 
ray,  in  our  first  section;  it  only  remains,  there/ur    " 
for  us  here  to  examine  that  of  images  formed  by  tMs 
refraction  of  rays,  at  entering  and  emerging  from  am  -^ 
dium  terminated  by  a  plane  and  spherical,  or  ti^^ 
spherical  surfaces,  particularly  as  it  relates  to  theca-^ 
of  lenses. 

Dejimtions, 

264.  1 .  A  lens  is  a  piece  of  glass,  or  other  transp^" 
rent  substance,  whose  surfaces  are  either  both  spheric»4 
or  one  plane  and  the  other  spherical. 

2.  A  lens,  having  one  side  plane  and  the  other  con- 
vex, as  in  fig.  73,  is  called  a  plano-convex  lens ;  andths^ 
having  one  plane  and  the  other  concave,  a  jksfi- 
c<mcave  lens,  as  fig.  "^4.    A  lens  terminated  with  two 
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ides,  as  fig.  15,  or  with  two  concare  sides,  as 
s  called  accordingly,  a  double  convex,  or  a 
icore  len$  ;  and  fig.  77,  in  which  one  surface  is 
uid  the  other  convex,  is  called  a  meniscus, 
len  the  particular  figure  is  not  considered,  a 
ih  is  thickest  in  the  middle  is  called  a  convex 
I  when  thinnest  in  the  middle,  a  concave  lens, 
urther  distinction. 

-ight  line  drawn  perpendicular  to  both  sur- 
any  lens,  is  called  the  axis  of  the  lens.  The 
^ore,  passes  through  the  centres  of  the  sphe- 
ts;  and  it  is  hence  manifest  that  no  lens,  ex- 
sphere  in  which  both  centres  are  in  one  point, 
more  than  one  axis,  and  therefore  all  pencils 
le,  excepting  those  whose  focii  are  in  the  axis 

IS. 

i  geometrical  focus  of  a  direct  pencil  of  parallel 

diat  point  in  the  axis  where  rays  parallel 
38t  to  It  are  united  after  refraction,  if  the  lens 
jgt  in  the  middle,  or  whence  they  diverge,  if 
e  thinnest  in  the  middle),  is  called  the  focus  of 

sometimes  the  principal  focus,  by  way  of  dis- 
ig  it  from  the  focus  after  refraction,  of  con- 
r  diverging  rays ;  and  the  distance  of  the  prin- 
ts firom  the  lens  is  called  the  /oca/  length, 
'roblem  I. — Having  given  the  dimensions  of 
AB  (fig.  78),  the  position  of  the  point  O  on 
non  axis  of  sphericity  of  the  two  surfaces,  of 
I  centres  are  C  and  K,  to  find  the  point  F  on 
,  where  the  radius  01  infinitely  near  to  the 

cut  that  axis  after  two  refractions,  the  one  at 

other  at  T. 

L  =  J,  CB  =z  R,  KA  =  r,  FB  =  X,  PB  =  z; 
he  point  in  the  axis  where  it  is  intersected  by 
ion  of  the  incident  ray  01,  after  the  first  re- 
1 1.     Let  AB,  which  is  the  thickness  of  the 

and  denote  the  ratio  of  the  sines  of  inci- 
I  refraction,  when  the  ray  enters  the  lens,  by 
d  on  its  emerging,  by  q  :  p.  Lastly,  let 
and  KG  =  n.  Then  it  is  obvious  from  the 
at 

p  :  q  ::  KGor;i  :  KH  =  ^, 

P 

jf  :  ;>  ::  CDorm  :  CEzz  -!^-^. 

g  established,  in  consequence  of  the  similar 
DAI  and  OKG,  we  have 

GO  =  OK  :  OA  : :  GK  :  AI, 

J  +  r  :  d  : :  n  :  AI  = . 

from  the  similarity  of  the  triangles  PAI,  PKH, 


PA;  PH::  AI  :  HK; 


^  e:z  +  e  ^  r  \\ 


dn 
d  -^  r 


P' 


dn 


Aich  we  readily  obtain  the  value  of  z,  viz. 
^  deq  -\-  eg  r  -f  dpr  —  dep 

dp-^dq-^qr 

3ecau8e  of  the  similai-  triangles  PCD,  PBT, 
FBT,wehave 


PD  :  PB : 

:CD  : 

BT; 

or 

z+  R  :  z 

::  m  : 

zm 

z  +  R- 

And 

FC  :  FB:: 

CE  :  ] 

BT; 

f\r 

j:+  R  :  X 

p  m 
9 

z  n 

■  z+R 

This 

equation  gives 

pRx 

Dioptrici* 


qx  4-  y  R  — px* 

Now,  equating  the  two  values  of  z  thus  obtained, 
we  have 

deq-^eqr-^d^pr-^dep^  pRx 

dp  —  dq  ^  qr  ^x  +  gR— p*' 

Whence  we  have  for  a  final  value  of  x 

dpqRr  +  detfR'^-depqR'^eq^R 

X  ^Z  ...»      I  III  II  .. 

dp^R—dpqR'^pqrR--deq*'^dpqr  -^^depq^ 
dep*  +  d]^r  '^  e  q* r  +  epqr. 

This  equation,  which  is  rather  complicated,  becomes 
much  more  simple  when  we  apply  it  to  any  particular 
case ;  that  is,  when  we  substitute  particular  numbers 
for  p  and  q:  thus,  supposing  tlie  lens  of  glass  and  the 
first  medium  to  be  air,  we  shall  have  p  zz  31^  and 
q  =:  20,  and  the  above  expression  reduces  immediately  to 

_  620c/rR-220(/cR  -f400crR 

"^^  341((/R  +  c/r)-620rR- 12lc/c  +  220fr'  ^^ 

And  if  we  make  e  =  0,  by  neglecting  the  thickness 
of  the  glass,  we  may  reduce  the  same  much  lower ;  for 
in  this  case  we  find 

20drR 


"  "  ll(dR  +  rfr)-20rR*  ^"^^ 

Lastly,  by  supposing  the  radii  of  sphericity  of  the  two 
siirfaces  equal  to  each  other,  or  r  =  R,  we  have 

^=llrf-10r-  ^^ 

5266.  Having  given  the  arc  AI  (fig,  78),  comprised  be-  Remark, 
tween  the  point  A  of  the  common  axis  of  the  two  sphe- 
rical surfaces,  and  the  point  I,  where  an  oblique  ray 
01  falls,  that  issues  from  a  point  O  taken  on  the  axis, 
we  may  calculate  trigonometrically,  the  place  of  the 
point  F,  where  the  radius  01  meets  the  same  axis  after 
two  refractions.  For  in  the  triangle  OKI,  we  know 
OK,  KI,  and  the  angle  OKI,  and  the  calculation  will 
give  01,  and  the  angle  KIO,  the  supplement  of  which 
is  KIG.  In  the  right-angled  triangle  IKG,  we  have 
IK,  and  the  angle  KIG,  whence  we  readily  obtain  KG. 
Afterwards  making 

;i:^::KG:KH, 

the  latter  becomes  known. 

And  in  the  right  angled  triangle  KIH,  having  KI  and 
KH,  we  readily  obtain  the  angle  KIH.  Then  in  the 
triangle  KIP,  we  have  KI,  and  the  angles  IKP,  KIP, 
we  shall  have  therefore  KP,  and  the  angle  KPI. 

In  the  triangle  PCD,  right-angled  at  D,  we  have 
PC  =  PK  4-  KA  +  CB  -  AB, 
and  the  angle  CPD,  whence  we  obtain  the  angle  PCD, 
and  the  side  CD. 

Make  now         q  :p  y.CD  :  CE, 
and  CE  becomes  known. 

Then  ia  the  right-angled  triangle  CTD,  we  shall 
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OpUctf  know  CT,  CD ;  whence  we  may  find  the  angle  TCD. 
N^^^v^v^  In  the  triangle  CTE,  we  know  CT,  CE,  wherefore  the 
angle  ETC  may  be  computed,  of  which  the  supplement 
is  DTP.  Finally,  in  the  triangle  CTF  we  shall  have 
the  side  CT,  the  angle  CTF,  and  the  angle  FCT  = 
^  PCD  —  TCD ;  we  shall  therefore  have  CF,  and 
consequently  BF,  because 

BF  =  CF  -  CB. 
If  the  object  O  be  supposed  at  an  infinite  distance, 
the  calculation  becomes  a  little  shorter ;  for  01,  being 
then  parallel  to  the  axis,  the  angle  KIG  =  AKI,  is 
measured  by  the  given  arc  AI. 

267.  From  the  above  calculation,  or  even  by  a  sim- 
ple geometrical  construction,  it  will  be  obvious,  that 
when  a  ray  01  falls  at  any  distance  from  the  point  A 
in  the  common  axis  of  the  two  surfaces,  the  curvature 
of  the  arc  AI,  will  brmgthe  ray  towards  the  axis,  and 
consequently  the  point  F,  where  the  axis  is  cut  by  it, 
will  approach  nearer  to  the  point  B,  in  proportion  as  the 
arc  AI  is  of  a  greater  number  of  degrees. 
When  the        ^^^'  PROBLEM  11. — Having  given  the  dimensions  of 
object  is  out  any  lens  AD  (fig.  79),  the  centre  of  whose  surfaces  are 
of  the  axis,  jq  q  and  K,  the  position  of  an  object  O,  out  of  the 
Fig.  79.       axis  BK,  at  the  same  distance  from  the  lens  as  the 
point  B,  which  is  in  the  axis ;  to  find  the  point  F,  where 
the  rays  of  light,  issuing  firom  the  point  O,  are  united 
after  traversing  the  lens. 

Through  the  point  O  and  the  centre  K,  draw  the 
right  line  OKP,  and  compute,  according  to  the  princi- 
ples explained  in  article  250,  the  point  P,  where  the 
miage  would  be  formed  by  simple  retraction  at  the  con- 
vex surface  of  a  medium  of  glass,  and  let  this  point  be 
P ;  considering  now  this  first  image  of  O,  as  an  object 
placed  in  a  medium  of  glass,  join  P  and  the  centre  C,  of 
the  spherical  surface  ATD,  and  compute  by  the  proper 
formula  in  the  article  above  referred  to,  the  focus  F,  of 
rays  issuing  from  P,  and  this  point  F  will  be  the  [dace 
of  the  image  due  to  the  second  refraction ;  the  same  as 
the  pointy,  found  as  in  the  preceding  theorem,  will  be 
the  image  of  an  object  B  placed  in  the  common  axis  of 
the  two  surfaces. 
Deductions.  From  the  above  construction,  the  following  corollaries 
are  readily  deduced : 

1.  Neglecting  the  thickness  of  the  glass,  and  sup- 
posing the  points  O  and  B  to  be  at  equal  distances,  it 
18  obvious  that  the  points  p  and  P,  will  be  equally  dis- 
tant fipora  the  surface,  because  they  are  each  found  by 
the  same  formulee,  and  with  the  same  data;  conse- 
quently, the  points/ and  F  will,  for  the  same  reason,  be 
also  at  equal  distances. 

2.  What  has  been  stated  above  with  reference  to  the 
point  O,  is  equally  true  of  every  point  in  the  surface  of 
an  object ;  therefore,  the  entire  image  of  an  object  will 
necessarily  be  nearly  similar  to  the  visible  surface  of 
the  latter. 

3.  When  all  the  points  of  an  object  of  considerable 
extent,  or  when  many  objects  are  placed  at  equal  dis- 
tances from  a  lens,  their  images  ought  to  be  shown 
distinctly  in  a  portion  of  a  sphere  of  which  the  glass  is 
the  centre. 

4.  It  will  be  sufficient,  therefore,  to  compute  by 
(art.  250)  the  position  of  the  image,  from  the  point  of 
the  object  which  is  in  the  axis  of  the  glass,  in  order  to 
have  that  of  the  entire  object  itself. 

5.  We  see  also  by  the  preceding  construction,  that 
wh^  the  object  OB  is  sufficiently  distant  to  have  its 


image  formed  on  the  other  side  of  one  of  the  i 
convexity  of  the  lens,  this  image  will  be  reverse 
is,  its  parts  will  have  a  contrary  position  to  the 
spondmg  parts  of  the  object 

269.  Experiments  show  that  images  of  olriec 
sented  to  a  lens,  are  made  to  a  considerable 
and  very  distinctly ;  for,  if  in  a  dark  room  we  : 
hole  of  2  or  3  inches  diameter,  and  supply  it  with 
vexlens,  we  shall  perceive  on  a  sheetof  white  papei 
at  a  proper  distance,  that  is,  at  a  distance  propi 
to  the  radius  of  convexity  and  the  distance  of  the  t 
the  images  of  them  reversed,  and  in  colours  m 
the  more  vivid  as  the  objects  themselves  are  bet 
lightened ;  but  the  images  will  be  more  disttnct, 
represent  objects  situated  nearer  to  the  axis 
lens. 

270.  Theorem. — ^When  the  two  surfaces  of  a 
or  concave  lens  have  equal  radii  of  sphericity ; 
rays  of  light  which  issue  from  any  point  taken 
the  axis,  and  falling  on  the  lens,  that  which 
through  that  point  of  the  axis,  which  is  in  the 
of  the  thickness,  will  emerge,  after  two  refractio 
right  Une,  parallel  to  its  first  direction. 

Let  O  l^g.  80  and  81)  be  the  given  point  tal 
of  the  axis  of  the  lens ;  01,  the  ray  which 
through  the  point  I  in  the  middle  of  the  thbl 
either  figure,  and  FT  the  emerging  ray.  Then, 
the  two  arcs  ALD,  ATD,  are  equal,  and  are  ( 
radii,  the  figure  of  the  lens  may  be  consider 
symmetrical  pylyedron  of  an  infinite  number  o 
of  which  the  centre  is  I ;  whence  it  follows,  t 
ray  of  light  TL,  which  passes  through  I,  will  pass 
tyra  parallel  sides  of  this  figure,  the  positions  ( 
will  be  determined  by  the  tangents  GH,  HT. 
fore  this  ray  will  be  refracted  equally,  both  at 
dence  and  emergence ;  that  is,  the  angle  of  re 
ILO,  will  be  equal  to  the  second  angle  of  re 
ITF,  and  consequemly,  the  directions  MO  ami 
parallel  to  each  other.  On  account  of  this  prop 
ray  01  is  called  the  principal  ray, 

271.  If  the  lens  were  plane  on  one  side,  and 
or  concave  on  the  other,  then  the  principal  ra; 
be  that  which  entered  or  emerged  at  the  summ 
curvature,  according  as  this  curvature  was. 
towards,  or  from  the  object;  for  the  summit  of 
vature  may  be  considered  as  an  infinitely  sma 
parallel  to  the  plane  side  of  the  lens. 

272.  Neglecting  the  thickness  of  the  lens,  th 
pal  ray  will  emerge  in  the  same  right  line  as 
which  It  enters;  or,  which  is  the  same,  every  raj 
to  the  lens,  tending  to  the  point  in  its  axis  con 
ing  to  the  centre  of  the  thickness,  will  pass  tb 
in  a  right  line,  or  it  will  sufier  no  refraction. 

V.  0/  lens  formed  by  the  revolution  of  a  conic  i 

273.  It  appears  from  what  has  been  stated  in( 
and  the  following,  that  spherical  surfaces  do  n 
all  the  rays  in  any  diverging  pencil  to  conver| 
diverge  from  the  same  point,  except  in  one  p 
case,  and  the  same  will  appear  more  obvious 
we  have  to  treat  of  optical  instruments.  In 
obviate  this  imperfection,  it  has  been  proposed 
such  refractors  as  are  generated  by  the  revohiti< 
ellipse  and  hyperbola.  But  as  these  are  never 
to  in  practice,  on  account  of  the  great  difficulty  • 
them  the  exact  form,  and  because  the  same  elB 
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easure,  be  produced  by  the  proper  adiust- 
surfaces  of  spherical  refractors,  it  will  be 
explain  the  geometrical  principles  upon 
-oposed  refractors  depend, 
prolate  spheroid  be  generated  by  an  ellipse, 
axis  is  to  the  distance  between  its  foci  as 
icidence  to  the  sine  of  refraction,  out  of  the 
ium  into  the  solid,  a  pencil  of  rays,  incident 
ion  of  its  axis,  will  be  refracted,  converging 
)  the  further  focus. 

(fig.  82)  be  an  ellipse,  by  the  revolution  of 
its  major  axis  DK,  the  spheriodis  generated; 
id  I  be  its  foci,  then  by  the  supposition, 

DK  :  m::p  :  g, 

f  p:q,  the  ratio  of  the  sine  of  incidence  to 
refraction).  Let  AB,  which  is  parallel  to 
y  of  light  incident  upon  the  spheroid  ;  join 
iw  EBC,  touching  the  generating  ellipse  in 
B  and  H  ;  draw  GBL,  and  HCO  at  right 
)C;  let  GBL  meet  DK  in  N,  and  produce 
ets  HCO  in  O.  Then,  since  the  angle  HBC 
be  angle  IBE,  by  the  nature  of  the  ellipse, 
e  OBC  is  equal  to  the  angle  IBE,  the  angles 
are  equal ;  also  the  angles  BCH  and  BCO 
rht  angles,  and  BC  is.  common  to  both 
irVherefore, 
BO  =  BHandIO  =  DK; 

r, 

>:  m.lp  :  q; 
BN  is  parallel  to  OH, 

\  :  IN  ::io  :m::p  :  q. 

i  :  IS::  sinlNB  :  sin  IBN, 

: :  sin  BNH  =  sin  ABG 
1  ABG  :  sin  IBL  : :  p  :  17. 
e  the  sin  ABG  is  the  sine  of  incidence,  sin 
sine  of  refraction ;  and  because  the  angle 
than  a  right  angle,  Bl  is  the  refracted  ray. 
manner  it  may  be  shown,  that  every  other 
incil  will  be  refracted  to  I. 
8  centre  I,  with  any  radius  less  than  ID,  a 
PQ  (fig.  83)  be  described,  the  solid  gene- 
J  revolution  of  PDQ,  about  the  axis  DI, 
ill  the  rays  incident  parallel  to  DI,  accu- 

refraction  at  the  surface  PDQ,  the  rays 
I,  and  they  suffer  no  refraction  at  the  sur- 
ecause  they  are  incident  perpendicularly 
is  also  obvious,  that  rays  diverging  from  I, 
sled  parallel  to  ID. 

a  hyperboloid,  whose  major  axis  is  to  the 
ureen  the  foci,  as  the  sine  of  incidence  to  the 
ction,  out  of  the  solid  into  the  ambient  me- 
nerated  in  a  similar  manner  to  the  preced- 
rallel  rays,  incident  in  the  direction  of  the 
ractedout  of  the  hyperboloid,  will  converge 
T  focus. 

iT  proof  may  be  applied  to  this  case,  and 
be  s^une  words,  referring  only  to  (fig.  84) 
5g.  82). 

.  85)  be  drawn  perpendicular  to  the  axis  of 
la,  and  meet  the  curve  in  P  and  Q,  the  solid 
»y  the  revolution  of  PDQ,  about  the  axis 
efiract  all  the  rays  incident  parallel  to  MI 
0  L 
rays  will  suffer  no  refraction  at  the  plane 


Rays  diverging  from  I,  and  incident  jnpon  the  surface  Dioptiici. 
PDQ,  will  be  refracted  parallel  to  ID.  k-^^,*-^^ 

VL     Of  the  motion  and  situation  of  images  formed  by 
refraction  at  two  surfaces. 

277.  When  a  lens  of  glass  is  equally  convex  on  both  Images  leen 
sides,  if  we  suppose  a  luminous  object  of  small  extent  through 
to  be  placed  on  one  of  its  surfaces  at  the  point  coin-  *^"**^** 
ciding  with  the  common  axis  of  sphericity,  and  that 
afterwards  this  object  is  made  to  move  along  the  axis 
to  an  iiifmite  distance,  it  is  obvious,  from  the  formula  (d) 
(art.  2(55) 

.      '"■  lU-lOr' 
that  the  image  of  this  object  will  remain  during  all  this  Double  con* 
motion,  in  the  same  axis ;  that  in  the  first  instance,  ^«*  *«"»• 
that  is,  while  the  object  is  on  the  surface,  the  image 
and  object  will  be  confounded,  or  coincide,  and  that 

from  the  value  d  zz  0  or  —  r,  to  rf  =  — -  r,  *  will  be 

00  11 

lOr 
negative,  and  when  d  =  — -  ,  x  will  be  infinitely  ne- 

ptive ;  between  these  limits,  therefore,  the  image  will 
be  on  the  same  side  of  the  lens  as  the  object,  and  it 
will  be  erect    But  for  all  values  of  d  greater  than 

lOr 
-yp ,  the  value  of  x  will  be  positive,  and  decrease 

more  and  more  till  d  becomes  infinite ;  in  which  case 
10  r 


sin  IBL :    we  shall  have  x  =z 


11 


and  the  image  will  be  on  the 


opposite  side  of  the  lens  to  the  object. 

278.  If  the  lens  be  plano-convex,  one  of  its  radii  of  piano-con- 
sphericity  will  be  infinite ;  let  this  be  R^  that  is,  R  =  00 ;  rtx  lens, 
then  the  formula  (c)  (art  265) 

_  20drR 

'"■  llrfR+  lldr-20rR' 

will  have  all  those  terms  vanish,  in  which  R  is  not 
found,  in  comparison  with  those  in  which  it  is.  We 
shall  have,  therefore, 

20drR  _  ^JOdr 

nrfR-20rR"'  lld-20r' 

and  making  again  the  supj^sitions  as  above,  with  re- 
spect to  the  different  positions  of  the  object,  it  will 
appear,  as  in  the  case  referred  to,  that  the  object  and 
image  will  coincide  when  d  ^0;  that  x  will  be  infinite 


X  = 


20 
when  dzz  —  r 


and   that  between  these  limits  x 


is  negative ;  or  the  object  and  image  are  on  the  tame 

20 
side ;  but  that  from  the  value  of  (f  =  —  r  to  (f =00  r, 

X  is  positive,  and  the  image  is  on  the  contnuy  side ; 
that  the  rays  become  more  and  more  converging  as  d 
increases ;  and  when  d  is  mfinite,  the  distance  of  the 

20  r 
image,  or  the  value  of  *,  is  — tt-- 

279.  In  the  formula  above  referred  to,  the  thickness  The  objects 
of  the  glass  is  not  regarded;  and  consequently,  it  is  in-  ^'^^^  dif- 
difitrent  whether  the  object  be  placed  on  the  pUne  or  ferentttdcs. 


on  the  convex  tarftce  or  the  leni ;  but  it  we  take  this 
•^  thickness  into  consideration,  then  there  will  be  some 
difference  in  this  respect,  the  image  being  more  distant 
from  the  convex  surface  when  the  object  is  placed  on 
the  plane  side,  than  it  is  from  the  plane  surface,  when 
the  object  is  on  the  convex  side ;  and  this  difference, 
when  the  distance  of  the  object  is  very  great,  that  is, 
when  d  is  infinite,  is  equal  to  about  jds  tlie  tliickness 
of  the  lens.  For  if  in  the  formula  in  which  the  thick- 
ness of  the  lens  e  enters,  viz.  (a)  (art.  265),  viz. 

_  620rfrR  >-  220f/eR  +  400f  rR 

'  ■"  34l£/R  +  341r/r-620rR-.12Uc-f.2-2()fr  ' 
we  make  (f  =  oo ,  and  r  :=  oc  ,  in  order  to  express 
that  Al  Xfig.  78)  is  a  plane  surface  turned  towards  the 
object  Oy  it  will  be  found  to  reduce  itself  to 
620  „ 

But  if  we  make  R  =  oo ,  which  expresses  that  the 
surface  BT  is  a  plane»  the  formula  gives 
620  220 

.     '  =  -347''  -Im'- 

And  as  r,  and  R,  in  these  two  cases  arc  supposed  to 
express  the  same  radius  of  curvature,  it  is  clear  that 

220 


Double  con- 
cave lens. 


341 


Flano-con- 
oave  lens. 


the  difference  in  the  distance  of  the  object  is 

2 

Or  —  tf  nearly. 

This  rema:rk  is  of  service  in  the  use  of  telescopes 
fitted  with  micrometers.  In  refracting  telescopes  of 
this  kind,  the  object  glass  is  frequently  plano-convex, 
and  when  it  is  taken  out,  for  the  purpose  of  cleaning, 
&c.  it  follows,  from  what  is  above  stated,  that  it  is 
important  to  be  careful  to  replace  it  again  in  the  same 
position,  as  otherwise  the  threads  of  the  micrometer 
will  be  found  distant  from  their  true  places,  by  a 
quantity  equal  to  Jds  of  the  tliickness  of  the  object- 
glass,  which  may  therefore  amount  to  the  j^jlh  of  an 
inch. 

280.  If  the  lens  ho  equally  concave  on  its  two  sides, 
then  the  radius  RA  (tig.  78)  is  turned  towards  the 
object  O,  and  we  must  tlierefore  consider  r  as  negative, 
that  is,  we  must  replace  it  by  —  r,  and,  for  a  similar 
reason,  R  will  become  —  R.  The  formula  will  there- 
fore be  the  same  in  this  case  as  in  (art.  265),  by  simply 
<:hanging  the  sign  of  r;  that  is,  it  will  be 

-  _       lOr/r 
■*'"■         llr/  +  10r' 

Whence  it  appears  that,  if  we  suppose  an  object  to 
be  placed  on  one  of  its  surfaces,  at  the  point  which 
coincides  with  the  common  axis  of  the  lens,  and  to 
move  along  this  axis  to  infinity,  its  image  will  move 
along  the  same  axis,  and  in  the  same  direction,  from 

the  glass,  where  jc  =  0,   to  the  distance  j  =  —  r ; 

it  will  always  be  direct,  and  formed  by  rays  emerging: 
from  the  concave  surface,  wliich  will  diverge  more  and 
more. 

281.  If  the  lens  be  plano-concave,  the  formula  will  be 

-  _      20  f/r 
'  ""        lh/+20r 
The  motion  -of  the  image  and  of  the  object  will  be 


maoe  «»•  . 

concavity,  except  timi. ... 

X  will  always  be  greater  than  in  tne  ^o.^ 

the  greatest  possible  distance  of  the  image  wui 

20 

282.  lastly,  if  the  lens  be  a  meniscus,  that  is 
cave  on  the  one  side,  and  convex  on  the  other,  we  mu8 
change  the  sign  of  one  of  our  radii  of  curvature, 
writing  —  R,  instead  of  +  R,  in  equation  (r)  (art.  265 
and  we  shall  thus  have,  neglecting  the  thickness  off 
glass, 

_  20 £rR 

'""ll(/R-ll(/r— 20rR* 

Here,  by  making    the  different  suppositions  w^.£  -mb 
respect  to  the  place  of  the  object,  or  on  the  value  oP   .^f 
we  shall  arrive,  as  above,  at  the  different  corresposic:^^ 
ing  distances  of  the  image ;  but  as  such  lenses  are  ▼ei^^^ 
seldom  employed,  it  would  be  useless  to  enter  into  th^^^ 
details,  which  would  require  more  space  than  we  hare 
bestowed  upon  the  lenses  of  the  more  usual  figure.  For 
the  same  reasons,  we  shall  not  examine  the  laws  ot 
lenses,  concave  on  tlie  one  side  and  convex  on  the 
other,  each  having  different  radii  of  sphericity. 

283.  We  may  consider  in  practice  an  object  to  be T^ 
infinitely  distant ;  if  that  distance  be  e^ual   to  1000 
times  the  radius  of  sphericity,  that  is,  in  suck  cases 
we  may  suppose  all  the  terms  of  a  formula  to  v^sh, 
except  those  in  which  d  enters.    For  example,  in  the 

formula  x  =  .^^—f5^. 

If  we  suppose  r  =  10  inches,  and  dz=,  lOOOO  inches, 
we  shall  find 

10x10000x10       o,^.    , 

1 10000  -  100  -'"''''  '°^"'^- 

As  if  d  were  infinite  then,  We  should  have 
lOrfr       10         ^_.^  .    , 
X  =  -yTl  ^  TT '"  ^  ^'^^1  "Dches, 

which  makes  a  difference  only  of  about  ilj^  of  an  inch* 

VII.    On  the  magnitude  of  images^  fomifd  Ity  /enset  of 
different  figures. 

Convex  lens. 

284.  In  order  to  determine  the  actual  magnitude  of  J 

the  image  of  an  object  situated  in  the  axis  of  a  lens, 

and  of  which  all  the  points  are  nearly  equally  distant 

from  the  surface  of  the  lens.     Let  DD'  (fig.  86)  be  the     ^ 

object,  FF'  the  foci  of  the  extremities  Diy,  these  beii^  ^^ 

similarly  situated  with  respect  to  the  point  O,  and  to 

the  axes  OD  OD' ;  then  FF'  will  be  the  image  of  the 

object,  and  we  shall  have  FF  :  DD' :;  FO  :  DO; 

FF  FO  X 

whence  -_=_-=-. 

Now,  neglecting  the  thickness  of  the  glass,  and  sup- 
posing the  curvature  of  the  two  surfaces  to  be  equal  to 
each  other,  we  shall  have 

consequently,  since  DO  =  (/,  we  obtain 
FF         .r  10  r 


""T"  1 1  rf  —  10  r' 


DD  rf        1 1  d  —  lU  r' 

which  expresses  tlie  ratio  of  the  image  to  the  object. 
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Concave. 


292.  Lens  with  iqwal  radii. 
Direction  of  the  nyt.  Conrci. 

Diverging        /= -.Jl_/=: 


Parallel 


Converging     /=       _^     ,        ,  .«       ^     , 

293.  L«/i6  with  one  plane  eurface,  or  R  =:  qd. 
Directiou  of  the  ra^s.  Convex.  Concave. 

Diverging        /=  _-__;  = 


*lad 

-f 

r* 

r 

• 

2  a 

d 

r 

ad  —  r 


ParaUel 


/=T 


ConTerging    /  = 


-dt 


/  = 
■J- 


ad  ^  r 
—  r 


a 

-  dr 


^ad^r^  ad  ^  r 

294.  Lou  xntk  one  contex  and  one  concace  surface j  or 
R  negative. 

Direction  of  the  Radii  unequal.  Radii  e(]ua1,  ur 

rays  R  =  —  r. 

Diverging        /  =  ^  ^,  ^  j//^^^  ^  f  =  -  d. 


adr-^  ac/R-f  r  R' 

— iR     , _   — rR 
ar  — flR-^  ""       0 
dRr 


00. 


ParaUel  /  = 

it  fl     "^    U   Xb  ^ 

Converging    /  = -^^_i^l__  /  =  rf, 

These  fornlulee  will  be  found  very  convenient  for  re- 
ferenced in  many  cases,  as  they  include  all  those  most 
bommonly  required  in  practice.  We  have  not  introduced 
those  which  include  the  thickness  of  the  glass,  as  this 
datum  may  be  generally  omitted  ;  if  it  be  at  any  time 
rcqubiite  to  reUia  it,  the  forroola  appertaining  to  this 
case  will  be  fouiMl  under  (art.  263). 

To  find  the  focal  length  (f  a  lenSj  or  mirror  y  experimentally. 

Foci  deter-       295.  If  it  be  rirher  a  ronc;ive  mirror,  or  a  convex 

mined  by     lens,  present  it  to  the  sunj  and  ascertain  tl»e  point  where 

experiment.  ^^^  reflected  or  rofractod  fays  received  on  a  plane,  form 

the  most  vivid  and  the  smallest  circle  of  pure  white 

light,  or  where  any  combustible  substance  is  soonest 

enflamed;    and  this  point  will  be   the  focus  sought. 

Otherwise  rover  the  surface  of  the  mirror,  or  one  of  the 

^  faces  of  tlie  lens  with  a  l>lack  paper,  havini::  first  made 

leXor        ?*^  '^  several  small  pin  holes,  and  ascertain  the  point 

concave       wherc  the  solar  rays,  passing  through  these  several 

mirror.         holes,  unite  with  each  other;  and  this  point  will  be  the 

focus  sought. 

A  third  method  is  to  present  the  mirror  or  lens  to  a 
strong  li<;ht,  as  that  of  a  torch,  or  flambeau,  so  far 
distant  as  at  least  to  be  beyond  the  centre  of  sphericity; 
and  find  the  distance  tliat  a  plane  must  be  situated 
from  the  flambeau  and  mirror,  or  lens,  in  order  to  form 
a  distinct  inverted  image  of  the  light :  and  we  shall  then 
have  the  necessary  data  for  calculating,  by  the  prece- 
ding formula  for  convex  lenses,  or  those  of  (art.  223),  for 
mirrors,  the  radii  of  sphericity;  and  hence  the  focal 
length,  which,  in  mirrors,  is  equal  to  half  radius  ;  in 
double  convex  lenses  of  equal  sphericity,  to  radius  itself, 
and  in  pktno-convex  lenses,  to  double  radius. 


In  the  caae  of  a  convex  mirror,  or  of  a  concaTe  lens,    ^. 
cover  the  surface  of  either,  as  above,  with  aUack  piper,  ^^  ^ 
in  which  make  several  pin-holes  in  the  circumferenoe  of^:^ 
a  circle  described  upon  the  paper ;  then  the  raji  of  light*  ^^ 
reflected  from,  or  refracted  through  these  holes,  if  re — ge^ 
ceived  on  a  parallel  plane,  will  also  be  found  diiposediiTK'^ 
the  circumference  of  a  circle  of  greater  or  less  radius , 
according  to  the  distance  of  the  plane  from  the  mirror 
or  lens.     If  now,  by  moving  the  plane  to  and  firo,  w» 
at  length  find  that  situation  where  the  circle  thus  fonDe**^^^ 
has  its  radius  double  of  that  on  the  black  paper,  thrf  ^^ 
distance  of  the  plane  from  the  mirror,  or  lens,  will  lc:#" 
equal  to  the  focal  length  sought,  as  is  obvious. 

This  experiment  is  easier  performed  with  a  conca^ j^^ 
lens,  than  with  a  convex  mirror;  because  in  the  latt^ar.^. 
case  the  holes  must  be  of  some  sensible  magnitude,  ^^  ^ 
order  to  admit  the  rays  of  the  sun  to  reach  the  irn^n  m  j^^ 
of  the  mirror,  and  to  be  again  reflected  from  it. 

We  have  said  nothing  of  the  particular  apparat^^Ku^g 
proper  for  moving  and  fixing  the  lens  and  plane  e  txr^. 
ployed  in  these  experiments ;  these  are  of  various  cc=>  <x^. 
stnictions,  and  may  be  made  according  to  the  view^  .^ 
the  operator. 

%   IV.    OF  VISION. 

I.  Description  of  the  eye, 

296.  The  eye,  or  organ  of  vision,  may  b6  considex^  ^^^ 
as  an  optical  instrument,  composed  of  different  <1k  «•  < 
bhanous  mediums,  in  which  the  curvature  and  the 
liracting  properties  are  so  combined,  that  the  abei 
tions  arising  from  figure  and  diflerent  degrees  of 
frangibility  are  made  to  counteract  each  other,  where I>jr 
the  effects  of  cither  are  rendered  insensible. 

As  an  optical  instrument,  however  perfect  it  may  l^e, 
always  concentrates  with  greater  advantage  those  rays 
which  are  nearest  ta  its  axis,  the  eye  has  been  prc>- 
vided  with  muscles  which  enable  us  at  all  times  to  di- 
rect it  to  the  object  we  wish  to  observe ;  and  the  san'^e 
wisdom  which  has  so  admirably  constructed  this  org"^a-n 
in  the  latter  respects,  has  protected  it  in  a  thousavad 
ways  from  the  effect  of  accident  and  exposure.  W^^l^ 
however  pleasant  it  might  be  for  us  to  examine  a»^d 
point  out  for  admiration  the  various  pref^autious  whi^h 
nature  has  taken  to  preserve  from  injury  this  mc^st 
delicate  organ,  yet,  as  it  is  foreign  to  our  subject,  "^^e 
must  not  indulge  in  the  pleasing  digression  into  whi  ^" 
we  should  thus  be  led. 

Our  business  in  this  place,  is  merely  to  describe  the 
eye  with  reference  to  its  mechanical  and  optical  par- 
poses  ;  and  in  doing  this,  it  will  be  desirable  that  ^e 
avoid  as  much  as  possible  the  terms  introdaced  mUi 
the  description  of  this  organ  by  anatomists,  as  these 
would,  in  this  place,  tend  rather  to  embarrass  than  to 
illusti*ate   its   optical  properties;    the   anatomy  vill^ 
moreover,  be  given  in  its  proper  place  in  this  work,  and 
we  shall  therefore  confine  ourselves  entirely  in  this 
article  to  such  a  description  of  the  eye  as  is  sufficient 
for  illustrating  its  visual  properties,  and  must  refer 
our  readers  for  a  more  minute  dissection  of  its  parts  to 
our  treatise  on  Anatomy. 

297.  A  section  of  the  human  eye  is  represented  in  L  __ 
(fig.  90);  this  section  being  supposed  to  be  made  by  apartti 
pl.nie  pcrpendicnlar  to  the  surface  of  the  coats,  which  Fig.)! 
contain  its  several  humours,  and  alsa  to  the  nose. 

Its  form  is  nearly  spherical,  and  it  would  be  exactly 
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»  not  Uie  fore-part  a  litUe  more  convex  daan  the 
der;  the  parts  BFB\  BAB',  being-  in  reality  the 
Its  of  a  greater  and  le*5ser  sphere, 
humours  oi'  the  eye  are  contained  in  a  firm  coat 
,  called  the  Mhroftca  :  the  more  convex,  or  pro- 
at  part  of  winch,  BAB'»  is  transparent,  and  from 

tlency  and  honiy  appearance,  it  is  called  the 
This  coat  is  represented  by  the  space  con- 
tween  the  two  exterior  circles  BFB'A. 
tigrnous  to  the  sclcrf>tiea  is  a  second  coat  of  a 
substance,  called  the  ihoroeiths.  This  rout  is 
■nted  hy  the  next  white  space,  and  extends  ulong 
"^  part  of  the  scltTOlira  to  thc^  eomea. 
n  tlie  junction  of  ibe  chorociiKs  and  conioa, 
lire  urtii^  B  ff,  B'  rt,  a  Hat  opaqno  membrane,  in 
*e*piirt  of  which,  and  nearly  m  its  centre,  is  a 
r  aperture  called  the  jmpL 
pupil  is  capable  of  being:  en!are;ed  or  contracted 
real  readiness ;  by  which  means  a  greater  or  If  ss 
r  of  rays  may  be  admitted  into  tlie  eye  as  the 
staticeB  of  vision  require.  In  weak  li|a;ht,  too 
f8  might  render  objects  indistinct;  and  in  strong 
»o  many  might  injure  the  orgnn.  Whilst  the 
9  thus  enlarged  or  contracted,  its  figure  reitiairis 
X'd.  This  remarkable  effect  is  thought  to  bu 
ed  by  means  of  small  fibres  which  arise  from  the 
:ircuniference  of  the  uvea,  and  lend  towards  its 
;  this  circumference  is  also  suppo^d  to  be  mus- 
ind  by  its  equal  action  upon  the  fibres,  on  each 
ti€  form  of  the  pnpil  is  preserved,  whilst  its  dia» 
IB  enlarged  or  contracted. 

he  back  part  of  the  eye,  a  little  nearer  to  the 
ban  the  point  which  is  opposite  to  the  pupil, 
the  optic  ncrxt.  V,  which  spreads  itself  over  the 
of  the  choroeides,  like  a  fine  net ;  and  from  this 
stance  is  called  the  rvtam.  It  is  immersed  in  a 
incus  whitU  adheres  to  the  choroeides. 
i€  three  coats,  the  sdtrotien,  the  choroeides,  and 
fiVi/r,  cuter  the  sockt  t  of  tlte  eye  at  the  same 
The  sclerotica  is  a  continuation  of  the  di/m 
a  thick  membrane  which  lies  hunitdiattly  tmder 
dl.  The  choroeides  is  a  contiintatiou  of  the  pia 
a  fine  thin  membrane  which  adheres  closely  to 
lin.  The  retina  proceeds  from  the  brain* 
bin  the  eye,  a  little  behind  the  pupil,  is  a  soft 
irent  substance  EDF,  nearly  of  the  form  of  a 
convex  lens,  the  anterior  surface  of  which  is 
nred  than  the  posterior,  and  lonnded  off  at  the 
E,  E\  as  the  figure  represents.  This  humour, 
is  nearly  of  the  consistency  of  hard  jelly,  de- 
kg  gradually  in  density  from  the  center  to  the 
Krenoet  is  called  the  crystal  fine  himmur.  It  is 
D  Its  place  by  a  muscle,  called  the  ligament mn 
which  takes  its  rise  from  (he  junction  of  the 
ides  and  cornea,  and  is  a  little  convex  towards 

cavity  of  the  eye,  between  the  cornea  and  the 
line  humour,  is  filled  with  a  transparerfe  fluid 
Iter,  called  the  afiueous  kumotfr,  Tl\e  cavity  be* 
the  crystalline  humour  and  the  back  part  of  the 
also  filled  witl\  a  transparent  fluid  rather  more 
I  than  the  former,  called  the  vittroiig  hummir, 
,  It  is  not  easy  to  ascertain,  with  great  accuracy, 
incting  powers  of  the  several  humours  ;  the  re- 
^powers  of  the  aqueous  and  vitreous  humoyrs, 


are  nearly  eaiial  to  tliat  of  water ;  the  refracting  power     viiiuij* 
of  the  cry sta! line  humour  is  somewhat  greater*  s^^-v^-^^ 

The  surfaces  of  the  several  humours  of  the  eye  are  The  axii, 
so  situated,  as  to  have  one  line  perpendicular  tothem  *^*<^^ 
all.     This  line  ADF  is  called  the  axis  of  the  eye,  or  the  ^*="*i^^''  ^** 
optic  axis. 

The  /offl/  centre  of  the  eye  is  that  point  in  the  axis  at 
which  the  image  upon  the  retina  and  the  object,  subtend 
equal  angles. 

Thi.s  point  is  not  far  distant  from  the  posterior  sur- 
face of  the  crystalline  lens,  though  its  situation  is  pro- 
bably subject  to  a  small  change,  as  the  figure  of  the  eye, 
or  the  distiince  of  the  object  is  changed. 

299.  From  the  constderation  of  the  structure  of  the  Opcratkm 
eye,  w^e  may  easily  understand  how  the  notices  of  ex-^'^diccj^ 
ternal  objects  are  conveyed  to  tlie  brain. 

Let  PQR  (fig.  91)  be  an  object,  towards  which  the  f"»6'  9^- 
nxis  of  the  eye  is  diri'ded ;  tlicu  the  rays  which  diverge 
frouj  any  ]H>iiit,  Q,  and  fall  upon  the  convex  surface  of 
the  Hqucous  humour,  have  a  degree  of  cunvergency 
given  them  ;  they  are  then  refracted  by  a  double  convex 
lens,  denser  than  the  ambieni  mediums,  which  increases 
the  couvergency  ;  and  if  the  extreme  rays  QH,  QI  have 
a  pi*oper  degree  of  divergency  before  incident,  the  pencil 
will  be  a^ain  collected  upon  the  retina  at  9, and  there  form 
an  image  of  Q.  In  the  same  manner,  the  rays  which 
diverge  from  any  other  points  P,  R.  in  the  object,  wdl  be 
collected  at  the  corresponding  poiots  p,  r,  of  the  retina, 
and  a  complete  image  p  q  /,  of  the  object  PQR,  wdl  be 
formed  there.  The  impression  thus  made,  is  conveyed 
to  the  brain  by  the  optic  nerve,  which  originates  there^ 
and  IS  evidently  calculated  to  answer  this  purpose. 

300.  Much  has  been  written  to  explain  a  circum-  p^^cc^  oB- 
stance  attending  vision,  which  it  is  now  a  proper  place  |'^'*^*'?*' 
to  notice  ;  that  ts  to  say*  that  notwithstandmg,  accord-  nicfctifliu 
ing  to  what  we  have  already  stated,  the  image  of  an 

erect  object  must  appear  inverted  on  the  retina,  it 
still  produces  in  us  the  sensation  of  the  object  bein^ 
ei-ect.  In  order  to  account  for  this  phenomenon,  some 
writers  have  imagined  a  different  internal  structure  of  the 
eye,  and  have  supposed  tlwt  the  image  is  again  reflected 
after  being  received  on  the  retina^  to  stnother  plane,  by 
means  of  which,  the  position  of  the  image  is  correctecf, 
at  least  this  is  the  opinion  of  Mr.  Horn,  who  has  not 
long  since  published  an  e^say  on  this  subject ;  but  it 
seems  more  probable,  that  the  correction  is  due  to  our 
own  experience  j  the  rays  refracted  by  the  humours  of 
the  eye  have,  when  they  impinge  upon  the  retina,  di* 
rections  wholly  di  fie  rent  from  what  they  had  in  coming 
from  the  object  to  the  cornea;  yet  it  is  always  on  the 
prolongation  of  their  primitive  direction  that  we  reter, 
by  our  senses,  the  place  of  the  object.  This,  as  we  have 
said  above,  appears  to  be  the  result  of  experience,  which 
from  our  in^ncy,  has  always  shown  the  objects  to  have 
such  or  such  positions.  This  experimental  result  at 
length  connects  itself  so  intimately  with  our  sensations^ 
that  we  never  (ail  of  giving  mentally,  certain  directions 
to  objects  according  to  the  sensation  they  have  im- 
pressed. And  it  is  to  this  we  must  attribute  certain 
optical  deceptions,  where  we  are  viewing  objects 
under  circumstances  with  which  we  are  not  famiUai. 
Thus,  objects  seen  by  reflection  in  a  plane  mirror 
appear  to  be  beyond  the  surface,  although  reason 
and  experience,  but  an  experience  much  later  tliaa 
our  first  associations,  apprize  us  of  our  error.  And 
3x2* 


460 


OPTICS. 


Optics. 


Distinct 
-visioD. 


F5g.9«; 


Change  of 
conforiua- 
ti(in  of  the 
eye. 


Chtinge  in 

?i'OU|HTtUiC 

1)1  ihc  pupil. 


Fi.:.  9 J. 


on  similar  principles  we  may  account  for  most  other 
optical  illusions. 

Distinct  and  indistinct  vision, 

301.  Having  said  thus  much  with  respect  to  the 
manner  in  which  vision  takes  place,  let  us  now  examine 
a  little  more  minutely  the  sensations  produced,  and  the 
phenomena  that  are  obser\'ed,  according  to  the  circum- 
stances under  which  objects  are  viewed,  particularly  as 
regards  distinct  and  indistinct  vision.  If  the  form  of 
the  eye,  the  situation  of  the  several  humours,  and  their 
respective  surfaces  remain  unaltered,  it  is  manifest  that 
those  rays  only,  which  diverge  from  points  at  a  parti- 
cular distance,  can  be  collected  upon  the  retina.  Thus, 
if  the  image  Q  (fig.  92)  be  formed  exactly  upon  the 
retina,  the  image  S,  a  point  further  from  the  eye  than 
Q,  will  be  formed  within  the  eye ;  therefore  the  rays 
which  proceed  from  this  point  will  be  diffused  over 
some  space  upon  the  retina ;  and  if  they  are  mixed 
■with  rays  which  diverge  from  other  points  in  the  ob- 
ject, necessary  to  be  distinguished  from  the  former,  the 
vision  will  be  indistinct.  On  the  other  hand,  the  rays 
which  diverge  from  T,  a  point  nearer  to  the  eye  than 
Q,  will,  after  refraction,  converge  to  t,  a  point  behind 
the  retina,  and  will  therefore,  in  this  case,  also  be 
spread  over  some  part  of  it,  and  the  vision  will  be  in- 
distinct as  before. 

302.  In  what  manner  we  change  the  conformation 
of  the  eye,  so  as  to  enable  us  to  see  objects  distinctly, 
at^differont  distances,  is  riot  satisfactorily,  ascertained ; 
but  the  fact  itself  is  sufKciently  manifest.  It  is  sup- 
posed by  some,  that  the  general  figure  of  the  eye  is 
altered ;  that  when  the  object  to  be  viewed  is  near,  the 
length  of  the  eye,  measured  along  the  axis,  is  increased 
by  the  lateral  pressure  of  external  muscles  ;  and,  on 
the  contrary,  when  the  object  is  remote,  that  the  length 
of  the  eye  is  diminished  by  the  relaxation  of  that  pres- 
sure. Others  suppose  the  effect  to  be  produced  by  a 
change  in  the  place,  or  figure  of  the  crystalline  humour. 
Others,  by  an  alteration  in  the  diameter  of  the  pupil, 
while  some  ascribe  the  effect  to  a  change  in  the  curva- 
ture of  the  cornea. 

.  Much  stress  cannot  be  laid  upon  the  first  of  these 
causes,  as  distinguished  from  the  last,  since  its  existence 
is  not  proved  by  experiment ;  and  there  is  no  necessity 
for  recurring  to  a  bare  hypothesis  of  this  kind.  With 
respect  to  the  second,  the  ligamcntum  ciiiare  does  not 
appear  sufficiently  strong  to  produce  any  considerable 
change  in  the  form  or  situation  of  the  crystalline 
humour.  And  as  it  is  clearly  ascertained  that  persons 
couched,  can  see  distinctly  at  different  distances,  we 
must  conclude,  that  the  effect  is  not  to  be  ascribed  to 
any  change  in  this  humour. 

303.  That  a  change  in  the  aperture  of  the  pupil  has 
some  effect  in  rendering  objects  distinct  at  different 
/listances,  may  be  shown  as  follows  : 

If  the  eye  of  a  spectator  be  directed  first  to  a  distinct 
object,  and  then  to  one  which  is  nearer,  the  diameter 
of  the  pupil  is  observed  to  decrease.  Let  HI  (fig.  93) 
represent  the  diameter  of  the  pupil,  QH,  QI,  the  ex- 
treme rays  of  a  pencil  divcrgin^r  frojn  Q,  and  which 
the  humours  of  the  eye  are  capable  of  collecting  upon 
the  retina,  then,  when  Q  is  at  a  less  distance,  Q /*,  from 
^he  eye  than  before,  if  A  i,  the  diameter  of  the  pupil  be 
ecjual  to  HI,  the  extreme  rays  Q  *,  Q  i,  of  the  pencil^ 
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which  now  enters  the  pupil,  diverge  more  than  QH, 
QI,  and  therefore,  they  will  not  be  collected  upon  the 
retina  (art.  301);  but  if  QH,  QI,  cut  il  t  in  m  and  n, 
and  the  diameter  of  the  pupil  be  contracted  to  m  «,^^^ 
then  the  extreme  rays  Q  m,  Q  n,   coincide  with  QHj^    -^ 
QI,  and  will  (as  those  rays  are)  be  collected  upon  th^^  ^^ 
retina.     Thus,  if  the  diameter  of  the  pupil,  m  n,  be  pro--  ^^^^ 
portional  to  the  distance  Q  m,  and  the  object  be  see^  .^^^ 
distinctly  at  any  one  distance,  it  will  be  seen  distinctly  .C^y 
at  all  other-  distances,  by  the  variation  of  the  pup^-^r:^^ 
alone,  as  far  as  this  variation  extends.     It  is  on  thr  ^^rr^l^ 
account,  that  a  small  hole  in  a  thin  plate,  enables  jz^m-  xx« 
to  view  objects  at  a  less  distance  than  we  could  wiflfe-  -a^li 
the  naked  eye,  as  it  answers  the  purpose  of  a  furt' 
contraction  of  the  pupil,  and  excludes  those  rays 
each  pencil,  which  diverge  too  much.     This  assistant 
cannot  be  made  use  of  to  any  great  extent,  because 
image  upon  the  retina  will  soon  become  indistinct 
want  of  light,  and  the  reflection  of  the  rays  at  t 
side  of  the  hole  will  render  it  confused.     The  diamel     ___ 
of  the  pupil,  however,  appears  to  be  more  affected     ^^>y 
the  quantity  of  light,  than  by  the  distance  of  an  obj^^<^ 
from  it ;  therefore,  though  its  variation  tends  to  c^=>jr. 
rect  the  different  degrees  of  divergency  of  the  eztrrmar^c 
rays,  when  objects  are  at  different  distances,  it  will  K^ot 
produce  the  effect  so  constantly  and  regularly,  a&      i« 
necessary  for  distinct  vision. 

The  principal  change  by  which  the  effect  is  produced^ 
seems  to  be  an  alteration  in  the  curvature  of  the  cornea^  ^i , 
In  order  to  show  that  such  a  change  takes  place,  'Mr^^^\ 
Ramsden  fixed  the  head  of  a  spectator  so  securely,  that 
no  deception  could  arise  from  its  motion,  and  directed 
him  to  look  at  a  distant  object    Whilst  the  eye  was  in 
this  situation,  he  placed  a  microscope  in  such  a  manner, 
that  the  wire  with  which  it  was  furnished  apparently 
coincided  with  the  outer  surface  of  the  cornea,  ara 
then  directing  the  spectator  to  look  at  a  nearer  obfect:, 
he  found  that  the  cornea  immediately  projected  beyond 
the  wire  of  the  microscope. 

Now  when  the  distance  of  an  object  is  diminisbe^^  > 
supposing  no  alteration  to  take  place  in  the  eye,  tbi  -* 
divergency  of  the  extreme  rays  of  the  pencil  incidec=it 
upon  the   pupil,   is  increased ;  and  therefore,   if  tl— M^e 
image  of  the  object  in  the  first  situation  be  formed  OfX^cgn 
the  retina,  in  the  latter  it  will  be  behind  it  (art  301  ^      ) ; 
but  an  increase  in  the  curvature  of  the  cornea  will  w^^Br 
crease  the  convergency  of  the  refracted  rays,  or  hrii        y 
them  sooner  to  a  focus ;  and  thus,  by  a  proper  chatih^g^ 
in  this  coat  of  the  eye,  the  rays  will  again  be  broug^^^ 
to  a  focus  upon  the  retina,  and  the  object  be  still  se^^a 
distinctly. 

304.  The  least  distance  at  which  objects  can  be  se^« 
distinctly  by  common  c  yes,  is  about  7  or  8  inches.  TH^ 
greatest  distance  cannot  be  so  easily  or  Jlccurate'j 
ascertained.     It  seems  that  the  generality  of  eyes  are 
capable  of  collecting  parallel  rays  upon  the  retina,  <>*" 
so  near  to  it  as  to  produce  distinct  vision;  and  tba^' 
the  greatest  distance  at  which  objects  can  be  distinctly 
viewed  is  unlimited.      For   this   reason,   in  adaptiog 
optical  instruments  to  common  eyes 
their  powers,  we  suppose  the  parts 
that  the  rays  in  each  pencil  may,  when 
the  cornea,  be  parallel. 

305.  Admitting  the  above  hypotht 
that  if,  in  consequence  of  a  defect 
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»6  tave  either  not  Uie  strength  or  pliability  ne- 
^  for  prodttCiDg:  a  sufHcient  change  ifi  the  con- 
jon  of  that  organ,  we  shall  only  be  able  to  see 
tly   such    objects  as  are  placed  within  certain 

more  or  less  extended,  according  to  the  parlicn- 

H  »u  of  ihc  eye  and  its  parts.     For  example, 

Aid,  or  vwn  [it  ihtj  front  of  the  cornea  be 

uvtx,  thf  true  place  of  the  images  of  distant  ob- 

»  vc^ry  near  the  crystalline,  and  consequently 

the  retina ;  we  can  see  them,  therefore,  ouly 

idistinrtly,  and  we  must  bring  the  eye  nearer  to 

lects,  in  order  that  their  images  may  fall  on  tiie 

This  is  the  defect  in  the  eyes  of  short- sighted 

B^  who  are  called  myopes. 

On  ihc  contrary*  if  the  front  segment  of  the 
,  or  if  the  crystaUine  have  ouly  a  sufficient  con- 
to  admit  the  images  of  very  distant  objects  to 
on  the  retina,  those  of  near  objects  will  have  a 
cy  to  form  beyond  it;  and,  consequently,  the 
ing  intercepted  by  the  retina  before  tlieir  union, 
i\  also  cause  a  confusion  and  prevent  distinct 
This  is  the  defect  of  those  who  are  too  loner* 
,  and  who  are  called  prrsltt/te*i ;  a  detect  which 
ly  attends  the  eyes  of  persons  advanced  in 
being  occasioned  by  the  absorption  of  a  part  of 
Hours  whieli  causes  a  flattening  of  the  crystalline 
iks  the  anterior  part  of  the  cornea, 

Myopejt,  therefore,  are  those  which  can  sec 
Jy  only  near  objects,  or  those  which  emit  the 
ry  diverging ;  and  prabi/tes  are  those  which  can 
e  distinctly  distant  objects  from  which  the  rays 
learly  parallel  Now  it  is  evident,  from  the 
of  lenses,  that  concave  glasses  will  cause  such 

enter  them  nearly  parallel  to  diverge.  An  eye 
ly  short-sighted  may  therefore  be  enabled  to 
lisli  distant  objects,  hy  means  of  the  artitxcial 
ncy  produced  by  such  a  lens,  the  concavity  of 
\  proportional  to  the  slate  or  figure  of  the  eye. 

a  similar  reasoning,  it  will  be  equally  evident 
Bsbytes  will  be  enabled  to  correct  the  detect  of 
es  by  convex  lenses,  these  having  a  tendency 
uce  a  parallelism  in  rays  which  enter  them  di- 

It  sometimes  happen  that  the  two  eyes  of  a 
are  very  different  in  their  powers,  the  one  being 
and  the  other  imperfect,  viz.  either  too  long  or 
rt-sighted,  Tn  this  case,  such  a  person  will 
y  turn  towards  objects  tlie  eye  most  adapted  to 
m  distincdy,  and  turn  away  the  other  from 
lest  the  imperfect  image  thus  formed  sliould 
D  and  confound  the  image  formed  by  the  perfect 
inch  persons  are  said  to  squint. 

11.   Vmon  hy  means  qf  knaes  or  mirrors. 

Since  we  see  an  ol:gect  only  by  means  of  the 
rhich  is  formed  in  our  eye,  it  is  obvious, 
lat  we  ought  to  see  an  object  only  in  the  direc- 
ording  to  which  the  rays  enter  our  eye  to  form 
ge^  If,  therefore,  these  rays  enter  after  many 
ms  and  reflections,  which  have  considerably 
I  the  primitive  direction  of  the  rays,  we  shall 
pr  see  it  in  the  direction  indicated  by  that  of 
joining  the  object  and  the  eye. 
hen  we  view  an  object  by  means  of  a  leas, 
r.  Sec.  which,  by  its  figure,  changes  the  di- 
pf  the  rays,  this  object  cannot  be  judged  of 


either  as  to  its  magnitude  or  situation^  according  to  the  Visiun. 
common  laws  of  naked  vision.  We  naturally  estimate  ^^^*v^^ 
its  extent  by  that  of  the  picture  formed  on  the  retina, 
and  this  depends  upon  the  angle  under  which  it  becomes 
visible,  or  the  angle  formed  between  the  two  extreme 
rays ;  h\  therefore,  the  refraction  or  reflection  have 
rendered  this  angle  greater  or  less  than  it  would  have 
been  with  the  naked  eye,  or,  which  is  the  same,  if  the 
angle  at  the  eye  between  the  two  rays  which  pass 
through  the  extremities  of  the  last  image  of  the  object, 
formed  by  refraction  or  reftectiun,  be  greater  or  less 
than  the  angle  at  the  eye,  between  the  extremities  of 
the  obfect,  w^th  naked  vision,  the  object  will  appear 
greater  or  less  in  the  same  proportion.  So  that  if  the 
eye  approach,  or  is  cairitd  further  from  this  last  image, 
the  object  will  appear  to  be  augmented  or  diminished 
accordingly,  without  any  consideration  whether,  in  this 
molion,  the  eye  really  approaches  or  recedes  from  the 
object  itself.  But,  notwithstanding,  if  an  object,  or 
the  image  of  an  object,  were  so  placed  with  regard  to 
an  extremely  thin  glass  or  a  mirror^  that  its  rays  were 
refracted  or  reflected,  so  as  to  become  at*terwards 
parallel,  the  eye  which  is  placed  in  their  direction  will 
see  this  object,  or  image  of  the  same  magnitude,  what- 
ever may  be  its  distance  from  the  lens  or  tlie  mirror : 
and  this  magnitude  will  be  the  satne  as  if  the  object 
were  seen  by  an  eye  placed  in  the  situation  of  the  lens 
or  mirror. 

Let  HS  (figs.  94,  95)  denote  one  of  the  dimensions  ¥\^,9^U9X 
of  an  object  or  an  image,  pland,  with  regard  to  the 
lens  CB,  so  that  the  rays  which  issue  from  the  point 
R,  or  which  tend  to  that  point,  issue  parallel  to  each 
other,  supposing  the  lens  indefinitely  thin.  Among 
these  rays  there  is  one,  vii5.  the  principal  ray,  which 
traverses  the  glass  without  refraction.  Let  8C  be  the 
ray  which  issues  from  the  centre  of  the  object  or  image, 
and  which  is  in  the  axis  of  the  lens.  It  is  evident  that 
the  angle  SCR  is  that  under  which  the  image  or  object 
SR  is  seen  by  an  eye  at  C,  which  is  the  place  of  the 
lens ;  and  in  whatever  point  E  of  the  axis  the  eye  is 
situated^  provided  it  be  found  m  the  direction  of  some 
one  of  the  rays  leaving  the  point  R»  or  which  teiid  to 
that  point,  it  will  see  this  object,  or  this  image,  under 
the  angle  CEB  =  SCR.  It  would  be  tlte  same  if  the 
eye  were  placed  at  the  focus  of  a  lens  or  mirror,  on 
which  the  rays  of  an  object  or  of  an  image  were  to  fall 
parallel,  viz.  at  whatever  distance  the  object  or  the 
image  was  placed,  with  regard  to  the  mirror,  the  eye 
would  see  it  always  of  the  same  magnitude, 

310.  With  regard  to  the  distance  of  the  eye  from  Apparent 
the  place  where  the  object  or  image  appears  to  be,  it  is  (ii^tenci?  of 
not  measured  hy  the  actual  distance  of  the  eye  from  ^'''J***^^' 
the  last  image.     But  since  the  apparent  distance  of 
objects  is  est  im  at  I'd  priucr  pally  by  the  idea  we  have  of 
their  magnitude,  it  follows,  that  when  we  see  objects, 
the  images  of  which  are  magnified  or  diminished  by 
refractions  or  reflections,  we  naturally  judge  them  to 
be  nearer  to  or  more  remote  from  the  eye  than  they 
really  arc,  in  proportion  to  the  magnitude  under  which 
they  qkj>pear,  compurid  with  tliat  which  we  attribute  to 
them  Irom  our  actual  knowledge. 

Now,  as  the  visible  surface  of  objects  seen  directly 
is  the  base  of  a  pyramid  of  light,  of  which  theSertex 
is  iu  the  eye,  if  the  point  of  this  vertex  become  more 
obtuse  by  means  of  one  or  more  re  fractious  or  re- 
flections^ the  object,  which  is  always  the  base,  ought 
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Optici.    in  consequence  to  appear  to  be  so  mnch  nearer  to  the 
»«>*>^"^^  eye.    On  the  contrary,  if  the  point  of  the  vertex  be 
rendered  more  acute,  the  object  will,  for  a  similar 
reason,  appear  more  distant;  and  hence  we  have  the 
following  construction  for  determining  the  apparent 
place  of  objects  seen  by  means  of  lenses  or  mirrors. 
Detcrrained      311.  Let  QR  (fig.  96)  be  one  of  the  dimensions  of 
by  con-       any  object,  O  the  eye,  OR  the  axis  of  the  pyramid  of 
fiiructioa.     yays,  by  means  of  which  the  object  is  rendered  visible. 
OT  the  direction  of  the  ray,  which  comes  from  the  ex- 
tremity Q  of  the  object,  after  any  number  of  reflections 
or  refractions  by  spherical  surfaces,  whose  axis  are  all 
placed  in  the  line  OR.     Draw  Q  q  parallel  to  OR,  till  it 
meets  the  ray  OT,  and  the  point  q  will  be  the  apparent 
place  of  Q,  or  of  the  last  image  of  the  point  Q,  and 
O  r  will  be  the  apparent  distance  of  the  eye  from  the 
object,  q  r  being  the  apparent  place  of  the  last  image 
seen  by  the  eye  situated  in  O. 

Hence  we  see  obviously,  why  convex  glasses  mag- 
nify, and  diminish  the  apparent  distance  of  objects, 
while  concave  ones  reduce  them,  and  make  the  appa- 
rent distance  greater, 

312.  All  that  has  been  above  stated,  may  be  illus- 
trated generally  thus.  Let  GR  (fig.iD7)be  the  common 
axis  of  any  number  of  lenses.  A,  B,  C,  &c.  and  QR  one 
of  the  dimensions  of  auy  object ;  £  the  place  of  the  eye 
which  receives  the  ray  QKIHE,  issuing  from  the  point 
Q,  and  which  falling  on  the  lens  AK  at  the  point  K,  is 
so  refracted  as  to  be  directed  towards  F,  but  meeting 
in  I  another  lens  BI,  it  is  refracted  again  towards  thje 
point/,  where  meeting  still  another  lens  HC  in  H,  it  is 
refracted  to  the  eye  at  E.     Now  it  is  evident, 

1.  That  because  ET  is  the  last  direction  of  the 
ray  which  arrives  at  the  eye,  if  we  draw  Q  q  parsHlel  to 
GR,  and  9  r  parallel  toQR,  the  last  image  of  the  object 
QR  will  appear  to  be  in  q  r. 

2.  That  the  apparent  distance  of  the  eye  from  the 
object  is  Er. 

3.  That  the  apparent  magnitude  of  the  object  is  to 
its  actual  magnitude  as  ER,  E  r,  for  the  angles  9  E  r, 
QER  being  small,  they  will  have  this  ratio,  nearly. 

4.  That  the  situation  of  the  object  will  appear  direct, 
or  reverse,  according  to  the  position  of  the  object  be- 
yond, or  on  this  side  the  centre  o(  sphericity  of  the  last 
glass  or  mirror,  with  regard  to  the  object,  or  to  the 
linage,  which  shall  precede  this  last,  and  which  served 
for  an  object — these  conditions  may  be  calculated  on 
the  principles  illustrated  in  (art.  284)  e/  seq. 

By  merely  changing  the  words  refraction  of  the  lens, 
for  the  reflection  of  the  mirrors,  all  that  has  been  said 
above  will  equally  apply  to  the  latter  case ;  see  also 
with  reference  to  mirrors  our  concluding  section  on 
Catoptrics. 

TIL  Cf  spectacles, 

313.  Spectacles  are  so  well  known  as  to  their  gene- 
ral form,  and  their  purposes  so  well  understood,  that 
it  seems  scarcely  necessary  to  attempt  any  formal  de- 
finition  of  them,  or  description  of  their  general  form  in 
this  place ;  we  shall,  therefore,  merely  offer  a  few  re- 
marks relative  to  the  theory  of  these  glasses,  which 
are  certainly  the  most  common  and  by  far  the  most 
useful  of  any  optical  instruments. 

Convex  lenses  magnify,  and  concave  lenses  diminish 
the  objects  seen  through  them ;  but  these  must  be  con- 
sidered as  accidental  or  secondary  properties  of  spec- 
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tacles,  the  design  of  them  being  neither  to  mage 
diminish  objects,  but  to  alter  the  disposition  01 
tion  of  the  rays  at  their  entrance  into  the  eye,  ti 
to  render  them  more  suitable  for  distinct  vision ; 
is  an  object  of  so  much  importance,  that  the  a| 
thereby  put  as  it  were  upon  a  level  with  the  yoni 
enabled  to  read  a  common  print,  when  with  the 
sight  they  could  scarcely  distinguish  one  letti 
another.  By  the  help  of  proper  glasses,  or  Mpe^ 
the  short-sighted,  whose  sphere  of  distinct  visi 
bably  does  not  much  exceed  two  or  three  feel 
their  sight  extended  to  the  greatest  distances :  it 
owing  to  similar  aids,  that  many  of  the  arts  hai 
brought  to  that  high  state  of  perfection  to  whi« 
have  now  attained ;  amongst  others,  we  may  n 
the  accurate  division  of  astronomical  instrumc 
which  the  artist  is  much  indebted,  if  not  to  sp< 
at  least  to  eye-glasses. 

The  longrsighted  eye  receives  greater  benefit 
convex  lens  than  the  short-sighted  docs  from,  o 
is  concave.  For  an  object  seen  through  a  conv 
is  not  only  magnified,  but  it  is  seen  brighter  by 
receiving  a  larger  pencil  of  light  from  each 
point,  on  account  of  the  rays  entering  it  less 
mg.  On  the  contrary,  a  concave  lens  not  onl 
nishes  objects,  but  also  renders  them  darker,  t 
the  rays  are  thus  transmitted  more  diverging 
eye,  and  consequently  the  pupil  cannot  receive  s 
of  those  rays  at  it  otherwise  would.  It  is  on  I 
count  that  short-sighted  persons  camiot  see 
objects,  unless  they  be  very  large  and  bright,  1 
through  a  concave  lens,  as  the  theory  of 
formed  on  the  retina  may  seem  to  promise.  I 
principal  impediments  to  the  distinct  vision  of 
objects,  are  their  want  of  light  and  magnitud 
both  these  defects  are  further  increased  by  c 
lenses. 

The  twa  following  problems  embrace  nearl] 
thing  connected  with  the  theory  of  spectacles. 

314.  Problem  I. — Given  the  distance  at  m 
short-sighted  person  can  see  distinctly,  to  find  tl 
length  of  a  j^-lass  which  will  enable  him  to  see 
other  given  distance. 

Let  E9  (fig.  98)  be  the  distance  at  which  he  t 
distinctly,  and  QE  a  greater  distance  at  which  he 
to  view  objects ;  let  AB  be  a  concave  lens  whos 
length  is  such,  that  the  rays  which  are  inciden 
it  diverging  from  Q  may,  after  refraction,  diverf 
q ;  then  they  will  have  a  proper  degree  of  conv< 
for  the  eyes  of  the  myope. 

Take  F  the  principal  focus  of  rays  incident 
contrary  direction ;  then 

QF  :  QE  ::   QE  :  Q7; 
consequently, 

QF-QE  :  QE  :  QE-Q^  :  Qj; 

whence  FE  =:  — -r . 

If  QEbeindefinitelv  great,  then  QE  =  QF  and 
Eg. 

315.  Problem  II. — Having  given  the  disti 
which  a  long-sighted  person  can  see  distinctly, 
the  focal  length  of  a  convex  lens,  which  will 
him  to  see  distinctly  at  any  other  distance. 

If  7  E  be  the  distance  (fig.  99)  at  which  he  i 
distinctly,  and  QE  the  distance  at  which  he  wi 
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objects,  and  AB  he  a  convex  lens,  whose  focal 
Jib  FE  is  such,  tlmt  the  rays  which  diverge  from  Q 
^^Y,  ^^^^^  refraction,  diverj^e  from  9.  Take  F  the 
principal  focus  of  rays  incident  in  the  contrary  direc- 
^voa,  then  as  above, 

QF  :  QE::QE  :  Q9; 
ton8e<|uently^ 

QF  +  QE 


>»lience 


FE  - 


QE::QE-|-Q7 

QE  X  E7 


Qq\ 
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If  Ey  be  indefinite! V  great,  or  the  eye  require  parallel 

m  then,  E9  =  Q  9  and  FE  n  QE. 
if  the  tye  reqniTe  converg;ing^  rays,  9  falb  on  the 

Other  side  of  the  lens,  in  which  case  FE  is  le^^s  than  QE, 
fti  the  choice  of  glasses  for  long  or  short-sighted 
persons,  care  should  be  taken  to  selecf  such  as  have 
the  least  ref'ra^Htng"  power  that  will  yuBwrrthe  purpose. 
For  the  eye  ha?  a  tendency  to  retain  that  conforma- 
tion lo  which  it  is  accustorar d,  and  therefore,  by  the 
use  of  improper  glasses,  its  ira perfections  may  be 
iacreased. 

316,  In  all  that  we  have  hitherto  advanced  respect- 
ing the  nature  of  vision,  we  have  only  considured  one 
cye^  and  this  is  sufticient;  for  in  whatever  manner  rav'^s 
*.re  refracted  or  reflected,  and  images  formed,  by  the 
humours  of  one  eye,  in  the  siime  manner  will  the  ef- 
fects he  produced  in  iht^  humotn's  of  the  other;  we 
''ftve  only  to  account  for  the  rircim^stance  that  we  do 
^ot  perceive  two  images,  aa   ih^^-re  are  douhtlei^s  two 
formed,  and  this  is  u  qiicstion  p^-rhaps  not  readily  dc- 
'  idtd;  it  is  most  likely  to  be  af.tribuied  to  habit,  the 
^.inje  as  we  hiivo  before  endeavoured  to  acconnl  for 
an  inverted  ima*^e  convoying;  to  the  mind  the  idea  of 
aji  rrect  object:  although  some  authors  arc  of  opinion, 
tHal  it  is  due  lo  the  similarity  of  the  eorrcspondiny; 
paurts  of  the  optic  nerves  and  their  union  with  the  brain. 

Id  support  of  the  farmer  livpolhcsis,  we  have  a  strong 

/Hct  stated  by  Mr.  Chessolden.     A  person  hnri  one  of 

tii^eyes  distorted  by  a  blow,  and  for  some  time  afier 

ry  object  appeared  to  him  doulde;  but  by  deg^re^s 

most  famihar  ones  became  siriLrle,  and  iti  time  all 

«=»*-»ject9  became  so,  althonirh  the  di^vtortioo  remained. 

*^<^  this  we  may  add,  (hat  children  somHimes  Itnrn  to 

P^tiint,  and  by  proper  attention,  this  habit  may  again 

*^     a   ^eat  measure  be  corrected.      Under  both  cir- 

^^ instances  objects  appear  sinp;le,  and  it  is  manifest 

^nat   the  images  cannot,  in  both  cases,  (all  upon  cor- 

**^8poudiutf  parts  of  the  retinas. 

317,  We  have  only  further  to  obsene.  that  whatever 

w  ilie  cause  of  single  vision,  when  an  object  h  viewed 

^itentively,  the  axes  of  both  eyes  are  in  general  di- 

'f^^ited  tfj  it:  thus,   if  P  (fi^*  100)  be  the  object,  the 

^'Tea  are  mf>ved  till  the  optir  aTcs.  AP,  ^f  P,  meet  in  P, 

^nd  tlie  images  A,  a,  ore  formed  on  corresponding 
pOffiti  of  the  retinas,  In  tht^  pohiliftn  of  the  imas:es, 
■  whether  from  the  correspondence  of  the  nerves,  or 
^b  "Otn  eiperience,  the  idt^a  of  ^  single  object  is  su^- 
^"  ^ttA  to  the  mind  scarcely  diHermg  from  the  idea 
I  ^Jtciieti  by  one  Imagfc  only,  excepting  that  the  images 
I        .v»0'-'-  r  what  bnejhter  when  seen  with  both  eyes, 

I  '  ey  are  SQvn  with  one  only. 

f  tiic  eyes   remain  in   tlie  same  position,  tlie 

B,  A,  of  Q  an  object  near  Ko  P,  and  at  the  same 
from  the  eyes,  will  be  formed  on  tlie  retinas, 
V shaving  assumed  proper  conformation  for  did- 


tioct  vision  at  that  distance  ;  and  B,  h^  which  are  both  Oi^ikal  In- 
on  the  right  or  both  on  the  left  of  the  respective  axes,  auiimeim. 
are  corresponding  points,  and  suggest  the  idea  of  a  ""-^'^^'^^^ 
single  object  as  before. 

\  V,  Optical  instruments  and  phenomena. 
318-  Having  ID  the  preceding  sections  of  this  trea- Optictl  in- 
tise,  illustrated  all  the  fundamental  principles  of  the  atniiufiru 
theory  of  Catoptrics  and  Dioptrics,  we  shall  conclude  by  ^"^^  P'"*""* 
adding;  a  description  of  all  the  more  popular  and  useful 
optical  instruments,  with  an  illustration  of  such  optical 
phenomena  as  are  dependant  upon  the  principles  treated 
of  in  the  foregoing  section;  others,  which  aire  more  in- 
timately connected  with  tlie  physical  properties  of  light, 
will  be  best  examined  in  our  seperate  treatise  on  that 
subject.  We  propose  here,  to  folbw  the  same  method 
and  arrangement  as  in  our  treatise  of  Hydrodynamics 
and  Puoumattcs ;  that  is,  we  shall  not  in  this  chapter 
describe  the  instruments,  of  which  we  treat  at  such  a 
leng^th,  as  is  necessary  for  explaining  the  various  pro- 
cesses followed  in  tiieir  construction,  our  views  being; 
merely  to  illustrate  tiie  theory  of  what  may  relate  to 
the  practical  application,— the  diil'erent  forms  given 
to  them  by  didereut  artists,  will  be  reserved  in  those 
cases  where  such  detail  is  required,  for  the  proper 
places  in  our  atphabelical  arrangement. 

Of  trkxcojits, 

319.  The  invention  of  telescopes  is  certainly  one  of  Of  if  U>- 
thc  noblest  monuments  of  human  genius  ;  by  means  of  =**^'^F'^*"'^ 
this  iustiuiTient  w<?  have  extended  our  vitws  and  re- 
searches far  btyund  the  limits  of  our  own  globe,  or  that 
sphere  which  nature  seems  to  have  designed  for  our 
inquiries.  Telescopes  have  enabled  us  to  penetrate 
into  Lht»  inmitnsity  of  space,  and  to  become  as  il  were 
f;i[uiliar  with  other  worlds,  and  other  spheres,  placed 
almost  at  immeasurable  distances  from  us,  and  to  dis- 
cover an  infinitude  of  celestial  bodies*  whose  existence 
must  for  ever  have  remained  unknown  to  us,  but  for 
this  invention. 

Such  being  the  high  importance  of  telesco|)es,  it  is 
not  astonishing  that  so  mucli  talent  and  attention  have 
been  directed  towards  bringing;  it  to  \H  greatest  pos- 
sible pi  rfection,  a  state  which  it  has  now  perhaps  at- 
tain Ltl  ;  but,  as  we  have  observed  above,  it  will  not 
be  our  province  in  thi;^  place  to  enter  into  a  mmute 
description  of  the  several  successive  changes  and  im- 
provements which  it  has  undergone  in  the  hands  of 
different  philosophers;  this  is  a  part  of  the  subject 
which  vvill  be  treated  of  hereafter  ;  we  shall  here  merely 
examine  the  theory  of  these  instruments,  under  their 
two  principal  divisions  of  catoptric  and  dioptric  tele- 
scopes, 

Of  (liojfttfc^  (/r  nfraettng  itfeecoprx, 

3^0.  We  may  distinguish  three  diOerent  klmh  of  re-  Rrfiuctiug 
fracting  telescopes,  depending  upon  the  ti^ure,  position,  teiesco^H-s. 
and   the  number  of  its  lenses,  viz.  the  Galilean,  the 
astronomical,  and  the  common,  or  terrestrial  telescope* 

L  Ttlt9cap€  af  Gahteo* 

321.  Of  these,  the  first  tliat  we  shall  cons  'gGeJ 

the  first  in  the  order  of  invenlion,  is  the  Ga  v-  id- 

scope,  thus  called  from  its  being  supp  »-  fl    m»    hay« 
bern  first  invented  by  Galileo,  about  tli';  vu^r  1609. 
In  this  instrument,  the  eye-H:bss  PQ  (fig.  liil)  h  cou^fig,  loi. 
cave,   or  plano«concave,  and  is  placed^  between  the 
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Optics,     object-glass  MN  and  its  focus  O,  in  such  a  manner  that 
the  axes  of  the  two  glasses  may  be  in  the  same  right 
line  AO,  and  their  foci  in  the  same  point  O. 
From  this  construction,  it  appears, 

1.  That  because  the  surface  of  the  object-glass  is 
much  greater  than  the  opening  of  the  pupil  of  the  eye, 
there  will  necessarily  be  a  much  greater  quantity  of  the 
rays  issuing  from  any  point  of  an  object,  conducted  to 
the  eye  in  this  manner,  than  could  possibly  take  place 
in  naked  vision. 

2.  That  tlic  object  being  supposed  infinitely  distant, 
the  incident  and  parallel  rays  falling  upon  the  object- 
glass,  as,  for  example,  AD,  A'D',  A*!)',  being  first 
rendered  converging  towards  O  by  their  refraction  in 
traversing  MN,  and  afterwards  parallel  in  passing 
through  PQ,  they  will  be  much  more  dense  after  this 
second  refraction  than  before  the  first,  and  will  there- 
fore, when  received  by  an  eye  placed  near  O,  paint  an 
image  of  the  object  so  much  the  more  vivid,  as  the 
density  of  the  pencil  of  rays  is  then  greater  than 
before  they  fell  upon  the  object-glass. 

3.  With  regard  to  the  points  B  of  the  object  OB, 
which  are  situated  out  of  the  axis  OA  of  the  telescope, 
it  is  obvious  that  they  will  send  forth  parallel  rays, 
represented  in  the  figure  by  CD  and  its  two  parallels, 
which  in  traversing  the  object-glass,  are  refracted 
towards  some  point  6,  near  to  the  point  o ;  they  are  then 
rendered  nearly  parallel  in  traversing  the  eye-glass  PQ, 
whence  they  emerge  much  denser  than  when  they  first 
impinged  on  CD,  and  will  consequently  impress  on  an 
eye,  properly  situated,  a  vivid  image  of  the  point  B. 
But  since  this  pencil  in  emerging  from  the  eye-glass 
diverges  from  the  pencil  formed  by  the  point  O,  the  eye 
may  not  receive  at  the  same  time  impressions  of  both 
these  objects;  that  is,  if  it  be  not  sufficiently  near  to 
the  point  of  concourse  F  of  both  these  pencils.  It 
follows,  therefore,  that  in  viewing  an  object  by  means 
of  this  telescope,  we  sh^U  see  a  greater  number  of  its 
parts  as  the  eye  is  placed  nearer  to  the  eye-glass,  aqd 
as  the  pupil  is  more  dilated.  But  since  the  dilation  of 
the  pupil  is  naturally  very  small,  and  that  it  is  involun- 
tarily contracted  proportionally  to  the  quantity  of  light 
which  impinges  on  the  eye,  it  is  obvious,  that  the  field  of 
view  of  these  telescopes  will  be  so  much  the  less  as  the 
focus  of  the  eye-glass  is  greater. 

4.  Lastly,  because  the  nature  of  light  will  not  admit 
tiuiis  in  this  Qf  quj.  using  eve-glasscs  whose  foci  are  diminished 
instrament.  )y^yQ^^  ^  certain  limit;  but  that  on  the  contrary,  the 

foci  ought  to  be  longer  in  proportion  to  the  length  of 
the  foci  of  the  object-glasses,  as  we  shall  see  in  a  subse- 
quent article;  it  follows,  that  the  field  of  view  in  tele- 
scopes of  this  construction,  will  be  less,  the  greater  the 
length  of  the  instrument,  which  inconveniences,  to- 
gether with  those  above  described,  soon  led  astronomers 
to  reject  this  instrument  for  the  purposes  of  astronomical 
observation ;  but  the  principles  of  it  are  still  employed 
in  the  construction  of  opera-glasses. 

5.  It  is  obvious  from  the  figure,  that  the  objects  seen 
through  this  instrument  will  be  erect;  for  the  pencil  of 
rays  c,  which  exhibits  the  point  B  of  the  object  under 
the  axis,  will  meet  the  eye  in  the  direction  c  E,  which 
answers  to  a  point  also  below  the  axis;  and  in  the 
same  manner,  a  ray  issuing  from  any  point  of  the 
object  above  the  axis,  will  have  a  similar  direction  when 
it  emerges  from  the  eye-glass;  consequently,  objects 
and  their  images  will  have  like  positions  with  respect  to 
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direction,  when  viewed  through  a  telescope  of  this  con-  O; 
struction.  si 

6.  The  nearer  an  object  approaches  to  die  object-  ^ 
glass,  the  more  distant  will  be  its  focus  from  the  same.  A' 
and  consequently,  the  more  distant  must  also  be  the  ^J^j 
eye-glass,  in  order  that  the  two  foci  may  coincide. 

7.  We  have  seen  that  the  rays  which  emerge  from 
the  eye-glass  will  be  parallel,  when  the  object  and  eye-  F* 
glasses  are  so  adjusted  that  their  two  foci  coincide ;  in  ^^ 
this  state  the  instrument  will  answer  to  an  eye  of  per-  *^ 
feet  sight.     If  the  observer  be  near-sighted,  the  eye- 
glass must  be  adjusted  a  little  nearer  to  the  object- 
glass,  in  order  to  change  the  parallelism  of  the  emerg- 
ing rays  into  a  slight  degree  of  divergency ;  that  this 
approximation  of  the  glasses  will  produce   such  an 
eflect  is  obvious,  by  referring  to  (art  286),  where  it 
has  been  shown,  that  as  the  objecfc  recedes  from  the 
focus  of  a  concave  lens,  the  refracted  rays  will  be  ren- 
dered convergent  on  the  side  opposite  to  the  eye^  or 
on  the  side  of  the  object,  and  consequently  diverging 
towards  the  observer. 

322.  Problem. — ^To  determine  the  magnitude  of  31 
the  field  of  view  in  Galileo's  telescope  when  the  eye  is  ^ 
placed  close  to  the  eye-glass.  " 

Let  MN  (fig.  102)  be  the  diameter  of  the  object-  Fi 
glass,  AB,  the  diameter  of  the  pupil,  whose  centre  is 
in  the  axis  of  the  telescope;  join  MB,  the  opposite 
extremities  of  these  diameters ;  and  let  MB  meet  the 
axis  in  x,  and  the  image  in  p ;  join  LB,  Lp,  and  sup- 
pose p  L,  and  ^  L  to  be  produced,  till  they  meet  the 
object  in  P  and  Q ;  join  also  MP.     Then  will  PM  be 
refracted  to  the  pupil  in  the  direction  MB ;  but  any 
other  ray  in  the  pencil,  as  PL,  and  every  ray  which 
flows  from  a  point  more  distant  from  the  axis  of  the 
telescope,  which  is  refracted  by  MN,  will  fall  beJoir 
the  pupil ;  therefore  PQ  is  half  the  linear  magnitude  of 
the  greatest  visible  area.     Now  QP  is  measured  bjjj^ 
the  angle  QLP,  or  by  its  equal  9  Lp,  and 

qLp  =:  ELB  +  BLp  = 

ELB  -f-  LBM  -  Lp  M. 
By  doubhng  these  quantities,  2  QP  is  measured 
2  ELB  +  2  LBM  -  2LpM. 

That  is,  the  linear  magnitude  of  the  field  of  vie* 
when  the  eye  is  placed  close  to  the  concave  lens  i 

Galileo*s  telescope,  is  measured  by  the  angle  whiM^>-c 
the  diameter  of  the  pupil  subtends  at  the  centre  of  tT-1 
object-glass,  increased  by  the  difTerence  between  tHC^I 
angles  which  the  diameter  of  the  object-glass  8uP-^» 
tends  at  the  pupil,  and  at  the  image. 

323.  In  order  to  determine  the  brightest  part  oft 
visible  area,  join  NB,  and  let  it  meet  the  image  in^ 
join  BL,  s  L,  and  produce  s  L  till  it  meets  the 
in  S.     Then  all  the  rays  which  flow  from  S,  or  fn 
any  point,  between  S  and  Q,  and  fall  upon  the  objec: 
glass,  will  be  refracted  to  the  eye;  and  QS  will  bet* 
linear  magnitude  of  half  the  bright  part  of  the  field  ^ 
view.     Now  QS  is  measured  by  the  angle  SLQ,  wh* 
is  equal  to 

*  L  9  =  BLE  -  BL  *  =:  BLE  -  LBN  +  BLN  +  It  ] 
and  2  QS  =  2  BLE  -  2LBN  +  2  L*  N. 

II.  Astronomical  telescope, 

324.  The  second  description  of  telescope,  and  near'^K" 
the  only  one  of  the  dioptric  kind  employ^  for  celestiii'^ 
observation,  and  therefore  called  the  astronomical  tei^'^^ 
scope,  is  represented  in  (fig.  103);   it  has,  like  the 
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pr^feiliug:*  only  one  eye-glass,  1>ut  ihh  \b  a  convex  or 

nJaDO-coiivex  lens,  and  so  placed  with  regard   to  the 

cbject-glasF,  which  is  a  similar  lens.  Unit  their  two  foci 

jnay  coincide  in  the  axis  of  the  telescope,  between  the 

two  crUftses,  instead  of  being  beyond  tlie  eye-glass,  as 

in  tl  nent  last  deacribcd.     In  tlie  figure,  PQ  Is 

ihe  I  ,  MN  the  object* yjlass,  KD  tlie  axis,  and  o 

Kiihe  coniai^a  focus,  or  rather  the  point  of  concourse  of 

Htlie  t\^o  foci. 

According:  to  this  construction,  it  is  obvious, 
rt         1  *  That  the  rays  emitted  from  the  point  O,  of  an 
•"     object  OB,  infinitely  distant^  repreaontea  in  the  fig^e 
^by  AD,  AD',  A"D^  (O  behig  in  the  axis),  after  tra- 
^■^rsicg:  the  object-glass,  are  re  (Vaeted  to  the  focus  o^ 
^^here  therefore  they  will  form  im  ima^e  of  the  point  O, 
IBT*      2.    This  ima^e  o  may  be  considered  as  an  object 
placed  in  the  focus  of  the  eye-glass  PQ,  and  conse- 
quently the  rays  diver^in^:  from  <»,  and  falling  on  PQ, 
wrill  emerge  from  it  in  a  direction  parallel  to  the  axis 
and  to  each  othei*,  and  will  be  so  much  the  more  dense 
aa  tbe  focal  length  of  the  latter  lens  is  less  than  that 
of    the  former.     They  will  therefore  paint  on  the  retina 
or  a  common  eye,  or  one  of  long  sight,  a  new  image  of 
tli.e  point  O,  and  which  will  be  so  much  the  more  vivid, 
«iA  the  surface  of  the  object-glass  is  greater,  that  is  as 
it.  admits  a  greater  quantity  of  light, 

3.  At  whatever  distance  the  eye  is  placed  from  the 
^ye-glasfi,  provided  it  be  in  the  direction  of  the  emerging 
"liay,  it  ought  to  see  the  image  with  the  same  distinctness. 

4.  The  parallel  rays  emitted  from  the  extremity  B 
of  the  object  OB,  ought  to  form  in  A,  near  the  focus  a, 
wlu  image  of  this  extremity,  and  which  falling  after- 
mrards  on  the  eye-glass  PQ,  they  will  emerge  parallel 
to  each  other,  but  so  much  the  more  inclined  to  the 
axis  AF  as  the  curvature  of  PQ  is  greater:  so  that  the 
&xb  of  the  pencil  which  they  form  will  cut  the  common 
mxiB  of  the  two  lensrs  in  the  focus  F  of  the  cye*glass; 
emd  consequently,  in  order  tliiit  an  eye  may  see  all  the 
tf&ttfe  o  6  at  the  same  time,  it  is  necessary  that  it  be 
placed  at  the  point  F,  the  common  intersection  of  all 
tJie  rays,  emitted  from  each  point  of  the  image  a /i,  or 
of  the  object  OB. 

5.  It  follows  also,  from  what  has  been  above  stated, 

tt»at  the  image  of  the  object  will  be  reversed ;  ibr  the 

poirii  b^  in  which  is  formed  the  image  of  the  point  B, 

will  be  refracted  to  the  eye  in  the  direction  PF,  and 

|U  consequently  have  a  ditfejent  direction  from  that 

irj'th  ^Jiit-^  it  is  eniilted  from  B,  and  in  the  same  nian- 

^  it  is  obvious,  that  the  ray  which  renders  visible  the 

*iit  A  above  the  axis,  will  reach  the  eye  as  if  it  pro* 

r^^^  from  below  the  axis ;  whereby  the  entire  image 

W  be  reversed,  as  above  staled. 

*  •    It  is  obvioB^,  hy  referring  to  the  fi^^iir#,  and  to 

^t  has  been  ab  '1,   that  the  field  of  new  of 


**^  l<.*le«cope  dc|t 


ipully  upon  tl>e  magnitude 


^ve  to  the  instittnieni  towards  o  h,  which  may  be 
*_   -J^idered  as   ihe  common  focws  of  the  two  glasses ; 
^y^  ^he  eye  placed  at  the  point  F  may  see  all  the  points 
*lOa€  images  have  reached,  or  ve»7  nearly  reached, 
^^^t  foCQSi     This  is  an  advantage  that  does  not  upper- 
to  th«  Gakleim  telescope,  and  it  i$  that  which  lias 
1  3&eron6mers  to  aflopt  the  former  in  pTefercnc^ 
M^  Imtter. 

^«    lit  this  teleicopCr  if  tlie  object  he  brought  nearer 

%Ji«    objecWgiw,    its  ims^    will   n^esfsrily   be 

Avtbar  fiwiti  k  en   c£a  oppoiiu  «de,  and 

^L,  HI. 
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therefore  the  eye-glass  must  also  be  carritd  further 
back,  in  order  to  preserve  llie  coincidence  of  the  two 
foci.  Tho  instrument  being;  therefore  formed  of  two 
parts,  moveable  one  within  the  other,  or  any  other 
contrivaucts  being  bad  recourse  to,  which  will  enable 
us  to  move  the  eye-glass  within  certain  limits,  it  will 
answer  equally  well  for  near  or  remote  objects. 

9,  What  is  stated  above,  is  all  given  witli  refer<*nce 
to  common  eyes;  but  we  may  observe,  that  if  the  eye 
applied  to  this  instrument  be  short-sighted^  the  object 
glass  must  be  brought  nearer  to  the  eye-glass,  or 
wliich  is  the  same,  towards  the  image  oh,  iu  order  that 
this  image,  being  then  placed  between  tlie  eye-glass 
and  its  focus,  the  rays  falling  upon  it  may,  alter  paaaisig 
through,  be  rendered  diverging. 

3*25.  In  this  telescope,  the  field  of  view  is  tlie  greatest 
when  the  eye  is  so  placed  as  to  receive  the  extreme 
rays,  refracted  from  the  object-glass  to  the  eye-glass. 
LetMN  (%*  104)  be  the  diameter  of  the  object-gla8«, 
AB  the  diameter  of  the  eye-glass:  join  NB,  the  cor- 
responding extremities  of  the  glasses,  and  let  NB 
cut  the  image  p  9  r,  in  p ;  join  p  L,  and  conceive  p  L, 
EL,  to  be  produced  until  they  meet  the  object  PQ  in 
P  and  Q  ;  join  also  p  E,  NP  ;  and  draw  BO  parallel  to 
p  E.  Tlicn  if  the  eye  be  placed  at  O,  it  will  receive  thfc 
ray  NBO  ;  and  it  is  this  ray  which  comes  from  a  point 
in  the  object  at  the  greatest  visible  distance  from  tbe 
axis  of  the  telescope;  for  the  rays  which  flow  from 
any  point  in  the  object  above  P,  will,  after  the  first 
refraction,  converge  to  a  point  p  below  the  glass  AB, 
and  consequenlly  P  is  the  extreme  visible  point  in  the 
object,  and  QP  is  half  the  linear  magnitude  of  the 
visible  area.  Now  when  the  diameter  of  the  object- 
glass  is  greater  tlian  th^at  of  the  eye-glass,  which  is  the 
case  in  those  instruments  ustd  for  astjonomical  pur- 
poses, the  rays  NB,  LE  will  converge  to  some  point  2* 
beyond  the  eye-glass ;  therefore,  the  point  0  to  which 
ihey  converge  after  the  second  refraction,  and  where 
the  eye  must  be  placed  to  receive  them,  is  between  the 
glass  E  and  its  principal  focus. 

If  NB  and  LE  be  parallel,  O  is  the  principal  focus ; 
if  they  diverge,  then  O  will  be  beyond  that  focus. 

326.  Referring  to  the  above  figure,  it  is  obvious  that 
NBO  is  the  only  ray  which  comes  to  the  eye  from  P; 
for  any  other  ray  of  the  pencil,  as  PL;?,  after  refraction 
at  the  object-glass,  ciosses  NB  in  j^,  and  falls  below 
the  eye-glass*  Hence  it  follows,  that  the  extremity  of 
the  visible  area  h  very  faint*  If  the  point  be  taken  in 
the  object  nearer  to  the  centre  of  the  field  of  view, 
more  of  tlie  rays  which  flow  from  it  will  be  refracted  to 
the  eye :  and  thus  the  brightness  w^ill  continnally  in- 
crease till  all  the  rays  in  each  pencil  incident  upon  MN 
are  received  by  the  glass  AB ;  when  this  takes  place, 
the  brightness  will  become  uniform ;  because  the  same 
number  of  rays,  or  very  nearly  so,  is  received  by  the 
glass  MN  from  every  point  in  the  object 

If  it  be  reqnired  to  determine  the  bright  part 
of  the  field  of  view,  we  may  join  MB.  which  will  cut 
pqr  in  s,  and  the  axis  LE  iu  i-';  join  also  Lj,  and 
conceive  it  to  be  produced  till  it  meets  the  object  in  S. 
Then  if  .t'  E  be  greater  than  9  E,  all  the  ray«  which 
flow  from  8,  and  fell  upon  MN,  will  be  refiracted  *o 
the  eye-glass;  for  MS  is  refracted  in  the  direction 
M  /I  B,  and  any  other  ray  of  the  pencil,  as  SL,  crosses 
MB,  at  f,  and  falls  somewhere  between  A  and  B* 

la  the  saoAe  matmer  rays  which  flow  from  any  point 
3o 
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between  S  and  Q,  and  fall  upon  MN,  will  be  refracted 

to  th#  eye-glass  AI3. 

If  /  and  7  comcide,  tlpit  is,  if  the  linear  apeitures 
MN,  AB,  of  the  glasses  be  proportiona!  to  their  focal 
lengths,  the  brigUtnessi  of  the  tielcl  increases  to  the 
centre.  And  if  q  tall  between  L  and  r',  the  whole 
of  the  mys  belonging;  to  any  one  pencil  incident  npon 
MN,  will  not  be  received  by  the  eye-g^lass.  In  this 
case  a  less  aperture  of  the  object-glass  would  produce 
the" same  brightness,  with  less  aberration, 

327,  Problem. — To  determine  the  prreatest  visible 
area  of  the  field  of  view  in  the  astroiiomieal  telescope. 
Referring  still  to  (fig.  104),  let  pr^r  be  the  image 
formed  by  the  object-glass,  and  join  NB,  cntthig  jj^r- 
in  ;j  ;  join  also  LB,  Lp ;  and  suppose  p  L,  EL,  to  be 
produced,  till  they  mert  the  object  in  P,  Q ;  then  it  is 
obvious  that  QP  wilt  be  half  the  linear  mat^nitude  of 
the  gfreatest  visible  area  (art.  32o),  and  it  will  be  mea- 
sured by  the  angle  PLQ,  or  its  equal  pLtj:  that  is, 
by  BLE  -h  hhp,  or  by  BLE  ^LpN-  LBN ;  conse- 
quently 2QP  is  measured  by 

2BLEH-  2Ly>N-2LBN: 
that  is,  by  the  angle  which  the  diameter  of  the  eye- 
glass subtends  at  the  centre  of  the  object-j^la^s?,  in- 
creased by  the  difference  between  tlie  angles  which  the 
diameter  of  the  object-glass  subtends  at  the  image, 
and  at  die  eye-glass. 

3*28.  In  like  manner  it  may  be  shown,  that  the  linear 
magnitude  of  the  brightest  part  of  the  visible  area  is 
measured  by  the  angle  which  the  diameter  of  the  eye- 
glass subtends  at  the  centre  of  the  object-glass,  di- 
minished by  the  difference  between  the  ant»les,  which 
the  diameter  of  the  object-glass  subtends  at  the  image 
and  at  the  eye-glass. 

ML  Ttkscopc  for  tcmstiial  okscnat'tons. 

329.  The  third  sort  of  refracting  telescopes  are  those 
which,  by  the  addition  of  two  other  eye-glasses,  bring 
the  objects  observed  by  them  into  their  natural  posit ion» 
instead  of  inverting  them  as  in  the  ins^trumcnt  last 
described.  The  nature  of  this  constrnction  will  life 
readily  comprehended  by  a  reference  to  (fig.  10*5),  The 
four  lenses  MN,  PQ,  RS,  TV' »  liave  all  one  common 
axis  A/,  each  contiguous;  two  of  which  are  so  posited 
tliat  their  foci  coincide  in  the  same  point* 

Let  OB  be  an  object  at  an  intinite  distance ;  then 
the  parallel  ravs  issuing  from  the  point  O  of  the  object, 
which  is  in  the  axts  produced,  will,  after  traversing 
the  objcct-glnss,  form  an  image  in  the  focus  o,  whence 
falling  on  the  eye-glass  PQ,  they  will  emerge  in  di- 
rections parallel  to  each  other,  and  to  the  common 
axis  of  the  t(^lescope,  till  they  fall  upon  the  second 
eye-glass  RS,  and  traversing  this,  they  will  be  refracted 
4o  tlie  focus  q\  where  a  second  image  will  be  formed, 
and  the  rays  then  diverging  from  this  focus,  and  falling 
on  the  last  eye-glass  TV,  will,  after  refraction,  emerge 
from  it  and  pass  to  the  eye  in  directions  parallel  tm  the 
common  axis,  and  impress  upon  the  retina  a  lively 
image  of  the  object. 

In  the  same  manner  the  rays  issuing  from  the  point 
B  of  the  object  OB,  after  traversing  the  object-glasF, 
will  form  in  //  au  image  of  tliat  point;  whence,  falling 
on  PQ,  Uic  rays  will  be  rendered  parallel  to  each  other, 
but  oblique  to  the  axis,  till  they  meet  the  lens  RS, 
at  which  they  will  be  refracted  to  the  second  focus  fr'; 
whence,  falling  on  the  last  eye-glass  TV,   they  are 
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again  rendered  pamllet  to  each  other,  but 
to  the  axis  as  to  meet  it  again  with  all  the  o 
in  the  focus  J\  where,  therefore,  the  eye  ought  to  be 
placed  to  receive  the  final  impression,  which  will 
viously  be  that  of  an  image  corresponding,  as  to 
direction,    with  the   object  itself;  for  the   ray  b' 
which  conveys  the  image  of  the  point  B,  has  a  simili 
direction  with  respect  to  the  axis,  as  the  ray  pro* 
ing  immediately  from  B. 

330*  The  properties  of  this  instrument  are 
to  those  of  the  astronomical  telescope  descnr 
last  section ;  but,  lor  terrestrial  observations,  it  ts  much 
more  pleasant,  on  account  of  its  preserving  the  direct 
position  of  objects;  whereas,  the  latter  is  better  suited 
to  astronomical  purposes,  because  it  admits  of  a  lf*r.'   • 
field  of  view;    will  carry  an  eye-glass  of  a   sf 
focus  ;  and  may  be  shorter  in  proportion  to  its  di. me- 
ter.    There  will,  moreoverj  be  less  light  lost  by  two 
thaT\  by  four  refractions, 

331.  In  order  to  ascertam  the  change  whielt  takes 
place  in  the  visual  angle,  by  the  addition  of  the  two 
intermediate  lenses,  let  PS  (fig,  105)  be  the  cxtremt 
pencil  of  rays  refracted  by  PQ,  draw  L  //  parallel  lo  PS, 
and  let.  it  m^^i  a'  b'  in  b'\  join  ^/S,  b'  \)\  and  produce 
S//,  till  it  meets  the  lens  TV  in  V;  draw  V* /'  f»  i 
to  DW/,  /'  being  the  |>lace  of  the  eye,  Theu  h 
being  the  course  of  the  pencil  of  rays,  which  tl  \  ^ 
from  B,  and  OD,  o' D',  &c.  the  course  of  the  p*.  iic*! 
which  flows  from  O,  the  angle  which  OB  subtends  at 
the  centre  of  the  eye,  when  seen  through  the  four 
glasses,  is  to  the  angle  whieh  it  subtends  there,  when 
seen  only  through  the  first  two,  as  the  angle  V/  D, 
angle  \ooqV,  or  as  /_  b*\y' a'  to  the  Z  b'ha\  that  \s^ 
aa  L  a   :  (t  D'. 

Since  the  angle  subtended  by  OB  at  the  centra 
of  the  eye.  when  seen  through  the  first  two  glasgeSy  ia 
to  the  angle  which  it  subtends  at  the  m*kcd  eye  as 
D  it  to  L  o,  by  compounding  this  proportion  with  llie 
last,  we  have  the  angle  which  the  object  subtends  at 
the  centre  of  the  eye,  when  viewed  through  the  fouf 
glasses,  to  the  uogle  which  it  subtends  at  the  naked 
eye,  as 

Do  X  Lf/  I  \lo  X  \y'a\ 
Therelbre,  if  TV  and  RS  have  equal  focal  lengths*  the 
antrle  subtended  by  the  objrct  will  be  tlie  same  in  eithto* 
case,  that  is,  with  two  or  with  four  glassesr  The 
adjustment  of  the  tens  to  <liH'ereat  eyes  is  tl>e  &ame  as 
in  the  preceding  instrument. 

Of  residing,  or  catopfric  (elescop<», 

33'2.  There  are  three  distinct  constructions  of  re-  b<^ 
fleeting  telescope  in  common  use,  besides  others  of  less  id-i 
general  application.  These  three  are  distinguished  by 
the  names  of  their  respective  inventors,  as  the  Newto- 
nian, the  Gregorian,  and  Cassegrainiun  telescopes  ;  ihey 
all  depend  fundamentally  on  the  same  priociplet  aW 
though  there  is  a  considerable  difference  in  the  matit^^ 
of  applying  it, 

IV.  Keutonian  telescope, 

333.  Let  DAD  (fig.  106)  represent  a  concave  sphc-  K 
rical  reflector,  whose  middle  point  is  A,  and  centre  F,  ^' 
fixed  at  the  bottom  of  the  open  brass  tube,  or  cylinder,  ^*i 
MN  M'N'.  Then  it  is  obvious,  from  what  has  been  al- 
ready stated  with  reference  to  concave  speculum*,  that 
au  iiuage  of  any  object  presented  to  the  open  end  of 


J 


OPTICS. 


4C7 


T  I^f^^^nR 


335. 


is  tube,  will  be  formed  in  some  point  F  in  tlie  axis, 

e  situation  of  this  itiiagc,  between  the  specuhm  an^l 

the   object,  prevents  its  bein^  seen  by   meaiis  of  the 

common  application  of  eye  glasses ;  for  it  would  then 

be  necessary  for  the  observer  to  place  l^s  head  between 

"e  image  and  object,  which  would  of  conrse,  in  any 

strmnent  of  moderate  dimensions,  prevent  tUo  light 

m  arriving  at  the  mirror  in  6u6ficient  quantity  and 

itifitctently  near  the  axis. 

3*N.  In  order  to  prevent  this,  a  small  plane  mirror 

is  placed,  inclined  to  ihc  axes  of  sphericity,  at  an 

1e  of  45' :  this  plane  mirror  reflects  to  o  the  point  of 

of  the  first  redacted  rays,  and  where  tberefore 

of  the  point  O  wdl  be  formed,  and  may  be 

by  an  opening  made  in  the  side  of  tlu*  prin- 

pal  lube,  directly  opposite  this  reflector,  and  furniiihed 

an  eye-piece,  containing  one  or  three  eye-gla5sc:i, 

'me  as  we  wish  the  image  to  be  reversed  or  erect. 

The  principle  advantage  of  this  telescope  is, 

1  it  produces  the  same  efi'ect  as  the  refracting  tele- 

although  it  be  much  shorter,  the  image  being 

by  the  speculum  itself,  at  a  distance  equal  to 

only  one  fourth  of  the  radius  of  sphericity  (the  rays 

beifi^  supposed  parallel,  or  the  object  being  supposed 

aiMi  infinite  distance),  whereas  in  refractori,  the  image 

Is  dist&nt  from  the  object-glass  by  half  the  radius  of 

ifkbericity,  which  distance  is  still  necessarily  extended 

*  y  the  length  of  the  foca!  distance  of  the  eye-glasses. 

1  the  most  important  advantage  is,  Uiat  the  same 

will  bear  the  application  of  eye-glasses  of  va- 

powers;  whereby  the  sametube  and  speculum 

Miy  be  made  to  answer  the  purpose  of  Tarious  re- 

fciciors,  because,  in  the  latter,  it  is  necessary  that  tlie 

iut  kiigth  of  the  eye-gliisses  bear  a  certain  relation 

^ihisei  of  the  object-glasses  :  and  the  hmits  of  this 

ate  very  coniined^  as  we  shall  see  in  what  follows* 

396l  In  applying  this  telescope  to  observations,  it 

^  obvious  that  the  mirror  IH  ought  to  be  moveable,  in 

to  ensure  the  image  of  the  object  falling  in  the 

of  the  eje-glaas:  the  first  image  being  formed  at 

i  dbtances  from  the  mirror,  according  to  the 

of  the  object  from  the  same.     It  is  also  re- 

9*mite  thai  Ike  eye-glass  itself  may  be  moveable  in 

<^  ifireciion  of  Ibe  side  of  the  tube  MN  of  the  tele- 

•cope,  while  the  niirror  itself  mores  within  the  lobe 

<•    ^ffder  that  the  Conner  may  have  its  focss  plaeed 

n    'die  siQBiiiit  of  the  cone  of  rays  reflected  W  the 

IH. 

337.  Wkth  respect  to  the  adjastment  of  this  instTa- 

jem  lo  diffiefenl  eyes,  it  is  erideot  thai  a  short  S9^t 

^'U  teqwre  Ae  BirTor  IH  to  be  broi^t  itp  nosfcr  to 

^  S|facidam  DA«  tn  order  thai,  by  pJacoi^  tlie  imi^ 

betieta  i^  eye-gibss  and  its  ioon,  tlie  rays  isay 

CMpelfoa  the  eye-^bis  iBore  or  less  diterginf  ai 

>|««iite  of  iKe  eye  maf  reqoiie,  wtiercliy  to  pro&ne 
wvLiraioB. 
tt.  PBovLiit  L — ^To  determiBe  the  an^  sab- 
tidel  W  ij^  aaag^  of  an  ohyect  viewed  by  a  Kev- 
*>ni  itktoope. 
IdPQ  (%.  107)  be  the  ob^ect^^f  its  inage  m  the 
fVMllMfBSoftliereAector:  avtbeiiDa^  fimwd 
%w«iflinn,atlheptaiiesai^oeUH;  QECtbeaaa 
«4a  teleacope^  cuttiag  I  r  H  in  r»  dtaw  tmi  O  per- 
to  C£,  and  at  /  kl  a  rousei  tye-frlasa  kir^ 
mhmt  hc^  length  «s /a«  aad  whose  an 
«nk  Ikai  hm;  fom  im.    Tbea  tbe 


call  on  this  account  the  fraction 


the 


m  n,  which  is  equal  to  p  9^  and  corresponds  to  QP  m  u^'LitHil  In- 

the  object,  is  sfcn  through  the  glass  klr^  under  an  »*r«tntttii»*, 

angle,  which  is  icjuul  to  tnlm:  iitid  QP  is  seen  under  ' 

an  angle  (with  the   naked  eye  plar^*d  at  E),  etjunl  to 

r/Ep:  now   since  these   angles  have  tquiU  itubtensrs 

ffl  ;i,  and  ff  p,  they  arc  to  each  other  invrritcly  as  the 

radii  /«,  q  E;  coriftequently  the  anp^h*  which  the  ubject 

subtends  nt  the  ct-ntre  of  the  eye,  when  viewed  with 

the  telescope,  if*   to  the  angle  when  viewed   with  the 

naked  eye,  as  Ei^  :  /w;  that  is,  as  Uic  focal  length  of 

the  reflector  to  tlic  focitl  length  of  the  eye-glass.     We 

In 

tlie  magnifying  power  of  the  telescope.  , 

The  mugnifying  power  of  the  same  instrumcut  t9, 
therctore,  not  the  -lame  for  objects  at  all  distances,  for 
the  lenglh  E  q  will  be  greater  ur  less  according  to  the 
dJHtarice  of  th**  objectt  the  magnifying  power  will  thcre^ 
fore  vary  accordingly,  bemg  grcatist  when  E  tf  is 
greatest,  that  is,  as  the  object  is  more  distant. 

338.  PaoiiLRM  II. — To  determine  the  field  of  view  Of  tKtfheld 
in  the  Newtonian  reflector.  nf  vi^w. 

Heferring  »till  to  the  same  lignre,  join  H  A,  and  let 
it  rut  the  image  m  ft,  in  m ;  take  pff^  m  n,  draw  p  E, 
and  produce  it  till  it  mettts  the  omect  in  P,  Then  a 
uniall  pcncd  of  ray^  flowing  from  r,  will,  if  I  r  11  be 
not  bo  large  as  to  intercept  them,  before  they  fall  upon 
the  spherical  six'culum,  be  reflected  at  H,  to  the  extre- 
mity of  the  eye-glas*!,  and  reflectii'd  thence  to  the  eye 
at  0;  the  point  P  will  therefore  W  visible,  and  it  >^dl 
obviously  be  the  extremity  of  the  field  of  view ;  for  if 
a  point  be  taken  in  n  m^  furthf  r  from  the  axis  of  tlie 
letKB,  than  i»,  a  rikthi  line  draw  j  it,  will  either 

fall  beyond  IK  or  beyond  A  r;  t  >  ^  ray  belonging 

to  a  point  in  tlie  object  QP»  beyond  P.cau  be  reflected 
from  the  mirror  IH  to  the  eye-glass. 

V.  Of  the  Grtgarian  tcUscope* 

339.  llie  general  prificiple  of  this  instrument  js  6«e«oHai 
shown  in  (tig.  108),    Toe  ipeculitm  is  here  repreaeoted  i^irtcop*. 
by  AB.     A  UtUe  beyond  the  tmi^^-  T,  wbich  is  formed  ^*P  ^0^' 
on  tlie  axis  OT  of  this  mrrror,  is  ^jced  another  small 
spherical  coaeave  mirror  Cl>,  of  a  nhorter  Total  letigth, 

the  axis  being  in  the  same  nght  line  ii<  that  of  the 
larger  specalnm  AB.  The  image  T  is,  with  regard  to 
the  mirror  CD^  as  an  ol]jeet  placed  between  tis  focus  t 
and  its  centre  e;  and  consequently  il  will  farm  on 
the  same  aiis  a  second  image  f,  which  will  be  more 
or  lets  distant  from  the  oeolfe  e,  an  the  first  inwr  T* 
IS  Deafer  to  or  more  remote  from  the  fccvn  I  of  tii« 
•mall  mirror.    By  1 

wardi  tbeimafe  %  or  in  mmtowimg  H 
we  may  eaify  tbe  neeoml  imMS  f  I0  mnf  1 
pleasmie;  tiiia  b  commonly  fimeed  n  litlie  is  frost  of 
tbe  great  mtnor  or  speenbim  AB:  tn  tbe  latter  is  an 
apcffiuie,  ikroagh  vUebf  by  means  of  n  pftopcr  ^ye* 
j;fasB«  the  iamge  f  m^  be  aeen^  And  tt  is  etidmit 
that  tltts  imnfe  onglii  to  Vf^^  erect*  brmf  refened 
witb  regard  to  the  ianfo  T«  wfaicb  is  ita^f  fweried 
witb  reepect  to  tbe  object*  Wben  tlie  object  is  vsy 
btmiMMH,  we  ma^mly  tbe  tecoad  image  mr  nmkiaf  it 
faU  towards  O,  beyond  tbe  ipendnm,  and  ffiieing  in 
O,  die  fbeas  of  an  eye-^aaa  PR«  b  order  ihnt  tbe 
lowadn  &e  poim  O,  irimn  tb^  mset 


rayi 
FH^maybe 
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Optics,     nesi  of  Yision,  supposing  the  eye  to  be  one  of  perfect 
\^*v-^/  sight. 

Ofilieap-*  3^.  Acctnrdhig-to  the  same  hypothesis,  the  appa- 
pwent  dja-  rent  diameter  of  the  bWecf  fcfccn  through  a  lens,  is  to 
"^^^^  the  diameter  which  ii^ould  have  place  at  the  distance  at 
which  the  eye  perceives  ordinary  objects  distinctly,  as 
the  angle  under  which  the  same  eye  sees  the  object 
placed  in  the  focus  of  the  lens,  is  to  the  angle  under 
which  it  would  see  it  at  the  distance  we  have  stated, 
that  is,  as  the  angle  a  c  b  to  a  I  b,  x  I  being  the  distance 
of  distinct  vision.  Now,  the  two  angles  subtend 
equal  chords  ab,  either  of  which  measures  the  real 
diameter  of  the  object,  in  such  manner  that  each  of 
them  forms  with  this  diameter  a  triangle  of  which  the 
diameter  is  the  oase.  Therefore,  these  angles  are  to 
one  another  nearly  in  the  inverse  ratio  of  the  heights  of 
the  triangles  to  which  they  belong.  Now,  the  height 
of  the  shortest  triangle  is  the  focal  distance  of  the  lens 
X  c,  and  the  height  of  the  longest  the  distance  requisite 
to  distinct  vision  x/;  whence  it  follows,  that  the  diameter 
of  the  object  appears  magnified  in  the  proportion  of 
this  last  distance  to  the  distance  of  the  Lens.  For  ex* 
ample,  if  we  suppose  as  before,  the  (fistance  requisite 
to  the  distinct  vision  of  objects  of  a  sensible  magnitude 
to  be  8  inches,  and  the  focal  distance  of  the  lens  to  be 
^Q  of  an  inch,  the  diameter  of  the  object  will  appear 
increased  in  the  proportion  of  80  to  1 . 

251.  We  may  substitute  for  a  lens  a  glass  globule, 
which  is  easily  made,  by  melting  a  small  piece  of  that 
substance  in  the  flame  of  an  alcoholed  wick,  to  prevent 
the  mixture  of  fuliginous  matter,  which  would  injure 
the  transparency  of  the  glass.  Simple  microscopes 
also  may  readily  be  formed,  by  makhig  a  small  hole 
through  a  thin  plate  of  metal,  and  conveying  to  the  hole 
a  drop  of  water  suspended  to  the  point  of  a  pin,  so 
that  the  drop  may  assume  a  perfect  round  form.  But 
these  drops  have  less  effect  than  the  glass  globules, 
because  their  refractive  power  is  less.  We  shall  not, 
however,  as  we  have  before  observed,  enter  at  length 
in  this  article  into  the  various  forms  under  which  micro- 
scopes may  be  constructed ;  enough  has  been  said  to 
illustrate  the  general  theory  of  them,  which  is  all  that 
appertains  to  our  present  inquiry. 

VIII.  Of  the  double  compound  microscope, 

Componnd  353.  The  compound  microscope,  with  two  glasses, 
inicroscopc.  has  a  considerable  analogy  to  the  astronomical  tele- 
Fig.  111.  scope.  The  object-glass  GH  (fig.  11*1)  is  very  small 
and  very  convex,  the  object  AB,  is  placed  a  little  be- 
yond the  focus  of  this  glass,  whence  it  follows,  that  rays 
of  each  of  the  pencils  that  pass  from  A  to  A',  and  from 
B  to  B',  which  rays  would  emerge  parallel  if  the  object 
were  exactly  in  the  focus,  are  but  little  inclined  to  one 
another ;  so  that  they  form  a  reversed  image  A'  B'  of 
the  object,  at  a  considerable  distance  from  the  object- 
glass,  and  which,  consequently,  is  already  of  much 
greater  extent  than  the  object.  The  eye-glass  KN  is  so 
Situated,  thatits  focus  concurs  nearly  with  the  middle  x, 
of  the  image  A'B',  and  thus  the  rays  LO,  S  y  on  the  one 
part,  and  T  y,  RO  on  the  other,  being  very  little  diver- 
gent, and,  besides  the  two  pencils  to  which  these  two 
rays  belong,  acquiring,  on  the  contrary,  a  considerable 
degree  of  convergency,  the  eye  placed  at  O  will  see  the 
object  at  A'B'  very  much  enlarged,  for  two  distinct 
reasons:  first,  the  image  A'B',  if  observed  with  the 
.naked  eye,  would  already  appear  sensibly  larger  than 


the  object  AB;  secondly,  that  image  becomes,  in  its  O] 
turn,  the  object  which  the  eye  perceives  through  the  « 
eye-glass;  and  as  this  glass  performs  here  the  office  of  "^ 
a  powerful  lens,  the  angle  ROL  in  which  the  eye  will 
see  this  same  object  distinctly  in  A^B^  will  be  much 
greater  than  that  under  which  it  would  see  it  with  the 
same  clearness  without  any  intermediate  aid.     There- 
fore, the  magnitude  of  the  image  being  the  result  of  two 
combined  e&cts,  of  which  ea(£  one  tends  of  itself  very 
perceptibly  to  enlarge  its  dimensions,  will  increase  in  a 
very  considerable  proportit)n. 

354.  In  order  to  compute  the  actual  ratio  of  the  A 
angle  which  an  object  subtends  at  the  centre  of  the  eye,  P* 
when  seen  through  the  double  microscope  to  the  angle 

it  subtends  at  the  naked  eye,  when  viewed  at  the  leaat 
distance  of  distinct  vision.  Let  A'B'  (fig.  112)  be  the  Fi 
image  of  AB,  and  terminated  by  the  lines  BLB',  ALA'. 
Then  the  visual  length  will  be  increased,  as  we  have 
said  above,  first,  becasue  A'B'  is  greater  than  the  object, 
and,  secondly,  because  this  image  is  seen  under  a  greater 
angle  when  viewed  through  the  glass,  than  when  viewed 
with  the  naked  eye.  Now,  supposing  AB  and  A'B'  to 
be  viewed  with  the  naked  eye,  at  the  least  distance  of 
distinct  vision,  the  visual  anscle  of  AB  is  to  the  visual 
angle  of  A'B',  as  AB  :  A'B',  or  as  BL  :  B'L.  Also 
the  visual  angle  of  A'B\  when  thus  viewed,  is  to  its 
visual  angle,  when  seen  through  the  glass  KN,  as  B'E 
to  the  least  distance  of  distinct  vision.  Therefore,  by 
compounding  these  two  proportions,  the  visual  angle  of 
AB,  when  viewed  with  the  naked  eye  at  the  least  dis* 
tance  of  distinct  vision,  is  to  the  visual  angle  when  it  is 
viewed  with  the  microscope,  as  BL  x  B'E  is  to  LB'  x 
the  least  distance  of  distinct  vision. 

When  the  lenses  are  thus  combined,  the  objects  ap- 
pear inverted. 

355.  When  a  great  magnifying  power  is  not  required, 
the  object  is  placed  between  the  glass  GH  (fig.  1 13)  Fig 
and  its  principal  focus ;  thus  an  erect  image  A'B'  is 
formed  on  tlie  same  side  of  the  lens  as  the  object; 
and  if  EB'  be  the  focal  length  of  the  eye-glass  GH,  the 
image  may  be  seen  distinctly.  The  visual  angle  is  de- 
terminable as  in  the  former  case. 

One  advantage  of  this  construction  is  a  greater  field 
of  view ;  and  another,  that  the  objects  appear  erect ; 
there  is  likewise  less  confusion  produced  by  the  sphe* 
ileal  surfaces  of  the  glasses,  than  would  be  causea  by 
a  single  glass  with  the  same  magnifying  power. 

The  above  theory  will  apply  equally  to  microscopes 
with  three  glasses  ;  the  construction  of  whioh  will  be 
described  under  the  article  Microscope. 

IX.  Solar  microscope. 

The  solar  microscope  differs  entirely,  both  in  ilsS»« 
theory  and  construction,  from  those  above  described,  <*== 
differing  from  the  magic-lantern  (which  see)  only  in  this, 
that  the  object  is  enlightened  by  the  solar  ray  admitted 
into  a  dark  room  by  means  of  a  plane  mirror,  which 
reflects  it  horizontally,  the  rays  passing  through  a  lens 
fixed  into  a  hole  in  the  window-shutter.  To  the  bright 
light  which  proceeds  from  this  lens  a  small  white  glass 
is  presented,  and  on  this  glass '  small  insects,  objects, 
&c.  are  placed. 

A  second  lens,  intended  to  produce  the  image,  is 
lined  on  the  side  next  the  objects  with  lead  or  tin  foil, 
having  a  pin  hole  in  the  centre,  and  it  is  through  this 
aperture  that  the  streams  of  light  from  the  different 
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optics.  ftl«o  in  the  principal  foci  of  the  segments.  Let  the 
v^*v^^  glasses  be  moved  till  these  images  coincide,  as  at  £; 
then  the  anrie  PEQ,  which  the  objecU  subtend  at  E, 
the  nrincipsu  focus  of  C  or  D,  is  equal  to  the  angle 
whicn  CD,  the  distance  of  the  centres  of  the  two  seg- 
ments subtends  at  the  same  point ;  and  therefore  by 
calculating  this  angle,  we  may  determine  the  angular 
distance  of  the  objects  P  and  Q,  as  seen  from  E.  Draw 
EG  perpendicular  to  CD ;  then  because  the  triangle 
CED  is  isosceles  CG  =  CD,  and  the  anjrle  CEG  = 
GED ;  also  GD  is  the  sine  of  the  angle  GED,  to  radius 
ED ;  therefore  knowing  ED  and  GD,  the  angle  GED 
may  be  found  by  the  proper  tables:  consequently 
2  GED  or  CED  may  be  determined. 

The  angle  CED  is  generally  so  small,  that  it  may, 
^thout  sensible  error,  be  considered  as  proportional 
to  the  subtense  CD ;  and  being  determined  in  one  case 
bj  observation,  it  may  be  found  in  any  other  by  a 
simple  proposition. 

If  the  objects  be  at  a  given  finite  distance,  the  angle 
PEQ  will  still  be  proportional  to  CD ;  for  on  tliis  sup- 
position the  distance  CE  or  DE,  of  either  image  from 
the  corresponding  glass,  will  be  invariable ;  therefore 
the  angle  CED  will  be  proportional  to  CD.  The  di- 
Tided  object  glass  is  supplied  both  to  reflecting  and 
refracting  telescopes,  and  thus  small  angular  distances 
in  the  heavens  are  measured  with  great  accuracy. — 
«  Wood's  Optics.- 

"XII.  Camera  obscura. 

Camerm  3^*  1*^^  camera  obscura,   or  dark  chamber^  is  a 

obacan.  machine,  or  apparatus,  so  constructed,  that  principally 
by  means  of  a  convex  glass,  or  a  convex  glass  and 
plane  mirror,  the  images  of  external  objects  are  repre- 
sented on  a  rough  ground  plane  glass,  white  paper, 
white  wall,  or  other  surface,  in  the  most  vivid  and  dis- 
tinct manner,  with  all  their  natural  motions,  colours, 
IfiTentioa  shades,  &c.  The  first  invention  of  the  camera  obscura 
^'  has  been  ascribed  to  Baptista  Porta,  (see  his  Magia 

Naturalis,  first  published  at  Frankfort,  about  the  year 
1589).  But  Dr.  Freind,  in  his  History  of  Physic,  ob- 
serves, that  Friar  Bacon,  who  flourished  in  the  beginning 
of  the  thirteenth  century,  describes  this  instrument  and 
various  glasses,  which  magnify  or  diminish  any  object, 
bring  it  nearer  to  the  eye,  or  move  it  further  off.  See 
Bacon's  Opus  Majus,  by  Dr.  Jebb. 

In  fact,  it  seems  highly  probable,  that  a  similar  effect 
to  that  produced  by  what  is  now  called  a  camera  ob- 
scura, could  not  remain  long  unnoticed  by  optical 
writers  or  observers,  as  it  is  produced  in  a  certain  de- 
gree in  every  dark  room  in  which  a  hole  is  found  suffi- 
cient to  admit  a  small  pencil  of  rays,  without  the 
assistance  of  any  lenses  whatever ;  for,  in  the  case  we 
have  supposed,  the  great  masses  of  light  and  shade 
before  the  window-shutter,  or  other  screen,  will  be  re- 
presented in  an  inverted  order  in  the  parts  of  the  room 
diametrically  opposite  to  them,  and  be  illuminated  in 
difierent  degrees,  according  to  the  quantity  of  light 
which  can  reach  them  in  straight  lines  from  the  exter- 
nal objects. 
Tkc  effect  it  36 1 .  This  e^ct,  however,  is  increased  by  means  of  a 
increased  convex  lens,  of  a  focal  length  somewhat  less  than  the 
by  a  lem.  distance  of  the  surface  on  which  the  picture  is  pro- 
jected, as  it  renders  the  images  much  more  vivid  and 
distinct.  Still,  however,  some  of  them  are  necessarily 
imperfect  and  ill-defined,  unless  the  objects  happen  to 


be  situated  at  the  same  distance  from  the  kqpertnie;  Opi 
for  it  is  impossible  that  the  focus  of  the  lens  can  be  at  str 
once  adjusted  to  near  and  remote  objects.     Nor  would  ^ 
the  picture  be  rendered  more  perfect,  if  such  an  adjust- 
ment were  possible ;  for  we  should  then  have  presented 
to  the  eye  at  one  view,  witli  equal  distinctness,  objects 
that  never  can  be  seen  at  one  time  without  some  degree 
of  confusion. 

362.  Sometimes  the  picture  is  intercepted  by  a  plane  pb 
speculum,  placed  obliquely,  and  is  thence  thrown  up-  culi 
wards  on  the  surface  of  a  plate  of  ground  glass ;  and 
sometimes  the  lens  is  placed  horizontally,  vrith  the  spe- 
culum above  it,  which  throws  tlie  image  through  the 
lens,  upon  a  flat  surface  placed  below,  on  which  the 
objects  are  delineated  in  their  natural  position. 

363.  In  order  to  demonstrate  the  truth  of  the  pre-  ih 
ceding  observation  with  reference  to  the  delineations  tbe 
of  objects  seen  in  this  manner,  let  C  (fig.  1 I5X  repre-  "^ 
sent  a  small  aperture  in  a  perfectly  darkened  roomy^*2 
through  which  light  radiates  upon  a  white  paper  or 
screen  opposite  to  it,  and  by  means  of  which  the  inverted 
image  is  formed.    The  aperture  C  being  supposed  very 
small,  the  rays  issuing  from  the  point  B,  will  fisdt  on 

b ;  those  from  the  points  A  and  D,  wiU  fall  on  a  madd, 
&c.  Whence,  since  the  rays  issuing  from  the  several 
points  are  not  blended,  they  will  by  reflection  exhibit 
Its  appearance  on  the  screen.  But  since  the  raya  AC 
and  BC  intersect  each  other  in  the  aperture,  and  the 
rays  from  the  lowest  points  fall  uppermost  and  those 
from  the  highest  below,  the  situation  of  the  object  is 
necessarily  inverted.  Hence,  since  the  angles  at  D 
and  </,  and  the  vertical  anglea  at  C  are  equal,  the  angles 
B  and  6,  A  and  a  are  also  equal.  Consequently,  if  the 
screen  on  which  the  object  is  delineated  be  parallel  to 
it,  we  shall  have 

ab  :  AB::  dC  :  DC; 

that  is,  the  height  of  the  image  will  be  to  the  height  of 
the  object,  as  the  distance  of  the  aperture  from  tbe^^ 
former  is  to  its  distance  from  the  latter. 

This  proposition,  of  course,  will  not  obtain  when  ^. 
lens  is  introduced  into  the  aperture,  the  purpose  c:>^ 
which  is  to  produce  a  more  rapid  convergency  of  ll^r^^ 
rays,  to  furnish  a  greater  quantity  of  light  and  a  roo^ 
vivid  image ;  but  the  image  is  necessarily  inverted  i^ 
this  case  the  same  as  in  the  above. 

In  the  choice  of  a  lens  it  should  be  observed,  th 
the  shorter  the  focus  the   smaller  and  brighter  tl 
images  will  appear ;  and  the  longer  it  is,  the  larger  dc 
less  vivid;    in  consequence  of  the  light  being  in  '"" 


latter  case  more  dilated  or  spread  over  a  larger  surfat 

364.  A  serious  disadvantage  attends  aU  the 
structions  of  cameras  obscura  to  which  we  have  I 
adverted,  in  consequence  of  their  being 
fixed  to  the  same  ol^ects,  and  the  trouble  of  i 
the  room,  adjusting  the  apparatus,  &c.    This  may  1 
averted  by  means  of  a  roof  in  the  form  of  a  demt  < 
cupola,  placed  over  a  building,  prospect  room,  or  t 
porary  room  erected  for  the  purpose.     This  dome  i 
be  made  to  turn  on  friction  wheels  in  a  gproove  ~ 
in  the  roof,  and  to  carry  round  with  it  glasses  in  a  I 
above,  or,  which  is  more  manageable,  the  box  with  t.^^ 
glasses  may  be  made  moveable,  so  as  to  be  tumc^^ 
round  at  pleasure  by  a  proper  contrivance  for  such  ^ 
motion.    The  box  should  approach  to  a  cubical  fonrs 
0  or  7  inches  on  the  side,  in  which  is  to  be  plaoed  dia^ 
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^n^ly  a  true  ground  mliTor  hi  a  frame  moveable 
tomewhat  on  an  axis  below,  to  reflect  the  rays  from 
objects  tat  various  distances;  under  tlve  mirror  is  a 
round  cell,  and  al  the  bottom  of  the  box  is  fixed  a 
double  convex  lens,  of  about  6  or  8  feet  focas,  and  4 
or  4^  inclies  in  diameter:  this  lens  will  form  upon  a 
vhtte  table  placed  on  the  floor  below,  the  inia^fs  of 
tbe  objects  reflected  by  the  mirror  above  at  the  prt>[>er 
focal  distance  of  the  lens. 

The  diameter  of  the  table  ought  to  be  about  2^  feet 
or  3  feet,  and  excavated  on  its  surface  to  a  small  de- 
gree of  concavify,  the  radius  of  which  being;  about 
equal  to  that  of  the  sphericity  of  the  lens,  in  order  that 
the  inequality  of  the  distance  of  its  surface  from  ihe 
centre  of  the  lens,  presenting  the  ima2:es  indistinctly 
a  I  the  circumference,  when  they  are  clear  in  the  middle^ 
a  defect,  necessarily  attending  a  plane  surface,  may 
be  avoided. 

This  surface  should  be  painted  perfectly  white,  or, 
which  is  better,  covered  wtfh  a  tliin  rf)atincr  ol"  phtater 
Mxicca.  The  pillar  of  the  tnble  should  be  made  with 
'%li  internal  screw%  working  in  an  external  one  cut  in 
tKe  pedestal,  so  that  by  turning;  rouud  the  VabUi  and 
»crew,  its  surface  may  be  either  elevated  or  depressed, 
^&  may  be  necessary  to  adtait  tire  clearest  and  best 
defined  picture  of  the  objects  possible, 

Xlll.  Portable  camera  obifcura. 

365,  The  glasses  of  cameras  obscura  are  frequently 

CUed  to  a  machine  shutring  up  in  the  form  of  a  chesty 

*^r  box^  so  as  to  be  easily  transported  from  place  to 

Piace,  anri  carried  about  by  the  artist*     The  apparatus 

^/tlnin  is  contrived  to  fohi  outwards,  and  form  a  ma- 

f^a/xzie,  as  shown  in  (fi^^  IIG).  where  it  is  represcfiled 

I      .      pilaced  together  for  use.     The  hd  from  A,  and  the 

*^i€Ll<;s  (one   of  which  is   shown   at  B),   by  means  of 

bifi^^es,  turn  up  to  the  height  of  about  *2  feet  from  the 

e^  CDE,  and  are  fastened  tog;elher  by  small  brass 

»X'>.     TIjc  head  and  sliding  box,  with  glasses  F,  are 

•^  fastened  on  by  hooks  within.     The  lens,  of  about 

*  nches  focus,  is  placed  under  the  true  parallel  glass 

^^  -^^  *^r,  and  Ibrms  the  images  on  a  white  sheet  of  piiper, 

czsed  in  the  bottom  of  the  chest.     To  view  the  images 

Ihc^     face  is  applied  close  to  a  piece  iinder  A,  tor  that 

P^'^^jjose;  ana  to  trace  the  outline,  or  copy  them,  the 

^^^'^'^^  at  the  same  time   is  introduced  'Into  the    cloth 

^ive  under  l\.     The  box  F  slides  on  a  square  tube, 

I  ,  by  means  of  a  brass  rack  and  pinion  G»  tiie  lens 

^ ^justed,  while  the  imat^es  are  viewed,  to  its  proper 

'  distance  lionr  the  white  papir  below*   The  images 

■^»ied  on  the  paper  have  a  correct  and  natural  re- 

*  xb lance  to  the  original  objects  ;  no  inversion  takes 

^-'c,  and  even  names  and  letters,  as  well  as  objects, 

in  their  direct  order. 

^66,  This  camera  may  be  converted  into  an  iustru- 

>"it  for  magnifying  perspective  prints  and  drawings, 

l^J.  forms  the  best  possible  apparatus  for  that  purpose, 

*^£n  used  in  this  way^  the  head  FG  and  tube  are  to 

entirely  removed,  as  well  as  the  front  A,  and  the 

^'^-h  CD,  ajid  another  head,  with  a  diagonally  placed 

^Tor  and  large  convex  lens  (%.  1 17),  substituted  in 

'ir  places.     The  prints  are  to  be  placed  at  the  bottom 

o^  ^  the   chest,  and   as  the  camera-case   is  open,  the 

P^ifit  will  be  illumined   either  by  day^-light  or  candle- 

V^\it,  as  required.     Tlie  print  is  vievi^cd  by  reflection 

t^  a  horizontal  direction,  by  the  eye  being  placed  be- 

vot.  in. 
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fore  the  large  convex  lens.  When  the  sides  and  front  Opikai 
are  unhooked  and  folded  down  into  the  chest,  they  all  bistm- 
lie  close,  and  admit  the  head  to  lie  under  them  ;  the  "^*^"*'* 
dimensions  of  the  chest,  when  shut  up,  may  be  such 
as  not  to  exceed  2  feet  in  length,  2Q  inches  in  breadth, 
and  5  inches  in  depth- 

367.  But  the  most  portable  kind  of  camera  obscura  » 
is  that  represented  at  (fig.  118),  and  is  the  form  most  f^s-  na. 
frequently  used  among  artists,  on  account  of  its  con- 
venient dimensions*     The  images  are  retlected  on  a 

rough  ground  plane  glass,  and  are  more  vivid  than 
those  formed  on  paper  by  the  camera  above  described. 
It  is  made  of  mahogany,  or  other  wood»  and  of  va- 
rious dimensions,  some  so  smalt  as  to  be  carried  in  the 
pocket.  The  lens  at  the  front  A  is  lixed  in  the  cell,  in 
the  front  of  a  square  draw-out  tube,  its  focus  being 
equal  to  the  length  of  the  box  when  the  drawer  is  half 
out :  a  plain  mirror  is  placed  diagouidly  at  an  angle 
of  45°,  at  the  end  of  the  box,  as  shown  by  the  dotted 
line  ft  if,  wliich  reflectH  the  rays  transmitted  by  the  lens 
%\\}  to  the  upper  side  of  the  plane  rough  ground  gla^s, 
the  rough  side  being  best  placed  above,  under  the 
folding  darkening  cover,  wdiere  are  formed  the  images 
of  the  objects  before  the  lens  at  A,  The  use  of  the 
draw  is  to  adjust  the  proper  distance  of  the  lens  from 
the  mirror,  according  to  the  variable  distances  of  the 
objects.  The  images  on  the  rr»ugh  glass  exhibit  a 
beautiful  perspective  picture ;  also  the  profile  of  a 
person  seated  in  a  room,  in  a  strong  light,  before  the 
camera,  and  more  particularly  if  the  sun  illuminate  the 
object.  The  image  thus  formed  may  he  readily  traced 
on  the  rotigh  surface  of  the  glass  by  a  hlarklead  pencil, 
or  by  what  is  preferable,  red  French  chalk.  White 
paper  being  then  gently  placed  on  the  glass,  the  lines 
will  he  taken  correctly  olf.  If  very  thin  white  paper 
be  merely  placed  upon  llie  glass,  the  images  may  still  be 
discerned,  and  though  faintly,  yet  sufiiciently  strong 
to  alTord  the  means  of  tracing  correctly.  The  nearer 
the  object  or  features  are  to  the  camera,  the  larger 
will  be  the  nnage  ;  and  au  additionid  lens,  of  a  shorter 
focus,  is  sometimes  fitted  on,  in  order  to  be  substituted 
for  the  other,  when  the  images  of  very  near  objects  are 
wanted.  Some  artists  who  draw^  profiles  take  out  the 
rough  glass  from  its  ceil,  invert  the  citn»era,  and,  by 
a  stand,  support  it  about  10  or  12  inches  above  the 
white  pHjicr  on  the  table  ;  but  the  image  will  then  be 
iii verted  on  the  piiper.  It  may,  however,  be  traced 
iVith  a  pencil  in  a  correct  manner,  and  with  less  trouble 
ihun  by  the  other  method. 

368.  In  the  second  edition  of  Ferguson^s  Lectures^ 
by  Dr.  Brewster,  the  editor  describes  a  very  ingenious 
camera  obscura,  invented  by  Mr.  Thomson,  of  Dud- 
dingston>  which  is  so  contrived  that  it  may  be  shut 
up  and  carried  like  an  umbrella. 

XIV.  Magic  lanienu 

369.  The  magic  lantern  is  a  highly  amusing  optical  Magk  Ian* 
toy,  or   instrument;  first,   we   believe,  described   by  **^'*^'* 
Kircher,  in  his  *'Ars,  Magna  Lucis  et  Umbi-oe.'*     It  in 
intended  to  represent  images  on  the  wall  of  a  darkened 

room,  magnified  to  any  size  at  pleasure,  and  exhibited 
in  their  natural  and  vivid  colours.  The  construction 
may  be  described  as  follows:  In  (fig,  119),  ABCD  Fig.  11^. 
represents  a  common  tin  lantern,  to  which  is  added  a 
draw-out  tube  FG.  In  H  is  fixed  a  metallic  concave 
speculum^  of  a  foot  diameter  at  most|  or  foui  inches  at 
3  p 
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OpfJci.  this  llierfi  Is  no  tlistoi-tk»n ;  so  that  every  line,  even  the 
most  rciivote  from  the  centre  of  view,  is  as  straight  as 
those  through  the  centre. 

3<lly,  fn  that,  the  lield  of  view  does  not  extend  be- 
yond oU^  or,  at  most,  35°,  with  distiuftness.  But 
in  the  camera  hicifla,  as  much  as  70^  or  80^  might  be 
included  m  one  view. 

Dr,  Wollastoii  remarks,  further,  that  by  a  proper 
use  of  tht*  same  instrument,  every  purpose  of  tl»e 
pentatj:rapli  may  also  be  answered  ;  as  a  painting  may 
he  rtiduced  in  any  propoTtiou  required,  by  placing;  it  at 
a  distance,  hi  due  proportion,  greater  than  that  oflhe 
paper  from  the  inslrumenL  In  this  case  a  lens  be- 
comes retinisiie  for  enabling;  the  eye  to  see  at  two  un- 
€<|ual  distances  with  equal  distinctness;  and  in  order 
that  one  lens  may  suit  all  these  purposes,  there  is  an 
advantag:e  in  varying  the  heit^ht  of  the  stand  according 
to  the  proportion  in  which  the  reduction  is  tu  be  ef- 
fected. 

XVI L   Dr,  Huokes  camera  hicida^  or  megaHojiv. 

Br.Hookc's  380.  Dr.  Hooke*s  apparatus,  which  we  have  seen  de- 
scribed uader  the  name  of  a  camera  lucida,  but  wliicii 
appears  to  us  to  answer  better  to  the  seeotitl  deno- 
mination of  megascope,  the  invention  of  which  M,  Biot, 
in  his  ''  Precis  Elementaire  de  Physi^jue,"  attributes  to 
M.  Charles,  is  thus  described  in  the  **  Philosophical 
Transactions  abridged,"  by  Hutton,  &c.  vol.  i. 

Fig.  123.  «'  This  optical  experiment  is  new,  thoutjh  easy  and 
obvious,  and  has  not,  that  I  know  of,  been  ever  made 
by  any  other  person  in  this  way.  It  produces  effects 
not  oidy  very  delightful,  but,  to  such  as  know  not  the 
contrivance,  very  wonderful ;  so  that  spectators  not 
well  versed  in  Optics  that  should  see  the  various  ap- 
paritions kind  disappearances,  the  motions,  changes, 
and  ainions,  would  readdy  believe  them  to  be  super- 
natural and  miraculous. 

**  Opposite  to  the  place  or  wall  wliere  the  apparition 
is  to  be,  let  a  hole  be  made  about  a  foot  in  fliameter» 
or  larger;  or  if  there  be  a  hitch  window  that  has  a 
casement  in  it,  it  will  be  so  much  the  hetler.  Without 
this  hole  place  the  picture  or  object  which  you  wouhl 
represent,  inverted,  and  by  means  uf  lookinjj-glasses 
set  behind,  if  tlie  picture  Ik  transpurent,  reHect  the 
rays  of  the  sun,  so  as  they  may  pass  through  it  towards 
the  plare  where  it  is  to  be  represented,  nnd  let  the 
picture  he  encompassed  on  every  side,  with  a  boanl  or 
cloth,  that  no  ritvs  may  pass  beside  it.  Ifthcobjrct 
be  a  statue,  or  sonu/  living  creature,  then  it  must  be 
Tery  much  enlightened,  by  casting  the  sun-beams  on 
it  by  reflection,  or  rcfraclioa,  or  both.  Between  the 
object  and  the  place  where  it  is  to  be  rtpresriited,  there 
must  be  placed  a  broad  convex  lens,  so  that  it  may 
represent  the  object  distinct.  The  nearer  the  lens  is 
placed  to  tlie  objure t,  the  more  the  latter  will  be  mag- 
nified on  the  wall ;  and  tfie  further  off,  the  less  ;  which 
diversity  is  effteted  also  by  glasses  of  different  sphe- 
ricities. If  the  ohjects  cannot  be  inverted,  as  is  difticult 
in  the  case  of  living  animals,  candles,  &c.  then  let 
two  large  gUtssfs,  of  convenient  sphericities,  be  placed 
at  proper  distances,  to  be  found  by  trials,  tu  make 
the  representatious  erect  as  well  as  the  objects. 

**  These  objects,  reflecting  and  refracting  glasses,  and 
the  whole  apparatus,  as  also  the  person  employed  to 
manage  them,  must  be  phctc'^  -^Mtcitle  the  window  or 


hok,  so  that  they  may  not  be  perceived  by  the  «p 
tators  in  the  room.     Whatever  may  be  done  by  mea 
of  the  s im- beams ' in  the  day-time,  the  same  may  l»e 
done  with  much  more  ease  in  the  night,  by  the  help  (  ^ 
torches,  lamps,  or  other  strong  lights,  placed  aboy 
the  objects,  according  to  the  several  sorts  of  thern/' 
M,  Biot,  who,  as  we  have  stated  above,  descntj 
this  apparatus  under  Uie  denomination  of  the  mega^cop 
and  attributes  its  hiventioii  to  M.  Charles,  has  give 
us  a  representation  of  it,  which  Dr.  Hooiie  has  omitte 
This  tigt*re  is  the  same  as  our  (hg,  1 23),  which  see. 

XVIIL  Opera-gfass, 

38 1 .  The  opera-glass  is  nothing  more  than  a  short  Oji 
Gahlean  telescope, but  is  thus  called  inconsequence  of  t-'-^ 
its  use  in  playhonses  ;    it  h  also  sometimes  called  a 
diagonal ptrif}}triiiCy  from  its  construction^  which  is  d^H 
follows :  ^H 

Let   ABCD  {(^g.   1'24),   represent    a   wooden  lub^H 
about  four  inches  long  ;  on  each  side  of  which  there  is  a  *^ 
hole  EF,  GH,  exactly  against  the  niiddle  of  IK,  a  plan 
mirror  which   rertecls   the  rays  falling  upon  it  to  tfa 
convex  lens  Mf.,  through  which  they  are  refracted 
the  concave  eye-glass  NO,  whence  they  emerge  paratll 
to  the  eye  at  the  hole  r  v,  in  the  end  of  the  tube. 

Let  PAQ  be  an  object  to  be  viewed,   from  whic 
proceed  the  rays   P  c,  a /^,  Qd;  these  rays  being 
fleeted  by  the  p!ane  mirror  IK,  will  show  the  object  i 
the  direction  c p,  ba,  q  r/,   in  the  image//  9,  equal 
the  object  PQ,  and  as  far  behind  the  mirror  as 
object  is  before  it ;  the  mirror  being  placed  so  as 
make  an  angle  of  45°  with  the  sides  of  the  tube.     AnJ 
as  in  viewing  near  objects,  it  is  not  necessary  to  ma^ 
nify  them  J  the  focal  lengths  of  both  the  glasses  ma 
be  nearly  etjual ;  or  if  that  of  LM  be  tliree  inches,  thii 
of  NO  one  inch,    the  distance  between  them   will 
but  two  inches,  and   the  object  will  be  magnified  thr 
times,  which  is  snflicient  for  the  purpose  to  which 
glass  is  applied.     If  the  object  be  very  near,  as  X  Y,  ] 
is  viewed  through  a  hole  .v  //,  at  the  other  end  of 
tube  AB,  without  an  eye-glass,  the  upper  part  oft 
mirror  being  polished  for  that  purpose^   as  well  as  tli 
under.     The  lube  unscrews  near  the  object-glass  LI 
for  the  convenience  of  taking  out  and  cleansing  tU 
glasses  and  mirrors. 

The  peculiar  artifice  of  this  glass  h  to  view  a  pei 
at.  a  small  distance,  so  that  no  one  shall  know  who 
observed,  for  the  instrument  points  to  a  different  obje 
from  that  which  is  viewed,  and  as  there  is  a  liole 
each  side,  it  is  impossible  to  know  on  which  hand  tlj 
object  is  situated  which  you  are  viewing. 

XIX»  Of  the  pokmoscopr, 

382.  This  instrument  in  a  great  measure  resemble 
tliat  last  dascribed,   and  is  said  to  have  been  invented  ' 
by,   and  received  its  name  from   Hevelius,   in  1632 
Any  telescope  will  become  what  is  here  um^erstood 
the  term  polemoscope,  if  the  tube  be  bent  at  riglj 
aagleSi  as  ABDM  (fig.  125),  and  between  the  ohjec 
glass  AB,  and  the  eye-glass  GH,  be  placed  a  plan 
mirror,  inclined  to  the  axis  of  the  two  branches  of  tt 
tube  at  an    angle  of  45°,  and  so   that  the  retlectc 
image  of  the  object  be  formed  in  the  focus  of  the  ey| 
glass  GH.     By  this  mcans^  objects  situated  opposi^ 
the  lens  AB,  will  appear  the  same  as  if  the  mirror] 
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were  away,  and  the  object-glass,  with  the  objects, 
^-^  were  directly  opposite  to  the  oyc-glass. 

Ou  a  similar  principle,  a  well-known  optical  toy  is 
ooostracted.  Let  ABCD  (fig.  126)  represent  the  hori- 
zontal section  of  a  close  box,  a  a,  bb^  c  c,  dd^  four 
mirrors,  the  two  former  and  the  two  latter  parallel  to 
each  other,  and  forming  angles  of  45^  with  the  side  of 
the  box  or  tube  :  O  and  P  two  holes,  furnished  or  not 
with  plane  glasses  ;  then  an  eye  looking  in  at  O,  will 
see  any  object  placed  at  P,  as  if  the  vision  were  direct ; 
and  if  between  the  two  branches  AB,  CD,  any  solid 
body  as  a  piece  of  wood,  a  book,  &c.  be  placed,  an 
observer,  who  is  not  acquainted  with  the  principles  of 
the  construction,  will  be  very  much  astonished  at  his 
apparently  seeing  through  the  intervening  substance. 

XX.  Of  the  poll/scope,  or  multiplying  glass. 

^        283.  This  is  nothing  more  than  a  lens  contained 
binder  several  plane  surfaces,  disposed   in  a   convex 
1^       ferm,  through  each  of  which  the  object  is  seen.     If 
•      several  rays,  as  EF,  AB,  CD,  (fig.  127)  fall  parallel 
On  the  surface  of  a  polyscope,  they  will  continue  paral- 
lel after  refraction.     If  then  the  polyscope  be  supposed 
iiefitalar,  LH,  HI,  IM,  will  be  as  tangents  cutting  the 
spherical  convex  lens  in  F,  B,  and  D ;  and  consequently 
fkys  Mling  on  the  points  of  contact,  intersect  the  axis. 
Trimerefore,  since  the  rest  are  parallel  to  these,  they 
will  also  mutually  intersect  each  other  in  G.     Hence, 
if  tine  eye  be  placed  where  parallel  rays  decussate,  rays 
of  die  same  object  will  be  propagated  to  it,  still  parallel 
iioxxi  the  sevewJ  sides  of  the  glass.     Wherefore,  since 
tte  crystalline  humour,  by  its  convexity,  unites  parallel 
T«ys,the  rays  will  be  united  in  as  many  different  points 
of   the  retina  a,  6,  c,  as  the  glass  has  sides.    Conse- 
(piently  the  eye,  through  a  polyscope,  sees  the  object 
lepeated  as  many  times  as  there  are  sides.  And  hence, 
siace  rays  coming  from  every  remote  object  are  parallel, 
^       such  an  object  is  seen  through  a  polyscope,  as  often 
1       i*peated  as  the  latter  has  sides. 

r       •'^'^^  ^^'  ^^>  ^^»  ^^^'  ^^^)  co^J'^g  fron»  a  radiant 
'      £2^^»  "W  on  several  sides  of  a  regular  polyscope,  after 
'waet.ion  they  will  intersect  in  G,  and  proceed  on  a 
''we  fiivei^ging. 

Herkcie,  if  the  eye  be  placed  where  the  rays  intersect, 
^^  ^i<Dming  from  the  different  planes,  the  rays  will  be 
P*P*S^ted  to  it,  by  the  several  planes  a  little  diverg- 
*^>oir  as  if  they  proceeded  from  different  points.  But, 
•""^  't:>ie  crystaJine  humour,  by  its  convexity,  collects 
ttjs  ft*om  different  points  into  the  same  point,  the  rays 
^11  \>^  united  in  as  many  different  points  of  the  retina 
fli^f^».  as  the  glass  has  sides;  and  consequently  the 
cj€,  l>^ing  placed  in  the  focus  G,  will  see  even  a  near 

>«9^^   through  the  polyscope,  as  often  repeated  as  it 
l^  Mdes.     Thus  may  the  images  of  objects  be  mul- 
tiplied in  a  camera  obscura,  by  placing  a  polyscope  at 
^ aperture,  and  adding  a  convex  lens  at  a  due  distance 
I       ™*^  it.    And  it  makes  a  very  pleasant  appearance,  if 
L      **  f  rism  be  applied  so  that  the  coloured  rays  of  the 
'      ?^»  refracted  from  it,  be  received  on  the  polyscope ; 
L     ™\  ly  this  means,  they  will  be  thrown  on  a  paper  or 
1-    J?^  near  at  hand  in  little  lucid  spots ;  and  in  the  focus 
^  ^He  polyscope,  where  the  rays  decussate  (for  in  this 
2J^rinient  they  are  received  on  the  convex  side),  a 
r^  will  be  formed  of  surprismg  lustre.     Further,  if 
*?^^8?a  be  painted  in  water  coloura-in  the  areola^  or 
U^e  squares  of  a  polyscope,,  and  the  glass  be  applied 


to  the  aperture  of  a   camera  obscura^  the  sun's  rays    Optical 
passing  through  it  will  carry  with  them  the  images,     lustru- 
and  project  them  on  the  oj^site  wall.    This  artifice     "*^**- 
bears  a  resemblance  to  that  by  which  an  image  on 
paper  is  projected  on  the  camera ;  namely,  by  wetting 
the  paper  with  oil,  and  straining  it  tight  in  a  frame, 
then  applying  it  to  the  aperture  of  the  camera  obscura, 
so  that  the  rays  of  a  candle  may  pass  through  it  upon 
the  polyscoj)e. 

284.   To  make  an  anamorphosis^  or  deformed  image,  Anamor- 
'[chich  shall  appear  regular  and  beautiful  through  a  poljf-  P*»osi8. 
scope,  or  vmltipluing  glass. 

At  one  end  of  a  horizontal  table  erect  a  plane  per- 
pendicularly, upon  which  a  figure  may  be  designed ; 
and  on  the  other  end  erect  another,  to  serve  as  a 
fulcrum  or  support,  moveable  on  the  horizontal  one. 
To  the  fulcrum  apply  a  plane  convex  polyscope,  con- 
sisting, for  example,  of  24  plane  triangles;  and  let  the 
polyscope  be  fitted  in  a  draw-tube,  of  which  that  end 
towards  the  eye  may  have  oaly  a  very  small  aperture, 
and  a  little  further  off  than  tlie  focus.  Remove  the 
fulcrum  from  the  other  perpendicular  plane,  or  table, 
till  it  be  out  of  the  distance  of  the  focus,  and  the  more 
so  as  the  image  is  to  be  greater.  Before  the  little 
aperture  place  a  lamp,  and  trace  the  luminous  areolse, 
projected  from  the  sides  of  the  polyscope,  with  a  black 
lead  pencil  on  the  vertical  plane,  or  a  paper  applied  upon 
it.  In  the  several  areolae,  design  the  difierent  parts  of  aa 
image  in  such  manner  that,  when  joined  together,  they 
make  one  whole,  looking  every  now  and  then  through 
the  tube,  to  guide  and  correct  the  colour,  and  to  see 
that  the  several  parts  match  and  fit  well  together.  As 
to  the  intermediate  space,  it  may  be  filled  up  with  any 
figures,  or  designs,  at  pleasure ;  contriving  it  so  that 
to  the  naked  eye  the  whole  may  exhibit  some  appear- 
ance very  different  from  that  intended  to  appear  through 
the  polyscope.  The  eye  now  looking  through  the  small 
aperture  of  the  tube,  will  see  the  several  parts  and 
members  dispersed  among  the  areolse,  exhibiting  one 
continued  image,  all  the  intermediate  parts  disappear- 
ing.— *'  Hutton's  Math.  Diet." 

XXI.  Of  the  kaleidoscope. 

285.  The  kaleidoscope  is  the  name  given  to  a  newly-  Kaleido. 
invented   optical  instrument   by   Dr.  Brewster.     The  ^o^. 
word  is  derived  from  n-oXoc,  beautiful;  eio^oQ,  a  form; 
and  gKovctjjy   to  see. 

Perhaps  no  discovery,  either  of  utility  or  amusement, 
ever  attracted  so  much  of  the  public  attention,  or  e^Af^lIy 
excited  the  curiosity  both  of  the  scientific  and  the  vul- 
gar, as  that  of  the  mstrument  to  which  we  now  allude. 
In  the  course  of  a  few  months  many  thousands,  perhaps 
many  hundreds  of  thousands  were  constructed,  and  m 
the  hands  of  persons  of  all  ages  and  classes ;  every  one 
was  enraptured  with  the  beauty,  symmetry,  and  novelty 
of  the  pictures  presented  to  his  eye  by  this  simple  and 
amusing  instrument ;  it  is  only  to  be  regretted,  that  in 
this  general  enthusiasm,  so  little  respect  was  paid  to 
the  property  of  the  inventor,  who  had  previously  se- 
cured the  exclusive  right  of  constructing  and  selling 
the  instrument  by  taking  out  a  patent  according  to  the 
process  established  by  law. 

Dr.  Brewster  complains,  and  very  justly  complains, 
of  this  invasion  of  his  right ;  he  states,  that  after  the 
patent  had  been,  signed,  and  a  number  of  the  instru- 
ments were  in  a.  state  of  forwardness,  the  gentleman. 
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who  was  employed  to  manufacture  them  under  the 
patent,  brought  a  kaleidoscope  to  London,  for  the  pur- 
pose of  taking  orders  for  them  from  the  principal  op- 
ticians. These  gentlemen  naturally  made  one  for  their 
own  use,  and  for  the  amusement  of  their  friends,  and 
the  character  of  the  instrument  being  thus  made  public, 
various  persons  began  to  manufacture  the  detached 
parts  of  it,  without  putting  them  together,  in  order  thus 
to  evade  the  patent;  while  others  manufactured  and 
sold  the  instrument  complete,  without  being  aware 
that  any  patent  had  been  granted  ;  and  thus  a  general 
invasion  was  practiced  upon  the  property  of  the  in- 
ventor. These  depredations  were,  however,  generally 
confined  to  the  lower  classes  of  workmen ;  all  the 
more  respectable  instrument-makers  and  opticians 
irefusing  to  participate  in  this  outrage  of  private  right. 

286.  Under  the  apprehension  of  having  by  the  above 
proceedings  subjected  themselves  to  a  prosecution  for 
an  invasion  of  the  patent,  some  of  those  who  had  in- 
jured  the  pecuniary  interest  of  the  inventor,  now  sought 
to  justify  their  piracy  by  robbing  him  also  of  the  honour 
of  the  discovery,  and  various  old  books  and  old  instru- 
ments were  brought  forward  to  prove  that  the  principle 
of  the  kaleidoscope  had  been  long  known,  ana  conse- 
quently that  no  patent  right  attached  to  it ;  but  cer- 
tainly a  more  absurd  pretence  was  never  made  to  justify 
an  illegal  act.  It  is  true,  that  in  the  latter  respect  Dr. 
Brewster  might  very  well  have  spared  the  trifling  ho- 
nour that,  in  a  scientific  point  of  view,  attached  to  the 
accidental  discovery  of  a  particular  combination  and 
position  of  two  pieces  of  glass ;  he  is  too  rich  in  optical 
discoveries  to  be  the  poorer  for  being  deprived  of  this ; 
and  it  is,  we  conceive,  rather  for  securing  the  right  of 
the  patent,  than  that  of  the  honour  of  the  discovery, 
that  he  has  been  at  the  pains  of  repelling  the  feeble 
attempts  of  those  who  wished  to  deprive  him  of  it. 

287.  That  the  optical  principle  of  the  repeated  re- 
flections of  two  mirrors  inclined  at  an  angle  was  known 
long  ago,  no  one  will  attempt  to  deny ;  we  have  inves- 
tigated this  principle  in  (art.  222)  of  the  preceding 
treatise ;  but  this  has  little  to  do  with  the  construction 
of  the  instrument  in  question  ;  and  as  to  Bradley's  in- 
strument, respecting  which  much  has  been  said,  it 
has  scarcely  any  thing  in  common  with  the  kaleido- 
scope ;  it  consisted  merely  of  two  pieces  of  looking- 
glass,  five  inches  wide  and  four  inches  high,  joined  to- 
gether with  hinges,  and  opening  like  a  book.  These 
plates  being  set  upon  a  geometrical  drawing,  and  the 
eye  being  placed  in  front  of  the  mirrors,  the  lines  of 
the  drawing  were  seen  multiplied  by  repeated  reflec- 
tions. It  has  been  often  made  by  opticians,  and  was 
principally  designed  by  the  author  for  producing  sym- 
metrical figures  for  garden-plats,  for  which  purpose  it 
was  given  in  his  work  on  gardening,  published  in  1717. 
We  cannot  spare  the  room,  nor  do  we  think  it  would  be 
interesting  to  our  readers,  to  give  a  more  detailed  ac- 
count of  this  apparatus ;  we  shall  merely  observe,  that 
all  that  could  be  effected  with  it  may  be  done  equally 
well  by  two  small  looking-glasses  forming  any  pro- 
posed angle  with  each  other. 

It  has  been  very  justly  observed,  that  "  no  proof  of 
the  originality  of  the  kaleidoscope  could  be  stronger 
than  the  sensation  which  it  excited  in  London  and 
Paris.  In  the  memory  of  man  no  invention,  and  no 
work,  whether  addressed  to  the  imagination  or  the  un- 
derstanding, ever  produced  such  an  effect.    A  universal 


mania  for  the  instrument  seized  all  classes,  from  the 
lowest  to  the  highest,  from  the  most  ignorant  to  the 
most  learned ;  and  every  person  not  omy  felt,  but  ex- 
pressed the  feeling  that  a  new  pleasure  had  been  added  ^ 
to  his  existence.  If  such  an  instrument  had  been 
known  before,  a  similar  sensation  ought  to  have  been 
excited,  and  it  would  not  have  been  left  to  the  inge- 
nuity of  the  half-learned,  and  half-honest  to  search  for 
the  skeleton  of  the  invention  among  the  rubbish  of  the 
16th  and  17th  centuries." 

Having  said  thus  much  with  reference  to  the  inven- 
tion and  originality  of  the  instrument,  and  referring  the 
reader  to  (art.  222)  for  the  principle  of  its  operation, 
we  shall  proceed  to  describe  its  general  construction  in 
the  words  of  the  inventor. 

XXII.  Cofutmction  of  the  simple  kaleidoscope, 
266.   When  two  reflecting  planes  are  placed  in  a(^ 
tube  at  certain  angles,  according  to  the  principles  ez-t^ 
plained  in  the  article  above  referrred  to,  and  the  eye  "^ 
applied  to  one  end  of  it,  it  will  perceive  at  the  other'  ^ 
end  a  circular  field,  composed  of  as  many  luminoni 
sections  as  the  number  of  times  that  the  angle  of  in- 
clination of  the  plates  is  contained  in  360^. 

If  we  now  fix  upon  the  edges  of  Ao,  B  o  (fig.  129^^^ 
some  pieces  of  differently  coloured  glass,  so  as  to  pro-^.^^ 
ject  within  the  aperture  AOB,  the  portions  of  the  das^ 
included  in  the  aperture  will  also  be  included  in  aH  *''-ii 
ima^s  of  the  apertures ;  the  images  of  these  portioo^^ 
in  the  inverted  sectors  will  join  those  in  the  dacg'    ^ 
sectors,  and  the  whole  will  be  arranged  into  a  fize  ^^^s} 
symmetrical  pattern,,  far  surpassing  what  can  be  prc^^ 
duced  by  the  hands  of  the  most  skilful  artist,    Im^  ^ 
now  turn  the  tube  to  different  parts  of  the  room,  tkmm 
light  will  fall  in  different  directions  upon  the  fragmea-CM 
of  coloured  glass,  and  a  variation  of  the  patterns  wall 
thus  be  produced  to  a  very  considerable  degree  fiwna 
fixed  objects.     This  was  the  first  state  in  which  I>r. 
Brewster  constructed  the  kaleidoscope ;  and  it  was  nc^t 
for  some  time  aflerwards  that  the  idea  of  varying  the 
pattern  by  the  motion  of  the  objects  occurred  to  hiixi. 
In  executing  the  kaleidoscope  in  this  new  form,  I>»- 
Brcwstcr  first  placed  the  coloured  glass,  or  other  oto* 
jects,  between  two  plates  of  the  thinnest  glass,  vm^^ 
holding  this  object-plate  in  the  hand,  it  was  moved  i^ 
various  directions  across  the  angular  aperture  of  tl»* 
instrument.    The  instrument  was  still  further  improve^' 
by  sliding  the  object-plate  in  a  grove,  as  in  the  mag^^ 
lantern,  by  placing  the  objects  in  a  cell  of  the  reflector^  » 
or  by  giving  the  object-plate  a  circular  form,  so  as  ^^ 
have  a  rotatory  motion  round  the  axis  of  the  tube.    93 
means  of  these,  the  power  of  the  kaleidoscope,  and  tfc»^ 
beauty  of  the  pattern,  were  considerably  inereasec9>  • 
and  from  being  a  mere  toy,  it  now  promised  to  be  m^ 
useful  and  amusing  instrument. 

289.  The  kaleidoscope,  in  this  simple  form,  is  sho^^^ 
in  (fig.  130),  where  AB  is  the  tube,  A  its  object-eft^^ 
B  the  eye-end,  and  c  a  cell,  which  holds  the  ctaal^^ 
object-plates  D,  this  having  a  groove  for  admitting  al^^ 
rectangular  object-plates.    Tliis  cell  is  placed  on  itM^ 
end  A  of  the  tube,  and  turned  round  by  the  hsat^r 
whilst  the  eye  is  applied  at  B.    When  the  rectangal^^ 
olyject-plate  is  used,  it  is  applied  to  the  groove  of  tl»^ 
ceil  c,  and  moved  backwards  and  forwards  in  dtf' 
grove,  while  the  cell  itself  may  be  either  stationary  or 
moved  round  its  axis.  By  this  means  the  most  splmid 
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are  produced,  and  the  sino^lar  eflects  arising 
'  different  directions  in  which  the  objects  cross 
the  angular  aperture,  are  displayed  in  a  striking 

lattems  may  likewise  be  varied,  by  placing^  tlie 
.  sides  of  the  object-plates  next  to  the  instru- 
fiough  in  general  the  clear  ^lass  should  be 
the  eye.  Other  chnng^es  ol  forms  may  be  pro- 
y  a  pencil  or  ink,  or  by  varnish  or  transparent 
id  at  random  on  the  ground  side  of  the  plate, 
if  the  object- plates  is  made  less  in  diameter 

other,  in  order  that  it  may  be  loose  in  the  cell 
vibrate  by  the  slightest  motion  of  the  band : 
rt  of  this  vibration  is  singularly  fine,  partieii- 
en  it  is  couibined  with  the  motion  of  the  co- 
ragraents  of  the  ybject-plate.  The  best  method 
icin^  the  vibration  is  to  strike  slightly  with  the 
I  the  end  N  of  the  tube, 

ler  of  the  object-plates,  in  several  of  the  in- 
ts,  contains  either  fragments  of  colourless  glass, 
■regular  surface  of  transparent  varnish,  or  in- 
Canada  balsaro.  This  object  gives  very  fine 
16  figures  when  used  alone;  but  its  principal 
!>  be  placed  in  the  cell  between  an  object*plate 
vhi  colours,  and  the  end  of  the  instrument. 
lis  is  done,  the  outline  of  the  pieces  of  coloured 
»  softened  down  by  the  refraction  of  the  trans- 
rag^ents,  and  the  pattern  displays  the  finest 
f  soft  and  brilliant  colouring.  The  colonrless 
late  supplies  the  outline  of  the  pattern,  and  the 
colour  behind  fills  it  up  with  the  softest  tiut. 
I  the  instrument  is  used  in  candle-light,  the  end 
,  should  be  held  within  an  inch  or  two  of  the 
And  a  little  to  one  side  of  it ;  or  it  should  be 

to  a  point  half  w^ay  between  two  candles, 
>s  near  each  otl^r  as  possible.  The  light  of  an 
lamp  is^  howevert  preferable  to  that  of  a  candle, 

observer  wishes  to  look  at  any  object  not  con- 
n  the  object-plates,  he  has  only  to  remove  the 
and  hold  the  object  close  to  the  end  N  of  the 
mt ;  for  the  symmetry  of  the  figure  is  destroyed 
tept  at  a  distance,  or  if  the  lube  MO  be  pulled 
le  slightest  degree.     Hence  it  w^iU  be  found 

pattern  is  most  perfect  when  the  object  is 
placed  upon  the  fixed  glass  at  the  end  N  of 

CM. 

In  looking  at  opaque  objects,  as  a  seal»  a 
bain,  the  second  hand  of  a  watch,  coins,  pic- 
jems,  shells,  flowers,  leaves  and  petals  of 
impressions  of  seals,  &c.  the  object,  instead 
5  held  between  the  eye  and  the  light,  must  be 
n  the  same  manner  as  we  \  iew  objects  through 
icope,  being  always  placed  as  near  the  instru- 

possible,  and  so  as  to  allow  the  light  to  fall 
icularly  upon  the  object ;  the  object-plates 
,  and  all  transparent  objects  may  be  viewed  in 
uier ;  but  af^er  all,  the  most  splendid  exhibition 
lind  is  to  view  the  minute  fragments  of  coloured 
I  stated  in  the  preceding  part  of  this  article, 

XX III.  Of  the  poit/central  kaleidoscopf. 

What  has  been  stated  above  is  only  with  re- 
to  two  reflecting  mirrors,  but  it  will  equally 
I  the  case  where  three  such  mirrors  are  em- 
except  that  the  multiplication  of  the  images 


will  of  course  now  be  different,  and  differently  ar-    Optical 

ranged,  -  Instm- 

Whatever  may  be  the  angle  that  the  three  reflecting  tamn. 
planes  form  with  each  other,  any  object  placed  between  *^''^^^*^' 
tliem  will  be  multiplied  indefinitely,  till  the  image  is 
lost  for  want  of  light ;  but  in  order  that  a  due  symme- 
try may  be  observed  in  the  field  of  tlie  instrument,  it 
is  necessary  that  each  angle  of  the  triangular  prism 
thus  formed,  should  be  such  as  of  itself  to  produce  a 
symnu'trical  figure  ;  that  is,  each  angle  must  be  some 
even  submxdtiple  of  360"^.  This  condition  limits  the 
arrangement  of  the  plates  to  the  three  following,  vise, 
the  angles  formed  by  the  planes  must  be  either 
aO^  60^,  90^;  60^,  60°  60^;  or  45°,  45°,  90=,  and 
the  figures  of  the  field  of  the  instrument  will  then  be 
as  represented  in  figs.  131,   132,  133,  respectively. 

By  a  similar  reasoning  it  may  be  shown,  that  if  four  pj^,  jjj^ 
mirrors  be  employed,  they  must  be  at  right  angles  with  iJ5^,  135. 
each  other ;  but  they  may  either  form  a  rectangle  or  a 
square. 

If  the  number  of  planes  exceed  four,  some  one  or 
more  of  the  angles  will  be  greater  than  a  right  angle, 
and  will  therefore  not  be  an  even  submultiple  of  360*^; 
consequently  no  symmetry  is  obtainable  with  a  greater 
number  than  lour  planes. 

XXIV,  Kakidoscopes  uith  mot  cable  mirrors, 
292,  We  have  already  observed  that  the  kaleido- 
scope was  no  sooner  known  in  London,  than  the  in-  Xalciiio* 
genuity  of  difierent  artists  gave  it  a  great  variety  of  scopes  wiib 
forms,  and  highly  improved  the  pleasure  and  amuse-  movmbfe 
ment  furnished  by  this  instrument  in  its  simplest  form,  "^if^f** 
Amongst  others,  Mr.  Bate's  construction  seems  highly 
deserving  of  a  minute  description.     Hitherto  we  have 
supposed  the  planes  tixed  to  some  rle terminate  angle, 
and  consequently  all  tlie  figures  exhibited  by  the  same 
instrument,  however  various  ihey  may  be,  will  have 
one  general  eharacter,  viz.    the   polygon,  or  field  of 
view,  will  always  have  the  same  number  of  angles ; 
but  by  the  following  contrivance  the  angle  of  the  in- 
strument may  be  varied  at  pleasure,  and  consequendy 
a  greater  variety  of  figures  exhibited. 

This  construction  of  the  kaleidoscope  is  exhibited  in 
(fig.  1.'34).  It  is  composed  of  two  cones,  M,  N,  con- 
nected together  by  a  middle-piece  or  ring  below  R,  p«  ,*. 
into  which  they  are  both  screwed.  These  lines  enclose  '^' 
two  highly  polished  metallic  reflectors  AO,  BO,  one 
of  which,  BO,  is  fixed  lo  the  same  ring  below  R,  to 
which  the  two  cones  are  screwed,  and  so  adjusted  by 
screws  that  its  reflecting  surface  passes  through  the 
axis  of  th^i  cones  and  rings.  The  other  reflector,  AO, 
is  fixed  to  the  outer  ring  R,  by  an  arm  passing  through 
an  annular  space  or  arch  of  a  little  more  than  90°,  cut 
in  the  circumference  of  the  inner  ring ;  and  while  it« 
reflecting  surface  is  adjusted  so  as  to  pass  through  the 
axis  of  the  cones  and  rings,  its  lower  edge  OMNE  is 
finely  ground  to  a  perfectly  straight  line,  free  of  all 
roughness ;  and  this  edge  is  so  adjusted  by  screws 
that  it  coincides  with  the  axis  of  the  cones  and  rings^ 
The  lower  edge  of  the  reflector  AO  eomes  a  little  below 
the  same  axis,  so  that  the  edge  EO  of  the  reflector 
BO  just  touches  a  line  in  the  reflcctc-  AO,  which  co- 
incides with  the  axis  of  the  cones  and  rings,  and  forms 
a  junction  in  every  part  of  the  two  meeting  edges. 
If  we  now  fix  the  outer  ring  R  into  the  ring  c^  a  staad 
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Ofytics.  ST,  to  as  to  be  held  fast,  and  turn  the  conea  MN  with 
the  hand,  we  shall  give  motion  to  the  reflector  BO,  so 
as  to  place  it  at  any  angle  we  please,  from  0°  to  90", 
and  during  its  motion  through  this  arch,  the  junction 
of  the  two  reflectors  must  remain  perfect,  if  the  touching 
lines  are  adjusted,  as  we  have  described  them,  to  the 
axis  of  motion,  which  must  be  also  the  axis  of  the  cones 
and  rings.  If,  on  the  contrary,  we  take  away  the  stand, 
and,  holding  the  instrument  in  the  hand  by  either  of  the 
cones  MN  and  turn  the  ring  R  with  the  other,  we  shall 
give  motion  to  its  reflector  AO,  and  produce  a  variation 
in  the  angle  in  the  same  manner  as  before. 

In  order  to  enable  the  observer  to  set  the  reflectors 
at  once  to  an  even  aliquot  part  of  a  circle,  or  so  as  to 
give  pairs  of  direct  and  inverted  images,  the  most  con- 
venient of  the  even  aliquot  parts  of  the  circle  are  engra- 
ven upon  the  Ring  R,  whereby  we  have  only  to  set  the 
index  I  to  any  of  these  parts,  to  No.  20  for  example, 
and  the  reflectors  will  then  be  set  at  an  angle  of  80°, 
and  will  form  a  circular  field  with  twenty  luminous  sec- 
tors, or  a  star  with  ten  points,  and  consequently  a 
pattern  composed  of  ten  pair  of  direct  and  inverted 
images. 

As  the  length  of  the  plate  is  only  5  inches,  it  is  ne- 
cessary for  some  eyes  to  have  a  convex  lens  placed  at 
E.  A  brass  rii^  containing  a  plain  glass  screw  into 
the  outer  ring  CD,  and  there  is  an  object  plate  accom- 
panying the  mstrument,  and  containing  fragments  of 
differently  coloured  glass.  This  object  plate  consists 
of  two  plates  of  glass,  one  ground  and  the  other  ti^ans- 
parent,  set  in  brass  rims.  Tlie  transparent  one  goes 
nearest  the  reflectors,  and  the  brass  rim,  which  contains 
it,  screws  into  the  other,  so  as  to  contain  between  them 
the  coloured  fragments.  A  loose  ring  surrounds  the 
object-plate;  and  when  this  ring  is  screwed  into  the 
circular  rim  CD,  the  object-plate  can  be  turned  round 
so  as  to  produce  a  variety  of  patterns,  without  any  risk 
of  its  being  detached  from  the  outer  cone. 

Some  of  the  preceding  instrjiments  have  been  fitted 
up  also  with  plates  of  glass  ground  perfectly  flat,  and 
highly  polished,  which  reflect  a  great  deal  of  light,  and 
are  less  liable  to  be  injured  by  the  operation  of  removing 
the  dust,  or  by  other  causes.  Flint-glass,  from  its  high 
reflective  power,  is  preferable  to  any  other.  The  poly- 
angular  kaleidoscope,  as  made  by  Mr.  Bate,  with  glass 
plates,  is  constructed  on  different  principles  from  the 
one  now  described.  The  reflectors  are  placed  in  a 
cylindrical  tube,  and  motion  of  the  moveable  reflector 
is  produced  by  a  contrivance  extremely  simple  and 
ingenious. 

XXV.  Kaleidoscope  for  projecting  Jigitrcs  on  a  wall, 
293.  The  pictures  created  by  the  kaleidoscope  are 
visible  only  to  one  person  at  a  time ;  but  it  is  also 
possible  to  fit  it  up  for  the  express  purpose  of  exhi- 
biting the  same  to  a  number  of  spectators.  The 
necessary  limitation  of  the  aperture  at  the  eye-end  of 
the  instniment  is,  however,  very  hostile  to  this  species 
of  exhibition,  and  renders  it  necessary  that  the  objects 
should  be  as  transparent  as  possible,  and  very  strongly 
illuminated. 

The  apparatus  requisite  for  this  purpose  is  shown  in 
(fig.  135),  where  FG  is  the  kaleidoscope,  having  its  re- 
flectors inclined  at  an  angle  of  22°^,  25^+4  30°, 
36%  45^,  60%  or  90^ ;  for  if  the  angle  be  made  smaller, 


the  laat  reflections  will  not  b«  easily  aeen.  The  ob- 
jects out  of  which  the  picture  is  created  are  placed  on 
the  object-plate  DE,  and  are  illumickated  by  means  of  a 
lens  AD,  which  concentrates  upon  it  the  direct  light  ^ 
from  the  lamp  or  candle  C,  and  also  the  light  reflected 
from  the  concave  mirror  m.  At  the  eye-end  of  the 
kaleidoscope  is  placed  a  lens  L,  close  to  the  end  of  the 
reflectors ;  this  lens  should  have  a  focal  leng^  about 
an  inch  less  than  the  length  FC  of  the  reflectors,  in 
order  that  the  image  of  the  pattern  created  at  F  may 
be  thrown  upon  the  wall  W,  at  a  convenient  distance 
from  L. 

When  the  instrument  is  thus  fitted  up,  an  enlarged 
image  of  the  pattern  wiH  be  seen  upon  the  wall  W,  and 
this  image  will  undergo  every  possible  transformation, 
and  exhibit  to  the  spectators  every  variety  «f  tint  and 
form  by  the  motion  of  the  object,  either  through  a 
groove  or  round  the  axis  of  the  instrument.     I'he  same 
effect  may  be  produced  by  the  light  of  the  sun,  but  in 
this  case  the  mirror  MN  is  unnecessary.     One  of  the 
polyangular  kaleidoscopes,  as  made  by  Mr.  Bate,  has 
been  fitted  up  in  this  manner,  for  exhibition  at  the 
lectures  on  Natural  Philosophy  delivered  at  Guy's-hos-  « 
pital,  by  William  Allen,  Esq.  F.  R.  S.    The  light  is  .« 
derived  from  an  oxygen  lamp,  which  produces  Uie^ 
most  intense  illumination. 

A  distinct  treatise  on  the  kaleidoscope  has  beeir^ 
advertised  by  Dr.  Brewster. 

XXVI.  Explanation  of  certain  optical  phenomena, 

294.  In  the  preceding  treatise  on  Optics,  it  has  beei^B 
our  object  to  enter  as  concisely  as  possible  upon  th^> 
various  subjects  on  which  wc  have  treated,  and  we  haf^--« 
therefore  necessarily  passed  over  several  optical  pheoo^»» 
mena,  whose  explanation  would  have  earned  us  somc^s- 
what  out  of  the  line  and  limits  we  had  prescribed;  w^^ 
propose,  however,  now  to  bestdir  a  few  columns  to  tl^.^ 
examination  of  those  which  more  commonly  occur,  aik.^ 
to  give  the  solution  of  them  as  briefly  as  is  consistei^fe.'> 
with  perspicuity. 

1.  What  is  the  cause  of  the  lateral  radiations  xcAic^ 
seem  to  adhere  to  a  candle  xieued  xcith  icinking  ei/csf 

To  this  question  different  answers  have  been  retunie«X. 
Dr.  Young  says,  the  most  conspicuous  radiations  ajrc 
those  which,  diverging  from  below,  form  each,  with,    wt 
vertical  lijie,  an  an«;le  of  about  7°;  this  angle  is  eqiasrf 
to  that  which  the  edges  of  the  eye-lids  when  closed 
make  with  a  horizontal  line ;  and  the  radiations  are  oi>- 
viously  caused  by  the  reflection  of  light  from  those 
flattened  edges.     The  lateral  radiations  are  produced 
by  the  light  reflected  from  the  edges  of  the  laten/     j 
parts  of  the  pupillary  margin  of  the  uvea ;  while  itf     I 
superior  and  inferior  portions  are  covered  by  the  eje-      J 
lids.     The  whole  uvea  being  hidden  before  the  total 
close  of  the  eye-lids,  these  horizontal  radiations  vanish 
before  the  perpendicular  ones. 

2.  Whence  arises  the  luminous  cross  which  teem  to 
proceed  from  the  image  of  a  candle  in  a  looking-glass! 

This  is  produced  by  the  direction  of  the  fiiction  by 
which  the  glass  is  polished :  the  scratches  placed  in  a 
horizontal  direction,  exhibiting  the  perpendicular  part 
of  the  cross,  and  the  vertical  scratches  the  horizontal 
part,  in  a  manner  that  may  be  easily  conceived. 

3.  Jrhj/  do  sparks  appear  to  be  emitted  when  the  et/e  it 
rubbed  or  compressed  in  the  dark. 
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When  a  pressure  of  a  certain  breatkli,  as  that  of  the 

^  finger,  for  example,  is  made  on  the  opfiqiie  part  of  the 

e?e  in  the  dark»  an  ortjicular  speclrum  appenrs  on  the 

part  opposite  to  thai  which  is  pressed  ;  the  light  of  the 

disc  is  faint,  that  of  tlie  circumference  much  stron|jer;  but 

when  a  narrow  surface  is  apphed,  as  that  of  a  pin*s  head, 

or  the  point  of  a  nail,  flie  iroat^e  is  narrow  and  bright. 

This  is  obviously  occasioned  by  the  irritation  of  the  retina 

at  the  part  touched:  referred  by  the  mind  to  the  part 

whence  light,  coming  throuorh  the  pupil,  would  fall  on 

this  spot,  the  irritation  is  greatest  where  the  flexure 

IB  greatest,  viz.  at  the  circumference,  and  sometimes  at 

the  centre  of  the  compressed  part.    But  in  the  presence 

of  light,  whether  the  eye  be  open  or  closed,  the  cir- 

furaterence  only  will  be  luminous,  and  the  disc  dark; 

md  if  the  eye  be  viewing  any  object  at  that  part  where 

the  image  appears,  that  object  will  be  totally  invisible. 

'lence  it  follows,  that  the  tensions  and  compressions 

ttf  the  retina  destroy  all  the  irritation,    except  that 

rhich  is  produced  by  its  flexure,  and  this  is  vSO  slight  on 

[^he  disc,  that  the  apparent  light  there  is  tainter,  that 

►  38,  that  of  the  rays  arriving  at  al!  tlie  other  parts  through 

the  eyelids.     Tins  experiment  demonstrates   a  truth 

iffhich  may  be  inferred  from  many  other  arguments, 

and  is,  indeed,  almost  an  axiom  ;  that  is  to  say,  that 

the  supposed  rectification  of  the  inverted  ima^e  on  the 

retina  does  not  depend  on  the  direction  of  the  incident 

rays. 

If  the  anterior  part  of  the  eye  be  repeatedly  pressed, 
90  as  to  occasion  some  degree  of  pain,  and  a  continued 
pressure  be  then  made  on  the  sclerotica,  while  an  in- 
terrupted pressure  is  made  on  the  cornea,  we  shall  fre- 
quently be  enabled  to  observe  an  appearance  of  lumi- 
nous lines,  branched  and  somewhat  connected  with 
each  other,  darting  firom  every  point  of  the  field  of  view 
towards  a  centre  a  little  exterior  and  superior  to  the 
txis  of  the  eye. 

This  centre  corresponds  to  the  insertion  of  the  optic 
nerve,  and  the  appearance  of  the  line  is  probably  occa- 
siODed  by  that  motion  of  the  retina,  which  is  produced 
by  the  sudden  return  of  the  circulating  fluid  into  the 
Veins  accompanying  the  ramifications  of  the  arteria 
centralis,  after  being  detained  by  the  pressure  which 
is  now  intermitted.  But  as  such  an  obstruction  and 
such  a  re-admission  must  require  particular  circum- 
stances, in  order  to  be  effected  in  a  sensible  degree,  it 
Tnay  naturally  be  supposed  that  this  experiment  will 
'not  always  easily  succeed, 

4.  JV/iy  does  a  prrson  in  a  room  sec  art  other  through  a 

^^lass  windo-w  passing  in  the  street  much  better  than  the 
*  Matter  will  see  the  former  in  the  room  ? 
The  person  in  the  street  or  open  air,  being  in  full 
day-light,  the  few  rays  which  pass  out  of  the  room 
through  the  glass  will  make  but  a  very  small  impres- 
sion, whereas  the  case  is  exactly  the  reverse  with  re- 
spect to  the  person  in  the  room.  If  it  be  but  imperfect 
day-light,  and  a  candle  or  candles  be  lighted  in  the 
room,  then  the  person  out  of  doors  will  see  him  in  the 
Tootn  more  perfectly  than  the  latter  will  sec  the  former, 
for  a  similar  reason. 

5.  B^hat  is  the  reason  that,  looking  %  daii-iight  at  tha 
^d  of  a  needle  placed  near  the  eye  (jf  iht  ohserxer^  and 
^ttween  the  eye  and  a  card  having  a  small  hole  pricked  in 
*'  hif  the  needle f  the  needle  appears  to  he  behind  the  card,, 

,  <*tKi  reversed  f 

We  see  nothing  on  the  eye  side  of  the  card,  because 
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it  is  too  httle  distant,  and  we  see  Urn  object  beyond  it    Optkaf 
reversed,  for  the  same  reason,  as  whenaspectatorplaced  phenoaicna, 
in  a  dark  chamber,  and  who  looks  throngh  a  small  aper-  -^'"^^^^^--^ 
ture,  without  preventing  the  light  from  entering,  will 
see  exterior  images  reversed,  that  is,  the  rays  cross- 
ing in  the  aperture  in  this  case,  awd  in  the  hole  in  the 
card  in  the  former,  will  cause  the  inversion  of  the 
images  in  question. 

6.  IV h^  dots  a  burning  coal  or  other  tight j  v>hen  turned 
rapidly  round,  appear  as  a  ring  ofjire  f 

\Vc  have  already  referred  to  this  experiment  m  the 
preceding  pages ;  as  to  the  cause  of  the  appearance  it 
is,  that  the  impression  of  the  light  on  the  retina  pro- 
duces certain  vibrations^  which  continue  for  a  time, 
during  which  the  sensation  remains  the  same;  if, 
theretbre,  the  coal  be  made  to  perform  its  revolution 
before  the  vibration  caused  by  the  first  impression 
ceases,  it  obviously  follows  that  the  consec|uence  will 
be  the  sensation  of  a  ring  or  circle  of  fire  such  as  we 
have  described.  Newton  supposes  the  sensation  pro- 
duced by  the  impression  of  light  on  the  rtttna  to 
continue  for  a  second,  others  state  it  at  7*";  assuming 
the  latter  number,  it  follows  that  if  the  revolution  be 
made  at  the  rate  of  about  nine  revolutions  per  second, 
the  luminous  ring  will  be  entire. 

7.  When  a  light  is  suffpended  by  u  long  cord^  and  w 
made  to  lam  on  it  os  an  axis^  'what  is  the  reason  that  two 
different  persons  viewing  it  from  the  same  pointy  or  the 
same  prrson ^  at  different  times ^  will  suppose  it  turning 
sometimes  in  one  di  net  ion,  and  at  other  times  in  another  ? 

The  extreme  edges  of  the  light  forming  a  circle,  we 
refer  the  motion  of  the  light  to  the  diameter  which 
passes  through  the  eye;  and  at  a  very  inconsider- 
able distance  we  are  unable  to  assure  ourselves 
which  extremity  of  the  diameter  is  nearest  to  us,  par- 
ticularly if  the  plane  of  the  circle  pass  very  near  the 
eye,  and  that  we  do  not  pay  a  sufficient  attention  to 
the  effect  of  perspective.  If,  therefore,  one  person 
take  the  most  distant  extremity  of  the  diameter  for  the 
nearest,  while  the  other  forms  a  correct  estimate  iu  this 
respect,  the  one  will  see  the  candle  turning  to  the  left 
and  the  other  to  the  right ;  and  the  same  person  at 
different  times,  and  even  w^ithout  removing  bis  eye 
from  the  candle,  may  be  subject  to  the  like  deception. 
The  same  thiri^  may  happen  to  persons  viewing  very 
obliquely  the  sails  of  a  windmill  in  motion^  See  art.  121. 

8.  Whence  proceeds  that  dazzling  effect  which  takes 
place  when  we  come  out  of  darkness  into  a  great  lights 
and  the  temporanj  blindness  in  going  out  of  great  light 
into  a  medium  darkness  f 

Til  is  arises  from  the  natural  construction  of  tlie 
organ  of  vision,  which  is  such,  that  we  imperceptibly 
contract  or  dilate  the  pupil,  iu  order  to  admit  as  many 
rays,  and  no  more,  than  are  necessary  for  distinct 
vision,  A  person  having  been,  therefore,  for  some 
time  in  a  great  or  medium  obscurity,  has  dilated  the 
pupil  to  its  utmost,  in  order  to  admit  the  greatest  pos- 
sible quantity  of  rays.  If^  now,  he  go  suddenly  into  a 
great  light,  the  motion  of  the  iris,  by  which  the  re- 
quired contraction  is  to  be  performed,  not  being  very 
rapid,  too  many  of  these  intense  rays  enter,  and  cause 
that  dazzling  effect,  which  every  one  must  have  ob- 
served in  this  case.  The  contraction,  however,  is 
ultimately  accomplished,  and  the  vision  becomes 
distinct. 

Again,  when  a  person  has  been  for  some  lime  in  a 
3q 
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Optics,  bright  light,  the  pupil  is  contracted,  and  it  remains  so 
for  a  time  aiier  he  nils  left  the  light;  the  consequence 
is,  that  a  sufficient  quantity  of  rays  cannot  immediately 
enter,  and  he  feels  himself,  for  a  short  interval,  in  a 
state  of  temporary  blindness. 

Those  animals  who  can  see  distinctly  in  a  strong 
light,  and  in  a  medium  obscurity,  have  a  greater  power 
of  contracting  and  dilating  the  pupil  than  men ;  a  cat, 
for  example,  towards  evening,  has  the  pupil  full  and 
round,  but  at  mid-day  it  is  commonly  contracted  into 
a  fine  line.  The  eagle  has,  perhaps,  a  power  of  con- 
traction far  exceeding  other  animals. 

Near-sighted  persons  can  commonly  see  better  in  the 
dark  than  those  who  have  a  good  common  sight ;  and 
the  reason  appears  to  be,  that  the  former  see  without 
effort  near  objects,  whereas  those  who  have  ordinary 
sight  are  obliged  to  close  the  eye,  and  consequently  to 
contract  the  pupil  to  obtain  the  same  effect ;  they  con- 
sequently receive  much  less  light  in  a  medium  obscu- 
rity, and  when  the  eye  is  directed  to  near  objects,  than 
persons  naturally  short-sighted. 

9.  Why  do  near-sighted  persons  commonly  attribute  to 
distant  objects  a  greater  magnitude  than  those  who  have 
a  good  common  sight  ? 

The  distinct  images  of  objects  are  made  on  the  eye 
only  at  the  point  of  intersection  of  the  rays  of  light 
issuing  from  the  same  point.  The  eye  of  short  sight  re- 
ceives on  the  retina  all  these  rays  beyond  the  point  of 
their  intersection,  and  consequently  at  a  point  where 
they  are  more  extended. 

10.  Why  can  those  persons  who,  after  a  certain  age, 
become  presbytes^  read  a  small  print  by  exposing  it  to  the 
rays  of  the  sun,  or  other  strong  light  ? 

The  intensity  of  the  light  thrown  upon  the  object, 
and  thence  transmitted  to  the  eye,  causes  them  to  con- 
tract the  pupil  in  an  extreme  degree,  which  thus  pro- 
duces the  necessary  convergency  of  the  rays  for  render- 
ing vision  distinct. 

11.  What  is  the  reason  that  a  small  object,  placed  very 
near  the  eye,  but  seen  through  a  small  pin-hole  in  a  black 
card,  or  leaf  of  black  paper,  appears  larger  as  it  is  nearer 
the  eye ;  while,  if  we  observe  it  without  the  card,  it  appears 
sensibly  of  the  same  magnitude  at  all  distances  ? 

The  reason  of  this  phenomenon  doubtless  is,  that  we 
judge  of  the  magnitude  of  objects  in  most  cases,  inde- 
pendently of  the  angle  formed  by  the  rays  proceeding 
from  its  extremities ;  and  in  all  cases  the  idea  only  in  part 
depends  upon  the  convergency  of  the  rays,  unless  all 
other  means  of  estimation  be  taken  away,  as  in  the  ex- 
periment in  question,  where  we  view  the  object  through 
a  small  aperture.  Thus,  however  near  the  object  may 
be,  the  hole  will  correct,  or  render  the  vision  perfect ; 
while  the  card,  being  interposed  between  the  eye  and  the 
obiect,we  are  unable  to  call  to  our  assistance  our  common 
cnterion,  the  distance  at  which  the  object  is  placed ;  and 
the  estimate  is  therefore  formed  of  its  magnitude  from 
that  of  the  image  only ;  which  is  necessarily  greater  the 
nearer  the  former  approaches  the  card  and  the  eye. 


12.  Why  does  moistened  papengfpear  more  tramtpafeni 
tlian  when  in  its  natural  state  f 

A  piece  of  dry  paper  has  its  pores  embarrassed  with 
fine  interwoven  threads :  the  liquor,  which  penetrates 
its  pores,  breaks  the  connection  of  these  threads,  and 
the  pores  become  as  so  many  small  tubes  filled  with 
liquor,  proper  to  transmit  the  light,  and  give  to  the 
paper,  in  this  state,  its  transparency,  by  permitting 
the  light  to  pass,  which  was  before  prevented  by  the 
intervention  of  the  threads  above  alluded  to. 

1 3.  What  is  the  reason,  when  the  sun,  or  any  other  strong 
light,  ULuminates  the  inside  of  a  round  vessel,  that  we  see 
two  species  of  luminous  semicircle,  which  unite  somewhat  in 
the  form  of  a  heart,  of  which  the  point  of  union  approaches 
so  much  nearer  to  the  centre,  or  axis  of  the  vessel,  as  the 
light  itself  approaches  the  same? 

The  luminous  curves  in  question  are  the  effect  of  the 
consecutive  intersections  of  the  rays  of  light  reflected 
from  each  of  the  contiguous  points  of  that  concaye 
semi-circumference  of  the  vessel  which  is  enlightened, 
as  shown  in  (fig.  22).  Where  the  point  B  is  the  focus 
of  this  semi-circumference,  and  its  distance  from  the 
centre  depends  on  that  of  the  luminous  object  from  the 
enlightened  circumference,  the  two  curves  AB,  BC, 
are  called  caustics  by  reflection. 

14.  What  is  the  cause  of  those  long  tremulous  luminous 
trains  which  are  observed  in  a  streatn  of  running  water 
when  enlightened  by  the  sun  or  moon  ? 

The  particles  of  the  running  water,  gliding  one  over 
the  other  in  slight  waves,  or  lamina,  produce  the 
effect  of  so  many  small  plane  mirrors  differently  in- 
clined, which  changing  both  their  direction  and  [dace 
every  insUnt,  as  well  as  their  velocity  and  indinatiooy 
they  present  their  reflections  sometimes  on  one  s»* 
and  sometimes  on  the  other,  and  thus  produce 
tremulous  appearance  above  noticed. 

15.  What  is  the  cause  that  vision  under  water  is 
extremely  indistinct  f 

The  refraction  of  the  rays  which  enter  the  water 
the  air  is  nearly  as  great  as  that  of  those  prodaced 
the  humours  of  the  eye ;  therefore,  when  the  eye  is 
the  water,  it  makes  only  a  very  small  refraction  of  t 
rays,  and  consequently  can  only  produce  very  indistinc  :^ 
images  of  objects  seen  by  it,  the  union  of  the  ray^ " 
falling  considerably  beyond  the  retina. 

16.  Why  are  the  crystallines  of  fishes  sensibly  globula^^ 
and  solid  ? 

The  aqueous  humour  would  have  been  useless  in 
eyes  of  fishes;  and  if  their  crystalline  humour  hai 
been  sunk  as  deep  as  in  quadrupeds,  or  other  laiv 
animals,  they  would  not  have  had  a  sufficient  field  o^ 
vision ;  the  crystalline  is  therefore  placed  under  fli  "^ 
pupil,  in  order  thereby  to  give  a  greater  opening  to  th  ^ 
latter ;  the  crystalline  is  made  more  dense  to  rend^* 
the  refraction  greater ;  and  it  is  made  spherical,  thoLT^ 
as  small  an  interval  as  possible  might  be  formed  b^^ 
tween  the  anterior  surface  and  Uie  bottom  of  tb0 
eye. 
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ay.  only  from  this  period  that  we  shall  commence  our 
mJ  historical  sketchy  (ind  attempt  to  trace  the  rise  and 

progress  of  astronomy, 
ive  We  shall  follow  it,  from  the  state  above  described, 
in  when  every  thing  depended  upon  obscr^■ation  only, 
tory  unaided  either  by  a  calculus  or  instruments  j  through 
^^^  that  in  which  the  hitter  begjui  to  l)e  employed,  and 
some  assistance  was  derived  from  the  more  elemen- 
tary positions  of  geometry.  We  shall  next  examine 
it  from  the  period  when  astronomical  science  was 
enriched  and  extended  by  the  invention  of  the  tele- 
scope, but  wliile  the  principles  of  computations  were 
still  founded  on  the  elements  of  pure  geometry  ;  and 
lastly,  we  shall  exhibit  the  science  as  it  now  e.\ists, 
supported  by  every  aid  that  can  be  derived  from  the 
present  high  state  of  practiced  and  theoretical  mecha- 
nics and  optics  ;  when  the  effect  of  every  celestial 
motion,  and  every  disturbing  force  is  made  to  depend 
upon  one  universid  law ;  and  the  amount  of  each 
investigated  And  submitted  to  computation,  by  mciuis 
of  the  powerful  assistance  derived  from  the  modern 
analysis. 

The  first  period  above  alluded  to,  comprehends  a 
long  scries  of  ages,  during  which  the  science  of 
astronomy  passed  into  the  hands  of  dilFerent  people 
and  nations.  First,  to  the  Greeks,  then  to  the  Arabs  ; 
from  which  latter  it  seems  probable  that  it  found  its 
way  to  India  and  China,  about  the  same  time  that  it 
was  also  brought  into  Spain  ;  wlience  it  afterwards 
spread  througliout  all  parts  of  civilized  Europe.  We 
shall  therefore  divide  this  period  into  the  following 
minor  sections.  The  astronomy  of  the  Greeks ;  of 
the  Arabs  ;  of  the  Indians  and  Chinese  5  and  of  mo- 
dern Europe  \  which  latter  will  bring  us  up  to  the  time 
of  Copernicus  and  Gidileo  \  including,  in  all,  about 
twenty-one  centuries. 

Of  the  Astronomy  of  the  Greeks, 

Thalcs.  Thales  is  generally  considered  as  the  founder  of 

B.  c.  t>00.  astronomy  amongst  the  Greeks.  This  philosopher, 
who  must  have  flourished  about  600  years  before  the 
commencement  of  the  Christian  ara,  is  said  to  have 
taught  that  the  stars  were  fire,  or  that  they  shone  by 
means  of  their  own  light ;  the  moon  received  her 
light  from  the  sun,  and  that  she  became  invisible  in 
her  conjunctions,  in  consecjuence  of  being  hidden  or 
absorbed  in  the  solar  rays,  which  it  must  be  acknow- 
ledged is  but  an  obscure  wjiy  of  saying  that  she  then 
turned  towards  us  her  unenlightened  hemisphere.  He 
taught  farther  that  the  earth  is  spheric;d,  and  placed 
in  the  centre  of  the  world  ;  he  divided  the  heavens, 
or  rather  found  them  divided  into  five  circles,  the 
equator,  the  two  tropics,  and  the  arctic  and  antarctic 
circles.  The  year  he  made  to  consist  of  3G5  days ; 
and  determined  "  the  motion  of  the  sun  in  declina- 
tion." What  is  meant  by  this  expression  is  not  very 
easy  to  comprehend  ;  if  it  only  means  that  he  disco- 
vered such  a  motion,  it  can  scarcely  be  considered  as 
correct,  as  it  must  have  been  known  prior  to  his 
time  ;  viz.  to  the  first  observers  j  and  it  cannot  mean 
that  he  laid  down  rules  for  computing  it,  as  we  have 
every  reason  to  know  that  the  most  simple  principles 
of  trigonometry  were  not  propagjited  till  many  cen- 
turies after  his  time. 
Predict  an  Thales  is  also  said  to  have  first  observed  an  eclipse, 
•riip«e.        and  to   have    predicted   that   celebrated   one   which 


terminated  the  war  between  the  Medea  and  the 
Lydians  -,  an  eclipse  on  which  much  has  been  written^ 
but  from  which  very  little  satisfactory  infbnnatkm 
has  been  obtained.  Herodotus  says,  "  it  happened 
that  the  day  was  changed  suddenly  into  night,  a 
change  which  Thtdes  the  Milesian  hiid  announced  to 
the  people  of  Ionia,  assigning  for  the  limit  of  his  pre- 
diction, the  year  in  which  the  change  actually  took 
place."  Thales  liad  therefore  neither  predicted  the 
day  nor  the  month  ;  and  in  all  probability  he  had 
no  other  principle  to  proceed  upon,  than  the  Chaldean 
period  of  eclipses  already  alluded  to  in  the  preceding' 
part  of  this  article. 

The  |)ointed  declaration  of  the  historian,  that  the 
limits  assigned  by  the  astronomer  for  the  appearance 
of  this  phenomenon,  was  the  year,  in  which  it  hap* 
pened,  is  a  pretty  obvious  proof  of  the  low  state  of 
astronomical  science  at  tliis  time,  tmd  it  would  be  of 
little  imjmrtance  whether  the  eclipse  was  itself  partial 
or  total )  but  as  there  is  little  doubt  that  such  an 
event  actually  took  place,  it  becomes  a  matter  of 
high  importmcc  in  chronology,  to  ascertain  whether 
it  was  such  as  it  is  described,  viz.  a  totil  eclipse  ;  for 
no  partial  obscuration  of  the  sun's  light  would  accord 
with  the  description  of  Herodotus,  of  the  day  being 
suddenfij  changed  into  night ;  and  such  a  phenomenon 
in  any  particular  place  being  an  extremely  rare  occur- 
rence, it  would,  if  correct,  enable  us  to  determine 
not  only  the  year,  but  the  very  day  and  hour  at 
wliich  it  happened,  and  thus  fumbh  at  least  one  indis- 
putable period  in  chronology  and  history. 

Various  dates  have  been  assigned  to  this  eclipse.  ^ 
Pliny  places  it  in  the  fourth  year  of  the  forty-eighth  •    _ 
Olympiad  which  answers  to  the  year  585  b.  c.  (Hiit      ^ 
iVicf/.  lib.  S.  cap.  12.),  a  similar  opinion  has  been 
vanced  by  Cicero  (De  Divinat,  lib.  1.  §  49.)  and  pro*    — _ 
bably  by  Eudemus  ^Clement.  Alex,  Strom,  lib.  I 
354.)  ;  by  Newton  (Chron,  of  Anc.  Kings  amended) 
Kiccioli  (Chron,  Reform^  vol.  1.  p.  228.)  ;  Desvignol 
(Chronol,  lib.  4.  cap.  5.   §  7,  &c.)  ;  and   by  Bi 
{M^m,  de  VAcad.  des  Belles  Lettres,  tom.  21.  M€m.  p. 
33.) 

Scaliger,  in  two  of  his  writings,  ("Animad.  ad  £aw& 
p.  89.)  and  in  (OXc/i.  avaypatpij)  has  ado{ited  also  th^» 
opinion  of  Pliny  -,  but  in  another  work  fDe  Emeu 
Temp,  in  Can.  Isag.  p.  321.)  he  fixes  the  date  of  thi:s 
eclipse   to  the    1st  of  October,  583,  b.  c.     Calvisios 
states  it  in  his  fOpus  Chron. J  to  have  tidwen  place  ii^ 
GOT  B.  c.      Petavius  says  it  happened  July  9th,  59^" 
B.  c.   (^Dc  Doct.  Temp.  lib.  10.  cap.  1.)  which  date  hi 
likewise  been  adopted  by  Marsham,  Bouhier,  Corsini 
and  by  M.  Larcher  the  French  tmnslator  of  Hero— -^^" 
dotus,  (tom.  i.  p.  335.)     ILsher  is  of  opinion  that  v-  -^^^ 
happened  601  n.  c.  ;  and  Bayer,  May  18,  603,  b.c.=  5 

which  latter  o])inion  has  been  supported  by  twc— -^^ 
English  astronomers.  Costard  and  Stukeley,  (Thil^  "^* 
Trans,  for  1/53.)  But  Volney  attempts  to  show  iia— ^^ 
his  (Chronoloiiie  d*HerodoteJ  that  it  could  be  no  other:^  '[ 
than  the  eclipse  which  happened  February  3d^  1 

B.C. 

Mr.  F.  Bailly  has  examined  with  great  care 
labour  the  probability  of  these  several  statements^s..-^' 
from  which  it  appears,  that  most  of  the  eclipses  aboT€^^ 
alluded  to  hap])ened  under  circumstances  which  ren-^-^ 
der  it  absolutely  impossible  any  of  them  should  bc^* 
that  alluded  to  by  Herodotus )  most  of  them  wer^ 
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ABlmiiomy.  l»ic]tlen,  will  never  rise  ;  and  those  that  are  visible  will 
V—— ^,.-W  never  set.     This  is  what  wc  now  denominate  a  paml- 
k'l  sjjliere ;  the  great  iixed  circle  corresi>oiiding  with 
our  etjuator 

Tk  If  a  great  circle  pass  through  the  poles,  nil  the 
priints  of  the  surface  will  rise  and  set  alternately. 
This  corresponds  to  our  horizon,  and  to  our  rii^ht 
sphere. 

G.  If  the  great  circle  be  oh1it[UC  to  the  axis,  it  will 
touch  two  eipial  parallel  circles  ;  of  which,  that  adja- 
cent  to  the  one  pole  will  be  id  ways  apparent  j  the  other 
alway.s  invisible. 

The  first  of  these  circles  was  called  by  the  Greeks, 
(although  not  by  this  author,)  as  we  still  denominate 
it,  the  arctic  circle,  and  the  other  the  (mtarctic  circle, 

7.  If  the  horizon  be  oblique,  the  circles,  perpendi- 
cular to  the  axis,  will  always  have  their  poittts  ot  ri.sing 
and  spttiii£^  in  the  same  points  of  the  horizon,  to 
which  they  are  all  equally  inclined. 

S.  The  g:reat  circles  which  touch  tlie  arctic  and 
antarctic  circle,  will,  durini^j  the  complete  revolution 
of  the  sphere,  twice  coincide  wiih  the  horizon. 

D.  Ill  the  oblique  splierc,  of  all  the  points  which 
rise  at  the  same  instant,  those  which  are  nearest  to 
the  visible  y»ole  will  set  last ;  and  of  the  points  which 
set  at  the  same  instant,  those  that  arc  nearest  the 
same  pole  ^vill  rise  firsts 

10.  In  the  oblique  sphere,  eve r\^  circle  which  passes 
through  the  poles,  will  be  perpendicular  to  the  hori- 
zon twice  in  the  course  of  one  complete  rcvolutirm. 

We  omit  some  other  propositions  of  this  author, 
which  arc  of  less  importance  than  the  above  ;  and 
even  those  which  we  have  given,  are  such  as  one  would 
imagine  could  not  have  escaped  the  observation  of 
any  one  who  would  think  of  employing  an  artilicial 
sphere  to  represent  the  celestial  mf>tions  ;  yet,  from 
the  tenor  of  the  work  in  question,  it  would  seem,  that 
if  they  were  known,  they  were  never  before,  at  least, 
embodied  in  the  form  of  a  reg;ular  treatise. 

Here  then  we  may  hQ^in  to  date  the  first  scientific 
form  of  a-^tronomy  ;  because  in  this  work,  however 
low  anrl  elementary,  we  have  an  apidication  of  geo- 
metry to  illustrate  the  motions  of  the  heavenly  bodies ; 
but  we  shall  stili  fmd  two  other  centuries  pass  away, 
before  the  same  principles  were  applied  to  actual 
computalion. 

Contcrapcjrary  with  Auto! yens,  was  Euclid  ;  whose 
a*  c,  300.  elements  of  geometry,  after  so  many  ages,  still 
maintain  their  pre-eminence  j  and  in  which  wc  find  all 
the  propositions  that  are  necessary  for  establishing 
every  useful  theorem  in  trigonometry  ;  yet  it  is  per- 
fectly evident  that  no  ideas  were  yet  conceived  tif  tlie 
latter  science.  Neither  Euclid  nor  Arcliimedes,  great 
as  were  their  skill  and  talents  in  geometry,  had  any 
idea  of  the  method  of  estimating  the  measure  ofai»y 
angle  t>y  the  arc,  wliich,  the  tMo  lines  forming  it, 
intercepteJ  ;  nor  does  it  appear  that  they  knew  of  any 
instrument  whatever  for  taking  angles  j  a  very  con- 
vincing proof  of  which  aujJCLirs  in  the  process  lulopted 
by  the  latter  justly  celebrated  philosopher,  in  order  to 
determine  the  apparent  diameter  of  the  sun. 
Ariatiirchus  Passing  over  the  poet  Aratus,  who  is  supposed  to 
M.  c.  2(*4»  have  embodied  in  his  poem  all  the  astronomical  know- 
ledge of  the  time  in  which  he  wrote,  viz.  '270  b.  c,  ; 
but  who  hat!  not  himself  made  any  observations,  we 
come  to  AristarchuSj  who  has  left  us  a  work,  entitled 


Eurlitl. 


Of  Magnltudet  and  DUtanceg;  in  which  he  teached,  that  Bi 
the  moon  receives  her  light  from  the  sim,  and  that  .^^^ 
the  earth  is  only  a  point  in  comparison  with  the  sphere 
of  the  mofPU.  He  likewise  added,  that  w^hen  the 
moon  is  dichotomized,  we  are  in  the  plane  of  the 
circle  \\  hich  separates  the  enlightened  part  from  the 
unen light euctl,  which  is  the  rao.st  curious  and  original 
remark  of  this  author  •  in  this  stiiteof  the  moon,  be  also 
observes,  that  the  angle  subtended  by  the  sun  and 
moon,  is  one -thirtieth  less  than  a  right  iingle  ;  which, 
in  other  words,  is  saying,  tliat  the  angle  is  87'^> 
whereas  we  now  knf>w  that  this  angle  exceeds  89^  5CK, 
In  anotlier  pixqx>sition  he  asserts,  that  the  breadth  of 
the  shadow  of  the  earth  is  etpial  to  two  semi-dtutue- 
ters  of  the  moon,  wherca^s  these  are  to  eadi  other  as 
83  to  64.  In  his  sixth  proposition,  he  states  the 
apparent  diameter  of  the  moon  to  be  one-fifleeotb  part 
of  a  sign,  or  ^^^  whereas  we  know  that  it  isoLily  al)out 
half  a  degree.  Ag;un,  the  distance  of  the  earth  from 
the  moon  being  assumed  as  unity i  its  distance  from 
the  sun  was  said  to  be  17' 107*  and  the  distance  of  the 
earth  from  the  sun  H>  081.  Such  was  the  ;istronoinical 
knowledge  in  tlie  time  of  Aristarchus,  who  lived  about 
W4  years  before  the  Christian  a?ni- 

In  order  of  time  we  jhiss  now  to  Eratosthenes,  who 
may,  perhaps,  with  more  propriety  t!ian  Autolycus,  be        ^ 
conr>idercnl  as  the  founder  of  astronomical  science,-'*'*'*' 
particularly  if  it  be  true  tliat  be  placed  in  the  portico 
of  Alexandria  certain  armillary  spheres  ;  of  %vluch   so         | 
much  use  was  afterwards  made,  and  which,  it  is  said, 
he  owed  to  the  umnilicenee  of  Ptolemy  Euergetes,         I 
who    called   him  to    Alexandria,   aiul  gave   him    the 
charge  and  direction  of  his  library.  ^^ 

According  to  the  description  given  of  these  artnil-  ^^^ 
laries  by  Ptolemy,  they  ^^ere  asscmbLTges  of  dilierenl  ^^ 
circles  j   the  principsd  one  of  which  served  as  a  nieri- 
dian  j   the  equator,  the  ecliptic,  and  the  two  colures, 
constituted  an  interior  assemblage,  which  turned  oa         , 
the  poles  of  the  etpiator.     There  was  anotlier  circle,  | 

which  turned  on  the  poles  of  the  ecliptic,  and  carried 
an  iuflex  to  point  ont  the  division  at  whicli  it  sto|»ptrd. 
The  instrunient  of  ulnch  the  above  appears  to  be  the 
general  construction,  was  R|jplied  to  various  uses^ 
amongst  others,  it  served  to  determine  the  equiiioxc*, 
after  the  following  manner  : — ^The  equator  of  the  in* 
strunieut  beiug  pointed  with  great  care  in  the  plane  ***** 
of  the  celestial  e<piator,  the  o[>ser\er  fiscertiuneil,  by 
Matching  the  moment  when  neither  the  upper  nor  tbe 
lower  surface  was  enlightenetl  by  the  sun  ;  or  rather, 
which  was  less  liable  to  error,  when  the  shadow  of 
the  anterior  cotivex  position  of  the  circle  completely 
covered  the  concave  j)nrt  on  wlilclj  it  was  projected. 
This  instant  of  time  was  evidently  tliat  of  the  etpiinoac. 
And  if  this  did  not  liuppeu,  although  the  sun  shone, 
two  observations  were  selected,  in  whirh  the  shadow 
was  projected  on  the  concave  part  of  the  circle  in 
opposite  directions  j  ami  the  mean  of  the  interval 
between  these  observations  was  accounted  the  time  of 
the  equinox.  At  this  time  we  find  enumerated  five 
planets,  \\z,  <\>aiPii'i\<tinrOtot^,  }\rptti(hip,  which  appear  | 

to  indicate  Jupiter,  Saturn,  and  Mars  j  and  to  whlcfi  j 

w  ere  achlcd  \'enus  and  ]Merenry.  ; 

Eratosthenes  not  only  taught  the  spherical  figvure  of  Mipil 
the  earth,  but  attempted  to  ascertain  its  actual  cir- oft^c* 
cum  fere  nee,   by   measuring,    as  exactly  as   could   be 
done  in  his  time^  the  length  of  a  certain  terrestrial  arCf 
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since  he  found  it  necessary  to  devise  means  at  which 
he  stopped,  after  an  attempt  not  very  satisfactory. 
Wo  sec,  further,  that  he  carried  his  angles,  or  their 
chords,  over  a  quarter  of  a  circle  ;  hut  he  does  not  sny 
expressly  that  his  arc  had  been  divided  ;  to  render 
his  lanjjuai^e  accurately,  it  is  simply  requisite  to  say, 
havini^  carried  one  of  the  chords  ^<)()  times  over  upon 
tlic  arc,  he  found  it  exhausted  ;  and  that  the  other 
chords  could  only  be  a])plied  1G4  times  upon  the 
quadrant. 

We  see,  also,  that  Archimedes  had  not  the  means  of 
computiu!^  the  anp^le  at  tlie  vortex  of  an  isosceles  tri- 
angle, of  which  he  knew  the  b;ise  and  the  two  equal 
sides.  He  was  obli,<red  to  recur  to  a  i!:raphical  opera- 
tion as  uncertain  as  the  observation  itself.  Thus  he 
was  entirely  ignorant  even  of  rectilinear  trigonometry, 
and  he  had  not  any  notion  of  'computing  the  chords  of 
circular  arcs. 

We  come  now  to  the  great  father  of  true  astronomy, 
Hipparchus ;  but  our  limits  will  not  admit  of  our 
entering  very  deej)ly  into  his  discoveries  and  improve- 
ments. One  of  his  first  cares  was  to  rectify  the  length 
of  the  year,  which  before  his  time  we  have  seen  had 
been  made  to  consist  of  3G5  days  and  6  hours.  By 
comparing  one  of  his  own  observations  at  the  summer 
solstice  with  a  similar  observation  mjule  145  years 
before  by  Aristarchus,  he  shortened  the  year  about 
7  minutes ;  making  it  to  consist  of  3b*5  days,  5  hours, 
63  minutes  ;  which,  however,  was  not  sufficient :  but 
the  cause  of  the  mistake  is  said  to  have  rested  prin- 
cipally with  Aristarchus,  and  not  with  IIij)parchus  ; 
for  the  observations  of  the  latter,  comjjared  with 
those  of  modern  times,  give  3G5  days,  5  hours,  4H 
niin.  49^  sec.  for  the  duration  of  the  year  ;  a  result, 
which  exceeds  the  truth  very  little  more  than  a  second. 
It  is  to  be  obscned,  however,  that  tins  is  no  very 
exact  criterion,  unless  the  same  be  con>i)ared  with 
the  observation  of  tlie  more  ancient  observer ;  for 
su]ij)osing  all  the  error  on  the  side  of  Hipparchus,  it 
is  more  dividiul  by  comparing  it  with  otliers  at  tl:c 
distance  of  ID  or  *20  centuries,  than  in  comj)ari!ig  it 
with  one,  where  the  distance  of  time  is  only  115 
years. 

One  of  the  greatest  benefits,  which  astronomy 
derived  from  this  jdiilosoplier  was  his  enunciation  and 
demonstration  of  the  nictliod  of  computing  triangles, 
whether  jdane  or  spherical.  lie  constructed  a  tabk' 
of  chords,  which  he  aj)i)liod  nearly  in  the  same  man- 
ner as  we  now  do  our  tai)lcs  of  sines.  As  an  ah- 
server,  however,  he  rendered  groat  service  to  tho 
doctrine  of  astronomy,  having  made  much  more 
numerous  observations  than  any  of  his  jiredocj^-ors, 
and  upon  far  more  r.rcr.rate  principles.  lie  esta- 
blished the  theory  of  tlie  sun's  motion  in  such  a 
manner,  tliat  l't(>lemy  i:'.0  years  afterwards,  found  no 
es-icntial  aUerati(»n  requisite  ;  he  determinpd  also  the 
first  lunar  inot|uality,  and  gave  to  the  motions  of  the 
nu>on  those  of  the  aimgee  and  of  its  nodes,  which 
Ptolemy  afterwards  very  slightly  modified.  Hippar- 
chus also  prepjired  the  way  for  the  discovery  of  the 
seeoiul  lunar  inequality,  and  from  his  observation  it 
was,  that  the  fact  of  tlie  precession  of  the  erpiinoxes 
was  firsrt  inferred.  He  em])loyed  the  transit  of  the 
stars  over  the  meridian  to  find  the  hour  of  the  night, 
and  invented  the  planisphere,  or  the  means  of  repre- 
senting the  concave  sphere  of  the  stiu-s,  on  a  plane. 


and  thence  deduced  the  solution  of  problems  In  qAeii*  ^  Bimj* 
cal  astronomy,  with  considerable  exactness  and  faidlitj^' 
To  him  also  wc  owe  thehnppy  idea  of  making  ibm 
position  of  towns  and  cities,  as  wc  do  those  of  the  stars^: 
by  circles  drawn  through  the  poles  perpendicularly  to 
the  e(piator ;  that  is,  by  hititudes  and  by  circles 
jKirallel  to  the  equator,  corresponding  to  our  longi- 
tudes. Fnnn  his  projection  it  is,  tluit  our  maps  and 
nautical  charts  arc  now  principidly  constructed  ;*  and 
his  rules  for  the  computation  of  eclipses  were  long  the 
only  ones  employed  for  determining  the  difTerciices  of 
meridian. 

Another  most  important  work  of  Hipimrchus,  was  CataT. 
his  formati(m  of  a  catah)gue  of  tlw  st;u-s.  The  appear-  ofUi^^ 
imcc  of  a  new  star  in  his  time,  caused  him  to  form  the 
grand  project  of  enabling  future  astronomers  to  ascer- 
tain, whether  the  general  j)icture  of  the  heavens  were 
tdways  the  same.  This  he  aimed  to  effect,  by  attempt- 
ing the  actual  enumeration  of  the  stars.  The  magni- 
tude and  difiiculty  of  the  undertaking  did  not  deter 
this  indefatigable  astronomer ;  he  prepared  and 
arranged  an  extensive  catalogue  of  the  fixed  stars, 
which  subsequently  served  lus  the  basis  of  that  of  Pto- 
lemy. So  great,  indeed,  is  the  merit  of  this  prince  of 
CJrecian  astmnomy,  that  the  enthusiastic  language  in 
which  Pliny  speaks  of  him  in  his  Hist.  Nat.  (lib.  ii.  ^ 

caji.  9().)  may  rather  be  admired  than  censured.  "* 

After  Hipparchus,  we  meet  with  no  astronomer  of  p^-   -^ 
eminence  amongst  the  Greeks  till  the  time  of  Ptolemy,  a  .^ 
v\ho  flourisiied  between  the  years  125  and  140  of  the  J^ 

(Christian  icra  ;  which,  therefore,  includes  a  space  of         "^ 
nearly  three  hundred  years.    There  were,  however,  .^ 

some  astronomical  writers,  both  (i reeks  and  Romans  .^  ^ 
in  the  course  of  this  time,  whom  it  may  not  be  amiss  ^  ^^ 
to  enumerate,  although  the  little  progress  that  the  ^^  ^ 
science  made  in  their  hands  Avill  exempt  us  from  the  — ^  ^ 
nece.-sity  of  entering  minutely  into  an  analysis  of  their  -^^-^ 
several  works  :  tiu'se  were,  (leniinus,  who  lived  ,t>  r— 
about  70  years  a.  c,  whose  IxKik  is  entitled  Introduce  — 
t ion  to  the  P/icnouicna  ;  AcIuUes  Tatius,  of  about  the  ^ 
same  period  ;  Cleomcdes,  ^vho  lived  in  the  time  of^ 
Augustus;  Theodosius, Menalaus, and  Hypsicles,  who^c^ 
are  supposed  to  have  written  about  ilic  year  r>0  B.C.;  ^ 
j\lanilius»  Strabo,  Posi(h>nius,  and  Cicero,  who  wei 
aljout  half  a  century  later;  after  which,  wc  meel 
with  no  one  to  whom  it  is  at  all  necessary  even  t 
refer,  till  we  come  to  Ptolemy,  who  was  bom  in  thes^^ 
year  of  Christ  "(> ;  and  who  made,  as  we  have  statedK.^ 
above,  most  of  his  observations  between  the  years  125^^5- 
and  140  of  on r  lera. 

Ptolemy  has   rendered  all  succeeding  astronomers^^^ 
indebted  to  him,  both  for  his  own  oh-ervations,  which-^  - 
were  vcrv  minienms,  and  his  construction  of  \*arioui 
tables  ;  but  most  of  all  for  tho  imjiortant  c(dleetio] 
which  he  matle  of  all  astronomical  knowledge  prioi 
to  his  time,  and  which  he  cntiiltvl,  or  the  Anihs  after 
him,   the  Ahndinaf,  or  (J mil   CnHrclion.     Of  his   own 
hd;>(mrs,  we  may  mention  his  theory  an<l  calcuhuitm  of 
tables  of  the  piauct**,  and  his  determination,  with  a 
precision  little  to  bo  c\j>ected  in  his  time,  of  the  ratio 
of  their  epicycles  to  their  mean  distances;  that  is  to 
say  in  other  terms,  the  ratio  of  their  mean  distances 
to  the  distance  of  tlve  earth  from  the  sun.  This  theory, 
imj)erfect  :ls  it  was,  was  adopted  and  generally  ad- 
mitted, for  the  sj)ace  of  fourteen  centuries ;  during 
which  time,  it  was  transmitted  to  the  Arabs,  the  Pcr- 
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^h  sians,  and  the  Indians,  and  witli  whom  it  is  still  held 

[sacred.     The  ec|iii-(ltstant  centres  of  the  earth,  from 
theexcentricand  the  cqurtnt,  an  hypothesis  of  Ptolcrny, 
led,  in  all  probability,  Kepler  to  the  ideji  of  vCii  ellipse 
and   its  foci.       Ptolemy  thus  prcparin,>2^  the   way  for 
Kepler,  as  the  laws  of  the  hitter  may  be  considered 
tts  the  precursors  of  the  thcorj'  of  Ncu  ton. 
To  tlr.s  ctlcbmtcd  Cirecian  \vc  also  owe  the  substi- 
totion  of  the  sines  of  arcs  instead  of  their  chords  ;  iis 
^  idso  the  first  enutneration  of  some   important  theo- 
renis  in  trtgrnnonietry. 

J^tolcmy  vrns  the  author  of  that  systenfi  of  nstro- 
#jr>iny  ^^hich  still  bears  liis  name;  or  if  he  did  not 
:»^^  ^ircdy  invent  it,  (as  there  is  g^reat  rea.son  to  sup- 
k^^^se  he  did  not,)  he  enforced  it  by  Huch  arguments  as 
|fci  to  its  establishment  ;  and  it  wns  afterwanls  r-m- 
?^3r— ed  sacred  through  the  stupid  biij^otry  and  intol- 
w-m_  ^ce  of  the  Romisli  rlmreh,  lie  endeavours  to  prove 
■■P  -  absolute  immobility  of  the  earth,  by  observinGrt 
HEl  ^the  earth  had  a  motion  of  translation  common  to 
ftr^ifc.  er  heavy  bodies,  it  woulil,  in  consctpicnce  of  its 
g^~^^eriQr  mass,  precede  them  in  space,  am!  pass  even 
•^  ^  ~ond  the  bounds  of  the  heavens,  leaving  all  the 
m  :Mnals  and  otlter  bodies  witlmut  any  .support  bnt  air  ; 
^».  5ch  are  consequences  to  the  last  dei;;"ree  ridiculous 
^:zi  absurd,"  In  the  same  place  he  adds,  "  Some 
^r*  2Sons  pretend,  that  there  is  nothing  to  prevent  us 
^  -m-xi  supposing  that  the  heavens  remain  immovable, 
~m_  "mle  the  earth  turn^  on  its  own  axis  from  west  to 
^^  ^,  making  this  revolution  in  a  day  nearly  ;  or,  that 
^t  lie  heavens  and  the  earth  both  turnj  it  is  in  a 
t-:»-<)  corresponding  with  the  relations  we  have  ob- 
t^  '^.  ed  between  them.  It  is  tme,  that  as  to  tho  stars 
lE^  tMBselves,  and  considering  only  their  phenomena, 
^s^-x-e  is  nothing  to  prevent  us,  for  the  sake  of  simpli- 
^3.^,  from  making  such  a  supposition.  But  these 
«r^  ]|3lc  are  not  aware  how  ridiculous  their  opinion  is, 
b^^^n  considered  with  reference  to  events  vi  hteh  take 
s:»-<z?e  about  us  J  for  if  we  con  rede  to  them  th;tt  the 
^X^test  bodies,  consisting  of  parts  the  most  subtle, 
^  not  possessed  of  levity,  (which  is  contrary  to 
i^^^jre,)  or  that  they  move  not  difterently  from  hodit-s 
^*  contrary  kind,  (althoiigh  we  daily  witness  the 
"^^^rse)  3  or,  if  we  concede  to  them  tliat  the  most 
*^"^^*^pact  and  heaviest  bodies  possess  a  rapid  and  con- 
-^^•^t  motion  of  their  own  (while,  it  is  well  known, 
^*^^  they  yield  only  with  difficulty  to  the  impulses 
^  g"ive  to  them),  still,  they  would  be  obliged  to 
^*t  nowledge,  that  the  earth,  by  its  revolution,  would 
*^^^  a  motion  more  rapid  than  any  of  those  bodies 
''^1^1^  eticompuss  it,  in  consequence  of  the  great  cir- 
^^  through  which  it  must  pass  in  so  short  a  period; 
'^^^refore  such  bodies  as  arc  not  supported  on  it, 
J*^^Mcl  always  appear  to  possess  a  motion  contrary  to 
^^1f  ,  j^p^^i  neither  t:louds,  nor  any  projected  bodies, 
/***  birds  in  flight,  wouhl  ever  *'<p])ear  to  move  toM-ards 
r^  ^ast  J  since  the  earth,  always  preceding  them  in 
^^  direction,  would  anticipate  them  in  tVxeir  motion  j 
^*  every  thing,  eaLcept  the  eartli  itself,  would  cou- 
"^tly  appear  to  be  retiring  towards  the  west." 
^^we  did  not  feel  convinced  that,  in  certain  cases, 
^  the  errors  and  fidse  reasoning  of  siich  a  man  as 
^lemy,  possess  a  greater  interest  than  the  more 
rect  and  refined  argimieuts  of  minor  philu  sop  hers, 
^?  should  certainly  not  have  laid  before  our  renders 
^       extract  from  the  introduction  to  the  Aimageit  j 


but  considering  it  as  the  defence  of  an  hypothesis, 
which  maintained  its  ascendancy  for  fourteen  centuries 
amongst  all  nations,  and  which  is  still  held  sacred 
throughout  every  part  of  Asia,  it  is  imjK)ssible  to 
divest  it  of  its  interest  and  importance. 

The  other  part  of  this  great  work  is  more  worthy 
of  the  talents  of  its  init'Oor,  and  is  more  deserving  of 
our  attention  »  but  the  limits  of  this  article  will  not 
admit  of  oar  giving  more  than  a  very  concise  abstract 
of  its  contents.  The  firj^t  book,  beside  what  we  have 
hitherto  mentioned,  exhibits  a  highly  interesting  spc* 
dmeu  of  the  ancient  trigonometry ;  and  the  method 
of  computing  the  chords  of  arcs,  which,  in  fact,  ia- 
volvcs  our  tundamental  theorcnts  of  trigonometry, 
though  expressed  in  a  manner  totally  djffei-ent. 

Ptolemy  fir?t  shows,  how  to  find  the  sides  of  a 
j)entagon,  dccrigon,  hexagon,  sqn:ire  and  equilateral 
triangle,  inscribed  in  a  circle,  which  he  exhibits  in 
parts  of  the  diameter,  this  being  siqjposed  divided  into 
1^0.  He  next  demonstrates  a  theorem  e«iuivalcut  to 
our  expression  sin  (a—b)  =  sin  «  cos  b — sin  b  cos  a  j 
by  means  of  which  he  finds  the  chonls  of  the  difference 
of  any  two  arcs,  whose  chords  are  known.  He  then 
finds  the  chord  of  any  half  arc,  that  of  the  whole  arc 
being  given,  and  then  demonstrates  what  w  etpiivaleut 
to  our  formula  for  the  sine  of  two  iircs  ;  that  is,  sin. 
(fl  +  /*)  =  sin  ft  cos  b  +  sin  b  cos  a^  and  by  meanfl 
of  this  he  computes  the  chord  to  every  half  degree  of 
the  semicircle.  These  theorems  it  may  be  said  belong 
rather  to  the  history  of  trigonometry  than  to  that  of 
astronomy  j  but  we  trust  that  the  obvious  dei>endence 
of  the  latter  science  upon  the  former,  will  be  found  to 
justify  us  in  introducing  them  to  tiie  reader  in  this 
place. 

We  are  next  presented  with  a  table  of  climates 
nearly  e<piivalent  to  our  Donagesimal  tiibles,  and  it  is 
not  a  little  sing'ular,  that  amongi^t  them,  we  find  none 
appertaining  to  the  latitude  of  Alexandria  ;  because, 
without  Fiich  an  auxiliary,  Ptolemy  must  have  con- 
tented himself  with  iuteiptdations,  which  were  not 
only  diilicult  to  make,  but  attended  at  the  s^utie  time 
with  great  inaccuracy  \  a  circumstance  from  which  it 
has  been  concluded,  tivat  Ptolemy  himself  made  few 
observations,  or  that  lie  was  not  very  particular  con- 
cerning the  accuracy  of  his  calculations.  The  exami- 
nation of  this  question  would  carry  us  too  far  out  of 
our  track  to  ;ulmit  of  our  entering  upon  it  in  this  place  j 
but  the  reader  may  see  it  developed  in  all  requisite 
detail,  in  the  learned  History  of  Mironom^ ,  lately  pub- 
lished by  De  lamb  re. 

Having  pas'>ed  over  the  above  preliminary  details, 
the  author  treats  of  the  length  of  the  year,  the  motion 
of  the  sun,  the  mean  and  a|qiaicnt  anomaly,  &c.  &c. 
The  length  of  tlie  year,  according  to  the  sexagesimal 
notation,  he  makes  365d.  14'  4b'\  which  answers  to 
36Tyd.  5b,  55'  1^"'  j  the  diurnal  motion  of  the  eun  is 
stated  to  be  O  .59^  8";'''  UV"  VZ'  liV\  and  tlie  horary 
motion  2'  T/^  5CK''  43''^  S"  V\  To  this  is  also  added 
two  tables,  one  of  the  mean  motion  of  the  sun, 
anil  the  other  of  the  solar  anomaly.  The  fourth  book 
of  the  Alnm^vst  is  emphned  in  treating  of  the  motion 
of  the  moon,  being  prefaced  by  a  few  remarks  respect- 
ing the  observations  wliich  are  most  useful  for  that 
purpose  :  he  then  gives  an  abstract  of  all  the  lunar 
motions,  with  a  table  of  them  j  in  tlie  first  of  which 
the  motion  is  exhibited  for  periods  of  eighteen  years  \ 


Analpis  of 
the  Aima-' 
gctt. 


Thcoremi 
in  tri^acH 
Uictrj'. 


Climatei. 


Length  of 
the  vcar. 
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"Lanar  mo- 


Fftrticulftr 
deductions 


AMronoiDy.  in   the  second  for  years   and  hours  ;  and  in  the  third 

for  Eg'yptiaii  months  ant!  days.  Four  other  column.* 
of  the  same  table  present  the  number  of  decrees  which 
belong  to  each  of  the  times  indicated  m  the  first 
column  j  viz.  the  second,  the  longitude  ,  the  third, 
the  anomaly  ;  the  fourth,  the  latitude  ;  and  the  fifth, 
the  elongation. 

The  aufhor  next  treats  of  various  subjects  connected 
with  the  lunar  motion  ;  as,  for  instance,  its  general 
anomaly  ;  its  eccentricity  ;  the  lunar  parallax  ;  the 
construction  of  instruments  for  ob3er\ing  the  ]>andlax  j 
the  distance  of  the  moon  from  the  earth,  i^hiih  he 
states  at  38  4^  terrestrial  radii^  when  in  the  <iuadra* 
tures  I  the  apparent  diameters  of  the  sun  and  moon  ; 
the  distance  of  the  sun  from  the  earth,  which  is  stated 
at  1910  radii  of  the  latter  ;  and  the  relative  uiagni- 
tudes  of  the  sim,  moon,  and  earth.  The  tliameters 
of  these  are  stated  to  be  to  each  other,  as  the  numbers 
IS'8,  I,  and  3^  j  also  their  masses  as  fifJ444^,  1  and  39^, 
The  next  book  is  entirely  occupied  with  the  doc- 
trine of  eclipses  of  the  sim  and  the  moon  ;  the  deter- 
mination of  their  limits  and  durations  ;  tables  of 
conjunctions  j  ami  methods  of  computation  and 
const ructiouj  he. 

We  cannot  extend  the  analysis  of  this  important 
f  Ptni  '^^'ork  to  a  greater  length  ;  but  onist  content  ourselves 
<^™)*  with  a  few  remarks  relative  to  some  of  the  deductions 
to  whicli  we  have  referred ,  We  have  seen  that  Pto- 
lemy made  the  length  of  the  year  to  be  more  than  365 
days,  5h.  55m.,  which  is  about  tJ  minutes  longer  than 
it  really  is  ;  but  considering  that  the  observations  he- 
fore  his  time,  with  the  exception  of  those  of  Hippar- 
chus,  were  very  imperfect ;  and  that  the  distance  of 
time  between  these  two  celebrated  astroncmiers,  was 
not  sufficient  to  determine  such  a  (juesCion,  with 
the  means  they  possessed,  to  the  greatest  nicety,  we 
may  rather  admire  the  near  approximation  to  the 
truth,  than  be  astonished  at  the  difTereuce  between  his 
result  and  that  deduced  from  numerous  and  long  con- 
tinued obsen'ations. 

His  researches  on  the  theory  of  the  sun  and  moon 
were  however  attended  with  better  success*  Hippar* 
chus  had  shown  that  these  two  bodies  were  not  placed 
in  the  centre  of  their  orbits  ;  and  Ptolemy  demon- 
strated the  same  tniths  by  new  observations.  He 
moreover  made  another  important  discovery,  which 
belongs  exclusively  to  him,  except  so  far  as  relates  to 
the  observations  of  Hipparchus,  by  a  comparison  of 
which  with  his  own,  his  conclusion  wag  deduced ^^ — 
we  allude  here  to  the  second  lunar  inequality,  at  jire- 
sent  distinguished  by  the  term  eDecthn.  It  is  known, 
generally,  that  the  velocity  of  the  moon  in  its  orbit, 
is  not  always  the  same,  and  that  it  augments  or  dimi- 
ni:?hes,  us  the  diameter  of  this  satellite  appears  to 
increase  or  decrease  ;  w^e  know,  also,  that  it  is  great- 
est and  least  at  the  extremities  of  the  line  of  the 
apsides  of  the  lunar  orbit.  Ptulemy  observed  that 
trom  one  revolution  to  another  ;  the  absolute  quan- 
tities of  these  two  extreme  velocities  varied,  and  that 
the  more  distant  the  sun  was  from  tlie  line  of  the 
apsides  of  the  moon,  tlie  more  the  dillerence  between 
these  two  velocities  augmented  j  whence  hecoacltided 
that  the  first  inequality  of  the  moon,  which  depends  on 
the  eccentricity  of  its  orbit,  is  itself  subject  to  an  annual 
inequality,  depending  on  the  position  of  the  line  of  the 
-apsides  of  the  lunar  orbit  with  regard  to  the  sun. 


The  eTcc- 
tion  di»co- 
rtred 


When  we  consider  Ptolemy'a  system  of  asironomf  J 
as  founded  npon  a  false  hypothesis,  the  coaiplicatitj^ 
of  his  various  epicycles,  in  order  to  account  for  thfl 
several  phenomena  of  the  heavenly  bodies  j  aud  it 
rude  state  of  the  ancient  astronomy,  it  is  impossibli 
to  withhold  our  admiration  of  the  persevering  indystr 
and  penetrating  genius  of  thts  Justly  celebrated  phihi^ 
sopher  j  who,  with  such  means,  w^as  enabled  to  discov* 
an    irregularity    which    would    seem    to   require    lh€ 
most  delicate  and  reGned  aid  of  modem  meehtmic 
to  be  rendered  perceptible. 

The  work  of  this  author  to  which  we  have  hithertc 
confined  our  remarks,  ]sthQJima^est  ;*  but  Ptolemy  also 
composed  of  her  treatises  j  which,ifnot  equal  to  the  above 
in  importance,  are  still  such  as  to  be  higldy  honourable 
to  Ids  memory  and  talents,  particularly  his  geography.! 

This  work,  although  imperfect  as  to  its  detail,  is^ 
notwithstantling  founded  upon  correct  principles  i  the 
places  being  marked  by  their  latitude  and  longitude^ 
agreeably  to  the  method  of  Hi[}j>archus.  As  to  the  in-i^ 
accuracies  of  their  position,  although  they  cannot  Iw 
denied,  they  will  readily  be  pardoned,  when  we  couside 
that  he  had  for  the  determination  of  the  situaiiou  o^ , 
cities  and  places  of  which  bespeaks,  only  a  smtdl  numbe : 
of  observations  subject  to  considerable  errors  -,  and  \ 
mere  rejjort  of  travellers,  whose  observations  we  ma 
readily  grant  were  still  more  erroneous  than  those  ofhF  ^ 
own.    It  requires  uumy  years  to  give  great  perfection  I 
geography :  even  in  the  present  time,  when  observaiioi 
with  accurate  instmments  have  been  made  in  every  | 
of  the  globe,  we  are  still  finding  corrections  necessar 
a  remarkable  instance  of  which  seems  to  have  occurn 
lately   (ISIS)  lo    Captain   Ross^   in   his   voyage  in 
Baffin's  Bay,  where  he  is  said  to  have  found  mm 
parts  of  the  land  laid  down  nearly  a  degree  and  a  W  i 
out  of  their  projier  places.     Many  other  minor  pie^ 
on  astronomy  and  optics  are  also  attributed  to  t*^ 
author  ;  but  we  have  already  extended  our  accouiiti^ 
his  works  to  a  greater  length  than  we  had  intencL^ 
and  must  now  therefore  pass  on  to  his  successors* 

After  the  time  of  Ptolemy  we  find  no  Greek  autb»< 
of  eminence,  although  we  have  some  few  writers  .Se- 
this subject.  Tlie  science  of  astronomy  had  nersj 
obviously  passed  its  zenith,  and  began  rapidljr  ^^^ 
decline.  The  Alexandrian  school,  it  is  true,  siill  stt  al 
sisted  ;  but  during  the  long  period  of  500  years,  acatfl 
that  can  be  said  is,  that  the  taste  for,  and  the  tradit/c^— 3o 
of  the  science  w^as  preserved,  by  various  commentate  -^ 
on  Hipparcbus  and  Ptolemy  j  of  whom  the  most  dls 
tinguished  were  Theon  and  the  unfortunate  Hyp«itia 
his  daughter.  The  latter  is  said  to  have  herscf 
computed  certain  astronomical  tables,  which  are  loM 
•  We  now  arrive  at  that  period,  so  fatal  to  the  rirccian 
sciences.  These  hud  for  a  long  time  taken  refuge  in  ^ 
the  sclnjol  of  Alexandria  j  where,  destitute  of  sujiport 


ibe:^ 

fhF  ^ 
on  i^^ 
tioaiM 
.pai^ 


I 


•  TliC  firat  printi^d  eilition  of  this  celebrated  performance,  wm 
a  Ltiitm  tninshition  from  ibe  ArnbitrriTston  ofCreiTionciis;  wlici, 
liowcvcr,  nlxmiitls  no  much  in  the  idmm  uf  tlinl  lano^iagt,  tito 
render  it  nearly  unintelligible,  wJLhotit  a  conslantrcfemjee  Wti*^ 
Greek  text.     Tills  was  piiblLshcd  at  Veniec  ia  l.ilTi  -    ■  ■  i    -  !5,'^8  ' 
the  collection  ttp[H»ared  io  its  ori(fimJ  languatiife,  u: 
jtUeiulence  of  Siuion  Grynaeiis,  at  Basil,  Uj^ellier  v.  _  i:»-^^^ 

books  of  the  Comtneutjiries  of  Tlicon.  The  Greek  text  wm  'HP^^I^^H 
republished  nt  the  same  place,  with  &  Latin  version,  in  1^  J  *,  jiq^^^J 
a^^iiiiii  with  (ill  the  worka  o(  Ptolemy,  in  1551 ;  and  Li»tljf>  ■" 
splendid  French  edition  with  the  Greek  text,  by  M.  Hnluiat  i^ 
three  beautiful  volumes,  royjul  tinarlo,  Parijs,  1^1  J. 
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^T*  anil  encouragement,  they  could  not  fail  to  degenerate. 
'  Still,  however*  they  preserved,  as  we  have  said  above, 
at  least  by  tradition  or  imitation,  some  resemblance  of 
Ihe  original  I    but  about  the   middle  of  the  seventh 
century,  a  tremendous  storm  arose  which  threatened 
their  total  destruction*     Filled  with  all  the  enthusiasm 
ajnilitary  g-overnment  is  calculated  to  inspire,  the  suc- 
cessor of  Mahomet  ravaged  that  vast  extent  of  country, 
w  hich  stretches  from  the  east  to  the  southern  confines 
of  Europe.   All  the  cultivators  of  the  arts  and  sciences 
"Who  had  from  every  nation  assembled  at  Alexandria, 
'•^ere  driven  away  with  ignominy :  some  fell  beneath 
Che  swords  of  their  conquerors,  while  others  fled  into 
^tmote  countries,  to  drag  out  the  remainder  of  their 
Jives  in  obscurity  antl  distress.     The  places  and  the 
ixastruinents  which  had  been  so  useful  in  making  an 
J'XD/nense  number  of  astronomical  observations,  were 
^jarolved  with   the   records  of  them,  in  one  common 

^j-Tjin,  The  entire  library,  containing  the  works  of  so 
Eiso^iray  eminent  authors,  which  was  the  general  depo- 
sit^o^xj  of  all  human  knowledge,  was  devoted  to  the 
cle^*?"*z)uring  flames  J  by  the  Arabs ;  the  caliph  Omar 
ot>,^'^r\'iiig,  '*  that  if  they  agreed  with  the  Koran,  they 
T^c^  w~^  useless  j  and  if  Uief  did  not  they  ought  to  be 
dc?^  "t  royed  :"  a  sentiment  worthy  of  such  a  leader,  and 
of  ^lie  cause  in  which  he  was  engaged.  In  the  midst 
oC  ^liis  conflagration,  the  sun  of  Grecian  science, 
'fvlmic^h  had  long  been  declining  from  its  meridian, 
fi^«a^XJyset;  never  perhaps  again  to  rise  in  those  re- 
^io  mrM.  s  once  so  celebrated  for  the  cultivation  of  every 
^J^^    <£^nd  science  that  does  honour  to  the  human  mind. 

Adronomy  nf  the  Cliinese  and  Ifidlans, 

jJJ        I^  we  were  to  adopt  the  opinions  of  some  authors 

j***  l^H^z^    have  written  on  Ihe  subject  of  the  Chinese  astro- 

I       norx^  ical   knowledge,    we  should   have  now  to   com- 

**^^*^  <:e  at  a  much  earlier  period  than  we  did  in  giving 

I       ?^J*     account  of  this  science  amongst  the  Greeks  j  as 

**  i^     stated  that  the  former  possess  records  of  eclipses 

a.ricl        other  celestial  phenomena,  so  far  back  as  the 

y^^*-     *215D  B.C.,  ajid  that  even  in  the  year  '2857  b.  c. 

tne    ^  j^j^y  of  siatronomy  and  the  desire  of  propagating 

*^*^«^wlcdge  of  that  science  amongst  his  people,  were 

**HJ^^:ts  of  great  moment  with  the  emperor  Ion  Hi  j 

J!^^*^    at  least  is  the  doctrine  supported  in  the  HislQire 

^"'^^vd/e  fife  la   Chine,  on  Amiales  de  cei  Empire,  trans- 

^  ^^d.    into   French   from  Tong-Kien-Kang-Mou,  by 

\^    i»ere  De-Mailla,  a  French  Jesuit,  one  of  the  mis- 

®*«>»X^ries  to  Pekin, 

_.  ^^^e  cannot  attempt  to  enter  here  upon  a  refutation 

^t^e  ideas  supported  in  this  work,  relative  to  the 

*^lic|uity  of  the  Chinese  astronomy;   it  will  perhaps 

^^   Sufficient  to  observe,  that  of  4(jO  eclipses  reported 

^^     l^ave  been  predicted  and  recorded  in  the  Chinese 

^2*^^*-ls,  the  first  is  dated  '2159  a.  c,  and  the  second, 

'  '^^  ».  c,  leaving  a  great  blank  of  1383  years,  cluring 

,    **^*oh  no  such  phenomenon  is  noticed.   That  from  the 

I    *^^T  date  to  the  year  1699  of  our  sera,  they  run  on 

^?  ^»-etty  regular  succession  ;   but  that  of  this  number, 

^_    Pere  Gaubil,  who  was  at   the    labour  of  com- 

Jjr^**ig  them,  found  only  twelve  which  answered  to 

^*  ^      jear,  month,   and  day  stated  in  the  annals  ;  and 


L 


^v.^^^  of  these  tT^^-elve,  only  one  of  them  was  anterior  to 


time  of  Ptolemy,  and  even  this  one  is  doubtfuL 
"*-  %:  appears  then  that  very  little  credit  is  to  be  given 
^he   assumed  antiquity  of  Chinese   science  j   but 
^%ih*  lit. 


perhaps  the  foil  owing  abstract,  which  Belamhre  has 

made  from  the  annals  aljove  referred  to,  will  give  the 
reader  a  better  idea  of  the  state  of  astronomy  amongst 
this  singular  people,  and  place  their  pretensions  in  a 
more  taiigihle  form  than  any  thing  we  c^n  advance 
respecting  the  improbability  of  the  notions  advanced 
by  Mailla. 

In  the  year  687  n.  c.  we  find  recorded  a  night  with- 
out stars,  and  without  clouds  ;  and  that  towards  mid- 
night, there  fell  a  shower  of  stars,  which  vanished 
before  they  approached  the  earth. 

14 1  B.  c.  The  sun  and  moon  appeared  of  a  deep  red 
colour,  which  produced  great  alarm  among  the 
people, 

74  B,  c»  There  appeared  a  star  as  big  m  the  moon, 
followed  by  many  other  stars  of  the  ordinary  mag- 
nitude. 

38  B,  €.  A  shower  of  stones  as  big  as  nuts. 

88  A.  D.  Another  shower  of  stars. 

321.  SfX)ts  in  the  sun  visible  to  the  naked  eye. 

5*2^,  The  astronomy  of  Iliuen-Chi-Ly  was  replaced 
by  the  astionomy  of  Tching-Kouange-Ly.  (We  do  not 
understand  these  to  he  the  names  of  astronomers  but 
of  systems.)  In  the  year  B92,  another  change  is 
recorded  ^  and  again  in  95(J. 

In  949,  in  the  fourth  moon,  there  appeared  a  star 
in  the  raid-day,  which  was  regarded  ns  such  a  dread- 
ful omen,  that  the  people  were  forbidden  to  look 
at  ii  I  and  many  were  put  to  death  for  disregjirding 
the  injunction. 

These  fticts  alone,  indc|>endent  of  the  superstitious 
fears  and  ceremonies,  which  even  to  this  day  are 
observed  during  the  time  of  an  eclipse,  would  alone 
give  us  a  suRicieut  contempt  for  the  astronomy 
of  the  Chinese }  and  lead  us  to  reject  as  mere 
fables  their  preteuisions  to  ancient  observations. 
All  that  we  cun  concede  to  them,  and  to  the  Indians, 
whose  claims  rest  upon  nearly  the  same  grounds,  is 
what  we  have  already  attributed  to  the  Chaldeans, 
viz,  that  they  had  become^  very  early,  observers 
of  the  motions  and  phenomena  of  the  heavenly 
bodies  J  that  they  registered  certain  events,  and 
thence  were  able  to  discover  periods  at  which  these 
phenomena  would  return  again  j  suflicicntly  approxi- 
mate to  admit  of  their  predicting  an  eclipse  or  occult- 
ation,  within  certain  limits  ^  but  frequently,  their 
prediction  has  been  belied  by  the  non-appearance  of 
the  expected  phenomenon,  while  others  have  happened 
that  were  not  foretold  j  which  omissions,  as  well  as 
a  false  prediction,  have  cost  some  few  unfortunate 
astronomers  the  forfeiture  of  their  heads  :  of  which  a 
particular  instance  is  recorded  in  the  case  of  Hi  and  Ho, 

Upon  the  whole,  therefore,  we  may  conclude,  that 
however  ancient  may  be  the  rude  obser\'ations  of  the 
Chinese  and  Indians,  they  possessed  no  science,  pro- 
perly so  called,  but  what  they  obtiiined  from  the 
Greeks,  through  the  medium  of  the  Arabs  ;  which 
people,  after  deriving  it  from  the  former  source, 
carried  it  to  Persia,  whence  it  was  transmitted  to 
India  and  China.  Such  at  least  is  the  conclusion 
drawn  by  M.  Delambre  from  a  dispassionate  exami- 
nation of  all  the  claims  of  these  nations.  We  are 
aware  that  this  notion  is  totally  at  variance  with  that 
of  Bailly,  who  has  also  examined  the  case  in  point 
with  great  labour  and  attention,  but  certainly  not 
without  great  enthusiasm  and  prejudice. 
3  8 
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Astronomj'^  Asironomif  of  the  Arah^, 

V*— -v^-^^i^      In  our  VasX  mention  of  this  p4eci|ile,  we  saw  them 
Astroncmiy  actings  the  part  of  the  most  savage  barbanens,  born- 
oftlieAr&bs  jog  utitl   destn>yiiig  every   thing,   the  most  distantly 
cnunerted  with  iicientific  research  ;  we   have  now  to 
exhibit  them    in   a   more  honourable   iintl    ditniihed 
point  of  view.     T^'^e  stated,  in  the  piLssage  referred  to, 
tlmt  some  of  the  philosophers  of  Alexandria,  escape r I 
Ihe   -sengeancc   of  their    barbarous   comjuerors,   and 
these  of  course   earried   with   them  .some  remnant  of 
that  gcnend  learnintr,   for  wliich  the  school  was  so 
deservedly   eelebrated.     Still,    however^   destitute   of 
books,    of    instrutnents,     am!  pnibahly    also    of  the 
means   of  subsistence  without  oianna!  hi  hour,    very 
little  farther  knowledge  could  he   aecumulated,  and 
still  less  propa£5;ated ;  so  that  in  a  tew  years,  every 
speeies  of  knowledge  connected   with  astronomy  and 
mat  hematics,   must  have  become  extinct,  had  not  tlie 
Arabians  tbeniselve^i  within  less  than  two  centuries  of 
the  tlreadfiil  conllagratiou  of  the  Alexandrian  library, 
become   the  atlmirers  and  sujiporters  of  those   very 
sciences  they  had  before  so  nearly  annihilated.     They 
studied  the  works  of  the  Greek  authors  which  had 
esca|»ed  the  general  wrecks  with  great  assiduity  j  aud 
if  they  added  little  to  the   stock  of  knowledge  these 
works    contained,   they  became  sutlicient  masters  of 
many  of  the  subjects  to  enable  them  to  cxjmment  upon 
them,  and  to  set  a  due  estimation  upon  these  valuable 
relics  of  ancient  science. 

The  destmction  of  the  Alexandrian  school  occurred 
in  the  year  G 10  ^  and    it   is  about   a  century    after, 
before  we  find   any  author  worthy  of  particular   no- 
tice  amongst  the  Arabs  j  this,   therefore,   brings   us 
to  the  middle  of  the  eighth  century  j  and  from  Ptolemy 
to  this  date  there  had  passed  away  at  least  six  hun- 
dred years,  during  which  time  the  science  had  rather 
Almmison    retrograded  than  advanced.      The   ealipb  Almunsor, 
A.i),  754.  A.  D.  754,  is  the  first  to  claim  our  attention  ;  but  rather, 
perhaps,  for  the   imimlse,  which^  as  a  philosophictd 
prince,  he  gave   to  the  science  amongst   his  people, 
than  for  any  actual  improvements  which  he  had  per- 
sonally made.     This  impulse  was^  liowever,  so  great, 
that  most  of  his  successors  seem  to  have  thought  it 
their  duty  to  support  and  to  study  the  different  sei- 
HarouQ.       <^»f'es.   particularly  astronomy.     Ilaroun,  the  grand- 
A.0  786    ?**^  ^^  Almansor,  is  particularly  noticed  as  following 
in  the  steps  of  his  great  predecessor  ;   and  one  of  his 
Almamon.    sons,   Almamon,   pursued   the    same   path  with    still 
A.D.  813,  greater  enthusiasm.     He  caused  to  be   translated  all 
the  Greek  works  that  he  could  procure  ;   and  in  par- 
Translate     ticular  the  Almagest  of  Ptolemy.     He  is  even    said   to 
the  Alma-    have  made   the  delivery  of  certain  manuscripts  depo- 
^^^  sited  at  Constantinople,  one  of  the  conditions  of  the 

peace  whicli  he  concluded  with  the  Greek  emperor 
Mithael  III,     He  himself  uiade   numerous  observa- 
tions, and  employed   and   instructed   others  to  supply 
Ids  place,  when  public  business  prevented  hira  from  his 
favourite  pursuit.     He  ordered  the  oblic|uity   of  the 
ecliptic  to   be  observed   at    Bagdad  and   at ' Dumas  ; 
whence  it  was  found  to  be  ^23"  35',  which  is  less  than 
some  preceding  obsen^alions  had  indicated. 
Miisurcs  a      Another  important  operation  performed  undisr  the 
de^et?  of     ortlcrs  of  Almamon,  was  tlie  measure  of  a  degree  of 
Utitude.       the  terrestrial   meridian  j  but  the  imit  of  the  Arabic 
measure  in  which  it  is  expressed,  is  too  uncertain  for 
ua  to  attempt  to  form  from  the  reported  result  any 
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decisive  eoncbision  ;  nor  are  we  to  expect  that  any 
very    great  accuracy  could  be  expected,   seeing  tJiiti 
great  discrepancy   between   some    modern  meit 
made  with  the  assistance  of  the  most  perfect   instn 
ments.     .-ymtuiion  also  directed  certain  of  his  plul 
sophers  to  compose  a  work  for  the   purpose  of  fac 
tating  the  study  of  iistronoray  amongst  his   jieopli 
entitled,  according  to  the  Latin  translation,  Astronomic 
ditborata  a  vumpUtribm  D.  liju&su  regis  Mabnan,  which 
is  still  preserved  in  many  libniries. 

In  the  reign  of  this  prince,  there  were  many  other  jyj 
celebrated   Anibian    a.stronomers,   particularly   Alfra-  ^j 
ganus,     Tlicbit-Ibn-Chora,    and     Albatenius,       Tin 
former  eomi>osed  a   work,  many  editions  of  whie 
have  been  made  since  the  invention  of  printing:,  b( 
sides  some  other  works  more  or  leas  connected  wii 
this  science. 

Thebit  was  an  anualyst,  a  geometer,  and  ai^tronomer.  Thi 
He  observed  tlie  obliqmty  of  the  ecliptic  and  reduc( 
it  to  23"  33^  30";     He  :d&o  determined   the  leugih 
the  year,  very  nearly  the  same  as  it  is  uow  establish 
by  modern  observations, 

AlFjatenius  was  one  of  the  greatest  promoters 
Arabian  astronomy.     His  numerous  obsenations  and  AJ 
Lmportimt  knowledge  in  ail   the  sciences  of  his  tim 
were  the  cause  of  his  being  surnauietl  the  Ptolemy 
the  Arabs  ;  an  honour  by  no  means  ill  merited.     B' 
a  comparison   of  many  of  his  own  observ atiatis  wii 
those  of  Ptolemy  and  others,  he  corrected  the  dctcmii 
nation  of  the  latter  respecting  the  motion  of  the  stii 
in  h^ngitude,  stating  it  to  be  one  degree  in    70  yi 
instead   of  1(X)  years  :   modern  observations  make 
one  degree  in  72  years*     He  determined  very  exactl 
the   eccentricity    of  the   ecliptic,    and   corrected  t^ 
length  of  the  year,  making  it  consist  of  3Gij   days 
hours  40'  minutes  ^4  seconds,  which  is   about  ^z' 
nutes  too  short,  but  4  minutes  nearer  the  truth 
bad  been  given  by  Ptolemy.     He  also  discovered 
motion  of  the  apogee  ^   and  rectitlcd  the   theories 
Ptolemy  respecting  the  motion  of  the  planets  ,  and 
form^Ml  new  tables  of  them. 

Tiie  works  td"  this  author  have  been  collected,  and 
published  in  two  volumes  4to.,  mider  the  title  q£  De 
scientin  stellarum^  of  which  there  are  two  eclitloua^  one 
in  1537*  and  the  other  in  lt>4(j. 

Muniucla,  in  his  valuable  history  of  mathematics^ 
enumerates  a  long  list  of  Arabian  astronomers  wliicll" 
followed   Albatenius  ;   but   we    meet   with    none  dc- 
.serving   of  particular   notice  till  we   arrive  at  Eba 
lounis,  who  wrote  in  the  year  1004,   and  even  he  if 
rather  eelebrated  for  hb  having  collected    and  embo- 
died the    knowledge   of  his   time,  than    for  his  dis- 
coveries,   although  he  made  numerous  observatioos. 
The  work  of  this  author  is  still  extant,  a  concise  no- 
tice of  which  Delanibre   lias  given  in  the   Mtm.  de 
rimtitutt  vol.  *l.  p.  5,  where  we  learn,  that  it  contains 
2B  observations  of  eclipses  of  the  sun  and  moos,  umk 
between  the  years  8^!^  and  10(>4  ;  seven  observataooi 
on  the  equinoxes  ;  one  tm  the  oblit|uity  of  the  eclip- 
tic :  and   some  others  highly  iuiportimt  in  the  detiy- 
mi nation  of  certain  data,  particularly  as  reganb  die 
acceleration  of  the  moon. 

Let  us  now  turn  om^  attention  to  Spain,  where  tJif 
ArabSj  who  had  long  been  masters  of  that  country, 
pursued  the  sciences  with  the  same  ardour  as  in  ih^ 
east.     The  most  dbtinguishedj  however^  of  the  aiitro- 
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cmy,  Hotn^ra  in  this  conntry  were  Arsachel  luid  Alhazen ; 
^i^^^'  the  former  of  whom  is  celebrated  for  havinc:  added 
el*  greater  accnrucy  to  the  theory  of  the  sim,  by  em]>loy- 
320,  ing  a  principle  rliffereot  to  that  of  Ptolemy  and  Hip- 
parchus,  and  susceptible  of  more  accuracy.     He  made 

trome  fortunate  changes  in  the  dimensions  of  the 
solfir  orbit,  and  discovered  certain  inequalities  in  the 
sun's  motion^  which  have  since  been  confirmed  hy 
the  Newtonian  theory  of  i^craTitation, 
Alhazen  is  also  esteemed  a  philosopher  anil  astro- 
nomer of  hi^h  reputation  j  he  is  said  to  have  first 
discovered  the  laws  of  refraction,  and  the  effect  of  it 

Jin  ustronomicnl  observations.  He  cxphdned  the  phe- 
nomenon of  the  horizontJil  moon^  and  indicated  the 
true  cause x)f  the  crepuscula  in  the  niorning  and  even- 
ing'; beside  various  other  minor  discoveries  highly 
honourable  to  his  memory. 

From  this  time  the  science  of  the  Arabians  seems  to 
ha\'e  begun  to  decline  5  we  meet  with  very  little  after 
this  period  desening  of  particular  notice  ;  a  general 
shade  appears  to  have  been  east  over  every  species  of 
human  knowledge,  and  nearly  four  hundred  ye^irs  are 
a^in  lost  in  darkne^is  and  ol>scurity.  We  then  find 
the  Greeks  making  some  feeble  efforts  to  re-establish 
astronomy  in  its  original  empircj^  where  some  faint 
glimmerings  of  the  genius  which  animated  Arch i me- 
des,  Hipparchus,  and  Ptolemy^  once  more  began  to 
discover  itself  j  but  which,  alas  !  like  the  lustre  of  a 
passing  meteor,  ^as  soon  extinguished,  and  darkness 
and  barbarity  once  more  assumed  their  reign, 

^  A  astronomy  of  modem  ILurope, 

cut  We  may  without  impropriety  refer  the  revival  of 
^3'  modern  astronomy  to  the  time  of  Copernicus,  although 
he  was  prccetled  by  some  others,  who  prevented  all 
traces  of  the  Grecian  and  Arabic  science  from  being 
lost  and  forgotten^  by  their  reading  and  studying  such 
works  as  !iad  been  preserved,  during  wbat  are  com- 
monly denominated  the  dark  ages.  Copernicus  was 
born  at  Thorn,  in  Poland,  in  the  year  1473.  but  he  did 
not  commence  his  studiesi  till  about  the  year  1507; 
when  after  having  well  "  fathomed  every  depth  and 
shoal"  of  the  ancient  doctrine  of  astronomy  5  made 
numerous  observations*  and  various  com]>arisons  j  he 
became  at  first  a  convert^  and  afterwards  the  most 
strenuous  advocate  of  a  system  of  astronomy,  com- 
monly attributed  to  Pythagorag,  and  ^vhich  we  have 
seen  Ptolemy  using  so  many  ingenious  but  false  argu- 
ments to  refute. 
i  According  to  Copernicus,  the  sun  is  placed  in  the 
tt»  centre  of  the  planetary  world,  about  which  the  seve- 
ral bodies  of  our  system  revolve  from  west  to  east ; 
»vi2.  1st,  Mercury,  ^d,  Venus,  3d,  the  Earth,  4tbj 
Ifars,  5th,  Jii]iiter,  and  Cth,  Saturn  ;  the  moon  re- 
•volres  about  the  earth  in  the  same  direction,  while 
tlie  latter  body  itself  is  carried  in  its  orbit  round  the 
sun.  In  the  next  placCj,  he  taught  that  the  earth  turns 
on  its  awn  axis  from  went  to  east,  in  a  little  less 
than  24  hours,  and  that  this  axis  is  always  preserved 
fiandlel  to  itself,  making  an  angle  of  about  '231*  with 
the  ecliptic. 

The  orbits  of  the  several  planets  he  supposed  to  be 
circular  j  but  he  did  not  make  the  sun  their  common 
centre.  We  hai'e  seen  that  what  was  anciently  called 
the  solar  orbit  had  been  long  known  to  be  eccentric, 
^  well  as  those  of  the  planets  j  and  to  account  ibr 


the  phenomena  produced  by  the^  ecceotridties,  Co-  HUtoiy. 
pernicus  rendered  them  still  greater,  by  giving  to  each  *^_-  j_-^ 
a  different  centre,  and  to  the  sun  such  a  position  with 
regard  to  tliem  all,  as  with  the  addition  of  certain 
epicycles,  Ix^st  agreed  with  the  appearances  already 
observed.  This  part  of  the  Copernican  system  is  not 
often  well  illustrated  in  our  elementary  works  on 
astronomy,  where  it  is  gencndly  asserted,  that  tlie 
6II11  was  placed  in  the  common  centre,  and  the  several 
planetary  orbits  were  circles  concentric  with  it  j  by 
which  means,  the  discoveries  of  Kepler  are  rendered 
more  astonishing  than  they  actually  are  ^  for  he  had 
at  least  this  much  to  proceed  upon  ;  too  little,  it  is 
true,  for  any  man  possessed  of  less  genius  and  perse- 
verance than  himself  This  is  by  no  means  the  only 
service  which  Copernicus  bestowed  upon  astronomy 
and  trigonometry,  but  it  is  the  principal  one,  and 
that  which  has  added  most  to  the  celebrity  of  his 
name  ^  we  shall  therefore  not  stop  to  report  bis  othetr 
discoveries  and  improvements,  iis  we  shall  find 
numerous  iinj)ortaat  points  to  refer  to  before  we 
conclude  this  sketch,  already  considerably  extended. 
The  work  containing  his  new  doctrine  was  composed 
in  the  year  1530  ;  but  it  was  not  printed  till  tlic  year 
154S  ;  the  author  having,  it  is  said,  received  the  last 
sheet  a  few  hours  before  he  expired. 

Copernicus  was  followed  by  a  great  number  of  ex- 
cellent astronomers,  some  of  whom  were  firm  sup- 
porters of  his  system  j  others  cndeavimred  to  refute 
it,  as  Ptolemy  hatl  formerly  done  a  similar  doctrine  ; 
while  some  few  who  saw  its  beauties  and  advantages, 
but  who  by  giving  loo  literal  a  signification  to  some 
scriptural  passageSj  wished  to  modify  it  so  as  to  retain 
as  many  as  possible  of  its  advantages,  while  the  system 
shoidd  still  be  such  as  to  correspond  with  the  jias- 
sages  iu  quiestion. 

Oi  this  number  was  Tycho  Brache,  a  ooblc  Dane,  Tyclio 
one  of  the  greatest  observers  perhaps,  if  we  except  Br.Klie (!i<?i! 
Kepler,  that  ever  lived.  His  system  consisted  in  depriv-  1^^^* 
ing  tlie  earth  of  its  orbicular  and  diurnal  motion  j    be 
places  the  earth  in  the  centre,  and  made  the  moon  and 
sun   revolve  about    it,    agreeably   to  tlic  doctrine  of 
Ptolemy  ;   but  he  made  tlie  sun  the  centre  of  the  other  His  sjrstem. 
planets,   which,   therefore,    he    supposed    to   revolve 
with  the  former  about  the  earth.     By  this  means,  the 
different   motions  and  phases  of  the   pbineta  may  be 
reconciled,   the  latter  of  which  could  not  be  by  the 
Ptolemaic  system  j   and  he  was  not  obliged  to  retain 
the  epicycles,  in  order  to  account  for  their  retrograde 
and  stationary   appearances.      This   theory  was    ex- 
tremely  complicated,   and    did  not   long  survive   its  ^^J^Jf\^\f 
author.     Many   of  his   other   labours  were    attended  Tyclio 
with  much  more  important  consequences  ;  particularly 
his  discovery  of  the  variation  and  annual  equation  of 
the  moon  ;   the  greater  and  less  inclination  of  the  lunar 
orbit  ;  the  correction  for  refraction    iu   astronomical 
observations  ;  his  astronomy  of  comets  ;  his  account 
of  the  appciu'ance  and  disappearance  of  a  great  star 
which  hapjiened  in  his  time  :  his  reformation  of  the 
calendar,  and  some  other  subjects    which   might   be 
enumerated  :    these   have    contributed    most  to  esta- 
blish his  name  as  a  great  astronomer,  and  will   not 
fail  to  hand  it  down  to  the  latest  posterity. 

Kepler  was  about  twenty  years  younger  than  Tycho,  Kepler  died 
but  by  no  means  inferior  to  him  in  genius  and  perse-  1<>3I* 
verance  5  the  Litter  quality  is  proved  by  the  numerous 
3  s2 
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Afttronomy*  observations  tliat  he  made  on  nil  the  planets,  particu- 
larly on  Mars  j  and  the  former  from  the  memorable 
consequences  whi^h  he  drew  from  them.  Kepler  lirst 
determined  the  line  of  the  apsides  by  a  method  inde- 
pendent of  the  form  of  the  orbit  of  Mars,  and  ascer- 
tained the  ratio  of  the  aphelion  and  perihelion  distances  j 
the  former  he  found  to  be  to  the  latter,  as  166  JSO  to 
138>5CK) ;  or  calling  the  distance  of  the  earth  from  the 
sun  100,000 ;  the  above  numbers  will  express  the 
actual  distances,  Hence  the  mean  distance  of  Mars 
was  ir>^,G40,  and  the  eccentricity  of  its  orbit  14  J 40. 
He  then  determined,  in  tike  manner,  three  other 
distances,  and  found  them  to  be  147,7^**  »  1G3,100  ; 
166,255,  He  next  computed  the  same  three  distances 
upon  a  supposition  that  the  orbit  was  a  circle,  and 
found  them  to  be  148,539 ;  163,883  j  166,fj05  ;  the 
errors,  therefi>re,  of  a  circular  hypothesis,  were 
789,  7B3,  350.  But  he  had  too  good  an  opinion  of 
Tycho's  ohser\'ations,  (upon  which  be  founded  all 
these  calculations),  to  suppose^  that  the  differences 
arose  from  their  inaccuracies;  and  a<j  the  distance 
between  the  aphelion  and  perihelion  \va3  too  great 
according  to  the  hypothesis  in  question,  he  conceived 
that  the  orbit  must  be  an  oval.  And,  as  of  all  ovalri 
the  ellipse  is  the  most  simple,  he  naturally  made  trial 
of  this  figure,  placing^  the  sun  in  one  of  its  foci ;  and 
upon  making  the  requisite  calculation,  be  found  the 
agreement  complete.  He  did  the  same  for  other 
points  of  the  orbit,  and  still  found  the  same  accurate 
agreement ;  and  hence  he  pronounced  the  orbit  of 
Mars  to  be  an  ellipse,  and  that  the  sun  occupied  one 
of  its  foci*  Having  established  this  important  point 
for  the  orbit  of  Mars,  he  conjectured  the  same  to  have 
place  in  the  other  planets ;  and  upon  trial  he  found 
his  conjecture  fully  verified  :  and,  hence,  he  concluded, 
that  the  six  primary  planets  revohe  about  the  sun  in 
elliptic  orbitSi  that  body  occupying  one  of  the  foci. 
Having  thus  discovered  the  relative  mean  distances 
second  kwt  of  the  planets  from  the  sun,  and  knowing  their  periodic 
times,  he  next  endeavoured  to  find,  whether  there  were 
any  relations  between  them  ;  and  having  naturally  a 
strong  turn  for  numerical  analogies,  he  began  by  com- 
paring the  powers  of  those  quantities  with  each  other  j 
and  eVen  in  the  first  instance  (March  8th,  1G16,)  he 
assumed  the  correct  law ;  viz,  thai  ihe  squares  of  the 
times  of  revolution  are  proportional  to  th^  cut/e^  of  the 
mean  disiances;  but,  in  consequence  of  some  error  in 
his  calculation,  his  comparison  did  not  appear  to  be 
complete.  Nor  did  he  discover  it  till  the  following 
May,  He  then  found  his  first  conjecture  to  be  cor* 
rect,  and  thus  established  this  celebrated  law,  which 
Newton  afterwards  demonstrated  to  be  the  necessary 
consequence  of  a  hotly  revolving  in  an  orbit  about  a 
reniral  attracting  point  coinciding  with  one  of  its  foci. 
Prin.  Phil,  lib.  i.  sec  ii.  pr.  15. 

Kepler  also  discovered  from  observation,  that  the 
velocities  of  the  planets,  when  in  their  apsides,  are  in- 
versely as  their  distances  fi*om  the  sun  ;  whence  it 
followed,  that  they  described  at  these  points  equal 
areas  in  equal  times  j  and  although  he  could  not 
prove  the  same  for  every  point  of  their  orbits,  he  had 
still  no  doubt  that  it  was  so.  He  therefore  applied  this 
principle  to  determine  the  equation  of  the  orbit  ;  and 
finding  that  his  calculations  agreed  with  observation, 
he  concluded  that  it  was  true  in  general;  "  that  the 
planets  describe  about  the  sun  equ;d  areas  in  equal 
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times/'  This  discovery  was  perhaps  the  foundation  of  ^ 
the  Prindpia,  probably  suggesting  to  Newton  the  ^^-^^ 
idea,  that  all  the  planets  of  our  system  were  governed 
by  one  general  law  I  and  that  the  sun  was  the  general  ^ 
focus  of  action  ;  a  proposition  which  he  afterwards 
succeeded  in  demonstrating,  and  thus  founded  the 
basis  of  physical  astronomy. 

Kepler  also  spcjiks  of  gravity  as  a  power  which  iJ 
mutual  between  all  bodies  j  and  tells  us  that  the  earth 
juid  moon  would  move  towards  eacli  other,  and  meet 
at  a  point  so  much  nearer  the  earth  than  the  moon, 
as  the  former  is  greater  than  the  latter,  if  these  motions 
did  not  prevent  it.  And  he  farther  adds,  that  the 
tides  rise  from  the  gravity  of  the  waters  towards  the 
moon* 

The  beginning  of  the  17th  century  was  distinguished  1 
by  two  of  the  most  important  events  for  astronomy  ^ 
that  we  have  yet  recorded  j  viz.  the  invention  of  the  ^'^^ 
telescope  and  logarithms  ;  by  means  of  the  one,  we 
are  enabled  to  penetrate  into  the  remotest  parts  of 
space,  and  to  bring  under  our  immediate  view  pheno- 
mena,  w^hith  the  most  sanguine  minds  could  never,  if  ] 
they  had  suspected  their  existence,  have  hoped  to 
bring  within  the  limits  of  human  observation  :  by 
means  of  the  other,  all  the  laborious  calculations  of  ' 
former  astronomers  were  reduced  to  mere  operations 
in  addition  and  subtraction  ;  and  what  was  before  the 
labour  of  a  month,  became,  as  it  were,  the  amuse- 
ment of  an  hour.  With  two  such  powerful  auxiliaries* 
the  progress  of  astronomy  could  not  but  be  extremely 
rapid  j  but  still  the  extent  to  which  it  has  been  since 
carried,  must  certainly  far  have  excec<led  what  the 
boldest  of  the  astronomers  and  philosophers  of  that 
day  could  have  dared  to  hope  for.  It  never  could 
have  been  contemplated  that  this  science,  apparently 
so  far  beyond  the  reach  of  all  human  power,  would 
become  the  most  perfect  of  all  the  physical  sciences  ; 
that  every  disturbing  force,  and  every  celestial  pheno- 
menon of  our  system,  should  be  submitted,  with  the 
greatest  precision,  to  one  general  simple  principle,  at 
that  time  wholly  unknown  j  and  thalan  analysis  would 
be  discovered,  to  enable  us  to  investigate  and  com- 
pute the  motion  of  bodies  of  immense  magnitudes, 
and  at  almost  immeasurable  distances,  with  greater 
accuracy  than  we  can  calculate  the  nation  of  a  pro- 
jectile from  a  piece  of  ordnance.  Yet  such  is  actually 
the  case.  We  know,  to  a  greater  nicety,  the  moment 
when  a  planet  will  arrive  at  a  certain  point  in  the 
heavens,  than  we  can  tell  the  time  that  a  cannon  ball 
will  employ  in  passing  from  the  gun  to  the  extremity 
of  its  destined  range,  the  moment  of  explosion  being; 
given. 

As  far  as  we  have  hitherto  traced  the  progress  of  ^J^^^ 
astronomy,  all  our  knowledge  has  been  supposed  to  jj2 
consist  in  observations  on  the  motions  of  the  lie^ivenlj 
bodies  ;  and  every  species  of  computation  relating  to 
it,  rested  on  no  other  foundation.  We  are  now  arrived 
nearly  at  that  period,  when  our  illustrious  Newton, 
Ijy  his  discovery  of  the  law  of  universal  gravitation^ 
added  an  entire  new  branch  to  this  important  science^ 
commonly  denominated  physical  astronomy.  From 
this  time  a  greater  range  was  given  to  celestial  re- 
searches ;  our  knowledge  was  not  confined  to  the  mere 
obt^ervation  of  phenomena,  and  Ihe  return  of  certain 
bodies  to  certain  parts  of  space :  the  causes  of  these 
phenomena,  and  of  these  motionB^  were  now  to  be 
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investigated,  and  the  amount  of  them  computed  from 
the  pure  principles  of  celestial  mcehanies.  Every 
minute  inequality  was  henceforward  to  be  traced  to 
the  same  source^the  action  of  gravitation  :  while, 
on  the  other  hand,  every  minute  variation  indicated 
by  this  theory,  ought  to  be  observable  iii  the  heavens. 
And  nothing,  perhaps^  is  better  calculated  to  demon- 
strate the  generality  of  this  law,  and  the  hcauty  and 
profundity  of  the  modern  analysis,  than  the  fact,  that 
certam  small  inequalities  were  indicated  by  the  theory, 
before  the  accuracy  of  instruments,  and  the  delicacy 
of  obsen^ation,  were  sufliciently  attained  to  render 
them  appreciable  ;  but  the  existence  of  which,  the 
present  high  state  of  practical  mechanics,  and  a  corre- 
sponding improvement  in  optics,  have  confirmed  in 
the  most  satishictory  manner.  We  shall,  therefore, 
now  divide  the  remaining  part  of  this  historical 
sketch  under  two  distinct  lieads  ;  viz.  practical  and 
physical  astronomy ;  and  slightly  glance  at  the  succes- 
sive steps  that  have  been  made  in  each  j  but  a  simple 
indication  of  them  is  all  that  can  be  expected,  and 
indeed  it  is  all  that  is  requisite,  since  we  must  neces- 
sarily meet  the  same  subjects  again  in  the  course  of 
the  following  treatise ;  where  we  ^hall  enter  upon 
them  as  much  at  length,  as  is  consistent  with  the 
limits  allotted  to  this  department  of  our  work. 

Our  business  here,  is  neither  to  give  the  history  of 
the  invention  of  the  telescope  nor  of  logarithms  ;  the 
former  has  already  been  treated  of  in  our  treatise  of 
optics,  and  the  other  will  be  found  in  its  appropriate 
plaoe  in  this  work.  We  have  seen  in  the  article  above 
referred  to,  that  the  telescope  is  perhaps  an  earlier 
invention  than  it  is  commonly  supposed  to  be  ^  and 
that  Harriot,  in  a  very  early  part  of  tlie  17th  century, 
Tiz.  between  tlie  years  1010  and  1613,  had  actually 
observed  the  spots  on  the  sun*s  disc  with  telescopes 
of  various  magnifying  powers  ^  a  fact,  which  has  been 
but  lately  ascertained  by  Baron  Zach,  of  Saxc  Gotha^ 
who,  in  a  visit  to  this  country,  had  access  to  certain 
MSS.  of  this  English  author,  in  the  possession  of  the 
Earl  of  Egremont,  a  descendant  of  the  Earl  of  Nor- 
thumberland, who  was  Harriot's  patron.  This,  after 
Galileo's,  is  one  of  the  earliest  well  attested  facts  of 
the  application  of  this  instrument  to  astronomical 
purposes. 

Galileo,  as  we  have  seen  in  our  history  of  optics, 
was  informed  of  the  accidental  discovery  of  Jansen's 
children,  in  the  year  1609  ;  and  on  the  8th  of  January, 
lejlO,  he  perceived,  by  directing  his  new  instrument 
to  the  heavens,  three  small  stars  near  the  planet 
Jupiter ;  two  on  the  one  side,  and  the  third  on  the 
opposite  side  j  which  he  took  at  first  for  fixed  bodies. 
But  having  contunied  to  observe  them  on  the  next 
and  the  following  nights,  he  found  tliat  they  changed 
their  places  and  positions  ;  and  that  they  performed 
their  revolutions  about  that  planet,  and  were,  in  fiict, 
satellites  to  it,  as  the  moon  is  to  the  earth  j  and  some 
days  after  he  discovered  a  fourth.  These  four  satel- 
lites he  named,  in  honour  of  the  house  of  Medici,  the 
Medicean  stars  j  but  the  appellation  was  soon  lost  in 
the  more  general  and  appropriate  name  of  Jupiter^s 
satellites.  This  discovery  was  published  in  the  month 
of  March  following,  in  a  writing,  entitled  Nun  cites 
Sydertus;  be  undertook  even  to  investigate  the  theory 
of  their  motion  j  and,  in  the  year  1613,  to  predict 
their  configurations  for  two  consecutive  months. 


IMrecting  his  telescope  to  Saturn,  a  new  surprize, 
and  new  pleasure  presented  itself  After  a  few  im- 
]jcrfect  observations  on  this  planet,  he  ivas  led  to 
believe  that  Saturn  was  not  a  simple  globe  like  the 
other  bodies  of  our  system,  but  was  compounded  of 
three  stars  touching  each  other,  immovable  with 
regard  to  themselves,  and  so  disposed,  that  the  largest 
occupied  the  centre,  with  a  smaller  one  on  each  side 
of  it ;  but  it  was  not  long  before  he  discovered  this 
idea  to  be  erroneous,  so  far  at  least  as  regarded  their 
immobility,  or  invariable  a]i|icarance :  he  found  that 
the  figure  wiis  changeable,  but  his  telescope  had  not 
sufficient  power  for  him  fully  to  unravel  the  mystery  ; 
he  found  that  Saturn  appeared  irregularly  formed,  and 
supposed  the  extreme  parts,  of  what  was  afterwards 
found  to  be  a  ring  encompassing  the  body  of  the 
planet,  were  attached  to  it,  fonmng ansa' ,  or  handles; 
and  it  was  some  years  after,  that  Huygens  discovered 
the  actual  conformation  of  this  beautiful  telescopic 
object.  Galileo  also  first  observed  the  phases  of 
Venus,  predicted  by  Copernicus  j  as  be  did  also  the 
spots  on  the  sun's  disc,  unless  indeed  our  countryman 
Harriot  had  tlie  advantage  of  him,  in  point  of  time,  in 
this  observation.  There  are  others  who  contest  with 
Galileo  for  the  honour  of  the  iiuportant  discover)'  of 
Jupiter's  satellites,  as  Simon  JIarius,  of  Brandebourg, 
who  asserts,  that  he  observed  them  in  16T)D  ;  but  the 
truth  of  this  seems  to  reit  on  no  better  foundation 
than  the  mere  declaration  of  the  author,  in  his 
Nunchii  JuvialiSj  anno  1609>  detectuSf  &c.  published  in 
IG 14.  The  s|K>ts  on  the  sun  were  also  observed  by 
Pabriciiis  and  Scheiner;  and  it  is  perhaps  doubtful  by 
whom  tiiey  were  first  seen.  The  telescope  soon 
became  well  known  in  all  parts  of  Eurojie  j  the  sun 
was  an  object  which  would  naturally  claim  the  regard 
of  astronomers,  and  it  is  not  unlikely  these  spots 
might  be  observed  by  many  at  nearly  the  same  time. 

The  system  of  Copernictis,  even  before  these  dis- 
coveries, had  made  considerable  progress  ;  and  what 
had  now  occurred,  had  rendered  the  truth  of  it  still 
more  certain.  Galileo,  therefore,  in  1615,  had  the 
courage  openly  to  sufjport  it ;  hut  it  caused  him  a 
reprimand  from  the  Holy  Inqimifion  ;  he  was  impri- 
soned, but  afterwards  liberated  upon  certain  conditions 
of  silence.  TxNcnty  years  afterwards,  greater  advances 
being  made  in  the  progres^j  of  this  science,  he  again 
ventured  to  assert  his  opinion,  but  still  with  the  same 
effect :  he  convinced  all  unprejudiced  people  ;  but  the 
holy  fathers  ivere  not  in  this  class,  and  he  was  once 
more  obliged  to  abjure  upon  his  knees  his  heretical 
doctrine.  Such  are  the  fniits  of  ignorance  blended 
with  bigotry  and  superstition. 

We  shall  deviate  a  little  in  the  order  of  time,  in 
order  to  bring  together  those  discoveries  whicb  have 
added  to  the  number  of  the  bodies  of  the  solar  system* 
Huygens,  therefore,  according  to  this  arrangement,  is 
the  first  to  claim  our  attention.  This  eminent  philo- 
sopher, having  in  16.15  constructed  for  his  own  use 
two  excellent  telescopes,  the  one  of  twelve,  and  the 
other  of  twenty-four  feet,  discovered  a  satclHte  to 
Saturn,  which  is  now  the  sixth  in  the  order  of  dis^ 
tances,  and  determined  the  dimensions  of  its  orbit j 
the  duration  of  its  re%'olution,  &c.  with  an  astonishing 
degree  of  exactness  ;  but  falling  into  a  metaphysical 
error,  concerning  the  number  of  the  bodies  of  our 
systemj  he  sought  to  find  no  more^  considering  that 
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loomy,  this  one  vme  all  that  was  wnntine:  to  render  the  whole 
planetary  scheme  complete.  He  was  drawn,  however, 
to  a  minute  exiuninntiori  of  Sritiirn  itself,  nnd  was  the 
firi^t  to  iinnounce  the  uctual  conforms tioii  of  it.  He 
stated,  that  thiii  planet  \va.s  encirrled  fjy  a  flat  broad 
circular  r'mt:;,  detached  from  it  on  all  sides,  but  wliieh, 
accord  Miij  to  the  position  under  which  it  was  observed 
frooi  the  earth,  would  assume  the  sevenil  ajtpeanuices 
of  a  cirde>  an  ellijxse,  and  a  rig^ht  line  j  he  never,  how- 
ever, observed  it  under  its  latter  form.  He  discovered 
tliat  the  diameter  of  the  exterior  edge  of  the  ring,  \\ns 
to  the  diameter  of  the  planet  as  9  to  4  ;  and  that  its 
bread  til  was  eqiud  to  the  space  contained  between  the 
{j;lQhe  and  its  interior  circumference  j  results  which, 
witli  Slime  slight  modifications,  have  been  confirmed 
by  to  ore  modern  observations. 

Four  other  satellites  to  this  ])lanet  were  discovered 
corers  four  \^y  Dominicjue  Cassini  :  which,  in  the  order  of  dis- 
otb^rsatel-  dances,  are  now  the  3d,  4th,  5Th,  and  7th  ;  the  5th 
AD  1684  ^^^  *^^*  *"  1^1.  and  the  4th  and  5th  in  16H4  ;  two 
Hcnwliel  *^fhcrs  have  since  been  added  by  Sir  W.  Herschel  in 
iwa  otUer».  17*^** }  making  in  all  seven  attendant  luminaries  to  this 
remote  and  otherwise  solitary  planet. 

Eight  years  prior  to  the  above  disenvery,  viz,  in 
I7bl,  Siri^\  Herschel  luid  observed  a  sioall  star,  which 
"  after  a  little  attention,  he  found  changed  its  place  * 
having  well  ascertained  this  fact,  lie  coniunmicuted  a 
knowledge  of  the  circumstance  to  M,  Laxrl^^  a  cele- 
brated astronomer  of  the  academy  of  St.  Pctershnrgh, 
who  was  then  in  London  j  the  same  information  wag 
also  transmitted  to  other  eminent  astronomers,  who 
observt'd  it  with  great  care,  and  soon  afterwards  it  was 
announced  as  a  new  planet,  the  most  remote  in  our 
system,  circulating  about  the  sun  at  the  astonishing 
distance  of  nearly  eighteen  fuimlred  jjiilUon  tjiUes,  and 
performing  its  orbicular  revolution  in  abntit  80  of  our 
years.  This  new  planet  was  first  named  by  foreign 
astronomers  after  its  observer,  the  HerscM ;  but 
Herschel  himself,  in  imitation  of  tialileOj  dedi- 
cated it  to  his  late  Majesty^  under  the  name  of  the 
Georgiian  Skhts ;  both  these  appellations  are,  however^ 
ntjw^  nearly  become  extinct,  that  of  Uronus  being 
almost  universally  adopted,  The  same  indefatigable 
obser^'er  has  since  discovered  six  satellites  to  this 
planet,  which  revolve  al>out  him  tinder  ver}^  peculiar 
circumstances  ;  but  the  particulars  must  be  reserved 
for  the  proper  place  in  the  subsequent  treatise. 

In  order  to  complete  this  part  of  our  liistorical 
sketch,  we  must  now  pass  to  the  beginning  of  the  19th 
century  ;  the  Jimt  day  of  which  is  remarkable  for  the 
discovery  of  another  new  planet,  between  the  orbits  of 
Mars  and  Jnpiter  j  this  %ve  owe  to  the  observation  of 
Piazzi,  This  planet  has  received  the  name  of  Ceres. 
Another  new  planet  was  discovered  by  Dr.  Gibers,  on 
the  *28th  of  March,  in  the  same  year^  1801,  which  is 
called  Failas ;  its  distance  and  periodic  revolution 
being  nearly  the  same  as  that  of  the  former,  A  third, 
having  like w  is e  nearly  the  same  mean  distance,  was  dis- 
covered by  M.  Harding,  at  Lilienlhal*  near  Jiremen, 
September  the  4th,  1804  ;  and  a  fourth  by  Dr>  Olbers, 
on  the  19th  of  March,  1807,  being  the  second  we 
owe  to  this  indefatigable  observer.  Of  these  twoj  the 
former  has  been  named  Juno^  and  the  latter  Fesia. 


Discovers 
six  of  lu 
MtcUitc^. 


Four  otlier 
newplaiiets, 
Ceres,  by 
PtarzL 

Pallas,  by 
Ollwrs. 


Jano,  hy 
Hording. 

Ve»tn,  by 
01ber«. 


Unitmg  together  these  sevenil  diseoreries,  it  mSH  M 
ap]»ear,  that  in  less  than  two  eentnries,  there  haTC  ^ 
been  ad  tied  to  the  known  bodies  of  our  sy^tcni,  no 
le^s  than  five  planets,  and  seven  tec  u  satellites,  about 
three  times  as  many  as  were  known  at  the  time  of  the 
promulgation  of  our  present  system  by  its  reneriible 
author  t-ojiernicns. 

In  the  ]»;iragTRphs  immedtsrtely  preceding,  we  have 
in  some  degree  disregarded  the  order  of  time^  for  the 
purpose  of  bringing  under  one  point  of  view  th< 
diserwreries  w*hidv  huA^e  increjised  the  number  of  fVi 
bodies  in  the  sohtr  system  ;  we  mu«t  now,  tlierefbi 
retrace  our  steps,  in  onler  to  glance  at  flome  oi 
inets  connected  with  the  history  of  this  'ectenee  ;   l>iil».! 
the   bare  entOTienition  of  them  is  all  that  ourHmits 
will  allow  us  to  uttemjiL 

in  Iff 03,  Huyer  formed  a  catalogue  of  the  stats^  ^^ 
whi<;h  he  publiHhed  itnder  the  title  of  Vranometrm^  tiJ; 
a  highly  important  and  useful  work.  ^p, 

Nov.  7,    lfi;5l,   CTassendi  observed   the  paanoijge  <lf«. 
Mercury  over  the  solar  disc,  agreeably  to  the  jTredic-  j^^- 
tion  of  Kepler ;    and  published  his  account  of  it  in  ^^^^ 
16.'i*2.  in  n  work  entitled  Meratrim  in  Sotevtswit  Stc. 

JOMH.  The  transit  of  Venus  was  observed  over  thexris 
^un  by  Ilorrox,  a  young  Englbh  astronomer,  whidi  Vem 
is  described  in  his  Vemts  in  Sale  visiiM,  &c.  a»dJ 

Thete  are  the  two  iirst  observations  of  this  kind 
that  had  ever  been  made,  and  much  importance  was 
in  consequence  attached  to  them,  although  their  great 
utility  in  establishing  certain  astronomical  data  wa4 
not  then  foreseen. 

In  lG38f  the  sciences  had  to  deplore  the  lose  of 
Hevelius,  a  celebrated   astronomer    and    senator  of*****^, 
Bantzic,  to  whose  indefatigable  labours  we  owe  many  ^'^' ' 
valuable  observations  ;  but  our  limits  will  not  permit 
of  our  entering  into  particulars, 

W'e  pass  now  to  that  period  %vheii  the  Royal  Society  Royil 
of  London,  and  the  Academy  of  Sciences  at  Paris,  were  ^^ 
first  instituted, and  the  observatories  of  Paris  and  Green-  ^^ 
wich  were  erected.  The  advantage  of  these  institutions  i 
to  the  science  of  astronomy,  is  unbounded  j  instrttmentB 
of  the  best  kind  that  could  be  obtained*  were  iuimedi*  j^ 
ately  constructed  :  the  members  of  the  two  academies  sem 
communicated  with  each  other  j  various  ex|ierimeiiti  °^J^ 
were  proposed  and  executed;  and  an  impulse  "WB*  ' 
thus  given  to  science  in  general,  and  to  afetronoitiy  in 
particular,  which  h  would  have  been  in  vain  to  hav<e 
expected  from  individual  perseverance  and  talent, 
h.Twever  conspicuous. 

The  charter  of  the  Royal  Society  was  granted  lij 
Charles  II.  in  IfJGO;  that  of  the  Academy  of  ScienaOl 
by  Louis  XIV.  \n  16HG.  In  1667,  the  obsenatory  <rf 
Paris  was  erected  ;  and  the  first  stone  of  the  absei^ni- 
tory  of  Greenwich,  was  laid  by  Flamstead  (who  was 
appointed  astronomer  royal)  on  the  10th  of  August, 
IC75j  at  the  recommendation  of  Sir  Jonas  Moore,  to 
whose  intluenre  we  are  indebted  even  for  the  instito-  ropl 
ti*>n  itself  Fhnnstead  continued  to  fill  this  situation 
in  a  manner  CLjually  honourable  to  himself  and  his 
country,  for  43  years  j  he  wns  succeeded  by  Dr.  f  I  al- 
ley, who  continued  in  it  for  S3  years  5  Br.  Bradley 
followed  Dr.  Halley,  and  held  the  office  for  twenty 
years :  IVIr.  Bliss  only  remained  two  years,  and  ^ 
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For  the  elements,  and  other  particulars  respecting    followed  by  Br,  Maskelyne,  who  died  in   ISll^el^ 
these  new  planets,  we  must  refer  the  reader  to  the    holding  it  for  46  years, 
respective  articles  in  the  foEowing  treatise.        -  Neitfr  has  any  appointment  been  more  honourably 


ODomy.  filled  than  that  of  the  astronomer  royal  of  En^laml, 
"V*""^  Of  the  names  wliich  we  hiive  nbove  enunie rated,  foiu* 
of  them  will  be  lianded  down  to  the  latest  posterity  ; 
but  w«  shall  only  have  occnskui  to  refer  to  H.dley  and 
Bradley,  because  we  cf^ui  only  noiiee  the  more  promi- 
^^       nent  features  of  the  history  of  this  science  ;  and  the 
^P       obeervations  and  res  nits  of  the  first  and  last  of  those 
~        great  men,  althoui^h  of  infinite  advantage  to  the  at- 
tainment fif  accnrate  knowledge,  and  would  therefore 
foroi   an    importajit   part   in   a    complete   history    of 
r  astronomy,  are   still  not  of  that   striking  nature  to 

■B^       claim  more  than  a  general  notice  in  this  place « 
Pb^^      Dr,  Halley,  who  was  eqnally  celebrated  as  an  an* 
nalyst,  a  ^ometer,   and  astronomer,  very  early  dis- 
tingwisbed  himself  by  a  geometrical  method  of  deter- 
mining the  apsides ^  the  eccentricities  and  dimensions 
I  of  the  principal  planetary  orbits  ;  he  afterwards  un- 

dertook a  voyage  to  the  islant!  of  St.  HelenUj  for  the 
I  purpose  of  forming  a  catalogue  of  the   stars  in  the 

southern  hemisphere  ;  be  projected  the  method  which 
was  afterwards  put  in  practice  for  observing  the  tran- 
sit of  Venus  ill  17«J1  and  1/69 »  for  determining  the 
parallax  of  the  sun  j  and  predicted  the  return  of  a 
comet  in  1759,  fixing  the  period  of  its  revolution  at 
75  years;  this  comet,  which  is  the  only  one  whose 
P"J^*  orbit  is  koow^n,  and  which  is  expected  to  reappear  in 
H|  *  1H34,  bears  \u&  namei  as  an  honourable  testimony  of 
^P  the  truth  of  his  prediction,  ami  the  protimdity  of  his 
F  knowleilge.      JMany    other  valuable    works    of  this 

author  we  mnst  necessarily  pass  over, 

In  i6GT,  a  highly  im|)ortant  discovery  was  mnde  by 
ptf,  Roemcr,  a  Danish  mathematician,  at  that  time  resident 
,1^7,  *t  Paris*  He  had  long  been  engaged  in  making  very 
.  Accurate  observations  on  the  motion  and  eclipses  of 

I  Jupiter  s  satellites  j  in  the  course  of  which  he  noticed 

that,  at  certain  times,  these  bodies  emerged  from  the 
shadow^  of  the  phuiet  some  minutes  later,  and  at 
others,  as  much  before  the  time  given  by  the  most 
iccumte  tables.  By  comparing  these  variations 
with  each  other^  it  appeared,  that  the  satellite  emer- 
ged  too  late  from  the  shadow,  when  the  distance  be- 
fj~y  tmten  the  earth  and  Jupiter  was  the  greatest,  and  too 
^f  taon  when  tbat  disttmce  was  the  least ;  whence,  after 
^k  some  conjecture,  lie  hit  upon  the  happy  idea,  tbat  as 
^H  the  apparent  emersion  happened  too  late  or  too  soon, 
^H  according  as  the  plnnet  was  more  remote  or  nearer  to 
^r  iw,  it  must  proceed  from  the  time  tbat  light  eniployeil 
f  in  passing  over  the  dillerence  in  the  two  disttmces  5   in 

fact,  that  the  propagcition  of  light  is  not  instantaneous  j 
'  but  tliat  it  requires  a  certftin  time  to  pass  from  one 

point  to  another ;  and  submitting  his  ideas  to  caleu- 
lation,  it  appeared,  that  a  luminous  ray  employs  about 
eleven  minutes  in  describing  a  distance  equal  to  that 

I  of  the  earth  from  the  sun.     This  hold  idea  he  ccmunu- 

aicated  to  the  Academy  of  Sciences  on  the  Kith  of 
November,  1(>(>T:  it  has  since  been  confirmed  with 
some  modification,  reducing  the  time  to  7i  minutes^ 
and  has  immortoliised  the  name  of  Itocmer. 
JJ^tioD  Although  the  system  of  Copernicus  had  now  gained 
rj**i*«la  complete  ascendancy,  yet  many  perstms  were  in- 
^^  cdined  to  imagine,  that  if  it  were  true,  some  parallax 
^H  ought  to  be  observed  in  the  fixed  stars  :  that  these 
^B  liodies  should  be  at  such  an  immen^se  distance,  that  a 
^g  \msR  of  nearly  two  hnmlred  mili'ivns  of  mikit,  the  diame- 
P  ler  of  the  earth's  orbit,  should  not  sensibly  alter  their 

^O6itioiid>  wasj  it  umst  be  allowed,  a  doctrine  suH- 


Dr.  Bradley 
explatiistlie 
cauK  of  it. 


cient  to  startle  those  who  could  not  expand  their  Hktoiy. 
minds  to  a  contemplation  of  the  infinitude  of  celestial 
space  ',  and,  accordingly,  various  observations  were 
made  with  a  view  of  ascertaining  whether  or  not  such 
a  parallax  had  place  ;  and  instruraents  had  now  arrived 
at  tliat  degree  of  perfection,  that  it  was  thought  by 
many  eminent  astronomers  such  an  efiect  ought  to  be 
rendered  appreciable r 

The  minuteness  and  accuracy  of  these  observations, 
did,  indeed,  show  a  small  change  in  the  relative  posi- 
tion of  some  stars,  but  it  was,  generally  S[jeaking, 
directly  contrary  to  that  which  ought  to  result  from  a 
paralbix.  This  motion  the  cause  of  which  was  un- 
known, was  denominated  aherration  ;  and  it  was  this 
which  Dr.  Bradley  undertook  to  examine,  and  endea- 
voured to  reduce  to  a  general  law.  In  the  ]>rosecution 
of  this  design,  he  found  that  certain  stars  appeared  to 
have,  in  the  course  of  a  year,  a  sort  of  vibration,  in 
longitude,  without  changing  their  latitude ;  some 
varied  only  in  latitude,  while  others,  and  that  the 
greater  number,  appeared  to  describe  in  the  heavens, 
in  the  course  of  the  year,  a  small  ellipse,  more  or 
less  elongated ♦  This  period  of  a  year  to  which  these 
variations  answered,  although  so  ditTercnt  from  each 
other,  was  a  certjun  iuiUcation  that  they  were  con- 
nected with  the  annual  motion  of  the  earth  in  its 
orbit  about  the  sun  ;  and  after  a  time,  he  fortunately 
perceived  the  (*aufie  of  all  the  irrcgxilarities  lie  had 
observed.  He  attributed  the  apparent  aberration  of 
the  fixed  stars  to  the  combined  motion  of  the  earth, 
and  that  with  which  light  is  propagated. 

Roemer  had  shown  that  the  velocity  of  light  is 
about  10,noo  times  greater  than  that  of  the  eartli  in 
its  orbit ,  therefore,  a  ray  of  light  issuing  from  a  star, 
will  not  carry  the  impression  of  this  star  to  the  eye, 
till  after  the  earth  has  sensibly  changed  its  place  j  and 
consequently,  when  the  eye  receives  the  unpression, 
it  ought  necessarily  to  refer  the  object  to  a  fUfferent 
point  m  the  heavens  to  that  in  which  it  is  actually 
placed,  or  to  that  in  which  it  woiUd  appear,  if  the 
earth  were  at  rest.  This  explanation  satisfied  every 
doubt  on  the  subject,  and  amounted  to  nearly  a  ma- 
thematical demonstration  of  the  truth  of  the  Coperni- 
can  system. 

We  owe  to  this  celebnited  astronomer,  another  dis-  Nutation  of 
covery  no  less  imjjortunt  than  the  above,  viz,  the  the  earth's 
n u til tion  of  the  earth's  axis.  The  celestial  mechanics  ^^* 
of  our  illustrious  Newton  had  shown,  that  the  unetpiol 
attractions  of  tlie  sun  and  moon  on  the  ditrcrent  parts 
of  the  terrestrial  spheroid,  ought  to  produce  a  varia- 
tion in  the  position  of  its  axis  as  referred  to  the  phme 
of  the  ecliptic,  Bradley  undertook  to  examine  the 
effect  of  this  motion  by  means  of  a  long  scries  of  deli- 
cate ob8cr% ations,  made  in  those  positions  of  the  sun 
and  moon  most  proper  to  render  them  manifest*  The 
result  of  his  researches  w^ere, — 1,  That  the  axis  of 
tlie  earth  has  a  conical  motion,  by  which  its  extremi- 
ties describe  about  the  pole  of  the  ecliptic,  and  con- 
trary to  the  order  of  the  signs,  an  entire  circle  in 
^2.>,fJ*J0  years,"  or  an  arc  of  about  50''^  annually.  This 
explains  the  cause  of  the  precession  of  the  equinoxes. 
^2dly,  That  this  axis  has,  w  ith  reference  to  tlie  plane 
of  the  ecliptic,  a  bbration,  by  which  it  inclines  about 
IB'^  in  the  ci»urse  of  one  revolution  of  the  nodes,  and  is 
fdso  made  contrary  to  the  order  of  the  signs ;  after 
which  it  returnb  to  its  first  posltloni  iadiues  again. 
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AstroBomy,  and  SO  on,  m  each  successive  period  of  nineteen  years. 
'  Such  are  the  discoveries  which  render  the  name  of 
Bradley  immortal  in  the  history  of  this  science.  We 
are  also  hii^hly  indchled  to  him  for  numerous  other 
important  rcj^ults,  to  which  we  shall  have  occasion  to 
refer  in  the  course  of  the  foUowing  treatise. 

There  still  remains  one  department  of  practical 
astronomy  T  Mliirh  re  qui  res  to  be  briefly  noticed  in 
this  sketch,  viz.  the  measurement  of  the  terrestrial 
circumffrence  ;  which  is  important,  t>ecause  the  ter- 
restrial radius,  m  all  our  actual  determination,  is  the 
cmly  unit  of  measure  to  which  we  can  have  recourse, 
in  order  to  reduce  the  r^everal  distances  of  the  heavenly 
bodies  to  known  measures  :  but  as  this  is  also  an  impor- 
tant datum  in  the  physical  branch  of  astronomy,  we 
shall  defer  the  consideration  of  those  measurements,  till 
we  have  to  consider  it  under  the  latter  point  of  view. 
Piogregg  of  ^^'c  have  seen  in  our  account  of  Kepler,  that  he 
phyBical  had  formed  some  general  ideas  of  the  nature  of  oni- 
artronoQiy.  versal  g^ravity  ;  hut  it  was  too  vague  to  become  the 
Dr*  HookV  foundation  of  any  mechanical  principle.  Br.  Hook, 
ideas  of  an  English  pliilosopher  of  a  most  extraordiaary  genius, 
gTftritation.  liad  made  a  much  nearer  approximation  to  a  develop- 
a,Dm  IGGH^  ment  of  this  great  law  of  the  universe.  In  one  of  his 
commanications  to  the  Royal  Society,  May  3d,  1068, 
he  expressed  himself  as  follows  :— "  1  will  explain  a 
a  system  of  the  world  very  diflferent  from  aay  yet 
received.  It  is  founded  on  the  three  following  i>osi- 
tions  : 

*'  1.  That  all  the  heavenly  bodies  have  not  only  a 
gravitation  of  their  parts  to  their  own  proper  centres, 
but  that  they  also  mutually  attract  each  other  within 
their  spheres  of  action. 

**  2.  That  all  bodies  having  a  simple  motion  will 
continue  to  move  in  astraiglit  line,  unless  continually 
deflected  from  it  by  some  extraneous  force,  causing 
them  to  describe  a  circle,  an  ellipse,  or  some  other 
curve. 

""  3.  That  this  extraction  is  so  much  the  greater  as 
the  bodies  are  nearer.  As  to  the  proportion  in  which 
those  forces  diminish  by  an  increase  of  distance,  I  own 
I  have  not  yet  discovered  it^  although  1  have  made 
some  experiments  to  this  puq>ose.  I  leave  this  to 
others  who  have  time  and  knowledge  sufficient  for  the 
task/' 

This  is  a  very  precise  enunciation  of  n  proper  phi- 
losophical theory.  The  phenomenon  of  tlic  change 
of  motion,  is  considered  as  the  mark  and  measure 
of  a  change  of  force,  and  his  awdience  is  referred  to 
experience  for  the  nature  of  this  force  :  he  having 
before  exhibited  to  the  society  a  ^ery  neat  exjjeri- 
ment,  contrived  to  shew  the  nature  of  it.  A  ball, 
suspended  by  a  long  thread  from  the  ceiling,  was 
made  to  swing  round  another  ball,  laid  on  a  table 
immediately  below  the  point  of  suspension.  When 
the  impulse  given  to  the  pendulum  was  nicely  adjusted 
to  its  deviation  from  the  perpendicular,  it  described  a 
perfect  circle  round  the  ball  on  the  table  j  bvit  when 
the  impulse  was  very  great,  or  very  small,  it  described 
an  ellipse,  having  the  other  ball  in  its  centre. 

Hook  shewed  that  this  was  the  operation  of  a 
Reflecting  force  proportioned  to  the  distance  from  the 
other  baVi ;  and  he  added,  that  although  this  illustrated 
the  planetary  motions  in  some  degree,  yet  it  was  not 
suitable  to  their  case  j  for  the  planets  describe  cOipses, 
having  the  sun^  not  in  their  centre,  hut  in  their  focus. 


Therefore,  they  are  not  retained  by  a  force  proportion 
to  the  distance  from  the  sun. 

The  exalted  genius  of  Newton  can  suffer  no  diminu- 
tion by  the  enumeration  of  the  above  opinions  j  for 
though  the  idea  of  such  a  principle  as  gravitation  was 
not  suggested  first  by  Newton,  yet  so  very  obscure  were 
the  notions  of  even  the  most  enlightened  philosophers 
on  this  subject,  that  it  bad  never  beeu  successfully 
applied  to  the  explanation  of  a  single  astronomical 
phenomenon. 

The  imjmrtant  discovery  of  the  law  of  universal 
gravitation  is  so  intimately  connected  with  the  history  ' 
of  philosophical  science,  that  every  circumsUmce  re-  * 
lating  tti  it  has  been  recor*led  with  the  greatest  care. 
Dr.  Femberton  relates,  that  Newton,  in  the  year  1666, 
having  retired  from  Cambridge    to    the  country  on 
account  of  the   plague,   was  led  to  meditate  on 
probable  cause  of  the  planetary  motions,  and  upon 
nature  of  that  central  force  which   retained   them 
their  orbits  j  when  it  occurred  to  him,  that  the  same 
force,  or  some  modilication  of  the  same  force,  which 
caused  a  heavy  body  with  us  to  descend  to  the  eartli, 
might  likewise  retain  the  moan  in  her  orbit,  by  causing 
a  constant  deflection  frotn  her  rectilinear  path.     But 
before  this  could  be  submitted  to  the  test  of  computa- 
tion, it  was  necessary  that  some  hypothesis  should  be 
formed  relative  to  the  modilication  of  its  action  with  . 
respect   to   distance  ^  and  probably,  that  which  hta^ 
actually  place,  namely,  that  it  is  reciprocally  as  the^ 
square  of  the  distance,  almost  immediately  suggestcdB 
itself  to  his  mind,  as   being  observed  in  all  kinds  ofl 
emanations  v\ith  which  we  are  acquainted.  ^ 

When  Newton  first  attempted  to  verify  this  con  j 
jccture,  the  rerpiisite  data  with  regard  to  the  distanc-  - 
of  the  moon  in  terrestrial  radii,  and  the  measure  of  th^ 
radius  itself  were  but  imperfectly  known  ;  the  resu 
therefore  which  he  obtained,  though  nearly,  did 
accurately  agree  with  ohscrved  phenomena  j  and  he  i 
consequence  abandoned  his  theorj^  as  untenable  : 
remarkable  instance  of  the  cool  and  dispassiona 
frame  of  mind  which  this  great  philosopher  observe 
even  at  the  moment  when  he  flattered  himself  with  1 
idea  of  having  discovered  one  of  the  most  impor 
secrets  of  nature. 

Sometime  afterwards,  hoivever,  he  was  induced 
renew  his  calculations  ;     as,    in   the  interval^   mcvJ 
correct  data  had  been  obtained  by  the  measurement    €m 
Picard,  in  France.     This  attempt  succeeded  ;  and  Ir^ 
is  stated  to  have  been  extremely  agitated  tow  ards  ih^ 
conclusion  of  his  calculation.    Whether  this  were  the 
case  or  not  we  cannot  attempt  to  settle  ;  at  all  events, 
a  moment  of  greater  interest  will  never  be  recorded  ifl 
the  annals  of  science. 

Let  us  briefly  illustrate  the  nature  of  the  calcuk*J* 
tion  to  which  we  have  referred.     Our  author  having^ 
established  as  a  datum,  that  the  distance  of  the  moon 
from  the  earth,  was  about  6t>  semi -diameters  of  tb« 
latter,  that  is,  60  times  as  for  from  the  earth's  centre^ 
as  a  heavy  body  placed  at  its  surface ;  and  asstimiogi 
the  power  of  gravity  to  decrease  inversely  as  the  squutl 
of  the  distance,  it  would  follow,  that  at  the  moouj  thiil 
force  would  only  be  one  3(>0Oth  part  of  what  it  is  a|| 
the  surface  of  the  earth  ;  and,  consequently,  the  gpftO 
passed  over  by  a  body  at  this  distance,  when  submittefj 
to  the  terrestrial  gravitation,  would  be  only  -fVin 
that  w^hich  is  actuaUy  described  here  ;  or  since 
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in  our  treatise  on  physic^  astrooomy^  we  shall  not 
tietain  the  reader  witli  the  nature  of  the  particular 
solutions  unci  investigations  of  the  authors  above 
ailucJed  to ;  but  shall  pass  on  to  the  only  remaining 
topic^ — the  figure  and  magnitude  of  the  earth. 

We  have  seen  that  this  problem  had  been  attempted 
by  Eratosthenes,  and  tigain  by  the  Arabian  matheniati- 
dan  Almamon,  but  we  know  very  little  of  their  deter- 
minations }  we  may  however  easily  imag'ine,  knowing 
how  great  the  diHicuUy  of  the  operation  is^  even  with 
the  most  perfect  instmnients,  that  their  approximations 
must  necessarily  have  been  very  remote  from  the 
truth  i  and  probably  the  early  attem]*ts  of  this  kind 
in  Europe  were  not  attended  with  much  better  success, 
We  shall  briefly  notice  those  which  seem  to  be  of 
the  greatest  miportance. 

In  iri*25,  M.  Kernel  ius  measured  a  degree  of  the 
meridian  northward  from  Paris,  which  he  made 
GHJdM  English  mile«i.  Snellius,  professor  of  mathe' 
matica  at  Leyden,  and  our  countryman,  Norwood, 
measured  each  of  them  a  meridional  degree ;  the 
former  in  Holland  in  1«?20,  and  the  latter  in  England 
between  L<mdon  and  York,  in  1635.  Snellhis'  mea- 
sure, when  reduced  to  English  miles,  is  6Gi)\  ;  oncl 
tlmt  of  N'*»rwood  69  513  miles*  In  1G44»  Iliccioli  also 
undertook  a  similar  task,  and  performed  it  according 
to  tlu*ee  diflcrent  mea.sures,  between  mount  Parderno 
and  the  tower  of  Modena  in  Italy,  and  obtidned  a 
mean  length  of  75"OG(i  English  miles  to  a  degree. 

These  results  differed  too  much  from  each  other  to 
inspire  the  least  confidence  m  any  of  them,  and  conse- 
t]ucntly  notliing  could  thence  l>e  deduced  respecting  the 
figure  of  the  earth  ;  nor  was  this  indeed,  at  that  time, 
sus])ected  to  be  any  other  than  a  perfect  sphere,  abstract- 
ing from  the  irregularities  on  its  surface.  But  after  the 
construction  of  the  telescope  hatl  received  consider* 
able  improvement,  and  when  obser\'ations  had  been 
reduced  to  greater  nicety,  it  was  found  that  the  planet 
Jupiter  was  considerably  Eattene^  at  his  poles ;  and 
tht  pendulum  experiment  of  Richer,  1G71,  had  shown 
that  there  was  a  difference  in  the  action  of  gravity  at 
tlie  equator  and  in  the  latitude  of  Paris  •  and  these  two 
circumstances  probably  first  suggested  to  Huygcn^ 
that  the  earth  waiS  not  sspherical ;  and  its  rotatory 
motion  about  it.s  axis  naturally  led  him  to  conclude 
that  it  was  flattened  at  its  poles ;  from  the  combination 
of  its  centrifugal  tbrce  with  that  of  gravity,  he  calcu- 
lated that  its  polar  axes  were  to  its  equatorial  diajneter 
as  57  B  to  57^>.  But  a^  he  regarded  all  the  power  of 
terrcistrial  attraction  to  be  coll€Ct4ed  in  the  centre  of 
the  earth  only,  his  solution  was  obviously  defective; 
and  Newton  soon  after  undertook  the  same  determi- 
nation, on  more  correct  principles,  by  supposing  every 
particle  in  the  whole  mass  to  have  a  reciprocal  attrac- 
tion towards  all  the  others ;  from  which  lie  found 
the  figure  to  be  a[i  ellipsoid,  having  its  polar  and 
equatorial  diameters  to  each  other  at  ^29  to  '230. 

In  this  state  the  question  remained  for  many  years, 
till  M.  Picard  undertook  the  measurement  of  a  degree 
in  France,  in  ltlt>9,  wliieh  was  afterwards  revised  by 
Cassini  in  I7I8  j  the  result  of  which  tended  to  show^ 
that  the  earth  was  not  mi  oblate  but  a  prolate  sphe- 
roid, Picard  obtained  for  the  length  of  a  degree 
6blM5  English  miles,  and  Cassini  CO' 1 19 ;  whereas 
the  latter,  being  the  most  southern,  ought  to  have 
been  the  shortest.    A  eircums twice  so  unexpecteil  as 


this,  naturally  produced  a  great  curiosity,  oud  a  coo*  JB 
siderable  degree  of  inquiry  and  controversy  between f-* 
the  astronomers  and   mathematicians  of  that  period  1 1 
and  the  French  government*  at  the  recommend4Uj<M|J 
of  the  Academy  of  Sciences,  in  1735,  sent  out  twqJ 
companies  of  mathematicians  to  determine  the  point 
in   question,  by  measuring  two  degrees,  one  at  thd| 
equator,  and  the  other  in  as  high  a  northern  latiiu 
as  possible.     Accordingly,  MIVI.  Godiii,  Bouguer,  1 
Condamine,  from  France,  with  Dons  Juan  ajid  Ulloa^ 
from  Spiiin,   proceeded  to  Peru  ;   while  MaujiertuifljiJ 
Clainiut,   Camus,   La  Monnicr,  &c.  accompanied  by] 
Celsns,  a  Swedish  astronomer,  proceeded  to  Lapland^  I 

After  experiencing  many  unforeseen  difficulties  an4  J 
delays,  both  parties  accomplished  the  object  of  theii 
missions,  antl  returned  to  France  ;  those  from  Lap<«J 
land  in  I7S7,  and  the  other  division  in  1744.  Thq^ 
former  made  the  length  of  their  degree,  the  middli 
point  of  which  was  in  latitude  66"*  2(y,  equal  to  69*4 
English  miles  ;  while  at  the  equator  the  length,  a#l 
determined  by  the  other  party,  was  found  to  be  C8  724l 
English  miles,  taking  the  mean  of  three  di^reoftJ 
results,  deduced  from  the  same  operation-  In  th^i 
interval  between  the  outfitting  of  the  above  expcdi^ J 
tions,  and  the  publication  of  their  results,  the  degrees! 
of  Picard  and  Cassini  WTre  eitamined,  recomputed,  1 
and  fonnd  now  to  be,  the  first,  whose  middle  point) 
was  in  latitude  49'  2^\  (yj  121  English  miles,  anij 
other  GiJ  09*2  miles,  its  middle  point  bemg  45°. 

TlkC  results  therefore  of  all  these  measures  conErmedl 
the  earth  to  be  an  oblate  spheroid  5  but  as  they  wer^l 
compared  together  in  pairs,  they  gave  very  diffe 
degrees  of  elliptictty  J  nor  has  all  the  accuracj)|| 
lias  since  been  introduced  into  these  operations  I 
sufiicient  to  establish  this  point.  Colonel  Mudge  in] 
England,  has  meiisurcd  an  arc  extending  from  the  sou- 
thernmost point  in  the  kingdom  to  the  northemmost  ^M 
of  the  Shetland  islands ;  and  Messrs.  Delaxubre,  .^ 
Alechain,  Biot,  Arago,  &c.  have  carried  anotherns: 
from  Dunkirk  to  Fomentara,  one  of  the  Balearic  isles..»« 
It  is  perhaps  never  to  be  expected  that  grealer^R 
accuracy  can  be  introduced  Into  any  operations,  nor  Umi 
see  greater  talents  employed  in  conducting  them^^^ 
than  in  the  cases  to  which  we  have  last  referred  -,  umK^ 
yet  these  two  measures,  compared  with  each  other,  iii^p.^. 
difierent  portions,  give  very  different  elUptieities  aS 
diOfereiit  parts  of  the  same  arcs  give  very  discordant  re<^| 
suits  I  even  some  of  those  of  the  English  survey,  ar^P" 
such  as  to  lead  again  to  the  idea  of  the  prolate  figarg=s 
of  the  earth.  What  are  we  then  to  conclude  from  th^^ 
whole  of  these  deductions,  but  that  the  irregularities  o^^' 
local  attraction,  or  some  other  causes  which  we  i 
not  discover,  produce  a  certain  influence  or  disturb 
power,  w  hich  renders  useless  the  comparisons  of  small  ^ 
arcs,  and  that  those  results  only  can  be  depended  upon 
that  are  drawn  from  measurements  that  extend  through 
several  degrees  of  latitude.  Adopting  this  principle;, 
we  may  state,  that  the  oieaa  length  of  a  degree  in  Uie 
latitude  45^  is  68  769  English  miles^  nod  that  tht 
ellipticity  of  the  eartli  is  between  t+t  ^*i  t+t* 

One  other  point  still  requires  to  be  alluded  to  before 
we  conclude  our  history.  It  was  observed  by  Bou- 
giier,  in  his  operations  in  Peru,  that  the  high  moun- 
tains in  some  parts  of  that  country,  very  sensibly 
disturhed  the  verlicality  of  liis  plumb-line  *^  that  is, 
the  lateral  attraction  drew   the  line  out  of  ks  pcr^ 
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Astronomj*.  8,  It  appears  from  the  preceding  summtiry  of  the  stars 
in  the  British  catalogue,  that  the  number  of  them  in 
the  entire  celestial  sphere,  including'  all  those  of  the 
sixth  magnitude,  does  not  much  exceed  3tXX)  j  and  it 
is  g^enemlly  stated,  that  not  more  than  lOOO  are  ever 
visible  at  one  time  to  the  naked  eye  ;  but  when  a 
telescope  is  employed »  their  number  appears  to  in- 
crease without  any  other  limit  than  that  of  the  per- 
fection of  the  instrument.  SirW.  Herschel  has  observed 
in  the  mithj  wat/  above  10,fXK)  stars  in  the  space  of 
one  sqtiare  degree.     This  luminous  track 

**  WliJcb  nig^htlyf  as  a  circling  £Otic^  tbou  seest 
Powder'd  with  stttn/' 

en  compasses  the  heavens,  and  forms  nearly  a  great 
circle  of  the  celestial  sphere.  It  traverses  the  con- 
stellations Cassiopeia,  Perseus,  Auriga,  Orion,  Ge- 
mini, Canis  Major,  and  the  Ship,  where  it  appears 
most  brilliant ;  it  then  passes  through  the  feet  of  the 
Centaur,  the  Cross,  the  southern  Triangle,  and  returns 
towards  the  north  by  the  Altar,  the  tail  of  the  Scor- 
pion^  and  the  arc  of  Sagittarius,  w  here  it  divides  into 
two  branches,  passing  through  Aquila,  Sagiita,  the 
Swan,  Serpentarius,  the  head  of  Cepheus,  and  returns 
to  Cassiopeia.  The  ancients  had  many  smgular  ideas 
respecting  the  cause  of  this  phenomenon^  but  modern 
astronomers  have  long  attributed  it  to  an  immense 
assemblage  of  stars  too  feeble  to  make  distinct  impres- 
sions ;  and  Herschel  has  shown,  by  the  observation 
above  referred  to^  that  these  conjectures  were  well 
founded. 

Besides  the  milky  way,  there  are  nuraeTons  other 
parts  of  tlic  lieavens,  which  exhibit  an  appearance  of 
very  nearly  the  same  kind,  which  are  called  Nehula; 
the  most  considerable  of  which  is  that  midway  betwTen 
the  two  stars  in  the  blade  of  Orion*s  sword*  Thia 
was  first  observed  by  Huygens  ;  it  contains  only  seven 
stars  ;  tlie  other  part  appearing  like  a  luminous  spot 
upon  a  dark  g rounds  or  like  a  bright  opening  into 
regions  beyond. 

Proper  mo-  9.  We  have  hitherto  spoken  of  the  fixed  stars,  as 
tionof^  pre sening  actually  the  same  relative  situations  with 
•onic  atars.  j^^^^j  ^q  Q.^^.^  other  ;  this,  however,  is  not  strictly 
true.  The  delicacy  of  modern  observations  has  showti 
that  some  of  these  bodies  have  a  progressive  motion  : 
Arcturus,  for  example,  has  a  proper  motion,  amotmt- 
ing  to  about  two  seconds  annuidly  ;  and  Dr.  Maskelyne 
found,  that  out  of  3^  stars,  of  which  he  ascertained 
the  places  with  great  accttracyj  35  of  them  had  a  pro- 
gressive motion. 

Mr.  Michel!  and  Sir  AV.  Herschel  have  conjectured 
that  some  of  the  stars  revolve  round  others  which  are 
apparently  situated  near  them ;  and  perhaps  even  all 
the  stars  may  in  reality  change  their  places  more  or 
less^  although  their  relative  situations,  and  the  direc- 
tion of  their  paths  may  render  their  motions  imper- 
ceptible. 

That  some  of  the  siars  have  a  periodical  change  of 
brightness  has  been  well  ascertained  from  repeated 
observations ;  and  different  hypotheses  have  been 
advanced  to  acconnt  for  these  singular  plienomena. 
New  stars  have  also  appeared  at  certain  times,  re- 
mained stationary  like  the  others,  and  have  afterwards 
disappeared.  Such  a  temporary  star  was  observed  by 
Hipparchos  j  and  it  was  this  circumstance  which 
iuggested  to  him  the  idea  of  forming  a  catidogue  of 
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them,  and  of  delineating  the'jr  srtuationJi,  A ^  __ 
star  was  also  discovered  in  Cassiopeia  in  1573,  whieh 
was  so  bright  as  to  be  seen  in  the  day-time,  but  il  ^ 
gradually  disuppeared  in  16  months.  Another  was 
observed  by  Kepler  in  1G04,  more  brilliant  than  any 
other  star  or  planet,  and  changing  perj>etuaUy  into 
all  the  colours  of  the  rainbow,  except  when  it  was 
near  the  horizon.  This  star  remained  visible  about 
a  year  j  and  several  other  cases  of  the  like  kind  arc 
recorded. 

As  to  the  actual  magnitude  and  distance  of  the  I^ 
stars,    we  may  be  said  to  be  almost  wholly  unac-  «> 
quainted   with  either ;  all  that  we  are  able  to  state  ^ 
with  certainty  is,  that  their  distance  is  immense.    We 
shall  show,  in  a  subsequent  chapter,  that  the  distance 
of  the  sun  from  the  earth  is  nearly  1(X)  million  miles  ; 
and,  consequently,  the  diameter  of  our  orbit  is  nearly 
2fK>  million  miles ;    we  therefore  view  the  stars,  or 
any  one  of  them   in  particular,  from  two  points 
different  limes  of  the  year,  which  are  distant   fron 
each   other  ^OO  million   miles,  and   yet  we  are  no 
able   to  detect  any  difference  in  their  apparent  placei 
If  a  change  of  place,  amounting  only  to  one  second, 
actually  obtained,  there  is  no  doubt  that  it  w^otild  be 
detected  by  the  accuracy  of  modern  observations  i* 
we  know-,  therefore,  that  an  isosceles  triangle  having 
the  diameter  of  the  earth's  orbit  for  its  base,    and 
having  its  vertex  in  the  nearest  fixed  star,  does  not 
subtend    an  angle  of  one   second  ;    the  nearest    star 
must   therefore  be    distant   from  us   more    than  90 
billions  of  miles.     How  much  their  distance  may  ex- 
ceed this,  it  is  impossible  for  us  to  say,-  and   much 
less  are  we  able  to  offer  even  the  most  distant  con-^ 
ject lire  as  to  their  actual  mngnitnde  j  judgmg:  fron 
analog)',  we    can    only  suppose   them   to  be   bodicsl 
resembling  our  sun,  some  of  greater,  and  some  of  less 
magnitude  ;    that  they  shine  like   the  sun   by   tlieir 
own  light,  each  forming   the  centre  of  its  particiiJ 
system,    dispensing   light,    heat,    and   animation    to 
thousands    of    worlds,   and    to     myriads    of  beingsi 
What  a  wondcrftil  idea  do  these  reflections  give  us  o^ 
the  immensity  of  the  universe,  and  of  the  |>ower  and 
omniscience  of  the  great  Creator  and  Director  of 
stupendous  a  machine ! 

3.    Of  the  Solar  System, 

10,  The  system  of  Copernicus  has  been  already  refer-  ! 
red  to  in  our  historical  chapter.     We  have  seen,  that,  | 
according  to  this  astronomer,  all  the  principal  planets  j 
revolve  about  the  sun  as  a  general,  but  not  as  a  com- 1 
mon  centre  j  the  several  planets  being  supposed  by 
him  to  describe  circular  orbits,  each  however  having 
its  particular  point  of  circulation.     The  Copemican 
and  the  modern  system  are  not  therefore  the  same, 
although  these  terms  are  frequently  employed  synoni- 
mously.     We  shall  here  confine  our  description  to  the 
modern  or  true  system,  without,  however,  deducuig 
any  fects  in  proof  of  its  accuracy  :  wc  shall  be  content 


5X- 

ics| 


*  It  is  proper  to  obserre,  that  sincie  this  wai  vrltteo,  Ih* 
BnnkJey,  of  Trinity  College,  Dublin,  bas  been  led  to  thiolt,  tJut 
be  baa  detected  a  scuBibk  pftrallai  in  serend  stars ;  but  m  Bif. 
Pond,  the  Astronomer  Roynli  bas  not  yet  been  able  to  ircriiy  Df, 
Brinkley's  observfttioiw,  we  da  not  feel  oiirielve^  justified  in  itstng 
tbe  existence  of  a  partJlax ;  nltbougb,  from  ibc  coofidcoce  we 
feel  in  tbe  talents  and  accnracy  of  the  obserrer,  we  hftT*  oo  doubt 
that  his  dcductioD*  will  be  hereafter  verified  by  other  Mtrooomcrt, 
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mj*  tKat  tlie  reader  receives  it  at  present  merely  as  an 
^^  hypothesis^  or  rather  a3  the  enunciation  of  a  propo- 
sition ;  and  that  he  suspends  his  decision >  till,  in  the 
»  course  of  the  following  chapters  we  advance  such 
proofs  as  can  leave  him  no  longer  in  any  doubt  re- 
.specting'  the  constitution  of  the  solar  system,  nor  of 
the  mechanical  principles  on  which  its  motions  depend. 
b       The  sun  hag  probablyj  as  well  as  every  body  in  the 
r»l  universej   a  progressive  motion  in  space  j  but  if  such 
b  a  motion  has  place,  he  is  accompanied  in  it  with  the 
K  whole  system  of  which  he  forms  the  general  centre, 
as  well  as  the  source  of  its  light,  heat,  and  motion  ; 
we  may  therefore  consider  this  botly  at  rest,  as  far  as 
regards  the  relative  motion  of  the  other  constituents 

1  of  our  system. 
The  sun,  then,  according  to  the  modern  hypothesis 
occupies  a  fixed  centre,  about  which  the  several  prin- 
cipal planets  revolve,  in  elliptic  orbits,  one  foci  of  each 
of  which  is  found  in  the  same  point,   coinciding  very 
nearly  w  ith  the  solar  centre.    Several  of  these  planets 
arc    again   accompanied    with  attendant    luminaries, 
which  observe  the  same  laws  in   their  revolutions 
about  their  primaries,  as  these  primaries  do   with 
respect  to  the  sun, 
cm        1 1 .  The  orbits  of  the  several  planets  are  not  all  situated 
>ite  in  the  same  plane,  but  are  variously  inclined  to  each 
other,  and  to  a  fixed  plane  passing  through  the  sun^ 
called  the  plane  of  the  ecliptic.     Even  this  plane  is 
not  actually  fixed,  but  is  subject  to  a  certain  annual 
motion,  to  which,  however,  we  shall  not  refer  in  this 
description.     The  several  planets  of  our  system^  with 
the  exception  of  the  four  small  ones  lately  discovered, 
have  their  inclinations   very   small ;    the   particular 
measures  of  %vhich  will  be  stated  below  ;   and  their 
5f    motions  are  all  made  in  one  direction,  viz.  from  west 
ets.  to  east.     Several  of  these  bodies  are  also  known  to 
ou  have  a  rotatory  motion  on  their  respective  axes,  but 
these  axes  are  differently  inclined  with  respect  to  the 
plane  of  the  ecliptic,  each,  however,  tdways  preserving 
it5  own  direction  parallel   to    itself.     This   rotatory 
motion  is  likewise   performed  from  west  to   east,  at 
least  in  all  those  bodies  in  wliich  it  has  been  hitherto 
observed  ;  but  some,  either  from  their  immense  dis- 
tance, their  inconsiderable  magnitude,  or  from  their 
projtimity  to  the  sun,  have  not  yet  had  their  diurnal 
^revolution  decidedly  ascertained. 
H       1*2*  The  orbits  of  the  planets  we  have  seen  are  all 
■    elliptical,  but  these  ellipses  have  very  different  degrees 
of  eccentricity  j  that  is,   the  ratio  of  the  major  and 
minor  axes  vary  very  considerubly  in  the  orbits,  of  the 
different  planets.  The  orbits  of  the  satellites  have  also 
various  eccentricities,  and  are  differently  inclined  to 
the  ecliptic,  and  to  each  other  i  in  some  of  the  secon- 
daries this  inclination  is  extremely  great,  while  in  all 
the  principal  bodies  of  our  system  it  is  very  inconsi- 
derable* 

These  general  remarks  being  premised,  we  shall 
proceed  concisely  to  describe  the  particular  circum- 
stances attending  the  motion  of  each  planet,  beginning 
with  the  sun,  and  proceeding  orderly  with  the  other 

tbodiesj  according  to  their  respective  distances  from 
.him. 
^       13.  The  sun,  which  is  known  to  be  88^,9*0  English 
miles  in  diameter,  performs  its  diurnal  revolution  in 

IS5  days  14h.  8',  about  an  axis,  which  is  inclined  tH'^ 
3(/  from  the  plane  of  the  ecliptic. 
TOt.  ill. 


14.  ^lercury  is  the  nearest  planet  to  the  sun ;  its  mean      piftne 
distance  is  about  36  millions  English  miles  j  the  time  Astrosioniy. 
of  its  sideral  revolution  87  days  23h. ;  its  diameter  ^"-'"V*^ 
3123  miles }  the  inclination  of  its  orbit  to  the  eclip-  Mcrcuiy. 
tic,  T^^O'  9^'}  and  the  ratio  of  the  eccentricity  of  its 

orbit  to  that  of  its  semi  major  axis  '2055H9.  The  in- 
clination of  its  axis  is  unknown,  and  the  time  of  its  diur- 
nal revolution  doubtful  j   it  has  been  stated  at  24h»  5'. 

15.  Venus  is  the  second  planet  in  order  from  the  sun  j  Vcati». 
her  mean  distance  being  68  millions  of  miles,  and  the 
time   of  her  sideral  revolution  ii24   days    lei   hours* 

The  diameter  of  this  planet  is  7702  English  miles  j 
the  inclination  of  its  orbit  3°23'j  and  the  ratio  of  ita 
eccentricity  to  the  semi  major  axis  of  its  orbit  '0()tiS52il. 
Its  diurnal  revolution  is  performed  in  23h.  SI',  about 
an  axis,  which,  like  that  of  Mercury,  is  of  unknown 
inclination. 

16.  The  Earth  is  the  third  planet  in  the  system  j  its  The  Earth, 
distance  from   the  snn  is  93  million   miles,   and  the 

time  of  its  side  nil  revolution  365  days  Gh.  9'j  which 
must  not  be  confounded  with  the  length  of  the  solar 
year,  this  being  only  3(;5  days  5h.  4S'  48'^;  the  dia- 
meter of  this  planet  is  7916  miles.  The  orbit  of  the 
earth  being  that  to  which  the  plane  of  the  other 
planetary  orbits  are  referred,  its  inclination  is  nothing; 
the  eccentricity  of  its  orbit  is  0168531  ;  its  diurnal 
revolution  is  performed  in  53 h,  56m.  4'^f  (which  is 
called  a  sideral  day),  about  an  axis  which  inclines  to 
the  ecliptic  in  an  angle  of  66'  32'  3^^,  the  complement 
of  which,  viz.  93  ^7'  57'',  is  the  obliquity  of  the  ec- 
liptic as  referred  to  the  equator. 

17.  The  next  primary  planet  in  our  system  is  Mars  j  its  Mars, 
mean  distance  from  the  sun  is  142  millions  of  miles, 

and  its  sideral  revolution  is  performed  in  6SG  days 
23 ih.  J  its  diameter  is  little  more  than  half  that  of  the 
earth,  being  only  4398  miles. 

Its  orbit  is  inclined  to  the  ecliptic  in  an  angle  of 
l^Sl'S^'i  the  eccentricity  of  its  orbit  is  ■0931340, 
and  its  diurnal  revolution  is  performed  in  *24h,  39m., 
about  an  axiSj  which  is  inclined  to  the  plane  of  the 
ecliptic  at  an  angle  of  m^  41'  49". 

18.  The  next  planets  in  order  from  the  sun,  are  the  Vesta, 
four  new  ones  j  Vesta,  Juno,  Ceres,  Pallas,  of  which  lit-  -Juao, 
tie  is  known,  except  their  times  of  revolution,  and  the  ^'f5*» 
inclination  of  their  orbits  j   and  these  may  even  here'    "" 
after  be  found  to  stand  in  need  of  some  corrections  : 
they  are  at  present  stated  as  follows  ; — 

Vesta  ;  mean  distance,  !iJ"23  million  miles  ;  time  of 
sideral  revolution,  1335  days  4h.^  inclination  of  orbit, 
7''  8-i';  eccentricity,  minkoo. 

Juno  ;  mean  distance,  2ri3  million  miles  ;  period  of 
sideral  revolution,  1590  days  23h. ;  inclination  of 
orbit,  21^^;  eccentricity,  '254944. 

Ceres ;  mean  distance,  263  million  miles  -,  period 
of  revolution,  1681  days  l*2b. ;  inclinatioa  of  orbit, 
10^  37' ;  eccentricity,  ^0783486. 

Pallas  J  mean  distance,  265  million  miles  j  period 
of  revolution,  1681  davs  I7h.  j  inclination  of  orbit, 
34''  bO' ;  eccentricity,  -245384. 

The  diameters  of  these  planets  (which  must,  how- 
ever, be  considered  as  doubtful,)  have  been  given  as 
follow  : — ^A'esta,  23B  miles  j  Juno,  1425  miles  j  CereSj 
1024  miles ;  and  Pallas,  2099  miles, 

19.  Jupiter,  the  largest  of  all  the  planets  ofour  systemj  Japiteti 
is  the  next  after  PaOas  3  its  mean  distance  from  the 

sua  b  4b5  million  milesj  and  its  diameter  is  915^12 
3u 
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mtiest  more  Iban  eleven  tinies  that  of  the  earth  :  the 

inclirmtion  of  hts  orbit  to  the  ecliptic  is  1"^  18' 51", 
and  his  fiideral  rcvoIutit>n  4,33*2  days  14  hours,  the 
ratio  i>f  its  eccentricity  to  the  semi  major  axis  "0481784. 
The  iHurnul  revolution  of  Jupiter  is  performed  in  9 
hours  ^y  49'',  about  an  axis  which  is  uiclmed  to  the 
ecliptic  at  au  angle  of  B6*  54^'. 

2(K  i^aturn  is  next  to  Jupiter,  as  well  in  mafrnitwde 
as  in  distance  ;  the  latter  beini;^ 8^0  million  railed,  and 
its  diaoicter  T^.tMJH  miles  ;  his  sideral  revolution  is 
performed  in  lU,75Sdays,  or  about  thirty  of  our  years, 
and  the  eccentricity  of  his  orbit  '056*1  tiS3.  The  diur- 
nal revoluljon  of  Saturn  is  made  in  10  hours  16  19", 
about  an  axi-?  wluch  is  inclined  to  the  ecliptic  at  an 
angle  of  5b ^  41'. 

*2l.  Last  in  the  solar  system  is  the  Georg^ium  Sidus, 
or  t'nums  j  whose  mean  tlistance  is  more  tliun  double 
that  of  Saturn,  being  no  less  than  IHtXJ  million  miks; 
its  diameter  is  35,U;i  miles,  and  the  eccentricity  of 
its  orl>it  *044670S,  Its  sideml  revolution  is  per- 
formed in  about  eighty  of  our  years :  but  its  diurnal 
revolution,  and  the  inclination  of  its  axis,  are  not  at 
present  determined. 

2^.  We  ha\  e  endeavoured  to  rcprcsentj  the  planetary 
distances,  eccentricities,  and  proportional  magnitude 
in  Plate  IIL,  with  the  e\ceptit>a  of  the  sun,  which  is 
there  represented  nearly  as  a  point,  whereas.  In  corn- 
par  i?^on  with  the  magnitude  \vu  liave  given  to  the 
planets,  its  diameter  ought  to  have  exceeded  even 
that  of  the  orbit  of  Saturn.  The  several  orbits  in 
the  plate  are  all  represented  as  if  situated  in  one 
plane  ;  it  ia  necessary  therefore  for  tlie  reader  to  bear 
in  mind  the  measures  of  the  several  inclinations  above 
indicated. 

23.  The  ftillowing  arc  the  characters  or  symbols  em- 
ployed by  astronomers  for  denoting  the  several 
|>lanets  -— 
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24.  At  present  we  have  spoken  only  of  the  pritnary 
planets,  it  now  remains  for  us  to  say  a  few  words  with 
reference  to  the  satellites  by  which  some  of  thera  are 
attended. 
The  moon-  The  first,  and  that  which  in  this  place  claims  our 
particular  attention,  is  the  moon,  which  revolves 
about  the  eartht  as  the  earth  itself  docs  about  the 
sun.  Her  mean  distfmce  from  the  terrestrial  centre 
is  237,000  miles;  her  diameter  is  2,lCK>  miles,  and 
the  eecentricity  of  her  orbit  is  0548553.  The  period 
of  her  orbicular  and  diurnal  revolutions,  are  exactly 
alike,  being  eoinplctcd  in  27  days  7  hours  43^  4"  7. 
The  Inclination  of  her  orbit  is  5*^  9',  and  of  her  axis 
88''  29'  W. 

It  is  iiiinecesfiary  in  this  place  to  enter  into  the 
same  minutia;  with  respect  to  the  other  satellites  ;  it 
will  be  sufficient  to  observe,  that  Jupiter  has  four, 
Saturn  seven,  and  Uranus  six,  as  represented  in  the 
plate  above  referred  to. 

Besides  the  seven  satellites  wkich  accompany  Sa- 
turn in  hid  dreary  path,  he  is  also  encompassed  by  a 
double  ring,  by  which  he  is  distinguished   ^m  all. 


Satellites  of 
Jupiter,  Sa- 
turn, 6ic, 
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ring. 


the  other  planei»  of  our  system.  This  ting,  i^cii  is  | 
very  thin,  not  exceeding  4 ,500  miles,  is  ir  ''  '  to  Ai 
the  plane  of  the  ecliptic  at  an  an^e  of  3  J  ',  ^ 

and  revolves  from  west  to  ciist  in  10  hours  *ii>  io  K| 
this  rotation  is  performed  about  an  axis  periJendiculaf 
to  tlie  pbme  of  the  ring«  pasfiing  through  the  centre  of 
the  planet. 

We  shall  not  enter  more  particularly  in  '  ^e 

into  a  description  of  this  shigularly  betuitiful  ,  pfc     < 

object ;  as  we  shall  of  course  have  to  treat  of  it  %l 
length  in  a  subsequent  chapter,  in  which  we  shall  state 
its  several  dimensions  as  determiued  from  the  best 
observations  ;  it  will  be  sufficient  here  to  observe, 
that  its  outside  diameter  is  204,883  miles >  and  its 
inside  14ej\345,  consequently,  its  meoti  breadUt  is 
about  30,000  miles, 

25.  We  come  now  to  the  third  class  of  bodn^^  --Vfch  Cfl| 
arc  only  visible  to  us  for  a  short  time.  The  p'  r- 

fbrm  their  revolutions  about  the  sun  within  m^-  u:iiits 
of  our  ob*-ervation,  and  at  distances  froui  hiua  which 
vary  comparatively  very  little  in  the  different  parts  of 
their  orbits  j  but  tliose  to  which  we  now  refer^  if 
they  all  actually  revolve  about  the  sun,  are,  for  a 
very  considerable  time  far  beyond  the  knowi*  Ifmita 
of  the  solar  system.     These  are  called  con  y     , 

generally  appear  attended  with  a  nebulou:^  Ik  .er    J 

surrounding  them  as  a  coma,  or  stretched  cmt  lo  a     | 
considerable  length  as  a  tail,  and   soo&titnes  they     i 
appear  to  consist  of  such  light  only.     Their  orbits  are 
so  eccentric  that  in   the  remoter  parts  of  them  they 
are  invisible  to  us,  although  at  other  limes  they  ap- 
proach much  nearer  to  the  sun  than  any  of  the  plaaets:       . 
the  comet  of  1680,  for  example,  when    nearest  the      | 
sun,  was  at  the  distance  of  only  one  sixth  of  the  suaV      | 
diameter  from  its  surfiice.     Their  tail*  are  frequentlv 
of  great  extent,    appearing  as  a  flint  light  cHrecteii 
towards  a   point  always  opposite  to  the  sfui.    Itts 
quite  uncertain  of  what  matter  they  consist,  anditi^ 
diftieult  to  say  \\  hich  of  the  conjectures  coDeeniifi|: 
them  is  the  least  improbable.     Nearly  500  comets  ate 
recordetl  as  ha\ing  been  seen  at  di^erent  timet^aiid 
certain  particultus  relative  to  the  orbits  of  diont  ft 
hundred  of  them,   have  been  accurately  ascertaiaed: 
but  commonly,  we  have  no  opportunity  of  observing 
a  sufficient  porlii>n  of  the  eometary  path,  to  determio^ 
with  accuracy  the  entire  dimensions  of  tke  ellipse  or 
other  conic  section  to  which  the  observed  pari  ap- 
pertains I  on  which  account  little  can  be  knowDof 
the  periods  and  other  circumstances   of  these  wan- 
dering bodies.     Only  one  comet  has  been  recognised 
in   its  return  to  our  system,  which  is  that  of  l/S^- 
I>r.  Halley,  by  comparing  together  the  elements  of 
the  sevTcral  comets  that  had  been  observed  up  to  hift 
time,  conjectured  that  those  recorded  to  have  njvpcsdi 
in  1531,  in  lf>07^  and  in  16*82,  were,  in  fact, one 
same  comet,  and,  consequently,  that  its  return 
be  expected   about   the   year  1758  or  176^, 
actuiil  appearance  in  the  last  of  those  years, 
the  conjecture.     Another  comet,   which  Bi^peanA  h 
IT/Oj  was  suspected  to  move  in  an  elliptic  orbit  i  tud 
if  so.  its  period  ougiit,  by  I^ir.  LexeUs  compxililioii 
{which  has  been  since  remade  by  BurrkhardtJ,*«>fct 
about  5  years  and  7  months  ;  it  h  Kowirver, 

been  since  observed  J  but  this  cin  '  must  not 

lead  us  to  discredit  cither  the  observations  nnukedfi 
it^  or  the  calculations  founded  on  tbenij  fbr  it  hm 
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been  sotiafactorily  shown,  that  supposmg  all  the  data 
correct,  this  comet  nmst  have  passed  so  near  to  Ju- 
piter, tliat  its  orbit  would  J>e  deranged,  and  the  body 
rendered  in  future  invisible  to  us- 

We  shnll  not  enter  further  on  the  subject  of  comets 
rn  this  plaee,  except  to  observe,  thai  whether  their 
f»rbits  be  all  ellipses,  or  some  of  them  parabolas  or 
hyperbolas,  a  very  small  fKsrtioii  of  them  full  within 
the  limits  of  our  system  ;  if  they  are  all  dlipsea,  they 
are  of  very  s;reat  eccentricity,  and  are  only  for  a  short 
period  visible  in  these  reg'ious  of  celestial  Fpaee.  The 
orbit  13  of  two  of  these  bodi^  are  shown  in  our  Hate  111. 

4.  Phenomena  in  Ute  hmvenSf  due  to  the  moiion  of  the 
earth  and  plun^is. 

26.  We  have  already  in  our  second  section  given  a 
^nend  view  of  the  celestial  sphere,  with  an  enumera- 
tion of  the  several  constellations  ;  we  propose  now 
to  Hlostrate  a  few  particular  phenomena,  antl  to  de- 
scribe certain  circles  which  astronomers  have  Ima- 
^ified  for  the  better  comprehension  of  the  celeatiul 
motions. 

We  have  seen  that  a  person  beinc;;  situated  in  an 
pen  plane,  in  a  star  light  evening,  antl  watching  at- 
cly  the  motion  of  the  fixed  stars,  will  perceive 
TtBe  or  einerg:e  above  the  earth,  continue  to 
d,  till  tlicy  have  attained  a  certain  heia^htj  and 
tlien  descend  and  disappear  in  the  oppo^site  side  of 
the  heavens  to  tluit  in  which  they  liret  rose*  He  will 
perceive,  that  accordingly  as  these  stars  arc  nearer 
the  njirthern  or  southern  points  of  the  heaven,  so  they 

twill  appear  visible  to  him  for  a  greater  or  less  time ; 
And  that  certain  stars  very  near  the  north  point,  never 
mther  rise  or  set,  but  would  be  always  visible  were  not 
their  light  rendered  imperceptible  by  the  more  refulgent 
ni)*«  of  the  sun. 

One  of  the  stars  in  this  quarter  of  the  heavens,  to 
w^hich  we  have  alreiuly  alluded,  has  scarcely  any  sen- 
flible  motion,  but,  as  far  as  the  naked  eye  can  distin- 
Tetams  .constantly    the    same  situation^  this 
tlknfole  siar,  and  those  to  which  we  have  re- 
ferred above,  that  appear  to  be  constantly  circulating 
wJkmai  it,  are,  for  that  reason,  called,  urcafupolar  stars, 
t         The  first  impression  tliat  this  apparent  motion  of 
^t    the  staurs  would  moke  on  the  mind  of  an  uninformed 
**•  observer  would  be,  that  the  entire  celestial  vault  was 
uniformly  revolving  from  eaatto  west,  about  an  ima- 
ginary axis,  which  passes  through  or  near  the  pole 
silttr,  in  a  direction  peqiendiciilar  to  the  planes  of  the 
circles  described  by  the  sevenil  stars  which  are  alter- 
nately observed  to  rise  and  set ;  and  con  sequent]  y,  that 
this    line  produced  would  again   meet    the   celestial 
sphere  in  an  opposite  point,  which  may  thence  be  de- 
nomiiiated  the  souih  pole.     This,  as  we  have  observed* 
iwiiild  doubtless  be  the  fir&t  impression  made  on  an 
nailifofmed  observer ;  but  at  the   same   tin^,   if  he 
the  requisite  intelligence,  it  would  not  be  dif- 
to  convince  him  that  the  very  same  appearances 
d  be  produced  by  supposing  the  earth  to  be  of  a 
ar  form,  and  that  it  performed  a  motion  of  ro- 
m  about  an  axis  corresponding  with  the  supposed 
of  the  heavens,  but  in  an  opposite  direction,  that 
is,  from  west  to  eaatj  numerous  instances  might  be 
lecallcd  to  kis  recollection  in  which  he  had  appeared 
St  rest,  when  he  was  actually  in  rapid  motion,  and 
wiien   objeets  were  apparently  seeji  to   move    with 


great  velocity,  although  they  were  in  im  absolute  state  ptm,^ 
of  rest.  This  phenomenon  nmst  have  presented  itself  Astnjnomj. 
to  every  one  who  has  travelled  in  a  close  carriage  in  ^*""v~^ 
a  narrow  road,  when  at  times  it  is  difTicult  to  be  per- 
suaded but  that  the  trees,  gates,  &c.  which  we  pass 
are  not  moving  in  an  opposite  tlirection  to  that  of  the 
vehicle  ;  and  the  same  appearances  arc  observed  still 
more  strikingly  in  the  cabin  of  a  ship  when  sailing 
with  a  moderate  gale  near  the  land.  In  fact,  every 
intelligent  observer,  whether  he  admits  the  actuid 
motio'i  of  the  earth  or  not,  will  not  for  a  moment 
deny,  that  if  it  had  such  a  motion  as  we  liave  sup- 
posed, tiie  apjjcanmces  would  be  exactly  such  as  he 
observes  in  the  lieavens.  This  then  will  be  one  step 
towards  his  conviction,  and  various  others  will  after- 
wards suggest  themselves  to  his  mind  f  which,  how- 
ever, we  shall  not  at  present  insist  upon,  because  from 
what  has  been  stated,  it  is  obvious,  that  we  may  at 
any  rate  be  allowed  to  advance  such  an  hypothesis  as 
the  diurnal  revolution  of  the  earth,  without  in  any  re- 
spect changing  the  appearance  of  any  observed  phe- 
nomenon. We  shall  therefore  proceed  upon  the  sup- 
position of  the  earth  being  a  sphere  or  a  spheroid  of 
small  ellipticity,  and  that  it  performs  a  moiiou  of  rota- 
tion from  west  to  east  in  about  24  hours  ;  or  rather, 
aa  we  shall  see  in  a  subsequent  chapter,  in  *23  hours 

27*  By  obsening  attentively  the  stars  which  first  ap-  ^ppuj^i^t 
pear  visible  in  that  part  of  the  heavens  where  the  sun  mution  of 
sets,  and  continuing  to  obsciTe  them  for  scverrd  sue-  the  stin. 
cessi\'e  nights,  we  shall  soon  jK-rceive  that  those  stars 
which  in  the  first  instance  we  had  observed  to  set  iinme- 
diately  after  the  sun,  are  no  longer  to  be  seen,  but  that 
their  places  are  supplied  by  certain  others,  which  in 
tiieir  turn  will  also  he  lost  in  the  solar  beams.  If 
now  we  observe  the  heavens  in  the  morning  before 
the  rising  of  the  sun,  we  shall  find  that  those  stars 
which  in  the  first  instance  we  had  observed  to  set  just 
after  the  sun,  and  which  in  the  course  of  a  few  nights 
were  absorbed  by  his  rays,  are  now  rising  before  hiin  ; 
the  sun  therefore  has  mfule  an  apparent  motion  in  the 
heavens  contrary  to  the  general  motion  of  the  stars, 
that  is,  from  west  U%  east  j  and  by  following  his  pro- 
gres^i  in  this  mjuincr  during  the  course  of  a  year,  we 
shall  luid  that  he  has  described  a  complete  circle  of 
the  heavens,  and  now  rises  and  sets  with  the  same 
star  as  we  had  observed  exactly  a  year  betbre,  Tiiis 
circle  which  the  sun  thus  appears  to  describe  in  the 
heavens  is  called  the  evtiptie^  it  is  not  directly  east  and 
west,  but  deviates  nearly  ^4  from  these  points  of  the 
heaven,  as  shown  in  Rates  I.  and  11 .,  and  to  his  obli- 
quity it  is,  that  we  owe  the  variations  in  the  seasons, 
and  various  other  phenomenUj  as  we  shall  show  in  a 
future  chapter. 

ii8,  This  progressive  motion  of  the  sun  in  the  hea- 7-1,55  app^, 
vens,  which  is  only   apparent,  is   due  to  the  actual  rent  inntion 
proper  motion  of  the  earth  in  iU  orbit  about  the  sun.  Jjf  tbe  sua 
For  let  AB  (Plate  IV.,  fig.  1)  represent  two  P^^i^^^"*  ^g^pJo^, 
of  the    earth    in    its  orbit  ABC    about    the  sun  S,  ^jj^^f^^^^f 
and    let    T,  0»  11*  S5*  &«^"  represent  the  ecliptic  orihceartlJ- 
the  apparent  path  of  the  sun.     Then  when  the  earth  Fig.  1. 
is  at  A,  a  spectator  will  refer  that  body  to  that  part 
of  the    heavens  marked  T  j   hut  when  the  earth  is 
arrived  at  li,  he  will  then  see  it  in  n  ;   and  being  in 
tlie  mean  time  insensible  of  his  own  motion,  the  sun 
will  appear  to  him  to  have  described  the  arc  T  Ht 
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Astronomy,  just  the  same  as  if  it  had  actutilly  passed  over  the  arc 
SS',  i*nd  the  earth  had,  tliiriiii:^  that  time,'  remained 
quiescent  in  its  first  posiition  A.  This  fact  will  ex- 
plain why  certiiin  remarkable  stars  and  constellations 
are  seen  in  the  south  in  different  seasons  of  the  year, 
and  at  different  hours  of  the  night.  For  the  hour 
depends  wholly  on  the  sun  ;  it  is  noon  when  the  sun 
is  south,  ancJ  niidntj^ht  wJren  it  is  north  ;  the  stars 
directly  opposed  to  him  will  therefore,  by  the  rotation, 
appear  in  the  south  about  midnight  j  and  as  the  sun, 
from  one  day  to  another,  shifts  its  pUtce  in  the  hea- 
vens, so,  of  necessity,  will  different  stars  be  ojiposed 
to  him,  and  become  south  at  midnight  at  different 
seasons  of  the  year, 

29.  Similar  phenomena  may  be  observed  with  regard 
to  the  planets  ;  by  tracinir  tlieir  motions  in  the  heavens, 
tlie  planets,  and  comparing  them  with  the  stars  near  to  which  they 
appear,  they  will  also  be  seen  to  have  a  mot  ion  of 
their  own,  but  it  will  be  more  irre-crular  than  that  of 
the  sun  j  for  we  shall  sometimes  observe  them  mov- 
ing like  that  body  from  west  to  east,  then  become 
8tationar>s  maintaining  the  same  position  for  several 
nights  ;  then  moving  in  a  contrary  <iircction,  or  from 
east  to  west;  again  become  stationary,  and  a£:ain 
assume  their  direct  motion. 

These  phenomena,  which  tlie  ancients  spent  so  much 
labour  and  ingenuity  to  account  for,  by  epicycle  upon 
epicycle,  are  perfectly  consistent  with  the  system  as 
we  have  described  it  in  our  third  plate,  being  due  to 
the  proper  motions  of  the  earth  antl  planets  in  their 
respectiie  orbits.  In  order  to  illustrate  this,  let 
V  fT  v^^  represent  the  orbit  of  the  phmet  \'enus  5  and 
suppose  her  to  be  in  the  point  v  when  the  eartli  is  at 
A  ;  then  it  is  obvious  that  a  spectator  will  refer  her 
place  in  the  heavens  to  Tj  ^ud  as  her  motion  is  trom 
t'  towards  v\  while  the  earth  is  moving  from  A  to  B> 
her  apparent  motion  will  be  direct ;  or  from  T  to- 
wards Q  :  if,  on  the  other  hand,  Venus  had  been  at 
r''  while  the  earth  was  at  A,  as  their  motions  now 
are  made  in  the  same  w^ay,  we  may  suppose  Venus  to 
have  arrived  at  t''',  while  the  earth  had  passed  from 
A  to  A' ;  and  during  this  time,  it  is  manifest  her  place 
in  the  heavens  will  appear  to  retrograde,  or  go  back- 
ward, contrary  to  the  order  of  the  signs  :  in  like 
manner  it  will  appear,  that  for  a  very  short  time 
before  and  after  the  Earth  and  Venus  attained  their 
positions  A  and  t/',  their  motions  would  so  agree  with 
each  other,  that  the  planet,  during  this  period, 
would  appear  stationary.  We  shall  enter  more  at 
length  upon  these  phenomena  in  a  subsequent  chap- 
ter J  we  liave  merely  referred  to  the  subject  here,  to 
show  that  these  appearances  are  strictly  conformable 
with  the  constitution  which  we  have  supposed  of  the 
solar  svftem. 

Notwithstanding  these  irregularities  in  the  apparent 
motion  of  I  he  planets,  they  each,  respectively,  are 
observed  to  describe  great  circles  of  the  sphere,  but 
more  or  less  inclined  to  the  plane  of  the  ecliptic ; 
they  deviate,  however,  but  little  from  it ;  all  their 
motions,  with  the  exception  of  the  new  planets,  being 
performed  in  a  zone,  whose  breadth  does  not  exceed 
li>  degrees,  and  which  we  have  already  spoken  of 
and  described  in  our  first  and  second  plate  sounder  the 
denomination  of  the  zodiac. 

Similar  observations  show  that  the  moon  also 
describes   her  particular  path   amongst   the    stars  j 


but  we  shall  reserve  tliis  subject  for  a  subsequent 
chapter.  ^ 

5.     Of  ike  Seasons, 

30.  It  will  apjiear  suiliciently  obvious  from  what  has  01 
been  shown  in  the  preceding  sections,  that  the  alter-  »® 
nations  of  day  and  night  are  attributable  generally  to 
the  rotation  of  the  earth  on  Us  axis  j  but  the  differ- 
ence in  the  length  of  the  days  in  different  seasons  of 
the  year  still  remains  to  be  illustrated. 

We  have  seen  that  the  two  extremities  of  the  ter-  Ei 
restrial  axis  about  which  the  diurnal  rotation  is  per- 
foi*med,  are  called  its  jioles,  as  N  S,  (fig.  2  and  3)  j  f^ 
and  if  at  a  quadrant  distance  from  these  we  conceive  & 
circle  QEQ'  to  be  described,  dividing  the  earth  into 
two  equal  hemispheres,  that  circle  is  called  the  equa- 
tor J  the  hemisphere  towards  the  north  pole  N  is 
called  the  northern  hemisphere  }  and  that  towards  the 
south  pole,  the  southern.  Now  if  the  jialh  of  theCa 
earth  in  its  orbit,  or,  which  is  the  same,  the  apparent  ^° 
motion  of  the  sun  in  the  heavens  coincided  with  the  S 
plane  of  the  terrestrial  equator,  then  it  is  obvious,  ^\^ 
that,  at  all  times  during  this  revolution,  w^e  ^^  '  ' 
have  the  same  equal  alternations  of  day  and  j 
each  VZ  hours  induration.  For  example  :  let  >iW^y:' 
represent  the  earth  ;  N8,  its  axis  5  andQECy,  its  equa- 
tor :  and  let  the  plane  of  this  circle  produced  paat 
through  the  sun  i>  ;  then  it  is  obvious,  that,  if  wft 
suppose  the  earth  to  revolve  round  the  sun  at  the 
extremity  of  the  line  SE  as  a  radius  ;  and  that  dunog 
this  revolution,  it  performed  uniformly  its  rotatoiy 
motion  about  its  axis  NS  :  that  line,  NS,  or  the  circli, 
of  which  it  is  the  projection,  would  terminate  tl 
limits  of  day  and  nighty  and  the  rotatory  moti< 
being  uniform,  every  jKJint  of  the  globe,  except  ti 
two  poles,  w^ould  have  an  equal  succession  of  ll^ht 
and  darkness  during  the  entire  revolution.  W^e  should 
then  have  no  spring,  no  sumtner,  no  winter;  these 
changes  so  pleasing  in  themselves,  and  so  necessuy 
for  the  production  and  re- production  of  the  fruits  of 
the  earth  would  be  wanting,  and  nature  would  thai 
be  divested  of  a  great  portion  of  its  charms* 

This,  however,  is  not  the  case  j  we  have  seen  thai 
the  sun  appears  to  describe  an  oblique  motion  in  the  . 
heavens  i  it  rises  higher  in  the  summer  than  in  thcjjj 
winter,  and  by  thus  darting  ui>on  us  more  perpendi- 
cularly its  refulgent  beams,  produces  a  greater  por- 
tion of  heat,  and  describes  a  larger  circuit  in  the 
heavens,  lengthens  out  the  days,  and  thus  gives  time 
for  that  heat  to  become  more  effective. 

The  actual  motion  of  the  earth  is  therefore  as  rt- 
presented  in   (fig.  3,)    where  we  still  suppose  it  to 
describe  its  annual  motion  at  the  extremity  of  the 
radius  S'lEj  but  such,  notwithstanding,  that  the  axil 
NS  preserves  its  inclination  and  pamllelism,  whereby 
it  is  always  directed  to  the  same  point  in  the  heavens. 
The  axis  NS  being  now  inclined  to  the  plane  of  the- 
earth's  motion,  it  is  obvious,  that,  as  it  revolves  cnj 
its  axis,  some  parts  of  the  earth  will  experience 
petual   day  for  a  certain  portion  of  the  year^ 
other  parts  will  have  to  contend  with  an  equal   di 
ration  of  night.  In  the  position  of  the  earth,  as 
in  the  figure,  the  parts  about  the  north  pole  will 
ill  continued  darkness,  and  those  near  the  southei 
pole   in  perpetual  light  j  while,  from  the  nature 
the  annual  motion^  it  is  clear  that  li  wili  be 
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Astronomy,  enter  more  particularly  on  tlie  subject  ;  showing  the 
'  method  of  comiiuting   the  leD^h  of  the  day  m  any 
given  latitude  ;  and  the  time  of  the  rising,  setting', 
and  f^outhiiig  of  the  suii  on  any  proposed  d&y,  and  in 
any  given  place. 

6,   Of  the  Phases  of  the  Moon. 

3S.  rJie  moon,  of  all  the  celestial  bodies,  is  that  which 
perhaps  attracts  most  the  attention,  both  of  illiterate 
and  sdenti&c  observers.  The  former  class  are  dnmn 
to  tlieir  observations  by  the  rcmarkaljle  beauty  ami 
serenity  of  her  light*  her  numerous  changes  or  phases, 
the  incoistaney  of  her  illumination,  the  enjoyment  of 
her  light  at  certain  seasons  of  the  j'^car,  when  the 
sun  fiinks  early  below  the  horizon,  and  tlie  want  of  it 
when  both  luminaries  rise  and  set  at  nearly  the  same 
hbur. 

Tiie  philosophic  observer  examines  her  varying 
phages  through  his  telescope  ;  sees  the  shadows  of  the 
hills  on  her  Hurfiice  projected  to  a  considerable  distance 
through  plains  and  \-allies,  rendered  by  the  power  of 
optica  nearly  as  distinct  as  those  of  a  iericatlilll  plttia 
at  the  distfmce  of  only  a  few  miles  ^  beGEamiiies  what 
he  considers  to  be  lunar  volcanoeSj  and  murks  the 
progress  of  the  lava  from  the  crater  to  the  vallie^  be- 
low ;  he  looks  to  determine  some  indication  of  enip- 
lions  in  present  action  ;  endeavours  to  distinguish  her 
seas  and  continents,  to  measure  the  heights  of  her 
mountains,  and  to  ascertain  the  existence  or  non-ex- 
istence of  a  lunar  atmosphere. 

Again,  the  practical  astronomer  is  watchhig  care- 
fully her  deviating  course  in  the"  heavens,  and  is 
endeuvouririg  to  submit  her  oscillating  motion  to  the 
general  principles  of  celestial  mechanics  ^  and  to  con- 
struct forniulaB  and  tables,  for  the  purpose  of  predict- 
ing her  place  at  any  appointed  day  and  hour, 

These  subjects  will  each  engage  our  attention  in  the 
course  of  the  foUowiug  chapteris  of  tMs  treatise  ;  but 
at  present  we  only  propose  to  present  to  the  render  an 
exj^ilanulton  of  her  most  obvious  pbenomemi,  and  to 
show  their  complete  accordance  with  the  motions  and 
constitution  of  the  solar  system  as  described  generally 
in  the  third  chapter  of  this  introduction. 

33.  The  first  lunar  phenomena  to  wliich  we  sliall  call 
the  readers*  attention,  is  llie  continual  change  of 
figure,  or  the  phases  which  she  exhibits  to  a  terres- 
trial spectator.  At  one  time  perfectly  full  or  globular, 
at  others  half  or  a  quarter  illuminated,  and  at  others 
again  exhibiting  only  a  hue  arched  line,  barely 
jierceptible  to  the  naked  eye.  These  appearances  are 
doubtless  due  to  the  revolution  of  the  moon  in  her 
orbit  J  and  the  reflection  of  her  light  (which  she  re- 
ceives from  the  sun)  towards  the  earth.  The  lunar 
globe  is  necessarily  always  one  half  illuminated  as  we 
have  shown  the  earth  to  he  in  the  la,?t  section  ;  and 
therefore,  to  a  spectator  placed  in  a  line  between  the 
moon  and  sun,  she  would  always  present  a  full  iUu- 
minated  circle  or  hemisphere  5  hut  out  of  that  line  a 
greater  or  less  part  of  the  enlightened  surface  will  be 
perceived,  and  which  will  obviously  entirely  vanish 
in  ccj-tain  positions^*  This  may  be  illustrated  by  means 
of  an  ivory  ball*  as  in  the  exfieriment  described  in  the 
last  section  ;  for  the  ball  being  held  before  a  cjuidle 
in  various  positions,  will  present  a  greater  or  less 
portion  of  the  illuminated  hemisphere  to  the  a  tew  of 
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the  observer,  according  to  his  situation  with  re^rd      I 
to  the  illuminated  axis.  ^^ 

34.  The  some  imiy  be  otherwise  exhibited  by  means  -^ 
of  our  figure  6  j  where  T  is  tiie  earth,  S  the  eun,  and  ^^ 
A,  B,  C,  &c-  the  moon  in  different  ]>arts  of  her  orbiU  n^, 
VVhen  the  moon  is  at  A ,  in  conjunction  with  the  ^m 

S,  her  dark  hemisphere  being  entirely  turned  towards 
the  earth,  she  will  disappear  as  at  a,  tiiere  being  no 
light  on  lliat  side  to  render  her  vbihle.  When  she 
comes  to  her  first  octant  at  B,  or  has  gone  w 
part  of  her  orbit  from  her  conjunction,  a  «j 
her  enlightened  side  is  towards  the  earth,  and  hi  -  - 
pears  liorned,  as  at  b.  When  she  has  gone  a  t^u  ut.r 
of  her  orbit  from  between  the  earth  aad  sun  to  C,  she 
shows  us  one  half  of  her  enlightened  side,  as  at  c^and 
we  say  she  is  a  quarter  old.  At  D,  she  is  in  her  second 
octant ;  and  by  showing  us  more  of  her  enlightcoedrj 
side  she  appears  gibbous,  as  at  d.  At  £,  her  whole 
eidightened  inde  is  towards  the  earth  ;  ajid  therefor 
she  appettra  muod,  as  at  e ;  when  we  say  it  is  faH 
moon,  in  her  third  octant  at  F,  yaurt  of  Iker  d-*irk  6kl€ 
being  towards  the  earth,  she  again  appears  gibbou 
and  is  on  the  decrease,  as  at/.  At  G»  we  see  just  < 
half  of  her  enlightened  side  j  and  she  appears 
decreased »  or  in  lier  third  quarter,  as  at  *^.  At  U,  wt 
only  see  a  quarter  of  her  enlightened  side,  being 
her  fourth  octant  ;  where  idie  appears  horned,  a&  at  Ji 
And  at  A,  hri^  uil^  completed  her  course  from  the 
to  the  sun  <  irs;   and  we  sny  it 

new  moon,      1  uu  A  to  £,  the  moc 

seems  continually  to  increase  ;  and  in  going  from 
to  A,  to  decrease  in  the  same  proportion  3  having  '  ' 
jiliases  at  equal  distances  from  A  to  £«     But  as 
from  the  sun  S  she  is  always  full. 

The  moon  appears  not  perfectly  roimd  when  abe  i 
full  in  the  highest  or  lowest  part  of  her  orbit,  becau6Q 
we  have  not  a  full  view  of  her  enlightened  side  at  Ih 
time*     When  full  in  the  highest  point  of  her  orbit, 
small  deficiency  njipcars  at  her  lower  edge,  ami  : 
contrary  when  full  in  the  lower  point  of  her  orbit. 

35.  The  moon,  as  we  have  seen,  shines  by  her  reflected  «|^^ 
light  ;  in  the  same  manner,  the  earth,  by  t:  m  i| 
back  the  light  it  receives  from  the  sun,  bei  .  ta!|( 
its  turn  a  moon  to  the  moon  ;  being  full  to  the  iuh^-  ^°^ 
bitants  of  the  lunar  sphere  when  our  moon  clumgefl,  j 
and  vke  vema.  For,  when  the  moon  is  at  A,  new  to  ' 
the  earth,  the  wliole  enlightened  side  of  the  earth  is 
turned  towards  the  moon  ;  and  when  the  moon  is  at 

fi,  full  to  the  earth,  the  dark  side  of  tlie  latter  is 
tunied  towards  the  former.  Hence  a  new  moon  an- 
swers to  a  fuE  earth,  and  a  full  moon  to  a  new  earth. 
The  quarters  are  also  reversed  with  respect  to  eadli 
other, 

36.  The  position  of  the  moon's  cusps,  or  a  right  J 
touching  the  points  of  her  horns,  is  very  dil^rentlf  I 
inclined  to  the  horizon,  at  diflerent  hours  of  the  same? 
day  of  age.     Si>me!imes  she  gtimds  as  it  were  yp 
on  her  lower  horn^  whidi  is  then  necessarily  ] 
cular  to  the  horizon  ;   when  this  happens,  she  ta 
to  be  in  her  nonagesimctl  degrte,  winch   is  the  high 
point    of  the  ecliptic  above  the  horizon  ;   the  6rlsptio»l 
at  that  time  being  DO    Irom  each  side  of  the  horizon^. 
reckoning  from    the  ptiint  where  it  is  tlien   cut  bf 
the  former  circle.     But  this  never  hapf>ens  whca 
moon  is  on  the  meridian,  except  when  dhe  ifi  iat 
beginiiing  of  Cancer  or  Ca|)ricora. 


Artronomy,  considerable :  regarding  only  one  luminous  point 
of  the  solar  disc,  it  can  only  project  one  ray  to  every 
point  of  the  surrounding  space,  but  through  the  ine- 
tlium  of  the  terrestrial  atmosphere,  a  course  of  lumi- 
nous points  is  collected  behind  the  earth,  an  object 
placed  in  the  focus  or  vertex  of  this  cone,  would  be 
more  strongly  illuminated  than  by  the  direct  light  of 
the  sun  j  every  point  of  the  sun  producing  a  similar 
effect,  the  length  and  extension  of  the  terrestrial  sha- 
dow are  much  diminished  j  and  if  the  atmosphere  did 
not  absorb  a  very  great  portion  of  the  solar  rays,  the 
light  reflected  from  the  disc  of  the  moon  would  be 
very  great  j  it  is,  bowevefj  so  much  modified  by  the 
circumstances  alluded  to,  as  to  exhibit  only  that 
taint  red  light  above  described. 

It  may  be  proper  to  observe,  that  this  faint  illumi- 
nation of  the  hinar  disc  at  the  time  of  a  total  eclipse, 
has  been  accounted  for  upon  different  principles^  but 
the  above  appears  to  us  the  most  satisfactory, 

43.  An  eclipse  of  the  sun  is  an  occultation  of  the  sun's 
body,  occasioned  by  the  interposition  of  the  moon  be- 
tween the  earth  and  sun*  On  this  account  it  h  by 
some  considered  rather  as  an  eclipse  of  the  .arth,  he- 
cause  the  light  of  the  sun  is  hidden  from  the  earth  by 
the  moon,  whose  shadow  involves  a  part  of  the  terres- 
trial surface.  The  cause  of  a  solar  eclipse,  and  the 
circumstances  attending  it  are  represented  in  fig.  8, 
where  S  is  the  sun,  w  the  moon,  and  CD  the  earth, 
rmso  the  moon*s  conical  shadow  traversing  a  part 
of  the  earth  CoDj  and  thus  producing  an  eclipse  to 
all  the  inhabitants  residing  in  that  track,  but  no  where 
else  j  excepting  that  for  a  large  space  around  it,  there 
is  a  fainter  snade  included  within  all  the  space  rCD*, 
which,  as  in  the  lunar  eclipse,  is  called  the  pe- 
numbra. 

Hence,  solar  eclipses  happen  when  the  moon  and 
sun  are  in  conjunction,  whereas  the  lunar  eclipses  only 
take  place  when  they  are  in  opposition  ;  that  is,  the 
former  happen  at  the  time  of  the  new  moon,  and  the 
latter  at  the  full, 

44.  Notwithstanding  the  moon  is  very  considerably 
less  than  the  sun,  yet  from  its  proximity  to  us,  it  so  hap- 
pens, that  its  apparent  diameter  differs  very  little  from 
that  of  the  latter  body,  and  even  sometimes  exceeds 
it.  Suppose  an  observer  situated  in  a  right  line  which 
joins  the  continuation  of  the  sun  and  moon,  he  will 
see  the  former  of  these  bodies  eclipsed^  as  we  have 
above  stated.  If  the  apparent  diameter  surpasses  tliat 
of  the  sun,  the  eclipse  will  be  total,  and  the  observer 
will  be  entirely  immerged  in  the  conical  shadow  which 
is  projected  behind  the  moon  :  if  the  diameters  arc 
equal,  the  point  of  the  cone  will  terminate  at  the 
earth's  surface,  and  there  will  be  a  momentary  total 
eclipse*  If  the  diameter  of  the  moon  be  less  than  that 
of  the  sun,  the  observer  will  see  a  zone  of  the  sun 
surrounding  the  moon  like  a  ring,  and  the  eclipse 
will  be  central  and  annular*  And  lastly,  if  the  obser- 
ver be  not  exactly  in  the  line  joining  the  centres,  the 
eclipse  may  be  partial ;  that  is,  a  part  of  the  solar  disc 
may  be  hid  while  the  remaining  part  continues  per- 
fectly visible.  Total  eclipses,  which  are  very  rare 
oceurrences  in  any  particular  place,  are  remarkable 
for  the  darkness  which  accompanies  them,  and  which 
they  spread  over  different  parts  of  the  surface  of  the 
earth,  in  the  same  manner  as  the  shadow  of  a  dense 
cloudy  carried  along  by  the  wind,  sweeps  over  the 
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mountains  and  the  pklns,  depriving  them  for  some 
instants  of  the  light  of  the  sun.     This  total  darkness 
under  the  most  favourable  circumstances  may   last 
about  Hve  minutes.     The  sinallest  apparent  diamei 
of  the  sun  is  3 1'  30"  ;  the  diameter  of  the  moon 
its  mean  distance  3V  25'',  that  is  less  than  that  of  tl 
sun  I  consequently  there  cannot  be  a  total   edipi 
when  the  moon  is  beyond  its  mean  distance,     £cUpS( 
of  the  sun  are  also  modified    as  to  quantity  by  tl 
height  of  the  moon  above  the  horizon  which  inci 
her  diameter  ;   other  circumstances  also  contribtite 
produce  certain  changes  which  must  be  considered  ii 
the  computations    relative   to  these  phenomena,   bi 
which  it  would    be   useless  to  detail  in  this  p] 
From  what  has  been  alreatly  stated  we  may  draw 
following  general  conclusions. 

1  *  That  no  solar  eclipse  is  universal ;  that  is,  none* 
can  be  visible  to  the  whole  hemisphere  to  which  the 
sun  is  risen  :   the  moon's  disc    being  too  small  a] 
too  near  the  earth  to  hide  the  sim  from  a  whole  tei 
restrial   hemisphere*      Commonly,  the   moon's  darl 
shadow  covers  only  a  spot  on   the    earth *8  surfat 
about  ISO  miles  broad,  when  the  sun's   distance 
greatest,  and  the  moon's  least.     But  her  partial  sh; 
dow  or  penumbra,  may  then  cover  a  circular  space 
4,900  miles  in  diameter,  within  which  the  sun  is  moi 
or  less  eclipsed,  as   the  places  are  nearer  to  or  farth< 
from  the  centre  of  the  penumbra.     In  this  case,  t] 
axis  of  the  shade  passes  through  the  centre  of  tl 
earth,  or  the  new  moon  happens  exactly  in  the  nodi 
and  then  it  is  evident  that  the  section  of  the  shadow 
circular;  but   in  every  other   case  the   conical   si 
dow  is   cut  obliquely  by  the  surface  of  the  earth, 
the  section  will  be  oval,  and  very  nearly  a  true  ellipsi 

2.  Nor  does  the  eclipse  appear  the  same  in  all  pi 
of  the  earth,  where  it  is  seen  ;  but  when  in  one  place 
is  total,  in  another  it  is  only  partial.  Moreover^ 
when  the  apparent  diameter  of  the  moon  is  less  tha4< 
that  of  the  sun,  as  happens  when  the  former  is  in  a^ 
gee  and  the  latter  in  perigee,  the  lunar  shadow  is  theni 
too  short  to  reach  the  earth's  surface  -j  in  which  casepj 
jxlthough  the  conjunction  be  central,  yet  the  sun  w 
be  to  no  place  totally  eclipsed,  but  to  certain  observers^, 
a  bright  rim  of  light  will  be  seen  surrounding  tbei 
moon  while  the  latter  is  on  the  solar  disc ;  and  the 
eclipse  is  then  said  to  be  annular. 

3.  A  solar  eclipse  does  not  happen  at  the  same  time 
in  all  places  where  it  is  seen  ;  but  appears  earlier  to 
the  western  parts,  and  later  to  the  eastern  ;  as  tJie 
motion  of  the  moon,  and  consequently  of  her  shadow, 
is  from  east  to  west. 

4.  In  most  solar  eclipses,  the  moon's  disc  is  cohered 
with  a  faint  light ,  which  is  attributed  to  the  reflec- 
tion of  the  rays  from  the  illuminated  part  of  the 
earth. 

Lastly.  In  total  eclipses  of  the  sun,  the  mooQ*i 
limb  is  seen  surrounded  by  a  pale  circle  of  Ue^U 
w^hich  has  been  considered  as  indicative  of  a  lunar 
atmosphere  j  others,  however,  doubt  this  exphma- 
tion,  and  offer  different  conjectures  as  to  the  caiue  of 
the  phenomenon  ;  but  this  is  not  the  place  fur  dis- 
cussing this  question. 

Having  thus  given  a  brief  description  of  the  constt- 
tution  of  the  solar  system,  with  an  illustration  of  the 
most  remarkable  phenomena  which  it  preaenU  to 
naked  visiouj  as  far  as  they  can  be  UJtiatrm 
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■MBjr-  pendent  of  astronoraical  computation,  we  shall  now 
f"^^  conclude  our  introduction  by  describing  certain  astro- 
nomical machines,  constructed  for  the  purpose  of  ex- 
hibiting, in  a  simple  and  popular  manner,  all  the  most 
remarkable  celestial  movements  and  phenomena. 

8.   Descriplion  of  astronomical  machinea. 

aomi*  '^^^  ^y  astronomical  machines  is  here  to  be  under- 
fc-  atood  any  piecesof  mechanism  constructed  for  exhibiting 
the  motions  and  phenomena  of  the  heavenly  bodies,  be- 
in£^  thus  distinguiished  from  astronomical  instruments, 
which  include  all  such  constructions  as  are  employed 
for  the  purpose  of  measuring  altitudes,  angles,  &c. 
necessary  for  astronomical  computation.  The  one,  in 
fietct,  are  merely  employed  for  explanation  j  the  other, 
for  the  purpose  of  research  and  calculation.  Various 
improvements  have  been  made  by  different  artists  in 
the  construction  of  planetary  machines,  and  that  which 
is  now  exhibited  in  the  lectures  of  the  Royal  Institu- 
tion, is  |)erhaps  the  most  perfect  of  its  kind  ;  but  it 
woold  carry  ws  too  far  to  describe  this  instrument, 
with  all  its  apparatus,  wheel  worli,  &c.  Beside,  we 
cannot  help  observing^,  that  much  time,  ingenuity,  and 
cxpence  are  frequently  wasted  in  these  kind  of  con- 
structions ;  because,  after  all,  they  are  only,  as  we 
have  before  observed,  explanatory  ;  for  which  purpose 
the  same  degree  of  accuracy  is  not  required  as  in  in- 
struments employed  in  astronomical  observation. 
That  student  who  stands  in  need  of  the  assistance 
of  such  machines,  will  never  become  a  great  profi- 
cient in  astronomy  ;  to  pursue  this  study  with  effect, 
a  beginner  must  acquire  the  iiahlt  of  constructing  his 
own  planetarium  in  his  mind's  eye,  and  of  soaring 
with  it  into  the  regions  of  celestial  space ;  he  ought 
to  conceive  the  orbits  of  the  heavenly  bodies  in  a  free 
non-resisting  medium,  their  nodes,  their  inclinations^ 
and  eccentricities  unimpeded  by  the  intervention  of 
brass  rings  or  ebony  frames  ^  which  have  always  the 
effect  of  giving  a  stiffness  and  unnatund  re  pre  sen  ta- 
ticn  extremely  offensive  to  the  eye  of  the  professed 
astronomer.  We  must,  however,  acknowledge,  that 
to  children  or  mere  novices,  these  machines  may  be 
of  some  assistance,  and  shall  therefore  describe  one  or 
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46.  The  machine  exhibited  in  fig,  9,  is  a  planetarium, 
constructed  by  the  late  Mr.  Jones,  of  Holborn.  It 
represents,  in  a  gcnend  manner,  by  various  parts  of  it, 
all  the  principal  motions  and  phenomena  of  the  hea^ 
venly  bodies. 

The  sun  occupies  the  centre,  with  the  planets  Mer- 
cury, Venus,  the  Earth  witli  its  moon,  Mars,  Jupiter, 
with  his  fouv  satellites,  Saturn  with  his  seven,  and  an 
occasional  long  arm  may  be  attached  for  exhibiting 
the  Herschel  or  Uranus,  with  his  several  attendants. 
To  the  earth  and  moon  is  applied  a  frame,  CD,  con- 
taining only  four  wheels  and  two  pinions,  which  serve 
to  presene  the  earth* s  axis  in  its  proper  pandlelism 
in  its  motion  round  the  sun,  and  to  give  the  moon  her 
due  reiolutlon  round  the  earth  at  the  same  time* 
These  wheels  are  connected  with  the  wheel  work  in 
the  round  box  below,  antl  the  whole  is  set  in  motion 
by  the  winch  H.  The  arm  M  that  carries  round  the 
snooDj  points  out  on  the  plate  C  her  age  and  phases 
for  any  situation  hi  her  orbit,  which  are  engraved 
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upon  it.  In  the  same  manner,  the  arm  points  out  her  fii^ne 
place  in  the  ecliptic  B,  in  signs  and  degrees,  called  Astronomy, 
her  geocentric ^lace  j  tliat  is,  as  seen  from  the  earth,  v— --,,-^J^ 
The  moon's  orbit  is  represented  by  the  flat  rim  A } 
this  orbit  is  made  to  incline  to  any  desired  angle. 
The  earth  of  this  instrument  i%  usually  made  of  a  3- 
inch,  or  l^-inch  globe,  papered,  &c-  for  the  purpose  j 
and  by  means  of  the  terniimiting  wire,  that  goes  over 
it,  points  out  the  changes  of  the  seasons,  and  the  dif- 
ferent length  of  days  and  nights.  It  may  also  be  made 
to  represent  the  Ptolemaic  system,  which  places  the 
earth  in  tlie  centre,  and  the  planets  and  sun  revolving 
ahont  it.  'Diis  is  done  by  an  auxiliary  small  sun  and 
earth,  which  change  their  places  in  tlie  instniment  j  o  f  *«*■ 
but  at  the  same  lime  it  affords  a  most  manifest  con-  of  Ptole- 
fu  tat  ion  of  it.  For  it  is  obviously  perceived  in  this  maic  sya- 
construction,  first,  that  tlie  planets  Mercury  anxl  V'e-  t^^i* 
nus  being  both  witliin  the  orhit  of  the  sun,  cannot  at 
any  time  be  seen  to  go  behind  it,  whereas,  in  nature, 
we  see  them  as  often  go  behind  as  before  the  sun  in 
the  heavens.  It  shows  that  as  the  planets  move  in 
circular  orbits  about  the  central  earth,  they  ought  at 
all  times  to  be  of  the  same  apparent  msignitude  ; 
whereas,  on  the  contrary,  we  observe  their  apparent 
magnitude  in  the  heavens  to  be  very  variable  ^  and 
so  far  different,  that  Mars,  for  instnnce,  will  some- 
times appear  nearly  as  large  as  Jupiter  ;  while,  at 
others,  he  will  scarcely  be  distinguishable  from  a  fixed 
star. 

The  planetarium,  when  thus  adjusted,  shows  also 
that  the  motions  of  the  planets  ought  always  to  be 
regular  and  uniform ;  that  they  ought  always  to 
move  in  the  same  direction  ;  whereas,  we  find  them, 
sometimes  direct,  at  others  stationnry,  and  even  retro- 
grade ;  which  plainly  shows  the  fallacy  of  the  Ptole- 
maic hypothesis,  at  the  same  time  that  the  modem 
system  is  thus  clearly  represented.  Let  us,  for  ex- 
ample, take  the  earth  from  the  centre,  and  replacing 
it  hy  the  ball  representing  the  sun,  also  restoring  the 
earth  to  its  proper  situation  amongst  the  planets,  and 
every  phenomena  will  then  correspond  and  agree  ex- 
actly with  celestial  observations.  For  tiirniug  the 
handle  II,  we  shall  see  the  planets  Mercury  and  \'e- 
nus  go  both  before  and  liehind  the  sun,  or  have  two 
conjunctions  ;  we  shall  perceive  also  that  Mercury 
can  never  have  more  tlian  a  certain  angular  distance 
^1^  from  that  body,  nor  Venus  a  greater  than  47^'- 
It  will  likewise  be  seen,  that  the  superior  planets,  par- 
ticularly Mars,  will  sometimes  be  nuich  nearer  to  the 
earth  than  at  others  ;  and,  consequenlly,  must  vary 
considerably  in  their  apparent  magnitude  ;  we  shall  see 
that  these  planets  cannot  appear  from  the  earth  to 
move  with  equal  velocities  j  but  that  this  will  apjicar 
greater  when  they  are  nearest,  and  less  as  they  are 
more  remote  i  that  their  apparent  motions  ought 
sometimes  to  be  direct,  sometimes  rclrogratle,  while 
in  particular  positions  they  will  seem  to  be  stationary  • 
all  which  are  consistent  with  the  actually  observed 
phenomena. 

These  particulars  are  shown  somewhat  more  mi- 
nutely in  fig,  10,  where  a  hollow  wire,  with  a  slit  at  Fj^.  10. 
top,  is  placed  over  the  arm  of  the  planet  Mercury  or 
Venns,  at  E.  The  arm  DG  represents  a  ray  of  light 
proceeding  from  the  planet  at  D  to  the  earth,  and  is 
put  over  the  centre  which  carries  the  earth  at  F.  The 
machine  being  then  put  in  motion,  the  planet  Pj  m 
3x 
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Astronomy,  seen  in  the  heavens  frtim  the  earth  at  F,  will  undergo 
v^^-^,,-^^  the  scTeral  chancres  of  position  as  above  described  ; 
and  a  similar  application  may  be  made  tit  the  superior 
planets. 

This  a[ii>amtus  serves  also  to  illustrate  the  tliurnal 
rotation  of  the  earth  on  its  axis ;  the  ctiuse  of  the 
different  seasons,  the  tliflerence  in  the  lengths  of  the 
days  and  nights,  &c.  For  as  the  earth  is  placed  on 
an  axis  inclined  to  the  plane  of  the  ecliptic  at  an  angle 
of  23 J°,  we  shaU  have,  when  the  machine  is  in  motion, 
the  most  satisfactory  illustration  of  the  different  in- 
clination of  the  sun*s  rays  upon  the  earth »  The  dif- 
ferent quantities  which  fall  on  a  eriven  space,  the 
nn equal  fjuantities  of  the  atmosphere  they  pass 
through,  and  the  unequal  duration  of  the  sun  above 
the  horizon  at  the  same  place  at  different  times  of  the 
year  j  which  circumstances  constitute  the  primary 
causes  of  all  that  change  of  seasons  and  variable 
lengths  of  days  and  nights  which  we  experience, 

Tlie  globe  representing  the  earth  being  moveable 
about  an  axis,  if  we  draw  upon  it  a  circle  to  denote 
our  own  horizon,  we  may,  by  means  of  the  terminat- 
ing ivire  going  over  it,  very  naturally  exhibit  the 
cause  of  the  different  lengths  of  the  days  and  nights 
in  our  particular  latitude,  by  simply  turning  the  arti- 
ficial earth  with  the  hand  to  imitate  its  diurnal  rota- 
tion ;  but  in  some  of  the  more  modern  instniments  of 
this  kind,  this  rotatory  nintion  is  communicated  to 
the  globe  by  the  w  heel  work  of  the  machine  itself. 

The  eclipses  of  the  sun  and  moon  are  still  more 
perfectly  shown  by  this  machine  than  the  phenomena 
to  which  w^e  have  above  alluded  ;  for  by  placing  a 
light  in  the  centre  instead  of  the  brass  ball,  denoting 
Fig.  II.  the  sun  (tig.  11),  and  turning  the  handle  till  the 
moon  comes  into  a  right  line,  between  the  cenlres  of 
the  light,  or  sun,  and  the  earth,  the  shadow  of  the 
moon  will  foil  u])on  the  hitter,  and  all  the  inhabitants 
of  those  ]mrts  over  which  the  shadow  passes,  will  see 
more  or  less  of  the  eclipse  ;  and  on  the  other  side  the 
moon  passes  through  the  shadow  of  the  earth,  and  is 
by  that  means  echpsed  to  the  inhabitants  of  those 
parts  to  which  the  lunar  disc  is  at  that  time  visible. 

All  the  phenomena  of  the  satellites  of  Jupiter, 
Satnrn,  8cc.,  might  also,  %\ith  equal  facilities,  be  ex- 
hibited by  this  machine,  and  are  actually  so  exhibited 
in  some  of  the  larger  apparatus,  denominated  orreries  j 
in  the  machine  we  are  at  present  describingj  these 
satellites  are  only  moveable  by  hand. 

Orreries. 

Of  the  Or-       47.  The  term  Orrer)',  to  denote  such  a  machine  as  that 
iwy»  w^e  are  about  to  describe,  appears  rather  singular,  and 

is  oneof  those  derivations,  whicht  if  the  history  were 
lost,  would  involve  future  etymologists  in  inexplicable 
difficiilties.  The  first  machine  of  this  kind  appears  to 
have  been  made  by  the  celebrated  instrument  maker, 
Graham,  by  whom  it  w^as  probably  considered  only 
as  an  improved  planetarium  :  but  Rowley,  an  artist 
of  reputation  in  his  time,  copied  Grahrun's  machine, 
and  the  first  of  his  construction  was  made  for  the  Earl 
of  Orrery  ;  whence  Sir  11.  Steel,  who  knew  nothing 
of  Graham's  original  claim,  called  the  instrument 
After  the  name  of  the  supposed  first  purchaser  an 
Orrery,  which  designation  it  still  bears.  One  of  the 
most  usual  constructions  of  this  kind  is  showTi  in 
Bg,  12,       (%.  \%)  which  may  be  briefly  described  as  follows  v — 


The  frame  of  it,  which  contains  the  wheel  work^     i 
^c.  and  regulates  the   whole  machine  j  is   mtbde   of  Ami 
ebony,  and  about  four  feet  in  diameter*     Above  the  ^«^ 
frame  is  a  bn:»ad  ring  supported    by  twelve    pillars^  h 
which  ring  represents  the  plane  of  the  ecliptic.    UpoaJH 
it  are  two  circles  divided  into  degrees  with  the  names, 
and  cliaracters  of  the  twelve  signs  of  the  zodiac.  Near 
the  outside  is  a  circle  of  months  and  days,   exactly 
corresponding  to  the  sun's  place  at  noon  each  day 
throughout  the  year.     Above  the  ecliptic  stand  some 
of  the  princifwl  circles  of  the  sphere  corresponding 
with  their  respective  situations  in  the  heaveos ;  viz.  aa 
are  the  two  colures,  divided  into  degrees  and  half  de» 
grees  i  h  is  one  half  of  the  equinoctial  circle,  making 
an  angle  of  23|  degrees  with  the  ecliptic.     The  tropic 
of  Cancer  and  tlie  arctic  circle  are  each  6xed  parallel 
at  their  proper  distances  from  the  equinoctial.     On 
the  northern  half  of  the  ecliptic  is  a  brass  semidrclB 
moveable  upon  tw*o  fixed  points  in  T  and  £b. 

This  semicircle  serves  as  a  moveable  horizon,  to  bi 
put  to  any  degree  of  latitude  on  the  north  part  of  the 
meridian,  and  the  whole  machine  may  be  set  to  aajp 
latitude^  without  disturbing  any  of  the  internal  hmh 
tions,  by  means  of  two  strong  hinges  fixed  to  the  hot- 
torn  frame  upon  which  the  instrument  moves,  and  i 
strong  brass  arch,  having  holes  at  e^^ery  degree, 
through  which  a  pin  may  be  passed  at  any  required 
elevation.  These  hinges,  with  the  arch,  support  the 
whole  machine  %vhen  set  to  the  propiosed  latitude. 

Wien  the  Orrery  is  thus  adjusted,  set  the  move* 
able  horizon  to  any  degree  upon  the  meridian,  whcBOl 
may  be  formed  a  pretty  correct  idea  of  the  respedtfe 
altitude  or  dejiressions  of  the  several  planets,  both 
primary  and  secondary.  The  6un  S  stands  in  thd 
centre  of  the  system  on  a  wire  making  an  angle  with 
the  ecliptic  of  about  ft'2^  ;  next  in  their  order  follow 
the  planets  IMercury*,  Venus,  and  the  Earthy  the  axis 
of  the  latter  being  inclined  to  the  plane  of  the  ecliptic, 
at  an  angle  of  06§  ,  w^hich  is  the  measure  of  the  ia- 
cUnation  of  the  earth's  axis. 

Near  the  bottom  of  this  axis  is  a  dial  plate,  having 
an  index  pointing  to  the  hours  of  the  day,  as  the  Earth 
revolves  j  and  about  the  latter  is  a  small  riiig,  sup- 
jKJrted  by  two  small  pillars,  representing  the  orbit  of 
the  moon,  with  divisions  answering  to  the  moon*s 
latitude.  The  motion  of  this  ring  represents  the 
motion  of  the  lunar  orbit  according  to  that  of  the 
nodes  ;  and  wi thin  it  is  a  small  ball  with  a  black 
or  case,  by  which  are  exhibited  all  the  phases  of 
celestial  body. 

Beyond  the  orbit  of  the  earth  are  those  of  ^MTfi 
Jupiter,   and  Saturn,  and   in   some  instrumcnta 
Georgium  Sidus,  or  Uranus.    Jupiter  is  attended 
his  four  satellites,  and  Saturn  by  hlB  seven  satdliiei 
and  ring. 

The  machine  is  put  in  motion  by  turning  a  handlej 
or  winch  ;  and  by  pushing  in,  and  pulling  out  a  smalt 
pin  alwve  the  handle.  When  it  is  in,  all  the  plafl«ifli 
lK»th  primary  and  secondary,  will  move  accordLogtd 
their  respective  periods.  WTien  it  is  out,  the  motion 
of  the  satellites  of  Jupiter  and  Saturn  are  stopped^ 
while  all  the  rest  move  without  interruption.  There 
is  also  a  brass  lamp,  having  two  convex  glasses  ta 
put  in  the  place  of  the  sim  \  and  also  a  smaller  eartk 
and  moon  made  somewhat  in  propotlion  to  their  dis- 
tance from  each  other,  and  which  may  be  put  on  or 
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>ved  at  pleasure.  The  lamp  turns  round  at  the 
;  time  with  the  eai"th>  and  the  glasses  of  it  cast  a 
ig  lig-ht  upon  her.  W^ien  it  is  intended  to  use 
naciijne,  the  planets  must  be  fi rst  placed  each  in 
espective  position  by  means  of  an  astronomical 
mcriSj  and  a  black  patch  or  wafer  may  be  placed 
le  middle  of  the  sun  ;  ag;amst  the  first  degree  of 
^rics)  J  patches  may  also  be  placed  upon  Venus, 
I,  and  .Jupiter*  Now  turn  the  handle,  one  revo- 
Ei  of  which  corresponds  to  one  diurnal  revolution  of 
jarth  about  its  axis »  and  consequently  answers  to 
nurs  upon  the  ilial  plate,  placed  at  the  foot  of  the 
on  which  the  ball  is  fixed. 

^in»  when  the  index  has  moved  over  the  space 
>  hours^  Jupiter  will  have  made  one  revolution  on 
xis,  and  so  of  the  rest  according  to  their  re  spec- 
leriods  of  diurnal  rotation.  By  these  means  the 
iution  of  the  phuietSj  and  their  motion  round 
axis,  will  lie  represented  to  the  eye,  if  not  cx- 
,  yet  in  nearly  their  due  intervals  of  time. 
.  We  might  have  entered  into  the  description  of 
169  on  other  and  more  correct  principles  than  the 
c,  but  tile  explanation  must  have  been  propor- 
lly  longer  ;  and  we  have  already  obser\ed,  that 
machines  are,  in  our  opinion,  rather  ealeulatcd  to 
'  the  ingenuity  of  their  constnictors,  than  to  offer 
!wl vantages  to  the  student.  It  is  true,  that  they 
convey  to  the  uninformed  reader  some  ideas  of 
danetary  morions,  but  Ave  think  it  is  extremely 
iible,  that  the  idea  thus  given,  if  not  actually 
,  may,  in  many  cases*  be  rather  injurious  than 
il  5  and  iig  instruments  for  computation,  the 
perfect  of  them  are  wholly  incompetent,  we 
therefore  make  no  apology  for  not  having  ex- 
*d  our  description  of  orreries  to  a  greater  length, 
t  hits  been  said,  and  a  reference  to  the  plate,  will 
lite  sufficient  for  showing  the  general  principle 
leir  construction  and  operation,  which>  we  con* 
,  is  all  that  is  requisite  to  be  introduced  in  this 

Cometarimn. 

TluHmachine,which  must  also  be  considered  rather 
.  object  of  curiosity  than  utility*  shows  the  motion 
.'ouiet,  or  very  eeeentric  body,  moving  round  the 
tuiil  desf  ribing  etpial  areas  in  equal  times  ;  and 
be  so  adjusted,  as  to  show  such  a  motion  for  any 
*e  of  eccentricity.  The  first  projection  of  it  we 
to  DesJiguliers. 

le  dark  elliptical  groove,  a  h  c  d  Sic.  (fig.  13,) 
*  orbit  of  the  comet  Y  ^  which  is  carried  n>und 
is  grofjve  according  to  the  order  of  those  letters, 
te  wire  W  fixed  to  the  sun  S,  and  slides  on  the 
as  it  approaches  nearer  or  recedes  further  from, 
un  ;  being  nearest,  or  hi  its  perihelion  in  a,  and 
distimt  in  the  a[>helkm  g.  The  areas  w  S  1^,  bSc, 
&c.  or  the  contents  of  these  several  trilatertUs,  are 
qual  5  and  in  every  turn  of  the  winch,  or  hiuKile, 
le  comet  Y  is  carried  over  one  of  these  spaces  ; 
jquently,  in  tlie  same  time  as  it  moves  from/ to 
'  from  g  to  A,  it  will  also  move  from  m  to  a^  or 
a  to  h,  and  so  of  the  rest,  its  motion  being  quick- 
t  fl,  and  slowest  at  g.  Thus  the  comet's  velocity 
t  orbit  coalinually  decreases  from  the  perihelion 
e  aphelion^  and  increases  in  the  same  proportion 


Tlie  ecliptic  orbit  is  divided  into  1^  equal  parts  or      Plane  . 
signs,  with    their  respective  degrees,  as  is  also   the  ^troaoujjv 
circle   n  o  p  9,   &e.,  M'bich  represents  a  great  circle  ^^'^V"^^ 
in  the  heavens,  and  to  which  the  comet's  motion  is 
referred  by  a  small  knob  on  the  point  of  the  wire  \V« 
While  the  comet  movey  from  f  to  g  in  its  orbit,  it 
appears  to  move  only  about  five  degrees  in  this  circle, 
as  is  shown  by  the  small  knob  on  the  end  of  the  wire 
VV  ;  but  in  as  short  a  time  as  the  comet  moves  from 
m  to  a,  or  from  a  to  6,  it  appears  to  describe  the  large 
space  in  the  heavens  t  n,QT  no,  either  of  which  spaces 
contains  1*20^,  or  four  signs-     If  the  eccentricity  of 
the   orbit   were  greater,  the  greater  also   would  be 
the  dilFercnce  in  the  cometary  .motion ♦ 

The  circular  orbit  ABC,  kc,  is  for  showing  the 
equable  motion  of  a  body  about  the  sun  S,  describing 
equal  are  US  in  equid  times,  with  those  of  a  body  Y  in 
its  elliptic  orbit  above  referred  to,  but  with  this  differ- 
ence, that  the  circular  areas  A  SB,  BSC,  &c.  or  the 
equal  arcs  AB,  BC,  &c.  are  described  in  the  same 
times  as  tlie  unequal  elliptic  arcs  <t  />,  b  e,  &c. 

If  we  conceive  the  two  bodies  Y  and  R,  to  move 
from  the  points  a.  A,  at  the  same  moment  of  time, 
and  each  to  go  round  its  respective  orbit,  and  to 
arrive  at  the  same  points  again  at  the  same  instant,  the 
body  Y  will  be  more  forward  in  its  orbit  than  the  body 
11  all  the  way  from  a  to  «f,  and  from  A  to  G  :  but  11 
will  be  forwarder  than  Y  through  all  the  other  hidf 
of  the  orbit;  and  the  difTcrence  is  equal  to  the  equa* 
tionofthe  body  Y  in  its  orbit.  At  the  points  a  A, 
and  g  G,  that  is,  in  the  perihelion  and  aplielton  they 
will  be  equal ;  and  then  the  equation  vanishes.  This 
shows  why  the  equation  of  a  body  moving  in  an  clli[>- 
tic  orbit,  is  added  to  the  mean  or  supposed  circular 
motion  from  the  perihelion  to  the  aphelion,  and  sub- 
tracted from  the  aphelion  to  the  perihelion,  in  bodies 
moving  round  the  sun,  or  from  the  perigee  to  the 
apogee,  and  from  the  ajmgee  to  the  perigee  in  the 
moon's  motion  round  the  earth. 

This  motion  is  pei-tbrmcd  in  the  following  manner 
by  the  machine,  (fig.  15.)  ABC  is  a  wooden  l^ar  (in  Fig.  15. 
the  box  contsiining  the  wheel-work),  above  which  are 
the  wheels  D  ami  E,  and  below  it  the  elliptic  plates 
FF  and  GG  ;  each  plate  being  lixetl  on  an  axis  in  one 
of  its  foci,  at  E  and  K  ;  and  the  wheel  E  is  fixed 
on  the  same  axis  with  the  plate  FF,  These  plates 
have  grooves  round  tlieir  edges  precisely  of  equal 
diameters  to  one  another,  and  in  these  grooves  is  the 
cat-gut  string  g  g,  g  g  crossing  between  the  plates  at 
h.  On  11,  the  axis  of  the  handle  or  winch  N  in  fig; 
13,  is  an  endless  screw  in  fig.  15,  working  in  the 
wheels  Dand  E,  whose  numbers  of  teeth  being  equal, 
and  equal  to  the  number  of  lines  a  S,  b  S,  c  S,  &c.  in 
fig.  14,  they  turn  round  their  axis  in  equal  times  to 
one  anoUier,  as  do  likewise  the  elliptic  plates »  l^>r, 
the  whceLs  D  and  E  having  equal  numbers  of  teeth, 
the  plate  FF  being  fixed  on  the  same  axis  with  the 
wheel  E,  and  turning  the  plate  GG  of  equal  size  by  a 
cat-gut  string  round  them  both,  they  must  all  go 
routui  their  axis  in  as  many  turns  of  tho  handle  N  aa 
either  of  the  wheels  has  teeth. 

It  is  easy  to  see,  that  the  end  h  of  the  elliptical 
plate  FF  being  farther  from  its  axis  E  than  the  oppo- 
site end  I  is,  must  describe  n  circle  so  much  the  larger 
in  proportion,  and  must  therefore  move  through  so 
much  more  space  in  the  same  timej  and  for  that 
3x2 


ASTRONOMY. 


r 


^tronojny.  reason  the  end  h  moves  so  much  f.istcr  than  the  end 
'  I,  oltlmugh  (t  goes  no  sooner  round  the  centre  E  :  at 
the  same  time  the  quick -iiiovini^  end  /*  of  the  plate 
FF  leads  about  the  short  end  h  K  of  tlie  plate  GCi  witli 
the  same  velocity  j  and  the  slow-moving  end  1  of  the 
plate  FF  coming  half  round  as  to  B,  must  then  lead 
the  long  end  k  of  the  plate  Gil  ahont,  with  a  corres- 
ponding slow  motion  :  so  that  the  clUptical  plate  FF 
and  its  axis  E  move  uniformly  and  equally  quick  in 
ever}'  [>art  of  it^  revolution  ;  hut  the  elliptical  plate 
GG,  together  with  its  axis  K,  must  move  very  une- 
qually in  different  jmrts  of  its  revolution ;  the  differ- 
ence being  always  inversely  as  the  distance  of  any 
point  of  the  circumference  of  GG  from  its  axis  at  K  ; 
or  in  other  words,  if  the  distance  K  k,  be  four,  five^  or 
six  times  as  great  as  the  distance  K  /i,  the  point  /i  will 
move  in  that  position,  four,  hve,  or  six  times  as  fiist 
as  the  point  k  does  %vhen  the  plate  GG  has  gone  half 
round  ;  and  so  on  for  any  other  eccentricity  or  differ- 
ence of  the  distances  K  ^,  K  A.  The  I  on  the  plate 
EF,  falls  in  between  the  txvo  teeth  at  k  on  the  plate 
GG;  by  wliich  means  the  revolution  of  the  latter  is 
adjusted  to  that  of  the  fijruicr,  so  that  they  can  ne\er 
vary  the  one  from  the  other. 

On  the  top  of  the  axis  of  the  eqnally  moving  wheel 
D  (BfT.  15)  is  the  sun  S  (fig*  14)  which  by  means  of 
the  wire  attached  to  it,  carries  tlie  ball  R  round  the 
circle,  ABC,  &c.  with  an  equable  molion,  acconling 
to  the  order  of  the  letters  ;  ami  on  the  top  of  the  axis 
K  of  the  uneqiudly  moving  ellipse  GG  in  (fig.  15)  is 
the  Sim  S  (fig.  14)  carrying  the  ball  Y  lUi equally 
round  the  elliptic  groove  «&c*/,  &c,  which  elliptic 
groove  must  be  exactly  equal  and  similar  to  the  verge 
of  the  plate  GG,  w  hich  again  is  also  equal  to  that  of 
EF. 

Ectipsarean. 

Edipsarewj     HO.  The  edipsarean  is  an  instrnment  invented  by  Mr, 
Ferguson  for  exhibiting  tlie  time,  f|uantity,  duration, 
and  progress  of  solar  eclipses,  in  all  parts  of  the  earth.  ' 
This  machine  consists  of  a  terrestrial  globe   A^  (lig. 

F|g.  16,17.  17)  turned  by  a  winch  M,  round  its  axis  B,  inclining 
t23  j'^,  and  carrying  an  index  round  the  hour  circle  D ; 
a  circular  plate  E,  on  which  the  months  and  days  of 
the  year  are  inserted,  and  which  support*!  the  globe 
in  such  a  manner,  that  \\  hen  the  given  day  of  the 
month  is  turned  to  the  annual  index  G,  the  axis  has 
the  same  position  with  the  earth's  axis  at  that  time  j 
a  crooked  w'ire  F,  which  points  to  the  middle  of  the 
earth's  enlightened  disc,  and  shows  to  what  place  of 
the  earth  the  sun  is  vertical  at  any  given  time  ;  a 
penumbra  or  thin  circular  plate  of  brass  I,  divided 
into  twelve  digits  by  twelve  concentric  circles  and  so 
proportioned  to  the  size  of  the  globe,  that  its  shadow, 
formed  by  the  sun,  or  a  candle,  placed  at  a  convenient 
distance,  with  its  rays  transmitted  through  a  convex 
lens,  to  make  them  fidl  parallel  on  the  globe,  may 
cover  those  parts  of  the  globe  which  the  shadow  and 
penumbra  of  the  moon  cover  on  the  earth  ;  an  up' 
right  frame  HHHH,  on  the  sides  of  which  are  scales 
of  tlie  moon's  latitude,  with  two  sliders  K  and  K, 
fitted  to  them,  by  means  of  which  the  centre  of  the 
penumbra  may  be  always  adjusted  to  the  moon's  lati- 
tude ',  a  solar  horizon  C,  dividing  the  enlightened 
from  the  darkened  hemisphere,  and  showing  the  places 
where  the  general  eclipse  begiua  and  ends  with  the 


rising  or  setting  sun,  and  a  handle  M,  which  turns  1 
the  globe  round  its  axis  by  the  wheel  work,  undAsli 
moves  the  penuntbra  across  the  frames  by  threads  ^*^ 
over  the  pulleys  LLL,  with  a  velocity  duly  propor-^H 
ttone<l  to  that  of  the  moon's  shadow  over  the  earthiM 
as  the  earth  turns  round  lis  axis^ 

5  L  If  the  moon's  latitude  at  any  conjunction  exceeds  Ra 
the  number  of  divisions  on  the  scales,  there  can  benotioi 
eclipse  ;  if  not,  the  sun  will  be  eclipsed  to  some  parts  of . 
the  earth  J  theappearanceof  which  may  be  represent 
by  the  machine,  either  w^ith  the  light  of  the  sun,  or  < 
a  candle.  For  this  purpose,  let  the  indexes  of  the  sliJ 
ders  KK,  point  to  the  moon's  latitude,  and  let  the  plate 
E  be  turned  till  the  day  of  the  given  new  moon  come 
to  G.  and  the  penumbra  be  moved  till  its  centre  come 
to  the  perj>endicular  thread  in  the  middle  of  Ih^ 
frame,  which  thread  represents  the  axis  of  the  eclipH 
tic  ;  then  tarn  the  handle  till  the  meridian  of  London 
on  the  globe  comes  under  the  point  of  the  wire  F^ 
and  turn  the  hour  circle  D  till  1*3  at  noon  comes 
its  index  j  also  turn  the  handle  till  the  hour  inde 
points  to  the  time  of  new  moon  in  the  circle  D,  and 
then  screw  fast  the  collar  N.  Lastly,  elevate  the  toa^ 
chine  till  the  sun  shines  through  the  sight  holes  i 
the  small  upright  plates  C)0,  on  the  pedestal, 
place  a  candle  before  the  machine,  at  the  distance  of 
about  four  yards,  so  that  the  shadow  of  the  iiiterseC"* 
tion  of  the  cross  thread  in  tljc  middle  of  the  frame^i 
may  fall  precisely  on  that  part  of  the  globe  to  whicli 
the  wire  F  points  ;  w  ith  a  pair  of  compasses  take  the 
distance  between  the  centre  of  the  penumbra  and  ih 
intersection  of  the  threads,  and  set  the  candle  higher! 
or  lower,  according  to  that  distance ;  and  place  M 
large  convex  lens  between  the  machine  and  candle^ 
so  that  the  candle  may  be  in  the  focus  of  the  lens|l 
and  thus  the  machine  is  rectified  for  use. 

B'i.  Let  the  candle  be  turned  backward  till  the  pe*f%ia 
nnmljra  almost  touches  the  side,  HF,  of  the  frame,  *o« 
and  then  turning  it  forwardj  the  following  phenomena*^ 
may  be  observed. 

1.  Where   the  eastern  edge  of  the  shadow  of  the 
penunibral  plate  1,  first  touches  tbe  glol>e  at  the  solarfl 
liorizon,  those  who   inhabit  the  corresponding  part  of^| 
the  earth,    see  the  eclipse  begin  on   the   uppermost 
edge  of  the  sun,  just  at  the  time  of  its  rising. 

*Z.  In  that  place  where  the  penumbra's  centre  fij 
touches  tbe  globe,  the  inhabitants  have  the  sun  risi 
upon  them  centrally  eclipsed. 

3.  When  tbe  whole  penumbra  just  falls  upon 
globe,  its  western  edge  at  the  solar  horizon  toucheSj 
and  leaves  the  place  where  the  eclijise  ends  at  sunrise' 
on  his  lowermost  edge. 

4.  By  continued  turning,  the  cross  lines  in  the  ceo* 
tre  of  the  j>enumbra  will  go  over  M  those  places  onr^ 
the  globe  where  tbe  sun  is  centrally  eclipsed. 

5.  When  the  eastern  edge  of  the  shadow  touches 
any  place  of  the  globe,  the  eclipse  begins  there  ;  whea 
the  vertical  line  in  the  penumbra  comes  to  any  place^i' 
then  is  the  greatest  obscuration  at  that  place  j  and 
Avlien  the  w-estern  edge  of  the  penumbra  leaves  the 
place,  tlie  eclipse  ends  there,  and  the  times  are  showa 
on  the  hour  circle  j  and  from  the  beginning  to  the 
end,  the  shadows  of  the  concentric  penumbral  circles 
show  the  number  of  digits  eclipsed  at  all  the  interme* 
diate  times. 

6\  When  the  eastern  edge  of  the  penumbra  Icayei 
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'  the  globe  at  the  Rolar  horizon  C,  the  inhfibitants  see 
the  sun  beg^inning  to  be  eclipsed  on  its  lowermost 
edge,  at  its  setting. 

7,  Where  the  centre  of  the  penumbra  leaves  the 
globe,  theinliabitants  see  the  sun  centrally  eclipsed;  am! 
lastly,  where  the  penumbra  is  wholly  depaning  from 
the  globe,  the  inhabitants  see  the  eclipse  ending  on 
the  uppermost  part  of  the  sun's  edge,  at  the  time  of 
its  (Jisappearing  in  the  horizon. 

This  instrument  will  likewise  serve  for  exhibiting 
the  time  of  sun  rising  jmd  setting ;  and  of  morning 
and  evening  twilight,  as  well  as  the  places  to  which 
the  sun  is  vertical  on  any  day,  by  setting  the  day  on 
the  plate  E  to  the  index  G,  turning  the  handle  till  the 
meridian  of  the  place  comes  under  the  point  of  the 
crooked  wire  F,  and  bringing  XII  on  the  hour  circle 
D  to  the  index  :  then  if  the  globe  be  turned  till  the 
place  touches  the  eastern  edge  of  the  horizon  C,  the 
index  shows  the  time  of  s an  setting  ;  and  when  the 
place  comes  out  from  below  the  other  edge  of  C,  the 
index  shows  the  time  when  evening  twilight  ends ; 
morning  twilight  and  sun  rising  are  shown  in  the 
same  manner  on  the  other  side  of  the  globe*  And 
the  places  under  the  point  of  the  wire  F  are  those  to 
which  the  sun  passes  vertically  on  that  day.  Fergu- 
son $  Asironomy,  by  Brewster,  or  Phil.  Trans.  voL 
xlviii. 

53.  The  celestial  atid  terrestrial  globes  may  also  be 
considered  its  astronomical  machines  of  the  kind  we 
have  been  describing  j  but  it  would  too  much  inter- 
rupt the  order  of  our  treatise  to  enter  upon  a  descrip- 
tion of  these  instniments  in  this  place  ;  they  will, 
therefore  be  described  under  the  proper  head  in  our 
alphabetical  arrangement ;  and  we  shall  now  proceed, 
having  given  the  foregoing  succinct  view  of  the  more 
popular  celestial  phenomena,  to  treat  the  subject  un- 
der a  more  scientific  point  of  view,  in  the  following 
sections, 
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54.  Previous  to  our  entering  upon  this  subject,  it 
will  be  requisite  for  the  reader  to  render  himself  familiar 
with  the  following  definitions.  Some  of  them  have 
been  already  given,  but  the  convenience  of  having  one 
decided  place  of  reference  will  compensate  for  the  few 
repetitions  that  occur* 

1,  A  great  circle  of  a  sphere  is  any  circle  QRST  (fig, 
18)  whose  plane  passes  through  the  centre  of  the 
sphere  ;  and  a  small  circle  is  any  circle,  BHK,  whose 
plane  does  not  pass  through  the  centre*  All  great 
circles  bisect  each  other* 

2.  The  diameicr  of  a  sphere  is  any  line,  PEj  passing 
through  the  centre  and  terminated  on  both  sides  by 
the  circumference  ;  this  diameter  is  said  to  be  the 
flxwof  that  great  circle  to  which  it  is  perpendicular; 
and  the  extremity  of  the  axis  PE  are  called  the  poles 
of  that  circle. 

Hence  it  follows,  that  the  pole  of  a  great  circle  is  90" 
distant  from  every  point  of  it  upon  the  sphere  j  and 
that  the  arcs  subtending  any  angles  at  the  centre  of  a 


sphere  are  those  of  great  circles.     Consequently,  till      Fliwie 
the  triangles  formed  on  the  surface  of  a  spliere  for  the  Astronooiy 
solution  of  splierical  problems  must  be  formed  by  the  ^^'^\^'^^ 
arcs  of  groat  circles, 

3.  Sei-^tHthfries  to  a  great  circle  arc  great  circles,  as  Secondft- 
PQE>  PRE,  wliich  pass  through  its  poles,  and  whose  "cs- 
planes  arc  therefore  perpendicular  to  the  plane  of  the 
latter.     Hence  every  secondary  bisects  its   great  cir* 

cle  ;  a  secondary  also  bisects  every  small  circle  that 
is  parallel  to  the  great  circle  to  which  it  is  secondary. 
Since  every  secondary  passes  through  the  pole  of  its 
great  circle,  and  is  perpendicular  to  it  j  it  follows, 
that  if  a  secondary  pttsses  through  the  poles  of  two 
great  circles,  it  is  perpendicular  to  each  of  them* 
And  conversely,  if  one  circle  be  perpendicular  to  two 
others,  it  must  pass  through  their  poles. 

55.  The  above   definitions  belong   wholly  to  the  ^*j'^>°(''^^ 
sphere  considered  abstractedly  as  a  geometrical  solid  ;  tp„^|ri^ 
the  following  appertain  to  the  sphere  considered  with  spiM-re, 
reference  to  astronomy. 

1,  Let  pep^  of  (fig.  19)  represent  the  earth  w^hich  Fig.  19. 
at  present  we  shall  consider  as  a  perfect  sphere,  and 

let  p^  be  the  line  about  which  it  performs  its  diurnal 
rotation  -,  then  pp^  are  called  its  pohs,  and  the  line 
pp'its  axis.  And  if  we  assume  the  circle  FEP'Q  to 
denote  the  circle  of  the  celestial  sphere,  and  conceive 
pp'  to  be  produced  to  the  heavens  meeting  them  in 
PP'^  these  will  be  the  poles  of  the  celestial  sphere. 

^.  The  i€trestri(il  equator  is  a  great  circle  erqs^  of 
the  earth  perpendicular  to  its  axis  i  and  if  we  con- 
ceive the  plane  of  this  circle  to  be  protinced  to  the 
sphere  of  the  fixed  stars,  it  will  mark  out  the  great 
circle  ERQS,  which  is  called  the  celestial  equator. 

Hence  it  follows,  that  the  poles  of  the  terrestrial 
and  celestial  spheres  are  the  same  as  the  poles  of  the 
respective  ei^nafors. 

The  equator  divides  either  spheres  into  two  equal  Eqimtor. 
portions,  called  the  northern  and  sojtthern  hemispheres, 
and  the  corresponding  poles  are  in  like  manner  deno- 
minated the  north  and  south  poles.  The  northern  he- 
inisphere  is  tlie  part  of  the  earth  which  lies  on  the 
side  of  the  equator  which  we  inhabit,  ami  which  in 
the  figure  wc  may  assume  to  be  epq, 

2.  The  latitude  of  a  place  on  the  earth's  surface  is  Latitude 
its  angular  distance  from  the  equator,  measured  upon  terrcstrtaL 
a  secondary   to  it  :  thus   the  arc   eb^   measures   the 
latitude   of  the   point  6,      Any  circle  on  which    we 
measure  the  latitude  of  a  place  is  called  a  terrestrial 
meridktn ;  and  when  produced  to  the  heavens  a  celes^  Merfdinn. 
Hal  vitrulian. 

S.  The  small  circles  parallel  to  the  terrestrial  equa- 
tor are  called  parallels  of  latitude, 

4.  The  secondaries  to  the  celestial  equator  are  called 
circles  of  declination  ;  and  tlie  small  circles  parallel  to 
the  equator  on  tiie  earth's  surface  parallels  of  deciina^ 
lion.  Declination,  therefore,  in  the  celestial  sphere, 
corresponds  to  latitude  on  the  terrestrial  sphere,  thus 
the  arc  ch  which  measures  the  latitude  of  a  place  on 
the  earth,  corresponds  to  Eii,  the  declination  in  the 
heavens* 

5.  The  longitude  of  a  place  on  the  earth's  surface  Loniritiid^ 
is  an  are  of  }he  equator,  intercepted  between  the  me-  terrestrial 
ridian  passing  through  the  place,  and  another  called  a 

first  meridian,  passing  through  that  place  from  which 
you  begin  to  measure  j  which  latter  is  different  in 
diiFercnt  countries.     Most  nations  account  their  first 
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meridian  that  passing  orertheic capital.  The  English, 
for  example,  take  the  lueridiau  of  London,  or  rather 
that  of  the  Royal  Observatory,  Greenwich  ;  the  French^ 
that  of  Paris/^c. 

6.  If  b  be  supposed  to  denote  any  place  an  the 
earth,  anrf  a  tangent  plane  lje  supposed  to  be  drawn 
to  that  place,  and  produced  to  the  lieavens,  meet- 
ing them  in  the  points  a  c,  the  circle  a  b  r,  which 
is  Jiere  projected  into  a  right  Ime,  is  called  the  sensible 
fwrizotL 

And  the  great  circle  HOR,  which  is  drawn  parallel 
to  it,  p:i59iog  through  the  centre  of  the  earth  O,  is 
called  the  miLOfml  horhon.  It  is  in  the  former  of  those 
circles,  which  all  the  heavenly  bodies  are  obscn^ed  to 
rise  and  set. 

Sninll  circles  parallel  to  the  horizon  arc  called 
afmucnntars, 

7.  If  the  radius  0  6  of  the  earth  at  the  place  6  of  a 
spectator  be  produced  both  ways  to  the  heavens,  that 
point  Z  vertical  to  him  is  called  the  zcniih,  and  the 
opfhosite  point  N  the  narfir.  Consequently,  the  zenith 
and  nadir  are  the  poles  of  the  rational  horizon. 

8.  J'ertical  drcks  are  those  secoTidarics  which  are 
perpendicular  to  |he  horizoTi,  and  which  therefore 
pass  through  the  zenith  :  it  is  in  these  circles  the 
altitude  of  the  heavenly  bodies  are  taken.  The  celes- 
tial meridian  of  a  place  is  therefore  a  vertical  circle 
passing  tlirough  the  p<ile  and  zenith  of  that  place  5  as 
PEHP'  in  the  figure  above  reterred  to. 

The  two  points  in  the  horizon  R  H,  which  are  cut 
by  the  meridian  of  any  place,  are  called  the  north  and 
south  points,  according  as  they  are  towards  the  north 
or  south  poles, 

0.  That  vertical  circle  which  cuts  the  meridian  of 
atiy  place  at  right  angles^  dividing  it  iuto  two  equal 
hemisjdicres,  and  which  cuts  the  meridinn  in  the  e^LAt 
and  west  points,  is  called  the  prime  rerticat,  us  ZN, 
which  is  projected  into  the  right  line  ZN. 

10  When  a  body  is  referred  to  the  horizon  by  a 
vertical  circle,  the  distance  of  that  point  of  the  hori- 
ason  from  the  north  or  soiith  points,  is  called  the  azi- 
muth ^  and  its  distance  from  the  east  or  west  points  its 
amplitude, 

1 1 ,  The  evliptic  is  that  great  circle  of  the  heavens 
which  the  sun  appears  to  describe  in  the  course  of  the 
year. 

1*3.  The  angle  which  the  ecliptic  forma  with  the 
celestial  etpiatori  is  called  the  Miquity  of  the  ecliptic; 
and  the  two  points  in  which  these  circles  intersect  and 
bisect  each  other,  are  called  tlie  effuhioctial  points.  The 
limes  when  the  sun  comes  to  these  points  are  called  the 
equinoxes. 

For  the  signs,  order,  and  characters  of  the  tivelve 
signs  of  the  eclipticj  or  zodiac,  see  our  table  of  con- 
stellations, p.  500. 

Of  these  signs,  the  lirst  six  which  lie  on  the  north- 
ern side  of  the  equator,  are  called  northern  signs ; 
viz.  Aries,  Taurus,  Gemini,  Cancer,  Leo,  Virgo  r  and 
the  otlier  six,  Libra,  Scorpio,  Sagittarius,  Capricornus, 
Aquarius,  Pisces,  the  southern  signs. 

The  equinoctial  points  correspond  to  the  first  pointi 
of  Aries  and  Libra. 

The  six  signs,  Capricorn,  Aquarius,  Pisces,  Aries, 
Taurus,  and  Gemini,  are  called  ascending  signs,  the 
stJn  approaclung  our's,  or  the  north  pole,  while  it 
passed  through  thein  -,  the  others^  Cancer^  Leo,  kc.j 


for  a  corresponding  reason,  called   descendtog     1 
I ;  the  sun,  while  passing  through  them,  being  ^"^ 


T  me 
?dbf^^ 


are,  for 

signs 

receding  from  our  pole, 

14.  The  zndUtc  is  a  zone  of  the   celestial  sphere,  Zoi 
extending  8 'on  each  side  of  the  ecliptic,  within  which. 
the  motion  of  all  the  principal  planets  are  performed. 

The  signs  of  the  ecliptic  and  of  the  zodiac  are  the 
same. 

15.  Mil  en  any  of  the  heavenly  bodies  appear  to  dii 
move  accortling  to  the  ortier  of  the  signs,  viz.  through  reti 
Aries,  Taums,  8tc.  their  motion  is  said  to  be  direct,  or 

in  comequeniia ;  when  contrary  to  that  order,  re*ro- 
grade,  or  in  aniecoderttm.     (8ce  art.   29) 

The  retd  motion  of  all  the  planets  is  according  to 
the  order  of  the  signs, 

1(J,  We   have   seen,   that   the   declination   of   any  Ri^ 
heavenly  body  is  mecisured  by  the  arc  of  a  declination  cm 
circle,    or  Recondar)'  to  the  equator,  and  the  distance 
of  that  secondary  on  the  equator  from  the  first  point 
of  Aries,  estimfited    according   to   the  order   of  the 
signs,  is  called  its  right  ascen^iion 

Hence  the  right  ascension  of  a  heavenly  body 
respondv^  with  the  longitude  of  a  terresirijd  one, 
cept  as  to  the  point  whence  it  is  measured* 

17*  Tlie  liidUHle  of  a  heavenly  biwly  is  measured  bfi^ 
a  secondary  to  the  ecliptic  passing  through  that  bodyj  «^ 
that  is,  by  the  nnguUir  flistance  between  it  and  iJie  [•-< 
ecliptic,  as  by  the  arc  m  s,  lig.  20  ;  and  the  longiUtde  3? 
is  measured  by  the  arc  of  the  ecliptic,  intercept<Ni  be-  ^  , 
tween  the  firgt  point  of  Aries  and  the  point  where  the  1 
secondary  meets  the  ecliptic,  ostimtitcd  according  ^ 
to  the  order  of  the  signs,  as  o  m,  considering  o  as  ll»  ^ 
first  point  of  Aries,  \ 

Hence  the  latitude  and  longitude  of  a  heavenly  bodj^ 
are  the  same  with  reference  to  the  ecliptic  and  itsr 
secondaries ;  as  those  of  a  terrestrial  body  or  placo 
with  reference  to  the  equator  and  meridians. 

IS.  The  obiifiue  nscension  is  an  arc  of  the  equator,  (j^ 
intercepted  between  the  first  point  of  Aries,   and  that  ^^ 
point  of  the  equator  which  rises  with  any  body ;  and 
the  difference  between  the  right  and  oblique  ascension 
is  called  the  ascensional  difftrence. 

UK  ITie  tropics  are  two  celestial  circles  parallel  toj^ 
the  equator,  and  touching  the  ecliptic  j  the  one  at  the 
beginning  of  Cancer,  called  the  tropic  of  C£ncer  ;  the 
other  at  the  beginning  of  Capricorn,  called  the  tropic 
of  Capricorn,  The  two  points  where  the  tropics  touch 
the  ecliptic,  are  called  the  soUtiiinl  |>oints.  J 

30.  The  arctic  and  antarctic  circles  are  two  parallds  Km 
of  declination  J  the  former  about  the  north,  andthe*?"J 
latter  about  the  south  pole  t  the  distance  of  each  from  *^ 
tiie  pole  is  equal  to  the  distance  of  the  tropics  frtim 
the  equator. 

These  two  circles,  and  those  of  the  tropics,  when  Zo 
referred  to  the  earth,  divides  it  into  five  zones  ;  two 
called  the  frigid  zoneSt  which  are  those  towards  the  two 
poles  I  the  tcmjiefate  zones  being  those  between  each 
tropic  and  its  corresponding  jwlar  circle;  and  one 
torrid  zone,  including  all  the  space  between  the  two 
tropics  J  extending  therefore  about  23  >'  on  each  eide 
of  the  equator, 

21.  Tlie  nodes  are  the  points  where  the  orbit  of  a  z^ 
planet  cuts  the  plane  of  the  ecliptic  j  and  the  nodes  of 
a  satellite,  are  the  points  where  its  orbit  cuts  the  plane 
of  the  orbit  of  its  primary,  or  that  about  which  it  re- 
volves. 
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ny.      The  ascending  node  is  that  where  the  body  passes 
^  from  the  south  to  the  north  side  of  the  ecliptic^  and 
tbe  other  is  called  the  descemling  node. 

9^,  The  aphelion  is  that  poijit  of  the  orLit  of  a  planet 
which  is  farthest  from  the  sun  j  and  the  pcriheiajn  that 
point  where  it  is  nearest. 

The  apogee  and  perigic  have  the  same  sigiiilication 
with  reference  to  the  earth.     The  moon,  for  instance, 
is  said  to  be  in  apogee  when  farthest  from  ua  j  and  in 
( perigee,  when  nearest. 

The  above  definitions  will  be  sufficient  for  our  pre- 
tent  purpose  ;  others,  which  require  a  previous  know- 
led^  of  certain  subjects  not  yet  discussed,  are  reserved 
•  Ibr  thoae  places  in  the  course  of  the  subsequent  sec- 
'  tioofi  in  which  they  naturally  occur* 

2.  Illustration  of  certain  cekstial  phenomena. 

*^      56.  Let  us  now  proceed  to  show  the  application  of 
!|  the  doctrine  of  the  sphere,  to  the  illustration  of  cer- 
tain celestial  phenomena,  as  the  rismg->  setting^,  south- 
ing', &c.  of  the  heavenly  bodies. 

57.  In  art.  65.  we  have  defined  the  sensible  and 
FSitional  horizon  ;  but  with  reference  to  the  sphere  of 
the  fixed  stars,  the^e  may  be  considered  as  coinciding, 
the  tkog;\e  which  the  arc  H  a  (fi^.  19)  subtends  at  the 
earth,  becoming  then  insensible  in  consequence  of  the 
immense  distance  of  these  bodies.  Now,  if  we  sup- 
posCj  OS  we  have  hitherto  done,  the  earth  to  re\'oh  e 
daily  about  its  axis,  all  the  heavenly  bodies  must  suc- 
cessively appear  to  rise  and  set,  or  revolve  about  the 
pole,  in  circles^  whose  planes  are  perpendicular  to  the 
earth's  axis,  and  consequently  parallel  to  each  other ; 
and  will,  to  every  appearance,  be  the  sarae  as  if  tlic 
spectiitor  were  at  rest  in  the  centre  of  a  concave  sphere, 
which   revolved  uniformly  about  him ;  or   that    the 

•  stars  each  revolved  in  parallel  circles  on  such  a  sphere* 
We  may  therefore  consider  the  earth  but  us  a  foint 
witli  reference  to  the  radius  of  the  sphere  of  the  fixed 
stars,  and  leave  it  out  of  the  consideration  in  onr  far- 
ther inquiries  upon  tlus  subject,  and  only  employ  the 
senith,  equator,  poles,  horizon,  &c.  of  the  celestial 
epfcercand  such  circles  of  declinations,  as  correspond- 
ing with  the  motion  of  the  gii^eii  bodies, 

58.  Let  then  fig.  ^1.  represent  the  position  of  the 
"**  heavens  to  an  observer,  whose  zenith  is  Z  in  north 
^    liktitnde  j  EQ  the  equator,  PP'  the  poles,  HOR  the 

rational  horizon^  PZIIP'K  the  meridian  of  the  spec- 
ular. 

l>niw  the  great  circle  ZON  perpendicular  to  the 
meridian,  and  passing  through  the  zenith  Z,  which 
Irom  our  definition  w4ll  be  the  prime  vertical ;  and 
being  in  the  plane  of  the  eye,  this  being  supposed  to 
be  perpendicnlar  over  the  pole  of  the  meridian,  will 
i>e  projected  into  a  right  line  ZN,  as  will  be  shown  in 
#Kr  treatise  on  Projection  and  Perspective.    The  same 

twill  also  be  the  case  with  the  equator  EQ,  the  horizon 
HR,  and  the  greut  circle  POP',  supposed  to  be  drawn 
perpendicular  to  the  meridian  j  the  common  inter- 
section of  all  these  circles  being  in  the  point  O,  the 
pole  of  the  meridian. 

Draw  the  small  circles,  or  parallels  of  declinations, 
■B  Hj  fnt,  ae,  R  t%  y  jt,  which  wiU  represent  the  cir- 

»  files  described  by  any  of  the  hea\'enly  bodies  j  and  as 
Jlhe  great  circle  POP  bisects  the  equator,  it  will 
bisect  all  the  small  circles  parallel  to  it,  conse- 
quently m  tj  fl  e>  are   bisected   in  r   and   c ;  and   we 


shall  have  ffc=  ce,  and   mi  =r  t,  each   equal  to  a      l*!*"* 
quadrant,  or  90^  AstroiMWiiT. 

Now  if  we  conceive  the  figure  referred  to  as  exhi-  ^'■'^""v"™^ 
biting  the  eastern  hemisphere,  the  several  arcs  QE, 
a  e,  t  m,  &c.  will  represent  the  paths  of  bodies  placed 
at  those  distances  from  the  pole,  as  they  ascend  from 
the  meridian  under  the  horizon  to  the  meridian  above; 
and  the  points  hj  U,  5,  will  be  the  places  where  they 
rise,  or  begin  to  appear  above  the  horizon  i  and  t  Ke, 
the  points  where  they  attain  their  greatest  or  meridian 
altitude  ;  m  ae,  QE,  mt,  are  bisected  in  c,  O,  t ;  e  b 
must  be  greater  than  h  a;  QO,  equal  to  OE,  and  it 
less  than  Hm. 

Whence  it  follows,  that  a  body  on  the  same  side  of 
the  equator  as  the  spectator,  will  be  longer  above  the 
horizon  than  below  it  ;  when  the  body  is  in  the  equa- 
tor it  will  be  as  long  below  as  above  the  horizon  ;  and 
when  it  is  on  the  contrary  side  of  the  equator  to  the 
spectator,  it  will  be  longer  below  the  equator  than 
above  it ;  for  the  arc  e  h  is  greater  than  h  a,  EO=OQ, 
and  £f  less  than  s  m,  and  the  motion  with  which  thaoe 
arcs  are  described  are  uniform. 

The  bodies  describing  a  e,  vi  t^  rise  at  h  and  s  ;  and 
as  O  is  the  east  point  of  the  horizon,  and  11  and  R  the 
north  and  south  p>oints  ;  a  hotly  on  the  same  side  of 
the  equator  as  the  spectator  rises  between  the  east 
and  the  north ;  and  a  body  on  the  contrary  side,  be- 
tween the  east  and  the  south,  the  spectator  being 
supjiosed  in  north  hititude  j  and  a  body  in  the  equator 
rises  in  the  east  at  O, 

59.  When  bodies  come  to  d  and  r,  they  are  in  the  Circles  of 
prime  vertical,  or  in  the  east }  heuce,  a  body  on  the  ^pl^jj|*|. 
same  side  of  ihe  equator  as  the  spectator  comes  to  the 

east  after  it  k^s  ri^^n  ;  a  body  in  the  equator  rises  in 
the  east,  and  one  on  the  contrary  side  of  the  equator 
has  passed  the  east  betbre  it  rises.  The  body  which 
describes  the  circle  Hr,  or  any  one  nearer  to  P,  never 
Bets  ;  and  snch  circles  are  called  circles  of  perpetual 
apparition,  and  the  slars  which  deicribe  them  circtim- 
polar  stars.  The  body  which  describes  the  circle  w  H, 
just  become  visible  at  II,  and  then  instantly  descends 
below  the  horizon  ;  but  those  bodies  which  describe 
the  circles  nearer  to  l^  are  never  visible. 

Such  is  the  apparent  diunial  motion  of  the  heavenly 
bodies,  when  (he  spectator  is  situated  any  where  be- 
tween the  equator  and  either  poles ;  and  this  is  called 
an  oblifjue  sphere  ;  because  all  bodies  rise  and  set 
obliquely   to  the  horizon. 

In  the  above  deductions  we  have  supposed  tlie  figure 
to  represent  the  eastern  hemisphere,  and  the  biilies 
to  ascend  througli  their  respective  ares ;  but  it  may 
be  equally  supposed  to  denote  the  western  hemi- 
sphere, only  in  this  case,  these  arcs  will  represent  the 
paths  of  the  body  as  they  descend  from  their  greatest 
altitude  above  the  horizon  to  their  meridian  below  the 
horizon.  And  hence,  it  is  obvious,  that  supposing  a 
body  not  to  change  its  declination,  it  will  be  at  equal 
altitudes  at  eqnal  times  b^re  and  after  it  has  attained 
its  meridian  altitude. 

60.  In  the  preceding  article  we  have  supposed  the  Kk^^t 
spectator  to  be  in  north  latitude,  or,   which  is  the  ^P^"-'*"®- 
same,  the  zenith  of  the  spectator  to  be   between  the 
equator  and  north  pole  ;  and  it  is  obvious,  that  what 

we  have  said  would  apply  equally  to  a  spectator  simi- 
larly situated  in  south  latitude  j  but  when  he  is 
Situated  either  in  the  equator  or  in  one  of  the  poles. 
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the  can  si  derations  become  less  complicated  ;  in  the 
former  case  wc  cull  it  a  right  sphere ^  and  ui  the  latter  a 
parallel  s]>here.  if  the  spectator  be  at  the  equator, 
then  E  coincides  with  Z»  and  Q  with  N,  as  in  {Wg. 
^22)  ;  consequently  also  PP''  coincides  with  HR  j  and 
the  dedtimtiivn  circles  ea,  tm,  which  are  always  paral- 
lel to  the  equator,  are  in  this  case  perpendicular  to  the 
horizon  j  and  as  these  circles  arc  always  bisected  by 
PP',  they  must  now^  be  bisected  by  tlie  horizon  Hll  ^ 
hence  in  this  position  of  the  spectator  all  the  heavenly 
bodies,  which  change  not  their  declination,  will  be 
an  ec|ual  time  above  and  below  the  horizon,  and  will 
rise  perpendicularly  to  it  j  whence  the  denomination 
of  the  right  sphere. 

On  the  other  hand,  if  the  spectator  be  situated 
at  the  pole,  then  the  sphere  will  be  as  represented  in 
fig".  23,  that  is,  we  shall  have  P  coincide  with  Z»  and 
EQ,  with  HR,  or  the  etjuator  will  coincide  with  the 
horizon  ;  and  all  the  paralleLs  of  declination,  fte,  mi, 
described  by  the  heavenly  bodies,  will  be  therefore 
parallel  to  the  horizon  ;  any  body,  therefore,  whicli  is 
above  the  horizon,  and  which  chang^cs  not  its  declina- 
tion, will  remain  constantly  above  the  horizon,  and 
at  the  same  altitude  ;  and  those  wliich  are  below  the 
horizon  will  continue  constantly  below.  Conse- 
quently, a  spectator  at  the  pole  would  never  see  the 
heavenly  bodies  rise  and  set,  but  w^ould  obsen-e  them  to 
describe  circles  in  the  heavens  parallel  to  the  horizon  j 
w^hence  the  denomination  paraUel  sphere. 

GL  We  have  luul  two  or  three  times  occasion  to 
use  the  words,  "  those  heavenly  bodies  which  change 
not  their  declination  ;**  it  may  be  here  proper  to  ex- 
plain to  the  reader,  that  by  tliis  we  mean  the  fixed 
stars  only^  these  being  the  only  celestial  body  that 
are  not  subject  to  a  change  of  declination  j  and  some 
of  these  even  are  liable  to  anch  a  change » it  is  however 
too  inconsiderable  to  be  attended  to  in  this  place.  But 
the  sun,  moon,  and  planets  are  constantly  changing 
their  declination,  in  consequence  of  the  proper  motion 
of  the  earth  and  themselves  j  let  us,  therefore,  now 
bestow^  a  few  w  ords  in  explanation  of  these  cases,  par* 
ticularly  as  regards  the  sun. 

We  have  already  stated  in  our  introduction  (art.27) 
that  by  attentively  obsetVHig  the  stars  which  set  and 
rise  witli  the  suu  during  tire  course  of  the  year,  that 
he  appears  to  have  described  a  great  circle  of  the 
celestial  sphere,  forming  with  the  ecliptic  an  angle  of 
about  '2^*1^*  *^^  more  exactly  23'  28'.  This  circle  is 
called  the  ecliptic,  and  is  denoted  by  the  line  LC,  into 
which  it  is  projected  in  the  three  last  figures ;  which 
circle  cuts  the  equator,  as  we  have  seen,  in  two  points 
called  the  eqiiinoctional  points.  The  sun,  therefore, 
during  one  part  of  the  year,  is  on  one  side  of  the  equa- 
tor, and  in  the  other,  on  the  contrary  side  j  and  by 
this  means  his  rising  and  setting  is  subject  to  all  that 
variety  which  we  have  noticed  in  the  stars  in  the  two 
bemi spheres,  and  hence  the  cause  of  the  different 
lengths  of  the  days  at  different  times  of  the  year,  the 
succession  of  seasons,  and  the  several  phenomena  at- 
tending them,  as  w^e  have  already  endeavoured  to 
explain  in  a  popular  manner  in  the  preceding  intro- 
duction. 

Let  ua  now  endeavour  to  illustrate  the  same  a  little 
more  particularly  by  referring  again  to  our  fig.  2J. 
Here  since  in  the  course  of  the  year,  the  sun  appears 
to  dc  cribe  the  circle  of  which  LC  is  the  projection,  it 


is  obvious  that  he  will  be  sometimes  to  the  north  of     I 

the  equator,  as  in  <y.  at  others  to  the  south,  as  in  p,  ^ 
and  at  others  in  the  equator,  as  at  O-  In  the  former 
ease,  that  is,  when  he  is  in  7,  P  denoting  the  north 
pole,  it  is  obvious,  as  we  have  already  remarked  re- 
specting any  body  describing  the  declination  circle  ae, 
that  he  will  rise  between  the  north  and  east,  attain  to 
the  prime  vertical,  after  he  has  risen,  and  will  be 
longer  above  the  horizon  than  below  it,  which  is  the 
case  in  our  latitudes,  from  about  the  21st  of  March  to 
the  22d  of  September,  these  being  nearly  the  times 
when  the  sun  crosses  the  equator.  On  those  two  daya 
he  rises  in  the  east,  and  is  an  equal  time  above  and 
below  the  horizon  to  every  part  of  the  globe  except 
the  two  poles  ;  and  the  days  and  nights  being  then 
equal,  these  poinis  are  called  the  equinoctial  points, 
and  the  sun  itself  is  said  to  be  in  the  equinoxes.  The 
former  of  these  is  called  the  vernal^  and  the  latter  the 
autummil  equinox.  ^\lien  the  sun  is  on  the  south 
side  of  the  equator,  as  at  p,  then  the  same  remarks 
apply  as  we  have  already  made  with  respect  to  any 
body  describing  the  declination  circle,  mi,  that  is,  he 
will  rise  between  the  south  and  the  east,  and  will  be 
longer  below  than  above  the  horizon,  and  our  days 
will  be  shorter  than  our  nights,  as  is  the  case  from  the 
autumnal  to  ti»e  vernal  equinox,  that  is,  from  about 
the  22d  of  September  to  the  21st  of  March. 

When  the  spectator  is  in  the  equator,  then  the 
sphere  being  right  (see  fig.  23),  the  sun  will  be 
always  an  equal  time  above  and  below  the  horizon  ; 
and  when  the  sun  is  also  in  the  equator,  he  will  rise 
east  and  describe  a  great  circle  corresponding  with  the  j 
prime  vertical,  and  will  be  vertical  over  the  head  of  j 
the  spectator  in  the  middle  of  his  course  :  at  other 
times  he  will  rise  between  the  north  and  the  east  or 
the  south  and  the  east,  according  as  his  declination  is 
north  or  south.  There  is,  therefore,  even  in  these  re- 
gions, a  change  of  seasons  ;  but  as  the  sun  will  dart  j 
his  vertical  beams  upon  every  point  of  the  equator,  twice 
in  the  course  of  one  revolution,  the  inhabitants  may 
be  said  to  have  two  summers  and  two  winters  in  the 
course  of  a  year.  When  the  spectator  is  at  the  pole, 
the  sphere  will  be  parallel  (see  fig.  23),  and  the  sua 
from  the  vernal  to  the  autumnal  equinox,  w  ill  be  con- 
stantly visible  to  the  north  pole,  and  perpetually  hid- 
den below  the  horizon  during  the  other  half  of  the 
year  j  and  the  contrary  for  the  south  pole.  That  is, 
in  the  former,  he  will  be  visible  from  the  time  he 
passes  from  O  to  L,  and  from  L  to  O,  and  be  invisible 
while  he  is  describing  the  other  half  of  the  ecliptic.  At 
each  of  the  poles,  therefore,  the  days  and  nights  arc 
each  half  a  year  in  length.  It  must  not,  however,  be 
understood  here,  that  the  length  of  the  days  and 
nights  are  each  exactly  equal  to  half  a  year,  for  we 
shall  sec  hereafter,  that  the  sun  is  not  so  long  on  the 
northern  as  on  the  southern  side  of  the  equator,  the 
cause  of  which  will  likew  ise  be  illustrated  in  a  subse- 
quent chapter,  At  present,  it  will  be  sufficient  to  ob- 
serve, that  such  is  known  to  be  the  case  from  obser- 
vation. 

62.  We  have  seen  in  our  definitions  that  the  earth  fa^ 
is  considered  as  divided  into  five  zones,  by  referring  idl 
to  the  earth  the  two  polar  circles,  and  the  two  tropica. 
Now  from  what  has  been  above  stated,  it  is  obvious, 
that  to  an  observer  in  either  hemisphere,  in  the  lati- 
tude of  23*  28',  his  zenith  will  coincide  with  the  suxi*i 
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t>«>y«  place  at  noon,  on  that  day  when  it  lias  attained  its 
'^  •  '  greatest  north  declination,  if  the  observer  be  in  north 
latitude  j  or  south,  if  he  he  situated  in  south  liiti tittle ; 
consequently,  in  either  situation,  on  one  day  in  a  year 
the  sun  will  he  vertical  to  the  inhabitants  of  either 
tropic,  and  of  course  to  all  places  situated  between 
them,  except  those  on  the  equator,  who>  as  we  have 
seen,  have  the  sun  vertical  twice. 

Beyond  the  tropics,  either  to  north  or  souths  the 
sun  is  never  vertical,  the  zenith  of  all  such  places 
being'  farther  from  the  equator  than  the  extreme  de- 
clination of  the  sun  or  the  obliquity  of  the  ecliptic. 

Those  who  inhabit  the  two  polar  circles  will  have 
one  day  and  one  nig"ht  of  twenty- four  hours,  or  there 

Iiffill  be  one  day  in  each  of  those  circles  when  the  sun 
'will  not  setj  another  on  which  he  will  not  rise,  as  \^ill 
be  imraediately  obvious  by  referring  to  the  preceding 
lig-ures. 

From  these  circles  to  the  poles  themselvej^  the  sun 
w^ll  be  for  a  greater  or  less  time  above  and  below 
the  horizon,  tiU  in  the  actual  poles,  the  nights  and 
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days  will  be   half  a  year  each,  as  we  have  already      piane 
stated.  Astro  nomyi. 

3,  Synopsis  of  spherical  trigonomeinj.  S^^^^^Ti^i 

€2.  As  in  the  course  of  the  following"  arliclcSj  we  spherical 
shall  have  frequent  occasion  to  refer  to  the  several  *"?onomc- 
cases  of  spherical  trigonometry,  we  conceive  that  it  ^^' 
will  be  very  convenient  for  the  reader  to  have  n  gene- 
ral synoptic  table  of  all  the  principal  results  and 
theorems  belonging  to  this  doc  trine,  the  investigations 
of  which  will  be  given  in  our  Treatise  on  Trigunome- 
try,  Part  L  We  collect  thi^m  here  merely  for  the 
convenience  of  reference,  and  have  chosen  those  only 
which  are  most  gcnenil  in  their  application.  They 
are  snfhcient  for  the  solution  of  any  spherical  pro- 
blem, although,  in  certain  cases,  they  may  not  offer 
the  most  expeditious  mode  of  solution  ;  we  shall  not 
therefore  uniformly  adopt  the  furmulsB  given  in  the 
table,  but  when  a  more  expeditious  form  jircsents  it- 
self, we  shall  avail  ourselves  of  it  ;  in  the  greater 
number  of  cases,  however,  our  solutions  will  be  de- 
duced from  the  tabula  formula. 


For  the  solittion  of  all  thfi  cases  of  right  angled  spherical  triangUs. 


^ 


I 

i 


Giren. 


Required, 


Hypothenuse 
and  one  leg. 


II. 

One  leg  and  its 
opposite  angle > 


IIL 

One  leg,  and  the 
adjacent  angle. 


Angle     ofjposite 
the  given  leg» 

Angle  adjacent  to 
the  given  leg. 

Other  leg. 


Value  of  llie  TenxiB  requireJ. 


sinffivenlee 

Its  sm  =  —r^ nr 

sin  hypoth* 

tan    eriven  leg 

Its  cos  —  '  V  "   1 — ■ 

tan  hypoth 

cos  hypoth. 
Its  cos  =  /^  , 

COS  given  leg 


Hypo  then  use. 
Other  leg. 
Other  angle. 


i   Its  si 
I   Its 
I   Its 


sm  = 


&m   = 


_  sin  given  leg 
sin  given  ang. 
tan  given  leg 
tan  given  ang. 
cos  given  ang. 
cos  given   leg 


Hypothenuse. 

Other  angle. 
Other  leg. 


{tan   riven  leg 
Its  tan  = % -^ 
cos  given  ang. 

Its  cos  =  cos  giv.  Ic^  X  sin  giv,  ang. 
Its  tan  =  sin  giv.  leg  tan  giv.  ang. 


IV. 

Hypothenuse 
and  one  angle* 


Adjacent  leg. 

Leg   opposite  to 
the  given  angle. 

Other  angle - 


Its  tan  =  tan  hyp.  x  cos  giv.  ang. 
V    Its  sin  =  sin  hyp.  x  sin  giv.  ang. 

{ 


Its  tan  ^ 


cot  giv.  angle 
cos  hypothen 


V. 
The  two  legs. 


VL 

The  two  angles, 


Hypothenuse, 

Either  of  the  an- 
gles. 


Hypothenuse. 
Either  of  the  legs. 


Its  cos  ^  rectan.  cos  given  legs 
tan  opposite  leg 


Its  tan  — 


sin  adjacent  leg 


Coses  in  whii  h  the  terms  requir- 
ed nrc  less  tUiin  \\^'\ 


If  the  given  leg  be  less  than 

If  the  things  given   be  of 
the  same  affection*. 

Idem. 


Ambiguous. 

Idem. 

Idem. 


If  the  things  given   be  of 
like  affection. 

If  the   given    leg   be   less 

than  m}\ 
If  the  given  angle  be  less 

than  9(P, 


If  the  things  given  be  of 
like  affection. 

If  the  given  angle  be  acute. 

If  the  things  given  be  of 
like  affection. 


If  the   given    legs   be    of 
like  aflfection. 

If  the  opposite  leg  be  less 
than  90*. 


Its  cos  =  rect.  cot  given  angles 
cos  opposite  angles 


Its  cos  = 


sin  adjacent  angle 


) 


If  the  angles  be  of  like  af- 
fection. 

If  the  opposite  be  acute. 


♦  Angles  or  sides  »rc  of  tliesame  nffcctian  when  they  nre  l>atli  frr(*'Ut!r  or  both  less   than  a  nglit  angle;  ami  in  ttu*  tliinl  eoluxan 
of  uiir  T«ble  wc  have  stated  when  iLc  result  b  of  the  same  afl^ection  with  tkc  things  gireiii  andwhea  it  la  nmbigtious. 
VOL.  in.  3  Y 
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AstfODomy.  la  working  by  logariflims  the  reador  must  4>bier?ie^ 
that  when  the  resulting  logarithm  is  the  log.  of  a 
quotient,  lO  must  be  added  to  the  index ;  and  when  it 
is  the  log.  of  a  product,  10  must  be  subtracted  from 
the  index.    Thus,  when  the  two  angles  are  given, 

log.  cos  hypothenuse  =  log.  cos  one  angle  +  log. 
cos  other  angle  —  10. 

log.  cos  either  leg  =  log.  cos  opp.  angle  —  log.  shi 
adjac.  angle  +  10. 

QuadratUal  triangki. 

In  a  quadrantal  triangle  if  the  quadrantal  side  be 
called  radius,  the  supplement  to  the  angle  opposite  to 
that  side  be  called  hypothenusei  the  other  sides  be 
called  angles,  and  their  opposite  angles  be  caUed  legs ; 
then  the  solution  of  all  tiie  cases  will  be  as  in  the 
above  table  for  right  angled  spherical  triangles. 


Naimu's  onalogimfor  right  aitgletLqAerioal  iri^ 

angUi^  i 

Naper*s  circular  parts  are>  the  oomplementa  of  tta 
two  eagles  that  are  not  right  angles,  the  complnDacat 
of  the  hypothenuse  and  the  other  two  sides  j  that  i% 
denotii^  the  sides  by  a,  6,  c,  and  the  angles  by  A^B^C, 
A  beii^theright  angle,  the  parte  are  90°— a,  90^— B^ 
90^— C,  and  6,  c;  ofthese,  any  one  may  be  the  auddla 
part,  and  the  two  parts  next  adjacent:,  one  to  ekber 
hand  (not  including  the  right  angple)  the  adjaceat^ 
parts  ^  and  the  other  two  the  opposite  parte;  tlmi. 
the  analegle»aie 

red  X  sin  middle  part  =  rectang^  of  the  tangiHiti 
of  adjacent  parts. 

rad  X  sin  middle  port  =  rectangle  of  the  cosineeoC 
the  opposite  parts. 

And  by  making  the  tmasfbrmations  above  explained^ 
these  will  also  apply  to  quadrantal  spherical  triangjtei. 


Tablk  U.     Fbr  the  solu^n  of  obUqtie  angled  spherical  triangleM, 


Given. 


Two  angles  and 
a  side  opposite  to 
one  of  them. 


ReqiUred. 


Side  opposite  to 
other  angle. 


Third  side. 


Third  angle. 


U. 

Two  sides  and  an 
angle  opposite  to 
one  of  them . 


Two  sides  and  the 
included  angle. 


IV. 

A   side  and  the 
two  adjacent  an 
gles. 


The  angle  oppo- 
site to  the  other 
side. 


Angle  included 
between  the  giv- 
en sides. 


Third  side. 


An  angle  oppo- 
site to  one  of  the 
given  sides. 


Third  side. 


A  side  opposite 
to  one  of  the 
given  angles. 


Third  angle. 


Values  of  tlie  quantities  xequired. 


{By  common  ana-  \ 

"  Let  fall  a  perpen- 
\  dicular  upon  the  i 
side      contained . 
I  between  the  giv- 
^en  angles. 

{Let  £dl  a  per.  as  J 
before  "^ 


1  By  the  common  1 

J  analogy.  J 


^  Letfbllaperpen- 
>  dicular  from  the< 
J  included  angle. 

{Let fall  a perpen- ^ 
dicular  as  liefore.  / 


"^  Let&llaperpen- 
>  dicular  fix)m  the< 
J  third  angle. 


rLet&ll  aperpen-n 
<  dicular  on  one  of 
Lthe  given  sides.  ^ 


Sines  of  angles,  are  as  sines  of  opp.  sides. 

Tan  1  seg.  of  this  side  =  cos  adj.  angle  x  tan 
given  side. 

rin  1  seg.  X  tan  ang.  adj.  given  side, 
Sm  2  seg.  =: ' 


tan  ang.  opp.  given  side. 

Cot  1  seg.  of  diis  ang.  =  cos  giv.  side  x  tan  adj, 
ang. 

sin  1  seg.  x  cos  ang.  opp.  given  side, 
din  A.  seg.  x  " 


cos  ang.  adj.  given  side. 


Sines  of  sides  are  as  sines  of  their  opposite  aogleft 

Cot  1  seg.  ang.  req.  =:  tan  giv.  ang.  x  cos  adj. 
side. 

_^co*  1  seg.  X  tan  g^v.  side  adj.  giv.  ang. 
^^' ""  tan  side  opp.  given  angle. 

Tan  1  seg.  side  req.  =  cos  giv.  ang.  x  tan  adj. 
side. 

Cos  2  seg.  =  ^o»  ^  «^g'  ^  ^^  "^^  QPP'  g^'  »°g- 


cos  side  adj.  given  angle. 


Tan  1  seg.  of  div.  side  =  cos  giv.  ang.  x  tan  side 
opp.  ang.  sought. 

^  V*      **^  g^^-  *^-  X  sin  1  acg. 

Tan  ang.  sought  = — ^ —    ■  ^  ,. .. 

^^  sin  2  seg.  of  div.  side. 

Tan  1  seg.  of  div.  side  =  cos  giv.  ang.  x  tan  other 

given  aide. 


Cos  side  sought  = 


cos  side  not  div,  x  cos  2  sqg. 


COS  1  seg.  of  side  divided. 


^  Let&llaperpen-  { 
> dicular  on  the< 
J  third  side.  ) 

{Let  fiall  a  perpen- 
dicular from  one 
of  the  given  aU' 
gles. 


{ 


Cot.l  seg.  of  div.  ang.  s=  cos  giv.  side  x  tan  ang. 

opp.  side  sought. 
^       .,  ,        tan  ^v.  side  X  cos  1  seg.  dir.  ang. 

Tan  side  sought  =  — ^ ^..  .,^ ,    ^ 

°  cos  2  seg.  of  divided  ai^e. 

Cot  1  seg.  div.  ang.  =  cos  given  side  x  tan  other 

giv.  angle. 

^           ,            ,         cos  ang.  not  div.  x  sin  2  seg, 
Cos  angle  sought  == = =. 


sin  1  s^.  div.  ai^e. 
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Table  II. — Coniiuutd, 


Given. 


R«qmrecL 


The  three  fiides. 


Tlie  three  angles. 


An  augle  by  the 
Buie  or  cosmc  o£ 
its  kdf. 


Aside  by  the  sine 
or  cosine  of  its 
half. 


V«li]«  of  tbe  qu&niiliea  reqiurcit 


.  Letcr,  6,  c,  be  ihe  three  sitlea  ;  A,  B,  C,  the  angies  j  6  and  Cj  in  dud - 
I      ing  the  angles  sought,  and  s  =  a  -f  £^  +  c*     Then^ 
1      ..-t,^^    >'"^<^«-^)''iM^-e) 


^ 


>iA=y^ 


sin  h  sin  i \ 
sin  ^  s,  sin  (|  ^  —  «) 
«in  6.  £in  c. 


Let  S  be  the  sum  of  the  angles  A,  B,  Cj  and  B  aad  C  be  adjacent  to 
it,  tlie  side  required  ;  then, 
,    J  ^  /      cos'lScos  (|S-A) 


J       eui  »  XI.  —  ^  J' ^ — r— q 

\  *  V  Sin  B.  sm  C. 

V  '         V  sm-B-smC, 


N 


Table  III. 
Far  the  solutitm  of  all  ihe  cases  o/Qhlique  migkd  spherical  triangles,  hy  the  analogies  of  Napier^ 


Given. 


Required. 


Value  of  tbe  terms  required. 


Two  angles  and 
the  sides  opposite 
to  one  of  them. 


Side  opposite  to 
the  other  given 
angle 

Third  side. 

Third  angle. 


} 


By  the  common  antilogy ;  viz. 

The  sines  of  the  angles  are  as  the  sines  of  the  opposite  sides 

^  tan  I  dif.  giv,  sides  x  sin  |  sum  opp.  ang. 
Bin  I  dif  of  those  angles. 


tan  of  its  half 


{: 


tan  ^  snm  giv,  sides  x  co«  i  sum  opp.  ang. 


By  the  comrnon  analogy. 


cos  ^  dif.  those  iuigles. 


n. 

Two  sides  and  an 
opposite  angle. 


Angle  opposite  to 
the  other  known 
side. 


Third  angle. 
Third  side. 


} 


By  the  common  analogy. 


_  ton  I  dif.  other  two  ang.  x  sin  ^  sum  g^v,  sides 


cot  of  its  half 


{:■ 


sin  I  dif  those  sides. 


_  tan  I  sum  other  two  ang.  x  eos  §  sum  giv.  sides 
cos  I  dif,  those  side^. 
By  common  analogy. 


III. 

Two  sides  and 
tiie  included  an- 
gle. 


The    two    other 
angles. 

Third  side. 


{ 


*   1.^        cot  4  ffiv.  an^le  x  sm  ^  dif.  oven  srdes 

tan  i  dif  =  2JH__ — ^ ?— ~ S- 

sin  I  sum  of  those  sides. 

.  cot  I  siv-  anq-le  x  cos  ^  dif  fi^ven  sides 

tan  4  sum.  =  ^  ^   ~ .-  --   — -f— 

cos  ^  sum  oi  those  sides. 


By  the  common  analogy. 


IV. 

Two  angles   and 
the  included  side. 


The    other     two 
sides. 

Third  angle. 


{ 


,   ,,^  -     tan  i  eriv,  side  x  sm  ^  dif  e:iv,  anMe 

t^n  i  dif,  =  • 2_2^ — .g  , ,^.^-P — 

sin  5  sum  oi  tliose  angles 

-                  tan  i  £riv.  side  x    cos  J  dif  eiv.  ansrlc 
tan  I  sum  —  - — ^^ -^—^ — ^ ^!^ 


By  common  analogy. 


cos  I  sum  of  those  angles. 


The  tliree  sides, 


Either  of  the  an- 
gles. 


Let  fall  a  perpendicular  on  the   side  adjacent  to  the  angle  sought  j 

r  tan  ^  sum  or  |  dif  of  the  seg-  »  _  tan  ^  sum  x  tanl  dif  of  the  sidaa 
i  ments  of  the  base  / 

Cos  angk  sought  =  tan  adj.  seg.  x  cot  adj.  sides 


Ian  ^  base. 


Vh 
The  tltree  angles. 


Either     of      the 
sides. 


{ 


These  will  be  determined,  by  finding  the  corresponding  angle,  by  the 
last  case,  of  a  triangle,  whicli  has  all  its  parts  supplemental  to 
those  of  the  triangles,  ivliose  three  sides  are  given. 

"'      "  3    y    2 


^ 
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Abtronomj.  4.  Prchlemi  relative  to  the  determtnation  of  the  pen* 
^«9rv^*^  '^  ^  ^  ^^^o'f*^^  bodies. 

nibg  and      63.  It  is  obvious  from  what  we  have  stated  relative  to- 
■Jf^*^'^    the  position  of  the  different  circles  of  the  sphere^  that 
J-  boSoT'  ^^^  ^^  ^^®  °^^  important  data  in  the  solution  of  as- 
tronomical problems  is  the  latitude  of  the  place  of  the 
observer^  from  which  the  zenith  Z  in  the  preceding 
figures  is  determined.    This  may  be  found  as  follow. 

PaOBLBM  I. 

Tojind  the  latitude  of  any  place  on  the  earth's  surface. 

To  deter-  !•  Observe  the  altitude  of  the  pole  above  the  hori- 
ndne  the  zon  of  any  place,  and  that  altitude  will  be  equal  to  the 
Utitadeof  latitude. 

the  place.  rpj^^  latitude  of  any  place  on  the  earth  is  measured, 
by  the  arc  EZ,  that  is,  by  the  arc  subtended  between 
the  equator  and  zenith.  But  £Z  +  ZP  =  90^  and 
ZP  +  PR  =  W ;  whence 

EZ  +  ZP  =si  ZP  +  PR 
Consequently  £Z  =  PR 
That  is,  the  latitude  of  any  place  is  equal  to  the  ele- 
vation of  the  pole  above  the  horizon  of  that  place. 
^^•"^       The  elevation  of  the  pole  above  the  horizon,  may 
2^^^.  be  practically  determined  by  observing  the  greatest 
polar  ttara.  uid  least  altitude  of  any  of  the  circumpolar  stars,  and 
taking  half  the  sum  of  the  two  altitudes  $  the  proper 
corrections  being  made  for  refraction,  parallax,  &;c. 
according  to  the  principles  explained  in  a  subsequent 
chapter. 

For  let  sff,  fig.  81,  represent  the  circle  of  declina- 
tion described  by  any  circumpolar  star,  then  Rx  will 
be  its  greatest  meridian  altitude,  and  Hy  its  least,  and 
it  is  obvious  that 

RP  =  I  (Ry  +R*) 

By  obser-        2.  The  latitude  may  also  be  found  by  observing  the 

^atiooa  on   altitudes  of  the  sun  when  he  has  attained  his  greatest 

^^  "'"^       north  and  greatest  south  declination.     Half  the  sum 

will  be  the  elevation  of  the  equator  above  the  horizon, 

and  the  complement  of  that  angle  the  latitude  of  the 

place  of  the  observer. 

'  Referring  to  the  same  figure,  let  e  a  be  the  declina- 
tion circle  described  by  the  sun  when  he  has  the 
greatest  north  declination,  then  cH  will  be  his  great- 
est altitude  on  that  day  ;  let  st  in  like  manner  be  the 
declination  circle  described  on  the  day  when  he  has 
the  greatest  south  declination ;  then  M  e,  will  be  its 
meridian  altitude  on  that  day  ;  and  since  £  e  =  £«,  it 
is  obvious  that 

HE  =J  (He  +  H*) 
,  And  90*  —  HE  =  EZ  the  latitude. 

64.  It  is  obvious,  also,  from  what  is  stated  above, 
and  referring  to  our  definition  of  the  obliquity  of  the 
ecliptic^  that  this  angle  is  measured  by  half  the  arc 
se,  that 

j  (He  —  H^)  =  the  obliquity  of  the  ecliptic 

Pboblem  n. 

Tojind  the  time  of  the  rising,  setting,  8fc,  of  the  heavenly 
r'  bodies. 

To  find  tlie      65.  Let  the  proposed  body  be  the  sun,  and  let  us 
timeofris-  suppose  that  its  declination  remains  constant  during 
its  passage  from  one  meridian  to  the  other,  and  that  a 
clock  is  adjusted  to  go  24  hours  during  this  one  appa- 
rent revolution  of  the  sun,  and  moreover,  that  the 


clock  shows  19  exactly,  when  the  sun  is  on  the  men-  I 
dian  -,  to  find  the  time  of  its  rising,  and  its  azimMih  at  A* 
that  time;  the  latitude  of  the  place  and  the  deelSmiikm  ^ 
of  the  sun  being  given. 

Referring  to  fig.  S4,  and  comparing  it  with  what  Fig, 
has  been  stated  with  reference  to  fig.  21  (art.  59,)  il 
i^pears  that  the  sun  rises  when  ^it  comes  to  b^  that 
it  is  twelve  o*clock  when  the  sun  is  upon  the  meridian 
at  e,  and  that  the  whole  circle  aea  is  described  in  M 
hours  i  that  is  uniformly  at  the  rate  of  VV^  ^  15^  per 
hour  I  to  find  the  time  of  rising,  therefore,  we  have 
only  to  compute  the  angle  ZP6,  and  to  convert  it  into 
time  at  the  rate  of  15*  to  an  hour  in  time ;  and  to  find 
its  azimuth  fit>m  the  north  we  must  compute  the  an* 
gle  RP6,  for  which  computations  we  have  the  fol- 
lowing data  : 

6Z  s=  90°,  £e  =s  declination  $  eP  =s  Pfrco-decUnatum 
£Z  =:  latitude  -,  ZP  =  co-latitude 
Hence  in  the  triangle  ZP6,  we  have  the  three  ndea 
given  and  one  of  them  Zb  =s  90°,  to  find  the  an^ie 
ZP6.  This  case  may  therefore  be  solved  by  our  mh. 
form  in  the  preceding  Table  U.  for  oblique  aneled 
triangles,  but  one  of  the  sides  being  90°,  it  vnu  be 
more  readily  solved  by  means  of  Napier's  analogy  ; 
viz. 

rad  :  cot  5P    : :  cot  ZP  :  cos  ZPb  =  hour  anglo 
or  rad  :  tan.dec  ; ;  tan.lat :  cos  ZPb  =  hour  angle 

Exam.  1.  Let  us,  for  example,  suppose  the  latitiufe 
of  the  place  to  be  52°  13^  north ;  the  declination  9SP 
28^,  to  find  the  time  of  sun's  rising. 
By  the  above  analogy, 

rad... 10-0000000 

tan2d°28'..   96376106 

tan  62°  13^.10-1105786 


Cos  124°  a' 


97481892 


IDg^,  &C 


(taking  the  Supplement  of  the  tabular  ai^;le  55°  58% 
the  angle  being  obviously  greater  than  90^) 

According  to  either  solution,  therefore,  we  have  the 
hour  angle  =  124°  2% 
which  converted  into  time  gives 

15°  :   124°  2^  :  :   Ih.  :  8h.  :   19}^  time  from  noon 
consequently, 

h.    m.     //• 

12    O    O 

8  19j[  O 

3  40§  0  the  time  of  rising 

That  is  in  the  latitude  52"  13%  on  the  longest  day,  or 
when  the  sun  has  23°  28^  north  declination,  he  will 
rise  at  3h.  40jm. 

To  find  the  azimuth  from  the  north,  we  have  in  the 
same  triangle  the  same  data  to  find  the  angle  FZb, 
which  is  the  measure  of  the  azimuth  sought.  This 
may  therefore  be  determined  by  means  of  our  form  5, 
oblique  spherical  triangles  -,  but  more  concisely  by 
the  following  analogy  : — 

sin  ZP  :  rad.  : :  cos  6P  :  sin  PZ6  =  azimuth. 

Hence       ar.  com.  cos  52°  13' 0*2127683 

rad .100000000 

sin  23  28 9  6001181 

cos  49°  32'  azim 98128864 


A  S  T  R  O  N  O  ^f  Y. 


**y*      £xAM.  9.  Let  it  be  reqiiiretl  to  determine  the  time 
^^  of  sun  rising  at   the  same  place,  lat,  52^  13'  on   the 

^fith  of  February,   IHIB. 

The  declination  on  thi'*  day  by  nautical  aluKmack 

IB  9'^  II5'  south.     Consequently,  referring- lo  the  same 

I  fig.  54,  1/  =99''  II ^^      Hence,   theu,   in  tlie    Iriun- 
g^le    ZFh\  we    have    as  before,  ZP  =  vn.  lat.  —  37* 
47',  P^'  codec.  99*  Hi',  Z  6'  =  OfT     Whence-  as  in 
the  former  case, 
rad 1000CX)000 
Un  dec.  9' 111' ,   9  2090197 

tan  sr  13'    , , 10  1105786 

cos  77*  57'  hotir  angle, .    9  31959S3 

This  converted  into  time  gives  51i,  l^m.  from  noon  j 
whicli,  taken  froai  1'3  hours,  gives  G\\.  48nK  for  the 
■^time  sought. 

B  Problem  III. 

H        Tojind  the  suns  altitude  at  6  o'clock^  azimuth,  ^r. 

»        66.  Here,  since  PP'  (fig,  £5)  bisects  ea,  it  is  clear 

that  the  sun  will  be  at  Cj  at  6  o'clock  j  and  we  have 

therefore,  in   this  case,  the  hour  ans:!e  ZPc  =  90* 

^jpven,  and  the  two  sides  ZP,  Pc,  to  find  Zc,  the  co- 

^  altitude  j   that  is,  two  sides  and  the  contained  angle 

are  given  to  find  the  third  .side.      Whence,  by  our 

'fifth  form   for   right-angled    sjdicrical   triangles,  we 

have 

_         cos  ZP  X  cos  Pr 

cos  ZC  = -; 

rad. 

^Or,  which  is  the  same,  (adopting  the  data  of  the  first 
nof  the  preceding  examples,) 

rad , lOOfKXXXK) 

'  sin  lat.  59*  13' 9'S9TS10:i 

sin  dec.  ^"28' 9CU01  ISl 

sin.  alt.  16"  21' 9'4979284 

67.  To  find  at  what  time  in  the  day  the  sun  will  be 
east  and  west  ;   tluit  is,  in  the  prime  verticiil,   and  its 

*  altitude  at  that  time  y  tiiking-  the  latitude  of  the  place 
5^  12'  35"»  and  the  sun's  declination  SJ""  2H', 
Here,  taking  ZP  to  denote  the  co- latitude  =  37* 
47''95"P6the  co-declination  5  and  the  angle  6  ZP 
being  90"^,  we  have  the  two  sides  ZP,  P  b,  of  the 
right-angled  s[)herical  triangle  />ZP,  and  the  angle 
b  ZP,  a  nght  angle,  to  find  the  hour  angle  ZP&;  and 
the  co*altitude  Z  />, 

liy  preceding  Table  1»  form  1, 

_  ,  cos  P  b      sin  dec. 

cos  Zb     ^  ^77:=  — — ; —  =  sin  alt. 

cos  ZP      sin  lat. 

^  '/o  I        ^^  ^^      cos  lat. 

B  cos  ZP 6  =      -,--  = -—  =  hour  angle. 

■^  tan  lb       cos  dee. 

^^K  sin  dec.  9T  2B^  =9  GOO  1181 

^^H  sin  kit.  52'  12' 35"  =:  9  8977G95 

^^r .  sin  alt.  =  30^  15'  31"   9  702348G 

Again^  cos  lat.  52'  ]2'  35"  =    9.8995301 

cus  dec.  23  28  =  10  3023^94 

cos  hoiir angle  -  70^  19'  44". . . .    9*5371407 
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Whicii,  converted   into  tlmCj  gives  4hr4l' 19^ 
apparent  noon. 

(j8.  Given  the  latitude  of  the  placet  the  sun*:s  decli- 
nation ;  and  altitude  to  find  the  hour  and  azimuth. 

Here,  referring  to  tiie  same  figure,  we  ivave  the 
co-latitu<le  ZP,  the  co-altitude  Z6,  and  the  co-decli- 
nation P/i  to  find  the  hour  angle  ZP/^,  and  the  azi- 
muth PZ  b.  That  is,  in  a  <sipherical  triangle,  we  have 
three  sides  to  find  the  angles. 

Whence,  calling  the  sum  of  the  tliree  sides  s^  we 
have,  by  form  5,  of  our  Table  II., 

4cosZPfi=       /f^-hs^lnjl.^ZJ^ 
^  V     I  s^inZP.sin  P6         | 

Let  the  latitude  be  34'  55^  the  declination  22*  22' 
57"  N,  the  altitude  36"  59' 39".  Then  ZP  —  55^'  5', 
Z  6  =  53"  O'  21",  P6  =  67*  37'  3".  Hence  the 
operation, 

l*b  =  G7*  37'  3"  sin arith, comp.  00340191 
ZP  =  55  5  O  sin  arith.  comp.  0*0661939 
Z6^53     O  21 


rianc 
Aatn>tMJttiy, 


AziinuUt 
nnd  lioitr. 


sum   175 

42  24 

sin  = 
sin  ^ 

4  ^       «7 
Z  6      53 

51    12 

0  21 

99996942 
97.'>69320 

-Z6=34 

50  51 

2)19-8768392 

I  cos  ZP  6  =  29''  47'  44''  =    9  9384 1 96 
Hence,  ZP  6  =  .^9"  35'  28",  which,    reduced   to 
time,  gives  3h-  58' 22"  the  time  from  apparent  noon. 
In  the  same  manner 

1         T>^  k  /  i-sinf  g.  sin  (js  —  Vb)  y 

§  cos  PZ  6    =     4  /     J   >        r,   r  .        r/n *   > 

^  VI        sm  Z  &  .  sm  ZP        / 

The  numerical  Solution  of  which,  we  leave  as  an  exer- 
cise for  the  reader* 

69.  By  means  of  the  azimuth  determined  as  above,  Mcddiia 
it  will  not  be  diflRcult   to  draw  a  meridian  line*  by  hac. 
simply  determining  its  position,  so  as  to  make  the  re- 
quisite angle  with  the  direction  of  the  sun  at   that 

time.  This,  however,  of  course  supposes  that  the 
altitude  of  the  sun  luis  been  properly  correctetl  for  re- 
fraction and  paridlax,  which  being  subjects  we  have 
not  yet  touched  upon,  we  merely  indicate  the  principle 
of  the  determination,  and  shall  leave  our  further  dis- 
cussion on  it  to  a  subse(pient  chapter, 

70.  In   the  preceding   examples  relative  to   those  Error  la  i 
questions  in  which  the  altitnde  is  supposed  to  be  de-  titudc* 
termined  from  observation,  it  is  obvious  that  we  not 

only  suppose  the  requisite  corrections  to  have  been 
applied,  but  also  that  ihe  observation  is  made  without 
any  appreciiible  error  ;  but  as  such  error  is  ea^sily 
made,  particularly  if  the  instniment  be  not  of  the 
most  perfect  construction,  it  may  not  be  amiss  to 
ascertmn  what  elFect  any  such  error  i^ill  jiroduce  in 
the  computed  time,  and  the  azimuth  the  sun  ought  to 
have,  so  that  an  error  in  altitude  shall  produce  the 
least  error  in  time  j  we  propose  therefore  the  follow- 
ing problem. 

Problem  IV. 

Giren  the  rrror  in  aUitude  tojind  the  error  in  time, 

71.  Let  EQ,  fig.  26,  represent  the  equator,  Pthepole,  ^^^^^^ 
a  e  the  parallel  of  declination,  in  which  the  sun,  or  Fig.  26L 


530 


ASTRONOMY. 


Aatronomy*  any  other  Heavenly  t>ody  is  on  the  day  of  ohserviition  ; 

'  and  lot  r  be  real,  and  s  the  apparent  place  of  the 
body,  or  r  s  the  error  in  altitude.  Draw  m  s  parallel 
to  the  horizon  ;  from  Z,  the  zenith,  draw  Z  m,  Z  r ; 
and  from  P  the  pole,  the  meridians  P  m  p,  Pr  9,  to 
pass  thrnng:li  m  r,  and  to  ciit  the  equator  in  the  points 
p  7,  then  m  and  r  will  be  tlic  real  nnd  a|iparent  places 
of  the  body,  on  the  parallel  of  declination  ;  and  the 
arc  m  r  on  that  circle,  ur  the  arc  p  ff  on  the  equator, 

*vvill  measure  the  angle  w  P  r,  the  corresponding^  error 
in  time.  Now  the  triangle  m  x  r  heing-  of  course  ex- 
ceedingly ginall,  it  may  be  regarded  as  a  rectilinear 
right-angled  triangle,  right  angled  at  s  ^ 

-  and  beace  we  h»ve 

r  r  :   r  m  \\  sin  » m  r  :  rad, 
by  spherics  mr  i  p  q   \\    cos  q  r  :  lad. 
Multiplying  these  together^  rejecting  the  likse  £ictor»j 
we  have 


$  r 


Whence 


P^ 


6in  f  m  T  cos^  r 

rmi;» 


riidJ» 


pq^iT  X 


sm  s  m  T  *  cos  7  r 
But  ZrP  =  ^mr,*rm  being  the  complement  of  «ach, 
and  sin  Z  r P=  (sin  smr)  ;  gin  FZ  ; ;  sin  rZP  :  ain  Pr 
Consequently, 

mnamr  .  sin  Pr  =  sin  im  r  ,  cos  qr  ^sin  PZ  .  sin  rZP 
Whence,  substituting  for  the  denominator  in  the  above 
expression,  its  equivalent  in  the  last,  %vc  have, 
rad:^  r  s 

sin  PZ  '  3in  r  ZP      cos  lat.  sin  rZP 
taking  radius  —  1. 

Hence,  since  all  the  qnantities  in  this  expression 
are  supposed  to  be  given,  except  sin  r  ZP,  it  is  obvi- 
ous, that  p  q  w  ill  cojterii  paribm  be  the  least,  M'hen 
sin  r  ZP  is  the  greatest,  or  when  the  a/Jnuith  Is  the 
greatest;  that  is,  when  the  body,  whose  altit4ide  is 
observed,  is  in  the  prime  verticid  :  it  is  best,  there- 
fore, to  dedtice  the  time  from  an  observation^  when 
the  body  is  in  or  near  that  circle. 

As  an  example  in  nnmbers,  suppose  the  latitude  to 
be  52'  12'  3.y'  j  the  declination  15  24' 25'' 5   and  the 
altitude  as  corrected,  4iy* ;  required  the  error  in  time, 
supposing  an  error  of  1"  in  the  altitude. 
This  gives 

1'  X  1 : r—  —  1^882 

cos  lat.  sin  azmi, 

which  answers  to  7-528  seconds  in  time. 

Again,  supposing  the  azimuth  to  be  46*  22',  the 

latitude  52*  12',  and  the  error  in  altitude  1',  we  have 

=  2'.334  of  a  degree  =  9".336  in 


time 


.ei2  X  Mm 


Timp  of  the  72.  By  means  of  this  solution,  we  may  ascertain 
8un  ascend-  the  time  in  which  the  sun  will  pa^s  cither  the  horizon- 
mgthrougli  ^^^  or  vertical  ^dre  of  a  telescope  :  we  have  seen*  for 
mstance,  that  the  time  durmg  which  the  sun  will 
ascend  through  any  small  altitude  =  r  a-,  or  the  arc 
that  he  will  describe  when  referred  to  the  equator 
during  that  time,  is 

rs 
^^~  cos  lat.  sinr  ZP 


an  arc  I'qual 
to  its  dia- 
meter« 


in  which,  substituting  <i"  the  apparent  diameter  of  the 
sun  in  seconds  for  r  $,  this  becomes  j 


cos  lat.  sin  *  azimuth 


consequently. 


=  time  in  seconds. 


i 


15  .  cos  lat.  sin  .  nziin. 

73.  To  find  the  time  in  which  the  sun  wiU  pass  Tm 
over  the  vertical  wire,  we  may  take  mr  to  denote  the  P" 
apparent  diameter  of  the  sun  ;  then,  as  the  seconds  10  ^ 
m  r,  considered  as  a  small  circle,  must  be  increased 
in  proportion  as  the  radius  is  diminished  ;    (because, 
when  the  arc  is  given,  the  angle  is  inversely  as  the 
radius,}  we  have  ^^m 

sin  Vr^  or  cos  .  dec.  :   rad  "  ^"the  seconds  ia  miv^^ 
considered  as  a  great  circle,  to  the  seconds  in  the 
same  considered  as  a    small  circle,    which   are   the 
seconds  m  p  q  ;  whence 

rad.  iV'  ^,  _ 

pn-^ , —  =  <r'.  sec.  dec. 

cos  dec. 

and,  consequently, 

^'  X  sec.  dec, 

the  tmie  = 


16" 

Hence  pq  =  d'^  gee.  dec,  expresses  the  sun*s  diame 
in  rig^lit  ascension.     If  therefore  we  assume  his 
rent  diameter  at  32'  =  IS)20'',  and  its  declitiaUon  1 
its  right  ascension  is 

1920"  X  sec,  20'  =  34'  2"  .  88 
which,  divided  by  15,  will  give  the  iame  in  time. 

In  the  Nautical  Almanack  a  column  is  given  for  ia^ 
dicating  the  time  in  which  the  semi-diameter  of  tli 
sun  passes  over  a  vertical  wire,  by^  means  of  which'i 
single  observation  on  either  limb^  may  be  referred  U$i 
the  centre* 

Problem  V. 

To  find  the  time  when  the  apparent  diurnal  motum  of  a 
fia^ed  star  U  perpendlcid&r  io  ihc  hofiztm* 

74.  LetJ-^  (fig.2G)  be  the  parallel  of  declination  de- 
scribed by  the  star  5  draw  the  vertical  Z  A,  touching  it 
at  o  J  then,  when  the  star  arrives  at  0,  its  a|ipareiit 
motion  will  be  perpendicular  to  the  horizon  ;  the  two 
circles  hai  iug  in  the  point  0,  a  common  tangent.  And 
Z  0  P  is  a  right  angle,  '^ve  have 

rad  ;  tan  o  P  ; ;  cos  FZ  I  cos  ZP  0 
that  is,      rad  :  cos  dec. ; ;  tan  lat.  ;  cos  ZP  o 
w^hich,  converted  into  time,  gives  the  time  ^m 
star's  being  on  the  meridian  ;  the  latter  therefore  be 
supposed  knowni,  the  former  is  readily  deterHuned. 

PROBLEM    VL 

Given  the  right  ascension  and  declination  of  a  ketwmlf  ] 
LiMlif,  and  the  ohUquihj  of  the  ecliptic ,  to  find  its  latiiiidg\ 
and  longitude. 

75.  Let  5  (fig.  27)  be  the  body.  VC  the  ecliptic,  VQ,y,| 
the  equator,  the  angle  QVC  denoting  the  ^iveu  angle  noM 
of  the  obliquity  of  the  ecliptic  ;  let  s  V  be  joined  by  ^M 
the  are  of  a  great  circle  s  V,  and  let  fall  the  perpendi-  W 
cuiars  sp,  s  r ;  then  it  is  clear,  from  our  definitions,^ 
that  Vp  will  be  the  right  ascension  of  the  body  s^  s  p 
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■y*  its  declinatlon,  T  r  its  lon«^twle,  and  s  r  its  latitude  : 
■^  we  have  therefore  ^iven  tlieV/j,  sp,  and  the  angle 

p  V  r  to  find  V  r,  and  rs. 

Now,  first   in   the   ng:bt-angled    spherical  triangle 

V^  Sj  we  have,  by  foroj  5^  Table  L 

tan  s  p 
tan  *  V  p  =  -- — 37— 

5in  V  p 

wlicnce  the  angle  s  V  p  becomes  known^  and  conse- 
quently also  5  V  r,  because 

jVr  =  jVp+pVr 
Again, 

cos  V  s  —  cos  \'p  ,  cos  p  s 
whence  V  s  also  becomes  known. 
Therefore,  in  the  right-angled  triangle  rV«,  we  have 
the  hypothenuse  V  j,  and  the  angle  rV^  to  find  the 
two  sides  V  r,  r  s: 

which,  by  our  form  4,  Table  L  are  determined  as 
£bllows  r 

tan  V  r  =  tan  V*  X  cos  *  Vr  =  tan  long:, 
sin  s  r  —  sin  V  j  x  sin  j  V  r  ==  sin  lat. 

In  like  manner,  the  right  ascension  and  declination 
of  any  body  may  be  fonnd,  when  its  latitude  and  longi- 
tude are  given  ;  but  gencnilly  the  problem  is  to  de» 
termine  the  latter  from  the  former,  these  being  first 
ascertained  from  actual  observation  ;  it  is  thus  the 
tables  of  the  latitudes  and  longitudes  have  been  com- 
puted. 

But  as  both  the  ecliptic  and  the  equator  are  subject 
to  a  change  in  their  positions,  the  right  ascensiouj 
declination,  latitude,  and  longitude  of  all  the  fixed 
stars  are  constantly  varying,  and  therefore  those  tables 
formed  for  any  particular  epoch,  will  not  answer  cor- 
rectly after  a  certain  time  \  the  annual  variations, 
however,  being  computed,  their  right  ascensions ^  &c. 
may  be  detennined  for  any  proposed  time,  as  will  be 
heci^fter  e:Lplained. 

^B  &.     Of  the  crepusculum,  or  twilight, 

1^  7^-  Tli<^  crepusculum,   or  twilight,    is  that   faint 

light  wbk'h  is  perceived  before  the  rising  of  the  sun, 
and  after  its  setting.  It  is  occasioned  by  the  terres- 
trial atmosphere,  refracting  the  rays  of  the  sun^  and 
reflecting  them  amongst  its  particles. 

The  depression  of  tlie  sun  below  the  horizon,  at  the 
bcg^inning  of  the  morning  and  at  tbe  end  of  the  even- 
ing twilight,  has  been  variously  stated  at  different 
aeosODS,  and  by  different  authors  j   for  example, 

^B  Alhazen  observed  it  to  be IB^ 

■  Tycho  .  _ ,    17*=' 

H  •  Rothman     _..... 24** 

H  Stcvinus 18® 

^H  Ca^sini 15° 

^B^^       Riccioli,  at  the  equinox     16^ 

^^^^^  symmer  solstice  . .    2\° 

^Bt^f  w  inter  solstice    . .    17^^ 

^BoSt  we  more  commonly  now  in  our  latitudes  assume 
H  It  1S~  }  the  same  both  for  morning  and  evening  and 
H|  for  all  seasons  of  the  year. 

Problem  I, 

Given  the  latitude  of  the  ptnce  and  the  mns  dedbiation, 
tofml  the  time  when  iwUight  begins. 

77*  Here  S  denoting  the  place  of  the  sun  when  twi- 
light beginSj  we  huve  in  the  triangle  ZPS^  (fig.  *28) 


ZS  =  90°  +  IS*^  =s  108^,  the  co-latttiide  ZP,  and     Pl*"ic 
the  co-declination  PS»  to  find  the  hour  angle  ZFS  from  Astrooomy, 
apparent  noon. 

Having  thus  the  three  sides,  the  angle  required  may 
be  found  bv  our  fith  form.  Table  II.  ;  tiiat  is,  assuag- 
ing ZP  +  *ZS  +  PS  =  * 

/sin  X^.  sin  (|  s  -  ZS) 
1  cos  ZPS  =    y/  _-_-p-Jj-^,^_ 

"WTience  the  angle  ZPS  may  be  determined,  and  con- 
sequently the  time  from  apjmrent  nooiL 

pROBIiElt  II. 

Giteti  the  latitude  of  the  place  to  find  the  time  and  dufO^ 
tion  of  the  shortest  twilight 

78.  Let  P  fie:,  m,  denote  the  pole,  Z  the  zenith  of  the  T'™*  ^^ 


observer,  S  the  sun,  1 8"  below  the  horizon  ZS  =  90^ 
-f  18°  =  108''.  or  more  generally,  =  90^  -|-  2a, 
where  we  suppose  the  twilight  to  begin  when  the  sun 
is  %a  degrees  below  the  horizon  j  or  that  the  observer 
whose  zenith  is  Z,  will  then  sec  tlie  commencement 
of  the  nnorning  twilight. 

Now  in  consequence  of  the  diurnal  rotation,  tlie 
declination  circle  PS,  turning  about  the  axis  wiU  brini^ 
the  sun  from  S  to  S',  in  the  horizon,  or  wliiuh  is  the 
same,  the  zenith  Z  will  approach  nearer  to  S,  by  de- 
scribing about  P  the  little  circle  Z  »iiQ,  such  tltat  the 
distances  Zm,  Pm,  P6,  PQ  are  all  equal. 

When,  therefore,  the  zenith  sliall  have  descended 
from  Z  to  any  point  wi,  such  that  mS  ==  90*^,  the  sun 
will  appear  at  90°  from  the  zenith,  the  day  will  com* 
mence  and  tlie  twilight  terminate.  And  the  arc  Zm 
of  the  small  circle  will  be  the  measure  of  the  angle 
ZPm,  and  consequently,  of  the  duration  of  the 
twilight. 

In  order  to  determine  this  angle,  draw  the  arc  ZB/71 
of  a  great  circle,  and  to  its  middle  B  the  perpendicular 
arc  PB,  then  will 

sm  J  ZPm  =  sm  ZPB  =  — t^zc;^-  —  — — ^1 

^  sm  FZi  cos  lat* 

now  in  the  spherical  triangle  Z  m  S,  wc  have 

Sm  +  mZ  7  ZS,  or 

90''  -\-  mZ  7  W  +  2rt 

consequently,  m  7j  7  ^^i  and  J  m  Z  7  a 

Let  I  ifi  Z  ^  a  +  Jt^ 

then, 

.      ,  „^  ain  (a  -h  x)       sin  a  cos  x  -h  sinr  cos  n 

sin  I  ZVm  ^  i— J— — = r-^ 

^  €09  latt  COS  lat. 

sin  a  -h  cot  a  sin  x  —  !2  sin  a  sin  ^^  t 

~^  cos  lat. 

because,  1  -^  cos  x  =  2  sin  '|  r  (See  Trigonometry) 
Now  the  last  expression  is  equivalent  to 

sin  a        ^Bm\  X  (coa  41  4- 1  ^) 
cos  lat.  cos  lat. 

And  here  ^  x  is  essentially  positive,  and  a  and  ^  r  small 
angles,  such  that  a  +  ^  x  z  90"^,  Whence  the  latter 
part  of  the  expression  will  be  positive,  and  we  shall 
have 


shorteft 
twilights 


ain  I  ZPw*  ^ 


&in  I  ZP/71  7 


sm  a 


cos  lat. 

It  is  further  evident  that  the  twilight  wiU  be  longer 
as  X  is  greater,  and  shorter  as  r  is  less,  and  that  it 
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Aitraaoiiij.  wfll  be  the  shoiiett  possible  when  « is  %ero;  because 
^M-^V"^*^  in  that  case,  the  second  member  of  the  second  side  of 
the  equation  will  vanish. 

But  this  is  what  occurs  when  the  triangle  ZmS  is 
reduced  to  the  arc  ZS,  that  is,  when  the  point  m  fidis 
on  b,  or  when  the  distance  PS  is  such,  that  the  part 
Zb,  of  the  vertical  ZS,  lying  within  the  small  circle 
ZmQ  is  equal  to  8a«  and  the  exterior  part  bS  =  901^. 
It  is  also  manifest,  that  if  PS  increases,  the  opposite 
angle  PZS  will  in  like  manner  increase,  and  that  on 
the  contrary  that  angle  will  diminish  as  PS  diminishes. 
In  these  variations,  the  point  m  will  approach  to  or  re- 
cede from  Z,  the  intercepted  part  &Z  wUl  vary  between 
the  limito  0  and  ZQss%  PZ.  Thus  the  intercepted  part 
may  have  all  values  from  0  to  S  (90^  —  lat.)  =  180° 
-*  2  lat.  and  consequently  may  have  the  value  8  a : 
hence  in  the  csise  where  Zb  s  ra,  and  bS  =s  90°,  the 
shortest  twilight  will  obtain ;  and  the  semi  duration  in 
d^Bprees  will  be  found  by  means  of  the  equation 

.    «.«««*        8in  a 

sin  ZPB  =s r—  =  sin  a  sec  lat. 

cos  lat.  " 

Whence  the  duration  in  time  is  readily  determined. 

79.  Other  theorems  are  dedudble  from  the  same 
construction  and  investigations ;  for  on  the  arc  Zfr  as 
So,  and  with  the  complement  of  ZP  of  the  latitude 
Wig,  39.  constitute  the  isosceles  triangle  ZPb,  (fig.  S9)  and  let 
fidl  the  perpendicular  IVn;  then  ZP&  will  be  the  angle 
which  measures  the  duration.  Prolong  Z6,  till  68  s 
90°,  ami  draw  the  arc  PS  in^ich  will  be  the  sun*s 
eo-declination  for  the  day  of  the  shortest  twilight. 

Now, 

^      cos  PZ      cos  PS 
cosmF  = 


sin  mPS  = 


sin  Sm      sin  (90°  +  a)         cos  a 


i*tad« 


Wherefore, 


or, 
or. 


cos  Zm      cosmS 

cos  Zm  :  cos  mS  : :  cos  PZ  :  cos  PS 

cos  a     1  cos  (90^  +  a)  t  sin  lat.  t  sin  dec. 

cos  a     I  —  sin  a '  *  sin  lat.  I  sin  dec. 

whence,  sin  dec.  sss sin  lat.  =  —  tan  a.  sin  lat . 

cos  a 

Again,  in  the  right  angled  triangle  ZPni,  we  have 

tanZiii=  cosZtanPZ 
and        cos  Z  =  tan  Zm  cot  PZ  =  tan  a,  tan  lat. 
Now  the  angle  Z  or  PZm  is  the  sun*s  azimuth  at  the 
commencement  of  the  twilight,  and 

PZ6  =  P6Z  =  180°  -  P6S 
But  FbS  is  the  sun*s  azimuth  at  the  instant,  when  his 
<!entre  is  upon  the  rational  horizon ;  wherefore  the 
-suns  azimuth  at  the  beginning  and  ending  of  the  twilight 
are  suppkmenti  to  each  other  on  the  day  of  the  shortest 
twilight. 

Hence,  since     cos  PZS  =  tan  a.  tan  lat. 
we  have  cos  P6S  ==  —  tan  a.  tan  lat. 

IBoursngle.  ^'  ^^  ^^^^  manner  Z6S  and  6PS  are  the  hour  angles, 
at  the  beginning  and  end  of  the  twilight ;  let  the  for- 
mer be  denoted  by  P'  and  the  latter  by  P  ;  then 

ZPS  -  6PS  =  P'  -  P  =  ZP6 
which  is  the  angle  that  measures  the  duration  of  twi- 
light.     Hence  we  have  from  what  has  been  done 
above 

.    .  .«^      ^v  sin  a 

sin*(P'-P)  =-:— r-r 
'  ^  '       sm  lat. 

Also, 

mPS  =  6PS  +  ffiP6  =  P  +  ICP'  -  P)  =  i  (T?  +  P) 

and 


sin  PS  cos  dec. 

thatis,  sin*  (P'  +P)  =    ^Y 

^  cosdec. 

Whenoe  from  the  two  equations. 


(»8  dee. 


Aa 


cos  a 


sinJ(F-P)  =  -^- 
"  cosdec 


sin|(F  +  P)  = 


sm  a 


cos  lat. 

the  hour  angles  If  and  P  are  easily  determined,  the 
declination  itself  being  given  by  the  equation 

sin  dec  =  —  tan  a.  sin  lat. 
We  have  also, 

^^„       sin  lat. 

cos  PSZ  = T— 

cos  dec. 

Lastly,  let  ST  =  2a  =  Z6;  and  draw  PT,  then  ZT 
=  90°,  and  T  is  a  point  in  the  horizon  for  the  moment 
when  Uie  zenith  was  in  Z.  Whence  the  triangle  PZT 
gives 

cosPTsscosZsinPZsinZT  +  cosPZcosZr 
soosZ  sinPZ  s  tana,  tan  lat.  coslat. 
ss  tan  a.  sin  lat.  =  sin  dec. 
Therefore,  90°  —  PT  =  dec,  or  PT  =  90°—  dec. 
But  PS  =  90°  +  dec. 

therefore,  PT  +  PS  =  180° 

which  is  another  remarkable  property  of  the  shorfest 
twilight. 

81.  In  all  the  above  deductions,  the  latitude  has 
been  left  general,  or  indeterminate,  as  has  also  the 
quantity  8  a,  which  denotes  the  number  of  dcgiees 
that  the  sun  is  below  the  horizon  when  the  twulght 
begins.  The  latitude  may  therefore  be  introduced  for 
any  given  place,  as  may  also  2a;  but  commonly,  we 
assume  8a  =  18°,  that  is,  the  twilight  is  suppoaed  to 
commence  when  the  sun  is  18°  below  the  horizon. 

Example.  Required  the  day  on  which  the  twiUghtSn 
is  the  shortest  at  Woolwich,  the  latitude  of  .which  is 
61°  28^  40^,  in  the  year  1820,  with  its  duration,  and 
the  time  of  its  beginning  and  end. 

First,  for  the  declination  we  have 

sin  dec.  =  —  tan  a  sin  lat. 
Now    log  tan  a  =  9°  =     9' 1997185 

log  sin  lat.  or  51°  28'i=     98934104 

log  sin  dec.  =  -  7^  7'  5''    90931S«9 


The  declination,  therefore,  is  7°  7'  5^' 
answers  to  March  2  and  October  11. 
Again,  for  the  duration,  we  have 

siniCP'-P)  = 


south,  wliich 


cos  lat. 
=     9194SS24 


from  log  sin  9° 

take  log  cos  5 1°  28'4  =     9-7943613 


93999711 


cos  a 


log  sm  14°  32' 41'^ 

Whence  P'-P  =  29°  6^22'' 

Also  «i"4(^  +  P)  =  ^^d^. 

Hence  from  cos  9°  =  9.9946199 

take  cos  7*^  7' 5"  =  9.9966399 

sin  95°  31'  19''  9.9979800 
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ortnj. 


whence  P'  4-  P  -  101°  2'  38' 


S)220   8 


58  —  38  =  angle  P 


half  sum  = _  1 10  —  4  =  angle  F 

h.ilfc!if.    -  ,.. 80 

The  former  in  time  answers  to  7  20  ItiJ 
and  the  latter  to  5  23  54| 


It 


aons 


The  former  showin|c^  llie  time  when  the  evenine;  twi- 
light ends,  and  the  latter  the  time  of  the  sun's  setting", 
or  the  time  of  its  beginning  j  consequently  tbeir  dif- 
ference, Ih.  56m.  21|s.,  is  the  duration. 

The  abnve  numbers,  taken  respectively  from  J2, 
will  leave  the  time  of  the  beginning  and  end  of  the 
morning  twilight- 

82,  In  all  the  preceding  investigations,  we  have 
considered  only  apparent  time  ;  that  is>  we  have  sup- 
posed it  to  be  12  o'clock  when  the  sun  is  on  the  me- 
ridian, and  that  it  is  exactly  24  hours  in  passing  from 
one  meridian  to  the  same  again  j  but  if  a  clock  be 
adjusted  to  go  thus  for  one  day,  that  is,  if  it  show 
exactly  24  hours  between  the  time  of  the  sun  being 
twice  successively  in  the  same  place,  it  will  not  con- 
tinue to  show  12  o'clock  every  day  when  the  sun 
comes  to  the  meridian,  because  the  intervals  of  time 
from  the  sun*s  leaving  a  meridian  to  his  return  to  it 
again,  are  not  always  equal.  This  difference  between 
the  sun  and  a  well  regulated  dock  is  called  the  erjua^ 
tion  of  time,  whidi  will  be  treated  of  in  a  subse- 
quent chapter ;  at  present,  we  shall  not  enter  farther 
upon  the  subject,  it  is  sufficient  to  apprize  the  reader 
that  the  time  as  determined  hi  nil  the  preceding  pro- 
blems., is  what  is  called  appureni  time^  or  the  time 
shown  hy  the  sun,  and  not  inean  or  true  (imef  which  is 
that  shown  hy  a  well  regulated  clock. 

83.  lieside  this  correction  for  the  time,  there  are 
also  other  corrections  which  must  be  introduced  into 
the  data  of  the  preceding  example?,  in  order  to  renrler 
the  results  perfectly  conformable  with  observation. 
I'hus  we  liave  all  along  supposed  the  body  to  rise  as 
soon  as  it  is  found  in  the  rational  horizon  ;  but  all 
bodies  in  the  heavens,  when  in  or  near  the  horizon, 
are  elevated  33'  by  refraction  above  their  true  places  ; 
this,  therefore,  w^ould  make  them  appear  when  they 
are  actually  33'  below  the  horizon,  or  when  they  are 
90°  33'  from  the  zenith  ;  and  all  the  way  from  the 
horizon  to  the  zenith  refraction  has  the  efTect  of  ele- 
vating the  apparent  places  of  the  heavenly  bodies, 
but  in  a  less  degree  as  the  altitude  is  greater  j  till  it 
vanishes  in  the  zenith.  The  altitudes,  therefore,  as 
we  have  given  them,  are  supposed  to  have  been  sub- 
jected to  these  corrections,  the  method  of  making 
which  will  be  exolained  hereafter.  This  is  one  of  the 
principal  corrections  for  the  fixed  stars  ^  but  for  the 
sun  or  any  other  of  the  bodies  of  our  system,  a  differ- 
ent correction  becomes  necessary,  these  being  all  de- 
pressed below  their  true  places  by  the  efiect  of  paral- 
lax, as  will  also  be  explained  in  a  sidisequent  chapter  ; 
that  is,  we  have  confounded  the  sensible  and  rational 
horizon,  which  is  admissible  as  far  as  relates  to  the 
fixed  stars,  in  conseqnence  of  their  immense  distance; 
but  the  angle  subtended  by  them  or  by  the  earth*s 
radius,  at  any  of  the  bodies  of  our  system,  is  a  sensi- 

VOL.  in. 


ble  quantity  that  must  not  be  neglected  in  any  compu-      Plane 
fat  ions   relative   to  such   bodies.     The    parallax    has  Astronomy, 
therefore  a  tendency  to  increase  the  apparent   zenith  '^■^'V"^^ 
distance  of  any  body  in  our  system,  while  the  refrac- 
tion tends  to  diminish  it  j  therefore  the  actual  zenith 
distance  of  a  body  when  it  first  becomes  visible  to  a 
spectator  on  the  earth,  is  equid  to  W  —  hor.  parallax 
+  refraction* 

84.  What  has  been  hitherto  done,  has  been  merely 
to  indicate  the  nature  of  tlie  calcuhuinns  after  certain 
observations  have  been  made  and  corrected  ;  we  now 
propose  to  explain  the  instruments  used  for  making 
these  observations,  the  method  of  em]doyingthem  for 
these  purposes,  and  the  nature  and  qnaniity  of  the 
corrections  that  are  requisite  for  reducing  the  results 
thus  obtained,  so  as  to  render  them  prc.per  for  the 
purposes  of  astronomical  computation. 

§  IV.  Description  mal  use  of  ihe  most  indispensable  as- 
iron 0 m ica I  i nstr tt nteti  (a. 

85.  We  shall  not  attempt  in  this  place  a  general  Asironomi- 
description    of  astronomical   instruments,    this    will  cal  instru- 
be   given    under   a    distinct    head    in    another   part  ^^^^^^* 

of  this  work;  our  purpose  here  is  only  to  descril>e 
those  whose  use  is  indispensable  in  the  pursuit  of 
this  science,  and  with  the  principle  of  whose  con- 
struction and  operation,  it  is  essential  tliat  the  student 
be  well  informed,  if  he  wish  to  proceed  u^ion  any 
other  data  than  those  furnished  by  the  report  ©f  otlier 
observers. 

L  Of  the  astro)} omical  telescope. 

86.  We  have  already  in  our  treatise  on   Optics  de-  Astronomi- 
scribed  and  illustrated  the  principles  of  this  instm-  c^^l  t«l«a- 
ment,  we  have  therefore  in  this  place  merely  to  speak  '^^^^ 

of  its  application  to  astronomical  observations. 

Let,  then,  AB  (fig^.  30)  represent  the  diameter  of  Fig.  30, 
any  heavenly  body,  as  the  sun,  moon,  or  planet  -,  m 
its  middle  fjoint,  i\ill  send  out  a  luminous  pencil  of 
rays,  which  by  means  of  the  refraction  of  the  lenses 
will  be  iniited  in  the  focus  of  the  telescope.  The 
f>ame  will  be  the  case  with  all  the  points  of  the  disc, 
and  an  image  of  the  object  Gil  will  be  farmed,  as  we 
have  already  expLiined  in  our  treatise  on  Optics; 
H  being  the  image  of  the  point  B^  and  G  of  the  point 
A  J  that  is,  the  image  will  be  reversed  with  respect  to 
its  actual  position.  The  motion  of  the  object  is  also 
reversed,  so  that  if  it  moves  from  left  to  right  in  the  • 
heavens,  it  v;ill  move  from  right  to  left  in  the  tele- 
scope ;  but  the  effect  being  the  same  for  all  bodies^ 
there  will  result  from  it  no  practical  inconvenience  -, 
it  is  suflicient  that  we  are  apprized  of  it. 

Let  us  f  irther  observe,  that  the  angle  HeG  ^  ACT!, 
and  if  the  focal  distance  eF  is  to  the  breadth  HG  in 
such  a  ratio  that 

illG 


e¥ 


=  tan  I  ACB 


the  object  will  be  shown  entire  in  the  telescope  ;  but 
if  the  focal  distance  be  efj  CF,  the  image  hg,  will  be 
larger  than  the  field  of  the  telescope,  and  consequently, 
we  shall  not  then  see  it  entire.  On  the  contrary,  iiP 
the  focal  distance  be  CQ,  less  than  CP^  the  image 
h^Qg^  'vvill  not  fill  the  telescope. 

GeQerally^  the  field  of  the  telescope  is  found  by  the 
3z 
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foeiil  lent^th 

i  iVuxm.  of  the  tube 

t*in  h  neln  =  — ~- — .,   .      i  >"  : — \ 

radms  of  curvature  ut  the  oojcct  gl!i6S 

Or  in  case  of  a  *ruipliragm  being  placed  in  the  tube,  as 
is  coniinunly  practised  to  prevent  the  reflection  of  the 
oblkiue  rays,  then 

i  diam.  clinphraa:ni 
tan  I  field  —  ^~- — r-; -r-- — 

These  results,  which  are  immedintely  deducflile  from 
whiiih.i->  been  done  in  the  preceding  treatiHc,  are  stated 
here  merely  for  the  sake  of  avoiding  frequent  refer- 
ences to  those  articles  ;  with  the  same  view  we  may 
state  the  following  relative  to  the  magnifying  power 
of  such  an  instrument  as  wo  arc  here  speaking  of, 

viz* 


f 


Use  of  tlic 
rroM  wires 
Fi^.  31. 


magnifying  power  ^ 


focal  distance  obj.  glass 


focal  distance  eye  glass 
By  wliich  is  to  be  understootl,  that  the  angle  under 
which  we  view  the  image  is  etjual  to  that  under 
which  we  should  see  the  object  if  it  were  brought  so 
many  times  nearer  as  is  indicated  by  the  at>ove 
fraction. 

Having  said  thus  much  with  regard  to  the  teles- 
cope more  commonly  employed  in  astronomical  ob- 
servalions,  let  us  offer  a  few  remarks  relative  to  the 
apparat«»<  attached  to  it,  for  rendering  those  observa- 
tions more  [irecise  than  they  could  be  obtained  with 
this  instrument  in  the  simple  state  in  which  it  has 
been  described  above. 

S7.  Of  tke  rcticuie  or  cross  wires, — I/ct  ABDF  (fig.31 ) 
represent  a  section  of  the  telescopic  tube  or  of  the 
diaphragm  with  which  it  is  furnished.  On  the  edges 
of  this  ring  or  circle^  are  attached  with  two  screws  a 
metallic  thread  or  fine  wire  DF  j  this  is  in  a  transit 
instrument  called  the  horizontal  wire.  Perpendicular 
to  this  tliread  are  placed  five  others  ;  the  centre  one 
All  bisecting  DF  in  C,  and  the  other  four  at  eipia!  dis* 
tanccs,  two  on  each  side  of  AB. 

A  star  or  any  otlier  Jieavenly  boily  passes  the  field 
of  view  id'  a  telescope  in  diflerent  times  according  to 
the  diameter  of  the  instrumenti  and  the  polar  distance 
of  the  body  j  therefore,  if  the  telescope  were  unpro- 
vided with  some  such  an  apparatus  as  here  described, 
it  would  he  diflkuU  or  even  impossible  to  say  precisely 
the  moment  when  it  was  in  the  axis  or  in  the  centre 
of  the  insti'umeut,  and  the  accuracy  of  modern  science 
requires  thi?^  determination  to  the  utmost  accuracy  : 
let  us  see  what  precision  h  attaiimble  by  means  of  the 
cross  wirei  above  indicated! 

The  point  C  or  G  being  supposed  either  in  the  cen- 
tre of  DF,  or  in  the  vertical  line  bisecting  DF.  at  the 
moment  a  star  passes  it,  if  the  diameter  of  the  thread 
be  equal  to  that  of  the  star,  it  will  be  entirely  hidden 
by  it,  and  that  moment  will  be  the  time  of  its  passage  j 
but  more  commonly  the  thread  is  sufficiently  fine,  ihtit 
M  the  instant  of  psissage,  it  will  bisect  the  star^  an 
«<pial  f>ririIon  of  tlie  latter  being  observable  on  each 
side  of  the  former  ;  and  thus  the  lime  of  piissage 
might  be  found  to  within  one-fourth  or  one-fifth  of  a 
aetiond.  But  it  is  obvious  that  wf  may  observe  the 
same  with  respect  to  all  the  other  four  verticid  wires, 
wliich  being  at  equal  dlstancest   the  times  of  passing 


each  in  succession  from  the  Orst  will  form  ao^  aritb- 
metical  progression  j  and  by  taking  the  mean  of  the 
five,  we  shall  have  the  time  of  the  star  passing  the 
centre  wire  still  more  exactly,  and  by  this  means,  we 
may  generany  depcntl  upon  our  observation  to  withia 
one -tenth  of  a  second. 

Our  tigure  and  the  tlescriplion  of  it*  applies  to  the 
case  of  an  instrument  fixed  in  the  plane  of  the  men- 
diau,  in  which  case  the  motion  of  a  heavenly  bodf 
tVill  be  apparently  horizontal.  In  any  other  case,  the 
stiir  ascends  or  descends  obliquely,  and  then  it  is  ne- 
cessary to  give  to  the  wire  DF,  a  similar  inclination, 
so  that  the  motion  of  the  star  may  be  parallel  to  it,  as 
in  the  line  ES,  as  shown  in  fig.  3^,  the  proper  apparatus 
being  siipplied  for  this  pnrpf»se»  The  only  difBcuJtv 
of  observation  is  when  the  niglit  is  very  dark,  and 
when  we  are  unable  to  see  the  threads  except  for  the 
moment  when  the  star  is  bisected  by  them  :  which 
being  almost  instantaneous,  we  are  not  suiHciently 
prepared  ftir  noting  the  time.  In  order  to  obviate  this 
difliculty,  the  interior  of  the  tube  is  illuminated  hj 
the  following  apparatus. 

H8.  In  the  side  of  the  tube  of  the  telescope,  and 
commonly  in  the  axis  on  which  it  turns,  is  made  a 
small  hole,  directly  opposite  to  which  is  placed,  in  the 
tube,  a  small  mirror,  inclined  to  the  axis  or  sides  of 
the  telescope,  at  an  angle  of  4,^.  The  light  of  a  small 
lamp  falls  on  the  mirror,  and  forming  wiih  it  an  angle 
of  45%  it  is  reflected  at  tlie  same  angle,  and  therefore 
passes  in  a  line  parallel  to  the  axis  of  the  instrumcntt 
and  thus  renders  the  wires  sufficiently  visible.  If  tlie 
star  on  which  the  observatii^n  is  made  be  of  the  J>th 
or  loth  magnitude,  we  nmst  however  be  careful  to 
modify  the  intensity  of  the  illumination,  asuthenul^, 
the  artificial  light  will  render  the  natxiral  light  of  the 
star  imperceptible,  and  it  will  be  ia  danger  of  passing 
unobserved. 

89.  At  [)resent  we  have  spoken  only  of  the  tnmsH 
of  a  fixeil  star,  if  it  be  the  sun  or  moon  that  we  are 
observing,  we  must  iiscertain  the  time  when  tlieir  re- 
spective centres  pass  the  axis  of  the  instrument.  For 
this  jmrpose  we  note  very  accurately,  the  iastaat 
when  the  eastern  or  western  limb  comes  in  contact 
with  each  of  tlie  five  wires  in  succession,  and  fhe  sum 
of  the  times  divided  by  5,  will  be  the  instrmt  when 
that  limb  passed  the  centre  ^vire.  These  five  obser- 
vations being  made,  the  other  lind>  of  the  sun  or  moon 
will  be  jtist  about  leaving  the  first  wire,  we  therefore, 
in  like  manner,  note  these  other  five  instants,  the 
mean  of  which  will  give  the  time  when  the  last  limb 
passed  the  centre  wire,  and  the  mean  of  the  two  will 
be  the  time  of  the  transit  of  the  centre. 

90.  Having  said  thus  much  with  reference  to  llic 
telescojie  and  the  apparatus  with  which  it  is  supplie^l, 
it  remains  for  us  to  describe  the  instruments  to  which 
it  is  attaciied,  and  the  nature  of  their  mljustnient ;  for 
ihe  accuracy  of  observations  indicated  above  with 
reference  to  the  object  traversing  the  axis  of  the  tele- 
scope would  be  to  little  purpose,  unless  we  could  be 
equally  precise  hi  the  determination  of  the  direction 
of  that  axis,  both  as  regards  the  horizontal  an*!  verti- 
cal position  of  the  instrument. 

By  far  the  greater  number  of  astronomical  obser- 
vations are  made  in  the  plane  of  the  meridian  ;  bat 
some  arc  made  at  different  azimuths,  and  different  in- 
stnimaits  are  best  employed  for  these  purposes  ;  at 
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^foomj^  the  same  time  some  are  so  constructed  as  to  answer  m 
sr"^^  both  cus€s  ;  ftt  present  we  si  mil  confine  our  explana- 
tion to  only  one  of  the  most  perfect  of  each  sort»  but 
in  a  future  part  we  sliitll  enter  upon  the  subject  more 
at  length,  and  endeavour  to  illustrate  the  advimtag^s 
and  defects  of  dilFerent  constnictions. 

Of  astronomical  quadrants, 

91.  These  may  be  either  portable  or  fixed  j  in  the 
former  case  they  me  commonly  mounted  on  a  tripod, 
and  may  be  used  for  tukin^  altitudes  in  any  azimutli, 
or  be  made  to  follow  the  body  observed  in  its  apparent 
path  ;  Init  in  the  latter  case,  the  instrument  is  fixed 
in  the  plane  of  the  meridian  a^inst  a  substantial  w'aU, 
and  is  hence  denominated  a  mitral  quaiirant. 

2.  Foritible  astronomical  qiuidmnt, 

92,  The  great  variety  of  forma  under  winch  this 
instrument  has  appeared,  the  numerous  methods  pro- 
posed by  diflereut  artists  for  adj uniting  it  to  its  verti- 
cality^  he.  wouhl  be  Hufhf^ient  of  themselves,  were  wc 
to  enter  at  length  upiiii  the  subject,  to  form  a  consi- 
derable volume  ;  we  shall,  therefore,  select  one  of 
ihose  esteemed  the  most  jjerfect,  and  limit  ourselves  to 
the^descriptioD  of  that  only ;  which  will  be  amply 
sufficient  for  our  present  purix»se. 

Fig.  33  represents  a  portable  quadrant,  const rncted 
by  Ramsden  for  the  observatory  of  Christ's  College, 
Cambridi*;e.  The  tripod  on  which  it  is  mounted  ha^ 
screws  of  adjustment  to  set  the  stem,  on  which  the 
liorizontal  motion  is  perfonned,  perpendicular,  which 
ia  proved  to  he  so  in  all  directions  Avheu  the  plumb- 
line  bisects  both  the  superior  and  inferior  dots  iluriuj^ 
the  whole  revolution  in  a  horizontal  circle.  The  vi- 
sible stem  is  a  brass  tube,  and  throng^h  it  ascciids  a 
solid  steel  vertical  axis,  which  fitting-  closely  at  the 
upper  and  lower  extremity,  has  not  the  least  shake, 
And  preserves  the  position  once  given  to  itj  solon^as 
Ibe  feet  screws  are  unmrdested.  The  telescope  is  of 
the  achromatic  construction,  and  has  the  usual  appa- 
rutus  for  a  slow  motion.  Tlie  telescope  lies  on  a  bar 
thtit  carries  the  counterpoise,  ami  in  which  is  the  cen- 
tre of  its  motion.  It  has  a  system  of  wires  in  the 
focu^  of  the  eye  ghiss,  whFch  are  adjustable  by  screws 
both  upwards  and  sideways,  as  well  as  in  a  circular 
direction,  so  that  the  adjustments  for  collinialion>and 
for  zero  in  the  altitude  of  the  circle,  may  be  thereby 
effected.  The  point  of  suspension  of  tlie  plumb-line 
19  aUo  adjustable  by  a  proper  screw  apparatus.  At 
the  top  of  tlie  vertical  tube  or  stem,  is  a  small  hori* 
zontul  circle  with  a  clamping  apparatus  for  slow  hori- 
zontal motion,  by  means  of  which  the  whole  quadrant 
with  its  attached  telescope  turns  gradually  round  in 
azimuth.  When  the  observation  is  made  in  or  near 
the  zenith,  the  plumb*linc  of  this  instrument  falls  in 
the  way  of  the  telescope^  and  is  obliged  to  be  removed* 
This,  liowever,  is  supplied  by  the  addition  of  a  spirit 
level,  snspentled  from  an  adjustable  horizontal  brass 
rod,  under  the  uppermost  radical  bar  of  the  quatlrant, 
which  level  not  only  supplies  the  place  of  the  plumb- 
line  when  taken  otV,  but  at  all  times  serves  as  a  check 
on  its  adjustment,  and  when  furnished  with  a  gradu- 
ated scide,  may  very  well  be  made  its  sub^tilute.  VV^e 
shall  not  here  attempt  to  describe  the  nature  and  di- 
visii/n  of  the  vernier  scale,  it  will  be  sufficient  \r\  ob- 
serve, tlkat  the  angles  may  be  ascertmued  to  the  lOths 


> 


f 


of  seconds.     We  proceed  next  to  the  adjustments  of     Pitw ' 
the  instrument.  Astronomf. 

To  adjuit  the  axis  of  thn  pidtsttd  virtival. 

93.  This  adjustment  may  be  ))crformcd  either  by  the  AiTjustment 
plnmb-lincor  by  the  level.     When  the  plumb-line  is  ^^  ^^^  i°' 
used,  turn    the  quadrant  in  azimuth  till  its  plane,  or  ^crticalitv*^ 
which  is  the  same  thing,  till  the  telescope  lie«i  parallel 

to  a  line  joining  any  two  of  its  three  feet^  nod  turn 
one  of  the  two  screws  of  the  feet  till  the  wire  bisects 
the  lower  dot,  and  with  the  proper  screw  bring  the 
upper  dot  to  the  same  wire  ;  then  reverse  the  tele- 
scope by  turning  180"^  in  azimuth,  and  if  both  dots 
are  again  bisected,  the  axis  is  verrical  in  the  direction 
that  the  telescope  has  pointed  ;  in  the  next  phu  e,  turn 
the  telescope  the  space  of  a  quadnuit  till  it  jxiints  in 
the  same  direction  as  the  third  foot  id'  the  tripod,  and 
make  the  wire  bisect  the  lower  dot  l)y  the  screw  of 
this  foot,  and  it  will  be  found  to  bisect  the  upper  dot 
also,  if  the  first  adjustment  was  properly  nnide,  but 
if  not,  repeat  the  operation  till  both  dots  are  bisected 
in  all  the  reversed  situations  of  the  telescope,  and 
then  the  axis  will  be  vertical  in  every  direction. 

In  making  this  adjustment  by  the  level  alone, 
the  process  must  be  thus  j  first,  the  level  nmst  be 
made  parallel  to  the  rod  which  it  hangs  on,  and  se- 
condly, this  rod  mu^t  be  put  perfectly  horizont:d,  and 
the  level  will  be  horizontal  also,  with  tJie  bubble  in 
the  middle.  In  order  to  make  the  level  pwrallel  to 
the  rod,  place  it  parallel  to  a  line  joining  two  of  the 
feet  screws,  and  bring  the  babble  to  the  middle  by 
one  of  the  feet  screws  in  question  ;  then  take  otf  and 
reverse  the  position  of  the  level,  and  if  the  bublde  is 
fotmd  in  tlie  mitidle  now,  the  parallelism  is  perfect;  if 
not,  one  half  of  the  error  must  be  rectified  by  the 
same  foot  screw,  and  the  other  half  by  the  adjusting 
screws  at  the  end  of  the  rod,  by  releasing  one  and 
screwing  up  the  other.  A  repetition  or  two  of  this 
process  will  make  the  bubble  stand  in  the  middle  in 
both  of  the  reversed  situations.  In  the  next  place, 
with  the  level  thus  parallel  to  the  rod  of  sus{>enston, 
turn  the  quadrant  round  its  iixis  an  entire  semicircle 
as  nearly  as  can  be  estimated,  and  if  the  bubble  will 
now  rest  in  the  middle^  the  rod  is  level,  and  being  at 
right  angles  with  the  axis  of  the  quadrant's  motion, 
proves  that  this  axis  is  vertical  in  every  direction  ; 
but  if  the  bubble  be  found  to  run  to  one  end  of  the 
tube,  briup:  it  one  half  way  back  by  the  adjusting 
screws  of  the  rod,  releasinfc  one  and  fixing;  the  other, 
as  the  case  may  require,  and  the  other  half  by  the 
proper  foot  screw,  A  repetition  of  this  process  will 
soon  settle  the  bubble  in  the  middle  durinc:  ^  whole 
revolution  in  azimuth,  add  then  the  adjustment  of  the 
axis  is  jjerfect,  as  well  as  of  the  rod  and  level. 

94.  The  second  adjustment  is  that  by  which  the  line  Adjustment 
of  collimation  of  the  telescope,  is  made  paraUel  to  the  torcollima- 
horizontal  line  that  passes  to  the  centre  of  the  qua-  ^^^ 
drant    to    zero   on  the  limb,  or   cjuadrantal   arc,   at 

the  same  time  that  zero  on  the  vernier  coincides 
with  zero  on  the  limb.  This  importfuit  adjustment 
may  be  made  in  several  ways,  some  of  which  are 
tedious  and  otherwise  objectionable  ^  but  we  shall 
confine  ourselves  to  two,  \^  hich  apply  one  to  the  ver- 
tical, and  the  other  to  the  horizontal  hoc  of  the  qua- 
drant, which  two  methoiis.  when  duly  effected,  will 
not  only  check  each  other,    but  detect  the  error  of 
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Astronomy,  the  totul  arc,  if  there  be  any  at  the  §aiiic  time  j  which 
N^^-.^.-^^'  in  an  ac(i«isiti(jn  uf  tlie  utmost  ioiportance.  Kirst 
then  to  adjust  by  the  vertical  line,  let  the  axis  of  the 
quadrant  be  matic  truly  peri>cndicuiar  in  all  directions 
by  the  adjuHtment  we  have  already  described,  and  fix 
on  a  star  within  a  few  degrees  of  the  zenith  when 
eitactly  on  tlie  meridian,  and  measure  its  altitude  by 
the  eross  wire  in  the  Jield  of  view  in  the  usual  way, 
and  note  down  the  result  j  if  these  readings  prove  lo 
be  at  equal  distances  from  the  point  90'',  one  on  the 
quadrant  are,  and  the  other  on  the  arc  of  excess  }>e- 
yond  90',  the  horizontal  wire  is  truly  placed  in  the 
eye  piece,  bnt  if  not,  half  of  the  difference  of  the 
reading's  must  be  corrected  by  the  proper  screw  for 
nusing"  or  depressing  the  saitl  wire.  This  may  be 
done  by  directing  tiie  telescope  to  a  dist;uit  mark  till 
the  cross  wire  bisects  it,  then  by  moving  the  screw  of 
alow  motion  of  the  vernier  the  half  t[uantity  required, 
and  by  bringing  back  the  cross  wire  thus  displaced  to 
its  orighial  mark  again.  This  operation  repeated  will 
place  the  cross  wire  in  such  situation,  that  zero  on  the 
vernier  will  be  in  its  proper  place  with  respect  tor  the 
point  1)0"^  or  the  half  ditlerence  thus  ascertained  may 
remain,  without  altering  the  cross  wire,  i\s  an  error  of 
adjustment  to  be  constantly  applied  with  the  sign  + 
or — f  as  the  case  may  be,  in  all  subscqaent  observa* 
lions,  Again*  lo  adjust  by  the  horizontal  line  passing 
through  the  zero  of  the  quadranta!  arc,  it  will  be  ne- 
cessary to  have  a  second  telescope  turning  on  pivots 
in  adjustable  ^'s  attached  to  the  back  of  the  quadrant, 
on  the  same  level  with  the  said  horizontal  line  of  the 
quadrant,  Tliis  telescope  may  be  called  the  adjusting 
telescope,  and  may  be  also  used  to  watch  a  tlistant 
mark,  before  and  after  an  altitude  is  taken,  in  6rder  to 
detect  any  deviation  in  the  position  of  the  vertical 
axis  that  may  happen  during  the  ojieratiou  of  mea- 
suring. Let  the  adjusting  telescope  bisect  a  fine 
distant  mark  with  its  cross  wire,  and  turn  tlie  tube  of 
the  telescope  round  one  half  way  on  its  pivots,  as  it 
lies  in  a  horizontal  position,  and  if  the  wire  now  bi- 
sects the  same  mark  it  is  truly  lisLcd.  if  not,  look  out 
for  a  new  mark  a  little  higher  or  lower,  as  the  ca-se 
may  require,  and  make  it  cut  that  in  the  reversed  |)o- 
sitious  of  the  cross  wire,  by  means  of  the  proper  screw 
for  the  purpose  ;  now  this  adjusting  teleseoj^e  will  be 
adjusted  for  coUimation.  In  the  next  place,  put  zero 
on  the  vernier  to  zero  on  the  Ihnb,  and  direct  the  tele- 
scope of  observation  to  the  distant  mark,  by  which  the 
adiusting  telescope  had  its  wire  adjusted,  and  let  this 
mark  be  bisected  by  both  telescopes,  the  lc\cl  and 
phimb-line  at  the  same  time  showing  that  the  vertical 
axis  is  perpendicular  ;  now  turn  the  quadrant  half 
round  its  azimuth,  and  reverse  the  adjusting  telescope 
so  as  to  view  the  same  distant  mark  again,  and  if  it  be 
found  to  bisect  it  as  before,  the  horizontal  line  of  the 
quath'aut  is  right,  and  all  the  tpiadruntal  arc  without 
errorj  supposing  the  telescope  of  observation  to  have 
its  adjustment  for  colHmation  as  lixed  by  the  jioint 
IKf,  above  described  ;  but  if  this  adjustment  of  the 
point  zero  on  the  limb  be  first  made,  half  the  af>pa- 
rcnt  error  must  be  rectified  by  the  screw  at  the  eye 
piece  by  meajis  of  revcrsetl  [>ositions  and  marks  ;  and 
then  alterwards  the  adjustment  by  a  new  star  near  the 
zenith  \v  dl  detect  the  error  of  the  whole  arc.  If,  how- 
ever, 110  error  in  the  total  ore  exists,  then  the  adjust- 
mput  for  collimation  may  be  made  either  from  the 


liorizontal  or  from  the  vertical  measurement,  as  may  pji 
be  most  convenient  j  one  of  which  is  more  practicable  Aiirw 
by  day,  and  the  other  by  night.  M'hen  this  delicate 
and  most  essential  adjustment  is  fioally  settled,  the 
object  glass  of  the  telescope  should  not  be  disturbed, 
and  therefore  it  would  be  adviseablc  to  have  its  inte- 
rior surface  well  cleaned  previously.  It  was  taken  for 
granted  that  the  cross  wire  was  perfectly  horizontal 
during  the  time  the  preceding  adjustment  was  made, 
or,  which  is  the  same  thing,  that  the  parallel  wires 
were  perjiendicular  to  the  horizon.  This  is  proved  in 
a  simple  manner  thus  ;  direct  the  telescope  to  a  fine 
small  distant  mark,  or  make  the  adjustment  for  vision, 
if  necessary,  then  if  one  oftiie  vertical  wiren  will  con- 
tinue to  bisect  the  said  mark  throug!i  the  whole  field 
of  view  while  the  tclcscot^c  is  elevated  or  depressed, 
the  wires  are  right,  but  if  not,  they  must  be  made  so 
by  the  proper  screws  for  that  purpose,  near  the  focus 
of  the  eye-glas.  This  preparation  ought  to  precede 
the  last  adjustment,  and  when  once  made,  seldom 
requires  altering,  except  in  case  of  accidental  injury. 
It  has  also  been  assumed  in  the  preceding  a tlju&t me nt, 
that  the  maker  of  the  inslrument  placed  the  plane  of 
the  quadrant  jmrallel  to  the  axis  of  its  motion,  and 
also  its  line  of  coUimation  of  the  telescope  parallel  to 
the  said  plane.  The  former  may  be  known  to  be  true 
thus  :  if,  when  the  plumb-line  is  adjusted  at  its  centre 
of  suspension,  just  to  escape  touching  the  limb  (which 
should  always  be  the  case)  the  motion  of  the  quadrant 
in  aziomth  will  not  alter  it  in  this  respect,  the  plane 
is  truly  lixed  ;  hut  if  not,  the  screws  that  fix  the  qim- 
drant  to  its  axis  must  be  resorted  to  for  its  alteration, 
wliicli  is  best  done  by  the  maker.  When  there  is  no 
plumb-line,  a  small  spirit  kvel  fixed  at  right  angles 
to  the  plane  of  the  quadrant  will  answer  the  same  pur- 
pose j  for  the  resting  of  the  bubble  during  the  qua- 
drant's revolution  in  azimuth,  will  be  a  proof  that 
the  plane  to  which  it  is  at  right  angles  ia  verticaL 
With  respect  to  the  parallel  position  of  the  telescope, 
as  this  is  guided  by  the  vernier  sliding  on  the  limb,  it 
is  the  business  of  the  maker  to  adjust  it  properly, 
which  he  will  best  do  by  a  comparison  with  a  good 
transit  instrument  of  the  passages  of  a  high  and  of  a 
low  star  in  each  of  the  two  instruments,  but  a  s^mall 
deviation  of  tlie  te!esco[)e  with  respect  to  pamllelism, 
tiro  ugh  to  lie  avoided,  if  practicable,  will  not  sensibly 
affeet  the  measurement  of  altitudes,  which  is  the  sole 
business  of  this  instrument.  If,  however,  this  devia- 
tion be  considerable,  the  eye  end  of  the  telescope  must 
be  set  nearer  to  or  farther  from  the  limb,  as  the  case 
may  require,  by  the  maker  himself.  W*e  have  been 
the  more  minute  in  describing  tSiese  adjustments,  not 
only  because  they  are  indispensably  necessa/y  in 
making  good  observations,  but  because  lUey  will 
apply,  one  or  other  of  them»  by  means  of  the  plumb- 
line  or  of  the  spirit  le\eL  to  all  other  astronomical 
quadrants  that  have  a  motion  in  azimuth. 

3,  Of  the  trauait  imtrument, 

95.  Transit  instruments,  as  they  are  now  con- 
structed, may  he  considered  either  as  fixed  or  port- 
able ;  the  former  of  which  was  the  original  construc- 
tion, and  is  still  that  commonly  made  use  of  in 
permanent  observatories,  for  the  jnir|iose  of  determining 
in  conjunction  witli  a  good  astronomical  clock,  the 
right  ascensions  of  the  heavenly  bodies  j  but  the  ^. 


4 


538 


ASTRONOMY 


Aitronamy,  gottie  telescopes  have  the  eye-glaf^s  and  cell,  whick 
^^■*~\^^^^  carries  the  vvires^  luoveulile,  while  the  tvbject'^lass  is 
fixed  :  others  have  the  wlre^  Jixed,  mid  tlie  two  glasses 
moveable.  In  the  foriner  case,  by  |mshing  in  tir 
dmwing"  out  the  eye  piece,  adjust  the  telescope  so  that 
the  sun  or  a  planet  appears  perfectly  distinet  through 
it  I  then  move  the  wires  nearer  to,  or  farther  from, 
the  eye-glass,  as  may  be  required,  until  they  aliso 
appear  perfectly  distinct,  and  the  telescope  will  be 
adjusted  reatly  for  use,  in  the  latter  construetion, 
push  in,  or  draw  out,  the  eye  piece,  till  the  wires  ap- 
pear perfectly  distinct ;  then  alter  the  object-glasH 
until  the  sun,  or  a  planet,  appears  perfectly  distinct 
also,  and  the  telescope  will  be  adjusted  ready  for  use* 
As  it  is  of  importance  to  have  the  telescope  adjusted 
very  exactly  in  this  respect,  the  following  method  of 
tr}'ing  whether  it  be  so  or  not,  may  be  practi.sed. 

The  telescope  being  adjusted  to  distinct  vision  for 
distant  objects,  when  a  fixed  star  is  on  the  meridian, 
bring  the  horizontal  wire  to  bisect  it  very  exactly,  and 
the  star  will  run  along  the  wire  through  the  whole  ex- 
tent of  the  field  of  the  telescojw.  While  the  star  is  thus 
running  along  the  wire,  move  your  eye  a  little  upward 
ar  downward  j  and  if  the  wires  be  not  exactly  in  the 
common  focus  of  the  two  glasses,  the  star  will  appear 
to  quit  the  wire  when  the  eye  is  moved.  If  this  be  the 
case,  the  wires  or  glasses  must  be  altered  until  the  star 
will  not  quit  the  wire  by  the  motion  of  the  eye  ;  the 
objects  appearing  perfectly  distinct  at  the  same  time. 

To  bring  a  iramit  imirument  IniQ  the  plane  of  the 
meridian. 

Take  the  altitude  of  the  sun,  noting  the  timers  by 
the  watch  or  clock,  and  thence  tind  the  apparent  time, 
the  latitude  of  the  place,  and  the  sun's  declination 
being  known.  The  difference  between  this  time  and 
the  mean  of  the  times  shown  by  the  watch  when  the 
observations  were  made,  will  be  ^\hat  the  watch  is 
too  fast  or  too  slow,  for  apparent  time. 

If  the  watch  is  too  fast,  add  the  difference  to  1^ 
hours  :  but  if  it  he  too  slow,  subtract  it  frrmi  12  hours, 
and  you  wiU  have  the  time  by  the  watch  when  the 
sun  will  be  on  the  meridian,  a^  near  as  the  going  of 
the  watch  can  be  depended  upon.  Take  the  time 
which  the  sun's  scmidiameter  is  in  passing  the  meri* 
dian  from  the  Nautical  Almanack,  and  add  it  to,  and 
subtract  it  from  the  time  by  the  watch,  when  the 
sun  will  be  on  the  meridian,  and  you  will  have  the 
times  when  the  sun's  eastern  and  western  limbs  will 
be  on  the  meridian.  A  few  minutes  before  the  time 
when  the  western  limb  will  be  on  the  meridian,  let 
your  assistant  count  tlie  seconds  as  they  pass,  by  the 
^atch ;  but  instead  of  calling  the  60th  second,  let 
him  name  the  minute  the  watch  is  then  at*  While  he 
Is  doing  this,  you  must  bring  the  sun  into  the  teles- 
cope by  elevating  it  to  the  projjer  altitude  j  and  turn- 
ing the  whole  instrument  round  on  the  screw  pin  \J. 
Having  by  this  means  brought  the  middle  wire  ajipa- 
rently  to  the  eastward  of  what  appears  to  be  the 
eastern  limb  of  the  sun,  (because  the  sun  will  appear 
to  move  that  way  in  the  telescope)  tighten  the  screw 
If  by  turning  the  nut;  and  when  the  sun's  limb  arrives 
at  the  middle  wire,  keep  it  on  it  by  turning  the  screw 
g,  at  the  rate  the  sun  moves,  till  your  assistant  calls 
the  second  by  the  watch  at  wliich  you  had  computed 
the  western  limb  of  the  aun  would  be  on  the  meridian ; 


and  the  instrument  will   be  nearly  in  the  meridian. 

Let  your  assistant  cimnt  on  till  the  watch  arrives  at 
the  second,  when,  according  to  your  calculalkin,  the 
eastern  limb  of  the  sun  should  be  on  the  meridian  i 
and,  if  it  is  not  exactly  on  it,  you  will  have  another 
op|K*rtunity  of  rectifying  the  instrument  by  turning 
the  screWjjf- 

Having  thus  brought  the  instrument  into,  or  very 
near  the  meridian,  its  real  situation  with  respect  to 
the  meridian  may  be  verilied  sevend  ways  j  of  which 
we  shall  point  out  two.  If  the  latitude  of  the  place 
be  considerable,  that  is,  30  degrees  or  upward,  there 
are  a  variety  of  stars  in  both  hemispheres  sufficiently 
bright,  which  never  set :  and  consequently,  they  may- 
be obsened  %vith  the  instrument  both  above  and  below 
the  |>ole. 

Let  the  transits  of  sucli  a  star  over  the  meridian  be 
observed  above  and  below  the  polej  and  it  is  mani- 
fcst,  that  if  the  time  of  the  lirst  transit  aljove  the  [k>1c 
be  subtracted  from  the  time  of  the  second  transit 
above  the  pole  (adding  24  hours  if  necessary),  the 
rcniainder  will  be  the  time  by  the  \^  atch,  in  which  the 
earth  (or  the  star  apparently)  makes  one  diurnal  revo- 
lution. It  is  also  evident^  that  if  the  two  intenaU 
between  the  time  of  the  transit  below  the  pole  be 
equal,  the  instrument  must  be  exactly  in  the  meridian. 
If  the  interval  between  thellrst  transit  above  the  \)o\e, 
and  the  transit  below  the  pole  be  greater  than  the 
interval  between  the  transit  below  the  pole  and  tl»e 
second  transit  above  it,  the  object  end  of  the  tele- 
scope, when  directed  toward  the  elevated  pole,  lies  to 
tlie  cast  of  the  true  meridian  j  but  if  the  latter  inter- 
val be  greatest,  the  object  end  of  the  telescope^  when 
directed  towards  the  elevated  pole^  lies  west  of  the 
true  meridian. 

To  correct  the  error,  bring  the  instrument  into  the 
meridian  j  add  24  hours  to  the  time  of  the  latter  tran- 
sit above  the  pole,  subtract  the  time  of  the  former 
from  it,  and  take  half  the  remainder.  Take  the  dif- 
ference between  this  and  the  interval  between  th« 
trarijait-s  above  and  below  the  pole,  and  take  half  this 
diflcrence.  Then,  as  the  tinje  by  the  %vatch  of  ad 
entire  revolution  is  to  24  hours,  8o  is  this  half  differ- 
ence to  the  half  difference  in  sideral  time.  Add  to 
the  logarilhiii  of  this  half  difference,  the  logarithmic 
tangent  of  the  stars  polar  distance  ;  and  the  kiga- 
rithniic  secant  of  the  latitude  of  the  place,  the  sum, 
rejecting  20  from  the  intlex,  will  be  the  logarithm  of 
the  number  of  seconds  in  time,  which  expresses  the 
angle  made  by  the  instrument  and  the  meridian. 

Consider  what  (lart  this  cmgle  makes  of  the  interval » 
between  the  wires  which  are  in  the  focus  of  the  tolc- 
scoj>e  J  and  turn  the  instrument  on  its  axis  till  the 
telescope  points  at  the  horizon.  Look  out  for  some 
tolerably  distant  object  which  is  cut  by  one  of  the 
wires  J  and  by  turning  the  screwy,  remove  the  wire 
to  the  east  or  west  of  this  object  (as  may  be  re- 
quired), such  apart  of  the  space  between  that  wire  and 
the  next  to  it,  as  the  angular  error  which  the  instru- 
ment makes  of  that  interval.  You  must  then  proceed 
to  examine  the  position  of  the  instrument  again^ 
either  by  the  same,  or  some  other  ci  re  unipolar  star, 
and  to  correct  it,  if  it  requires  correction,  until  you 
get  it  exactly  into  the  plane  of  the  meridian  ;  and 
when  you  have,  a  mark  must  be  set  up  in  the  meri- 
dian at  as  great  a  distance  from  the 
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Astroaoniy.  such   observations   to  actual    astronomical    cletermi* 
iialioiis. 


§  V.  Ofsvkml  and  mean  solar  days,  years,  SfC. 

99.  Wi!  have  seen  that  the  earth  performs  its  revo- 
lution on  its  axis  with  a  motion  ]>erfectly  uniform  -, 
and  that  th?  interval  between  the  return  of  any  fixetl 
Rtar  to  the  *?amc  meridian,  is  what  is  called  a  gjderal 
day;  obscrvinj^ that  by  the  same  meridian  is  here  to 
be  understood,  the  star  appearing  at  the  same  nieridian 
altitude  j  for  the  circunipolar  stars,  as  we  have  seen, 
may  be  observed  twice  on  the  same  meridian  in  the 
course  of  24  hours,  once  in  their  inferior  and  once  in 
their  superior  passage  ;  but  they  arc  only  once  at  the 
same  meridian  altitude.  This  interval,  then,  is  the 
length  of  the  sideral  day  ;  but  it  remains  fcjr  us  now  to 
exjdain  what  is  to  be  understood  by  a  mean  solar  day, 
or  that  day  which  is  employed  in  the  common  con- 
cerns of  life. 


Mean  solar 


1 .  Of  the  mean  solar  day. 

100.  It  will  be  seen  in  the  following  articles »  that 
the  interval  time  between  the  sun's  leaving  the  first 
point  of  Aries  to  its  return  again  to  the  same,  winch  is 
what  is  denominated  a  solar  year,  is  performed  In 
about  ^fi^  solar  days  j  or  the  sun  will  have  appeared 
in  that  interval  3(i5  times  on  (he  meridian,  and  will 
besides  have  performed  nearly  rme-fourth  of  his,*ifi6th 
revolution  :  hence,  if  all  the  solar  days  were  equals 
that  is,  if  the  sun  returned  to  the  meridian  of  an  ob- 
sener  always  after  the  same  interval,  the  increase  of 
his  right  ascension  every  day,  or  the  additioual  angle 
which  the  earth  (having  performed  a  complete  revo- 
lution) would  have  to  move  through  to  bring  the  sun 
again  upon  the  raeridian  of  the  observer,   would  be 

^QWf^l  to  -—-r  —  S^'  B''"'^  J  if.  therefore,  to  the  side- 

ral  day  we  add  the  time  which  the  earth  employs  in 
describing  59' B'^%  wc  shall  have  the  length  of  the 
mean  t^olar  ihiy  ;  that  is,  the  sideral  day  is  to  the 
meau  solar  day'as  3GO^  :  Sn(f^  59'  S''^. 
Confief|uently,  if  %ve  call  the  mean  solar  day  24  hours, 
according  to  common  reckoning  of  time,  we  shall 
bave 

360"  59'  S"  1  360^  : :  2^h.  :  23h.  56m.  4  T' 
wliicb  is  the  length  of  a  sideral  day  in   mean  sohir 
hours  *j  and  by  reversing  the   first  two  terms  of  the 
proportion,  we  shall  have  the  mean  solar  day  expressed 
in  sideral  hours. 

2.  Sideral  year, 

101.  It  appears  from  what  is  stated  above,  and  we 
bill  e  before  made  tlie  same  remark  in  a  general  way, 
that  the  sun  has  a  continual  motion  in  the  heavens 
from  east  to  west  ^  and  that  after  a  certain  period,  he 
will  again  obtain  witli  respect  to  the  same  star,  the 
same  relative  situation  j  so  that  if  he  were  in  conjunc- 
tion with  it  in  the  first  instance,  he  will  return  again 
to  conjunction  after  this  interval,  which  is  therefore 
called  a  mlcml  ijear. 

Dctcmiiacd  Iri  order  to  determine  the  duration  of  this  period 
by  obserra- from  observation,  take  on  any  day  the  di (Terence  be- 
tween the  sun*s  right  ascension  and  that  of  the  star, 
and  when  the  sun  returns  to  the  same  part  of  the  hea- 
vens the  next  year,  compare  its  right  ascension  with 
that  of  the  same  star  for  two  days,  one  when  tlieir 


Sidem\ 
year. 


boa. 


it 

i 

be 


difference  of  right  ascension  is  less,  and  tbc  other  whea 
greater  than  t!je  difference   before  observed  j  then  it 
will  be  obvious  that  at  some  instant  between  these 
two  observations,  the  right  ascension  will  be  exactli 
the  same  ns  it  w  as  when  first  observed. 

Now  in  order  to  find  the  precise  instant  when  this 
happens,  let  us  supjwse  D  to  be  the  diKerejice  in  right 
ascension  as  observed  on  the  two  consecutive  day^s  j 
and  at   the  dilTerencc  between  the  ditfcrences  of  the 
sun's  and  stars'  right  ascension  on  the  first  of  the; 
two  days,  and  on   the   day  when  the  observation  w 
made  the  day  before  j  and  i  be  the  exact  time  between^ 
the  intervals  of  the  two  transits  of  the  sun  over  tl 
meridian  on  the  two  days  ;   tlien  assuming  the  motioi 
of  the  sun  to  be  equal  in  right  ascension  during  th 
interval,  we  shall  have 

the  time  from  the  |mssage  of  the  sun  over  the  meridi^^ 
on  the  first  day,  to  the  instant  when  it  bad  the  sa%-^  ^ 
right  fecension»  compared  with  the  star,  which  it  ^Y^j^ 
the  year  before  ;   and  the  intenal  between  these  t\^ 
times  when  the  difference  of  right  ascension  was  tt^^ 
same,  is  the  length  of  the  sideral  year. 

Or  if  instead  of  supposing  the  second  observation  ^m-n 
have  been  repeated  on  the  second  year,  there  'u  ^^3m^ 
iTiterval  of  several  years  between  the  two  observatioi^k^Ji, 
and  the  observed  interval  of  time  be  divided  by  ttr-zae 
number  of  years,  tVie  length  of  the  year  will  be  li€:^»d 
more  exactly,  any  error  in  the  observations  being  th^s^-^ 
re  n  tie  red  less  import^int  by  being  divided  into  lfc'':3e 
great  number  of  fnirts.  The  best  time  for  these  obsc  ^^* 
vations  is,  when  the  sun  is  in  or  near  one  of  the  eq^^  i- 
noxes  or  one  of  the  solstices,  his  motion  in  rig^Mut 
ascension  being  then  exactly  or  very  nearly  uniform  « 

As  an  example  of  this  kind,  v*'e  may  state  the  ftjl 
lowing  : — 

102.  Ajiril  1,  1(j69,  at  Oh.  3m.  47s.  of  mean  ^c^htg^^M 
time,  M.  Picard  observed  the  difference  between  tberaria 
longitude  of  the  sun  and  the  star  Procyon  to  be  3s.  8  UQ 
59^  30".  And  ^I,  La  Caille  found  the  difference  of 
longitude  between  the  sun  and  star  to  be  the  samCtOti 
April  2,  1745,  at  llh.  10' 4.''/'.  The  sun,  therefore, 
made  76  complete  revolutions  with  regard  to  tliesani^ 
fixed  star  in  7G  years  1  day  lib,  (im.  aSs. ;  or  la:^ 
27,759  days  llh.  tJm.  58s.  j  we  have,  therefore,  1*3 
dividing  this  interval  by  70,  3f>5  days  6h  8'  4?''  fc^  ^ 
the  length  of  the  sideral  year  ;  more  recent  obseni^-- 
tions,  however,  give  305  days  Oh.  9m.  il'Ss,  forth:^i— * 
iutervaL 

3 .  Of  the  I ropica I  yea r. 

103,  The  length  of  the  tropical  year  is  the  mterr^^J* 
between  the  sun  leaving  either  equinoctial  point  to  i"^t5«  ^ 
return  again  to  the  same  ;  w^hich  it  does  in  a  lesstiicrMt* 
than  it  passes  from  any  fixed  star  to  the  same  ngai^^' 
the  latter  we  have  seen  is  what  is  termed  the  sjder"" 
year  \  and  the  former  being  that  on  which  the  chaa^* 
of  seasons  depend  is  called  the  solar  or  tropical  ye^^* 
To  determine  the  length  of  this  year,  we  may  proceed 
as  follows : 

Obsen^e  the  meridian  altitude  of  the  sun  on  the  claj 
nearest  the  equinox,  and  the  next  year  take  its  meri- 
dian altitude  agsiin  on   two  successive  days,  on  the 
one  when   its  altitude   is  greater,  and  on  the  other 
when  it  is  less^  than  in  the  first  observation  j  thca  il 
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that  at  some  iatermediate  time  between 
i  obserralions,  the  sun  must  h&Te  had  the 
tfe  or  declination  as  in  the  first  instance, 
ad  the  precise  instant,  let  D  be  the  differ* 
'  ude  in  the  two  la^t  observations,  t  the  in- 
en  them,  which  mny  be  here  tid^en  as  ^4 
d  the  difference  between  the  altitude  as 
^  the  first  of  the  two  latter  days,  and  tliat 
tear  before  ;  then^  assuming  the  decLination 
rHj  as  it  actually  is  at  this  time,  sa7>  as 

1^  hours  ;  -— ■■•  the  time  from  the  first  of 

Kter  observations,  to  the  instant  when  the 
I  was  the  same  as  in  the  preceding  year, 
r  therefore,  beings  added  to  the  number  of 
mn  the  two  first  observations,  will  give  the 
[  of  the  solar  year« 

un^  as  in  last  case,  if  the  two  observations 
I  after  an  interval  of  several  years,  we  may 
^result  more  nearly  approximating  to  the 

I  two  following  observations  were  made  by 

1  his  son,  after  an  iiUerval  of  44  years, 
167*2,  Meridian  alt.  snn*a 

Imb ,. 41^    43'    O" 

m^  ditto 41°    V^  10" 

ditto 41=     51'     O''^ 

41  43     0 
b  41   ^7    10 


i      :  15  50  :  :  ^4  :  15h.  5<lm.  39s. 

Ithe  ®Oth  of  March,  at  15h.  hGim  39s.,  the 

l^alion  was  the  same  as  on  the   ^Oth    of 

rs,  at  noon. 

interval  between  the  two  first  of  these  ob- 

Waa  44   years,   34  of  these  were  common 

days  each,  and    10  of  3(jG  days  each, 

il  nn  inten^al  of  10,070  days,  and  therefore 

t  between  the  two  periods  when  the  sun*s 

j^was  the  same  wus,  1 6,070  diiys  t5h.  50m. 

pis  interval  embraces    44  trnpica!  yearSj 

feOiOd.  I5h.  56m.39s,         ,     ,  ',,      „, 

-  365d.  5h.  49' C'  5S"' 

.  of  tlie  tropical  year,  as  deternnncd  from 
18  i  more  recent  observations  give  for  the 
I  of  the  tropical  year^  365  days  5  hours 

n 

li.  Frecumxin  of  the  equinoxes, 

^jpears  from  whiit  is  stated  above,  that  the 
(to  the  equinoxes  every  year,  before  it  re- 
|l  to  the  same  hxed  star,  or  to  the  same 
^e  heavens  j  the  equinoctial  points  must, 
have  a  retrograde  motion  with  respect  to 

feLrlh,  the  cause  of  which  it  is  not  for  us  at 
plain  J   we  shall,  however,  hereafter,  see 
lue  to  a  regular  mechanical  effect,  viz,  tlie 

rthe  sun  and  moon  upon  the  earth  in  con- 
its  spheroidal  iigure.  The  cilect  of  this 
I  longitude  of  llie  stars,  whicli  are  always 
|rom  the  intersection  of  tlie  equator  and  ec- 
lom  the  ecfuinoctiid  point,  or  lirst  point  of 
^  constantly  increase,  and  by  comparing  the 
If  the  same  stars  at  different  times,  the  mean 


motion  of  the  equinoctial  points  p  or  the  pr^cesstoo  of 

the  equinoxes  may  be  determined.  Aatttmomf, 

U  e  have  observations  of  this  kind  from  the  time  of  ^ 
Timocharis  and  Hipparchus  j  but  we  may  be  ullowed 
to  entertain  considerable  doubt  as  to  accumey  ;  it  will 
be  sufiicient  to  observe,  that  fmm  a  comparison  of  the 
best  observation,  the  secuhu*  precession,  or  that  which 
takes  place  in  100  yeari»  amounts  to  i^  ^'  4^^^  ot  to 
5a34''  aoQually. 

5*  Amm^tUsik  fear, 

106,  At  a  certain  time  of  the  year,  the  snn*s  dia- 
meter,  if  measured  instrmnentalty,  would  be  found  to  ^  ] 
be  the  least  j  at  which  time  it  is  obvious  he  would  be 
the  most  distant  from  the  earth  or  in  his  apogee,  tlinl 
is,  the  earth  will  then  be  at  one  extremity  of  the  tratis^ 
verse  axis  of  it^  orbit,  and  at  that  e:ktremity  which  ia 
furthest  from  the  sun.  Now,  if  at  the  end  of  ii  cer- 
tain  inter^'nl,  a  year  from  the  first  observatitin,  a 
second  were  made,  and  the  sun  were  fi>und  in  pre- 
cisely the  same  relative  situation  with  rvgunl  to 
certain  fixed  stars,  when  his  diameter  \\«is  leftst,  then 
it  would  be  obvious  that  the  sun  had  always  the  least 
apparent  diameter  after  the  completion  of  a  sidend 
ycarj  but  the  astrononiieal  fact  is  not  so;  the  sun 
does  not  return  to  a  }H)int  in  the  heavens  where  hb 
diameter  is  least  in  a  sidernl  year  j  but  in  an  interval 
a  little  exceeding'  I*,  and  this  interval  is  what  iistro- 
nomers  have  called  the  anonuilijitic  */far,  tlie  apogtJc 
has  therefore  a  progressive  motion »  as  we  have  seen 
the  equinoxes  have  a  precession  ;  the  quantity  of  the 
former,  like  that  of  the  latter,  being  found  from  obser- 
vation. Accordiiip:  to  the  URint  recent  determinationi 
the  increase  in  lontcitude  of  the  sun's  aiiogee  in  lOO 
years,  is  1°  42' SlH'%  or  1'2*2''  annually;  but  since 
the  precession,  which  is  a  ree^ressive  motion,  is  50  34'' 
annually,  the  annua!  i?idcral  progression  is  G*i'^^^  — 
5034''  =  ll'8f>".  Now,  the  time  of  describing 
11-86''  added  to  the  length  of  the  sideral  year,  will 
compose  an  anomalistic  year  \  and  since  the  sun  near 
its  apogpee  moves  in  longitude  about  58'  in  24  hours  ; 
the  time  will  he  about  4m.  50s.  ;  hence  the  length  of 
the  anomalistic  year,  is  equal  to 
365d.ah.  9m.  n"4s.  +  4m.  50s.  =  aG5d.  6h.  14m.r48. 

5.   Obtiquitij  of  the  ccUpHc. 

107*  The  angle  contained  between  the  plane  of  the  obliquity 
equator  and  the  ecliptic  is  what  is  denuminatcd  1  he  of  tbt-'ct lip- 
obliquity  of  the   ecliptic  ;   which  is  shown   from  re-  *^*'' 
peated  observations   to   be    variable,    lii<c  tlir    irihor 
quantities  we  have  been  just   examining.     We  have 
already,  in  the  jireccding  section,  indicated  the  method 
of  determining  the  measure  of  this  angle  by  means  of 
the  greatest  ami  Iciisl  meridian  altitudes  of  the  sun  ; 
it  will  therefore  be  sufficient  in  this  place  tc»  show  the 
result  of  a  long  successitm  of  such  observations  by 
diftereut  astronomers^  which  are  as  follows  : — 

o  /          // 

Eratosthenes,  230  years  fl*c 23  61  20      Dct^rnuncJ 

Hipparchus.  140  years  b.c 23  61  30      hy  ttirfi-rcol 

Ptolemy,  A.n.  140    ....23  51  10      **^«»"»* 

Pappus,  A.D.  300 .23  30      O      '"*'"' 

AibateniuH,  in  B80 23  35  40 

Arzacheljn  1070    23  34       O 

Prophatius,  in  130O    23  32       O 

Regiomontanus,  in  1460    23  30       0 

4a 
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Wiilthenis,  in  1490 2i*     ^9     47 

Copernicus,  in  1500    ^3     28     24 

Ty€ho,  it*  ir>H7    ..., -23     29     30 

Cassini  (the  iiithcr),  in  1056 ......    23     29       2 

Cassiiii  (tl»o  sua),  m  1672 23     28     54 

Fliiinntead,  ia  IfJtiO. .,,.,. 23     2b     48 

Be  la  Ciiille,  in  1750 23     2S     19 

Dr.  Bradley,  in  1750  ,.._ 23     28     18 

Miiver,  in  1750 .....23     28     18 

Dr/Miiskelyiie,  in  1769 23     28    8,5 

M.  de  Lrdantle,  in  17*>8 23     28       O 

IVL  l*urid,  Ast.  Roy.  1816    23     27     50 

The  observations  of  Alhntenius,  an  Arnbiaii,  are 
here  corrected  for  refrfiction.  Those  of  Witltherus, 
M.De  la  Caille  computed.  The  obliquity  by  Tycho 
ifi  put  down  us  correctly  computed  fri>m  his  observa- 
tions 5  also  the  obliquity,  a?  dcterniined  by  Flamstead, 
is  corrected  tor  the  natation  of  the  earth's  axis  j  these 
eorrectiona  M.  de  Lalande  applied.  It  b  manifest 
from  the  above  observations,  that  the  obliquity  of  the 
ecliptic  eontinusdly  decreases  j  and  the  irregularily 
which  liere  appears  in  the  diminution,  we  may  ascribe 
to  the  inaccuracy  of  the  ancient  observations,  as  we 
know  that  they  are  subject  to  greater  errors  than  ti»e 
irregularity  of  this  variation.  If  wc  compare  the  first 
and  last  observations,  they  give  a  diminution  of  70'^  in 
ItiCJ  years.  If  we  compare  the  observatitm  of  Lalaudc 
with  that  of  Tycho,  it  gives  45'^  The  same  com^ 
pared  with  that  of  Flams^tead  gives  50'^  11'  we  cnui- 
pare  that  of  Dr.  Maskclyne  with  Dr.  Bradley's  and 
Mayer's,  it  gives  StV.  The  coiiipari»ons  of  Dr,  Mas- 
kelyues  determination,  with  that  of  M.  dc  Lalande, 
which  he  took  as  the  mean  of  several  resxdts,  gives 
50"^  as  determined  from  the  mo^t  accumtc  observa- 
tions. This  result  agrees  very  well  with  that  deduced 
from  theory  ,  but  the  observation  of  Mr.  Fond,  as 
compared  with  those  of  BnuUey,  gives  6*t>''  for  the  va- 
riation in  the  obliquity  in  lOO  years,  or  0*40''  annually. 

§  VI,  Of  the  corrections  for  refraction^  parallax,  S(c, 

1.  Of  rt fraction. 

Rtfirtctioii.  108.  When  a  ray  of  light  passes  out  of  a  vacuum 
into  any  medium,  or  out  of  a  medium  into  any  other 
of  a  greater  density,  it  is  found  to  deviate  from  its 
regukr  course,  f<>war<lfl  a  perpendicular  to  the  surface 
of  the  medium  into  which  iteoters.  (See  Optics,  p.  427) 
Hence  light  passing  out  of  a  vacuum  into  the  atmo- 
sphere, will,  where  it  enters,  be  bent  or  dedected  to- 
wards a  radius  drawn  to  the  earth's  centre,  the  extreme 
surface  of  the  atmosphere  being  supposed  spherical 
and  eonceiUric  whh  the  centre  of  the  earth  j  and  as  in 
approaching  the  earth's  surface  the  density  of  the  at- 
mfifphcre  eonlinually  idcrea^es,  the  rays  of  light  are 
eonettimtiy  entering  into  a  denser  medium,  and  there- 
fore the  course  of  the  rays  will  continually  deviate 
front  a  right  litie,  and  describe  a  cur\e  ;  whence,  at 
the  surface  of  t!ie  earth,  the  rays  of  light  enter  the 
eye  of  a  spectator,  in  a  diflcrent  direction  trom  that  in 
which  they  would  have  entered  it,  if  there  had  been 
no  atmosphere.  Consequently,  the  apparent  place  of  a 
body  from  which  tlie  light    comes  must  be  different 

Wig>  35.        from  the  true  place,  as  shown  in  lig.  35. 

OhBcrrcd      ^   1^)9  •   Although  we  here  stittc  the  fact  of  the  refrac- 

hy  the  aa-  tion  of  the  atmosphere  as  a  necessary  consequence  of 

deats. 


ostablished  kiws  in  Optics,  it  mu&l  not  he  understc 
to  have  been  introduced  into  astronomy  as  suchj 
it  was  (d>ser\  ed  by  the  ancients  long  before  they  V* 
were  able  to  trace  its  cause  to  optical  principle 
Nothing  is  indeed  more  easy  to  be  detected  in  ast 
nomical  observation  ;  for  by  taking  the  greatest 
least  altitudes  of  the  circumpolar  stars,  it  will  be  see 
that  their  aijparent  north  jxihxr  distances  w  ill  be  dii 
ferent  accordingly  as  it  is  taken  at  the  lime  of  the 
superior  or  inferior  passage ;  and  this  variation  i^ 
observetl  to  be  very  nearly  constant  for  the  same  plac^^ 
and  the  same  star,  and  for  all  stars  that  have  t\ae 
same  dedinatioti ;  but  to  vary  according  to  i\  cert^^^ 
law,  in  stars  that  paj^s  at  diUcrent  altitudes  }  it  is  ^C\gQ 
determinable  from  observation,  that  refraction  ck  ,^j^ 
not  alter  the  azimuth  of  bodies,  and  the  se^'^ju^ 
may  also  be  demonstrated  on  physical  prineij::^]^ 
as  we  have   shown  in   our  treatise  on  Optics,  ^^J 

fraction,  therefore,  has  a  tendency  only   to   iticc^^^ 
the  apparent  altitude  of  a  heavenly  body,  itse-^^j^- 
effect  being  produced  in  a  verlieal  circle,  and  its  ^^^ 
is  less  and  less  from  the  horizon  to  the  zenith*  y^-  ^^^ 
it  vanishes. 

Both  Ptolemy  and  Alhazen  were  acquainted  "v^thv^ 
this  irregularity,  and  attri?>uted  it  to  its  true  cause,  6m\ 
but  neither  of  them  undertook  to  determine  the  K^um-  Y*^ 
tity  of  it.  Tycho  perceiving  that  the  altitude  of  tht  ^ 
etjuator,  as  deduced  from  the  two  solstices,  Wiis  not 
the  exact  complement  of  the  height  of  the  pole, 
deavoured  to  determine  the  quantity  of  refraction  dc 
to  each  zenith  distimce  ;  he  mmle  the  horizontal  i 
fnxction  34",  ami  supposed  it  to  become  insenslbki 
45- of  altitude  J  in  the  former,  he  was  not  fai^.f 
the  truth,  but  the  latter  conclusion  was  wholly^ 
neons  ;  it  is,  in  tact,  to  Dominic  Cassini  that  we 
indebted  for  the  tirst  regular  hy^thcsis  on  the 
ject  of  astronomical  refraction  j  but  as  his  solutior^^ 
leads  to  an  expression  in  which  the  refraction  is  mud^-* 
proportionid  to  the  tangent  of  the  zenith  distaace  ^^ 
diminished  by  a  quantity  which  itself  depends  upai*^ 
the  refraction  souglit ;  we  shall  not  insist  u|JOn  it  ir  M 
this  place,  but  proceeti  to  illustrate  the  formulae  give;^^ 
by  Bradley.  ^| 

BratUey*s  formula:, 

1 10.  ^'arious  tables  of  refraction  more  or  le^  co^^bt- 
reet  had  been  idready  formed,  when  the  above  celit  t- 
brated  astronomer  commenced  Ids  obsenattons  fu::^i:»f 
the  purpose  of  deducing  more  exact  formuliB  th^K-^ 
were  at  thai  time  in  existence,  imd  of  these  tables  h^* 
availed  himself  in  setthng  the  law  of  this  imix>rtaK3^ 
astronomical  correction.  ^M 

By  means  of  numerous  observations  on  Polaris  oimH 
other  circumpolar  stars,  BratUey  deduced  the  appareu^  " 
zenith  distance  F  of  the  pole.  By  observations  ato 
on  the  sun  at  the  equinoxes,  when  this  body  had  the 
same  zenith  distance  but  opposite  right  asceiisioni, 
he  deduced  the  height  of  the  equator.  In  ihb  ifl- 
stauce,  as  in  the  former,  it  was  only  the  apparent  alii- 
tode  that  was  obtained  on  account  ot  the  refraction, 
and  therefore  gi*eatcr  than  the  true  height,  and  OCMa- 
sequentlVf  the  apparent  zenith  distance  wns  leas  than 
the  true  ;  w  hence  the  sum  of  the  two  zenith  distances 
of  the  poles  anil  the  equator  (which  if  true  ought  to 
be  ^  90"^)  will  be  less  thim  90'^  by  the  sum  of  the  two 
refractions  due  respectively   to  the  zenith  distances 
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Aitixmomy.  foreveiymmutebelowS^ofaltitude;  orforevenrminiite 
^-^^^f^m^/  more  than  8?^  of  zenith  dbtance>  the  result  round  u 
above  must  be  reduced  *0046S.  By  means  of  these  Ibr- 
muUs,  Mr.  Groombridge  has  computed  a  very  extensive 
table  of  refractions^  with  the  requisite  tables  of  cor- 
rections for  the  different  states  of  barometrical  pres- 
sure^ as  well  as  for  thermometrical  temperatures^  both 
for  the  outside  and  inside  of  the  observatory.  We 
cannot  allow  ourselves  to  transcribe  this  table  in  the 


extended  form  given  to  it  by  its  aoiihor,  but  Ihe  fol- 
lowing abridgment  of  it  will«  it  is  presumed,  be  found  ^ 
highly  acceptable  to  our  roulers.  It  will  be  under-  ^ 
stood  that  the  correction  for  the  barometer  and  ther- 
mometer will  be  the  sum  of  the  two  foctors  in  TUde 
II.  and  Table  III.  multiplied  into  the  mean  refractioii, 
and  the  product  added  or  subtracted  therefrom,  ac- 
cording as  the  sum  of  the  foctors  is  plus  or  minus. 


Table  of  mean  refractum$3  computed  from  the  preceding  formula. 


ZemDist. 

Refhur. 

Zen.Diftt. 

Refrmc 

Zen-Dist. 

Refrar. 

Zea-DisL 

Rafrac. 

Zea-Dift. 

Refrae. 

o   / 

/   // 

o  / 

/   // 

o  / 

/  // 

o  / 

/   // 

o   / 

/    H 

0  0 

0  000 

22  0 

0  23-46 

44  0 

0  56  03 

66     0 

2  9-77 

87  8 

14  46-S7 

0  so 

0  0-61 

22  SO 

0  24-06 

44  SO 

0  57-01 

66  SO 

2  12-85 

87  16 

15  14-40 

1  0 

0  101 

23  0 

0  24-65 

45  0 

0  5801 

67    0 

2  16*05 

87  24 

15  44-00 

1  30 

0  1-52 

23  SO 

0  25-25 

45  SO 

0  6908 

67  80 

2  19-38 

87  82 

16  15-27 

2  0 

0  203 

24  0 

0  25-85 

46  0 

1  0-07 

68  0 

2  22-85 

87  40 

16  4836 

2  SO 

0  2-53 

24  SO 

0  26-46 

46  SO 

1  lis 

68  80 

2  26*47 

87  48 

17  23-37 

S  0 

0  304 

25  0 

0  27-07 

47  0 

1  2-20 

69  0 

2  30-25 

87  56 

18  0*46 

3  SO 

0  3-55 

25  SO 

0  27-69 

47  SO 

1  8*30 

69  SO 

2  84-21 

88  0 

18  19-83 

4  0 

0  406 

26  0 

0  28-32 

48  0 

1  4-41 

70  0 

2  8884 

88  6 

18  49*98 

4  SO 

0  457 

26  SO 

0  28-95 

48  SO 

1  5-55 

70  SO 

2  42-68 

88  12 

19  21-61 

5  0 

0  508 

27  0 

0  29-58 

49  0 

1  6-72 

71  0 

2  47*28 

88  18 

19  54-47 

5  SO 

0  5-59 

27  SO 

0  29-80 

49  SO 

1  7-90 

71  SO 

2  52-01 

88  24 

20  28*89 

6  0 

0  610 

28  0 

0  30-87 
0  31-52 

50  0 

1  9-11 

72  0 

2  67-03 

88  SO 

21  5*08 

6  SO 

0  6-62 

28  30 

50  SO 

1  10-34 

72  80 

8  2*88 

88  86 

21  42*88 

7    0 

0  713 

29  0 

0  32- 18 

51  0 

1  11-60 

7S    0 

8  7-9« 

88  42 

22  22-47 

7  30 

0  7-64 

29  30 

0  32-85 

51  SO 

1  12-89 

78  SO 

8  18-82 

88  48 

28  ?*95 

8  0 

0  8*16 

SO  0 

0  33-52 

52  Q 

1  14-21 

74  0 

8  90*07 

88  54 

28  47-40 

8  SO 

0  868 

SO  SO 

0  34-20 

52  SO 

1  15-55 

74  SO 

8  26-69 

89  0 

24  82-94 

9.  0 

0  920 

31  0 

0  34-88 

53  0 

1  16'9S 

75  0 

8  88-78 

89  4 

25  4*51 

9  SO 

0  9-72 

31  SO 

0  35-57 

53  SO 

1  18-33 

75  SO 

8  41*22 

89  8 

25  87-09 

10  0 

0  10^24 

32  0 

0  36-27 

54  0 

1  19-78 

76  0 

8  4921 

89  12 

26  1071 

10  SO 

0  10-76 

32  SO 

0  36-98 

54  SO 

1  21*25 

76  SO 

8  57  75 

89  16 

26  45-40 

11  0 

0  11-29 

33  0 

0  37-70 

55  0 

1  22-77 

77  0 

4  6-89 

89  20 

27  21-20 

11  30 

0  11-81 

33  30 

0  38-42 

55  SO 

1  24-31 

77  SO 

4  16*72 

89  24 

27  58-14 

12  0 

0  12-34 

34  0 

0  39  15 

56  0 

1  25-91 

78  0 

4  27  30 

89  28 

28  86  26 

12  30 

0  12  87 

34  SO 

0  39-89 

56  30 

1  2754 

78  SO 

4  3772 

89  32 

29  15-60 

13  0 

0  13-40  • 

35  0 

0  40-64 

57  0 

1  29-21 

79  0 

4  6109 

89  36 

29  56-19 

13  30 

0  13-94 

35  SO 

0  41-40 

57  30 

1  3093 

79  30 

5  4-53 

89  40 

SO  3807 

14  0 

0  14-48 

36  0 

0  42  17  ^ 

58  0 

1  32-69 

80  0 

5  19- 18 

89  44 

31  21-28 

14  30 

0  15  02 

36  30 

0  42  95 

58  30 

1  34-61 

80  30 

5  35-21 

89  48 

32  6-&5 

15  0 

0  15  56 

37  0 

0  43-74 

59  0 

1  36  38 

81  0 

5  52-83 

89  52 

32  51-82 

15  30 

0  16  10 

37  30 

0  44  53 

59  30 

1  38-30 

81  30 

6  12-26 

89  56 

33  39-84 

16  0 

0  16  65 

38  0 

0  4534 

60  0 

1  40-28 

82  0 

6  33-79 

90  0 

34  28- 18 

16  30 

0  17'20  i 

38  30 

0  46-16 

60  SO 

1  42-32 

82  SO 

6  57*78 

90  2 

34  63*15 

17  0 

0  17*75  , 

39  0 

0  47  00 

61  0 

1  44-42 

83  0 

7  24-63 

90  4 

35  18-55 

17  30 

0  1831 

39  30 

0  47-84  ■'. 

61  30 

1  46-59 

83  30 

7  54-87 

90  6 

35  44-84 

18  0 

0  18-86 

40  0 

0  48-69 

62  b 

1  48-83  I 

84  0 

8  29- 13 

90  8 

36  ia52 

18  30 

0  19  43 

40  30 

0  49  56  ! 

62  SO 

1  5114  1 

84  SO 

9  818 

90  10 

36  37-10 

19  0 

0  J9-99 

41  0 

0  50  44 

63  0 

1  53-53  : 

85  0 

9  53  03 

90  1ft 

37  408 

19  SO 

0  20-56 

41  30 

0  51  34 

63  SO 

1  56-00 

85  30 

10  44*88 

90  14 

37  31-47 

20  0 

6  2113 

42  0 

0  52-25 

64  0 

1  58-56 

86  0 

11  45-57 

90  16 

37  59-5W 

20  30 

0  21-71 

42  30 

0  53  17 

64  30 

2  1-21 

!  86  24 

12  41  02 

90  18 

88  27-50 

21  0 

0  22  29 

43  0 

0  54-11 

65  0 

2  3-96 

i  87  48 

13  44*62 

21  30 

(f  22  87 

43  30 

0  55-06 

65  30 

2  6-81 

1  87  0 

1 

14  19*80 

b 
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BAROMETER. 

FAHRKNHErrS  'J 

rHEHMOMKTER, 

lucWs. 

Correc. 

luc1it!a> 

Corree. 

Degree. 

WjiUm. 

WiThoyt. 

Di'ff-fc, 

Witliin. 

Willioyt. 

— 

+ 

-f 

+ 

'~- 

*28'60 

i      -0350 

29'60 

■(KXX) 

^     240 

0575 

•0420 

490 

*CXHX> 

■0(JhO 

62 

0342 

62 

•0007 

245 

•0563 

•04 10 

49-5 

0011 

*34>9(> 

64 

•0335 

64 

*0014 

230 

•0552 

•04*  K> 

500 

'W22 

•oux> 

6<S 

'0328 

66 

■0020 

255 

•0540 

•fK>90 

so-s 

•O033 

•OIK* 

63 

'0321 

68 

•0027 

260 

1      -0.529 

■iUJhO 

510 

•0044 

■0120 

2870 

•0314      , 

29'70 

■0034 

!     263 

'0517 

'tK170 

515      . 

'0055 

•0130 

7^2 

*030G 

72 

'0041 

270 

•05CWJ      1 

■0360 

620 

'0066 

OHO 

74 

■0299 

74 

'OO47 

27-5 

•04  94 

•0350 

52-5 

■(K>77 

•01 50 

76 

■0292 

76 

•0054 

280 

•04  Kl 

0340     , 

530 

0088 

•OHiO 

in 

■02H5 

78 

'O061 

28-5 

•0471 

-a33()     ! 

53-5 

•0099 

0170 

iH-m 

'fJ278 

2980 

•0O68 

290 

•04(iO 

'0:i20 

540 

•0110 

mm 

m 

'0271 

S2 

•fK>74 

29-5 

•0448 

■0310 

54-5 

•0121 

0190 

84 

■0264 

84 

•0081 

300 

0437 

•03(X) 

55-0 

0132 

•02(10 

86 

•0256 

86 

*0088 

30^5 

•0425 

0290 

55'5 

•0143 

•0210 

'           88 

•0249 

88 

•0095 

310 

•0414 

•0280 

560 

•0154 

•0220 

^800 

•0242 

29*90 

■0101 

31-5 

•040^1 

•0270 

665 

•0165 

•0230 

m 

•0235 

92 

•010s 

320 

•0391 

■0260 

570 

•0176 

•0240 

94 

*0228 

94 

0115 

325 

•0379 

•0250 

57-5 

•0187 

•025*> 

96 

•0*J21 

3^ 

•0122 

330 

•0368 

■0240 

58'0 

01 98 

•0^360 

98 

■02t4 

98 

"0128 

33^5 

0356 

•0230 

58-5 

•0209 

•0270 

^PCK) 

^0207 

30*IX> 

*0135 

340 

•0345 

-02^20 

590 

•0220 

•inhi} 

m 

■cy^oo 

m 

•01 42     i 

345 

•0333 

•0210 

59-5 

•0231 

•0290 

04 

•0193 

04 

•0149 

350 

■0322 

•0200 

600 

•0242 

■OviOO 

06 

•0186 

o<; 

0155 

355 

G310 

•0190 

605 

•02:*3     ' 

"03 10 

'             CIS 

•0179 

08 

*0162     ' 

360     1 

•0299 

•0180 

610 

•0264 

■03^20 

5910 

•0172 

30  10 

•0169     ' 

36-5 

•0287 

•0170 

61  5 

•0^275 

UliAO 

'            1^ 

•0165 

12 

•0176 

370 

•0276 

■0160 

620 

•02S6 

03  4U 

'            U 

•0158 

14 

•0182 

375 

•0264 

•01 50 

62-5 

*0297 

'0:i5O 

16 

•0151 

16 

*0189 

380 

•0253 

•0140 

630 

•o:i08 

•0360 

\H 

•0U4 

IS 

•0196     1 

38-5 

•0241 

'0130 

63-5 

•0319 

■(J370 

29'20 

^0137 

30-20     ' 

•0203 

390 

•0230 

0120 

64  0 

•0330 

•0380 

no 

■0130 

22 

\)210 

39  5 

•0218 

•0110 

64-5 

•0341 

■0390 

94 

01^23 

24 

•0^216 

400 

•02t>7 

■01(X> 

650 

•0352 

0400 

m 

•0116 

26 

0223 

40-5 

•0195 

•0090 

65  5 

•0:?6:i 

0410 

28 

•0109 

28 

0230 

410 

•0184 

•0O8O 

660 

(1374 

•(M20 

1     2930 

•0102 

30-30 

0237 

41-5 

•0172 

■0t>7O 

66*5 

•0:iS5 

0430 

32 

■Of)9a 

32 

•0243 

420 

0161 

•OOrm 

670 

'0396 

•iK140 

34 

•0O.S9 

34 

0250 

425 

•0149 

'Oi>50 

67-5 

•0407 

•0450 

36 

•i>f)S2 

36 

•0257 

430 

"0138 

•0O4O 

680 

•0418 

■0460 

1           38 

<)075 

38 

•0264 

1     435 

•0126 

•tK>30 

685 

■0429 

■0470 

29-40     ' 

^0068 

30- 40 

•0270 

440 

0115 

•(W20 

6f>  0 

•0440 

•0480 

42 

•0061 

42 

1     •0277 

44  5 

•0103 

0010 

69-5 

•(M51 

•04*JO 

44 

^0054 

44 

*02S4 

45'0 

'0092 

— 

700 

•(M62 

■0500 

46 

^(J048 

46 

■0291 

455 

•0080 

■00 10 

7f>5 

-0473 

•05 10 

AH 

'0(M1 

48 

•0297 

4G0 

Oi>69 

(ycfm 

710 

■0484 

■052O 

29'of> 

■C)034 

30-50 

■03O4 

1     46-5 

■fHi:>7 

'0O3O 

715 

■0495 

'05:iO 

52 

■0027 

52 

•0311 

470 

■0(M6 

'004O 

720 

*05fMi 

•054O     \ 

54 

*0020 

54 

•0318 

475 

•0<J3I 

■OTK'jO 

725 

•0517 

0550 

56 

ml  4 

56 

•0324 

480 

■CM>23 

'fXlfJO 

730 

•0528 

•0560 

58 

■0007 

58 

•ma  I 

485 

•001 1 

•0070 

735 

0539 

•0570 
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Astronomv-      ^^^'  What  we  have  hitherto  stated^  relates  princi- 

^ V"-»^  pally  to  CDrrcctions  requisite  to  be  made  in  astrono- 

Other  vf-      mical   observatiojis  in  consecjnence   of  the  effect  of 
fectii  of  re-  refmttion  in  elevating:  all  the  heavenly  bodies,  but  the 
""*'  "        same  principles  will  also  explain  some  other  astrono- 
mical phenomena,  as  for  instance,  the  morning"  and 
evening^  twilight,   the  oval  appearance  of  the  sun  in 
the  horizon,  the  horizontal  moon.  8tc, 

115.  With  respect  to  tlie  twilight,  it  arises  both 
thetwilijbt  fxoni  the  refraction  and  reflection  of  the  sun's  rays  by 
tlie  atmosjjhere.  It  is  probable,  that  the  reflection 
arises  principally  frona  the  exhalations  of  different 
kinds  with  which  the  lower  beds  of  the  atmosphere  are 
charged  j  for  the  twilight  lasts  till  the  sun  is  farther 
helow  the  horizon  in  the  evening'  than  it  is  in  the 
niorning  when  it  beg:ins.  and  it  is  longer  in  summer 
than  in  winter.  Now  in  the  former  case,  the  heat  of 
the  ilay  has  raised  the  vapours  and  exhalations ;  and 
in  the  latter,  they  will  be  more  elevated  from  the  heat 
of  the  season  j  therefore,  suppoijintij  the  reflection  to 
be  made  by  them,  the  twilight  ought  to  be  longer  in 
the  evening  than  in  the  morning,  and  longer  in  the 
summer  than  in  the  mnter. 

Commonly,  it  is  nss\tmed,  that  the  twilight  begins 
when  the  sun  is  18'^  below  t!ie  horizon  j  but  in  our 
investigations  relatrve  to  the  time  of  shortest  tvvilight 
(art.  7^).  wc  have  left  the  suiution  general  for  any 
number  of  degrees,  and  which  may  therefore  be  sup- 
plied at  pleasure. 
Oral  figure  Htj,  Another  efleet  of  refraction^  as  we  have  above 
of  the  Sim  observed^  is  that  of  giving  the  sun  and  moon  an  oval 
0luJ  nioon  appearance  in  consequence  of  the  refraction  of  the 
zoD,  "^"^  lower  limb  being  greater  than  tlie  upper  j  whereby 
the  vertical  (liameter  is  diminished.  For  assuming 
the  diameter  of  the  sun  to  be  3^l\  and  the  hjwer  limb 
to  touch  the  hoi*izon»  then  ilie  mean  refmction  at  that 
limb  is  33' ;  but  the  altitude  of  the  iip|>er  limb  being 
3^3',  its  refraction  is  only  *2S'  6'\  the  difference  of 
which  is  J'  ."^4",  tlie  (juantity  by  which  the  verticfd 
diameter  appears  shorter  than  that  parallel  to  the  ho- 
rizon. This,  however,  will  only  happen  when  the 
body  is  in  or  very  near  the  horizon,  for  when  the  al- 
titude is  any  considerable  quantity,  the  refraction  of 
both  limbs  being  then  very  nearly  the  same,  the  appa- 
rent disc  will  not  differ  sensibly  from  a  circle. 

5.  Of  pttrallaxes, 

Puralla  .  117»    Parallax  is  a  term   used  by  a<4tronomers  to 

denote  an  arc  of  the  heaveni  intercepted  between  the 
irnc  and  apparent  phice  of  a  star,  or  other  heavejdy 
body,  or  its  jilace  as  viewed  from  the  centre  and  the 
aurfiice  of  the  earth. 

Rg»37.  ^^**  f'"'^'  **')  represent  a  star,  C  the  centre  of  the 

earth,  Z  the  zenith  of  a  spectator,  then  the  observed 
zenith  distance  of  »-  is  the  angle  ZA*,  but  its  actual 
zenith  distance,  as  viewed  from  the  centre  C,  is  ZCV, 
and  the  difference  between  the  angles  ZC'j?  and  ZAs  is 
is  A«C,  which  is  cidled  the  angle  of  parallax. 

Now  we  know  from  the  principles  of  trigonometry 
that 

sin  C^A  ^  sin  CAs  x  — —  =  sin  ZAjt  x  -^ — 

whence  if  CA,  Cs  remain  tlie  same,  the  sine  ofCsA, 
that  is,  the  sine  of  the  parallax  varies  as  the  sine  of 
the  star's  zenith  distance.     Consequently^  the  parallax 


must  be  greater,  the  greater  the  zenith  distance  j  it 
must  therefore  be  greatest  when  the  body  is  seen  in 
the  harizon,  or  when  the  zenith  distance  is  90°.  Let  p  ^ 
represent  the  parallax  at  any  zenith  distance  Z,  P  the 
greatest  or  horizontal  pardllax,  then  we  shjdl  have 

Sin  /?  =  — -  X  sm  Z,  and  sm  P  =  -;-    x  am  90    ^  7;^ J 

Consequently,         sin  p  =  sin  P  sin  Z 
If  therefore  the  parallax  be  known  for  any  one.  zeniti 
distance,   it  may  be  determined  for  any  other ;  anc 
moreover,  if  CA  the  earth's  radius,  and  Cjs  the  distance 
of  the  hotly,  were  given,  the  parallax  P  would  l:>econidj 
known  j   and  conversely,  if  the   parallax  were  given,] 
the  distance  C^   might  also  be  determined,  the  radiufli 
of  the  earth  being   su ppo.se d    known    from   gieodetidj 
operations.     It  is,  in  fitct,  from  knowing  the  parallaicj 
of  one  or  more  of  the  heavenly  bodies,  that  their  dis 
tances  have  been  determined. 

The  correction  for  ])arallax  is  one  of  the  most  im* 
portnnt  in  practicid  astronomy,  and  accordingly,  va-*J 
rious    methods  have   i)een  proposed   by  different 
tronomers  for  determining  it  j   but  of  these  we  slw 
only  specify  one  or  two  of  the  most  obvious. 

IIS.  First,  to  find  the  parallax  of  the  moon,     Taki 
the  meridian  altitudes  o(  Uie  moon  when  it  has  its  t^ 
greatest  north  and  south  latitudes,  and  correct   them 
for  refraciion,  iks  exphiined  in  the  preceding  chapter. 
Then,  if  liicre  were  no  parallax,   or  if  the  parallax 
were  the  same  at  both  altitudes,  the  difference  of  the 
altitudes  thus  corrected  would  be  equal  to  the  sum  of 
the  latitudes,  and  consequently,  what  tliose  quantitiesf 
want  of  equality  will  be  equal  to  tlie  difFercnce  of  the 
parallax.     We  havc»   therefore,    by  means   of   these 
observations,  the  difference  of  the  parallaxes  at  these ^ 
altitudes,  and  it  is  required  to  li^nd  them  separately, j 
For  this  purf)ose,  let   us  denote  the  two  zenith  dis-j 
tances,  by  Z,  2,   the  parallaxes  by  P,  p :  then    froot j 
what  has  been  stated  above  we  have 

sin  Z  1  sin  z  ; ;  V  \  p 
or  ^in  Z  —  sin  z  I  sin.  z  H  P  —  p  ;  p 

sin  2  (P  — p) 
whence  p  —  - — — — ^— ^ 

sin  Z — am  z 

the  parallax  at  the  greatest  nltitude. 

We  here  suppose  the  ino(jn  tu  he  at  the  sitme  dis* 
tance  from  the  earth  at  both  observations  j  when  tlii* 
is  not  the  case,  one  of  the  observations  must  be  re- 
duced to  what  it  would  have  been  had  the  distance 
been  the  same. 

119.  Let  a  body  P  (fig.  2B)  be  obsened  from  two  Deiai 
places,  A,  B,   in  the  same  meridian,  then  the  i^ivole  by 
angle  APH  is  the  sum  of  the  two  parallaxes  at  those  ^  ^ 
two  places.  Now  we  have  seen  in  article  11 7,  that  the    "^^ 
parallax  APC  or />  ^  P  x  sin  PAL 
parallax  PBC  or  p'  =  P  x  sin  PBM 
Hence  APB  =  /)  -^  /  =  P  x   (sill  R\L  +  sin  PBM) 
Consequently 

p  ^  p' 
hor.  parallax  (P)  =  - —  .  - 

^  ^  sm  PAL  -f  sm  PBM 

In  order  to  illustrate  this  by  actual  obscr\'ation,  we 
may  state  the  ftdlowing  example  : 

October  5,  1751,  M.  De  la  Cf^ille,  at  the  Cape  of 
Good  Hope,  observed  Mars  to  be  I' 25''S  below  the 
parallel  of  X  in  Aquarius,  and  at  S5°  distance  frona  the 
zenith.     On  the  aame  day,  at  Stockholmj  Mars  was 
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1 


p= 


^_  observed  to  be  1'  57^*7  below  the  parallel  of  the  same 
■  star,  and  at  68"^  14'  zenith  distiince,     Hence 
from         V  57'' 7 
take  1    25  B 


angle  APB=ja+//=;0    :il  9 
W  hence   P  = 


sin  25^  +  gin  G8^  14' 


=  93G 


The  horizontal  parallax  of  IMara  being  thus  deter- 
miivcd,  we  may  hence  Hnd  that  for  the  sun }  for  wc 
have  seen  that,  generally, 

1*=   ^         (see  %  36) 

Consequently^  since  CA,  the  radius  of  the  earth,  is 
constiint,  the  parallax  will  vary  reciprocally  as  the 
distance  of  the  body ;  knowing;,  thereforej  the  pro- 
porlionjd  distance  of  the  sun  and  Mars  from  the  earth 
at  tiie  time  of  observation  ;  the  parallax  of  the  for- 
mer may  be  determined  when  that  of  the  latter  is 
given.  This  method,  however,  of  determining  the 
solar  parallax  Is  not  snOiciently  accurate  for  the  pur- 
po5es  of  niadeni  astronomy, 

1^0,  ^^Icthod  of  determining  the  jjarallax  in  right 
ascension  and  declination. 

Let  EQ  (fig.  39)  he  the  equator,  P  its  pole,  Z  the 
zenith,  r  the  true  jjlaee  of  the  body,  and  r  the  appa- 
rent place,  as  depressed  by  parallax  in  the  vertictd 
circle  Zfc,  and  draw  the  seeondiiries  Pre/,  Frfc^  then 
a  6  is  the  parallax  in  right  aseenii ion,  and  rs  in  de- 
clination. 

'Sow  vr  l  vs  \\  rad  1  sin  rr.*or  ZfP 

and  r.v  ;  <76  *  t  cos  i^a  ',  rad 

Hence  by  multiplication,  and  rejecting  the  like  factors, 
i^  r  ;  ttb  ;  cos  1^  a  ;  sin  Z  r  P 

_        -  ,        vr  sin  ZvV 

tnerefore    ab  = 


but 
and 

hence 


cos  va 

V7-  =  lior.  pan  (P)   x  vZ 

sin  V  Z  :  sin  ZP  *  [  sin  ZP  v 

.    «    ^         s»n  5^P  X  sin 
sm  Z  t'  P   =  - 


;  sin  ZtsP 
ZPr 


sin  t;  Z 


-vi^bence  by  substitution 

P  X  sin  ZP  X  sin  ZPo 

ab  —  - — — ~ — ___^ 

cos  V  a 

Hence  it  follows,  that  for  the  same  star,  where  the 
kor,  par.  or  (P)  is  given »  the  parallax  in  right  ascen- 
sion varies  as  the  sine  of  the  hour  angle. 
Also, 

,  nh  cos  va 

lior,  par.  =  -^-^5^ .    „^ 

sm  ZP  X  sm  ZPy 

In  the  eastern  hemisphere,  the  apparent  place  b  lies 
on  the  equator  to  the  east  of  a  its  true  place,  and 
therefore  the  right  ascension  is  diminished  by  i»aral- 
lax ;  hut  in  the  western  hemispliere  b  lies  to  the 
'west  of  «,  and  therefore  the  right  ascension  is  in- 
creased. Ilejice,  if  the  right  ascension  he  taken  before 
and  after  the  meridianp  the  whole  change  of  parallax 
in  right  ascension  between  the  two  observations,  is 
the  sum  (j)  of  the  two  parts  before  and  after  the  me- 
ridian^ we  have  therefore 

^^ 

s— X  S 

cos  V  a 

S  denoting  the  sum  of  the  sines  of  tlie  two  hour  angles^ 


and 


Aor.  par.  (P)  — 


xcm  Mt 


sinZP  X  S 
On  the  meridian  there  is  no  parallax  in  right  ascension. 

In  order  to  apply  this  rule,  observe  the  right  ascen- 
sion of  the  planet  when  it  passes  the  meridian*  com- 
pared with  that  of  a  fixed  star,  at  which  time  there  is 
no  psirallax  in  right  ascension  -,  about  six  hours  after, 
take  tlie  diHerence  of  their  right  ascensions  again, 
and  observe  how  much  the  difference  (d)  between  the 
apparent  right  ascension  of  the  planet  and  iixed  star 
has  changed  in  that  time.  Next  observe  the  right 
ascension  of  the  jdanet  for  three  or  four  days  when  it 
passes  the  meridian  in  order  to  get  its  true  motion  in 
right  ascension.  Tiien  if  its  motion  in  right  ascension 
in  the  above  interval  of  time,  between  the  taking  of 
the  right  ascensions  of  the  fixed  star  and  planet  on 
and  off  the  meridian,  be  e(|nal  to  d,  the  planet  has  no 
parallax  in  right  ascension ;  but  if  it  be  not  eqital  to  ft, 
the  diflerenre  is  the  parallax  in  right  ascension*  and 
hence,  on  the  above  principles,  the  horizontal  parallax 
will  be  known.  Or  one  observation  may  be  made 
before  the  planet  comes  to  the  meridian  and  anr^ther 
after,  by  whirh  a  greater  difference  will  be  obtained, 

121.  In  order  to  illustnitc  this  method  by  an   ex< 
ample,  let  the  following  be  tiiken  : 

On  August  15,  lTlf>,  Mars  was  very  near  a  star  of 
the  5th  magnitude  in  the  eastern  slKmlder  in  Aquarius : 
and  at  *Jh.  18m.  in  the  evening,  Mars  followed  the 
star  in  lO'  1?",;  and  on  the  16th,  at  4h.  '21m.  in  the 
uiorning,  it  followed  it  in  !(/  1",  therefore  in  that 
interval,  the  apparent  right  ascension  of  Mars  had 
increased  16"  in  time. 

But  according  to  observations  made  in  the  meridian 
for  several  days  after,  it  appeared  that  Mars  ap- 
proached the  star  only  14'''  in  that  time,  from  its  pro- 
per motion ;  therefore  52"  in  time  or  30"  in  motion  wa5 
the  effect  of  parallax  in  the  interval  of  the  obser- 
vations, 

Now  the  declination  of  Mars  was  15^ 
the  co-latitude  41 


Plunfr 

Aatrononm 

Ilhj&tTfitioa 
of  lliis 
luctbod. 


By  exam- 
ple. 


^ 


/4r 
I  5G^ 


If/ 
15' 

39' 


the  t\vo  hour  angles 

Consequently,  the  horizontal  parallax 

_ 30^'   X   COB  15^ __  ^, 

^   pin  41='  10'  (3in49'^  15'  -h  sin3«'='390  ~  *"* 
At  the  time  of  these  observations,  the  distance  of  the 
cartli  from  Mars  was  to  its  distance  from  the  sun  as 
37  1  100  ;   whence    the   sun's    horizontal   paralliix  is 
found  to  be  U)  17'^ 

VZ2.  Desiiles  the  effect  of  parallax  in  right  ascension 
and  declination,  it  is  manifest  that  the  latitude  and 
longitude  of  the  moon  and  planets  mu,st  also  be 
effected  by  it,  and  as  the  detcnnination  of  this,  in 
respect  to  the  moon,  is,  in  many  case«s,  particularly 
in  solar  ecli|>ses,  of  great  importance,  we  sliall  pro- 
ceed to  show  how  it  may  be  computed,  supposing  the 
latitude  of  the  place,  the  lime,  and  consequently  the 
sun's  right  iLscension,  the  moon's  true  latitude  and 
longitude,  and  her  horizontal  p!ii:dlax  to  be  given. 

Let  HZR  (fig, 40)  be  the  meridian,  rEQ  the  eqna- 
tor,  p  its  pole  ;  tC  the  ecliptic,  P  its  pole  \  t  the 
first  point  of  Aries,  HQll  the  horizon,  Z  the  zenith, 
ZL  a  secondary  to  the  horizon,  passing  through  the 
tnie  place  r,  and  apparent  place  t,  of  the  moon  ; 
draw  P^j  Pr,  which  produce  to  s^  drawing  the  small 


Effect  of 
puntlUvx  in 
latltuduaad 
loaf^tudc 


1 


Fig.  40, 
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iy,  is  in  her  apogee  imd  in  conjunction  \  is  53'  59"  in  the 
latitude  of  Paris  :  now  as  the  pamlliix  varies  inversely 
as  the  distance,  the  par*dlax  at  the  mean  distance  of 
the  moon  15  5*'  *^14^^  viz.  an  bannonietd  mean  between 
the  two  former. 

But  Delambre  recalculated  tlie  parallax  from  the 
same  observations  from  which   Mayer   calculated   it, 
and  found  a  slight  disagreement  in  the  two  results. 
,  He  made  the  ec|uatonal  parallax  57'  11 ''-I  j   Lalande 

made  it  57'  r/'  at  the  equator,  56'  53"^  at  the  pole, 
and  57'  1"  for  the  mean  ratlins  of  the  earth  j  upon  a 
supposition  that  the  ratio  of  the  equatorial  and  polar 
axes  was  as  3fX>  ;  2*39. 

Assuming  tlien  the  mean  parallax  to  be  57'  !"♦  we 
have,  referring  to  fig,  36*, 

J  AC    ;   mean  radius  r  ; ;  D,  dlst.  of  moon  1  sin  57'  1" 

I,  hence  1>  =  603  rad  —  60-3  x  3964  =  *23fKH2[>  miles 

the  mean  distance   of  the  moon  from  the  earth. — 
•  I'inces  Astronomy. 

The  preccdii^g  methods  by  which  the  parallaxes  of 

]  tHe  moon  ami  of  Mars  have   been    determined   are 

»         T^€^i  sufTicienlly  exact  for  us  to  employ  them  in  deter- 

r»:ijnjng  that  of  the  sun.     And  since  this  is  in  astro- 

I        ooiny  a  most   important   element,    and  requires   the 

most  exact  determination,  it  has,  aj*  we  have  before 

remarked,   engaged    the   most   anxious   attention   of 

ptmilosophers,   and   no  one  has  rendered    in    this  re- 

»p><?ct  a  more  essential  service  to  the  science  than  Dr. 

^Xaslcclyne,  our  late  worthy  astronomer  royal  j  but  the 

E^i^thod'  which  he   employed,   and    which   was    first 

,      pointed  out  by  the  celebrated -astronomer  Dr.  Halley, 

c^uanot  be  with  propriety  illustrated  in  this  place,  be- 

c=a.ixse  it  supposes  the  planetary  motions  to  be  deter- 

x^nincd  to  the  utmost  accuracy  :   In  asubeeqiient  ehap- 

^^1*   ^e  shall,  however  J  enter  at  some  length  upon  the 

^Jtplanation  of  this  method,  at  present  it  will  be  sufii- 

pient  to  state  that  it  depends  upon  the  transit  of  either 

of  t,  he  two  inferior  jdanets,  but  prtrticularly  that  of  Ve- 

*^i:i^  over  the  sun's  disc  j  and  that  it  has  been  thus  found 

^^^    l^c  8"*75  according  to  Maskelyne,  but  H"  bl  accord- 

*^^S  to  Laplace  j   whereas  we  have  seen  (art.  Vl\)  that 

^*-s.  deduced  from  observations  on  Mars>  it  was  found  to 

'*>^  10"- 17. 

ITrom  what  has  been  stated  it  appears,  that  the 
l>o.»-all;ixes  of  the  planets  answer  two  hnportant  jiur- 
l^^^saes,  for  we  hence  may  detennine  their  actual  dis- 
"^^^inces  from  the  earth,  and  moreover,  without  a  know- 
X^d^e  of  the  tjuantily  of  this  important  datum,  we 
^Vx^uid  be  unable  to  correct  our  observations,  and 
^^^\jch  uncertainty  would  consequently  attend  all  our 
? eductions.  The  parallax  of  the  sun  being  very  small ^ 
^"^5^  mean  horizontal  parallax  may  be  considered  as 
^<:knstant,  viz..  8"-75,  and  consequently,  the  pandlax 
*Vkr  any  altitude  is  readily  determined  by  means  of 
^He  formula 

|j  =  P  X  sin  zen,  dist.,  or 
p  ^  8"'75  X  sin  zen.  dist. 

^^ut  for  the  moon,  the  parallax  being  considerable,  w^e 
^ught,  in  delicate  observations,  to  compute  it  for  her 
Actual  distance,  and  accordingly,  in  the  Nituiwal  Al- 
'^anacks  we  find  the  lunar  parallax,  as  well  as  her 
-semi  diameter,  stated  for  1^  o' clocks  both  at  noon  and 
^xoidni^htj  for  every  day  in  the  year. 

1^5.  LfCt  us  now  propose  an  example  to  show  the 
method  of  introducing  the  corrections  for  parallax 
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and  refraction,  agreeably  to  what  has  been  taught  in      Plane 
the  preceding  iurticles.  A^tronoaij. 

Observatiofi.  v— ,yH^— / 

Alt*  O  upper  limb G^  44  U 

Lower  limb  „..      6^  15  41 


App.  alt.  O  centre 
App.  zen.  dist.  , . . 
+  Refraction 


2)   1*24  59  52 

. .    m  ^9  5G 

.,      *27  30     4  sill  —  4017 
U     U  29 


(8"J  X   4617)  pandlax 

Corr.  alt.  0's  centre. . 
Latitude  of  the  place. . 


27  30  33 
0     0     4 

27  30  29 
48  50  14 


0's  declination 21  29  45 

3.  Of  the  correction  for  aherraiion. 

12G.  In  our  historical  chapter,  we  have  given  some  Aberration, 
account  of  this  important  astronomical  discovery; 
it  remains  for  us  in  this  place  to  enter  a  little  more  at 
length  into  an  illustration  of  the  principles,  and  to 
describe  the  method  of  computing  and  applying  the 
requisite  corrections. 

The  situation  of  any  object  in  the  heavens  is  determin- 
ed by  the  position  of  the  axis  of  the  telescope,  attached 
to  the  instrument  with  which  we  measure  ;  for  such 
a  position  is  given  to  the  telescope,  that  the  rays  of 
light  from  the  object  may  descend  down  the  axis,  and 
in  that  situation,  the  index  shows  the  angular  distance 
required  ;  if,  therefore,  the  observer  were  in  a  state  of 
absolute  rest,  wliile  he  was  making  his  observation, 
the  direction  of  Ms  telescope  would  coincide  with  that 
of  the  object,  as  it  would  also,  although  he  were  in 
motion,  if  light  was  instantaneously  transmitted  from 
the  luminous  body  to  tlie  eye.  But  if,  as  is  actyally 
the  case,  the  motion  of  light  is  progressive,  while  the 
observer  is  also  carried  forward  in  space,  then,  except 
in  the  particular  iji^laiice  in  which  both  motions  take 
place  in  the  same  line,  a  different  direction  umst  ne- 
cessarily be  given  to  the  axis  of  the  telescope  j  and 
consequently,  the  place  measured  in  the  heavens  will 
be  diflerent  from  the  trwe  place. 

1^27.  This  may  be  illustrated  in  a  general  manner  Illustrated, 
as  follows.  Let  S^  (fig.  41)  be  a  fixed  star,  VF  the  Fijj.  41. 
direction  of  the  earth's  motion,  S'F  the  direction  of  a 
particle  of  light,  entering  the  axis  a  c  of  the  telescope, 
at  ff,  and  moving  through  rrF,  while  the  earth  mo^'ea 
from  c  to  F  J  and  if  the  telescope  be  kept  parallel  to 
itself,  the  light  will  descend  in  the  axis.  For  let  the 
axis  nm,  Fw,  continue  pandlel  to  ac;  and  if  each 
motion  be  considered  as  unitbrm,  that  of  the  spectator 
occasioned  by  the  earth's  rotation  being  disregarded 
on  account  of  its  being  too  small  to  produce  any  sen- 
sible effect,  the  spaces  described  in  tlic  same  time 
will  preserve  the  same  proportion;  but  cF  and  Fa 
being  described  in  the  same  time,  and  as  w^e  ha%'e 

cF  ;  Fa  ; ;  en  :  av 
it  follows,  that  en  aad  av  will  be  described  in  the 
same  time ,  therefore,  when  the  telescope  is  in  the 
situation  nm,  the  p*rticle  of  light  will  be  at  v  in  the 
telescope  J  and  the  case  being  the  same  at  every 
4b 
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The  pUce 
i^tiown  by 
tlic  teles- 
cope the 
•ame  as 
ibon^  to 
the  naked 
eye. 


Asmmomy,  moment  of  its  descent,  the  place  measured  by  the 
^-^/-^-^  telescope  at  F  is  s\  aud  the  ungle  S'FV,  is  the  aber- 
nttion  or  the  diffcn-nce  between  the  true  place  of  the 
Btar  uiul  the  place  measured  by  the  instrument. 

Hence  it  appears,  that  if  we  take 
FS  :  F^  : :  vel.ofliE^ht  :  vel.  of  the  earth, 
join  Sf  and  complete  the  parallelogram  ¥t  S^,  tlie 
aberration  will  be  etjual  to  FS<;  S  will  be  the  true 
place  of  tfie  star,  and  s  the  place  measured  by  the  in- 
strument, and  this  hitter  is  the  same  with  the  apparent 
place  o*'  the  object ^as  it  would  be  seen  by  the  naked 
eye.     This  will  Appear  as  follows. 

129.  If  a  ray  of  light  fall  upon  the  eye  in  motion^ 
its  relative  motion  with  respect  to  the  eye,  will  be 
the  same  as  if  equal  motions  were  impressed  in  the 
same  direction  upon  each,  at  the  instant  of  contact  j 
for  equal  motions  in  the  same  direction  impressedupon 
two  bodies  will  not  effect  their  relative  motion s^  and 
therefore  the  effect  one  upon  the  other  will  not  be 
altered.  Let  then  \¥  be  a  tangent  to  the  earth's  or- 
bit at  F,  and  therefore  rejiresent  the  direction  of  the 
earth*s  motion  at  that  instant,  and  S'  a  star ;  join  S'F 
and  produce  it  to  G  -,  take 

FG  ;  Frt  ::  vel.  of  light  :  vel.  of  Ihe  earth, 
and  complete  the  pai-allelogram  FGHw  ;  join  also 
Fli  :  then  since  FG,  and  ¥n  represent  the  motions  of 
light  and  of  the  earth,  we  shaU  have  on  the  principle 
of  the  composition  of  niation  explained  (art.  24) 
Mechanics,  FH,  for  the  corresponding  resulting  mo- 
tioii  J  that  is,  the  object  will  appear  in  the  direction 
of  the  diagonal  FII»  and  GFH  or  its  equal  S'F^  or 
FSi  will  be  the  aberration ;  consequently,  the  apparent 
place  to  the  naked  eye  is  the  same  as  that  determined 
by  the  telescope. 

129*  Now  we  liave  by  trigonometry, 

sin  FSe  :  sin  ¥tS  ::  Ft  :  FS  ; :  vel.  of  earth  ; 
the  vel.  of  light   1  whence 

am  FSt  =  sm  F(S  x 


Rritjo  of 
Tcl,  of  li|fht 
to  the  vel. 
of  earth. 


%d.  of  earth 


F* 

or         sin  of  aberration  =  sin  F/S  x       ,     ^  ,.  « 

Ycl.  of  light 

therefore  considering  the  ratio  of  the  velocity  of  light 

and  of  the  earth  as  constant,  the  sine  of  aberration  or 

the  aberration  itself,  will  vary  as  the  sine  of  F/S,  and 

is  therefore  greatest  when  that  angle  is  a  right  angle, 

and  it  will  be  zero  when  the  angle  FtS  vanishes,  tlmt 

is,  when  the  motions   of  the  earth  and   of  bght  are 

made  in  the  same  right  line. 

By  observations  it    h;is  been   determined,  that  the 

gjeatest  efTeet  of  aherrat ion  is  ^2t>'',  and  as  this  corres- 

ivonds  to  tlie  case  of  FfS  =  90°,  or  sin  FtS  =  1  we  have 

.    ,,   ..  vel,  of  eartli 

sin  2C/'  =  1  X 


vel,  of  light 
vel.  of  light  as  sin  '20'' 


rad. 


Camp  Bred 
with  other 
obsem- 
tioiu. 


veL  of  earth 
1    :    10314 

130,  This  result  is  obtained  from  observation,  and 
is  independent  of  any  deductions  drawn  from  the  ac- 
tual velocity  of  the  luminous  rays  |  it  only  shows 
that  if  light  moved  with  tlie  velocity  indicated,  that 
such  phenomena  ought  to  have  place,  and  that  it  may 
therefore  be  employed  as  an  iUustration  of  them. 
But  the  actual  velocity  of  light  has  been  otherwise 
determined  j  let  us  see,  therefore,  how  nearly  the 
results  in  the  two  cases  agree  mth  each  other. 

For  this  purpose^  call  the  radius  of  the  earth's  orbit 


r,  and  we  sliall  have  31416  x  2ffor  the  circumfer- 
ence which  is  described  by  the  earth  in  SG5^  days>  or  i 

3  1416  X  2r  '^ 

31557600  seconds  j    consequently,  -- — —    will 

31557oOO 

be  the  velocity  per  second^  and  by  the  above  deter« 

mination, 

103H   X  S1416  X  2r  ^        ^     .         ^  ,,   ^ 

—  =:  the  velocity  of  Ughi  per 


31557tKX> 


second. 
Hence  as 


1D314  X  SUU    X   ^r 


2r 


1   sec. 


S155760O 
=  97'^-^  or  IS^  minutes,  the  time 


31557^00 
10314   X  31416 

light  employs  in  traversing  a  space  equal  to  the  dia- 
meter of  the  earth's  orbit,  wMch  agrees  very  nearly 
with  the  results  previously  deduced  by  astronomers 
from  observations  on  the  eclipses  of  Jupiter's  satellites. 

The  coincidence  of  these  deductions,  founded  upoaCoa 
observations  wholly  independent  of  each  other  is  ge-  Mi 
neraUy  considered  as  furnisMng  one  of  the  most  sa«  ^ 
tieiactory  proofs  of  the  truths  of  the  Copernican  or  ^ 
modern  system  of  astronomy 

131.  The  aberration  is'/  lies  from  the  true  plajce  of  Kr 
a  star  in  a  direction  parallel  to  that  of  the  carth^so'j 
motion »  and  towards  the  same  part ;  and  its  effect 
is  thcrefiire  produced  at  one  time  whoDy  in  decli* 
nation,  at  another  wholly  in  right  ascension,  and 
at  others,  it  will  effect  both  these  quiintities,  but  in  m 
greater  or  less  degree,  accordbg  to  ci re mn stances- 

In  order  to  illustrate  this,  let  E,  E',  E'',  E'^^  (%*lfe] 
4^)  represent  four  positions  of  the  earth  when  the  sua  ^ 
IS  in  the  signs    Ti   Vf*    ^>  and  g3>andlet  IT,  ^T'4 
^//j^/^  &c.  be  tftjigents  to  the  earth's  orbit  at  tfc 
points  ;    *,  /  the   same   star  seen  on   the    mendii 
of  any  place «     Now  in  the  position  E,  correspond ii^l 
to  the  vernal   equinox,  the  sun  is   iir  the  equator  |[ 
therefore,  H  Vmp  he  a  meridian  passing  through  tht] 
poles  of  the  equator  and  ecliptic,  Pmp  will  coincide.] 
with  the  solstitial  colurc,  and  u  line  drawn  from  S  to«| 
£  will  be  per|>endicular  to  the  plane   of  the  nieridiaii  j 
Fjitpn  :  therefore,  if  the  plane  of  the  ecliptic  EE'E'^, 
be  conceived  to  lie  in  the  plane  of  the  pajier,  that  of 
Pfwpn  must  be  [>erpendicular  to  it ;  and  ifB  will  be 
also  perpendicular  to  the  tangent   tT,  which  tangent, _ 
tbereforej  is  in  the  plane  of  the  meridian  Vmpn. 

Now  tlie  earth  being  supp4>sed  to  rotate  on  its  axif  1 
in  the  direction  n  E  m,  and  8E  being  iJerpendicular  t<| 
the  plane  mPpw,  the  position  as  shown  in  the  fi^iej 
corresponds  to  that  of  6  o'clock  in  the  evening ;  and] 
supposing  the  star  s,  to  Ijc  on  ilie  mcritUan  at  this  in^  \ 
stant,  it  is  obvious  that  it  ^  ill  be  situated  in  a  plane 
cornis|>L»nding  with  tlie  line  of  the  eartirs  motion  y  I 
the  ai>erration  will  therefore  produce  its  effect  whoHf  j 
in  that  plane,  and  will  tend  to  elevate  the  star  s,  £rt>m  [ 
s  to/,  that  is,  it  will  increase  its  declination,  or  dimi* 
nish  its   zenith   distance;   audit  is  obvimis  ihut  a  di- 
rectly contrary  effect  will  be  produced  in  the  opposite 
position  E'''  corresponding  to   the  autumnal  equinox  1 
for  the  direction  of  light  being  then  in  the  liiie  Sfi'^, 
w^hile  that  of  the   earth   is  from  W^  towiurds  i^,  «mI 
in  the  plane  of  jtW^i^  the  aberration  will  be  ] 
w'holly  in  the  same  plane,  and  will  tend  to  de 
star  ^  that  is,  to  diminishits  declination  3  or  to  1 
its  zenith  distance* 
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AfttroQomT.  quadrature  before  oppnsition,    and  greatest  in    qua* 

^'— ^^-^^  draturc  after.     From  Ibc  mean  of  a  great  nimi!>er  of 

obser%^atior»3,  Dr.  Bradley  detcrmitied  the  value  of  the 

greatest    aberration    to    be  20'^  as  ^ve  have   already 

stated  (art.  VB.) 

134.  It  follows  from  what  has  been  sliown  above, 
1  ,That  the  greatest  aberration  in  htitmii'  is  equal  to  2(/' 
multiplied  by  the  sine  of  tlie  star's  latitude,  ami  that 
tlie  aberration  in  latitude /or  antj  time  is  equal  to  f20^' 
multiplied  by  the  star's  latitude  and  by  the  sine  of  the 
elone^aticm  found  for  the  same  time  ;  and  that  it  is 
fiubtractive  before  opposition  and  additive  after  it. 

*Z.  The  Krerttesi  abfrration  in  Ittnfr'ttude  is  equal  to  ^0" 
divided  by  the  cosine  of  the  lalitnde  ;  aud  the  aberra- 
tion for  «////  iimv  tqunl  to  ^(V^  multiplied  by  the  cosine 
of  the  elongation,  and  divided  by  the  cosine  of  tlie 
latitude  ;  it  wi!l  be  tiubtractive  in  the  first  and  last 
quadrant  of  tlie  argument,  or  of  the  diffrreuee  between 
the  longitude  of  the  sun  and  star^  juul  additive  in  the 
second  and  third. 

Examples. 
1.  Find  the  greatest  aberration)  of  T  t/r*^  Minorh, 


Mult,  by 


20'' 


W 


IQ^'S-t  the  greatest  alerration  in  lot, 
-    =    — : =  78''-4  the  greatest 


^"^    cos  75^   l.r 

abemtlion  in  longiimle. 

1.  Rec[uired  the  aberration  in  latitude  and  longitude 
of  the  same  star  wlien  the  earth  is  30"'  from  syzygies, 

sin  30°  =  m  =   5  j  hence 

ir/^  X   (sin  75°  13')  -h  '5  =  9'''67  aberration 
in  latitude  ;  and  sinee  cos  30°  ==  'S66 

2(/'  +  -HGG  .,         ,       ,  ,       .     ,        ,      , 
;t =  67    89  the  aberration  m  longitude. 

In  the  case  of  the  sun»  we  have  always  sin  sSc  =  o 
and  cos  =  1,  also  cos  lat,  ^  1  ^  and,  consequently,  ^20^' 
X  sin  s  S  c  =  0,  or  there  is  no  aberration  in  latitude^, 
and  the  aberration  in  longitude  is  constant  and  equal 
to  ^O''.  This  quantity  "^o"  of  aberration  of  the  sun 
answers  to  its  mean  motion  in  H'  7^^^  ;  ftiid  is  there- 
fore the  time  in  which  light  0>oves  from  the  sun  to 
the  earth,  at  its  mean  distance,  agreeably  to  what  we 
have  already  stated  (sirt.  130.)  Hence  the  sun  always 
appears  2(y^  beldnd  its  true  place. 

Thi'falltming  (ifhte  is  intended  to  expedite  the  cakuiu- 
lion  ift  the  preeeding  cases. 

The  argument  for  the  longitude  h  long  sun  —  long 
star.  The  argument  tor  the  latitude  is  long  sun  —  ioJig 
star  —  3  sigifH. 


Degree^ 

a    VI. 

I     VII. 

11,    VI IL 

Dt'izrt'c. 

~     H- 

-     + 

-      + 

// 

// 

4i 

0 

2000 

1732 

10-   0 

30 

1 

20  00 

T7I4 

970 

^^9 

s 

19-99 

IGpij 

93U 

*28 

3 

1997 

16^77 

9    H 

27 

4 

1995 

UlhH 

S77 

2G 

5 

19'92 

H>58 

8-45 

25 

T  ABL  E . — can  t  in  ued. 


Uegrce, 

0      Vf. 

I.     VII. 

IL    VIIL 

Decree. 

—    + 

—      + 

—      + 

1         l> 

19K9 

lf>  is 

H13 

24 

7 

I9'85 

15*97 

781 

23 

H 

1981 

1576 

749 

22 

9 

1975 

1554 

7  17 

21 

10 

1970 

1532 

ti'84 

20 

11 

19^3 

15*   9 

651 

19 

12 

19  5G 

14- 8« 

6  18 

18 

13 

19  49     1 

1 4  fT3 

5'65 

ir 

14 

19-41 

14-39 

5  51 

\G 

15 

19-32 

1414 

518 

15 

1« 

19  23 

13B9 

4H4 

14 

17 

19  13 

13  (;4      1 

450 

13 

IB 

19*  2 

1338 

4  1G 

12 

19 

1891 

13  12 

3  81 

\\ 

20 

18-80 

12  86 

347 

lo 

21 

18  67 

12-59 

3*  12 

9 

22 

18-54 

12  21 

278 

8 

23 

18'4l 

12-  4 

.      244 

7 

24 

IR'27 

1 V1Q 

2-  9 

6 

25 

18  13 

U'47 

174 

5      1 

26 

17  98 

1M8 

140 

4 

27 

17  82 

10  69 

loO 

3 

28 

17  6G 

10"  GO 

070 

2 

29 

1749 

10-30 

035 

1 

30 

1732     1 

10*   0 

0   o 

0 

135*  For  the  aberratioii  in  longitude ^  multiply  the^ 
corresponding  quantities  in  the  table,  by  the  secant  of « 
the  starts  latitude. 

For  the  aberration  in  latitude  Diultiply  the  quantities 
taken  from  the  table  by  the  sine  of  the  star*a  latitude. 

1.  Let  the  longitude  of  the   sun  be  7s  5^  IS',   the 
longitude  of  the  star  5s.  11°  14',  and  its  latitude  31^ 
10''  J   to  find  its  aberration  in  latitude  and  longitude* 
long.  O  7s*    5°  18' 
long*  ^5     18    14' 


1     17  4  correspond  in  tab.  to  13''<i2 
aeeSr  10' 1"69 


aberration  in  long.  ^ 
For  the  latitude. 


15"  92  product  J 


long.©— long.  *}f  = 
—  3  signs 


17  4 
0  0 


10  17 
sin      31' 


4  cor. 
10 


ta 


.-14^' 65 
0*5175 


aberration  m  latitude  ~  7-58  prod. 

To  find  the  aberration  in  declination  and  right  asc&uion, 

136.  Let  A  EL  (fig.  44)  represent  the  equator,  p  its  Xvm 
pole,  ACL  the  eeliptie,  V  its  pole,  S  the  true  place  o(*^^ 
a  star,  s  the  apparent  plaee  in  the  ellipse  j  draw  the  **?] 
great  circles  F^a^  Fsb,pSw,  pSv,  andS/,  Svpef. 
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Use  of  the  Tables 


For  the  aberration  m  right  ascension. 

Use  of  the       138.   Enter  Table  I,  with  the  argument  A  —  S> 
tikbtet.        and  Table  II.  with  A  +  S.   Then  the  sum  of  the  two 
correspondmg  numbers,  multiplied  by  the  sec.  of  D 
will  be  the  aberration  in  right  ascension. 

For  the  aberration  in  declination. 

Enter  Table  I.  with  the  argument  A  —  S  4-  3  signs, 
and  Table  II.  with  A  +  S  +  3  signs,  and  the  sum  of 
the  two  corresponding  numbers  multiplied  by  the  sine 
of  D,  will  be  the  Jirst  part  of  the  aberration  in  decli- 
nation. 

Enter  Table  III.,  with  the  arguments  S  +  D  and 
S  —  D,  by  which  wiU  be  found  the  other  two  parts  of 
the  aberration  in  declination,  and  the  simi  of  the  three 
will  give  the  whole  of  the  aberration  in  declination. 

If  the  declination  of  the*  star  be  south,  add  6  signs 
to  the  arguments  S  +  D  and  S  —  D. 

Example. 

lUnstnted       Required  the  aberration  of  a  Aquila,  Feb.  15, 1819, 
by  in  ex-     at  15  o'clock  io  the  evening. 

•mple.  Here  by  the  tables,  A  =  9s  25°  »^  D  =  S^  24^^S'' 

S  =  10  26     3 


Notation. 


A  -  S  =  10s  29°  W 
A +  8=    8  21   31 


Tab.  1...— le^'-S 
Tab.n..—  0-15 


Sec.  dec.  8*24^26^^  = 


—  16'6 
10108 


AberratioB  in  right  a»een,         16*66  Product 
A  —  S  -h  3  signs  Is  29°  27^        Tab.  I.    —  \ef''e% 
A  +  S  +  3  signs  11  21   31         Tab.  III.  +     0.82 


Sin  dec.  8°  24'  25'' 
S  =  10  26°  2^  9^' 


S  -f  D  =  11  4°  26' 34^'       Tab.  III. 
S  — D  =   10  1737  44  Tab.  III. 


—   15-86 
•1461 

■I       »  ■ 

—  2-317 

3-595 
2945 


Aberration  in  declination  —  8857 
If  the  declination  had  been  south,  the  two  latter  ar- 
guments would  have  been  S  -f  D  -f  6  signs,  and  S 
—  D  H-  6  signs,  as  stated  above. 

4:  Of  nutation, 

139.  We  have  in  the  preceding  articles  endeavoured 
to  illustrate  the  principles  of  the  most  important  astro** 
nomical  corrections,  and  have  shown  the  method  of 
computation  5  there  however  still  remains  for  expla- 
nation the  doctrine  of  nutation,  but  as  the  complete 
developement  of  the  principles  upon  which  this  theory 
rests,  involves  considerations  of  a  physical  nature 
which  we  have  not  hitherto  examined,  we  must  in  this 
place  content  ourselves  with  a  very  general  view  of 
the  subject,  leaving  the  more  minute  particulars  for 
our  treatise  on  physical  astronomy.  By  nutation  is  to 
be  understood  a  kind  of  trepidation  or  tremulous  mo- 
tion of  the  earth's  axis,  whereby  its  inclination  to  the 
plane  of  the  ecliptic  is  not  always  the  same  3  but  vi- 
bratep  within  certain  limits,  never,  however,  exceeding 
a  few  seconds  3  the  period  of  variation  is  also  limited 


to  a  certain  number  of  reridiitiontf  of  the  earth  id  Us     ' 
orbit.    This  inequality  in  the  terrestrial,  motionwas,^ 
like  that  described  in  the  foregoing  chapter,  disco- 
vered by  Dr.  Bradley,  to  whom  we  owe  likewise  a 
just  explanation  of  the  cause  of  it^  and  a  near  w^ 
proximation  of  its  effects. 

140.  We  have  observed  above,  that  it  is  impossible  Pl^ 
in  this  place  to  give  more  than  a  very  general  expla-  en 
nation  of  this  doctrine  3  it  will  be  perhaps  suffideni 

to  observe  here^  that  the  first  cause  of  nutation  fs  due 
to  the  mutual  grsvitalioh  of  matter,  and  ta  tbe  lews 
which  it  is  known  to  observe  3  viz.  that  it  is  directlj 
as  the  mass,  and  inversely  as  the  square  of  tiie  dis- 
tanee.  If  the  orbit  of  the  earth  were  a  circle,  and 
the  terrestrial  globe  a  perfect  sphere,  the  attraction  of 
the  sun  would  have  no  other  effect  than  to  keep  it  in  its 
orbit,  and  yfoxAdi  cause  no  irregularity  in  the  position 
of  its  aads ;  but  neither  of  these  oonditk>BS  takes  place, 
the  earth  is  not  a  perfect  sphere,  nor  is  its  orbit  a  cirde : 
when  the  position  of  the  earth  is  such,  that  the  plme 
of  its  equator  passes  throiugh  die  centre  of  the  aea, 
the  attractive  power  of  the  latter  body  will  still  ha^ 
no  other  tendency  than  tjiat  of  drawing  the  earth  to- 
wards it,  and'the  parallelism  of  iU  axie  will  not  be 
disturbed :  this  happens  in  the  equinoxes.  But  as 
the  earth  recedes  from  these  points,  the  sun  deviates 
samuch  the  more. from  the  plane  of  the  equator,  end 
the  latter;  in  consequence  of  itsprotuberanoe  is  moie 
powerfully  attracted  than  the  rest  of  the  ^obe,  wbioh 
causes  some  alteration  in  ita  position,  that  is,  in  tMe 
indination  of  its  axis  to  the  plane  of  the  ecliptic  |  and 
atthatpart  of  the  orbit,  which  is  deecribed  between  tie 
vernal  and  autuBUial  equinox,  ialesa  than  that  peastd 
over 'between  the  latter  and  the  former  3  it  fdHmrs 
that  the  irregularitf  caused  by  the  sun,  during  fts 
passage  through  the  northern  signs,  is  not  entirely 
compensated  by  that  which  takes  place  during  the 
other  part  of  the  revolution  3  and  consequently,  that 
the  parallelism  of  the  terrestrial  axis,  and  its  indina- 
tion to  the  ediptic  will  be  a  little  changed. 

141.  Again,  the  same  effect  which  the  sun  produces  Eto 
upon  the  earth  by  its  attraction,  or  at  least  an  analo-  ^^ 
gous  effect,  is  also  jiroduced  by  the  moon,  which  is 
more  powerful  in  proportion  41s  it  is  more  distant  from 
tlie  equator  3  and  therefore  when  its  nodes  concmr 
with  the  equinoctial  points,  the  power  which  causes 
the  irregularity  in  the  position  of  the  terrestrial  aas 
acts  with  the  greatest  force  3  and  the  revolution  of 
the  moon  s  nodes  being  performed  in  about  eighteen 
years,  the  nodes  will  twice  in  this  period  concur  with 
the  equinoctial  points  3  and  consequently,  twice  in 
the  same  period,  or  once  every  nine  years,  the  earth's 
axis  will  be  more  influenced  than  at  any  other  time  3 
and  during  this  interval,  the  pole  of  the  earth  will  de- 
scribe an  elb'pse  in  the  heavens,  whose  transverse 
axis  is  l9''-2,  and  conjugate  axis  15'^  which  corres- 
pond with  the  ratio  between  the  cosine  of  the  obliquity 
and  the  cosine  of  twice  the  obliquity  of  the  ecliptic  3 

or  to  the  ratio  of  cos  23''  28^  and  cos  46*  56'. 

142.  Let  TT  (fig.  45)  be  the  pole  of  the  ecliptic,  and  Cm 
P  the  mean  place  of  the  pole  of  the  equator,  ADC  a  dr-  ^ 
cle  whose  radius  is  equal  to  the  semi  transverse  axis  of 
the  ellipse  Qd  A  described  by  the  pole  as  above  stated, 

A  the  true  pole  of  the  equator  when  the  ascending 
node  of  the  moon's  orbit  is  at  t>  and  let  A  be  supposed 
to  move  contrary  to  the  order  of  the  signs.     Take 
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Epochs  of  the  mean  longitude  of  the  moons  ascending  node. 
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Table  of  nutation. 
(148)    Argument  the  mean  longitude  of  the  node. 
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Astrofioray.  hencc  AjVIC  —  AED  j  tJilie  away  the  area  ACD,  winch 
is  eoninion  to  both,  and  the  urea  ^ICD  =  EDC,  but 
MCD  =  i  DM  X  CD^  and  KDNC  =  |  ET  x  CD, 
therefore  ET  =  DM. 

Now  if  t  be  given  ^  the  arc  AM  will  be  given  3  for 
as  the  body  in  the  circle  moves  iiniformlv, 

P  :  t  ::  ^af  :  ad 

Thus  the  mean  anomaly  may  be  found  for  any  given 
period,  the  time  of  the  planets  passing;  its  aphelion 
being  supposed  known  j  and  therefore,  if  we  can  find 
ET  or  DM,  we  shall  kiiow  the  angle  DC  A  called  the 
erretitrk  anomaly  j  and  hence,  also,  we  shall  be  able 
to  find  the  angle  AEF  the  true  anomaly,  With  a 
view  to  determine  the  eccentric  anomahj  \\'ooil house 
gives  the  following  easy  apjaroximation. 

J4H.{L)  Driiw  MO  parallel  to  DC;  find  half  theauin 
of  the  angles  at  the  b;ise  of  the  triangle  ECM  5  wliich 
may  be  done  by  means  of  the  formula 

tan  I  }  CEM  -  CME }  =  tan  l[  C  EM+CxME*  x  ^ 

(2.)  Find  CEM  by  the  addition  of  J  (CEM  -  C>rE,) 
and  j  (CEM  -h  CME),  and  use  this  attgle  iis  an  ap- 
proximate value  of  the  eccentric  anomaly  DCA  ;  from 
which,  however,  it  really  differs  by  the  angle  E^fO. 

Use  this  ap[>roximatc  \alue  of  Z  DCA  =  L  ECT, 
in  computing  ET,  which  is  equal  to  the  arc  DM  j  for 

P 

aincc  i  =  x    DEA,    and  the  body    beiu^ 

area  Q  /  & 

supposed  to  revolve  in  the  circle  ADM, 

P 

X 


1    :    CN  ::  EC    :    EP— I 


Approxl- 
tvate  deter^ 
Mtaation 
ofecccDtric 
anomaly. 


i    — 


Ac:\i 


+  area 


True  nnc* 
lermlucd. 


area  0 
therefore  area  DEA  =  area  ACM, 
Or  the  area  DEC  +  area  ACD  =  area  DCM 
ACD,  consequently,  area  DEC  =  area  DCM. 
Hence  expressing  their  values, 
ETxDC^DMxDC 
2  'I 

Having  then  computed  ET  =  DM,  find  the  sine  of 
the  reti«tdting  arc  DM,  which  f^ine  =  OT ;  the  differ- 
eiice  then  of  the  arc  and  sine  (ET  —  OT)  gives  EO. 

(S.)t^se  EO  in  computing  the  angle  EMO,  the  real 
difference  between  the  eccentric  aaomalvDCA,  and 
the  angle  ]\IEC  :  add  the  computed  angle  EMO  to 
MEC  in  order  to  obtain  Z  DCA  ;  which  result,  how- 
ever, is  not  the  exact  value  of  DCA,  since  EMO  has 
been  computed  only  apjiroximatively  ;  that  is,  by  a 
]jrocc*?s  which  commenced  by  assuming  Z  JViEC,  for 
the  value  of  ZDCA. 

(4.)  For  the  purpose  of  finding  the  eccentric  ano- 
m:dy,  the  above  is  the  entire  description  of  the  pro- 
cess, whiclu  if  greater  accuracy  be  required,  must  be 
repeated  ;  that  is,  from  the  last  found  vidue  of  Z  DCA 
=  Z  ECT,  ET^  EOj  and  Z  EMO  must  be  again 
computed, 

(5,)  A  sufHciently  correct  value  of  the  eccentric 
nnnmaly  being  founds  investigate  the  true  anomaly  as 
follows, 

149,  Let  t  be  the  other  focus,  ami  make  AC  =  1  ; 
then  EP-  —  Pf  -  =  rE^  -h  ^  r  E  x  r  N  = 

(rE  -f  2rN)  x  eE  =  (SCt?  -h  2t?N)  x  2EC=r 
9CX  X  SEC 
Hence  (EP -f  Pi')   :  ^CN  ;:  2  EC   :   (EP-Pr),  or 

2  ;  2CN  ::  ^3 EC  :   [ep-(^2-ep)] 


Tlierefore,  EP  =  1  +  CE  x  CN  =  1  +  CE  x  cos  ACD  ^ 

Xow  by  trigonometry,  ^ 

1  —  cos  AEP 

— — j—^  =:  tan  «  I  AEP 

1   -f-  cos  ALP  ^ 

And  EP   :    rad.  : :  EN    :    cos  AEP 

or     1  -h  EC  cos  ACD   :    1   : :  CE  ^-  CN 

,  ^^„        CE+eosACD 

whence  cos  AEP  = 


cos  AEP 


Hence    tan  ^ 


1  -t-  CE  cos  ACD 

1  AEP  =  ^^^^^  _ 
^  1+eosAEP"^ 


1  -1-CE  cos  ACD  — CE>— cos  ACD 

1  -h  CE  cos  ACD  -1-  CE  ^  cos  ACD 
_  1  —  CE  -h  cos  ACD  (CE—  1) 

1  +  CE  -h  cos  ACD  (CE  +  I) 
_EB  — cosACD  x  ED 

^  EA  +  cos  ACD  X  EA 

1 --cos  ACD        EH 
X 


^^    =  tan  1  ACD  X 


EB 


1  + cos  ACD        EA  -  y  "-   "    jg^ 

Hence     y'  EA  :    ^  EB  ; :  tan  |  ACD  :    tan  1  AEP 

consequently,  we  get;VEPthe  true  tummaly. 

Thiij  may  be  more  concisely  expressed  as  follows, 

tanj  u  =   y^-^  X  tan^tt 

Where  v  is  the  true  anomaly,  u  the  eccentric  mio-i. 

maly,  and  e  the  eccentricity  of  the  orbit. 

150.  The    following  exiimples    wilt   illustrate   the 

above  approximation.  ^^_ 

Examples.  ^H 

1,  The  eccentricity  of  the  earth's  orbit  being  w-^^^ 

sumed  at  OlfiOl,  and  the  mean   anomaly  30%   it  is 

required  to  lind  the  eccentric  and  true  anomalies. 

( 1 )  log.  tan  15  .  ,  _  . , 9*4!2S0595 

log  ( 1  -*e)  or  log  '983(>9.  ,., —  r9n^59.'i3 

arith.  com.  ( 1  +  e)  or  of  1  0 169 1 —  I  99^7*2 1 8 


log  tan  I  (CEM-CME)  =  14°  31'  ^2''  9  413^^70 
i'i.)  i  (CEM  -  CME)  -  14^31^^^'^ 


(CEM  4-  CME)  =  15     o    O 


4 


CEM  =  29   3]  m  1st  approx.  o! 
DCA  ^^ 

(3)  log  sin  29^  31'  2^" 9*69£6438 

log  01«9l     —2  2281436" 

-f  log  (arc  ^  rad) 53 14425 1 


log  DM  in  seconds  =  I7I8  7  .  • 3  2352123 

DIM  =  28'  3S''  7,  and  its  sine  expressed   as  seconds 
tUfiers  from  the  arc  DM,  by  less  than  half  a  second. 

(4.)  Theiiperalion  prescribed  under  this  number  (art. 
149)  is  unnecessary  in  this  case,  the  correction  fof 
the  angle  MEC  being  so  small,  that  the  hrst  eccentric 
value  may  be  considered  as  correct, 

(5.)   log  tan  ^  H,  or  log  tan  t  _  ^..^gn-r/^ei 

14^  45'  41" f  —^  4207651 

1  log  (1— c)  or  of f»H309      —    —  I  99G296G 

A.C.  ^  log  (1  +t)  or  of  101691  =         1  99«33e09 


^ 


log  tan  4  V  —  14^  31' 28" 
Mult.  2 


29  2  5G  true  auoxnaly 


1 

A  S  T  R  O 

Mean  anoinaly     =  30°  (V    O'^ 
true  anomjOy        =  ^9    ^  5G 

equation  of  centre       O  57     4 

2.  As  a  seen  nit  example,  take  the  fo  Hawing^  from 
Wiicjtlhonse's  Astronomy,  p,  197-  The  eccentricity  of 
the  orbit,  that  of  Pallas,  for  example,  beins^  O^o^, 
the  mean  anomaly  -15  .  To  iind  the  eccentric  mid 
true  anomalies, 

(1}  lo":.  tan  22^  30'. f)-6l7'2243 

lo^fT.  tan  741  .  , — 1-8698189 

urith.  com.  1*259 , 9  8099743 

(e)  I  (CEM-CME)=^13''42'3''3 

I  {CEM+CME)=^9  30 

CE:\r=36  n    3-3  Istapprox.  ZCDA 
CME=  6  47  5t*'7 

(3)   loe.  sin  36'  12'  3'''3 9'7ri307 1 

lo^^.  -259     ..._,._ —  1  '4 13^908 

lag.  (arc  =  rad  ) _  . ,  5  3144251 

log,  MD  in  sec.  ^  31559^4  ^  4'49903SO 

therefore  DM  =  315  j2''*4  =  8^  45'  52''.4 

lot^.  sin 9' 1829067 

log.  (arc,  -  rad.j     5'3144251 

log.  31429    . 4-49733 IS 

therefore,  since  DM  =  31552  4 
ami  sin  DM  ss  31429 


N  O  M  Y, 


mi 


E0=       123  4 

(4)  log.  *259 —  1-413299S 

^  log.  ain  45'" , 9'8494a50 

^^^^  9'2627B4a 

^^B  log.  sin  8**  47'  56"-r. .  . .  9^1843968 

^^^V  ^0;siB3O 

^^B  log.  (arc.  ==  md. }......  5-3144251 

^^V  53926131 

^^^V  log.  nnl lO-OfXKJOOO 

^^H  log.  123-4 2  0913152 

^^™  120913152 

■  log.  (arc=nid.)  H-lo^.  EM  -  53926131 

^^B  log.  sin  E:\iO 6  6987021 

^^^  thcreftw  KMO  -  V  43"*! 

Hence,  since  CDX  =  36"  12'    S'^'S 

and  EMO  =0       1   43   -1 

corrected  val.  C  DA  |    ^  sfJ    13    4G    4 
or  eccentric  anom.  J 

log.  tan  US    6'  53'''2    .... 9'51472P2 

iJoir.  (1  ^'259) —1-9349091 

A.C ^  lot;.  (I  +  -259)    —  l-9i99hl  1 

log.  Uin  §  r  =  1  r    5'  19"  9  3996'i44 

and  0  —  2:>''  K/  :i8''  thfl  true  ammattf. 


To  find  the  distance  of  a  pUtnet^  the  anomaly  being  given.      pi>ij;(, 

151.  The  eccentricity  of  an  orbit,  and  either  the  ^^"'*"'y' 
true  or  eccentric  anomaly  bein^  given,  the  crirre^pond-  ryj^t^^^'  ~ 
ini^  difitiince  of  the  planet  from  the  sun  may  be  readily  (jctcnniDctt 
determined,  by  means  of  what  is  detionunatcd  the 
polar  equation  of  the  ellipse  i  viz,  calling  a  the  semi- 
transverse  axis,  ethe  eccentricity,  v  the  true  anomaly, 
and  p  the  distance  soiiglit ;  we  shall  liave,  (See  art.  5B 
DYNAsnt:«) 

„  « (i-O 

1  —  e  cos  I? 

and  hence,  again, 

P  ^/i  (l  -t  e  cos  ti) 
where  u  is  the  eccentric  anomaiy. 

One  example  will  be  a  sufficient  illu&lratiun  of  the  lat- 
ter formula  ;  and  we  will  take  the  conditions  proiKJFcd 
in  the  last  example  to  determine  the  corresponding 
distance  of  that  planet  from  the  sun. 

^^^e  there  foutul  the  eccentric  anomaly,  or  the 
value  of  1/  to  be  3/1'  13M6''4,  and  the  eccentricity 
was  assumed  '259.     Hence,  we  have 

log.  cos  u  =  36"  13'  36'^*4    9  9066881 

log.  e  =  -259 -^  I  4132998 

log.  -20892    — l'319i'879 

Hence  1  -I-  '20,'-92  =  1  20S92  ^  /j  the  distance  sought. 
We  might  determine  prectstdy  the   same  with   for- 
mula 1,  using  the  true  anomaly,  v,  but  the  operation  is 
obviously  more  laborious. 

Of  the  greQtf:st  equatifm  of  the  centre. 

1.^2.  We  liave  seen  (art.  147)  that  the  C(|uat ion  of  Greatest 
the  centre  is  the  dilTerencc  between  the  mean  and  the  ecjtmtkm  of 
true  anomalies  ;  the  greatest  etjuation  of  tlie  centre  ^  '^  ccatre. 
then  is  obviously  nja  its  name  imports,  the  greatest  dif- 
ference between  the  mean  and  true  nnomalies  j  and 
this  must  necessarily  happen  at  that  time  when  the 
planet  is  movii^g  with  its  mean  angular  velocity.  For 
if  we  conceive  a  body  to  mi>ve  imiformly  in  a  circle 
about  E  as  a  cenlre,  with  the  mean  angular  velocity 
of  the  planet  ,  so  that,  dejiarting  from  BA,  the  line 
of  the  apsides,  it  sbnll  arrive  at  it  agoin  in  the  same 
time  as  the  planet  ;  then  it  is  plain,  that  at  the  com- 
mencement of  the  motion,  P  moving,  we  will  supjjosc, 
with  its  least  angTilar  velocity^  describes  about  E  a  less 
angle  than  the  lictltioys  body  does  in  a  given  tune,  a 
day  for  example  i  the  second  day  it  also  describes  a 
less  angle  than  the  suppositjtiotis  body,  although  a 
greater  one  than  on  the  preceding  ;  and  so  on  for  the 
third,  fourth,  &c  dnys.  The  anjj;idar  distanct-s  of  the 
two  bodies  from  the  aphelion  will  therefore  dilTer  more 
and  more  from  each  other,  till,  by  the  still  increasing 
angular  velociiy  of  P,  it  at  len^h  attains  to  and  snr- 
passes  the  imifunn  angular  velocity  of  the  tictitious 
body  J  after  which  the  di (Terence  between  the  two 
angles  will  decrease,  till  at  length  they  coincide  again 
in  the  pcnbelion.  Consequently,  at  that  time,  when 
the  angtdar  velocities  of  the  two  bodies  are  equal,  the 
difference  of  the  two  angles,  or  the  angle  of  the  centre, 
will  be  the  greatest. 

153.  The  point  iu  the  elliptic  orbit  at  which  this  Rutliusvoc 
lakes  place  is  easily  detennined  ;  for  it  must  be  that  ^^^* 
whcri*  the  circle  in  which  the  body  inuvt\s  with  the 
mean  angular  velocity,  inlersects  ih^  elliptic  orbit. 
IjCt  X  be  the  radiu;*  of  that  circle  ;  thcD,  since  the 
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leaves  3  8  31  40-5 

the  longitude  of  the  apogee^  viz.  b°  31'  40""5  past  the 
summer  sr»lstice. 

159.  At  the  time  of  Ilipparchus^  140  n.c,  the  sun 
was  in  ripcjgcc  in  5"^  30'  tif  (Jemini ;  consequently,  fi*oiii 
that  time  to  1/44 J  a  spuce  of  1884  years,  it  advanced 
33^^  which  divided  by  1864  gives 

33° 

—^ —  =  1'3"  for  the  rninual  ijroercssion, 

lbti4  ^      ^ 

More  recent   observations  state    tlie  longitude  of  the 

perigee  to  be  as  follows,  viz. 

1750    _9s  H°  37'  ^S" 

1800    ..  _ 9    D    29      3 

1810 ._J>    9    39    23 

The  first  difference,  divided  hy  oOt  gives 

50 
which  is  now  generally  assumed  for  the  annual  mo- 
tion of  the  peri£j:ee,  and  consequently,  for  the  apogee. 

The  progressive  motion  of  the  apo«^ee  or  perig'ee 
being  detcrmiued,  the  position  of  either,  or  of  the 
axis  of  the  solar  ellipse  for  any  other  time  may  be 
found  by  a  simple  proportion.  Thus,  if  the  time  were 
required,  when  the  line  of  the  apsides  was  perpendicii* 
lar  to  the  line  of  the  equinoxes,  that  is,  the  time  when 
the  longitude  of  the  |>erigee  was  93*  or  "270°,  we  should 
find 

8^  37' 28"  ,       ^^^ 
=  about  SOD  years 

and  consequently,  the  year  sought  1250  of  the  Chris- 
tian era, 

Hie  epoch  when  the  axis  coincided  with  the  line 
of  the  apsides  will  be  found  in  like  manner  by  dividing 
3s  8°  37' 28'' by  fj I  "9,  which  an.swers  to  about  57^0 
years,  or  about  4000  years  before  the  birth  of  Christ, 
at  which  time  chronologists  have  fixed  the  creation 
of  the  world. 

IGO.  It  may  not  be  amiss  to  observe,  that  there  is 
one  apparent  objection  to  the  latter  method  of  deter- 
mining the  longitude  of  the  apogee  j  viz,  that  the 
length  of  the  anomalistic  year,  which  depends^  upon 
the  progression  in  question  is  supposed  to  be  already 
known  to  some  degree  of  accuracy  j  this,  however,  as 
we  have  frequently  had  occasion  to  remark,  is  a  de- 
feet  in  most  astronomical  determinations  ;  for  in  this 
more  than  in  any  other  science,  we  are  obliged  to 
proceed  step  by  step,  from  approximation  to  approxi- 
mation, till  we  arrive  at  the  conclusion  sought,  which 
is,  however,  still  only  a  more  accurate  approximation 
than  the  former.  In  the  present  instance,  if  we  sup- 
pose only  the  tropical  revolution  to  be  known,  we 
must  employ  it  as  we  have  done  the  anomalistic  pe- 
riod, vjul  thus  obtain  a  first  value,  and  then  using 
this  again,  we  should  soon  arrive  at  the  conclusion  as 
above  given. 

0.   Of  the  equation  of  iime. 

161.  We  have  already  (art,  8'i)  had  occasion  to 
explain  the  difference  between  solar  and  mean  time. 
We  have  seen  that  the  snn  retuni.^  from  one  meridian 
to  the  same  agiiin  after  unequnl  intervals,  at  different 
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seasons  of  the  year,  at  one  time  preceding  and  at  ani^* 
thcr  suhse()uent  to  the  noon  or  12  o'clock,  as  shown  A' 
by  a  well  regulated  chronometer  jjroperly  adjusted  to 
mean  time,  and  tftis  dilTcrencc  is  what  is  denominated 
the  equation  of  time.  It  remains  for  us  now  to  enter 
a  little  more  minutely  into  this  doctrine,  and  to  show 
bow  the  ditlcrence  in  t|uestion  may  be  computed. 

First,  then,  wc  umy  observe,  that  if  we  imagine  twa 
meridians  to  he  drawn  throngh  the  two  extremities  of 
the  arc  of  the  ecliptic  described  by  the  sim  in  one  day, 
the  arc  of  the  equator  which  they  intercept  will  mea- 
sure the  difference  between  the  solar  and  the  sideral 
day  j  for  when  the  complete  revolution  of  the  celestial 
sphere  is  terminated,  this  small  arc  of  the  equator 
mnst  traverse  the  meridian  before  the  centre  of  the 
sun  can  arrive  there  ;  and  as  from  two  distinct  causes, 
which  arc  explained  below,  this  arc  is  not  always  of 
the  same  length,  the  solar  days  must  necessarily,  as 
we  have  alrcatly  stated,  be  also  unequal. 

In  tlie  lirst  place,  the  motion  of  the  sun  being  in 
the  ecliptic,  it  is  obiious,  that  if  he  described  in  this 
circle,  equal  arcs  every  day,  these  arcs  wiien  referred 
to  the  equator  would  he  unequal,   and  consequently,    .^^j 

the  solar  days  also  ;  hut  we  have  seen  that  the  sun's  ^ ^  a 

motion  in  the  ecliptic  is  not  uniform,  being  greatest  at  ^^_at 

the  time  he  is  in  or  near  his  perigee,  and  least  in  apo «- 

gee;   this,  therefore,  is  another  cause  of  the  unequaLSl^^Qj 
lengths  of  the  arcs  of  the  equator  intercepted  bctween.^-^i 

the  two  meridians  supjxjsed  to  pass  through  the  ex _. 

tremiiics  of  the  arc  of  the  ecliptic  described  by  the  suiwm.  ^ 
in  a  day.     Thu3  the  inequality  in  the  solar  days  arise^^as* 
from  two  distinct  cause!?,  tiie  obliquity  of  the  erliptli^       y 
and  the  unequal  motion  of  the  earth  in  its  orbit. 

1^2.  The  mean  solar  day  to  which  we  have  reierrci^^3j|f<!fl 
Is  marked  by  no  obvious  phenomenon,  but  the  nooi^^z3  da^i 
of  wliieh  may  be  conceived  to  be  shown  by  afictitious^^^ 


sun  or  star  moving  in  the  equator  with  the  mean  mo — 
tion  of  the  real  sun  in  right  ascensionj  viz.  with  suc^H 
an  uniform   motion,    that  supposing  both   to  depar^ 
from  the  equinox  at  the  same  instant,  they  may  bot^B 
arrive  at  it  again  together,  after  one  complete  revoluL.^i 

tion,  and  as  the  length  of  the  tropical  year,  or  the  lira 

in  which  the  sun  passes  through  360°  in  right  asccr 
sion  is  3ti5d.  5h.  4Sm.  48s.,  we  shall  have 

^'^"°  =59-8-3 

365d.  5h.  4Hm,  48s, 

for    its    meat!  daily  motion  in    right   ascension, 
therefore  for  the  mean  motion  of  the  fictitious  sun  : 
the  equator  ;   and  hence  the  length  of  the  mean  ds 
will  be  the  time  during  which  any  point  on  the  < 
revolves  through  3<J0°  .'S9'  8"''3,  and   it  is  this  interv 
ivhich  answers  to  24  hours  by  a  clock  well  regulate^?-^ 
to  mean  time,  and  the  difference  between  the  noon,  c:^^ 
1^  o'clockj  shown  by  such  a  time  piece,  and  that  of  llm^ 
real  noon  when    the  sun  is   on  the  meridian,  is  tb^ 
equation  of  time,   which  is  sometimes,  as  we  have 
before  stated,  additive,  at  others  subtractive,  and  foil/ 
times  in  the  year  zero. 

103.  In   order  to  a  more  complete  illustration  offi  _ 
tliis  phenomenon,  let  us  imagine  two  suns  S'  and  S^tine  \ 
to  set  out  at  the  same  time  from  the  equinox,  bolh'^*^ 
moving  with  an  uniform  motion,  the  one  S'  in  the 
ecliptic,  the  other  S"  in  the  equator,  and  let  the  mo- 
tion of  each  be  referred  to  the  latter  plane.     Now  on 
this  supposition,  S'^'  will  first  advance  upon  the  me* 
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Ajtroiiomy.  ^  yjlj     Of  the  phaiomena  andihcor^  af  ihe  planetarij 
'  motions. 


i>f  ihii  pi  a* 
acta. 


rhaaesof 
Vciiiui. 


Tlif  motioa 
of  iMk  pla- 
net somc- 
times  Ai- 

reel,  at 
odif  rs  r<s 
tragmde. 


Vemiti 
sometimes 
a  crcgcctit, 
full,  &c. 


1 ,  Phases  of  the  planets,  B(C. 

\6f.  Ilnving^  ill  tlie  preceding  sections  troatod  of  tUe 
theory  of  the  earth's  motion  nboul  the  son,  as  well  ?ia 
cxximined  some  of  the  cireumstaiices  nit  en  ding  the 
jjlaiictary  orbits  Gfenemlly,  it  remains  for  us  now,  first, 
toexphiiu  some  of  the  more  obvioua  phenoiueoa  which 
these  bodies  exhibit ;  and  then  to  illustrate  the  prin- 
ciples upon  which  all  the  circumstances  of  their  motion 
are  coinptitcd.  The  hypothei>is  of  the  motion  of  the 
enrth  in  its  orbit,  combined  with  its  rotation  on  its 
axis,  have  been  foimd  sutficient  to  illustrate  idl  the 
ob^^en'cd  jjhincnoenn  of  the  sun  and  stars  ]  let  us  now 
see  how  the  phenomena  of  the  planets  can  be  recon- 
ciled with  the  same  hypothesis,  wlien  we  add  to  it  the 
motions  of  those  hodieti  in  their  respective  orbits.  The 
circumstances  to  which  we  here  allude,  arc  tJie  pliases 
of  the  inferior,  and  the  stationary'  jjositions  and  retro- 
grade and  direct  motions  of  the  whole ;  to  which  we 
have  already  slightly  referred  in  our  introductory 
cliapter. 

Of  the  phase$  of  the  inferior  pkmets, 

\6H,  As  tlie  same  remarks  will  obviously  apply  to 
botii  our  inferior  planets,  wc  shall  select  Venus  for 
the  suijject  of  our  cxplanaticm,  her  )>ha5es  being  far 
more  conspicuous  tban  those  of  i^Ierrnry, 

Venus  is  seldom  seen  but  for  a  certain  time  before 
6un  rii!iing,  or  after  he  ia  set  j  thou  git  sometimes  her 
lustre  is  suflicient  to  render  her  visible  while  that 
botly  is  yet  above  the  horizon.  When  seen  in  the 
east,  she  is  called  the  iiwrmfig  star  j  and  when  in  the 
west,  the  evening  star. 

In  tlie  latter  case,  if  obsen^ed  for  several  successive 
nights,  she  will  be  found  to  vary  her  distance  from 
the  sun  j  first  increasing  it  to  about  45'^,  after  which 
she  approaches  the  sun  a^'ain,  and  is  finally  lost  in  the 
more  refulg-ent  rays  of  this  great  luminary.  If  now 
we  watch  in  Ihe  east  for  a  few  days,  w^e  shall  perceive 
Venus  rising  before  the  sun,  increasing  her  distance 
from  him  as  before,  till,  after  having  attained  her 
maximum  in  this  direction,  she  again  approaches  him, 
and  is  again  lost  in  the  lustre  of  bis  beams. 

These  aj)  pea  ranees,  which  cojitinually  recurj  sho^^s 
decidedly  that  ^'enus  does  not  revolve  about  the  earth  ; 
for,  if  this  w^ere  the  ca.se,  she  must  sometimes  be  seen 
in  opposition  to  the  sun  ;  but  it  does  not  prove  with 
the  same  force  that  her  revolution  is  made  alxiut  the 
suH  J  this,  however,  is  otherwise  rendered  incontro- 
vertible. 

To  the  naked  sight  the  disc  of  this  planet,  hke  that 
of  all  the  others,  appears  circular,  and  always  nearly  of 
the  same  m*ignitude  ;  hut  the  telescope  and  its  micro- 
meter, both  prove  this  to  be  a  deception  or  optical 
illusion.  For  when  thus  viewed  as  an  evening  star, 
at  her  greatest  elongation  from  the  sun,  she  assumes 
the  form  of  a  crescent,  like  the  moon  in  its  first  quar* 
ter,  the  horns  being  opposite  to  the  sun.  As  she 
ap>proaches  the  aun  the  horns  diminish  ;  and  after  her 
reappearance  in  the  uiorning,  wc  see  her  again  assume 
the  crescent  form,  but  her  horns  pointing  iio\v  in  a 
contrary  direction.  Moreover,  by  means  of  the  mi- 
crorneter,  it  is  found  that  her  apparent  diameter  is 
greateat  when  she  is  least  illuminated  ;  that  is,  when 


she  is  ceasing  to  be  an  evening  star  -,  and  least  when 
most  illuminated,  or  when  ceasing  to  be  a  morning 
star  J  the  ratio  of  her  diameter  being  in  these  two 
eases  as  IG6  to  26  j   that  is,  ^' ^6'^  and"2G" 

From  these  facts,  deduced  from  observation,  it  Dedodi 
appears,  /r>/,  that  Venus  never  attains  an  angle  o^^^''T°J^ 
elongation  that  far  exceeds  45*  j  secofidl^,  that  she  is  ^^^ 
at  various  distances  from  the  earth ;  and  other  obser- 
vations, not  rcfLTred  to  above,  have  shown  that  she 
sometimes  passes  like  a  bUck  spot  over  the  solar  disc : 
ihmlhj,  it  ajipcars,  that  Venus,  wdieii  an  evening  star, 
and  separating  from  the  sun,  tno^  es  from  west  to  east, 
or  according  "to  the  order  of  the  signs -,  but  when 
she  returns,  her  motion  is  necessarily  iii  a  contrary 
direction,  or  contrary  to  the  order  of  signs  ;  and  the 
same  phenomena  have  place  in  the  opposite  directioQj 
after  this  planet  first  becomes  a  morning  star. 

These  appearances  are  what  it  is  requisite  for  us  to 
Jihow  to  be  the  necessary  consequences  of  Venus  re- 
vcdving  in  an  orbit  interior  to  that  of  the  earth,  and 
of  her  being  an  opaque  body  enlightened  by  the  sun, 

169.  First,  that  the  phases  of  Venus  correspond 
very  con^etly  with  such  an  hypothesis,  will  appear  by  The 
referring  to  (fig.  50),  in  which  S  represents  the  sim,  *^ -| 
KVX  the  orbit  of  \Vnus,  and  EE'  part  of  the  orbit  of]^* 
the  earth.  Let  \V,  N,  V.  be  three  different  positions  j,^^^ 
of  \'eaus  in  her  orbit  with  respect  to  the  earth  at  E  j  fig,  51 
then,  since  that  hemisphere  of  Venus  which  is  per- 
pendicular to  the  sun  is  the  enlightened  hemisphere, 
and  that  periJcndicttlar  to  the  earth  is  the  \isible  one 
to  the  inhtibitants  of  this  planet,  it  is  clear  that  ajl  the- 
phenomena  above  described,  ought  to  obtain,  as  re- 
presented in  the  figure  j  viz.  Venus  will  appear  as  at 
crescent  at  W,  half  illuminated  at  N,  NE  being  a  tan-i 
gent  to  her  orbit,  gibbous  at  V,  and  full  at  K. 

The  same  appearances  precisely  obtain  with  respects 
to  Mercury;   but  being  small,  at   a  greater  dLstaoce: 
from  the  earth,  and  mucli  nearer  to  the  sua,  they  are 
not  so  easily  observed  as  in  the  case  tif  ^*cnus. 

It  is  also  equally  obvioit^,  without  our  entering  loto 
a  minute  detail  of  the  particulars,  that,  accordii^ 
to  the  supposition  w^e  have  made»  Venus  oug^ht  to 
apjiear  to  move  from  K  towards  M  according  to  the 
order  of  the  signs  ;  and  from  M  to  N  contrary  to  that 
order  ;  while  abtnit  the  points  M  and  N  her  niotion 
will  be  impercoplible*  and  she  will  appear  stationary. 

As  we  hud  here  a  view  only  to  the  general  illustm- 
tion,  wc  have  not  considered  the  motion  of  the  earth, 
but  in  any  computation  relati\e  to  these  phenomena, 
it  is  obvious  that  this  circumstance  must  be  intro- 
duced, as  we  shall  see  in  a  subsequent  article. 

170.  None  of  the  superior  planets,  with  the  exception 
of  Mars,  offer  any  phases  such  as  those  we  have  been  *^^ 
explaining  above  ;  their  distance  from  the  earth  being 
such  as  to  render  these  phenomena  imperceptible  j  but 
Mars  not  being  so  far  distiuit,  does  sometimes  exhibsi  a 
gibbous  appearance,  but  is  never  horned,  as  we  have. 
shown  to  be  the  case  with  V'enus  and  Mercury.  We 
have  seen,  that  neither  Venus  nor  Mercury  af«  ever 
seen  in  opposition  to  the  sun,  from  which  we  have 
concluded,  that  they  do  not  either  revolve  about  the 
earth  as  a  centre,  nor  include  the  orbit  of  the  earth  ia 
their  revolution  about  the  sun  ;  but  Mars,  and  til  the 
other  superior  planets,  being  found  sometimes  ia 
opposition,  and  at  others  in  conjunction,  we  are 
equally  certain,  that  they  do  either  revolve  about  the 
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^  earth  J  or  enclose  its  orbit  in  their's.  If  they  revolved 
^  about  the  earth  as  a  centre,  then  their  motions  •  night 
to  be  always  direct  j  whereas,  it  is  found  from  obser- 
vation ^  that  they  are  Bometimes  direct,  at  others  sta- 
tionar\%  and  others  retrograde ;  which  is  strictly  whjit 
ought  to  take  fdiice,  supposing  them  to  revolve  uho!it 
the  sun  in  circular  or  elliptic  urbittj  superior  to  that  of 
the  earth.  Their  phiues  also,  although  not  variable, 
are  consistent  with  the  same  hypothesis  \  namely, 
tbat  they  revolve  abont  the  sun  ;  that  they  are  dark 
opaque  bodies,  which  shine  only  by  the  borrowed 
light  of  the  great  central  lumiiiary. 

Problem  L 

To  find  ihe  posithn  of  a  pUmet  when  stationary. 
171,  To  solve  this  problem  with  the  utmost  accu- 
racy, the  distances  and  relative  motions  of  the  earth 
and  planets  ought  to  be  first  ascertained,  but  tlie  prin- 
ciple of  computation  may  be  explained  ifidej*endent  of 
these  data,  mid  the  subject  having"  an  intimate  relation 
with  the  preceding  parts  of  this  chapter,  we  shall 
make  no  apoloc^y  for  introducing  the  <|uestion  here, 
although  we  may  not  be  able  to  give  the  most  correct 
numerical  results. 

Iret  S  (hg.  51)  be  the  sun,  E  the  earth,  P  the  co- 
temporary  position  of  a  superior  planet,  and  3IN  the 
sphere  of  the  lixecl  ^tars,   to  wlddi  all  motions  are 
referred.      Let  EE',    PQ,  he   two  indefinitely  small 
arc3  described  in  tlie  same  time  ;  and  let  EP,  E'Q  pro- 
duced, meet  at  L  ;   then  it  is  manifest,  that  Avhile  the 
earth    moves  from    E  to  E',  tiie  planet  will  appear 
stationary  at  L  J  and,   in  consequence  of  the  immense 
distance  of  the  fixed  stars  EPL,  E'QL  may  be  consi- 
dered as  parallel.     Draw   the   other   lines  iis   in   the 
figtire  :  ami   then   since   EP,  E'Q  lure   considered   as 
parallel,  we  shall  have 

Z  QE'S  -  z  PES  -  lVw%-  £  PES  ^  ESE' 
and    z  SP  w-  I  SQE' «  z  S  r  E'  -  SQE'^  PSQ 
Kenee  the  cotemporary  variations  of  the  angles  at  E 
and  P,  are  as  the  angles  ESE',   PSQ  ;  or,  since  the 
ang^ular  velocities  are  inversely  as  the  periodic  times, 
or  as  the  id  power  of  the  distances,  we  shtdl  find 

those  angles  to  each  other  as  SP^  :  SE*,  or  denoting 
the  ratio  of  the  distances  by  a  :   1^  they  will  be  as 

«*:   1. 

Now  the  sines  of  the  angles  of  a  triangle  being  in 
the  ratio  of  their  opposite  sides,  we  shall  have 

sin  E   :   sin  P  :   SP  :  SE  :  a  :    1 
and  the  variation  of  angles,  whose  sines  are  constant 
being  as  their  rangents  \  we  shall  have  aUo, 
»ia  E  ;  sin  P  t  a  :    I 


dn  £ 


(=  tanE) 


1^ 

■  V^(l-sin^E) 

I  whence       sin^  E  ^ 


sin  E 


sin  P 
eosP 

sin  P 


{=tanP) 


«5 


1 


V'Cl  -sin^P) 
fl5  -  a« 


aH 


1 


+  «J  -4*  I 


sin  E  =  ■ 


and  

the  planet's  elongation  from  the  sun  when  stationary. 


By  taking  P  to  represent  the  earth,  and  E  an  inferior      Plane 
planet,  the  same  results  will  apply  to  the  case  of  Venus  Astroootny, 
or  Mercury,  K^^-^^^m^^ 

Problsm  II< 

To  find  the  time  when  a  planet  is  stationary  ;  the  time  of 
oppoution,  if  a  superior  plmtet^  or  of  its  inferior  lOn-^ 
junction  J  ifau  inferior  one ,  being  given, 

17^.  Let  m  and  n  be  the  daily  motions  of  the  earth  and 
planet  j  and  r,  the  angle  PSE  w  hen  the  planet  is  sta- 
tionary, then  m  —  rt,  or  «  —  m  is  tlic  daily  variation 
of  the  angle  at  the  sun  between  the  earth  and  planet, 
according  as  it  is  a  superior  or  inferior  planet  ^  lienee, 

>     :    r  :  :      I    :    

or  n  —  tn  J  tn  en  n 

the  time  from  opposition  or  conjunction  to  the  at*-* 
tionury  points  both  before  and  after. 

Hence  the  planet  must  be  stalioniir)^  every  stftwdic 
revolution. 

173  It  is  to  be  observed,  that  the  above  solutions  Remarks, 
depend  npon  the  supposition  of  the  orbits  being  cir- 
cular, which  we  kiTOW*is  not  precisely  the  ca*ie;  liut 
as  the  subject  is  altogether  one  rather  of  curiosity  than 
utility*  we  have  not  thoiigbt  it  necessary  to  enter  npon 
it  at  greater  length.  It  will  be  stiflicii»nt  to  observe, 
that  in  the  case  of  elliptic  orbits,  the  stationary  po^^i- 
tions  will  depend  upon  the  position  of  the  a|^ides,  and 
the  places  of  the  bodies  at  tlie  time.  A  near  approxi- 
nmtion  however  may  be  obtained  by  computing,  on 
the  supposition  of  cirrular  orbits,  tlie  time  when  the 
planet  would  be  stationary,  and  finding  tor  several 
days  about  that  time  tlic  geocentric  place  of  the  planet, 
so  as  to  obtain  two  result.'^,  such,  that  on  one  day  the 
luotion  of  the  planet  be  direct,  and  on  the  other  retro- 
grade, within  which  interval  it  must  have  been  sta- 
tionary ;  and  the  point  of  time  when  this  happens  may 
be  determined  l»y  interpolation. 

174*   It  is  obvious  from  what  has  now  been  stated,  Soperior 
that  a  superior  planet  will  be  retrogrjule  in  opposition,  pl^n<^^*  re- 
and  an  inferior  in  its   inferior  cmijmictiou  ;  and  that  '^^^^^*^  ^^ 
the   latter  would  appear  to  retrogrndc  whether  the 
earth  w^ere  in  motion  or  at  rest,  but  that  the  apparent 
retrogradation  of  a  superior  planet  depends   wholly 
upon   the  motion  of  the  earth  ;   this   will,  however, 
perhaps  be  rendered  more  evident   by  referring  to  fig.  Fig,  5Z, 
5^,    in  which  we  shall  suppose   E   to   represent  the 
earth  ;  P  a  superior  planet,  in  opposition  j  then,  as  the 
velocities  are  as  the  inverse  square  roots  of  the  radii 
of  the   orbits,  the    superior   planet   moves    slowest ; 
hence,  if  EF,  I*Q.  be  two  indefinitely  small   cotem- 
porary arcs,  PQ  is  less  than  EF;   and.  on  account  of 
the  immense  distance  of  the  sphere  of  the  fixed  stars, 
FQ  mu-^t  cut  EP  in  some  point  r  between   P  and  m  ; 
consequently,  the  planet  appears  retro^ade  from  m  to 
n  ;  whereas,  if  the  earth  were  at  rest,  then  the  motion 
of  P  must  necessarily  appear  throughout   its  whole 
circle  to  move  in  the  same  direction. 

175.  Again,  if  Pbe  the  earth,  and  Ban  inferior  planet  in 
Its  inferior  con  1  unction,  it  will  apjiear  retrograde  from 
tJ  to  w  J  which  being  due  to  the  more  rapid  motion  of 
the  phmet,  it  is  clear  that  the  same  phenomena  would 
occur,  whether  P  were  at  rest  or  moving  with  a  velo- 
city less  than  that  of  the  planet.  The  periods  and 
positions  of  retrogmdattons  would  however  be  obvi- 
ously changed  in  the  foraaer  1 


1 
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Pkoblem  III. 


To  delineate  the  phase  of  a  planet  in  anif  given 
pontion. 
Ik'imettvoii  17^,  Tlie  principle  of  this  construction  will  appear 
«•  *<J  pha-  fj^Q^  wbat  ha^  been  stated  in  the  preceding  part  of  thi>* 
section,  where  we  have  observed  that  the  enlightened 
hemisphere  will  be  that  wliose  plane  or  base  is  per- 
pendicular to  aline  drawn  from  the  sun,  and  the  heuii- 
sphere  of  vision  that  whose  plane  is  perpendicular  to 
a  line  drawn  from  the  earth,  euch  being  directed  to 
P^.  53.  the  centre  of  the  planet.  If,  therefore,  in  fig.  5:i,  we 
take  S  to  denote  the  sun,  E  the  earth,  V  any  planet, 
aV b  will  be  the  plane  of  the  illuminated  hemisphere, 
or  the  plane  of  illumination,  and  I'VJ  perpendicular  lo 
EV^  the  plane  of  visii>n  »  draw  f/r,  perpendicularly  to 
cd  then  ca  is  the  breadth  of  the  illuminated  part  which 
is  projected  into  cv,  the  versed  sine  of  cYa,  or  SVZ, 
SVc  being  the  complement  to  both.  Now  the  circle 
terminating',  the  illuminated  part  of  the  planet  being- 
seen  oblit|uely,  appears  to  be  an  ellipse,  therefore  if 
cmdn  represent  the  projected  hemisphere  of  the  pla- 
net next  the  earth,  ihji,  cd,  being  tw^o  diauicters  per- 
pendicular to  each  other,  and  we  take  ci>  =  the  versetl 
sine  of  SVZ.  and  describe  the  ellipse  mrw,  then  men 
vm  will  represent  the  visible  erdjghteued  part,  as  it 
appears  at  the  eajrth  ;  and  from  the  property  of  the 
ellipse  this  varies  as  cv.     Ilencc 

The  visible  enlightened  part 
Is  to  the  w  hole  disc 
As  the  versed  sine  of  SVZ 
Is  to  the  diameter. 

From  this  construction  it  appears,  that  the  more  re- 
mote a  planet  is  from  the  snn  wdth  respect  to  the 
earth,  the  nearer  will  the  illuminated  part  as  seen  from 
the  earth  approach  to  a  circle  j  in  Mars  a  gibbous 
form  may  sometimes  be  perceived,  but  in  the  more 
distant  bodies  the  angle  SVZ  never  ditifers  enougli 
from  two  right  angles  to  give  them  the  same  appear- 
iinee,  that  is,  they  must  necessarily  always  appear 
full, 

2.  On  the  reduction  of  observations  made  on  the  planets 
from  tke  earth,  to  the  corresponding  obserfatiom  thai 
WQuld  he  made  from  the  sun, 

Dctcrmuin-       177-  Tlic   earth  being   in  constant  motion    in    its 

tion  of  tlic  orbit*   and  being  thus  very  differently  situated  with 

lif-hoccntnc  rceard  to  the  other  bodies  of  our  system,  as  well  m 

a  pkncL       respect  to  distance  as  positton,  it  »s  aettiuUy  necessary 

for  the  purpose  of  comparing  different  observationa 

with  each  other,  to  refer  them  all   to  one    eommon 

point  of  observation  ;  and  it  is  obvious  that  no  point 

can  be  better  suited   for  this   purpose  than   the  sun, 

the  common  centre  of  all  their  motions.     The  theory 

of  the  earth*s  motion  being  determined,  the  dimensions 

of  its  orbit  may  be  taken  as  the  base  of  the  geometric 

operations  necessary  for  the  reduction  in  question,  of 

which  we  have  had  occasion  to  speak  in  describing  the 

laws  of  Kejder  j  we  shall  now  illustrate  the  same  a 

little  more  at  length. 

Fig.  51.  Let  E  (fig.  .'it)  be  the  earth's   place  in  its  orbit,  S 

the  sun,  and  Pany  planet,  P'  its  projcctetl  place  in  the 

ecliptic,  SEP'  the  observed  angle,  measuring  the  dif* 

ferenee  between  the  longitude  of  the  sun  and  that  of 

the  planet  seen  from  the  earth.     After  an  entire  revo- 


lution of  the  planet,  it  will  return  to  the  same  point     H 
P  J  let  then  the  earth  be  at  £',  and  the  angle  PIE'S  be  *^ 
observed.  Then  by  the  theory  of  the  earth's  motioD,  the        ! 
angle  ESE',  and  the  lines  SK,  E  8  are  known,  there- 
fore the  angles  SEE',  SEi;,  and  the  line  EE'  may  be 
also  determined. 

Again,  in  the  triangle  EME',  there  is  known  EE' 
and  the  angles  P'EE',  PEE,  therefore  the  aides  P'E, 
P'E'  are  likewise  known  or  may  be  found.  l#astly,  in 
the  triangle  PSE.  the  sides  PE,  ES  and  the  included 
angle  P  ES  are  given  lo  find  SP',  the  sim's  distance 
from  the  planet  at  the  jK»int  P'  of  its  orbit,  as  also  the 
angle  ESP'*  whence  the  difference  between  7SE,  the 
longitude  of  the  earth,  and  7SP ,  the  longitude  of  the 
planet,  become  also  determined.  ' 

178.  To  find  the  latitude  seen  from  the  sun,  the 
follow  ing  proportion  may  l>e  used, 

As  the  sine  of  the  angfe  PES  :  sine  of  ESP  :  :  the  mm 
tangent  of  the  latitude  of  the  planet,  observed  from*"*^*! 
the  point  E.  to  the  tangent  of  its  heliocentric  latitude.  | 
that  is,  to  its  latitude  m  observed  from  the  sun.  To  | 
find  the  true  distance  of  the  planet  from  the  sun,  that 
is,  the  line  SP.  say,  as  the  cosine  of  the  planet's  helio- 
centric latitude  is  to  radius,  so  is  the  SP  to  the  dl3* 
tancc  sought. 

We  may  otherwise  determine  the  longitude,  lati- 
tude, and  distimce  by  means  of  the  triangle  SEP.  By 
either  of  these  means  the  distance  of  a  planet,  its  Ion* 
gitude  and  latitude  may  be  found  for  various  points 
of  its  orbit,  but  as  will  be  seen  in  the  following  pro- 
blem, three  such  points  being  foandj  the  orbit  itself 
may  be  described. 

Pboalem. 

To  des tribe  an  ellipse  through  three  given  pointi^ 
that  iSf  Having  given  three  distances,  and  the  ihrte 
corresponding  heliocentric  longitwies,  to  find  the 
orbit. 


170*  In  the  preceding  pari  of  this  section,  we  have 
shown  the  method  by  which  the  distsuice  and  helio- 
centric longitude  of  a  jdanet  may  be  determined  from 
observation,  the  dimensions  of  the  earth's  orbit  being 
fiiipposed  known  ;  but  the  distances  thus  determined 
apply  only  to  those  jiarticular  points  of  the  orbit  in 
which  the  planet  is  at  the  times  of  observation,  and 
we  are  still  at  a  loss  to  determine  the  nature  and  ele- 
ments of  its  entire  orbit ;  the  present  problem  then 
is  intended  to  obviate  this  difficulty,  and  to  show  that, 
from  three  points  being  given,  the  orbit  itself  may  be 
ascertained.  This  mav  be  effected  either  geometri- 
cally or  analytically,  but  we  prefer  the  latter. 

Let  SP,  SP',  SP^  fig.  55,  be  three  given  distances, 
and  7SP,  7SP',  7SP'',  three  given  longitudes,  aod  AB 
the  line  of  the  apsides  of  the  planet's  orbit.  Let  the 
angles  PSP'.  PSP",  which  are  known,  be  represented 
by  tfi,  n,  and  the  angle  ASP  which  is  unknown  by  s  f 
let  the  three  distances  SP.  SP'  SP'  be  denoted  by  p  p 
/>"  J  the  semi  transverse  Ac  by  c,  and  the  eccentricity 
by  e ;  then  the  three  unknowni  qviantities  whieh  are 
to  be  determined  are,  «,  e,  and  the  angle  jr,  and  the 
three  e(j nations  from  which  their  values  are  to  be  de- 
duced are^ 

^  1  +  C  COS  J  ^    ' 


Todil 

miacl 

titfrel 


F*i« 
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«(l-e«) 


1  +  e  cos  (m  +  x) 
«(l-e-) 


(2) 
(3) 


1  +  f  cog  {n  +  x) 
Sec  art,  58.  Dyuaniics. 

From  these  three  we  deduce  the  two  following,  in- 
volving only  e  and  x  ;   viz. 

ft  (I  -\-  e  coii  j)  =  /  [  1  +  e  cost  {i 
/I  (i  +  e  cos  x)  =  /'  J 1  -h  e  cos  (/ 
or  which  are  still  the  sanie^ 


(«  +  x)  ) 


P    —  I* 


P  cos  a:  —  //'  COS  (n  +  x) 


(•1) 
(5) 


cos 


^  COS  X  —  /i'  COS  (ni  +  x) 
LfCt  p"  —  />  =  r '  and  p'^p  ^/  ^  thea 
r'  p  COS  X  —  r'  /j''  cos  («  +  x)  =  i^'  />  cos  x  —  r'^  p' 
(m  +  x) 

or  ♦ 

cof*  X  (j^/J  —  r'V)  —  J*'/'  <^03  (rt  +x)  — r"/  cos  (m+x) 
,     .      .       /'I  cos  («+x):^tos  n  COS  x^  sin  m  sin  x 
substituting  for  j  ^^^  („, +^)  =cos  m  cos  x-sin  m  sin  x 

and  dividing  by  cos  x,  we  have, 

r'p — r*p  =^  rV  (cos  n  — sin  n  tatt  x)  —  r  V  (cos  m 

sin  m  tan  x) 

Hence  (r'V'  sin  m  —  rp"  sin  m)   tan  x  =  //j  —  /'  /» 
—  (ry  cos  n  —  r'^p'  cos  in) 
Therefore,  finally, 

Tp  —  /'p  —  (r'p*'  cos  n  —  r'V  coi  «0 


tan  X  = 


r'V'  sin  m  —  ///'  sin  m 


The  angle  X  being  thus  deteniiined,  the  three  aneni- 
lar  distances  from  the  perihelion  become  known  ; 
also  X  being  given,  the  eccentricity  e  may  be  computed 
from  either  equation  4  or  r>,  and  hence  again  «,  the 
&emi  transverse  axis  from  equation  1,  *2,  or  3, 

180,  We  have  thus  the  means  of  determining  very 
accurately  all  the  preceding  elements  of  a  planet's 
orbit,  but  it  will  be  perceived,  that  it  rests  ujMm  one 
imjjortant  condition,  namely,  that  the  planet  has  been 
observed  from  the  same  point  of  its  orbit  after  one^or 
some  number  of  complete  revolutions  ;  for  it  is  on 
this  condition  that  the  heliocentric  longitudes  are  de- 
termined. The  problem,  therefore,  will  still  not 
directly  apply  to  any  newly  discovered  body,  as  for 
example*  Uranus  or  the  Georgian  planet,  whose  period 
of  revolution  being  about  80  years,  we  must  have 
availed  till  this  period  had  passed  by,  before  its  helio- 
centric longitudes  could  have  been  computecl  on  tlie 
|>nnci[des  explained  in  (art. 179)*  But  a?  such  a  de- 
lay is  wholly  incompatible  with  the  anxiety  and  im- 
patience of  astronomers,  recourse  lias  been  had  to  a 
method  of  trial  and  error,  and  by  assuming  a  distance 
in  the  first  instance,  ami  comiiaring  the  results  as 
fletcr mined  according  to  Kepler's  laws,  with  those 
deduced  from  observations,  and  making  such  succes- 
sive corrections  as  the  case  requires,  astronomers 
have  found  the  method  of  approximating  to  the  ele- 
ments of  a  planpt's  orbit,  from  three  geocentric  lon- 
gitudes only,  tlie  time  between  these  observations 
being  of  course  also  given.  It  was  by  these  means 
that  the  elements  of  the  orbit  of  Uranus  were  deter- 
VOL.  ni« 


mined  by  Lalande  to  a  very  considerable  degree  of     Plane 
accuracy,  within  one  year  of  the  tnni  discovery  of  that  Aitronomy, 
planet  by  Sir  W,  IJerscheL  ^***^v""*^ 

Of  the  methods  qfdeiermbnng  the  elements  &f  a  phnttanj 

181.  We  have  in  the  preceding  articles  explained  the  Eienjcnt^of 
methotls  of  determining  certain  of  the  elements  of  a  a  pliuivtV 
jdanet's  orbit  j   hut  there  are  others  equally  necessary  orbiL 
to  be  known,  in  order  to  complete  the  theory  of  the 
planetary  motions. 

The  quantities  known  under  the  denomination  of 
elements,  are  the  seven  following, 

L  The  longitude  of  the  ascending  node. 

%  The  inclination  of  the  orbit  to  the  plane  of  the 
ecliptic, 

3.  The  mean  motioa  of  the  planet  about  the  sun* 

4.  Tlie  mean  distance  from  the  sun. 

5.  The  eccentricity  of  the  orbit. 

6.  The  longitude  of  the  aphelion. 

7 .  The  epoch  of  the  planet  being  in  its  aphelion 

1  -  Determinatkin  of  the  piace  of  the  nodes. 

1S*2.  The  fiMks  of  a  planet's  orbit  are  the  two  points  Lonffiturfe 
where  the  orbit  intersects  the  plane  of  the  ecliptic,  and  of  tLeuoiIr, 
the  line  joining  those  points  is  called  the  line  of  the 
nodes.  That  node  at  which  the  planet  passes  from 
the  southern  to  the  northern  side  of  the  ecliptic  h 
called  the  ascending  node,  and  is  marked  ^,  the  other 
is  called  the  dt'scf^nditt^  node,  and  is  murked  'iS . 

Since  the  node  is  the  intersection  of  the  orbit  with 
the  ecliptic,  and  the  latitude  of  a  planet  being  always 
estimated  from  that  plane,  it  is  obvious  that  if  by  a 
comparison  of  observations  made  on  a  planet  when 
near  the  node,  and  when  its  latitude  is  decreasing, 
we  compute  according  to  the  principles  explained  in 
several  jjreceding  articles  the  exact  time  when  its  lii- 
titude  was  zero,  that  time  will  be  the  exact  time  of 
the  node.  Whence  Jigain,  as  explained  in  the  hist 
section,  find  the  corresponding  heliocentric  longitude 
of  the  planet,  and  the  result  will  be  the  longitude  of 
the  planet  wheu  in  the  ecliptic  or  the  longitude  of  the 
It  ode, 

Serojtd  method. 

1S3.  Let  N,  (tig. .>*>,)  be  the  place  of  the  node,  nMm  Second  me- 
a  portion  of  the  ecliptic,  «X/i,  a  portiun  of  the  pla-  l!.    V^ 
nets  orbit,  a  m  h  n^  two  heliof^mtric  latitutles,  reduced    '^* 
from  their  geocentric  latitudes  \    then  by  the  analogies 
of  Napier. 

rad.  sin  Nw  —  cot  N  tan  am  (1 ) 

rad.  sin  N  »  ==  cot  N  tan  h  n  (Si) 

Whence 

Sin  Nm      sin  (mn—'Sn)       tan  ftm 
or- 


sin  N  n 
and  by  reducing 


sin  N  n 


tan  bft 


sin  nm  x  cot  Nn  —  cos  mn  ^ 


tan  am 
tan  bn 


sin  n  m  tan  h  n 


Whence  tan  Nrt  =1 

cos  m  n  tan  b  n  -H  tan  a  n 

where  hn,  ^wi,  tlie  two  rednced  latitudes  are  known ; 
also  nni,  the  diflference  of  the  longitudes  in  the  inter- 
val of  the  ohservatjons  j  and  hence  Nw,  or  the  differ- 
ence of  the  longitudes  n  and  N  is  also  known ;  and  the 
4  K 


^ 


m 

Aftranoroy.  longitude  of  n  being  g-fvcn, 
'  clelermin<*rL 
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that  of  N,  the  node^  is 


2 .  To  Jin  d  the  i  n  din  a  tion  of  the  orb  i  t , 

Indmation       184.  This  IS  immcdifitely  dcducible  from  the  pre- 
oftbeorbiu  ^*p(|ij^g  inve.stie:ation  ;    for  as  Nh  is  determined^  mid 
bn  kaoWQ^  we  have  from  equation  (*2) 

sin  N  n  ^^  tan  hn 

i^t  N  5=  r  X  ' 1—  or  tan  N  =  r  x 


tau  6/i 


sin  Kft 


PcriO(Jic 
tijuea 


3.  Tb  deiemune  the  periodic  time  of  a  planet. 

185.  This  may  be  effected  in  diflfercnt  ways  j  viz. 
we  may  determine  by  means  of  (art.  1/0 et  seq.)  the 
semi  axis  of  its  orbit,  and  hcnee  rompiitc  its  periodic 
time  by  Kepler's  laws  ;  or  we  may  observe  tlie  planet 
in  its  node,  and  again ,  when  it  returns  hitber  ;  and  the 
interMil  elapsed  will  be  the  perioil  nearly  bnt  not 
exactly  I  by  reason  of  the  retrogradation  of  the  nodes 
and  sottie  otlier  minor  circumsUmces. 

Another  method,  and  tlie  most  accurate  of  any j  is  to 
observe  the  planet,  ifa  superior  one  when  in  opposition;* 
and  if  im  inferior  when  in  conjunttion,  and  to  observe 
tlie  same  ag'ain  after  one  or  some  number  of  complete 
revolutions,  whence  the  time  mny  be  fimnd  very 
correctly,  and  the  tablen  of  il5  motion  corrected.  The 
time  of  iipposition,  it  will  be  perceived,  is  selected  for 
this  determination,  in  consequence  of  the  heliorentrlc 
and  erec  teen  trie  longitudes  being-  then  the  same  j 
whereby  that  reduction  accessary  in  all  other  cases  is 
avoided. 
Jrfodw  iHG.   Therefore   when    the    planet   is    approaching 

pmmb^  towards  opposition,  observe  the  tnean  time  that  it 
paisses  tlie  me  rid  i  an,  its  right  ascension  and  meri- 
dian altitude,  whence  by  means  of  the  correc- 
tions already  explained,  find  its  declination  on 
those  days  j  and,  hence  again,  compute  its  latitude 
and  longitude  ]  make  similar  observations  on  the 
Sim,  and  determine  its  longitude  in  like  manner.  By 
comparing  these  results  with  each  other,  it  will  be 
seen  that  the  difference  of  longitude  from  being  more 
than  180"^,  has  become  less  tlian  ISO*^,  consequently, 
the  opposition  must  have  taken  place  in  that  interval, 
that  is,  between  the  two  observations  that  give  these 
opposite  r^sidts. 

In  order  now  to  find  the  exact  instant,  compute  the 
BmVs  longitude  at  the  moment  when  the  planet  was  on 
the  meridian,  forthtit  nhservjition  that  gives  the  ditfer- 
enee  in  longitude  too  little  j  and  let  IHO^  —  d  denote 
the  difference  of  longitude  between  the  sun  and  planet 
ut  this  instant ;  let  r  represent  the  sun's  daily  increase 
in  longitude  at  this  time,  and  r'  the  daily  motion  in 
that  of  the  planet;  then  since  when  a  planet  is  in  op- 
position its  motifjn  is  retrograde,  the  sun  and  planet 
will  approach  each  other  at  the  rate  of  r  +  /,  per  day  ; 
and  we  shall  have 

r  -{-  /   :    d   :    I  day  — — ? 

'   r  +  r 

the  time  prior  to  the  latter  of  the  two  observations, 
when  the  difference  of  longitude  was  exiietly  180^  ; 
which  time,  therefore,  subtracted  from  the  time  of 
the  said  observation  will  be  the  time  of  opposition 
required. 

If  the  above  he^  as  we  have  supposed,  repeated  for 
several  days,  and  the  mean  of  the  several  results  be 
taken^  the  time  will  be  had   more  uccurately^  auid 


■^ 


still  more  so  if  the  observations  be  repeated  after  a 
number  of  complete  revolutions  j  as  by  this  means 
the  errors  will  be  so  much  tlie  more  divided^  and  ren- 
dered of  less  consequence.  If  the  time  of  opposition, 
as  determinetl  above,  be  compared  with  the  time  given 
in  the  tables,  the  difference  will  be  the  error  of  the 
tables,  axid  may  be  employed  as  u  means  of  correcting 
them. 

187-  Mr.  Vince  in  his  Astronomy, -gives  the  fol- nii 
lowing  example  of  this  kind  of  determination.  On  l>f  fol 
October  14,  17*>^.  M.  Laltmde  observed  tlie  difference 
between  the  right  ascension  of  fi  Aries  and  Sfttum, 
(whicli  latter  passed  the  meridinn  at  l^Zh.  I7m.  17s. 
apparent  time)  to  be  8*^  S'  7"*  the  star  passing  first. 
Now  the  apjiarent  right  ascension  of  the  star  sit  that 
time  was  ^5^  24'  :i3'''6,  hence  the  ajipareut  Hght  as- 
cension of  Saturn  was  Is.  3°  29'  40  '6  at  l*2h.  17iii. 
17s.  apparent  time,  or  ISh,  1'  S/''  mean  time.  On  the 
same  day,  he  found  from  observation  of  the  meridian 
altitude  of  Saturn,  that  its  <leclination  was  10°  35'  iiO" 
N.  Hence  the  longitude  was  found  to  be  Is.  4^50' 
5G'',  and  latitude  'i  '  43'  ^.5''  S.  At  the  same  time 
the  sun*s  longitude  was  found  by  calculation  to  be 
Ts,  1°  19'  92\  which  subtracted  from  Is.  4^  5(/ 5e\ 
gives  6s.  3^  31' 34'';  hence  Saturn  was  3=^  31' 34'' 
beyond  opposition,  but  being  retrograde  must  after- 
wards come  into  opposition.  Now,  from  the  obser- 
vations made  on  se\eral  days  at  that  time,  Saturn's 
longitude  was  found  to  ilecrease  4'  5(/'  in  94  hours, 
and  by  computation,  the  sun's  longitude  increased  59' 
59",  in  the  same  time,  therefore  r  4-  /,  or  th«  sum 
of  the  two,  was  (>4'  49"  ;   hence 

64' 49'   :   3=^31' ^4''   :  ^4    :  78h.  SOin.  20s, 
which  mlded  to  Oct.  24,   12h.  Im,  37"  giv€8  37<t  ISh. 
21'  57''  lor  the  time  of  opposition. 

To  find  Saturn's  longitude  at  this  time,  say 
24 h.  :  7Hh.  20m.  ^s.  4'  50''  :  15' 47'' 
which  latter  is  the  retrognide  motion  of  Saturn  in 
7bh.  20m.  20s.,  and  this  subtracted  from  Is  4°  50'  56"' 
leaves  Is.  4^  35'  9'',  the  longitude  of  Saturn  at  the  time 
of  opi>o9ition  ;  and  by  a  similar  process,  the  laogitcide 
of  the  sun  for  the  same  time  was  found  to  be  7d.  4^ 

a5'  9". 

In  a  manner  nearly  analogous,  we  may  find  the  la* 
titude  of  Saturn  at  the  instant  of  opposition  ;  via.  by 
observing  the  daily  variation  in  latitude.  In  tUe  pre- 
sent case  between  the  time  of  observation  and  opposi- 
tion, the  latitude  had  increased  6'',  and  consequently, 
the  latitude  was  3^  43'  31"  8  at  the  time  of  oppositioo. 

Ib8.  The  most  ancient  observation  of  this  kind  on 
record  is  one  by  Hipparchus  j  from  which  it  appears 
that 

228  B.C.  Mar.  2,  Ih,  Saturn's  longi-  i      g^©  „^    ^ 
tude  in  opposition  was  ..»...../ 

lat.  N  S'^'  SO' 

1714j  A.D.Feb.26,  8h.  15m,hi9lon-7      ^.o  lu;'  4^ 
gitude  in  opposition  wtis  ,,.,,.  / 

iat.  N  2^  a' 
Bifferen.  of  longitude  in   )943y.   I05d.  7%  15m.  =- 
2f>'  14' 

Now  we  find  the  time  of  describing  this  26^  14"  to  be 
13d.  I4h.  Adding  this  to  the  former  interval,  we 
have  I943y.  118d,  '2lh.  I5m.  for  the  interval  between 
these  two  oppositions  of  Satm-n,  and  the  period  of 
this  planet  is  known  to  be  about  29|  years «  this  time 
must  therefore  contain  66  complete  periods  of  rerolu- 
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tion,  and  hence  by  division  we  have  ment,  is  by  means  of  the  greatest  equotioti  of  the  cen-      Plane 

1943y.  llBd  ^Ih  15m*  ^^^'  ^'^^  example,  let  the  planet  be  observed  when  near  Ajitroaomy, 

^        — ~ '— — -  =  2i)y,  162d.  4h.27m.  A  {fig.  46)  j  if  it  should  be  exactly  there,  it  will  be  ^ — v — ' 

^  known  by  the   mean  angle  proportional  to  the  time 

for  the  exact  time  of  one  revolution,  from  M  to  A,   minus  the  dilTerencc  of  the   observed 

t^  re-       18S*  It  will  be  olieerved,  that  the   longitudes  m  longitudes  at  U  and  A.  being  equal  to  tlie  greatest 

lioo  of  both  these   cases  is  reckoned   from  the   first  point  of  equation  of  the  centre.     But  aupfiose  it  to  be  less  by 

ni.         Aries,  and  in  consequence  of  the  annual  precession  of  g^^j^^.  tjn^ntity  e,  then  the  jjjanet  is  at  some  point  Sf 

this  pomt  ol  50    1,  the  entire  precession  due   to  the  ^^^^^^  a  second  observation,  and  now  let  the  diiTerence 

above  interval  of  29y.  lf^2d.  4h. -^Tm.  will  be  *24  35  .  ^f  ^he   true  and    mean    motions  be  greater  timn  the 

Theperio<l  then  determined  for  Saturn  belongs  to  his  ^r^eatest  equation,  by  another  quantity  /;   tlien  the 

tropical  revolution,  mid  is  shorter  than  his  sideral  by  pi^net  is  at  T,  past  the  aphelion.     Now  ihelou^ntndes 

the  time  that  he  employs  m  descrihiug  ^24  .i:/\   which  of  §  ^nd  T  are   known  j  conseciuently  the  diftbreiice, 

IS  about  12«h  7h. ;   hence  his  sideral  revolution   will  sET  is  known,  and  the  intervals  bctA^een  the  two  ob- 

bc  2By,  I74d,  1  Uu  27ni.      His  mean  lumual  motion  is  servations  j   then,  the  points  S  and  T  being  suptJosed 

hence  found  to  be  n°  IS'  35"  14'''  and  his  daily  mo-  very  near  to  A,  we  shall  have 

tion^'^OOer.  e-k-e    '    Z  SET   "'   e    '     Z  SE\ 

Exactly  the  same  process  may  be  observed  with  all  ^  ,  ^           '             '                  '  •        .    -^  ^     . 

the  superior  planets.  ^^^^'  therefore,  the    Z  SEA  to   Z  SEM,  and  Z  ME  A 

tod  for      190,  Witli  respect  to  the  inferior  planets,  wc  may  ^^  ^^^  angular  distance  of  M  from  the  aphcUon  will  be 

hfcrior  proceed  in  the  same  manner  when  circiimstances  will  oetermineu. 

admit  of  our  making  the  requisite  observations,  but  it  ^     *          -        i 

is  obvious  that  this^  will  only  happen  when  tlie  elon-  ^'   ^^  determme  the  ^vh  at  whah  a  phmet  is  m   the 

gat  ion  of  the  pbmct  from  the  son,  near  conjunction,  aphidion. 

is  sufficient  to  reiuler  the  former  visible.     The  most  1D5.  Tins  may  be  readily  deduced  from  the  preced-  Epoch  de- 

•ecurate  method  of  observing  the  time  of  an  inferior  ing  observations  3   for  since  the  interval  uf  time  I,  be-  termiucd. 

cofijuuction  of  either  Mermiry  or  Venus  is  from  obser-  tweeu  the  two  observations  at  S   and  T  are  known, 

,            vations  maile  on  them  in  their  transits  over  liie  sun's  and  the  angle  i>£A  has  been  determined^  we  have 

M       disc.  e  i 

W  «+^  :^:: '  ■  4^ 

3.   To  ^tid  the  said  axis  major  or  mean  distance.  e-j^tr 

emcftQ      1»1.  Lett/ denote  the  mean  distance  of  the  earth,  the  time  from  S  to  A  r  which  time  thus  determined 

mt€.      and  t  the  time  of  its  sideral  revolution,  D  the  required  '^^^^^^^  *^  ^^*^  *"^**^  of  observation  at  S,  gives  the  time 

mean  distance  of  the  planet,  and  T  its  period  of  revo-  "*  ^^^^^^^^^*  ^^^^  P^^i^^*'^  ^^'^^  ^»  ^^^  npheUon. 

Intion,  as  detennined   in  the  kist  article.     Then    by  *^^^-  ^^'e  shall  here  r-ondude  this  division  of  ourmbkoftlie 

Kepler's  law  treatise,  by  giving  the  following  table  uf  the  elements  pkments  of 

rj*^  of  the  planets,  according  to  the  most  recent  determi-  th<^  planets. 

f^  t  T^  t  :  d^  z  IP  =^  d^    X  —  nation  of  Liiplace,  reduced  where  necessary  to  English 

measures. 

^       whence                J>  =  d  x  ^-^ )  ^^^  distance  sought.  Table  of  the  elements  of  the  planetanj  orbU4. 

K                4.   To  dt-termine  the  eccentridtif  of  the  ffrbU,  Skieral  periods  of  the  phmis. 

1^          192.  Thb  may  be  done  by  means  of  our  general  D^ty* 

equation.  Mercury  ........          87  P/i25H 

_   a  (1  —  e^)  Venus '2'247(KKS«i4 

■                                    '*  ~  I  +  e  cos  X  Tbe  Earth  ......      3t;j  2.'>r>ri84 

~        the  angle  J,  and  radius  vector  p  being  determined  as  y^^i-     i  i"V  ar>^ 

in  arts.  179  and  180,  and  rt  as  in  the  preceding  article  j  1  *^^  '* 1  -nn  trnw 

but  more  conveniently  from  the  equation  (4)  art.  179^  r"'^*^    , .^o  1  ^oT^ 

^■^                                   '^                        I              V   /            '  Ceres 1681  ."iai* 

,^  Pallas 16S1 709 

^    _   . P     ~P  Jupiter    4332  .'iiK3a08 

/J  cos  X  ^  /'cos  (n  +  j)  Saturn 10758'y(i9840 

in  which  all  the  quantities  on  the  second  side  of  the  Uranus,  or  the  Geor- 

eqoation  are  supposed  to  have  been  determined,  ^ian  Planet 30688  71 26S7 

5.  Of  the  aphelim  vf  a  ptamtfs  orhii.  Mean  dutances,  or  semi  axes  major  of  the  orbits, 

itnde        193,  This  is  deducible    immediately   from   article  Dux-a 

belion.  179,  where  we  have.  Mercury  . , O  3S7098 

/  p  -/'  p  -  {/  /'  cos  m  -  r"  /  COS  n  ^*^»"^  - 07^23332 

tan  JF  =  — ,,       /      ;   ,,    ■-  -  — The  Earth*. ,      ItKKXXK* 

r   p  siu  m-rp    sin  m  ^^^    Vf^m^A 

for  the  quantity  x  is  the  angular  distance  of  the  aphe-  Vesta 2-373O0O 

lion  from  the  observed  place  of  the  planet^  the  longi-  ,   ..,  ^ . ^ 

tude  of  ivhich  is  known.                     _  •  Tt.e  ili.tanc.  of  ti^e  cArtk  from  the  sua  b  computed  to  be 

Ad  me-      194,  Another  method  of  determmmg  the  sameek*  93,726,900  EngliaU  miks. 

<  4e  2 
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'^**'~**^-  Juno S667169 

Ceres ^'767400 

FMus 2-76759« 

Jupiter    6«0«791 

Saturn ^  9538770 

Uranus,  or  the  Geor-' 

gian  Planet 1918305 

Eatio  of  the  eccentricUies  to  the  semi  axes  major  at  the 
heginning  of  1801 »  with  the  secular  variation  of  tfie 
ratio.     Hie  sign  —  indicates  a  diminution. 

Ratio  of  eccentricity.  Secular  rariation. 

Mercury a^&514        0-000003867 

Venus 0-006853        O000O6«7H 

The  Earth a016853        0  000041632 

Mars 0-093134         O000090176 

Juno 0-254944^ 

Vesta 0-093220  I    ^  .  „„..^„;„^ 

Ceres ^078349^'"''*'''''''''^''*^ 

Fdlas 0-245384  J 

Jupiter 0-048178         0*000159350 

Saturn    0-056168         0-000312402 

Uranus a046670        0000025072 

Mean  longitudes  at  ilie  beginning  of  \Ml,  reckoned  from 
the  mean  equinox  at  the  qnxh  of  the  mean  noon,  Jan. 
lit,  1801,  Greenwich. 

Mercury 166      O  48-2. 

Venus 11  33  161 

ThcEarth 100  3^  100 

Mars    64  22  575 

Vesta 267  31  490 

Juno    290  37  16-0 

Ceres 264  51  340 

Paias 252  43  320 

Jupiter    112  15    TO 

Saturn 135  21  320 

Uranus    177  47  380 

Mean  longitudes  of  the  perihelia,  for  the  same  epoch  as 
ah^,  unth  the  sideral  and  secular  variatiom. 
Mean  Ion.  per.  Sec.  var. 

o       /     //  /      // 

Mercury 74  21  46  9  435 

Venus 128  37  08  4  28 

The  Earth 99  30    5  19  39 

Mars 332  24  24  26  22 

Vesta 249  43     0  \ 

S.:::::::.::.S1?^U"«"-" 

Pallas 121   14     1  J 

Jupiter    11     8  35  11  4 

Saturn 89     8  58  32  17 

Uranus    167  21  42  4  O 

Inclination  of  the  orbits  to  the  ecliptic  at  the  beginning  oj 
1801,  with  the  secular  variations. 

Inclination.  Sec.  var. 

o     /  //  // 

Mercury 7    O  1  198 

Venus 3  23  32  45 

The  Earth 0    0  0 

Mars    1  51  3-6  1*5 

Vesta 7     8  46 

?Z:;:;;;:;los?S!.~.i»o». 

Pallas 34  37 


83 
15-5 
3-7 


Jupiter    1  18  61 

Saturn 2  29  34*8 

Uranus    0  46  26 


Longitudes  of  the  ascending  nodes  on  Hie  MpHe  eH  the 
hegintttMg  of  1601,  with  lAe  sideral  wHd  maOar 
metions. 

Lon.  of  Meea.  ao^    See.  vw. 

o     /     //  ^ 

Mercury  ....    45.  57  31  ]3'8 

Venus 74  52  386  31  lO 

The  EaHh  ...000 

Mars    48  14  38  38  48 

Vesta 103    O    6^ 

Juno 171    «  37  I      ^^  Vit*«-„ 

Cere* 80  55    2  f  »<»*  *no^ 

Pallas 172  32  35J 

Jupiter 98  25  34  26  17 

Saturn Ill  55  46  37  ^    ^ 

Umnus 72  51  14  59  57 

%  IX.    On  Hie  computation  ofecUpsee. 

•    197*  We  have  already  given  a  popubin  iHu^timtioii  of  Cm| 
the  phenomena  of  eclipses  ;  and  have  shown. that  thej  tiosj 
arise  from  the  interposition  of  the  earth  between,  the  **^ 
moon  and  sun^  or  of  the  moon  between  the  earth 
and  sun.      If  the    lunar  orbit  were   in  the   pliBe 
of  the  ecliptic,  we  must  necessarily  have  an  ecllpae  at 
every    conjunction    and  opposition  of  the  sun  and 
moon,  and  these  phenomena  would  therefore^  in  this 
case,  be  governed  by  the  phases  of  the  moon ;  bat  the 
duration  of  the  obscuration,  and  the  other  caream- 
stanoes  attending  the  eclipse,  would  still  depend  upon 
the  relative    distances  aiid  apparent  magmtodea  al 
these  bodies  with  respect  to  each  other. 

When  the  moon  is  at  her  mean  distance,  the  appa- 
rent diameters  of  the  earth  and  sun  as  seen  from  the 
moon's  centre  are  l""  55^  b^'  and  31^  59^-08.  But  the 
ang^  subtended  by  the  sun  and  moon  at  the  extie* 
mity  of  the  earth's  shadow  in  a  lunar  eclipse,  are  the 
same,  about  64^ ;  consequently,  the  moon  most  hH 
within  that  shadow  at  a  very  considerable  distance 
from  its  vertex  ;  and  by  computation  it  will  be  seen, 
that  the  length  of  the  shadow  is  actually  about  equal 
to  four  times  the  distance  of  the  moon  from  the 
the  earth.  This  has  reference,  however,  only  to  the 
mean  distance,  but  the  eccentricity  of  the  lunar  orbit 
being  only  '0548553,  the  ratio  between  the  length  ol 
the  shadow  and  the  distance  of  the  moon  is  never 
materially  changed.  For  example,  the  greatest  dis* 
tance  of  the  moon  from  the  earth  ne^'er  exceeds  64 
terrestrial  radii ;  and  the  length  of  the  shadow  when 

the  moon  is  in  perigee  is 212*896  rad. 

mean  distance    216531 

in  apogee    220*231 

Consequently,  as  we  have  observed  above,  if  the  lunar 
orbit,  were  wholly  in  the  plane  of  the  ecliptic,  we 
must  necessarily  have  an  eclipse  of  the  moon  at  every 
opposition. 

The  case,  however,  is  somewhat  different  in  a  solar 
eclipse ;  for  here  the  shadow  of  the  moon  in  no  in- 
stance passes  far  beyond  the  earth's  centre,  and^  in 
some  it  does  not  even  reach  the  surface  ;  but  still  the 
eclipse  must,  on  the  supposition  we  have  made,  ac- 
tually take  place  with  every  conjunction  of  the  sun 
and  moon  :  this  phenomenon  depending,  not  upon  the 
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KMny.  shadow  of  the  inoon,  but  upon  the  actual  interposition 

f    ^  *  of  that  body  between  the  sun  and  earth. 

The  nioon^  however,  revolvea  in  an  orbit  which  in- 
clines to  the  plane  of  the  ecliptic  at  un  angle  of  5°  ^  j 
and,  conseqyently,  she  may  be  in  opposition,  that  iss, 
the  difference  of  long'itQde  of  the  sun  and  moon  may 
be  X^ifi  and  yet  the  latter  body  be  either  above  or 
below  the  terrestrial  shadow,  in  which  case  no  ecHpse 
will  take  place  \  and  the  eame  of  course  applies  to  the 
moon  being  in  conjunction,  or  having  the  same  longi- 
tude as  the  sun.  It  is  not  necessary,  however,  that 
the  moon  be  actually  in  her  node  at  the  time  of  oppo- 
sition, but  only  that  she  v  be  within  certain  limits  of 
that  position  \  for  the  shadow  of  the  earth  subtending 
a  lari^er  angle  at  its  \'crtcx:  than  the  moon  does,  an 
eclipse  may  happen  although  the  moon  be  not  in  her 
node  at  the  time  of  opposition  ;  and  the  same  again, 
except  that  the  limits  are  more  narrow,  at  the  time  of 
conjunction.  Let  us,  therefore,  first  examine  what 
are  called  the  ecliptic  timitSi  that  is  to  say,  the  least 
degree  of  proximity  of  the  moon  that  will  render  an 
eclipse  possible, 
^  IRS.  For  this  purpose,  let  SO  (fig,  57)  denote  the  radius 

j^  of  the  sun,  TE  that  of  the  earth,  and  L  the  centre  of  the 
H  moon  at  the  moment  of  opposition  :  the  three  centres 
W  being  in  the  same  right  line.  Let  OENC  represent  a 
solar  ray,  being  a  tangent  to  the  sun  at  O,  and  to  the 
earth  at  E  :  SO  and  TE  wdl  be  perpendicidar  to  the 
radius  OC  ;  and  C^  will  be  the  axis  of  the  conical  sha- 
dow projected  by  the  earth,  and  which,  thereforCj  will 
be  dark  between  the  earth  and  the  vertex  (^ 

Let  L«K  be  a  portion  of  the  lunar  orbit ;  then  its 
tangent  LN  will  represent  the  semi  diameter  of  a 
section  of  the  cone,  draw^i  perpendtcukrly  to  the  axis 
in  the  region  of  the  moon,  and  this  section  will  be  a 
circle  ;  u  will  be  the  point  where  the  edge  of  the  lu- 
nar disc  enters  into  the  conical  shadow  •  the  centre  of 
the  moon  being  in  K,  or  K  u  being  supposed  equal  to  a 
semi  diameter  of  the  moon  at  thnt  time,  as  seen  from 
the  earth  at  T.  Let  now  TE,  the  terrestrial  radius 
s=  1,  then 


I 


TS  =  dist.  of  sun  from  the  earth     = 


1 


TL  ^  dist.  of  moon  from  the  earth  =: 


TC  —  axis  of  conical  shadow 


sm  p 
1 

sin  P 

1 
sinC 


JJC    =. 


where/)  denotes  the  parallax  of  the  sun,  P  that  of  the 
moon,  and  C  the  angle  of  the  eonCj  or  C  =  TCE. 

Now  LC  —  TC  —  TL  =  ^— -  —  -r-^,  or 
sin  C      Bin  P 

sin  P  -  sin  C  _2  sin  j  (P-C)  cos|  (P^C) 
sin  C  sin  P  sin  C  sin  P 

Let  the  apparent  semi  diameter  of  the  sun^  as  seen 
from  the  earth  be  called  ^^  then 

sin  ^ 

SO  =  TS  sin  a  =  -T— 

sm  p 

SC  TE        SC       ST  -h  TC 
andTC   = 


SO 


SO 


SO 


Or,  substituting  for  these  quantities  their  respective 
values^  we  have 


flinC 


sm  p      sin  C 

(sin  ^  \ 
sin  p  / 


1  + 


sm 


sin  C 
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sin  ^ 


=  I  + 


sin  p  _  sin  C  -h  sin  p 
sin  C  sin  C 


sm  p 


Bin  c  =^  sin  C  -h 

sin  C  =  sin  ^  —  sin  p 
Now,  sin  C  ^<i  sin  |  C  cos  |  C 
and      sin  B  ^  sin  p  ^  ^sm  ^  (c  —  p)  cos  I  (^  -h  p) 
Wherefore, 

2  sin  §C  cos  J  C  =  2  sin  I  (^:  —  />)  cos  |  (^  +  p) 
In  this  expression,  if  (B  —  p)  and  (i  +  p)  were  eqyal 
to  each  other^  we  shouhl  have,  accurately, 

2  sin  1  C  ==  2  sin  §  (c  —  p) 
or  C  =  a  —  p 

which  may,  in  fact^  be  taken  as  an  approximate  eqim- 
tion  ;  for  since  c  never  surpasses  l(i'  18'',  nor  j>  7  9^\ 
we  have  the  greatest  value  of  i  (^  -f  ;j)  =^  8'  14'^ 
and  of  I  (c  —  p)  =  S'  5";  consequently,  tlie  cos  | 
i  (^  — P)  —  cos  I  {f  -t  p)  very  nearhjl  Hence  the 
angle  subtended  by  the  side  and  axis  of  the  conical 
shadow,  is  equal  to  the  sun*s  apparent  semi  diameter 
minus  the  sun's  parallax^  or, 

C  =  a  —  p 
Now  CTE  =  90^  —  C  =  90^  +  /?  —  3  =  bTE  =  &E 
2bE  =  180^  -hSp  — 2  t  =  EZ.F=  180^  — 2  (fi 
—  p) 

E  frF  is  the  obscure  part  of  the  eartirs  surface,  which 
is  le^is  tlwm  a  hemisphere  by  a  zone  whose  altitude  is 
C,  or  0  — p  ;  and  the  enlightened  jjart  is  for  the  like 
reason  greater  than  a  hemisphere  by  the  same 
quantity. 

The  angle  LT  «  =  T  m  E  - 
p^V  -^p  —  6 
Hence  the  sum  of  the  two  parallaxes^  minus  the  sun's 
semidiameter,  will  be  the  angidar  distance  of  the 
moon  from  the  axis  of  the  conical  shadow  at  the  mo» 
ment  when  the  edge  of  the  lunar  disc  enters  into  the 
shatiow.  To  this  angle,  adding  the  moon*s  semidia- 
meter fd),  we  shall  iiave  the  angular  distance  of  the 
axis  of  the  cone  from  tiie  moon's  centre  for  the  same 
instant.     The  tivo  expressions  therefore  are 

P  +  /J  — c,  and 
p+p_^+rf, 

and  they  are  those  generally  adopted  ;  nkhongh,  as 
we  have  seen,  they  are  in  fact  only  approximative, 
but  very  closely  so. 

1 9*>.  If  we  conceive  the  moon  to  be  placed  between  the 
earth  and  the  sun  in  L^  LV  being  a  part  of  its  orbit, 
«'  will  be  the  point  at  which  the  moon  enters  into  the 
luminous  cone,  and  we  shall  have 

LT  «'  -  T »/ E  -f  C  =  P  H-  c—p  —  ^—.p  ^  ^. 

Whence  the  difference  of  the  parallaxes,  plus  the  semi- 
diameter  of  the  sun,  will  be  the  angular  distance  of 
the  centre  of  the  moon  from  the  axiis  of  the  cone,  at 
the  moment  w  hen  the  centre  of  the  moon  enters  into 
the  luminous  cone  ^  and  to  this  expression^  adding 


C  =  P  — C  =  F— ^-h 


r 
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Vstronoroy.  tlie  semitHamctor  (d)  of  the  moon,  wc  shall  have  the 
^*-*'^¥''"*^  an^ilar  tlistaiice  correspomiing  to  the  moiuent  whca 
the  edge  of  the  lunar  disc  enters  the  cohln 
The  formulae  therefore  for  solar  eclipses  are 
P— j3  +  « 

We  have  thus  the  fi^eneral  expression?  for  the  limits 
beyond  which  no  cclijisc  of  either  knninary  cua  take 
place. 

^00.  Within  these  limits  an  eclipse  will  happen,  but 
they  must  be  still  further  refttricted  in  the  case  of  the 
sun,  ill  order  that  the  eclipse  may  lie  total.  With  rcsj»ect 
to  the  moon^  the  eclipi^e  is  necessarily  totJil,  provUled 
the  latitude  of  this  luminary  be  .?uch  that  it  enters 
completely  within  the  .shadow,  jiut  this  condition 
only  is  not  sufficient  in  the  case  of  a  solar  eclipse  ;  for 
although  the  moon  may  be  coiiiplctely  interposed  be- 
tween the  earth  and  sun,  yet  its  shadow  may  not 
arrive  at  the  earth  j  and  in  this  case  the  eclipjie  will 
not  he  total,  but  annular  or  partial. 

Draw  KVO,  a  tangent  to  the  moon  and  sun  ;  then, 
if  KL'bc  equal  to  TL',  the  eclipse  is  necessarily  total 
wherever  it  is  central  j  and  the  duration  of  it  wiU  be 
^eater  or  less  according  to  the  situation  of  the  ob- 
server on  the  terrestrial  surface.  The  same  will  ahso 
happen  if  KL'  be  greater  than  TI/ ^  but  the  obsciira- 
tinn  will  continue  longer.  If  KL**  be  less  than  LT\ 
but  not  less  than  Ua^  the  eclipse  will  still  be  total  to 
those  observers  wlio  are  nenrer  the  moon  than  the 
vertex  of  the  cone,  and  total  for  an  instant  only  to 
those  w^ho  are  j>reeisely  at  the  same  distance  as  the 
vertex  :  to  others  the  eclipse  will  be  partial  or  annu- 
lar. If  KL'  be  less  than  (/ 1/,  then  the  eclipse  canntH 
be  total  to  atiy  obiicrvcr  on  the  terrestrial  surface. 

Now  it  may  be  show  n,  tliat 

mn  r       sin  1'  sm  B 


1  — 


sin  I?  sin  P 


sin  i  sin  F 

Hence  assuming  d=  IG^  28'',  ^.  =  ia'  ,  P=  fiO' 
2if'p — H^^'G ;  we  have,  expressing:  the  above  in  num- 
bers. 


TL'  —  KV  = 


1     /  ^  _  sin  d\ 
sin  F\  Sill  ;  / 


1  — 

1 

1 


■lK>24451t>7 
(O  00945  no) 
1  273«100 


\  sm  t/ 

0'(W24.511 


&m  F  sin  f>  am  F 

Consequently^  when  this  expression  is  equal  to  sero, 
we  shall  iiave 

sin  P  ^  3^63702  sin  ^ 
and  when  it  is  equal  to  unity,  tliat  is,  to  T  a, 

1-002508336 


sinF=^ 


1  +- 


and  it  is  only  between  these  limits,   in   the  value  of 
sin  P,   that  the  ccHpse  can  be  totaL 

201 .  By  means  of  these  tw  o  expressions,  we  mav  com- 
pute the  several  values  of  P  corresponding  to  t%e  dif- 


ferent appar€nt  diameters  of  the  son  that  must  liainc 
place  to  produce  a  total  or  annular  eclipse.  For  eit-  4 
ample,  in  the  follow  ingtable,thesemidiaineter  of  the  sun  ^ 
being  such  as  statx^l  in  the  tirst  column,  the  luimr  pa- 
rallax (F)  must  not  be  less  than  that  stated  in  the  se- 
cond column,  in  order  that  the  eclipse  be  oeeessarily 
total :  if  the  paralhi.\  be  less  than  in  the  secotid  co- 
lumn, but  greater  than  in  the  third,  it  may  he  toirf 
to  certiiin  observers ;  but  if  the  jjaralkix  be  less  t^mk 
that  given  in  tlie  third  columii^  it  am  be  ooly  anotilar 
or  partial* 

Limits  of  total  and  (tmiular  ecftp^vs. 


a 

F 

V 

P-P^ 

/ 

// 

/       // 

/        // 

/f 

15 

45 

57     4^     , 

56^     45 

57 

15 

50 

58     01 

57       3 

5a 

15 

55 

58     11> 

57     21 

5S 

16 

(«> 

58     37 

57     39     , 

St^ 

W 

1#5      1 

58    atJ 

57     56 

60 

m 

lO 

59      14 

5H      14 

no 

16 

15 

59     3*2 

58    m 

GO 

16 

20 

51)     51 

58     50 

61 

1 .  EciipaeA  of  Uie  mooru  ' 

202,  Having  in  the  preceding  articles  explained  theEefipi 
principles  by  w  hiih  the  ecliptic  1  units  may  be  deter-  tkaj 
mined,  we  proceed  now  to  the  computation  i  heginning 
with  th<7^e  of  the  moon. 

Let  NZ  (lig.  5.4)  1m?  the  ecliptic,   O  ibe  point  of  itFl|.] 
opijosite  the  sun,   or  the   nadir  of  the  sun  ;   the  pnsi- 
tion  of  which  will  id  ways  he  known   by  add 
to  the  ftuas  kmgiiude.     This  point  O  will  ti  - 

be  in  the  axis  of  the  eone,  iuid  be  Uie  centre  of  the 
circular  section  cut  tjy  a  plane  perpend iculiir  to  tlie 
axis.     Let 

OE  =  0(x  =s  P  +  p  -  d,  Ije  the  semidiameter  of  tlie 
shmlovv. 

CoQceive  NAV  to  represent  the  orbit  of  the  moon 
inclined  about  5  0'  to  the  ecliptic ;  then  OA  will  be  the 
hititude  of  the  moon  at  the  intmient  of  conjuiiibtion. 
We  shall  suppose  tiie  point  O  immoveable  during  the 
time  of  the  et  lipse,  tdtbough  in  fact  it  advance*  aJon^ 
the  ecliptic  about  2'^  in  an  lumr,  but  the  moou's  mo- 
tion is  about  32'^  in  an  hour ;  we  may  therefore  con- 
sider  the  point  U  constant,  and  conceive  the  uioon  to 
advance  at  the  rate  of  alioiit  30',  this  being  called  its 
relative  velocity  or  motion  in  the  ecliptic. 

While  the   mmjn  advances  from  N  to  A    (fig- 59),  pi-.| 
her  latitude,  which  is  nothing  at  N,  will  be  OA  wben 
she  has  arrived  at  A,  or  is  in  conjmiction. 

Let  m  M  denote  the  motion  of  the  moon  ia  longi- 
tude, and  m\  her  motion  in  latitude^  and  tn  5  the 
motion  of  the  sun  in  longitude. 

Then  — =-r  =^  taa  of  inclination  of  the  true  orbit  = 


tfiM 


tan  N; 


m\ 


•  =  tan  of  inclination  of  relative  orbit 


ill  M  —  Hi  S 
—  tan  I  ; 
for  while  the  moon  passes  from  N  to  A  by  a  combi* 


^ 


T  R  O  N  O  M  Y. 


5;» 


^ 


I 


■tiOD 


^.  nntion  of  the  motkins  m  M,  mX,  t\\e  nudlf  ^f  the  mn 
f  will  have  pas»e*i  fivmi  S  to  O  ;  so  that  the  Tiiooii  riiicl 
the  nadir  of  the  siin  nre  foimd  at  the  same  iiist»njit  in 
the  same  circle  of  latitu<le  A(J. 

Now  in  the  right  aiigletl  triangle  ONA,  we  have 

tanN  =  -^ 

but  by  placing  the  nadir  immoveable  in  O,  it  is  ne- 
cessary to  suppose  that  the  moon  left  the  point  I,  such 
that  NI  =^  SO  J  whence  IC)  will  be  tlie  relative  motion, 
which  we  have  denoted  by  m  M  —  m  8  :  the  motion 
in  latitude  will  be  actually  OA  j  and  the  triangle  OAI 
gires 

AQ  _        m\ 

as  stated  above. 

The  motions  being  supposed  uniform  during  the 
eclipse,  if  we  assinne  mM,  m  \,  mS,  to  be  the  hDUrly 
motions,  and  n  any  fraction  of  an  hour  ;  then  n  m  M, 
nm\,  n  m  S,  will  be  the  actual  motions  in  the  time 
n,  and  we  shall  still  have 

nmX  m\         ^^         _ 

n  m  IVI  —  w  m  S  m  IM  —  f?i  S 
Hence  the  relative  motion  of  the  moon  to  the  sun, 
will  always  have  the  same  inclination  to  tlie  ecliptic  ; 
and  if  we  suppose  the  nadir  of  the  sun  immoveable, 
the  rebitive  orbit  of  the  moon  will  be  W,  of  which 
the  in  din  at  ion  is  I 

These  suppusition^*  are  made  for  the  sake  of  sim* 
plifying  the  calculation  j  and  they  are  so  nearly  tnie 
for  the  interval  we  have  employed,  that  they  produce 
no  sensible  error  in  the  calculation  :  but  if  more  accu- 
racy shtndd  be  thought  desirable  in  any  case,  we  may 
emph^y  the  common  methods,  for  calcidatintr  the 
distances  of  the  centres ;  or  we  may  conceive  the 
period  of  thimtion  of  the  eclipse  divided  into  a  certain 
number  of  equal  parts,  for  each  of  which  the  angle  I 
of  inclination  may  be  computed.  All  the  motions  to 
which  we  have  referred  are  the  true  motions  as  seen 
frimi  the  centre  of  the  earth  \  and  no  notice  is  taken 
of  the  piirallait  J  for  in  order  to  know  whether  the 
moon  actually  enters  into  the  ahailoWj  and  loses  the 
light  which  she  receives  from  the  sun,  it  is  not  neces- 
sary to  know  the  point  in  the  heavens  to  which  the 
moon  is  referred,  but  the  {joint  where  she  act  null  y  is, 
before  we  can  ascertain  whether  she  is  in  tlie  light  or 
ki  tlie  shadow. 

903,  These  preliminaries  beings  established,  and  sup- 
poslni^  the  time  of  opposition  to  have  been  deteroiineil 
by  tables,  or  olhcrwise  to  witldn  half  an  hour  of  the 
truth,  we  commence  the  calculation  of  the  eclipse  as 
follows : 

Calculate  ^rst^ 

mX 

^^^  —  — T7 ^ 

m  M  —  f7i  S 

make  ^J  =  180  -|-  S 
then 

(iwM  -  m  S)   :  1  hour  =  (3600^0   :    ^  -  M  I  i  =r 
( J  -.  M)  3600" 

m  M  —  m  S 
So  that  T  being  the  time  ^vcn  by  the  first  calcula- 
tion, the  time  of  opposition  will  be 


T  +  f  —  T  + 


( j  —  M)  36*00'' 


m  M  —  m^ 

In  which  I  will  be  negative  if  M  7  <J. 
Again, 

5600" 
Hence  the  latitude  at  the  opposition  will  l>e 
i  m  \ 


Aitriofiumf 


x  + 


\  m  M  —  mb  / 


3600'' 

where  X  is  supposed  to  be  the  latitude  by  computation. 
Now  I  cos  I,  will  be  the  shortest  distance  ^  for, 
letting  fall  the  peq>endirular  mO,  fig.  58,  on  the  re- 
lative orbit  NA,  the  point  m  will  be  the  nearest  to  the 
centre  O  of  the  shadow  j  O  m  will  l>e  the  shortest  dis- 
tance from  the  centre  of  the  moon  to  the  point  O, 
and 

O  m  —  OA  cos  m  OA  =  /  cos  I 
and  it  is  evident  that  m  OA  =  90   —  m  ON  s-  90*^  —  T , 
also,  mA  will  be  the  path  of  the  moon  in  her  orbit 
between  the  time  of  the  shortest  distance  in  m,  and 
the  time  of  the  conjunction  in  A,  or 

m  A  s=  OA  sin  m  OA  2=:  /  sin  I  ==  O  m  tan  L 
Le!  fall  the  fierpcndicular  ni  n/  on  the  ecliptic,  and  wc 
shall  have 
fn  O—m  O  cos  m  €}}n'^l  cos  I  sin  m  OA  =  l  sin  I  cos  I 


(rwM  -  PiS)    :   3f;00'' 
I  sin  I  cos  I  SGtX/' 


«/0  :  time  in  m'O  = 


mM  —  mS 


Or, 


time  in  m  O  = 


;sin  ISGtxy 


m 


A  *  3600'^ 


I  M  —  m  S 
cosl 


m  M  —  HI  S 
cos  1 


Thu^,  in  order  to  convert  the  arc  m'A  into  time, 

that  IS  to  say,  to  determine  the  time  which  the  moon 

employs  to  describe  any  arc  of  its  relative  orbit,  it  is 

suIBcient  to  multiply  this  arc  by  the  constant  quantity 

SGrxy'         ^fyrn/^  cos  I 


m  U 


m  S       m  M  ^  m  8 


co«  I 
and  reciprocally,  to  know  the  arc  of  the  orbit  when 
the  time  is  given,  we  have  only  to  divide  by  the  above 
quantity,  or  multiply  by  its  reciprocal, 
m  i\r  —  w  S 


'^Gtm"  cos  I 
This  is  denominated  the  horary  motion  in  the  relative 
orbit. 

^04.  From  the  centre  O,  (^^,  58)  and  with  the  radius 
I*  ^  p  ^  I  =  OE,  describe^  the  circle  FAiU,  which 
will  be  the  circle  of  the  shadow,  or  the  section  of  the 
dark  cone.  With  the  nidius  OL  =  OV'  :^  P  -f  />  —  ^ 
H-  d  mark  the  f Joints  L  and  V  on  the  relative  orbit  ^ 
and  from  the  points  L  and  V,  on  the  relative  orftit, 
and  with  the  radius  LE  ==  LV  =  d^  describe  two 
circles,  which  will  represent  the  disc  of  the  moon; 
and  which  two  circles  will  be  ttingents  in  E  and  in  G 
to  the  circle  of  the  shadow.  The  points  L  and  V  will 
therefore  be  those  of  the  beginning  and  end  of  the 
eclijjse  :  the  right  angled  triangles  m  OL,  mOV,  will 
have  two  sides  equal  each  to  each  5  and  hence  it  fol- 
lowsj  that 


^ 


^ 
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^-"V""^  =^{(0L-  Om)  (OL  +  Om)} 

=  -•{(?  +/)-«+d-«coflI)  (P  + 

/)-«  +  d+fC08l)} 

whence  the  value  of  m  L  or  m  V  becomes  known. 
Dmnidoii  of  805.  It  follows  from  this,  that  the  point  m  is  equally 
tiMedipse.  distant  from  the  beginning  in  It,  and  from  the  ending 
in  V  3  it  is  therefore  the  middle  of  the  eclipse,  and  the 
time  at  m  is  called  the  time  of  the  middle  of  the 
eclipse ;  the  time  in  L  m  is  the  half  duration  $  where- 
fore the 

V  ,i.j      ..           «L*  360C/'cosI 
half  duration  =s  ^, s 

middle  of  the  eclipse  *-  )  duration  ss  time  of  com- 
mencement, 

middle  of  the  eclipse  +  i  duration  =  time  of  the  ^nd. 
Hence  we  may  make 

.    ^.  ,  Om  ZcosI 

-  sin  OLm  =:  sin  «  ss 


and 


OL      P+p-a+d 


mh  sOLcostts  (P  +  p*-^+<Ooosi(. 
Qnamity  of     As  the  moon  advances  from  L  towaids  m,  its  dis- 
thecdipae.  tance  from  the  centre  O  will  diminishj  because  we 
have  always  for  any  point  1/, 

L'0»  =  L'm«  +  Oiii*j 
Now  the  distance  cannot  diminish  without  a  part  of 
the  disc  entering  into  the  shadow,  and  being  eclipsed ; 
and  the  part  echpsed  will  be 

LO  —  I/O  s=  (P  +  />  —  ^  +  (0  —  the  actual  dist. 
of  centres. 

It -is  obvious,  supposing  the  centre  to  be  in  I/, 
that  the  semidiameter  drawn  firom  1/  towards .  O  will 
be  in  the  shadow ;  and  that  the  part  RL  of  another 
semidiameter  will  be  also  in  the  shadow.  The  eclipsed 
part  therdfore  will  be 

d+RI/  =  d+  OR'-I/0  =  d  +  P+p-«-I/0 

=  P+/)-«  +  d~I/0. 
The  least  value  of  I/m  is  O  m,  and  therefore  the 
greatest  quantity  of  the  eclipse  is  found  by  substitut- 
ing for  Lm,  Om,  or  its  value  I  cos  I,  in  which  case 
it  becomes, 

p+p— a  +  d  —  icosl. 
If  the  part  eclipsed  be  equal  to  the  lunar  disc  =  3  d, 
we  shall  have, 

2d=P  +  p  —  a+d-  L'O 
orL'0=:P  +  p  -5  4-^-  2d=(P+p)-(a-fd) 
=  sum  of  the  parallaxes  —  }  sum  of  diameters. 
206.  Take  UO  =  (P  4-  />)-(«  +  d),  (fig.  60,)  and 
describe  about  the  two  points  I/,  1/  two  circles  touch- 
ing the  circle  of  the  shadow  OR  in  the  points  R,  R^ 
and  we  shall  have 

ml/  =  ^[  (OL'  —  Om)  (OL'  +  O  m)  } 

=  ^{(P  +  p  — a  — dZcosI)(P +/)  — «+•  d 

+  I  cos  I)  I 

and  the  half  duration  of  the  total  eclipse  will  be 

,   ,        .  ml/  3600  cos  I 

i  duration  =  rj — 

*  m  M  —  m  S 

In  order  to  make  these  calculations  of  the  half  dura- 
tion, the  radius  of  the  shadow  is  commonly  assumed 
equal  to  ^fr  (P  +  p  —  d)  5  because  it  has  been  found 


Fig.  60. 
Projection 
of  an 
eclipse. 


that  the  obserred  duration  always  exceeds  tbe  i , 

puted ;  a  circumstance  which  is  attributed  to  the  ai-^ 
mosphere  of  the  earth,  viz.  its  interoepting  tlie  Ug^ 
of  the  sun,  and  thereby  producing  an  effect  eqamfint 
to  an  increase  of  Vr  in  the  diameter  of  the  eaitli. 

It  is  customary  to  express  the  quantity  of  the  e^ipae 
in  digits,  or  iVths  of  the  lunar  diameter,  under  wlddi 
form  our  equation  (art.  905.)  becomes 

eclipse  =:l|(P+p_a+d_lcoiI) 

which,  when  2  =:  0,  or  when  the  edipae  happena  in 
the  node,  becomes. 

eclipse  =  (P  +p)  +  (d  —  i)  =  (P  +d)  +  (p— «) 
60*80  76*48  ' 

1628     ^"      ^       P^       16-98      -  ^        '^ 
which  exceeds  the  quantity  S  d  very  conndeimUy. 
Whence  we  learn  that  a  lunar  eclipse  mmj  be  mQM    • 
than  total;  that  is,  the  number  of  digits  may  ex- 
ceed twelve. 
907'  Agun  let  us  suppose 

2  ds  eclipse  ssP  +  ^i  +  d  —  i  —  I  coal 
and  it  will  follow,  that 

Zcos  I  =  P  +  /)  —  (a  +  d),  and 
,       F+p  —  (d+^) 

COS    I 

In  this  case  the  eclipse  will  be  total,  but  onlv  for  an 
instant ;  if  /  be  less  than  this  quantity,  the  edipee  wQl 
be  total  with  a  greater  or  less  duration  :  but  if  I  be 
greater,  the  eclipse  can  only  be  partial. 

The  least  value  of  P  +  p  is  59^,  and  in  this  case 
d  +  a  =  Sl^  at  the  greatest :  hence 

V^p—(d—t)      !>3'  — 31'       22' 

,         -^  =s  I  ss r  at  the  mini- 

cos  I  cos  I  COS  I  ^^ 

mum ;  consequently,  if  the  latitude  do  not  exceed  SST 
we  may  conclude  that  the  eclipse  is  necessarily  toCid. 

When  we  have  measured  the  quantity  of  the  ecl^M 
E=:P-fp  —  «  +  d  —  ZcosI, 
we  shall  have 

P=:E— p  +  a— d  4- <  coal 
and  we  thus  know  the  parallax  of  the  moon,  provided 
we  know  that  of  the  sun,  the  semidiamctere  and  the 
latitude ;  but  practically  this  method,  thou^  em- 
ployed by  the  ancients  is  by  no  means  conclusive,  on 
account  of  the  difficulty  in  measuring  the  edipae  m 
consequence  of  the  penumbra. 

The  figure  of  the  shadow  is  always  circular,  which 
demonstrates  the  spherical  figure  of  the  earth ;  but  •• 
the  arc  which  terminates  the  shadow  is  never  moie 
than  a  small  part  of  the  circumference,  it  is  impoarf- 
ble  from  it  to  decide  whether  it  be  accurately  a  eirde 
or  an  ellipse  of  small  eccentricity. 

208.  As  the  penumbra,  which  encompasses  the  pve  Of  A 
shadow,  renders  the  beginning  and  end  of  tlie  edifwel'^ 
difficult  to  observe  with  certainty,  astronomera  prefer  **"" 
noting  carefully  the  moment  when  the  edge  citbt 
shadow  arrives  and  it  passes  the  divere  spots  which  are 
always  observed  on  the  disc  of  the  moon.    Thus  the 
same  eclipse  may  present  many  different  observatioBS» 
which  we  may  compare  with  others  made  in  a  difler- 
ent  place,  in  order  to  ascertain  the  difference  cXhmfjj^ 
tude  between  the  meridians^  for  these  phenomena 
happen  precisely  at  the  same  instant  of  time  to  all 
observers ;  and  the  time  shown  at  these  di£Eerent  places 
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'  will  fumisli  of  course  tVie  means  of  dete^'^ioidg  the 
difference  of  longitude  between  them* 

The  ancients^  who  hud  oiily  the  eclipses  of  the 
niooD  for  finding  the  longitude,  might  easily  be 
deceived  as  much  jia  2^,  or  even  more*  in  their  results; 
for  two  degrees  in  measure  answers  only  to  eig'ht 
mj mites  in  lime  ;  and  we  may  readily  imagine,  that 
with  the  tiieans  they  possessed,  two  observers  might 
very  easily  be  in  error  each  four  minutes  in  opposite 
directions,  and  thus  cause  a  difference  in  the  results 
to  the  extent  we  have  stated^  and  even  considerably 
beyond  it. 

Graphical  const ruclitm  of  an  eclipse. 

•209.  Let  AX  (fig.  61)  be  a  line  representing  the 
ecliptic,  and  divided  into  six  equal  parts  by  six  per- 
pendiculars, which  will  be  so  many  parallels  of 
latitude.  Take  each  interval,  A  A',  A^  A",  &c.  for  the 
hourly  relative  motion  in  the  ecliptic,  and  divide  each 
of  tlicse  intervals  into  60  parts,  which  will  be  minutes 
in  time;  place  the  corresponding  numbers  at  every 
five  minutes,  and  mark  with  zero  cacli  intersection 
with  a  circle  of  latitude.  This  figure^,  once  con- 
structed and  dividedj  will  serve  for  all  kinds  of  eclipses 
and  occult  ations. 

Let  A^^^  be  the  place  of  the  moon  for  the  instant 
given  by  calculation  ^  then,  on  the  first  interval, 
take 

All       —ii*  e         f  relative  motion   of  moon  in 

L  the  ecbptic» 

If,  for  example,  the  relative  horary  motion  be  32^ 
we  must  make  AB  =  39',  and  the  perpendicular  BD 
—  60'  J  and  the  lines  BD,  AB,  will  have  to  each 
other  the  ratio  of  the  times  to  the  angular  motions. 
Through  the  points  A  and  D  draw  the  indefinite  right 
line  ADH.  This  being  done,  take  A  c  equal  to  the 
latitude  for  the  time  shown  by  the  calculation  ;  and 
the  perpendicular  c  d  will  be  the  latitude  in  parts  of 
the  figure  :  apply  c  d  from  A''  to  «''',  and  «'""  will  be 
the  place  of  the  moon  at  the  time  given  by  the  cid- 
culation. 

Take  A  a  equal  to  the  latitude  an  hour  before  the 
time  by  calculation,  and  apply  the  |>erpemlicnlar  ab, 
from  A'  to  a",  and  the  latter  will  be  a  second  point 
in  the  relative  orbit  j  draw  the  in  definite  line  a"  a", 
which  will  be  the  relative  orbit. 

'J'ake  Ae  equal  to  the  difference  of  longitude  between 
the  moon  and  the  sun  at  the  time  by  calculation,  and 
c/'will  be  the  distance  of  the  conjunction  in  the  figure ; 
apply  then  effrom  A'"  to  O,  and  O  will  be  the  place 
of  the  conjunction,  and  the  centre  of  the  shadow  If 
the  conjunction  is  past  the  time  by  calculation, 
OA'^'  must  be  applied  backwards  on  the  ecliptic  j  but 
otherwise  it  must  be  taken  forward  towanls  X  j  and 
the  divisions  for  the  time  will  show  how  many  minutes 
the  jjoint  O  precedes  or  folhiws  the  time  by  calcula- 
tion :  and  we  shall  thus  have  the  instant  of  opposition. 

Draw  the  perpendicular  O  m,  which  will  be  the 
shortest  distance  :  let  fall  the  perpendicular  m  w,  and 
the  point  n  will  show  how  much  the  middle  exceeds 
the  time  by  calculation,  or  how  much  it  follows  the 
time  from  A"  j  that  is  to  say^  the  time  in  A''''  dimi- 
nished by  an  hour. 

Take    AG'  r=  P  +  p  +  d  -  «  ;    make   OC  =  (TB^ 
and  with  the  radius  DC  mark  the  points  C  and  F  from 
the  beginning  and  the  end :  and  the  perpendiculars, 
C  c,  F/,  will  give  the  instant  of  these  two  phases. 
VOL.  in. 


Again,  take  AG''  s  P  +  p  —  fi  -  K  and  make  OI      P1»b« 
^  G"H" ;   and  with  this  as  a  radius,  mark  the  points  Aitrooomy. 
I  and  E,  which  will  be  those  of  immersion  and  emer*  ^*'"V  ^^ 
8 ion  J  viz,  from  the  commencement  and  end  of  the 
total   eclipse.     The  perpendiculars   li   and  Ee  will 
give  these  two  instants. 

Take  AG  =  P  +  p  -  ^,  and  with  the  radius  OG  = 
GH  describe  from  the  point  O  the  circle  GM,  which 
w4ll  he  the  section  of  the  shadow. 

With  the  radius  CG  describe  circles  about  the  points 
C,  I,  m,  E,  F,  and  we  shall  have  all  the  phases  of  the 
eclipse. 

Produce  Om  to  M ;  {d  +  vi  M)  will  be  the  quantity 
of  the  eclipse.  If  O  m  is  less  than  F  -^  p  -^  B  —  d, 
the  eclipse  will  be  total  j  if  O  m  «  OM,  the  eclipse 
will  be  six  digits ;  if  O  m  be  greater  than  P  -f  P  —  ^» 
the  eclipse  will  be  still  less  ^  and  if  Cm  =:  P  -h  p  --  § 
+  d  =  OC,  the  eclipse  will  not  take  place^  being  in 
this  case  only  a  simple  contact* 

Wc  have  stated,  that  the  figure  above  described, 
when  once  constructed,  will  serve  for  all  eclipses  j  it 
is  therefore  advisable,  in  order  to  preserve  it,  not  to 
draw  actually  the  several  perpendicylars  Cc,  I  i,  mw, 
&c.,  but  to  employ  a  square  for  simply  getting  the 
points  of  intersection,  which  is  all  that  is  required. 
See  Dclambre's  Ah^gi  d' Asironomie^ 

2.  Eclipses  of  the  sun, 

210,  At  the  instant  when  the  centre  of  the  moon  Eclipses  of 
enters  into  the  luminous  cone  which  extends  from  the  tlic  ma, 
sun  to  the  earth,  the  angular  distance  o(  the  moon 
from  the  axis  of  the  cone  is  P  —  p  -h  ^  j  at  the  instant 
when  the  edge  of  the  moon  enters  into  the  cone,  the 
distance  is  P  «  p  -f  ^i  +  d.  But  the  edge  of  the  moon 
cannot  penetrate  into  the  cone  without  obstructing 
the  light  of  a  part  of  the  sun  from  an  observer  at  K 
(fig.  57,)  who  will  see  the  edge  of  the  scdar  disc  in 
the  horizon,  his  zenith  being  in  the  prolongation  of 
the  radius  TE  j  but  an  observer  at  E'  will  see  the 
centre  of  the  sun  in  the  line  E'rS,  and  the  inferior 
limb  in  the  line  EoO',  and  consequently  at  a  certain 
distance  from  the  edge  of  the  moon  whicli  enters  at 
t/  ;  the  eclipse  therefore  win  not  have  commenced  to 
the  observer  at  E'. 

Let  us  conceive  the  plane  l/ro  to  be  a  tangent  to 
the  orbit  V';r'L'  of  the  moon.  This  may  be  called  the 
phme  of  projection  j  o  r  will  be  the  projection  of  the 
semidiameter  of  the  sun  j  the  p«>int  r  the  projection 
of  the  centre,  and  o  that  of  the  edge.  The  observers 
placed  in  different  parts  of  the  enlightened  hemi- 
sphere, of  which  the  section  is  E  (jF,  will  all  see  the 
centre  of  the  sun  answering  to  mfierent  points  on  the 
plane  of  projection. 

The  section  of  the  cone  by  this  plane  will  be  circu- 
lar, the  radius  of  the  circle  seen  from  the  centre  of  the 
earth,  subtends  an  angle  equal  to  P^ — p  +  ^.  I^et 
therefore  O  (fig.  m)  be  the  centre  of  the  sun,  con-  Fijj.  C2. 
sidcrcd  as  immoveable,  and  with  the  radius  OE=  P 
—  p  -f  ^  descrihe  the  circle  ED,  which  will  represent 
the  section  of  the  cone,  LctOA  be  the  latitude  of  the 
moon  in  conjunction,  NXAV  the  relative  orbit;  and 
the  perpendicular  O  m  will  be  the  shortest  distance  of 
the  centres.  Let  OL  ^  F  «  p  +  ^  +  d,  and  mark 
the  points  L,  V,  which  will  indicate  the  first  and  the 
last  instant  of  the  eclipse  \  the  point  E  will  be  that 
at  which  the  first  edge  of  the  moon  cnlcrs  into  the 
cone  I  and  the  point  i>  that  at  which  the  other  etlgc 
4  F 
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AstroaomT.  Feaves  it ;  tberefore  from  the  points  L  iirnl  V,  and 
with  the  radius  LE  ^  VS  =  d^  tie  scribe  two  circles, 
which  will  represent  the  lunar  dhc  ;  Iho  |i<>inli*  K  and 
S  will  be  the  points  of  contact  of  these  two  cireles 
with  the  circle  of  the  section  of  the  cone  E1>S. 

We  shall  thus  have,  as  in  the  eclipses  of  the  moon, 

JM  X 

tan  I  =  ^-^rr — ^  ;   Om  =^  I  cos  Ij  Am^l  ^nl; 


I  am  I  cos  I,  3600" 


Effect  of 
parallax 
lllustnited. 
Fi^.  63. 


Tig,  64. 


m  M  —  m  S 

time  in  A  m  -^ 

mh^  ^[  (OL  -h  OM)  (OL  -Om)} 

i  duration  = 77— — --^ 

211,  Instead  of  the  trigonometrical  culciilation,  we 
may  employ  the  ^mphic  construction,  (art.  209)  and 
wc  shall  thus  have  all  the  general  circumstances  of 
tlic  eclipse  ;  viz.  we  shall  have  the  instant  when  the 
shadow  of  the  moon  begins  to  abstract  the  iii^ht  of 
the  sun  from  certain  points  on  the  earth,  and  that, 
when  the  eclipse  is  entirely  terniinateti  ;  but  the 
most  iinportatit  and  the  most  diflii'idt  to  determine, 
is  the  preci.sie  places  nn  the  earth  Mherc  the  eclipse 
will  be  visible  3  and  to  find  rules  f(*r  calculations  of 
the  eclipse  for  a  given  place  ;  for  these  circumstances 
vary  with  the  position  of  the  observer  relative  to  the 
moon  and  suti,  which  chanties  every  instant  by  the 
diurnal  motion. 

In  all  these  ciilculations  it  is  necessary  to  take  into 
account  the  parallax,  which  is  different  for  every  place 
on  the  eartlu  and  of  which  the  eRect  chanii^es  every 
inplant  j  in  short,  it  is  invtdved  in  so  much  intricacy, 
notwitbstandinic  the  ingenious  application  wlucli  has 
been  made  of  the  plane  of  projection,  that  M.  Delani- 
bre  has  preferred  employing  the  direct  solution,  and 
in  which  we  propose  to  follow  him  in  the  remaining' 
part  of  this  article. 

219,  Let  T  (fifif.  63)  represent  the  centre  of  the 
eartli,  O  a  point  on  its  surface,  of  which  Z  is  the 
zenith.  Let  S  be  the  sun,  whose  zenith  distance  will 
be  ZTS  for  the  centre  of  the  earth,  and  ZOS  to  the 
observer  at  O  ;  let  the  moon  be  in  the  same  vertical 
at  the  distance  ZOL  j  then  the  observer  will  see  the 
centre  of  the  moon  on  the  centre  of  the  aim  ;  and  if 
we  suppose  the  apjiarent  diameters  of  both  bodies  to 
be  the  same,  as  they  are  nearly*  the  cds^cs  of  the  two 
discs  wilt  coincide,  and  the  sun  will  be  totally  eclipsed 
to  the  observer  at  O,  while  to  an  observer  supposed 
at  the  centre,  T,  the  entire  disc,  will  be  luminous^  as 
it  will  consequently  to  all  points  on  the  surface  com- 
prised between  the  radii  <jT,  i^T,  and  to  observers 
situated  towards  D  and  E,  the  distance  of  the  two 
bodies  will  be  still  |2:reaterj  we  see  therefore  how 
very  considerable  is  the  effect  due  to  the  parallax. 

Let  HR  (fig.  64)  be  the  horizon,  and  HMPR  the 
meridian  of  any  place  P  ;  PS  the  circle  of  declination 
of  the  sun  S;  PL,  that  of  the  moon  Lj  ha,  the 
semi-diarocter  of  the  lunar  disc ;  S  h,  that  of  the  solar 
disc  ;  at  the  centre  of  the  earth,  the  distance  of  the 
edges  of  the  moon  and  of  the  sun  will  be  the  arc  b  a, 
and  thercftfre  there  will  be  no  eclipse  fo  an  obser\'er 
supposed  at  the  centre  ;  but  if  the  arc  ab  does  not 
exceed  a  few  minutes  of  a  degree,  the  parallax,  which 
has  a  tendency  to  diminish  this  distance,  may  bring 
the  chsc  of  the  moon  within  the  luminous  eonCj  ami 
produce  an  eclipse  more  or  less  considerable. 


If  it  be  desired  to  have  the  entire  effeet  of  the  paral- 
lax, in  the  place  of  referring  the  moon  to  the  z«!Qith  ^ 
V,  of  the  place  P,  and  to  the  vertical  XL,,  which  is 
obliipie  to  the  distance  of  the  centres  SL,  let  us  pla 
it  at  Z  on  this  distance  SL,  prolonged  to  M  and  Z ;  the 
the  parallax  will  carry  the  edge  a  of  the  earth  di recti 
towards  S.  Make  a  Z  =  90*^,  L  a  will  descend  towa 
S  by  all  the  horizon tid  parallax  ;  a  b  will  be  diminl 
by  a  quantity  equal  to  it  \  and  if  therefore  alt  i^  equ 
to  this  parallax,  the  distance  of  the  edges  of  the  : 
and  moon  is  reduced  to  zero,  supposing  no  paraUn 
of  tlie  sun,  but  this  last  is  p,  and  therefore  the  ajct 
diminution   of  the    arc   a  5,   will  be    F  —  p  ;   conse 
quently,  when  a  b  ^z  V  —  p,  we  shall  have  a  simph 
oontact  at  the  place,  i*  hose  zenith  is  Z,  and  wliic 
obviously  happens  when 

SL  ^  P  -  P  ^-  5  +  ci 

which  is  precisely  the  radfits  we  have  employed  foj 
determining  the  commencement  and  the  end  of 
general  eclipse,  (art.  210.) 

213,  Let  us  conceive  the  arc  ZP  to  be  drawn,  the 
PZ  will  be  the  meridian  of  the  place,  where  the  simplrf 
contact  will  be  observed  ^  PZ  will  be  the  distance  | 
from  the  pole,  or  the  co-latitude  of  it ;  HMP  is  the 
meridian  of  the    given    place   P,    and   consequendj 
ZMP   is  the  difference  of  the  meridiajis.     Now  we 
know  the  time  at  P,  for  which  we  have  calculated 
the   true  distance  LS ;  and    we   have   therefore  the 
horary  angle  ^WS,     Hence,  if  wc  can  find  ZPS,  we 
shall  have'ZPM  =  ZPS  -  MPS  j  but  in  the  sphcfiial 
triangle  ZPS,  we  know 

PS  ==  90°  —  dec,  of  sun  —  90°-  X> 
SZ  =  S  6  +  W  -  J>0''  +  i  diam.  ©=90''+^; 
and  we  may  calculate  the  angle  PSL  ^  wc  shall  there- 
fore have 

cos  PZ=9in  lat.=eo&S  sin  PS  sin  ZS-Kcos  P.?  oojZS 
=cos  S  cos  D  cos  S  —  sin  0  sin  d 

^^^      cot  ZS  sin  PS  „^      ^   ^ 

cot.  ZPS  = : — cos  PS  coU  Sj 

sin  b 

ZPS  will  therefore  be  the  horary  ana:?e  of  the  place. 
which  is  greater  than  the  same  angle  corre^poiMlai^ 
to  P,  and  the  sun  therefore  more  distant  from  the 
former  place  than  from  the  hitter  :  here  we  ni>t  only 
know  the  ditTerence  of  the  meridians,  but  we  rfiall 
know  also  whether  it  be  to  the  east  or  west,  and  die 
place  required  is  therefore  correctly  known  j  that  i», 
Ion,  sought  =  Ion.  P  -h  (ZPS  -  MPS) 

=  Ion.  P  —  horary  ang.  of  P  +  ZPS, 
and  this  longitude  will  be  west  of  P,  supposing  S  to 
be  in  the  east  part  of  the  heavens,  and  the  hour  at  V 
to  be  in  the  morning. 

If,  on  the  contrary,  we  suppose  the  figure  to  repre- 
sent the  western   part  of  the  heavens,  the  lime  at  P 
IV ill  be  afternoon,  and  the  east  longitude  of  the  ^ace,, 
will  be 

=  Ion.ofP+MPS 
=  km.ofP  +  Zl*S^BIPS 
=  Ion.  of  P  east  —  hor,  ang.  of  P* 
+  the  hor.  angle  of  the  place. 

The  point  thus  determined  will  be  the  firit  thai 
simple  contact i 

214.  The  instant   after  that   at  which  the 
contact  has  place,  the  true  distance  LS  will  be 
nishedj  and  a  6  will  be  less  than  P  —  /», 
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8inZV  = 


LV 


ZL  =  ZV-LV 


Then,  in  the  triangle  ZPL,  we  shall  have  ZL,  PL, 
and  the  contained  angle,  to  calculate  PZ,  ZPL,  ZPS ; 
and  we  have  still  the  latitude  and  longitude  by  the 
same  formulfle. 

In  making  use  of  the  oblique  parallax,  we  may  take 
for  our  data  one  of  the  angles,  with  the  sides  SL  and 
SV,  for  example  LSV,  and  hence  find  LV,  ZV,  and 
ZL  5  and  for  the  rest,  the  calculation  is  the  same  as 
the  above.  When  SL  Z  (P  -  p)  +  («  +  d),  we  have 
two  points  V,V'  two  equal  and  similar  triangles  SLV, 
SLV^5  two  zeniths,  Z,  Z^  which  have  a  simple  con- 
tact in  the  horizon  :  the  triangles  SLV,  at  first  very 
oblique,  have  the  angle  at  L  very  acute,  the  angles  V 
or  V  very  obtuse ;  L  will  open  more  and  more,  and 
V  will  close  5  the  angle  LSV  will  increase  from  0  to 
ISO*',  and  we  shall  then  have,  (fig.  65,) 
P-/)=:SL  +  («  +  d),  or 

SL=(P-p)- («  +  <!) 
at  this  moment  the  points  V  and  V  are  in  one,  we 
shall  have  only  one  zenith,  one  point  of  contact  in  the 
horizon  J  the  curve  formed  by  all  these  zenith's  which 
give 'the  contacts  in  the  horizon,  will  finish  as  it 
begun,  in  one  point  only  j  it  will  form  a  sort  of  oval, 
of  which  we  may  have  the  breadth  at  each  instant ; 
for  this  breadth  is  the  arc  ZZ',  which  separates  the 
two  zeniths,  where  the  contact  is  simultaneous  :  now 
ZL  =  90°  —  LV  =  Zli  =  90"*  —  LV  -,  therefore 
sin  i  ZZ'  =  sin  ZL  sin  SLV  = 
sin  [90°  -  (P-  p) }  sin  SLV  = 
cos  (P  —  p)  sin  SLV. 

The  breadth  ZZ'  can  never  become  zero,  except  when 
sin  SLV  vanishes;  therefore  the  two  branches  do 
not  cross  each  other,  and  they  touch  each  'other  only 
in  the  extreme  points. 

If  the  shortest  distance  =  (P  —  p)  —  (a  +  d),  it 
will  be  at  the  middle  of  the  general  eclipse  that  the 
angle  LSV  becomes  equal  to  180°  ;  and  in  the  other 
half  of  the  eclipse  we  shall  see  return  in  the  inverse 
order,  the  same  angles  S,  L,  V,  and  the  same  tri- 
angles SLV,  but  not  the  same  triangles  LPZ,  because 
the  angles  PLS,  and  the  sides  PL  will  have  changed. 

If  the  shortest  'distance  S  w  Z  (P  —  />)  —  (^  -h  d). 


it  is  before  the  middle  of  the  edipie  thai  the.  ai«fe  .  JJ 
LSV  will  be  180°,  and  the  contacts  at  the  hori«m  ^ 
will  cease,  to  commence  again  after  the  middle^  when 
we  shall  have  SL  =  (P  -p)  -  («  +  d),  by  which 
interruption  we  see  thai  the  curve  of  the  cooCacts  wifi 
close,  and  form  an  oval  of  an  unequal  breadth. 

While  «L  Z  (P  -  p)  —  («  +  d),  the  contacta  at  the 
horizon  are  impossible  3  and  in  order  to  have  the 
simple  contact,  we  must  employ  the  panllax  in 
altitude.  •  v 

At  the  conjunction  in  right  ascension,  (fig.  67*)  if  "^* 
SL  =  (P  —  jD)  —  (a  +  d),  the  zenith  Z  is  on  SP;  ao 
thatSZ  =  90^-«5  butifSL  7  (P-p)  — (*  +  <0» 
we  shall  have  two  zeniths  Z  and  Z\  which  will  cor- 
respond to  places  having  contacts  at  the  horizon ;  LZ 
=  LZ'  =  90°  —  (P  — p) :  these  arcs  will  be  com- 
monly greater  than  LP,  and  the  distance  ZZ^  of  the 
zeniths  will  be  found  by  the  formula, 

sin  i  Z7I  =  cos  (P  -  p)  sin  SLV. 
The  difiference  of  longitude  is  the  sum  of  the  two 
horary  angles  after  the  conjunction.  The  point 
V,  which  gave  a  zenith  more  westerly,  will  give 
one  more  easterly,  the  two  branches  wUI  intersect 
each  other  in  the  interval,  and  the  ciirve  will  resemble 
the  figure  of  8.  We  might  extend  these  remarks  to  a 
greater  length;  but  as  the  circumstances  attending 
the  different  forms  of  the  cur\'e  under  particular  data, 
are  rather  matters  of  curiosity  than  utility,  we  shall 
proceed  to  other  inquiries. 

217.  In  order  to  calculate  by  this  method  all  the  Blet 
circiunstances  of  an  eclipse,  we  are  supposed  to  *^ 
have  found  very  exactly  by  the  tables  of  the  sun  and 
moon,  and  for  a  time  not  too  distant  from  the  middle 
of  the  eclipse,  or  the  conjunction,  the  longitude  of 
the  sun,  his  horary  motion,  his  parallax  and  semi- 
diameter  ;  the  longitude  and  latitude  of  the  moon,  its 
horary  motions,  the  parallax,  and  its  diurnal  change, 
and  semi-diameter. 

From  these  first  data  we  compute,  hour  by  hour, 
the  longitudes  and  the  latitudes,  from  which  we  draw 
the  right  ascensions  and  declinations  both  of  the  moon 
and  sun. 

218.  Let  us  take  as  an  example  the  annular  eclipse  En 
of  1764,  the  most  remarkable  which  has  been  observed^ 
in  Europe  for  many  years,  supposing  that  we  have 
found  the  following  quantities  : 


True 
time. 

iSlO 

Declination 

0  =  D 

m  ([ 

Declination 

P-p 

d 

Motion  in 
mot.  i^ 

ly— D 

8 

9 

10 

0            i        ff 

U     5  24 
7  40 
9  50 

0           /        // 

4  46  28 

47  26 

48  24 

0      /      // 

9  49   14 

10  15  34 

10  41  55 

0          /        // 

4  49  44 

5  3  52 
5   18     0 

0    /    // 

54  2  5 

2  0 

1   5 

0      / 

14  47 

47 

47 

// 
5 

3 

2 

0  /     // 

1  16  10 
0  52     6 
0  28     1 

/       4i 

3  16 

16  26 

29  36 

11 
0 

1 

12  13 
14  29 
16  46 

49  22 

50  20 

51  18 

11     8   18 

11  34  40 

12  1     4 

5  S2     8 

5  46   16 

6  0  24 

1  0 

0  5 

54  0  0 

47 

46 

14  46 

1 
9 
8 

0     3  55 
-hO  20  11 
+  0  44  18 

42  46 
55  56 
69     6 

All  these  quantities  increase  with  sufficient  regu-  nation  of  the  sun  and  moon,  for  the  differences  of 

larity,  to  enable  us  to  extend  the  table  to  every  ten  right  ascension  and  parallax.  And  as  to  the  diameters, 

minutes  of  time,  by  means  of  simple  proportional  we  may  suppose  throughout  d  =  14' 47'',  ^=16' 67", 

parts.    We  may  perform  this  operation  on  the  decli-  and  a  -f-  d  =  ^  =  30'  44''.  We  may,  moreover,  suppose 
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^ 
^ 


the  relative  motion  in  nght  ascension  to  be  P  =  24'' 
6"  on  the  equator  j  it  will  then  be  (24'  6"")  cos  jy  in 
the  region  of  the  moon,  and  the  relative  motion  in 
declination  ^  13'  1(/'. 

The  calculation  of  the  relative  orbit  with  regard  to 
the  equatofj  is  a  little  less  simple  than  when  referred 
to  the  ecliptic,  because  the  sun  has  a  motion  in  decli- 
nation as  well  as  the  moon.  Astronomers,  however, 
are  satisfied  with  multiplying  the  relative  motion  in 
right  ascension  by  the  sine  of  the  polar  distance  of 
the  moon,  in  order  to  obtain  the  motion  in  the  region 
of  the  moon,  which  motion  will  be  (^4'  6')  cos  6^ 
25"  =  ^3'  B9"'5  ;  the  tangent  of  the  inclination  of  the 
relative  orbit  will  be 

^       .  mot.  jy  13'  10"  „„o      .      ., 

tan  I  =  ^  -  ^^ — t;—  =  28°  45'  26^' 

mot,  M.  cos  D      23'  5S)"'5 

and  the  shortest  distance  S  m  =  43'  54"*a  cos  I  =  39' 
52^"*3. 

This  method  is  sufficiently  exact,  taking,  as  we  do, 
the  declination  of  the  moon  corresponding  to  the 
middle  of  the  intt^rvaL 

'  We  may  determine  the  conjunction  in  right  ascen- 
sion by  means  of  the  following  table  A,  where  we  see 
that  at  11  hours  the  difference  of  right  ascension  was 
3'  55'',  therefore 

W'B  :  lb.::  s'ss"  :  9' 46"; 

that  IS,  the  conjunction  will  be  at  lib,  9' 46",  and 
subtracting  47'  ^0'''4,  wc  shall  have  for  the  middle, 
lob.  22'  26". 

At  11  hours,  the  difference  of  declination  is  42'  46", 
and  it  increases  by  13'  10"  per  hour  *  hence 
Ih,    :  13'  10"  : :  9'  46"   .  2'  8"'6, 
and  the  declination  in  conjunction  will  be  44'  54""6j 
s  in  the  preceding  npproximatjon, 
219.  In  order  to  calculate  the  angles  S  and  L,  and  the 
distance  of  the  centres  E  —  SL^  we  may  employ  the 
following  forniulBe  : 
tanl(L-S)  - 

sin  I  (ly-D)  cot|P_  l(D^-D) 

~|mot.  iU  cos  l(iy  +  l>)  ' 
COS  j(iy-D)  cot^P 
sinl(D'  +  D7         ' 
L  =  l(L  +  S)  +  i(L^S) 

,    „       cos  D  sin  mot.  T^      cos  B'  sin  mot.  ^ 
sin  E  =  ^- ^  = ^— . 

sm  L  sm  S 

We  may  obse n'c,  that  the  angles  at  S  are  always 
diminishing  till  the  conjunction,  when  they  pass 
tlirough  zero,  change  their  po^itionsj  and  then  increase 
to  the  end.  The  angle  at  L,  on  the  contrary,  in- 
creases till  the  conjunction,  when  it,  becomes  180^, 
and  then  diminishes  to  the  end. 

r -rf  =  %  4?' }  (P-P)  +  (« ~ rf)  =  84'  47" 

ilic  distance  of  the  centres  for  the  commencement. 
Now  we  see  by  the  table  A,  that  this  difference  hap- 
pens a  little  before  7h.  40',  at  which  time,  E  =  83' 
56",  with  a  diminution  of  4'  3"''  for  10  minutes ; 
therefore 

243"  :  10'  or  243"  ;  600"  ; ;  51  !  126"  or  2'  6"  j 

lie  nee  the  commencement  of  the  ecli|>Be  will  take 
place  at  7h.  3;'  54'', 


tani(L  +  S)  = 


The  angle  S'  changes  1^  23'  20^'  in  10  minutes  j  it      PUne 
therefore  changes  25  in  2'  6'',  it  will  consequently  be  Astronomy. 
91°  G'  33"  for  7h,  37'  54". 

The  declination  of  the  snn  changes  9"  every  10',  or 
0""9  in  one  minute  ;  it  will  therefore  be  4°  46'  f\ 

\\^ith  these  formulae  we  find  the  horary  angle  H, 
viz, 

sin  H  =  cos  D  cos  S  sin  ZS  +  sin  D  cos  ZS 
46'7"cos  9l^(] 
cos  D  cot  ZS' 


cot,  ZPS=- 


sin  S 


'sinDcot.S 


=  -.  sin  4^  4G'  T  cot.  91^  6'  33''= 89*^  55'  17"' 
ang.  at  Paris  (—  4h,  22'  6')        =6^  31  30 

longitude  west  of  Paris. .  .  ♦ , .  .  ♦      24   23  47 

Hour  at  the  place,  ordist.  of  merid.  , .      5h  59  41  8 

By  making  ZS  =  90^  we  have  put  the  centre  of  the 
sun  in  the  horizon^  bnt  we  mighty  without  sensibly 
lengthening  the  ciilcvilation^  Ijring  its  upper  limb  in 
the  horizon  by  making  ZS  =  90~  15'  57''j  and  by 
making  ZS  :^  90°  30^  44",  we  should  bring  the  centre 
of  the  moon  to  the  horizon. 

There  is  no  other  calculation  to  make  for  this  instant ; 
this  is  the  only  jdace  where  the  contact  is  seen ,  and  it  is 
seen  in  the  horizon*  This  place  being  near  the  equa» 
tor,  we  may  employ  the  equatorial  parallax^  which  is 
the  greatest  of  any  ; 

at  7h,  40'^  the  distance  is  only  83'  56'' 
5  +  d  =  a  -^  30    44 


The  distance  of  the  edges 53    12 

It  will  be  here  sufficient,  with  a  parallax  of  53'  12" 
to  work  a  contact  in  the  vertical ;  the  horizontal 
parallax  produces  an  eclipse  of  51"  in  the  northern 
limb  of  the  hvlu. 

2i0.  In  order  to  find  the  contact^  we  make 

«n  N  =    ,.    "      ZS  =  N  +  «; 
54  *  3 

and  afterwards  with  D  and  S  for  7h,  40'  and  the 
formula*, 

sin  II  =:  cos  D  cos  S  sin  ZS  +  sin  D  cos  ZS 

.  ^r*^       cosDcotZS       .    ^ 

cot  2PS  -= ^— sin  D  cot.  S 

sm  b 

we  shall  liave  the  latitude  and  the  horary  angle^  the 
hour  iind  the  longitude,  as  given  in  table  B. 

In  tills  first  calculation,  the  angle  S  may  be  acute 
or  obtuse,  according  to  the  position  of  the  moon  with 
respect  to  the  north  pole,  from  whieh  we  reckon  the 
angle  PSLj  but  the  roles  for  the  signs  of  the  trigono- 
metrical lines  are  sufficient  guides  in  this  respect. 
At  13h,  10'.  E  7  (P^^p)  4-  ^  +  cf,  we  ascertain  by 

simple  proportion  when  E=P 1-  ^  +  dj  as  for  the 

commencement,  and  by  an  operation,  in  all  respects 
similar,  we  tind  the  last  point  which  will  have  a  sim- 
ple contact  in  the  horizon* 

'i'il.  For  the  following  operationj  that  is,  for 
forming  table  C,  we  ha\'e 

ZS  ^  OO'  +  E—  {V  —  p)—d 
thus,  for  7h.  40m.  90^  +  E-  91°  ^3'  56" 

—  d=    —14  47 


ZS  =  90    15   m 

D  and  S  are  found  as  in  the  preceding  operation. 
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Astronomy.      The  quantity  of  the  eclipse  is 
^.^^  (P— P)  —  (2  +  (0  — -E  =/  +  '^  — E 

which  will  augment  as  E  dimimshes  j  but  it  can  never 
eurptias  ^d  =  29'  34^',  it  is  to  this  quantity  that  we 
must  rediice  it  if  it  be  too  great*     Thus  at  9h, 
/  +  ff  =  84'  4(1^  E  =  54'  '27  >'  -f  ^  —  E  =  3C/  19"', 

This  quantity  is  less  than  2^,  and  g-reater  than  ^d, 
we  must  therefore  reduce  it  to  29' 34''.  The  moon 
has  not  then  reached  the  southern  liiub  of  the  sun, 
but  it  has  passed  the  northern  one,  the  eclipse  is 
therefore  annuliur. 
At  9h.  W  p'  ^^-  34' 4G,  E  =  51'  25",  //  +  a  —  E 

which  is  greater  ihaa  '2^'  or  31' 54'' by  1'27";  the 
edi'eof  the  iiiooa  is  therefore  beyotid  the  sun,  and  the 
eclipse  is  <ld—  1'  27"  =  ^9'  34"  —  l'  27"  ^  28'  7". 


This  founds  by  making 


,...p'  =  54'    2'' 
E  ^  51  25 

i/_E=  2  ar 

<f  ^  30  44 


j;_(p'_^)^EH-tf— p'  =  ^  (p— E)=28    7 

This  rule  will  sen*e  till  the  eclipse  surpasses  2c/,  with- 
out being  so  great  as  2^^,  then  we  have  to  reduce  it  to 
2c/,  thus 

Rt  lib.  40' E  =  52'56'' 

*r  r=  30  44 


wliere  iti«  centrali  (when  this  happens^)  an<i  in  all 
other  cases  to  the  maximum  shown  in  table  C.  ^ 

223.  After  having  made  the  calculatioDs  q£  llie 
effects  of  the  direct  parallax,  we  mu^t  pa&s  to  the 
oblique  parallax  contained  iu  tables  £  and  JF^  wberc 
we  find  the  contacts  at  the  hori:£Oii. 

We  must  at  first  calculate  the  angle  SLV  =  1/  b| 
the  formula  4 

.    -,.      (y/+^— E)  (— p^  +  ^-|-E> 
siB^L^--^ 071 i        . 

from  which  we  draw 

rLV  ^  PLS  —  L'  =;  (L  — L'),  and  \ 

PLr=  PLS  +  L'  =  (L  +  L')  ' 

PLZ=180^^  (L  — L'),  ZL=Z'L=90^—  (P— p); 
PLZ'=160^— (L  -f-L'j 
Bin  H  =  cos  FLZ  sin  PL  sin  ZL  -f  cos  PL  cos  ZL 
c=  —  8iu  (L— L/)  cos  ly  cos  (P — p)  +  «in  I 

sin  (P  — p> 
eiu  H'  =  —  sin  (L  +  L')  cos  W  cos  (P  — p)  -h  sin 

sin  (P— f)) 

««,            cos D' tan (P—;?)        .    *^     .  .r       x^ 
cot.  ZPL  = „    ^  ,/    — sm  0'  cot  (L — L^ 


E  +  <T=93 
p'  =  54 


40 
1 


B  +  cr— 1?'  =  29  39  7  2rf 

the  eclipse  will  be. ...  29  34  =  2cf. 

When  the  eclipse  surpasses  2^,  we  must  have  recourse 
to  the  formula 

j/-h<f— E^-T  +  (/— E)=^  — (E— p'}, 
xmd  the  eclipse  will  again  be  northern,  as  in  the 
commenceiueot.  The  eclipse  will  he  central  for  a 
point  on  the  earth,  when  we  hnvc  E  =  P  —  p  =  54' 
2'',  which  happens  between  the  times  9h.  and  9h. 
10'.  M^e  may  find  this  instant  as  we  found  the  first 
contact.  But  from  9h.  lo'  to  llh,40'  inciusively, 
the  distance  being  less  than  the  horizontfd  parallajCj 
we  must  use  a  parallax  in  altitude,  We  then  searcli 
the  distaiice  from  the  zenith  by  the  formula 


sin  N  ==  : 


J  (N— psiaN)  =ZSi 


P^p 

but  we  may,  without  sensible  error,  make  ZS  ^  N  ^ 
then  we  shall  have 

si^  H  =  cos  B  cos  S  sin  ZS  +  sin  B  cos  ZS, 

cos  B 
cot.  ZPS  =  ^-^  ,  cot.  ZS  —  sin  D  cot  S, 
sm  b 

where  it  is  orly  necessary  to  pay  attention  to  the 
siffns.  It  is  in  this  way  that  table  D  is  formed,  which 
shows  all  the  points  where  the  eclipse  is  central. 

222.  Til e  places  determined  by  the  three  first  opera- 
tions for  the  same  instant  are  in  the  same  vertical,  and 
in  the  same  great  circle  of  the  gloI>e  :  therefore^  in 
joining  them  by  an  are  of  a  great  circle,  we  shall  have 
on  this  iLTc  all  the  places  where  the  eclii>sc  will  be 
seen  of  divers  magnitudeSj   from  simple  contact  to 


cot.  Z'PL  =- 


sin  (L  — L') 
cos  D  tan  (P — p) 


—  sinB'cotCL+X) 


sin  (L  -f  L') 
ZPS  =  ZPL  +  LPS  =  ZPL  +  mot.  JSl, 
Z'PS  ^  Z'FL  -h  mot.  m. 

ITiese  \y\\\  be  the  horary  angles  of  the  two  placw; 
whence  their  longitudes  may  be  deduced  as  abore. 
These  fommhe  require  no  modification  from  the  com- 
mencement to  the  conjunction  in  right  ascension ;  but 
in  order  that  the  triangle  LSV  may  be  possible,  it  ia 
necessary  that 

E  £  (P  — p)  +  (>^  4-  d)  and  7  (P— p)  —  («  4-<0- 

If  the  shortest  disiance  S  m  =  mot.  B  cos  I  = 
(p^ — p^  —  [f,  4.  ,fj  the  ]>oints  V  and  V  are  united  in 
one  on  the  arc  LS»  and  there  will  be  but  one  point  of 
contact  in  the  horizon,  and  this  in  the  prolongation  ^ 
wS. 

If  S  m  Z  (P  —  p)  —  (^  +  rf) ,  the  curve  of  contacts 
at  the  horizon  of  the  first  half  will  have  no  point  com- 
mon with  the  other  half ;  and  the  two  will  be  sepa- 
rated by  an  interval  of  greater  or  less  extent. 

When  we  have  again  E  =  {P —  p)  —  (^  +  d)  the 
curve  of  contacts,  recommences  at  one  point.     Wen 

E  7  (P — p) (o  +  d),  there  are  two  points,  till  E  = 

(P  —  p)  +  (^  +  fi),  then  the  curv^e  is  shnt  by  a  point 
only^  which  is  the  last  of  the  eclipse. 

For  this  second  curve  we  have*  as  for  the  first,  the 
same  formulas  far  L',  for  PLV  and  PLV.  forPLZ  sni 
PLZ',  for  n  and  ll\  and  for  ZPL  and  ZTL;  butZPS= 
ZPL— mot  M,  and  Z  FS=ZTL— mot.  A,  becmmt 
mot.  iR  has  a  change  of  sie:n  ;  by  this  meass  2P8' 
and  Z'PS  may  be  negative,  if  ZPL  and  Z'PL  arc  very 
small :  in  this  case,  the  contact  at  the  horizon  will  bi 
east,  and  it  will  be  west  when  ZPS  becomes  positive  :j 
the  same  may  be  said  of  the  triangle  Z'PS. 

Tlie  curve  of  contacts  which  embraces  the  pole 
have   a   node.     The  two    branches  will  cross 
other,  as  we  may  perceive  by  putting  the  results 
the  calculation  into  table  E  and  F ;  the  former  w 
contain  the  quantities  given  by  the  formula  (L  — L' 
and  the  latter  by  (L  +  L')  ;  but  at  lOh.  20^  the  longi^ 
tudc  and  the  latitude  follow  in  more  regular  ordei 
by  putting  the  (L  +L')  in  table  F,  and  the  (L  — 
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Central  EcUpte. 
Table  D. 


Tlmeattke 

Time  Mi 

LoogHiide. 

Udtode. 
north. 

place  iriiere 
theecCiMe 
is  central. 

h. 

m. 

o  •  / 

0 

/ 

h.     ' 

9 

10 

so  42W 

21 

42 

—  4  53 

9 

SO 

23  36 

24 

55 

—  4  14 

9 

30 

19  14 

27 

58 

—  3  47 

9 

40 

15  47 

30 

58 

—  3  23 

9 

50 

13     2 

33 

55 

—  3     2 

10 

0 

10  15 

36 

57 

—  2  41 

10 

10 

7  47 

40 

2 

—  2  21 

10 

20 

5  22 

43 

12 

—  2     1 

10 

SO 

2  49 

46 

29 

—  1  41 

10 

40 

0     l£ 

49 

58 

—  L20 

10 

50 

4  55 

53 

21 

—  0  52 

U 

0 

7  21 

57 

8 

—  0  32 

11 

10 

12  13 

61 

15 

—  0     1 

11 

20 

20  38 

65 

40 

+  0  42 

11 

SO 

34     2 

70 

24 

■f  I  46 

11 

40 

67  10 

75 

20 

+  4     9 

The  longitudes  here  are  from  the  given  place, 
Faris  ;  and  the  negative  time  is  the  time  during  the 
morning,  counted  from  the  next  noon.  Table  B  gives 
the  minimum,  and  table  C  the  maximum  In  the  same 
vertical.  Table  D  shows  the  places  where  the  eclipse 
is  central.  By  the  maximum,  however,  we  must  not 
understand  the  maximum  absolutely,  but  the  greatest 
immersion  of  the  moon  in  the  vertical  of  the  sun. 
IF  the  centre  uf  the  moon  is  above  that  of  the  sun, 
the  eclipse  is  north ;  and  it  is  south  in  the  contrary 
cose,  llie  places  situated  on  the  some  great  circle 
have  all  an  eclipse  of  greater  or  less  magnitude,  as 
they  arc  nearer  or  more  distant  from  the  point  where 
it  is  seen  central ;  the  distance  between  the  first  and 
second  place  is  the  greater  axis  or  length  of  the 
%ure  of  the  shadow.  The  places  marked  in  Tables 
B  and  F,  by  their  distance,  give  the  breadth  of  the 
shadow. 


Contact  in  the  horizon. 
Tabic  E. 


Thnttgifcii 

Longitude. 

Latitude. 
Dordi. 

Tiaieat 

plaee 

aoDght. 

h.    m. 
7    40 

7  60 

8  0 

O           f 

24  fi7W 
29  12W 
32  14W 

o 

5 
15 
21 

21 
13 
48 

h      ' 

—  6     4 

—  6     7 
—6     9 

8     10 
8    20 
8    80 

35  low 
38  low 
40  59W 

26 
32 
35 

57 
14 
26 

—  6  11 

—  6  13 

—  6  14 

8    40 

8  60 

9  0 

44     2W 
47  27W 
50  S4W 

40 
46 
50 

6 
37 
18 

—  6  16 
~6  90 

—  6  22 

9     10 
9    20 
9    SO 

54     IW 
57  42W 
61  54W 

54 
59 
64 

55 
27 
15 

—  6  S6 

—  6  SI 

—  6  38 

9     40 

9    60 

IQ      0 

66  58W 
73  56W 
S6  19W 

69 
74 
80 

18 

83 

1 

—  6  48 

—  7     6 

—  7  46 

10     10 
10    20 
10    SO 

120  44W 
165     4E 
135  36E 

64 
84 

78 

46 
10 

47 

—  9  63 

+  9  » 
+  7  36 

10     40 

10  50 

11  0 

124  13E 
127  S6E 
112  S2E 

72 
66 
60 

24 

? 
17 

+  6  sr 

+  6  40 
+  6  SO 

11     10 
11     SO 
11     SO 

108  55E 
105  27E 
102  isE 

54 
50 
46 

57 
18 

24 

+  6  %6 

+  6  82 
+  6   18 

11     40 

11  50 

12  0 

99  20E 
96  32E 
93  5SE 

43 
40 
39 

16 

45 

8 

+  6  17 

+  6   14 
-1-6   13 

0     10 
0    20 
0    SO 

91  20E 
88  55E 
86  S3E 

38 
37 

38 

9 
49 
15 

-1-6   12 
-1-6   12 
+  6   12 

0    40 

0  50 

1  0 

84  HE 
82  20E 
80  42E 

38 
41 
46 

58 
51 
15 

-f6  12 
+  6   14 
+  6   17 

b 


^ 


I 
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Contact  ai  tite  fiorlion. 
Table  F. 


1 

Tiuic  at 

Honrs, 

Longitude. 

Latitude. 

place 
scni^ht. 

gi\icn 

place. 

:     h. 

m. 

o        / 

0 

/ 

h.    ' 

7 

40 

24  56W 

G 

5GS 

—  6    o 

7 

50 

2G  44  W 

13 

39 

—  5  59 

B 

0 

28  ^Z\V 

16 

49 

—  5  53 

8 

10 

31     9W 

13 

9 

—  5  54 

8 

20 

S3     3W 

19 

20 

—  5  52 

8 

30 

3G     IW 

17 

53 

—  5  51 

8 

40 

38  29\V 

17 

22 

—  5  54 

6 

50   1 

40  55W 

17 

20 

—  5  54 

9 

0 

43  33  W 

13 

14 

—  5  54 

9 

lO 

4a  14W 

12 

32 

—  5  55 

9 

20 

49     IW 

8 

51 

—  5  56 

9 

30 

51  51\V 

4 

34 

—  5  57 

9 

40 

54  46W 

0  41N 

—  5  59 

9 

30 

57  41W 

G 

8 

—  6     1 

10 

0 

60  15\V 

12 

20 

—  6     3 

10 

10 

(i^  47W 

18 

53 

—  6     5 

10 

^0 

67  14  W 

j  25 

31 

—  6     9 

10 

30 

70    7W 

32 

9 

—  6  10 

10 

40 

73  23W 

38 

24 

—  6   14 

10 

50 

76  44W 

44 

15 

—  6  17 

11 

0 

80  17W 

49 

58 

—  6  21 

11 

ID 

83  59W 

55 

13 

— G  26 

11 

20 

87  57W 

GO 

10 

—  G  22 

11 

30 

91  28W 

64 

48 

—  G  40 

11 

40 

97   14W 

69 

2 

—  6  49 

n 

50 

103  47W 

73 

36 

—  7     5 

12 

0 

m  50W 

77 

49 

—  7  31 

0 

10 

127     6W 

81 

42 

—  8  21 

O 

^ 

161  44W 

84 

40 

-10  ^17 

0 

30 

143  46E 

84 

16 

+  10     5 

0 

40 

114  46E 

81 

2 

+  89 

0 

50 

97  38E 

75 

9 

+  7  21 

I 

0 

88  14E 

67 

50 

+  6  53 

or 
ion 

ni- 


3.  Eclipse  of  (he  sun  for  a  particular  place. 

225.  In  determinine;  the  several  circumstances 
attending  an  eclipse  of  ihe  sun  in  a  particular  place, 
we  have  no  occasion  for  that  preparation,  which  has 
been  explained  in  the  prect^dingr  articles  :  vvc  have  a 
ready  means  of  ascertaining  whether  the  eclipse  will 
or  will  not  he  visible  ;  for,  if  the  difference  of  dcclinrv- 
tion  at  ibe  instant  of  the  mean  conjunction  be  less 
than  the  sum  (P— /?)  +  (^  +  d),  and  the  moon 
nearer  the  pole  than  the  »«n  (or  than  the  star  when 
the  question  is  an  occultation)i   it  is  nearly  certain 


there  will  bean  eclipse,  at  least  if  the  conjunction  does      ri*«e 
not  take  pluce  considerahly  out  of  the  meridian  j  and  in  Astroiwmy. 
all  cases  it  will  be  J^uf^l€ient  to  compute  two  triangles  ^"^^V"^^ 
to  decide  the  question. 

W^hcn  %Ye  have  determined  that  the  eclipse  will 
happen,  we  mu^t  search  for  the  time  of  the  middle, 
known  within  half  an  hour  or  an  hour,  the  longitudes 
of  tlic  two  bodies,  their  latitudes,  horary  motions, 
parallaxes,  and  diameters.  For  two  instants  differing 
by  an  hour,  we  must  calculate  the  right  ascension  of 
the  mitlheaven  M,  the  nona4;esimal  degree  n,  the 
heig"ht  h  of  the  |K>le,  of  the  ecliptic,  and  the  parallax  in 
lon^tude  and  latitude,  by  the  fonimiaQ  of  art.  202, 
et  seq*  ^  substituting  there  the  relative  instead  of 
the  absolute  iiarallax ;  the  parallax  in  latitude  and 
long^itude  bein^^  a[>plied  accoriling  to  their  signs,  and 
to  the  places  of  the  moon.  Me  must  then  compare 
the  position  of  the  moon  with  that  of  the  body 
ccli]>scd,  and  thence  deduce  the  apparent  difference 
of  latitude  and  longitude  for  the  two  instants  in 
question.  It  is  necessary  to  make  these  calculations 
with  great  precision ,  but  w  c  may  neglect  the  seconds 
in  the  subsidiary  arcs  n  and  /*,  which  is  the  principle 
advantage  of  the  nonagesimal  method, 

226.  Ill  is  being  done,  and  our  object  being  to  pre-  Prepura- 
pare  ourselves  forohscnation,  we  may  ptXK*eed  accord-  tion*  for 
ingto  the  principles  of  the  graphical  construction  illus-  oh»<*nr'»- 
truted  in  art.  2<>9  ;    that  is,  on  the  two  perjicndieulars 
A''  et'\  K^^a'\  (fig.  61,)  mark  the   two  apparent  lati- 
tudes, if  the  eclipse  is  of  the  sun,  and  tlie  two  apparent 
differences  of  latitude,  if  it  be  an  occultation  of  a  star 
or  planet ;  and  through  the  suniniits  of  the  two  lati- 
tudes draw  a  line,  which  will  be  tiie  apparent  orbit* 

The  interval  bet\iecn  the  two  perpendiculars  will 
be  the  horary  nuition  \  it  will  correspond  to  C>C/ 
in  time,  answering  to  the  relative  motion  of  the  mooa 
to  the  sun,  or  more  generally  to  the  relative  motion  ^ 
multiplied  by  the  cosine  of  the  latitude  of  Ihe  body 
eclipsed. 

Find  on  the  line  AX  the  place  of  the  apparent 
conjunction,  as  we  found  the  centre  of  the  shadow  in 
the  eclipse  of  the  moon.  Let  fall  from  this  point  the 
perpendicular  on  the  apparent  orbit  to  obtain  the 
shortest  distance.  \\'\\h  the  sum  of  the  di:tmeters, 
mark  the  points  for  the  beginning  and  end  on  the 
relative  orbit ;  and  by  means  of  a  square,  murk  on 
AX,  the  points  which  answer  to  the  beginning  and 
end. 

If  the  eclipse  he  central  or  total  mark  the  points 
of  immersion  and  emersion,  with  an  opening  of  the 
compasses  equal  to  the  ditTerence  of  the  semidianielers. 
If  it  be  a  planet  which  is  eclipsed,  these  two  phju^es 
will  differ  very  little  from  the  two  first  ;  and  if^  it  be 
a  star,  the  points  of  contact  will  be  confounded  with 
those  ol  imnicr.sk)n  and  emersion. 

From  tlie  point  w,  as  a  centre,  describe  the  lunar 
disc  ;  and  from  the  point  O,  as  a  centre,  describe  the 
disc  of  the  body  eclipsed,  and  we  shalit  have  the  figure 
of  the  greatest  eclipse* 

Draw  from  the  centre  O,  to  the  place  of  com- 
mencement C,  the  radius  OC  ;  and  through  the  same 
point  O  raise  a  per[»end»cnlar  to  the  ecliptic,  which 
will  be  the  circle  of  latitude  ;  willi  the  declination  of 
the  body  calculate  the  angle  of  position,  placing  the 
circle  of  declination  to  the  east,  if  the  tangent  of  the 
angle  of  position  he  positive* 

For  the  time  of  the  beginning  compute  the  angle  of 
4  G  2 
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Astfijnoiny,  t^i^  vertical  of  the  sun  with  the  circle  of  declination, 
V,— -,^,-^^  tlifit  ifl»  J*OZ ;  form  the  angle  POZ  on  the  figure,  and 
OZ  will  be  the  verticaL 

Now  the  eclipse  ought  to  commence  with  the  con- 
tact at  G  on  the  Ime  OC.  Place  before  you  the  fig;uro 
of  the  eclipse  in  such  a  manner,  that  OZ  may  be  a 
vertical  line  ;  and  we  shall  see  the  position  of  the 
point  Gf  at  which  the  eclipse  will  commence ;  and 
thus  we  shall  have  the  phice  of  the  first  impression  of 
the  luntir  disc  on  the  body  eclipsed.  If  it  be  a  jdanet 
or  a  star,  of  which  the  disc  is  very  small,  through  the 
point  i.\  the  centre  of  the  moon,  dniw  the  parallel 
Z'C,  which  will  indicate  the  point  where  the  eclipse 
oitght  to  begin. 

This  is  indeed  nsele.^s  fur  the  commencement, 
because  the  star  or  the  planet  will  be  seen  by  the  side 
of  the  moon,  but  it  is  indispensable  for  the  end,  in 
order  to  know  precisely  the  place  of  emersion,  the 
planet  till  then  being  invisible  behind  the  moon  ;  and 
it  is  iherefVjre  of  importance,  in  order  to  ascertain  well 
the  instant  of  emersion,  and  particularly  if  it  takes 
place  at  the  enlightened  part  of  the  disc*  We  must 
perform  then, for  the  emersion  of  the  star,an  operation 
similar  to  that  which  we  have  employed  for  the  be- 
gin ning  of  the  eclipse  of  the  sun. 

If  however  it  is  Jupiter  that  is  eclipsed,  we  need 
not  use  the  above  proceerliug,  for  some  one  or  more 
of  his  satellites  will  commonly  emerge  before  him* 
and  indicate  the  place  of  his  emersion  :  and  if  not, 
the  disc  of  this  planet  is  such,  that  if  we  roiss  the 
emersion  of  his  first  edge  we  may  get  that  of  the 
second, 

227^  In  the  occult  at  ions  of  the  stars  and  planets, 
no  other  considerations  than  those  of  immersion  and 
emersion  arc  required  ;  but  in  eclipses  of  the  sun,  we 
may  continually  measure  the  lines  of  the  horns.  This 
line  is  shortened  by  refraction  ;  and,  in  order  to  com- 
pute the  (quantity,  we  must  know  the  inclination  to 
the  norizon»  which  we  may  take  at  any  time  from  the 
figure^  and  the  line  thus  corrected,  is  a  common 
chord  to  tiie  lunar  and  solar  discs,  froio  which  we 
may  obtain  the  distance  of  the  centres.  The  observa- 
tion is  however  attended  with  difiiculty,  and  is  scarcely 
worth  attention. 

'■22H.  An  observation  more  easy  to  make,  and  more 
useful  in  its  results,  is  of  the  greatest  quantity  of  the 
eclipse.  Towards  the  mitldlc  of  the  eclipse,  the  line 
of  the  horns  is  of  a  constant  magnitude,  at  least  to 
observation,  for  one  or  two  minutes,  wliich  is  plenty 
of  time  for  ob.ser\  ing  it  very  exactly. 
Fig.  69.  ^^  tli^'i  '^ ''  (^S^  ^*^)»  t^i«  distance  of  the  horns,  be 

the  greatest  of  all  those  measured  during  the  eelipsCj 
and  corrected  for  refraction  j  then 

=  ^7^  =  sm  a  SL, 


Sa 


sa 


iah       ah      , 

*^ =  ™^=sm  aLS  : 

La       Sd  * 


I  cos  a  SL  +  d  cos  n  LS  ^  shortest  distance  =  (X  — 
p)  cos  I J  thus 

I  cos  n  .SL  -h  rf  cos  aUS      ,^        ^ 

^ — ^^ =  {\^p)—  app.  lat. 

cos  I  i^f%r 

Calculate  now  the  parallax  of  latitude  p  for  the 
middle,  then 

(\  ^  p)  +  p  =  X, 
and  we  shall  have  the  latitude  in  conjunction*    SL 


sin  I  will  be  the  difference  of  apparent  longitudes  on  l 
the  ecliptic  j  SL  sin  I  — parallax  long,  will  be  the  true  Afo 
difference  of  longitude  at  the  instant  of  the  ^rentcst  .^ 
eclipse  ;  we  shall  thus  have  the  time  of  the  true  con-| 
Junction  by  the  true  relative  motions  if  we  have  wellj 
determined  the  time  of  the  middle  of  the  eclipse,  and 
by  calculating  for  this  instant  the  true  latitude  by  thel 
tables,  we  shall  know  the  error  of  the  tables  in  lati^ 
tude.  It  is  true  that  the  motion  in  latitude  is  onlfl 
G'"  in  one  minute  of  time ;  and,  therefore  if  we  deceivel 
ourselves  by  a  minute  as  to  the  time  of  the  middle,] 
we  shall  not  know  nearer  than  within  6"  the  erron] 
of  the  tables  in  latitude. 

If  amongst  the  line  of  chords  measured  there  arol 
found  many  that  are  equal  two  and  two,  these  wiltl 
give  the  time  of  the  middle.  We  shall  also  have  the] 
time  of  the  miildle  ver)*  nearly  by  the  observations  oaj 
the  beginning  and  end  j  and  we  shall  have  thus  ver 
nearly  the  errors  of  the  tables. 

If  the  eclipse  be  annular,  the  time  of  the  two  inte 
rior  contacts,  denominated  the  formation  and  break-! 
ing  of  the   ring,  will  give  us   the  difference   of  tliel 
diameters  J  for  the  interval  of  time  between  the  two] 
observations  will  give  us  the  motion  of  the  centre 
the  moon  on  its  relative  orbit.     Let  m  be  the  half  < 
this  motion^  e  the  shortest  distance,  then  we  shall  huv 

(a  —  <J)«  =  w«  -f  c» ; 
also,  at  the  instant  of  the  interior  contact,  the  breadti 
of  the  ring  in  the  part  opposite  the  contact  will  bet 
difference  of  the  two  diameters. 

If  the  eclipse  be  total  without  duration  for  moml 
than   an  instant,   the  apparent  diameters  nre  equal  ;| 
and  this  instant  will  he  that  of  the  shortest  dist 
=  (X  —  p)   cos  1  =  0;    whence  \  —  p,      Calcialatel 
therefore  for  this  mstant   the  parallax    in  latitude,! 
which  will   be  the  true  hititude,  and  the  parallax  Lai 
longitude  will  be  the  true  difference  of  longitude  Ibrl 
this   instant ;  and  the  augmentation  of  the   diamete 
will  be  the  dilferenceof  the  true  diameters.     We  sha 
have  therefore  the  correction  of  the  three  elements  J 
the  Jongitudcj  the  latitude^  and  the  difference  of  thA 
diameters. 

If  the  sun  remains  for  some  time  in  the  shadow,  w^ 
shall  have  the   apparent  relative  motion  ;   and  if  wtl 
have  deduced  the  shortest  distance,  wc  shall  have  - 
ab<i%'e,  the  difTerence  of  the  diameters.     These  obs 
vat  ions,  however,   sre  very  rare  j   and  after  all,  P^r*! 
haps  they  will  not  a(!niit  of  great  precision, 

%  X.     Of  Comets, 

2^9.  We  have  already,  in  our  introductory  chapter, 
Diade  a  few  obsenations  on  this  class  of  celestiid 
bodies,  which  are  occasiomdly  seen  in  the  heavens 
with  ill  delined  and  faint  discs,  and  usually  accom- 
panied with  a  coma,  or  stream  of  faint  light,  in  the 
direction  of  a  line  drawn  from  the  sun  through  the 
comet. 

These  bodies,  as  far  as  regards  their  change  of 
place  in  the  heavens  amongst  the  fixed  stars,  resemble 
the  moon  and  planets ;  hut  they  differ  from  Ihem  in 
almost  every  other  respect  j  they  have  never,  (n-ilh 
one  or  two  exceptions,)  been  known  to  return  ;  that 
is,  they  do  not  appear  to  have  de&iite  elliptic  orbits: 
the  inclination  of  their  orbits  also  are  inclined  to  the 
echptic  at  a  great  variety  of  angle s,  from  O*'  to  90^  j 
their  motions  are^  some  retrograde  and  some  direct ; 
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lbi>tn^.  and  tlie  eccentricities  of  their  orbits  are  SO  great,  that 

^  ■^»  *  it  has  been  found  that  they  may  be  very  nearly  repre- 
sented by  parabolas. 

What  are  calleil  the  ckmenls  of  a  comet's  orbit, 
arc  less  than  those  of  a  phuiet's  in  number,  being  only 
five.  It  is  impossible,  from  the  observations  made 
during  one  ai»peimmcc  of  a  comet,  to  compute  the 
major  axis  of  its  orbit,  and  its  period  with  any  accu- 
racy :  "^vhat  astronomers  endeavour  to  compute,  and 
what  they  do  witli  dithctilty  compute*  are,  the  peri- 
helion distance,  its  place  or  loni;itude,  tbe  epoch  of 
tbat  lon<xitude,  the  lonr^itude  of  the  ascending  node, 
and  tbe  inclination  of  the  orbit. 

The  elements  of  the  orbits  of  planets  are  capable  of 
being  determined  by  observations  made  in  the  meri- 
dian J  by  longitudes  and  latitudes  computed  from 
right  ascensions  and  declinations  j  but  comets  require 
observations  of  a  different  kind,  by  tbe  rotation  of  tbe 
earth  they  are  brcmght  on  tlie  mcridiijn,  but  gene  rally 
from  their  proximity  to  tbe  sun  while  they  are  visible, 
this  does  not  take  place  in  the  night,  and  it  is  only 
then  that  they  can  be  observed,  on  account  of  the 
faintness  of  their  light.  They  must  therefore  be 
obsen  cd  out  of  the  meridian ;  and  in  that  position  the 
difference  between  the  right  ascension  and  declina- 
tions, and  those  of  a  known  contiguous  star  must  be 
determined. 

It  is  difficult  to  naake  these  latter  obseri^ationa  w ith 

accuracy,  by  reason  of  the  doubtf\;El  and  ill  defined 

disc  of  tbe  comet  j   and  a  small  error  in  the  obscna- 

tions  will  materially  affect  the  elements  of  the  orbit. 

The  rigorous  solution  of  the  problem  of  the  ele^ 

i  ments  of  a  comet's  orbit  requires  three  observations 

only.    But   then   the   solution  is   attended  with   so 

:  many  difficulties^  thfit  in  this,  as  in  other  like  cases, 

astronomers  have  sought,  by  the  indirect  method  of 

I  trial  and  conjecture,  to  avoid  them*     Viy  what  gene- 

rally   happens,    more   than    three    observations    are 

I  obtained,  the  rethmdant  ones  are  employed  in  cor- 

recting and  confirming  previous  results, 

:  The  periodic  time,  as  we  have  observed,  cannnt  be 

determined  from  observations  during  one  a|jpearance 
of  the  comet.  If  known,  it  can  only  be  so  l*y  recog- 
nising the  comet  during  its  second  appearance  j  and 
the  only  mode  of  recognition  is  by  the  identity  of 
the  elements  of  its  orbit,  with  those  of  the  orbit  of 
a  comet  already  observed.  If  the  perihelion  distance, 
the  position  of  the  perihelion  and  of  the  nodes,  and 
the  Inclination  of  the  orbit,  are  the  same,  or  nearly 
so,  we  may  presume,  with  considerable  probability, 
that  the  comet  wc  are  observing  has  been  previously 


in  the  vicinity  of  the  sun  ;   and  that,  after  moving      piiine 
round  by  the  aphelion  of  its  oval  orbit,  it  has  again  Astronomy, 
returned  towards  its  perihelion. 

Comets  not  having  been  fonnerly  observed  with 
great  accuracy,  it  so  happens  that,  tUl  lately,  the 
period  of  one  alone,  that  of  the  comet  observed  in 
1759,  1682,  1607,  and  1531,  is  known  to  any  degree 
of  ccrtidnty.  \\^  period  lieing  about  7t»  years  :  as  sum-- 
ing  the  earth^s  mean  distance  to  be  unity,  the  peri- 
helion distance  of  this  comet  was  0'5H,  and  t!ie  major 
axis  of  the  orbit  35 "D.  The  inequalities  which  are 
noted  in  its  period  are  supposed  to  arise  from  the 
influence  of  some  disturbing  forces.  This  comet  was 
foretold  by  Dr.  Hallcy  j  and  its  appearance  in  the 
former  of  the  above  years  veritied  the  conjecture,  and 
immortali/.cd  tfic  name  of  this  celebrated  astronomer. 

It  would  carry  us  far  beyond  our  due  limits  to  enter 
minutely  into  nil  the  particulars  neccssary^  for  illus- 
trating the  various  methods  of  computations  adopted 
by  astronomers  in  their  intjuirics  concerning  the  orbits 
of  comets  \  and  it  does  not  belong  to  this  part  of  our 
treatise  to  discuss  the  various  hypotheses  which  have 
been  advanced  by  different  philosophers  respecting 
the  nature  of  those  bodies,  their  tails,  comas,  &c,  j  we 
shaU  therefore  conclude  this  section  by  giving  in  the 
form  of  a  table,  the  several  particulars  of  one  hundred 
comets,  whose  elements  have  been  determined  with 
some  degree  of  accuracy ;  whereby  we  should  be  able 
to  ascertain  their  identity  should  any  of  them  re- 
appear. 

It  must  not,  however,  he  understood  that  this  table 
is  intended  to  include  all,  or  even  the  principal  num- 
ber of  the  comets  belonging  to  our  system ;  this 
number  being  very  considerable*  From  the  accounts 
of  the  ancient  and  the  more  aec urate  observations  of 
modern  astronomers,  it  has  been  ascertained  that 
more  than  50C)  comets  have  been  seen  since  the  com- 
mencement of  our  aira,  Ulien  the  attention  of 
astronomers  was  called  to  this  subject  by  the  expecta- 
tion of  the  return  of  tbe  comet  of  1/59,  no  less  than 
seven  were  observed  within  the  coiirse  of  as  many 
years  j  and  from  I7 HO  to  IRfK),  about  30  comets  were 
seenj  and  the  elements  of  their  orbits  computed. 
These  circnuvstances  therefore,  and  ttie  probability 
that  most  of  the  comets  of  smidl  apparent  magnitudes 
were  overlooked  by  the  ancients,  and  moreover  that 
even  in  the  present  day  many  may  pass  unnoticed  in 
the  southern  hemiflpliere,  it  is  reasonable  to  conclude 
that  the  number  of  these  bodies  is  very  considerable, 
and  far  beyond  any  estimation  that  cau  be  made  from 
the  observations  we  now  possess. 
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44 

1737  Jan.  19, 

8  20     0 

10  25  55     0 

0-22282 

7  16  22     0 

18  20  45 

D 

Bratllev. 

^^H 

[45 
4€ 

1739  June  6, 

9  59  40 

3   12  39  40 

067358 

0  27    15   14 

55  42  44 

R 
R 

De  k  Caille. 

■ 

1742  Jan.  98, 

4  38  40 

7     7  35   13 

0-76568 

6     5  38  29 

m  59   14 

De  la  Caille. 

4  -20  SO 

7     7  33   44 

0765555 

6     5  34  45 

67     4   11 

Struyek. 

^^H 

27, 

4  14  39 

7   10  49  23 

07521 

6     9  32     7 

61   43  44 

Etiler. 

^^^1 

47 

1742  Dec.  30, 

20  25  40 

3     2  41  45 

0-83501 

2     8  21    15 

2   19  33 

D 

De  la  Caille. 

^^H 

21    15   16 

3     2  58     4 

0-838115 

2     8   10  48 

2  15  50 

c'^truyck. 

^^1 

4fi 

1743  Sept.  9, 

21   16   IS 

8     6  33  52 

0-52157 

0     5   16  25 

45  48  21 

R 

Klirikenbcrg. 

^^1 

^3 

1744  Feb.  19, 

8  27     0 

6   17  12  55 

0-22206 

1   15  45  20 

47     8  36 

D 

Betts. 

^^H 

50 

1747  Feb,  20, 

7   10  40 

9720 

2  19B51 

4  27  18  50 

79     6  20 

R 

De  la  Caille. 

^^^H 

51 

17, 

H   44  38, 

9   10     6  41 

2-29388 

4  26  58  27 

77  56  55 

Chezeanx. 

■ 

174B  April  17, 

19  25     0' 

7     5     0  50 

0-84067 

7  22  52   16 

85  26  57 

R 

Maraldi. 

5*i 

1748  June  7, 

1  24   15 

9     6     9  24 1 

065525 

1     4  39  43 

56  59     S 

D 

Struyck. 

^^H 

New  Stvle, 

^^H 

33 

1757  Oct.  21, 

9  46  40 

4     2  49     0 

0-33800 

0     4     4     0 

12  48     0 

D 

PingN*. 

^^H 

54 

175s  June  11, 

3   17  40 

8  27  38     0; 

0'215.*J5 

7  20  50     0 

68  19     0 

D 

Pinp:r^. 

^^H 

•10 

1759  Mar.  12, 

13  31  40 

10     3   16     0 

0-5  S3^  9 

1   23  49     0 

17  39     0 

R 

De  la  Caille. 

^^^^1 

13  50     4 

10     3     8   10 

0-58490 

1  23  45  35 

17  40   14 

Lai  a  11  de. 

^^H 

13  48   16 

10     3  16  20 

0-58360 

1  23  49  21 1 

17  35  20 

Maraldi. 
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1759  Nov.  27, 

0     2  37 

1  23  34   19 

0' 601 39 

4   19  39  41 

79     6  38 
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R 

Pingr^. 
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1759  Dec,  16, 

91     3  40 

4   18  24  35 

096599 

2  19  50  45 

4  51  32 

De  la  Caille. 

57 

1762  MaySH, 

15   17  40 

3   15   15     0 

1-01240 

11    19  20     0' 

84  45     0 

D 

Lalande. 

^^H 

'  28, 

6  51  29 

3   14  29  46 

1  00985 

11    19     2  22 

85     3     2 

Struyck. 

^^H 

29, 

0  18  28 

3  15  22  23 

101415 

11    18  55  31; 

85  22  21 

Maraldi. 

^^H 

56 

1763  Nov.  1, 

19  43   18 

2  24  51   54 

0'49&76 

11  26  23  26 

72  40  40 

D 
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20  58  14 

2  25     1     6 
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11  26  27     0 
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59 
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13  42  16 

0   15  14   52 
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4     0     4  33 
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R 
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ei 
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8  40  40 

4  23   15  25 

0-50533 
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40  50  20 

R 

D 

Pin^r^. 

■ 
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20  46  20 

S     2   17  53 

0*33274 

2   14  22  50 
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1769  Oct.  7, 

12  20  40 

4  24     5  54 

0-12376 
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40  37  32 

D 
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13  36  53 
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— 

14  56  39 

4  24  16     0 
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5  25     3     0 

40  50     0 
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^^H 

15  ^8  16 
12  34     9 
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40  49  33 
40  48  29 

LexeU. 
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4     *«4      11          M 

0  12.^x8 

^^^^^1 

15  42     2 

4  24   15  53 

0*12275 

5  25     6     4 

40  46   42 

Pinf-r^. 

'  ^^H 

12  44  39 

4  24   11   32 

012327 

5  25     3  40 

40  47   56 

Leirendre. 

^^H 

53 

1770  Au^.  14, 

0     4     4 

11   26  26   13 

O- 676893 

4  12  17"    3 

1   34   30 

D 

Pin|-r6. 

^^H 

13, 

12  55  40 

11  26  16  26 

0  674381 

4   12     0     0 

1    33  40 

Ia'xcI!, 

*  i^^^^H 

1», 

12  37  35 
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067435 
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D 
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R 
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R 
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R 
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D 

D 

R 
R 
D 

R 

R 
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D 

D 

D 
D 
D 
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1 

1770  Nov,  22, 

1771  Aiiril  18. 

19. 

h     m     '' 

5  38  40 

22     5     7 

5     1   21 

6  28  22  44 
3   13  2.n   13 
3   14     2  54 

052824 

0  90576 

0-90340 

3    18   42   10 
0  27   51      0 
0  27  50  27 

31   25  55 
11    15  20 

11    16     0 

Burtkhardt. 

177'2  Feb.  18, 

1773  Sept.  5, 

1774  \m%.  15, 
1779  Jitu.  4, 

I7SO  Sept.  30, 

20  41    15 
11      9  25 
14   33  4H 
10  AG   15 
2     2  40 
2   15    10 
18     3  30 

3   18     G  22 
2   15  35  43 
2   15   10  58 
10   17   22     4 
2  27   13   11 
2  27    13  40 
8     6  21    18 

101815 
1 -13390 
0  10120 

14286 
0  71312 

07132 
0  09925 

8   12  43     5 
4      1    15  37 
4      1     5  30 
6     0  49  48 
0  25     5  51 
0  25     3  57 
4     4     9   19 

18  59  40 
61   25  21 
6!    14     7 
83     0  25 
32  24     0 
32  25  30 
53  48     5 

Lalandc. 

Piii^r^. 

Burckhardt, 

Mecbain» 

Mechaiu. 

Chev.  D'Angos* 

M  c  chain - 

1781  Jiilv7, 
I78I  Nov.  29, 

17S3  Nov.  15, 
1784  Jiui.  21, 
1784  April  9, 

4  32     0 
12  32  26 
12  35  25 

5  44     3 
4  47  40 

21     7  26 

7  29   11   25 
0    16     3  28 

0  16     3     7 

1  15   24    \G 

2  20  44  24 
10  28  54  57 

0-77586 
0-96101 
0  96099  , 

15653 
070786 
0  65053 

2  23     0  38 
2  17  22  52 
2  17  22  55 
1   24    13  50 

1  26  49  21 

2  26  52     9 

81   43  26 
27   13     8 
27   12     4 
53     9     9 
51      9   12 
47  55     8 

Mt^cluim. 

Mccliiiin* 

I^egendre. 

Mecliain. 

Mcchain. 

Chev,  D'Angos. 

17B5  Jan-  27, 
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i7B6  July  7f 
17t47  i^Fay  U>, 
17>^H  Nov.  10, 

7  48  44 

S  58  52 

21   50  52 

19  48  40 

7   25   40 

3   19  51   56 
9  27   29  33 
5     9  25  36 
0     7  44     9 
3     9     8  27 

1' 143398 

0427300 

0  41010 

0  34891 

1  06301  1 

8  24   12   15 

2  4  33  36 
6   14  22  40 

3  16  51   36 

5     7   10  38 

70   14   12 
87   31   54 
50  54  28 
48    15  51 
J2  28  20   1 
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Meehain.                  , 
P,  de  Sarou. 
Me  chain* 

1763  Nt)v.  20, 
1790  Jan.  15. 
1790  Jan.  28, 
I7IJO  ISIay  21, 
1792  Joiu  13, 

9     4  25 
5     5  39 
7  36   13 
5  46  54 
13  35     9 

0  23   12  22 

2  0   14  32 

3  21   44  37 
9     3  43  27 

1  6  29  42 

0  766911  I 

07581 

1063286 

0-79796 

1293 

U  21  42   15 

5  26   11  46 
8  27      8  37 
1     3   11      2 

6  10  46   15 

64  52  32    ! 
31  54   15 
56  58   13 
63   52  27 
39  46  55 

Mecliiiin. 
De  Saron. 

Mechttin.                  . 
Zealand  e. 

1795  Dec.  14, 
15, 

179a  April  2, 
1797  July  9. 

1797  April  4, 

1798  Dec.  31, 

23   17   53 
15     6   18 

18  43     0 

19  47   51 

2  44  :n 

11  32  21 

12  58  57 

5   13  37     0 
5     7   37     0 

5  15  34     0 

6  12  44     0 
1    19  34  48 
3   14   59     0 

1     4  29  48 

0227 

0-258 

0  215 

1578 

0-52545 

0*48476 

077968 

a  29   11     0 
11    13  23     0 
0170 
0   17     2     0 
10  29   16  35 
4     2     9     0 
8     9  30  44 

24   17     0 
20     3     0 
24  42     0 
64   55     0 
50  :^)  50   ; 
43   52    16 
42  23  25 

Zach. 

li<}uvard.                  ; 

Frosjierin. 

Olbcrs. 

Buuvard. 

Burckhardt. 

Burckhardt. 

1799  i5ept,  7, 

1799  Dec.  25, 

1801  Aujtr^  8, 

l!«i03   Sepl.  9, 
lh04  Feb.  13, 

5  49  48 
5  34     4 

4  24  39 
21  30  49 
13  22  39 
20  33  54 
13  31     7 

0     3  39   12 

0     3  39   10 
0     3  36     0, 
6   10  20   12 
6     3  49     0 
11     2     8     0 
4  28  44  51 

0839865 
0-84017B 

0*625810 

0  2617 

1  0942 
107117 

3     9  31   59 

3     9  27   19 

3     9  34     0 

10  26  49   11 

1    14  28     Oj 

10  10  17    0 

5  26  47  58 

50  55  37 
50  57  30 
50  52  30 
77     1  38 
21   20     0 
57     0     0 
56  28  40 

Mechain. 

\'on  Zach. 

Burckhardt. 

Mechain. 

Burckhardt.                   . 

Mcchain.                       ■ 

iiauss.                             ■ 

1805  Nov.  18, 
1H05   Dec.  31, 

1806  Jan.  2, 
1805  Dec.  31, 

0   15  39 

6      1   36 

10  35   10 

6   19  27 

4  29     0  28 
3    19  23  40 
3   19  30     2 
3   19  21  55 

037567 

0  89159 

0-91 1786 

0-89203 

11    15     6  51 
8   10  35  24 

8   11  28  23 

8   10  34   42, 

15  58   12 

16  25  25 
12  43   10 
16  30  35 

Legend  re. 
Legcndre. 
Lci^eiidre. 
liessel. 

31, 
31, 
31, 
31, 
1S06  Dec.  Sa, 

18  39  36 
6  51      8 
6  20  69 
8  41    13 

22     2  20 

3   19  23   13 
3  19  23  39 
3   17  21   50 
3   19  28  54 
3     4     4  30 

0-89662 
0-89181 
0-89193 
OS90347 
1  0S193  i 

8   10  48     5 
8   10  33  34 
8   10  33  35 
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10  22   16  3b' 
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16  35     9 
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D 

Bessel.                         ■ 

Legendre.                    ■ 
Gauss.                           f 
Bouvard, 
Bessel . 
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9 
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9 
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9 
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■^ 
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9 

0  39  99 
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D 
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9 
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9 
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9 
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99 

123 

134 
136 
139 
159 
182 

185 
194 
226 
232 
263 

264 

300 

301 

62 

67 

98 
124 
163 
184 
192 
193 

202 
215 
236 
238 
253 
260 

144 
149 
150 
157 
161 

167 
170 
178 
186 
219 


88 
8 

15 
17 

SO 
31 
18 
16 
34 

24 
35 
27 
37 
1 

71 
31 
43 
37 
45 

99 
51 
52 
45 
55 
2 

6 

50 

57 

113 

13 

4 

82 
83 
13 
35 
86 

87 
89 
39 
41 
3 


Names  of  tlie 


7  Pegasi  .... 

iCeti 

t»  Phoenicis  . . 
ar  Cassiopeae. . 
rCassiopeae. . 

e  Andromedffi 

6  Andromedse 
a  Cassiopese. . 

pCeti , 

^Andromedse  . 

V  Cassiopes. . . 
*"  Andromeds  . 

7  Cassiopes. . . 
AiAndromedae  . 
Polaris 


«  Piscium 

7  Ceti 

jSAndromedse 
6  Cassiopeae. . 
^Ceti 


7  Piscium , 

r  2Androxnedffi 

T  Ceti 

eCassiopese. .  . , 

rCeti 

o  Triang^  . .  . . 


jSArietis  .... 
f  Cassiopeae. . 
7Andromedae 
a  Piscium. . . . 
a  Arietis  .... 
)8Trian^i  . . 


«Ceti  .. 
Ceti   ., 
0  Persei 
Arietis  . . 
7  Ceti   .. 


/tCeti  ... 
^rCeti  ... 
Arietis  . .  . 
Arietis . .  . 
7  Eridani . 


23 
4 
2 

4 
4 

4 
3 
3 
2-3 

4 

4 
4 
3 
4 
2-3 

4 

3-4 
2 
3 
3 

4 

3-4 
3-4 
3-4 

3- 
3-4 

3 

4-5 
3-4 
5 
3 
4 

4 

4-5 
4 
4 
3 

4 
4 
4 
3 
3 


Rigbt 


In  time. 


h  m 
O  2  57 
O  9  14 
O  16  21 
O  21  44 
0  25  54 

O  28  1 
O  28  S9 
0  29  14 
0  83  32 
0  36  46 

O  87  5 
O  38  49 
O  44  45 
O  45  51 
0  62  25 


Indefrees. 


52  34 
58  32 
58  84 
12  51 
14  1 


1  20  48 
1  25  47 
1  34  47 
1  40  10 
1  41  35 
1  41  42 


43  36 
46  39 
51  41 
51  42 
1  55  55 
1  57  41 


2  29  14 
2  29  53 
2  30  37 
2  31  45 
2  32  57 

2  34 
2  34  36 
2  36  2 
2  38  15 
2  46  39 


O  44  15-9 
2  18  30-6 

4  5  30^ 

5  26  0-2 

6  28  30-7 

7  O  12-0 
7  9  57-3 

7  18  35T 

8  23  ll-O 

9  11  280 

9  16  210 
9  42  29-4 

11  11   re 

11  25  29T 
IS  6   19-5 

13  8  37-8 

14  38  0*0 
14  38  33-7 
18  12  4S-8 
18  30  25-8 

20  12  2-4 

21  26  48-6 
23  41  39-0 
25  2  24-6 
25  23  51-0 
25  25  43-5 

25  54  12-6 

26  39  40-5 

27  55  11-5 

27  55  39-4 

28  58  540 

29  25  2 10 

37  18  39-0 
37  28  27-4 
37  39  120 

37  56  10-8 

38  14  14-4 

38  32  10-5 

38  39  7*2 

39  O  31-5 
39  33  405 
41  39  597 


Anoual. 

precession 

In 


Annual 

proper 

motion 

im 


Declinition. 


In  degfees. 


+46076 
45-870 
44-659 
49-555 
48*989 

47323 
47*441 
49-700 
45000 
.4^382 

50-939 
48-846 
52-648 
49049 
193-942 

46-555 
45-006 
45-501 
56-517 
44*979 

47-777 
54041 
43-550 
62-433 
44-289 
50-704 

49168 
72-806 
54-276 
46-305 
50-036 
52-662 

45-896 
43-257 
59*790 
52240 
49-528 

48-048 
42*724 
52*836 
52-357 
43733 


— Ot)3 
+0-06 
-024 

+0-10 

—0-10 
+0-35 
—0-05 
+021 
—0-10 

+  1T8 

+0-80 

0-00 

+0-20 


-ai5 

+0-28 
+0-85 
+0-64 
—0-19 

+007 

—  1*86 
—005 
-0-16 
+0-04 

+014 

+a26 
—0-06 
+0*20 
+0*33 

+007 
+015 
+067 
+015 
—035 

+0  06 
—003 
+0  23 
+020 
+016 


+  14     4  16-6 

—  9  55  58-6 
—43  23  85^ 
+61  49  32-3 
+52  47  39-4 

+28  13  25-5 
+29  45  54-2 
+55  26  17-6 

—  19  5  ll-O 
+23  10  36-8 

+56  45  2*3 
+39  59  11-8 
+  59  37  51-4 
+37  24  4 10 
+88  14  24*3 

+  6  48  37-5 
-11  14  42-8 
+34  33  23-6 
+59  11  26  2 

—  9  13     9'5 

+  14  18  37*3 
+47  36  33*4 

—  16  59  40-6 
+62  40  36  8 
+  11  19  42  5 

—  18  35  52  3 

+  19  49  29*0 
+71  26  37-3 
+41  21  455 
+  1  47  32*8 
+22  30  36-5 
+34     2     46 

—  0  32  81-0 

—  12  43  410 
+  48  22  20*7 
+26  50  50  0 
+  2  23  6*5 

+  9  15  44-0 

—  14  42  41-0 
+  28  24  26-0 
+26  25  38-0 

—  9  42  4  0 


Annual 
precession. 


+20-044 
20*030 
19994 
19-955 
19-918 

19896 
19-889 
19883 
19-831 
19788 

19-783 
19759 
19-664 
19-648 
19-524 

19*521 
19396 
19395 
19-041 
19-009 

18-811 
18658 
18*356 
18161 
18108 
18  104 

18*032 
17-914 
17-712 

177" 
17'536 
17460 

15-994 
15909 
15-871 
15-810 
15*745 

15*702 
15  655 
15574 
15*454 
14*975 


—0*30 

+<W)7 
—0-10 

—07^ 

+a4o 

tWJO 

+0-06 
-hO-10 
— OlO 
-hO-16 
-^017 

-0*06 

+0*84 
-0-15 
+0*11 
-hO-36 

-^23 

-^11 
— Ot» 
— 0« 
-007 

y  5 

—0-44 
—0-10 

— ao5 

—0-20 

+0-20 
+0-11 
—0-13 
—0-13 

— a30 


6oa 


ASTRONOMY. 


Astronomy. 


CATALoav^-^HMntmued. 


Numbers 

Right  ascension. 

Declination. 

scconMng  to 

Names  of  the 

i 

Aomal 

Annual 

Annual 

1 

j 

stars. 

1 

In  time. 

In  degrees. 

precession 
in 

proper 

motion 

in 

M 

In  degrees. 

Annual 

ptM>per 
niodoi. 

h    m     " 

o       #          tt 

n 

ft 

o         /        «r 

ft 

«r 

80 

24 

vOrionis 

2 

5  14  24 

78  36     8-2 

-I-48131 

—0-17 

+  69  21-3 

+  3-961 

— oos 

81 

28 

V  Ononis 

4 

5  14  25 

78  36  240 

45112 

.... 

-  2  35  33  9 

3-960 

.... 

113 

9 

^Leporis 

4 

5  19  41 

79  55  11-8 

38-464 

-0-03 

—20  55  42  5 

3-608 

—oor 

126 

34 

fi  Ononis 

2 

5  21  47 

80  26  53*7 

45-853 

—0-12 

-  0  27  32  7 

3326 

+  0t)6 

180 

36 

V  Ononis 

4 

5  22  15 

80  33  577 

43-422 

.... 

-  7  27  38-Q 

3286 



139 

11 

a  Leporis 

3 

5  23  54 

80  58  39-7 

39-588 

.... 

—  17  58  33  3 

3149 

— 

140 

€  Columbse  .... 

4 

5  24     6 

81     1  43  5 

31-812 

-36  37  39-0 

3-125 

141 

39 

X  Ononis 

4 

5  24     7 

81     1  54-0 

49-427 

.... 

+  9  47  17-2 

3-126 

.... 

151 

44 

t  Ononis 

3-4 

6  25  39 

81  24  52  0 

43-910 

.... 

-  6     3     6  6 

2-998 

.... 

152 

123 

J^Tauri 

3-4 

5  25  41 

81  25  22-8 

53  623 

— ao3 

+   10  25  0 

2996 

—  004 

160 

46 

6  Ononis 

2-3 

5  26     4 

81  31     21 

45-547 

-014 

—   1  20  29-4 

2957 

—  O-06 

172 

48 

<^Orionis 

4 

5  28  42 

'   82  10  37-5 

45-066 

-0-21 

-  2  43  36-0 

2-728 

—o-oi 

188 

50 

^Ononis 

3 

6  30  40 

82  40     40 

46  296 

-0-12 

-  2     3  36-6 

2-558 

—  O-06 

196 

. . 

a  Columbse 

2 

5  32  24 

83     6     7-2 

32-492 

—0-20 

-34  11  21-0 

2-407 

— o-io 

219 

13 

7  Leporis 

4 

5  36     7 

84     1  531 

37-744 

-0-42 

-22  31  24-0 

2-064 

—  0-40 

234 

53 

K  Ononis 

3 

5  38  16 

84  34     4-9 

42-682 

-ao7 

-  9  45     4-0 

1-808 

o-oo 

262 

33 

B  Aurigae 

3-4 

5  43     4 

85  45  570 

73-780 

.... 

+64  14  571 

1-480 

— a4s 

267 

, . 

/3ColumbaB 

3 

5  43  54 

85  58  44-7 

31-561 

-35  61     40 

1-406 

.... 

268 

58 

a  Ononis 

1 

5  44  20 

86     5  12-5 

48594 

-003 

+  7  21  25-0 

1-368 

+  (WB 

269 

34 

/^Aurigffi 

2 

5  44  51 

86  12  52  9 

65-950 

—003 

+44  54  35-3 

1-323 

+  005 

277 

37 

0  Aurigse 

4 

5  46     5 

'  86  31   14-5 

61-190 

+0-11 

+37  11     0^0 

1217 

—  004 

281 

16 

V  Leporis 

4 

5  47  17 

86  49  26  7 

40-942 

.... 

-14  12  60  6 

1-111 

297 

. . 

7  Columbae 

4 

5  50  26 

87  36  43-5 

31-823 

.... 

-35  18  470 

0-835 

.  .•• 

IS 

44 

K  Aurigae 

4 

6     2  37 

90  39  22-9 

57-378 

—0-30 

+29  33  22-3 

-  a230 

—ass 

74 

13 

;*  Gemin 

3 

6  10  51 

92  42  40^9 

54-347 

+0-13 

+22  36     8-6 

0-882 

—  016 

81 

1 

f  Can.  maj 

3 

6  12  38 

93     9  34-5 

34-465 

-a2o 

-29  69     40 

1105 

—025 

92 

o 

/3Can.  maj 

2 

6  13  53 

93  28  23- 1 

39-561 

—004 

-17  52     5-0 

1-214 

—  O06 

95 

3 

X  Can.  maj 

4 

6  14  48 

93  42     30 

32-850 

-0-34 

-33  20  38-5 

1-294 

—  OOS 

169 

24 

7  Gemin 

3 

6  26     9 

96  32  16  9 

51-932 

+005 

+  16  33  24-6 

2-282 

—  006 

204 

27 

«  Geuiin 

3 

6  31  37 

97  54  16-3 

55-403 

-003 

+25   18  640 

2-757 

OOO 

205 

V  Argo  navis    . . 

3 

6  31  38 

97  54  40-5 

27041 

-0-14 

-43     1  41-0 

2-759  i 

— o-w 

217 

31 

f  2  Gemin 

4 

6  34     4 

98  30  55-2 

50-624 



+  13     6  56-5 

2-968 

.... 

227 

9 

Sirius    

1 

6  36  20 

99     4  59-2 

40166 

-0  51 

-16  27     6-2 

3165 

—  114 

248 

34 

0  Gemin 

4 

6  39  36 

99  53  52  5 

59-425 

—0  16 

+34   11   12  0 

3-446 

.... 

259 

13 

«2  Can.  maj.    .. 

4 

6  42  22 

100  35  34-5 

33-563 

-0-10 

-32  17     9-5 

3-685 

+  O04 

279 

16 

0  1  Canis 

4 

6  45  49 

101  27  30-7 

37-298 

-0-10 

-23  56  370 

3-892 

OOO 

304 

21 

c  Canis 

2 

6  50  45 

102  41  28-9 

35301 

-ao5 

-28  42  30-3 

4404 

+  ao7 

312 

43 

S'Gemin 

4 

6  52  14 

103     3  33-9 

53-449 

000 

+20  51   100 

4-530 

—  0-06 

320 

22 

<y  Canis  maj 

3-4 

6  53  45 

103  26  18- 1 

35-794 

—004 

-27  39  27*4 

4-669 

OOO 

328 

24 

o  2  Canis 

4 

6  54  40 

103  49     5-4 

37-522 

-001 

-23  33     20 

4-737 

+  0-02 

325 

23 

7  Canis 

4 

6  54  42 

103  40  36-3 

40666 

000 

-16  20  61-0 

4-740 

—004 

57 

45 

S  Gemin 

34 

7     8     9 

107     2  27-6 

53-787 

-006 

+22  20  14-3 

6-875 

—  005 

68 

•• 

"•Argo 

3 

7  10     5 

107  31     1-5 

31-738 



-36  44  46-7 

6033 

• .  *  • 

90 

60 

I  Gemin 

4 

7  13  17 

108  19  180 

56-208 

-0-27 

+28  10  56-4 

6-301 

+  00$ 

104 

31 

V  Canis  min 

2-3 

7  16  10 

109     2  42-6 

35-642 

-0-12 

-28  55  18-0 

6-544 

OOO 

106 

3 

/3  Canis  min 

3 

7  16  17 

109     4  24-4 

48-904 

—004 

+   8  40  520 

6560 

+  O04 

127 
128 

66 

•^-ST:::: 

34 
3 

7  21  49 
7  21  49 

110  27     7*2 
no  27  180 

57^892 

-016 

+32  18  45-0 

7006 

—  OlO 
1 

ASTRO 


601 


CATALoov^-~cotttmued, 


Plane 


NuoiWrs 

■ccording  to 


42 
54 
62 


80 


Argo  ...... 

Prwiyon    . . . . 

jtGcniin.  — , 
^Geioin.  .  .  * . 


Names  of  the 
stars. 


f  Nilvis. .  ,  . 

fArgo 

Navia    .... 
^Cancri    .  . 

0  Ui*sae  maj. 

Hydrae   . . 
Hydrae  . . 

^Hydrae   . . 

1  VrsiB  maj. 
fl  2  Cancri 

X  Argo  .... 


Lyncia 

h  Ursae 

"  Hydrte  , ,  . 

0  Ursae 

o  Leonis    . . . 
Leonis  . .  I . . .  j  3 


4 

2 
4 

4 

4 

2-3 
3-4 
4 
4 

4 
4 
4 

34 
4 
23 

4 
4 
2 
3 
4 


ft  Leonie  . . 
7  LeonJs  . . 
RegTilu3  . , 
\  Ursai  maj. 
qArgo 


7  Leonis   . . 
^  Ursae  ,  *  * . 
/x  Hydrae  . , , 
^  Leonis   . . 
Leonis  miu. 


Hydrae  . 
/^Ursac , . , 
«»  CratGria  , 

Ursae  . . , 
1^  Ursae     . 


/JCrateris. .  . 

^  Leonis  . . , 
9  Leonis  . , , 
f  UrsEE  maj,, 
I'  Ursse  maj 4 


Right  aiceniioot 


lit  tiBie* 


^Hydrse   ., 

<r  Leonis  ». 
*  Leonis  . . 
7Hydrffi. ., 

T  Leonis    , , 
1  \X  Draconts 


4 

3'4 
1 
34 

4 

2 
3 
4 
4 
4 

4 
2 
4 
2 
34 

34 
3 
3 
4 


m  " 
22  53 
28  49 
33  21 
33  3 
33     B 


7  40  53 
r  56  33 

7  59     1 
B     5  39 

8  L3  32 


S  27 
8  36 
H  44 


a  45  27 

8  47  32 

9  0  38 

9  6  21 
9  15  35 
9  17  45 
9  19  23 
9  30  2 


9  34  28 

9  41  21 

9  56  24 

9  57  42 

10     4  58 

10     6  21 

10  8  55 
10  10  21 
10  16  25 
10  22   16 

10  27  25 

10  39  46 
10  49  40 
10  50  2 
10  51  1 
10  58  21 


34 

4 
4 
4 
4 

3  4 


11 
11 

11 
11 
11 

11 
11 
11 
11 
11 
11 


1  50 

3  27 
3  43 
7  28 
7  39 

9  21 
10  49 

13  29 

14  54! 
17  39) 
19  221 


Id  degreea. 


no  43 

112  12 

113  5 

113  15 

114  31 


10*5 

21-7 

15  0 

456 

15 


115  13  15  0 
119  8  19  5 
119  45  20  8 

121  24  49'G 
123  22  450 

126  45  49  5 


129 
131 


345 

138 


12 

131  21  37  5 
131  52  59  4 
9 


135 


45-: 


136  35  160 

138  53  52-5 

139  26  202 
139  50  528 

142  36  53  7 

143  37  '2  2 


145  20 
149  6 
149  25 
151 


13 

7' 5 
25  33'4 
14  39-4 
131  35  250 


Annual 

precMttioQ 

in 

M 


152   13 
152  35 

154  6 

155  34 
166  61 


507 
223 
180 
09 
240 


159  56  26'7 
162  25  9  0 
162  30  33  0 
162  48  52"2 

164  35  30  0 

165  27  34'5 
165  51  43  5 

165  55  54  1 

166  52  10  0 
166  54  36  1 


167  20 

150 

167 

42 

144 

168 

22 

ISO 

168 

43 

29  5 

169  24  42- 1  1 

IGi* 

50 

270 

Annut&l 
proper 
motion 

ia 


+  23-587 
47-873 
54556 
56005 
32021 

37798 
31  605 
38358 
43*964 
76  675 

4781 1 
47-962 
47783 
63  208 
49354 
33001 

56  634 

72  941 
44226 
62  902 
4  8-33 1 
51477 

51  806 
49*303 
48-354 
55'294 
37'601 

49-568 
54-468 
43530 

47  513 

5ri30 

44150 

55'498 
44142 
57'549 
51447 

44  005 
47952 

47'457 

48  930 
49095 

44-941 
46545 

46-843 
44844 
46  266 

55  960 


Dcclin^tioo. 


In  degrcci. 


—043 

—0^71 
—0  16 

—0-72 


-0-07 

—0  21 
-=-0  13 


+0  14 
—  105 

—0-04 

+028 
—0^09 
-0  15 

^0'80 
—022 
-003 


0-39 
005 

28 
000 


+035 
-029 
-0  21 
-0-14 
-003 

+ao6 

+012 
—059 

-0-24 
—008 

+005 
+018 
-01 6 
— 052 
—003 

—0-19 
-016 
—000 
-0-29 
--003 
—015 


Annual 
preccasioD. 


—42  54    10  5 

+  5  43  38 5 
+  24  51  52  7 
+  28  29  46'B 
—37  29  27  0 

-24  22  00 
—39  26  46*8 
-'23  44  fi'7 
+  9  47  30  0 
+  61  22  14  0 

+  6  23  31 7 
+  78  34-0 
+  6  41  54  1 
+  48  48  57-6 
+  12  37  22  0 
—42  37  480 

+37  38  22-8 
+  63  55  30  0 

—  7  47  54  5 
+  52  34  45-4 
+  lO  47  43  4 
+  24  41  180 

+  26  56  31-4 
+  17  43  55  0 
+  12  56  22  0 
+  43  54  24-5 
—41  8  00 

+20  50  62  2 
+  42  30  OO 
-15  49  9  2 
+  10  19  54  5 
+  33  O  39*3 

—  15  8  59  8 

+  57  27  4  5 

—  17  14  112 
+  62  49  38' 4 
+  45  34  52-8 

-21  44  9  0 
+  21  37  40 
+  16  31  15  O 
+  32  39  7'5 
+  34  II  2  0 


--13 
+  7 
+  11 
—  16 
+  3 
+70 


48  6 
245 
476 
125 
245 
597 


proper 


7092 

7-576 
7-861 
7-917 
8318 

8-542 

9-761 

9"949 

10448 

11029 

11-998 
12622 
13205 
13246 
13  383 
14215 

14-562 
15-105 
15-229 
15-322 
15-928 

16  138 

16-489 
17-201 
17259 
17573 

17  632 

17  737 

17  795 

18  033 
1S250 
18432 

18-830 
19*109 

19  118 
19' 151 
19  325 

19-404 
1943H 
19-445 
19-522 
19625 

19' 558 
19  58(1 
19634 
19  658 
19704 
19731 


+  a30 

—0-98 
—002 
-Oil 


000 

+0'09 
-002 


-0-48 

—0-32 

+0  06 

-0-20 
— 0(H 
—005 

—060 
—0  04 
+002 

-O07 
—0-02 
-OOl 
-005 


— 020 
+  oas 

000 
+001 

+  0  20 

+  0  06 

+  006 

OCK* 

—007 

— o  1 1 
-ull 

^006 
— 0  64 
+  0  05 

—0-06 
-005 
—003 
+  0-02 
— 002 
—009 


ASTRONOMY. 


Aitimoliiy> 


CATAhoams-^^ontinued, 


Number* 


114 
150 
15^ 
159 

103 

im 
m 

174 
241 

248 

i2 
t4 
44 
93 
101 

133 

im 

157 
^3 

29G 

9 
45 

53 
75 
78 
85 
99 
128 

197 
198 
20& 
SIO 
340 
293 

312 
14 
98 
32 
37 

41 
42 

92 
109 
112 


1 

3 


19 

21 
27 
63 
93 
94 

5 

2d 

64 

I 

2 

69 
4 

15 


9 

5 

29 

77 

43 

12 
47 
41 

42 
2 


79 
80 

79 


84 
5 
8 


11 
98 
99 
16 
loo 

19 
21 
23 

25 


J  Upb8b  maj, 

ifi'Centsixiri 
^  Corvi* , , , 


Naniei  of  the 


f  Cratcria, . . 
0  Uydrm  • ,  . 

X  tTrsae  maj., 
Leonis  . ,  , , 
/i  Leoiiii  , , , 


P  Vlrginu 
/9  Hydr«  . . . 
^Ursffi  maj. 
«  Corvi     , . . 
^  Corvi     , ,  , 


i^CorvK 

*^  DracoQts  , 
7  1  Virginis  , 
t  ITrsie  maj.. , 
^  Virginis    * 

Can.  yanatic 
«  Virgmlu  , 
Coma  Bcren 
Coma  Beren 


Centauii 
Spica    , ,  . , 
E'Ursa!  maj.  pr. 
G  UrsiB  maj, 
DCentauri  , 
^  Virginia    , 


I*  Ceotaari    , 

/*  Centauri    , 
^  Ursse  maj, 
"BootU   ... 
7  BootjJ   . , 
0  Ccntauri 


<J  Draconic 

«  Virgitiis, , 
( Virgin  is, , 
A  returns  . . 
\  Virginia 


X.  Bootis   . , 
t  BootiB    .  . 
0  Bootis    , . 
1^  Centauri 
f  Bootia    . , 


41 


3 
3 

^'4^ 

4 
S-4 

2'3 
3 
3 
3 
3-4 

23 
34 
4 
4 
3*4 

3 
1 
3 
4 
4 
4 

4 
4 
3 
4 

3 

2 

34 
4 
4 
I 
4 

4 
4 
3 
3 
4 


Rifbl  «BCisfk«ioa* 


11  23  U 
11  26  32 
1 1  34  38 
11  35  25 
11  37  39 
U  38  50 


1  4(1  16 
11  42  50 
11  43  14 
11  58  7 
11  59  51 


5  27 

5  32 

9  40 

17  47 

19  32 


12  23  54 
12  24  52 
12  31  32 
12  45  II 
12  45  31 

IS  4S  38 
12  52  13 

12  57  34 

13  O  15 
13  8  4 


9  24 

14  40 

15  51 
17  10 

13  19  30 
13  24  30 


13 
13 
13 

13 


13  37  34 
13  37  38 
13  39  39 
13  39  49 
13  45  D 
IS  54  58 

13  58  59 

14  2  U 
14  5  32 
14  6  32 
14  8  18 

14  8  47 
14  9  4 
14  18  23 

14  22  52 
14  23  12 


In  defreci. 


170  47  46  5 

171  38  G'3 
173  39  35  1 

173  51  22  5 

174  24  45*9 

174  42  42  O 

175  4  78 
175  42  35-5 
175  48  37  2 
179  31  Wl 
179  57  52  5 

181  21  460 

181  23  3  3 

189  25  \Qr% 

184  26  53  4 

184  52  59*4 

185  50  35  1 

186  12  490 

187  59  57  O 
191  17  43  2 
191  22  57'9 

191  39  42  3 

193  3  17*4 

194  23  29 2 

195  3  460 
197  I  9-0 

197  21  2  5 

198  40  63 

198  57  270 

199  17  46  5 
199  52  33  0 
201  7  41*1 

204  23  34-5 
204  24  32  1 
204  54  33  7 
204  57  24*6 
206  17  22  5 

208  41  31 8 

209  44  36 6 

210  33  40^8 

211  23  7*8 
2U  38  ^B 

212  4  367 

912  11  310 
212  16     48 

214  35  41 4 

215  43  4*0 
215  48     70 


pireceieioti 
in 


-h4*lD4 
45565 
45*325 
48^470 
46*774 
46  530 

46098 
45-045 
48*068 
45*940 
46007 

45*244 
46  154 
46005 
47-222 
4€481 

46  967 
39-748 
46^028 
39*954 
46T01 

42683 
45iM6 
43  283 
44259 
48^395 

50299 
47156 
36366 
36178 
5 1-407 
46*957 

53-124 
53-332 
35  836 

43*458 
42-884 
52*865 

24  353 
47687 
46  923 
42137 
48360 

34553 
32  167 
31028 
66'280 
38  894 


AoouaI 

proper 
motkia 

m 

M 


-0^42 
—014 
—  0  06 
-0J6 

-^053 

4^076 
—020 
H-a06 
+006 


— aoe 

—032 
—005 

+007 


— O'So 
—072 

+024 
—0*65 

-0-34 
—0*37 

—  0-45 
+l>14 


—009 

-.ao8 

+  0^13 
-0  49 


— 050 

-^010 
—063 

—0  15 

— ai8 
—0^01 
-117 
—0*08 

—055 
—034 
—080 

—0-07 


Dccliiuttoo. 


Id  -degrc^Su 

AdouaI 

^        t       n 

. 

-30  45     8*5 

-10*788 

-   8  41   470 

1983^ 

-17   14  915 

19*923 

+  48  53  16  6 

19931 

+  21   19  490 

19950 

+  15  41  34*7 

19  961 

+  2  53  30  0 

19^972 

-32  47  44  0 

19-990 

+  54  48  23  0 

19*992 

-23  36  44*7 

20H>45 

-21  30  250 

20^045 

+  58     8  40*2 

20*140 

-16  25  470 

90O4O 

+  0  26  47  0 

20*028 

-37  55  m& 

19  985 

—  15  23  58*6 

19^973 

-92  17  195 

19  957 

+70  53  32  7 

19-9^ 

-  0  20  5901 

19*856 

H  57     2  59*5 

19*657 

+  4  99  16  2 

19  651 

+  39  24     5  0 

19-632 

+  12    2  16'7 

19-528 

+  28  42     70 

19-417 

+  19  35  277 

19357 

-22     6  4i-0 

10168 

—35  39     80 

19-142 

-10     6  44  0 

18991 

+  55  58  25-8 

18958 

+  56     2     10 

18919 

—38  22     5-5 

18851 

+  0  95  55*6 

18699 

-40  40     10 

18*257 

-41  28  115 

18*254 

+  50  18  592 

18*181 

+  16  47  46-2 

16-174 

+  19  24  22  0 

1797^ 

-35  29  41  0 

17-376 

+  63  20     77 

1740a 

—    9  20     80 

17261 

--5     2  20^0 

in  13 

+  20  13  48-3 

17067 

-19  26  33  0 

16  986 

+  47     0  44  0 

16*964 

+52  17  41  0 

16-950 

+  52  46  480 

1650E 

—41   16     00 

16*275 

+31   15  20-0 

16  9SS 

motuiA. 


+  Oilfi 

—  0130 

—  O^ 

—  0-08 

—  aao 

—  0^15 

—  0-oa 

+  016 

—  O-09 

—  0  oe 

+  a06 
-0134 

—  O'SO 


-aie 
+  0*10 

—  ajo 

—  013Q 

+  0'0i 

+  m 

+  ffis 
-(rio 


-001 

-(TlS 

*  •»* 
+  0rtl6 


ow 

-04D 

—  040 

+  iro9 

+  013 

—  0-47 

—  0*96 
+  O-07 

+  »W 

—  <w» 

-054 

+  009 


604 


ASTRONOMY. 


Attronoinj. 


Cataloouk — continued. 


Numbers 

Rlglit  aMCBtloit 

DecUnation.                       | 

■ooording  to 

Names  of  the 
Stan. 

1 

i 

1 

ADDual 

1 

1 

^ 

In  time. 

In  degrees. 

Annual 

precession 

in 

proper 
motion 

In  degrees.    > 

Annual 

Annual 
proper 

1 

1 

m 

in 

precession. 

motion. 

h     m     '^ 

0         #         » 

ff 

V 

•        f       ff 

ft 

0 

H3 

23 

T  Scorpii 

3-4 

16  23  27 

245  51  60-4 

+55-651 

-0-04 

-27  47  10-5 

-  8-197 

-<yi7 

123 

13 

S'Ophiuchi  .... 

3 

16  26     9 

246  32  227 

49-303 

+0-16 

-10     8  56-3 

7-980 

+  aio 

132 

35 

<rMerculis    .•.. 

4 

16  27  40 

246  54  52  0 

28-901 

— 0-30 

+42  51  .25-5 

7*860 

+  O03 

165 

40 

S'Herculis    .... 

3 

16  33  45 

248  36  10-5 

34-374 

-070 

+31  58  265 

7*368 

+  a47 

173 

44 

7  Herculis    .... 

3 

16  36     3 

249     0  340 

30-687 

-0-24 

+39  18  38-5 

7181 

—  ao9 

184 

26 

e  Scorpii 

3 

16  37  14 

249  18  32-2 

58-620 

-065 

-33  54  530 

7083 

—  0-18 

189 

1 

fil  Scorpii  .•^. 

4 

16  38  21 

249  35  160 

60-525 

...» 

—37  41  150 

6-991 

•    9    i   m 

193 

2 

ft2  Scorpii 

3-4 

16  38  29 

249  42  17*7 

60-521 

•  • .  • 

-37  39  35-4 

6953 

•    •    •   • 

233 

29 

*  Ophiuchi  .... 

4 

16  44  33 

251     8  160 

42*489 

• .  • . 

+  10  30  25-0 

6-481 

WJO 

252 

27 

«p  Ophiuchi  .... 

3-4 

16  48  12 

252     3     70 

42-752 

-030 

+  9  41  51-2 

6177 

+  oroe 

272 

58 

6  Herculis    .... 

3-4 

16  52  38 

253     9  34  5 

34-378 

—0-18 

+31   13  484 

5-807 

+  0^05 

302 

ff  Scorpii  ...... 

4 

16  67  51 

254  27  60-4 

63-994 

.... 

—42  57  270 

5-369 

306 

35 

7 Ophiuchi  ...^ 

2-3 

16  58  55 

254  43  48-6 

51-362 

-0-03 

-15  27  460 

5-279 

+  0O9 

4 

21 

fi  Draconis  .... 

4 

17     1  12 

255  18     00 

18-587 

-020 

+54  44  19-2 

6-oer 

+  0-16 

29 

64 

a  Herculis    

3-4 

17    6  32 

256  22  57- 1 

4a926 

-0-11 

+  14  37  477 

4720 

+  ai2 

35 

65 

fi  Herculis    .... 

3-4 

17     6  49 

256  42  13  2 

36  879 

—020 

+25     5     7-4 

4-610 

-ai4 

36 

22 

6  Ursae  min.    . . 

4 

17    6  58 

256  43  550 

-99116 

-a82 

+82  20  35-4 

4-601 

+  at)i 

39 

67 

w  Herculis    .... 

34 

17    8    5 

257     1  16  6 

+31-268 

.... 

+37     2  34-4 

4-502 

.... 

42 

22 

^Draconis   .».. 

3 

17     8  14 

257     3  280 

2-211 

-0-32 

+65  57  42-3 

4-499 

+  0O4 

63 

42 

^Ophiuchi 

3 

17     9^  44 

257  26     6-4 

55046 

-0-08 

+24  47     4-0 

4-361 

-O-OT 

105 

76 

P  Herculis    

4 

17  1^  48 

259  11  44- 1 

3a990 



+37  20  21-3 

3-758 

......| 

106 

34 

V  Scorpii 

3-4 

17  17  10 

259  17  46  0 

60918 

+006 

-37     7     74 

3-723 

ow 

121 

35 

X Scorpii  ,.  ..^. 

3 

17  20    2 

260    0  39-6 

60-856 

-0-08 

-36  56  26-6 

3-477 

-a(» 

153 

55 

a  Ophiuchi  .... 

2 

17  25  39 

261  24  48*6 

41-538 

+0-09 

+  12  43     3  0 

2993 

+  ai8 

155 

23 

P  Draconis 

2 

17  25  55 

261  28  45-6 

20217 

-0-27 

+62  27  18-7 

.2-971 

ooo 

167 

55 

f  Serpentis  .... 

4 

17  26     8 

261  32     70 

51-420 

-017 

-15  15  29  5 

2-951 

-ai5 

174 

K  Scorpii 

3 

17  28  40 

262     9  58-8 

62041 

.... 

—38  54  34  0 

2-732 

...» 

209 

60 

fi  Optiiuchi  .... 

3 

17  33  36 

263  23  55-5 

44-387 

—017 

+   4  39  481 

2304 

+  0-89 

211 

85 

4  Herculis 

4 

17  33  49 

263  27  120 

25-302 

.... 

+  46     7  11-5 

2285 

-002 

229 

, . 

7  Telescop 

4 

17  36  15 

264     3  46-5 

61015 

.... 

-36  57  420 

2073 

. . .  • 

239 

62 

7  Ophiuchi 

4 

17  37  52 

264  28     1-5 

45  037. 

+ao2 

+  2  47  430 

1-933 

-aio 

244 

86 

/A  Herculis    

4 

17  38  38 

264  39  28-5 

35-468 

-a29 

+27  50  48-8 

1-866 

-084 

303 

64 

I'  Ophiuchi 

4 

17  48     1 

267     0  160 

49*446 

-  9  44     3  5 

.  1-048 

aoo 

309 

91 

0  Herculis    

4 

17  49  24 

267  20  540 

30-765 

-017 

+37  17     8-1 

0987 

+  006 

314 

92 

f  Herculis    .... 

4 

17  50    0 

267  29  55-5 

34-782 

.... 

+29  16  46-7 

0875 

ooo 

316 

32 

f  Dracouis    .... 

3.4 

17  50     5 

267  31     10 

15280 

.... 

+  56  54  290 

0868 

+  O30 

322 

67 

0  Ophiuchr 

4 

ir  50  38 

267  39  26*  1 

44-978 

+  2  57  160 

0-819 

.... 

335 

33  7  Draconis    

2 

17  51  58 

267  59  26-4 

20  810 

-031 

+  51  31     4-5 

0703 

-O07 

343 

10 

7  2  Sagittarii   . . 

4 

17  52  57 

268  14  300 

-57-770 

—0-04 

+30  24  35-5 

-  0615 

-0-15 

344 

95 

Herculis 

4 

17  53     1 

268  15   160 

+38075 

000 

+21  36  26-8 

—  aeii 

+  005 

374 

72 

s  2  Ophiuchi    . . 

4 

17  57  52 

269  28     10 

42640 

.... 

+   9  32  52-3 

—  0-186 

.... 

388 

103 

0  Herculis    .... 

4 

17  59  45 

269  56     81 

35016 

+  28  44  41-6 

—  ao23 

.... 

7 

13 

fi  1  Sagittarii  . . 

4 

18     1  48 

270  27     3:1 

53-745 

—008 

-21     5  45-7 

+   0  158 

-0-09 

17 

/3  Telescop 

4 

18     4     5 

271     1  28-5 

61007 

—019 

-36  48  14*7 

a  179 

-aor 

32 

19 

B  Sagittarii 

3-4 

18     8  11 

272     2  50-4 

57-529 

+0-10 

-29  53  50  5 

0-7  J  6 

-aio 

46 

20 

€  Sagittarii 

3 

IB  10  54 

[   272  43  270 

59753 

-015 

-34  27  40-7 

a953 

-O08 

4S 

5fi 

rf  Serpentis 

4 

18  10  5f 

J    272  44  280 

47039 

-067 

-  2  56  16-5 

0-959 

—  0-68 

66 

25 

\  Sagittarii 

3-4 

[  18  15  3; 

^    273  54  24  3 

55-558 

-Oil 

-25  31     10 

1-366 

-a25 

HOB 


AitraMmy* 


ASTRONOMY. 

Catauioujb— coslimiedf. 


Naml>en 
according  to 


Names  of  the 
•tan. 


Riglit 


Ini&oie. 


iladfureei. 


Annnal 

preoeraon 

in 

iR. 


Anmud 

proper 

motion 

in 

iR. 


Dedinadon* 


In  degreei. 


lAamiil 
Annnal 
preceaaion,   ibottan. 


163 

S60 
969 


276   49 


368 

367 

408 

1 

6 

96 

95 
Hi 
^^ 

141 
161 
176 
189 
906 

231 
235 
238 
245 
253 

284 
288 
290 
313 
138 

155 
246 
264 
281 
283 


22 
8 

40 
8 

lO 


24 
26 

29 


fi  Aqnarii ... 
JsCephei  ..  .. 
7  Caprioorai 
Pegafii  . . . 

K  Pegasi  

^Capricorni. 


7Gruif...,. 
34aAqaariJ  .^ 
Fegasi  , . , 
tfPegaai  •«. 
V  Pegafii  . . . 


21 
48 
3 
55 
17 

7 
62 
18 


fCephei  ...,, 

7  Aquarii 

Lacerts   . » 

f  Aquarii , 

i^Piscifiauatn  , 


Lacerts   , . . « , 

^  Aquarii  . . . . , 

Piscifi  ftttfitr, . 


42rPi 


44 

48 
73 
32 
76 
24 

1 
53 
54 
88 
16 


'egaai 
V  Pegasi 


AiPegaai   

X  Aquarii . . . « , 

Cephei  ...,. 

h  Aquarii  . . . » , 

Fomalhaut  .^ . 

o  Andromedae  . 

/3Pega«i   

Markab    , 

c  2  Aquarii  . . . 
XAndromedae  . 


36  7  Cephei 

2H  luFiscium 

2gCcti 

21  a  Andromeda^  .. 
11  /9Ca8s]ope«.««. 


3*4  21  21 


4 
3 

? 
4 
3 

4 
3 
4 
4 
4 

4 

34 

4 

4 

4 

4 

4 
4 

34 
3 

4 

4 
4 
3-4 

1 

4 
2 
1 
4 
4 


21  26 
21  28  59 
21  34  21 
21  35  35 
21  33  59 

21  41  46 
21  55  30 

21  57  42 

22  O  6 
22  1  7 

22  3  56 
22  11  19 
22  15  43 
22  18  31 
22  20  6 


3 

4 
4 
1 
23 


22  23 
22  25 
22  29  33 
22  31  29 
22  33  38 

22  40  21 
22  42  10 
22  42  S3 
22  44  1 
22  46  34 

22  52  45 
22  54  5 
22  54  48 

22  58  46 

23  37  49 


23  31  15 
23  49  2 
23  53  29 
23  58  4 
23  58  35 


320  25  17-7 

321  SO  14-2 

322  14  51 0 

323  35  25*0 
323  53  670 
323  59  46  5 

325  26  11*5 

328  52  36  O 

329  25  390 

330  1  39*0 
330  16  48*6 

330  58  520 

332  49  48*3 

333  55  40*0 

334  37  561 

335  1  310 

335  46  8*7 

336  16  7*5 

337  93  30-0 

337  52  21*7 

338  24  36*7 

340  5  22*2 
340  32  34*5 

340  38  49-5 

341  0  19-0 
341  38  32-1 

343  11  7'5 
343  31  250 

343  42  5*4 

344  41  28-5 

351  57  IM 

352  48  38*2 

357  15  43-8 

358  22  16*5 

359  31  ee 

359  38  43*8 


+47-459 
12-310 
49-894 
44134 
40-67'l 
49-620 

54  990 
46-244 
41-392 
45-096 
39-758 

30-911 
46-393 
35032 
46-167 
51-586 

36-461 
46*172 
50*123 
44*708 
4189S 

43036 
47*026 
31*667 
47-991 
4d-757 

40-915 
43-114 
44-595 
48177 
43-166 

35-549 
45-915 
46-201 
45-922 
45-813 


—0-06 
-0  17 
+015 
+011 

+0-24 

aoo 

-^12 
+a33 
+0-26 


—0-14 

—ail 

—0-10 
+0-03 

-0-05 

-ai6 

+0-05 
+008 
—0*03 


—0-15 
—0*24 
-0-17 
+0-33 

—007 
+0-24 
+002 

+0-27 

0-24 
+a06 
+0-24 
+0-14 
+0-82 


—  6  26  330 
+69  41  2-8 
-17  33  26-2 
+  8  57  55-3 
+24  43  57*3 
—17     1  36-2 

38  17  47-2 

—  1  17  61 
+24  22  280 
+  5,  13  12-8 
+32  12    7-7 

+57  13    7-8 

—  2  23  20-4 
+51  IS  50-6 

—  1  2  17-6 
—33  21  56-7 

+49  15  290 

—  1  8  33-8 
—28  4  62*6 
+  9  47  320 
+29  10  46-5 

+23  32  571 

—  8  38  22-6 
+65  9  2  9 
—16  52  47*7 
—SO  40  41-2 

+41  15  140 
+27  O  5-2 
+  14  7  571 
22  25  14-6 
+45  12  S49 

+76  SO  690 
+  $  45  230. 
-18  26  54-5 
+27  59  90 
+58     2  45-5 


+  15*414 
15-688 
15-850 
16-133 
16-196 
16-217 

16-509 
17*160 
17-269 
17365 
17-409 

17-525 
17-834 
18-006 
18*113 
18-166 

18-280 
18-351 
18-592 
18-570 
18-689 

18*847 
18*901 
18*913 
18*954 
19-086 

19-189 
19*292 
19-940 
19-384 
19-848 

19-868 
20^093 
90-087 
9a045 
90t>45 


-o« 


-C12 
+(W 
•  •  •■• 
-4)'14 
-OTl 

OtX) 
-013 
+018 

-038 


-4)-ll 

-^oas 

-4W 

— <OtB 
+O-90 
-4W 

-oi 

-Oil 
-0-18 
-OtH 
--091 
—095 
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I  siUmtion  of  a  ship  at  sea  is  ascertained  by 
lining  its  latitude  and  longitude.  For  this  pur- 
wo  juethods  are  employed^  the  one  called  the 
L  reckoning"  depending  on  the  course  and  dis- 
sailed  J  tlie  other  founded  upon  a*itronomieal 
ations,  and  which  may  be  teroied  nautical 
mi^;  this  last  will  form  the  subject  of  the 
in^  article. 

jdead  reckoning  proceeds  upon  the  assumption 
m  ship's  ccjursCj  (that  is  the  angle  which  her 
lakes  with  the  meridian,)  and  the  distance  she 
pe  known,  and  could  these  data  be  accurately 
ed,  the  latitude  and  longitude  might  be  readily 
by  trigonometrical  calculation  -  but  a  variety 
:umstan€es  generally  operate  to  render  this 
lible,  The  difficulty  of  steering  within  some 
3  of  the  intended  course,  uncertainty  respecting 
y,  errors  arising  from  the  log,  the  heave  of  the 
d  the  influence  of  currents,  contribute  more  or 
render  the  dead  reckoning,  at  bestj  but  a  rude 
imatitin  to  the  truth. 

rtist  not,  however,  be  understood  that  the  dead 
ing  is  without  its  value  j  on  the  contrary,  when 
led  with  astronomical  observations,  it  is  of  con- 
>le  utility  in  detecting  the  existence  and  velocity 
•ents,  and  is  indispensably  necessary  to  lill  up 
ort  intervals  which  may  occur  in  unfavourable 
?r  between  celestial  observations.  But  the  too 
1  practice  of  relying  exclusively  upon  it,  Ciinnot 
ficiently  deprecated  j  and  numerous  instances 
be  adduced  of  the  fiital  consequences  of  this 
e  in  the  loss  of  vessels,  from  errors  of  such 
tude,  that  they  might  have  been  detected  by 
osft  superficial  knowledge  of  nautical  astro- 
and  the  aid  of  even  a  good  common  watch, 

PfiELIMiXARY  DEFIXITmXS^ 

H  circles  are  those  which  divide  the  sphere  into 

lutd  parts,   or  hemiijpheres,  aiid   consequently 

he  same  diameter  and  centre  with  each  other, 

th  the  sphere. 

•eat  circle  is  called  a  xecomhry  to  another  when 

ne  is  perpendicular  to  that  of  the  first. 
pole  of  a  great  circle  is  that   point  which  is 

where  tlistant  f)0^  from  its  circumference. 

rr  circles  are  those  which  divide  the  sphere  into 

I  equal  parts. 

ry  circle  i»  supposed  to  be  divided  into  360 
called  degrees;  each  degree  int^i  60  parts, 
minutes  ;    each  minute  into  <jO  seccmdd,  and 

tecond  into  GO  thirds,   or  into  decimals  of  a 

distance  of  any  two  points  in  the  heavens  i% 


expressed  by  the  number  of  degrees,  kc.  eorapriaed    Nflutical 
between  them  on  the  arc  of  a  great  circle.  Astruoomy, 

A  spherical  triangle  is  formed  by  the  intersection  of  ** 
three  great  circles. 

Hi€  horizon  of  any  spot  on  the  globe  is  an  imagi- 
nary plane,  touching  the  earth's  surface  at  that  spot. 
This  is  frequently  called  the  sensible  horizon.  A  plumb 
line  15  perpendicular  to  this  place. 

The  rutmnd  horizon  is  an  imaginary  plane*  passing 
through  the  centre  of  the  earth  parallel  to  the  sen- 
sible horizon.  It  is,  therefore,  a  great  circle  dividing 
the  sphere  into  two  equal  parts. 

If  wc  observe  the  fixed  stars,  we  may  remark  that 
some  of  them  appear  to  rise,  attain  a  certain  height, 
decline,  and  then  set.  Others  describe  concentric 
circles  in  the  heavens  about  a  certain  point.  This 
point  in  the  northern  hemisphere  is  caUed  the  north 
pole,  and  in  the  southern,  the  sottlh  pole. 

An  imaginary  line  passing  through  the  centre  of 
the  earth,  in  the  direction  of  these  points,  is  called 
the  axis  of  the  earth  :  about  which  it  makes  its  diurnal 
revolution,  causing  the  apparent  motions  of  the  fixed 
stfu-s  before  described* 

The  zenith  is  that  point  which  is  every  where  90** 
distant  from  the  horizon.  The  zenith  is,  thcreforej 
the  pole  of  the  horizon. 

Tlw  nadir  is  lHO°  distant  from  the  zenith. 

Vertical,  or  azimuth  circles,  are  secondaries  to  the 
horizon,  and  pa.HS  through  the  zenith  and  nadir. 

The  prime  terticai  intersects  the  meridian  at  right 
angles.     It  is  sometimes  called  the  six  o'clock  line, 

Qirflinal  points  are  the  four  points  where  the  meri- 
dian and  the  prime  vertical  intersect  the  horizon. 
Those  of  the  meridian,  north  and  south;  those  of  the 
prime  vertical,  east  and  west. 

The  altitude  of  an  object  ts  its  distance  from  the 
horizon  measured  on  a  vertical  circle. 

The  zenith  distance,  or  complement  of  altitude  if 
the  distance  from  the  object  to  the  zenith  j  and  is^ 
therefore,  what  the  altitude  wants  of  90°. 

T7te  merklian  of  any  spot  is  that  vertical  circle 
which  passes  through  the  poles  as  well  as  the  zenith* 

The  meridian  altitude  is  the  greatest  altitude  the 
object  can  attain  ;  and  is  its  altitude  when  upon  tlie 
meridian,  and  not  under  the  elevated  pole. 

The  azimuth  is  an  arc  of  the  horizon,  comprised  be- 
tween the  meridian  (cither  from  the  north  or  south) 
and  a  vertical  circle  passing  through  the  object. 

The  amplitude  is  an  arc  of  the  horizon  between  the 
east  or  west  pointy  and  the  object  when  rising  or 
setting. 

The  equator  is  a  great  circle  at  right  angles  to  the 
axis  of  tlie  earthy  and  dividing  the  globe  or  heavens 
4  1  2 
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Astronomy,  into  two  hemispheres.     It  intersects  the  horizon  in 
^ — v^^  the  east  and  west  points. 

Hmir  c/rf7<rj  are  Bccondaries  to  the  equator,  and  pass 
throuii^h  Ihe  poles.  ^Miuti  named  witli  reference  to 
the  earth  they  are  called  meridians. 

The  tkciiuation  of  a  celestial  object  is  its  distance 
from  the  equator,  measured  upon  a  secondary,  and  is 
either  north  or  south,  aecordin^i^  to  the  position  of  the 
object  with  respect  to  the  equator. 

Polar  diatance  is  the  distance  of  the  object  from  that 
pole  which  is  elevated  above  the  horizon. 

The  hititude  of  any  spot  upon  the  globe  is  its  dis- 
tance north  or  south  of  the  equator,  measured  upon  a 
meridian,  and  is  equal  to  the  altitude  of  the  pole. 

Complement  of  laiifiide  is  what  the  latitude  wants  of 
90°,  and  is  equal  to  the  angle  which  the  ei^uator  forms 
with  the  horizon. 

PitraUek  of  latitude  and  paralleli  of  declination  are 
lesser  drcles,  parallel  to  the  equatoc. 

The  longitude  of  any  spot  on  the  globe  is  an  arc  of 
the  equator,  comprised  between  the  meridian  of  that 
spot  and  the  Jirst  meridian:  or  the  meridian  from 
which  the  longitude  is  counted  j  and  is  said  to  be 
east  or  west,  according  as  the  place  is  to  the  east  or 
west  of  the  first  meridian. 

The  eetiplic  is  that  great  circle  which  the  sun 
appears  to  describe  in  the  heavens  amoni^  the  fixed 
stars,  by  reason  of  the  motion  of  the  earth  in  its 
orbit. 

The  ohlitptUtf  of  the  eclipiic  is  the  angle  which  it 
forms  by  its  intersection  with  the  equator;  the  axis 
of  the  earth  not  being  perpendicular  to  the  plane  of 
the  ecliptic  but  iuclinetl  about  *23^^. 

The  efiuttioclhil  points  arc  those  points  where  the 
equator  intersects  the  eclipiic. 

The  ecliptic  is  divided  into  twelve  parts,  called 
signs;  reckoning  tVom  the  vernal  etjuinoctial  point 
towards  the  west,  each  sj^n  into  30^,  &c. 

The  longitude  of  a  eeleitial  body  is  its  distance  upon 
a  secondary,  north  or  south  of  the  eclipiic. 

Right  ascension  is  an  arc  of  the  equator,  intercepted 
(reckoning;  according  to  tlie  order  of  the  sie:ns)  be- 
tween the  vernal  equinoctial  point,  or  the  first  point 
of  aries,  and  a  secondary  to  the  equator,  passing; 
through  the  object.  This,  supposing  the  equator  to 
be  divided  into  twenty^four  hours,  may  be  expressed 
either  in  time  or  space. 

The  iropivs  are  two  lesser  circles,  parallel  to  the 
equator,  and  are  the  limits  of  the  path  of  the  sun, 
north  aud  south  ;  they  are  consequently  distant  about 
£3^°  from  the  equator.  The  northern  tropic  is  called 
the  tropic  of  cancer^  the  southern,  the  tropic  of 
Capricorn. 

The  zodiac  is  a  space  extending  about  8°  on  either 
side  of  the  ecliptic. 

Of  timb. 

In  order  to  render  this  subject  as  intelligihlc  as 
possible,  imagine  the  earth  to  be  at  rest,  and  the 
fixed  stars  and  sun  to  move  round  it.  We  may  then 
observe,  that  the  interval  between  any  two  successive 
returns  of  the  same  fixed  star  to  the  meridian  is 
invariable.  This  is  called  a  aidereal  da^,  and  is 
divided  into  twenty-four  hours,  &c.j  to  show  which 
we  will  suppose  a  clock  to  be  constructed. 

We  may  also  remark  that  the  sun  takes  a  longer 
time  than  &  star  to  complete  its  circle  round   the 


earth,  but  this  time  will  be  found  to  vary.     The  nieai 
interval  is  called  a  mean  solar  day,  and  is  divided  b] 

a  dock  or  chronometer  into  twenty -four  hours.    Su* " 
are  the  clocks  and  watches  in  common   use,  w^hich 
are  intended  to  shew  mean  sohr  time. 

Whilst  the  solar  clock  passes  through  twenty-foi 
hours,  the  jiidereal  clock  will  have  gone  throug-] 
24"^  a"^  56'  55.  Such,  therefore,  is  the  ratio  of  ma 
solar  time  to  sidereal  time.  As  ^4^  3"*  56*- 55 
3"^  5(>*'55  ^  2i^'  3"'  55*91 ;  the  quantity  to  be  siibtraci 
from  twenty -four  hours  of  sidereal  time  to  convert 
into  mean  solar  tune  j  and  so  in  proportioa  for  an] 
other  period. 

It  has  been  remarked  that  the  motion  of  the  si 
is  not  equable,  but  that  it  takes  ."sometimes  more 
sometimes  less  than  a  mean  solar  day  to  complete  its 
revolution.     When  the  sun  is  upon  the  meridian  Wi 
say  it  is  opftarent  noon,  and  all  time  deduced  imin^ 
diately  from  the  sun,  is  called  apparent  time,  and 
that  portion  of  an  actual  revolution  which  the  sun  hi 
passed  through  since  it  left  the  meridian. 

In  order  to  convert  apparent  into  mean  solar  time, 
the  equation  of  time  must  be  applied  to  it ;   the  eqi 
tion  of  lime  being  the  accumulated  errors  of  the 
(if    the  expression    may   be    allowed,)    from   me 
solar  time.     The  result  will  he  the  time  which  she 
be  indicated  by  a  solar  clock  or  chronometer. 

To  convert  degrees  into  time  and  the  contrarif. 

As  every  circle  is  divided  into  3C0°,  and  also  whci 
time  is  concerned,   into  twenty-four  hours,   the  pro*.^ 
portion  for  converting  degrees,  &c.  into  time,  will  be 
the  same  in  all  cases,  that  is,   15    to  one  hour ;  but, 
it  must  be  carefully  noted,  whether  the  circle  or  arc 
to  he   converted  into  time  is  that  described  by  the 
motion  of  a  star,  the  actual  motion  of  the  sun,  or  the 
motion  of  the  sun  supposed  to  move  equably,    hi  the 
tirst   case,   the   result   will  be  sidereal  time,  ia  tlie 
second,  apjiarent  tlmcj  aud   in  the  last^  mean  solar 
time. 

To  convert  degrees,  &c,  into  time  and  the  con- 
trary, a  table  is  generally  used,  which  may  be  fouwi 
in  various  authors  ;  but  the  following  method  is  more 
expeditious,  and  it  is  always  desirable  to  be  as 
independent  of  extraneous  aid  as  possible. 

As  15°  degrees  give  one  hour. 

1°  degree  will  give  4°^  minutes  of  time. 

1^  minute   4*  seconds,  and 

1'^  second  ......    4^  thirds. 

If  then  the  seconds  of  space  be  multiplied  by  four, 
the  result  will  be  thirds  of  time.  In  like  manner  the 
minutes  will  produce  seconds,  and  the  degrees  minuUi 
of  time. 

Let  it  he  required  to  convert  57°  49^  54'^  into  time. 
The  operation  will  stand  thus  : 

57'  49'  54'' 
4 


lis 

1 


3"^  51°^  19*  36. 


To  convert  time  info  degrees,  Stc,  the  following" 
thod  will  he  found  the  most  convenient.      Multipl]^ 
the  time  by  ten,  and  add  to  this  half  the  product;  the 
sum  will  be  the  corresponding  degrees,  &c. 

Let  it  he  required  to  convert  3*^  51"*  IS'-SG***  inl 
degrees,  &c. 
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7^  0"  bV  longitude  west  in  time. 
^57     apparent  time  at  the  ship 


3S  33   16     D 
Qoelialf  19  16  3K     0 


57"  49^  54'^  C'  corresponding  space. 

Hisrij^  the  apparent  time  at  the  Mp,  and  the  longi^ 
[Hkte,  tojind  the  apparent  time  at  Greenwich, 

As  all  the  calculations  in  the  Nautical  Ahnanac, 
Jlrrtb  the  exception  of  the  eclipses  of  Jupiter's  satel- 
J^'rtes,  are  made  for  the  instant  of  apparent  noon  at 
Greenwich  j  it  becomes  necessary  when  any  of  the 
dnU  contmned  in  the  Almanac  are  required  for  a  c:iven 
fime  at  the  ship,  to  find  in  the  first  place  the  cor- 
responding time  at  Greenwich,  This  may  be  done 
in  the  following  manner  : 

Turn  the  long^itude  of  the  ship  into  time,  and  add 
it  Zo  the  given  time  if  the  long-itude  be  west,  but 
;u  Id  tract  it  from  the  given  time  if  the  longitude  be 
^o^t.     The  result  wLU  be  the  apparent  time  at  Green- 

In  this  operation,  if  the  result  of  the  addition 
Hcnild  exceed  24  hours »  the  excess  will  be  the  time 
rcsm  the  noon  of  the  following  day*  And  in  perform* 
Q^  the  subtraction,  ^4  hours  must  be  added,  if  neccs- 
.TiLxyy  to  the  given  time  at  the  ship,  and  the  remainder 
i^rill  be  the  Greenwich  time  from  the  noon  of  the 
yrceedijag  day,  ITiis  must  be  carefully  recollected. 

Examples* 
^^^kflrt  \s  the  apparent  time  at  Greenwich,  tchen  the  nin 
ii  uj^on  the  meridian  in  76^  ofwui  longitude* 

176'^  O'  ship's  longitude. 


3    5    59     apparent  time  at  Greenwich  the  16th  Jan. 

HaTTKC  CIVKN  THE  APFARirVT  TIME  AT  THE  SniP  AXD 
THK  LOXGITUDE,  TO  FIN'D  TUK  EgUATlON  OF  TIME ^  TBK 
SCN*S  DKCLI^ATIOK  OB  KlCeT  ASCENSION. 


5»i  4w  O*  longitude  "west  in  time, 
O    O    O  apparent  time  at  the  ship. 


&^ 


5    4    0     apparent  time  at  Greenwich. 

^en  the  ship's  ImgHude  on  the  I5th  of  January, 
13'  we&t,  and  the  apparent  time  6'*  5***j  required  the 
»-«it  time  at  Greenwich, 

^^^^^"^  13'  longitude  west, 
4 


O'^  52*    longitude  west  in  time. 
5      O    apparent  time  at  the  ship. 


5   5^  apparent  time  the  15th  Jan.  at  Greenwich, 

^iven  the  ships  longitude  on  the  I3th  August,  96^  7' 
J  and  the  apparent  time  5^  7™  30*^  required  the  appa* 
5  tisne  at  Greenwich. 
96°  7' 


24™  38*  longitude  east  in  time. 
7     30  apparent  time  at  the  ship. 


^^^  43  2  apparent  t i me  at  G  reen  w  i  ch  th  e  12  th  A  ug, 
^  Git^cn  the  ship's  longitude  on  the  Ibth  of  January, 
«  ^^°  13'  wesit  and  the  apparent  time  20'^  5™  7%  required 
^^e apparent  time  at  Greenwich, 


Find  the  apjmrent  lime  at  Greenwich,  correspond- 
ing  with  the  given  time  at  the  ship.  Take  the  differ- 
ence between  the  recjuired  element  on  the  preceding 
and  following  noon>  from  the  NauticalAlmanac.  Then 
sjiy,  as  £4  hours  is  to  this  difference,  so  is  the  apjmrent 
Greenwich  time  to  the  proportional  variation  from 
this  time»  to  be  added  or  subtracted  from  the  ijuantiiy 
taken  from  the  Nautical  Almanac  for  the  preceding 
noon>  according  as  it  increases  or  diminishes. 


Let  it  be  required  to  find  the  equation  of  time  on  the 
^d  April,  18*23,  at  4»»  5™  apparent  time, 

Tlie  difference  between  the  equation  of  time  on  the 
2d  and  3d  of  April,  being  IS* 2,  we  have  24'^  :  18*2 
•  •  4^1  5111  •  31.]^^  i^g  change  in  the  equation  of  time, 
or  the  difference  between  apparent  and  mean  time 
for  an  interval  of  4''  5'"  of  apparent  time ;  w  hich  being 
subtracted  (because  the  ec|uation  of  time  is  decreas- 
ing) from  3*^'  48*" (J,  the  equation  at  the  preceding 
apparent  noon,  we  have  3""  45*  5,  the  equation  of  time 
re  quired - 

Let  the  equation  of  time  he  required  for  the  lit  of 
April,  IS23,  at   19*^  55'"  apparent  time. 

The  diurnal  variation  in  24  hours  being  18''3,  we 
have 

24»»  :  18*'3  ::  19^^  55™  :  15'-2,  the  difference  for  19'* 
55"*  t  which  being  subtracted  from  4"'  (}"*>,  ibe  equa- 
tion of  time  for  apparent  noon  on  the  1st  of  April 
gives  3"*  51*7  for  the  equation  of  time  required. 

The  same  result  might  have  been  obtained,  by 
taking  the  proportional  part  tif  18"^.!  for  the  differ^ 
ence  between  19'*  55'"  and  24  honrs  ;  and  increasing 
the  equation  of  time  for  noon  (jn  the  2d  of  April  by 
that  quantity. 

Theiiuus  declination  and  right  ancension  for  any  time 
at  Greenwich  may  be  fo^md  in  a  similar  manner;  by 
taking  the  projiortional  p;irt  of  the  daily  variation  of 
declination  cir  right  .isceiision,  and  adding  it  to,  or 
subtracting  it  from  the  quantity  at  noon,  according 
as  it  increii^es  or  decreases. 

This  method  is  however  so  tedious,  tljat  various 
tables  have  been  constructed  to  fttcilitate  the  opera- 
tion* A  table  of  proportional  logarithms,  which 
appears  to  be  by  far  the  most  practically  convenient 
for  this  purjiose,  was  published  by  Captain  Basil 
Hall,  of  the  Royal  Navy,  and  is  added  at  the  conclu- 
sion of  this  article.  A  des€n|Jtion  of  it  will  be  best 
given  in  the  author's  own  words  f  — 

**  This  table  is  useful  tor  linth'ng  the  proportional 
part  of  the  dtiily  variation  of  the  sun's  right  ascension 
and  declination,  and  of  the  equation  of  time,  for  any 
hour  after  noon.  The  nmubers  at  the  top  to  24  are 
for  hours,  and  at  the  side  for  minutes  :  nr»  the  first 
are  minutes,  and  those  at  the  side  seconds  :  or,  the 
iirst  are  seconds,  and  those  at  tiic  side  thirds;  or^  in 
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A^tfODomj,  tlie  left  band  column,  the  eqnirateiit  decimals  of  a 
'  second.    The  top  argmnents  arc  carried  on  to  30^  as- 
the  daily  variation  of  the  equation  of  time  exeeetb  90* 
on  some  daj9  Ia  December. 

"  The  proportional  logarithms  in  this  table  are 
found  by  subtracting  the  logarithms  of  the  minutes 
in  the  several  arguments,  from  the  logarithm  of  the 
minutes  in  24  hours;  viz.  3' 15836;  so  that  the  pro- 
portional logarithm  of  34**  becomes  0.  For  the  pro- 
portional logarithms  above  24,  the  arithmetical 
complements  of  the  logarithms  of  the  arguments  hove 
been  added  to  3' 15836,  which  renders  it  necessary  to 
subtract  1  from  the  index  of  the  result,  for  every 
proportional  logarithm  taken  from  this  part  of  thie 
table." 

RVLR. 

"  To  the  proportional  logarithm  of  the  daily  varia- 
tion, add  the  proportional  logarithm  of  the  time 
from  noon ;  the  sum  is  the  proportional  logarithm 
of  the  correction  for  that  interval,  to  be  added  or  sub- 
tracted according  as  the  element  employed  is  increas- 
ing or  decreasing. 

"  When  one  or  both  the  terms  are  small,  and  conse- 
quently their  proportional  logarithms  great,  it  is 
convenient,  in  order  to  prevent  the  answer  felling 
near  the  b^^ning  of  the  table  where  the  differences 
are  large,  to  take  1  or  S  from  the  index  of  the  result, 
which  will  bring  the  answer  out  10  or  100  times  too 
great,  this  is  readily  done  by  the  eye« 

"  The  value  of  the  terms  of  the  answer  is  regulated 
by  that  of  the  arguments  used ;  and  though  on  this 
point  at  first  an  occasional  ambiguity  appears  to 
occur,  it  is  easily  removed  by  a  due  consideration  of 
the  question/' 

Examples, 

Required  the  etmatum  of  time  at  Greenwich,  the  ^d  of 
April,  1823,  at  4^  5°»  apparent  time. 

The  daily  variation  being  18»-2,  seek  18  at  the  top 
of  the  table,  and  -2  in  the  left  hand  side  column. 
Under  the  first,  and  in  a  line  with  the  second,  we 

find  the  proportional  log.  of  18"-2   1201 

At  the  top,' and  opposite  5™  in  the  second  column 

from  the  left 7692 

8809 
The  sum  is  the  proportional  log.  of  the  variation, 
which  is  found  in  the  table  to  be  3*'l.  Subtracting 
this  from  3"™  48».6,  the  equation  of  time  for  noon  at 
Greenwich,  we  have  3™  48'* 5.  the  conation  of  time 
sought. 

Reqtured  the  eqtmtum  of  time  on  the  1st  of  April,  1823, 
at\^  55™  apparent  time,  at  Greenwich, 

Prop.  log.  of  18»*3,  the  variation  for  24  hours.  *  1178 
Time  from  noon  19^  55"  P.  log 810 

-  55»-2  P.  log 1988 

a     ■ 

Equation  of  time  at  noon 4    6*9 

Variation  for  19»»  55» —  152 


Required  the  variation  in  the  equation  of  time,  23d  of  Ita 
July,  1823,  for  7^  35"».  Aita 

Daily  diff.  1*'9  prop.  log.  •.^•^•^^•h^I.IOIS 
7**  35"  prop,  log *5004 

Variation  required  0»-6  pio|i.  log»    ^•1-6019 

Required  the  variation  in  the  equation  of  time,  for 
9^  7",  the  90th  Dec.  1823, 

DaUy  diff.  29^8  prop,  log 906O 

9*^7" prop,  log 4204 

1-3264 
Here  the  daily  difference  exceeding  24,  it  is  neces- 
sary to  subtract  1  from  the  index.    The  remainder 
'3264  is  the  proportional  logarithm  of  11*'3  the  varia- 
tion required. 

What  is  the  suns  decUmatimi,  April  10%  1823^  when 
on  the  meridian  in  longitude,  80^  east. 

/    k      m      ft 

Apparent  time  at  the  ship o     GO 

Longitude  east  in  time 5  22  O 

Apparent  time  at  Greenwich,  9th  April. .  IS  38  O 
Difference  of  declination  between  ^  and 

10th  Feb.  22"  19^''  prop.  1<^ SW 

Itf'M"    prop.log 109* 

Change  of  declination  . .  -f  O  17  19  prop.  log.  -1415 
Dec.  north  at  noon  on  the 

9th  Feb 7  22  58 


Declination  required     7  40  12  north. 

Required  the  suns  declination  for  \2th  April,  1823,  at 
4^^  23"*  apparent  time  at  Greenwich* 

Daily  difference,  21^  54'^  prop,  log, 398 

4**  23™ prop,  log 7384 

Change  of  declination     +     40  prop.  log.  7782 
O  Dec  at  apparent  noon  8  29  26  north. 

Declination  required    8  33  26 

Required  the  suns  declination  the  same  day  at  12™  45' 
apparent  time,  at  Greenwich, 

Daily  difference  21'  54^'  prop.  log. 398 

12"  45* prop,  log .2746 


Change  of  declination 
Declination  at  noon  . . 


.      -f   ll''-6  prop.log.  3144 
.8  29  26  O 


Declination  required  . .  8  29  37  '6 

Required  the  suns  declination  for  I2lh  April,  1823,  at 
16^  50™  apparent  time,  the  ship  being  in  longitude  8^° 


Longitude  east. 


86^ 

4 


Equation  of  time  required 


3  51-7 


Longitude  in  time  east 5^  44°> 

Apparent  time  at  the  ship. 16  50 

Apparent  time  at  Greenwich  •  •  11     e 
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T#  Daily  difference  of  declinatiou^l^  54''  prop  Jog., ,  398 
H'»€™ proi>.log^,..»tSi 

Chaege  of  declination   +   10     8  prop,  log,  3747 
Dec.  at  noon^  north  , .    B  S9  90 


Declination  required  8  39  34 

WItat  is  the  guns  right  ascension  on  the  l^th  of  April ^ 
18*23,  at  16*^50™  apparent  time  at  Greenwich. 


0*s  right  asc,  for  12th  April,  1  20  27  & 
13th  I  24     8*1 


Difference,,      4  40-6  pAog.  7097 

16  50     p.  log.   1540 


Increase  of  right  ascension 


-f     3  17    p.  lo^.  8637 
1  20  27'5 


Right  ascension  required. .    1  23  44*5 

To  FIND  THE  MOa?^**J  RIGHT  ASCENSION  AND  DECLINA* 
TION  FUR  ANY  GIV£N  TIMfi,  UNOKR  ANY  GIVES  MfiitlDlAK, 

Convert  the  longitude  of  the  ship  into  time,  and 
find  the  apparent  time  at  Greenwich  corresponding 
to  that  of  the  ship. 

As  the  moon*s  right  ascension  and  declination  are 
^ven  in  the  Nautiml  Almnnac  for  noon  and  midnight, 
find  by  proportion  the  variation  in  right  ascension  or 
declination,  for  the  excess  of  the  given  Greenwich 
time  beyond  the  preceding  noon  or  midnight. 

If  the  moon's  motion  in  right  ascension  and  decli- 


nation were  equahle,  the  quantity  thus  found  applied    NiatkmS 
to  that  of  the  preceding  noon  or  midnight  would  be  Afttrononiy. 

the  right  ascension  or  declination  required.     But  as /"""V*^ 
this  is  not  the  case,  it  becomes   necessary  to  employ 
the  *'  Table  of  second  differences j*'  gi\en  at  the   end  of 
the  Nautical  Almanac,  in  the  following  manner  : 

Take  out  of  the  Nautical  Almanac  the  two  right 
ascensions  or  declinations  preceding  and  following 
the  given  Greenwich  time,  and  take  the  successive 
diHerences  between  the  first  and  second,  the  second 
and  third,  and  the  third  and  fourth.  The  quantities 
thus  obtained  are  called  first  difiTerences.  From  the 
first  differences  find  also  the  second  differences,  of 
which  take  the  mean. 

In  tliis  operation,  if  the  first  differences  increase 
and  tlien  decrease,  or  the  contrary,  half  the  differ- 
ence of  the  two  second  ditTcreuces  must  be  taken  for 
the  mean. 

Having  thus  found  the  mean  of  the  second  differ- 
ences, enter  the  table  with  it  and  the  given  time,  and 
take  out  the  corresponding  ec|ualion.  If  the  mean  of 
the  second  differences  exceed  the  limits  of  the  table, 
the  equation  may  be  taken  out  by  two  such  entries  as 
together  make  up  the  mean  of  the  second  differences, 

if  the  first  of  the  first  differences  be  greater  than 
the  third  of  the  first  differences,  add  this  equation  to 
the  j>roi>ortional  part  before  found ;  othenvise,  sub- 
tract it.  The  result  will  be,  the  true  variation  of  the 
moon's  right  ascension  or  declination  for  the  excess 
of  the  given  time  beyond  the  preceding  noon  or 
midnight ;  and  this  being  applied  by  addition  or 
subtraction  to  the  right  ascension  or  declination  for 
such  noon  or  midnight,  as  it  may  be  increasing  or 
decreasing,  the  sum,  or  difference,  will  he  the  moon's 
correct  right  ascension  or  declination  for  the  given 
time. 


Examples. 
Eequired  ike  moon'i  right  asccnsimj  Jan,  I9th,  1823,  fl^5*»  apparent  time. 


lit  diff.     2d  diff. 


J  *s  ^  Jan.  18th,  at  midnight 11  31  24 

Ditto         19th,  at  noon 17  45  12 

Ditto         19th,  at  midnight 24  11  55 

Ditto        20th,  at  noon  . , 30  53  25 


6  13  48 
G  26  43 

6  41  30 


12  55 
14  47 


} 


Mean. 
13  51 


As  IS**  :  e"*  26'  43^  : :  5^  to  the  approximate  motion  in  iSl    ... ."  . . 

Kquation  from  the  table  corresponding  to 5»»  and  12'    O '  =    87'5 

5''  and    1    30    ^    13'4 


Equation  of  2d  difference 100  9 


Correct  motioii  in  JR  . . . 
JRfor  preceding  noon. , , 


2  41     79 


1  40  9 

2  39  27 
17  45   12 


J  *«  M  required 20  24  39 

l^eqtilred  the  moon*i  decUnaHm,  Jan,  ISih,  1823^  at  18**  apparent  time* 
18**  apparent  time  will  be  6^  apparent  time  beyond  midnight. 


1st  diff. 


2d  diff. 


J's  Declination,  Jan.  l^th,  at  noon,         S.  4°  iV  22" 

Ditto  16th,  at  midnight,  S.  1    19     6 

Ditto  17th,  at  noon,         N.  1    35  33 

Ditto  I7ih,  at  midnight,  N.  4   30  53 


2'='  52^  IC^ 
2    54  39 
2    55  20 


2'  23'^ 
Q    41 


Mean. 
1'  32" 
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As  l^**  :  2*  54^  39^^:;  6^  to  the  approximate  change  of  declination  ..•. i  $7  191; 

Equation  corresponding  to  6^  and  V  32^' —  11"S 

Correct  change  of  declination i  27     8-2 

Declination  for  preceding  midnight,  south 1  19     60 


True  declination,  north    0    8    2*2 

Required  the  moons  declination,  March  I9th,  1823,  at  19^  apparent  time. 
19^  apparent  time  will  be  7^  apparent  time  after  midnight. 

1st  diff.  2d  diflF. 

])  's  Declination,  March  19th,  at  noon  N  26°  42'  26" 

Ditto  19th,  at  midnight,  26    18    12 

Ditto  20th,  at  noon,  25   28    18 

Ditto  20th,  at  midnight,  24    14      3 


0^24'  14'' 

0  10     6 

1  14   15 


0°  14'  8" 
1     14    9 


Mean, 
j   30'0" 


As  12»» 


10*  6''  1 1  7**  to  the  approximate  change  of  declination o    533 

Equation  corresponding  to  7*>  and  12'  =    87''-5 

7**  and  12^  =    87  5 
7**  and    6'  =    43   8 


218  -8  =  —     3 


Correct  change  of  declination o     1  54 

Declination  for  preceding  midnight 26  18  12 


Declination  required 26  16    8 

The  preceding  examples  will  probably  be  found  sufficient ;  but  the  reader  is  recommended  to  peruse  with 
attention  the  directions  given  in  the  Nautical  Almanac,  for  the  use  of  the  table  of  second  differences. 


To  CONVEBT  APPABENT  TIMS  INTO  MEAN  TIME,  AND 
THE    OONTBARY. 

If  the  apparent  time  given  be  that  at  the  ship,  con- 
vert this  into  the  apparent  time  at  Greenwich.  Find 
the  corresponding  equation  of  time,  and  apply  it  with 
its  proper  sign  as  directed  in  the  Nautical  }ibnanac  to 
the  apparent  time  at  the  ship.  The  result  will  be 
the  mean  solar  time.  I^,  on  the  contrary,  the  time 
given  be  mean  time,  and  it  is  desired  to  convert  it 
into  apparent  time,  the  equation  of  time,  for  the  time 
at  Greenwich,  must  be  applied  to  the  mean  time  at 
the  ship  with  a  contrary  sign. 

Example. 

Bems(  in  long.  105°  13'  west,  and  the  apparent  time 
the  Ibih  Jan,  at  the  ship  20*»  5™  7*  required  the  mean 
time. 

Ii      m       • 

7    O  52     Long,  west  in  time. 
20    5     7  .  Apparent  time  at  the  ship. 

3     5  .59  .  Apparent  time  at  Greenwich,  16th  Jan. 


20    5    7     Apparent  time  at  the  ship. 

-h     9  59*2  Equation  of  time  for  noon,  16th  Jan. 

+     0    2-6  Variation  for  3^  6™. 


20  15     8*8  Mean  time  required. 

Had  it  been  required  to  coilvert  20^  15™  8**8  mean 
time  into  apparent  time,  the  equation  for  noon  of  the 
16th  at  Greenwich,  with  its  proportional  variation, 
woiild  have  been  subtracted  instead  of  being  added  j 
and  the  result  would  have  been  20*»  5™  7*  of  apparent 
time. 


Of  the  corrections  to  be  applied  to  the  altitcbi 
observed  at  sea,  in  order  to  obtain  the  tlub 

altitude. 

The  dip  or  depression  of  the  horizon. 

In  observing  an  altitude  with  the  sextant,  or  reflect- 
ing circle,  the  image  of  the  object  is  made  to  coincide 
with  the  visible  horizon ;  but  as  the  eye  is  elevated 
above  the  surface  of  the  sea,  the  visible  horizon  v31 
be  below  the  true  horizontal  plane. 

Let  AC  (fig.  1.  plate  1,  Nautical  Astronomy,)  or 
CB  be  the  radius  of  tiie  earth  j  AE  the  height  of  the 
eye  above  the  level  of  the  sea,  EH  the  horizon.  Then 
£  being  the  place  of  the  observer,  EH  is  the  hori- 
zontal plane  ;  and  the  angle  HEB  will  be  the  dip  or 
depression  of  the  horizon,  which  may  be  thus  found. 

The  angle  HEB  is  equal  to  the  angle  BCE ;  and  in 
the  right  angled  triangle  CBE,  the  difference  of  the 
squares  of  CE  (=  the  rad.  of  the  earth  +  the  he^ht 
of  the  eye  above  the  level  of  the  sea,)  and  CB  is  eqoii 
to  the  square  of  BE  -,  the  square  root  of  which  that- 
fore  gives  BE.  Then  in  the  same  triangle,  CE  ', 
rad.  : :  BE  to  the  sine  of  BCE  (=HEB)  the  depression 
of  the  horizon. 

The  depression  thus  obtained  is  the  true  depression, 
but  this  must  be  lessened  by  the  amount  of  terrestrial 
refraction,  which  is  very  uncertain.  About  -^or-^clt 
the  whole  quantity  is  usually  allowed. 

A  table.  No.  1,  is  added  of  the  dip  or  apparent 
depression  of  the  horizon  for  different  elevations  of 
the  eye,  allowing  .iV  for  terrestrial  refraction,  the 
manner  of  using  it  is  sufficiently  obvious.  The  dq> 
must  be  always  subtracted  from  the  observed  altitude. 

The  height  of  the  eye  above  the  sea  should  be 
carefully  measured  at  the  time  the  altitude  is  taken ; 
for  a  neglect  of  this  precaution  might  easily  occasion 
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9tef,  an  error  of  one  minute  ^  according  as  the  obsen^ation 
.^^  is   made   on   the  wliiUward  or  leeward  side  of  the 

vessel. 

IRtfracHtm. 
The  rays  of  light  proceeding  from  a  celestiiil  body 
hn%nng  to  pass  through  the  atmosphere*  arc  bent  in 
the   direction  of  the  vertical  from  their    rectilinear 
course,  and  the  objeet  in  consequence  appears  to  have 

•  a  greater  altitude  than  it  really  ha-*.  This  etlect, 
culled  refruclion,  is  greatest  in  the  horizon,  and  be- 
comes nothing  in  the  zenith. 

^^llen  the  teni])erature  of  the  atmosphere  is 
K  increased^  the  refraction  decreases ;  and  when  the 
H  density  of  the  air  becomes  greater,  (indicated  by  an 
Bflncrease  in  the  height  of  the  mercury  of  the  baro- 

■  ineter,)  the  reiraction  suffers  an  tnercasc.    The  cor- 
^Rrections  for  temperature  and  density  have  hitherto 

■  'fcecn  little  attended  to  in  nautical  astronomy  ;  but  on 
-Some  occasions  they  becoiue  too  considerable  to  be 

Ixieglccted.     In  the  Nautical  A!manfic  is  given  a  table 
«>f  refractions  with  corrections  for  the  barometer  and 
4hermometerj   and  such   ample   directions   for  their 
'application,  as   to   render  the  atlditional  trouble  of 
^cniploying  them  very  trifling. 
When    the   corrections  for  the  depression   of  the 
horizon  and  for  rcfiaction  have  been  applied   to  the 
observed  altittule,  the  result  will  be  the  altitude  of 
the  object  above  the  sensible  horizon. 
Sem  idiameier. 
If  the  nUitarle  obtained  by  the  preceding  correc- 
^  tions  be  that  of  the  limb  of  the  sun  or  moon,  we  have 
to  add  or  subtract  the*  semitlianteter,  to  obtain  the 
tme  altitude  of  tlie  centre.     This  is  readily  done  for 
the  sun  by  using  the  semidiamctcr  taken  from  the 

■  Nautical  Almanac,  and  found  by  proportion,  if  neces- 
sary, for  the  given  time  j  but  for  the  moon  some 
further  considersition  is  necessary* 

When   the  moon   \^  in  the  horizon,    her  distance 

from  tlie  observer  is  greater  than  when  in  the  zenith 

^^    by  the  semidiametcr  of  the  earth,     Consequeatty  her 

H    apparent  semidiameter  will   be  least  in  the  horizon^ 

^    and   greatest  in  the  zenith.     This  Increase  is  called 

the  aagmentation  of  the  moon's  semidiameterj  and 

■   may  be  thus  founfl 
The  distance  of  the  moon  being  about  60  semi- 
diameters  of  the  earth j  the  moon's  horizontal  semi- 
diameter  will  be  increased  one  sixtieth  part  in   the 
teoithj   and  the  sine  of  this  quantity  (or,  as  the  arc 
is    small,   t!ie  quantity   itself)  will  vary  directly  as 
the  sine  of  the  altitude  ^   therefore,  to  the  logarithm 
>f  one  sixtieth  port  of  the  moon's  semidiameter  in  the 
larizon,    add    the  kjgarithmic  sine   of  the   altitude, 
'M'he  sum  will  be  the  logarithm  of  the  augmentation 
^o  be  added  to  the  horizontal  semidiameter  before 
:found. 

The  semidiameter  of  the  moon  is  given  in  the 
^^^aittical  Almanac  for  noon  and  midnigbt  at  Green- 
^r^^'ichj  from  which  it  may  be  readily  found  by  propor- 
^^  tion  for  any  other  time  or  meridian, 

A  small  table,  No.  2,  is  added,  from  which  the 
^^  augmentation  may  be  taken  out  with  the  given  hori- 
^r  zontal  semidiameter  and  altitude.  The  proportional 
^P  parts  may  be  readily  found  by  inspection. 

^C  Of  parallax, 

H        Having  thus   ootuined   the   true   altitade   of  the 

^^^_      VOL 


td>ject  above  the  sensible  horizon,  the  last  step  is  to    Nautical 
determine  its  altitude  when  referred  to  the  rational  Asifo^o"*?- 
horizon,  or  its  situatitm  as   seen  from  the  centre  of  ^""V^^ 
the  earth,  to  which  point  all  observations  are  i-educed. 

The  horno7ital  parallax  is  the  angle  under  which 
the  semirliameter  of  the  earth>  or  its  radius  at  the 
jihice  of  obsen  ation,  would  be  seen  from  the  celestial 
body  when  in  the  horizon. 

The  parallax  irt  altitude  is  the  angle  subtended  by 
this  same  radius,  at  any  elevation  of  the  object,  and 
is  the  quantity  to  be  added  to  the  altitude  before 
found,  to  reduce  it  to  whnt  it  w^ould  be  at  the  centre 
of  the  earth.  The  effect  of  parallax:  is  greatest  in  the 
horizon,  and  is  mthing  in  the  zenith. 

Let  CE  (plate  1,  tig.  '2,)  be  the  semidiameter  of 
the  earth,  }>  E  A  the  sensible  Itorizon,  IIC  the  rational 
horizon.  Then  the  angle  E  ])  C  is  the  horizontal 
parallax,  and  the  angle  CmE  (  =  GEmj,)  is  the 
parallax  for  the  idtitude  m  E  D  j  or  the  angle  by 
which  the  object  5  would  ap|*ear  lower  w hen  viewed 
from  the  sensible  horizon,  than  it  would  if  seen  from 
the  centre  of  the  earth  C. 

In  the  triangle  ])  EC,  we  have  J  C  ;  sin  of  ))  EC 
(or  its  equal  the  sine  of  ])  EZ)  \  \  EC  \  sin,  E  J  C. 
And  in  the  triangle  wi  EC,  we  have  mC  (=  J  C)  ; 
sin,  m  EC  (  =  sin.  m  EZ)  : ;  EC  I  sin.  Eih  C.  The 
sine  of  the  horizontal  parallax  varies  therefore  in- 
versely as  the  sine  of  the  zenith  distance,  or  directly 
as  the  cosine  of  tlie  altitude. 

The  moon's  horizontal  parallax  is  given  in  the 
Nautical  Almanac  for  every  noon  and  midnight  at 
Greenwich,  and  may  be  found  by  simple  proportion 
for  any  other  time.  But  the  parallax  there  found  is 
the  equatorial  horizontal  parallax ;  and  as  the  earth 
IS  a  spheroid,  having  the  equatorial  to  the  polar 
diameter  about  as  30G  to  305,  the  polar  horizontal 
parallax  w  ill  be  less  than  the  equatorial  in  the  same 
proportion,  and  consequently  the  horizontal  parallax 
for  any  given  latitude,  will  vary  between  these  limits. 

A  table.  No.  3,  is  added,  containing  the  correction 
on  this  account  to  he  taken  out  with  the  equatorial 
horizontal  ptiralhix,  gi\'cn  in  the  Nautical  Almanac  and 
the  latitude  ;  which  correction  being  subtracted  from 
the  equatorial  parallax  before  funnel,  the  remainder 
will  be  the  horizontal  parallax  for  the  place  and  time 
of  observation,  which  is  to  be  employed  in  the  follow- 
ing manner  for  finding  the  parallax  in  altitude.* 

Ifavhig  the  horizontal  paraUas^  tojiud  the  parallax  in 
aliitude. 

To  the  log.  sine  of  the  horizontal  parallax  add  the 
log.  cosine  of  the  altitude.  The  sum  rejecting  ten 
from  the  index,  will  be  the  log,  sine  of  the  parallax 
iu  altitude^  to  be  added  to  the  altitude  above  the  sen- 
sible horizon  before  found.     Or, 

To  the  prop,  log,  of  the  horizontal  parallax  add  the 
logarithmic  secant  of  the  altitude  j  the  swni  will  be 
the  proportional  logarithm  of  the  parallax  in  alti- 
tude :  or, 

From  the  proportional  log.  of  the  horizontal  paral- 
lax, with  10  for  its  index,  subtract  the  cosine  of  the 
altitude.  The  remainder  will  be  the  proportional  log, 
of  the  parallax  in  altitude. 

•  The  same  table  contains  also  the   correction  of  the  propor- 
tional lo^r.   of  the  equator! Ill   parallax,  ivhich  will  be  foyad  the 
moat  conveaient  if  proportional  logarithms  are  cmptoved. 
4  it 
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Either  of  tlie  two  latter  methods  Is  preferable  to 

the  former,  where  there  tjs  a  common  table  of  propor- 
tioniil  logarithms  j  as  tbc  secant  or  cosine  of  the 
iiltitude  oiay  be  takca  to  the  nearest  minute  only  j 
but  for  the  sine  of  the  itarallax  a  table  of  sines,  &c.  to 
seconds  is  required. 

ExAMPt^ES. 

The  observed  aUitiule  of  Sirliis  being  20°,  //^  baro^ 
meter  29.5  inches,  thermometer  70^,  and  height  of  the 
eifti  2^  feet,  required  the  true  altitude. 

Observed  altitude 90    O     O 

Depression  of  the  borj7.oii  table  I   . .  —     4  SO 

19  55  m 

Uefraction. . , . , , —  2  39'4 

Correction  for  banjmeter —  2  G5 

Ditto       for  therraoraeter    —  6*44 


True  id  tit  tide 19  5^3  41*50 

In  the  above  example,  if  the  corrections  for  the 
barometer  and  thermometer  had  been  omittetJj  the 
result  would  have  beeu  erroneous  9  seconds. 

The  observed  aUilude  of  the  sun  s  lower  limb  on  the  34 
if  fek  18^3,  being  14^  the  height  of  the  eye  22  feet, 
barometer  29  inches ,  and  thermometer  67°  required  tht 
true  idtiiude  of  the  mn»  centre. 

Observed  altitude  of  L.  Ir *  1-4     0     o' 

Depression  of  the  horizon  ........       —4  30 

13  55  30 

Refraction . ,   -^     3  5 1*  15 

'      Correction  ftJr  barometer -^  7'J^ 

Ditto       for  thermometer —  7*97 

Parallax  (tabic  4,) -h  8  50 

Sun*s  semidiameter  on  3d  Feb -h   16  14"80 

True  altitude  of  sun's  centre. .  14     7  46  48 
In  tliis  example,  the  error,  from  neglect-ing  the  cor- 
rections for  the  barometer  and  thermometer^   would 
have  been  14^'<64. 

Beins[  in  latitude  45*  norths  and  longitude  140*  ttfest 
on  the  M  Fab,  lh23,  at  18*'  apparent  time,  the  altitude 
of  the  moons  lower  Umh  wcls  observed  to  he  15*.  The 
height  of  the  eye  behii^^2feetf  the  barometer  ^8*7  inches, 
and  fbrrmometer  40^,  required  the  true  altitude  of  the 
moon  a  centre, 

h      m 

Longitude  of  the  ship  in  time,  west . .   9  20  Feb.  3(1. 
Apparent  time  at  the  ship,  add 18     0 

Apparent  time  at  Greenwich 3  20  Feb.  4tb. 

ys  hor.  eq.  par.  Feb.  4,   *     '      '^ 
at  3''  '3(J^^  from  Nuut.  Jim,      54  14*3 
Reduction  for  lat  .45°  from 

table    —     6  0 


True  horizontal  parallax 


54     S-3 
7 


Observed  altitude   }>sL.  L 13  O    O       M 

Depression  of  horizon     ..».—  430        ^ 

14  55  30     ■ 

Refraction —  3  ^  'i^| 

Barometer —  O     9 .3^H 

Thermometer -^  O     4*3^H 

Horizontal  semidiameter  for  4th  Feb.  at  ^H 

3'^  20^  frtim  the  Nautical  Jimatmc +  14  47  50 

Augment,  of  semidiameter  from  (tabic  2)  -f  O     800 

True  altitude  of   £  's  centre  above  the 

sensible  horizon  . . ,  .^^  •,^,« •«,,[. •^^ .  15  6  45' 16 

Parallax  in  altitude. . , • -|-  52   15'50 


True  altitude  of  j)  's  centre  . , 15  59     O-i 

Having  giten  the  true  aUitude  of  the  centre  of  the  i 

or  of  tht'  moun,  to  find  the  apparent  altitude. 

In  clearing  the  distance  of  the  sun  and  moon  i   _ 
the  effects  of  parallax  and  refraction^  it  is  necessary  1 
have  the  apparent  altitudes  of  tlieir  centres.     For  tl 
purpose,   the    usual   method  has  been   to  apply   tli 
semidiameter  to  the  apparent  altitude  of  the  liuibj 
but  as  the   semidiameter  is  affected  by  refniction  i 
well  a;^  lite  limb,  this  method  is  erroneous,  and  if  til 
altitutlc  should  be  small,   the  error  might   sensibljH 
atfect   the  accuracy    of  the   result.     This    has   becaj 
noticed  hi  a  very  useful  article.  "  On  the  methods  f/m 
correcting  lunar  obscrraiions,"  published  in  the  Joumill 
of  Science  of  tlie  Royal  Institution,  under  the  titk<  of  I 
Atitronomi^^al  and   Nuufuul    Colkctiom ;     and   wkic2if 
thoug:h  without  the  name  of  the  author,  there  id  W^ 
soil  to  believe  is  the  work  of  Dr.  Thomas  Youn^. 

To  find  the  apparent  altitude  of  the  centre  of  the  sw 

or  moon  from  the  true  altitude. 

Subtract  the  parallax  in  altitude,  and  add  tlie 
refraction  answering  to  the  remainder.  Apply  the 
corrections  for  the  barometer  and  thermometer  bdnre 
founds  in  obtaining  the  true  altitude  with  the  ik^ns 
changed.  The  result  will  be  the  apparent  altitude  of 
the  centre. 

Taking  the  last  example. 

The  true  altitude  of  the  ]>  s  centre  was    15  59    f>  w 
Subtract  the  parallax  in  altitude —  52  15  50 

15  6  4fil5 

Refraction  for  15*  6'  45^*    -f  3  m'O 

Barometer   .... +  O    9'33 

Thermometer —  O    4  j9 


cosine 


10"5218 
99847 


Parallax  in  altitude  , , , .  O  52  15  5    P.  L,       0  5371 


Apparent  altitude    . .  15  10  2?  8 
But  the  apparent  altitude  of  the  centre  may  be  more 
readily  obtained,  from  having  the  observed  altitude  of 
the  limb,  by  means  of  table^5,  taken  from  the  article 
in  the  journal  of  science  before  alluded  to. 

The  correction  given  in  this  table  is  the  effect  of 
refraction  at  different  altitudes  in  lesseniiig  the  true 
vertical  semidiameter  either  of  the  sun  or  mooa, 
whicli  for  this  purpose  may  be  considered  as  the 
same 
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ABtroBony.      Tke  observed  merictian  altitude  of  the  sun's  lower  limb, 
^^— V— ^  on  tlie  Sth  of  Dec.  1823,  was  as*'  29',  the  xenith  beU^  to 
the  north  of  the  sun,  the  ships  longitude  73°  east,  and 
the  height  of  the  eye  9SLfe€t\  required  the  latitude. 


Observed  altitude  of  Jupiter 
Depression  of  the  horizon  . . 


—     4 


4 


Apparent  altitude 
RdPraction    


50  20  56 
-     O  48 


Observed  altitude  of  0*s  L.  L. 
Depression  of  the  horizon  ... 


o  /  // 
25  29  O 
—     4  30 


True  meridian  altitude   50  SO    8 


Apparent  altitude  of  0*8  L.  L 25  24  30 

Refraction    —     2    2 

Parallax    .-f     0    8 

0*8  semidiameter    .',  -f  15  54 


Zenith  distance,  north    39  39  52 

Declination,         north    18  47  37 


Latitude, 


north    68  27 


True  altitude  of  0*s  centre    25  39  30 


Zenith  distance,  north  64  21  30 

0*s  declination,   south  22  18  14 


Latitude,  north 42    3  16 

The  ship's  longitude  being  73^  or  4'»  52™  east,  the 
corresponding  time  at  Greenwich  will  be  19**  8"  of  the 
4th  of  Dec.  for  which  time  the  sun's  declination  was 
computed  as  before  explained. 

The  meridian  altitude  of  the  planet  Jupiter  was 
observed  on  the  5th  of  Feb.  1823,  to  be  50°  25',  the 
zenith  being  to  the  north  of  the  planet  ,*  the  ship*s  longi' 
tude  24°  west,  and  the  height  of  the  et/e  IS  feet,  required 
the  latitude. 

h      m 

Time  of  the  observation  dt  the  ship  nearly*  • .    6  24 
Longitude  west  24°  in  time • • .     1  36 


Greenwich  time  nearly 8 


jQpiter's  dec.  at  Greenwich,  1st  Feb.  north. . 
Jupiter's  dec 7th  Feb.  north. . 

Variation  bf  declination  in  6  days. . 
Hence,  by  proportion,  the  declination  of  Jupiter,  the 
5th  of  Feb.  at  8^  is  north  18°  47'  37''. 


O 

18  44 
18  40 

0     5 


To  find  the  latitude  from  the  meridian  aliiiude  of  fAei 

Find  in  the  Nautical  Almanac  the  time  of  the  moon's 
passing  the  meridian  of  Greenwich  on  the  given  day. 
Take  also  the  difference  between  it  and  the  time  of 
the  transit  on  the  following  dayi  then  say,  as  84 
hours,  augmented  by  this  difference,  is  to  the  dilSn^ 
ence  of  the  daily  transit,  so  is  the  ship's  longitude  i& 
time,  to  a  fourth  proportional  |  which,  added  to  die 
time  of  the  moon's  transit  at  Greenwich  on  the  girea 
day,  if  the  longitude  be  west,  or  subtracted  from  it  if 
east,  the  sum  or  difference  will  be  nearly  the  apparent 
time  of  the  moon's  passage  over  the  meridian  of  the 
ship.  To  this  apply  the  longitude  in  time  as  before 
directed,  in  order  to  obtain  the  corresponding  time  it 
Greenwich. 

Compute  the  mood's  declination,  semidiameter,  and 
horizontal  parallax,  from  the  Nautical  Almanac  for 
the  Greenwich  time  thus  obtained  \  applying,  if  ntit 
accuracy  be  required,  the  ^nation  of  second  differ- 
ences to  the  proportional  variation  of  the  dedinalioa 
for  the  excess  of  the  given  time  beyond  noon  or  mid- 
night, as  the  omission  of  this  corrrection  may  occa- 
sion an  error  in  the  latitude  of  about  2|  minutes. 
Employ  the  horizontal  parallax  and  semimameter  m 
the  manner  before  directed,  to  find  the  pandkcx  in 
altitude,  and  the  augmentation  of  the  moon*s  nemi- 
diameter,  in  order  to  obtain  the  true  altitude  of  the 
nioon*8  centre,  and  thence  the  zenith  distance  ;  with 
which,  and  the  declination,  proceed  as  before  to  find 
the  latitiide. 


ExAMPItB. 

Feb.  I9th,  1823,  the  ship  being  in  longitude  4(f  west,  the  observed  meridian  altitude  of  the  moons  lower  Umb  was 
55^  6',  the  zenith  north  of  the  moon,  and  the  height  of  the  eye  16  feet  ^  required  the  latitude. 

h       m  ■ 

The  moon  passed  the  meridian  of  Greenwich,  19th  of  February,  1823 6  56     O 

Ditto  20th  of  February,  7   59     O 


Difference  of  the  ])  's  passage 1      3 

h      m  V 


As  25^  3»  :    l^  3™ 


2»»  40™   : 0     6   42 

To  which  add 6    56     O 


Apparent  time  of  ])  s  passing  the  meridian  of  the  ship. 
Ship's  longitude  west 


7      2   42 
2    40     O 


J's  declination,  February  18th,  at  midnight,  N 

Ditto  19th,  at  noon,  N 

Ditto  19th,  at  midnight,  N 

Ditto  20th,  at  noon,  N 


Corresponding  time  at  Greenwich    ....     9    42  43 
1st  diff.    ^d  diff.    Mean. 

42' 31^' 
16  22 
10  43 


25**  65'  46'' 
26  38  17 
26  51  39 
26  43  56 


26'   9' 
5  39 


''}l5'64'' 


*  This  will  be  nearly  the  same  as  the  time  of  the  planet's  passing  the  meridian  of  Greenwich,  and  may  be  token  from  the  yam*.  Aim. 
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,  than  ihnt  of  M.  Delambre.     But,  as  this  requires  as 
p^  many  references  to  tables,  mut  a  cor recUou  on  account 
of  the  change  in  the  ileeliuatiini  cjf  the  sunj   we  have 
been  induced  in  prefer  the  direct  process. 

In  the  Jstnmoitikat  and  Nauiical  collections  before 
mentioned,  under  tlie  head  of  '*  Parallax"  is  contained 
the  detail  of  Delaitibre's  method,  of  whicJi  we  shall 
avail  ourselves  j  atlding  snch  remarks  as  may  appear 
necessary  to  remove  any  practical  difficulty. 

In  tig.  7.  plate  1,  let  A  nnd  B  be  the  two  places  of 
the  sun  at  the  times  of  observation;  P  the  pole,  Z 
the  zenith.  Then  ZIJ  and  ZA  will  be  the  zenith 
ilistunces  ;  PA  and  PIl  the  polar  distances,  and  Al'B 
the  interval  between  the  observations  converted  into 
degrees,  he.  In  the  triangle  APB  we  have  the  two 
sides  PA  and  PB,  and  the  included  angle,  to  find  the 
third  side  AB»  In  the  same  triangle  APB,  the  three 
sides  are  now  given  to  find  either  of  the  angles  at  A 
or  B»  suppose  the  angle  BAP,  and  in  the  triangle 
AZB,  we  have  the  three  sides  to  find  the  angle 
EAZ. 

The  difference  between  the  angles  PAB  and  ZAB, 
(or  sometimes  their  sum  lietween  the  tropics)  will  be 
the  angle  PAZ,  snhtendeil  by  PZ,  the  conspEment  of 
latitude. 

Lastly,  in  the  triangle  PA/,  the  two  sides  AP  and 
AZ,  and  the  included  angle  PAZ,  are  given  to  find 
the  third  side  PZ,  the  compliment  of  latitude. 

R  u  les  for  dou  hie  a  il  i  iudes . 

Froro  the  obs^ncd  altitude.s,  find  the  true  nltitudcs 
of  the  sun's  centre.  Correct  the  lesser  altitude  for 
the  change  of  the  ship's  place  during  the  interval,  in 
the  following  manner  : — 

Find  the  angle  between  the  ship's  course  and  the 
sun  by  compiuis,  at  the  time  of  the  observation  of  the 
lesser  altitude.  With  this  angle  as  a  course,  and  the 
distance  sailed  in  the  interval,  enter  a  traverse  table, 
aiid  hnd  the  difference  of  latitude  answering  to 
the  ilistanee^  which  will  be  the  correction  of  the 
altitude. 

If  the  lesser  altitude  be  observed  in  the  forenoon, 
this  correct  if  m  is  to  be  added  to  it,  if  the  angle  be- 
tween the  ship's  course  and  the  sun  is  less  than  8 
}>oints ;  but  if  the  angle  is  greater  than  S  points,  the 
correction  is  to  be  subtracted  from  the  lesser  altitude. 
If  the  lesser  altitude  be  observed  in  the  afternoon, 
the  correction  is  to  be  subtracted  from  it,  should  the 
angle  between  the  ship's  course  and  the  sun  be  less 
than  8  points  j  but  if  m*>re,  the  correction  is  to  be 
adtled  to  the  lesser  altitude. 

The  change  of  the  shiji's  longitude  in  time  between 
the  observations  nmst  be  applied  to  the  elepsed  lime, 
by  adding  it  to  the  interval  when  sailing  eastward, 
or  by  subtracting  it  when  sailing  westward. 

Having  thus  corrected  the  lesser  altitude  and  the 
ijitcrval,  lind  the  declinations  for  the  times  of  obser- 
vation, and  thence  the  polar  distances  ;  then, 

I.  Add  together  the  logarithmic  sine  of  half  the 
sum  of  the  polar  distances  i  (PA-f  PB)^  and  the 
sine  of  half  the  interval  converted  into  space,  that 
is,  ^t;  and  the  sum  will  be  the  sine  of  half  the 
distance  AB. 

*2,  In  the  triangle  APB,  as  the  sine  of  AB  is  to  the 
sine  of  the  op|H)site  angle  APB  (—  t),  so  is  the  sine 
of  one  of  the  polar  distances,  for  instance,  PBj  to  the 
sine  of  the  opposite  an^le  PAB. 


3,  In  the  triangle  AZB^  wc  have  the  three  sides  ZA,  Nai 
ZB,  imd  AB,  to  find  the  angle  BAZ.  For  this  pur-  Aitm 
po.sc,  add  together  the  two  zenith  distances  ZA,  ZB,  ^ 
and  the  distance  AB  ;  and  from  the  half  sum  subtract 
in  succession  the  tw^o  sides  containing  the  required 
angle  ZA  and  AB :  add  together  the  sines  of  the  two 
remainders,  and  the  arithmetical  compliments  of  the 
sines  of  tlie  sides  containing  the  required  angle  ZA 
and  AB  ;  half  the  snm  of  these  four  logarithms  will 
be  the  sine  of  half  the  angle  sought  B.\Z. 

4.  The  tlifference  of  BAZ  and  PAB,  or  sometimes 
the  sum  between  the  tropics,  will  be  the  angle  PAZ, 
subtended  by  the  compliment  of  latitude  PZ,  fram 
the  sun's  place  A.  To  find  the  latitude,  take  out  the 
logarithmic  cosines  and  sines  of  the  sides  containing 
the  colatitude,  that  is,  of  AP  and  AZ  ;  and  under  the 
sines  set  down  the  cosine  of  the  included  angle  PAZ. 
Add  them  separately  together,  and  find  the  corres- 
ponding natural  numbers,  the  sum  of  which  wll 
be  the  natural  sine  of  the  latitude  5  and  its  loga- 
rithm, of  course,  the  logarithmic  sine.  But  if  the 
angle  PAB  lies  without  BAZ,  and  their  sum  emceeds 
a  right  angle,  the  cosine  becomes  negative,  and  the 
difference  of  the  natural  numbers  mast  be  taken  for 
the  natural  sine  of  the  latitude;  and  if  there  is  any 
doubt  in  the  computer's  mind,  it  will  be  easy  to  try 
both  suppositions. 

Not€. —  If  the  declination  is  very  stnalU  it  may 
sometimes  be  more  convenient  tr>  find  the  angle  PAB, 
from  the  three  sides  of  the  triangle,  as  in  the  3d  pre- 
cept, instead  of  by  the  2d. 

EXAIIPLRS. 

Let  the  hxo  zenith  distances  corrected  he  ZA  =s^T3^  64' 
1.1"  ZB  =  47^4-/  5r,  the  dfcUnationM  8°  IS*  and  8' 
15'  norths  and  the  intcrvtd  of  time  three  hours;  or  PA 
=  81    42',  PH  =  81°  45',  and  APB  =  45^ 

Note.^-lt  will  he  found  conveniient,  and  tend  much 
to  prevent  mistakes,  to  draw  a  rough  figure^  and 
mark  the  sides  given,  thus — 
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PA  =  81  42     D 

PB  =  81  45     0 


163  27     O 


1.  ^  (PA  +  PB)  :^  81  43  3D      , ,  sine,  •  • .  ^-^954547 
U  =  22  30    0      , .  sine 9  582S397 


J  .\B  =  22  15  11-3  * .  sine. , , .  9  5782944 
2 


AB  =  44  30  22  6 
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lomy. 


AB  =  44  30  ^-6  sine  co.ar 

APB  =  45     0     0     . .  sine  . . . 

FB  =81  45    0     ..sine,.. 

.01542.^98 
,  9-8494850 
.  9  9954822 

FAB  =  S6  38  58     . .  sine  . . . 

ZB  =  47  45  51 

ZA  =  73  54   13    sine  CO,  ar. 
AB  ^  44  30  23   sine  co.  ar. 

.  99992570 

00173686 
0' 1542898 

sum  , .  l(1G  10  27 

4  sum    S3     5  13-5 
I  sum  —  ZA  =    9  11     0^5    sine 
I  sum  —  AB  —  38  34  50  5   sine 


BAZ  =22  3G  26  6  sine.. 
2 


. ..    9*2030232 

, ..   97949174 

2)19-1695990 
. ,     9-5847995 


BAZ  =  45   12  53 

FAB  =  m  38  58 


PAZ  =  41  26     5 

PA  cosine  9*1594354     PA  sine  . . , .  9'9954271 

ZA  cosine  9'442S7SO     ZA  sine 998263 14 

PAZ  cosine..  9-874S934 


I 


Log,..   9  8529519 


•040023  Log.  S-6023134 
71^774 

T52797  Log,  9  876G779  =  log.  sine  48°  SO',  the 
latitude  required. 

I^i  ike  two  zenUh  distances  corrected  be  ZA  =  54"^ 
89'  ZB  =:  19°  59'.       The  declinatimx  B°  31'  G",   and 
.;  5^  28^  54"'  south,  and  the  intervat  of  time  2^  20"*  j  or  PA 

K      =  95°  31'  6 ',  PB  =  95"^  23^  54"^  and  APB  =  35° . 

k  ^ 

PA  =  95-  31^   6" 

PB  —  95    23  54 


191      O     O 


1.     I  (PA+PB)  =    95  30    0  sine 999799 

I  ^  =    17  30     0  sine 9  47814 


I  AB  =    17  25     O  sine 
2 


9  47613 


AB  =    34  50     O 

AB  =    34  50     O  sine  co.ar...    0  24322 

APB  =    35     0     O  sine 9  75859 

PB  =    95  28  54  sine 9  99801 

88  21  ID  sine 9  99982 

VAB  ^    91  38  50  (the  supplement.) 


I  SI 


ZB== 
ZA  = 
AB  = 

0 

19 
54 
34 

/ 
59 

39 
50 

0 
0 
0 

sine  CO. 
sine  CO, 

sine  . . 

ar...   0  08851 
ar...    0^24322 

«um 

109 

28 

0 

i  sum 
1  —  ZA  — 

54 
0 

19 

1 

44 

5 

54 

52 

0 
0 
0 

5 
2 

. ...    7-162G9 

a-- AB  = 

sine  . , 

. . . .     9  53196 

:3ine  ,, 

2)  17-02638 

I  BAZ  = 

. ...     8  51319 

BAZ  = 
FAB  = 

3 
91 

44 
3S 

10 
50 

N^uUcaI 
AstrunomVt 


PAZ  =    87  54  40 

4,         PA  cosine  8 9S288     PA  sine 9997 98 

ZA  cosine  9  7G235     ZA  sine 9-91149 

■055620  Loc:-  874523  PAZ  cosine 8-56169 

029591  Log 8  47II6 

026029  Log.  8*4154575  =  log.  sine  1°29^  28''  the 
latitude  rectuired. 

Note.  With  that  zenith  distance  which  wns  taken 
furthest  from  the  meridian,  suppose  PA,  the  co-lati- 
tude ZPj  and  tlie  pokr  distance  PA,  the  angle  ZPA 
may  be  computed  by  prccejit  3d  ;  and  this,  con\ened 
into  time,  is  the  apptirent  time  from  noon,  when  the 
observation  was  taken  ^  to  which  the  equation  of 
time  being  apjilied^  the  error  of  the  watch  will  be 
known. 

To  find  the  latitude  front  the  ahitudes  of  two  fixed  start 
observed  at  the  same  fmie,  havhtg  given  their  polar  dis^ 
tanceSj  and  their  difference  of  right  ascension. 

This  method  of  determining  the  latitude  has  many 
advantages  over  that  last  described  ;  for,  no  inaccu- 
racy can  arise  from  an  erroneous  estimate  of  the 
change  of  the  ship's  place  between  the  observations 
as  they  are  completed  at  the  same  time  ;  and  the 
risk  of  losing  the  second  observation  of  the  sun  from 
unfavoyrable  weather  is  avoided.  The  difficulty  of 
fleeing  the  horizon  of  the  sea,  at  night,  is  the  inconve- 
nience to  which  this  method  is  liable ;  but  this  may 
be  obviated  by  using  either  of  the  instruments,  which 
will  be  described,  for  taking  altitudes  at  sea  when  the 
horizon  is  not  visible. 

The  solution  of  this  problem  depends  on  the  same 
principles  as  that  of  the  last.  The  polar  distances  of 
tlie  two  stars,  and  their  diflference  of  right  ascension 
are  given,  beirjg  the  two  sides  of  a  spherical  triangle 
and  the  included  angle,  to  (ind,  in  the  lirst  place,  the 
third  side  AB.  But  as  the  difference  of  the  polar 
distances  *if  the  two  stars  may  be  considerable,  it 
becomes  necessary  to  compute  the  side  AB,  more 
rigorously  than  In  the  case  of  the  sun,  in  which  the 
difference  of  declination  being  small,  the  1st  precept 
given,  although  an  approximation  was  sufficiently 
accurate. 
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Agronomy.  In  making  the  observatiops>  take  the  altitude  of  one 
^— V^  star,  and  note  the  time  by  a  watch  5  then  the  altitude 
of  the  other  star,  noting  the  time,  and  then  again  the 
altitude  of  the  second  star  with  the  corresponding 
time.  From  the  change  of  altitude  of  the  second 
star>  and  the  interval,  its  altitude  for  the  instant  when 
the  first  star  was  observed,  may  be  known  by  simple 
proportion. 

In  order  to  compute  the  distance  of  the  two  stars, 
proceed  as  follows. 

Rule. 

Take  out  the  logarithmic  cosines  and  sines  of  the 
two  polar  distances  PA  and  PB,  and  under  the  sines 
set  down  the  cosine  of  the  difference  in  right  ascen- 
sion of  the  two  stars  converted  into  degrees,  &c.  or 
the  angle  APB.  Add  them  separately  together,  and 
find  the  corresponding  natural  numbers,  the  sum  of 
which,  or  their  difference,  if  either  polar  distance 
exceeds  90°,  will  be  the  natural  cosine  of  the  distance 
of  the  two  stars  AB ;  and  its  logarithm,  of  course, 
the  logarithmic  cosine. 

The  remainder  of  the  operation  for  finding  the  lati- 
tude, is  precisely  the  same  as  in  the  last  problem^ 
commencing  with  the  second  precept. 

To  insure  greater  accuracy,  stars,  when  near  the 
zenith,  should  not  be  used. 

Example. 

Lei  Hie  corrected  zenith  distance  of  Capella  be  29°  14^ 
584^' =  ZA,  and  that  of  Sirius  be  72°  6'  48''=  ZB. 
The  polar  distance  of  CapeUa  PA  =  44°  11'  39",  tiMt 
of  Sinus  PB  =  106°  28^  40'',  and  the  difference  of  their 
right  ascensions  l^  33"  45*  or  APB  =  23'  26'  11'',  re- 
guired  the  latitude. 

1.         PA  cosine  . .  9*8555080    PA  sine. .  9*8432902 
PB  cosine  . .  9*4527728    PB  sine. .  9-9817868 


•203367  Log . .  9  3082808  APB  cosine  9*9626071 

•613316 ^  .  Log. .  9*7876841 

Diff.  409949  Log  . .  9*6127298  =  log.  cosine  65®  47' 
54''  =  AB. 


AB  =  65°  47'  54  sine"  CO.  ar.  0*0399536    N« 

APB  =  23   26  11  sine  . . 9  5995891  ^^^ 

PB=106    28  40  sine   ..;.;.  99817868  ^—^ 

24  '43  04 sine  9*6213295 


PAB  =  155  16  56  (the  suK>lcment.) 


3. 


ZB  =    72     5  48 

ZA  =    29  14  24  sine  co.ar.  0*3111631 

AB  =    65  47  54  sine  co.ar.  0  0399536 


sum  167    8  06 


i  sum    83  34  03 

sum  —  ZA  =    54  19  39  sine 9*9097504 

sum  -  AB  =    17  46  09  sine 9*4845601 

2)19  7454272 

i  BAZ  =    48  14  29 sine  9*8727136 

2. 


BAZ  =    96  28  58 
PAB  =  155  16  56 

PAZ  =    68  47  58 

PA  cosine  9*8555080    PA  ^me  . . 
ZA  cosine  9*9408059    ZA  sine  . . 

..    9*8432902 
..    9  6888369 

•625619  Log.  9  7963099  PAZ  cos   . . 

..    9*7143694 

•176395 Log. 

..    9  2464865 

•802014  Log.  9  9041820  =  Log.  sine  53°  19' 22^ 
the  latitude  required. 

In  the  Nautical  Almanac  for  1825,  Dr.  Brinkley  has 
given  a  new  method  of  solving  the  preceding  pro- 
blem, from  which  we  have  taken  the  liberty  of 
extracting  the  distances  of  those  stars  most  conve- 
niently situated  for  the  purpose,  and  have  added  their 
difference  of  right  ascension  in  space.  These  data  will 
much  fecilitate  the  operation  of  finding  the  latitude 
as  the  distance  AB,  and  the  difference  of  right  ascen- 
sion APB  need  not  be  computed. 
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Table  I* — For  north  latitude. 


Pain  of  itara. 


Capella   1 

Sirios J 

Capella   1 

Pro*:)  on  * J 

Procyon ) 

Spica  Virginis    J 

Procyon  ......  1 

Arciiirua  *  . ,  . .  I 

Arcturus     .  •  -  *  1 
Antares J 

Antares  ,.,...  1 
a  Lyra*   , J 

Spica  Virginis    1 
Antares i 

Antares \ 

Fomalhaufc ....  J 

a  Lyra;    ....,.) 
Fomalhaut .  . . ,  I 

Arcturus     •  *  ♦ .  1 
«  Lyrae    , . ,  J 


North  pol&r 

distance  for 

1822. 


44  11  39 
106  m   39 


44  II  39 

84  19  33 


84  19  33 
lOO  13  41 


84  19  33 
69  53  10 


m   53  10 
116  1  33 


116  1  33 
51  99  33 


100  13  41 
116  1  33 


116  1  33 

120  33  4B 


51  22  33 
120  33  48 


69  53  10 
51  22  33 


Change  m 
10  years. 


—  46 
+   44 


—     46 
+  85 


+  85 
+  190 


+  83 
+  190 


-f  190 
+   86 


+    m 

—     30 


4-  190 
+  8G 


+  86 
-  191 


—  30 

-  191 


+  190 
"  30 


Dbtauce 

(AB) 
f*>r  1B22. 


o  /   // 
65  47  54 


51  6  59 


87  32  33 


96  48  13 


56  1  25 


71  41  14 


45  54  15 


62  50  50 


91  25  20 


59  O  34 


Change  in, 
10  years. 


+0     3 


0     O 


+0     2 


+0     2 


^o    7 


^0     4 


+  0     1 


+0     2 


+0     3 


+  0  24 


Dift  of  rij^ht 

a^censiwB 

(Al'».) 


23  26  11 


36  36  23 


%^  27  41 


99  23  29 


32  44  10 


33     6  21 


45  39  57 


97  19  31 


64  13  10 


65  50  31 


Chani^e 
iti  10 
yean. 


—270 


—  189 


—     1 


-  63 


+  139 


-244 


4-  7S 


-  48 


+  196 


-105 


Table  II. — For  south  latitude. 


Nautical 
Astronomy* 


Fairs  of  stars. 

Sou  til  polai 

distance  for 

1822. 

Changie  in 
10  yean. 

Distance  (AB) 
for  1322* 

Chan^  in 
10  yean. 

DiC  of  right 

ascension 

CA?BJ 

Change 

in  id 
ycjirs. 

Archemar  . . , .  ] 
Fomalhaut | 

32  35  24 
59  26  12 

+ 

+ 

// 
186 

191 

39     7  20 

—0     1 

xi      i       tt 

40  49  23 

+260 

Rlgel .) 

Sinus  , , J 

81  35   10 
73  31  21 

+ 

49 
44 

23  40  35 

+0     5 

22  49  42 

—  40  1 

Canopus.  ..,..] 
Procyon J 

37  19  36 
95  40  27 

«. 

16 
85 

60     S  28 

—0  10 

17  29  33 

+  270 

Sirius 1 

^  Argus  .....  J 

73  31  21 
21     0  48 

— 

44 
148 

57  43  43 

^0    7 

38  27  15 

-277 

a  Crucis 1 

Spica  \lrgini3     i 

27  53  12 
79  46  19 

— 

200 

190 

52  58  54  [ 

+0     1 

14  45  15 

-  12 

Spica  Virginia    ) 
n  Centauri  ,  .  ,  .  ) 

79  46  19 
29  58  20 

— 

19U 
163 

51  40  18 

+0    2 

18     4  30 

+  190 

Spica  Virgin  is     1 
Antares  ......  J 

79  46  19  ' 
63  58  27 

— 

19<»  ' 
86  j 

45  54   15 

+0     1 

45  39  57 

+  78 

?0L*    HI, 


4    L 
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AatTonomr.      Having  the    time  the  sunx  diameter  takes  to  pasi  a 
^■"V*^  honz(tnial  linej  tojind  the  iaiiiude  of  the  place  of  obseT' 
vation, 

Tliis  problem,  which  Eiay  perhqjs  sometimes  be 

found  useful,  is  taken  from  '*  Selections  from  the  addi- 
tions that  have  been  occasionally  annexed  to  the 
Nautical  Almamac,'* 

Rule. 
From  the  proportional  logarithm  of  the  observed 

time,  the  index  being  increased  by  10,  subtract  the  pro- 
portional logarithm  of  the  time  the  sun's  diameter  takes 
to  pass  the  meridian,  found  by  doubling-  the  time  of 
the  semidiameter  set  down  in  the  Nfjufkal  Almtmac, 
the  remainder  is  the  logarithmic  sine  of  the  angle  of 
position. 

To  the  logarithmic  cosine  of  this  angle  add  the 
logarithmic  cosine  of  the  sun*s  declination  ;  the  stim, 
rejecting  10  from  the  iiidex^  is  the  logarithmic  sim^  of 
the  latitude  exactly,  if  the  obsen'ation  was  made  of 
the  sun's  rising  through  the  horizon,  otherwise  only 
nearly  to  be  corrected  as  follows  : 

Add  together  the  logarithmic  sine  of  the  altitude, 
the  logarithmic  sine  of  the  declination,  and  the 
logarithmic  secant  of  the  latitude ;  the  simi,  rejecting 
50  from  the  index,  is  the  logarithmic  sine  of  the  first 
correction  to  be  added ,  if  the  latitude  and  declination 
are  both  of  the  same  name,  otherwise  subtracted. 

Add  together  the  logarithmic  tangent  of  the  latitude, 
and  the  logarithmic  versed  sine  of  the  altitude,  the 
sum  rejecting  10  from  the  index  b  the  logarithmic 
sine  of  the  second  correction  to  be  always  subtracted. 

Suppose  December  9lst,  1774,  the  time  of  the  suti*s 
diameter  risittg  Ihrough  the  horizon  of  the  iea  was  observed 
to  be  7""  20*  i   to  find  the  latitude  of  the  ship. 

Observed  time  7™  20^  prop.  log.. 1 13899 

Time  of  0*s  diam.  passing  mer,  £"*  S^'-S  p.  1.    1'8S04 

Angle  of  position*  18"  51'|  sine  , 9"5095 

Cosine  angle  of  position 9  97608 

Cosine  declination,  23"  28'  ., ..  ,,9'9<?25l 

Latitude,  60^  15'  sine 9'93859 

Example  2. 

Suppose  thM  same  day  the  sun  was  observed  to  take  5™ 
18'  in  rising  through  a  space  equal  to  his  diameter,  th^ 
mean  altittide  being  5*.     To  find  the  latitude. 

Observed  time,  6™  18»  prop,  log 11-5310 

Time  of  O's  diameter,  passing  mer.  prop.  log.    1-8804 

Angle  of  position,  2^°  34'  sine    9-6506 

Cosine  angle  of  position 9  95154 

Cosine  decllaatioa * . .  9'962S1 


Approx.  lat.  55"  7'  50^'    sine, . , . 9  91405 

Sine  alt.. 8  9403, ...  V.  S.  alt 75804 

Sine  dec 9*6001  * . . .  tang.  lat.    ,  ,10'  15G9 

Sec.  lat. . . 10  2428  2d  cor.  13' 50^'. ,  7  7373 


1st  oor.3^  28^50" sine  87832. 


Approx.  lat.    . , , 55     7  SO  Astv 

1st  cor, S  28  50  ^*— 

51   39     O 
2d  cor.    —   18  5U 

Latitude • ...  51  20  10 

To  find  the  latitude  hj  the  altitude  of  ike  pole  star  when 
not  on  the  meridian^ 

This  method  of  finding  the  latttode  is  lo  convenient 
that  it  dcsen  es  particular  attention.  It  is  not  con- 
fined to  any  precise  hourj  as  is  the  case  with  meri- 
dian altitudes^  but  may  be  emploTcd  during  the 
whole  night  whenever  the  pole  star  is  visible  j 
for  even  though  the  horizon  should  not  be  seen, 
the  instrument,  which  will  be  described,  for  tuking 
altitudes  under  such  circ\jmstance^  may  be  used  j 
and  by  employing  the  mean  of  several  observa- 
tions, will  be  found,  on  most  occasions,  sufficiently 
accurate. 

The  importance  of  repeatedly  ascertaining  the  lati- 
tude on  approaching  the  English  channel  at  night  is 
well  known  to  every  seaman  ^  and,  we  believe,  the 
usual  practice  in  such  a  case,  particularly  in  rough 
weather,  is  to  lay-to  till  the  next  morning.  Wc  have 
however  known  an  oflficer  of  the  British  na^-y,  with 
that  confidence  and  decision  which  superior  science 
confers  J  run  his  frigate  boldly  up  the  channel  at  the 
rate  of  eleven  knots  an  hour,  in  a  dark  squally  night, 
which  allowed  only  occasional  glimpses  of  the  pole 
star  between  flying  clouds,  and  find  himself  off  Ply- 
mouth the  next  morning  at  day  break. 

The  following  method,  which  is  due  to  M.  Littrow, 
IS  equally  valuable  for  its  simplicity  and  accuracy. 
The  data  required  are  the  observed  altitude  of  the 
pole  star,  and  the  corresponding  apparent  time  at  tht; 
ship,  from  which  the  latitude  may  be  found  in  the 
following  manner  ; 

AV'ith  the  npparent  time  of  obser\'ation  and  the 
longitude,  find  the  corresponding  time  at  Greenwich  ; 
for  which  take  the  right  ascension  of  the  sun  from  the 
Nautical  Almanac,  and  add  it  to  the  apparent  time  at 
the  ship.  The  sum  rejecting  24  hours,  if  necessary, 
will  be  the  sidereal  time,  or  the  right  ascension  of 
the  meridian. 

From  th«  right  ascension  of  the  meridian  subtract 
the  right  ascension  of  the  pole  star  j  the  remainder 
will  be  the  distance  of  the  pole  star  from  die  meridian 
in  sidereal  time. 

Enter  the  annexed  table,  and  seek  this  time  in  one 
of  the  columns,  entitled  "  Distance  from  the  mtri' 
dian,"  and  take  out  the  corresponding  first  correction, 
subtracting  the  annual  'variation  if  necessary  |  take  out 
also  the  logarithm  of  A. 

Apply  the  first  correction  with  the  sign  at  the 
top  of  the  column,  in  which  the  distance  from  the 
meridian  was  found,  to  the  true  altitude  of  the  pole 
star. 

To  the  logarithm  of  A  add  the  logarithmic  tangent 
of  the  altitude  ;  the  sum  will  be  the  logarithm  of  a 
further  correction  in  seconds  \  which  being  always 
added  to  the  number  before  founds  the  result  will  be 
the  latitude. 
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iVb*e.*— The  *  miii*a  right  ascensidiv  for  the  comes*     ^/mcrmM;  with  sufficient  accuracy  for  the  present  pur-   Kiutieil 
pomling  time  at  Greenwich  may  be  taken  fi^m  the    pose  by  estimation**  ^^'**^' 


Example. 

The  S3d  of  June,  1824^  in  hngitude  30*  west,  the  following  altitudes  ttert  t^ktn  qf  ike  pole  star,  ike  height  of  the 

eye  being  20  feet  3  required  ike  latitude. 


Mean  time 


h  m   B 
6  34  ^4 
8  39    0 
8  40  44 


Mean, 8  38    3 

Lon^tude  in  time,  add 9    0    O 


Mean  time  at  Greenwich   *,«,••*,..    10  3d    3 
Equation  time * , , ,    '—     161 


Apparent  time  at  Greenwich 10  36  19 

©*s  right  ascension ••..,,.•  610  0 

Right  ascension  of  the  meridian   .,,.  16  46  12 

Right  ascension  of  pole  star  «,.••,«,«  O  5B  1 


^'3  distance  from  the  meridian 


15  48  11 


Obseired  altitude. 


50  38  20 
60  40  20 
60  ^  10 


Mean    . . , ,  60  33  37 
Dep,  of  Horizon. .  —     4  17 


50  29  20 
Refraction  . ,   ^     O  48 


True  altitude 50  28  32  tangent . ,  100989 

1st  correction,..*    +  53  14  log.  A    ..     1  7G85 


61  21  46 


+      1   14  =  74"  Log,  18674 


Latitude  required    51  23    O 


S5IA  rfJune,  1824^  in  Umgitude  16^  wett,  the  aliiiude  oftJtepoU  star  totw  ohserved  to  be  47^  6'  at  12"^  14*  of 
mean  tUm,  the  height  of  the  eye  being  20  feet  1  required  the  Intiti^e, 


h    m    s 

Mean  time   . , . .   12  14    0 

Longitude  in  time^  add 1     4     0 


Mean  time  at  Greenwich   •• ,*«    13  18    o 

Equation  of  time • — <     217 


Apparent  time  at  Greenwich 13  15  43 

0*s  right  ascension    6  19    Q 

Kight  ascension  of  the  meridian  ^,  • » .  19  34  43 

Right  ascension  of  the  pole  star    * . . .  0  58     1 

4f  *s  distance  from  the  meridian  ,*»,*«  18  36  42 


ObficiTed  jdtituda* 


,,.•.,. ,..•,47     5     O 

Dep,  of  the  horizon  —     4  17 


47    O  43 
Refraction  .  •    —     0  54 


True  altitude  . . , .   46  59  49  tangent , 
1st  correction....    ^  15  43  log.  A    . 


100455 

1-9098 


46  44     6 


+      \  30  ^90^' log.    1*9553 


Latitude  required    46  45  36 


*  The  formula  from  which  tlie  above  method  is  tjikcn,  is  10  Admkmbty  adapted  to  detfirmlii«  the  latitude  on  sliore  with  Teiy 
|frc*t  precision  and  canTeaieace,  tkat  we  shall  here  subjoin  it. 

Let  a  ^  the  co-latttude  sought. 
#  . .  the  zenith  dtataace. 
p  * .  the  polar  illttajicc, 
f  . .  the  hour  uiigle.    Then 
a  =  s  +  p  cos  t  —  A  cotang.  &  +  fl. 
Where  A  s=  J  p*  sin  '/  sin  1"* 

and  B  =  ^  ^  sin  ^  cosine  t  sia^  V\ 
NHtk-^ln  the  second  lad  third  quadrant  of  t,  the  Tslue  of  B  u  neg atlre« 
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i,_^^_^*  Table  for  finding  the  latitude  by  the  altitude  of  the  p<yk 


J 


star. 


Distance  from  the 

1st 

Annual 

Meridian, 

Correc- 

varia- 

tion. 

« 

tion « 

— 

+ 

+ 

— 

h      m 

h      m 

h     ut 

l»     m 

0      /       // 

*t 

0     0 

12  0 

12  0 

24   0 

1  37  48 

19  45 

10 

50 

10 

50 

1  37  42 

19*41 

92009 

^0 

40 

20 

40 

1  37  26 

19  37 

9  8021 

30 

3(J 

30 

30 

I  36  58 

i  19-28 

0*1529 

40 

20 

40 

20 

I  36   19 

1915 

04O09 

50 

10 

50 

10 

1   35  30 

18-97 

0-5921 

1     0 

11   0 

13  0 

23  n 

1   34  28 

18SO 

0-7475 

10 

50 

10 

50 

I  33  ir 

1854 

U'S777 

20 

40 

20 

40 

1   31   54 

18-30 

0  9897    1 

m 

30 

30 

30 

I   30  21 

ir9!> 

IO87I 

40 

■eo 

40 

20 

I  28  38  , 

17*62 

117:13 

50; 

lo; 

50l 

10 

1   26  45 

1726 

l"25m 

^     0 

10  0 

14  0 

22  0 

1   24  42 

1683 

13195 

10 

50 

lo 

50 

1  22  29 

1641 

1-3819 

20 

40 

20 

40 

1  20     7 

1592 

1-4387 

30 

30 

30 

30 

1   17  36 

15-42 

1  4903 

40 

*20 

40 

20 

1    14  55 

14[>0 

15377 

50 

10 

50 

10 

1   12     7 

14  36 

1-5,409 

3     0 

9  O 

15  0 

21  0 

19     9 

1374 

1  6205 

10 

60 

10 

50 

1     6     5 

13  15 

1-6569 

20 

40 

20 

40 

I     2  52 

12  51 

1'6899 

30 

30 

30 

30 

0  59  32 

1184 

1  7205 

40 

20 

40 

20 

0  56     6 

1117 

1-7483 

50 

10 

50 

10 

0  52  33 

10  45  j 

17735 

4     0 

8  O 

16  0 

20  0 

0  48  54 

973 

1"7965 

10 

50 

10 

50 

0  45    10 

8*98 

1-8173 

20 

40 

20 

40 

0  41    19 

8-22 

V8361 

30 

30 

30 

30 

0  37  26 

745 

18527 

4i> 

20 

40 

20 

0  33  27 

nm 

1-8675 

50 

10 

50 

10 

0  29  25 

585 

18803 

5     0 

7  0 

17  0 

19  0 

O  23   19 

504 

18915 

10 

50 

10 

50 

O  21    10 

4  21  ' 

1-9O07 

20 

40 

20 

40 

0  16  59 

3-38  1 

1-9081 

30 

30 

30 

30 

0   12  46 

2-54 

19139 

40 

20 

40 

20 

0     8  32 

170 

1  91H1 

50 

lu 

50 

10 

O     4   16 

0'85 

1*9207 

6     0 

6  0, 

18  0, 

18  0 

0     0     O 

o-oo 

19215 

Tkis  Table  is  calculated  for  1824  :  for  any  follow- 
ing year  the  annual  variation  must  be  subtracted 
from  the  lirst  correction,  and  the  quantity  A  dimi- 
nished To  IT  parts  for  each  minute  of  diminution  in 
the  polar  distance  of  the  Pole  Star.  The  variation  of 
A  is,  however,  so  small  that  for  many  years  it  may  be 
neglected  at  sea. 

Of  longitude. 

The  longitude  of  a  place  hasi  been  defined  to  be  an 
'*  arc  of  the  etpiator  comprised  between  the  meridian 
of  that  place  and  the  firsl  meridian."  This  arc  may 
be  expressed  cither  in  degrees  or  in  time.  To  find  the 
difference  of  longitude  therefore  between  any  two 
places,  is  to  fmd  their  difference  of  time.  When  the 
sun  is  on  the  meridian  of  any  plaee  in  west  longitude, 
lie  lias  evidently  passed  the  first  meridian^  and  it  will 


there  be  afternoon ;  and  on  the  contrary,  wbcn  it  k  W 
apparent  noon  in  cast  longitude,  the  sun  will  not  liave^ 
arrived  at  the  first  meridian,   where^  cousequentlv,  it 

must  be  before  noon. 

The  essence  of  this  problem  then,  so  ertrenaeli 
important  in  nautical  astronomy,  consists  in  <inclm| 
what  o'clock  jt  is  at  two  places  at  the  same  instant. 

However  simple  this  may  at  first  sight  appear,  il 
is  attended  with  so   many  practical   dilhcultiea,  tin 
large  rewards  have  been,  and  still  are  offered  for  ii 
more  perfect  attainment. 

The  time  at  the  shi}>  may  be  readily  and  necuratel; 
obtained  by  altiiu<les  of  the  sun,  or  of  stars,  taken  whei 
at  a  distance  from  the  meridian.  The  difficulty  there- 
fore consists  in  finding  the  time  for  the  same  inst; 
at  (trecnmch. 

The  obvious  mode  of  effecting  this,  it  should  seenij 
woidd   be  to    take  a  chronometer  from  Green%vici 
which  being  previously  set  to  the  time  at  that  placi 
wonld  always  indicate  it  when   required    by    simp] 
inspection.     Nothing  then  would  be  necessary  but 
detennine  the  time  at  the  ship,  and  note  the  corres- 
ponding time  shewn  by  the  chronometer  j   the  differ-' 
ence  of  which  being  converted  into  degrees,  would 
give  at  once  the  longitude  of  the  ship. 

But  though  chronometers  have  attained  a  very  ^re^ 
degree  of  perfection,  they  are  still  subject  to  so  man^ 
possible  variations,  besides  being  liable  to  accident^^ 
that  though  they  are  of  the  utmost  importance  at  sea, 
it  woidd  not  be  safe  to  place  an  implicit  reliance  upoi 
them,  witliout  the  occasional  check  of  some  method 
less  under  the  in  Hue  nee  of  casual  derangements. 

Suppose  some  instantaneous  phenomenon  wer0 
known  to  tiike  place  at  a  particular  moment  of  Green- 
wich time.  If  this  phenomenon  could  be  obserred 
from  the  ship  and  the  time  noted,  the  correfpondio^ 
time  at  Greenwich  being  known,  the  longitude  of  the 
sliip  would  be  obtained,  llius,  if  it  lie  known  that 
the  beginning  of  an  eclipse  of  the  moon  is  to  take 
place  at  6''*  of  Greenwich  time,  and  it  is  observed  at 
the  ship  to  commence  at  11  o'clock,  the  differences 
hours,  or  75  degrees^  will  be  the  longitude  of  the  ship 
east  of  G ree n w i ch . 

The  eclipses  of  Jupiter's  satellites,  also  being  eaku- 
lated  for  the  meridian  of  Greenwich,  may  be  employed 
for  the  same  purpose.  For  the  Greenwich  time  at 
which  the  eclipse  will  take  place  being  known*  and 
the  time  at  which  it  was  obsened  at  the  ship,  the 
longitude  may  be  deduced  in  the  some  manner  as  by 
an  eclipse  of  the  moon. 

Both  these  methods  of  determining  the  longitude 
are  however  of  little  value.  An  eclipse  of  the  moon 
happens  but  seldom,  and  then  it  is  ver\'  difficult,  on 
account  of  the  penumbra  which  surrounds  the  shadow 
of  the  earth,  to  determine  the  preeise  time  of  its  couj- 
mencement  j  and  though  Mr.  Lecount,  a  midshipman 
in  the  British  navy,  has  succeeded  in  observing  the 
eclipses  of  Jupiter's  satellites  at  sea,  and  has  thus 
proved  the  possibility  of  that  which  was  before  doubt- 
fill  ;  yet,  as  these  eclipses  are  invisible,  a  part  of  the 
5'ear,  during  the  vicinity  of  Jupiter  to  the  sun,  they 
are  little  adapted  to  supply  the  every  day  exigendea 
of  the  navigator. 

As  the  distance  of  the  moon  from  the  fixed  stars 
which  are  situated  near  her  path,  varies  about  half 
a  degree  in  one  hour,  her  change  of  place  is  sufficiently 
rapid  to  become  perceptible  in  a  very  small  portion 
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Attronomj*  k     m     ■ 

Sidereal   time   elapsed  since  apparent 

noon    _.,...._ 811  25*1 

Acrelenitioii  of  sidereal  on  mean  sidar 

time  for  8'*  11*"  ^5'  from  tabic  G  . , . ,      0     1  ^0*5 


Mean  time  elapsed  since  apparent  noon      U  10     46 
Equation  of  time  for  apparent  noon    . »  —  O     1   15'<5 


Mean  time  from  mean  noon,  commonly 

called  the  hour  of  the  day 8     8  490 

^t  what  hour  of  mean  time  wiU  Rtguba  be  upon  ihe 
meridian  ihe  1st  March,   Vb*i3, 

Kight  ascension  of  Regulus,  or  sidereal 

time     , .  , , 9  58  B€4 

Subtract  0's  right  ascension  for  Itt 

March  at  noon .....*    2^  46  419 


Sidereal  time   elapted   since   apparent 

noon _,..•- 11  IS  14-50 

Acceleration  of  sidereal  on  mean  solar 

time  for  U**  1*2"^  14  50*  from  Table  G     —      1  50"  14 


motion  should  be  avoided,  and  particularly  any  cireu*  m 
tar  horizontal  movement,  as  this  would  accelerate  or  Am 
retard  the  vibrations  of  the  balance.  Attention  should  W 
be  paid  to  wind  up  the  chronometer  carefully,  and  \ 
the  same  hour  every  day,  in  order  that  the  same  pof 
tion  of  the  main  spring  may  be  constantly  employe  " 
and  thus  the  prevalence  of  any  partial  irreg-ularity  1 
avoided. 

It  is  necessary  before  a  voyage  to  know  the  rate  < 
the  chronometer  j  that  is,  how  much  it  gains  or  lo 
in  a  day.  From  this,  and  its  ascertained  difierene 
from  the  time  at  Greenwich ^  at  a  certain  date  th 
Greenwich  time  may  be  obtained  in  any  longitudes 
by  multiplying  the  rate  by  the  number  of  days  Ifa 
have  elapsed  since  the  error  of  the  chronometer  f 
Greenwich  was  ascertained,  and  applying  this  togcth 
with  the  error  to  the  time  shewn  by  the  chronometer** 
Great  care  then  is  necessary  in  finding  the  rate  of  a  a 
chronometer^  and  this  is  best  done  in  a  fixed  obeer^  — 
vatory,  but  as  chronometers  have  not  yet  attained^ 
perfection,  the  rate  may  xttry  and  we  shall  subse---- 
quently  give  some  instructions  as  to  the  mode  of  ex«- 
amining  it. 


Mean  time  elapsed  since  apparent  noon    11   10  24  3ti 
Equation  of  time  for  apparent  noon    . .     +19  43  40 


Regulus  on  the  meridian  mean  time  . .     11  23     776 

ffhat  w  the  right  cucension  of  tlte  meridian,  or  the 
sidereal  time  ai  11^' 3^  77G*  of  mean  time  on  the  lit 
March,   1823, 

h     m      ■ 

Mean  time  from  mean  noon •  • ,  ♦ .    1 1  93     7T<5 

Equation  of  time  for  preceding  apparent 

noon    —   1*2  43-40 


Mean  time  elapsed  since  apparent  noon    11   10  2436 
Excess  of  sidereal  time  on  1 1^'  10^  24* 

of  mean  time -|-     150^12 


Sidereal   time   elapsed   since  apparent 

noon    , 11   12  14  48 

Add   the   ©'s  right  ascensiou   for   1st 

March  at  noon  . . ,  * , ,    ^2  46  41  90 


Right  ascension  of  the  meridian  or  si- 
dereal lime 


9  58  56  38 


To  find  the  longitude  by  metmi  of  a  Chronometer, 

The  chronometer,  is  an  instrument  so  delicate  in 
its  construction^  and  is  consequently  so  liable  to  be 
easily  deranged,  that  great  care  should  be  taken  to 
guard  against  every  circumstance  unfavourable  lo  its 
accurate  performance.  Perhaps  the  best  position  for 
a  chronometer  would  be  to  place  it  upon  a  shelf  or 
tray,  suspended  freely  from  the  deck  of  the  ship, 
From  this  it  should  never  be  removed  j  but  in  ob- 
serving, a  watch  with  second*?  should  be  used,  which 
should  be  compared  with  the  clironoracter  both  before 
and  afier  the  observations.  Care  should  be  taken  not 
to  place  a  compass  needle,  or  magnet,  near  the  chro- 
nometer as  it  might  impart  magnetism  to  the  balance 
and  completely  spoil  the  instrument.  If  it  should  be 
found  necessary  to  move  the  chronometer,  all  sudden 


I 


Having  ihe  observed  alHhtde  of  the  iun,  Ihe  dect 
and  the  latitude  of  ihe  place  of  obtervatian,  to  find 
hour  angle  or  apparent  time  from  noon,  and  thenee 
reqmred  ifte  mean  time, 

RlTLfi. 

Correct  the  observed  altitude  for  the  depression 

the  horizon,  refraction,  parallax,  and  semi>diameter 
to  obtain  the  true  altitude  of  the  sun's  centre »  ironj 
which  find  the  zenhh  distance.  With  the  apparent 
time  at  the  .ship  nearly,  and  the  estimated  longitude, 
End  the  corresponding  Greenwich  time,  and  to  this 
compute  the  sun's  declination  in  order  to  obtain  the 
polar  distance.  The  polar  distance,  the  co-latitude 
and  the  zenith  distance  will  form  the  three  sides  of  a 
spherical  triangle,  in  which  it  is  required  to  find  the 
angle  at  the  fiole. 

Add  together  the  zenith  distance,  the  polar  dis- 
tance, and  the  co-latitude,  and  take  half  the  sum. 
From  the  half  sum  subtract  the  zenith  distance  (tbc 
side  opposite  to  the  required  angle),  then  add  to- 
gether the  complement  arithmetical  of  the  sines  of 
the  polar  distance  and  the  co-latitude  (the  sides  coa- 
taining  the  required  angle),  the  sine  of  the  half  sum 
and  the  sign  of  the  difference  of  the  half  sum, 
and  the  zenith  distance :  half  the  sum  of  these  fuiir 
logarithms  will  be  the  logarithmic  cosine  of  half  the 
hour  angle  sought,,  and  this  being  doubled  and  cou* 
verted  into  time  will  be  the  hour  angle  which,  as  tht 
sun  was  taken,  is  the  apparent  time  from  noon* 

If  the  altitude  was  taken  before  noon  the  horary 
angle  must  be  subtracted  from  24  hours,  and  the 
equation  of  time  being  applied  for  the  correspoodiBg 
Greenwich  time,  (if  the  mean  time  be  required)  the 
result  will  be  the  mean  time  at  the  place  of  obser- 
vation, 

BSCAMPLE. 

On  the  2d  June,  1823,  the  true  altitude  of  ihe  nmi 

centre  was  30'  2',  when  the  chronometer  showed  5**  l^O* 
the  laiUude  being  40"^  5^  north,  and  ifie  mn's  declinatm 
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.  93?  ^  1/'  fiorlh.  The  chronometer  en  the  2Qth  May 
precedhtg  was  45*  slow  for  Greenwich  time  and  its  rate, 
losing  *2*'l  diultf.  Refiuired  the  apparent  time  at  the 
$k^  and  the  langiiMde, 


Time  by  chronometer    5  1     O 

Slow  the  ^Oth  April +  0  45 

Loss  from  the  ^lOih  April  to  the  2d 

Jane ,  +  O  ^5-^ 


I 


Mean  time  at  Greenwich 

Correspouding  equation  of  time 


5 

+ 


102 
314 


Apparent  time  at  Greenwich    ......      5    4  416 


Zenith  distance 
Polar  distance., 
Co- latitude, , . . . 


59  5S    0 . 

67  50  43  CO.  ar,  sine  0  0333099 

49  55    0  CO.  ar.  sine  0-116^7<>^ 


f  sum — zen.  dist*. 


Sum  ....  177  43  43 

Sum 88  51  51  sine. 

2S  53  51  sine- 


9-9999146 
9'6S416GG 


2}19-833G678 
34  20  IT6  cosme..   9  9168339 


Hour  angle 


68  40  35  2 
4 


4**  34  42'3  app.  time  from  noon 


Apiiarent  time  from  noon 4  34  49*3 

Apparent  time  at  Greenwich 5    4  41*6 


Longitude  west  in  time 0  ^9  59'3 

Multiply  by . .  10 

4  59  53  0 

I  the  product, ,   2  29  565 


Longitude  west  In  degrees,  &c. 


7^  29  49-5 


I 

I 


2S//i  Mtiif,  1823,  in  htUude  0'^  Bif  north,  the  mean 
of  several  observed  altitudes  of  the  star  Antares,  when 
eastward  of  the  merkftan,  was  30°  42'^,  the  height  ef  the 
ejfe  being  16  feet^  and  the  mean  of  the  corresponding . 
times  %  the  chronometer  9^  35™  43',  which  chronometer 
was  too  fast  20i^  Aprii  at  Greenwich  1"*  5*  a^  noon,  and 
gaming  tiaihj  5*4.  Required  the  apparent  tinie  and  the 
hngitude  of  the  ship. 


Time  by  the  chronometer ..,..,     9  35  43 

Fast  20th  April  at  Green wich    —      1     5 

Gain  since  the  20th  April , .    ^     3  27'5 


Njititiejil 

AstronofDV* 


Mean  time  at  Greenwich  . . . , , 9  31   10  5 

Equation  of  time  2Sth  May  at  9*»  31*  . .    -f-     3    92 


Apparent  time  at  Greenwicli    9  34  197 

Mean  of  ohserv^ed  altitudes 30  42    O 

Depression  of  the  horizon ...,,,,   —     3  50 


Refraction 


flamng  given  the  observed  altilude  of  a  fired  star,  its 
aeclinafkm  and  the  latitude^  to  find  the  apparent  time  and 
tJie  hngiliide  of  the  ship. 

Rule. 

Find  the  hour  angle  or  the  distance  of  the  star 
from  the  meridian  as  in  the  last  example.  If  the 
star  is  to  the  west  of  the  meridian,  add  to  this  the 
star's  right  ascension,  but  if  to  the  east  of  the  meri- 
dian subtract  it,  and  the  result  will  be  the  r%ht 
ascension  of  the  meridian.  With  the  mean  time  at 
Greenwich,  ^ven  by  the  chronometer,  find  the  appa- 
rent time  at  Greenwich,  and  the  sun*s  right  ascension 
for  that  time.  Subtract  the  sun's  right  ascension 
from  the  right  ascension  of  the  meridian*  and  the  re- 
mainder will  be  the  apparent  time  at  the  ship,  the 
difTerence  between  which,  and  the  apparent  time  at 
Greenwich  deduced  from  the  chronometer,  will  be 
the  ref[*jiretl  longitude  in  time. 


30  38  lO 
—     1  39 


StarV  true  altitude ,  30  36  31 

Zenith  distance  ....   59  23  29 

Polar  distance 116    1  37  CO.  ar,  sine  0-0464395 

CO'latitude ....   89  10    0  co.  ar.  sine  0  0000459 


Sdiii..,...264  35    6 

i  Sum     132  17  33  sine 9  8690669 

i  Sum— zen-  diat. , .   72  54    4  siac. . . , . .    9  9803665 


2)19'H9591B8 


97  ^9  32  cosine,.*. 9-9479594 
2 

k      «t     ft 

Starts  dist.  from  mer.  54  59    4=3  39  56  4  of  sid,  time 
Star's  right  ascension 16  1$  312 


Eight  ascension  of  the  meridian  12  38  34'8 
O  's  right  ascension  28th  May 

at  9^"34'«  20^  of  apparent  tin^e     4  19  17'0 


Apparent  time  at  the  ship  . . 
Apparent  time  at  Greenwich 


8  19  17'8 

9  34  19  7 


Longitude  west  in  time  ......      I  IS    1-9 

In  the  *'  Tables  requisite  to  be  used  with  the  nau- 
tical Ephemeris"  a  shorter  method  is  given  for  calcu- 
lating the  hour  angle ^  which  will  be  found  very  con- 
venient when  the  observer  has  tables  of  natural  aines 
and  of  the  '*  Logarithmic  rising;"*  it  is  as  follows  : 

If  the  sun's  declination  and  the  co-latitude  of  the 


•  TTie  loffarithmic  rising-  m  the  lofrarlthuMC  reried  stae  of  the 
hour  anirle,  but  with  an  index  of  4t  in  conseqiieiice  of  the  nattirftl 
sines  hciag  cotisitkrcd  as  wbole  numbers  iastend  of  dcnmmlfl  as  is 
usunJ,  in  wLiicb  cn^  tlie  mdisi  would  b»ve  been  9.  TTie  logaritLmie 
vt^n^d  sine  m&y  tktieforc  be  iiiud  iiistcad  o{  logarithmic  rising. 


% 


Astronomy,  ship  be  one  north  and  the  other  sooth,  take  their 
^'— V — ^  difference,  btit  if  they  be  both  north  or  both  south, 
take  their  sum  for  the  sun's  meridianal  altitude.     If 
that  sum  be  greater  than  90°  take  it  from  IBO'^. 

From  the  natural  sine  of  the  ineritlianal  altitude, 
subtract  the  natund  sine  of  the  true  altittnle  at 
the  time  of  observation,  find  the  logarithm  of  tl*e 
remainder,  and  add  it  to  the  log"arithmic  secant  of 
the  latitude  and  the  logarithmic  secant  of  the  de- 
clination* their  sum  wilt  he  the  '*  logarithmic  ria- 
ing^,"  and  the  time  corresponding  to  it  will  be  the 
hour  angle  in  time  from  the  meridian  :  or  if  the  object 
be  the  sun,  the  apparent  time  from  the  nearest  noon, 
consequently  if  the  objiervation  be  made  in  the  morn- 
ing, the  time  thus  found  must  be  taken  from '24  hours, 
and  the  remainder  will  be  the  appiirent  time  from 
the  noon  of  the  preceding  day. 

Takmg  the  fir  &t  Example. 
Lat  north     40    5     0  secant 011628 


Co-latitude    49  55     0 

Peclin,  nor.  22     0  17  secant a03330 


Mend,  altit.  72     4  17  nat.  sine  95144 
True  altit.     30    2     0  nat.  gine  50050 


Difference   45094   log.  4  65412 
Apparent  time  , ,  4^'  34^  42"'2  Log,  rifling, , '  4'80370 

Tojind  the  rate  of  a  chronometer. 

The  best  method  of  determining  the  rate  of  a  chro- 
nometer, is  by  comparing  it  with  n  good  astronomi- 
cal clock  at  a  ftxed  observatory.  The  rate  has  hitherto 
been  usually  given  by  the  maker,  but  a  depot  has 
lately  been  established  at  the  Royal  observatory  at 
Greenwich,  on  the  recommendation  of  the  Board  of 
Longitude ,  for  the  chronometers  belongi ng  to  th^  Navy, 
where  their  rates  are  determined  by  the  Astronomer 
Koyal,  Tlua  depot  is  also  open  to  all  chronometer 
'  makers,  on  application  at  the  Atlmiralty^  and  superior 
artists  arc  thus  furnished  with  an  opportunity  of 
bringing  the  merits  of  their  work  before  the  public; 
and  of  obtaining  from  the  B«iard  of  Longitude  a  re- 
ward for  any  improvemenlj  in  princ'q>l€f  attended  by 
practical  advantage. 

But,  however  well  the  rate  of  a  chronometer  may 
be  ascertained  in  the  first  instance,  it  is  liable  to  vary 
from  many  causes,  and  particularly  unless  great  care 
be  taken  ♦  trom  the  motion  in  trans  porting  it  from  the 
observatory  to  the  ship.  Its  rate  should  therefore  be 
examined  whenever  an  opportunity  occurs.  The 
most  simple  method  of  doing  this,  when  the  ship  is 
likely  to  be  stationary  for  some  time,  is  to  determine 
the  error  of  the  chronometer  by  means  of  numerous 
observations  of  the  sun's  altitude  and  the  correspond- 
ing times,  taken  when  the  sun  is  not  less  than  about 
3  hours  from  the  meridian.  Having  found  the  error 
of  the  chronometer  from  mean  time,  this  error  may 
be  compared  with  that  determined  at  an  interval  of 
not  leas  than  a  week,  and  the  daily  rate  may  thence 
be  found  by  simple  proportion.  The  observations 
may  be  continued  daily,  but  the  rate  should  not  be 


deduced  from  a  less  inter^'al  than  a  week,  otbcrwise  Ki 
it  might  be  too  much  affected  by  the  unavoidable  ^ 
errors  of  observation.  ^**^ 

If  the  vessel  should  be  in  harbour  for  some  time^j 
observations  of  the  altitude  of  the  sun  may  be  : 
by  means  of  an  artilicial  horizon,  and  the  error  of  thai 
chronometer,  and  consec|uently  its  rate,  thence  deter 
mined  with  much  greater  accuracy  than  it  could  bal 
by  emplo)  ing  the  horizon  of  the  sea.  In  using  the] 
artificial  horizon  (which  is  a  surface  of  quicksili-erl 
protected  from  the  wind  by  a  co%^ering  of  plane  glass)! 
the  images  of  the  sun's  limb  are  brought  into  contact  I 
and  it  will  condtice  much  to  accuracy  to  obser\'e  the| 
upper  and  lower  limb  alternately,  and  to  take  thef 
mean.  The  result  (to  which  the  sextant  error  if  any,  j 
must  be  applied)  will  be  double  the  apparent  altitude! 
of  the  centre.  From  the  half  of  this,  the  difference  | 
between  the  parallax  and  refraction  being  subtracted,  j 
the  remainder  will  be  the  true  altitude  "of  the  sun's  ^ 
centre, 

ITie  best  method  when  on  shore  of  determining 
the  rate  of  a  chronometer,  is  by  a  portable   transit 
instrument.     For  this  purpose  it  is  by  no  means  ne- 
cessary that  the  instrument  should  be  accurately  in 
the  meridian,    but   then   the  observations    must   be 
confined  to  the  stars.     The  axis,  however,  should  be 
carefully  levelled,  and  the  middle  %vire  (which  must 
be  truly  vertical)  adjusted  to  a  certain  n)ark  previous 
to  each  observation.     It  is  not  nUokiit^  but  compata' 
ti^e  time  that  is  required.  Now  if  the  time  of  the  pas-  , 
sage   of  a  certain   star  *  should   be  observed   every  i 
night  by  the  chronometer,  and  the  chronometer  keep 
mean  time,  should  lose  :i'"  55*  J^l   between  any  two  , 
successive  transits  of  the  same  star.     If  the  loss  is 
less  than  this,  the  chronometer  is  gainmg  the  differ- 
ence daily:  if  on  the  contrary,  the  loss  is  more  than 
3'  55  91",  the  diflerence  is  the  rate  which  the  chro- 
nometer loses  daily.     The  observations  should  be  con- 
tinued for  at  least  a  week,  and  the  mean  taken  for 
the  rate.     It  must  be  remarked  that   this  rate  is  for 
a  sidereal  day,  but  may  be  readily  foutid  for  a  solar 
day,  if  thought  necessary,  by  simple  proportion. 

Having  the  apparent  time  from  nooM,  or  hour  angle,  at 
the  ship,  and  the  estimatf^d  hni^itudr,  to  find  the  trme 
and  the  iiiipurcTit  (tUUiide  of  the  sun's  centre. 

This  and  the  following  problems  may  be  found 
useful  for  computing  the  altitude  of  the  sun,  the 
moon,  or  a  star,  when  circumstances  have  not  per* 
mi t ted  them  to  be  obtained  by  observation  at  the 
time  of  taking  lunar  distances, 

BULE. 

Find  the  apparent  time  at  Greenwich,  for  which 
compute  the  sun's  <!eclination,  with  the  declination 
and  co-latitude  find  the  meridian  altitude  as  directed 
in  the  last  article.  Then  add  together  the  logarith- 
mic rising  of  the  hour  angle,  or  time  from  noon,  the 
logarithmic  cosine  of  the  latitude  of  the  ship  and  the 


*  The  reader  is  Riipptiscd  t^  be  ncqimiDti^  with  the  mode  of 
obsen  ing  the  trjiiisit  of  a  star,  llxe  telejwope  is  usujilly  furnished 
with  3  or  5  wireit,  nnd  tlie  tiirn*  of  Ibc  star  passing  cmch 
noted,  tlic  iiiMn  of  the  wlioli?  mil  irive  the  time  of  it*  pa 
middle  w  ire.  It  is  a  ^jcmI  practical  check  to  exmauat  wJm 
the  Qieaa  of  an}'  two  wiren,  equally  distant  on  each  udie  < 
ccairej.  gives  the  same  result  ai»  the  middle  trirc. 
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Astronomy,  or  their  tliffereiice,  should  the  polar  distance  exceed 
^*""sr^-^  *M>-'j  will  he  the  natural  sine  of  the  altitude,  and  its 
logaritlmi  of  course  the  logarithaiic  sine. 

Examples. 

Let  the  ships  latitude  he  40^  5'  north,  (be  svn's  dedi- 
nation  22"  Ji'  17''  north,  und  the  apparent  time,  or  hour 
angle  4^  34"'  42»  =  68*"  AO"  35",  Required  the  true 
altitude, 

•     /     ^ 
Co-lat.  ..     49  55     0  cosine  9'80fiS2  sme..9  8S372 
Polar  dist.    GJ  50  43  cosine  9  57647  sine.,  9  96671 
Hour  angle  68  40  35   cosine  9  5G0Ge> 

^^4«83     log.     93S5^il 

,^5768. log.    9-41109 

Sum, ,50051     log.    9.69941  log.  «iae  30  2' 

the  altitude  required. 

The  ship**  latitude  bemg  €P  50^  norths  the  declination 
of  Antares  *l&*  1'  3*'''  souths  and  the  hour  angle^  or 
di,sttmre  of  the  siftr  from  the  meridian,  3^'  39""  5G*  == 
54'*  59''  4^'  J   required  the  true  altitude. 

Co-Iatit.  .  89  10  0  cosine  SIC^GS  sine  9"99995 
Polar dist.  116  1  37  cosine  9G4^'ia  sine  9  95354S 
Hour  ang.     54  59     4 cosiue  975876 

/H>63H     log,     7'^0494 

,61555,.. r... log,    »*71^^7 


Difference  ,50917     log     97CKJ86     log.   sine    of 

30"  36'  SO''  the  altitude. 

To  FIND  *iUK  LONGITrDE  BY  LUNAR  OBSERVATIONS* 

The  method  of  finding  the  longitude  at  sea  by  lunar 
distances  is  the  most  perfect  of  any  at  present  known. 
The  rate  of  a  chronometer  may  change,  or  it  may 
aulfer  derai\gement  from  accidental  causes,  but  the 
time  marked  by  the  varying  distance  of  ti*e  moon 
from  the  sun,  or  from  the  fiietl  stars,  is  liahle  to  no 
irregularities  but  such  as  are  subject  to  laws  well 
ascertaiiied,  and  the  effect  of  which  can  be  computed, 
and  n**tlung  is  wanting  to  the  accuracy  of  the  result 
but  gtMid  instruments  for  taking  tiic  tlistances,  and 
careful  obser^  ers. 

The  operation  depends  upon  the  fiolution  of  t%vo 
spherical  triangles,  in  one  of  which  three  sides  are 
given  to  f^nd  an  angle/ and  in  the  otlicr,  two  sides 
and  the  included  angle  to  find  the  tliird  side. 

In  plate  1,  %.  8,  let  Z  be  the  zenith,  Z  J,  the 
apparent  zenith  distance  of  the  moon,  Z  0,  that  of 
the  sun  and  })  ©,  the  apparent  distance  of  their 
centres. 

Now  as  the  parallax  (»f  the  moon  is  always  greater 
than  the  refraction,  the  true  altitude  of  the  moon,  or 
that  seen  fnnn  the  centre  of  the  earth,  will  l>e  greater 
than  her  apparent  altitude,  and  the  parallax  of  the 
sun  being  less  thun  the  refraction,  his  true  altitude 
will  be  less  than  the  apparent  altitude.  Let  ?.n  be  the 
true  place  of  the  moon,  and  s  that  of  the  sun.  Then 
Z  m  will  be  the  moon's  true  zenith  distance,  Z  s 
the  true  zenith  distance  of  the  sun,  and  m  s,  the  true 
distance  of  their  centres. 


lu  the  triangle  Z  ])  ©,  we  have  given  the  thre 
sides,  viz,  the   two  apparent  zenith  distances^  an 
the  aj^parcnt  distance  of  the  centres  to  find  the  angli 
})  Z  O  J  or  the  angle  at  the  zenith.     And   then  " 
the  triangle  m  Z  *,  are  given  the  two  sides  Z  m 
Z  s,    (the  true  zenith  distances)   and  the    include 
angle  m   Z  s,  from  which   the   aide   m  i,    the    tr 
distance  of  the  centres  may  be  computed. 

Three  observers  are  usually  employed  in  finding  thi| 
longitude  by  the  lunar  method,  one  to  take  the  tlistanc 
of  the  limbs  of  the  sun  and  moon,  or  of  the  limb  of  t 
moon  from  a  star,  and  two  others  to  take  their  alti^ 
tudes  at  the  same  instant,  A  fourth  observer  should  I 
added  to  mark  the  time  by  a  chronometer,  and  to  not< 
it  down  together  with  the  corresponding  observed  dis-^ 
tance  and  altitudes,     Several  observationa  should  bel 
thus  made  in  succession  as  tpiitkly  as  can  he  doaeJ 
consistent  with  accuracy,  and  the  means  being  taken  I 
we  shall  have  the  observed  distance  of  the  Hmbs  of] 
the  sun  and  moon,  their  apparent  rdtitudes  and  the  [ 
corresponding  time  by  the  chronometer. 

If  the  sun,  or  a  star,  he  at  a  sufBctent  distance 
(about  three  hours)  from  the  meridian,  the  apparent 
time  at  the  ship  may  be  computed  from  tlie  altitudu 
corresponding  to  the  distance.  But  if  it  is  too  near  the 
meridian,  a  watch  is  indui|>eDsable*  The  error  of  tbe 
watch  should  be  infcrrcti  from  altitudes  taken  specially 
for  that  purjjose,  as  near  as  may  be  to  the  time  when 
the  distances  are  observed,  and  the  observed  time  by 
the  chronometer,  after  having  applied  the  error,  roust 
be  reduced  to  the  meridian,  under  which  the  lunur 
distances  are  taken,  by  adding  to  it  the  difference  of 
longitude  in  time  since  the  observation  of  the  alti- 
tudes, if  the  ship  has  made  east  longitude^  or  sub- 
tracting it  if  she  has  been  sailing  westward, 

Bnt  as  there  may  not  be  always  a  sufficient  number 
of  observers,  the  following  method  given  in  Noric's 
Narigiition  will  be  found  very  convenient  where  there 
are  only  two. 

Let  the  observations  be  taken  in  the  following 
order,  noting  the  times  by  a  watch :  1.  the  altitude 
of  the  sun  or  star  ;  *2.  the  altitude  of  the  moon  ;  3. 
any  number  of  distanced  j  4,  the  altitude  of  the  moon ; 
5. 1  lie  altitude  of  the  sun  or  a  star.  Now  add  tdgether 
the  distances,  and  the  times  when  they  were  takco« 
each  of  which,  being  divided  by  the  number  observed, 
wWl  give  the  mean  time  and  distance :  then  to  reduce 
the  altitudes  to  tlie  mean  time,  say,  as  the  difference  i 
of  times  between  the  observations  is  to  the  difference  I 
of  their  altitudes,  so  is  the  difference  between  the! 
time  that  the  Brst  altitude  was  taken  and  the  mean 
time,  to  a  fourth  number  ^  wluch  added  to,  or  sob* 
tracted  from  the  first  altitude,  according  as  it  is  in- 
creasing or  decreasing,  wiU  give  the  altitude  rednced 
to  the  mean  time. 

Of  the  oblique  senn-diameter* 

As  the  vertical  semi-diameter3  of  the  sun  and  moon 
are  diminished  by  refraction,  it  becomes  necessary  to 
liiid  their  semi-diameters  in  the  direction  of  the  oh*  ^ 
served  distance  in  order  to  obtain  the  o^iparent  dis-  fl 
tance  of  their  centres.     Dr,  Thomas  Young  in  his  ^ 
comparative  view  of  the  principal  methods  of  correct- 
ing lunar  observations  before  mentioned,  has  given 
t\^'o  very  convenient  tables  for  this  purpose  which  we 
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have  taken  tho  liberty  to  copy,  and  we  shall  add  an 
account  of  theui  nearly  in  tlic  author's  own  words. 

**  The  oljscrvcd  distance  retiuires  to  be  corrected, 
when  the  altitudes  are  small  for  the  effect  of  refrac- 
tion on  the  bbli(|nesemi-diumcter*»,  which  may  amount 
to  several  seconds,  especially  in  low  latitudes,  where 
tile  ecliptic  approaches  most  frequently  to  a  vertical 
positicin.  The  magnitude  of  this  correction  depends 
on  the  angle  of  the  triangle  concerned  at  the  luminary 
in  question,  which  is  required  to  be  known  when  we 
employ  the  tables  of  this  correction  which  have  been 
publishetl.  It  will,  however,  be  more  convenient  to 
have  an  easy  method  of  deducing  the  correction  more 
immediately  from  the  elements  observed;  and  for 
this  purpose  the  minutes  and  seconds  may  be  ne- 
glected, the  nearest  degrees  only  being  employed  for 
entering  the  tables.  The  first  table  affords  by  adding 
together  the  numbers  taken  from  it  with  different  ar- 
guments, a  logarithm  of  the  sine  of  half  the  angle  at 
the  luminary,  multiplied  by  the  cosine  of  the  alti- 
tude, and  the  second  table  being  entered  with  this 
argument  (A),  and  with  the  altitude  of  the  luminary 
gives  the  correction  which  is  to  be  subtracted  from 
the  semi-diameter  to  obtain  the  oblique  semi-diameter. 

"  The  arguments  of  the  first  table  are  d,  the  distance, 
or  its  supplement^  h,  the  half  sum  of  the  distance 
and  both  altitudes  and  A-^.  the  same  half  smu  di- 
minished by  the  altitude  of  the  opposUe  luminary/* 

Use  of  the  tables. 

Example  L 

Let  ft,  =  3^"*,  h—s  =2r,  d  ^44^  and  the  alti- 
tude 11^  Entering  table  1  in  the  column  **  For  /*/' 
opposite  3^2"  we  iind  93j  and  opposite  21^  in  the 
column  h — s  on  the  left  hand>  we  have  55  j  again  with 
44*^  in  the  column  ft,  we  Hnd  16.  The  sum  of  these 
three  numbers  is  164,  with  which  entering  table  2, 
in  the  column  "  sum  of  A/'  and  under  I V*  we  ffnd  O, 
shewing  that  the  correction  required  is  less  than  one 
second. 

Example  IL 

Lei  the  ^  V  altitude  =  4F,  the  suns  aUthide  ^  19", 
and  their  distance  104^,  required  the  correction  for  the 
oblique  scmldiameters. 

First,  A,  =8^»,  h—9  =  63\  rf  =7^^  (the  supple- 
ment to  104"),  and  the  ])'s  altitude  4K  Then 
14+95  +  1  ^  110;,  with  which,  entering  table  3, 
under  41",  we  find  O,  implying  that  no  correction  is 
necessary  to  the  J  *s  semi-dinmeter* 

I^ext  for  that  of  the  sun,  h  =  SS%  h—s  ^41% 


d  =  7tr  and  the  0*s  altitude  ll>".     Then  14+82  +  1    NA««ticftl 
=  !>7i  w^ith  which,  entering  table  ^2.  under  the  aki- •^^**^- 
tnde  19",  we  Iind   V^  the  quantity  to  be  subtracted         v*"*"^ 
from  the  Q's  semi-diameter. 

Example  IIL 

Let  the  J  **  altitude  be  8^  that  of  the  ©  36^,  ami 
tlte  diiiiance  31^.  Then  for  the  correction  of  the  ))  s 
semi-diameter  we  have,  h— ii7'\  ft — s  =z  1",  d=3V\ 
and  the  j)  's  altitude  8*^  which  from  table  1  we  obtain 
90  +  y24+^iU=104a  or  43  rejecting  the  U>iX),  and 
from  table  ^Z,  with  43,  and  the  ])  s  altitude  b",  we 
get  10'^,  the  correction  to  be  subtracted  from  the 
Jt  s  semi-diameter. 

For  the  sun  we  have  /*  ^  37",  h — s  =  29^,  <i=31% 
and  the  Qs  altitude  30'*,  with  which  we  get  fi*om 
table  1,  1^0+69+*29=lS8,  and  from  table  *i,  I"  for 
the  diminution  of  the  Q's  semi -diameter. 

Having  the  ob^erccd  distance  of  the  limb  of  the  moon 
from  that  of  the  sun,  or  from  a  jUed  star,  together  with 
their  appart^fii  altitudes,  the  opjHirent  time  nt  the  ship, 
the  latitude  and  the  estmated  longitude  to  Jind  the  true 
distance  of  their  centres. 

Rule. 

With  the  apparent  time  at  the  ship  and  the  esti- 
mated longitude^  find  the  apparent  time  at  Green- 
wich, for  which  take  from  the  Nautkol  Almauac  the 
horizontal  seraidiameters  of  the  sun  imd  moon,  and 
the   ])  's  horizontal  parallax. 

Find  the  apparent  and  the  true  altitudes  of  the 
centres  in  the  manner  which  has  been  before  fully 
explained. 

To  the  observed  distmice  apply  the  semi-diameters  of 
the  sun  and  mooUj  that  of  the  moon  being  previously 
corrected  for  augmentation  and  both  reduced  to  the 
oblique  semi^diameters.  The  result  will  be  the 
apparent  distance  of  the  centres. 

Add  together  the  apparent  distance  and  the  appa- 
rent zenith  distances,  and  subtract  each  of  the  two 
latter  from  the  half  sum,  noting  the  remainders. 

Add  together  the  sines  of  these  two  remainders, 
the  arithmetical  complements  of  the  sines  of  the 
apparent  zeuith  distances,  and  the  sines  of  the  true 
zenith  distances. 

From  half  the  sum  of  these  six  logarithms  subtract 
the  sine  of  half  the  difference  of  the  true  zenith  dis- 
tances, and  the  remainder  is  the  tangent  of  jyi  arc. 

Subtract  the  sine  of  this  arc  from  tlie  said  half 
8U1211  and  the  remainder  15  the  sine  of  lialf  the  true 
distance 
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Asrronomj'. 


EXAMPUI. 

Let  the  latitude  be  35^ ;  the  observed  distance  of  a  star  from  the  mooiCs  nearett  Umh,  30^  57^  18^;  the  ( 
altUude  of  the  lower  limb,  8^  13^  5(y^^  and  tliat  of  the  star,  Sd""  43^  SO'^  -,  the  height  of  the  e^e  being  IBJket,  Ae 
barometer  28*7  inches,  and  Fahrenheit* s  thermometer  78^;  the  moons  horixmital $emi»dUameter at  tke  tsMie  bebig  16^ 
^^.  and  the  liorizontal  parallax,  60'  (/^     Required  the  ttue  distance. 


Observed  altitude  of  ])  's  L.  L 

Depression  of  the  horizon  (table  1.) 


])*B  horizontal  semi-diameter 

Augmentation  (table  2.)  

Diminution  of  vertical  semi-diameter. 


Apparent  altitude,  ])  *s  centre . 

Refraction 

Barometer^ 

Thermometer    

Parallax  in  altitude    


8 

13  50 

— 

3  50 

8 

10  0 

+ 

16  22 

+ 

0  2 

0  11 

8  26  13 

— 

6   17 

+ 

0  35 

+ 

0  56 

+ 

59  18 

D  *B  true  altitude  9  20  45 


•  .    •  o    ./     // 

D  8  semi-diameter    O  16  24 

Correction  for  obliquity,  (tables  1  &  2.)  --     O  10 


Oblique  semi-diameter O  16  14 

Observed  distance     30  57  12 


Apparent  distance  of  ^  from  D's  centre  31  13  26 


Star's  observed  altitude    35  43.60 

Depression  of  horizon  ...• —    3  50 

Star's  apparent  altitude    35  40    O 

Refraction '  1  19 

Barometer +    o    3*5 

Thermometer +  .  O    4:5 

Star's  true  altitude      35  38  49 

])  's  equal  pamUax  .  •  M    <}f' 
Reduction  tor  latitude 

(table      )    -     4 

Horizontal  parallax  . .  59   56P.log.\.   10-4776 
D  's  altitude  8^  20"  cosine 9*9954 

FtoOlax  in  altitude^  59^  15'^  p  log.  . . ..       -4899 


Apparent  distance 

D  's  apparent  zenith  distance   . , 
^'s  apparent  zenith  distance    . . 


1st  remainder , 

2d  remainder 

])  's  true  zenith  distance    . 
•)f  *8  true  zenith  distance  ^ . 


sum  ., 
}  sum 


j  diff.  true  zenith  distances 

Tangent  of  arc    

Same  arc 


£true  distance 
Tnie  distance  . . 


o 
31 

13 

it 
26 

81 

33 

47 

CO. 

ar.  sme  .... 

a0047256 

54 

20 

0 

C0« 

ar.  sine  .... 

0-0902179 

167 

7 

13 

83 

33 

36 

1 

59 

49 

sine  .... 

8-5421554 

29 

13 

36 

sme  .... 

96886564 

80 

39 

15 

sme  .... 

9-9941966 

54 

21 

11 

sme  .... 

sum  .... 

\  sum  .... 

'9-9098894 

38-2298413 

191149206 

13 

9 

2 

sme  .... 

93570017 

29 

47 

57 

9-7579189 
9-6963226 

29 

47 
11 

57 
58 

sine  .... 
sine  .... 

15 

9*4185980 

30 

23 

56 

Ihe  preceding  method  is  that  given  by  Dr.  Kelly, 
in  his  excellent  Practical  Introduction  to  Spherics.  It 
has  been  preferred  to  that  of  Borda,  from  sines  being 
employed  instead  of  cosines ;  as  the  former  in  conse- 
quence of  their  increasing  instead  of  decreasing,  are 
perhaps  more  readily  taken  from  a  table  than  the 
latter.  It  is  the  direct  method  of  solution,  and  the 
result  is  perfectly  accurate,  if  the  data  are  correct. 

It  may  here  be  proper  to  urge  the  necessity  of  an 
habitual  attention  to  those  commonly  supposed  minor 
corrections,  which  have  hitherto  been  neglected, 
especially  those  depending  on  the  barometer  and 
thermometer ;  the  omission  of  which  would,  in  the 


present  instance,  have  occasioned  an  error  of  upwards 
of  one  minute  in  the  moon*s  distance,  corresponding 
to  more  than  30  minutes  of  longitude. 

As  the  direct  method  requires  the  logarithmic  sines, 
&c.  to  be  taken  out  to  every  second,  various  approxi- 
mate methods  of  solution  have  been  devised.  Host 
of  these,  however,  have  depended  upon  tables  calcu- 
lated for  the  purpose,  and  many  are  very  inconvenient 
in  practice.  The  two  following  are  free  from  these 
objections,  and  possess  the  peculiar,  and  very  desirable, 
advantage  of  the  result  being  but  little  influenced  by 
errors  in  the  observed  altitudes.  The  author  of  the 
first  is  not  known  to  the  writer  of  this  article  -,  but 
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•wy*  the  second  method  may  be  found  in  the  Journal  of  the 

■^-^  Royal  Institution,  among  the  valuable  astroiiomicul 
and  nautical  coUectionsj  \Yhich  are  believed  to  be  due 
to  Br.  Thomas  Young. 

In  the  first  method,  the  author  observes  that  it  is 
preferable  to  attend  less  to  abbreviate  the  methods  of 
computation,  than  to  investigate  a  solution,  in  which 
considerable  errors  in  the  data  may  produce  but  a 
small  error  in  the  required  distance.  \^^ien  either  of 
the  luminaries  has  a  small  elevation^p  its  altitude  will 
be  affected  by  the  uncertainty  of  refraction,  and  the 
inaccuracy  necessarily  attending  altitudes  observed  at 
sea.  The  sum  of  these  errors^  when  they  tend  the 
same  way>  may  be  supposed  to  amount  to  at  least  one 
minute  in  altitude  ;  which,  in  many  caseSj  according 
to  the  common  rules  for  computing  the  true  distance 
will  produce  an  error  of  about  30  minutes  in  the 
loog^itude.  Perhaps  the  only  method  of  determining^ 
the  distance,  so  as  not  to  be  affected  by  tlie  errors  of 
altitude^  is  that,  by  first  finding  the  angles  at  the  sun 
and  moon,  and  by  the  help  of  thenij  the  corrections  of 
distance  for  parallax  and  refraction. 

1.  Add  together  the  moon's  apparent  zenith  dis- 
tance, the  sun's  apparent  zenith  distance,  and  the 
apparent  distance  of  their  centres.  From  the  half 
sum  subtract  the  moon's  zenith  distance,  and  call  it 
the  first  remainder.  From  the  half  sum  subtract  the 
star's  zenith  distance,  and  call  it  the  second  remainder. 
Add  the  arithmetical  complements  of  the  sines  (or  the 
CO -secants)  of  the  sun*s  zenitli  distance,  and  the 
apparent  distance  of  the  centres^  to  the  sines  of  the 
half  sum,  and  of  the  first  remainder:  half  the  sum  of 
these  four  logarithms  is  the  cosine  of  half  the  angle 
at  the  sun. 


^-  Add  the  arithmetical  complements  of  the  sines    Nnutieal 
(or  the  co-secants)  of  the  moon  s  zenith  distance,  and  A*trottomy, 
the  apparent  distance  of  the   centres,  to  the  sines  of** 
the  half  sum,  and  of  the  second  remainder.     Half  the 
sum  of  these  four  logarithms  is  the  cosine  of  half  the 
angle  at  the  moon. 

3,  To  the  cosine  of  the  angle  at  the  moon  add  the 
logarithm  of  the  diiference  between  the  moon's  re- 
fniction,  and  her  paralliix  in  altitude  in  seconds.  The 
result  will  be,  the  logarithm  in  seconds  of  the  first 
correction,  "which  is  to  be  subtracted  from  the  observed 
distance,  if  the  angle  at  the  moon  is  acute,  but  added 
if  it  is  obtuse. 

4,  To  the  cosine  of  the  angle  at  the  sun,  add  the 
logarithm  of  the  difference  between  the  sun's  refrac- 
tion and  parallax  in  seconds.  The  sum  is  the  loga- 
rithm in  seconds  of  the  second  correction.  To  be 
added  when  the  angle  at  the  sun  is  acute,  but  sub- 
tracted when  obtuse. 

5,  To  the  sine  of  the  angle  at  the  moon,  add  the 
beforementioned  logarithm  of  the  difference  between 
the  moon's  parallax  and  refraction,  and  multiply  the 
sum  by  2,  From  this  subtract  the  logarithm  of  twice 
the  distance  of  tlie  centres  in  seconds  increased  by  the 
radius.  The  result  will  be  the  logarithm  in  seconds 
of  a  third  small  correction,  which  is  also  to  be  added. 

Note. — ^The  thirdcorrection  is  generally  verj'  minute, 
except  when  the  distance  is  small,  and  the  angle  at 
the  moon  nearly  a  right  angle. 

It  is  sufficient  to  use  the  zenith  dLstances,  and  the 
apparent  distances  to  the  nearestminute  only,  as  a  small 
error  in  the  angles  at  the  sun  and  moon  will  very  little 
affect  the  corrections  of  distances.  If  a  star  is 
observed,  the  only  change  necessary  is  to  employ  the 
refraction  of  the  star,  instead  of  the  difference  between 
the  refraction  and  parallax  of  the  sun. 


Examples. 

letuih  rJh faucet  81^ 


Taking,  as  in  the  last  example,  the  moons  lemth  rJhfance,  81^  34';  the  stars  zenith  distance,  54°  20^ ;  and  the 
apparent  distance,  31"^  13"  W ;  the  difference  between  the  J  's  parallax  in  altiiude  and  refract  ion,  54'  32''''-  and  the 
stars  refraction,  1'  11" j   tojind  the  true  distance.  ' 


P 


For  J  's  angle. 
10004 /"S  sin.  co.  ar. 

10*285^3  sine  co.  ar. 


9-9^7^6  sine. 
9-GSB75  sine. 


o         / 

.  J's  zen.  dist 81  34 

-)f.'s  zen.  dist 54  *20 

.     Distance 31   14 

Sum..* 167 

.     4  sum 83 


For  ^'s  angle. 


1st  rem*  .,,..•     2 
2d  rem,    , 29 


8 
34 

O 
14 


1997596 


sme  CO.  ar 1009022 

sine  CO.  ar 10'2S523 

sine   9  99726 

sine 8'54282 

18' 01553 


9' 98798  cosine 
i  angle.,  13^  25' 
2^ 

26    60     J's  Z 
COS.. 9-95052 

3272"'  log..  .3^51481  . 
—2920''  log,. .  3  4«533 


cos  me 


9-45 


J  angle., 73^ 


20' 
2 


Dist.  X  2  =  224880  lo^. 
+  9"-7log. 


sine  9-65456 

...   3  51481 

13-16937 
2 

26-33874 
.  .,  15  35195 

, .  •    0-98679 


COS. 

71'^  log. 
-  59''-3  log. 


146    40    4f*s 

.    9 92194 
.    185 1 26 


L77320 


Apparent  distance 31°  13' 26" 

First  correction —  48  40 

Second  correction —     0  59  3 

Third  correction    +     o     9'7 


True  distance 30  23  56-4 

This  result  is  the  same  as  that  obtained  by  the  direct  method. 
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AiftRMMay.  '  IM  ika  motm'i  apparmiii  zeniih  dUUmct  be  GQP99f^  the  sUr't  apparent  xemth  distamx,  72P  43' ;  and  the  apftiF  Ifa 
^  rtMt  dutoHce  i^ike  eentretg  43°  3^  ;  thet^ercnce  between  the  moone parallax  in  altitude  and  refraction,  58^  Uf,ht^ 
(a;:  891(/0l  ondthsetar't  rffraction,  4^40^  (s  28ff^  ;  required  the  true  diMiance.  S 

For  >  'ft  angle.  o    ^           For  ^'s  imgle. 

10*00617  sine  co.  ar. . .  •  •  ])  *8  apparent  aBenith  distance  •  •  80  *28 

.](.'8  apparent  aianith  distance  .•  78  43  sine  co.  ar •   10-00648 

10-16139  tine  CO.  ar. Difttance    43  86  ftineco.ar.     ...•10-16139 


Sum 802  41 

9-99145  fltnew • ismn 10120    sine 9M145 

•..     9-55367 

19-71499 


Ist 


9-58497  Bine. 


rem dO  58    line . 

Sdrem ^...     28  37 


19-74398 


987199  cosine 
I  angle..  41''  52" 
2 


83   44'  ye  ornate...,  9*99740 

COS 903805 

99l(/'log.   ..  3-46369 346389 


-318"' log.   ..  2-50194 


13-46129 
2 


26-92258 
Dist.  X  2  s  313920"' kg 15-49679 

+  26''-6 1-42579 


The  eeeond  method  which  U  taken  from  the  Journal  of  the 
Royal  Inetitution,  It  aefoUowi  : 

RULB. 

1.  Add  together  the  apparent  altitude  of  the  star« 
the  apparent  altitude  of  the  moon,  and  the  apparent 
distance  ;  and  from  half  the  sum  subtract  the  apparent 
altitude  of  the  star,  and  call  the  result  the  remainder. 

2.  To  the  proportional  logarithm  of  the  moon*s 
horizontal  parallax,  add  the  logarithmic  secant  of  the 
moon*s  altitude  ^  the  smn  will  be  the  proportional 
logarithm  of  the  parallax  in  altitude. 

3.  Add  together  the  logarithmic  secant  of  the  half 
sum,  the  sine  of  the  apparent  distance,  the  oo-secant 
of  the  remainder,  the  constant  logarithm  9*6990j  and 
the  proportional  logarithm  of  the  horizontal  parallax. 
The  sum  wiU  be  the  proportional  logarithm  of  the 
diminution  of  parallax ;  the  difference  between  which, 
and  the  parallax  in  altitude,  is  the  parallactic  correc' 
Hon,  which  is  to  be  subtracted  from  the  observed 
distance,  if  the  parallax  in  altitude  is  the  greater;  l^ut 
if  otherwise^  to  be  added. 


cosine 9*85749 

i  angle.. 43<'  55' 
2 


87  50  ^V^ 
COS....  8-57757 
280"  log.  . .  2-44716 

+  10''-5k)g.  ..  1-02473 

o  /   // 

Apparent  distance 4336    O 

First  correction —     5  18 

Second  correction +10    5 

Third  correction   +  ^    6 

Tme  distance 43  31  19*1 

4.  To  the  logarithmic  sine  of  the  moon's  aUitadsb 
add  the  proportional  logarithm  of  the  parallactio  eor* 
rection,  and  subtract  the  sum  from  the  proportional 
logarithm  of  the  horizontal  parallax.  The  difierenos 
will  be  the  tangent  of  an  angle^  which  is  the  refine* 
tional  distance  for  the  moon.  Consider,  as  xenith 
distances,  both  this  angle,  and  the  difference  betweea 
it  and  the  apparent  distance  -,  and  find  the  corresponds 
ing  refractions  in  a  table  of  refraction.  These  'snil  be 
the  first  and  lecond  refractional  corrections  3  the  first 
of  which  is  to  be  applied  to  the  apparent  distances 
with  a  contrary  sign  to  that  of  the  parallactic  correc* 
tion,  and  the  second  to  be  added  when  the  refiac* 
tional  distance  for  the  moon  is  less  than  the  obsenred 
distance ;  otherwise  the  second  refractional  correctifln 
must  be  subtracted. 

5.  Add  together,  the  proportional  logarithm  of  the 
diminution  of  parallax,  that  of  the  sum  of  the  paral- 
lactic correction  and  the  parallax  in  altitude,  the 
logarithmic  tangent  of  the  apparent  distance,  and  the 
constant  logarithm  1*5870.  The  sum  will  be  the  pro- 
portional logarithnfi  of  the  correction  for  obliqiutf ; 
which  is  always  additiTC. 
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Example. 

Takings  m  in  the  lani  example,  the  appareni  tlL^ifance,  43*  36';  the  appaTent  altitude  of  the  moon,  9^  S8f  ^  that  of 
the  star,  11^17'j  the  moon  s  horizontal  parallax,  54'42'''j  and  its  proportional  logarithm,  '5173:  to  jind  the 
true  distance. 


Kantiml 


-X^'d  apparent  altitudel  1  if 

])  *a  apparent  altitude  D  38 
Apparent  distance   * ,  43  36 


Sum 64  31 

f  sum 33  15 

Hemainder  ..20  58 


Horizontal  parallax  54  42 


Faralluc  in  ultitude.       ParallnctiC  correction,;   Kefractiotuil  correctioQ.      Cor*  for  ohUqoity. 


secant 


.0  061? 


P.  lo^. 


.0-51 73 


const,  log. .  9*6990 
sine 9-8386 


secant    . . , .  0-0728 
co-secant , . 04462 

Rlog 0-5173' 


sine 9-^236 


Parallax  in  altitude, .  ( 53^5 5'TJog.O' 5785 

Dimin.  of  parallax 

ParoUoi:  in  altitude 

Biff.  =  parallactic  correction  — 
Parallactic  correction  +  Parallax  in  altitude 


46'  I'TJog.  0-5739 
53  55 


54 
59  49 


Eefractional  distance  for  5 32^  48' 

Apparent  distance  ............  43    36 


P.  log. 


.  14844 


Sum  O  7080 
Hor.par.PJog.  05173 


Tang. 


,.  9-8093 


const.log.  1'5870 
Tangent   9"97B8 


P. log.    ..0  5739 
P.  log.  ,.04784 


For  zenitb  distance  32**  48'  tab.  refraction  =  37*5 


Q       / 

// 

Apparent  distance  ...... 

43  36 

00 

Parallactic  correction    . . 

—     5 

54 

1  St  r efract i o a al  c arrectio i\ 

+     0 

3T5 

2d  refractional  correction 

+     0 

110 

Correction  for  obliquity. . 

+      0 

260 

True  distance .... 

43  31 

205 

Difference  . .  10    48  ; 

—  37*5  "^ 

=  110 1  I^*^fr^^^^*J^^  corrections. 


se^'Plog.  2-6191 


Having  the  true  central  dhttatice  helween  the  moo  ft  ar.d 
the  sun,  or  ajired  star,  and  the  apparent  time  ai  the 
ship }  tojind  the  longitude, 

RULS. 

Among  the  true  distances  of  the  moon's  centre  from 
the  sun,  or  fixed  stars,  in  the  Nuuticifl  Almunac,  fmcl 
those  two  distances,  whicli  are  next  less  and  greater 
than  the  true  given  distance,  which  true  distance  place 
tmder  it.  Take  the  difference  between  the  true  dis- 
tance and  the  first  of  the  two  distances  taken  from 
the  Almanac,  and  also  the  difference  between  the  two 
distancea.  From  tlte  proportional  logarithm  of  the 
first  difference  subtract  the  proportion^il  lo£;'anthm  of 
the  second  difference ;  the  remainder  will  be  the 
proportional  logarithm  of  a  portion  of  time  ;  which, 
added  to  the  time  corresponding  to  the  firj^t  of  the  two 
differences  taken  from  the  Nautical  Almanac,  will  give 
^he  apparent  time  of  observation  at  Greenwich, 


Take  the  difference  between  this  time  and  the 
apparent  time  of  observation  at  the  ship,  which,  being 
converted  into  degrees,  will  give  the  longitude  of  the 
ship ;  east,  if  the  time  at  the  ship  be  greater  than 
that  at  Greenwich,  otherwise  west. 


ExAMPLEit 

Let  ike  true  distance  of  the  moons  centre  from  ^Aquil^, 
on  the  1st  of  March,  ims,  he  82^  25'  41"  ;  ike  cor* 
Tesponding  apparent  time  at  ike  ship  being  l^^  4"*  16'  : 
required  tlie  longitude^ 

.   /   //       iwff- 

True  distance. .....  62  23  41  ^  ^     /    // 

Distance  at  niflrht,  1  o^  o^  ^t  fO  59     4  P.  log.  48S9 
from  NauL  Aim.  J  **3^^36> 

Dist.  at  n^ from  Do,  82  14    C  }  ^     ^  ^^  ^^  ^^^-  ^' ^^ 
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Afltronoiny. 


*  Time  from  midnigbt 


.   9  55  IS. 
13     0    O 


..P.log...OU5 


App.  time  at  Greenwich    14  55  18 
App.  time  at  the  ship 12     4  16 


Longitude  west  in  time. .  2  51     2  =  30*  13'  15'^ 

The  true  distance  of  the  tnoon*s  centre  from  Aldebaran 
the  "ZOth  of  March,  1823,  was  35**  5(/  24''  j  the  cor- 
rettponding  apparent  time  at  the  ship  being  7^  5"*  21*. 
What  was  the  ships  longitude  ? 

o      /      //        Diff. 
True  distance  ...  .35  50  24  ^  ^    ^    ,, 

Dist.  at  6^  fromi  ot  aa  qq  f^     ^  ^^  P.  log.  14881 
Naut.  Almanac  S^^  44  ;kjj 

Dist.at9'*fromDo.37  26  u}^  ^^  42  P. log. 0-2480 


h      m      • 


Time  from  midnight. ...  O  10  21 ....  P.  log.  1*2401 
6    0    0 


App.  time  at  Greenwich 
App.  time  at  the  ship    . . 


10  21 
5  21 


liongitude  east  in  time . .   O  55     O  =  13*  45'  0'^ 

Variation  of  thb  compass. 
Tofnd  the  variation  of  the  compass  by  observed  magnetic 
amplitude  of  the  sun,  or  of  a  star. 
The  solution  of  this  problem  depends  upon  finding 
•the  hypothenuse  of  a  right  angled  spherical  triangle, 
in  which  one  side  (the  declination  of  the  sun  or  star) 
and  an  angle  (the  co-latitude)  Jire  given. 

Rule. 

(From  Kerrigan's  Youug  Navigator* t  Guide.) 
From  the  logarithmic  sine  of  the  declination,  the 
index  being  increased  by  10,  subtract  the  logarithmic 
cosine  of  the  latitude,  the  remainder  is  the  logarith- 
mic sine  of  the  true  amplitude,  to  be  reckoned  north 
or  south  according  to  the  name  of  the  star's  declina- 
tion J  then,  if  the  true  and  observed  amplitudes  be 
both  north,  or  both  south,  their  difference  is  the 
variation ;  but  if  one  is  north  and  the  other  south, 
their  sum  is  the  variation.  And  to  know  if  it  be  east 
or  west,  let  the  observer  look  directly  towiirds  the 
compass  representing  the  true  amplitude ;  then,  if  the 
observed  amplitude  is  to  the  left  of  the  true,  the  varia- 
tion is  easterly  j  but  if  to  the  right,  it  is  westerly. 

Note. — ^The  magnetic  bearing  of  the  object  must 
be  taken  when  its  apparent  altitude  is  equal  to  the 
depression  of  the  horizon. 

EXABIPLKS.  . 

The  latitude  being  18°  40^  north,  tlie  star  Sirius  was 
observed  to  set  24°  10'  to  the  southward  of  the  west  point 
of  the  compass.     Required  the  variation. 
Declination  of  Sirius..  16°  27' S         sine  ..19*45206 
Latitude 18   40  cosine     9-97653 

True  amplitude....  W  17°  23' S         sine  ..   9-47553 
Magnetic  amplitude  W  24   10  S 

Variation 6  47  which  is  east,  because 

the  observed  amplitude  is  to  the  left  hand  of  the  true. 


In  latitude  48°  20^  north,  the  star  Rigel  was  obsened  N 
to  set  9°  50'  to  tU  northward  of  the  west  point  of  the  ^ 
compass;  required  the  variation.  V* 

Declination  of  Rigel 8°  25'  S     sine  . .  19-16545 

Latitude 48    20        cosine     9*82269 

Star's  true  amplitude    W  12°  43' S     sine  ..  ^34276 
Magnetic  amplitude  . .  W   9    50  N 

Variation    22    33  which  is  west,  be- ' 

cause  the  observed  amplitude  is  to  the  right  hi^  of 
the  true  amplitude. 

To  find  the  variation  of  the  compass,  hoDv^  the  fne 
altitude  of  the  sun  or  of  a  fixed  star,  and  ttt  magm^ 
azimuth,  the  latitude  of  the  ship  and  the  decimaOott  bei^ 
known. 

To  compute  the  true  azimuth,  we  lunre  given  the 
three  sides  of  a  spherical  triangle;  viz.  the  co=-U* 
tude>  the  zenith  distance,  and  the  polar  distance,  to  ' 
find  the  angle  at  the  zenith  between  the  zenith  di^  ' 
tance  and  the  co-latitude. 

•  Rule. 

Add  together  the  polar  distance,  the  zenith  distance, ' 
and  the  co-latitude,  and  take  half  the  sum ;  the  dif- ' 
erence  between  which  and  the  polar  distance  call  the 
remainder. 

To  the  arithmetrical  complements  of  the  sines  (or 
the  co-secants)  of  the  zenith  distance  and  co-latitude, 
add  the  sines  of  the  half  sum  and  of  the  remainder. 
Half  the  sum  of  these  four  logarithms  will  be  the 
cosine  of  half  the  true  azimuth  to  be  reckoned  fima 
the  north  in  north  latitude,  but  from, the  south  ia ' 
south  latitude. 

Then  if  the  true  and  observed  azimuths  are  on  the  ' 
same  side  of  the  meridian,  their  difference  is  the 
variation  3  but  if  on  different  sides,  the  sum  is  the 
variation.  Now,  if  the  observed  azimuth  is  to  the 
left  of  the  true,  the  variation  will  be  easterly;  but  it 
the  right,  the  variation  will  be  westerly. 

Example. 
In  latitude  48^  50'  north,  the  true  altitude  of  the  su»s 
centre  was  22°  2'  j  tJie  declination  being  10*  12'  south,  and 
its  magnetic  bearing  north  161^  32'  east,      Requir^  the 
variation. 

Polar  distance 100  12 

O's  zenith  distance  . .   67  58     co.  ar.  sme. .   003294 
Co-latitude    41  10    co.  ar.  sine. .  0*18161 

sum    209  20 

i  sum 104  40     sine    9*98561 

Remainder. .     4  28     sine    8*8914S 

19*09158 

69^26'     cosine..   9*54579 
2 

J  *s  true  azimuth   N  138   52  E 

Magnetic    or    observed 

azimuth    N161   32E 

Variation 22   40     which     is    west, 

because  the  observed  azimuth  is  to  the  right  of  the 

true. 
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r   THB    INSTBtTMENTa    EMPLOYED   IN    NAUTICAL 

astbonomy. 
The  sextant, 
!  sextant  is  an  instrument  so  well  known,  that 
iled  account  of  it  would  be  superfluous  j  as  an 
nation  of  the  instrument  itself  for  a  few  minutes 
robably  convey  a  better  idea  of  its  constructioOj 
he  most  eltiborate  description. 
»  object  is  reflected  from  the  index-glass  to  the 
m-glassj   and  from  thence    to  the    eye.      The 
tti-glass  is  half  silvered,  and  a  telescope  being 
'ly  directed  towards  it,  and  parallel  to  the  sex- 
:he  observer  is  enabled  to  see  the  horizon  of  the 
I  rough   the  un  silvered   part  of  the  glass,  at  the 
time  that  he  views  the  reflected  image  of  the 

in  that  part  which  is  sihered.  By  moving  the 
.  and  consequently  the  index-ghisSj  the  reflected 
:  appears  to  change  its  place^  and  may  be  made 
mtly  to  coincide  with  the  horizon  of  the  sea» 
glasses  are  placed  so  that  they  may  be  inter- 
between  the  index -glass  and  the  horizon -glass, 
ervations  of  the  sun  j  and  there  i^  a  screw  at 
ick  of  the  sextant  acting  upon  the  telescope^  by 

it  may  be  brought  nearer  to,  or  removed  fur^ 
rom  the  instrument,  for  the  purpose  of  rendering 
fleeted  image  more  or  less  bright. 
;  glasses  of  a  sextant  should  be  perfectly  plane, 
le  surfaces  of  each  parallel.  In  order  to  examine 
d'lce  the  dark  glasses  before  the  horizon-gla^a 
to  prevent  seeing  through  it,   and  interpose  as 

dark  glasses  as  may  be  fonnd  necessary  to 
m  sufficiently  the  retiected  image  of  the  sun* 
the  index  at  zero.  Direct  the  telescope  to  tiie 
.nd  make  the  image  as  distinct  as  possible,  by 
ig  the  eye  piece,  when  the  image  should  appear 
lud  well  defined :  shift  the  index  to  ISf/',  keep- 
le  sun  in  the  telescope  during  the  motion  of  the 
If  now  the  image  of  the  sun  appears  sharp, 
,  and  well  defined,  the  surfaces  of  each  glass  are 
el  J  but  if  the  edge  appears  indistinct  in  any 
and  a  projection  like  a  faint  second  image  is 
the  glasses  are  bad,  and  the  instrument  should 
ected* 

Adjustments  of  the  sextant* 

;  adjustments  of  a  sextant  are  to  set  the  index 
orizon  glasses  perpendicular  to  the  plane  of  the 
mcnt,  and  their  planes  pardllel  to  each  other 
the  index  division  is  at  O,  upon  the  arch.  Also 
the  axis  of  the  telescope  pandlel  to  the  plane  of 
istrmnent. 

H  the  index- glass  perpaidicular  to  the  plane  of  the 

sextant. 
•ve  the  index  forward  to  about  the  middle  of  the 
then  holding  the  instrument  w^ith  the  limb  from 
bserv^er,  look  obrnpiely  into  the  index-glass,  so 
see  the  arch  by  reflection  j  and  remark  if  the 
ted  and  the  true  arch  ajipear  in  the  same  plane, 
y  do,  the  index-glass  is  perpendicular  to  the  plane 
•  instrument ;  but  if  otherwise,  it  is  to  be  rectified 
frans  of  the  screws  at  the  back  of  the  glass. 

^  the  horizon-glass  perpendicular  to  the  plane  of  the 

seMant, 
■ew  on  the  *lark  glass  to  the  eye-piece  of  the 
ope,  and  directing  it  to  the  sun^  make  the  two 

0L»  HI. 


imogea  pass  over  each  other.     If  they  do  not  appear   Nautical 
perfectly  to  coincide  in  passing,  turn  the  screw,  which  Aatrvoomy. 
is  under  the  horizon-glass,  till  this  is  efleeted.     The  """^^ 
same  adjustment  may  be  made  by  means  of  a  star. 

To  find  the  index  error. 

When  the  index  is  at  O,  the  images  seen  by  reflec- 
tion and  by  direct  vision  should  coincide.  In  the  best 
sextants  there  is  no  adjustment  for  this  purpose,  but 
the  error  is  to  be  found  and  to  be  a]>plied  to  the 
observed  angle.  The  best  method  of  determining  the 
index  error  is  to  measure  the  diameter  of  the  sun  by 
moving  the  index  forward  and  backward  on  the  arch. 
Half  the  di  He  re  nee  of  these  diameters  will  be  the 
index-error,  wdiich  nmst  he  subtracted  from  the 
observations  when  the  diameter  taken  forward  is  the 
greater,  otherwise  it  must  be  added.  This  correction 
should  be  frequently  examined. 

To  set  the  axis  of  the  tekscope  parallel  to  the  plane  of  the 
iextant. 

l£  the  axis  of  tlie  telescope  is  not  parallel  to  the 
plane  of  the  sextant,  it  may  occasion  a  considerable 
error  when  the  angle  is  large.  In  order  to  make  this 
adjustment,  place  the  wires  which  are  in  the  telescope 
parallel  to  the  plane  of  the  instrument*  Then  select 
two  well  defined  objects,  of  which  the  best  are  the 
moon  mid  a  star,  the  angle  between  which  must  not 
be  less  than  DO  degrees.  Bring  their  images  exactly 
into  contact  at  the  wire  which  is  nearest  to  the  sex- 
tant; then,  by  altering  a  little  the  position  of  the 
instrument,  bring  them  upon  the  wire  furthest  from 
the  sextant.  If  the  images  still  continue  in  contact, 
no  adjustment  is  required  ;  but  if  they  iippear  to 
separate  at  the  wure  wdiich  is  furthest  from  the  instru- 
ment,* it  is  a  proof  that  the  object  end  of  the  telescope 
is  too  near  to  the  sextant,  and  it  must  be  altered  by 
means  of  the  screws  in  the  ring  which  holds  the 
telescope. 

By  repeating  this  operation  a  few  times,  the  contact 
will  remain  perfect  upon  both  wires,  and  consequently 
the  axis  of  the  telescope  will  be  parallel  to  the  plane 
of  the  sextant. 

Use  of  tke  sextant, 

(From  Norie'a  Navig^alion.) 

To  observe  the  angular  distance  between  the  momi  and 
the  nm. 

**■  Screw  on  the  telescope,  and  place  the  wires 
parallel  to  the  plane  of  the  instrument;  then  turn 
down  one  or  more  of  the  dark  glasses  aecordijig  to 
the  brightness  of  the  sun ;  place  the  index  at  (>  on 
the  limb,  and  if  the  sun's  image  be  verj'  bright,  turn 
up  tlie  dark  glasses  before  the  index-glfiss,  and  with 
the  screw  raise  the  telescope  to  the  transparent  part 
of  the  horizon-glass.  Having  done  this,  hold  the 
sextant  so  that  the  plane  may  be  in  the  right  line 
joining  the  tw*o  objects.  If  the  sun  he  to  the  right 
hand  of  the  moon,  the  sextant  is  to  be  held  %vith  its 
face  upwards ;  but  if  it  be  to  the  left  hand,  the  face 
is  to  be  held  downwards.  With  the  instrimient  in 
this  position,  look  directly  at  the  moon  through  the 
telescope,  and  move  the  index  forivard  till  the  sun's 
image  comes  nearly  in  contact  %vith  tbe  mocm's  near- 
est limb.  Then  lix  the  index,  by  the  screw  under  the 
4  N 
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ny.  B€%tBni,  anil  make  the  contact  perfect  by  roeiuii  of 
^  tlic  adjtiating  screw;  at  the  same  time  move  the  sex- 
tant slowly,  making  the  axis  of  the  telescope  the 
t'l  litre  of  motion,  by  which  ihc  objects  will  pass  each 
other,  and  the  contact  be  more  accurately  uia>de.  The 
index  will  tht'n  point  out  the  observed  distance  of  the 
jieareist  limbs  of  the  sun  ztnd  moon. 

It  will  perhaps  be  more  easy  for  those  who  arc  not 
accustomed  to  make  observation]^,  to  iind  the  distance 
nearly ;  and  setting  the  iaden  forward  to  it,  to  look 
directly  towards  the  moon,  holding  the  instrumeni  as 
before  ^  the  5UD  will  then  appear  nearly  in  cnntact 
with  it,  and  is  to  he  made  perfect  by  the  methml 
above  mentioned.  In  the  Nautical  Almanac  the  dis- 
tances of  the  sun  and  moon  are  set  down  for  the  be- 
ginniu!^  of  every  third  hour  of  time  at  Cireenwich,  on 
such  days  as  the  moon  is  not  less  than  35  tlegrees, 
nor  more  than  125  deuces  from  the  sun,  and  may  be 
found  for  any  mtermediiite  time  by  proportion.  From 
theiie  d is ttmces,  their  distance  at  the  time  of  observa* 
lion  may  be  computed  roujEfhly  thus  :— Find  the  time 
at  Greennieh  nearly  j  then  lind  by  the  Nautkal 
Almanac  the  distance  nearly  at  that  time,  from  which 
subtract  30  minutes,  the  sum  of  the  semuliameters 
nearly,  and  the  remainder  will  g'ive  the  distance  of 
their  nearest  lindis  at  the  time  of  observation. 

It  will  save  some  trouble,  and  serve  the  purpose  of 
finding  the  reflected  imug-c  of  the  sun  or  moon  in  the 
horizon-glass,  if  you  only  set  the  index  to  the  central 
distance  as  set  down  in  the  Nauikal  Almanac  for  the 
nearest  three  hours  i\ithout  correcting  \%,  to  the 
intermediate  time  by  a  rough  computation. 

To  obMcrre  the  dktance  Uetwan  ihi  moon  and  a  gtar. 

Turn  down  the  lightest  skreen  before  the  horizon- 
glass,  and  direct  the  telescope  to  the  star,  holding:  the 
fiextant  in  its  proper  position  ;  so  that  if  seen  edge- 
wise^  it  may  appear  to  pass  through  the  moon  and 
•tar,  with  its  face  u^i wards  or  downwards,  according 
as  the  star  is  to  the  ciistward  or  westward  of  the 
moon  J  then  move  the  index  fonvard  till  the  reflected 
image  of  the  moon  is  seen  in  the  telescope.  By 
■Miving  the  instniment  slowly  up  and  down,  the 
moon  will  ajjjjcar  to  rise  and  fall  Ijy  the  star^  the 
enlightened  limb  is  then  to  be  Ijroui^ht  in  contact 
with  the  star  by  means  of  the  ad justing'sercw  ;  and 
the  number  of  degrees  and  minutes  pointed  out 
by  the  vernier  will  give  the  observed  distance  between 
the  objects. 

If  the  distance  between  the  moon  and  one  of  the  stars 
get  down  in  die  Nnutkal  Jbnanac  for  finding  the  lons^i- 
tude  is  to  be  obsenxd,  their  distance  may  be  roughly 
calculated  as  before  directed,  to  which  set  the  index : 
then  look  through  the  telescope,  and  direct  the  sight  to 
the  star,  which  is  generally  a  bright  one,  and  lies  in  a 
line  nearly  perpendicular  to  the  horns  of  the  moon 
either  to  the  eastward  or  westward,  as  denoted  in  tlie 
jilfiianac ;  mid  holding  the  sextant  in  the  plane  of  the 
two  objects,  give  it  a  slow  motion  round  the  axis  of 
the  telescope  j  and  if  the  moon's  imiige  comes  into 
the  field  of  the  telescope,  it  is  a  jiroof  the  right  star 
has  been  taken,  as  no  other  in  that  direction  will 
correspond  to  it  in  distance. 

The  comparative  lightness  of  the  sextant  has 
caused  it  frequently  to  be  preferred  to  the  reflecting 
circlcj  but  wliencver  great  accuracy  ia  desired,  the 
latter  ia  {»r  superior  3  for  the  sextant  having  but  one 


vernier,  any  error  which  arises  from  eccentricity  W 
remains  undiscoveredj  whilst  in  the  circle  this  error  is  ** 
corrected  by  taking  a  mean  of  the  readings  of  the  ^* 
several  verniers. 

DK8CRfFTioK  or  Troitohton'r  reflecting  ctaci^. 

This  instniment,  the  production  of  one  of  the  moat 
celebrated  of  the  English  artists,  combines  consider- 
able strength  with  lightness.  It  is  composed  of  a 
circular  rim  screwed  to  a  cross  bar  frame,  to  the 
middle  of  which  is  fixed  a  hollow  centre  A,  (plate  % 
fig,  1.)  upwards  of  two  inches  long,  and  projecting^ 
from  the  back  of  the  frame.  This  hollow  centre 
receives  an  axis,  to  one  extremity  of  which  is  firmly 
fixed  the  index,  having  three  branches  at  equal  dis- 
tances from  each  other,  and  to  the  other  extremity  of 
the  axis  is  attached  the  index-glass.  Each  of  the 
three  branches  terminates  in  a  vernier,  and  one  of  them 
carries  the  usual  ajiparatus  for  quick  and  slow  mofioQ, 
which  of  course  governs  also  the  other  two. 

On  the  back  of  the  circle  on  that  side  w^ierc  the 
index-glass  is  placed  >  is  a  kind  of  secondary  frame  B/J, 
attached  to  the  hollow  centre,  near  the  index-glass, 
and  also  by  tlic  pillars  to  the  main  frame. 

Uj)on  this  secondary  frame  are  firmly  fixed  the 
horizon-glass  and  the  telescope ;  on  the  same  frame 
are  also  placed  two  sets  of  coloured  glasses,  one 
between  the  index  and  horizon  glasses,  and  the  ntkr 
beyond  the  horizon -glass.  The  distance  between  the 
two  frames  affords  a  relief  for  the  dark  glasses  to  be 
turned  down  round  a  joint,  so  as  to  place  them  out  of 
the  way  when  they  are  not  wanted.  The  telescope 
screws  into  a  collar,  the  square  stem  of  which  ha\ing 
its  four  angles  worked  into  a  screw,  passes  through  a 
barrel,  which  connects^he  main  and  secondary  frames. 
By  means  of  a  finger  screw  upon  the  stem,  the  dis* 
tance  of  the  telescope  from  the  frame  of  tlic  instru- 
ment, may  be  varied  at  pleasure ;  fmd  the  two  objcrtt 
observed,  may  be  made  of  equal  brightness,  evenj 
without  removing  the  eye  from  the  telescope.  Thai 
collar  into  which  the  telescope  screws  has  the  usujII 
adjustment  for  placing  the  line  of  colli  mat  Ion  parallel  | 
to  the  plane  of  the  circle.  A  handle,  D,  appears  oal 
the  divided  side  of  the  instrument,  and  is  Mtached  td  | 
a  brass  tube,  which  bends  over  the  edge  of  the  circle, 
and  is  fixed  to  the  in'^trument  on  the  same  side  as  t" 
glasses.  E,  is  another  hiuidle  screwed  fiiat  to  1 
frame  on  the  back  of  the  instrument.  By 
these  handles  the  circle  may  be  conveniently 
any  position. 

The  telescope  being   fixed  near  one  edge  of  1 
circle,  and  the  horizon-glass  ne:ir  the  t)pposite  edgefl 
the  rays  of  light  from  the  object  may  fall  upon  tlial 
index-glass  on  either  side   of  the  horiion-glas*  j  bfj 
which  means  the  great  advantage   ia   obtniiied,  01 
observing  on  both  sides  of  zero* 

It  has  been  before  remarked,  that  in   the  s 
from  its  having  only  one  vernier,  any  error 
from  eccentricity  is  uncorrected ;  but  in  the  circle*  I 
taking  a  mean  of  the  readings  of  the  three  vtmim^W 
only  is  this  error  removed,  but  any  errors  of  cUf '"" 
arc  reduced  to  about  one-sixth  j>art.     Also^  witenl 
angle   meiisurcd  is   I'^O  degrees,   in  a  backwnrd 
forward   observation,    the    three  reaxlings    will 
occupy  the  7^0  degrees  of  this  circle. 

In  Troughton's  circles,  as  they  are  generally  i 
the  degrees  are  subdivided  into  three  parts^  of 
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•t,  and  each  vernier  subdivules  again  to  20 


le  following  printed  instmctions  for  its  use  are 
rally  given  with  tlie  instrument. 

ct'mnsfor  observing  wiih  Trougkions  refUctittg  drcle. 
Prepare  the  instrtiment  for  observation  by  scrcw- 
;he  telescope  inio  its  place,  adjusting  tlie  drawer 
icus,  ami  the  wires  parallel  to  the  plane  exactly 
)u  do  with  a  sextant  :  oiso  set  the  index  forivards 
»e  rough  distance  of  the  sun  and  nioon^  or  moon 
star  i  and  holding  the  cirde  by  the  short  handle, 
rt  the  telescope  to  the  fainter  object,  and  make 
contact  ill  the  usual  way.  Now  read  off  the 
ee,  nninutc,  and  second,  by  that  branch  of  the 
X  to  which  the  tangent  screw  is  attached  j  also 
minute  and  second  shewn  by  the  other  two 
cheg  }  these  give  the  diFtance  taken  on  three 
rent  sextants  f  but  as  yet  it  Is  only  to  be  consi- 
d  as  half  an  observation.  What  rctnains  to  be 
!  is  to  complete  the  whole  circle,  by  measuring 
angle  on  the  other  three  sextants.  Therefore 
he  index  backwards  nearly  to  the  same  distance, 
reverse  the  plane  of  the  instrument,  by  holding 
f  the  opposite  handle,  and  make  the  contact  as 
'e,  and  read  off  as  before  what  is  shewn  on  the 
B  several  branches  of  the  index.  The  mean  of  all 
3  the  true  apparent  distance,  corresponding  to  the 
n  of  the  two  times  at  which  the  observations 
?  made. 

When  the  objects  are  seen  very  distinctly,  so  that 
loubt  whatever  remains  about  the  contact  in  both 
ts  being  perfect,  the  above  may  safely  be  relied 
,s  a  complete  set  ^  but  if,  from  the  haziness  of  the 
too  much  motion,  or  any  other  cause,  the  obser- 
ma  have  been  rendered  doubtful »  it  will  be  ad- 
Able  to  make  more  :  and  if  at  such  times  so  many 
ings  should  be  deemed  troublesome,  six  ob ser- 
ins, and  six  readings  may  be  conducted  in  the 
►wing  manner.  Take  three  snccesaive  sights 
rards  exactly  as  is  done  with  a  sextant;  only  take 
:  to  reiwl  them  off  on  tlifferent  branches  *jf  the 
IX :  also  make  three  obscrvalious  backwards, 
g  the  same  caution  j  a  mean  of  these  will  be  the 
ince  rerpiired.  When  the  number  of  sights  taken 
^ardsand  backwards  are  unequal,  a  mean  Injtween 
means  of  those  taken  backwards  and  those  taken 
rards,  will  be  the  true  angle. 
It  need  hardly  be  mentioned  that  the  shades,  or 
c  glasses  apply  like  those  of  a  sextant  for  making 
objects  nearly  of  the  same  brightness  ;  but  it  must 
in&isted  on,  that  tlie  telescope  should  on  every 
iif^n  be  raised  or  lowered  by  its  proper  screw  for 
Lw'g  them  perfectly  so. 

The  foregoing  instructions  for  taking  distances 
ly  equally  for  taking  altitudes  by  the  sea  or  arti- 
tl  horizon,  they  being  no  more  than  distances 
m  in  a  vertical  plane.  Meridian  altitudes  cannot 
fever  be  taken  backwards  and  forwards  in  the 
le  day  because  there  is  not  time  :  all  therefore  that 
be  done  is,  to  observe  the  altitude  one  way,  and 
the  index  error  ;  but  even  here  you  have  a  mean 
hat  altitude,  and  this  error  taken  on  three  different 
Lants.  Both  at  sea  and  land,  where  the  observer 
tationary,  the  meridian  idtitiide  shonld  be  observed 
vards  one  day,  and  backwards  the  next,  and  so  on 
raately  from  day  to  day  j  the  mean  of  latitudes. 


deduced  severally  from  such  observations,  will  be  the   N^uticil 
true  latitude  ;  but  in  these  there  should  be  no  a]ipli-  Astmpomy 
cation  of  index  error  ;  for  that   being  constant,  the 
result  would  in  some  measure  be  vitiated  thereby. 

"  When  both  the  rejected  and  direct  images  require 
to  be  darkened,  as  is  the  case  when  the  sun's  diameter 
is  measured,  and  when  his  altitude  is  taken  with  an 
artificial  horizon,  the  attached  dark  glasses  ought  not 
to  be  used ;  instead  of  them,  those  which  apply  to 
the  eye  end  of  the  telescope  will  answer  much  better, 
the  former  having  their  errors  magnified  by  the  power 
of  the  telescope,  will,  in  proportion  to  this  power, 
and  those  errors,  be  less  distinct  than  the  latter. 

**  In  taking  distances  when  the  position  does  not  vary 
from  the  vertical  above  thirty  or  forty  degrees,  the 
handles  which  are  attached  to  the  circle  arc  generally 
most  conveniently  used ;  but  in  those  which  incline 
more  to  the  horixontnl,  that  handle  which  screws  into 
n  cock  on  one  side,  and  into  the  crooked  handle  oa 
the  other,  will  be  found  more  applicable. 

-'  When  the  crooked  bundle  hajtpcns  to  be  in  the  way 
of  reading  one  of  the  branches  of  the  index,  it  must 
be  removed  for  the  time,  by  taking  out  the  finger 
screw  which  fastens  it  to  the  body  of  the  circle. 

'*  If  it  should  happen  that  two  of  the  readings  agree 
with  each  other  very  well,  and  the  third  differs  from 
them,  the  disconlunt  one  must  not  on  any  account  be 
omitted,  but  a  fair  mean  nuist  fdways  he  taken. 

**  It  should  be  stated,  that  when  the  angle  is  about 
thirty  degrees,  neither  a  distance  of  the  sun  and  moon, 
nor  an  altitude  of  the  sun  with  the  sea  horizon,  can 
be  taken  backwards  ;  because  the  dark  glasses  at  that 
angle  prevent  the  reflected  niys  of  light  from  falling 
on  the  index-glass ;  whence  it  becomes  necessary, 
when  the  angle  to  be  taken  is  quite  imknown,  to 
observe  forwards  first  where  tlie  whole  range  is  with- 
out interruption  ^  whereas,  in  that  backwards,  you 
will  lose  sight  of  the  reflected  image  about  that  angle. 
But  in  such  distances  where  the  sun  is  out  of  the 
question,  and  when  his  altitude  is  taken  with  an  arti* 
ficial  horizon,  (the  shade  being  applied  to  the  end  of 
the  telescope)  that  angle  may  be  measured  nearly  as 
well  as  any  other  j  for  the  rays  incident  on  the  index- 
glass  will  pass  through  the  transparent  half  of  the 
horizon-glass,  without  much  diminution  of  their 
brightnc*js. 

"The  advantages  of  this  instrument,  wh<?n  compared 
with  the  sextant,  are  chiefly  these  : — ^The  observationi 
for  finding  the  index  error  are  rendered  useless;  all 
knowledge  of  that  being  put  owt  of  the  question,  by 
observing  both  for%vards  and  backwards.  By  the 
same  means,  the  errors  of  the  dark  glasses  are  also 
corrected ;  for  if  they  increase  the  angle  one  way, 
they  must  diminish  it  the  other  way  by  the  same 
quantity.  This  also  perfectly  corrects  the  errors  of 
the  horizon -glass,  and  tho^e  of  the  index-glass  very 
nearly.  But  what  is  of  still  more  consequence,  the 
error  of  the  centre  is  perfectly  corrected,  by  reading 
the  three  bran<'hcs  of  the  index  ;  while  this  property 
combined  with  that  of  obsrrrin^both  ways,  probably 
reduces  the  errors  of  dividing  to  one-sixth  part  of 
their  simple  valne.  Moreover,  angles  may  be  mea- 
snrcd  as  far  as  150  degrees,  consequently  the  sun'ft 
double  altitude  may  be  observed  when  his  distance 
from  the  zenith  is  not  less  than  fifteen  degrees ;  at 
which  altitude,  the  head  of  the  observer  begins  to 
Intercept  the  rays  of  light  incident  on  the  artificial 
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Astronomy,  borizoii ;  andj  of  course,  if  a  greater  angle  could  be 

1-^^^.,^  measured,  it  would  be  of  no  use  in  this  respect » 

*'  This  instrument,  in  common  %vith  the  sextant, 
requires  three  adjustments.  First,  the  index-glass 
perpendicular  to  the  plane  of  the  circle.  This  bcin|2: 
done  by  the  maker,  and  not  liable  to  alter,  has  no 
direct  means  applied  to  the  purjvose  :  it  is  known  to 
be  right  when,  by  looking  into  the  index-ghiss,  you 
see  that  part  of  the  limb  which  is  next  you  reflected 
in  contact  with  tht  opposite  side  of  the  linib^  as  one 
continued  arc  of  a  circle  :  on  the  contrary,  when  the 
arc  appears  broken,  where  the  reflected  and  direct 
parts  of  the  lin^b  meet^  it  is  a  proof  that  it  wants  to 
be  rectified.  The  second  is,  to  make  the  horizon- 
glass  perpendicular  This  is  performed  by  a  capstan 
screw,  at  the  lower  end  of  the  frame  of  that  g-lass  j 
and  is  known  to  be  right,  when,  by  a  sweep  with  the 
index,  the  reflected  image  of  any  object  will  pass 
exactly  over  or  cover  the  image  of  that  object  seen 
directly.  The  third  adjustment  is  for  making  the 
line  of  collimation  parallel  to  the  plane  of  the  circle. 
This  is  performed  by  two  small  screws,  which  also 
fasten  the  collar  into  which  the  telescope  Bcrcws,  to 
the  upright  stem  on  which  it  is  mounted  :  this  is 
known  to  be  right,  when  the  sun  and  moon,  having  a 
distance  of  13(>  degrees,  or  more,  their  limbs  are 
brought  in  contact,  just  at  the  outside  of  that  wire 
which  is  next  to  the  circle ;  and  then  examining  if  it 
be  the  same,  just  at  tlic  outside  of  the  other  wire  :  its 
being  so  is  the  proof  of  adjustment/* 

A   DESCRIPTION  OP  DOLLOND  «    tJlPROVED  BEFLECTINC 

CIRCLE. 

This  instrument  is  represented  at  plate  2,  (ig.  2.  IL 
consists  of  two  concentric  circles  j  the  one  moving 
within  the  other,  both  in  the  same  plane,  and  nearly 
in  contact.  The  inner  circle  has  three  flat  radji,  two 
of  which  carry  at  their  extremities  the  telescope  and 
the  horizon-glass.  The  outer  circle  is  divided  into 
degrees^  &c,  as  near  n^  possible  to  its  exterior  Qd^e, 
and  numbered  in  the  usual  manner.  The  interior 
circle  has  also  every  tenth  degree  numbered  upon  it 
on  both  sides  of  zero  to  180,  but  without  any  other 
divisions*  A  vernier.  A,  is  fixed  to  the  interior  circle 
opposite  to  its  zero,  for  the  purpose  of  reading  oS"  the 
degrees,  &c*  on  the  exterior  circle.  Near  the  telescope 
an  apparatus  for  quick  and  slow  motion  is  attached  to 
the  interior  circle.  An  arm  carrying  the  index-glass^ 
and  a  vernier,  B,  moves  freely  round  upon  its  own 
centre,  and  is  furnished  with  an  apparatus  for  slow 
motion,  and  a  clamp,  by  means  of  which  it  may  be 
attached  to  the  exterior  circle.  The  divisions  upon 
the  exterior  circle  may  be  read  off  by  means  of  this 
vernier^  but  the  figures  corresponding  to  those  divi- 
sions arc  concealed,  whilst  those  of  the  interior  circle 
are  visible. 

,   The  following  observations  upon  this  instrumcntj  and 
precepts  for  its  use,  arc  given  in  the  maker's  own  words ; 

"  The  reflecting  circle  being  constructed  upon  the 
same  principles  as  the  sexta;nt,  requires  the  same  pro- 
cess for  making  the  observations.  The  circle  having 
the  advantage  of  enabling  the  observer  to  tidie  the 
angle  on  w  hat  is  usually  termed  the  off  arc  y  that  is, 
he  may  first  take  the  angle  precisely  in  the  same 
manner  as  with  the  sextant  j  and  then^  by  reversing 
the  face  of  the  instnmient^  take  the  angle  on  the  off 
arc^  or  the  other  side  of  the  zero*    By  thiB  method 


he  will  correct  any  error  that  may  arise  fmin  a  wmt  ^ 

of  parallelism   in  the  glasses,   or  in  the  adjustment  of  *^ 
the  verniers  to  the  zero  ;  and  by  adding  the  angles ' 
so  taken  to  each  other,   and  dividing  them  by  two, 
the  correct  angle  will  be  obtained. 

"There  are  two  verniers  on  each  index, which  read 
from  the  centre  division  according  to  the  arc  upon 
which  the  ajiglc  is  taken,  and  the  one  may  be  read 
backward  as  a  check  upon  the  other 

'*  There  is  anotlier  and  a  greater  advantage  to  be 
derived  from  the  circular  construction  of  the  instru- 
ment, which  is  the  jiower  of  repeating  the  observatioiit 
and  thereby  corre cling  the  errors  arising  from  the 
eccentricity  of  the  centering  or  dividing. 

**  In  the  instrument  here  described  there  is  a  very 
considerable  improvement  for  facilitating  the  opera- 
tion of  repeating  the  observations  ;  it  principally  con- 
sists of  the  two  sets  of  figures,  one  upou  the  inni 
circle,  and  the  other  upon  the  outer  or  divided  circle ; 
the  first  set  are  for  reading  off  the  angle,  which 
taken  witli  the  index  B  j  and  the  second  for  reading^ 
off  the  number  of  the  degrees,  &c.  which  are  to  bc^ 
divided  by  the  number  of  repetitions. 

'*  The  method  of  observing  with  the  Instrumeiit  i^s 
as  follows  : 

"  If  it  is  to  be  used  as  a  sextant,  the  vernier  A,  whicb^ 

is  attached  to  the  inner  circle,  must  be  set  to  a  pH 

mary  division,  and  it  will  be  the  most  correct  to  se    ^ 
it  to  7 '20,*  for  which  purpose  there  is  as  a  rougfc^ 
guide  a  line  upon  the  outer  chamfered  edge  of  th^^ 
vernier  A,  which  corresponds  with  the  zero  of  thac 
vernier.      Having  adjusted  this  vernier   correctly  to 
7*20,  the  angle  must  be  tiiken  by  moving  the  index  7i 
forward,  in  the  same  manner  as  with  the  sextant,  aiid 
the  angle  contained  between  the  two  objects  will  be 
seen  uptm  the  circle  by  tliC  vernier  belonging  to  that 
index,  and  the  figures  on  the  inner  circle  will  be  ik 
guide  for  reading  off.     The  index  error  should  in  thii 
case  be  found  ns  with  the  sextant,  by  taking  a  small 
angle  on  each  side  the  zero.     If  there  should  be  time 
for  a  second  observation,  the  same  angle  may  be 
taken  with   the  face  of  the  instrument  reversed »  by 
moving  the  index  B  the  contrary  way  to  the  former, 
or  upon  the  off  arc  :  in  this  cnse  the  index  error  netd 
not  be  attended  to,  as  the  half  of  the  two  angles  irHl 
be  the  correct  angle. 

''  The  circle  may  also  be  used  for  taking  a  series  of 
observations,  by  Jetting  the  vernier  A  to  7^0,  vd 
proceeding  in  the  first  instance  by  moving  the  ioda 
B  forward,  and  then  the  inner  circle,  telescope,  he. 
and  so  on,  each  time  reading  off  the  angle,  or  noting 
the  number  of  observations  j  and  dividmg  the  amount 
of  the  degrees,  &c.  passed  through  by  the  number  of 
the  observations  ;  and  if  the  number  of  the  angles 
tidcen  are  equal  to  or  nearly  so,  to  the  whole  circle,  it 
is  evident  that  the  errors  of  division  and  centcniig 
will  have  been  taken  into  the  account, 

''  When  the  instrument  is  used  as  a  repeating  instru- 
ment, the  vernier  A  should  be  very  correctly  adjusted 
to  110  ',  and  the  index  B  moved  forward  until  the  two 
objects,  the  angle  of  which  is  to  be  taken,  are  brought 
into  contact  J  read  off,  and  note  the  amount^  then 
Ica^  ing  the  index  B  fiist,  and  unclamping  the  teleseope, 
&c.  move  the  whole  of  those  parts  which  are  attached 

♦  In  tlie  pbtc  the  iadex  A  ij  hy  *  miataltc  set  to  360  i  Uusdo«i 
not  affect  the  reasomng^  us  it  may  be  cqualJy  considiaied  the  scfo* 
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5  inner  circle  forward^  until  the  fibres  on  the 
circle  shew  tlie  amount  of  the  first  angle,  on  the 
ary  side  of  their  zero,  bring  the  objects  into  con- 
and  it  will  here  be  evident  that  the  space  piisscd 
will  be  ef|iial  to  twice  the  angle.  Note  down 
and  without  disturbing  the  last  adjustment  move 
idex  B  forward  twice  the  finale,  and  brin^  the 
ts  again  into  contact ;  then  move  the  telescope, 
►rward  as  before,  and  note  down  two  in  addition 
former.  In  this  mode  of  observing,  if  the  face 
instrument  is  continued  always  one  way,  it  will 
[uisite  to  present  the  telescope,  first  to  the  left 
object,  and  secondly,  to  the  right ;  but  if  the 
J  reversed  alternately,  the  telescope  should  be 
ited  to  the  same  object.  Proceed  with  the 
i-ations,  and  each  time  the  telescope,  ike.  is 
I  forward,  note  two  j  and  when  the  vernier  A 
ther  approached  or  exceeded  the  whole  circle, 
)j  read  off  by  that  vernier,  and  divide  the  amount 
»  number  of  the  angles  taken,  and  the  quotient 
]e  the  correct  angle  j  it  will  here  be  clearly 
It,  that  all  errors  of  division,  centering,  and 
nation,  will  have  been  taken  into  the  account, 
herefore  the  angle  will  have  been  correctly 
ed." 

s  instrunient,  (as  well  as  Trough  ton  *s  circle,)  is 
tied  with  a  stand,  which  will  be  found  very  con- 
it  in  making  obser\'ations  on  shore. 

0  place  the  circle  upon  the  stand,  unscrew  the 
nut  which  fastens  the  ball  or  handle,  holding 
strument  in  the  left  hand  with  the  face  down- 
,  so  that  it  may  not  slip  from  the  handle  j  take 
!  handle  carefully,  and  the  part  upon  which  the 

1  fitted  will  fit  the  bole  in  the  end  of  the  bent 
near  to  the  quick  adjusting  screw.  The  collar 
joes  on  before  the  brass  nut  which  held  the 
»  in  its  place,    must  then  he  put  on  the  same 

and  the  counterpoise  screwed  after  it,  which 
rs  the  purjiose  of  the  ntit ;  it  should  not  he 
ed  tight,  only  BU0icienlly  so  as  to  prevent  shake, 
low  the  circle  to  turn  pleasantly." 

IPTIOX  OF  AN  IXSTRLTMEMT  FOE  TAKING  ALTITUDES 
LT  iSEA,  W^HEN  THE  HORIZON  IS   NOT  VISIBLE. 

5  instrument,  which  is  represented  at  plate  I. 

is  a  common  Hadley*s  octant  of  wood,  having 
L,  A,  fixed  above  the  horizon -glass,  parallel  to 
ane  of  the  inst  rumen tj  in  sucb  a  manner  that 
ibble  may  he  seen  by  reflexion  through  the  tube 
he  fluid  of  the  leveL  A  projecting  frame  of 
B,  is  also  fixed  to  the  instrument,  and  a  part 
)ritis  a  white  image,  or  line,  in  the  horizon- 
The  image  of  the  white  line  is  always  visible, 
at  of  the  bubble  of  the  level  may  be  seen  bisected 

white  line  when  the  instrument  is  held  verti* 
n  the  requisite  position. 

i  very  ingenious  arrangement  is  due  to  Mr. 
son,  mathematical  instrument  maker,  of  Devon- 
jtreetj  Portland* place.  He  generally  attaches 
/el  to  an  octant  of  wood,  which  is  sufficiently 
.tc  for  the  puqjose,  as  the  angle  cannot  be 
;ed  to  be  obtained  by  this  method  nearer  than 
ut  two  minutes  of  the  truth.  But  it  is  evident 
le  same  contrivance  may  be  applied  to  a  sextant, 
his  instrument  may  be  employed  in  the  same 
T  as  a  sextantj  the  adjustments  are   similar  ^ 


that  is  to  say,  the  index  and  the  horizon  glasses  must    Nituti*"*! 
be  placed  perpendicular  to  the  plane  of  the  instrumeDt.  Asironomy. 

To  fiml  the  mdex  error. 

There  is  no  telescope  used  with  this  instrument, 
hut  merely  a  plain  tube.  Screw  this  tube  into  its 
place,  and  setting  the  index  near  O,  direct  the  tube 
towards  the  horizon  of  the  sea,  and  move  the  instrii- 
ment  vertically,  till  the  bubble  of  the  level  appears 
bisected  by  the  white  line.  Move  the  index  now  a 
little  backwards  or  forwards,  till  the  horizon  of  the 
sea  seen  by  rellexion  appears  to  coincide  with  the 
white  line,  taking  care  tliat  Jt  at  the  same  time  bisects 
the  bubble  of  the  level,  The  index  ought  now  to 
shew,  (counting  back  wards  from  O)  the  depression  of 
the  horizon,  kiioivn  from  the  height  of  the  eye  and 
table  1-  If  the  reading  is  less  than  the  depression, 
the  difference  between  them  must  be  added,  but  if 
otherwise  subtracted  from  the  observed  altitude.  But 
should  the  reading  be  forward^  or  in  the  order  of  the 
degrees  from  O,  the  sum  of  the  reading  and  the 
depression  is  the  index  error  to  he  subtracted  from  the 
observed  altitude,  The  mean  of  a  number  of  obser- 
vations should  be  used. 

Manner  of  using  the  instrument. 

Place  the  index  at  O,  and  keeping  the  plane  of  the 
instrument  in  a  vertical  position^  look  at  the  sun  or 
star,  and  cause  the  white  line  to  bisect  it.  Then 
move  the  index  gradually,  keeping  the  reflected 
image  in  view,  and  always  bisected  by  the  line  till 
the  bubble  of  the  level  is  seen,  when  the  index  must 
be  clamped,  and  gradually  moved  by  the  tangeat 
screw  till  the  bubble  and  the  reHccted  image  or  the 
object  are  bisected  at  the  same  instant  by  the  white 
line,  when  the  degrees,  &c.  are  to  be  read  off.  In 
this  manner  several  observations  should  be  made,  mid 
the  mean  taken  ;  and  we  may  here  caution  the 
observer  against  being  discouraged  by  the  differences 
he  will  perceive  in  his  readings,  and  which  may 
sometimes  amount  to  10  or  l*i  minutes  j  notwith- 
standing which,  by  taking  the  mean  of  four  or  six: 
obsen'ations,  the  result  will  seldom  differ  more  than 
two  or  three  minutes  from  the  truth.  To  this  mean 
the  index  error  and  other  corrections,  with  the  excep- 
tion of  that  for  the  depression  of  the  horizon  are  to 
be  applied.  In  observing  the  sun,  it  is  prefentble  to 
take  the  centre  instead  of  the  limb.  When  altitudes 
of  stars  are  taken,  the  level  and  white  line  must  be 
illumined  by  a  lanthorn  held  by  an  assistant ;  the  light 
employed  should  be  no  more  than  sufficient  to  render 
the  level  and  line  visible. 

An  instrument  for  the  sanie  pur|>osc  was  contrived 
some  time  since  by  Captain  Kater  for  the  arctic  expe- 
dition, and  was  found  to  answer  very  well,  though 
the  use  of  it  was  attended  with  some  difficulties*  Thia 
instrument  is  made  by  Mr.  Dollond.  It  consists  of  a 
circle  six  inches  diameter  divided  into  degrees,  and  is 
furnished  with  a  vernier  reading  off  to  minutes.  At 
right  angles  to  the  index,  and  near  the  vernier,  a  level 
is  fixed  ;  and  upon  the  centre  of  the  instrument  is 
placed  a  small  plane  mirror,  which  is  moveable  about 
an  axis,  tbe  mirror  c<mtinuing  perpendicular  to  the 
plane  of  the  circle.  To  the  back  of  the  circle  a  teles- 
cope is  fixed,  furnished  with  cross  wires,  and  a  skreeD 
is  so  placed  as  to  shield  the  eyes  from  the  son.     To 
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AMrtaomy.  Use  this  instrument,  direct  the  telescope  to  the  sua  or 
^<— V— ^  star  J  (if  to  the  former^  previously  putting  on  a  dork 
glass^)  and  keep  the  intersection  of  the  cross  wires  on 
the  centre  of  the  object.  Move  the  index  till  the 
level  is  nearly  horizontal,  and  turn  the  mirror  till  the 
image  of  the  bubble  is  seen  in  it  by  the  left  eye, 
whilst  the  sun  or  star  is  viewed  with  the  right. 
Clamp  the  index,  and  move  it  by  its  tangent  screw 
till  the  bubble  of  the  level  which  is  very  active,  is 
seen  in  the  mirror  to  fluctuate  backwards  and  for- 
wards, whilst  the  cross  wires  are  kept  as  steadily  as 
possible  upon  the  centre  of  the  sun  or  star.  The 
degrees,  &c.  shewn  by  the  index  are  then  to  be  regis- 
tered, and  the  mean  of  several  observations  is  to  be 
taken.  The  index  error  may  be  found  by  taking  the 
depression  of  the  horizon  of  the  sea,  and  inferring  the 
error  in  the  same  manner  as  for  the  instrument  last 
described.  With  this  instrument,  the  altitude  of  the 
sun  has  been  taken  at  sea,  when  it  was  so  much 
obscured  by  fog  as  not  to  be  visible  by  reflexion;  and 
the  latitude  deduced  from  the  observations  made  with  it 
seldom  differed  more  than  two  minutes  from  the  truth. 
In  concluding  this  article^  we  may  remark  that 


care  has  been  taken  to  give  all  that  is  necessary,  and  VlmA 
to  avoid  every  thing  superfluous.    From  among  a^Aw 
variety  of  methods  which  tend  only  to  embarras  the  ^''V 
student,  those  have  been  selected  which  are  the  most 
accurate,  and  at  the  same  time  practically  convenient. 
No  other  tables  are  necessary  but  the  few  which  foU 
low,  and  a  common  table  of  logarithms  to  miniites. 
In  the  direct  method,  however,  of  computing  lunar 
distances,    the   logarithms  are    required    to    single 
seconds;    but  unless  the  altitudes  can  be  obtained 
very  correctly,  .the  approximate    method    given   is 
perhaps  to  be  preferred. 

Among  the  works  which  may  be  consulted  on 
nautical  astronomy,  may  be  mentioned  Ducom's  Ornn 
d*  Observations  Nautiques,  and  Kerrigan's  Young  Nam" 
gators  Guide,  both  of  which  contain  tables  of  loga- 
rithmic sines,  &c.  conveniently  arranged,  so  that  ther 
may  be  readily  obtained  to  single  seconds.  Kelly  a 
Introduction  to  Spheria,  Tables  reouisite  to  be  used  vriik 
the  NauHcal  Ephemeris,  and  Professor  Lax's  Tables, 
by  the  aid  of  which  last  all  the  problems  of  natttkal 
astronomy  may  be  solved  in  a  very  neat  and  expeditions 
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PHYSICAL    ASTRONOMY 


itoihy,  XuE  object  of  the  philosopher  in  the  investigation 
r^  of  nature  is  to  arraiii^e  and  classify  facta  and  pheno- 
mena, with  a  view  to  trace  the  Bgency  of  their  remote, 
or,  at  least,  their  proximate  causes,  and  ascend  as  high 
as  the  imperfect itni  of  human  means  of  observation, 
and  the  limited  powers  of  the  human  intellect  wdl 
allow  us  in  the  scale  of  generalization. 

To  beings  endowed  with  more  perfect  faculties, 
and  more  comjjrehensive  intelligence  than  ourselves, 
much  of  that  complication  we  observe  in  natural 
phenomena  would  disappear :  many  effects,  which 
seem  to  us  independent  of  each  other,  and  linked  by 
no  natural  connection,  would  be  in  tlieir  eyes  col- 
|- lateral  results  of  one  and  the  same  principle  :  much, 
that  to  us  seems  fortuitous  would  to  them  appear  pre- 
,  disposed  antl  regularly  arranged.  The  laws  of  nature 
'^vould  at  once  be  reduced  in  mimber  and  enlarged 
5a  extent;  and  that  higher  order  of  generalization 
"which  would  consist  in  classifying  together  laws  of 
"the  same  kind,  and  referring  them  to  others  yet  more 

Imniversal,  would  exercise  thdt  power  and  constitute 
ih€\T  science.  That  such  l^  ould  be  the  case  with  more 
3>erfect  beings,  our  own  experience,  limited  as  it  is, 
Amply  shews.  The  man  who  has  learnt  to  regard  the 
fall  of  a  leaf  and  the  precession  of  the  equinoxes  as 
Tesulls  equally  certain  and  unavoidable  of  a  law 
capable  of  being  stated  in  three  lines,  and  understood 
l>y  a  child  of  ten  years  old,  has  made  already  a  con- 
siderable step  in  this  way — ^the  patient  exercise  of  hii* 
natural  reason  has  stood  him  in  the  stead  of  a  sharper 
intellect ;  and  secrets  which  an  angel  might  pene- 
trate perhaps  at  a  glance,  become  revealed  to  man 
by  the  slow,  yet  sure,  effects  of  persevering  thought. 

The  progress  of  modern  science  has  done  more 
than  the  keenest  metaphysical  reasoning,  and  has 
given  us  the  most  convincing  proofs  of  the  agency  of 
one    general    and   intelligent   cause   throughout  the 

>  whole  system  of  nature.  When  we  see  on  all  sides 
phenomena  grouping  themselves  under  laws  in- 
telligible and  simply  expressed,  which  are  them- 
selves subordinate  to  others,  yet  more  simple  and 
extensive  J  when  wx  see  every  anomaly  which  threat- 
ened destruction  to  a  theory,  becoming,  in  the  pro- 
gress of  our  knowledge,  its  firmest  support ;  every 
inequality  disappearing  when  viewed  from  a  higher 
level ;  every  exception  proving  a  rule  of  greater 
generality  ;  all,   in  short,   conveying  more  and  more 

(towards  order  and  simplicity  the  more  severely  wc 
scrutinize  it  j  it  is  impossible  not  to  allow  that  that 
last  great  step,  which  unites  all  the  phenomena  of 
the  universe  under  one  general  head,  and  refers  them 
to  one  all- pervading  agency^ — however  inconceivably 
rehiotc,  and  surpassing  probably  the  utmost  limits  of 
the  human  intellect  to  comprehend^  if  explained,  would 
Btill  be  but  the  ctintinuation  and  final  completion  of  a 
VOL.  ui. 


chain  of  reasoning  whose  first  links  wc  hold  within    PUpical 
our  grasp — the  consummation  of  a  process  actually  Astronomy, 
begmi^the  termination  of  a  career  into  which  we  are  ^ 
fairly  entered. 

It  is  diOicult  to  avoid  such  contemplations  at  the 
outset  of  an  essay  on  physical  astronomy  5  they  crowd 
upon  us ;  and  in  rejecting  them  we  should  reject  the 
noblest  use  of  the  sublimest  of  sciences.  For  scarcely 
in  any  are  the  phenomena  presented  by  nature  more 
various  and  more  complicated  j  in  none  is  the  gene- 
ralization so  complete,  the  final  result  so  simple,  or 
the  object  oiore  imposing 

From  what  has  just  been  said,  it  may  be  gathered 
that  the  object  of  physical  astronomy  is  to  reduce, 
under  general  laws,  the  motions  and  phenomena  of 
the  heavealy  bodies,  and  investigate  their  causes  3  to 
trace  the  history  of  what  has  already  happened  in  our 
own  system,  and  to  ascertain  what  changes  the  causes 
demonstrably  in  action  (unless  interfered  with  by  others 
we  have  no  knowledge  of,)  will  superinduce  in  the  course 
of  ages,  and  thus  to  appreciate  the  stability  of  the  pre- 
sent order  of  creation.  In  a  more  limited  and  practiciil 
point  of  view,  the  physical  astronomer  is  called  on  to 
furnish  formulse  deduced  from  theory  tor  determining 
the  state  of  the  system  at  any  assigned  instant  \  and 
adapted  for  the  purposes  of  the  observer,  so  as  to 
serve  as  a  basis  for  the  construction  of  tables  ;  and  to 
descend,  by  the  applicatioti  of  hia  general  principles,  to 
those  more  refined  inequalities  which,  owing  to  their 
minuteness,  or  the  length  of  their  periods,  would 
escape  or  mislead  the  observer  unassisted  by  theory. 

There  is  one  feature  in  physical  astronomy  which 
renders  it  remarkable  among  the  sciences,  and  has 
been  the  chief,  if  not  the  only,  source  of  the  per- 
fection it  has  attained.  It  is  this — that  the  funda- 
mental law  embracing  all  the  minutia;  of  the  pheno- 
mena so  far  as  we  yet  know  them,  presents  itself  at 
once,  on  the  consideration  of  broad  features  and  gene- 
ral facts,  deduced  by  observations  even  of  a  rtuic  and 
imperfect  kind,  in  such  a  form  as  to  require  no  modifi- 
cation, extension,  or  addition  when  applied  in  minute 
detail.  In  other  sciences,  when  an  induction  of  a 
moderate  extent  has  led  us  to  the  knowledge  of  a  law 
which  we  conceive  to  be  general,  the  further  progress 
of  our  inquiries  frequently  obliges  us  either  to  limit 
its  extent  or  modify  its  expression.  To  those  who  are 
familiar  with  fhe  history  of  chemistry,  instances  of 
this  will  present  themselves  at  every  turn.  In  physical 
optics,  th'^  general  representation  of  all  the  series  of 
polarised  tints  and  thejcolours  of  natural  bodies  by  a 
certain  universal  scaler— the  Cartesian  law  of  refrac- 
tion when  ap[died  to  the  extraordinary  niy  in  crystal- 
lized media,  and  even  to  the  ordinary,  if  the  reports 
of  some  recent  experiments  are  to  be  relied  on — ^toge- 
ther with  innumerable  other  laws^  simple,  natural^ 
4  F 
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Afltronomy*  and  resting  on  extensive  intluctious.  Lave  all  been 
either  overset,  extended,  or  materially  mod:fjed  by 
the  progress  of  the  science. 

In  physical  astronomy,  however^  when  taken  in  that 
limited  acceptation,  which  restricts  St  to  the  exjdana- 
tiunofthe  planetary  motionst  our  (irht  conclusion  is 
our  last.  The  law  on  which  all  its  plienomena 
depend t  flows  naturally  and  eaaily  tram  the  simplest 
among  them,  as  presented  by  the  rudest  observation ; 
and,  in  point  of  fact,  such  has  really  been  the  order 
of  investigation  in  this  science.  The  rude  supposition 
of  the  imitbrm  revolution  of  the  moon  in  a  circle  about 
the  earth  as  a  centre,  led  Newton  at  once  to  the  true 
law  of  gravity,  as  extentling  from  the  earth  to  its 
companion.  The  uniform  circular  motions  of  the 
planets  about  the  sun,  in  times  following  the  progres- 
sion assigned  by  observation  in  Kepler's  rule,  con- 
firmed the  law,  and  extended  its  influence  to  the 
boundaries  of  our  system.  Every  thing  more  refined 
than  this — the  elliptic  motions  of  the  planets  and 
satellites  —  their  mutual  perturbations  —  the  slow 
changes  of  their  orbits  and  motions,  denominated 
^ecnlar  variations — the  deviation  of  their  figures  from 
the  spherical  form — the  oscillatory  motions  of  their 
axes,  which  produce  nutation  and  the  precession  of 
the  equinoxes — the  theory  of  the  tides,  both  of  the 
ocean  and  the  atmosphere,  have  all  in  succession 
been  so  many  trials  for  life  and  death  in  which  this 
law  has  been,  as  it  were,  pitted  against  nature  ;  trials, 
whose  event  no  human  foresight  could  predict,  and 
where  it  was  impossible  even  to  conjecture  what 
modifications  it  might  be  fpnnd  to  need.  Even  at  this 
moment,  if  among  the  innumeraide  inequalities  of  the 
lunar  or  planetary  motions  anyone,  however  small, 
should  be  discovered  decidedly  not  explicable  on  the 
hypothesis  of  &  force  varying  as  the  inverse  square  of 
the  distance,  that  hypothesis  must  be  modified  till  it 
accounts  for  it.  It  is  hardly  necessary  to  add,  how- 
ever, that  in  the  present  state  of  science,  this  is  a  case 
not  to  be  contemplated. 

vStill,  these  arc  refinements*  The  deviations  of  the 
planetary  orbits  from  circles  are  small,  their  devia- 
tions from  ellipses  excessively  minute :  the  lunar  orbit 
alone  presents  results  of  perturbation  so  large  as  to 
strike  us  at  once  with  the  appearance  of  irreconcilable 
anomalies,  btit  it  is  only  by  a  refinement  of  calcula- 
tion that  we  can  trace  them  all  to  the  laws  of  gravity; 
but  the  motions  of  comets  put  the  truth  and  generality 
of  this  law  to  a  severe  and  rude  lest,  by  giving  it  a 
trial  unilcr  the  greatest  varieties  of  distance,  position, 
and  velocity  i>f  motion,  and  instancing  its  influence 
on  matter  of  a  rarity  almost  spiritual,  tmd  differing  so 
utterly  from  that  of  which  our  planet  consists,  as 
scarcely  to  authorize  the  admittance  of  any  property 
in  common. 

The  above  observations  have  been  made  in  con- 
formity with  the  general  language  of  natural  philoso- 
phers, and  the  customary  acceptation  of  the  terra 
physical  astronomy,  ani  are,  no  doubt,  strictly  appli- 
cable when  we  confine  ourselves  to  the  celestial  jihe- 
nomena  of  our  own  immediate  system,  and  the  motions 
of  those  larger  masses  of  matter  of  which  planets  and 
their  satellites  consist.  The  cautious  philfJSO[»her 
however  will  still  regard  it  as  worthy  inquiry,  whether, 
atcnormntis  distances,  like  those  of  the  fixed  ^tars,  or 
at  such  companitively  microscopic  intervals  as  those 
we  are  ordinarily  conversant  with  on  the  surface  of 
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our  planet,  the  rigorous  law  of  a  force  as  the  inverse  f^ 
square  of  the  distance  may  not  suffer  some  rood i flea- ^ 
tion.  An  emanation,  like  light,  traversing  in  suc- 
cession every  part  of  space,  may  be  conceived  to  gQ_ 
on  witlmut  acceleration  or  retardation,  without  loss  oM 
change,  to  I  lie  remotest  regions  ;  but  nn  active  audi 
immediate  intercourse  carried  on  between  pointf^ 
infinitely  distant,  is  not  only  incapable  of  demonstra- 
tion, but,  could  it  be  proved,  must,  I  suppose,  be 
referred  to  direct  spiritual  agency.  At  the  same  time, 
it  is  worthy  attention  how  strict  and  indissoluble  a^ 
bond  gravity  establishes  between  remote  objects — to  - 
see  this  in  its  real  light,  we  must  compare  it  with  the 
most  eff'ectual  of  our  ordinary  means  of  transmitting 
power.  If  the  earth  and  sun  were  connected  by  a 
of  cast  iron,  in  one  piece,  an  impulse  or  pull,  however 
violent  and  sudden,  applied  at  the  aim,  would  no 
begin  to  be  felt  at  the  earth  till  afle?  a  lapae 
eighteen  months  from  the  moment  of  its  comomni* 
cation,  white  a  change  in  the  snn*s  attraction,  !<ucb  n^^m 
might  arise  from  a  sudden  alteration  of  its  figure  o*^-^ 
density,  would  demonstrably*  affect  our  planet  in  a^^ 
instant  of  time  many  thousand  times  less  than  tk^H 
least  interval  perceptible  to  our  senses.  ^B 

Tlie  subsistence  of  sidereal  clusters,  in  which  tf^  ^ 
compression  or  crowding  of  the  stars  is  carried  to  th^^ 
extent  we  have   instances  of  in   many  part?   of  tha.^ 
heavens,  seems  hardly  compatible  with  a  gravitatirii^ 
force,  unopposed  by  some  principle  of  conscrvatiori  J 
unless  we  sap[>ose  them  in  a  state  rapidly  verging  t^T 
a  catastrophe.     On  the   other  hand,  with  regxird  to  i 
small  distances,  we  have  no  distinct  proof,  that  withia 
a  few  inches*  or  even  miles,  from  a  material  point,  the 
law  of  gravity  may  not  begin  to  deviate  appreciably 
fronj  the  Newtonian  law.     The  cxjieriments  of  Ma*k- 
elyne  and  Cavendish,  which  may  perhaps  be  adduced 
as  supporting    its    rigorous  application,   are    fer   too 
gross,  and  differ  too  widely  in  their  results,   to  be 
cited   in   so  delicate  a  matter,  besides  which,   thftr 
results,  as  applied  to  such   an  inquiry,  are  affected 
with  an   unknown   element,  the  mean  density  of  the 
earth.     At  much  closer  intervals  we  are  certain  of  the 
existence  of  attractive  and   repulsive  forces  follow tn^ 
a  widely  different  lawj   and  by  what  imperceptible 
gradations  these  shade  into  that  of  gravity,  or  wbe* 
ther  they  are  to   be  regarded   as   distinct  from   it  in 
their  nature  and  origin,  is  a  point  whose  cons ideratioa 
seems  reserved  for  a  much  higher  state  of  adesca 
than  we  can  boast  of  having  yet  attained. 

But  it  is  quite  suflicient  for  the  purposes  of  phy^ai  i 
astronomy  to  know,  that  as  far  as  the  motiooft  of  tte^ 
great   masses  of  matter  connected  with  our  syi^m 
either  in  the  heavens  or  on  our  globe  are  cotKemed, 
observation  and  theory  presscnt  no  difference  capahk 
of  being  made  an  objection  to  the  strict  expression  of  i 
Newton's  law,  and  we  shall  therefore  wave  all  further 
discussion  of  the  subject,  and  proceed  to  the  object  of  | 
the  present  essay,  in  \*hich  the  reader  will  be  pre- 
sumed  acquainted  with  the  general /a  ci#  of  astronoiDf* 
with  the  principles  of  meclmnical  philosophy,  and  m 
much  of  analysis,  of  the  differential  and  integral  eal* 
cuius,    plane   and    spherical   trigononietry,   aa   tlnllj 
render  it  unnecessary  for  us  to  interrupt  the  geneftl 
chain  of  our  reasoning  to  demonstrate  such  theoreiDi#  ] 
Jkc.  as  we  shall  have  occasion  to  call  to  our  aid. 

*  Laplace,  Sytfime  du  Monde,  |).  2Stt 
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Section  L 

On  the  CIBCULAIt  AND  EVLIPTIC   MOTIONS  OF  THE 
PLANETS  AND  SATILT^ITKS, 

By  observing  the  places  of  the  sun,  moon,  and 
planets  in  the  heavens  nt  different  times,  and  niea- 
suring  their  angular  diameters,  we  have  learnt,  that, 
provided  certain  exce-ssively  small  inequalities,  to  be 
hereafter  considered,  are  disref^arded,  their  motions 
are  all  compatible  with  the  supposition  of  the  planets 
rcvolvine;  about  the  «nn  in  elliptic  orbits  of  small 
eccentricity,  and  having;'  the  sori*s  centre  in  one  focus  j 
each  orbit  lyin^  wholly  in  a  fixed  fdane  peculiar  to 
itself,  and  slierbtly  inclined  to  the  ecliptic,  or  plane, 
in  which  the  sun  ajipeanj  to  revtdve  about  the  earth, 
We  I  earn  J  moreover*  that  if  the  apparent  mi>tion  of 
the  sun  he  transferred  in  a  contrary  direction  to  the 
earth,  and  the  sun  he  supposed  at  rest  in  space,  the 
motion  so  assigned  to  the  earth  will  be  such  as  to 
inchide  it  in  the  expression  of  the  same  htw.  The 
supposition  then,  of  the  sun  at  rest,  and  the  earth  in 
motion,  being  agreeable  to  this  general  analogy,  and 
supported  by  incontrovertible  argiimcuts  drawn  from 
the  ^reat  magnitude  of  the  former  in  comparison  with 
the  latter  body,  is  fissumed  as  a  demonstrated  truth. 
Observation  moreover  assisted,  it  is  true,  by  calcula- 
tion, but  independent  of  all  theory,  (i,  c.  of  all  reas<:>n- 
In^  from  causes,)  has  taught  us  the  truth  of  the 
following  remarkable  laws,  ia  which  also  the  earth  is 
incluued  among  the  planets, 

The  areas  described  about  tfie  mns  centre  by  the  ratiius 
vec/or  of  any  one  of  ihe  phinetanj  orbits  {or  the  line 
drawn  from  the  sun  to  the  place  of  the  phneij  are  pro- 
poriional  to  ike  timea  of  thfir  dticripiian. 

Let  S  be  the  sun,  and  APP'  part  of  the  orbit  of  any 
planet.  Then,  A  being  assumed  as  a  point  of  depar- 
ture, the  area  ASP  is  to  the  area  ASP'  as  the  time  of 
the  planet's  describing  the  arc  AP  of  ita  orbit  is  to 
4be  time  of  its  describiDg  AP^. 

Tfte  SffJtares  of  the  periodic  times  of  different  planets, 
for  of  the  times  of  a  Lompteie  revolulion  of  each  about 
the  sujitj  are  as  the  cubes  of  iheir  mean  distances  from 
ihe  sun,  or  of  the  greater  seniiaxes  qf  their  tespectioe 
eilipses* 

The  periodic  time  of  the  eartli  is  565"5!5*;4,  and  that 
of  Mars  6BH'9796.  The  greater  semiaxis  of  the 
earth's  orbit  being  1.  that  of  Mars  is  Pfj^SfJpa ;  and 
we  may  easily  satisfy  ourselves,  by  execufintj;  the 
computation,  that  (365^564)^  t  (6H6-97iH>)^  ' '  P  • 
(l-533693)^ 

These  three  laws,  viz.  1st.  The  elliptic  motion  of  the 
planets  about  the  sun  wa  a  focus  :  ^dly.  The  propor- 
tionality of  the  areas  to  the  times  :  and  3dly.  The  law 
of  the  periodic  times,  which  have  immortalized  the 
name  of  Kepler,  and  whose  discovery,  and  the  manner 
of  it»  afford  at  once  matter  of  humiliation  and  triumph 
to  the  human  in  telle  ctj  were  all  deduced  immediately 
from  observation,  as  insulated,  and,  for  aught  tlicir 
discoverer  knew,  unaccountable  factj.  It  shall  now 
be  our  business  to  demonstrate  their  mutual  depend- 
ence, and  to  shew  how  the  general  law  of  attraction 
may  be  derived  from  them  most  simply. 

The  analogy  observed  between  the  motions  of  the 
other  planets  and  of  the  earth,  affords  a  reasonable 
presumption  of  their  being  masses  of  matter  subject 


to  the   same  mecht.nical  laws  of  rest,  impulse,  and    Pbyitcal 

rcsistanre,  as  that  of  which  our  own  planet  consists,  .^Vstrommiy 
Moreover,  from  what  wc  know  of  the  constitution  of  ^"V**""^ 
o^r  own  atmosphere,  and  its  rapad  diminution  of 
density  as  we  recede  firom  the  earth,  we  have  every 
reason  to  believe,  that  the  immense  space  in  which 
their  revolutions  are  performed,  is?  cither  completely 
void,  or  at  least  free  from  any  material  substance 
capable  of  sensibly  resisting  or  impeding  their  motions, 
or  preventing  any  i-xlernal  inipul^  they  may  receive 
from  arting  on  them  with  its  full  effect  Setting  out 
with  these  assumptions  (the  strict  truth  of  which  will 
be  best  tried  by  the  conclnsions  they  will  lead  to,)  it 
is  obvious  that  as  the  planetH,  instead  of  moving  con- 
tinually forward  in  straight  lines,  as  masses  of  inert 
matter  would  do  if  projectetl  in  space  and  left  to 
themselves,  are,  in  fact,  constantly  deviating  from 
this  rectilinear  progression — they  must  be  under  the 
perpetual  influence  of  some  agency  external  to  them- 
seh^es,  which,  (by  the  second  law  of  motion.)  can  be 
no  other  than  tliat  of  a  mechanical  force  acting  in  a 
direction  inclined  to  that  in  which  they  move  at  any 
instant. 

The  enormons  distance  at  which  the  planets  are 
from  the  sun,  and  their  own  minuteness,  compared 
with  it,  permit  ua  at  present  to  regard  them  as  points ; 
and  it  will  be  shewn  hereafter  that  this  supposition 
introduce*!  here  merely  for  simplification,  is  strictly 
legitimate.  Let  us  then  consider  the  motion  of  a 
material  point  perpetually  deffected  from  astndghl  line 
by  the  action  of  an  external  force;  and  to  tliis  end 
let  us  conceive  the  curve  OPQ  described  by  the  planet 
to  be  replaced  by  a  polygon  of  an  infinite  mimber  of 
sides  OP,  PQ,  &c.  and  setting  out  from  O,  let  it 
describe  the  chord  OP  in  the  first  instant  of  lime  d  t.  Fig.  2. 
In  an  e([ual  esubscquent  instant  it  would,  if  left  to 
itself,  go  on  describing  PR  ecjual  to  OP,  and  tn  the 
same  straight  line.  But  since  we  have  regarded  the 
curve  as  replaced  by  an  elementary  polygon,  we  must 
(on  the  principles  of  the  differential  calculus)  con- 
ceive the  deflecting  force  to  act  by  interrupted  impulses 
at  the  angles  of  that  polygon.  Let  the  first  impulse 
therefore  be  conceived  to  take  place  at  P.  Then, 
since  the  material  point  P,  in  virtue  of  the  motion 
inherent  in  it  at  P,  would  have  described  PR  in  the 
instant  dtj  but^  in  virtue  of  that  motion,  combined 
with  the  new  motion  it  receives  at  P,  does  actually 
describe  PQ  in  the  same  time,  that  new  motion  (by 
the  composition  of  motions,)  must  be  such  as,  atone, 
would  carry  it  from  P  over  a  space  Py  equal  and 
parallel  to  RQ  ;  and  as  the  change  of  motion  takes 
place  in  ihe  direction  in  which  the  moving  force  acts^ 
Pr  must  he  the  direction  of  the  deflectingforce.  Prolong 
Pt?  indefinitely,  and  take  in  it  any  point  S  ;  join  OS, 
SQ,  SR.  Then,  since  OP  ==  PR,  the  area  OSF  = 
SPR  ~  SPQ,  because  QR  is  paraflel  to  PS. 

A  force  may  be  conceived  to  tend  to  any  point  ia 
the  line  of  its  direction.  We  secj  tliereforc,  that  any 
point  to  which  the  force  acting  at  P  tends  is  charac- 
terised by  this  remarkable  property,  that  the  areas 
described  about  it  in  equal  evanescent  instants  on 
cither  aide  of  P  are  equal.  This  property  belongs  to 
every  point  in  the  line  P17S,  but  (as  is  obvious)  to 
no  point  situated  out  of  that  line  ;  and  any  point 
possessijjg  this  property  may  be  regarded  (at  least  for 
that  moment)  as  a  point  of  tendency;,  or  centre  of  the 
force  acting  on  the  body  at  P, 
4  p  ^ 
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Astronomv.  Now,  as  we  have  seen,  it  l&  matter  of  observation 
^*-»-V"*^  llmt  each  phmet  describes  areas  proiM>rtioiial  to  the 
times,  and  caiiscquentlv  equal  areas  in  equal  intinitL'ly 
small  times  before  and  after  any  given  instant,  about 
a  fixed  point  in  the  system  coincident  with  the  sun's 
centre.  This  point,  thereforei  pK>sscs&es  at  all  times 
©ml  in  all  positions  of  the  planets,  the  property  above 
demonstrated  to  belong  to  a  point  situated  in  the 
direction  of  the  deflecting  force  ;  or,  in  other  words, 
the  forces  deflecting  the  planets  in  their  orbits  are 
invariably  directed  to  the  centre  of  the  sun. 

The  moon,  (neglecting  periodical  inequalities,) 
describes  about  the  centre  of  the  earth,  and  the  satel- 
lite<t  of  Jupiter  and  i^aiurn  about  their  refjiective  pri- 
inanes,  areas  proportional  to  the  times  of  their  descrip- 
tion.  The  forces,  therefore,  which  deflect  them  in 
their  orbits,  are  directed  (small  causes  of  inequality 
being  neglected)  to  the  centres  of  the  earthy  of  Jupi- 
ter, and  of  Saturn  respectively. 

Having  ascertained  the  directions  of  the  forces 
which  deflect  the  planets  from  their  rectilinear  paths, 
and  retain  them  in  their  orbits,  we  come  now  to  esti- 
mate their  intensity,  and  investigate  the  laws  of  their 
action.  In  order  to  this,  wc  shall  find  it  more  simple 
to  abandon  the  supposition  of  tlie  interrupted  impul- 
sive action  of  the  deflecting  force,  and  consider  the 
*  body  P  as  deflected  from  the  tangent  PR,  and  describing 
not  the  chord  PQ,  bat  the  inflnitcsimal  arc,  the  force 
being  supposed  to  act  during  the  whole  time  dt. 
This  time,  however,  being  inflnitely  small,  the  force 
may  he  regarded  as  constant ;  and  since  the  angle 
PSQ  between  its  first  and  last  directions  is  also 
evanescent,  it  must  be  considered  as  acting  con- 
stantly in  a  direction  parallel  to  PS  or  QR.  If  then  we 
take  F  to  represent  the  force  at  P*  and  g  —  3^*^  1908 
(or  double  the  space  through  whicn  a  heavy  body 
falls  in  the  first  second  at  the  earth's  surface,)  and 
suppose  unity  to  represent  the  force  of  gravity,  we 
shall  have  by  median  ics, 

RQ  =  ^^^  .  Fdi' 

If,  therefore,  we  know  by  obser^^ation  the  nature  of 
the  orbit,  and  the  velocity  of  the  body  at  any  point  P, 
we  may  thence  calculate  the  magnitude  of  the  deflec- 
tion Qli  produced  in  any  very  minute  time  d  t ;  and 
thus  the  intensity  of  the  deflecting  force  will  become 
known.  Let  us,  for  vinstance,  take  the  case  of  the 
moon  j  and^  supposing  her  orbit  a  circle,  with  the 
earth  in  the  centre,  let  us  inquire  the  actual  magni- 
tude of  QR,  the  deflection  from  the  tangent  produced 
in  some  evtremely  minute  portion  of  time  as  1''',  by 
the  force  retaining  it  in  its  orbit. 

Call  the  mean  radius  of  the  moon's  orbit  R,  her 
period  (in  seconds  of  mean  time)  T  j  then  will  her 
velocity  (being  equal  to  the  circumference  of  her 
orbit,  divided  by  the  number  of  seconds  in  the  lime 

of  one  revolution,)  be  represented  by  -7jr-i      where 

IT— SI 4159,  he;  and  this  is  the  actual  length  of 
the  arc  described  in  V^  Now,  since  (neglecting 
higher  povvers  of  the  arc  than  the  square) 

•  QR  iicre  Tqircscnta  the  rfcflecticm  from  the  tangent t  and  is 
only  lialf  the  lentftii  of  yH  in  \\\<:  last  fiijure,  wldch  repre«cnta  the 
delieclioa  from  the  preceding  chord  prolonged. 


versed  sine  == 


(arc)« 


diameter 

and  sinee  QR  or  Po  is  in  this  case  equal  to  the  ^^rfed 
sine  of  PQ,  we  must  have, 

and,  Hnally,  (since  d  t  =  1^') 

4ir«        R 


-J 


T* 


F  =  . 


^^ 


and  this  is  the  general  expression  for  the  force  perpc- 
tually  urging  a  body  to  the  centre  of  a  circle.  To 
reduce  it  to  niuubers  in  the  case  of  the  moon,  we  have 
R  —  2387H3"^  —  391fi5700  x  g  (since  g  =  3^*''19qi)_ 

and  —  =  39165700 

g 
moreover, 
T  ^  ^27^*  32167=  3360595'^ 

Calculating  from  which  data,  we  find 

F  ^  0O0028394  =  — — -. 
3525 

So  that  the  force  by  which  the  moon  is  retained  in  lU 
orbit,  is  about  35^  times  feebler  than  that  of  granty 
at  the  earth's  surface. 

Wlien  we  observe  a  tendency  in  all  bodies  at  ikc 
eartli's  surface  to  approach  or  fall  towards  its  centre, 
and  if  hindered  from  approaching,  still  to  pre«  toward 
that  point,  we  express  these  plienomcna,  by  saying, 
that   they  are  attracted  towards   the   earth.     At  aU 
moderate  elevations  above  its  surface,  and  in  the  same 
geographical  situation  this  tendency  seems  invariable; 
but   at   great  elevations,  the  delicate  indications  oif 
modem   instruments   will   detect  a   decrease   in  itii 
energy;*  and  indeed  the  gradual  enfeebling  of  attrac- 
tion towards  any  body  by  an  increase  of  distance.  ii 
not  only  a  natural  supposition  of  itself,  but  is  bcrut 
out  by  the  strong  analogy  of  magnetic  and  clectrica' 
attractions.     At  vast  elevations  then,  like  that  of  the 
moon,  there  is  reasonable  ground  to  expect  a  consi- 
derable diminution  of  attraction  ;  and  if  the  force  by 
which  the  moon  be  retained  in  her  orbit  be  nothiug; 
more  than  this  same  attraction  modified  by  the  rcmot«»- 
ness  of  the  two  bfjdies,  we  see  that  an  increase  of  the 
distance  to  about  60  times  the  earth's  radius  from  its 
centre,  is  sufhcient  to  weaken  it  more  than  350O  times. 
As  the  distance  then  from  the  earth's  centre  increases^ 
the  attraction  diminishes  in   a  much  more  rafiid  pro- 
gression.    What  the  exact  nature  of  this  progre^-ioii 
is,  we  must  satisfy  ourselves  by  other  phenomena  j 
but  even  from  the  rude  calctdation  already  made,  (in 
which  every  correction  has  been  neglected)  we  may 
perceive,  that  a  law  of  decreajse  as  the  squares  of  ibe 
distances    (the   next   in   simplicity  to  the   distance! 
themselves,)   has  a  primd  facie  probability.     In  ftic^ 

6(jf :  I*  ::36oo  :  i. 

Having  only  one  attendant  satellite,  however,  wc 


•  At  nn  elevatioa  of  a  mile  above  the  surface  of  the  earthy  Ibe 

tuteajtily  of  gravity  ia  dimiiuBlKd  ;  and  a  pendulum  clodlr, 

beating  si'coTid*  »tt>ie  lerel  of  llie  sea,  would  lose  21-898  seconds 
a  dHy  at  this  altitude,  a  qnr.nlity  not  to  be  overlooked.  Aaf 
tmvelU'r  haviog  lt'i»urc,  and  the  proper  Apparatus,  mlirlit  trr  tiie 
rxpcnuirnl  ia  tbe  biirrack  oa  Moiit  Ceois,  or  at  the  Uuepict;  uf 
St,  Bcniartl. 


( 
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!  no  means  of  obtaining  any  further  verification  of 
a  law,  in  this  way;  but  if  we  reg^rtl  the  eiirth 
'ell  as  the  other  planets^  as  so  many  gateJIItes  of 
lun,  we  have  here  ample  room  to  satisfy  ourselves, 
ng  a  progression  of  no  less  than  eleveu  disitances, 
i  that  of  Mercury  to  that  of  Urainis,  on  which  to 
Lii<l  the  assumption  of  a  law.  And  here  we  have 
id  van  tage  of  d  i  s  pe  n  si  ng  al  toge  tli  e  r  w  i  th  j  i  u  m  e  r  i  cal 
ilation,  and  substituting- in  its  stead  the  third  law 
>cpler :  for  if  we  call  R  and  r  the  radii  of  the 
es  described  by  any  two  planets  round  the  sun, 
»(!  I  their  periodic  times,  F  and  /  the  forces  re- 
ng  them  in  their  orbits,  we  have  (as  a  result  of 
rvation,) 

\h,  combined  with  the  equations. 


F  = 
k  giTe 

hall  a^d 


4  3r^ 


R 


/=' 


4w* 


r 


lus,  then  we  encounter  the  game  rate  of  diminu- 
in  the  attractive  lemlencies  of  each  of  the  planets 
Tds  the  sun,  wliich  the  lunar  motions  had  given 
m  to  surmise  in  the  case  of  the  earth  and  moon  ; 
a  the  case  now  under  consideration,  the  rerilica- 
15  much  more  satisfactory,  and  the  numerical 
ridences,  when  the  calculations  are  gone  through, 
ilete  J  the  third  law  of  Kepler,  on  which  the 
e  is  founded,  being  almost  rigorously  e,\act. 
c  may  now,  with  great  confidence,  presume  the 
fle  proportion  of  the  sfjuarcs  of  the  distances  to 
iQ  law  of  variation  of  that  force  which  retains  the 
iS  of  our  systepi  in  their  orbits;  but  previous  to 
ning  its  generality,  it  will  be  right  to  compare 
brce  retaining  the  moon  in  its  path  round  the 
.  and  that  deflecting  the  earth  in  its  orbit  about 
run.  Calling  R,  r,  the  respective  radii  of  the 
's   and  moon*s  orbits,    and  T,  t,  their  periodic 


we  have  still 


we  have 

r        60-23799 


R 


23405 


T      36525638 


t 


oX,  executing  the  calculation, 

F       ^ 
y:=2l7399. 

un  then,  although  more  than  380  times  the  dis- 
of  the  moon,  exerts  a  force  of  more  than  double 
itensity  on  the  earth  compared  with  the  earth's 
tion  on  the  moon-  At  ei]ual  distances,  then, 
trees  exerted  by  the  sun  and  earth  would  be  in 
itio  of 

217399  X   {-^j    :   lor  328196  :   1. 

.s  enormous  difference  in  the  attractive  energies 


of  the  two  bodies,  must  evidently  be  owing  to  some    Phy>»«*l 

equally  striking  difference  in  the  bodies  themselves  j  Astwinomy- 
and  when  we  consider  the  immense  magnitude  of  the  ^^^ 
sun  (in  comparison  with  our  planet)  we  shall  not  be 
at  a  loss  to  what  cause  to  assign  it.  Whatever  be  the 
cause  of  attraction,  we  may  fairly  conclude  that,  if  it 
be  the  reisult  of  a  force  inherent  in  matter,  two  equal 
and  similar  bodies  (i.  e.  each  containing  the  same 
fjuantity  of  attracting  matter,)  placed  close  together^ 
will  each  attract  a  third  placed  at  a  distance,  with 
equal  forces ;  and  both  together,  with  double  the  force 
of  either  separately,  and  pursuing  the  same  idea — that 
328196  such  bodies  as  the  earth,  if  placed  close  toge- 
ther, and  forming  one  mass  in  the  place  of  the  sun, 
would  attract  as  the  sun  actually  does  r  in  other 
words,  that  the  sun  only  attracts  other  bodies  with 
more  energy  than  the  earth,  by  reason  of  its  being  a 
^eater  body^  and  containing  a  greater  quantity  of 
attracting  or  gravitating  matter. 

By  such  reasonings  we  are  led  to  assume,  as  a 
general  law,  that  similar  and  equal  particles  of  matter, 
however  situated  in  space,  attnict,  or  tend  to  each 
other  with  a  force  directly  proportional  to  their  masses 
or  quantities  of  gravitating  substance,  and  inversely 
proportional  to  the  squares  of  their  d instances  from 
each  other  j  and  having  arrived  at  this  law  by  the 
steps  described,  we  must  now  proceed  to  verify  its 
rigorous  exactness,  by  applying  it  in  succession  to  the 
phenomena  as  presented  by  nature  in  our  system^ 
which  will  be  the  object  of  the  following  sections, 

SECTION    IL 


On  the  atiractiojis  of  spherical  bodies 

The  earth,  sun,  and  planets,  as  well  as  their  satel- 
lites, being  shewn  by  observation  to  be  spherical  bodies 
of  great  magnitude,  it  becomes  necessary  to  examine, 
in  limine,  whether  the  law  of  attraction  above  stated 
be  compatible  with  this  fact — in  other  words,  whether 
from  a  knowledge  that  the  gross  attractions  of  the 
whole  masses  follow  that  law  of  decrease,  we  can 
arii^ie  that  the  attraction  of  each  elementary  molecule 
follows  the  same. 

L»et  BDCE  be  the  attracting  sphere,  m  the  body  Fig.  3. 
attracted,  which  at  present  we  will  suppose  to  be  a 
single  particle,  taking  its  mass  as  unity.  Suppose 
ffliBAC  the  axis  of  the  sphere  passing  through  the 
molecule  m,  and  let  M,  M'  be  two  equal  and  similar 
molecules,  similarly,  but  oppositely  situated  with 
respect  to  the  axis.     Each  of  these  molecules  will 

attract  m  with  a  force  represented  by  — — -,  but  the 

directions  of  their  attractions  not  coinciding,  we  must 
resolve  them  into  others,  whose  effeel,s  may  directly 
assist  or  counteract  each  other.  Draw  I^ITM'  (which 
will  of  course  be  perpendicular  to  mAC),  and  if  we 

take  Mm  ^/,  and  MP  =  /i,  we  shall  have  —  to  re- 
present the  force  of  M  on  m,  which,  reduced  to 
the  directions  wC  and  PM,  give  the  partial  forces 
M       771 P       ^  M       MP      ,      . 

7^ ""  ;ntr  ^°**  y^  ^  ;;^*  ^^^*  '">  ('^^^  ^*^  ^'  ** 

and  A  m,  a) 

M  (a  -  x)        _,    M      p 
and 


/' 


r 
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Aftroooiiif*  The  partial  force*  of  M'  are  represented  by  the  same 
quantities,  but  the  latter  of  them,  acting  in  the  (Urec* 
tion  FM"  destroys  the  parti ttl  force  of  M  in  the  oppo- 
site direction  PM,  while  tbe  former  conspires  with 
the  corresponding  force  of  M,  and  do nblca  ita  effect,  so 
that  we  bave 

^  (g  -  g)  *  M 

/' 
for  the  attraction  of  this  pair  of  molecules  in  the  direc- 
tion m  A  -J  and  tbe  som  of  all  such  pairs  throughout 
the  sphere  being  found  by  tbe  ordinary  rules  of  tbe 
integraJ  calculus  uiil  express  tbe  whole  attraction  of 
the  sphere.  The  simplest  way  will  be  to  regard  the 
molecule  M  as  a  parallel  op  iped  included^  first,  between 
two  consecutive  positions  of  the  plane  DE  perpendi- 
cular to  the  axis  Aw,  separated  from  each  other  by 
the  interval  dx ;  2dly,  Between  two  cylindrical  sur- 
faces,  having  for  their  bases  the  circle  MM'',  whose 
radius  is  PM  (=/>)  and  the  same  circle  in  its  conse- 
cutive position,  when  its  radius  varies  from  p  io  p-^-dp-, 
and  3dly.  Between  two  consecutive  positions  of  the 
plane  PM  m,  assumed  during  its  rotation  about  Pw 
as  an  axis.  In  virtue  of  this,  if  we  put  tbe  angle 
FPM  =  0  the  dimensions  of  the  molecule  in  a  direc- 
tion perpendicular  to  PM  will  be  pdO,  and  its  dimen- 
sions in  other  two  directions  being  respectively  dx 
and  dpt  we  have 

M  =  pdp  ,  d0  ,  di  ; 
so  that  the  whole  attraction  (A)  will  be  expressed  by 
the  triple  integral 


llie  variables  p,  0,  and  j,  are  here  independent  j  and  it 
is  therefore  indifferent  with  which  we  begin,  we  will 
commence  with  0,  because /being  =  V{a  —  jp)*  +/>* 
is  independent  on  ^.     Thu«  we  have 

This  integral  must  he  extended  only  from  ^  =  o  to 
O—TTj  or  over  only  half  the  circumference  of  the 
circle  MM',  otherwise  the  aUraction  of  each  molecule 
M,  M''  {having  been  grouped  in  pairs  J  would  be  re- 
peated twice  over.     I'hen  we  have 

_    ry^  9  IT  (a  — jr)  di*  .  pdp 


{  (a  -  x)'  +  p' 


,4  1=: 


If  we  now  perform  the  integration  relative  to  p  re- 
garding  r  as  constant^  we  get 

A  =  A  IT  (a—x) dxA Const  — 


.=  Air(a-x)dT  Jc 


But  the  integrul  in  this  case  is  to  be  extended  from 
^  ^  o  to  ^  =  PD  —  Vr^  —  X*,  r  being  the  radius  of 
the  sphere,  so  that  it  becomes 

A  =  Air  (a-x) dx  .  [-1—^''-=  ] 

/(ft  —  x)  d  .  (ii  —  x) 

sConst+Srx-h^lsa'-r^-axJ 

This  integral  must  be  extended  from  a-  =  AC  —  —  r 
to  X  =  AB  i=  -^  r,  when  it  fiimlly  becomes^  after  all 
reductions  J 


Va'^T^-^ax 


-T 


i 


Now,  "i^r*    representj   the  mass  of   the    sphere* 
which  being  called  Sj  we  hair^ 

a* 
an  equation  which  shews,  that  the  attr^icliom  if  ika 
tphere  is  expreued  hy  the  whol€  mtu$,  divided  h^  the  wfu^rt 
^  the  dutance  of  Us  centre  from  ihe  aUracted  maUtrnk, 
ami  u  therefore  precisely  ike  same  tu  if  the  whole  tphere 
tffrre  comiemsed  into  its  ctnire. 

Tlie  hypothesis^  then,  which  refers  the  obverved 
attractions  of  the  great  masses  composing  our  system 
to  the  effect  of  tlie  mutual  attraction  of  their  ultimate 
molecules »  varying  according  to  the  same  law,  has 
nothing  in  it  incompatible  with  mathematical  reason* 
ing ;  but  it  is  a  very  remarkable  coincidence  that  this 
should  so  happen,  as  ihe  only  mathematical  laws  of 
attraction  which  would  lead  to  a  similar  conclusion, 
are  that  of  nature,  and  that  in  which  the  force  is 
directly  proportional  to  the  distance,,  or  one  redulting 
from  the  combination  of  these  two  laws* 

Let  us  next  examine  the  case  when  the  attracted 
body  is  also  a  sphere  of  sensible  mo^itude.  S  and  j 
being  the  two  spheres,  and  a  the  distance  of  their 
centres,  it  has  been  shewn  that  S  Will  attract  every 
molecule  of  s  ivith  the  same  force  as  if  it  w  ere  coa- 
densed  Into  its  centre.  Now  the  mass  of  a  single 
molecule  having  been  regarded  as  unity,  S,  the  mass 
of  the  first  sphere  will  be  proportional  to,  and  repre- 
sent, the  number  of  molecules  it  consists  of.  The 
attraction  then  of  s  on  S  will  be  the  same  as  tf  the 
latter  sphere  were  removed,  and  in  its  centre  a  single 
molecule  placed,  endowed  with  an  attractive  energy  S 
times  as  great  as  that  of  any  molecule,  sudi  as  S 
actually  consists  of.  But  the  attraction  of  9  oil  one 
molecule  of  the  last  named  kind  has  been  shewn  to%t 


--,  therefore 

Or 


its  attraction  on  S  being  S  tkoei  m 


forcible,  will  therefore  be  represented  by  - 

This  expression  represents  the  absolute  force  whk 
which  the  two  spheres  tend  to  each  other,  or  the  nnm* 
ber  of  pounds,  grains,  or  other  units,  which  must  be 
op|K>scd  to  it  in  order  to  hinder  their  approach.  This 
in  mechanical  language,  is  called  the  moving  force; 
and  we  therefore  see,  that  the  moving  force  with  which 
two  homogeneous  spheres  attract  each  other,  is  os  ^ 
product  of  their  masses  directly^  and  the  square  tf  the 
distances  of  their  centres  inverseh/. 

The  moving  force  then  is,  of  course,  the  same  oa 
each  sphere  ^  and  in  consequence  of  the  equality  of 
action  and  re-aetii>n,  (which  always  refers  to  moring 
force,)  it  ought  to  be  so.  Were  the  spheres  allowed 
to  approach  each  other,  however  their  velocities  would 
obviously  be  different,  the  greater  moving  slower  than 
the  less.  In  fact,  the  accelerating  force  on  any  body 
being  equal  to  the  moving  force  divided  by  the  ; 
moved,  we  have 

accelerating  force  on  S  ^ 


« 
I 


accelerating  force  on  i  ^ 


S 


Suppose  now  the  two  spheres  at  liberty  in  space^  find 
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ay.  moving,  in  conseqiience  of  their  mutual  attraction 
■-'  and  any  projectile  force.     If  to  both  of  tliera  we  apply 

an  accelerating  force  ~  equal  to  that  exerted  by  s, 

but  in  an  opposite  direction »  or  towards  S,  tli^  sphere 
S  will  be  urged  by  forces  destroying  each  otber,  and 
'will  therefore  eithtT  rcrnain  at  rest,  or  move  uniformly 
in  a  right  line:  but  tbe  sphere  .twill  now  he  urged 

by  an  accelerating  force  equal  to  — — .      Now,    it  is 

Or 

showfi  in  mechanics,  that  the  application  of  a  common 

accelerating  force  to  all  the  bodies  of  a  system,  does  not 

alter  their  relative  motions.     Hence,  tfwe  refer  the 

motions  of  our  spheres,  not  to  a  fixed  point  in  space, 

but  to  the  centre   of  one  of  them  S  ;  or  take   that 

centre  as  the  origin  of  our  co-ordinatea,   we  must 

S  +  5 
then  put  — --  for  the  accelerating  force  animating 

the  other* 

Let  us  now  consider  the  attractions  of  spheres  not 
liomogeneous,  but  composed  of  concentric  strata 
varying-  in  density  according  to  any  law  of  the  dig» 
tance  from  their  centres.  There  is  every  reason  to 
suppose  this  the  actual  constitution  of  the  sun  and 
planets ;  and  it  therefore  becomes  necessary  to  exa- 
mine this  case.  Now,  any  stratum  of  infinitesimal 
thickness  «^r,  maybe  regarded  as  the  difference  of 
two  spheres  s,  and  s  +  d  s,  homogeneous,  and  of  the 
Bame  density  as  the  stratum,  their  radii  being  r  and 
r  -t  dr.     The  attraction  of  *  on  a  molecule  equal  to 

1  placed  at  a  distance  a^  is  — ^,  and  that  of  s-\-  d  s  is 


s  ^d$ 


M  -f  d$ 


consequently  the  attraction  of  the  stratum  is 
'=:—-;  and  therefore  the  same  as  if  tbe 


a*  a*       a* 

stratum  were  collected  in  its  centre*  As  this  is  true 
of  every  stratum  separately,  whatever  be  its  density » 
aod  their  attractions  do  not  interferCj  it  wiO  be  true 
of  all  together  ;  so  that,  whether  the  sphere  he  homo- 
geneous, or  composed  of  concentric  layers,  or  strata 
of  different  density,  tbe  same  property  still  holds  giood; 
and  all  we  have  demonstrated  in  the  cafic  of  homoge- 
neous spheres,  remains  true  in  this. 

Section  III. 

Th^orif  of  elliptk  motion. 

We  are  now  enabled  to  enter  on  the  g-eneral  theory  of 
the  planetary  motions,  but  we  will  still  confine  ourselves 
to  a  case  of  comparative  simplicity.  Tl\c  vast  mass  of 
the  central  body  of  our  system,  compared  with  those 
which  circulate  round  it,  permits  us  to  regard  their 
motions  as  influenced  by  it  alone,  and  to  neglect,  in 
a  first  approximation,  a!l  the  minute  effects  arising 
from  the  mutual  attractions  of  the  planets  and  satel- 
lites on  each  other.  The  case  then  we  propose  to 
consider  in  this  section  is  that  of  the  sun  and  a  single 
pl&net^  or  a  primary  and  one  of  its  satellites. 

I*  If,  however,  wc  suppose  the  fiplicre  S  fordbly  retained  in  its 
place  by  some  exterDal  agency  not  acting  oa  jt,  die  cose  wilt  be 
differeat;  aad  -^  will  coatinue  to  rrpreseot  the  acceleratlog 
Jbrce  on  S. 


Let  M  represent  the  mass  of  the  sun  or  central  body,  Pliysjc*! 
and  m  that  of  tbe  planet ;  and,  Hxiug  the  origin  of  tbe  J^ronon»y- 
co-ordinates  in  the  centre  of  M,  let  .T,y,  r,  represent  ^— *^-^*^ 
the  co-ordinates  of  i/i.  Also  let  r  be  (ht  radhti  vettoT, 
or  line  joining  tbe  centres  of  the  two  bodies  j  so'that 
r"*^  X*  -hy^  +  x^,  and  t  the  time  (in  seconds  of  mean 
solar  tiraej  elapsed  since  any  fixed  epoch. 

The  accelerating  force  of  M  on  tii  is  —,  and  that  of  Fi^.  4. 

m  on  M  — }  and  since  we  regard  M  as  fixed,  the  latter 

quantity  must  be  added  to  tbe  force  animating  m,  ac- 
cording to  tbe  observation  made  in  the  last  section ; 
so  that  the  relative  accelerating  force  acting  on  m  in 

the  direction  of  the  radius  vector  m  M  will  be — 

which  beitig  resolved  into  forces  in  the  directions 
m  F,  VQ,  Uilj  of  the  three  co-ordinates,  becomes  mul- 

X      ti  e 

tiplied  by  — ,  -^^  and  — ,  respectively,  and  produces 

the  partial  forces 


(M  -h  m)  X 


.Q- 


(M-hwi)y 


,R  = 


(M  4-  m)  i 


P  = 

r*  '  '    •         H        '  -  H 

The  effect  of  an  accelerating  force  P  acting,  during  an 
instant  of  time  dt,  on  a  body  in  a  direction  parallel  to 
any  given  axis,  that  of  the  x,  is  to  produce  a  variation 
in  its  velocity  in  that  direction,  which  is  to  tbe  varia- 
tion gravity  on  the  earth*s  surface  would  produce  in 
the  same  timc>  as  the  force  F  is  to  tbe  accelerating 
force  of  gravity  which  we  will  represent  by  unity. 
Now  gravity  produeiiig  the  variation  g  .dt  in  that 
time,  the  variation  produced  by  the  force  F,  will  he 
P  .  gdt  i  or,  if  instead  of  taking  one  foot,  as  wc  have 
hitherto  done,  for  the  unit  of  linear  measure,  we  take 
g  (=  S'2*^'190b)  for  our  standard  unit,  simply  F  </ f . 
But  to  this  the  negative  sign  should  be  prerixed,  as 
tbe  force  P  tends  to  diminish  tbe  co-ordinate  jr.  AgaiOj 

dx 
the  velocity  in  the  direction  x  being  -—,   its  variation 


dx  dx 

if  -T-  :  we  have  therefore  d  — 

dt'  dt 


=  ^Tdt; 


or^  sup* 


posing 


R== 


M  +  m 


and  writing  for  P  its  value  Rx 


di^  +  Rx^Oi 


similarly^ 


d^  +  Ry  =  «; 


and 


4: 


+  Rs  =  0; 


C) 


(«) 


(3> 


These  equations  contain  the  whole  theory  of  the 
planetary  motions,  neglecting  their  nuitual   perturba* 

tions  ,  and  if,  mstead  of  supposmg  U  — — ,   we 


suppose  it  equal  to 


0(0 


the  same  equations  will  ex- 


press the  motion  of  a  point  m  about  a  centre  of  force 
M,  attracting  it  with  a  force  represented  by  any  func- 
tion 0  (r)  of  the  distance  M  m. 
If  we  eliipinate   R  from   the  two  first   of   these 


«i^ 
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tliat  is^ 


or 


ArtronoQi^  equations^  by  multiplying  the  first  by  tf,Bnd  tbe  second 
^^— V— ^  by  —  X,  and  adding,  wc  get 

.  dv  dy 

yd^x  —  xd^y  ^{ydx  -^  xdy)  d^  t 

dt  J? 

y d^x  —  x(Py  ^d^t 
ydx  —  xdy   '^ d  t 

Each  member  of  this  equation  beine  a  complete  dif- 
ferential,  because  yd^x^xd?y'^d»  (ydx'^  xdy), 
we  get  by  integration 

ydx^xdy^hdt;  (4) 

and  similarly^ 

'  tdx^xdz=ih'dt:  (6) 

zdy  —  ydz=:h''dt:  (6) 

If,  now,  we  muitiply  the  first  of  these  three  equations 
(in  which  h,  hf,  and  !/',  represent  arbitrary  constant 
quantities)  by  z,  the  second  by  —  y,  and  the  third  by 
X,  and  add  all  together,  we  get 

hz^i/y+h''x:=zoi  (7) 

which  is  the  equation  of  a  plane  passing  through  the 
origin  of  the  co-ordinates.  GonsequenUy^  the  curve 
4escribed  by  the  body  is  one  of  simple  curvature,  apd 
its  plane  passes  through  the  centre  of  attraction. 
.  For  simplicity,  let  us  suppose  the  plane  x>f  the  orbit 
to  be  coincident  with  that  of  the  x  and  y,  we  have 
then  2  =  0,  and  our  equations  are  reduced  to, 

d^+Rxd<5=o 

a  t 

d^  +  Rydi  =  o 

y  dx  —  xdy  sz  hdt 
.'fig.  5.     The  area  of  the  elementary  sector  Mmmf,  described 
by  the  radius  vector  M  m  in  the  instant  d  /,  is  eqiJal  to 

=  MfnP-Mm^P'  +  Pmm'P' 
-       ^.^y    .   ..j^-.  ydx^xdy 

If,  then,  we  call  A  the  area  described  by  the  radius 
vector  since  the  commencement  of  the  time  i,we 
have  ydx  ^xdy=^2dA,  and  consequently 

^dA=:hdt;  A  =  ~^'  W 

this  equation  expresses  the  proportionality  between 
the  itreas  and  times  in  Kepler's  law ;  and  since  the 
process  by  which  it  is  deduced,  is  independent  of  any 
particular  value  of  R,  R,  having  been  eliminated  to 
obtain  it,  the  analytical  demonstration  here  given 
applies  generally  for  all  possible  laws  of  central  force. 
In  order  next  to  investigate  the  nature  of  the  curve 
described,  we  must  eliminate  t,  which  will  be  easiest 
done  after  a  transformation  of'the  co-ordinates.  Let 
then  the  angle  AM  w  described  by  the  radius  vector, 
since  the  origin  of  the  time  t,  be  called  0,  and  we  have 
mfi=^rdO,    and  the   elementary  sector   mlSlmf  =: 

^  ^  ^         otdA^r^dO,  so  that 


2 


r'de^hdt; 
Now,  since  r*  =  x*  -f  y',  we  have 
rdr  =  xdx  •\-  y  dy 
rd=r-fdf'=(xd»a?+yd'y)-l-(dar'+dy«) 


(9) 


so  that  (putting  dfss  mmc'  =  A^djf  -f  dy*) 

ffd'x -f  5rd*y  =rd*r-|-dr*— dj«. 

But    dj*-dr*  =  mm^-m>«  =  m/i»ssr*d^ 

whence,        xd?x  + ydPy  s:irfr^r^d6^. 

Thb  premised,  since  our  equations  (I)  and  (9)  girs 

dx  ■       .  ■' 

0  ssd*x  — -7-d»i +Rx*d<« 
d  t 

dv 
0  =d«y- ^d«<+Ry  d<« 

if  we  multiply  the  first  of  them  by  x,  and  the  secoiKi 
by  y,  and  add,  we  have 

o=(xd«jr+yd*y)-^^^^^d**-fItf*d<«       (Ifl) 

but  if  we  take  the  logarithmic  differential  of  the  ttpth 
tion  hdt=ir*dO,  and  suf^se  d0  constant,  (wkbh 
we  are  at  liberty  to  do,  having  as  yet  *  taken  ikrjBf- 
ferential  constant,)  we  get 


d^t     ^    dr 
di  r 


d^t 


So  that,   making  this  substitution  for  •--,  and  6r 

o  t 

X  d*  X -h  y  d*  y,  writing  its  value  r  d*  r  —  r*  d^,  sad 

rdrforxdx  +  ydy,  we  get 

o  =  rd^r'^r^de<'  ^2df^  +  Ri^di^, 

M  4-  m 
in  which  we  have  put  for  R  its  value  — -j^ ,  lod 

mat,  ■     -,  it  becomes 
h 

o^ri^r^r^dfi^^df^+^l^^^'f'dfi 

Put  r  =  — ,  and  since  d r  = r-  .  and  frs-' 

iPtt      2du^  .  ^ 
— =-  +  — ^r->  It  becomes 


d^u  M  +  w 

7^  +  «-"-lp— =  ^' 


(U) 


This  equation  (being  the  simplest  case  of  an  eqos- 
tion  of  the  second  order  of  a  linear  form^)  is  imme' 
diately  integrable,  and  gives 

,^  .     ^       M  +  m 
M=/cos  (O+g)  + 


ffi 


M) 


whence. 


h^ 


M  +  tn 


1    + 


h'f 


cos  {e  +  g) 


(IS) 


M  -f-  wi 
f  and  g  being  two  arbitrary  constants. 

In  any  conic  section,  if  we  call  a  the  semiaxis 
major,  a  (1  —  c^)  the  semiparameter,  and  ^  +^  the 
angle  included  between  the  radius  rand  the  vertex 
nearest  the  focus  from  which  r  is  supposed  to  take 
its  origin,  we  have 

^     1  +  c  •  cos  (^  -h  gr)  \ 

Consequently  we  see  that  the  curve  described  by  the 
body  must  necessarily  be  a  conic  section,  having  the 
body  M  in  the  focus,  and  the  relation  between  the 
arbitrary  constants  /,  h,  and  the  axis  and  semipara- 
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my  meter  of  this  conic  section  will  be  (if  we  call  p  tbe 

■^^  semiparamcterj  or  put  j?  =  a  (I  —  e*) 

/  =  — -1^—   =   ^;  (15) 

g  (1  ^  e^)  p  ^ 

A=  -•a  (I  -  e^)  (M  +  m)  ==  Vp  (M  +  m)  j         (1*J) 
If  we  suppose  the  angle  &  to  commence  from  the 
vertex  nearest  the  focus,  or  from  the  nearer  apiide,  or 
ptriheUm  of  the  orbit,  we  have  g  ^o^  and 
a(I^c^)^  p 

1  +  e  ,  cos  ^       1  +  c  cos  6* '  ^  '  ^ 

If  the  vi^ue  of?  be  less  than  unity,  the  conic  section 
described  b  an  enip!>e,  if  cqu»l  and  a  infinite,  a  para- 
bola ^  if  greater,  and  a  negativej  an  hyperbola, 

Bnt  to  complete  the  theory  of  the  plrtncUry  motions^ 
it  is  nccesSiiry  to  know,  not  only  the  nature  of  the 
orbit,  in  general,  but  also  whereabouts  in  it  the  body 
'will  beat  any  moment  assigned.  For  this  purpose 
we  must  obtiiin  a  fmtte  equation  involving  f,  and 
cither  r  or  B,  or  some  functions  of  them.  NoWj  the 
equation  (9)  gives  hd  i^  or 

Va{\  -e^)  (M  +  m)   X  d  i  -  r^  d  0 
and  substituting  for  r,  its  value  in  equation  (17) 
a^\  —  e*)T  d  a 


I 


I 
I 


dt=^ 


aad 


i  +  C  = 


VM  +  m         (1  +  e 
af  (l-f«)i 


(1— e^)i  ^    p « 


cos  ^)'* 
d9 


(IS) 


VM  +  J»      ^     (1  +  e  .  cos  ey 
To  integrate  this,  take  another  variable  v,  such,  that 

cos  r  —  e 
cos^^T— — ;  (19) 


whence. 


sin  0  = 


X  -  e 


Vl-. 


sin  p 


coa  9=  ^  dv  , 
<i  i  cos  B 


cos  u 


d&=- 


1  -h  e 


sin  ^ 
cos  0  = 


1  -^ 


e  .  cos  f?)* 


e* 

cos  V 


H  1  —  e  .  cos  V 

H  and  substituting  these  expressions  in  the  value  of  i 
■    above  given,  it  will  be  found  to  reduce  itself  to  the 
following  very  simple  form  : 

i  +  C  =  -  ^      —    /   dt(i~e.  cos  c) 


so  that,  making 

ai  1 


(20) 


and  taking  the  integml  to  commence,  when  ©  =  o,  or 
O  ^o,  that  is,  from  the  instant  of  the  body  leaving 
the  lower  apside, 

nt^v  —  e  »sin  v;  (21) 

This  equation  fixes  the  relation  between  i  and  o ;  but 
that  between  v  and  0  may  be  expressed  more  con- 
veniently for  the  purposes  of  calculation  than  by  equa- 
tion (10),  as  follows*  By  the  equation  last  men- 
tionedj  we  get 

1  —  e  .  cos  V 


whence. 


or. 


(1  _e)  (1  -t-  COB  t») 


cos  13 


1  +  COS  ^ 


l  —  e 


+  cos  17 


tan  §  e 


V     l-e 


tan  1 1?  I 


(^9) 


Finally,  we  obtain  immediately  the  relation  between 
r  and  c,  by  suhslituting,  in  equation  (17)  for  cos  0,  its 
value  in  (19),  when  we  find 

r  =  ^  (I  -  e  .  cosr);  (^3) 

These  equations  comprise  the  whole  theory  of  tne 
motions  of  bodies  in  conic  sections.  Equation  (17) 
exhibits  the  relation  between  r  and  9,  or  the  polar 
equation  to  the  curve;  while  (21),  (^^),  and  {23), 
express  relations  hetween  the  time,  /,  the  true  unomaltf 
(as  it  is  called)  <?,  and  the  raff/ii*  rec/or,  r,  refipectivcly, 
and  an  auxiliary  angle  t\  to  which  the  name  of  the 
ecventric  anomahj  has  been  given.  The  quantity  n  t, 
when  reduced  into  angular  measure,  by  multijdying 
it  by  180°,  and  dividing  it  by  tt  =  314159,  &c.  is 
called  also  the  menn  anomaltf.  The  eecentric  anomaly 
may  be  exhibited  geometrically,  as  follo^vs  ; 

On  the  major  axis  AB  of  the  ellipse,   let  a  semi-Ftg.  ^. 
circle  A  m'  B  be  described,   and   draw   the   ordinate 
Pmm'  through  m.     Then,    AM /«  will   be   the   true 
imomaly  of  the  body  m,  and  AC  m^  the  eccentric.   For, 
if  we  i;Lke  CP  =  r, 

CP 


cos  AC  w'  =  — 


cos  AM  m  =  — 


C  m' " 
MP 


a 

a  e  +  X 


Mm  a  +  ex 

because,  by  the  property  of  the  ellipse,  M  m=aH-e  x. 
HencCj  we  have 

1  —  cos  AM  m  _  (1  H-  ^)  (fit  -f  j) 
1  +  cos  AM  m ~  (I  -^  e)  (a  —  x) 


1-c 


X 

+  — 

a 


X 

1  _  ~ 

a 


1  +  e      1  —  cos  AC  m' 


l  —  e      1  +  cos  AC  m' 
and,  conspquently, 

I  +  e 

tan  I  A^I  m  ==  -— -  x  tan  |  AC  m' 
1  —  e  '' 

Let  T  represent  the  time  of  one  entire  revolution 
in  the  eiypse,  or  the  periodic  time,  then,  as  Q  in- 
creases from  O  to  3^0^  (or2  sr)  £  increases  from  0  to 
300  (3  irj  also.     Consequently,  by  {21}  we  get 


nT  =2sr| 

2r  .   i 


fl 


T  = 


(24) 


The  periodic  times,  then,  of  several  bodies  rcvolv* 
ing  about  the  same  central  body^  are,  in  the  sesqui- 
plicate  ratio  of  the  major  axes  of  their  orbits,  (or 
mean  distances  from  the  central  body,)  directly,  and 
in  the  snbduplicate  ratio  of  the  sum  of  the  masses  of 
the  revolving  and  central  body  inversely.  The  mass 
of  the  sun  being  enormously  great  compared  with 
4  a 


M< 
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^  those  of  the  planets,  We  may  aeglect  m  in  comparison 
^  with  M }  anaM  being  the  same  for  the  whole  system, 
we  have  Tcxa^i     T^cxa* 

which  is  no  other  than  K^ler's  third  law. 
'  The  periodic  times  of  the  planets  being  Tery  exactly 
known,  we  might  expect  to  find  in  equi^on  (84)  the 
means  of  ascertaining  the  masses  of  the  planets,  sup- 
posing that  of  the  sun,  and  any  one  of  them,  known. 
Thus,  if  m,  W,  be  the  masses  of  two  planets,  and  T, 
T#  their  periodical  times,  we  have 

/vy     /afy     U±m  ._. 

On  applying  calculation,  however,  all  we  learn  from 
tills  rdation  is,  that  the  resulting  masses  are  so  small, 
as  to  be  incapable  of  accurate  determination  by  this 
method;  thdr  values,  as  deduced  from  it,  being 
Boaterially  affected  by  tlie  small  uncertunties  still  pre* 
vailing  as  to  the  lengths  of  the  periods,  and  by  the 
mutual  perturbations  of  the  sun  and  planets.  There 
IS  a  case,  however,  where  it  may  be  used  with  advan* 
tage,  viz.  in  that  of  a  pV;net  accompanied  by  a  satel- 
lite. If  we  call  M  the  sun,  and  m  the  planet,  and 
neglect  the  mass  of  the  latter  in  comparison  with  the 
former,  and  that  of  the  satellite  in  oomparisou  with 
the  primary,  we  have  at  once 

Thus,  in  the  case  of  the  earth,  we  have  \ 

a'  _  6^23799      T  _365-85638 
a  "^    23405    '    T'  ""  97-32167 

So  that,  by  executing  the  computations,  we  find 

m^       l„  1 

M 


tioa,  pndied  tothcthirdpowerof  e,  andaoon,  asiv  ] 
as  we  please.  Ai 

For  numerical  calculation,  however,  the  equation^ 
e  =x  n  ^  +  e  .  sin  o  furnishes  the  readiest  sohrtioA; 
*  as  we  have  only  to  reduce  e  into  seconds,  (taking 
Sr  17' 44''*6  for  the  arc  equal  to  radius  or  I,  or  add- 
ing the  logarithm  5*3144851  to  the  logarithm  of  f, 
which  ffives  at  once  that  of  the  number  of  seconds  « 
is  equal  to,)  and  assuming  n  i  (the  given  mean  aao* 
maly)  for  a  first  approximation,  correct  it  successively, 
as  in  the  following  example. 

Required  Jupiter's  eccentric  anomaly  corresponding 
to  .63^  of  mean  anomaly. 

Here  n  i  s=  53'' ,  and  in  Jupiter's  orbit  we  have 
e  =r  OrOieorr  log. .  8-6819374 

53144251 


=  0  00000804697  = 


328196 

To  find  V  in  terms  of  t,  or  to  calculate  the  eccentric 
(and  thence  the  true)  anomaly  at  any  given  instant, 
we  must  resolve  the  transcendental  equation, 
n  i  =  V  —  e  .  sin  o 
This  can  only  be  done  in  a  series  j  and  fortunately, 
in  the  case  of  the  planets,  e  is  so  small,  that  a  series 
ascending  by  powers  of  e  will  converge  sufficiently. 
Now  we  have 

u  =  n  <  -I-  c  .  sin  w 
and,  since  e  is  small,  and  sin  v  necessarily  less  than  1, 
n  t  itself  expresses  the  value  of  v  within  a  limit  less 
than  e,  and  is  therefore  a  first  approximation.  Again, 
if  in  sin  v  we  write  its  value  for  v  or  (ni  +  e  .  sin  v), 
we  get 

V  =::nt  -\-  e  ,  sin  (nt  -k-  e  .  sin  ©) 
So  that, 

t>  =  it^  +  e  •  sinni 
is  an  approximation  carried  one  step  farther,  or  to  the 
first  power  of  e.    Let  this  be  again  substituted  for  e, 
and  we  have 

r  =  nf  +  c.  sin  {nf+e  .  sinn/} 
But  (neglecting  the  squares  and  higher  powers  of  e) 
we  have 
sin  |n  £  +  e  .  sin  n  < }  =  sin  n  <  +  e  .  sin  n  i  .  cos  n  t 

e    .    ^ 
=  amn i  +  -^  sm  2  n i 


So  that  we  find 
V  vcs  a  t  -f  « 


e  =  9916'^-6  J  log. .  3*9963625 

Take  v  s  53"" log  sin  53''      9*9023486 

e.sincxs    2**  12^ O*' =  7919^8 j   3*8987111 
n«  =  53 


e  =  55  12  O  Corrected  value,  with  whichr^ 
suming  the  process.  T 

log  sin  V  =9*9144281 
e 3  9963685 


2*^  15'  43''  =  8143"0. ...  kg. . .  .3-9107846 
63*^  =  n  I 


sinn^-f—  8in2n< 


(26) 


If  we  again  repeat  the  process,  we  get  an  approxima- 


65  15  43. . . .  Second  corrected  value. 
Another  repetition  of  the  very  same  process  gives  v  = 
55^  15'  49'^1,  which  is  true  within  0"-2. 

But  even  this  process,  simple  as  it  is,  becomes 
tedious  for  the  orbit  of  Mercury,  and  those  of  the  new 
planets,  Pallas  and  Juno,  in  which  the  value  of  e  is  not 
very  small ;  and  here  we  must  have  recourse  to  the 
well  known  method  of  trial  and  error,  which  may  be 
applied  in  this  case  as  follows  : — Having  assumed  by 
estimation  a  value  of  r,  (neglecting  minutes  and 
seconds,)  by  noticing  whether  the  term  6  .  sin  r  is 
additive  or  subtractive,  and  increasing  or  diminishing 
n  t  accordingly  i  calculate  the  value  of  t?  —  c  .  sin  r 
for  that  and  the  next  subsequent  degree  ;  and  let  the 
values  so  found  be  called  V,  and  V  :  should  either  of 
these  be  exactly  equal  to  the  proposed  value  of  n  t, 
the  corresponding  value  of  r  will  be  the  truth  ;  hut  ss 
this  will  probably  never  happen,  we  have  only  to  ssy, 

v'-v:v'-n<::-.86oo":x=-|^x(V'-ttO 

which  correction  being  applied  with  its  proper  sign 
to  the  latter  of  tlie  two  assumed  values  of  r,  will  give 
an  approximate  value.  Let  the  value  oft?  —  e  .  sin  v 
be  again  computed  with  this  value  of  v,  and  call  the 
result  v.  This  will  always  be  found  very  neariy 
equal  to  it  /  j  but  if  not  exactly  so,  the  correction 

must  be  computed  and  applied  to  the  new  value,  and 
so  on. 

For  instance  :  Let  «  /  =  332*  28^  65",  and  e  =: 
50600"  =  14**  3'  20".  Here  sin  n  #  is  negative ;  so 
that  e  .  sin  n  Ms  subtractive,  and  v  must  be  less  than 
nt.  Take  then  for  the  two  values  of  t?,  325**  and 
326°  respectively,  and  compute  as  follows  : — 
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omp                                  sin  395°  —  9  7585913  (neg)  sin  326°  —  9  7475617  (ucg) 

^  lo^tf^ 4-7041513  470415i;j 

4  46^7426  (neg)  44517 ISO  (neg) 

e  .  sin  3S5**  =  —  «90S3''  O  =  -  6^  3'  43 '  0  e  .  sin  3^6*'  =  -  2b295  2  =  -  7*  &l'  36"'SI 

Hence  V  =  333°  3'  43"  0  V  =  333°  51'  35' « 

V  —  V  =  2872'  9  V  —  It  I  ==  -^  4960^ 

IrogStiOO  ..., 3  55630^25 

Log  2872-2     3-4582147 

00960878 
Log  4960  2 3  6964992 

Log  6217*  I    3  7935870 

tt  =  326°  —  62i7''*l  —  324^  16'  23" 

Taking  this  for  a  new  value  of  v,  we  find,  by  another  Finally,  if  we  resolve  tbe  ef|Uotion 

repetition  of  the  process,  /l  +  e 

IV"  =  332^  28' 49^*65     V^  -^  n  e  =  ~  5''4  tan  |  ^  =  ^  ^— ^  .  tan  f  0 

3600          ^,^           ,               „  wc  get 

*^^'      "^  ^^T^IF  X  (V^  -  ft  0  =  +  ^''768  ^                                          ^^ 

^   ^  ^  ^  =  t?  +  e  .  sin  V  +~  .  sin  2  r  +  &c. 

so  that                 V  =  324°  16^  29''768  ,             .,                   ^             ^ 

n.'hich  13  true  to  the  hundredth  of  a  second  ;  and  this  ''^^'^^^  '^  ^^  ^^»^^  ^^^  ^  ^^^J^^^'  ^'^  ^^^^  ^^^^'^ 

case  is  nearly  the  worst  that  can  occur  in  the  theory  0  =  nt  +  2  c  .  sin  w  <  -f  ~  c^  .  sin  2  n  *  >  kc, 

of  the  planets.  4 

If  we  substitute  the  value  oft?  given  in  equation  (26)  ^o  carry  these  series  to  the  higher  powers  of  e,  and 

in  the  expression  for  r,  r  =  a  (1  ^  e  .  cos  v)  -,   (23),  to  ascertain  their  law,  we  must  have  recourse  to  par- 

and  develope  in  powers  of  e,  wc  obtain  r  in  a  series  J^^^^f  theorems  for  facilitating  such  developements, 

of  powers  of  e,  and  cosines  of  n  /,  and  its  multiples,  but  these  will  suffice  for  our  present  purpose  ;  and  the 

.                             ^  reader  \%'ho  wishes  to  proceed  farther  in  the  invcstiga- 

r  ^  fl  J  I  — e  .  COS  fi  I  +  —  ( 1  —  eo3  2  n  f )  —  e'  x  &c.  I  •  tion ,  will  find  in  the  second  book  of  the  Mtcanique  Cdetie, 

I                           2                                           I  '  arts,  XX.  xxi,  xxii.  every  information  he    can  desire. 

We  shall  content  ourselves  here  with  merely  setting  down  the  formulae,  which  are  as  follows:—* 

«  =  i»  ^  4-  c  .  am  n  i  +   - — -—  .  2  .  sm  2  n  f 

'^O^TTH^'  '  sb3ii*-3  .  Binn*]  (27) 

'^T72>3.4.2^{^'''^'^^^*^^'^'  •  8iii3«<} 

+  1.2.3!4.5.24^'''^^^^^^^-^''^^'^^"''^f7|-'^°'*^} 

— i  =  I  +  -— —  e.cosiil—  --cos2n< 
«  2  2 

—  ^— -<3  •  cosSfil  — 3  .cosntV  (28) 

—  jg  ^    A  4*  .  cos  3  n  *  -  4  .  2«  •  cos  2  nl  1 

—  2  4    6~i]^* .  cos  5  n  I  —  5  •  3s .  cos  3iii  +  — ^  ,  cos  nl  J 
-&c./ 

^  s  t?  +  2  e  ;  gin  tJ  +  -^  .  sin  2  c  +  -^  .  sin  3  1?  +  &c.  j  (29) 

^hcre  e  =  -___^^  and  is,  of  course,  a  fractioo  smaller  than  e*    Also,  if  we  neglect  powers  of  ^ 
liiglier  than  the  afth, 

j.Ji*j    '*3  J  .  -        103  1097  r*  '(^J 

4  a  2 
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AttimioiDy. 


Section  IV. 


On  the  velodties  of  the  planetary  motums,  and  the  de^ 
*  termination  a  priori  of  the  elements  of  their  orbits. 

The  angular,  velocity  of  a  body  is  mcaaiiiped  by  tbe 
angle  which  it  i^pears  to  describe  in  any  very  small 
time  to  the  eye  of  a  spectator.  In  fact^  if  we  call  & 
the  angle,  and  t  the  time,  we  have 

de 
Angular  velocity  about  the  snti  =  — 

Now,  by  our  9th  equation,  we  have  r^dO  sshdt, 
dB       h 
and>  consequently,  tt  =  -3^  5  that  is  to  say,  the  angular 

velocity  in  any  orbit  is  inversely  as  the  square  of  its 
distance  from  the  centre  5  and  this  law  b  general  for 
all  central  forces. 
The  paracentric  velocity  is  the  approach  to^  or 

dr 
recess  from,  the  centre;   and  is  measured  by  — • 


1  n 

writing  for  «  its  value  — •    Consequently^  we  find       w 

p\r       a  J 
because  p  =  a  (1  —  e*.)    Hence,  we  finally  obtaia 

\dtl     '^  p\  r       a) 
or  V»=:(M  +  in)  .  (-i-.i.)j  (tt) 


„       dr     dr     d0  ^  ^ 

Now,  t:  =  t;;  •  -r:«  out 
*dt     dO     dt 


dr 
de' 


g  (1  —  e^)  .  e  sin  0 


.  sin  B 


(1  +  e  .  cos  ey       a  (1  -  e«)  .  T* 

and,  consequently,  ^ 

dr        he.  Bine    __  a  /  ^  "^  ^       g  -sin^ 
rf7"a(l-e«)r*""V  fl(i-.e«)  •       r*     /      ^^  ^ 
To  complete  our  knowledge  of  the  body's  motion, 
we  must  inquire  its  linear  velocity  at  any  instant. 

To  this  eiid,  if  we  call  V  the  velocity,  V  =  -4,  d#  be- 

at 

ing  the  element  of  the  curve.  Now,  first,  we  must  re- 

ydx ^  xdy 
h         ' 


mark,  that  if  we  write  for  d  Mts  value 
this  ^ve8  ...  ds 


V  =  A. 


ydx-^  xdy* 


(32) 


But 


ydx ^  xdy 
Js 


expresses  the  length  of  «  perpendi* 

cular  dropped,  or  a  tangent  to  the  curve  from  the  origin 
of  the  co-ordinates,  .  Thus  wc  see,  that  the  velocity  is 
inversely  as  the  perpendicular  so  let  fall,  and  directly  as 
the  quantity  h,or  the  area  described  in  a  given  time. 
Moreover,  we  have  rf  «*  =  d  r'*  +  r^  d  ^  j  so  that, 

du 
writing  for  d  r  its  equal -,  or  —  r^du. 

Now,  by  reason  of  the  eqitation  r*dO  szh'dt,  we  have 

Again,  if  we  differential  the  equation  (12),  we  find 

-=/«-/*.  cos  (^+g)« 
=  /*  -  (w ^)  '    (by  equation  12) 

e*       /  1\* 

=  — r— (tt i,     (by  equations  16,  16) 

P        \  P  / 


e«-l 


2        1 

pr       * 


On  the  determination  of  the  elements  of  the  [ 
tary  orbits,  a  priori,  there  is  no  occasion  to  enter  iMo 
any  very  extensive  discussioo,  in  a  |n«eCioai  pont'tf 
view.  Since,  however,  it  is  a  8ubjeG(^^ttMi% 
toucbad  upon  in  astrooomical  works,  and  is  not  utth 
out  its  interest,  when  we  consider  what  chaagvli 
our  own  system  may  have,  taken  piaee^ocaafitt 
take  place  horn  the  action  of  violent  causes,  ire  dafl 
devote  a  part  of  our  space  to  itsconsideration. 

-  Let  us  suppose,  then,  a  body  of^a  given  ouss,-49'k 
lanrndied  in  space  from  a  given  pomt^  witii  a  vdsdi^ 
and  direction  also  given ;  and  to  be  attracted  faf  Mo- 
ther body,  whose  mass  is  also  given  wlthaibroc kt 
Tersely  as  the  square  of  the  distance :  it  Is  wfM 
to  determine  the  form,  magnitude,  and  position  «(tk 
conic  section  it  will  describe. 

The  plane  passing  through  the  attracting  bodyisl 
the  priinitive  direction  of  projection  wHl,  of  ooli^ 
be  that  in  which  the  orbit  will  lie,  there  beiii^'ltt 
force  to  draw  the  body  out  of  this  plane.  <  Takingl|Mi 
the  central  body  for  the  origui  of  two  co-ordhiiiisii 
X  and  y,  lying  in  this  plane,  and  retaining  all  theolkr 
denominations  of  the  foregoing  pages,  and  consider 
ing,  as  the  unit  of  velocity,  that  with  which  a  bodf 
would  describe  a  space  equal  to  32*1906  feet  Inoae 
second,  we  shall  have^  by  (29), 

r.=  (M+«)(-?— 1) 


and,  consequently, 
I         2 


(34) 


a         r        M  +  *» 

Now,  by  hypothesis,  the  masses  of  the  central  aafl 
revolving  body  are  given  :  and  the  distance  from  the 
centre,  as  well  as  the  velocity  with  which  the  latter  is 
projected.  If,  then,  we  suppose  the  quantities  in  this 
equation  to  correspond  to  the  point  of  projection,  r  is 
this  distance,  and  V,  M,  m,  are  known  -,  so  that  we 
have  at  once  the  value  of  a,  the  semiaxis  major  of  the 
orbit. 

lliis  result  is  a  remarkable  one.  It  shews  us,  that 
the  major  axis  of  the  orbit  is  independent  of  the  angle 
of  inclination  to  the  radius  at  which  the  original  pro- 
jection takes  place  :  in  other  words,  that  any  number 
of  bodies  (of  equal,  or  of  exceedingly  small  mi^m- 
tudes  compared  with  the  central  one,)  launched  mm 
one  point  with  equal  velocities,  but  in  any  differenf 
directions,  will  all  describe  orbits  having  equal  mi^r 
axes.  Another  result,  not  less  curious,  follows  from 
this — that  they  will  all  describe  conic  sections  of  the 
same  nature,  that  is,  all  ellipses,  or  all  parabolas,  or 
all  hyperbolas — for  the  nature  of  the  conic  section 
depends  only  on  the  algebraic  sign  of  its  major  axis. 
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tttoy.  Thus,  if  o  ^<3  positive,  or  if  V,  the  velocity  of  projec- 
^  tioiij  be  2e«itliati  v/  ^ -,  the  orbit  will  be  an 

■  ellipBe.      If  equal  J  a  will  be  inlinite  I  -—  =  o  J  j  and 

tbe  orbit  will  be  a  parabola  j  but  if  greater j  a  in  nega^ 
tive,  and  the  orbit  will  be  an  hyperbola 

In  the  two  latter  cases,  the  bodies  will  tieirer  return 
to  their  original  point  of  departure,  but  in  the  former 

»they  will  do  so :  and  since  the  periodic  time  depends  only 
on  the  major  axes  and  masses,  if  their  masses  be  either 
all  equal,  or  all  extremely  small ,  they  will  all  return 
in  the  same  time,  and  a  collision  will  take  pkce  j 
after  which  it  is  impossible  to  say  what  will  happen* 
Xf,  on  the  other  hand,  there  exists  any  sensible  propor- 
tion between  the  revolving  and  central  bodies,  and 
any  considerable  inequality  in  their  masses,  their 
periods  will  be  unequal^  and  each  may  perform  it§ 
orbit  undisturbed. 

This  is  supposing  their  mutual  attractions  to  be 
neglected.  In  fact,  however,  at  the  instant  of  their 
departure*  these  may  be  incomparably  greater  than 
that  of  the  central  body,  and  will  then  materially 
change  their  velacltres,  unless  the  latter  be  so  great 
as  speedily  to  carry  them  beyond  the  sphere  of  their 
mutual  influence.  If  a  small  portion  of  the  earth,  for 
instance,  were  suddenly  projected  from  its  surface, 
•the  attraction  of  the  earth  on  it  wo^ild,  at  the  moment 
^<of  its  departure,  exceed  that  of  the  &  tin  in  the  ratio  of 
■:^29  :  2  17399,  or  upwards  of  1600  :  K  So  that,  in 
H<^he  first  instants  of  its  mot  10 n^  it  would  move  as  if 
H  aafluenced  by  the  earth  alone.     But  this  effect  would 

■  diminish    rapidly;    by  the   time    the    projectile    had 

■  reached  the  distance  of  the  moon,  the  sun's  action 
would  already  have  a  preponderance  (as  we  have  seen 
10  section  I,)  in  the  ratio  of  9  17399  1  I,  and  it  would 
depend  entirely  on  the  relative  velocity  of  projec- 
tioUj  whether  such  a  space  could  be  described  in  a 
time  small  enough  to  escape  the  influence  of  the 
earth  or  not. 

It  has  been  a  matter  of  some  speculation,  whether 
the  small  planets  between  Mars  and  Jupiter  may  not 
bave  had  their  origin  in  the  destruction,  by  violence,  of 
some  larger  mass  once  revolving  in  the  situation  they 
now  occupy.  The  very  considerable  approximation 
of  their  periodic  times,  which,  in  the  case  of  Ceres 
and  Pallas  is  singularly  near  {within  ^hr  of  the  whole 
period,)  and  the  equally  remarkable  fact  of  the  mutual 
intersections  of  their  orbits  falling  all  in  the  same  part 
of  the  heavenSj  (in  a  general  way,)  have  given  rise  to 
this  surmise  j  and  it  has  even  been  conjectured,  that 
an  explosive  rupture  of  a  former  planet  may  have 
scattered  its  fragments  far  and  wide  over  our  system, 
and  produced  these  singular  bodies.  There  is  no  limit 
to  conjecture  ;  but  if  any  such  event  have  taken  place, 
J^e  arc  forced  to  concludcj  that  the  mass  of  the  rup- 
tured  planet  must  have  been  very  small,  or  the  fnig- 
inents  must  have  collapsed  by  their  mutual  attraction  ; 
Vr,  at  least,  their  velocities  would  have  been  so  mate- 
ally  modified  by  it^  as  to  obliterate  all  traces  of  their 


once  having  had  a  common  velocity  about  the  sun,    Physiml 
The  smallncss  of  the  ruptured  mass  renders  the  sup-  A»troiia«if, 
position  of  an  explosion  less  revolting;  and  we  know,  ^-^^■— ^ 
at  least  from  observation,  that  the  fragments  (if  such) 
are  extremely  minute. 

If  the  orbit   he   a   circle,   we   have  r  ^  a,    and 

!?         1  1 

—  =  —  i  80  tl!iat>  for  the  velocity  in  a  circle. 


we  have  v«  =  — ,  V  =  — ^.-^—  i  that  is  to  say, 

the  velocity  in  diierent  circles  is  in  the  sub-duplicate 
ratio  of  the  sum  of  the  masses,  or  the  absolute  force, 
as  it  is  sometimes  called,  directly,  and  of  the  radii 
inversely.    Moreover^  if  we  denote  by  V  the  velocity 


in  a  circle  of  the  radius  r,  or 


v=\/i 


M  +  m 


,we  have 


9 

r 


V* 


*        a  a 


or  v^  :  V^ll^a—  r  :  a. 

Now,  if  APM  be  an  ellipse,  S,  H,  the  foci,  AM  =  Fig.  7. 
^  a  and  SP  ^  r,  we  have  HP  =  ^  a  —  r  j  so  that 

u  :  V : :  ^/h¥  :  var 

by  which  property  the  velocity  in  a  conic  section  may 
be  immediately  compared  with  that  in  a  circle  at  the 
same  distance. 

Hence,  when  SP  =.  AC,  or  at  the  extremities  of 
the  conjugate  axis,  the  velocity  is  equal  to  that  ia 
a  circle* 

In  the  parabola,  we  have  — -  =  ^,  or  1?  =  V  .  v^so 

that  ill  this  curve  the  velocity  bears  a  constant  ratio 
to  that  in  a  circle  at  the  same  distance,  v'^   \   1, 

In  the  hyperbola,  HP  increases  without  limit,  and 
the  velocity  bears  continually  a  greater  and  greater 
ratio  to  that  in  a  circle. 

As  the  velocity  depends  only  on  the  distance  and 
major  axis  of  the  conic  section,  and  not  at  all  on  its 
form,  we  may  conceive  the  conjugate  axis  so  dimi- 
nished that  the  conic  section  shall  pass  into  a  straight 
line.  In  this  case,  the  extremity  of  the  axis  will  coin* 
cide  with  the  focus,  and  the  velocity  at  any  distance 
r  will  be  that  acquired  by  falling  from  a  distance  2  a 
from  the  centre  to  the  distance  r.  The  expression  for 
this  velocity  is  therefore  still  the  same  with  that  in  the 
conic  section.  Hence,  "  The  velocity  in  a  conic  sec^ 
tion  at  any  point  is  that  which  would  be  acquired  by 
falling  freely  towards  the  centre,  from  a  distance 
equal  to  the  longer  axis,  to  that  point.*'  In  the  para- 
bola the  longer  axis  is  inlinite,  and  the  velocity  at  any 
point  is,  therefore,  that  acquired  by  falling  from  an 
infinite  distance.  In  the  hyperbola  the  axis  is  nega* 
tive,  and  even  an  infinite  fall  is  not  sufficient  to  give  a 
body  all  the  velocity  requisite  for  the  description  of 
this  curve* 

We  have  then  the  following  expressions  :^ 
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'  Velodtj  ia  a  conic  tectioOj  lemiaxia  =s  a,  distance  ss  i 
*  cirde,  w!iOfle  mdiofl  ie  r 


-parabola  at  any  distance  r. 


As 

'V. 


Now  —  =  2  —  ^ 1 


but  since  c»  =  n«  V* 


I  n* . ,  wehaveTT — —  =  n\  and —  =  8—  »*| 

r  M  +  i»  a 


^  —  —  3=  n*  ,  so  that  we  get  by  substitution 


e=  V'l  -  ««  (2  -  n«)  .  sin  A« 
=  VcoB  A«  4-  sin  A«  (1  -  a«)* ' 


(37) 


We  8ee>  therefore^  that  the  ratio  e  of  the  eccentricity 
to  the  semiaxis^  or  the  figure  of  the  ellipse^  or  hyper- 
bola, depends  solely  on  the  angle  of  projection  and 
the  ratio  of  the  velocity  of  projection  to  that  in  a  circle 
at  the  same  distance  ;  and  if  this  latter  ratio  remain 
the  same,  the  distance  may  be  varied  to  any  extent 
without  changing  the  figure  of  the  conic  section. 

It  only  remains  to  determine  its  position,  or  the 
angle  made  by  the  greater  axis  (or  line  of  apsides) 
wiUi  the  distance  SP. 


(S5) 


Let  us  now  consider  the  effect  on  the  form  of  tbe 
conic  section  and  on  the  jpositioii  of*  its  mijor  axis^ 
arising  from  a  chance  not  in  the  Telocity,  bat  In  the 
angU  of  projection^  i.  e.  the  angle  made  with  the 
radius  yector  by  the  direction  in  which  the  body  is 
projected. 
FJ«-  5^-  APM  being  any  conic  section,  and  S,  H,  its  foci,  SY, 

8Z,  perpendiculars  on  a  tangent  at  P,  the  angle  of  pro- 
jection 8Py,  which  we  will  call  A,  b  equal  to  HP2^ 
and  therefore 

SY  =  SP  .  sin  A,  and  HZ  =  HP  .  sin  A. 
consequenUy, 

SYxHZ  =  SP.HP.sinA«j 
but,  by  the  property  of  the  conic  sections,  SY  x  HZ 
=  CD«;  and  therefore  CD*  =  SP  .  HP  .  sin  A«.  Now, 
we  have.  SP  =  r,  HP  =  «  a  —  f,  CD«  =  a«  (I  -  e«)  j 

hence,        a*  (I  —  ^)  =  r  (2a  —  r)  .sin  A* 

and  a  (1  -  «•)  =  r  X  (  «  -  — )  .  sm  A«. 

.  But  a  (1  -  s')  is  the  semiparameter  of  the  conic 
section.  Moreover,  calling  v  the  velocity  in  the  curve, 
'and  V  that  in  a  circle }  and  denoting  by  n  the  ratio 

("v )   ^^  ^^^  already  seen^  that  T  2 ^j  =  n\ 

Hence,  we'have 

a(l-««)  =r  X  n«.sinA«i  (36) 

and  therefore  is  given,  when  the  angle  and  distance  of 
projection  are  given,  and  also  the  velocity.  When 
the  angle  of  projection  varies,  other  circumstances  re- 
gaining, we  see  hence  that  the  parameter  varies  as  the 
square  of  its  sine. 

The  eccentricity  is  easily  found ;  for  we  have 
e=Y/l--l(s-I.).sinA. 


Now,  if  we  odl  kgS,  0,  we  hnn 

in  which,  substituting  for  e  and  a  (1  —  c^),  their  vataai 
before  found,  we  shall  obtain 

^  fi*  .  sin  A'  —  1  ,^. 

cos  ^  =a  M) 

a/ cos  A*  +  (1  -!!•)».  sin  A*  ^ 

OB  which  value  we  may  make  the  same  remaik  at  on 

that  of  €,  and  in  both  which  it  will  be  recollcctet 

that«*=     '•* 


M-has 


Sbotion  V. 


On  certain  peculiar  cases  of  the  celestial  moUon; 
vis.  when  the  orbit  is  of  very  gfcat,  or  very  nnll 
eccentricity.    Of  circular  and  parabolic  moUon. 

The  circumstances  of  circular  motion  are  too  m^ 
pie  to  need  much  consideration.  The  velodlgr  ii 
uniform  and  equal  to  that  whiek  would  be  aiqiid 
by  foiling  down  half  the  radius  with  Uie  force  at  tte 
circnmference  continued  uniformljr.  This  la  evida^ 
if  we  recoUect  that  the  velocity  in  a  cirale,  by  vhit 


has  been  just  proved,  is 


v/ 


M  +  m 


but  than  acq)BBrf 


by  the  action  of  a  constant  force  F,  acting  through  a 
space  I  r,  is  given  by  the  equation  o*  =  8  F<  s  Fria 

the  present  case  =  -^ —  a .    The  pens* 

die  time  is  equal  to  the  circumference  divided  by  tiiis 

constant  velocity,  or  to  —  >  as  we  have  befoit 

shewn  by  a  more  general  reasoning. 

In  a  conic  section  of  so  small  an  eccentricity  that  ill 
square  may  be  neglected,  it  may  be  worth  while  to 
recapitulate  some  of  the  chief  formuhe,  developed  ts 
the  first  power.    We  have  then 
r  :^  a  (1  —  «  .  cos  ^)     "^ 
=  a  fl  —  c  .  cos  »)      >  i  (90) 

=  a  (1  —  c  .  cos  ni)  J 
6  =  0  -^  e  .  sin  v  \  ^  ^^^ 

d=n<  +  2c.  sin  a<J'  V'WJ 

ass  ae +  «.  Sinn/;  (41) 

n«  =  d— 2e.  sin(>;  (4t) 

Let  us  consider  the  motion  in  a  parabola,  and  rinee 
in  this  case  we  have  a  =  oo,c:3  l,andp:;=:a  (1  —«*")» 
if  we  call  the  perihelion  distance  D,  we  have  D  =  |  j», 
and  p  =  2  D.  Then  will  the  equations  (17)  moA 
(18)  become 


1  -f  cos  ^ 


«y 
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dO^ 


e 

1  —  x* 
1  -hx* 


To  tategrate  tlxe  latter^  put  tan  ~^x,  and  we  have     where  A  = 

^         tan  ^  = 
cos  0  = 


the  resolution  of  a  cubic  equation  of  the  form 
js  +Sr  =  A 


Pbysical 


Dl  .  -/  9 


=-— ,     This  cubic,  it  is  easily 


1  H-x» 
which  suhstitutedj  give 

<—      -  I   J?  +  —  I 

^M  +  m  V  a  / 


or^ 


This  equation  gives  tan  — ,   and  consequently  ^^   by 


ehewn,  has  but  one  real  root  j  and  since  the  co-efR- 
cient  of  jt  is  nn  absolute  number,  and  tiverefore  x  a 
fiinction  of  A  only,  its  root  may  be  found  in  any  pro- 
jjosed  case  by  a  table  of  single  entry.  In  fact,  sup- 
pose we  liave  formed  suth  a  table,  containing  the 
values  of  X  (or,  for  greater  convenience,  of  2  x 
arc  (tan  ^  j)  or  G)  for  every  value  nf  (on  the  sup- 
position of  D  —  1,  then  will  this  table  serve  for  all 
cases,  and  for  every  other  vnlue  of  D ;  for  we  have 
only  to  multiply  i  by  D-t  j  anil  calling  the  product 
T,  look  out  in  the  table  for  the  value  of  9  correspond^ 
ing  to  the  time  T.  A  comet,  describing  a  parabola, 
whose  perihelion  distance  is  1,  will  descril^e  90°  of 
anomaly  from  the  perihelion  in  about  109  days. 
Hence,  the  use  of  the  iabk  qfa  comet  of  100  dn^s  given 
in  works  on  astronomy,  Lalande's  As  iron,  2d  edit. 
ToL  iii.  p,  335;  Delambre*s  Jiimnomy,  voLiii,  p.  434j 
from  which  we  esttract  it  as  subjoined. 


Table  of  a  comet  of  109  daifs. 


i 

1 

TVue  an0ai&lj« 

5 

Tracii  andmaly. 

1 

True  anomaly. 

m 

True  wioiMRty, 

B 

True  anomaly. 

9 

Trxxe  fm^malj. 

0 

0°  0'  o'o 

35 

43°58'34''S 

7C 

71°51'23'2 

105 

88°  20^42' '9 

lie 

»98°56'22''5 

17^ 

106''20'14"2 

b 

1 

1  23  37  4 

36 

44  59  57  5 

1   7-1 

72  27  4  4 

106 

B8   42  42"6 

141 

99  11  12  9 

I7t 

106  30  59-4 

1 

2 

2  47  119 

37 

46  0  20  6 

72 

73  2  13  1 

107 

89  4  26  0 

142 

99  25  54-3 

177 

106  41  39-4 

r 

3 

1  4  10  40  4 

38 

47  0  2-2 

73 

73  36   51 0 

108 

89  25  53-4 

143 

99  40  26  9 

[I  17h 

106  52  14-1 

4 

5  34  0  1 

39 

47  58  44-8 

74 

74  iO  57  8 

im 

89  47  5  1 

144 

99  54  50  9 

J79 

107  2  43  5, 

. 

5 

6   57  8  0 

40 

48  56  34 '5 

75 

74  44  3-i  3 

111 

90  g  13 

145 

100  9  6  4 

180 

10713  77 

6 

8  2U  1*3 

41 

49  53  32  0 

76 

75  17  41 2 

90  28  42  4 

1  146 

too  23  13  4 

181 

107  23  26  9 

7 

9  42  37  2 

42 

50  49  37  6 

77 

75  50  18  9 

112 

90  49  8  7 

147 

10037  12  2 

182 

1073341*1 

8 

11  4  530 

43 

51  44  51'8i 

78 

76  22  28  I 

113 

91  9  20  3 

MS 

1(X>51  2-8 

is;i 

107  43  50  2 

9 

12  26  45-9 

44 

52  39  152 

79 

76  54  9  3 

114 

91  29  17  6 

149 

101  4  45  4 

184 

107  53  54  6 

• 

10 

13  4S  13  4 

45 

53  32  48  2 

80 

77  25  23  1 

115 

91  49  07 

150 
151 

101  18  5^1 

185 

108  3  54  1 

11 

15  9  131 

46 

54  25  316 

81 

77  56  10  1 

116 

92  8  300 

101  31  474 

ihit 

lOH  Mi  48  8 

19 

W   29  42-5 

At 

55  17  25-8 

62 

78  26  30  6 

117 

92' 27  45  7 

152 

101  45  6  5 

187 

108  23  38  8 

13 

17  49  39'4 

48 

56  8  31-5 

83 

7S  56  25  3 

118 

92  46  48  0 

1.53 

101  58  18  2 

las 

108  33  24-2 

14 

19  9  15 

49 

56  58  49-4 

84 

79  25  54  6 

119 

93  5  37'3 

154 

if>2  n  22  6 

189 

108  43  5  0 

15 

20  27  46'S^ 

50 

57  48  20rl 

85 

79  54  59  I 

120 

93  24  13  6 

1 55 

156 

102  24  19  6 

190 
191 

108  52  41  3 

16 

21  45  63-4 

51 

58  37  4-3 

86 

80  23  39-1 

121 

93  42  37  2 

102  37  9  4 

loy  2  13  1 

17 

23  3  19  4 

52 

59  25  2  7 

87 

80  51  55-4 

122 

94  0  48-4 

157 

102  49  52  1 

192 

109  11  40-4 

18 

24  20  3  1 

63 

60   12  15  9 

88| 

81  19  48  I 

123' 

94  18  47  3 

158 

103  2  27  8 

193 

109  21  3-5 

19 

25  SB     2  9 

54 

60  58  44  8 

89 

81  47  17  9 

124 

94  36  34  2 

159 

103  14  566 

194 

K>9  30  22  2 

Ik) 

26  51  173 
28  5  45  1 

55 

61  44  29'9 

90 

82  14  25-2 

125 

94  54  9  2| 

160 
161 

103  27  lJ?5 

195 

lt)9  39  36  7, 

56 

62  29  32  1 

91 

82  41  10  3 

126 

95  11  32  7 

103  39  33  H 

196 

109  48  46  9 

2S 

29  19  25  0 

57 

63  13  52  0 

92 

63  7  33  7 

127 

i»5  28  44  7 

162 

lf^5142  4 

197 

109  57  53' 1 

sa 

30  32  15-8' 

58 

63  57  303 

93 

83  33  35-9 

128 

95  45  45  4 

163 

104  3  44  6 

198 

110  6  55  1 

^4 

31  44  16  7 

59 

64  40  27  7 

94 

83  59  172 

129 

96  2  35  2 

164 

104  15  40  3 

199 

no  15  53  1 

r 

25 

32  55  267 

60 
61 

65  2*2  45*0 

95 

96 

84  24  38'0 

130 

96  19  14  0 

165 
160- 

HH  27  29*7 

200 

11024  471 

26 

34  5  452 

G6     4  22  8 

84  49  38  7 

131 

96  35  42  2 

J  04  39  12  8 

27 

35  15  114 

62 

66   45  220 

97 

85  14  198 

132 

96  51  59  8, 

167 

104  50  498 

£8 

36  23  44  8 

63 

67  25  43  1  ' 

98 

85  38  41*6 

133 

97  8  71 

168 

105  2207 

29 

37  31  24  9 

64 

68     5  26-9 

99 

66  2  44 4 

134 

97  24  4  2 

169 

105  13  456 

30 

38  38  11 5 

65 

6S  44  34  0 

100 

86   26  28  7 

135 

97  39  51 3 

170 
171 

105  25  471 

31 

39  44  ^  4  2 

m 

69  23  51  j 

101 

86  49  54  7 

136 

97  55  28  6 

105  36  17  9 

32 

40  49  2  9 

6t 

70  1  10 

102 

87  13  2-8 

137 

98  10  56  2 

172 

105  47  25'4' 

• 

33 

41  53  ra 

68 

70  38  22  1 

103 

87  35  53-3 

138 

98  26  14  3 

173 

105  58  27  2 

34 

42  56  18  2 

69' 

71  15  9  3 

104 

87  58  26-5 

139 

98  41  23  0 

174 

106  9  23  4 

35 

43  58  34  S 

70 

71  51  23  21 

105 

88  20  42  9 

140  98  56  22'5| 

175 

106  20  14  2' 
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y"»*°"y'     Sdly.  Let  as  now  consider  the  circumstances  of  the    sary  to  complete  the  theory  of  such  com^  as  are  1 

^— V"^  motion  of  a  body  in  an  ellipse  of  great  eccentricity,  or    known,  or  may  be  suspected,  to  reyolye  in  very  doo-  ^ 

approaching  very  near  to  a  parabola.    This  is  neces-    gated  ellipses.  ^ 

Since  e,  the  ratio  of  the  eccentricity,  approaches  very  near  to  unity,  1  —  e  must  be  a  very  small  qnaiH 
1  — e  \^B  20  3  48 


tityj  and  if  we  put /9  =  j-j-^,  we  shaU  have  e  =  j— ^,   l-e=— -,  l  +  «  =  _~,   (l  -  ««) 

now,  if  D  =  the  perihelion  distance,  we  have  D  =  a  (1  —  e),  consequently 

_   D  (I  +  g) «D _D 

'^""S  +  ecosO"  {l-^-p)  +(1— /9).co8^""  l-fcos^,.     1— cosd 

«— "^^•— 2 


(1+W 


(^f)* 


■-"•f^  (-4)' (-'(-I)') 

and  developing  this  in  powers  of  fi,  we  obtain 


(45) 


which  is  a  very  simple  expression  for  the  radius  vector  in  the  elongated  ellipse. 
To  find  the  time,  we  must  make  the  same  substitution  in  the  expression. 


Now  {«.(!-  «•)  }+  =  (jTi)*  '^  ^^ 

(1  +  «  .  cos  «)«  =  ^^^^,{1  +p  +  (l-fi).CM9}* 

—      *      (1_+_cm£      -    1  -  co«  «■»• 
■"(l+i8)H       S         '*'^'         t       ) 

if  we  put  tan— =:T^  we  shall  have — 2_ — --sdTj  and  the  mtegral  will  become — - —  .  /    ..  ,^   pTi 

whence  we  get  after  all  substitution^ 

'  +  ^  -  V     M  +  fl.     •  ^  J    (1+/J.T«)« 
and  the  part  of  this  nnder  the  integral  sign  being  developed  in  powers  of /3,  and  the  whole  integrated,  we  get 

By  the  aid  of  this  series,  we  may  express  very  readily  the  difference  between  the  true  anomaly  in  a  t^lT 
eccentric  ellipse,  and  that  in  a  parabola  of  equal  perihelion  distonce,  for,  T  still  expressing  the  tangent  of 
half  the  former  true  anomaly,  and  t  that  of  the  latter,  if  we  develope  according  to  powers  of  fi,  pursimg  t* 
process  only  as  fiar  as  /9>,  we  get 

Now,  the  time  being  the  same  both  in  the  parabola  and  ellipse,  this  must  equal  --  ■  K  +  yp 

therefore  the  series  within  the  brackets  on  both  sides  must  be  equal. 

Let  ,  +  _=«,______  =  6,    ___-^  +  _  +  -^  =  c 

T  +  -  =  A.-^---  — =  B5    ---  — +— +  — -C 
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.  t/ien  we  liavc  A  -^Bft  +  C  fi^  ^  a  ; 

and   the  first  meiiil>er  of  this  equation,  thouj^h  apparently  a  function  of  (3,   cnnnot  he  really   sOj  as  the 
second  d^es  not  coutain  it,     Hcuce,  if  we  call  /^  the  difference  between  the  eEiptic  and  parabolic  anomaly, 

0  -h  A  0 

latter  ^,  since  T  =  tan  — - — ,  and  t  =  tao  — >  we  may 


Pbysl»1 

Astronomf 


or  suppose   the  former   anomaly  ^  +  a 
express  A,  B,  and  C,  thus  ;— 


the 


*=-B 

I       dO^ 

B=>4:- 

A  .  rf'  4 

— ^-i- 

A   .  'P'^ 
I        d0> 

1  .'2 

1  .2 


-h&c. 


+  &c. 


+  &c. 


but  ^  itself  IB  required  to  he  expressed  in  temis  of  B  and  its  iwwers  i   andj  consequently  we  may  suppose 

If  then  we  make  these  substitutions,  our  equation  becomes 

da  /      da       1**      ff*  a\ 


+  M  +  p  ;r^  .  /^* 


do  ' 
whence  we  obtain  by  equating  the  co-efficients  of  /3  to  zero. 


+  &c. 


de 


+  fc ;  o  ^  Q 


da 
dO 


2 


+  P 


T0  +  ''  ^- 


Now  we  have 

_    (1      +    T^)* 


da 


da 
dr 


dr 


=  ^-  *  T^^  and  since 


do      dr  *  d0' 
and  therefore  P  = 


t'     da 

^     3'     dT 


+  T«,    moreover  -—  = 


1    +  T^ 


d^ 


whence 


da 

di 


^g^Dj 


» 


(1  +  -f^Y 

d^  a  _  d       da 

dm  ^lo  ^  do 

d6  ^  d^   I'i'  "T"' 
whence,  after  all  reductionsj  we  obtain 

^  S    ,        1 


f  4        > 


dO 


i        l2  2  i  « 


Q=: 


^O 


Ig? 
140 


^4 

—  •I 
35 


IS 

175 


and,  final ly. 


-t4-  t3  + 


A  = 


4 


(1  + 

5 

r  -^  ^^ 

4 


90 


(1  +  ^r 


inr 


110 


+ 


2A 


^  + 


IB 
175 


(48) 


(1  +  T^y 


^ 


Skctiox  VI, 


On  the  determination  of  the  planetary  orbits  a  pos* 
teriori,  or  from  observation. 

The  aeterminntlon  of  the  elements  of  the  orbit  of 
a  planet,  or  comet,   is  justly  regarded  as  one  of  the 


The  eccentricity,  or  the  lenE^h  of  the  seniipara 

metcr»  or  the  penlielion  diptance, 
The   moment  of  p/is^ina^  the  perihelion,  or  the 
helioti'ntric  bni^itude  at  any  assigned  time, 
which   corrcspcmd   to.  and   arc  font t ions  of  the   six 
arbitrary  constants  introduced  by  the  integration  of 


most  difficdt  problems  of  astronomy.  By  the  elements     the  equations  (1),    ("£).   and  (3).     If  ^vc  knew,   rnid 

of  the  orbit  are  meant   those   constant  data  which  

determine  the  position,  form,  and  magnitude  of  the 
conic  section  described,  and  the  body^s  place  iu  it  at 
a  g-iven  epochs  and  are  six  in  number,  viz. 

The  inclination  of  its  plane  to  the  ecliptic. 

The  longitude  of  its  ascending  node. 

The  position  of  its  axis^  or  the  longitude  of  the 
perihelion. 

The  length  of  its  axis, 

vol,.  Ill, 


could  suhjcet  to  caicuhition,  tlie  causes  \ihi('h  origi- 
nally determined  the  motions  of  the  heavenly  bodies, 
we  could  assign,  a  priori,  by  the  means  already  pointed 
out,  the  values  of  these  constants  from  the  conditions 
which  subsisted  at  the  commencement  of  their 
motions;  but  as  these  are,  and  omst  ever  remain, 
unknown,  we  can  only  discover  the  values  in  question, 
a  posteriori t  by  observation  of  the  apparent  places  of 
each  body  at  different  times. 
4  a 
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•  Bin  A 

(40) 
(50) 
(51) 


ACwuwiy.     In  this  research^  the  great  difficulties  arise  from  our 

Vi^i-V^^  >^  obsernng  hmi  A  fixed  statioa  in  the  centre  of 

our  system.    To  an  observer  stationed  in  the  son,  tiie 

elements  would  offer  themselves  with  comparative 

But  the  motion  and  eccentric  position  of  the  earth 
render  the  whole  affair  infinitely  more  complicated  -, 
and  to  analyse  the  problem^  it  becomes  nece|«ary  to 
take  into  consideration  the  relations  between  the 
heliocentric  and  geocentric  places  of  a  heavenly  body. 
To  this  effect,  let  S  be  the  sun,  E  the  earth,  Fthe 
planet,  or  comet,  projected  into  p  upon  the  ecliptic  by 
the  perpendicular  Pp.  Let  S  7  be  the  line  of  equi- 
Tflg.  S»    noxes,  parallel  to  which  draw  £  7.    Then  wHl 

L  =  7SE  represent  the  earth's  heliocentric  longitude. 

•■  I  =s  7Sp theplanet*shcliocentriclongkude. 

X  =  7  Ep  the  planet's  geocentric  longitude. 

h  =  PSp the  planet's  heliocentric  laidtude. 

P  =  PEp its  geocentric  latitude. 

H  =  the  earth's  distance  from  the  snn. 
r  =r  the  planet's  distance  from  the  sun. 
P  =  the  planet's  distance  from  the  earth. 
d,5=  the  respective  curtate,  or  projected  distances  of 
the  planet  from  the  sun  and  eart&. 
It  is  obvious,  then,  that  we  shall  have  the  following 
relations  : — 

1st.  Pp  =  r  .  sin  6,  also  the  same  Pp^.p 
so  that, 

r  .  sin  6  =  p  .  sin  j3; 

My.    |f  =  *'*=°'' 

^     1  d  =  /9  ,  cos  /3 

3dly.  Since  the  angle  PSE  of  the  triangle  PS£  is 
equal  to  /  —  L,  and  its  sides  are  R,  d,  and  S 

a«  =  R*  +d«-2Rdcos  (^-L);  (52) 

Lastly  producing  SE  to  C,  the  angle  p  EC  =  p  E  7 
.-  CS  7  =  \  —  L,but  the  angle  pE  c  =  180*^  — 1>  E  S, 
consequently  the  equation 

(P  =  R*+>  — 2Ro.cospE^S 
gives 

d«  =  R«+d«  +  2Ra.cos(X-L)5  (53) 

Thus  then  we  have  fire  distinct  and  independent 
relations  among  the  ten  quantities  L,  /,  X,  &c.  Now, 
it  is  evident,  that  if  R  and  L  be  given,  (or  the  place 
of  E  fixed)  the  geocentric  latitude  and  lon^ritudc,  ^  and 
X,  will  be  determined  when  the  place  of  P  is,  but  this 
is  not  determined  unless  /,  d,  and  6,  are  so.  But  when 
all  the  five  quantities  L,  R,  I,  d,  6,  are  given,  the  five 
equations  above  deduced  suffice  to  ^termioe  the 
others,  and  therefore  express  all  the  relations  subsist- 
ing between  the  heliocentric  and  geocentric  places. 
The  last  may,  however,  be  simplified  by  substituting 
for  6«  its  value  given  in  (52),  when  the  whole  becomes 
d  i visible  by  2  R,  and  gives 

o  =  R  +  ^  .  cos  (X  -  L)  ~  d  .  cos  (Z  -  L)  5  (54) 
Another  equation  (included,  of  course,  in  the  forego* 
in^,)  mav  aUo  be  obtained  if  we  consider,  that  in  the 
trian*^le  PSE,  we  have 

H  =  R«  +  p«  -  *2R/>  .  cos  PE  S 
but  cos  PES  =  cospES  x  cos  PEp  by  spherical  tn- 
gonometry,  the  plane  PEp  being  at  right  angles  to 

pES.     Hence,  we  get  (writing     ^  ^,) or f/ . 8cc/8 for 

cos  p 

p,  and  —  cos  (X  —  L)  for  cos  p  ES 

r«  =  R'  +  ««  .  Sec^  +  2  R5  ,  cos  (X  -  L)  ;      (56) 


In  like  manner^  eliminating  p  from  (49)/  k  becpaeg     I 

and  piuUing  in  (54)  for  d,  its  v«l«e  r  .  cos  5, 
o=R+a  .  COS  (X— L)  — r  .  cos  6 .  cos  (Z—L)  (57) 

This  equation  may  also  be  derived  independently; 
if  we  drop  the  peqiendicular  p  q,  for  we  then  have 
89  =  SP.  cQsPSp  .  cospS^ 
s=  r  .  cos  T)  .  cos  {I  —  L) 
and  also 

=  R  +  5  .  cos  (X  -  L) 
which  equated,   give  the  equation  in  question.    We 
may  also  derive  another,  which  will  be  useful  10  the 
sequel^  by  eq^Mliag  two  values  of  the  pecpendicilir 
itself. 

pj^  3=  Sp  .  sinpEg 

p9  =  Sp.sinpS9 
which  equated,  grre 

r  .  cos  6  .  sin  (/  —  L)  =  «  .  sin  (X  —  L)  j  (58) 

Thus  .we  have  reduced  the  five  equations  to  four, 

55,  56,  57>  58,  which  contain  only  the  radius  vector 
of  the  earth,  that  of  the  planet,  and  its. curtate 
distance  fiaom  tbe  eardi,  and  the  heliocentrie  and  geo- 
centric latitudes  and  longitudes  of  the  two  bodies. 

The  problem  of  determining  the  elements  of  Fs 
orbit  from  observation  requires  these  relations  to  be 
combined  with  the  conditions  of  Fs  motion  and  of  tke 
earth's.  Now,  if  we  call  Q  the  longitude  ofFs 
ascending  node,  and  i  the  inclination  of  its  orbit,  we 
have,  by  spherical  trigonometry,  for  the  hdiocentrie 
latitude. 

tan  6  =:  tan  i .  ain  (;  —  3)  (60) 

Moreover,  if  we  call  «r  the  longitude  of  the  perihelioa 
on  the  orbit,  0  the  true  anomaly,  and  Y^  the  angle 
S^SA,  or  the  distance  of  the  node  from  the  perihelioa 
on  the  orbit,  (^ee  fig.  9)  we  shall  h^ve  ^-^ 

cos  A  3  a  =  tan  S  S  a  .  cot  3  SA 
or         tan  (it  —  SJ)  =;=  cos  i ,  tan  Y^  (fiO) 

and  also 

sin  6  =  sin  I  .  sin  (^  +  0)  (61) 

these  seven   equations,  of  which  the  four  first,  55, 

56,  57,  58,  express  the  relations  between  the  helio- 
centric and  geocentric  places  of  a  body  any  how 
situated,  the  other  three,  59, 60,61,  merely  express  the 
condition  of  every  point  in  the  orbit  lying  in  a  plane 
passing  through  the  sun.  '  These  must  be  combined 
with  the  dynamical  results  peculiar  to  the  planetary 
motions,  viz.  1st.  The  proportionality  of  the  areas  to 
the  times  -,  and,  2dly,  The  nature  of  the  orbit,  re- 
garded as  an  ellipse  or  parabola  of  unknown  position^ 
form,  and  magnitude ;  all  which  are  included  in  the 
three  equations,  21,  22,  23,  or  others  equivalent  to 
them.  Thus  we  have  a  S3^stem  of  nine  equatioH. 
representing,  in  general,  the  relations  between  the 
time  elapsed  since  a  given  epoch,  and  the  obseived 
geocentric  latitude  and  longitude. 

These  equations  involve,  as  constant  quantities,  the 
elements  of  the  orbit,  t,  8,  «",  a,  e,  E,  while  the  variable 
ones,  being  either  given  by  observation,  or  expres.««d 
in  functions  of  others  that  are  so,  the  whole  system 
of  equations  may  be  regarded  as  expressing  a  known 
(though  a  very  complicated)  relation  among  the  ele- 
ments j  and  as   each  observation  affords   a  similar 
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on,  it  is  CTident  that  the  complete  determination 

I  latter  cannot  require  more  than  six  observations, 
\i,  however,  from  the  peculiar  nature  of  some  of 
^nations,  fewer  ivill  Buffice^  half  that  number 
being  necessary. 

B  complication  of  the  relations  in  question  pre- 
s  all  idea  of  a  direct  solution  of  the  problem, 
:>  apply  them  to  any  particular  case  indirect  and 
ximative  ones  have  been  inventedj  but  with 
assistance  from  such  simplification  ;  and,  after 
e  force  of  analysis  has  been  exercised  upon  it,  it 
emains  a  very  tlifficult  problem,  and  one  which, 
mita  will  by  no  means  permit  us  to  enter  upon 
\  full  extent-  In  fact^  the  case  of  au  etlrpticid 
to  be  determined  is  one  of  very  rare  occurrence  ; 
?e  shall  therefore  content  ourselves  with  pointing 
le  course  to  be  pursued  to  obtain  the  readiest 
ximation  to  the  elements  of  parabolic  motion. 
Frequent  visits  of  comets  to  our  systeoi  render 
n  important  case.  These  singular  bodies,  with 
>r  two  exceptions,  have  always  been  found  to 
ibe  parabolas,  or  ellipses  of  such  extreme  eccen- 
f,  as  to  be  undistinguishable  from  parabolas 
a  considerable  distances  on  either  side  their 
slion. 

paratory  to  this  research,  we  must  premise  the 
ring  remarkable  theorem. 

a  parabola,  if  r,  /  denote  any  two  distances  from 
►cua,  k  the  chord  of  the  arc  they  iii elude,  and  t 
me  of  a  body  de«cn!>ing  that  arc,  and  g  a  certain 
rnt  the  same  for  all  parabolas,  we  shall  have 

^t  =  (r  -h  /  H-  ^)f  -  (r  +  /  -  /fH  >  (62) 

ew  this,  let  0  and  ^  be  the  true  anomalies  cor- 
ading^  to  the  radii  r,  r',  and  t  being  the  time  of 
ibing  the  intermediate  arc,  and  c  the  time  elapsed 
the  perihelion  passage  to  the  commencement  of 
ime  tj  we  have,  by  (44) 


*  +  £ 


9  =  —;= 


D'V2 


i^M  +  m 


■  =  q  .  I  (tan  ■ 


Consequently,  we  have 
-tan-) 

by  the  property  of  the  parabola,  we  have  also 
B  ^  D 

r  =  :: — r     r  = 


('°'ii 


H?)' 


f  we  put 


ff  ^  e 


^  0,  we  shall  have 


r 

7 


cos  {\0    +0) 


ce  we  get 

e 

—  =  cosec 


cos  ^  & 

=  coa  0  —  tan  I  ^  *  sin  0 

^  9>  <  cos  0 ^l 

t  Vr7 } 


(03) 


x/^ 


cosl  £K 


Similarly,  since  |  ^  =  J  ^  ^  ^,  we  have, 

V        _  /       _  cos  (§  0*  -  0) 

r        '^  r  r* 

and  therefore 

^  ^  f        ^ 

tan  --r-  =  —  cosec.  0  {  cos  m 

bnt  k  being  the  side  of  a  triaog^le  opposite  to  the  angle 
{d'-^O)  or  3  0  and  r  and  /  the  sides  adjacent,  we 
have,  by  trigonometry, 
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^^TF\ 


COS0  — 


gin  0  = 


or,  if  we  put 


3  -/TP" 


^/(r  +  O*  ^  A«  =  R  and  V/f*  -  (f  -  r)*  =  S 

R  =  ^  -/r  /  ,  cos  0  and  S  =  2  \/r  r'  .  sin  0 


cos  0  =  — 

Hence,  w^e  obtain 

e      R-2r 


sin  0  = 


tan  —  ^  —  ^ 
2 


2  -/F? 
R  -  9r' 


&  0        2  (r  +  r^  —  R) 

tan——  —  ta»  —  ^  ■    >  — — —  . . 
2  8  S 


also 


(co4y  = 


1  + 


(t«4)' 


s» 


(R^  +  S^)  —  4  r  R  -»-  4  r= 

bat  R«  -I-  S«  =  (r  +  r')*  -  (f'  -  r)^  =  4  r  /,  bo 
that  we  get 

r^-^)  =rr-r  +  /-R 

and,  in  consequence, 

D  =  r-(eos-^) 

~  4    *  r  4^  r'  -  R 
Now  (r  +  T^  R)  (r  +  /-h  R)  =  (''  +  O*  -  R*  =?  ife^i 


so  that 


i>  =  -^- (»•  +  •"  +  ») 


and  D  Jtan--tim-}  =  - 

consequently 

IH.VTf         a'              1^1      S«  .  V2  (r  +  f'  +  R) 
—       — r{  tan -—  —  tan -—  }  = ._  — : 

VMH-ml        «  2  J  4Jt.VM-hm 

Now,  if  wc  put  T  and  V  for  tan  —  and  tan  — ,  we 

have      r^  ^  T^  =t  (r  "  T)  {T*  -f  TT  +  T»} 
and  therefore 

T*  +  TT  +  r*) 


1>T  V  2  r 


The  part   without  the  brackets  we  have   alreadj 
considered.    I^et  us  next  examine  that  within.    Now, 
if  in  T-  +  TT  +  T»,  we  substitute  for  T  and  T,  their 
4  B  S 
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values 


R  — 2r 


and 


-R-h  ^r" 


it  wHl  bccotiie 


R^-  3R  (r  ^  /)  -1-4  (H-rr'-fr^) 


i  == 


but 


V^2  {r  -^r"  +  R) 


Vr  4-  r'  +  R  .  (r  +  r' 
=  V(r+  K  -h  R) 
=  ifc. 


(r  +  f^  -  R)« 

Vr  +  r^  -  R 

because  (r  +  /  +  R)  (r  +  r'  -  R)  =  k^, 
flubstitutinp:,  wc  g'et 


So  tbat 


_  A-  .  ^^r  -f  r^  ^  R  +  (r  +  /)  ,  Vr  -f  /  -  R         — 


6.  -/M  + 


V2 


m 


NowR  =  %/(r  -h  /)*  —  A'*,,  so  that  the  two  radi- 
cals in  the  above  ex  press  ion  are  of  the  form 


v'^+ 


putting  a  for  r  +  r'.  Hence  the  usual  rule  for 
extracting  the  root  of  a  binomial  surd  applies  to 
them*  the  root  being^;,  as  it  is  shewn  in  all  books  of 
algebra, 


Consequently,  wC  have 

1 


jk  (Vr  -hf^+^+  -/r-f  r^^it) 


and  substituting  this,  the  fitmntity  within  the  brackets 
becomes 

But  Ra  +  S»  =  4  r  /,  therefore  3  S«  +  R»  —  12  r  r' 
«2R*:=^A*— 2r^  ^  Hrr^  -^9,  r\  So  that  our 
expression  reduces  itself  to 

=    ~{l^'  +  ir  +  r'){r-i-r'--R)} 
and  therefore  wc  have,  finally, 

{^4.(^4./)  (r-Hr'-R)l 

R)=. 


or, 

which  agrees  with  the  proposition  as  announced,  ft\ 

we  take  g  —  6  VM  +  m. 

The  relation  just  proved  to  subsist  between  the 
time  of  describing:  any  frarabolic  arc,  and  the  rectili- 
near di^tunecs  of  its  two  extremities  from  each  other, 
and  from  the  sun,  is  very  usefiil,  as  it  enables  us  from 
any  three  of  these  quantities  given,  to  ^nd  the  fourth 
without  knowing  either  the  perihelion  distance,  or 
the  position  of  the  perihelion  with  respect  to  the  arc 
described.     In  an  analytical  point  of  view,  it  is  cer- 
tainly remarkable  for  the  lentrth  and  complexity «/ 
the  transformations  by  which  it  is  obtained  from  the 
general  principles  of  parabolic  motion.     It  appears  to 
admit  of  no  simple   demonstration,  and  that  abore 
given,  tedious  as  it  may  seem,  cau  hardly  be  replaced 
by  one  materially  shorter. 

We  shall  now  proceed  to  show  bow  this  relation 
may  be  rendered  available  in  computing  the  elements 
of  a  comet's  orbit, 

Let  Xf  J/,  z,  be  the  co-ordinates  of  the  comet*8  pliice 
at  the  cjioch  of  a  first  observation,  x^,  \j ,  z,  their  values 
after  any  time  i  and  ^\  ^'\  ^\  their  values  after  nay 
other  times  ^  has  elapsed.  Let  X,  Y,  Z,  X',  Y',  Z', 
and  X^',  Y'',  7/\  be  the  corresponding  co-ordiufltes 
of  the  earth's  place*  (If  the  plane  of  the  ecliptic  be 
chosen  for  that  of  the  X  and  Y,  w^e  shall  have  Z  =0, 
U  =  o,  7/'  ^  0,)     Also  let 

then  will  f  be  the  time  elapsed  between  the  second 

and  third  obseri-ations. 

Since  the  comet  moves  in  a  plane  passing  through 

the  sun^  we  have 

2  =  a  jr  +  &  y  (64,  IJ 

z'^ar'+i/  (64,2) 

z*  ^ax*'  +  hf  (64,  S) 

from  which,  if  we  eliminate  a  and  h  \  first,  from  the 


first  and  second  j  secondly,  fi-om  the  first  and  third  j  and  lastly,  from  the  second  and  third  j  we  shall  g«t 
the  three  following 

o  =  x(/^i'-/z'0  +i^(^r"-/'z)  -Hx"(/^_yr-) 

o  =  y  (I'V  -  2'jr'O  +  v'  {z3f'  ^  xz"')  +  /'  {xz'  -  zx") 


0  =  z  (x'V  -  ^/O  +  ^  (^y"  -  i^j^)  +  2''  (^y  -  ^y) 


(65.  1) 
(65,2) 
(65,3) 


Now  r  I/'  —  z' y  represents  the  double  area  of  the 
projection  of  the  plane  triangle  included  between  the 
radii,  r,  /  drawn  to  the  place  of  the  comet  at  the  first 
and  second  observations,  and  the  chord  k  of  the  para- 
bolic arc  joining  their  extremities  on  the  plane  of  the 
z  and  yj  similarly,  2/'  —  z''^  represents  double  the 
triangle  formed  by  tlic  projections  of  the  rti*lii  r,  r" 
and  the  chord  //joining  tlieir  extremities  on  the  same 
plane  j  and  if  we  denote  by  }^'  the  chord  joining  the 
extremities  of  tiie  radii  r ,  t^\  the  double  of  the  pro- 
jection of  the  triangle  included  between  r',  t^\  and  ^" 
will  he  represented  by  z*  y^  —  z^'  \f.  11^  thereforCj 
we  call  the  surfaces  of  these  triangles  respectively 

Since  the  projection  of  each  is  equal  to  the  surface 
multiplied  by  the  cosine  of  its  inclination  to  the  plane 
q{  the  *j  y,  which  is  the  same  for  allj  wc  shall  have  the 


following  c<|uation  instead  of  (65,1)* 

a-S''~a'S'  +  ^'S  =  0 
and  similarly, 

y  S''  -  ^'  S'  -h  y''  S  =  0 

X  S^'  •-  s'  S'  +  r"  S  =  a 
Now*  if  we  retain  the  denominations  of  the  fore- 
going pages,  and  assume  the  line  of  the  equinoxes  S  7 
for  the  axis  of  the  r,  we  have 


(66,1) 

(66,  i) 
(66,  S) 


=  R  ,  cos  L  +  f  .  cos  X  j 

(€7.1) 

J' 

=  R'.cosL'  +  i'.cosX'i 

(er.«) 

3!' 

=  R''.co9L" +  a".coaX''i 

(67,3) 

also 

y   =Ee 

-f  p  1/  =  R  .  ain  L  H-  2  ■  sin  X ; 

(67.4) 

?'  = 

R'  .  sin  L'  +  «'  .  sin  \'  j 

(67.5) 

y"  = 

R".siiiL"  +  i".sinX"; 

(67.6) 

\ 
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2    =^,tan/3  (67,7) 

z^  =  6^  tan  fi^  (67,  8) 

^'  =z  r  .  tail  ^"  {67,  9) 

**3d  by  tlie  STibstitutton  of  these  values  we  shall  obtain 

equations,  in  which,  instead  of  the  co-ordinates  j,  \j,  z, 

&c,  the  curtate  di stances  ^,  €\  K\  will  he  involvedj  vi^. 

o  -  S""  (^  .  cos  X  +  R  .  cos  L) 

-  3^  (^' ,  cos  V  +  ir  .  COS  L')       >  I  (68, 1) 

+  S  (e'\  COS  X^^  +  R'^ .  COS  U* 

O  z= 


^^'  (5  .  sin  X  +  E  ,  sin  L) 
:>'  (^/  .  9in  X'  +  11' .  sin  1^0 


->  I' 

} 


(68,  *a) 


-h  S  (6'' ,  sin  V'  +  R^' .  sin  L'O 
D=  ^^'.c.tan^-S'.^\tan^-hS.£".tan/3'^;  (GS,3) 
llj  Lr^  Xj  and  ft,  and  their  accented  values,   are  all 

a  =  tan  /3    .  sin  (X"  -^X') 


quantities  given  by  the  solar  tables^  or  by  observation    P1ij<ical  , 
at  the  three  assigned  instants,  so  that  the  only  un-  Artronomf. 
known  quantities  contained  in  these  equations  are  the  ^^^^^'^^^ 
three  curtate  distances,  ^,  S\  ^^\  and  the  areas  S,  S% 
S''  i  and  by  elimination,  any  one  of  the  three  former 
may  be  expressed  in  terms  of  the  latter.     Let  this 
process  be  executed  then  in  succession  for  each  of  the 
tiuantities  S,  h\  a",  aad  w^e  shall  have  the  following 
results  : 

(  tt.?-f-AH).S''-AW.S'  +  A'Tl'\S=Oi  (69,1) 
BR  .  S''-  (  a  .  a'  +  B'RO  S'  -h  WW'S  =  0 1  (69, 2) 
CR  .  S''  -  aw .  S'  +  (a  *  a"-C"R'0  S^o-,     (69, 3) 

where,  for  brevity's  sake,  we  have  made  the  following 
suhstitotions — 


X'^X)     J 


-  tan  /3'  .  sill  (X" 
+  tan  /3"  .  sin  (X' 

A  =;  tan  ^  ,  sin  (L  -  V')  -  tan  fi''  .  siti  (L  -  V)  ; 
A'  =  tan  ^'  .  sin  (U  -^  X'')  -  tan  f^' .  sm  (1/  -  V)  j 
A^'  =  tan  ft'  .sin  (L'^  -  X")  -  tan  ft*'  .  sin  (L^'  -  V) ; 


B  =  tan  ft''  .  sin  (L  —  X  )  -  tan  ft 
W  =  tan  ft"  .  sin  (L'  -  X  )  -  tan  ft 
B"  =  tan  i3'^  ,  sin  (L"  -  X  )  -^  tan  ^ 

C  =  tan  ^  .  sin  (L  -  X'' )  -  tan  /T 
C  ==  tan  ^  .  sin  (L^  -*  X' )  -  tan  fT 
&'  ==  tan  /J    .  sin  (L''  -  X')  -  tan  ft' 


,  sin  (L     -  X''}  ; 

.  sin  (L'   -  X")  i 

sin  (L"^  VOs 

sin  (L    ^  X  )i 

sin  (L'   -  X  )  ; 

.  sin  (L"  -  X  )  i 


(70, 1) 

(70,  2) 
(70,  3) 
(70,  4) 

(70,6) 
(70,  6) 
(70,7) 

(70,  8) 

(70,  9) 

(70,  10) 


In  tliese  equations,  the  right  hand  members  arc  composed  entirely  of  quantities  given  either  by  obsen'ation, 
or  by  the  solar  tables  ;  and  their  calculation,  though  long,  is  greatly  facihtated  by  the  regularity  of  their  com- 
position.    The  values  of  «,  A,  B,  C,  kc.  obtained,  we  have,  by  {m,  1)  (69,  2) 

ARS^-  A' R'  S'  +  A''  R''  S 


a'==  + 


BRS''-  B'R'S' 


+  B''R'^S 


wUe 


nee  we  obtain 


d 

T 


S'''  ^  B' 


(71) 


(B'A  ^  BAO  .  RS''  +  (B'A^'  -  Wk')  R''S       S 


X  j^,, 


W  JBRS"  -  B'R'S'  +  Bm''S  [ 

j^  ^*^  far,  we  have  nothing  but  rigorous  equations,  and  it  does  not  immediately  appear  how^  these  can  become 

^"'^'iceable  in  the  question  before  us;  hut  if  we  consider  attentively  the  composition  of  the  numerator  of  the 

^^tjon  which  forms  the  second  term  of  -:x  ^^re  statec,  tve  shall  find  that  the  equation  last  arrived  at,  affords 

j^^^^^^ans  of  obtaining  a  first  approximation.     Let  113  consider,  first,  the  term  AB'  —  BA'  r.     If  we  substitute 
^^^   U^is  the  valuGB  of  A,  B,  A',  E',  in  equations  (70,  %  3,  5,  6,)  execute  al!  the  multiplications,  strike  out  such 


k 


u  (I/-  V).sin(L-X'')]\ 

I  (L^  -  V)  .  Bin  (L  -  L)  ]     \ 

{1/  -  X)  .  sin  (L  -  XO  }     J 


•"iris  as  mutually  destroy  each  other,  and  then  reduce  as  much  as  possible,  we  shall  fmd  for  its  value 
r     tan  ft  .  {sin  (L  ^  X')  .  sin  (L'  -  X'')  -  siu  (L'  -  V)  .  sin  (L  -  X'')  ^^ 
tan  ft"     ^  +  tan  ft' .  { sin  (L  -  X^')  .  sin  (U  -  X)  -  sin 
t-l-  tan  ft'',  [sin  (L  -  X)  .  sin  (L'  —  X')  ^  sin 
^^      ^\r,  by  trigonometry,  we  have,  (since  sin  A  .  sin  B  =  i  {  cos  (A  —  B)  —  cos  (A  +  B) } 
^  aia  (L  -  X)  .  sin  (L"  -  X')  =  j  cos  }  (L  -  L')  -  (X  -  V)  |  _  |  cos  { (L  +  L')  -  C^  4-  X')  ] 

^  sin  (L'  -  X)  .  sin  (L  ^  X')  =  I  cos  [  (L  -  U)  +  (\  ^  X')  }  -  i  cos  {  (L  +L0  -  (X  -f  X')  | 

*^^  subtracting,  we  find 

sin  (L-X)  .  sin  (L'  -  X^  -  sin  (L'  -  X)  .  sin  (L  -  X')  = 

^  f  cos  {  (L  -  L')  -  (X  _  V)  }  -  i  cos  {  (L  -  LO  +  (X  -  X^  } 
^'^ich  another  application  of  the  same  trigonometrical  formula  already  used  converts  back  again  into 

sin  (L  -  U)  .  sin  (X  -  X') 
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A^araiy.asmiflar  traotformfttioni^Uatoiheco^  tan  p -^  so  thiitoin:  exprewon 

^w>^^— /  (     sin  (L -^  I/')  .  sin  (V  -V).ta»/ft 

AB'  -  BA'  =  tan/9^^  X    -{  +  «in  (L-  I/)  .  sin  {^"  -  X  )  .  f «■  ^ 


As 


Kg.  10. 


sin  (L  -  I/)  .  sin  (X    — X').tan/3'' 
IMI  /B    .  MO  (X'  -  X^i 

tan/S^' 
or,  if  we  put  7  =  tan  ^  .  lin  (X^  — V^^ 

-f  tan/y.sin  (X'^-X)  V  J    .^..., 
+  tan /9^.  sin  (X  -X^J 

AB^  -  BA'  =  7 .  ain  (L  -  LO  .  tato  jS^ 


{laii/B  .«n(X'-.V^^ 
4-  tan  /S"  .  sin  (X^-  X  )  V 
+  tan/3''.ain(X-X')J 


.(») 


(W/l) 


Now,  it  is  evident  that  7  is  a  symmetrical  function,  and  is  not  changed  by  patting  at  the.  same  time  p  fatp, 
and  X^  for  X^  and  reciprocally ;  so  that,  by  pursuing  a  process  of  reduction  exactly  similar,  we  should  obtaiB 

(7S,J) 
(73,3) 


AB'^  -BA''  =7.8in(L  ^l/^.ianP" 
AfW'  -  B'A^  =  7  .  sin  (L''  -  L'O  .  tan  /T^ 
and  were  we  to  pursue  similar  processes,  combining  A  and  C,  B  and  C,  we  should  get 

^  CA'    -  AC    «  7  .  iin  (L  -  1/  )  .  tan  /9^ 

CKf'  -  AC^  =r  7  .  ria  (L  -  I/')  .  tMM  ^ 
C'A' —  A'^C  =  7  .  Bin '(L^  -  I/O  .  tan  i8' 


and 


Thvs  the  numerator  of  the  fraction  in 


BC'    -  CB' 
B'C'  —  C^B''  = 

tan/y^  {RS'^8in(L-.  I/)  -E^S.sin  (1/  -  L'0}j 


7  .ain  (L  ^1/)  .iamfi 
7  .  sin  (L  -  L'^)  .  tan  /3 
7  .  sin  (L' - 1/)  .  tan  ^ 

•  above  referred  to,  becomes. 


(73,4) 
(73,5) 
(73,6) 

(73,7) 
(73,8) 
(73,9) 


Now,  let  us  suppose  the  three  observations  made  at 
small  intervals  of  time.  The  supposition  almost 
always  holds  good  in  the  caae  of  comets,  which  usually 
excite  sufficient  interest  about  the  time  of  their  first 
appearance,  to  induce  astronomers  to  observe  them  as 
frequently  as  possible  ;  so  that  observations  sepamted 
by  an  intervsd  of  a  few  days  at  most  may  generally 
be  obtained  for  calculation.  On  this  supposition,  then> 
the  variations  X  —  X',  X'  —  X''  and  X^  —  X  of  the 
observed  geocentric  longitudes  may  be  regarded  as 
very  small  quantities  of  the  first  order  ;  so  that  7  is 
also  a  very  small  quantity  of  the  first  order,  especially 
as  p  (the  observed  geocentric  latitude)  is  usually 
below  45°  I  so  that  tan  /3,  tan  ^,  &c.  are  less  than 
unity.  Moreover,  L  —  U,  L/  —  L",  &c.  whieh  re- 
present the  sun*s  motion  in  the  intervals  between  the 
observations,  are  also  very  small  quantities  of  the  first 
order  3  so  that  the  expression  (74)  is,  on  these  ac- 
counts, a  very  small  quantity  of  the  second  order. 

But  besides  this,  since  S,  S'"  represent  the  rectili- 
near triangles  SPFand  SFF'  described  about  the 
sun  in  the  times  if  —  t  and  if^  —  lf  (which  for  the 
moment  we  will  call  0  and  n  6)  they  will  be  nearly 
proportional  to  those  times,  being  extremely  near  to 
equality  with  the  sectors  SP  n  F,  SF  i/  P",  so  that  we 
have  very  nearly  S"  =  n  .  S.  Again,  the  earth's  orbit 
being  nearly  a  circle,  and  its  motion  in  it  nearly  uni- 
form, we  have 

R  =  R^'  and  (L'  -  L^)  =  n  .  (L  ^  LO 
whence  (L  —  LO  being  very  small,  sin  (L'  —  U')  = 
n  .  sin  (L  ~  L^)  If  these  suppositions  were  rigorously 
exact,  we  should  have 

R.S'^8in(L-L0  ^nRS.sin  (L  -L') 
=  R^'S  .  sin  (L'  -  L'') 
and  the  quantity  within  the  brackets  of  (74)  would  be 


(74) 

rigorously  aerof  and  in  all  cases  we  see  that  it  srait 
be  a  very  small  quantity  of  the  second  order  at  leisti 
so  that  tb«  whole  expresoioB  (74)  nmsi  be  a  nrj 
small  quantity  of  the  third  order;  and  that,  wbcte 
the  intervals  between  the  consecutiTe  observatkM 
approach  to  equality  or  not.* 
Let  us  next  consider  the  denominator  of  the  fisc- 

tion,  and  retaining  the  substitution  n  =  —  =  j^ 

it  becomes,  on  the  same  hypotheses  as  before 

B'.RS  {nB-B'(l  +fi)  +  B^} 
because  8'  ^  S  +  S'^  nearly.      We  have,  therefore, 
first  to  consider  the  values  of  B''  —  B'  and  of  B  -  F. 
Now,  if  in  B"  —  B'  we  substitute  the  values  of  B',  F, 
and  reduce  as  far  as  possible,  we  shall  find 

•  Mr.  Littrow,  from  whote  cxcdleat  and  mott  ueAil  W9tk  ff 
theoretical  and  practical  astronomy  {Thewretische  und  Praehtett 
AsiTonomiey  von  J.  4.  Littrow,  director  d«  Stem waite  und  gj- 
fewor  der  aatron.  an  dcr  K.  K.  universitftt  in  Wien.— Wien,  IWI* 
2  vols.  8vo.)  I  have  taken  this  exnos^  of  the  dctemunatioBOfi 
comef  8  orbit  and  the  example  which  follows,  has  merely  n«« I" 
«  'A'        S  '  A„  ^ 

that  the  quantity  ~  is  equal  to  -  "gT  ^  "§«    +  *  rcmamder,  ik 

« this  remiundcr  is  of  the  order  AB'  -  A'B,  and  therefore  may  1* 
neglected  in  a  first  approximation,  when  the  intervals  arc  mau 
and  nearly  equal,**  (vol.  ii.  p.  129.)  This  is  not,  however,  a  »at^ 
tory  view  of  the  subject,  and  is,  in  fact,  slmrring  ovw  a  ▼«7*"*"^ 
derable  difficulty  and  evading  one  of  the  most  difficult  apddehcaK 
points  in  the  theory  of  comets.  I  have  therefore  judged  it  better 
to  enter,  though  somewhat  more  at  length  than  is  absolutely  wo- 
Bonant  with  the  nature  of  this  work  into  this  part  of  the  sutqetf, 
rather  than  leave  a  doubt  on  the  mind  of  the  student,  or  a  mritfry 
attached  to  a  fundamental  proposition.  Meanwhile  I  am  hapg 
to  have  to  call  the  attention  of  the  lovers  of  astronomy  to  tlie 
interesting  work  alluded  to,  of  which  a  transla^on  by  any  compe- 
tent hand  would  be  a  real  accession  to  our  slock  of  dcmmttiT 
works. 


phV^^cal  astronomy. 
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'<-B'  =  «taa^.Ua^'.ua 


L'-l^" 


^        .{cot^.cas(i^-x)-cotr.«>s(ii±l^-X")} 
I  the  quantity  withm  the  brackets  being  the  diffcrcnce  between  two  values  of  the  same  function  H  a  small 
srvaloftiineisoftbcfirstorder^asisaisosm  — - — ,so  that  B"—B' is  of  the  second  order*   Similarly^  we  have 

-  B'  =  -  2  .  tan  /3  .  tan  r  sin  ^^-—^  .  (cot  /i  .  cos   ij^~-  -  ^  )  -  cot  /J"  .  cos  (^—^  -  X")  J 


A5troiioiiir> 


Wj  «n  • 


L'  -  L" 


=:  n .  sin 


L-L' 


and  therefore  we  hare 


L-L\ 


B  -B')  +  (B'^-BO  =2n ,  tan  J9 .  tanp*.  sin  (=^^)  • 


eot^  (cos(|:-X+^')-coa(H_x+|))> 
-  cot  ^'(cos  (^-V'4") -cos(^-X«4))  ^ 


Liet  this  be  reduced  as  much  as  possible  ;  and^  putting  M  for 


L  +  2  L'  +  L' 


>  and  (1  +  n)  .  sin 


810 


/  L  «  L''  \   , 


will  become 


R  ,  S  X  2n  (1  +  «)*  ,  tan  ^^  :  tan  ^'*  .  sin 


L-I/ 


X  J  sin  (L'  -*  X)  .  cot  p  --  sin  (V  -  V')  .  cot  /T'} 
X  {  sin  (M  -^  X)  .  cot  ^  -  sin  (M  -  X'')  ,  cot  fi"'} 


\b  is  evidently  a  quantity  of  the  fifth  order^  the  two  last  factors  of  it  being  «ach  the  difference  of  con- 
utive  values. 

granting  then  the  hypotheses  above'  employed,  viz.     eonsef^utive  values,  and  tlierefore  a  very  small  quan- 
,.  The  strict  circularity  and  uniformity  of  the  earth's     lity, — the  first  is  aho. 

tion» — %    The   proportionality    of  the  rectilinear.         To  apply  these  equations  to  the  determination  of  a  Fig,  10, 
tead  of  the  parabolic,   sectors  to  the  times  we  see     comet's  elements,  we  will  first  suppose  the   !*cctors 
I  the  nuuiemtor  of  the  fraction  vanishes  obsolutely,     P  n  SK,  tkc.  equal  to  the  plane  triangles  SPl^,  ike,  ut 
ile  the  denominator  on  the  same  hypotheses  does  -      -  ....  -*. , 

;  strictly  vanish^  but  only  reduces  itiidi'  to  a  quan- 
r  of  the  filth  order.     Hence^  we  are  eutitletl  (at 
it  in  making  a  iirat  approximation  to  the  elemenlsj 
neglect  the  fraction^  and  suppose 
a  S'      A' 


I  similarly 


I 


a' 

S'^  ' 

3' 

J 

= 

-f 

s 

A' 

1 

r 
r 

= 

— 

S 

} 

(75) 

(76> 
(77) 


M  true,  from  the  minuteness  of  the  denominator  of 
'  fraction  in  (J I)  the  deviation  from  truth  of  the 
jothescs  assumed  becomes  magnijied.  But  these 
^Dtheses  themselves  are  so  very  nearly  correct, 
I  iMiless  in  extremely  unfavourable  cases  tlie 
intions  (75)  ant!  (7fJ)  may  safely  be  employed  j  and 
Fill  be  observed  too,  tlmt  indejymdent  of  hoik  ht/po- 
le^,  the  numerator  would  be  of  the  fourth  order  at 
ftj  for  if  we  throw  it  into  the  form 

,....y.ss".{R."°'^-'-''-R-."°";l-'-'i} 


at  least  in  the  same  ratio  with  them.     Tliis  amouute 

to  substituting  - ;,-~    .  or  7557  for  —5  when  we  obtain, 

t   —  r       tf  o 

instead  of  the  equations  (69,  1,  2,  3,) 

(aa  +  AR)  X  ^  -  AH' .  ^  +  A'Tl''<?  =  0       (78.1) 

BR  ^'  -^  t«  a'  +  BHO  e^  +  Bm" 0  ^  0    (rs,2) 

CR  O''  -  CTl'  (^  +  {«  ^'^  -  CR^)  0^0       (78^) 
which  give  tlie  values  of  ^,  c%  c'\ 

Now  w*e  get,  by  the  equation  (-55) 
/^  =  R'^  +  l'^  .  sec  fl'^  +  <2  R'^'  •  cos  (L'-X') ;     (79) 
whence  the  value  of  r'  is  obtainod- 

r'  once  obtnincd,  the  values  of  ^,  i',  &c.  and  /  may 
be  corrected  by  the  following  process,  let  t  represent 
the  time  between  the  second  observation  and  any 
assigned  instan(.  If  then,  x,  tf,  z,  represent  tlie  co- 
ordinates at  the  first  observation,  and  /^y",  x^',  at  the 
third,  we  have 


--T 


f,taji^".SS 


/'Ar, 


£in(L-LO  _       stn  (L'-L^)] 


i^=JC^-h 


T 


4-  7  *  tan  ^  .  SS" 


,  (R'  ^  R'O 


^       1 


dr 
d/ 

djT 


/'-/+-r-4^  +  ;^ 


1  .2 


dr* 


-&c. 

(80,  1) 

^&c. 

(SO,  2) 

-&c. 

(SO,S) 

--&C 


(flO,4) 


and  similar  eicpro69imifl  for  f ,  x*'.     Now,  assiiftimg  t 

!  second  term  it;  evidently  so  ;  and  since  the  factor     as  the  independent  variable,  or  dr  constant,  wc  have, 
the  first  withm  the  brackets  is  the  difference  of    by  (1),  (*2),  (3), 
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J^d/-/d/ 


(81,1,9,8) 


The  numerical  value  of  M  +  m  is  casUy  founds 
since  it  is  the  same  for  the  whole  solar  system  except 
in  so  f&r  as  the  masses  of  the  planets  and  comets 
denoted  by  m  differ^  and  these  bear  so  minute  a  pro- 
portion to  the  mass  M  of  the  sun,  that  they  may  be 
neglected  :  let  t  denote  the  period  of  any  one  plane, 
as  the  earth,  and  a  the  semi-major  axis  of  its  orbit^ 
then  we  shaU  have,  by  (Zi) 
T»  4?r« 

a* 


so  that 


M  +  m 

is  a  quantity  very  nearly  constant  for  the 

whole  planetary  system  ;  and  the  period  of  the  earth 
being  365''.256384^  and  the  semiaxis  of  its  orbit  1,  its 
(365^256384)* 


thirds  and  put>  for  tbe  present,  p  for 
we  shall  have 

«S.cosc  =  po{l-5ii2<>»Jj         (88,1) 

and  similarly, 

8S'.co8c  =  p^|l-5*-±_5!^|.  (83,8) 

2S-.  cos  c  =  p  «"{  1  -  ^^e^} ;         (88,3) 

If  we  now  employ  the  value  of  /  as  above  approxi- 
mately determined,  and  substitute  it  in  the  right  kn^ 
members  of  these  equations,  we  shall  obtain;  diviiifiig 
one  by  the  other  the  ratios  of  S,  S^  S'^,  much  more 
accurately  than  on  the  original  hypothesis^  for  we 
have 

1  ^^  +  ^£^ 


value  for  the  earth  is 


and  the  same 


quantity  expresses  its  value  for  all  the  other  planets 
and  comets.    Hence  we  have 

imd  log  (M  +  m)  =  6-4711698 

To  correct  the  values  of  2,  ^,  &c.  we  must  correct 
the  supposition  on  which  they  'were  obtained,  of  the 
proportionality  of  the  rectilinear  triangles  instead  of 
the  parabolic  sectors  to  the  times,  or  the  values  of 
S,  S^,  S^.  Now^  if  c  be  the  inclination  of  the  plane  of 
the  orbit  to  the  plane  of  the  x  and  y,  we  have 

2  S   .  cos  c  =  y  j/  —  X  / 

2  S'  .  cos  c  =  /j^  -  /^' 

2S".cosc=:y  ^'  -  xy'' 

In  the  first  of  these,  for  y  and  x  write  their  values  as 
given  in  (80,  1)  and  (80^  3),  and  we  find 


2  S  .  cos  c  =  Y 


dr 
1.2  •  dr*  ■*" 


1.2. 
But  if  the  values  of 


3 

d-T^ 


and 


di* 


—  &c. 


be  written  in 


the  second  terra  of  this,  it  will  vanish.  Again,  if 
we  differentiate  the  equations  (81,  1)  and  (81,  2) 
we  get 

d^  of  /  \ 

=  «(M  +  m).(^. 


di^ 


=  -  (M  +  m) 


d/ 
dr 


Vr^   *    dr  /* 


3  J^ 


jd/ 
d 

dy_ 

dr 


9 
) 


80  that,  by  substitution^  we  obtain 

d-^  "~  /3      •  di 

If  we    neglect  the  higher  powers  of  0  than    the 


sr     r 


^^M+m^ 


S^       ^ 
^"^  r  ^ 


1  - 


1^ 

M  +  m 


^ 


^_M  +  m^^ 


(83, «) 


Now,  in  the  equations  for  determining  ^^  ^,  kc  {&, 
1,  2, 3)  it  is  only  the  ratio  of  S,  S',  S",  that  are  re- 
quired, and  thus  we  are  enabled  to  correct  the  Tshief 
pf  their  quantities,  and  thence  agun  that  of  /.  To 
carry  the  process  to  a  greater  degree  of  preciaon, 
however,  the'  series  expressing  the  value  of  2  S  .  cos  c 
must  be  continued  further.  M^thout,  however,  gnio^ 
through  the  process  aJs  here  set  down  we  may  content 
ourselves,  after  computing  first  values  of  ^  and  i'  lif 
the  equations  (78,2)  and  (79)  with  calculating  tbe 
quantity 


-BR. 


(84) 


which  must  be  applied  as  a  correction  to  the  first 
found  value  of  l^  with  its  proper  sigii. 

The  values  of  r,  /,  /',  «,  i^,  ^\  so  obtained,  the 
remaining  uukno>yn  quantities  maybe  found  as  fellows: 

The  equation  (58) 

r  .  cos  6  .  sin  {I  —  L)  =  5  .  sin  (X  —  L) 
divided  by  the  equation  (36) 

r  .  cos  6  .  cos  (I  —  L)  =  R  +  a  .  cos  (X  -  L) 
member  for  member,  gives 

'  R  +  6  .  cos  (X  —  L) 
the  right  hand  member  consists  only  of  known  quan- 
tities, so  that  the  value  of  Z  —  L  is  easily  found,  and 
thus  the  heliocentric  longitude  becomes  known  at 
each  of  the  three  observations.  Again^  we  have  bj 
the  equation  (56) 

r  .  sin  6  =  £  •  tan  /9 
and  by  (58) 

.        .    sin  (X  -  L) 

r  .  cos  6  =a  «  .  -T-TT inr 

sm  (I  —  L) 
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Mxiy*  which,  divided  member  for  member,  give 

tan  h  =  tan  P  .  -; — frr  ;  (86) 

and  tbus  the  heliocentric  latitudes  may  be  computed. 
The  values  of  t  and  h  known,  the  same  equations 
afford  a  value  of  r^  viz. 

.  taa  p 
sm  It 
whence  r^  /j  /^  may  be  found  j  and  if  these  values 
agree  with  those  before  determined,  it  will  be  a  firoof 
of  the  correctuess  of  the  previous  work.  If  t  and  t^ 
be  greater  than  I,  the  conaet's  motion  is  direct  j  if  less, 
retrograde. 

The  heliocentric  longitudes  and  latitudes  thus 
obtained  at  each  of  the  three  observations,  we  easily 
obtain  the  inclination  and  place  of  the  node.  In  fact, 
("taking  the  first  and  lost  observational  to  ein brace  a 
f^reater   arc  of  the   great  circle)    our  equation   (40) 

tan  b    =  tan  i  .  sin  (I  ^  Q) 
tan  i"  ^  tan  t  .  sin  (f  —  U) 
so  that  we  have 

sin  (I  ~  Q)        tan  It 


5in(r"  g) 

tan  6" 

which  gives 

tan  i"  (sin  I »  cos  £3 

«-  COS  I .  sin  B) 

=  taii  b  (sin  T  .  cos  Q 

—  cos  r.  sin  £3) 

or        sin  S  }  ^^^  ^  *  cos  T 

—  cos  i .  tan  h'' }  == 

=  cos  Q  [sin  I  ,  tan  i/^ 

—  sin  If*  Annb  J 

and  consequently 

tan  &  .  cos  l'^  — 
tan  S  ' — 

taji  I/'  *  cos  i 

"       &in  ^  .  tan  6^'  — 

sia  r  .tan  b' 

and 

tan  b 
tan  1  =  — 

(87) 


siti  (i  -  83)  ^^®^ 

If  the  motion  of  the  comet  be  dlreci,  the  value  of  £3 
given  by  the  above  equation,  will  be  the  Umgiludc  of 
the  au  en  ding  node  i  but  if  retrograde,  it  is  evidently 
that  of  the  descending  ;  and  to  get  that  of  the  ascend- 
ing node,  IHO^  must  be  added,  The  equation  (61) 
or  the  corresponding  one, 

•  tan  (Z  —  £3)  =  cos  i  .  tan  (f-  -h  ^)  (89) 

^vea  the  values  of  Y^  4-  C'  the  longitudes  on  the  orbit 
reckoned  from  the  notlc,  and  these  beinsr  obtained, 
(}fr  +  e,^  ^  e\  and  y^  +  £/')*  the  angle  i/'  ^  0 
between  the  first  and  last  places  of  the  comet  at  the 
fiun  becomes  known. 

If  we  denote  this  by  ^>  w*e  have  at  once,  by  the 
Equation 

tan  —  =  cosec  0  | cos  0  —  \/  ~  \  (90) 

^Remonstrated  in  the  foregoing  pages  (j>.  665)  the  value 
^^f  O,  or  the  distance   (on  the  orbit)  of  the  perihelion 
^^-oni  the  place  of  the  first  obsen^ation  ;  so  that,  sub- 
tracting the  value  found,  from  ^r  +  £?  before  deter- 
Xnined,  we  get  Y^,  and  thence  ^,  the  longitude  of  the 
J>erihelion  on  the  ecliplicj  by  the  equation  (60) 

•  The  reader  will  not  coafound  0  here  with  the  same  kttcr  before 
\ised  to  denote  the  time, 
VOL.  ill. 


It  only  remains  to  find  the  perihelion  distance  and    PbysicAi 

time   of  ]>erihelIon   passtige.      The  equation  of  the  Astronooiy, 

parabola  ^  /        0\^ 

D=^r.  (^cos-j 

gives  the  former  immediately,  r  and  0  being  known, 
and  the  latter  is  found  as  follows*  In  the  table  of  a 
comet  of  109  days  subjoined,  seek  the  number  of  (lays 
(by  interpolation)  corresponding  to  the  anomaly  9, 
and  call  it  M,  then,  by  equation  (44)  we  have,  (the 
perihelion  distance  of  such  a  comet  being  unity) 

and  consecjuently,  if  T  be  the  lime  of  the  perihelion 
passage  before  the  first  observation, 

T^N  X  1» 
If  we  institute  a  similar  operation  for  the  time  T" 
of  the  perdielion  passage  before  the  third  observation, 
we  shall  Bnd 

T"  =  N"  .  Di 

Now,  we  ought  to  have  T''  —  T  =  the  interval 

between  the  first  and  last  observations.  If  this  be 
found  on  trial  to  be  the  case,  it  is  a  proof  of  the  cor- 
rectness of  the  w  ork.  The  perihelion  passage  will  he 
before  or  after  the  first  observation  (in  the  case  of 
direct  motion)  according  as  the  longitude  tt  of  the 
perihelion  is  less  or  greater  than  the  heliocentric  longi- 
tude I  at  the  first  observation  j  the  reverse  is  the  case 
in  retrograde  motion. 

The  chief  difficnlty  in  the  solution  of  the  problem 
of  a  comet's  orbit,  consists  in  the  determination  of  the 
distances  from  the  sun  and  earth,  at  the  moments  of 
the  several  observations.  Our  equations  above  derived 
afford  a  great  variety  of  means  for  accomplishing  this, 
among  which  we  shall  only  select  one,  proposed  by 
I>r*  OlberSj  which  in  many  cases  has  partictilar  advan- 
tages* It  depends  on  the  property  already  demon- 
strated of  the  chords  of  tlie  parabolic  arcs. 

Let  ^represent  the  chord  of  the  arc  included  be- 
tween  the  two  extreme  places,  then  we  Iiavc 

k^  =  (y'  -  x)=  +  (/'  -  tj)^  +  (z"  -^  zy 
or  /t^  :=  r^  +  /^  -  2  {xx^  +  tjf  -V  zz") 

In  this  ecjuation,  let  the  values  of  j%  t^,  z,  /',  ^',  t^^ 
in  (67 J  I J  2,  3,  4,  &c.)  in  terms  of  R  and  i,  &:c.  be 
substituted  ^  and  if  we  put 

A'      e 


so  that,  by  (76) 
we  shall  have 

-  2ma*. 


k^  =  r^  +  r 
[cos  (K-y 


')  +  Umfi.tanp''} 


-  "^  m  R  a  ,  cos  (V  -  L) 

-  2  ir  ^  .  cos  (X  -  L'O  (91) 

-  -2  RR'' .  cos  (h  -  L") 

Tliis  equation  combined  with  the  equation  (63) 
6  .  VM  +  m,(f  =  (r  +  /'  +  k)^  ^  (r  +  j^  -  fr)f 
and  the  two  equations 

r"'  -  W  +  5* .  sec  /J^  +  2  R  5  .  cos  (X  ^  L) 

^n  -  R^'t  +  ^,i3  a* ,  sec  /r'»  +  2  m  R"  ^  ,  cos  (\"-L) 

gives  four  equations  for  determining  the  four  linknown 

quantities.    To  resolve  thera>  wc  must  use  the  well 

known  ruk  of  fake,  one  of  the  simplest  and  most 
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Attronooiy. widely  useful  rules    mathematical    science    affords.  ^»/  ;{^^'""*  P 

'  Assume  a  value  for  S,  as  near  the  truth  as  can  he  con*  or  —  «  +  (/^  —  d)  ,  ^  ___  ^  j^ 

jectured,  compute  m  and  thence  m  «,  or  6'^  5  and  haying  ^nd  substituting  this  again,  and  employing  that  one  of  "^ 

used  these  to  obtam  k,  r,  and  r^,  substitute  these  m  the  former  values  of  5  which  gave  a  result  nearest  to 

the  expression  for  gf.    Ca^l  the  result  A.    Assume  g<  for  a  corresponding  value,  we  shall  obtain  a  yet 

then  a  second  value  for  «,  which  caU  a.  and  execut-  nearer  approximation/and  so  on. 
IB^  the  some  process,  caU  the  result  B.    Then  vwe        it  remains  to  exemplify  the  method  of  computation 

sbaU  have  by  an  instance.     Let  us  therefore  take  the  following 

^'^A  .g'— A..A  —  ^  I  a:  —  o  observations  of  the  comet  of  1779,  taken  at  Paris  with 

where  x  is  the  corrected  value  of  d,  and  hence  we  get  a  transit  and  a  repeating  circle. 

Mean 'nine,  Paris.  h       ^     //  o       /     //  o        /     // 

J779.  Aug.  30 11  9  42,  X  =  125  48  39-3    /3  =  41  53  522 

Sep.  2 10  36  8,  X'  =  132  53  485    ft'  =  45  54  481 

Sep.  4 10  7  61,  X"=  138  56  31-2    /fl'' =  48  32  27*8 

L   2r  337  29     8-7  R   =  10087218 

1/  =  340  22  26-9  R'  =  10079991 

jy^  =  342  17  47*8  R''  =  1-0074854 

The  intervals  therefore  between  the  first  and  second,  first  and  third,  and  second  and  third  observations  are 
respectively*  $  =  2976690  days,        ^  =  4^95704?,        ^'  =  ld-98035O 

Consequently,  we  have  by  the  equations  expressing  the  A'alues  of  A^  and  C  reduced  into  numben 

^  =:  118408  5     m  ;=  —  =  O  787752 

A  0  •        .  ' 

and  substituting  this  value  of  m,  and  the  values  of  X,  X'",  p,  ^\  R,  B",  we  get  the  following  equations,  notidog 
that  fir  =  0103212 

r»  =  101752  -  1-71693  .  «  +  180493  .  «•  j  /'*  =  101503  -  145724  .  a  +  1-41564  .  «• 

A«  =  0-00716  -  0-04739  .  a  +  0-08627  •  ^ ;     13584219  =  C  ^  ^^    V  -  (^  ^  ^  ""    V 

These  equations  are  very  nearly  satisfied  by  taking  a  =  0*71469,  whence  vre  find 

r  =  0-8440;     T^'  =  0-8346  j     k  =  01317  ;     h''  z=:  mc  :=i  0-562998 
whence  we  next  deduce  the  heliocentric  longitudes  and  latitudes  at  the  extreme  observations  from  equations 
(85)  and  (86) 

I    =  20^  37^  40^-8     and  6    =  49°  26^  23''1 

r  =    6    45    39  -7  V'  =  49    46   46   9 

Since  2^^  is  .less  than  2,  the  comei*s  motion  is  retrograde.    Moreover,  we  have  by  equations  (87)  and  (88) 

8  =  100°  51'  63^^  I     £  =  49°  51^  7''-9 
we  obtain  also,  by  following  the  process  pointed  out  in  equations  (89)  and  (90)  0  =  12°  39^  35'''6,  «•  =  4* 
S9/  8''-2  for  the  longitude  of  the  perihelion,  and  D  x=s  0*830761   for  the  perihelion  distance.      Consequcndy 
the  time  between  the  first  observation  and  the  perihelion  passage  is 

— ==  .  {tan—  +  — (tan-—)     \  =  +  697118  = 

=  6**  23**  18'  30^' 
30th  Aug.   11      9    42 

10    28    12    Sept.  6,  1799  =x  time  of  perihelion  passage. 

Of  the  two  solutions  given  above,  the  latter  only  also  consult  Sir  H.  Englefield,  On  Comets;  the  Mica- 

supposes  the  orbit  to  be  determined  a  parabola  3  the  nique   Celeste  of  Laplace,  vol.  1.   c.  iv.  j    Lagnuige, 

former  may  be  applied  to  the  determination  of  elliptic  M(^c.   Analytique   (the   new   edition.)    '  The  Germsn 

elements,  but  the  latter  part  of  the   process   from  scholar  will  find  it  well  worth  his  while  to  consult  the 

equation  (70)  must  be  varied  accordingly  j  but  as  the  paper  of  the  same  eminent  writer  in  the  BctUm  Epke- 

various  methods  of  determining  and  correcting  elliptic  meris  for  1786  j  and  the  volume  of  the  same  work  for. 

as  well  as  parabolic  elements  would  lead  us  a  great  1789,  p.  197  ;  the  papers  of  Gauss  and  Olbers,  in  the 

deal  beyond  our  proposed   limits,  we  must  content  Monatliche  Correipondenz ;  as  well  as  the  treatise  of 

ourselves  with  referring  to  Mr.  Gauss's  Theoria  Motus  the  latter,  Ueber  <^  leichteste  und  bequenute  Methods  den 

Corporum  Celestium,  in  which  the  whole  subject  is  Bahn  eines  Cometen  zu  berecknen, 
treated  with  the  utmost  generality.    The  reader  nuiy 

*  The  reader  is  requested  to  take  the  numbers  ia  this  example  upon  Mr.  lattrow's  authority,  from  whose  work  the  example  is  takeo* 


physical'  as'tronomV. 


6/3 


PhTricut 

Aitrouomy* 


PART  II.      SECTION  L 


Of  THS   F£IlTUBBATION    OF    THE  ELLIPTIC  MOTIONS  OF    TOE  BE&YEKLY  BODIES^  ABIglNG   FROM  TCStR  MtJT0AL 

ATTRACTION 

In  tlie  preceding  investigationa  we  have  supposed  only  two  attracting  bodies  to  exist  in  space ;  and  on 
this  supposition  have  succeeded  in  representing  nil  the  phenomena  of  their  motions  in  finite  eqiiations,  by  the 
aid  of  which  their  relative  situations  may  be  assigned  at  any  past  or  future  moment.  The  resulting  formnlse 
reduced  into  tables,  and  compared  with  actual  observation,  manifest  an  agreement  sufficienlly  complete  to 
leavx  no  doubt  of  the  correctness  of  the  principles  from  whieb  they  hiive  been  deduced,  nt  least,  when 
observations  separated  only  by  moderately  long  intervals  of  time  tire  compared  together,  Yet,  on  descend- 
ing to  a  more  rigorous  nicety,  and  especially  on  comparing  together  objser\ations  embracing  a  very  long 
series  of  years,  it  is  found  that  the  results  of  the  calculations,  founded  on  the  assumption  of  elliptic  niotion 
according  to  the  laws  above  demonstrated,  do  not  represent  the  observations  perfectly.  Minute  irregu- 
larities are  still  detected,  and  the  planets  are  foimd  sometimes  a  little  in  advance,  and  sometimes  a  little 
falling  short,  sometimes  a  little  to  the  right  or  left,  above  or  Lclow,  their  calculated  places  in  their  orbits. 
Moreover,  if  the  elements  of  the  orbits  themselves,  as  deduced  from  modern  observations,  be  compared 
with  those  similarly  deduced  from  ancient  ones,  they  will  be  found  not  to  correspond  exactly,  but  to  ditfer 
by  small  variations,  which  are  however  greater,  as  the  observ^ations  themselves  compared  are  njore  distant  in 
their  dates.  In  a  word,  though  the  elliptic  theory  agrees  %'cry  nearly  with  observation  j  yet,  to  make  it  tally 
rigorously  with  them,  it  is  necessary  to  introduce  modibcatiotis  of  this  kind* 

1st.  The  ellipse  in  which  each  planet  moves^  must  be  conceived  to  change  its  eccentricity  and  position  m 
space,  by  exceedingly  slow  gradations — so  slow  indeed,  as  to  be  insensible  in  a  single  revolution  of  the  planet, 
and  only  discoverable  by  a  comparison,  such  as  we  have  described,  of  its  nature  in  ptist  and  present  ages, 

Sdly.  The  planet  itself  is  not  always  found  exactly  in  its  place  in  the  ellipse  even  when  so  varied ;  nor  indeed 
is  it  always  found  in  the  exact  periphery  of  the  ellipse  at  nlL  But  if  we  conceive  an  imaginar)'  point  to 
describe  this  eUipse  according  to  the  rigorous  laws  of  elliptic  inoLion,  the  real  planet  will  never  be  very  far 
distant  from  it,  but  will  oscillate  or  revolve  round  it  like  a  secondary  about  its  primary  in  an  orbit  of  extremely 
small  dimensions^  yet  according  to  laws  of  a  very  complicated  nature^  too  complicated  indeed  for  observation 
alone  to  unraveL 

These  variations  are  jnuch  more  sensible  in  the  orbit  and  motions  of  the  moon,  where,  in  fact^  they  amount 
to  very  considerable  quantities.  If  the  moon,  for  instance,  at  its  greatest  northern  latitude  be  observed  to  pasa 
over  a  certain  star,  it  should  continue  to  do  so  each  revolution,  if  its  motion  were  strictly  conformable  to  the 
elliptic  hj^othesis.  So  far,  however,  is  this  from  being  the  case,  that  it  will  be  observed  to  deviate  visibly 
southward  every  lunation  ;  ajid  after  a  lapse  of  nine  years  and  a  half,  its  path,  in  the  same  part  of  the  heavens 
tis  to  longitude,  wlU  pass  not  leas  than  10^  south  of  the  star  j  after  which  it  will  again  advance  northwartJ,  and 
in  nine  years  and  a  half  more  will  once  more  pass  over,  or  at  least  very  near  the  star.  Deviations  like  these 
must  have  some  positive  and  decided  cause  ;  as  much  so  as  the  elliptic  motion  itself;  and  if  they  are  to  be 
accounted  for  on  the  theory  of  universal  attraction,  it  is  manifest  that  the  same  mechanical  principles  applied 
in  the  same  way  to  the  case  of  several  bodies  abandoned  in  free  space  to  their  mutual  attractione,  ought  to 
lead  us  to  their  explanation. 

But  the  mathematical  difficulties  to  be  encountered  in  this  research,  are  of  a  much  higher  order  than  in  the 
case  of  two  bodies  only.  There  we  had  no  difliculty  in  integrating  the  differential  eciuations  of  the  problem. 
Here,  on  the  other  hand,  the  equations  are  too  com]dicated  to  allow  of  their  integrals  being  exhibited  other- 
wise than  in  series^  and  even  then  we  have  no  means  of  ascertaining  their  laws.  Fortunately,  however, 
this  is  not  necessary  j  the  enormous  preponderance  of  the  sun's  mass  in  our  system  being  such,  that  the 
fractions,  representing  those  of  each  of  the  other  [danets,  are  small  enough  to  allow  of  their  squares  and  products 
being  neglected  without  any  fear  of  inducing  appreciable  errors. 

It  is  a  well  known  theorem,  which  extends  to  all  the  applications  of  mathematical  reasoning  to  natural 
phenomena,  that  when  several  causes  of  motion  act  tpgether,  if  their  effects  taken  singly  are  of  such  an  order 
of  minuteness,  that  their  squares  and  protlucts  may  be  disregarded,  then  their  joint  effect  will  be  the  sum  of 
the  effects  which  would  be  produced  by  each  acting  alone*  This  principle  allows  us  to  regard  the  disturbance 
or  perturbation  of  any  one  planet  produced  by  the  joint  action  of  all  the  others,  as  the  sum  of  the  effects  each 
would  produce  separately;  so  that  we  may  simplify  the  investigation  by  leaving  out  of  consideration  all  but 
a  single  disturbing  planet,  and  applying  the  an;ilytical  formula;  so  investigated  to  each  in  succession,  we  shall 
thus  obtain  expressions  for  the  perturbations  produced  by  each}  which,  added  together^  give  the  total 
perturbation. 

Investigation  of  the  forces  exerted  by  one  body  to  dUtttrh  the  orbit  of  anoiher  revolving  about  a  common  central  body, 

and  of  the  differential  equations  of  their  motions. 

Taking  unity  for  the  mass  of  the  central  body,  and  its  centre  for  the  origin  of  the  co-ordinates,  let  m  and 
m'  represent  the  masses  of  two  revolving  bodies,  and  suppose  x,  y,  x,  r  to  denote  the  three  co-ordinates  and 
radius  vector  of  the  body  m,  whose  perturbations  we  would  investigate ;  and  x',  /,  i\  r\  the  corresponding 

Moreover,  let  \  represent  the  distance  of  the  two  bodiesj  wi J  w^ 

4  i2 


quantities  relative  to  the  disturbing  body  m\ 
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Ailrteomy.  on  each  other.    Then  will  the  several  attractive  forces  exerted  by  the  bodies  of  the  system  en  each  other  be 
^-*-V*i»^  as  follows  :— 

1st.  The  sun  (or  central  body)  attracts  m  and  f^  with  forces  represented  respectively  by  —  and  p^. 
^y.  m  attracts  the  sun  with  a  force  — ,  and  it  attracts  nl  with  a  force  — . 

Sdly.  ml  attracts  the  son  with  the  force  p-»  and  it  attracts  m  with  the  force  — « 

Fig,  11,  These  are  the  forces  exerted  in  the  directions  of  the  lines  joining  the  several  bodies  in  the  system  3  hot  to 
estimate  their  eflfects^  they  must  be  reduced  to  the  directions  AS^  BS^  CSj  of  the  three  co-ordinates,  lliii 
done,  we  shall  find  p^^  ^^  g,^^  ^^.^  ^^  ^^^  ^^ 

_,  ^  mx  ^ 

Yoxtit  oim  ss  '-'  — -— 


Force  of  fn^s  — 


n^x" 


►  in  the  direction  AS 


and  similarly. 


^  and :;f-  in  the  direction  BS 

—  -jj-  and j;^  in  the  direction  CS. 

So  that  (he  three  forces  acting  on  the  sun,  are  respectively 

(mx    .  w'/\ 

(m  %        fit  J\ 
Again^  the  forces  acting  on  m  are 


In  the  direction  AS. 


In  the  direction  BS 


In  the  direction  CS 


{ 
I 
{ 


Force  of  the  sun  =  + 


Forceof niE',...  s 


^      wT  (3?^  -  g) 


Force  of  the  sun  =s  +  -^ 

Force  of  m' . . . ,  =  —       ^^ — =^ 

Force  of  the  sun  =  +  --r 

«    r  /        m^  (/  -  z) 
Force  of  m' . . . .  = ^r ^ 


So  that  the  aggregate  forces  acting  on^'m  in  these  directions  are 

X  ^     4/  —  j: 


J.   y  m' 


X» 
X» 


and  in  the  same  miumer,  the  forces  acting  on  vat  will  be  foimd  to  be  respectively 

Z-   2^ 


+  P^  -m. 


X» 
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jomy.     From  tliese  tbree  sets  of  forces  we  miglit  determine  separately  the  motions  of  the  sun,  of  m,  and  of  m'j    Pliytical 

^^^  but  as  we  have  chosen  to  suppose  the  sun  at  rest,  and  fix  the  (irifpn  of  our  co-ordinates  in  its  centre,  we  must  Astronomy 
transfer  to  both  m  and  n/  iJi  a  contrary  direction  the  forces  which  act  upon  it.  This  done,  the  forces  animating  ' 
m  in  the  respective  tlirections  AS,  BS,  CS,  will  become 


i 


(I  +  m)  .1 


+  m' 


X' 


(1 


a 


L    mm 

■    and  if,  in  these  expressions,  we  exchange  the  accented  letters  for  the  corresponding  unaccented  ones,  and 

vice  versd,  (\  only  excepted)  we  shall  evidently  have  the  forces  acting  on  m\ 

The  first  tcrma  of  these  expressions,  as  will  be  observed,  are  the  same  as  if  the  mass  m^  of  the  disturbing 
K  planet  were  nothing,  or  as  tf  there  were  r.o  such  planet ;  the  other  parts,  those  multiplied  by  m^  express  the 
f    disturbing  forces t  or  the  effect  of  the  attraction  of  m'  to  derange  the  orbit  of  m  from  its  elliptical  form.    These, 

it  will  also  he  observed^  consist  each  of  two  parts  5  the  one  expressing  the  action  of  m'  on  the  sun,  and  the 

other  its  action  on  m  with  an  opposite  sign.     It  is  only  therefore  in  virtue  of  the  difference  of  the  attractions 

of  ft/  on  the  sun,  and  on  m  tJiat  the  orbit  of  the  latter  is  deranged. 

These  forces  are  susceptible  of  a  very  simple  mode  of  expression  ;  and  the  equations  of  fn*s  motion  in 

consequence  admit  of  a  very  compendious  form,  if  we  consider,  that  owing  to  the  form  of  the  function  X, 

whicli  is  equal  to  -/{^  —  jr)*  +  (/  —  y)^  +  (2'  —  z)\  we  have 


k 


■  (9«) 


and  that  moreover,  if  we  put  U  for  the  function ||UU_^  we  shall  liave 


so  that  if  we  assume 


dV      £ 


dtf   '    r^ 


_   J^  -h  y/  + 


the  didtmrbing  forces  will  be  represented  by 


m 


m' 


dQ 


do 


dQ 


dx   '  dy   '  dz 

and  the  equations  representing  the  motion  of  m^  will  be  (if  we  put  1  +  tn  =  /i)  and  suppose  di  the  element 
of  the  time  invariable. 


d*  J? 

0  ^    -:r^   +   ;t 


+  m' 


dQ 


+  /i  .  -^  +  m' 


•  (94) 


dz 


Similarly,  if  we  put  U'  = 


and  take  /t'  =  1  +  m\  and 
0'  =  U' ^ 


tte  motion  of  m  will  be  represented  by  the  cciuatione 


dO' 


0  ^ 


0  ^ 


d^     '    ^  ■  r^    '    "'  *   dV 


(95) 


.(96) 
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Aitronoaqr*  ^  The  joint  integration  of  these  six  equations  would  determine  the  motions  of  both  m  and  mf,  bnt  tkdr  rigiomu  A 
^  ^        '  integration  being  impracticable  in  the  present  state  of  analysis^  we  are  driven  to  have  recourse  to  Bieibi^ds  of  4t^ 
approximation^  of  which  the  principle  may  be  explained  as  follows  : —  ^ 

Suppose  A  =  0  to  be  any  equation,  or  system  of  equations,  susceptible  of  rigorous  integration,  wd  let  th^ 
process  to  be  followed  for  this  purpose,  consist  in  deducing  in  succession  from  A  =  o,  by  any  analytical  artifices^ 
or  transformations,  the  equations,  or  systems  of  equations, 

B  =  0,    C  =  0, K  =  o 

the  last  of  which,  K  =:  o,  is  integrable  by  known  methods.  Now,  suppose,  instead  of  A  =  o,  we  had  pro* 
pos^d  the  equation  A  -^  m\  a  =  o 

where  m^ .  a  is  a  minute  term  of  the  order  of  the  disturbing  forces,  tnf  being  an  extremely  small  constant 
quantity,  and  a  any  assigned  function  of  the  co-ordinates.  If  then  we  pursue  with  this  equation  the  very  aamb 
process  by  which  B  =  o  was  derived  from  A  =  o,  it  is  dear  that  we  shaU  obtain  an  equation  which  can  differ 
only  from  B  =  o  by  a  quantity  which  vanishes  when  n/  szo,  and  which  therefore  must  be  of  the  form  mf  X  k: 
So  that  instead  of  B  ss  o,  we  have 

B  -i-  m'  X   6  =  o 
where  b  is  some  explicit  function  of  the  co-ordinates,  their  differential  co-efiScients,  and  of  m^  and  either 
developed,  or  at  least  developable  in  a  series  of  ascending  powers  of  m\    In  like  manner  we  may  deduce 

equations  C  4"«''.c  =  oj K  +mf  .  k  :=i  o 

in  the  place  pf  the  equations  C  =  o,.... K=o 

In  order  then  to  obtain  a  final  equation  for  the  solution  of  the  problem  of  three  bodies,  we  have  only  fo 
follow  oiit  any  system  of  processes  and  transfonntttibns  which,  in  the  case  of  two  only,  would  prove  successfnl 
in  reducing  the  differential  equations'  to  an  int^raUe  form. 

This  may  be  accomplished  in  a  great  variety  ofwBj^  as  the  equations  of  undisturbed  motion  are  integrable 
by  a  great  many  different  artifices,  besides  those  whicJi  we  have  employed  in  the  former  part  of  thb  essay ;  and 
it  is  therefore  necessary  to  select  among  them  such  as  lead  to  final  equations  best  adapted  to  the  nature  of  the 
case  under  consideration.  Now  two  .courses  liave  been  adopted  by  geometers  ;  the  former  adapted  to  the 
theory  of  the  planetary,  and  the  latter  to  that  of  the  lunar  perturbations. 

In  the  theory  of  the  planets,  the  disturbing  force  is  so  extremely  minute,  that  its  square  and  higher  powers 
may  be  neglected  with  safety.  This  simplification  being  peilnitt^^  it  becomes  practicable  (as  we  shall  pre- 
sently see)  so  to  conduct  the  investigation  as  to  make  the  time,  or  mean  longitude  of  the  disturbed  planet  our 
independent  variable,  and  thus  to  express  «the  perturbations  at  once  in  functions  of  the  time,  or  of  aagles  psiH 
portional  to.it,  a  simplification  of  the  utmost  moment  in  the  construction  of  tables.  In  the  more  comj^cated 
theory  of  the  moon,  in  which  the  part  of  the  perturbations  depending  on  higher  powers  of  the  disturbing  force 
than  the  first  is  very  conspicuous,  it  is  no  longer  permitted  to  neglect  them,  and  the  necessity  of  preserving,  as 
far  as  possible,  the  rigorous  expressions  of  the  forces,  &c.  at  least  in  the  differfntial  equations,  obliges  us  to 
employ,  not  the  mean,  but  the  true  longitude  of  the  moon  for  our  independent  wiable,  as  by  this  means  wc 
are  enabled  to  arrive  at  final  equations  perfectly  rigorous,  and  con  thus  estimate  the  influence  which  the  neglect 
of  small  quantities  b  capable  of  producing  in  their  integration,  with  less  likelihood  of  being  misled. 

The  theory  of  the  moon  then  differs  entirely  from  ^t  of  the  planets  in  its  treatment.  The  general  prin- 
ciples of  approximation,  however,  are  the  same  in  both.  Both  thepries,  as  we  shall  see,  lead  to  final  equakioos 
of  the  form  d^ "    .     o      .      /    i  /«vr\ 

a  i^ 
where  n*  is  constant,  and  k  an  explicit  function  of  the  several  co-ordinates,  distances,  and  angles,  of  the  oro- 
blem,  and  n/  a  very  small  quantity  (whioh,  in  the  lunar  theory,  also  enters  into  tne  composition  of  k,)  of  the 
order  of  the  disturbing  forces.     To  approximate  then  to  the  value  of  u,  we  first  suppose  m  =  o,  and  we  get 
a  value  of  m  corresponding  to  mf  =  o,  and  which  we  call  its  elliptic  value. 

2dly.  We  deduce  from  this  the  elliptic  values  of  all  the  variables  which  enter  into  the  composition  of  the 
term  m'  k,  in  terms  of  the  independent  variable  t,  whether  t  represent  the  mean,  or  the  true  longitude.  These 
being  substituted  in  the  last  term,  it  will  become  an  explicit  function  of  the  independent  variable. 

3dly.  If  we  now  again  integrate  the  differential  equation  so  prepared,  the  value  of  u  will  consist  of  two 
parts  -J  the  first  will  be  the  same  as  before,  viz.  the  elliptic  value,  and  the  second  will  be  a  correction  which 
must  be  of  the  order  of  disturbing  forces,  and  will  express  the  perturbation  of  u  with  a  degree  of  precision 
corresponding  to  their  first  power. 

If  the  same  process  of  substitution  be  repeated,  and  the  equation  again  integrated,  another  set  of  terms  wiU 
be  added  to  the  value  of  m,  which  carry  the  approximation  a  step  farther,  or  to  the  squares  of  the  disturbing 
forces  'y  and  were  the  same  process  continued  to  infinity,  the  series  of  terms  so  obtained  would  be  a  rigorous 
analytical  expression  for  m. 

The  final  equation  (97)  is  of  the  form  so  well  known  in  analysis,  under  the  name  of  Imear  differentiid  equa- 
tions, and  (as  we  have  observed)  almost  all  the  equations  on  which  the  planetary  motions  depend  being  of  this 
nature,  it  will  be  right  to  premise  some  few  points  relative  to  their  theory,  to  which  to  refer  hereafter. 

It  is  demonstrated  in  all  works  in  the  differential  and  integral  calculus,  and  will  be  so  in  our  article  on  that 
subject^  that  any  linear  differential  equatiqn  of  the  second  order  is  integrable,  provided  we  can  find  two,  of 
even  one  particular  value  capable  of  satisfying  it  when  deprived  of  its  last  term.    Thus,  if 
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(100) 


ly.  he  any  such  equation,  M  and  N  being  ftinctions  of  t,  and  if  i/  and  u"  be  any  two  functions  of  i  which  satisfy    Phywcal 
li^  the  equation  Aatronomy 

d^  u  du 

then  the  complete  integral  will  be 

J      *'J       ,  .  «!'  (99) 

u' 
Now,  the  last  term  of  this,  being  integrated  by  parts,  becomea 

(«^    /*  ndt»     _      /»  n  d  <«  X  ti^'-| 

Consequently,  the  complete  integral  of  the  equation  (98)  will  be 

u  = 

^       ^         •»''  A  

Suppose  we  have  the  equation  d* »  ^         _  ,,^, . 

^^  ^  -j^  +  n«  tt  +  n  ==  o  (101) 

d*M 
then  u'  and  vf^,  the  particular  integrals  of  -— -  +  %^u  =  o  oflFer  themselves  readily,  "being  no  other  than 

fiin  n  i  and  cos  nt-,  and  if  these  be  substituted  in  the  general  expression  above  given,  we  get  at  once 
M  =  C  .  cos  n  t  +  Of' .  sin  n  ^ 

-I-  —I    cos  n  <  jli  d  ^  .  sin  n  <  -  sin  n  «  /ll  d  e  cos  »  ^   1 5  (102) 

and  if  n  =  1,  or  in  the  case  of  d*  u    .        .   „  /  .,^qx 

--— -  +  tf  +  n  =  0  (103) 

a  V* 

the  integral  is  w  =  C^  .  cos  «  +  C"  .  sin  t 

+  cos  « .  Cudi .  sin  «  —  sin  ^  Al  d « .  cos  ^  (104) 

These  values  of  u  are  rigorous,  whatever  be  the  value  of  11,  and  independent  of  any  approximation,  as 
it  is  easy  for  the  reader  to  satisfy  himself  by  substituting  them  in  the  differential  equations  from  whicli  they ' 
•were  deduced,  when  the  whole  Will  be  found  to  vanish,  independent  of  any  particular  value  of  11,  or  any  sup- 
position made  as  to  its  magnitude.     The  equation  (102)  may  however  be  obtained  perhaps  easier  as  follows. 

J-^t  -— -  4-  n«  M  =3  —  n  be  multiplied  by  d  t«  .  cos  n  <  and  it  becomes 

d^u  .  cosnt  +  n'^udfi.coB  nt  :ss  -^  I   11  d  t^ ,  cos  nt 
and  integrating, 

d  'tt  .  cos  n  «  +  n  u  d  <  .  sin  n  <  =  —  / 11  di*  .  cos  n  « 

If  we  again  multiply  this  by we  ffet 

cos  n  t«        ^^ 

^ "       .  J ,        sin  n  <  dt  /*„  ,  ^  . 

1-  nudt  ,  =  —  ■: r-    /   n  d ^ .  cos  n  * 

cos  n  <  ^  (cos  n  <)*  (cos  n  t)^J 

d  .  tan  w  <    /^„  ,  ^  , 

S3 /  n  d  < .  cos  n  i 

and  again  mtegratmg, 


— 7  = f  d.ian  n  t  fli  d  i.  cos  nt 

'    =  —  \    —  tan  n  «  /ll  d  e .  cos  n  *  +  /n  d  * .  sin  n  n 
by  integrating  by  parts.    Hence  we  have 

M  =  — I   cosnt  J  Udt.amnt  -^  sinnt  fU  d  « .  cos  n  «  >  (105) 
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^Unomj.  or,  expressing  i^he  arbitrary  coostonts  by  C  and  C  I 

u=:a  .cosni  +  C' .sinnt  '  Ai 


+  — I  cos  n  <  I  Udt  .sin  nt  "  sinnt  I  tl  dt .  cob  nt  > 


as  before. 

If  n  be  an  explicit  function  of  t,  this  value  of  ti  is  always  assignable,  at  least  by  quadratures^  and,  when- 
erer  the  integrations  can  be  executed,  in  finite  terms.  In  the  lunar  and  planetary  theories^  11  is  always  reducible 

cos 
to  a  series  of  sines  or  cosines  of  the  form         (A  ^  +  B).    Let  us  therefore  consider  this  case. more  closely. 

Now  any  term  of  11,  such  as  a  x  sin  (A  <  +  B)  will  introduce  into  u  the  term 

—  <    cos  nil  sin  n  <  .  sin  (A  <  +  B)  d  «  —  sin  nt  §  cosnt.sin  (A<  +  B)d<|- 

Butwehave  .  '  

sin  »^  .  sin  (A <  +  B)  ==  ^  {cos  (A  —  ft  .  t  +  B)  —  cos  (A  -f  n  .  <  +  B)  } 
whence 

/.,.,,    ,4  .   .   «x        sin  (A  -  »  .  <  +  B)  sin  (A  +  n  .  <  +  B) 

dt.s.nnt.sln(Xt  +  B)=.        \^j,^„^  "     .    8  .  (A  +  «) 

and  similarly^  ■  * 


/ 


.  *             ,      .    /  A  *  .   T>N            COS  (A  -h  n  .  *  +  B)        cos  (A  -  n  .  *  +  B) 
a  ^  .  cos  n  <  .  sm  (A  ^  +  B)  =  — 


2  .  (A  +  «)  «  (A  -  n) 

So  that  the  term  introduced  into  u  will  become 


cos  ft  <  .  sin  (A  —  n  .  ^  -h  B)  +  sin  « < .  cos  (A  —  n  .  /  4*  B) 
^  '  2  It  (A  -  II) 


cos  n  <  .  sin  (A  -f  »  .  ^  +  B)  —  sin  n  < .  cos  (A  -f  n  .  <  -H  B) 
""  ^  *  2  »  (A  -h  n) 

=  a  .  sin  (A *  +  B)(--— -r^^ r  -  ■      ,^  . — A 

_  g  .  sin  (A  <  +  B)      ' 
"■  A«  -  it« 

Similarly,  if  a .  cos  (A  *  +  B;  were  any  term  of  11,  the  corresponding  term  in  u  would  be  — ^ — j^ ^ 

A     ^~"  ft 

n  therefore  consisting  of  a  series  of  terms,  such  as 


we  shall  have 


n  =  a  .  ^°^  (A  <  +  B)  +  a'  .  ?*  (A'«  +  B')  -f  &c.  (10$) 

sm  "^  ^  sm  ^  ' 

•f  C  .  cos  ft  ^  +  C  .  sin  ft  * 
C  and  C  being  two  arbitrary  constants. 

cos 
Terms  of  the  form  a  .    .    (A  <  +  B)  being  of  perpetual  occurrence  in  physical  astronomy,  it  is  necessary  to 

designate  them  and  their  several  parts  by  names.  The  whole  term  is  called  an  equation,  or  inequality :  the  part 
( A  ^  +  B)  within  the  sign  sin  or  cos  is  called  the  argument ;  and  the  co-efBcient  a,  the  maximtun.  The  period 
of  the  inequality,  or  the  time  (in  units  of  time  such  as  t  consists  of)  which  it  occupies  in  passing  through  all  its 

gradations  of  magnitude  and  sign,  is  equal  to  — r— ^  A  being  expressed  in  degrees.  Hence,  the  period  of  an 
**  A 

inequality  is  longer  or  shorter,  according  as  the  co-efficient  of  the  time  in  its  argument  is  less  or  greater. 

The  arguments  of  all  the  inequalities  in  u  then  are  the  same  as  those  in  II,  one  remarkable  case  only 

excepted,  in  which  A  =  n  j  for,  in  this  case.  A'  —  fi*  =  o  ;  and  the  term  having  (A  <  -f  B)  for  its  argument, 

changes  its  form.    Ifl  fact,  since  the  constants  C  and  C  are  arbitrary,  we  may  change  them  into  C  — 

—^ J-  and  C  —    -ji J-  respectively,  in  which  case  C  .  cos  n  «  +  C^ .  sin  n  t  will  be  changed  to 

C  .  cos  ft  t  +  C  .  sin  fi  *  —  TT— — a  •  sin  (A  «  +  B).  Thus  u  wUl  contain  the  terms 

A^  —  n* 

""  sin  (A  <  +  B)  -    .^  "^    -^    .  sin  («  <  i-  B) 


A«  -  n*^    ^         ^  *      '      ^        A«  -  n« 
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But  when  A  ^  n,  a 


sin  (A  e  +  B)  —  sin  (n  t  -k  B) 


A»  -  n* 
nator  with  respect  to  A,  it  becomes  simply  (on  making  A  =  n) 

~  .  cos  (n  *  +  B) 

Similarly,  if  n  contained  the  term  cos  {n  t  +  B)i  this  would  introduce  into  u  the  term 

—  — \  sin  (ni  +  B) 


=  —  anil  differentiating  numerator  and  denomi-  iutronomy 


(108) 


(108) 


Terms  of  this  kind  form  an  exception  to  the  law  of  pertotlicity  observed  by  all  the  rest,  having  i  disengaged 
from  the  sign  sin  or  cos.  If*  represent  either  the  time,  or  the  mean  or  true  longitude,  of  the  disturbed  body, 
they  will  represent  inequalities,  whose  masdma  go  on  continually  increasing  wilbout  limit.  Such  inetiualities, 
if  they  really  had  an  existence  in  our  system,  must  end  in  its  destruction^  or  at  least  in  the  total  subvorsion  of 
its  present  state  ;  but  wt  shall  fice  hereafter,  that  when  they  do  occnr,  they  have  their  origin,  not  in  the  nature 
of  the  differential  equations,  but  in  the  imperfection  of  our  analysis,  and  in  the  inadequate  representation  of  the 
perturbations,  and  are  to  he  got  rid  of,  or  rather  included  in  more  general  expressions,  nf  a  periodical  nature, 
by  a  more  refined  investigation  than  that  which  led  us  to  them.  The  nature  of  this  difliculty  will  be  easily 
nuderstood  from  the  following  reasoning.  Suppose  that  a  term,  such  as  a  sin  (A  t  -f  B)  should  exist  in  the 
value  of  it,  in  wbich  A  being  extremely  minute,  the  period  of  the  incqucdity  denoted  by  it  would  be  of  great 
length  ;  then,  whatever  might  be  the  value  of  the  co-efficient  «,  the  inequality  would  still  be  always  confined 
within  certain  limits,  and  after  many  ages  would  return  to  its  former  state.  Suppose  now  that  our  peculiar 
mode  of  arriving  at  the  value  of  w,  led  us  to  this  term,  not  in  its  real  analytical  form  a  .  gin  (A  f  -f  B),  but  by 
the  way  of  its  developcment  in  powers  of  i,  a  +  /3  I  -h  7  i*  +  &c, ,  and  that,  not  at  once,  but  piecemeal,  as 
it  were  J  a  first  approximation  giving  us  only  the  term  a,  a  second  adding  the  term  ft  t,  antl  so  on.  If  we 
stopped  here,  it  is  obvious  that  wc  should  mistake  the  nature  of  this  inequality,  and  that  a  really  periodical 
function,  from  the  effect  of  an  imperfect  approximation,  would  appear  under  the  form  of  one  not  periodical. 

This  is  what  actually  takes  place  in  the  theory  of  the  problem  of  three  bodies.  These  terms  in  the  value 
of  M,  when  they  occur,  are  not  superfluous  j  they  are  essential  to  its  expression,  but  they  lead  us  to  erroneous 
conclusions  as  to  the  stability  of  our  Bystem  and  the  general  laws  of  its  perturbations,  unless  we  keep  in  view 
that  they  are  only  parts  of  series  5  the  principal  parts,  it  is  true,  when  wc  confine  ourselves  to  intervals  of 
moderate  length,  but  which  cease  to  be  so  after  the  lapse  of  very  long  times,  the  rest  of  the  series  acquiring 
ultimately  the  preponderance^  and  compensating  the  waat  of  periodicity  of  its  first  terms. 


Section  II , 
General  theortf  of  the  planetanj  pertiirlations  depending  on  ikeir  mutual  configuration i. 

Our  first  object  in  the  theory  of  the  planets  is  to  transform  the  differential  equations  of  the  disturbed  orbit, 
BO  as  to  obtain  final  equations  in  which  the  radius  vector,  and  true  longitude,  or  those  parts  of  them  arising 
from  the  action  of  the  disturbing  forces,  shall  be  expressed  in  terms  of  the  time  j  and  to  reduce  them  to  the 
general  form  of  the  linear  equation  of  the  second  order,  whose  theory  we  have  just  considered.     To  this  end. 

Let  the  equations  (94)  of  m's  motion  be  respectively  multiplied  by  x,  y,  z^  and  added  together,  and  we  get 
dxd^  X  +  dif  d^  If  -{-  did^  z  xdT^^dy+idz 


0  == 


+  /* 


+  m' 


i  d  O 


d  0     , 
dx  ^  —7 —  d V  + 
dy 


^'-] 


The  portion  within  the  brackets  of  the  last  term  is  the  differential  of  O  taken  on  a  supposition  of  the  co-ordi- 
nates of  m  only  varying.    Let  this  be  represented  by  the  Roman  character  d,  so  that 


dQ- 


dO 


dx  + 


dQ 


dy  + 


dO 


dz 


dx    ^~    '     dy    '"^    •     di 

bearing  this  in  mindj  and  that  d  Q  is  only  an  abbreviated  expression  for  this  function^  we  have  by  integration 
_  dx-  +  dy^  +  dz^ 
d0 


0  == 


-  -^  -h  -^  +  2  w'  /*  d  Q-  (109) 

in  which  we  must  be  careful  not  to  confound    /  d  Q  with  f  d  Q  or  Q,  dQ    being    only  an  incomplete 

differential^  and  the  characteristic   /  denoting  an  integration  relative  to  t,  supposes  the  variation  of  the 

co-ordinates  of  the  disturbing  as  well  aa  the  disturbed  body. 

Again,  if  we  multiply  the  same  equations  (94)  by  t,  y,  z,  respectively,  we  shall  get 
xd^x  ^  yd^y  -\-  zd:^z    ^     ^i     ^        .( 
'^  ^7^-^ +  7-  +  ''*l^    dx 
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If  we  |kdd  tbis  to  fhe  foimer,  observing  that  Hi^ 

clx«  +  dy^  +  dz^  +  xa^x  +  y<l»y  +  «<P  «  =s  |  J»  (j«  +  y« +  «•)==  ^^jJl! 
we  get 

Now,  if  we  put  X  =  /> .  COS  0,  y  =  /> .  sin  ^  and  zss  ^  .t,  or  suppose  />  =s  the  projected  radius  vector  r, 
twe^fig.  11.)  0  the  angle  it  makes  with  theaxis  of  <he3Pv  ands  s  Che  tangent  of  the  latitude  of  m,  we  have 
dp  1 


^■^  VTT?'  '  ^^  '  '  -/I  4-i" 

•,  .  il«  d  9      dp  dx  ■    ^ 

dr  d/»       dr  dp 

and  similarly,  r  -jsL  —  y    and  r  -g —  ae  t 

Consequently,  ^dbstitutingfiir  :r,  if,  t,  these  values 

dO     ,       do     ,        dO  fdO        dx    .    d<Q        df   ^    dD        dx  >  dO 

dop  df  dji  i  djr        dT  djf        4r  ds        42t  j  dr 

ud  it  will  be  obaerved,  Khat  thhi^pinpeltj  is  ahogetber^inflmiideBt  of  €^  syilui  of  tiM  finclimi  i},  aad 
belongs  io  every  possibkfimotion  of  die  nb<«ffdinal»ar»f,s,«r^y,  /• 
Ilnis  we 'SeOy  that 

Hence,  if  we  put  ^      ^    i^ .  ^  ^        dt!  #,,^v 

tnir  differential  ^quatfam  baeomea 

Let  us  now  suppose  that  r  represents  only  fhe  elUptlc  value  of  r,  and  ar,  7,  r,  Q,  the  elliptic  vaktes  of 'flie 
co-ordinates,  and  the  value  of  the  function  O,  which  would  arise  from  writing  the  elliptic  values  of  x,  y,  t,  jf, 
jf',  /,  in  their  expressions  j  and  let  r  +  w'  ^  f,  x  +  mf  dx,y  +  wf  By,  z  +  m'  ^  x,  Q  +  to'  5  Q,  &c.  represent 
the  disturbed  values  of  these  quantities ;  then,  if  we  neglect  m^,  we  shall  get  by  substitution 

But  since  r  represents  the  elliptic  value  of  r,  the  first  part  of  this  equation  vamshes  of  itself,  and  to  determine 
^  r  or  r  a  f,  we  have  the  differential  equation 

o==ilj~  +  ^.r8r  +  Q;  (112) 

This  equation  being  linear,  and  of  the  second  order,  is  immediately  integrable  by  our  general  formula^  equa* 
tion  (100)  provided  we  can  find  the  two  particular  integrals  1/  and  if  of  the  equation 

dt«    ^  r» 
but  since  r,  on  the  supposition  of  the  term  Q  bearing  zero,  may  be  taken  for  Ihe  radius  vector  on  the  hypothesis 
of  elliptic  motion,  it  is  obvious  that  the  elliptic  values  of  cither  x,  or  y,  or  z,  vrill  satisfy  this  equation,  because 
these  values  are,  in  fact^  no  other  than  what  are  derived  from  the  intention  of  equations  precisely  similar,  vis. 

d»«     ,     ;* 

^y     ,     tt 
d^  s  u 

TF  +  T^'^' 

^  ^  .1      ^  -,     ,M  •  ^^  M  ^^         ydx  —  ady      hdi . 

Consequently,  we  may  take  vr  ^  x  and  i^'v=s  y,  whence  we  get  tr  — ;^  =  ^ = because 

■*  99 

ma  the  hypothesis  of  elliptic  motion^r  d«  ^  xdy  s  Adi^  and  it  is  of  theelliptic  values  of  x  and  y  dmt  we  aie 
now  speaking.     Similarly,  t/  d  --^  =       '^  ""  ^    ^'  aa ,  and  Che  fimnula  (100)  ghres 


I 

I 
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y»  for  the  complete  value  of  u  or  f  o  r.    The  constants  then  being  incluclcd  imder  the  totegrol  sign,  we  kxve         FLpical 

*  Astroaom  J 


Ttf  =: 


(113) 


Such  is  the  value  of  r  3  r  when  we  consider  only  the  first  power  of  the  disturbing^  force.  It  would  he  abso- 
lutely  exact,  but  that  x  and  y  are  only  particular  values  of  w  on  the  hypothesis  of  r  having  its  elliptic  value. 
If  this  supposition  were  not  made,  we  should  have  u'  =  x+  m'  I  x  and  «''  =  t/  H-  wt'£  jf  5  and  substituting 
these  values,  we  should  obtain  terms  in  the  expression  of  n/  Sr  dependuig  on  the  square  of  the  disturbing 
force,   but  with  these  we  have  no  concern. 

The  perturbation  in  longitude  (m^  S  e)  13  easily  obtained  when  the  value  of  S  r  is  found.     In  fact,  we  have 

d  x"^  ^  dif^  ^  d z*  =  d  r'^  +  r^  dO^ 
whence  we  get 

''•^^  +  '^^'.-^+A  +  wAlO  (114) 


dl^ 
and  if  we  subtract  this  from  the  equation  (111),  we  find 

r^  rf  0«         rd^T         ft 


an 


If  in  this  we  substitute  r  +  m'  a  r  for  r  SLud  0  +  m'  ^  $  for  0  we  get,   (after  ohtiterating  the  terms  whlck 
destroy  each  other  by  reason  of  the  properties  of  elliptic  motion,  and  those  whick  contain  mf*)  •  14 

%T^ded^e        ^r6rd$^        rd^^r         ri*r.«f     ,     firBr  dQ  ,,,^. 


rf^a 


dl^ 


dt* 


dm 


From  thisj  let  the  term  multiplied   by  -~^  be  eliminated  by  means  of  equation  (115)  and  we  get 


^T^dOdBe        rtP^r  — ^r  .  d*  r 


dt^ 


di* 


3/irSr  dQ 

r*  at 


(117) 


And  if  in  this  we  substitute  for  ^  ^  its  value  glvea  by  the  equation  (112)  we  obtain^  (restoring  the 
value  of  Q) 

d{drBr  +  2rdBr}    +  ^  3   /'d  0  +  2  f -^)  .  d  i* 


d  a  a  = 


r^rf^ 


(118) 


but  r^dO  =  hdt,  elliptic  values  only  being  considered  in  the  second  member  of  this  equation^  and  coiiae* 
quently  integrating^  we  have 


"»=^;"+-^+/o/'"'+»'4^)''.- 


(11£>) 


Now,  we  have  h  =  V^  a  (1  —  e"),  and  if  we  put  nt  for  the  mean  motion  of  the  disturbed  planet  m,  we  have 


-Vv. 


so  that  ft  s=  fl  fl*  ,  ^/l 


e*  ;  and  —  ^= 


(120) 


(121) 


Consequently  we  get,  for  the  perturbation  of  the  radius  vector, 

fti'a  ^.cos  &  i  r  .  sin  0  .  Q  n  d  t  —  sm  &  f  r  .  cos  0  .  Q  n  d  i  i 

^  Vl  —  «» 
and  the  formula  expressing  the  perturbation  in  longitude,  will  become 

m'hB  = I  --hr  +2r J 

nd'  >/!—£*  Vd<  dt  ^ 

It  only  remains  to  determine  the  amount  of  the  perturbation  in  latitude,  or  the  value  of  z  or  ofls^  if  we 
put  5  =  r  ^  ^,  in  which  ease  ^s  represents  the  tangent  of  the  heliocentric  latilude  of  m  in  its  disturbed  orbit 
above  the  plane  of  its  elliptic  motion.     Now,  if  we  treat  the  equation 

0  =  — -  +  ^  +  n/  — - 
at*         r  d  t 

I  in  the  same  manner  as  the  equation  by  which  the  value  of  r  ^  r  was  founds  viz,  regarding  x  and  y  as  two 

JO 

i  particular  integrals  of  the  equation  —^  +  —  =  <?,  and  then  completing  the  integration  by  the  general 


4  r^ 


d»  P  ff y<BI  C  A  L  A  8  T  R  0  N  Q^Y{ 

This  is  the  latitade'  of  m  aboTe  its  primitive  oMi ;  rand  if  we  denote  by  s  its  undisturbed  laiit|ide  above  any 
fixed  plane  (as  tbat  of  the  ecliptic)  slightly  inclined  to  this  orbit,  $  +  Bt  will  be  its  latitude  when  subjected, 
to  the  action  of  the  disturbing  ibrces. 

The  equation  (121)  gives  the  perturbation  in  longitude  when  that  of  the  radius  rector  is  known,  and  the 
latter  may  be  computed  firom  the  expression  (180)  which  is  general ;  and  considering  the  complicatioa 
of  the  subject,  ai  simple  as  can  be  expected.  Its  form  enables  us  to  compute  the  amount  of  perturbation  even, 
in  the  most  difficult  cases^  as  in  that  of  a  comet,  by  the  application  of  the  method  of  quadratures.  Meanwhile*  - 
in  the  theory  of  the  planets,  where  it  is  required  to  derelope  the  value  Of  3  r  in  series  of  sines  and  cosines  cif 
arcs  depending  on  the  configurations  of  the  disturbed  aiid  disturbing  planet,  it  will  be  found  mudi  simpler  to 
set  out  immediately  from  the  differential  equations  for  the  disturbed  radius,  and  proceed  in  the  manner  now  to 
be  explained. 

Since  the  form  of  this  equation  is  not  precisely  that  of  the  equation  -j-^   +  m*  tf  +  11  so,  the  co-effi- 

cient  of  the  second  term  instead  of  being  constant,  being  3-  a  variaUe  quantity,  we  must  first  endeaTour 

•  . 

to  transform  it  by  substitution  into  one  of  tlds  form.    Assuming  then  that  u  is  such  a  quantity  tliat  its 

elliptic  value  shall  satisfy  the  equation  -j-—  +  u*u=i  0,  and  its  disturbed  value  (or  «  +  m!^  ^  a)  the  equa- 

tion  £li!L±^^£!!}  +%^{u+nflu)  +Wn«o,wb{dlgivM.!^^  +  a«a  «  + n  s  0  we  must  inquire 

first#  the  relation  between  r  and  u ;  and  secondly,  the  viloe  of  1L 

-      *  i     .  ^n  - 

A  satisftctory  relation  between  r  and  u  is  easily  found.    In  foct,  smce  n  is  to  satisfy  -;--r-  +  n*  u  ss  o,  it 

a  I" 
must  be  of  the  form  »  =  const,  cos  {ni  +  const.).    Now  the  devdopement  of  r  in  terms  of  the  ineaa 
longitude  gives,  putting  e  for  Ihe  longitude  at  tlit  qiodi  of  the  commencement  of  the  time  t,  and  w  for 
the  longitude  of  the  p«nhelion, 

r  s;  a  {  1  -  e  .  cos  (mi  +  <  —  r)  +  ^  sta*  (a I  +  «—  r)  +  Ac.} 

So  that,  if  we  take  tt=:'e.cosO*^+«-~  «')>  we  shall  have 

r  =  a  {  (1  +  ««)  -  M  (1  -  ♦^)  -  «•  +  &e.}  <!«») 

This  gives  at  once  «  r  =  —  a  «  a  i  1  +  «k  +  €•  x  Ac.} 

=  -  a« a  (  1  +  2  e  .  cos  (ar  +  €  —  r)  +  e« .  &c.}  ;  (184) 

by  which,  when  3  a  is  found,  2  r  may  be  had  at  once. 

It  only  remidns  to  discover  U.    Now,  since  our  equation  (1 1 1),  if  we  put  r*  s=  c  and  ^  \^  /  ^^  "^  ^'T^t 

ss  mfQ,  becomes 

dt^         Vv  a 

if  we  multiply  by  2  d  r,  and  integrate,  we  shall  find 


(4f)'=.,vT-ii^-4^/Q-.  m 


but  because  t<  is  a  function  off,  and  therefore  of  r*  or  c,  we  have 

du    ^    d  u        dv 
dt    ""    do    '  17 


(Ptt  d^u    /  dtJ  \*  da        d»o 


(4f)' 


dH^         dv^    \  dt  /  dv    '    dH^ 

so  tbat 


dv  IV  V  a  J, 


Now  tt  is  a  certain  fanction  of  v  (or  of  r)  whose  form  is  determined  by  the  reversion  of  the  series  in  (123) 
and  is  independent  of  the  disturbing  forces.    But  were  these  forces  zero,  we  should  have  -j^  +  ««  a  —  0. 


•  This  formula,  wliicb  perhaps  is  aew,  and  which  has  stoodus  In  some  stead  in  the  ezpUination  of  t^at  diaptcr  of  tlie  ^f^*jTl 
aUtte,  (cap.  TiriiT.  2.)  wLidi  I  hare  adopted  for  the  groundwork  of  this  part  of  the  present  essay,  may  be  deduced  at  once  fimiiaa 
geotnd  ttieory  of  linear  equation,  in  my  paper  On  vaH9U9  points  of  Anahftitr^PhiL  Trmu,  1814. 


"5T  \du} 


siaee  9  =  r«»ifferrwe|yi]t  tts  Tslue  in  terms  of  m  ( ltt)>  ire  g^  aegketuig  liigWr  powers  of  ti  dMH 
9  =  a*  (1  —  ^  tt  +  &€.)  and  folkstitatiiig  this  in  11^  nni  iter  the  diiercntwtiou  ^wxit«K  fee  ii  iH 

tc*  cos  (n  t  +  c  —  r>  we  get 


F 

■wid  llus  betDg  tbe  Talue  of  n^  we  find  ^  «  frnm  the  ecpiatioii 

t    * 


41* 


(Its) 


(W> 


SscnoK  HL 


i  of  (^  pertnrbfttiTe  ftinodon  Qor£  t  dQ  -^  r  — —  !«  «  Kriet  ^tkm  tttf 
^  the  perturha^omMg  n^lectmg  the  eccentridiiei  amd  mdmatwmi  ^  &of^  or^li; 

Wk  haye  now  reduced  the  mvesttgation  of  the  perturbation  to  tlie  iutegnition  of  tl»e  linear  equation  ( 199) 
and  we  hare  before  seen  that  this  is  aceomplished  without  difiicaUy,  when  fl,  the  Inst  term,  is  reducible  ta 
smes  and  eosLnes  of  the  independent  variable  and  its  multiples.  .\I1  then  that  remains  to  be  done  to  get  their 
ictttal  expressionSi  is  to  execute  this  reduction.  This,  however^  is  by  no  means  a  simple  proottS  ;  and  la  an 
essay  Hke  the  present  it  is  not  possible  to  pursue  it  into  all  its  details  :  we  shall  therefore  only  carry  it  to  « 
certain  extent  necessary  for  our  future  reta^ence^  and  point  out  the  principles  by  which  it  may  be,  if  rettutred^ 
carried  farther* 

]>et  us  consider  then  the  value  of  the  function  Q.  If  we  write  in  it  r  •  cos  ^»  r  ^  tin  0^  r'  •  eoa  ^and  / .  sin  ^  for 
^3  y,  J^,  /,  and  neglect  sz',  z^,  (z  —  a*)*,  which  are  either  of  the  order  of  the  squares  of  the  diiiturbin|(  fofCdt* 
orof  the  products  of  these  forces  by  the  mutual  inclination  of  the  orbits,  and  put  $  —  ^  sz  m,  we  gel 
U  xj;^+jf/-h2i'=5r/,  cos  lo 

X  «  V(jp  -  y)^  -h  (y  -  y')*  +  (2  -  ^y  =  -•i*-Srf',co»w  +  f^ 


k 


o  =  4 


j^' 


cos  w  — 


Vr*—  SrV.cos  to  +  r^ 
tet  us  conceive  this  ftjnction  developed  in  a  series  of  cosines  of  w,  and  its  positive  and  negative  multiples  to 
infinity ;  tbeUj  since  the  cosines  of  the  negative  ure  eijual  to  those  of  the  positive  multiples,  we  may  represent 
O  as  follows: 

0  =  R+E'.co»w  +  R".coa9w  +  R"'.co»3iP  + kc;  (1») 


«8t  P.BJKSXOA;I/  ASTROIf 0it>fV 

I  ■ 

Ammmmy.  wiere  R,  W,  R^  te.  mtt  tiertfein  §!▼«*»  taplki*  ftmetiou  of  r  nd  r^  and  of  t^ese  alaiie>  4«pmdbqp  iiUf  m  M| 

44rfi«V^ yi»  pcciidiar  Inrm  of  Q,  kt  A, i^#  A*,  Ici^  npftsetfl  ikt«ynelkuiettoof  tf  coad  ^«    Thiii,  if  Ifti  iiifurtii   fiai 

Y*  .       dik9ofl]^06lnli  wore  iio4kkig^iv«fiuiii]d  ham 

o«4 


a 1    " ^ 

^  ^/m^-^^aif.tww^  ^>$.^^^ -..(ISl) 

5=  A  +  A<.coflio  + A'^.eofgio  +  &c.      J 


Were  the  eccentricities  nothings  th«  orbiti  would  be- circles^  and  the  motion  in  them  miiformi.  We  should 
therefore  have  0=snt  and  ^  ai  wfi,  wlioMe  v^  wa  0^  $f  ts{m^$/yi,  #o  Aai  O  in  this  case  would  be 
expressed  in  the  very  simple  series 

0  =  A  +  A^cos(»-»0*  +  A''.cos2(lf-^lO*  +  &c'  Cl»> 

Moreover,  since  d  Q  represents  the  differential  of  0  taken  on  the  hypothesis  that  only  the  disturbed  t>6dy 
moves^  we  should  then  have 

d  0  =  -; — dr  +  -^— -d^  s=:'——d0  =  n d<  ------ 

dr  de  d0  ^d^^ 

because,  in  the  case  of  circular  orbits  d  r  as  o.    Thus  we  should  have 

dO  =  -nd*.  {A^gia(n-nO  *  +  2.A".sin  (2ji-.2n')  <  +  &c.} 

and  integrating  relative  to  r 

J^dQ  =  -|.  +  -JJ-^{A^eos(n--nO<  +  A^.co83(n-l^  (WS) 

— ^  being  an  arbitrary  constant. 

Again,  since  R,  R^  R^^,  &c.  are  explicit  functions  of  f,  /^  and  Q  is  only  so  &r  a  function  of  r,  as  this  symbol 
is  contained  in  them^  we  must  have 

dr  dr  dr 

W  A  ^d'ti 

and  in  the  case  of  circular  orbits)  denoting  by  -^— j  &c.  the  same  functions  of  a,  ^  that  -^ —  denote  of  o  ^» 

da   -  fc^^       •  r 

dO  dA  \       dA'  .    o    • 

r  -"3 —  =5  a  -3 V  a  --; —  •  cos  to  +  &c. . 

,  dr      .       da  ,da 

The  values  of  -- — ,  -- — ,  &c.  are  easily  had  in  fuBCtioBS  otit,^,  wIkh  those  of  A,  A^  &c.  are  Iboiid.  Now, 
a  a      a  a 

to  obtain  these,  we  may  proceed  as  foUowa^*  ' 

Take  c  =  cos  lo  +  V  -^  i ,  sin  lo.    Then  (by  trigonometry)  we  shall  have  —  =  cos  to  —  V  —  1 .  sin  id; 

now,'  let  us  consider  the  function  (a'  —  2  ao' .  cos  to  +  a'«)  — '  which  agrees  with  the  second  term  of  O  if 

1  /'  'of  /  tf'  \  •N  — ' 

*  =  — .    This  equals  a -«*  f  1  —  2  —  .  cos  to  +  (  —  1    1       or  a -**  (1  —  2  a.cos  to  +  a*) -'  putting 

a'      ^ 
tf  a*  — .    Butwcharre 
a 


1  —  2  a  .  cos  to  +  a*  =  (  —  a  c)  f    1  —  o  / —  1 


because  c  -f-  -—  ax  2  •  oof  to.    Hence 
c 


=  a-**X 


a" 


(a*  +  ^aaf.todv}  +  0-*  ==  a-*'.  (1  -  oc)-'.^l  - -j) 

--{i- ^^-T-^^H^^ X  ^^  ••^*'}  f*T) 

-h  &c.  -  .  • 

but  c-H =  2  cos  to ;  c»  +  -y  =:  2  .  cos  2  to,  &c.  (by  trigonometry)  j  teosc^uently  we  have 
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(135)  AMebiwaaf 


+2a- 


s  (5  +  1)       5     ,    .    «     1 

a  -h       \     ^.       •  —  «*  4-  &C,  K  COS  ID 


1.2: 


^3  a-* 4^  (^  +  ^^  ei»  H-  &cA  .  COS  2  tt  +  &c. 


In  the  case  before  us,  where  *  =«  — ,  this  gives  at  tmce 


a    i  2 


2^.4 


^12.4       ^2=.4.6        ^ 


•} 


(136,  1) 
(136,  S) 


XF  a  be  less  tlian^unity,  these  series  are  convergent )  but  if  greater^  we  have  only  to  throw  the  expressioa  into 
-tlie  form  o'^X^'f  1  ~2  —  .Q0^w-i-  /-j-\  J       previous  to  developement,  and  taking  o  =  ~,  instead  of  ^, 

«t  will  now  be  less  than  1,  and  we  shall  have  ^  ~  -^  (  "^  +  (~)  "'  +  ^^j  ^*^- 

In  the  former  casci  when  — r  is  less  than  Ij  or  the  orbit  of  the  digturbed  planet  is  tnterior  to  that  of  the 

a 

^^isturbingj  we  have  ' 

»,      '        ^f  1    '^       l*-3    efi        .      )      '  a 


(137,  3) 


I 


(isr,  4) 

and  so  on'j  and  similar  expressions  are  also  readily  obtained  in  the  case  when  the  orbit  of  tlie  disturbed 
Tjlanet  is  the  exterior.     Thus^  when  the  mevkU  distances  of  the  two  planets  are  given,  the  values  of  A,  A',  &c, 

d  A 

amd  their  differential  co-efficients  — — ,  &c.  are  reducible  to  numerical  evaluation,  and  may  therefore  be 

a  u 

j»egarded  as  known  quantities.     The  properties  of  the  series  on  whicli  they  depend,  afford  many  resources  for 

facilitating  their  evaluation,  and  rules  for  deriving  one  of  these  quantities  from  another,  but  these  we  shall  not 

stay  to  explain.     The   reader  will  find  them  with  every  developement  in  the  second  book  of  Laplace's 

Mecanique   Celeste,  art.  49. 

The^e  values  once  tletcnnmedj  we  liaye  Q,  or  9  /d  n  +  r  — — ,  expressed  aa  follows : 


Q  =  —  +  a  -; (-  \  a  —- —  +  -J  \  cos  (n  —  i» 

a  da         \       da        n~  rf\         ^ 


+  I  a  4^  +  -^^}  cos  «  (n  -  «')  (+  &c.  C 


^ 


Such  is  the  value  of  the  perturbative  fhnction  when  the  eccentriciliea  and  inclinations  of  the  orbits  are  neg- 
lected. Let  us,  for  the  present^  confine  ourselves  to  this  case  j  and>  writing  Mj  M',  M^',  &c.  for  the  successive 
co-eJficientSj  we  have 

Q  =  M  +  M' ,  cos  (n  -  n')  *  +  M'' .  cos  2  (ii  —  u')  t  +  &c,  (138,  2) 

Now  the  equation  (128)  gives,  when  e  =  o, 

n=^—  ^  —  fs^aQ  f  because  w*  s  —  1  or, 

n  =  -  n^a  {M  +  M^cos  («  -  n')  t  +  &C.}; 
so  that  the  dUTereulial  equation  in  ^  u  becomes 


G  = 


dr» 


+  n^Zu'~n^  a  {M  +  M'  /cos  (n  -  n')  I  +  &c} 
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y. and  integrating,' 
Conseqiienay^  since  by  equation  (184)  a  r  :s  —  a  3  «  wbeii  e  zs  o, 

'^^=='-«  •*'  +  7r:r;?F^r;?r-«>«  (n-io  ^-^^^,^.^,^^,.co8g(i>-ioe  +  fcc>  :(i4o) 

The  value  of  2  r  thus'obtained^  £  ^is  easily  got  fironi  (Hl)j  for  in  this  case  —  sro, 

di 

dhr  i  M< 

where  S  is  used  to  expres^  the  sum  of  all  similar  terms  from  i  =  1  to  t  =  oo  indusive.  and  M<  represents 
the»^inorderoftheco.effidenteM',M^M'''^&c.    Moreover! 

/'     dQ        .  ^  d  A  ^       an         dA' 

/„d./d0  =  l..«*  +  ^;^.2^sini« 

Uniting  therefore  these  several  parts^  we  get 

•  o        1         ^    ^^^      ^     P    dO  P         P 

f  8a«t»A'  8d*»      dA«      ^  8na(it-»tOt    „,)... 

+  ^ir(n3^«+ror:iio'tfr-r(n-^)«-n«^'r''"''" 

NoWj  first,  since  lit  represents  the  niean  loogitode  of  m  as  deduced  from  observation,  the  quanti^aii 
already  affected  with  the  whole  influence  of  the  planetary  perturbation,  and  consequently  the  part  multq&l 
by  ni  in  this  expression  of  the  perturbation  in  longitude,  uid  whidi,  if  allowed  to  remain,  would  express  la 
additional  perturbation,  is  superfluous.    This  fiuflMhes  the  condition 

which  determmes  the  constant  g.    Moreorer,  in  the  latter  part  of  this  expression^  if  we  write  for  M'  its  vi|fle 

-•.  dAi    ,    5nAi 


da   ^  n^fi 
it^will 'admit  reductions^  and  the  value  dihO  will'at  length  be  found  as  follows  : 

If  these  expressions  of  ^  r  and  ^  ^  be  each  multiplied  by  m',  we  have  the  values  ot  m'  ^  r  and  m'  IB^ 
perturbations  of  the  radius  vector  and  the  longitude,  t.  e,  those  parts  of  them  which  are  independent  of  the 
eccentricities  of  the  orbits.  These  expressions  ^ive  room  for  some  remarks.  The  perturbation  in  longitade 
as  we  observe  is  wholly  periodical  and  depenoent  on  "a  single  angle  w  and  its  multiples.  In  forming  thea 
a  table  of  the  values  of  m^  h  0,  the  numerical  co-efficients  bein^  computed,  and  the  value  of  m'  ^  9 
thus  reduced  to  the  form  p .  sin  to  +  9 .  sin  2  to  +  &c.  we  may  incTade  the  whole  of  this  in  one  column, 
entered  under  the  general  argument  to,  instead  of  regarding  it  as  consisting  of  an  infinite  number  of  separate 
inequalities. 

The  same  remark  extends  to  the  periodical  part  of  mf  B  r,  its  arguments  are  the  same  as  in  the  formula 

dA 
for  mf  B  O'y  but  besides  this,  B  r  includes,  as  we  have  seen,  a  constant  part  —  a^.Mor  —  ^ga^^  c?  ,  -3—) 

which  becomes  by  substituting  for  g  its  value  in  (141) 

I     .     dk 
const,  part  of  0  r  =  ---  a' .  -- — , 
o  da 

and  therefore 

a'       dA     .     ^  ^   ^  1  /       dA'         2nA'\  ,,,^, 

Br  =—  .  -r —  +  n«a«.S-- ;- ■(  a  -- —  + ;)  cos  ito;  (143) 

3        da  ?  {ft  --  vr)'^-'n^\       da         n  —  n' ) 

In  the  formation  of  a  table  ofmf  B  r  this  constant  part  is  of  course  included  with  the  variable  one,  but  the 
effect  is  remarkable.  It  appears  that  the  action  of  the  disturbing  planet  alters  the  mean  distance  from  the 
aun  of  the  disturbed,  and,  of  course,  its  mean  motion  and  periodical  time  fropi  what  they  would  have  been  had 
the  disturbing  planet  no  existence.    At  the  same  time,  it  will  be  demonstrated  in  the  following  pages,  that 
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jy;  these   alterations  once  produced,  are  permanent  and  unchangeable  in   their  cjuantity  by  the  subsequent    Physical 
■p^  actions  of  the  bodies  composing  the  system.  ABtroitomy, 

The  angle  w  is  the  difiercnsjc  uf  long^itudes  of  the  two  planets,  or  their  heliocentric  elongation  from  each 
other.     If  we  call  €  and  t'  their  epochs,  or  their  actual  longitudes  at  the  commencetuetit  of  the  time  t,  \\c  have 

ttJ  =  tt  I  +  c  —  («'  t  +  f') 
=  n  e  —  «'  *  +  c  —  c' 
and  this,  in  fact,  is  the  argument  of  the  perturbations  when  we  neglect  the  eccentricities  and  inclinations  of 
the  orbits, 

Xfet  us  next  examine  the  perturbation  in  latitude,  we  have 

dQ_  _  ^_  ^'  -- 

=  0,  and  the  plane 


HencCj  it  is  evident^  that  if  we  neglect  the  inclinations  and  eccentricities^  wc  have 


dz 


of  the  dislurbed  orbit  does  not  change 

We  have  thus  determined  tlje  etfect  of  the  action  of  a  third  body  on  the  orbit  and  motion  of  »i,  on  the  sim- 
plest supposition,  and  our  results  (to  recapitulate  them)  amount  to  this, 

1st.  That  the  radius  vector  undergoo*^  a  permanent  change  in  its  mean  value,  and^  of  course,  that  the  period 
and  mean  motion  of  w  arc  permanently  altered. 

2d,  That  the  elliptic  value  of  the  radius  vector  receives  an  accession  of  terms,  of  the  form 

p  +  9  .  cos  w  ^  r  ,  cos  2w-\-s*  cos  3  it?  +  &c. 
and  that  of  the  true  longitutle^  a  series  of  terms  of  the  form 

f)' .  sin  w  -f  r^  .  sin  2w-\-  /  ,  sin  3  ti?  -f  8cc. 
w  being  the  d inference  of  longitudes,  or  mutual  elongation  of  the  planets,  from  each  other, 

3dly,  That  to  express  the  several  co-efhcieats  of  these  formula;  in  numbers,  nothing  more  is  required 
than  a  knowledge  of  the  mass  of  the  disturbing  planet^  and  the  mean  distances  and  mean  motions  of  both* 

In  the  cases  then  where  the  disturbing  planet  has  satellites,  as  in  those  of  Jupiter,  Saturn,  and  Uranus,  the 
mass  is  known>  and  the  reduction  of  the  formula;  to  numbers  is  comjdete.  It  is  forluiiate  tiiat  these  are  by 
£siT  the  most  considerable  bodies  of  our  system,  hut  proximity  to  a  certain  extent  supplies  the  place  of  intrinsic 
energj^ ;  and,  in  the  case  of  the  perturbations  of  the  earth,  our  uncertainty  of  the  masses  of  Mars  and  Venus 
leaves  us  in  some  degree  at  a  loss.  But  physical  astronomy  funiishes  us  in  this  dilemma  with  considerable 
aid.  Regarding  the  masses  of  these  planets  as  unknown  rpKuitities,  we  may  calculate  in  genera!  terms  their 
effect,  either  on  the  places  of  the  other  planets  at  assigned  instants,  or,  on  the  elements  of  theiir  orbits  them- 
seU^es,  wiiich  are  susceptible  of  much  more  accurate  determination,  by  bringing  a  long  series  of  ohservationa 
to  bear  on  tliem,  and  comparing  the  variaiions  in  their  values  after  hnig  intervals,  as  computed  by  theory, 
and  as  given  by  observation,  we  obtain  data  for  the  determination  of  these  delicate  quantities,  so  much  the 
more  precise  as  the  variations  observed  in  the  elements  are  greater,  or,  in  other  words,  as  the  intervfd  of  time 
in  which  they  are  4)bservcd  is  longer.  It  is  thus  that  the  lapse  of  ages  is  necessary  to  give  precision  to  the 
numerical  data  uf  our  system,  and  that  continual  and  patient  oljservation  nmst  uUimatcly  lead  us  to  the 
knowledge  of  points  which  elude  the  direct  cognizance  of  our  senses^  and  ilefy  any  invest  jgutlun  but  those  in 
\%iiich  successive  generations  of  mankind  bear  a  part. 

In  fact,  if  we  regard  the  masses  of  all  the  planetfl  as  unknown  quantities,  but  their  moan  distances  and 
periodic  times  as  known  ones  ; — the  latter  afford  us  the  means  of  computing  the  values  of  c  r  and  c  0  m  any 
assigned  case»  independent  of  the  value  of  wi',  which  does  not  enter  into  their  expressions.  Let  us  therefore 
J  represent  by  m'  c  r  and  m'  h*  0^  the  perturbations  of  the  radius  vector  and  longitude  produced  by  the  planet  i\{  j 
Ijy  m'*  if'  T  and  m"  i/'  0  those  produced  by  m^\  and  so  on.  Then  will  the  true  values  of  these  quantities  at  any 
siasigned  instLtnt  be 

r  +  m'  c'  r  +  m''  o'  r  +  m'"  «'''  r  +  &c. 
^  ^  -h  m'  h'  0  +  vi''  ^'  a  +  m'"  5'''  B  4-  &c. 

in  wliieh  r,  ?' r,  t^^r,  he.  and  ^,  I*  0^  e/'  0,  &c.  arc  quantities  susceptible  of  calculation  from  theory.  Sup- 
pose  now  that  we  construct  tables  of  the  values  of  0^  c*  0,  cf'  0,  &c.  (or,  as  we  will  for  a  moment  write  these 
latter  i[uantiiies,  P,  0,  ^p^t  &c.)  then,  at  any  assigpied  instant,  we  have  only  to  take  out  of  these  tables  the  values 
of  0,  0,  Yo  ^c,  J  and  the  true  longitude  of  m  will  be 

0  'h  m'  0  +  v/'  V^  -h  A:c.  =  L 

Suppose  now  we  compare  this  formula  with  a  great  multitude  of  observations^  and  thus  obtain  a  series  of 
equations, 


Irt' 


.0,  +  »>"."^,  +  »''^X.  +  &c.  =  L,  -  ^, 


&c,  =  &c. 
The  only  unknown  quantities  in  these  will  be  the  masses  of  the  disturbing  planets  m\  m'',  he.  and  by  resolving 
these,  wc  may  determine  their  values,  and  thus  estimate  the  masses  of  the  planets  by  the  perturbations  they 
produce. 

In  this,  as  in  almost  all  such  delicate  inquiries,  where  the  quantities  to  be  determined  are  exceedingly  small, 
and  the  observations  from  wMch  they  are  to  be  discovered  liable  to  inaccuracies,  bearing  a  sensible  proportion 
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MitmmBf.  to  the  thing  obsen'ed,  (which  In  this  case  is  L  —  ^,  or  the  total  perturbation  arUlag  fmm  the  united  actioQ 

'  of  all  the  planets,)  we  are  obliged  to  employ  a  ecrcat  many  more  observations  than  wouhl  be,  malbematicaily  ^ 
speaking:,  sufficient,  if  each  were  i>crfect,  with  a  view  to  destroy  the  errors  of  obser\^tion  in  the  mem  resolL  ^ 
The  number  of  disturbing  pianette  in  our  system  at  present  known  does  not  exceed  ten  ^  and  it  would  therefore 
appear  that  ten  observations  of  the  longitude  of  one  disturbed  planet  would  enable  us  to  determine  the  masses 
of  all  the  rest ;  and  so  they  would,  were  the  observations  mathematically  exact,  the  elements  of  the  orbit5 
exactly  known*  and  the  theory  by  which  the  values  of  0,  Y^,  Xi  ^^'  ^^^  computed,  complete.  But  each  of 
these  conditions  is  far  from  beini^  fulfilled  in  the  present  state  of  astronomy  j  and  if  we  would  use  this  method 
to  determine  the  masses  of  the  planets,  we  must  accumulate  many  hundreds  of  observations  made,  not  on  onCj, 
but  on  all  of  them,  especially  on  those  subject  to  the  greatest  perturbations.  jM 

The  method  of  treating  a  series  of  equations  more  numerous  than  the  unknown  quantities  they  contain,  mM 
as  to  t;;ive  them  all  their  proper  inHuence  on  the  result,  and  obtain  from  them  u  set  of  values  which,  though 
gatiefying  neither  of  them  separately,  yet  when  substituted  tn  all  of  them,  shall,  on  the  whole,   give  more 
satisfactory  results  than  any  other,  depends  on  the  theory  of  probabilities  and  may  be  faund  in  Lapkice*s 
Theorie  Attahjikiue  ilcft  Prohahthtt's. 

If  the  mass  of  anyone  or  more  of  the  planets  (m')  for  instance.  I>c  regarded  as  sufliciently  known  from  other 
niethotls,  we  need  only  employ  this  mode  for  the  rest,  and  regarding  the  perturbation  w/  c^  0  produced  by  it 
aa  known,  place  it  on  the  known  side  of  tlie  ecpiation,  which  will  thus  become 

j«"  h*'  0  +  ?//''  c/''  ^  +  &c.  =:  L  -  ^  «  w/  y  0 

Thus  we  may  determine  for  Instance,  the  masses  of  Mars  ami  Venus,  by  means  of  an  extcnslirc  series  of  obier- 

vations  of  the  sun*s  longitude,  or  (which  is  the  same  thing)  by  cniplnying  to  that  end  the  perturbations  they 
produce  on  the  earth.  For  the  masses  of  Ju[>iter,  Saturn,  and  Uranus,  being  known  from  the  periods  of  tlicir 
fialellitcs  j  and  those  of  Mercury,  and  the  four  new  planets — Ceres,  Pallas,  Juno,  and  Vesta,  beLng  so  sraaU,as 
to  have  little  or  no  influence,  we  have  only  two  unknown  quantities  (/«',  nf)  to  determine. 

Tliis  method  is  laborious,  certainly  ;  but  considering  the  perfection  of  modem  observations,  the  great  mul- 
titude of  them  which  may  be  brought  to  bear  upon  this  point,  mid  the  considerable  degree  of  exactness  which 
the  theory  of  the  planetary  perturbations  hiis  now  attained,  it  is  not  impossible  that  it  may  one  day  be  mtde 
to  render  the  best  service  in  determining  the  masses  even  of  those  planets  which  have  satellites.  At  aU  events, 
it  is  highly  desirable  that  it  should  be  applied  for  that  purpose,  as  its  results  would  lead  us  to  Judge  how  far 
the  latter  method  can  be  depended  on  in  cases  like  that  of  Jupiter  and  Saturn,  where  the  great  deviation  from 

cphertcity  of  the  central  body  renders  the  application  of  the  formula  t  =  --  somewhat  liable  to  error. 


In  fiict^  this  formula  is  derived  on  the  hypothesis  of  a  force  represented  by  ^  ' 

This  alone,  however,  will  not  account  for 


but  in  the  case  of  sphehctd 


bodies  only  does  the  total  attraction  vary  precisely  in  that  ratio*, 
the  great  difference  which  Mr.  Gauss  has  lately  found  between  the  mass  of  Jupiter,  as  obtained  from  obsef- 
\ationsof  its  satellites,  and  that  deduced  from  the  perturbations  of  the  small  planets  intermediate  between 
Jupiter  and  i^Iars,  so  that  the  subject  must  be  regarded  as  open  to  further  investigation,  should  the  calcttls- 
tions  of  the  last  named  eminent  geometer  be  found  to  coincide  with  a  more  extensive  series  of  obsemliOBI 
of  those  interesting  bodies  than  the  shortness  of  the  time  they  have  been  known  has  hitherto  allowed 


S£CTlO!i   IV. 


Of  ih£  method  of  taking  into  acconni  the  ^eci  of  ihe  iccenirkUieB  of  tfie  orblU  on  the  planetary  perturlationM^  m^ 

the  origin  of  the  secular  equations  of  tfieir  tnotions, 

Whkn  we  regard  the  orbits  as  elliptical,  the  whole  of  the  foregoing  investigations  require  modiUcation,  tlie 
value  of  the  perturbative  function,  and,,  of  course,  of  the  perturbations  themselves,  receiving  accessions  of 
terms  depending  on  the  powers  and  products  of  the  eccentricities.  We  will  here  endeavour  to  explain  tbc 
manner  in  which  these  terms  originate  ;,  and  to  a  certain  (though  limited)  extent,  the  course  pursued  by 
geometers  in  determining  their  form  and  value. 

The  functions  0,  /  d  O^  r         ,  are  explicitly  given  in  terms  of  r,  /,  and  w  or  0  —  (/,  and  contaiD  no 

other  symbols.  Hence  it  arose,  that  when  r,  r*  were  supposed  constant,  the  only  cause  of  the  variation  of 
these  functions  consisted  in  that  of  w  j  and  0  and  0^  being  in  this  case  each  expressed  by  an  arc  proportiooal 
to  the  time,  it  was  sufficient  to  dcvelope  them  in  cosines  and  sines  of  wr,  to  have  at  once  the  expression  of  the 
function  n  in  such  a  form  as  wc  required  for  integrating  our  equations.  \^'hen,  however,  the  eccentncitici 
are  introduced,  all  these  facilities  are  at  an  end  j  r^Tf  and  a?,  are  no  longer  constant  quantities  and  simpk 
functions  of  the  time,  but  each  of  them  branches  out  into  a  series  of  powers  of  the  eccentricities,  and  sines 
and  cosines  of  variable  arcs. 


I 

I 


•  Litplnt'c  (Tkcartt  ths  SittcUifrs  dt-  Jupiitrft  p.  102.)  makoH  tlw*  dei'lntion  of  the  attraction  of  the  first,  compared  with  thi  1 
S&tdlitc  from  tlic  Invr  of  Ikc  jiiv^r&c  squares  of  the  distnnces,  only  i^nVfT  °^  ^^^  whole  nttrartion  of  the  former,  sti|>poiilf  ^iflttr 
koBOgcaeous.    In  Sstum^  tlie  aitmctioa  of  the  nog  piust  caiuc  a  mncb  uuirc  ctmaida^'^le  demtion  from  that  i»w» 


M 
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wy«      Our  object  being;  to  reduce  D,  &c.  to  sines  and  cosines  of  arcs  proportional  to  the  time,  or  of  the  form     Pbysieil 
^^  A  I  +  B,  it  is  evident  that  we  must  substitute  for  r,  r,  and  u\   tlieir  values  so  expressed,  and  then  dcvelope  Agronomy, 

each  term  of  Q  to  the  extent  we  wbh.     At  present  we  will  confine  ourselves  to  the  first  powers  of  the  eccea-  ^^V^"^ 

iricities. 

Now  we  have  O  —  R  +  R' ,  cos  w  +  K"  .  cos  2  a?  +  &c. 

in  which  R,  R',  R''^  &c-  and  w  are  explicit  functions  of  r,  r',  &c.  and  w  t^  0  —  B'  putting  0  and  0'  for  the  true 
longitudes  of  the  two  planets.  Now,  if  we  call  r,  and  c',  the  longitudes  at  the  commencement  of  the  time  t, 
«(-§-€  and  n'  t  -^  e  will  be  their  mean  longitudes  after  the  lapse  of  that  time,  and  calling  w  aad  ^'  the  longi* 
tudes  of  the  perihelion^  the  mean  anomalies  will  be  nt  +  c  —  tt  and  t/  (  4-  f'  —  j/.  Hence,  the  true 
unomalks  will  be  (by  equation  30)^ 

n  i  +  c  —  w  4-  2  e  .  sin  (n  ^  -f  *  —  ir)  +  e^  X  &C- 

n't-^  e'  -  y'  +  2  i/ ,  sin  (n'  ^  +  c'  —  s/)  +  e^  x  &c 
and  the  true  hngiiudes  of  course  are 

{n  *  +  e  )  4-  2  c  .st«  («  *  +  c  —  it)  +  c«  X  &c. 

(n'  (  H-  eO  -f-  3  ^ .  sin  {h'  (  +  ^^  —  ?/)  +  e*  X  &c. 

Hence,  if  we  neglect  the  eccentricities,  we  have  simply  kj=  (n*  —  i/e  +  t  —  O  and  asR,  R',  &c.in  thig 
case  assume  their  circular  values  A,  A',  &c.,  the  teruii^  of  Q  not  depending  on  the  eccentricities  w  ill  remain 
as  before, 

A  +  A',  cos  (rt*  -  »'  f  +  €  "  e')  +  A".  cos2  (n  I  -  n'<  +  c  -  O  +  &c. 

On  the  other  hand,  the  terms  depending  on  the  eccentricities  have  their  origin, 

1st.  In  the  ilevelopement  of  the  functions  R,  R',  &c.  5  when,  instead  of  r,  r^^  %ve  put  their  elliptic  values, 

r  =:^  a  -\-  ^Y^  and  r'  —  a'  +  A  r' 
denoting  by  i  r  and  A  r'  the  parts  of  r,  /  arising  from  the  eccentricities, 

^d.  In  the  substitution  of  W  -J-  A  wj  for  m  m  cos  Wj  coi  2  «?>  &c.  W  being  the  part  of  w  independent  of  the 
ecccntricitiesj  or 

W  =  {n  -  n')  ,  *  +  (e  -  c') 
and  A  m  being  the  part  depending  on  them,  or 

A  tiJ  =  2  e  .  sin  («  <  +  £  —  ir)  —  2  c' .  gin  (?/  i  +  /  —  y')  -|-  e^  x  &C.&C*    . 
3rd,  In  the  multiplication  of  these  terms  together. 
Now,  if  we  still  continue  to  denote  by  A  that  variation  in  Q  r,  r^,  &c.  which  arises  from  the  eccentricitiesj  we  hare 

A  0   =;  ^^—  A  r  +   -^-^^  r'  +   — —  A  10 


in  which  the  differential  co- efficients 


df 
dQ 


ao 


an 


d  m 


df^  '    dw 
pursue  the  investigation  furtherj  we  must  add  to  A  Q  the  terma 

Now,  in  general,  wre  have 

+ 


,  are  to  have  tbetr  drciikir  values. 
rf*  Q      (A  r)^ 


If  we  would 


dQ 
IT 

dn 


dr 
dR 


dr 
dW_ 


i     JiA    4J     ^XIC    l*ClJJJLa 

df^'     1,2   ' 

COS  W    +    — . 

d  r 

.  cos  2  v;  +  he. 

ff  R" 

cos  w  +    — -—  , 

,  cos  2  w  +  &c» 

&c* 


the  circular  values  of  which  are  respectively 

rfA         dA'  „.  tfA'* 

—. h   -J^  *  cos  W  +  -3^- 

#a  4a  da 


dr^ 


cos  g  W  +  &c. 


and 


If  A 


dA' 
d^ 


rfA* 


cos  W  +  ——r  ,  cos  2  W  +  &c. 
J  cr 


and,  in  like  manner,  the  circular  value  of 


dQ 
d  w 


(144, 1) 
(144,  9) 

-  t  1 ,  A' .  sin  W  -^  2  .  A*' .  sin  2  W  +  3  .  A'" .  sin  3  W  +  &c.  }  (144,  3) 

The  values  of  A  r  and  A  /  are  given  by  equation  (28)  if  wc  substitute  merely  for  n  I  the  expre«aio«8  nt  -^ 
«  ^  TT,  and  ft'  f  H-  e'  —  ;/  j  which  in  this  ease  are  the  mean  anomalies,  because  the  mean  longitudes  n  t,  n*  t^ 
aRcl  the  consUmts  «,  c^^  ir,  w\  are  reckoned,  not  from  the  perihelion  of  the  orbits,  as  in  chatequatia%  but  froia 
the  line  of  the  equinoxes.     If  then  we  put  V  =  «  I  +  t  —  tt,  V^  =  n'  ^  4-  c'  —  ?r'^  we  have 

A  r  1^  ^  a>  €  .  cos  V    +  e*  x  ^c» 

Ar'  =  -  it'/.cos  V^  +  «'*  X  &c.     }  I ,,».. , (1«> 


and 


A  M»  =  <2  e,  sin  V  —  2  /,  sin  V^  +  e*  x  &c 


)■■ 


Substituting  therefore  in  A  Q  for  lh&  difTercntial  co-efllcient5,  their  circular  yalties  id  (144^  1^  2, 3,)  and  for 
A  r^  A  r^,  a^  A  m,  the  values  just  now  f<iuiid,  it  will  become 

4  u2 
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^^-        —    —  ^^  '-—+—— .cos  W  H-  -J- 
da  da  da 


A  Q  =  -  a  c  .  cos  V  |-^  +  ^^  .  cos  W  +  ^^  .  cos  2  W  +  &c.  f  a 


-  a^c'.cosvf44  -f  4^.co8W  +4^.co82W  -f  &c.  |  (146) 

(d<rd(r  da'  j 

-  (2  c  .  sin  V  -  2  c' .  sin  V^  { A' .  sin  VV  +  2  Af^   sin  2  VV  +  &c. } 
,  +  e*  X  &c. 

Now  these  series  are  not  precisely  in  the  form  we  want  tliem  j  the  cosines  and  sines  of  V  and  W  bemg  multi- 
plied together  j  and  lo  disengage  tlicm,  we  must  employ  the  well  known  trigonometrical  formula 

cos  A  .  cos  B  =  i  [  cos  (A  +  B)  -f  cos  (A  —  B) }  (A) 

—  sin  A  .  sin  B  =  ^  [cos  (A  +  B)  —  cos  (A  —  B) } 
By  the  aid  of  this,  wc  get 

cos  V  =  cos  V  cos  V  =  cos  V 

cos  V. cos  W  =  ^{cos(V+  W)+cos(V-  W) } ;  cos  V . cos  W'=:i{cos(V'+  WO+cos(V'—  W')} 
cos  V.C0S2W  =  ijcos  (V  -f  2W)  -f  cos  (V-2W)  };  cos  V .  cos 2  W  =  J [ cos  (V  -f  2W0+cos  (V-2W0} 

&c.  =  &c.  &c.  =  &c. 

sinV.sin  W  =  A{cos(V-    W)-co8(V+    W)  }  j     sinV'.nn   W  =  i{co8(V'-    W)  -  cos  (V  +    W)) 
sinV.sin2W=i;cos  (V- 2W)-  cos  (V  -f  2W)  }  3     sin  V' .  sin2W  =  i[cos  (V  -2W)  -  cos  (V  H-2W)} 
&c.  =  &c.  &c.  =  &c. 

Thus  we  see  that  A  Q  (if  we  confine  ourselves  to  the  first  powers  of  the  eccentricities)  is  reducible  to  a 
series  of  sines  and  cosines^  whose  arguments  are  all  comprehended  in  the  forms  V  +  iW,  and  V  +  «W; 
or,  (since  cos  —  A  =  —  cos  A)  in  the  forms  i  W  ±  V  and  iW  ±  V\  That  is,  (since  V  =  n<  +  e  —  ar,  and 
W  =  n^—  n'i  +  e—  e')in  the  forms 

iint  —  r/t  +  e  —  /)  ±  (n<  +  6  —  «•) 

i  (»  ^  —  n'<  -f-  e  —  c')  +  {n't  +  c'—  w^) 

If  we  actually  execute  the  substitutions  (still,  for  brevity,  preserving  the  denominations  W  and  V)  we  shall 
obtain  for  the  value  of  A  Q  the  following  expression— 

A  0  =  —  a  c  .  -1 —  .  cos  V  —  a'  e' .  -r-r  •  cos  V'5  (147) 

da  da 

-*{t4t-    A'}.cos(W  +  V)        -^{^^+    A'}cos(W  +  V') 

-  ^  i-TT  ^  -  2  a4  .  cos  (2W  +  V)       ^  e'  |—  ^  +  2aA  cos  (2 W  +  V) 

{^%      a  a  )  (  *Z     a  a:  ) 

_  e  JA  1^  -F  2  A'^l  .  cos  (2W  -  V)       -  e'  1-^  1A!_  gA'^j  cos  (2W  -  VO 

—  &c.  —  &c. 

But  our  object  is  to  obtain  the  devclopement  of  Q  the  perturbativc  function,  or    2  /d  n  +  ^  -r — .     The 

part  of  this  independent  of  the  eccentricities  is  already  found,  and  we  have  now  only  to  consider  that 
depending  on  them^  which,  in  the  notation  above  ado})ted^  will  be  expressed  by  A  Q,  or 


V. 


../ao..(,4^)=./a.n..(,4f), 


(148) 


Let  us  first  consider  the  value  of  the  first  part  of  this  expression  2  /  d  A  0,  and  let  any  term  of  il  Q  he 

represented  by 

M.c^s  (iW  +  ;tV  H-  iVO 

in  which  i  may  be  any  integer  from  o  to  infinity,  and  k  and  I  either  +  1  or  0,  an  expression  which  obviously 
comprehenas  all  the  terms  of  which  A  O  consists.  This  premised,  it  is  obvious  that  the  co-efficient  M  being 
constant,  the  variation  of  A  Q  can  only  arise  from  thfe  variation  of  the  angle  iW  +  feV  +  iV'j  and  as  this 
angle  is  supposed  only  to  vary  by  the  motion  of  w,  we  are  to  suppose  n  t  only  to  vary,  and  n'  ^  to  remain 
constant.    So  that  we  have,  for  that  part  of  the  variation  of  A  Q  which  arises  from  the  term  in  question^ 

-M(idW-f  ifcdV)     sin(iW  +  ArV  +  ZVO 
becauscdV  =so,  since  V  ss  n'  <  +  •'  —  v'.    Now  dW  =  ndt  anddV=  ndi  also.    Consequently^  this 
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my.  becomes  -  {i  +  k)  U.ndt,  sin  (i  W  +  kV  -^  I  V) 

and  the  part  of  the  expression  2  /d  A  Q  arising  from  this  term,  will  therefore  be 

-.Mcos  (iW  +  A:V  +  IV) 


2  (i  +  k) 


(149) 


i  {ii  —  n'}  +  k  n  +  /  «' 
We  sec  therefore  by  the  foregoing  reasoning,  that  in  order  to  obtain  that  |mrt  of  the  perturoative  fanetion 

which  originates  in  the  term  £  /  dO,  and  depends  on  the  eccentricities,  we  have  only  to  take  the  terms  of 

the  expression  for  A  O  (147)  in  their  order,  and  with  their  proper  ^.igns,  and  multiply  each  of  Ihem  respec- 
tively by  that  value  of  the  fraction 

2  (i  ^  k)  .  V 

i  {n  —  tO  -{-  kn  -{-  I  u' 
which  corresponds  to  the  values  of  i,  k,  I,  m  its  argument,  represented  hy  i  W  -\-  k  V  -^  i  \\     For  instance, 

the  term  which  has  simply  V  for  its  argument,  must  be  multipliLd  by  y — -  =  3,  that  which  has  V  by  o, — 

Again,  the  terms,  whose  respective  argumeuls  are  W  -J-  V,  W  -  V,  W  +  V,  W  —  V,  are  to  be  mulliplied, 

according  to  this  rule,  by  the  respective  eo-efTieients  -^^— ^,  o,  2,  and  —      ^^  ^^ .      Similarly,  the  terms 


\n  —  n' 
which  have  2  W  -^  V,  2  W  -  V,  S  W  +  V^  ^  W  -  V,    for 

G  n  2n  4  n  ,  An 


n  -2  n'i 
their  argumcntg..    acquire 


the  co-cfEeients 


and- 


and  so  on. 


3  n  -  2  r/  '     «  -  S  n'       "in  —  n''     "     2  n  —  3  ?t' 

The  co-efficients  thus  acqyfred  by  intcfl:ratioa  depend  Bolcly  on  the  ratios  of  the  mean  motion^ij  or  periodic 
times,  of  the  disturbed  and  dis turbine:  planet,  and  are  of  very  great  importance  in  the  planetary  theory. 
Were  it  not  for  these,  the  theory  of  the  planetary  perturbntious  would  be  very  simple,  as  the  same  treat- 
racnt,  or  nearly  so,  could  be  applied  in  every  case,  and  the  mae^nitudes  of  the  several  inec|ualities  would  go  on 
diminishing  with  more  or  less  rapidityi  as  the  argumeots  contained  higher  multiples  of  the  mean  motions* 
But  these  co-efRcients  prevent  this  regular  prnij^ression  of  magnitude  from  taking  place,  and  render  it 
difficult  to  foresee  without  computation  whether  any  assigned  inequality  may  be  neglected  or  not,  and  im- 
possible to  argue  from  its  known  minuteness  in  the  case  of  one  pair  of  planets  to  its  probable  smalness  in 
that  of  another.  Thus  an  inequality,  whose  maximum  we  know  to  be  small  in  the  case  of  Venus  disturbed  by 
the  earth,  may  have  a  considerable  magnitude  in  that  of  Jupiter  disturljed  by  Saturn,  merely  from  a  relation 
subsisting  between  the  periodic  times  m  the  latter  case  which  does  not  in  the  former.  In  fact,  it  is  evident 
that  if  the  periods  should  happen  to  be  so  related  ns  to  render  the  denominator  of  any  of  the  foregoing  or 
similar  fractions  very  small  compared  to  tlie  numerator,  the  inequality  into  which  it  enters  as  a  co-efficient 
will,  on  this  account  alone,  acquire  a  very  great  preponderance.    Thus,  if  the  period  of  the  disturbed  planet 

*2  n                           n 
were  very  nearly  half  or  double  that  of  the  disturbing: :  the  terms,  multiplied  by  ^—^ ^  or  by — — • 

would  become  very  large,  and  the  length  of  the  period  of  the  inequality  represented  by  it  would  be  propor- 
tionally increased,  and  in  the  case  of  exact  commensurabi!ity  would  actually  become  infinite  j  that  is  to  say,  the 
disturbance  would  go  on  to  such  an  extent,  as  to  make  a  total  subversion  of  the  original  conditions  of  the 
problem*  The  physical  reason  of  this  is  equally  obvious.  In  the  case  just  instanced,  the  two  planets,  at  every 
revolution  of  the  exterior,  would  be  placed  in  exactly  the  same  circunistances — the  same  disturbing  forces 
would  act  in  the  same  manner  for  a  series  of  ages,  and  their  cOccts,  instead  of  compensating  each  other  by 
mutual  opposition,  would  go  on  accumulating  in  the  same  direction,  till  their  orbits  at  length  became  entirely 
changed,  and  the  commen^urability  of  their  periods  at  length  ceased  to  subsist.  In  fact,  an  equation  thus 
limited  by  no  period,  and  aftecting  both  the  longitude  and  radius  vector  of  each  orbit  iilways  the  same  way, 
is  equivalent  to  an  alteration  of  the  vie^n  motion  and  mean  distance  ;  and  as  tliis  wouhl  take  place  in  opposite 
directions  on  the  two  planets,  shortening  the  period  of  one,  and  lengthening  that  of  the  other^  their  periods 
would  continually  recede  from  commcnsurability  ;  the  magnitude  of  the  inequality  in  question,  as  well  ;is  the 
length  of  its  period,  w^ould  both  acquire  finite  values,  which  even  then  would  continually  diminish,  till  reduced 
within  limits  consistent  with  the  stability  of  the  system.  It  is  probably  by  some  auch  gradations  (if  we  may 
hazard  a  conjecture  on  a  part  of  the  planetary'  theory  so  far  beyond  the  reach  of  analysis  or  exact  reasoning,) 
that  our  system  has  attained,  in  the  course  of  almost  indefinite  ages,  its  present  admirable  state  of  equihbrium, 
in  which  no  inequality  of  enormous  magnitude  exists  j  and  those  which  have  any  notable  value^  can  be  proved 
to  be  confined  %vithin  comparatively  narrow  bounds. 

Let  Bs  next  consider  the  part  of  the  developement  of  Q,  which  arises  from  the  term  Air  — j —  ) .     Now, 

if  we  regard  only  the  first  powers  of  the  eccentricities*  and  conse<[uently  neglect  the  scpares  of  A  r,  &c,  we 
have  .   /       dQ\         dQ  dQ 


dr 
dQ 


A  r  +  r 


dr 


Ar  ^  r 


dr  d  / 


A/+  r 


d  r  dm 


A  w 
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in  which  the  differential  co-efficients  are  to  have  their  circular  values^  which  we  may  represent  by 

cos  2  W  +  «tc 


Now  these  are, 
da 


fcCi 


-T —  +  -z —  cos  W  +  — 

da  da  da 


da* 

dad  a' 
d^Q 


d*  A  rf*  A'  d*  A'' 

=  a  -r-r  +  a  ^— ^  .  cos  W  H-  a  --— -  .  cos  2  W  -f  &c 


da'' 
d'A 
dad  a' 


da^ 


+  a 


I, a 


d^A^ 
dada' 
dA 


da« 
CO*  W  +  o  -^^4-7 .  cos  9  W  +  &C. 


sin  W  +  2  .  a 


dadaf 
dA 


sin  2  W  -f  kc. 


(m 


dadW  da    "".""    '     '  da 

Let  these  be  substituted  in  the  above  expression  for  A  (r  --■ — j  and  the  values  of  A  r,A  K  and  A  w,  given 

in  (145)  be  put  for  them,  and  we  shall  have,  by  a  process  exactly  similar  to  that  gone  through  for  A  0, 
.  (      dQ\  ,r    f/rfA  d«A\       /dA'    .       d^A'X         ^       ^      1 


—  o^e^.coa 


v-l 


d«A 


+  « 


d«A' 


d  a  dot  da  daf 

-  (2c.sinV- 2^«'.sinV')|l  a^^ 


.  COS  W  +  &c. 


■} 


(151) 


rin  W  +  « .  ate. 


} 


vrUch,  by  <he  use  of  ike  same  trigonometrical  femuils,  and  by  properly  arrangtog  the  teniu,  becomes 


a  -T — ^co6  V 
d  a 


d«d<r 


2  t      d a«  da 

-  &c.  -&C.5   (152) 

We  are  now  in  a  condition  to  express  the  whole  value  of  A  Q,  by  combining  this  vrith  the  expressioos 


(147)  and  (149)  and  it  is  evident  that  our  result  will  be  of  the  following  form  : — 

A  Q  =  (Ne  cos  V  +  N'  «<  cos  VO  +  O  e  cos  (W  +  V)  +  CX c'  cos  (W  +  V^ 
+  P  ecos  (W  -  V)  +  P'e'  cos  (W  -  V)  +  Q  c  cos  (2  W  +  V)  +  &c. 
and  the  co-efficients  of  the  several  arguments  will  be 


(155) 


fa^^A.,       dA) 

2tda»^2n- 

dh!\ 

"dT")' 


2tt  +  n^      dA^ 
It'  "   da 


2n 


^*'} 


,  =  _4f.£^+3. 


N'=  -  ao'. 


C  a: S-<  «  «' 


«PA 

d»A' 


dA' 


dA' 


d-ada  da  da 


'} 


P»=  - 


If    V     'PA'         -      dA'    .        a«       ^  dA'        _!»•       A' 1 
Ti'"^-dTd?~'*"d7"''  «"-8n''^"d7"  ■"  .-an'"^   J 


.(154) 


The  value  of  A  Q  being  thus  obtained,  that  of  11  is  had  by  mere  substitution.  The  part  of  IT,  independent 
of  the  eccentricities,  will  remain  as  in  the  preceding  section,  changing  oi^y  in  the  several  ai*guments  w  into 
W  $  and  if  we  denote  thkr  by  n,  and  by  A  n  the  part  of  11  which  depends  on  the  eccentricities^  the  equation 
(128)  will  give 
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A  n  =  ^  Q  .  cos  V  -  2  /  Q  «  d  * ,  sin  V     *^  — — 
^\  J  )  <f- 
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in  whicli  Q  and  A  Q  denote,  as  we  bave  all  along  supposed,  the  parts  of  Q  respectively  independent^  and 

dependent,  on  the  eccentricities, 

A  Q 
The  value  of  A  O  therefore  consists  of  two  parts  \  the  latter -^  is  immediately  obtained    from  the 

expression  of  A  Q  above  found,  and  is  eqaal  to 

\  -  4-1^  •  <=03  V   +  O  .  cos  (W  +  V)  +  P   .  COS  (W  -  V  )  +  &c,| 

\  ^K  } 

\  ^  _^|n'  .  cos  V  +  Cy.  cos  (W  -h  V)  +    P' .  cos  (W  --  V)  +  &c,| 

The  former  depends  on  Q,  and  must  be  determined  by  substituting  for  Q  its  value 


I 


Q  =  M  ^  M' .  cos  W  +  ^I"  ,  cos  2  W  +  &c. 

Tiliere  M,  M',  &c.  are  co-efficients,  whose  values  are  assigned  in  equation  (138j  1).    This  substitution  made, 
yrt  find 

Q  cos  V  =  M  .  cos  V  -h  ^  .  cos  (W  +  V)  +  ^  .  cos  {\V  -  V)  +  «£c. 


Q  «  d  f  ,  sin  V  =  ^  M .  cos  V  -^ 


So  that  the  part  of  A  n  now  in  question  becomes 


^*'  "    -  COS  (W  +  V)  -  1^  cos  (W  -  V)  -  &c. 


n') 


In' 


3  M  .  cos  V  +   ."*"     ^  ,  W .  cos  (W  +  V)  +    ^'^^,"'  M' .  cos  (W  -  V)  +  &c.| 


4  n  —  «  «' 

lad  the  whole  value  of  A  n  will  be  as  follows  : — 


2»' 


i n  =  ^1  (3  JI  -  N)  cos  V  +  (i^p— ^  JI'  _  o)  cos  {W  +  V)  +  (^"^/ ^'  -  P) ^os (^V-V)  +  &c.l 


-4!n 


1 


—  V  .  COS  V  +  (y .  cos  (W  +  V)  +  P' .  COS  (W  -  V)  +  &c.  [ 


(155) 

This  found,  the  integral  of  the  equation  -yT  +  '*" "  +11  =  0  will  be  obtained  by  the  expressions  106, 

lifi.sad  108,  The  parts  of  S  «,  5  r,  and  «  $,  independent  of  the  eccentricitieSj  lia\*e  already  been  found  j  and 
tfiin^ therefore  A  ^  u,  A  ^  r,  and  A  r  0,  those  parts  of  these  respective  quantities  which  depend  on  tbc 
fieccotricities,  we  shall  have  (since  V  =  « i  +  e  —  ~,  W  =  (it  —  «')  i  +   (e  —  c')  and  V  =  n'  f  4-  e'  —  »-') 


A»«  =  ^[(3M-N).-^ 


-  +  (^^«'-<') 
+  (^^«'--) 


cos  (W  +  V) 


(2  «  -  Tffy' 


3T^  + 


cos  (W  -  V) 


+   &c. 


COS  V  -h 


O' 


■  cos  (W  +  V)  + 


^^cosCW-V)  +&C. 


(156) 


Tk  perturbation  of  the  radius  vector  is  now  easily  found  i  for^  as  wc  have  by  equation  124, 

Br  =z  ^  a  c  u  [I  +  ^  e  *  cos  V  -|-  &c» } 
4«givcs  Aar=-aJAa«4-2eStt.cosV} 

ll  H  »bnce  A  £  r  is  readily  obtiiined*  With  reg:ard  to  the  perturbation  in  longitude,  or  »/  ^  (?,  no  further  difH- 
wky than  the  length  of  the  substitutions  remains  to  be  encountered  j  for  the  part  not  depending  on  the 
*«atricities  being  already  obtained,  that  i^hich  depends  on  them  will  be  had  by  merely  substituting  for  c  r^ 

f -j— ind  Q,  the  valuesof  A  £  r^  A  I  r— —  I  and  A  O  already  obtained  in  the  general  expression  (121). 

Bot  as  this  process  of  substitution  and  reduction  presents  no  difHculties  in  principle,  requiring  only  patience 
M  exactness  in  performino;  the  numerous  combinations  of  the  terms  which  occur  in  it,  we  shall  not  pursue 
^t'biit  content  ourselves  with  observing,  that  the  part  of  it  which  depends  on  the  first  powers  of  the  eccen- 
ttdiics  will,  on  examination,  be  found  to  assume  the  form 

e  ,  rt  f  ,  cos  V  +  e' .  i)  f  .  cos  (W  +  V) 
+  c  { A  .  sin  (W  +  V)  +  B  .  sin  (W 
+  /{A'.8mV'  +  B'.sinOV 

Hkere  that  we  first  encounter  the  secular  equations  of  the  phmetary  motions,  in  the  form  of  two  terms 
uimig  the  time  t  disengaged  from  the  signs  siu  and  cos,  and  therefore  capable  of  indefinite  increase  and 
natioa.    They  are  multiplied   by  the  eccentricities,  and  therefore  originate  from  the  dUp ticity  of  the 


lilt:    lUJ  L£l 

\i;f  .COS  (W  +  V)  ^ 

-  V)  +  C.  sin  (2W  +  V)  +  &c.|  Vy ..(157) 

-  VO  4-  C^  sin  (2  W  +  V)  +  &c  J  J 


^m 
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Aifamioniy.  planetary  orbits  j  and  in  the  ca^e  of  strictly  circular  orbits^  would  not  exist.     Similar  terms  occur  of  course  P! 

^-^V^— -^  in  the  value  of  ^  r,  being  introduced  by  the  integration  of  the  equation  for  ^  u.  But  as  the  discussion  of  these  ^ 
terms  is  one  of  the  most  delicate  and  difficult  points  of  the  planetary  theory,  we  shall  not  enter  upon  it  till  we  ^ 
have  pointed  out  the  method  of  taking  into  account  the  higher  powers  of  the  eccentricities. 


Section  V. 
Of  the  tnequaUties  depending  on  the  tquares  and  higher  powers  of  tlie  eccentricities. 

It  is  not  our  intention  to  enter  into  any  detailed  account  of  this  very  complicated  part  of  the  planetaiy 
theory.  Any  such  attempt  would  lead  us  far  beyond  our  proper  limits  3  and  the  reader,  who  is  desirous  to 
follow  it  into  its  minutise,  must  consult  the  original  memoirs  of  Laplace,  Lagrange,  &c.,  the  Mtcanique 
Celeste,  and  other  works  of  a  similar  nature.  In  the  foregoing  sections  we  have  however  followed,  as  nearly 
as  possible,  the  course  pursued  in  the  last  named  immortal  work,  supplying  only  such  steps  in  the  analysis 
as  cannot  be  expected  to  be  discovered  by  the  ordinary  student,  (and  they  are  numerous)  and  endeavouring 
throughout  to  place  the  principles  of  the  seven^  processes  in  as  strong  a  light  as  possible.  In  the  present 
section,  the  explanation  of  the  principles  on  which  the  process  of  approximation  is  to  be  pursued  will  be 
almost  our  sole  object. 

Let  us  resume  the  consideration  of  the  function  O. 

Q  =  R  -f  R'  .  cos  ic  +  R'^.  cos  2  w  +  R'^' .  cos  3  w.+  &c. 
When  r  -{•  ^r,  r^  -f  A  /,  and  ic  -f  A  tr,  are  substituted  for  r,  /,  w,  in  this,  0  becomes  0  +  A  Q,  and  we  ban 


AQ  = 


dQ 
d  a 

cPQ 
da3 


Ar         dQ 

+ 


A/ 


1 

1 .2 

(Ar)» 


^  d\V 


da'       1 
d^Q       Ar.Ar' 


d  a  d  of 
+  &c. 


1 


A  w 


1.2 


-f-  &c. 


dQ 


1.2.3 

The  differential  co-efficien^  of  Q  are  here  supposed  to  have  their  circular  values  denoted  by  —r — , 
dQ 


(158) 


dQ 

77' 


dW 


&c. 


In  like  manner,  if  we  consider  the  value  of  A    fr  -- — V  or  the  augmentation  of  r  -^ — produced  by  the 


eccentricities^  we  have  only  to  substitute  for  Q  in  the  expression  (158)  the  circular  value  of  the  function  in 
question,  or  a  -j — ,  and  we  get 

dQ  \         Ar         d/       dQ\        A/      d/       dn\.Au7        d      /       da\ 

^  =--r- ^ diC"  T^; -^-r-d^' C"  T^y +"T--dw  V^  tt; 


(■ 


^(Arr     jL/      ii)_X 
^1.2       d  a*  V       da  /  ^ 
-f-  &c 


d2 


Ar  A  / 


1  .  I        '  dadaf 


/       dQ\ 

C^-dT-; 


+  &c. 


(159) 

in  which  ---,     ^->,   &c.  denote  the  differentiation  relative  to  a,  a',  &c.  respectively  of  the  function  to  which 

da      da 
they  are  prefixed,  and  the  division  of  the  resulting  differential  by  da,d  a',  &c.  according  to  the  very  conve- 
nient system  of  notation  explained  in  (Lacroix,  jDt/Tere/i/ia/  and  Integral  Calculus,  8vo.  English  translation, 
Appendix.) 

Since  Q  =  A  -f  A^ .  cos  W  +  A'' .  cos  2  W  -f  &c.  we  must  have 
dQ  __        d  A 
~  "^    da 


da 


-h  a  — — . .  cos  W  -h  a  -t —  .  cos  2  W  +  8cc. 
da  da 


d      I       dQ\         d(       dA\       d/      dA'\          „,    .  d/      dA''\           ow  ^  k.^ 

I  a  -3—)  =-T-{a  -7— )  + J-(  «  -7—)  ^os  W  +  ;t-(  a  -7—)  .cos2W-f-&c. 

da     \       da)        da\       da)       da\       da)  da\       da/ 

/       dQ\         d/dA\        d/     dA'\         „,    .  d  /    dK''\        „ow^a..» 


d 
dc^ 

d 
dW 


/       d  Q  \  d  A' 

r -d^/^-^-dT 


d  A'' 

.  sin  W  -  2  a  -; —  sin  2  W  -  &c. 
d  a 


da"^    \        da)        da^\     d  a  /      dd^\     da  J  da^\      da/ 

\       da  J  da\     da   '  da\      da/ 


dadW 


>.;  (iW) 
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,___     ,   on.     Now   tbese  series   may  be  regarded  \xs    comidctely  developed  3  for  the   co-eflicients  of  their    PUpiciil 
'several  term ts  cos  W,  sin  W,  &c. are  quantities  completely  given  in  numbers^  wheo  o,  a'.  A,  A',  A"^,  &c,  and  Aslroaomy, 
their  differential  co-efficients  are  known,  by  tbe  equations 

d      /     dA\        rf  A  <^  A         d      f     dA\        dA'  d^  A'      ^ 


da 

d      /     dAx  d^  A 


dadof'     iff 


IT'  v~d7}  ^ 

d^     /     d  A  \  _  ^  d^  A  fP  A 


d      i    dA\         (f-A' 


da  da' 


...(lei) 


d^n 


Ifj  instead  of  r  -- — ,  we  had  any  other  function  to  develope  (such as  for  in&tance  t^  .  -      ,   J,  we  niierht 
dr  '  \  d*  r  d  // 

treat  it  exactly  in  the  same  way,  and  should  arrive  at  corresponding  scries,  in  which  the  sines  and  cosines  of 
W  itnd  its  multiples  would  be  combined  with  co-efficients  absolutely  constant^  and  reducible  to  numbers. 

In  the  values  of  A  O  and  A  (r  -y     j  in  (158)  and  (159)  we  see  therefore  that  the  differential  co-eflicients 

of  Q  introduce  the  sines  and  cosines  of  W,  and  ils  iimltiples,  combined  only  with  given  quantities,  and  not 
involving'  the  eccentricities.  These  latter  arise  from  the  factors  A  r,  A  r',  A  w,  and  their  powers.  Let  us  now 
examine  these  more  nearly.    Supposing  then,  as  %ve  have  done  all  along, 

V  =  ni  -^  €  ~wi    V  =  n'  *  -h  ^'  -  T^  J     W  =  n  i  -  «'  /  +  c  -  e'^ 
let  us  take  a,  p,  he,  as  follows  :— 

a'=   -V.coaV 
a' 


a  =   ^  a 
a 


P  = 


cos  V 

(1  —  C0S2V) 


7  =  —  —  f3  cos  3  V  —  3  cos  V) 

8 

&C* 

p  =  2  skiV 

5 
q  =  — -  sin  2  V 
4 

1  13 

r  = -*  sin  V  +  -—  sin  3  V 

4  12 


ir^  —{i  -  cos^V) 


r/  =  -—  (3  cos  3  V  -  3  cos  VO 

p'  =  ^  sin  V' 

5 
q'  =  —  sin  2  V 
4 


y^ 


t"  ^   - 

kc. 


i  sin  V  +  ^  sin  3  V 

4  J  A# 


(l&i) 


i 


.,}■ 


.  (163) 


Then  we  shall  have^  by  the  equations  (SS)  and  (30) 
Ar  =^  a  e   4-  /5  c  «^  +  7  e  ^  +  &c. 
A  /  =  oV  +  ^V*  +  7'  e^  -h  &c. 

&w==(pe+5e»H-re3^  kc)  -  (j/ V  +  f/  e*  +  /£'»+  &c.; 
'  ivhcnce  we  obtain 

(A  ry  =  a^  e^-  +  ^  a  /3  e^  +  (^  +  2  a  7)  e*  +  Sec. 
A  r  A  /  —  a  a'  e  e"  +  «  ^'  e  e'«  +  /3  a  ga  e^  ^  g^(,^ 

A  r  A  «?  =  p  a  e^  +  (p  ^  +^  a)  e*  +  &c.  —  p'  a  e  e'  —  &c. 

(A  tc«)  =;j^e«  4-  Spgc^  +  &c.   +  (/^e^  -^  2  p' ^  t"^  +  &e.)   -  ^pp'  ee^  -  &c. 

and  so  on  j  and  it  only  remains  to  substitute  these  values  in  the  expressions  for  A  Q  and  ^    (  ^  ^1 —  I  * 

Confining  ourselves  to  A  Q,  since  it  is  obvious  that  the  process  is  exactly  similar  for  the  other  function,  we 
liave,  as  before,  for  the  part  depending  on  the  first  powers  of  the  eccentricities, 

(      dU  dQ)         ,i,dQ  dQ} 

which,  developed  into  series  of  sines  and  cosines,  gives  the  result  obtaineil  in  the  last  section. 

The  part  of  A  Q  depending  on  the  squares  of  the  eccentricities,  consists  of  three  terms  multiplied  respec- 
tively by  e^  etf,  and  e'^  which  originate,  1  si.  Prom  the  terms  fie^,  /^r'*,  q  e^,  and  —  ^  e^^^  in  the  simple 
powers  of  A  r,  A  /,  A  w,  and  which  are  therefore  afTecled  with  the  differential  co-efficients  of  the  first  order 
only  :  2dly.  With  the  terms  o*  c^  a^  ^,  p«  e«,  p'*  e^*,  and  —  ^  p  p'e  ^,  m  (A  r)«,  (A  /)«,  and  (A  wy,  and 
which  are  consequently  affected  with  differential  co-eflicients  of  Q  of  the  second  order. 
?0L.  iiu  4  X 


PHVSICAL    ASTRONOMT. 

Ashraanmy.      sdly.  With  the  tenns  apt»,  of  p  ^,aaf  e  of,  aj/  e  e\  ofpe  t<,  which  arise  from  conibinatiiiiis  of  A«r  ynik    * 

V  ■  *    A  fo  and  with  A  r'.  Aai 

The  nggregnte  of  all  these  terms,  with  their  proper  co^efiicients^  is  ^ 

The  co-efficients  of  c^,  e*  e',  e  e'S  c'',  and  of  the  higher  powers  and  combinations,  may  in  like  manner  be 
easily  obtained ',  but  the  number  of  terms  of  which  lihey  consist^  goes  on  increasing  so  rapidly,  that  they  at 
length  become  of  extreme  complexity. 

Let  us  now  consider  the  nature  of  the  terms  into  which  the  expressions  for  O  and  r  --r —  resolve  them- 
selves by  the  process  of  developement,  and  the  manner  in  which  they  become  modified  by  the  several  pro- 
cesses of  substitution  and  integration  they  have  to  undergo  in  obtaining  the  values  of  Q,  U,  B  u,  S  r,  and  iO. 

Ifis  evident,  then,  since  a,  ^,  7,  of,  /3',  &c.  are  all  composed  of  cosines,  and  p,  q,.p'y^,  &c.  of  sines  of  V, 
V^  and  their  multiples,  without  W,  that  any  product  or  combination  of  these  letters,  (such  as  a^. a/?,  a  a', 
&c.)  is  reducible  by  the  trigonometrical  fomiids  so  often  employed  in  the  foregoing  pages  into  the  simple 

1  4-  cos  2  V 
sines  or  cosines  of  arcs,  of  the  form  kV  +  l\\     Thus,  a'  or  a®  .  cos  V^  becomes  ^  . — ,  a  p,  or 

—  2  a  .  sin  V  .  cos  'V  becomes  —  a  .  sin  2  V,  o  a'  or  a  of.,  cos  V  .  cos  V  is  reduced  to  — 5—  (cos  (V  +  V)  + 

cos  (V  —  V')),  a//  into  a  ,  sin  (V  —  V)  —  a  .  sin  (V  -|-  \'),  and  so  on.  Moreover,  it  is  evident,  that  when- 
ever the  combination  in  question  consists  only  of  the  letters  a,  p,  a\  /3^,  &c.  or  of  these  combined  with  any 
product  of  an  even  dimension,  in  p,  q,  //,  q',  &c.,  that  the  terms  into  which  it  is  resolved  will  consist  entirdj 
of  cosines  5  but  when  a  product  of  an  odd  dimension  in  p,  q,  p\  9',  &c.  occurs,  then  of  sines.  Now,  tlie 
differential  co-efficient  of  Q  combined  with  any  such  product,  will,  in  the  former  case,  evidently  be  differen- 
tiated an  even,  and  in  the  latter  an  odd  number  of  times  relatively  to  W  \  so  that  in  the  former  case  it  will 
represent  a  series  of  cosines,  and  in  the  latter,  of  stnesof  W. 

Every  term  therefore  formed  by  such  combination,  must  be  of  one  or  other  of  the  forms 
cos  t W  .  cos  (A  V  4-  ZVO  and  sin  iW.  sin  (kV  ±  IV) 
both  which,  being  further  resolved^  produce  terms  comprehended  in  the  form 

C08(iW  ±kV  ±  /VO 

It  is  thus  demonstrated,  that  the  co-efficients  of  all  the  powers  of  e,  ff,  in  the  developements  of  Q  and 

r are  generally  reducible  to  series  of  cosines  of  arguments,  of  the  form  i  W  +  /f  V  -f  i  V ;  but  there  is 

d  r  "" 

a  connection  between  the  multiples  of  V  and  V^  contained  in  any  argument,  and  the  dimension  of  the  power 
or  product  of  the  eccentricities  to  which  it  belongs  that  we  must  now  explain.  In  fact,  it  is  obvious  from 
the  process  above  pursued,  that  if  we  regard  a,  a',  p,  p',  as  quantities  of  one  dimension  ;  /3,  pf,  q,  (f, 
as  of  two ;  7,  7^  r,  /  of  three,  and  so  on,  the  dimension  of  every  terra  multiplied  by  e,  or  t^,  will  he 
one  ',  that  of  the  terms  multiplied  by  e^,  e  e^,  c^*,  will  be  two,  and  so  00.  Now,  the  expressions  of  these 
quantities  in  V  and  V  involve,  each,  the  sines  or  cosines  of  multiples  oTV,  V',asfar  as  the  number  expressing 
its  own  dimension;  and  when  these  come  to  be  combined  by  multiplication,  and  then  resolved  by  the  usual 
formula,  it  is  obvious  that  the  resulting  terms  of  the  form  cos  (k\  ±1  V)  and  sin  (/c V jf  l\')  can  only 
contain  such  multiples  k  V  and  I V  of  V,  V^  as  together  (without  regard  to  their  signs)  do  not  exceed  the 
dimension  of  the  combination  from  which  they  arose. 

Moreover,  since  the  alternate  multiples  of  V,  V  are  absent  in  the  expressions  of  a,  /3,  &c.  the  same  law  will 
hold  good  in  any  combination  of  them  when  developed.     Hence  we  may  state  it  as  a  general  law,  that 

The  co-efficient  of  any  power  or  product  of  the  eccentricities  qfihe  dimension  n,  in  the  developement  ofQ  or  r  --r— 
will  consist  of  a  series  of  cosines,  the  form  oftohoee  argument  is 

iW±  *V  ±  IV 

inwhichimaij  have  everypostiUevahte  frtm  {>  to  infinity,  but  k<mdtl(&er  estrktisd  to  ^ 
'those  which  satisfy  one  or  other  of  the  equatums 

k+.l=zn,  Af  -f  Z  =  n  -  2,  Jfc  +  Z  =  n  -  4,  &c. 

rdawn  I  to  Ik  -f-  Z  =  1,  «r  k  ^  l^sz.o,  according' as  n  is  odd  or  even. 

Thus,  as  we  have  already  seen,'the  parts  independent  df  the  eccentficilies  "consist  df  temiBtif  the  form  eos 
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•  iW  only,  and  those  depending  on  the  first  powers  involve  the  arguments 

i  W  +  V,     i  W  -  V,     i  \V  -h  V,     t  W  -  V 

and  no  other.  Similarly,  in  the  part  dependent  on  the  squares  and  product  of  the  eccentricities,  the  ar^iimcnts 
>vhich  can  occur,  arc  only 

t  w,  iw  +  3  V,  iw  ^  *2V,  iw  +  v  + v,  nv  -f  V  ^  V',  iW-V  + V,  iW-V  -^Y',  iW  ^^v\ 

and  i  W  ^  2  V,  and  so  on. 

Here,  it  will  he  observed,  we  have  again  the  argument  i  W,  which  occurred  in  the  part  independent  on  the 
eccentricities,  and  it  is  easily  seen  to  be  a  general  law*  that  any  partivular  argument  uikkkjini  occurs  combified 
with  4t  pou*er  or  product  of  the  ecctntriclties  of  the  dimeii^mn  n  wdt  occur  a^ain,  combined  with  products  of  the  dimcnsmis 
11  +  ^2,  n  -h  4,  &c.  to  ififimtttt  ^'«^  not  with  7i  -^  I,  n  +  3,  8cc.  For  instance,  thearif^unient  iW  +  3  V  cannot 
occur  combined  with  any  dimension  of  the  eccentricities  less  than  the  third,  and  wil!  occur  again  in  the  terms 
multiplied  by  the  5th,  7  th,  &c-  dimensions^  but  not  by  the  4th j  6th,  or  any  even  dimensions. 

Since  W  =  »  e  —  n'  i  +  e  —  /,  V  =  a  /  +  <  —  sr,  and  V  ^  ?/  i  -^  e*  ^  i/,  the  argument  i  W  +  ^  V  -hi  V 
is  eqnal  to  (i  +  k)  .  n  i  ^  (i  —  I)  n'  ^  -f  (t  +  /O  e  —  (i  —  /)  t'  -^  /f  s^  —  /  ?/ 

If  then  we  would  inquire  in  what  t€rms  any  proposed  combination  of  n  and  n\  such,  for  instance,  ss  (fu  —  gn^}t 
can  originate,  we  have  only  to  put 

i  +  k  =/        i  ^  I  ^  g 

which  give  i=.f^k,         l  =  i~g—  (f—  g)^k 

taking  then  in  succession  ^  =  o,  ^  =  +  1,  k  ^  ±%  &c,  we  get 

For  instance,  if  we  would  know  from  what  terms  the  combination  (*i »  —  n')  t  can  originate,  the  corres- 
ponding values  of  t,  k,  l^  are 

So  that  any  of  the  arguments  comprised  in  the  following  series, 

^\\        **^  ^    t.3\V  -  V  -  2V'i     4W-5V«V'j     5W-5V,  &c. 

will  produce  the  combination  in  question.  Now,  the  lowest  sum  of  the  co-efhcients  of  V,  V  in  these  argu- 
ments taken  without  regard  to  their  signs,  is  3  :  consequently,  the  combination  2  n  t  —  5  »'i  will  first  occur 
among  the  inequalities  multiplied  by  the  cubes  or  products  of  three  dlmensiona  of  the  eccentricities,  and 
among  them  only  in  such  terms  as  produce  the  arguments 

£W-3V',    3W  — V-SV,     4W^2V-V',     5W-3r. 
Let  us  now  caLnmine  the  eo-effidents  of  the  several  arguments  as  they  occur  in  the  values  of  Q,  11,  ^c. 

The  co-ciBcicnt  of  any  argument,  such  tis  iW  +  Af  V  +  IV'  in  the  developement  of  O  or  r  — ^^  will 

^  —  d  r 

obviously  consist  only  of  combinations  of  a,  (/,  A,  A',  A",  &c.  and  their  differential  co-efficients  with  a 
power  or  product  of<^,  /,  and  may  therefore  be  regarded  m  a  given  quantity,  and  its  value,  with  more  or  less 
trouble,  numerically  computed.  Taking  A  for  the  general  representative  of  such  a  combination,  M  will  be  a 
function  of  a^  a\  e,  e\  and  of  these  only^  and 

ivfcos  (fW  +  kV  ±  IV) 

wtXL  be  the  general  form  of  any  term  of  Q  or  r  — — , 

In  the  value  erf  0,  the  terms  of  r  — -—  enter  unchanged  j  but  since 

dW-ndt,     tiV  =  ndf,     d  V  =  o 
the  term  under  consideration  will  produce  in  d  Q  the  term  —  M  .  (i  +  it)  n  d  t  .  sin  (i  W  +  /f  V  +  f  V)  and 
in  Q,  the  term  ^  {i  +  Jt)  a 

00  that  Q  will  contam  two  species  of  terms,  those  whose  co-efficients  are  of  the  form  M,  and  M 


(i  +  k)  n 


{i  ^  k)  n  ±  tn^ 

The  valtte  of  Q  substituted  in  n  (equation  1*28}  will  produce  ternis  compriaed  in  one  or  other  of  the  forms 
M.coft  (iW  ±kV  ±  n') 

"  cm  (i^W  ±  kV  ±  lYy 


M. 


(i  ±k)  n  ±  InT 

-— ^'  7  f ^  '^  r  *  ^os  (iW  -h  F  V  -h  rVO 

}  (i  ±k)n±  tn'l    [{itk")  n±ln'}  "  " 

4x2 


1 
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ABtroDomj.  In  the  process  of  iutegration  by  which  Huia  derived  from  11  (or  in  the  iutegratbn  of  the  equatioii  (J^))    p 

^  *  1  1  Am 

Ihese    terms  oimin   acquire  factors  of  the   form   r or  : \— 

^      {(»±*)«±  '«')*-«*  {{i±kf)n  ±lnr}*^ifi 

according  as  A:  or  //  occurs  in  the  argument ;  and  as  these  forms  are  obviously  not  altered  in  the  transitioii 
from  ^  ti  to  ^r,  the  terms  of  ^  r  will  necessarily  be  included  in  one  of  the  forms 

M.r ' cos  (iW  +  ifcV  +  IV) 

{(t  ±  *)  II  ± /ji'}«-ii«  "  "■ 

M. ^'  -  ^^  " cos<iW  4-  AV  +  ZVO 

{(i  ±  A)»±Zji'}  {(i±  A:)n±ZnO«-«*}  "" 

M. ^ co8(iW±  ikV-f-  IV) 

{{i±  k)n±  ln'\  {{i±k)n±lnT'-n^} 

M . ^'  -  ^^  "' cos  ( i  W  +  Ar  V  +  /  VO 

{(i±k')n±  In']  {{i  ±  k)  n  ±ln'}  {{i  ±  k)  n  ±lny^n^\  ""         - 

Let  the  several  functions  of  n,  n',  in  the  co-efHcients  of  these  terms  be  represented  indiscriminately  by  N, 
then  will  the  general  form  of  the  terms  of  5  r  be  M .  N .  cos  (i  W  +  kV  +  Z  V). 
It  remains  only  to  consider  the  nature  of  the  terms  of  which  ^  0  consists.    Now  these  will  be, 

1st.  Those  arising  from  the  term  -ri^r,  which  are  of  the  form 

a  t 

sin  (i  W  ±  (A  ±  V')  V  ±  /  VO 


na' 


t«  Vl  -  c« 


2dly.  Those  arising  from  r  --77-,  whose  form  is 

'^   -   '^ 1—  sin  (i W  +  (*  +  k"t  V  +  / V) 

Sdly.  Those  arising  from  / r  -~^  »i  rf /  an(l  / / dQ.ndt  whose  forms  are  respectively 

■    !-— -  '   r-.  J'   ,,  .sinriW.hi^V-fZVO.and-4^.^^.    ^^^f'^^^  ^^    sin7iW±i^VirV) 

and  lastly  those  peculiar  terms  containing  i  out  of  the  signs  sin  and  cos  wliifch  we  have  already  noticed  as  giving 
rise  to  the  secular  equations. 

The  complete  enumeration  of  .ill  the  possible  varieties  of  terms  which  5  0  may  contain,  will  therefore  be 
had  by  putting  for  N  each  of  the  four  forms  above  assigned  to  it  j  but  as  those  only  really  diflfer  importantly 
in  which  the  denominators  of  the  fractions  differ,  we  need  only  enumerate  the  latter  quantities  j  which  are, 

(i  ±k)n±  In'i     {ii±k)n±  In'}^-, 
{(i±k)n±  /wM^- n^     i(i±k')  n  ±ln')  {((i  ±  k)  n  ±  UO*  -  «*} 
{  (i  ±  //)  n  ±  / «'}  { {i±k)7i  ±1  n'}  {  ((i  ±  k)  n  ±  I  Ji')«  -  n«} 

These  then  are  the  various  forms  of  the  divisors  with  which  the  processes  of  integration,  &c.,  affect  flie 
inequalities  in  longitude.  They  are,  as  we  have  already  remarked,  of  the  highest  importance  in  the  theory 
of  the  planets,  by  reason  of  their  effect  on  the  numerical  values  of  the  maxima  of  the  perturbations  to  which 
they  belong.  Such  is  the  immense  number  of  terms,  or  rather  of  series  of  terms,  branching  out  in  all  direc- 
tions, of  which  the  perturbations  consist,  that  it  is  manifestly  in  vain  to  attempt  to  take  account  of  them 
all.  It  is  therefore  of  the  highest  consequence  to  have  some  guiding  principle  to  direct  us  in  our  choice  of 
the  terms  to  be  retained  or  neglected.  Were  it  not  for  these  divisors,  we  might  safely  rely  on  the  rapid 
convergency  of  the  powers  and  products  of  the  eccentricities ;  and  reject,  without  further  examination,  all  in 
which  their  dimension  exceeded  a  certain  limit ;  but  should  there  be  an  approach  to  commensurability  in 
the  periodic  times  of  the  two  planets,  (as,  for  instance,  should  five  times  the  mean  motion  of  the  disturbed 
planet  {5nU)  be  very  nearly  equal  to  twice  that  of  the  disturbing,  (2^0)  ^^}^  circumstance  will  render 
some  one  of  their  factors  (5  n'  —  !2  n)  very  small.  In  consequence,  all  the  divisors  into  which  this  fiwtor 
enters  will  become  very  small,  and  the  inequalities  affected  by  them  will,  in  consequence,  acquire  from 
this  cause  an  unnatural  magnitude  (if  we  may  use  such  an  expression)  and  must  be  retained,  even  though 
of  such  an  order  as  would  otherwise  authorize  their  rejection. — ^The  terms  so  affected  too,  will  originate  in 
a  great  variety  of  manners  from  the  developements,  and  may  be  affected  with  various  powers  of  the  eccen- 
tricities ;  so  that  their  number  will  necessarily  be  infinite,  and  for  the  purpose  of  approximation  only  the  most 
prominent  can  be  selected. 

The  equations  of  the  motions  of  Jupiter  and  Saturn,  known  by  the  name  of  the  great  inequalities  of  these 
planets,  were  long  a  difficulty  in  the  way  of  the  theoretical  astronomer,  and  even  a  stumbling  block  in  the 


PHYSICAL    A  S  T  R  O  N  O  M  Y 


M^  way  of  tlic  Newtonian  philosophy.  It  was  observed,  on  co»vparmg  very  ancient  observations  of  the  oppositions    Fhyikal 

i-^  of  these  planets  with  more  modern  ones,  that  their  mean  moihns  had  underj^oiie  an  apiJarent  alteration  y  that  ot  Aatroitoroy. 

Saturn  appearing?  to  have  been    retarded,  and  tliat  of  Jupiter  accelerated.     In  other  wonU,  that  Saturn  per- "--^ 


petuully  lagged  behind,  and  Jupiter  as  constantly  surpassetl  the  places,  when  they  ought  to  have  been,  on  the 
'  hvpotbcsis  of  the  mean  motion,  or  periodic  time*  remahdng  invariuWe. 

'WV  have  seen  that  every  inequality  of  very  long  penod  will  appear,  while  on  tlie  increase,  to  affect  the 
nieati  motion  j  it  is  obvious  it  must,  if  the  latter,  as  determlnetl  by  observations  comiirised  within  the  periods 
of  its  increase,  be  compared  with  the  re^iit  of  similar  obsLTvationf^  made  while  its  value  is  on  the  dijidnu- 
tion.  Now,  the  length  of  the  period  of  any  inctpiality  ilcpcnds  on  the  nmltiplos  of  the  mean  motions  found 
in  its  argument  ;  and  it  was  not  diflicuU  for  geometers  to  shew,  that,  so  far  as  the  first  povvcrs  or  squares  of  ihe 
eccentri'titics  were  concerned,  no  inequalities  of  such  very  long  periods  as  the  case  required,  could  be  foimd 
iu  the  motion  of  either  planet.  The  cubes  and  higher  powers  had  all  along  been  neglected  without  fear  of 
error  j  but  Laplace  having,  from  other  considerations,  ascertained  that  an  acceleration  in  Jupiter's  motion  Imug 
supjmed,  a  retardation  in  Saturn's  mmijhllow  of  course,  and  that  ir*  the  very  proportion  observed  j  imd  tluit 
therefore  the  phenomenon  was  not  altogether  inconsistent  with  the  laws  of  gravity,  set  himself  to  examine  the 
terms  multiplied  by  the  cubes  of  the  eccentricities.  Here  he  immediately  encountered  the  argument 
(5  n  e  —  2  7t't  +  const.)  ;  and  the  mean  motion  of  Jupiter  being  to  that  of  Saturn  nearly  in  the  proportion  of  5 
to  2,  if  we  suppose  n*  to  correspond  to  Jupiter's  and  n  to  Saturn's  motion  the  co-eHicicnt  5  n — '2  h'  is  very 
small^  and  the  corresponding  period  is  found  on  calculation  to  amount  to  1)18  years.  The  resulting 
inetiuality  has  also  5  n  —  *2  n'  for  its  divisor,  and  its  magnitude  is  thus  increased  as  well  as  its  period  lengthened. 
On  executing  the  calculation,  the  inequalities  of  both  planets  were  to und  to  be  such  as  would  completely 
account  for  the  apparent  accelerations  and  retardations  observed. 


Section  VI. 

Of  the  variaiioni  of  ihe  elements  of  ihe  phnetarif  orhiis,  and  ihe  secular  equations  of  their  motions,     Theonf  of  the 
major  ojceSf  tnclifiaiims,  nodes ^  eccentricities ,  and  aphelia. 


^ 


We  have  already  taken  occasion  to  observe,  that  the  motions  of  the  planets  may  be  regarded  as  performed 
in  ellipses,  whose  positions  and  magnitudes  are  continually,  but  very  slowly,  changing,  by  the  effects  of  the 
disturbing  forces.  These  forces  are  so  sraalL  that  in  a  moderate  period  of  time,  as  for  instance,  in  a  single 
revolution  of  a  planet,  the  change  is  insensible  ;  and,  if  we  allow  for  those  inequalities  which  depend  on  the 
configurations  of  the  disturbed  and  disturbing  planets,  the  theory  of  which  has  been  exposed  in  the  foregoing 
lections,  the  motion,  equated  by  the  application  of  these  corrections,  will  coincide  with  almost  rigorous  exact* 
ness  with  the  elliptic  theory.  But  after  the  expiration  of  many  revolutions  of  the  planet,  this  exact  coinci- 
deccc  will  cease  to  take  place,  even  when  its  place  is  corrected  for  such  periodical  ineqmdities.  The  place  sa 
corrected  is  found,  it  is  true,  in  the  circumference  of  an  ellipse  with  the  sun  in  its  focus,  but  it  is  nut  an  ellipse 
of  precisely  the  same  form  and  position  as  before.  Its  elements  have  undergone  a  change,  and  tbis  change, 
though  imperceptible  in  a  single  revolution^  becomes  gradually  more  and  more  evident^  till  at  length  it  is  too 
remarkxible  to  be  overlooked. 

Such  slow  changes  are  what  we  understand  by  the  secular  variations  of  the  elements  of  the  planet *s  orbits. 
But  there  is  another  point  of  view  in  which  we  may  consider  the  subject,  which  presents  peculiar  facilities  to 
the  application  of  mathematical  investigation.  It  consists  in  referring  nil  the  inequalities  resulting  from 
perturbation,  to  the  variation  of  the  elliptic  elements,  not  merely  those  of  long  periods,  but  those  >vhich  pass 
rapidly  from  their  maxima  to  their  minima,  and  depend  on  the  configurations  of  the  bodies.  We  are  indebted 
to  Lagrange  for  this  vie%v  of  the  subject^  and  shall  endeavour  to  give  an  idea  in  this  section  of  the  luminous 
analysis  of  that  great  geometer. 

If,  at  the  expiration  of  ajiy  instant,  the  disturbing  forces  Tvere  to  cease  acting,  the  planet  would  goon 
describing  an  exact  ellipse,  of  which  the  infinitesimal  arc  described  in  the  last  instant  would  be  an  elementary 
portion.  The  plane  of  the  ellipse  would  be  that  in  which  this  portion  and  the  sun's  centre  lie  ;  its  eccentri- 
city, position ♦  and  magnitude,  would  all  be  determined  from  the  pofifiont  magnitude ^  and  curvattfn^  of  this 
element,  and  the  laws  of  elliptic  motion.  In  a  word,  it  would  be  a  real  ellipse  of  curvature  to  the  actual  curve 
described  by  the  planet,  at  that  particular  instant,  subjected  to  the  conditions  of  having  its  focus  in  the  sun, 
and  satisfying  the  other  lawi  of  tlliptic  motion  during  that  moment*  The  elements  of  the  planet's  orhit  then, 
at  any  moment,  are  no  other  than  the  elements  of  this  ellipse,  and  are  determined  from  three  consecutive 
places  of  the  planet,  infinitely  near  each  other.  Thus  every  inequality  in  its  motion  will  produce  a  corres- 
ponding fluctuation  iu  the  elements,  which  will  thus  be  subject  to  as  many  equations,  periodical  or  otherwise, 
as  the  planet's  motion  itself  is  affected  with. 

The  periodical  terms  thus  originating  m  the  elements,  wull,  in  the  course  of  many  revolutions,  compensate 
each  other ;  but  if  it  should  happen  that  terms  not  periodical  should  find  their  way  into  their  values^  these 
will  ex)iress  secular  changes,  which  it  becomes  of  the  utmost  importance  to  investigate. 

To  determine  the  ellipse  of  curvature  at  any  instant,  is  a  matter  of  no  difficulty;  we  have  only  to  call  to 
mind  that  any  one  of  the  constants  in  its  equation  may  be  insulated,  and  expressed  in  terms  of  the  co-ordi- 
nates and  their  differential  co-efficients,  by  the  mere  operations  of  differentiating  and  eliminating  j  so  that^ 
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Aitronomj.  mpposing  the  co-ordinates  and  their  differential  co-efficient8  given  at  any  instant,  any  one  of  the  constants  n 
'  may  have  its  value  ascertained  by  simple  substitution.     But  it  is  not  necessary  to  go  through  these  processes  ^ 
— we  may  avoid  that  trouble  by  recurring  to  the  origin  of  the  ellipse  itself.     Now  all  we  know  of  it  is,  that  it  ^ 
satisfies  the  dynamical  relations  of  the  problem,  on  the  supposition  of  the  disturbing  forces  ceasing  to  act  at 
the  instant  dt.    Consequently  its  equations,  however  transformed,  must  be  such  as  to  satisfy  the  differential 
equations 


(P  X 

*'i-' 

dt^ 

*'■}■=• 

d^z 
dt^ 

.^•=. 

and  its  elements  will  be  the  constants  introduced  by  the  integration  of  these,  or  known  fimctfons  of  them. 

For  instance,  let  us  consider  its  major  semiaxis.  If  we  pursue  with  these  the  same  process  of  integratioD 
by  which  equation  (109)  was  obtained,  viz.  multiply  the  first  by  dx,  the  second  by  dy,  and  the  third  by  <fr 
and  add,  and  integrate,  we  find 

ft   _    %  fi  d3*  -f  dy*  4-  dz« 

a  r  dfi 

a  being  the  arbitrary  constant  introduced  by  integration  ;  and  if  we.  compare  thia  with  (33-),  we  shaU  set 
that  a  is  the  semiaxis  of  the  ellipse.  Thus  we  know,  that  all  that  is  neeessary  to  obtain  the  semiaxis  of- 
the  ellipse  of  curvature  at  any  instant  (let  the  body  describe  what  curve  it  will)  is  merely  to  substitute  finr 
d  X         dy         d  z 


J  *  '      ^  .  '  -,  in  the  expression 

dt         d  t         at 


)» 


those  values  which,  in  the  case  proposed,  they  actually  have  in  virtue  of  the  real  motion  of  the  body,  such  as 
the  forces  in  action  make  it. 

Now,  in  the  case  of  disturbed  motion,  dx,  dy,  dz,  are  given  by  the  equation  (94)- f  for  if  we  integnte 
these  after  midtiplying  them  respectively  by  2  d  x,  ^dy,  ^dz,  we  find 

(4f)'=-'>^— /4^- 
(4f)•=-'•/-^^-'•'/4f-' 
consequently  adding  all  together. 


A£t 


and  sabstituting,.  we  get 


or    Jt. 
a 


2ni'/*dO 

The  same  result  wiQ  be  obtained  as  follows  : — ^If  we  integrate,,  as  in  (10^),  and  instead  of  adding  explicidy 

the  arbitrary  quantity  —  to  complete  the  integral,  regard  it  as  included  under  the  sign  /  we  have 

9  a  d  j:«  4-  d  V*  4-  d-2®  .  /» 

r  d&  J 

bi^t  if  a  be  the  majpr  semiasus  of  the  elCpse  of  curvature, 

a"     9  d^fi 

Hence  wegel  /at 


=e   9  m' 


If  (a)  be  the  nn^or  semiaatis  at  the  commeneement  of  th^ttme  i,  vaAj  d  Q  be  taken,  so  as  to  Tanish  when 
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nmy.  i  ^  Oj  we  hare 


a 


(a) 


III  this  iiistrince  wc  have  Imd  no  ilifficiilty  in  arriving  at  njice  at  the  finite  expression  for  the  varied  element. 
But  it  is  in  other  cases  more  commodious  to  express  its  momcntimj  variation.  Let  us  therefore  defiote  by  the 
ctiaractcristic  f,  that  peculiar  variation  hy  uhidi  the  elliiisc  of  curvature  passes  from  the  form  imd  position  it 
had  during  dl  to  that  which  it  has  iu  the  consecueive  instant,  then  ?  a,  ^  e,  S  tt,  &c.  w!li  be  the  momentary 
Tariations  of  its  scmiaxis,  ecceiitricitVi  perihelion,  kc.  Moreover,  <^  r,  ^  i/,  ^  r,  and  *^  r^  will  represent  the 
excesses  of  the  values  of  r,  tf,  z,  r,  m  the  varied  ellipse  ;  not  over  what  they  wert  in  the  former  instimt,  but 
over  what  they  trouhl  have  betn  had  that  ellipse  remained  un;dlered.  Bui,  both  in  the  one  case  and  the  other, 
the  point  in  the  ellipse  to  which  they  correspond,  coincides  wUh  the  real  place  of  the  planet.  Hence  the 
lines  Xj  y,  z,  r^  are  the  same  in  the  varied  ellipse,  in  the  unvaried^  and  in  the  actwal  curve  describetl  j  so  that 

d  X         d  y     ^  d  z 
0  jr  =  Oj  I  ij  -=  o,  I  z  ^  0,  and  ^  r  =  o.    Again,  ^  * 


-^.  a- 


are  the   excesses   of  the   values  of 


d  X 

dt  ' 

i&j  had 


dz 
dt 


di 
the  disturbing 
vanish,   had  the    body 


dt  '  ~    di  '       dt 

in  the  varied  ellipse  over  what  tliey  would  have  been  had  the  ellipse  not  varied — that 

force  not  acted, — in  the  instant  consecutive   to  d  L     I'heir  values  therefore  would 


remained    in    its  former  ellipse,  and,  in  general,   will   be  obtained  by   subtracting 

d  X 

from  the  values  actually  assumed  by  — r— ^  &c.  in  the  consecutive  instant  in  the  curve,  what  icould  have  been 

d  t 

assumed  by  them  had  the  body  continued  in  the  same  ellipse,  or  had  the  disturbing  forces  ceased  to  act  at  tlie 

end  of  ii  L    Now,  in  the  curiae  the  consecutive  value  of  — r:r  *s 

d  t 


d  X 
dt 


+  rf 


1— 


dx 
dt 


-{ 


dx  } 


becouse  — =-  + 


da 


being  the  force  in  the  curve^  we  must  have  d 


dj   _       f 
dt   ^      V 


/t  X 


dt         ^  '  d 

•the  other  hand^  had  the  disturbing  force  ceased  acting,  wc  should  have  had  simply  d 


d  X 
dt 


di. 


fi  X 


On 


d  X 
8o  that  the  consecutive  ^•alue  of  -  ,  ^    wouM  hate  been  merely 

at 


dx 
di 


p  X 


dt. 


Mence  we  have 
&nd  similarly 


£ 


dx 
d  t 
dj_ 
di 
d  z 
dt 


dQ 

dx 

da 

dO 


dt 


di 


dt 


(166) 


-To  explain  how  the  variations  so  obtained  may  be  employed,  let  us  take  again  the  case  already  treated, 

/i  _   2  ^        d  X-  H-  d  f-  +  rf  2^ 
a   ~  "^7  "      dT^ 

If  we  differentiate  this  relative  to  the  characteristic  ^,  we  get 

^  g^gg  _  ^  g  ^  g  r         ^fc/x         d  X  dy    ^    dy  d  z 


d  X 
in  which ^  putting  $  r  —  o,  and  for  c  -— — 


dt         dt  di         dtdt 

&c,,  their  values  above  fomid,  wc  find 


d  z 


fii  a 


—  -^  2  m' 


■{ 


__  dx  -^  -^ —  dtj  ^  ^-—dz     =  2  m'  d  O 
dx  dy       -^         d  z 


I  a  is  the  momentary  variation  of  a  in  the  instant,  J  t,  so  that  this  equation  may  be  integrated  relative  to  i^ 
-«nd  we  get  ft  .  /^ 

the  same  result  as  before. 

Before  we  proceed  farther,  we  will  stop  to  draw  from  this  expre*ision  of  the  reciprocal  axis,  a  most  impor- 
tant conclusion.  It  is  this — that  all  the  variations  to  which  the  major  axes  of  the  planetary  orbits  are  sub- 
jected by  their  mutual  attraction  are  periodical^and  that  the  mean  diiitances,  and  consequently  the  mean 
motions  of  the  planets  are  subject  to  no  secular  variations.  In  fact,  when  we  consider  only  the  first  power  of  the 
disturbing  forces,  we  have  already  proved  that  the  developement  of  O  is  entirely  composed  of  terms  of  the  form 

A  .  cos  (iW  -\-  kV  -h  I  V") 
lience  ._        ^       ^.  rfW  *^^  \ 

V  ndi  ndt/ 


d  a  =  A 
=  A. 


dt    '       nd 
{i  -hk)  .  sin  { (i  +  k)ni  ^  (i  —  i)  »'i 


sin  (i  W  -h  k  V  +  I VO 

+  {i  +  k)  c 


-^  (i^O^  -kw-lw^] 
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Astronomy,  which  is  always  periodic  unless  i  +  k  =z  o  and  i  ^  I  =  o,  when  tlie  argument  becomes  simply  i(r  ^i/)  n,  ft 
^^^        ^  constant  quantity  j  but  in  this  case  the  whole  term  vanishes  by  the  disappearance  of  its  co-efficient.    Thus^ 

d  O  and^  of  course,  /  d  O  contains  no  term  multiplied  by  t,  and  none  but  what  is  periodic ;  consequenfly, 

—  is  periodic  also. 

This  beautiful  result,  the  demonstration  of  which  is  of  almost  elementary  simplicity,  assures  us  of  the 
impossibility  of  any  of  the  bodies  of  our  system  ever  leaving  it  in  consequence  of  the  disturbances  it  may 
experience,  and  secures  the  general  permanence  of  the  whole,  by  keeping  the  mean  distances  and  periodic 
times  perpetually  fluctuating  between  certain  limits  (very  restricted  ones)  which  they  can  neither  exceed  nor 
£Edl  short  of. 

L#et  us  next  consider  the  variation  in  the  position  of  the  plane  of  the  disturbed  orbit.  The  equations 
(4),  (5),  and  (6),  give 

,  dx  dy  dt  dz  ^,,  dy  dz 

dt  dt  dt  dt  dt         ^    dt 

These  quantities  in  the  case  of  elliptic  motion  are  constant,  but  in  that  of  disturbed  motion  they  will 
equally  hold  good,  if  h,  hf,  K\  be  regarded  as  variable.  Now,  either  on  the  one  or  the  other  supposition,  if 
we  multiply  the  first  by  z,  the  second  by  —  y,  and  the  third  by  x,  and  add,  we  get 

Az  —  A'y  +  A''x  =  o 

which  is  the  same  with  equation  (7).  But  if  we  mutiply  the  first  by  d  z,  the  second  by  —  d  y,  and  the  third 
by  d  X,  we  shall  also  obtain  by  addition, 

hdz'-'Vdy  +  U'dx=:o 
Consequently,  even  when  we  regard  hhf  hf'  as  variable,  still  the  equation  hz  ^  hfy  -f  h^^x  ^  o  and  its  dif- 
ferential relative  to  x,  y,  z,  subsist  together,  just  as  if  h,  hf,  W  were  constant.  Hence,  it  appears,  that  the 
body  at  the  end  of  the  instant  dt\%  still  found  in  the  plane  represented  by  A  z  —  A^  y  +  V  x  =  o,  or,  that 
this  plane  is  the  plane  in  which  the  elementary  arc  described  in  the  instant  d  t,  lies.  If  therefore  we  call  ^ 
its  inclination  to  that  of  the  x  and  y  taken  as  a  fixed  plane,  and  w  the  longitude  of  its  ascending  node,  we  have 

tan0  =  — ^^i-^;  tan«  =  ^;  Ata(l  -e«)  =  A«  +  V*  +  /r'^j  (167) 

whence  these  elements  (viz.  the  inclination,  the  longitude  of  the  node>  and  the  semiparameter,)  are  expressed 
in  terms  of  h,  f/,  A". 

That  the  equation  hdz  ^h'  dy  +  hf^  dx  ^  o  must  hold  good  at  the  same  time  with  hz  --  h^y  +  lif' x^o 
is  also  evident  from  this  consideration,  that  although  the  ellipse,  it  is  true,  varies  from  one  instant  to 
another,  yet  it  must  be  regarded  as  invariable,  while  the  body  describes  each  of  its  elementary  portions ; 
because,  by  hypothesis,  it  is  so  adjusted  that  the  body  shall  remain  in  its  circumference  during  the  whole  of 
the  instant  d  t,  and  it  is  not  till  the  consecutive  instant  that  it  is  necessitated  to  change  its  form,  &c  to 
accommodate  itself  to  the  new  course  taken  by  the  body.  The  same  reasoning  holds  for  any  other  finite 
equation  of  elliptic  motion.  Its  first  differential  may  be  taken,  as  if  the  arbitrary  constants  it  involves  were 
rigorously  such.  The  disturbing  forces  make  no  change  on  x,  y,  z,  r,  their  consecutive  values  remain 
X  -^  dx,  y  -^  d  y,  z  +  d  z,  r  -^  d  r,  as  before,  and  are  common  both  to  the  curve  and  the  ellipse,  it  is  for 
the  consecutive  values  of  r/x,  d  y,  d  z,  that  they  differ,  these  becoming  dx  +  cPx-f^dx  for  the  curve,  and 
dx  +  <Px  for  the  ellipse. 

This  premised,  we  have  only  to  inquire  the  variations  of  h,  //,  A'^j  and  to  this  end,  by  the  equations 
(4,  5,  6,)  we  have 

^   d  X  ^   dy         -,^  ^    d  x  ^   dz         .,„  ^    dy  ^    d  z 

,       t..  t.       ^.      .       ^     ,  dx     ^  dy     ^   dz       ^.        ,  ,  dO    ,,  ,  dO  ^,        ,  .^^j, 

In  which,  substituting  for  ^  — ; — ,  c  — -^-,  c  — - — ,  their  values  —  m'  -3 —  dt,  —  m'  -3 —  d  t,  and       wr.  - —  at, 
^  dt  dt  dt  dx  dy  dz 

we  find  ^  ,  ,  (       dCl  d  Q  )   , 

^  A    =m'  \  X y  — —  \dt: 

(        dy  d  X  ) 

6  h'  =  m'  ^  X  — z  -; —  \dt;      > (168; 

\        dz  dx  )  I 

and  integrating  relative  to  t, 

.'=(.0+»^/{x4|--z4£]d^.  (169. «) 
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my,  wlierc  (A)^  (7/)^  and  (A'O*  represent  the  primitive  values  of  these  respective  quantities  at  the  commencement    rhjfsic&l 
-^-^  of  the  lime  ^.  Aitronomy. 

As  these  expressions  are  rigorous,  we  nmy  derive  from  them  all  the  laws  which  regulate  the  motion  of  the  ' 
tiodes  and  the  inclinations  of  the  planes  of  the  arbits  ;  but  as  it  is  only  the  secular  variations  which  concern 
us  at  present,  we  shall  not  regard  the  periodical  parts  of  the  expressions  within  the  brackets  under  the 
integml  signs.  To  develope  them,  we  mu&t  consider  the  orbits  as  inclined  to  the  plane  of  the  r,  y  ^  but  if  we 
take  the  undisturbed  orbit  of  m  for  this  plane^  the  raluc  of  z  at  any  time  f  will  be  of  the  order  of  the  dis- 
turbiag'  forces,  and  z^  will  be  a  very  small  quantity  j  so  that  i',  z  z\  and  /%  may  be  neglected.  Htncc 
r  (=  */x^  +  y^  +  5^)  and  /,  will  represent  with  this  d^^r^e  t>f  approximation^  their  projections  OE  the  plane 
of  the  JTj  y,  and  we  have  (calling  s  the  tangent  of  m's  latitude,) 

X  =  r  .  cos  ^^  ^  =  r  .  sin  ^,    s  =  r  #  j     a/  =  r' ,  cos  e',  /  =  r^ ,  sin  ^^  a'  =  r' i' 

d  Q 
If  then  we  recur  to  the  express  ions  for  the  disturbing  forces  m'  -3—,  Sec.  in  Section  L  l*art  11.  we  shall  find 


dQ  dQ         .     .  ,    / 1         1  V 

fin  of  o  /I       1  . 


(170, 1) 

(170,  2) 
(170,  3) 


Now,  since  h  z  —  V  y  +  //'  j  =  o,  we  have  2=  —  -^x  +  -z^y 

h  h 


Suppose  then^  -—  =  p  and  ~  =  q,  and  let  the  quantities  corresponding  to  p  and  q  in  the  orbit  of  tu  be  j/ 

and  q' ;  thcHj  if0,  0',  be  the  inclinations  of  the  two  orbits  to  the  fixed  planCj  and  **?,  to'^  the  longitudes  of 

their  ascending  nodesj  we  shall  have  tan  0  =  Vp*~f~^,  tan  w  ==  ~,  tan  tf/  ^  Vp'*  +  /*,  tan  *if'  =  ^, 

Y  9 

and  thus,  when  p  and  q  are  determined,  the-  inclinations  and  places  of  the  nodes  arc  easily  found.    We  hevcj 
moreover, 

t=^y— pjT,       ;£'=//—  p'jt' 

z  a:'  ^  X  r'  =  (p*  —  p)  X  ar'  +  ^  y  jr'  —  /  X  y' 
•  «  /  —  Sf  ^  —  —  (^^  ~  9)  y  y'  "  p  X  /  +  p'  y  / 

and  if  we  therefore  suppose  for  a  moment  M  =  -^  ^ , 

~^  =  m^M,{iJ/~p)xx^  +  q^fx^^q^^s/} 
dh'' 

Now,  our  design  being  to  eliminate  h,  h\  h'\  from  the  formula;,  and  obtain  expressions  involving  only  p  and 

f,  from  which  ft,  h\  U*,  may  be  deduced  if  wanted,  we  differentiate  the  equations  /'  =  -f  and  q  «  ^,    when 
we  find 

^P  ^ !_  /  d  h"  ^       dh  V  if  ?    _   ^    /  ^  '''  '^  ft  \ 

^ *         A  I  rf *    ^  di }     dt  "T  [it  ~  ^ in") 

and  if  we  substitute  in  tiiese,  the  values  of  — r-!-,  — — ,  and  — ^,  as  above  found,  we  shall  eet 

a  t       a  t  d  i  - 


I 


P 


AL_tt'M     (p'-p)^^  -  0/  -  g)r/ 


di     -'"  *-*' A ^-— x[(p'^p)y-  t/-9)/} 

But  if  we  neglect  the  squares  of  the  disturbing  forces,  and  the  eccentricities  and  inclinations  of  the  orbits,  we 

==  =     .— i  so  that  these  expressions  become 


m^ 


liave  —  =  — =^ ^^__^  _      _ 

A         ^(1  +  m)  tl-^  c').a       Va 


4£-  =  ^^^y-p^^zj^-^^^\ 


(171) 
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4f  =  »-M.<^->'''-"'-«"^.  owJS 

Let  U8  suppose  the  function  (cfi -^^  af/  .cosw  +  af^       dervlopeii  in  a  series  of  cossiefl  of  tr,  anci  Hi 
Bultlpks  S  +  S^.  cos  to  +  S'^ .  cos  2  ID  +  &c« 

then  we  shall  have^  by  (135) 

aH2.4  2«.4.6  J  ^^ 

and  if  we  neglect  in  the  present  research,  as  is  allowable,  the  eccentricities  and  inclinations,  or  suppose  the 
orbits  circular  and  in  one  plane. 


M 


=  ij-  i  =  (ij  -  S  )^  S' .  cos  ((?'-  ^)  -  S^'.cos^  (^  •  0)  -  &c.  (174) 

y[{p'-p)oc'^  (/-9)/}  =s««'.illli.{cofl(^  +  ^)  -cos(a'-(?)}5  (175) 

+  a<^.  £lzZ{«ia  (^  +  ^)  -  sin  (^  •  ^)} 
t[(/-P)  a/-  (/-  9)  /}  =  a<^.  ^l=l^{co8(^  +  (^  +  co8  (^-  ^)]  i  (m 

'-aa'.  ^  1  ^[sin  (^  +  ^)  +  sin  (d'  -  ^)  } 

Each  of  these  latter  quantities  is  to  be  combined  witKM  by  multiplication,  and  in  resolving  each  af  the  pro- 
ducts of  sines  and  cosines  so  originating  into  simple  sines  and  cosines  of  sums  and  differences,  it  is  obvious  that 
constant  terms  will  arise  whenever  similar  terms  are  combined,  by  reason  of  the  property  cos  A  x  cos  A  =  | 
cos  2  A  +  ^.  Now  the  only  argument  common  to  both  fectors  is  ^  —  ^  ;  and,  of  course,  the  only  terms  in 
(174)  and  (175)  from  whose  combination  a  constant  term  can  originate,  are  —  S' .  cos  (0  —  ^)  and  —an'; 

-=— —  .  cos  (d'  —  ^).     CSonsequently,  if  we  reject  all  the  periodical  terms,  and  put  /  =  — —  S',  we  have 

4^  =  -^. /.(/-,);  (177,1) 

at         V  a 

and  similarly 

If  we  go  through  a  process  exactly  analogous,  so  as  to  obtain  dififerential  equations  for  determining  p'  and 
€f  relative  to  the  orbit  of  m',  we  shall  find  them  to  be 

These  four  equations,  being  of  the  first  order,  and  with  constant  co-efficients  (for  the  secular  variations  of 

c,  Jy  and  therefore  of  S'  and  of x  S'  or  /,  which  are  symmetrical  functions  of  a,  c^,  vanish,)  are  easilf 

integrated.  As  they  subsist  simultaneously  among  the  four  variables  p,  p',  q,  9',  we  may  integrate  them  all 
together,  if  we  assume 

p  =  A  .  sin  (g  <  +  Jfc)        p'  =r  A' .  sin  (g  r+  At) 

9  =  A  .  cos  (g  <  +  *)         /  ==  A' .  cos  (g  <  +  A) 
for  if  we  substitute  these  values,  we  find  that  the  variable  part  divides  off,  and  there  remain  the  foUowing 
equations  of  condition  between  the  constants  A,  hf,  and  g, 

gA  =  -^I(A>      A),  078,1) 

V  o 
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A'=  -^  I  <A  -  AO  ; 


(178,  2) 


Astronomy. 


In  these  one  of  iht  constaiits  A,  A',  g,  renmms  iodeternimatc.     I^t  this  he  A^  tlien  eliminatmg  /if,  we  get 
for  ileteriiiiiung  g. 


g  =  0,  or  g=  ~ 


m 
wi  V  a  +  »?/  v'^  "' 


(179,  1,  S) 


\  d  a 


I 


I 


Now  it  is  evident,  that  if  g  and  ^^  be  two  ralucs  of  g  which  satisfy  the  etjualloTis  of  condition,  then  A  .  sm 

{g  I  +  k)  and  B  .  sin  (^  t  +  k')  will  each  be  satisfiictory  values  of /^  and  so  for  the  rest  3  consetjuently  (the 

epilations  being  linear)  their  sum  will  be  so,  and  we  have 

jp  =  A  .  Bin  (^  *  +  ^)  +  B  .  sin  Ar'  (IBO,  1) 

i^  =  A  .  cos  (g  t  +  ^)  +  B  .  cos  if  (180,2) 

ijf  =  A' .  sin  (gt  ^^  k)  +  B  ,  sin  1/  (180,  3) 

\q'  =  A' .  COS  (g  i  -h  Jt)  -f  B  .  coa  /f^  (ISO,  4) 

where  A,  B,  k,  kf,  are  four  aAitrary  constants,  and 

.^_^    «^^£WV2^     A'=-'-V2.A,  (I81,l,«, 

From  these  values  of  p  and  9,  ^  and  ^  it  is  easy  to  eliminate  sin  {gt  -{■  k)  and  cos  (g  t  +  ft)  j  for  if  we 

multiply  (I80, 1)  by  m  ^/^  imd  (180, 3)  by  mf  ^  a',  and  add^  noticing  that  A  .  m  -v^  «  +  A' .  wi'  */7  ss  9 
by  reason  of  the  relation  between  A  and  A'  (181,  2)  we  get 

m  */ a,p  4-  m'  V  a' .  p'  =^  (»i  v^  +  wi'  -/  a')  B  •  sin  ^  =  constant  j  (1S2) 

and  similarly^ 

ni  V  a  ,  g  +  »/  ^  a\  q'  =  (m  V  fi  +  m'  V  a')  B  .  cos  A'  =  conat.  5  (185) 

Moreover,  we  have 

tan  0«  =  p«  4-  9-  =  ^'A=  +  B«)  +  «  AB  .  cos  (g  f  +  ft  -  Ir')  j  '      (184,  1) 

tan  ?/«  =  p'^  4*  /^  =  (A'*  +  W)  +  2  A^  *  cos  (^^  f  +  ^  -  ^)  j  '        (184,  ^> 

Consequently, 

VI  VT,  tan  i>'^  +  m'  a/V  .  tan  ^'*  =  m  VT(k*  +  B"-)  +  to'  -/"?  (A'«  +  B*)  =  constant  j  (185) 

The  arbitrary  constants  A,  B,  k,  k^,  may  be  determined  in  any  particular  ca«e,  either  by  comparing  the 
general  expressions  for  pj  p%  q^  q\  witli  their  actual  values  at  any  assigned  instant  as  derived  from  observa- 
tion, or  from  tbese  last  derived  equations  j  for  since  p^  +  9^  ^  tan  0**  and  —  =  tan  k'^  we  have 

p  =  tan  0  .  sin  w ;     g  =  tan  0  ,  cos  tu  ;     j/  ^  tan  0' .  sin  a/  5     /  =  tan  0^  cos  «^  j  (186) 

Now  the  equation  (180)  gives 

(p'  -  p)  =  (A'  -  A)  .  sin  ( g  i  +  ft)  J     9'  -  9^  (^'  -  A)  *  ^*>s  ii  '  +  ^) 
consequently,  if  we  take  £  =  o,  or  if  we  assume  for  our  data,  the  elements  0,  0^,  m,  n/,  as  they  were  observed 
fit  the  epoch  or  origin  of  the  time  f,  we  find 

j/  ^^  p         tan  0' .  sin  u/  —  tan  0  .  sin  m 


tan  ft  = 


tf^q        tan  0^ .  cos  *^'  «-  tan  0  ,  cos  w  ' 


(187) 


Hence  A  and  A'  are  found  j  for,  the  valnea  of  S,  S'^  &c,  being  known  from  equations  (173),  /  = 
also  known  i  and  since  by  (181,  %) 

A'  -  A  =  ^ 


W  n 


J  ^' 


A  we  get  A  ^ 


Again,  if  we  divide  (L82)  by  (183),  we  find 

m  V  a  .  tan  0  .  sin  *'  +  «/  V^^ ,  tan  0^ .  sin  at* 


(n*  V  a  +  w'  V  a')  sin  ft 


tan  ft'  = 


B  ^ 


wi  V  a  .  tan  0  .  cos  w  +  f?*'  V  a  *  tan  0^  -  ctw  ui^ 
(I  .  tan  0  *  sin  w  +  ni'  V^ ,  tan  0^  ♦  sin  «/ 


(188) 


(139) 


(190) 


(m  V  (1  +  m'  'Z  a  )  ,  sin  ft' 

These  constants  once  computed,   th§  laws,  periods,  and  limits  of  the  nuitions  of  fhe  -planes  of  both  orbits 

are  known.     The  period  in  which  the  ineijualitiea  recur  is  deducible  at  once  frmn  the  value  of^.     If  we  expre^ 

the  time  i  in  Julian  years,  n,  nf  represent  the  mean  motions  of  the  planets  m,  vi\  in  one  such  year,  in  parts 

4  y2 
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Astronomy,  of  a  whole  circumference,  and  n«  a^  =  1,  that  is,  ^/V^  — ,  hence  g  ( =z  -^  I .  f-^  +  -^\^  wOi  bcA^ 

found  as  follows  : —  g  ^z  ^  {riin'  c^  •{'  m'  n  a)  .  1 

and  if  we  call  T  the  whole  period,  —  g  T  =  1  circumference  =  1  \  and 

^  "^  "■  y^  {mnW  ■\-  mna)  .1  '  ^^^^) 

where  '^  ^   q/ 

If  R,  ;t^be  expressed  in  seconds,  the  numerator  of  T  instead  of  being  unity,  must  be  360  x  60  x  60^=919600(/^ 
The  limits  of  the  variations  of  the  inclinations  are  readily  found ;  for  it  appears  from  the  equations 
(184,  1,  2)  that  their  maxima  and  minima  occur  when  g  t  +  k  •-  hf  =  o  and  180*,  and  have  for  their  cor- 
responding values  A   +  B\     ^^.    A  —  B\  ,,^. 

Now,  it  is  obvious  from  the  values  of  p  and  q,  (180,  1,  2)  that  A  and  B  are  small  quantities  of  the  same  order 
as  p,  q ;  so  that  the  inclinations  can  never  increase  or  diminish  beyond  certain  very  narrow  limits.  This 
follows  too  from  the  equation  (185)  3  for  in  the  present  state  of  our  system,  tan  0  and  tan  <//  being  extremely 
small,  the  sum  m  -/  rt  .  tan  0*  +  w'  -v^  a' .  tan  0'*  is  always  a  very  minute  quantity ;  and  since  V  a  and  Vtf 

inust  both  be  taken  positively,  (for  V  a  =  —  and  n  is  positive  for  both  planets,  the  motion^  being  both  in 

the  same  direction)  neither  term  separately  can  exceed  the  value  of  the  constant ;  so  that  0  or  0^  must 
remain  for  ever  confined  to  a  value  not  greatly  different  from  what  it  now  has,  and  the  planes  of  the  planetaiy 
orbits  must  keep  for  ever  oscillating  within  very  confined  limits  about  their  mean  positions. 

With  regard  to  the  nodes  it  is  different.  These  are  liable  to  great  changes  of  place,  and  may  even  circa- 
late  for  ever  in  one  direction  without  returning.  In  fact,  if  we  would  determine  the  maxima  and  minima  of 
their  longitudes,  we  have  only  to  put  d  w  =z  0,  du/  =s  0 ;  the  roots  of  which  equations,  if  real,  will  indicate 
the  stationary  points ;  and,  if  imaginary,  will  shew  that  such  points  do  not  exists  or  that  the  nodes  circulate. 
Now  we  have 

d.tanu)  ,  dp         da  dp  da 

d  ft)  =  ■— — =  0,  or  d  .  tan  ft>  =  0,  or — ^  =  — ^,   or  q  -^ p  —^  =  0 

l  +  tanw*  P  9  dt        '^    dt 

in  which  equation^  substituting  for  -r^  and  —r^"  ^^^^  values  in  equations  (177, 1,  9)  we  find 

d  t  d  t 

q^  ^q^JfPj/  -p'^o,     or  p//  +  7^'=p'  +  9^  (1^) 

in  which^  substituting  forp,  |/,  q,  <f,  their  values  (180)  we  get  ultimately 

A  +  B  .  cos  (^*  +  ^  -  Ar')  =0    which  gives    cos  (^  <  +  Af  -  A/)  =  -  —  j  (194) 

Hence,  if  B  7  A  (no  regard  being  had  to  the  signs)  this  will  correspond  to  a  real  value  of  *,  and  the  node  will 
then  merely  have  a  libratory  motion,  advancing  and  receding  alternately ;  if  B  Z  A,  they  will  circulate  always 
in  one  direction.  In  the  former  case,  if  we  substitute  in  the  value  of  tan  0^  (equation  184,  1)  this  value  of 
cos  (5^  ^  +  A  —  y)  we  shall  find  tan  0*  =  B*  —  A^  3  tan  0  =  Vb**  —  A*,  which  gives  the  inclination  cor- 
responding to  the  stationary  points  of  the  node.     These  points  are  attained  when  cos(gf+Af— //)  =  ""S 

while  the  maxima  and  minima  of  the  inclinations  happen  when  cos  (gi  -\-  k  —  W)  •=z  -^X,  The  stationary 
positions  of  the  node  therefore  do  not  correspond  either  to  the  maxima  and  minima  of  the  inclinations,  or  to 
the  semi-intervals  between  them. 

If  we  had  considered  more  than  two  bodies  the  results  would  have  been  analogous,  and  we  should  hare 
arrived  at  similar  expressions  for  p  and  7  only  containing  more  terms,  and  analogous  equations  to  those  in 
182,  183,  and  185,  viz. 

m  ^^ir./>  +  m'  vT?  .  p'  -f  m'^  V  a^\j/'  -f  &c.  =  const. 
m  V  a  ,q  -{-  mf 
m  'v/  a  .  tan  0' 
Let  us  apply  this  theory  to  an  example,  and  we  will  take  that  of  the  orbits  of  Jupiter  and  Saturn,  the  two 
principal  planets  of  our  system.     If  we  take  for  our  epoch  the  year  1700,  we  have,  by  Halley's  tables, 
w  =  101°     5'  6' ;     0  =  2°  30'  10'; ;     a  =  9-54007 
a/  =     97''  34'  9'';     0^  =  P  19'  lO'j     a'  =  5  20098 
Hence  we  find  the  values  ofp,  //,  q,  (f,  for  that  epoch,  by  the  equations  (186)  as  follows  : — 
p  =  a04078,  9  =  -  0 01573  5     p'  =  0 02283,     9'  =  -  000303 

whence,  having  computed  J,  and  assuming  m'  =  —---  and  m  =  rr:^»  we  shall  find  A,  B,  k,  Ac'  and  ^  as  follows; 

1067  ouOo 


m'  V7  .  p'  -f  m"  a/V'  .  p"  +  &c.  =  const.  "^ 

m'  ^/~^  .  q"  +  m"  a/"^'  .  f  +  &c.  =  const.  >  ,  •  •  • (195) 

pi  +  „/  ^/"7 .  tan  0'«  +  w"  a/"7'  .  tan  0"«  +  &c.  =  const. J 
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B  =  0  051)05  ;     A  =  0  01537  ;     k  =  K5^  15'  4(/%     ^  =  103''  38'  40'' 
and  A'  =  —  0  00601,  and  finally  g  =  —  SL^'Sl^S 
Hence  we  obtain,  in  the  case  of  Saturn ^ 

tan  0  =  003387  .  Vl  -|-  0'62C65  .  cos  {21'' 37'  —  t  X  St^'^m] 
and  for  Jupiter, 


tan  0'  =  0  05080  ,  Vl  —  0*43^90  .  cos  {^1'=*  37'  -  t  x  ^5"  5736  } 
Also  we  have  B  +  A  =  0*04442  j  B  —  A  «  001368,  so  that  the  maxima  and  minima  of  the  inclinations  of 
Siiturn's  orbit  are  2°  32'  40^'  and  0°  47'f  and   its  greatest  deviation  from  the  mean  state  will  not  exceed  52^ 
hif.     In  Jupiter's  orbit  the  maximum  is  ^'^  2'  SO",  and  the  oiinimum  T  17'  10^'j  and  the  g^reatest  deviation 
from  a  mean  state  O"^  2^'  40". 

1  he  longitude  of  the  node,  t^^  has  a  maximam  and  a  minimum  in  both  orbits,  because  B  7  A  j  and  the 
extent  of  its  iibrations  will  be,  in  the  case  of  Jupiter*s  orbit,  13"  9'  4t>",  and  in  that  of  Saturn's,  31**  56'  20" 
on  either  side  of  its  mean  station,  on  the  plane  of  the  ecliptic  supposed  immoveable. 

The  period  in  which  these  changes  take  place,  or  the  whole  time  in  which  the  inclinations  vary  from  their 

greatest  to  their  least  values,  and  the  nodes  from  their  greatest  to  their  least  long:itudes,  and  back  again^  is 

3G0'  3f>0=^  ,^^,,,  ^  ,.  .  .    1         ,      i./t. 

equal  to =  —  50673  Julian  years ;  an  immense  period,  and  which  may  serve  to  give  some 

g  23  '5756 

idea  of  the  extent  to  which  the  Newtonian  theory,  assisted  by  fhe  refined  methods  of  the  modern  analysis, 
enables  ua  to  carry  our  views  of  the  past  and  future  condition  of  our  system  ;  as  this,  though  subject  of  course 
to  some  subordinate  corrections,  is  perhaps  one  of  tlie  least  uncertain  of  the  results  of  perturbation. 

Let  us  now  consider  the  secular  variations  of  the  eccentricities  and  aphelia.  Our  first  object,  agreeable  to 
the  theory  of  the  variation  of  the  arbitrary  constants  already  exposed,  must  be  to  obtain  such  an  equation  of 
the  ellipse  of  curvature  as  shall  be  adapted  to  our  purpose,  by  containing  these  elements  (or  convenient  func- 
tions of  them)  in  a  state  sufficiently  disengaged  from  the  variables  j:,  y,  z,  and  their  differentials.     Now  if  wc 


X      y      z 
differentiate  the  quantities  — ;  -^,  — -^  noticing  that  r*  =  jr*  -f 


r 


r  d  X  ^  X  d  r 


If^  -I-  «S  we  get 
fg  dx  ^  X  .rdr  _  r'^  d i  —  ^  x  d  (r') 


_  (gg  ^  y^  -\-  1^)  dx  —  (xdx  +  ijdy  +  1  d  z)  .X 
^  ff  (ydx  —  X  dif)  -J-  z  (zdx  —  x  d  z) 


I 


That  is,  substituting  for  y  t?  r  —  j  tf  y  and  t  d  x  ^  xdz  their  values  h  d  i,  h^  d  f, 

-  hx  -\-  h" 


similarly. 


(f)= 


Now,  in  the  case  of  elliptic  motion^ 
substituting  these,  we  obtain 

and  integrating! 


consequently 


dt  dt  } 


(19<?.  1) 
(196,  S) 

{196,  3) 

These  equations  will  sen'cour  purpose,  as  the  arbitrary  constants/,/',/",  are  completely  disengaged  ;  but 
before  we  proceed  to  employ  them,  we  must  determine  the  values  of //',/^',  in  terms  of  the  elements,  and 
vice  vena;  and  for  this  purpose  must  first  eliminate  the  differential  co-efficients,  which  (from  the  peculiar 
form  of  the  equations)  is  practicable,  by  merely  midtiplying  the  first  by  x,  the  second  by  ^,  and  the  third  by 
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AttNMMBy.  X ;  and  adding  the  nmltt>  tvli«n  we  get         ° 

or,  by  reason  of  the  equatioos  (4)  (5)  (€), 

fLT  =/*  +y>  +/"«  +  (A*  +  i'»  +  ;."«) }  (197) 

This  equation  expresses  the  general  property  of  the  conic  sections,  in  virtue  of  which  a  line  drawn  from  the 
focus  to  the  circamference  is  always  in  a  given  ratio  to  a  perpendicular  let  &n  from  IStat  point  on  the  ifirectris. 
If  we  multiply  (L96,  I)  by  tC,  (196,  9)  by  —  A',  and  {\96,  S)  by  h,  and  take  the  sum  of  the  results, 
(observing  that  hf'  x  —  K  y  ^-  hz  =  o)  it  will  be  found  that  all  the  variable  terms  win  destroy  eadi  other, 
leaving  simply  the  equation  of  condition, 

H'f-Vf  ^kfzz.o  (198) 

SupposeX,Y,  Z,  the  co-ordiBsite8(tftiteperibelinii.    At*hispoint«tr  s«,«rxdx +  9  dy -I- z4s  ssb 
hut  if  for  h,  V,  h",  we  write  their  values  in  (4)  (5)  («)  we  ha»» 

^-dT^^-JT--'' — d?— "+***• — "ili ^^^'^^ 

At  tbe  perihelion  therefore^  snbstitatiiig  for  y  d  y  +  xdz,  xdx  -f  z^z,  xdc-fjf  (2  y^  their  equals — XdX, 
—  Y  <{  Y^  and  -^  ZdZ,  respectirely,  these  qimnthies  become 

d  X»  +  <J  Y»  +  d  Z« 


-X. 

-  Y. 

-  Z. 


rfX«  -f  liV  4-tf15* 


Consequently  we  have,  putting  J  '^     ^  =  V*,  X«  +  Y«  +  Z«  =  R« 

f^X  (|.-.V«),    y^x=Y.(^-V«)5    /'  =  2(^^V*)5  (200) 

Hence  it  is  easy  to  obtain  the  following  equation, 

/'+/'»+/"*  =  a«  (-g;  -  V«y  ;  («01) 

Now  R  is  the  perihelion  distance,  R  =  a  (1  —  e)  and  V  being  the  velocity  at  the  perihelion,  we  have,  by 
(33)  V*  =  ;»  ^|.  _  i.^     Hence  we  get 

/»+/»+/".=  R.  (^  -  A)' =  ii!J!Lz_^' =  ^.^ 

^«=   Vf'+f*  +/'«;  (80?) 

Moreover  we  have 

/       X'    /      X'    Vp+r       -v^^+Y''  ^     ' 

But  —  is  the  tangent  of  the  longitude  of  the  perihelion,  or  of  the  angle  which  the  projection  of  the  perihelion 

distance  makes  with  the  axis  of  the  x  :  also,  tt  is  the  longitude  of  the  perihelion  reckoned  on  the  orbit;  and  if 
its  plane  is  but  very  little  inclined  to  that  of  the  x,  y,  this  angle  diflFers  frona  its  projection  on  that  plane  only 
by  a  very  small  quantity  of  the  second  order  j  so  that  if  we  disregard,  as  we  have  hitherto  done  in  this 
research,  the  squares  of  the  eccentricities,  inclinations,  and  disturbing  forces,  we  have 

tan  w^  =  ^  J  (204) 

These  three  equations,  viz.  tan  ir  =  ^,  ^  c  =  V^/*  +  /'«  +  f^,  and  lif^  —  h'/^  +  &"/  =  o,  determine 
Sff'if'i  in  terms  of  the  elements  of  the  orbit.    The  variations  of  the  eccentricities  and  longitudes  of  the 


Of-  |>erihelia,  e  and  7r/may  be  immediately  determined  from  tliose  of/and/\  so  that  it  Is  to  tlieae  we  sliall  now    PhyiikAl 
^^  turn  our  attention.     Resuming  then  the  equations  (196,  1,  ^,3)  let  us  differentiate  them  on  the  supposition  Astronomy. 
o£  f,f^,f^\  being  variable  quantities,  their  variations  being  such  as  to  express  the  effect  of  the  disturbing  ^^^^^'^ 
forces  only.     To  express  tbis  we  have  used  the  characteristic  ^,  and  we  shaU  continue  to  do  so,  to  keep  the 
principle  on  which  the  process  id  founded  distinctly  in  view.     No  incoBvenience  can  arise  from  the  confusion 
of  two  symbols,  B  and  d,  in  the  same  invest itJi^at ion,  when  we  bear  in  mind  that  any  expression  such  as  c  f 
denotes,  strictly,  the  whole  amount  of  the  momentary  chan^  which  the  quantity/undergoes  vvMle  the  phinet 

•  passes  from  one  ekmcntnry  porticn  of  its  imki^own  curi'c  to  that  imniediatebj  consecutive  to  rt,  while  such  expres- 
0ions  asdXfdg,  &c.j  denote  the  changes  which  x,  y,  &c.  undergo  while  it  passes  from  one  end  to  the  other  of 
th€  same  elementary  portion.     In  both  points  of  view,  the  accnmulated  effects  during  a  Jinlte  time  are  obtiuned 

^  by  the  same  rules  of  integration  j  tlie  wlmlc  variation  of/ is  legitimately  expressed  by  /  ^/  juSt  m  that  of  x 

I       p 

is  by  id  X,  and  when  lfi$  expressed  in  terms  of  cf  tj  the  integration  must  be  performed  in  the  usual  man- 
ner, as  on  a  function  of  I. 


We  have  thereforcj  since  5  —  =o,  5  —  —  o,  ^—  =  o 


+  '""17 


Substituting  therefore  for  £  h,  t^  h*  their  values  in  the  equations  (168)  for  c 


.    dfj 


-^  m  —I —  respectively  J  and  for  A,  h  ,  their  values aod 


di 

zd  X  -^  X  d  1 
dT 


dz 
di'   ^ 

-,  we  gel 


dQ 

(i  y 


and 


,      f       rf  O  dQ)  ,      f        d  Q  dQ  ) 

+  iydx^xdy)  -j—^  (zdx^xdz)^-j- 

,      f        dQ  dO)        ,      (        dQ  dQ} 

dx  \  X  -~^  -*  y  -j~  \  ^  dz  {  z  — y  — — 

I        d  y         ^    dx  )  I       dy  ^    dz    i 


X  m' (505,  I) 


+  {xdtj  -^  ydx} 


dO 


+   (zdy  ^  y  d  z) 


rfO 
~dV 


>  X  m'    (205,2) 


These  are  the  rigforous  values  of  ^f,  lf\  and  their  integrals  regarded  as  functions  of  ^  express  the  total 
variations  of  these  elements  produced  in  that  time.  But,  as  we  liave  done  in  the  less  complicated  theory  of 
the  nodes  and  inclinations  we  shall  nei^lect,  in  developing  them,  all  their  periodical  terms,  at  least  such  as 
depend  on  the  configurations  of  the  planets,  as  well  as  M  terms  containing  the  squares  of  the  distyrbing 
forces,  eccentricities^  and  inclinations,  and  take  the  primitive  orbit  of  m  for  our  fixed  plane.     This  will  sim- 

|>lify  them  greatly  j  for  in  this  case  s,  and  -r —  are  quantities  of  the  order  of  the  disturbing  forces,  and  there* 

fore,  when  multiplied  by  m',  may  be  rejected.  Moreover,  on  this  supposition,  it  is  indifferent  whether  we 
reckon  the  longitudes  on  the  orbit  or  on  the  fixed  plane^  since  the  difference  ifi  of  the  order  z*^  consequently, 
representing  that  of  m  by  0^  we  have 

X  =^  T  ,  cos  0,  y  =  r  .  sin  ^  3 
whence  we  find 

dQ  dQ 

X 


^  T  t  ,  sm 


f50<J) 


Now  we  have 
But  since 


^S^  -^V  -rx  -  h^^di 
a  0  ay 

d  Q   _  yl  _  /  —  y  _  sin  ^        r' ,  sin  (>'  —  r  .  ^in  <9 
d  y    ^  r"^ 


X' 


/^ 


X^ 


X  =  >/  r2  _^r  r\  cos  (0  —  t/'j  4.  r^ 
r  .  cos  (0  -  &")  I 

/*  ^    X 


Q  :^ 


dO   _  cos  (9  -^  </)         r  —  r' .  cos  (0  —  ^ 
dr    '^  r' «  "^  X5 


cm 
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dQ  r.  sin  (6 -9^         rr'.  ■In  (tf-^O  /««,x  ' 

dT  = PS ~  + X* ^**>^ 

dO         l(    dO      .    ^        dQ  -)  ..^. 

and  as  we  have  dy  sz  dr  .  sin  0  -k-  r  d0  .  cos  0,  and  hdtss  r^dO, 

a/=:  -  {  dr.  sin  ^+2rd  d.co8d}-j^   -  r«da  -l£.8in^l  (210) 

In  like  manner  we  should  haye  found 

«/'=  +  {dr.cos^-2rd^.8in^}-^   +  »^  d  d -^  .  cos  ^5  (211) 

Now,  if  we  neglect  the  squares  of  the  eccentricities,  we  have 

r  =  a{  1  —  e  .  cos  (^  —  ir)  },  d  r  =  a  e  .  sin  (^  —  w)  d  ^,  i^d0  =^  na*  dt, 
whence  we  have 

d^  =  ftd^(l  +  2e  .cos  (^  —  «-)  and  d  r  =  n  a  ed  * .  sin  (^  —  «-) 
and  consequently, 

^/=  —  nadt .  -T— - { (2  —  2 e .  cos  ^  —  it) ( 1  +2e.cos^— >)  .cos^  +  e.sin^  .  sin^  — v}  — n<^di.--p-$ 
a  0  Of 

which  reduced,  rejecting  c®,  becomes 

«/=:  -  m'ndt  L^^f^  COB0  +  -|-e.cos»  +  ^  .  cos  (2  d  -  ir)\H-  a«-^.sin^|         (2W) 

*  In  order  to  find  the  secular  |Murt  of  the  variation  of/,  we  must  develope  this  expression,  retaining  only  sndi 
terms  as  are  not  periodical.    Now,  recurring  to  the  notation  of  Sections  3,  4,  5,  Fart  II.  we  have 

^  =  n<  +  e+2e.  sin  V  =  V  +  «-  +  2  c  .  sin  V 
therefore  sin  ^  =  sin  (V  +  ir)  +  2  e .  sin  V  .  cos  (V  +  «r) 

=  sin  (V  -f  «r)  +  c  .  sin  (2  V  -h  ir)  —  e  .  sin  ir 
2  cos  ^  =  2  cos  (V  4-  «-)  —  4  e  .  sin  V.  sin  (V  +  w)  ^. 

=s  2  cos  (V  +  »-)  +  2  e    cos  (2  V  +  w")  —  2  «  .  cos  IT 

—  .  cos  (2  ^  —  «-)  =   —  .  cos  (2\  -^  v)  ;    —  .  cos  IT  =s   ---  .  cos  JT 
2  2  2  * 

neglecting  e^  &c.    Again  we  have 

^    dQ         , dQ     ,     ^^    dQ 

dr  da  dr 

.  dk 
When  this  therefore  is  multiplied  by  sm  0,  the  term  —  c  .  sin  w  will  combine  with  the  constant  term  <r  -j— " 

of  a*  -; — ,  and  produce  —  a«  e  .  -- —  .  sin  ^,  and  this  is  the  only  constant  term  which  can  arise  from 
d  a  '^  da 

a*  •-: — ,  because  every  other  term  contains  W,  and  therefore  both  V  and  V ;  while  the  value  of  sin  0  ccm- 
a  a 

tains  only   V,  and,    of  course,  V   cannot  be  destroyed  by  their   combination.      Again,  with   respect  to 

A  — — ,  it  has  been  proved,  that  (regarding  only  the  first  powers  of  the  eccentricities,)  this  is  resolvable 

dQ 
into  a  series  of  terms  of  the  form  A  .  cos  (i  W  +  V),  A .  cos  (i  W  +  V^.     Now,  since  A  — —  is  of  the  order 

of  the  eccentricities,  we  may  disregard  the  term  of  sin  0  multiplied  by  e,  and  take  it  simply  equal  to  sin 
(V  -f  3r).  If  we  multiply  this  into  the  series  2  A .  cos  (i W  +  V)  since  W  =  V  —  V  -f-  «r  —  x,  oidy  one 
term  can  produce  a  constant  argument,  viz.  that  into  which  V  does  not  enter,  or  in  which  t  =  o ;  that  is,  the 

term  multiplied  by  cos  V.     The  co-efficient  in  this  term  in  A  -- —  is  —  a  e  ,  (as  appears  from  (147), 

a  r  a  a* 

writing  -- —  for  O,  and  of  course  -- — ,  &c.  for  A,  &c.)    Hence  the  term  so  oiiginating  in  cfi  —j — .  sin  0  will 
d  r  da  **  ^ 

be  equal  to  the  constant  part  of  —  a'  e  --— —  .  cos  V  .  sin  (V  +  ^r),  that  is,  to — -  .  -r-r-  .  sin  »•.  Again 

*  a  a*  %         a  a* 

the  multiplication  of  sin  (V  +  at)  with  the  series  2  A  .  cos  (i  W  +  V)  will  produce  a  constant  term  by  the 

combination  of  sin  (V  -f  v)  with  cos  (W  +  VO  =  cos  (V  +  »•  —  ?/) .     The  co-efficient  of  cos  (W  +  V)  in 

the  developement  of  A  -— —  is la  - — ;— ^  4-  2  -r—  ) .    Hence  the  constant  part  of  a*  — ;; —  .  sin  ^  fo 

'^  dr  2\    dadcf  da)  ^  dr 
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;  originatlngr,  will  be  —  — -—  I  a'  - — -— j  +  2  — —  I  x  (the  constant  part  of  sin  (V  +  ^)  .  cos  (V  +  ir  —  7/)    Astronomy. 
^  *l      \     da  a  a  da/  c_^_    _^ j 

4  I       da  d  adtfj 


Let  us  next  consider  tlie  con*.tant  terms  which  can  oriijinate  from  the  part  multi|»lied  by  a 


40 


Thii 


quantity  ia  equal  to  a 


dO 

d  m 


dw  dQ  rfO     ,         ^    dO 

d0  dw  dW  ^  dw 


But  wc  have 


dQ 
dW 


=  -  A  ,  sin  W  -  2  A'  .  sin  S  W  -  &c. 


dQ 


and  as  all  these  contain  V,  and  this  arc  does  not  enter  into  any  of  the  terms  multiplying  -7-j-in  the  expres- 
sion of  ^/,  it  is  obvious  that  no  combination  not  containing:  V,  can  arise  in  this  way,  u  e.  no  constant  term 


~dW 


With  regard  to  A  — - —  being  already  of  the 

dw 


can  occur  in  tiie  part  of  the  devclopement  depending  on 

order  of  the  eccentricities^  it  need  only  be  combined  with  the  first  tenn,  ^  cos  6^  and  this  term  may  be  regarded 
as  equal  almply  to  2  .  cos  (V  *f  a-).     We  have  only  then  to  investigate  the  constant  part  of 


2  a  ,  cos  (V  H"  w) 


\       dw 


fP  Q 


Ar  + 


A  ^   + A  w  • 


dadW 
Kow  A  r  =  ^  a  c  .  sin  Vj     AV  =  —  </  e' .  sin  V,     A  to  =  2  e  ,  sin  V  —  2  c'  .  sin  V 

d  A* 

Ist.  The  combination     —  2  t?*  e  .  cos  V  ,  cos  (V  +  tt)  .  2  —  i  ——^  sin  i  W 

a  a 

i»n  contain  no  constant  term,  because  the  terms  sin  V  and  cos  (V  +  w)  cannot  eliminate  V  from  sin  t  W, 


2dly, 


d  A* 
—  2  a  a;'  e' .  cos  (V  +  ^)  ,  cos  V  ,  2  —  1  -p-7  sin  i  W 

a  a 


will  contain  a  constant  term,  for  taking  i  —  \,  cos  V  X  sin  W  =  |  sin  (W  -f  V)  +  J  sin  (W  -  ¥')>  the 
last  term  of  which  does  not  contain  Y\  being  equal  to  +  §  sin  ^  V  +  h-  —  tt')  .  The  combination  now  under 
consideration,  wiU  therefore  contain  the  term 

I  d  A' 

I  .  +  fl  fl'  eM  .  -— - ;  cos  (V  +  :r)  .  sin  (V  +  ^  -  w') 

d  u 


wbichj  developedj  will  produce  a  constant  term. 


e 


dA' 

d(f 


,  sm  ff 


Lastly^  the  combination 

4  cf .  cos  (V  +  x)  { e  .  sin  V  —  e' ,  sin  V'}  .2       i^  .  A* .  cos  i  W 
I  will  produce  a  constant  term  j  viz.  that  arising  from 

—  4  a  e'  .  cos  (V  +  -jr)  .  sin  V  x  —  1^  A' .  cos  W 
for  sin  V  .  cos  W  produces  a  term  free  from  V,  viz.  |  sin  (V  +  tt  —  tt')  which  again  combined  with  cos 

H   (V  +  ?r)  produces sin  w*  -^  so  that  the  complete  result  of  this  combination  i^ill  he 

I  -"  ^e'.A'.sin:/ 

H      Assembling  therefore  all  the  constant  terms  so  founds  we  get 

^^Re 


{     d  A         fl«  rf^  A 1 
hf  ^  m'  ,andl  .e  sm  w  \a  — h  —  -5—3- \ 

>    .       ,  f . ,         fl    d  A^        a^    dAf         a& 


(213) 


d^  A 


dad 


T-l 


I 


,e  value  of  5/'  may  be  derived  by  a  similar  process,  btit  without  executing  the  whole  process,  we  may  obtain 
it  more  readily  by  considering  the  expressions  (210)  and  (211)  we  then  see  that  ^/changes  to  cf  simply  by 

changing  0  ioB  ~  90^  but  leaving  r,  — —  and  — --^  unchanged.    Now  Q,  — —  and  ——-  remain  manifestly 

or  dv  ^  d  r  d  B  * 

unaltered,  whatever  direction  we  assume  as  that  from  which  we  reckon  the  longitudes.  Suppose  then  that 
■we  shift  this  direction  90°,  then  will  each  of  the  angles  B,  9^,  c,  e',  w,  7/,  be  diminished  90"^,  and  this  will 
produce  no  alteration  in  r,  becaii&e  B  —  tt  will  remain  unchanged-  Ilence,  the  effect  produced  by  this  change 
on  B  f  will  transform  it  into  £/'.  The  value  of  ^/'  therefore  will  be  had  at  once  by  changing  sin  tt  and  sin  w' 
into  —  cos  IT,  and  —  cos  sr'  in  that  of  5/;  and  this  will  be  found  to  be  confirmed  by  the  direct  process. 

I    Suppose  now  we  denote  tlie  constant  co-efRcknts  within  the  brackets  for  brevity  by  —  I  and  K^  so  as  to  have 
VOL.  UK  4  2 


nx 
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a  a         9 


(/a« 


ir  =  A^  + 


da    "^  2 


da'  ■*■     4 


d^A^ 
dadcf 


Then  it  will  be  obBenred,  that  K  is  obviously  symmetrical  with  respect  to  a,  ^,  because  the  co-«&cient  A  is 
so  j  and  the  same  will  be  found  to  hold  good  with  /;  for  if  we  write  it  its  follows^ — 

,  1      d     (^   dA) 

and  for  A  substitute  its  value  given  In  (IS7>  1)  it  will  be  ibund  that  the  execution  of  the  operations  here 

indicated  will  lead  to  precisely  tha  same  result  as  those  denoted  by        .  |a^        '■  > :   consequently  /  and  K 

are  both  symmetrical  functions  of  a,  and  cf,  and  do  not  alter  when  these  elements  are  mutuallj  transposed. 

With  regard  to  /,  it  may  be  easily  shewn  to  be  identical  with  the  function  — —  S^  which  we  have  already 

denoted  by  the  same  symbol.    To  see  this^  we  need  only  write  for  A  and  S^  their  values  in  (136,  I)  and 

(173,  2),  and  executing  on  the  former  series  the  operations  indicated  by  —  -- .  -r —  (  a*-- —  V  /  Knembcriif 

a'      da  o,       ^  a  2a\  tL  cf 

that  a  =  — ,  -J —  = J   -—-  =  +  --J  and  multiplying  the  latter  by  —7—,,  the  result  will  be  ideo- 

a      a  a  a       a  a*  a*/  4 

tical.    We  have  then 

^/=  --  n/.na  .  I  dt  x  c.  sin  y  +  m'.na.iCdf  x  c'sinv'i   ^  .    ^ 

Bf^=z  +m\na.Idt  x  ecosir  —  in'.fia.iTd*  x  e' cost' J  '••••• --V     ; 

Now,  if  we  recur  to  the  values  of/;  f^,  /",  we  find 

r 


4r  =  tan  IT  J        


sinir,    f'^.-J—^ ± 


but  V  and  h!'  are  of  the  order  of  the  disturbing  forces  when  we  take  the  plane  of  mis  undisturbed  orbit  for  oor 

fixed  plane;    consequently,/"  is  so,  and  therefore   Vf^  +/'*  =   V/«  +  /^^  -j-  f^  =  /* e,  n^lecting  tha 
squares  of  the  disturbing  forces.     Hence  %ve  have/=s  fi  e  .  cos  «•  and/'  =:  /t  e .  sin  ir. 

In  imitation  of  what  we  did  in  the  dieory  of  the  nodes  and  inclinations,  let  q  and  p  represent  these  quantities; 
then  d  q  and  d  p  being  the  momentary  variations  of  q  and  p,  will  replace  5/ and  Sf^ ;  and  if  in  like  manner 
we  put  ^  and  j/  for  fi^  e' .  cos  7/  and  /  e^ .  sin  9/^  the  corresponding  quantities  in  tlie  orbit  of  m^,  we  shall  have 

(putting  -7=1      :— ,  for  na,nf  </  -,  and  supposing  /t  =:  1,  and  /i'  =  J,  which  is  allowable  since  the  squares  of  the 

Va    V  a' 
'disturbing  forces  are  neglected,  and  the  quantities  under  consideration  are  all  of  the  first  order  of  these  forces,) 


dt 
dp' 


> (218,  1,2,3,4) 


dt  V(^\     ^  J 

^±!L^-^{lj/^Kp\ 
dt         Va'l  J  , 

Thus  we  see  that  the  problem  of  the  secular  variations  of  the  eccentricities  and  aphelia,  depends,  exactly  as 
in  the  case  of  the  nodes  and  inclinations,  on  the  simultaneous  integration  of  four  differential  equations  of  the 
first  order  with  constant  co-efficients.  If  we  compare  these,  however,  with  those  of  (177),  we  shall  obsenre 
that  the  former  research  is  rather  more  complicated  than  the  latter,  by  reason  of  the  two  co-efficients,  /and  K, 
which  it  involves,  while  the  system  of  equations  on  which  the  nodes  and  inclinations  depend,  involves  only  the 
first.  However,  this  circumstance  does  not  render  the  integration  more  difficult ;  the  same  snbsUtiitiott  — 
ceeds,  and  the  integrals  have  a  form  almost  exactly  simUar  5  we  have  only  to  take 


p  =  A  .  sin  (^  «  +  fc)  +  B  .  sin  (A  *  +  0  -\ 
q  ==  A  .cos  (^fr  +  *)  +  B  .  cos  (/k  e  H-  /)  ^ 
j/  =s  A'' .  sin 


•■•  »»••  ••»- 


(«I0) 


{gt^k)-\^V.fAn{ht  +  l)( 

4'=3A^co8<g^+i^)  +B'.co8(A<+  I)  J 
If  these  be  substituted,  the  eqaatknu  will  be  satisfied,  provided  the  following  equations  hold  good  betwees 
the  constants^ 


mj. 
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It  is  obvious  that  the  elimination  of  A'  from  the  first  patr,  and  of  B'  from  the  second  pair,  will  lead  to 
equations  of  exactly  the  same  form  for  ^  and  A,  which  are  therefore  the  two  roots  of  the  quadratic, 

t-  1%^ -7== 

and  g  and  h  being  found,  and  A,  B,  k,  I,  remaining  arbitrary,  A'  and  B'are  easily  founds 

To  adapt  these  values  to  any  particular  caae,  the  general  values  of  p,  q,  p\  */,  at  any  assigned  epoch,  must 

be  made  to  coincide  with  the  observed  values  of  e  .  sin  tt,  e  .  cos  tt^  e' ,  sin  t/,  and  e'.  cos  tt^  j  which  conditioa 

will  furnish  equations  to  determine  all  the  arbitrary  constants. 

For  example,  in  the  case  of  Jupiter  and  Saturn,  we  shall  find  on  computation  ^  «  ^l''*9905,  ^=  S"'5851. 

A  =  0  04877  J     B  =  003532  -,     A'  =  -  001715  5     B'  =  0  04321  j     k  -  306°  34'  40^'  j     ?  =  210°  16'  40' 

NoWj  since  p  =.  e  .  sm  w,  and  ^  =  e .  cos  *",  we  have 


tan  JT  =  — ,  and  £  =  ./pr~f^  —  ^/A^  +  B«  +  2  AB  cos  { (g  ^  h)  t  -t  k --  i] 
which  giveSj  by  substituting  the  numbers  already  found. 


e  =  0*06021  .  Vl  —  0y5(X)y  X  cos  (83'' 42'  —  lrt''-4054   X  0 
which  is  the  eccentricity  of  Saturn's  orbH  j  and  similarly. 


6^=  0  04649  .  ^^1   +  U68S92  .  cos    (83"=^  42'  —  1S"'405'4  X  /) 
for  that  of  Jupiter,  after  any  number  i  of  years  since  I700. 

The  longitudes  of  their  respectiTC  aphelia,  will  also  be  known  by  the  formulae 

A  .BmUt  -f-  /O  +  B,  gin  (^r  +  0 


tan  w  ^ 

tanff^^ 


A  .  cos  (^  <  +  A)  +  B  ,  cos  {h  I  -h  0  ' 
A',  sin  igt'^  k)  +  B'.  sin  (h  i  +  /) 


m  that 


A',  cos  (gi  +  k)  +  B'.  COS  (At  ^  I)  ' 
and  the  ms^ma  and  minima  of  thescj  or  their  greatest  deviations  from  their  mean  places  will  take  placcj  when 

gA«+  hJP  +  AB(g  +  A). cos  {(g  -  h)t+  ik-l)\  =a 
that  isy  when 

If  this  fraction  be  less  than  unity,  the  aphelia  will  libratc,  as  in  the  case  of  the  nodes  about  a  mean  position, 
if  not,  they  move  in  one  direction  continually-     In  the  case  of  Jupiter  and  Saturn  now  before  us,  ^A-  +  /tfl* 
7  {g  +  h)  AB,  so  that  the  aphelia  go  on  for  ever  in  one  direction » 
The  period  in  which  the  eccentricities  go  through  all  their  evolutions,  and  return  to  the  same  statCj   is 

,  ,         360^  360°  ,  ,  „ 

represented  by —  =  — ^  70414  Julian  yeara. 

^  ^  g  —  h         18"-4034  ^ 

The  greatest  and  least  values  of  the  eccentricities  are  respectively  A  +  B  and  A'  +  B',  for  the  two  planets  | 
und  in  the  case  before  us 

for  Saturn,  ,,,.  0  08409  and  001345  \  the  maximum  of  the  00c  corresponding  to  the  minimum  of 
and  for  Jupiter, ....  O  06036  and  0  (TIGOG  J      the  other  planet. 

Finally,  we  may  derive  relations  between  the  eccentricities,  masses,  and  semiaxes,  similar  to  those  obtamed 
between  the  inclinations,  Stc.  in  equations  {192,  183,  &c.)  for  since  p^  +  ^*  =  e'  it  is  easy  to  see  that  we 
viust  have 

m  .  t^  a/T+  »/ .  e^  -/~^  =  m  \^T(A«  +  B«)  +  w'  ^"?  (A'*  +  B'*)  (224) 

+  2  (ift  'v/T,  AB  +  wi'  VV.  AIB')  .  cos  ;  (^  -  ^)  /  +  (t  »  0  ] 
Now  we  have,  from  the  equations  of  condition. 
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Attnmmy,  but  g  and  h  being  the  roots  of  (820),  we  have  f 

V  ac^  wad 

Consequently^  our  equation^  on  executing  the  multiplications  indicated^  and  substituting^  reduces  itself  to 

m  ^f'a.  AB  +  m'  V"? .  A'B'  =x  o 
so  that  the  equation  (824)  becomes  simply 

m  e« .  '/"«"+  fii^  e^  ^/^  =  m  'Z T(A*  4*  B*)  +  m'  V7  (A'^  +  B'*)  =  constant^  (226) 

because  the  major  axes  are  constant  \  and  had  we  considered  a  greater  number  of  planets  than  two^  we 
should^  in  like  manner^  have  arrived  at  the  equation 

m  c«  '/T+  m'  €<«  >/V  +  m'V^  ^H'  +  &c.=  constant;  (227) 


PART  III. 
Of  the  Thboet  or  twL  Moon. 

Section  I. 
lUgorous  investigation  of  tlie  differential  equations  of  the  moons  motion,  and  general  expression  of  the  disturbing  forces. 

The  extreme  minuteness  of  the  masses  of  the  planets^  as  well  as  their  great  distance,  renders  it  allowable  ia 
the  theory  of  their  perturbations  to  neglect  altogether  the  squares  of  the  disturbing  forces,  and  affords  such 
facilities  to  the  whole  investigation,  as  to  permit  us  to  express  at  once  the  true  longitude  and  radius  vector  in 
explicit  functions  of  the  mean  longitude  or  the  time.  This  is  not  the  case  in  the  lunar  theory,  in  which  one 
of  the  most  remarkable  of  the  inequalities  depends  for  nearly  half  its  value  on  the  square  of  the  disturbing 
force,  and  in  which  the  whole  investigation  is  so  delicate,  as  to  render  it  necessary  to  abandon  the  direct 
process  followed  in  the  planetary  theory  and  adopt  a  route,  apparently  more  circuitous,  but  possessing  advan- 
tages of  a  peculiar  kind.  It  consists  in  expressinj?  the  radius  vector  and  the  time  or  mean  longitude  in 
functions  of  the  true,  and  thence  by  the  reversion  of  series  deducing  the  true  longitude  in  terms  of  the  mean. 
The  advantage  of  this  is,  that  we  are  thus  enabled  to  set  out  from  diflferential  equations  in  which  nothing  has 
been  neglected,  and  consequently  have  it  in  our  power  fully  to  appreciate  the  influence  of  all  the  terms  we 
may  afterwards  neglect  in  their  integration  on  the  final  result. 

Our  directing  principle  in  this  investigation  will  be  to  follow  out,  step  by  step,  with  the  proper  modificatioos, 
the  same  system  of  transformations,  by  which  the  differential  equations  1.  2,  3,  of  undisturbed  motion  were 
converted  into  (9)  and  (11)  expressing  the  radius  vector  and  time  in  terms  of  ^. 

Our  first  step  will  consist  in  the  investigation  of  an  equation  corresponding  to  (9)  :  to  this  end  (as  we 
have  supposed  d  t  constant)  multiply  the  first  of  the  equations  (94)  by  y,  and  the  second  by  —  x,  and  add, 
and  we  get 

d7^ "*"^-r7T""'^-d7) 


0  = 


and  integrating. 


,  Pf       do  dQ)  ^ 


ydx-xdy  ^  ^  ^ ,„,  r/ .  j^L  _ ..  ASLX 


hut  y  d  X  ^  X  d  y  =:  p'  d  0,  so  that  this  equation  becomes 

d0 


p^  ^^^^h^-m'fTpdt  (229) 


dt 


if  we  assume  d  Q  d  Q 

d  V  d  X 

r=  ^ ^-^.  (230) 

p 
The  function  T  is  the  measure,  and  m' .  T  the  quantity,  of  what,  in  the  lunar  theory,  is  called  the  tangential 
force,  or  that  part  of  the  disturbing  force  acting  on  m,  which  is  perpendicular  to  the  direction  of  the  radius  vector. 

This  is  evident,  if  we  consider  that  m'  -3 —  and  mf  -- —  representing  the  disturbing  forces  in  the  directions  QP 

d  y  a  X 

Fig.  A.    and  PM  (fig.  A)  if  we  resolve  these  each  into  the  direction  K  Q  perpendicular  to  QM  they  will  become 

>  respectively  ,  x      dQ       ,,      ,  y      dQ 

^         '  —  n/  — .  — —  and  H-  m  -^  .  -r— 

p      d  y  pax 

so  that  their  aggregate,  or  the  whole  tangential  f orce,  will  have  for  its  expression  |the  quantity  above  repre- 
sented by  T  in  equation  (230). 

Ihe  equation  (229),  if  m'  were  zero,  would  coincide  with  (9),  and  would  express  the  proportionality  of  the 
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^  areas  to  tbe  times.     The  termm^  jTp  d  t  then  expresses  the  momentary  effect  of  the  disturbing  forces  in  AstniKmiy. 
deranging  this  proportionality ;  and  since 

/^«  d  0  =  A  (*  +  const.)  +  m'  Pd  iCt  p  d  t  («30 

the  term  wf  j  di  j  T  pdt  expresses  their  total  effect  after  the  lapse  of  the  time  i  ;  and  we  see  that  this  effect 

lakes  place  solely  in  virtue  of  the  tangential  foroe^  agreeably  to  what  Newton  has  advanced  in  the  11th  section 
.of  the  Prmcq)icL 

Our  next  step  is  to  investigate  an  equation  for  the  disturbed  motion,  corresponding  to  (11)  in  the  undis- 
turbed.   The  process  we  followed  in  the  deduction  of  (11)^  it  will  be  remembered^  consisted 

1st.  In  making  0  the  independent  variable. 

2dly.  In  eliminating  t  and  its  differentials. 

Now^  if  in  the  equations  (94)  instead  of  supposing  d  t  constant^  we  regard  it  as  variable,  we  must  change 

d»x.^l^dx         (Par  d  x    d^  t         ^-cPy,        ^. .,         ,,^.., 

-3--r-  mto  -J-  d  —---  or  -j-r r-—  --nr,  and  so  for  -^4"*  &«•    This  done,  let  the  first  of  the  equations 

at*  at        at         a  i*  a  t     a  v*  a  r 

(94)  be  midtiplied  by  x,  and  the  second  by  y ;  their  sum  will  be 


o 


=  |(xd»X  +  yd«y)  -  (xdx  +ydy).-^|^ 

(       dQ  dQ) 

{'-dV^'^^i 


:r«  +  V* 


but  since  x  sz  p  .  cos  0,  and  y  =  /> .  sin  ^,  r  =  V  x*  -f  y*  +  z* 
thu  equation  will  become  (supposing  d  0  constant), 

0=  i^pd^p^ptde^^pdp.^^-^ 


+  ;.. e! +4^i^  +  y^  (23«) 

d*< 
We  have  only  now  to  find  the  value  of-~-  on  the  supposition  of  d  0  being  invariable,  and  substitute  it  in 

this  equation ;  and  for  this  purpose  we  must  employ  our  equation  (229)  which  gives  (multiplying  it  by  Tp  d  0 

Tp^de^zh  .Tpdt^-m' .Tpdt.  CTpdt 
and  integrating, 

fTffide^uJrpdt^'UL^^jTpdi^ 

from  which  we  get,  by  the  solution  of  a  quadratic  equation, 

m\  rTpdi^-^h^-   y  h^-^^^m'  Trp^de 

and  differentiating,  and  dividing  hj  n/  T  p 

p'^dO 

V^«  +  %i^  JTffide 

If  we  take  the  logarithmic  differential  on  both  sides  of  this,  supposing  d  0  constant,  we  get 

d^t        ^  dp  ,  Tp^de  ^      ^ 


\^  Ct p^de 


1  ..      .        ,  *•  "-'^^ 


^ibstituting  this  then  in  equation  (232),  and  for  -^i—,  writing  its  value     .'*        +  2  nlY—^—;—  given  by 

o<*  p^  a  V*  p*  d€^ 

(233)^  it  becomes , 

_L  A*  1  .    f/    dO  dQ\   ,   „     dp} 
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r*!*^^'^  In  tliia  eqvationkt  -*  3  <^  or  s  s=  p  f,  «o  tbat  t  =s  tan  heliooeBtric  deratiaE  of  m  above  the  plane  of  ftbeib 

or  and  y^  ss  tan  mMQ  fig.  (A).    Moreover^  let 

dQ    .        dO 

*  "w —  +  y  "3 — 
__  ax  ay 

then  will  V  be  the  measure^  and  mf .  V  the  quantity^  of  that  part  of  the  disturbing  force  which  operates  to 

increase  the  gravity  of  m  towards  the  central  body.      For  if  we  resolve  the  forces  wi' .  — —  and  mf 

dx  dy 

which  act  in  the  directions  of  the  co-ordinates  x  and  y  into  the  direction  of  the  distance  p,  they  will  become 

respectively  .    x      d  Q        _,      ,    y      dQ 

^  ^  +  m'.  —  .  — —  and  +  m  .  -^  .  — — 

pax  P       dy 

whose  sum  is  m' .  V. 

These  substitutions  made^  and  /»  being  put  (as  in  the  elliptic  theory)  equal  to  — ,  the  equation  will  becmae 

A* 

P 
when  multiplied  by  —  -z—, 

d^u  u  I 


m'(V         T     du         o/*«j.      \    PT^^^X 


which  equation  is  rigorous^  nothing  having  been  neglected  in  the  previous  process.    But  if  the  squares  of  the 

1  X 

disturbing  forces  be  neglected^  we  have  =  1  became  •  or  —  is  of  the  order  of  the  dlislurt^ii^  forces; 

and  since^  in  virtue  of  this  very  equation^ 

=  »'.  -^  +  »>l^  X  &c. 

the  cquatioB  becomes 

d^u  ^  fi       taf  (V        T     du         2/4    /*Td0\  ^^. 


Now  yu  =  1  +  m,  and  if  we  neglect  the  powers  and  products  of  the  disturbing  forces  and  themaas  m,  the 

equation  becomes 

It  is  on  this  equation,  (or  the  rigorous  equation  (237))  that  the  perturbation  of  the  radius  vector  is  made  fo 
depend  in  the  lunar  theory.  It  remains  to  derive  an  equation  from  which  the  perturbation  in  latitude  can  be 
obtained.  For  this  purpose,  all  that  is  necessary  will  be  to  regard  x  and  y  as  known,  and  to  employ  the  third 
of  our  general  equations  (94)  to  obtain  a  value  of  z,  or^  which  comes  to  the  same, of  «,  nnoe  x  ^z  pg,  and  pm 
given  by  the  previous  theory. 

Now,  if  in  our  equation  (94)  we  change  the  independent  variable  from  t  to  0,  it  becomes 

(t^z         ,        d^t  z     ,      ,      dQ 

o  =  -7— d  z  ,  — r-r-  +  /* .  -r  +  w  . 


but  since 


dt^  do       '^'  T^  dz 


di^  P^d0^  >j    (340) 

as  appears  from  equations  (235)  and  (234)  •  if  we  -substitute  these,  we  shall  get 

Nowwe  have  z  =  />«,    dz  =  pds  -\-  sdp,    d^z  :=  pd^s  -f  9>dpdB  -f  t cP/>#  whence  we  find 


Bui,  by  (235)  we  have 


^ 

/> 
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d0^ 


("+-/-'-)  %-^.  {7-'-^}= 


=  ~  (/»« 
flo  that,  by  substitution  we  obtain^ 
0  =  {h^ 


m'f. 


biU  d  z  =1  fids  -\-  sd  p  ',  so  that 

this  equation  [  writings  u  for  — )  becoraea 


Id 

§  d  p  ^f>  d  s 


d  = 


and  wlien  the  square  of  the  disturbing  force  is  neglected, 

d^  s  **^'    f  ™    ^  *^ 

IFV^l      IF  ~ 

Sneh  arc  the  fundtimental  equations  on  which  the  problem  of  the  moorrs  motion  depends,  Tlicy  were  first 
hivesti^ted  by  Chiiraiit,  in  a  piece  which  ^ined  the  prize  of  the  Fetersburgh  Academy  for  I7r»<>,  find  havi» 
been  deduced  by  almost  every  writer  since  his  time,  as  the  groundwork  of  tlie  lunar  theory.  The  method 
we  have  follosved  shews  how  the  expressions  of  the  tangential  and  centripetid  disturbing  forces  peculiar  lo  this 
theory,  originate  In  the  general  equations  of  the  prubtem  of  these  bodies  ;  and  thus  connects  the  modern  with 
the  more  ancient  methods  followed  by  Newton,  Clairaut,  &c. 

Hitherto  we  have  only  considered  the  rigorous  equations  of  the  moon's  motion.  It  remiuns  to  apply  to  them 
the  methods  of  approximation  appropriate  to  the  case,  and  deduce  in  succession  the  equations  of  the  disturbed 
motion.  The  g:rcat  length  to  which  the  details  of  this  complicated  process  would  lead,  will  preclude  our 
entering  minutely  into  it*  We  must  content  ourselves  with  leading  results  and  general  principles.  One  great 
peculiarity  of  the  lunar  theory  consists  in  this — that  the  mass  of  the  disturbing  body,  instead  of  being,  as  in 
that  of  the  planets,  small  in  comparison  with  the  disturbed  and  central  bodies,  exceeds  them  both  several 
hundred  thousand  times.  Its  vast  distance,  however,  makes  up  for  this,  and  renders  its  disturbing  eJfect 
small  in  comparison  with  the  attraction  of  the  central  body,  hi  the  foregoing  equations  then  the  quantities 
m,  and  ?//,  are  not  to  be  our  gviides  in  regnlating  the  orders  of  the  corrections*  The  very  small  quantities, 
whose  powers  determine  the  convcrgency  of  our  approximations  are  Tmnl  V,  or  rather  m'  F,  and  m'  V\for  m' 
never  occurs  unmultiplied  by  one  or  other  of  these  quantities.  Let  us  therefore^  first  of  idl,  consider  the 
nature  aud  ni^nitude  of  these  forces* 


Expression  of  (he  centripetal  disturbing  force,  «/  V. 
,_.  ,  /  X     dn         u     dQ\        m'         ,  ./I  1\         n/  P 

\pdj£^pdif/       p  ^      ^  J  If  >  y^      x^J  ^    X5 

Now,  if  we  neglect  the  inclination  of  the  moon's  orbit,  and  take  the  plane  of  the  ecliptic  for  our  fixed 
plane,  we  have 

z  =s  0,     z'  s=  0^     r  ^  pj     T  =  //j     «  ^  0, 
and 

^=j   {/«      S-iV  .cos(6>-^)  +f«'"^ 
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— •        -  =i{-('f-('-^-(f)-)r        i 

"^{'-('f—if)')}'* 

=  ±{..(3^»..-4(^)-)^|i|(,r.^..(^)-)%.C.j 
^    f  ,     .    o    *•  .    9+  15.  COS  2 10     /r\*   .    „     ) 

putting  w  =  0  —  ^',  and  developing  in  powers  of  -^.     Hence,  we  obtain  (writing  r  for  p  in  the  expression 
for  V)  after  all  reductions, 

...  wi'  f  I  +  3  cos  2  w     r     .    9  cos lo  +  15  cos  3  w  /  r  \«    .    „     J 

-'V=--} . .y+ (y)     +&C.J  (948) 

Now  —  is  the  accelerating  force  exerted  by  the  sun  on  the  earth,  whose  intensity,  as  we  have  shewn  in 

Section  1.  Part  I.,  is  represented  by  2*  17399  (in  its  mean  state)  on  the  supposition  of  the  earth's  attraction  on 

-  IL^         r        (50  23799  1  ,  .  /r\«  1 

the  moon  beuig  unity.    Also,  y  ^     ^3^^     =  -^^  nearly,  and  (-^  j    =  T19920  '  ®®  ^®  ^^^  "^^ 

neglect  (-y\   &c.     The-t^onstant,  or  non-periodical  parts  of  m'  V  is  therefore  equal  to  —  | .  —^  =  —  J 


=  nearly 


r«  '       357-5        r* 

Let  a  and  (^  be  the  actual  mean  distances  of  the  moon  and  sun  from  the  earth,  and  supposing 


■'(7) 


1  ia 

a  will  be  nearly  rz^f  and  the  mean  effect  of  the  centripetal  disturbing  force  will  be 2_  indicating  » 

diminution  of  the  moon*9  mean  gravity,  amounting  to  -rfy^^  ^^  ^^  whole  quantity. 

The  moon's  mean  gravity  being  diminished  by  the  action  of  the  sun^  and  the  velocity  remaining  nearly  the 
same,  the  centrifugal  force  which  would  be  balanced  by  the  centripetal  in  a  circular  orbit  without  the  sun's 
action,  will  obtain  the  preponderance  when  the  sun  acts  and  carry  the  moon  fieirther  out  -,  thus  the  disturbing 
force  has  the  effect  of  increasing  the  distance  and  periodic  time  above  what  they  would  be  in  the  undis- 
turbed orbit. 

Let  us  next  consider  the  tangential  disturbing  force  w/  T.    Now  we  have 

m'  r  =  mM -^  — - ) 

\  p     ay  p     dx  J 

=  +  -^  (  3  -7-  cos  w  -h  f  — J  .  &c.  )  .  sin  w 

that  is  ,  ^         S    n/      r       ,    ^  ,.,.. 

m'Tz^  __-.„. sm2tc;  (243) 

The  tangential  force  therefore  vanishes  both  in  syzigies  and  quadratures,  and  is  a  maximum  in  octants,  or 
at  45°  of  elongation .  Now  wc  have  seen,  that  the  description  of  areas  would  be  equable,  were  it  not  for  this 
tangential  force.  Hence,  at  the  former  points,  the  equable  description  of  areas  still  holds  good  5  while,  at 
the  latter,  an  acceleration  or  retardation  takes  place.  This,  of  course,  produces  an  equation  in  the  moon's 
longitude,  whose  period  is  semimenstrual,  as  during  the  first  quarter  of  its  synodic  revolution,  the  moon  is 
continually  retarded  in  its  orbit  (supposed  circular) :  at  the  first  quadrature  the  momentary  retardation  ceases 
and  changes  to  an  acceleration  —and  here  the  effect  accumulated  through  the  whole  of  the  quadrant  has 
reached  its  maximum.  In  the  next  quadrant,  the  moon  is  gradually  accelerated  5  and  at  the  full  moon,  its 
motion  has  regained  all  it  had  lost,  and  is  restored  to  its  mean  state,  so  that  here  the  equation  is  nothing,  and 
so  on.  This  is  the  origin  of  that  equation  of  the  moon's  motion  to  which  astronomers  have  attached  the 
name  of  the  variation. 


imy. 
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Section'  li. 
Approximate  hilfgnrtton  of  the  equation  of  the  moons  orhii, 

Lv  this  inquiry  we  will  comraence  with  the  equation  (2S8),  in  which  the  square  of  the  fJisturblng'  force  is 
neglected,     Notv,  the  obvious  mode  of  beginning  the  approximation,  wouhl  be  (in  analogy  with  what  we  did 

1  -|-  fi ,  COS  0 
in  the  theory  of  the  planets)  to  substitute  for  u  its  undisturbed,  or  elliptic  value,  ^    ^  ,      But,  as  it  is 

obvious  that  the  more  nearly  uur  first  approximation  approaches  the  truth,  the  more  rapid  will  be  the  conver- 
gency  of  all  the  succeeding  ones,  we  may  take  advantage  of  what  observation  has  taught  us  respecting  the 
form  of  the  lunar  orbit,  and  assume,  for  our  first  value  of  t*,  an  expression  representing  that  form,  more  nearly 
than  the  ellipse.  Now,  we  learn  from  observation,  that  during  a  single  revolution,  it  is  true,  the  orbit  docs 
not  deviate  materially  from  an  ellipse,  but  that  in  a  very  few  revolutions  the  elliptic  radins  vector  dtftcrs 
very  sensibly  from  the  real  one,  by  reason  of  the  rapid  motion  of  the  hmar  apsides,  which  perform  a  whole 
drctiit  in  little  more  than  nine  years.  Instead  then  of  representing  by  u  the  inverse  radius  vector  of  a  Jiied 
ellipse,  we  will  give  it  such  a  form,  in  terms  of  0,  as  shall  express  that  of  an  ellipse  in  motion,  and  revolving 
in  its  own  plane  in  the  direction  of  the  moon's  motion,  as  observation  informs  us  it  does. 

Let  us  then  take  c,  such  that  1  \  1  —  e  ; ;  the  moon's  motion  in  longitude  to  the  motion  of  the  apsides, 
then  will  0  (1  —  c)  be  the  angle  described  by  the  apsis,  while  the  moon  describes  0;  and,  consequeotly,  sup- 
posing (as  we  may)  that  the  origin  of  the  time  t  is  fixed  at  the  epoch  when  the  ftpsis  coincided  with  the  axis 
of  the  Jc,  we  shall  have  0  —  (1  —  c)  0  ^  c$  for  the  moon's  true  anomaly,  and  in  the  place  of  taking 

1  +  e  .  cos  9                     ,               1  +  *  ,  cos  c0  ^  .  .  .  ,      ,        - 

u  ^  -  "- — ,  we  may  take  u  =  — : —  for  our  initial  value  of  m. 
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a  (l-e^)     '  -^  a  (l-e*) 

Although  the  idea  of  commencing  the  approximation  with  this  value  of  «  is,  it  is  true,  taken  from  obser- 
vation, yet,  when  once  suggested,  no  matter  from  what  source,  we  may  look  on  it  as  a  mere  analytical  arti- 
fice j  and  the  truthor  falsehood,  convenience  or  inconvenience  of  the  assumption  will  be  tried  by  actual  substi- 
tution; when,  if  we  find  that  it  reproduces  the  original  expression  with  a  train  of  smsdl  corrections  multiplied 
by  the  disturbing  force,  or  carr  be  made  to  do  so  by  a  proper  assumption  of  the  constant  c,  we  may  rest  assured 
that  the  assumption  is  (mathematically  speaking)  a  legitimate  onCj  and  comern  ourselves  no  farther  with  the 
way  in  which  we  arrived  at  it. 

Now,  neglecting  t^,  we  have 


K  =  —  (1  +  e 
a 


cos  c  0) 


whence  we  get 


— -  ==  a'  (I  —  3  e  .  cos  c  ^)  I  — -  =  a*  (1  —  4  e  .  cos  c  &) 


d  u  ce      , 

—, —  ^  ^  ' —  .  sju  c  0 
de  a 


and  J  by  substituting  this  iu  ('23B)  wkich  is  equivalent  to 


I 


d^ 


+  u- 


1 

1^ 


-h  fn' 


4-  3  cos  9  *0         S  »/  u^ 


K* 


^i  fr  u^ 


—  sm  c  ^  , 
a 


sm  ' 


3    /'   .«/'^    , 
+  7T  f  "»  -r  si«  -wJ  -f^^ 


Now,  tf  we  neglect  the  eccentricity  of  the  earth's  orbit,  tsf  =—7,  so  that 


( 


recollecting  thst  m' 


'■or- 


fP  u 


+  1/  - 


1 

¥^ 

See 

2l«  ' 


(1+3  cos  2  w)  (1  —  3  e  ,  cos  c  £?) 


2  h^ 
I  .  sin  c  0  .  sm2w 


(344) 


3  a  /^ 

+  -—  .    /  (1  —  4  c  cos  c0)sm2w.d& 


"The  only  difficulty  now  in  the  w^ay  of  integrating  this,  is  to  express  cos  2  w  and  sin  2  w  in  terms  of  0.  Now 
we  have  w  —  £?  —  i?*  j  and  since  we  neglect  the  eccentricity  of  the  earth's  orbit,  0'  is  proportional  to  the  time, 
or  (y  =  n'  ti  also  we  have  0  by  the  equation  j  hdt  ^  r^  d  0,  or 

Hence,  since  A  =  v^very  nearly,  and  the  motion  of  the  apsides  being  slow  in  comparison  with  that  of 
\he  moon  itself,  c  is  nearly  unity,  at  least  sufficiently  so  for  a  first  approximation  )  consequently. 


i. 
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AfXiommf.  /  =  a^  (^  -  «  «  .  sin  c  ^)  F 

or  n  <  =  ^  —  2  c  .  sin  c  ^  ^ 

and  eliminating  t  between  this  and  the  equation  0^  =:  n^  t,  we  have 

^^  =  ^  —  2e.sinc^ 

ft 

add  therefore^ 

^  -  ^  =  ^  A  -  ^)  +  2  e  .  —  .  sin  c  ^ 

puttiog  fi  and  t/  tot  the  mean  motions  of  the  moon  axid  earth.  Hence  wa  find,  puttings  —  =z  k 

cos  2 10  =  cos 2  (1  —  Ar)  ^  —  sin 2  (1  —  Ar)^.sin|4a. —  .  8iae#  I 

=  cos2  (1-*;^  +  2Afe{cos(2-9Af  +  c)^~cos  (2-.«ife  — e)^}  j  (M5) 

and  similarly^ 

sm2»  =  sin2  (1-*)  ^  +2*«{sin(2-.2ifc  +  c)  ^- sill  (SL-ll*- c)  d]  {»$) 

It  only  remains  ta  substitute  these  values  ia  (244)  where  it  become^  after  redudng  all  tiie  products^  of  siiies 
and  cosines  U>  simple  multiples^  and  rejecting  ^, 

+  •  {A.co»(2-.2*)^  +  B#.co6  (9-2ifc-e>^+  C  ecoa  (2  -  aik  +  c)  a) 
where  A,  B,  C,  are  co-efficients  easily  expressed  in  functions  of  k  and  c.    If  we  iBte;grate  tlds>  we  get 

•  =  ^('-t)-w?^-'""  <«> 

4-  a{A\cos  (2-2A)  ^  +  B'e.  cos(2-2Ap-c)  tf  +  Cy.e.co8(2-.«4+  e>^} 

Let  us  now  consider  the  nature  of  this  result.    We  set  out  with  u  = h  —  •  oos  c  0  lor  a  firaft  assimied    . 

a         a 

value  of  u ;  and  having  substituted  this,  have  deduced  another  value,  which  ought  to  be  a  nearer  approxima- 
tion, and  which  ought  to  coincide  with  the  former,  if  a  =0. 

Now,  the  terms  within  the  brackets  being  all  muUip lied  by  •»  vanish  as  they  should  do  when  •  =:  <r,  aad 
the  two  first  terms  of  this  expression  will  coincide  with  the  uncorrected  value  of  ti,  provided  we  take 

J,(.-f)  =  i»»=VT.V^=^T(.-i) 

and  3  e  *       _    ^  1.  —  ^       _?. 

or                                            ,,3rtSa  3,3- 

1  —  c'=  —  a.  —  = =  —  a  A a* 

2/1*         ^    1  _  JL  ^             ^ 
2 

l^C=-«+-a^      orl-c  =  ~a 

neglecting  a' 3  that  is,  since  o  = ,  c  =  0-99580,  and  1  —  c  =  0  0042.      Hence,  according  to  this  view 

178'7 

of  the  subject,  the  progression  of  the  apsides  in  one  revolution  of  the  moon  is  0  0042  x  360'',  or  about  I°31'. 

Now,  it  is  remarkable  that  this  progression  of  the  lunar  apsides,  as  determined  by  a  first  approximation, 
is  only  half  the  quantity  actually  observed  ;  and  this  is  the  conclusion  Newton  had  arrived  at,  where,  after 
going  through  a  process  capable  of  being  identified  with  that  now  under  consideration,  he  remarks  (in  the 
9th  section  of  the  Principia,)  *'  Apsis  luna;  est  duplo  velocior  circiter."  Every  attempt  to  obtain  a  nearer 
coincidence,  by  taking  into  account  the  higher  powers  of  the  eccentricities,  the  inclination  of  the  moon's 
orbit  (which  is  pretty  considerable,  and  materially  modifies  some  of  its  inequalities)  &c,  failed  j  and  this 
difficulty,  which  Newton  evidently  felt,  though  he  had  passed  it  in  this  apparently  negligent  maimer,  as 
being  at  that  time  beyond  his  reach,  or  deferredfor  farther  consideration,  became  so  great  a  stumbling-block 
in  the  way  of  succeeding  geometers,  as  to  shake  their  faith  in  the  theory  of  gravity,  tUl  Clairaut  shewed  that 
it  would  vanish  on  pushing  the  process  to  a  second  approximation,  and  that,  in  fact,  the  value  of  c  depends, 
for  nearly  half  its  quantity,  on  a  term  containing  the  square  of  the  disturbing  force. 

To  shew  this,  we  have  only  to  substitute  the  approximate  value  of  u  (248)  back  inta  the  original  equation 


^""   d^ 


1         (mfT    du         m'V        ^  /  d»  u     .       \    P^"^  ^  J 
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rsi 


f  Supposing  now  we  represent  the  first  assumed  value,  or  —   (I  4-  ^.  cos  c  ^)  by  «  and  by  S  k  all  the  terms  Astrooomy^ 

added  by  the  first  approximation,  then  will  the  value  resulting'  from  a  second  approximation  be  had  by  sub- 
stituting tt  +  ^  u  for  u  in  all  the  part  of  the  above  equation  within  the  brnekets,  and  iiitegraiing".  As  we  only 
require  at  present  to  know  the  terms  introduced  by  this  second  approximationj  let  us  call  them  ^  u,  and  the 
value  of  6'  u  will  be  had  at  once  by  integrating  the  equation 


0  =  +  £•  «  -f  — f  c  .  —  — - 


NoWj  since  A*  —  a  Tcry  Dcariy,  and  n  =  m'  ,-^,  we  ha^  e 

3       f  5  cos  ^w    du    ^  sin  2  to     d  5  «  sin  t  «i?    ^  u         ) 

2        I      (au)*       d&  ^    (aw)^         dO  {a  up     d  &  J 

m'^^V  a^l+3cos3i^  3  n    i^Zsm^w  ^  l-f3co8^u7^1 

— »-— d  — r^^ —  — 'C — ^  \ -^  c  w  4-  a  *  — • —  Buy 

A»       I4»  2  a  {a  up  ^  a    {    {a  u^  ^  (aw)*  ) 


.ez4&) 


3  fl 
2 


Sim  ^  u) 
(«  up 


0  — 


Let  these  values  be  substituted  in  tlic  genertd  equation  (349)^  and  it  becomes 

,     3       f  ^  sin  5  iff    ^  1  +  S  cos  2  «?  ,    > 

2        (  a  (a  m)*  ^  (a  «)*  j  ^*''''^ 


(a  «)* 
/tfJIw    ^   ^    \    /*9jn2  to  _,^ 


To  reduce  this  equation  to  the  dej[^rec  of  approximation  Tcquircd,  let  us  agree  to  neglect  all  terms  which 
contam  a*  multiplied  by  any  power  of  the  eccentricity  1  or  In  that  part  of  the  approximation  which  depends  on 

the  square  of  the  disturbing  force,  to  regard  the  orbits  as  circular.    We  shall  have  then  t*  =;;  —  a  m  ==  K  and 

a 
a 

iupposing  Bu  ^  ^  ,ip,  where  ^  is  the  sum  of  any  number  of  terms  of  the  form  A  .  cos  i  0^  we  have 


1         h 
er  smce  n  =s  -^  =  -^ 


"4/'4^=^/5^"  =  -^->" 


I 


l.ni=^%mffpdQ 

consequently,  since  10=:^  —  (^s=^ — f=^  —  Jt,fif,  we  get 

ti  =  e  (1  -  h),     andStD=s-fc.anf  =  8;t«  f^  d  0 

y^\\a  =  1 ;  so  that  the  equation  (^60)  reduces  itself  t9 


du 


We  have  aUo  -^-^  ^  o  and 
d  0 


d*  d*  u 


3a« 


+  ^—f  I A^  COS  2  w  /  0  d  a  —  sin  2  10  ,  ^Jd  ^ 


5  A3 
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Artmony     Let  us  now,  more  particularly,  consider  any  one  of  tbe  terms  to  which  0  consbts ;  as,  for  instance,  f 
^  ''A.cosB^.    Thisglves  A* 

^ssA.cosB^,     -^=  -  AB.sinB^,   -j^  =  -  AB^co8  B^5 /0d^  =  ^  .  sin  Bd,  &c. 

and  the  equation  will  give,  on  substitution  and  reduction/ 

0  =  -^^  +a*u  +  J-^,3j-.^.ABJsm2i...inB£^ 


6Aa« 


or  resolving  the  products  of  sines  and  cosines  by  tbe  formula  (A),  page  690> 
2a 

That  is,  assembling  together  the  co-efficients  of  like  terms, 

^^«    .   «i      .    3Aa«f      it        B    .    S    .      B*-l  «(ifc+'B)      1        ^    "  ^„^ 

^=-d^  +  ^"  +  -^{      B"T+T+4Tr=l)-"r(B3^ 

SAo«f      ifc.B        3.     B*-l  2(ifc-B)      1         /«  .  «      «,,■ 

.    3Aa« 

+  -—T .cosB^ 

2  a 

Which  equation,  int^ratedj  gives 

_  3Att«    fcosB^  ,  /    2*      3  -  B        B«  -  1    _       4  (iH- B)       \cos  (B -2  +  git)^^ 

**""      aa     'Ib^-i'^V     B  ■*"       3    .2(1-*)       B(B-2  +  2*)/(B-2  +  2*)«-l 


/     2* 
A"B 


2Af      3  -f-B        B*-  1    _        4  (Jt-B)       \cos  (B4- 2-2)1)^ 
2       "^2(l-T)       B  (B  +  2~2/fc)/(B  +  2-2i)«-l. 


(2») 


Such  is  the  value  of  that  part  of  6«  u,  which  originates  in  the  term  A  .  cos  B  ^  in  the  value  of  6,   or  in  the 

a 
term  —  .  A  cos  B  ^  in  u  itself.     A  similar  set  of  terms,  having  for  their  arguments  respectively, 

B' ^,     (B'-2  +  2*)^.     (B'+2-2*)^ 
and  B'  0,     (B''  -  2  +  2  *)  t?,     (B"  +  2  -  2k)  0 -,  kc. 

A  it 

will  arise  from   the   other  terms  —  A'  .  cos  B'  0,    —  A'' .  cos  B''  0,  &c.      Consequently,  by  substituting 

a  a 

for  B,  B',  B",  &c.  the  several  values  which  they  actually  have  in  the  first  approximate  value  of  u  (equation 
248),  or  2  —  2*,  2--2/f  —  c,  2  —  2Af-|-c,  we  shall  obtain  the  arguments  of  the  several  terms  in  the 
second  approximation,  and  so  on.     These  are  then  as  follows  : — 

From  c  0  arise  the  arguments   c  ^,  2  c  ^ 

From  (2  —  2 *)  ^  arise  the  arguments  (2  —  2 i!f)  ^;    cO;     (4  —  4  Af)  ^ 

From  (2  — ^Ar  — c)  (?arise(2 -2;fc  -  c)  ^5    c^j    (4  —  4ife  —  c>^ 

From  (2  .T- 2it  4-c)^ari8e  (2-2*  +  c)^j    cO-,    (4  -  4  J5r  +  c)  ^ 

Thus  we  see,  1st.  that  each  term  which  in  the  expression  of  u  is  multiplied  by  the  firsit  power  of  ilte  dis- 
turbing force  a,  reproduces  itself  on  a  second  approximation,  multiplied  by  the  square  of  a,  and  thus  the 
cOHdfScient  of  every  term  in  the  general  expression  of  u,  consists  in  fact  of  an  infinite  series  of  powers  of  a;  fat 
what  takes  place  at  the  second  approximation  will,  of  course,  do  so  at  every  succeeding  step ;  and,  in  fiict, 
the  very  same  analysis,  and  the  same  resulting  formula,  may  be  applied  to  deduce  the  terms  depending  on 
a',  a*,  &c.,  in  all  of  which  the  same  arguments  will  occvr. 
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^j      lience^  it  follows,  thiit  if  we  set  out,  as  a  first  hypothesis^  with  u  -^  —  fl  +  e  .  cos  c^j     the  process   ot  Aatrouomf, 


approximation  leads  us  to  a  value  of  n,  of  the  form 

u  =  i  [  A  -h  B  fl  +  C  ««  + 
a    ^ 

+  COS  c  ^  [  A'  «  -I-  B'  u-  -f'  C  a?  +  &c. } 

+  COS  (?  —  9  A:)  0  .   5  A  '  a  1-  B''  a*  +  &C,  } 

+  COS  {4   —  4h)  e  ^\  W  a^  +  &C.  } 

+  COS  (2  ~  2  A:  -H  c)  { A*''  «  4-  B'^*  a*  +  &c. } 

+  cos  (2  —  '2  /f  -  C)   [A'a  ^  B"  aS  +  &c.} 

+  &c. 

We  have  therefore  only  to  take  care  that  this  shall  not  contradict  the  original  hypothesisj  and  therefore  we 
must  have 


I  ^  A  +  B  £1  +  C  o*  -h  &c,  -  rr 


(253) 


—  =  A%  +  B'  a^  +  a  a'  +  &c. 


(^54) 


» 
^ 


These  equations  establislied,  the  two  first  terms  of  u  agree  with  the  original  value,  and  the  remaining  ones 
are  the  equations  due  to  the  effect  of  perturbation,  not  capable  of  being  expressed  by  the  hypothesis  of  a 
revolving  ellipse. 

The  equation  {^5S)  expresses  a  relation  between  a  and  ft,  which  we  shall  consider  presently  ;  the  other 
(254)  gives  the  value  of  1  —  c,  or  the  velocity  of  the  motion  of  the  lunar  apogee.     We  have  already  seen 

3  e 
(248)  that  the  value  of  A'  is  --,  atid  if  we  break  off  the  equation  (954)  at  the  first  power  of  a  we 

have  Jilso  seen  that  the  resulting  value  of  1  —  c  is  j  a,  amounting  to  only  half  the  value  given  by  observation. 
If  we  make  B  successively  equal  to  2  —  2  ^-  —  c  mid  2  —  2  ^  +  c  in  (252),  we  find  fur  the  co-efficients  ot 
the  argument  c  0,  respectively, 

I  3a^e       fg  +  GA-  +  c-4P-4A-c-c^         (2-2^-c)^-l  4  (2  -  Ar  -  c)   ) 

c^  -  I    '    2  a        I  2  (2  -2k-c}  2(1  ^k)      '^  c  (2  -  2  fc  -  c)  j 


imnd 


I  ....-,  ..-...„  .  .„-., 

■when  B'  and  C  arc  the  co-efficients  of  e  .  cos  (2  —  2  ^  —  c)  0  and  e  .  cos   (^  —  2  /c  +  e)  0  within  the 
parentheses  of  equation  (248). 

Thus  our  equation  (254)  carried  as  far  as  «*,  will  become 


J 3  g^  e       f  2  +  fi  fe  —  c  —  4  F  +  4  A-  c  —  c^ 

^ -  1    *    2a        [  2  (2^2Ar  +  c)  "*" 


(2-2  it  +  c)»-l  _     4  (2  -  A-  +  r)   ] 
c  (2  —  2A:  +  c}i 


«         3  3     ^ 

PI  —  c-  =  — -  a  -f  —  a^. 


B'(^ 


^eA'  +  c  — 4Jt*  — 4frc™c«      (2--2Jt  — c)«-l       4(2  — ^  —  c) 


(2  -  2  Af  -  c) 


4  (2-J^  — c)\ 
'c(2  — 2A:  — c)/ 


.4-.^ i 4. 

'  2(1  — Jf)  L-v^- 

(2-2A'  +  c)"'-l       4(2- 

"2"(2^^2V+  c)  •         2  (1  -  fr)  c  (2  -  2  ^  +  c) 


g  +  C^-c«4j?f«-h4/€C-c«      (2-2A-  +  C)"'-!       4  (2  -  Ar  4-  e) 


fe)\ 


►  (255) 


This  equation  is  to  be  resolved  by  approximation^  so  as  to  find  c ;  and  as  a  is  a  very  small  quantity,  the 

3 
kmpproximation  may  be  performed  easily ;  for  we  have  only  to  rescind  a%  and  take  c  =  1  —  -—  «  for   a  first 

approximation  —  0'9957*  and  then  substitute  this  for  c  in  the  co-efficient  of  «S  which  will  then  become  a 
g-iveu  jmraber  (B',  C\  being  previously  computed,  and  k  being  known,)  after  which,  if  this  co-efficient  be 

I  called  /i,  we  have 
i 


l-C--^~{a+fia')c^     \^  1  -    -i  (a  +  ^  «^)    =  1  -  ~ 

ac/,  again  substituting  this  for  c,  we  find  a  nearer  approximation,  and  so  on. 

^ovv,    it  is   a   remarkable   circumstance,  that    when  this    process    is  executed  in   numbers,    tLe    term 

— ^  a^  thus  added  to  the  value  of  c  is  found  to  be  very  nearly  equal  to  the  term  — —  **  introduced    by 

tii^  first  step  of  the  approximation  j  and  on  pushing  it  still  farther,  the  subsequent  corrections  are  found  to 
^  -im^considerable.  Now  the  velocity  of  the  apogee  of  the  lunar  orbit  is  expressed  by  I  —  e,  or  hj 
5^  Sfl^l 


a*  -I-  S;c.    We  have  already  seen  that  the  value  of  this,  as  deduced  from  a  first  approximation 


I 
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f  <or  tliepcrt---  a)  cuat  out  onlj  half  what  olMenration  Ins  assigned  as  its  real  amount,  and  Hut  tUi  was  An 

regarded  as  a  great  difficulty  in  the  way  of  the  full  admission  of  the  Newtonian  law  of  gravity.    We  now  jee 

fi  fi  -4-  1 
the  reason  of  this  ;  the  remaining  ha]f  is  aocounted  for  by  the  term  — ~ —  a'  arising  from  a  second  approxi* 

mation  ;  and  the  fact,  so  far  from  being  an  objection  against  gravity,  is  thus  converted  into  a  most  cogent 
argument  in  its  favour — its  e£fects  being  thus  shewn  to  correspond  not  merely  to  general  results  and  first 
approximations^  but  to  the  refinements  and  niceties  of  tbeory. 


SscTioN  m.     ' 

Expngdam  ofihe  mBm'4  mean  laagUude  im  terms  qf  the  true,  and  nee  vertdf  and  ef  the  vmriation  4md  enediam 

of  the  moon, 

TsE  purposes  of  astronomy  require  us  to  know  the  moon's  trae  longitude  and  latitude  at  any  assigned 
instant,  or  to  know  the  angle  0  in  terms  of  the  time  t.    For  this  we  must  have  recourse  to  the  equation. 

If  we  develope  this,  and  retun  only  the  first  power  of  the  disturbing  force,  we  get 

becaoMl^sa,  iftkediataiUagfemenidiqnieoftheecceiittiei^beR^leeted.    Now,iBthit  fiDrsktn 

substitute 

and  for  ^/'^  i4y»  .^v.  ^  f'^  dif 

3  a     /» 

=  -5- /  sin  « ic  (1  —  4  e  .  COS  c  ^)  d  ^ 

==i^  ABm(2^«A)^-<«-«i^esm(«-2*  +  c)0-<«+8*)e8in(«-2ir-c)^^ 

^.2c^rco^^2-2Ao^.^2^^ 

whence  we  find 


^^-.2^.co^c^-2aa{A^cos(2-2]t)^+1Brf.cos(3-8J^-r)«  +  trfc08(2-«A+r)^}  "j 

or  putting  —  =s  11 
cr 

n<  =  ^---^.shir^+Pa.8in(2-^*)*  +  Q«e.tinf2-5]fc+r)H9  +  Rae/8in(«— «*— r)Fl  . 


m 


A^  B",  C  being  as  in  (248) 
where 


1  -  ifc        8(1 -it)' 


^  "~     2-2ifc  +  c     "^4(*-l)(2-2iH-c)   ^    (2-2/c  +  c)«  '^ ^ 

2~2*-c     "^  4(*-l)<«-2^-c)         <2  —  2*-c)«. 
In  order  to  have  the  value  of  ^  in  terms  of  n  f ,  we  must  revert  this  series,  and  the  fiimpleBtinode  «f  1 
^  plishing  this  wiU  be  to  follow  the  steps  by  which  we  resolved  the  equation  nf=v  —  e.sinvia  the  eU^tie 
theory  (vide  page  656,  col.  1,  equation  26).    Puftting  it  therefore  into  the  ftnm 


thVsical 


#  =  li  i  + 


.  aia  c  ^  —  P  a  sin  (2  —  2  k)  0 

—  Q  a  <f  .  sin  (^2  —  2  ^  +  c)  0 

—  R  a  c  .  ain  (^2  —  2  ^  —  c)  ^ 

n  *  appears  to  be  the  first  approximate  value  oiO,  neglecting  e  and  a.  Let  this  be  aiibsiituted  in  the  whole 
q£  the  second  member^  and  we  get 

0  ^  n  t  -^  — - .  sin  c  «  i  —  P  a .  ska  (2  —  2  /f)  «  ^  (9<S0) 

c 

—  Qae. sin  (2  — 2^  +  c)  n  < 

—  Roe.  sin  (2  —  2  Ar  —  c)  n  « 

for  a  second  approximation  carried  as  far  as  the  first  powers  of  e  and  a.  If  w«*  now  substitute  this  value  in 
(259)  the  terms  multiplied  by  e  and  a  only  will  of  course  rcEiiain  j  but  in  addition  to  those  multiplied  by  a  *, 
others  will  be  introduced  ^  and  if  we  reject  e^  and  a^  and  retam  only  *  e,  these  terms  will  be,  (putting  c  =  1) 

—  2  F  ^c  ,  siQ  (2  ->  ^  A^)  ni  .cos  en  t 

.     —  2  P  a  e  (I  -  A)  .  COS  (2  ^9k)ni  ,sliicnt 
whose  sumj  after  the  usual  reductions,  is 

—  P(2-  k)ae  .  sin  (9  — 2/i:  -^  c)  nt  —  Vkae,  aio  (2  —2k  —  c)  n* 
Consequentlyj  if  we  push  the  approximation  only  to  such  terms,  we  get 

2  e 

^       sin(2-2/0rt^  (261) 


Fhyssicnl 
(259)  Astronoiny, 


e^  nt  + 


.sincnt  —  V  a 


_  { Q  +  (2  -  fr)  P]  n  e  .  sin  (2  -  2  i  +  r)  « i 

—  \n  A-  k^]  a  e  .  s'm  {2  —2  k  —  c)  nt 

The  variation  of  the  moon  is  that  inequality  which  is  represented  by  the  term  —  Pa  .  ain  (2  —  ^k)n  t.  The 
numerical  magnitude  of  the  co-efSdent  being  considerable,  (2146'  )  it,  (as  well  as  the  inequality  represented 
by  the  term,  whose  argument  is  (2  —  2  &  —  c)  u  t,  which  is  called  the  evection,  and  whose  co-efficient  h  still 
greater  (4830^")  was  long  observed  before  Its  cause  was  known.  If  we  observe  that  n  i  being  the  mean  longi- 
tude of  the  moon  k  n  t  \\i\\  be  that  of  the  sim,  and  if  we  put  ])  for  the  former,  and  0  for  the  latter,  the 
argument  of  the  variation  will  be  2  }  —  2©,  or  simply  J  —  ©,  and  its  period,  half  a  synodic  revolution 
of  the  moon  =  14''  765,    The  argument  of  the  evection  is  in  like  manner 

2  B  "  2  0  —  c 

where  c  Is  the  longitude  of  the  moon's  peri^t*e,  and  its  period  is  nearly  that  of  the  Tariation,  a  little  longer, 
however,  on  account  of  the  progression  of  the  pengee  during  a  revolution  of  the  moon.  The  term  depending 
on  the  argument  (2  —  2^  +  c>  n  fj  or2  J  —  2  O  +  c,  is  found  on  calculation  to  have  its  co-efficient  very 
amaUj  and  has  no  particular  name. 

In  the  theory  we  have  now  investigated  we  have  been  only  anxious  to  simplify  and  curtail  as  much  as  po»* 
Bible  the  developements,  it  being  far  beyond  our  design  to  enter  into  minutiae  on  so  complicated  a  problem. 
It  must  suffice  to  have  shewn  in  rather  more  than  a  general  way  the  origin  of  the  principal  inequalities,  and 
traced  them  from  the  differential  equations  to  their  final  expression  in  the  value  of  the  longitude.  In  so 
doing,  we  have  purposely  neglected  the  inclination  of  the  moon's  orbit,  and  its  effect  both  in  modifying  the 
disturbing  forces  which  act  in  the  plane  of  the  orbit,  and  in  altering  the  longitudes  by  reducing  them  from 
their  actual  values  to  tbeir  projections  on  the  plane  of  the  ecliptic,  or  by.what  is  called  in  astronomy,  the 
"  Reduction  to  the  ecliptic. '  The  effect  of  the  inclination,  however,  will  be  briefly  touched  on  in  the  next 
section. 


Section  IV 

Of  the  effect  of  the  inclination  of  the  plane  of  the  moons  orbit. — Of  the  moiion  of  the  nodes,  and  the  precession  of  the 

equinoxes. 

In  determining  the  effect  of  the  inclination  of  the  lunar  orbit  to  the  plane  of  the  ecliptic  and  the  motion  of 
its  nodes,  we  shall  suppose  the  orbit  circular,  and  neglect  the  square  of  the  disturbing  force,  the  cube  and 
higher  power  of  the  inclination,  and  the  product  of  the  disturbing  force  and  inclinatloit.  Thus  our  equatioa 
(237)  will  become  simply. 


(2G2) 


The  value  of  the  part  depending  on  the  disturbing  forces  w/  Vand  m'  Tin  this  equation  remains  imaltered,  if  we 
Heglect  af*5  and  therefore  the  part  of  t*  arising  from  perturbation  is  not  altered  when  we  only  pu^h  the 
approximation  to  the  extent  now  proposed.  The  only  new  terms  arising  in  the  value  of  w  from  the  introduction 
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K^    ^l  o^  *^c  inclination,  are  those  introduced  by  the  term  75— -—  ;   and  to  obtain  them,  we  have  only  to  aa 

integrate  the  equation 

7^  +  «-Ai-.(^-T'')=*' 

neglecting  ti*.    Now,  in  this  we  must  put  for  t  its  undisturbed  value,  which  is  given  by  the  equation 

•  +  #  ==  0  (making  m'  =  0,  in  equation  940)  and  which  is 

«  =  7  .  sm  (^  —  N)  (263) 

where  7  is  the  tangent  of  the  inclination,  and  N  the  longitude  of  the  ascending  node.       This  gives 
,»^    .   I-cos2(d?-N) 

'      |^  +  -i(.-if)-^.».«,.-N,=. 

which  integrated,  gives 

Thus  we  see  that  the  e£fect  of  the  inclination  is  to  add  to 

11  *Y* 

u  =  —  or  u  =  —  the  terms  -  -7^  (3  +  cos  2  (.^  —  N)) 

Now,  in  approximating  to  u,  we  assumed  in  the  foregoing  pages  an  expression  for  a  first  value  derived  not 
a  priori  from  theory,  but  from  the  observed  motion  of  the  lunar  apsis.  It  is  equally  a  matter  of  obseiration, 
that  the  node  of  the  lunar  orbit  does  not  remain  fixed,  but  is  continually  retreating  on  the  ecliptic,  in  a  direc- 
tion contrary  to  the  motion  of  the  moon  in  its  orbit.  Let  us  then  introduce  this  modification  into  our  expres- 
sion for  u  above  found,  and  taking  for  the  origin  of  the  time;  the  moment  when  the  node  coincided  with  tlie 
axis  of  the  x,  we  have  only  to  write  gO  in  place  of  0  —  N,  when  we  get 


^^{l-^,^-^.cos2ge] 


(«e5) 


Let  us  next  investigate  the  effect  of  the  inclination  on  that  part  of  u  which  arises  from  perturbation.    Now 
fhis  may  be  done  at  once^  by  merely  taking  in  250, 251, 


afi=— 0= (  _^«  +  _,y«C0S2g^) 

o  a    \  4  4  y 


0  = -^  .  cos  0  .  ^        -7-  —  cos2^  ^ 

4     a  4     a 

3  «v*  'V* 
that  is,  supposing  in  252,     1st.  As-  --i-,  B  =  0,   and2dly,  A  =  -  --^—  and  B  =  2^ 

4  a  ^  4  a 
The  first  suppositiou  gives 

8a        M  \  l-ilf/(2-2^)*-lJ 

and  the  second  in  like  manner  introduces  into  the  value  of  u  the  new  arguments  cos  (2  g  —  2  -f  2  it)  ^  and 
cos  (2  g  +  2  —  2  k)  0  with  co-efficients  affected  with  a  7*. 
These  arguments  existing  in  the  expression  of  u  will  in  like  manner  be  introduced  into  the  value  of  <  or 

/•y — ^and  thence,  by  the  process  of  reversion  before  explained,  will  arise  terms   of  the  forma  7».8in 

(2^  —  2  -h  2  k)  nt  and  a  7^  .  sin  (<Z  g  +  2  —  2  ^>  n  Mn  the  longitude,  of  which  this  mention  must  suffice,  as 
their  co-efficients  may  easily  be  calculated  from  the  principles  above  laid  down,  and  nothing  very  remarkahle 
in  the  lunar  theory  depends  on  them.     Other  terms  also  will  arise  from  the  part  of  (250)  multiplied  by 

d  U  .  o-  fy« 

"r^  which  in  this  case  is  not  =  0  as  was  supposed  in  (251)  but  is  equal  to  |-~  sin  2g0. 

Let  us  now  examine  the  manner  in  which  the  disturbing  forces  affect  the  moon's  latitude.    For  this  purpose 
we  must  take  the  equation  (241)  in  which  writing  for  s  the  expression  7  .  sin   (gv  —  N),  for         -  its  value 

g  7  .  cos  (gr  -  N)  for  m'  T  and  mTV  their  values  -|-  4  s^"  2  (1  -  A)  ^  and  -  ^  "T (^  +  3co62(l  -Ar)^) 
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w^mf. 


,    -         ,    d  Q    ,         ,       m'  2  in'  p  i  m*  n  $         m' as  /  a  \     , 

f  and  for  m'  — —  its  value -^^  =  — — —  =  — - —  =  -_  f  I  +  3  —  coa  w  I    (see  page  718^    line  4, 


.      Physical 


or^  neglecting  the  product  ♦  >t  ^*  simply 

,  ds^ 

m  -— 


we  shall  find 


A)  cos<?  (g^-N) 


+  —  #  (I  +  3  cos  S  {1  ^  A)  £?)  -h  a  f 

and  reiolving  the  products  of  sines  and  cosines  into  simple  sines, 

3  a 


o  7  .  (sin  (2  —  2  Jt  -j^  g^ ,  <?  -  N)  +  sin  (2  — 2  it  —  4' .  a  -h  N)  I 


or 


+  |-  ft  .  7  sin  (^^  -  N)  +  X  **  'y  (^^°  (2  -  2  *  +  g .  ^  —  N)  -  sin  (2  -  ^  A  -  g  .  ^  +  N)  } 
rf*  *  3 

o  ^  .^-^  +  t  +  T '"'  *  ^^^  (gr  ^  -  N) 


(^67) 


+  —  a7  (I  +  g)  .sin(2^2^  +  g*^--  N) 
4 


The  integration  of  this  gives 
3^7 


-  —  a7  (I  -^)  ,sin(2  -2/f-g.tf -f  N) 


2(r^^  I) 


sin  (g  ^  -^  N)  -1-  a  7  sin  (2  —  2  it  +  f  *  ^  —  N)  X  &c. 


+  tt  7  8in  (2  -  2  *  —  g  .  <?  +  N)  X  &c* 
Now  the  process  of  approximation  ought  necessarily  to  reproduce  the  original  value  «  =  7  *8iii  (g^  —  N), 
Heuce^  exactly  as  in  the  case  of  the  apogee,  we  ought  to  have 

^  **  '^^         sin  (g  ^  -  N)  =  7  •  si*^  (ff  ^  -  N) 


and 


2  it  -  1) 


3a  3 

g^=l   +_,     g=l  +  ^^ 


Thus  we  ohtain  the  motion  of  the  node,  for  g  —  I  or—  a  expresses  the  mtioof  the  retrograde  velocity  of  the 

node  to  that  of  the  mwin  in  its  orbit.  If  we  execute  the  calculation,  we  find  this  ratio  to  be  that  of  00042  :  I 
(see  page  720,  line  15  from  bottom,}  and  it  is  rcmarkuble,  that  it  is  exactly  the  same  as  n  lirst  approximation 
gives  for  the  direct  motion  of  the  apogee  ;  but  there  is  one  remarkable  difference,  that  in  the  present  case,  this 
first  approximated  vak;e  is  very  near  the  truth  as  given  by  observation,  and  is  little  altered  by  a  second 
approximation  \  whereas,  in  the  other,  the  repetition  of  the  process  doubles  the  vakie. 

The  regression  of  the  moon^s  nodes  is  a  circnmstancc  in  their  theorj^  which  admits  of  a  very  easy  and  fami- 
liar illustration. 

The  part  of  the  disturbing  force  which  acts  in  the  direction  of  the  2,  or  which  tends  to  draw  the  moon  out 


hieh 


of  the  plane  of  its  orbit  is  «*'  -— —  ^  m'  .  |  __  —  _ L  \,     If  we  wish  to  know  the  whole  force  w 

dz  V  r^  V     y 

tends  to  draw  the  moon  in  a  direction  at  right  angles  to  the  plane  of  its  own  orbit^  we  must  assume  that 
plane  for  the  plane  of  the  x,  y ;  then  will  z  =  n^  and 

d  z                  \r^        X'  / 
Now  ***'   (  '^  ~  rr  )  ^ cos  w  =  nearly -^  cos  w,  and  /  being  a  perpendicular  let  fall 

from  the  sun  on  the  plane  of  the  moan*s  orbit  is  equal  to  r'  or  a  multiplied  by  the  sine  of  the  sun's  angular 
distance  from  the  node  (sin  (^  --  N))  and  by  that  of  the  inclination  or  by  7.     Hence^  the  expression  of  this 

force  is  3  ti 

~  X  COS  w  .  sin  (^  —  N)  .  sin  / 

w  is  the  moon*s  angular  distance  from  the  sun  as  seen  from  the  earth,  &nd  therefore  cos  w  is  equal  to  sine  of 

VOL.    Ill,  5    8 


I 

m 
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([  *8  dlst.from  quadratures.     So  that  we  have 

r-  X  sin  <[  *s  dist.  from  quadrat,  x  sin    0*8  dkt.  fix>m  Q  X  sin.  indin. ;  (908)  v. 

for  the  value  of  the  force  in  question.  Let  us  now  examine  how  this  force  lends  to  produce  a  motknuin 
the  node.  To  this  end^  suppose  the  moon  to  set  off  from  its  ascending  node,  and  at  anj  point  in  its  orbit 
(supposed  circular)  to  describe  an  infinitely  small  arc  which  wiU  be  a  portion  of  a  great  circle  seen  from  iht 
earth's  centre.  If  the  disturbing  force  at  this  moment  eeased  to  act,  this  arc  would  be  a  portion  of  the 
undisturbed  orbit,  and  being  prolonged  backwards  would  cut  the  ecliptic  in  the  ascending  node«  Q,  whose 
position  therefore  would  be  the  same  at  the  beginning  and  end  of  this  infinitesimal  instant.  To  limit  our  ideas, 
let  us  conceive  the  moon  to  be  within  90^  from  the  Q,  and  therefore  its  motion  is  from  the  plane  of  the 
ecliptic.  Now,  let  the  disturbing  force  act,  and  suppose  its  direction  to  be  such  as  to  draw  the  moon 
out  of  its  orbit  towards  the  plane  of  the  ecliptic,  then  wiU  the  elementary  arc  actually  described  by  the 
moon  in  virtue  of  its  own  inertia  combined  with  the  new  impulse  given  bv  this  force,  be  leu  iudmed  to  the 
ecliptic  than  the  last  described  portion  ;  and  therefore  being  prodttced  backwards,  will  cut  the  ediplic  iaa 
point  behind  the  former  place  of  the  node.  This  point  is  the  new  or  consecutive  place  of  the  node,  whidi 
therefore  has  retreated  on  the  plane  of  the  ecliptic  by  the  action  of  the  disturbing  pluiet. 

On  the  other  hand,  had  the  disturbing  force  been  directed  from  the  plane  of  the  ecliptic,  the  new  path  of 
the  moon  would  be  more  inclined  than  in  the  preceding  instant ;  and  therefore,  product  Iwckwasds,  would 
cut  the  ecliptic  in  a  point  more  ybrtpard  than  the  previous  place  of  the  node,  so  ^nt  under  these  dremaatancei 
the  node  advances. 

Thus  we  see  that  when  the  moon  moves  from  the  ecliptic  and  the  force  acts  to  it^  the  node  retreats ;  hit 
when  the  force  acts  from  it,  the  node  advances. 

Again,  let  the  moon  be  approaching  the  ecliptic  ;  then,  if  the  force  act  to  that  plane,  it  wiU  approach  it 
more  rapidly,  and  i/dll  cut  it  m  a  point  nearer  than  the  node  to  which  it  is  approaching.  This  node  (and  of 
course  bothj  will  then  move  to  meet  the  moon,  or  in  a  direction  contrary  to  its  motion^  i.  e.  wiU  retreat ;  and 
vice  vend,  it  the  force  act  from  the  plane,  the  node  advances. 

From  this  analysis  of  all  the  cases,  we  see  that  whenever  the  disturbing  force  tends  to  elevate  the  moon 
from  the  plane  of  the  ecliptic,  the  node  advances,  and  in  every  other  case  retreats.  Now^  it  is  easily  seen,  dut 
the  former  condition  never  holds  good  unless  the  moon  is  between  the  node  and  the  quadratures ;  mad  m  the 
extent  of  the  angle  in  which  this  can  happen  during  a  whole  revolution  of  the  moen  in  itii  orbit,  is  necessarily 
less  than  two  right  angles,  the  preponderant  tendency  of  the  node  on  the  average  of  a  whole  revolution  is  alm^i 
in  favour  of  its  retreat.  In  hci,  when  the  node  is  in  quadratures,  it  retreats  at  every  instant  of  the  lunatkm; 
and  in  the  most  unfiivourable  case^  when  the  node  is  in  syzigies,  its  retreat  is  barely  counterbalanced  by  its 
advance,  and  the  node  only  rests  for  an  instant ;  the  sun  hdng  then  for  a  moment  in  the  plane  of  the 
lunar  orbit. 

The  general  tendency  of  the  node  to  recede  on  the  ecliptic  is  thus  clearly  made  out ;  but  we  may  go  forthcr 
on  these  principles,  and  make  the  quantity  of  its  recess  a  matter  of  calculation.    For,  let  us  denote  by 

—  the  force  expressed  in  (968).    Then,  since  the  lunar  gravity  (— )   draws  the  moon  in  the  instant  sf 

time  d  t  through  tlie  versed  sine  of  an  arc  =  a  d  tf   or  through  a  space  equal  to  ^      ^  the  force  —  niU 

draw  it  in  the  tame  time  through  the  space  K .  ^^       ^ .    The  mclination  therefore  of  its  new  path  to  iU  oU 

wiU  be  represented  by  the  infinitely  small  angle 

^  M£)f 

« ^^  =  Kdd 

ade 

Let  the  new  elementary  portion  be  prolonged  till  it  meets  the  ecliptic  in  3^  Q  being  the  former  place  of  the 
node,  then  we  shall  have  3  8^  for  the  momentary  change  of  the  node's  place.  Now  this  is  the  side  of  a  sphe- 
rical triangle  opposite  to  the  infinitely  small  angle  Kd9,    The  included  side  is  the  arc  of  the  moon's 

orbit  between  the  moon  and  node,  or  the  moon*s  distance  from  its  node,  while  the  included  angle  is  /die 
inclination.    Hence,  if  we  call  L  the  longitude  of  the  node,  we  shall  have,  by  spherical  trigonometry, 

sm  I 
but  IT  =  —  3  a .  sin  ( (  —  0)  .  sin  (©  —  a)  .  sin  J.    Hence,  we  have 

(fLsSa  .  8hi(^-.it9).shi(ib^-L)  .sin(d  -L)d^ 

from  which  differential  equation  the  relation  between  L  and  0  may  be  deduced. 

If  we  assume  L  as  constant  during  one  lunation  in  the  second  member,  we  get  by  integration  the  whole 
change  of  L  in  that  interval  approximately,  or  the  mean  motion  of  the  node  in  a  lunation,  which  we  wiU 
call  A  li 
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iomj. 


A  I^  =    3 


•/' 


d$.sin(l  —  k)  0  .em 


This  is  in  principle  the  method  followed  by  Newton  in  that  part  of  the  third  book  of  the  Prinnpia,  where 
he  treats  of  the  motion  of  the  moon's  node  ^  the  most  elegant  and  satisfactoi^  instance  of  the  application  of 
Ms  geometry  to  the  lunar  theory* 

The  precession  of  the  equinoxes  is  explicable  on  the  same  principles  as  the  motion  of  the  moon*a 
nodes.  The  centrifugal  force  at  the  earth's  equation  throws  out  a  portion  of  the  matter  of  which  it  consists 
into  the  form  of  an  oblate  or  flattened  spherlod  ;  and  we  may  conceive  this  redundant  matter,  as  a  spherio- 
dical  shell  investing"  an  inscribed  sphere.  Suppose  now  every  particle  of  this  shell  at  liberty  to  obey  any 
imjmlsc,  unfettered  by  the  others,  or  conceive  it  to  consist  of  an  infinite  number  of  infinitely  small  moons  : 
each  of  these  will  describe  an  orbit,  whose  nodes  have  a  tendency  to  recede  on  the  plane  of  the  eclipticj  and 
though  some  (those  which  happen  to  lie  betw^een  their  quadratures  with  the  sine  and  their  nodeSj)  will  have 
their  nodes  in  a  state  of  advance  5  all  the  rest,  w^hich  constitute  the  greater  number,  will  have  theirs  in  a 
state  of  recess.  Conceive  now  the  particles  to  cohere  and  form  a  solid  ring,  uneonnected  with  the  central 
globe,  the  motion  of  this  ring  will  be  a  mean  among  all  the  motions  of  its  parts,  and  the  nodes  of  the  ring 
will  in  consequence  continually  recede,  with  a  certain  velocity.  Now,  let  the  ring  adhere  to  the  sphere,  then 
must  all  its  motion  be  divided  between  itself  and  the  whole  mass  of  the  earth,  which  alotie  has  no  such  ten- 
dency. The  redundant  matter  at  the  equator,  how^ever,  bears  a  very  small  ratio  to  the  w  hole  mass  of  the 
earth  j  so  that  owing  to  this  cause,  the  retrogradation  is  exceedingly  diminished  in  rapidity  j  and  owing  to  the 

enormous  distance  of  the  sun  and  the  smallness  of  the  earth  (whose  radius  being  only  th  part  of  the 

a  quantity  quite  insensible,)  is  rendered  too  small  to 


distance  ^  so  that  here,  a^^mf  ,  (-yj    ^ 


(23405)^ 
be  distinctly  perceived. 

But  the  moon  also  exerts  a  disturbing  force*  That  luminary  is  to  our  imaginary  moons,  or  terrestrial  mole* 
culeSi  w^hat  the  sun  is  to  the  moon  itself  in  the  theory  of  the  lunar  perturbation.  If  we  reduce  these  principles 
to  calculation,  assummg  such  a  mass  and  distance  of  the  moon  as  we  know  to  be  near  the  truthj  we  shall 
find  that  a  retrograde  motion  of  the  earth's  equator  on  the  ecliptic  of  about  50"  per  annum  will  actually 
result.  Now  this  |s  the  very  phenomenon  knowni  by  the  name  of  the  precession  of  the  equinoxes ;  and 
though  its  strict  theory  Is  much  more  complicated  and  difficult  than  the  general  view  here  taken,  its  accord- 
ance with  observation  is  perfect^  and  affords  one  of  the  most  refined  verifications  of  that  admirable  law  which 
holds  the  frame  of  nature  in  the  harmony  we  are  now  so  well  able  to  appreciate. 
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M  A  G  N  E  T  I  S  M. 


PART  I. 


* 


■      Macntstism  is  that  science  which  treats  of  the  phe- 

'  noracna of  rnitgnets,  whether  natural  or  artificial  ^  their 

relation  and     reciprocal  action   on   each    other;    the 

direction  which  they  aasmne  when  freely  suspended, 

&c.  &c* 

The  term  ma^et  is  differently  derived;  some 
deduce  it  from  one  Magnes,  a  shepherd,  wJio  is  said  to 
have  first  discovered  its  attractive  power  by  the  iron 
of  his  crook  on  Mount  Ida*  Others  assert  that  it  was 
first  discovered  in  Heraclea,  a  city  in  Magnesia,  and 
that  it  hence  derived  its  denomination  iTiagnet,  as 
well  as  that  of  Lapis  Heracleus,  as  it  was  sometimes 
called  by  ancient  authors.  At  all  events  the  Greeks 
called  tliose  ferruginous  ores  which  possessed  this 
power  of  attracting  iron,  ^a^u^i^^  and  from  tbem  we 
derive  our  terms  magnet  and  magnetism. 

It  is  but  \QTy  lately  that  magnetism  has  assumed 
that  scientific  character  which  enables  ws  to  reduce  its 
phenomena  to  the  dominion  of  analysis,  whereby  to 
calculate  and  to  predict  witli  certainty  the  effect  that 
will  be  produced,  by  any  proposed  combination,  or 
given  position,  of  different  bodies  of  this  kind  acting 
on  each  other  \  but  it  is  now  advanced  to  a  high  rank , 
in  the  physical  sciences,  and  it  is  under  tins  character 
we  shall  consider  it  in  the  present  treatise.  \Xc  pro- 
pose to  divide  the  subject  into  three  distinct  heads; 
Historical,  Experimental,  and  Theoretical.  In  the 
former  we  shall  take  a  succinct  view  of  the  various 
steps  that  have  been  made  from  time  to  time  towards 
advancing  this  doctrine,  from  its  first  rude  beginning 
to  its  present  scientific  form.  In  the  second  wc  shall 
confine  ourselves  to  subjects  wholly  experimental,  or 
at  least  we  sha!l  abstain  from  entering  into  any  but  the 
most  general  and  obvious  theoretical  principles.  We 
ahall  in  this  part  explain  the  method  of  making  arti- 
ficial magnets,  shewing  the  elTect  of  temper,  form, 
and  proportion  ;  wc  shall  then  describe  the  various 
magnetical  inslrnments,  and  the  relative  magnetic 
powers  of  different  natural  and  artificial  substances. 

In  the  theoretical  part  we  shall  examine  the  mathe- 
matical principles  of  the  laws  of  mngnetic  action  :  the 
phenomena  of  terrestrial  magnetism,  the  annual  and 
diurnal  motion  of  the  terrestrial  polarizing  axis,  annex- 
ing to  it  tables  of  the  most  authentic  observations  in 

VOL.  m. 


all  parts  of  the  earth,  from  the  first  record  of  tliem  to     History* 
the  jiresent  time.     We  propose  also  to  give,  in  conti-  v^p-^^^.-^^ 
nuation  of  the  above,  a  complete  treatise  of  Electro 
Magnetism, 

lihtonj  of  ancieui  and  nrndern  ducoverits  of  magneficul 
phenomena. 

I,  We  have  already  seen  that  the  ancients  were  Ancient 
acqnainted  with  some  of  the  properties  of  the  author*, 
magnet,  its  attractive  powers  being  mentioned  by 
Homer,  Pythagoras,  and  Aristotle.  Plato,  Euripides, 
and  Pliny,  have  also  such  references  to  the  subject 
as  v/ould  lead  us  to  imagine  that  they  not  only 
were  acquainted  with  its  common  attractive  proper- 
ties, but  also  were  aware  that  it  might  be  communi- 
cated ;  for  Plato  has  described  a  chain  of  iron  rings 
suspended  by  one  another,  the  first  being  sustained  by 
the  loadstone. 

The  most  important  property  of  magnets,  that  of 
direction,  appears  however  to  have  been  altogether 
unknown  to  the  philosophers  of  those  times,  and 
there  seems  to  be  much  unrertaiuty  as  to  the  date  of 
this  invaluable  discovery.  By  most  %vriters  it  is  repre- 
sented, that  a  certain  Neapolitan,  named  Flavio,  or 
John  de  Gioja,  or  Giova,  or  Cfira,  who  lived  in  the 
thirteenth  century,  has  the  best  title  to  this  honour  j 
yet  his  claim  is  by  no  means  indisputable*  Dr.  Gil- 
bert, an  English  writer  of  the  sixteenth  century,  in 
his  work  *'  de  Magnetc,"  alhrms^  that  Panlus  Vcnctus 
brought  the  invention  of  the  compass  to  Italy  in  the 
year  12G0,  having  learnetl  it  of  the  Chinese.  Ludi 
Vertomanus  asserts,  that  when  he  was  in  the  East 
Indies,  about  the  year  1500,  he  saw  a  pilot  direct  his 
course  by  a  magnetic  needle,  fastened  and  formed 
like  those  now  in  use  ;  and  Mr.  Barlow,  in  his  Navi* 
gatars  Supply,  anno  151>7f  relates,  that  in  a  personal 
conference  with  two  East  Indirms,  they  afiirmed,  that 
instead  of  our  compasses,  they  used  a  magnetic  needle 
of  about  six  inches  in  length,  su'^pended  upon  a  pin 
in  a  dish  of  white  china  earth,  filled  with  water,  in  the 
bottom  of  which  there  were  marked  two  cross  lines  to 
indicate  the  princi]ial  winds  ;  the  rest  of  the  divisions 
being  left  to  the  skill  of  their  pilots.  But  these  two 
last  observations,  being  of  a  date  much  posterior  to 
5  c  73^ 
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MagneUsm.  the  use  of  the  magnetic  needle  in  Europe,  lead  to 
'  nothing  conclusive  with  respect  to  its  original  disco- 
very ;  since  the  use  of  that  magnetic  property  might 
have  been  introduced  into  Asia  by  some  European, 
of  2.  P.  Duhalde,  in  his  General  HUtory  of  China, 
t^tCtinete.  (vol.  1.)  in  the  annals  of  the  Chinese  monarchy, 
speaking  of  the  Emperor  Hoangti,  when  he  gave  battle 
to  Tchi  Yeou,  says,  '^  He,  perceiving  that  thick  fogs 
saved  the  enemy  from  his  pursuit,  and  that  the  soldiers 
rambled  out  of  the  way,  and  lost  the  course  of  the 
wind,  made  a  carr,  which  shewed  them  the  four  car- 
dinal points  :  by  this  method  he  overtook  Tchi  Yeou, 
made  him  prisoner,  and  put  him  to  death.  Some  say 
there  were  engraved  in  his  carr,  on  a  plate,  the  cha- 
racters  of  a  rat  and  a  horse,  and  underneath  was 
placed  a  needle,  to  determine  the  four  parts  of  the 
world."  In  another  part  of  the  same  book,  speaking 
of  certain  ambassadors,  he  says,  '' After  they  had  their 
audience  of  leave,  in  order  to  return  to  their  own 
country,  Tcheou  Kong  gave  them  an  instrument,  which 
on  one  side  pointed  towards  the  north,  and  on  the 
opposite  side  towards  the  south,  to  direct  them  better 
on  their  way  home,  than  they  had  been  directed  in 
coming  to  China.  The  instrument  was  called  Tchi 
Nan,  which  is  the  same  name  as  the  Chinese  now 
give  to  the  sea  compass :  and  this  circumstanoe  has 
^ven  occasion  to  think,  that  Tcheou  Komg  was  the 
inventor  of  the  compass.  This  happened  in  the  twenty- 
second  cycle,  more  than  1040  years  before  Christ." 

Notwithstanding  these  assertions,  however,  Re- 
naudot  adduces  strong  aiguments  against  the  supposed 
knowledge  of  the  mariner^s  compass  amongst  the  an- 
cient people  of  China,  and  of  Arabia.  See^rcher  de 
Magnete,  We  must,  therefore,  leave  these  claims  upon 
the  very  uncertain  basis  on  which  they  stand,  and  pro- 
ceed to  about  the  twelfth  and  thirteenth  oentury  of 
the  Christian  era,  when  it  appears  at  least  that  the 
•compass  was  known  in  Europe,  however  ruddy  and 
imperfectly  constructed. 
Enlyiiseof  3.  Cavidlo,  in  the  first  edition  of  his  Treatiie  <m 
Ibe  com-  Magnetism,  and  in  the  supplement  to  the  two  subse- 
PJ*^  quent  editions,  has  collected  together  several  curious 
"■"P*  and  interesting  statements  connected  with  the  early 
history  of  this  science  in  Europe,  amongst  which 
perhaps  the  following  is  the  most  interesting.  In 
the  works  of  Claude  Fauchet,  entitled,  Reaieil  de 
tOrigine  de  la  Langue  et  PoSsie  Franfoise,  there  is  a 
quotation  from  an  old  French  poem,  called  la  Bible 
Guiot,  in  which  the  mariner's  compass  is  obviously 
mentioned,  and  the  same  work  is  likewise  quoted  by 
Musbenbroeck,  in  his  Dissertatio  de  Magnete,  The 
passage  in  which  the  compass  is  quoted  forms  part  of 
the  above  mentioned  poem,  contained  in  a  curious 
quarto  MS.  of  the  thirteenth  century,  on  vellum, 
belonging  to  the  Royal  Library  at  Paris,  which  was 
never  published.  The  poem  entitled  la  Bible  Guiot 
forms  the  first  article  of  the  volume  3  the  author  of 
which,  Guiot  de  Provence,  as  mentioned  in  the  poem 
Itself,  was  at  the  court  of  the  Emperor  Frederic  Bar- 
barossa,  held  at  Mentz  in  the  year  1181,  when  the 
Emperor's  two  sons  were  knighted. 

The  following  is  a  verbatim  copy  of  this  part  of  the 
poem,  with  its  literal  translation  : — 

"  Icelle  estoile  ne  se  muet 
Une  arts  font  qui  mentir  ne  pnet 
Par  la  vertu  de  la  Manete 
Une  piere  laide  et  bninete 


Oa  il  fers  Tolentera  te  Joint 
Ont  renrdent  lor  droit  point 
Puez  c  line  aguile  lont  touchie 
Et  en  iin  festu  lont  fishie 
En  longne-la  mette  sens  plus 
Et  11  festni  la  tknt  desoa 
Puis  se  tome  la  point  tonte 
Contre  lestoile  sans  donte 
Quant  il  nuis  est  tenebre  et  bnue 
Con  ne  voit  estoile  ne  lune 
Lor  font  a  laguille  alumer. 
Puiz  ne  puent  ils  assurer 
Contre  lestoile  rers  le  pointe 
Par  se  sont  il  mariner  cointe 
De  Im  droite  voie  tems 
C'cst  nns  an  qui  ne  pnet  mentir.'' 

Vtransuition. 

*'  This  same  (the  pole)  star  does  not  move,  and 

They  (the  mariners}  have  an  art  whieh  cannot  deoetfe. 

By  the  virtue  of  the  magnet. 

An  ugly  brownish  stone. 

To  iniich  iron  adheres  of  its  own  accord. 

Then  Aey  look  for  the  richt  point. 

And  when  they  have  touched  a  needle  (on  it) 

And  fixed  it  on  a  bit  of  straw, 

Lengthwise  in  the  middle,  without  more. 

And  the  straw  keeps  it  above  5 

Then  the  point  tnriM  }aii 

AguMMit^starwMWaHwPy. 

Ifrhen  the  night  is  darii  and  g^oomy» 

Tliat  you  can  see  neither  star  nor  mooii^ 

Iben  they  brhig  a  Bgdt  to  the  aeeAe  j 

Can  they  not  then  assure  themselvei 

Of  te  ■itMtimi  of  the  star  tovwds  Om  pail*.!  (af  At 


0 

]^  this  the  mariner  is  enabled 
To  keep  tiie  pttmer  c 
This  b  am  art  wUoli 


There  can  be  no  question,  from  tlie  whole  Iwaringif 
this  very  curious  passage,  thai  the  nMuiner*B  compM^ 
howerer  rude  in  its  construction,  was  known  paor  tp 
tiie  year  1200  :  at  the  same  time,  the  very  rousli  fimn 
of  the  instrument  would  seem  to  imply  that  it  Md  not 
been  then  very  long  employed,  alliioi^li  it  dpcfi  iioft 
appear  to  be  described  as  a  recent  discorerjr. 

Professor  Ilansteen,  in  his  Inquirie$  comoermng  <k 
Magnetism  of  the  EarUi,  quotes  some  expressions  of 
an  Icelandic  historian,  which  seems  to  prove  that  the 
directive  quality  of  the  natural  loadstone,  if  not  the 
artificial  needle,  was  known  nearly  a  centuir  befiwe 
the  date  of  this  poem.  "  Are  Frode,'*  says  Mx.  Han* 
steen,  '^  by  whom  the  I.ai»(fnama6o/r  of  Iceland,  or  the 
account  of  the  discovery  of  that  island  was  writtov 
mentions,  (part  I.  chap.  ii.  p.  7.)  that  iloke  Vilger- 
derson,  a  renowned  viking  or  pirate,  the  third  dis- 
coverer of  the  island,  departed  from  Rogaland,  in 
Norway,  to  seek  Gadersholm,  (Iceland,)  aome  time 
in  the  year  d68.  He  took  with  him  three  ravens  to 
serve  as  guides ;  and  in  order  to  consecrate  them  to 
his  purpose,  he  offered  up  a  great  sacrifice  in  Sm5r- 
sund    where  his  ship  lay  ready  to  sail.     For  in  THoa 

TIMES    SEAMEN    HAD    NO    LOADSTONE   IN    THK    NOSTHSaV 

COUNTRIES.  (Pcdat  pa  hofdo  hafsigUngarmenn  enger 
Leidarstein  i  pan  pinna  a  nordorlondumJ)  In  Icelandic,. 
Leid  signifies  region,  and  on  this  account  the  pole 
star  is  named  Leidstjerna,  consequently  Leidersiein  sig- 
nifies guiding-stone.  According  to  the  testimony  of 
Snorro  Sturleson,  Are  Frode  was  bom  in  the  year 
1068 ;  this  account  was  therefore  probably  written 
about  the  end  of  the  eleventh  century,  at  which  time 
it  appears  imquestionable  that  the  directive  property 
of  the  magnet  or  loadstone  was  known :   although 
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1*  there  U  nothing  in   the  p^sage    that  can   lead   to 
^  imag'me  that  the   form  of  the  compass  had  at  that 
lime  been  su jested." 

Our  preceilins:  quotati(»ns  seem  to  refer  the  first  use 
of  the  mariner's  coinjiasii  to  a  period  autececient  to  the 
thirteenth  century  ;  and  before  the  fourteenth  we  have 
proof  of  its  beint^;  known  to  the  northern  nations  ;  for 
in  1266,  on  the  death  of  thf  5»vvetiish  Count  B)  rgcris, 
whom  the  Swedes  denominate  Duke  Pootwna  Hyrges 
Jftii,  Stnrla  celebrated  his  memory  in  a  poem  consist- 
iog"  of  twelve  verses  ;  and  when  he  attended  the  King 
to  the  boundaries  of  the  kingdom j  he  produced  this 
poem  in  an  assembly  of  the  states  ;  and  as  a  reward 
for  his  genius,  be  was  presented  with  a  mariner's 
compass.  See  Torfaeus,  (Thormodus)  ifutaria  Rtrum 
Mfrvegicarum,  4  torn,  p.  345. 

Another  claim  of  this  kind  is  made  by  Plrancis 
Cab  e  us  J  a  Jesuit  of  FtTrara,  who  says  that  the  first 
thing  he  knows  professedly  written  respecting  the 
directive  property  of  the  magnet,  was  an  epistle  of 
Fetrus  Peregrinus  Gall  us,  about  the  latter  end  of  the 
thirteenth  century.  A  few  years  after,  this  epistle  was 
disguised  by  one  John  Tasnier,  w^ho  published  it  in 
his  own  name,  under  the  title  of  Opuscttlum  perpeMa 
wMmoria  dignistimum  de  nahira  et  tfectihus  magneiia. 
Some  years  ago,  Mr.  Senebier,  of  Geneva,  sent  the 
following  memorandum  concerning  this  letter  to  Dr. 
Lorituer^  in  London  : — 

"  Eputola  Feiri  Feregrini  de  Marcourt"     *'Ad  Sigermm 
de  Foueancvuri  Miliiem  de  Magnete,*' 

"■  The  work  contains  a  description  of  that  stone,  the 
means  of  finding  the  poles^  its  property  of  attracting 
iron,  and  proves  that  the  part  of  the  magnet  which  is 
turned  to  the  north  attracts  that  which  is  turned  to 
the  south/'  It  then  teaches  the  manner  of  employing 
the  magnet  in  astronomy,  and  of  playing  tricks  like 
those  of  Comus.  It  deserves  to  be  remarked,  that  the 
author  kne^v  not  that  the  magnet  could  he  employed 
in  navigation  ;  for  though  he  frequently  speaks  c/e 
atella  nautira,  he  never  mentions  the  use  that  might 
be  made  of  the  magnetic  needle  in  sea  voyages.  Vide 
Btbliothcca  Bibt'totheearnm,  p.  1400  j  Catalogue  of  (he 
Mantiscripfs  in  i hit  Library  of  Gawva^  bySenebier,p.  207, 

Among  the  manuscripts  of  the  University  of  Leyden, 
there  is  a  volume  containing  several  scientific  tracts, 
one  of  which  is  a  Latin  letter  of  Peter  Adsiger,  on  the 
properties  of  the  magnet.  It  is,  in  fact,  a  little  me- 
thodical treatise,  divided  into  two  parts  ;  the  first  of 
which  is  subdivided  into  ten,  and  the  second  into 
three  chapters.  This  letter,  which  seems  intended 
for  the  instruction  of  some  particular  friend,  is  dated 
in  the  year  1269.  A  few  years  ago*  Mr.Cavallo  ob- 
tained an  exact  copy  of  this  curious  letter,  of  which 
he  inserted  very  ample  extracts,  both  in  the  original 
Ijatin  and  in  English,  in  the  supplement  to  the  second 
and  third  edition  of  his  Treatise  on  Magnetism  j  and 
from  which  it  appears  that  the  writer,  at  that  early 
time,  was  acquainted  with  all  the  principal  properties 
of  the  magnet.  The  following  is  the  translation  of 
the  most  remarkable  part  of  the  above  mentioned 
epistle,  w^hich  describes  the  compass,  aud  mentions 
the  declination  of  the  magnetic  needle. 

'*  Part  II ,  chap.  ii.  On  the  construction  of  a  belier 
instfumejit  to  ansiver  ike  purpose ;  viz.  to  find  oui  the 
azimuth  of  the  sun,  the  moon,  or  antf  star  upon  the 
horizon. 


**  In  the  present  chapter,  you  will  be  informed  of    Histoif, 

the  construcLiou  of  another  inslrumeat  of  more  certain  ^— -^^^.-^-/ 
effect,  A  vesst4  must  be  made  of  wood,  copper,  or 
any  other  material,  and  let  it  be  turned  like  a  box,  of 
small  depth,  and  competently  wide.  Let  a  cover  of 
some  transpareut  ,^ubst;mce,  as  glass  or  crystal,  be 
adapted  to  it  ^  and  if  the  whole  were  made  of  some 
transparent  matter,  it  would  be  still  better.  A  slen- 
der axis  of  copper  or  silver  must  be  adapted  to  the 
middle  of  this  vessel,  a| (plying  its  extremities  to  the 
upper  and  lower  parts  of  the  box,  viz.  to  the  cover 
and  to  the  boxj  the  axis,  however,  must  not  be  so 
firmly  fastened,  as  not  lo  be  capable  of  moving  very 
freely.  Two  holes  must  be  perforated  in  the  middle 
of  the  axis,  at  right  angles  lo  each  other]  and  an  irott 
style,  like  a  needle,  innst  pass  through  one  of  those 
holes,  whilst  another  style  of  silver  or  copper  passes 
through  the  other  hole  in  a  direclion  crossing  the  iron 
one.  The  cover  must  first  be  divided  into  four  parts, 
and  each  of  these  into  ninety  parts,  agreeably  to  the 
instructions  given  concerning  the  other  instrument  iji 
the  preceding  chapter ;  and  upon  it  mark  the  north 
and  the  south,  the  east  and  the  west  points  j  and  let  a 
ruler  of  some  transparent  substance,  with  stglits  on  its 
extremities,  be  atlapted  to  it.  Then  place  whichever 
part  of  the  magnet  you  please,  viz.  the  north  or  the 
south,  near  the  glass,  until  the  needle  be  moved 
towards  the  said  magnet,  ami  acquires  the  virtue  from 
it  J  after  which,  the  uuignet  being  lemoved,  the  extre- 
mity of  the  needle  will  turn  itself  towards  the  pole- 
This  being  done,  turn  the  box  until  one  extremity  of 
the  needle  remains  directed  towards  the  north  part  of 
the  instrument,  or  the  north  part  of  the  heavens  j  then 
turn  the  ruler  towards  the  sun  in  tlie  day-time,  and 
towards  the  stars  in  the  night-time,  after  the  mantier 
mentioned  in  the  preceding  chapter.  By  means  of 
this  instrument,  you  may  direct  your  course  towards 
cities,  and  islunds,  aud  all  other  jxirts  of  the  world, 
either  on  land  or  at  sea,  provided  you  are  ac<juainted 
with  the  longitudes  and  latitudes  of  those  places  ;  for, 
if  the  town  or  inland  to  which  I  intend  to  go  be  in  a 
lower  latitude  than  the  place  in  which  I  atn.  I  shall 
go  straight  before  me,  towards  that  end  of  the  ruler 
which  is  directed  to  the  sun  or  stars  ;  but  if  the  lati- 
tude of  the  place  be  greriter,  I  shall  proceed  in  the 
opposite  way,  viz.  in  the  direction  of  the  other  extre- 
mity of  the  ruler :  observe,  that  the  south  part  of  the 
ruler,  w  hich  is  to  be  uscmI  as  a  guide,  must  be  made  f*****  ™™^ 
to  decline  towards  the  west  by  one  p<iint ;  and  this  Jj^^^^ 
mufet  be  done  by  the  declinatiun  of  the  north  part 
towards  the  east*  because  the  south  part  of  the 
instrument  is  destitute  of  divisions. 

"  Take  notice,  that  the  magnet,  as  well  as  the 
needle  that  has  been  touched  by  it,  does  not  point 
exactly  to  the  poles,  but  that  part  of  it  which  is 
reckoned  lo  point  to  the  south,  declines  a  little  to  the 
west :  and  that  pitrt  which  looks  towards  the  north, 
inclines  as  much  to  tlie  east.  The  exact  quantity  of 
this  declination  I  have  found,  after  numerous  ex|ieri- 
ments,  to  be  five  degrees.  However,  this  declination 
is  no  obsiaclc  to  our  guidance,  because  we  make  the 
needle  itself  decline  from  the  true  south  by  nearly  one 
point  and  a  half  towards  the  west,*'* 

To  this  letter  Mr.  Cavallo,  in  his  treatise,  subjoins 

*  There  U  §otW!  Ambiguity  in  these  differcut  estimates  of  the 
rariatiocii  bat  wc  have  no  mf  nn^  of  correction  it, 
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Magnetism,  the  following  obdervatioti6.  It  appears  that  the  sus- 
v-^'V-^i'  pension  of  the  needle  in  the  above  description,  is  a 
very  clumsy  one ;  and  that  the  beautiful  suspension 
by  a  cap  upon  a  pin,  which  is  now  universally  used, 
was  unknown  to  the  author.  It  is  likely,  therefore, 
that  for  want  of  this  suspension,  the  needles  at  that 
time  not  moving  sufficiently  easy,  were  not  actually 
used  in  navigation,  at  least  in  Europe,  though  the 
suspension  by  means  of  a  cap  upon  a  pin,  seems  not 
to  have  remained  long  unlinown  after  the  date  of  this 
letter.    CavalIo*s  Treatise  of  Magnetism. 

Such  are  the  very  imperfect  historical  documents 
relative  to  the  first  discovery  of  this  most  valuable 
instrument ;  from  which  can  be  drawn  very  little  to 
be  entirely  depended  upon,  although  there  can  be  no 
doubt,  that  whether  the  mariners  compass  was  known 
as  such,  prior  to  the  date  of  the  Fi'ench  poem  we  have 
quoted  or  not,  the  directive  power  of  the  magnet  was 
not  unknown  in  Europe  so  lately  as  some  authors 
have  stated ;  but  as  Montucla  very  justly  observes  in 
his  Histoire  de  Matliematiques,  tom.  i.  p.  527>  inven- 
tions such  as  that  of  the  mariner's  compass,  proceed 
step  by  step  with  such  im])erceptible  degrees  of  ad- 
vancement, that  it  is  very  difficult  to  do  justice  to  the 
respective  claims  of  different  nations  ;  and  it  is  not 
astonishing,  considering  the  high  importance  of  the 
compass  to  navigation,  that  we  shoidd  find  various 
claimants  to  the  honour  of  the  discovery. 

We  have  seen  that  the  French  claim  this  honour  on 
the  authority  of  the  poem  which  we  have  quoted  -,  they 
also  assert  that  the  usual  mode  of  ornamenting  the 
cord  with  the^eur  de  lis,  which  is  to  this  day  practised 
by  every  nation  in  Europe,  is  a  farther  indication  of 
their  prior  claim.  Others  urge  still  further  its  French 
origin  from  the  term  calamita,  by  which  the  Italians 
still  denote  the  compass,  and  which  is  said  to  be  de- 
rived from  an  ancient  French  word  catamite,  signifying 
a  little  frog,  to  which  the  compass  in  the  first  instance 
was  assimilated,  when  it  was  made  to  float  on  woter. 
Dr.  Wallis,  an  English  mathematician  of  celebrity, 
claims  the  honour  of  the  invention  for  this  country, 
from  the  general  denomination  compass  or  an  analogous 
term,  used  by  most  European  nations.  We  must  how- 
ever acknowledge  that  this  learned  philosopher  has 
displayed  more  partiality  than  judgment  in  making 
this  claim,  although  the  English  are  allowed  to  have 
been  the  first  who  suspended  the  box  in  gimbals  j  but 
the  suspension  of  the  needle  by  a  cap  and  point,  as  now 
universally  adopted,  is  certainly  of  unknown  origin. 
4.  It  appears  however  in  be  unquestionably  established, 
that  the  mariner's  compass  in  a  rude  form  was  at  least 
partially  known,  and  some  of  the  more  obvious  magnetic 
phenomena,  before  the  year  1300,  and  even  the  variation 
is  positively  if  not  clearly  stated  in  the  letter  quoted  in 
a  preceding  article  j  the  commonly  received  opinion 
^dt^h"'  ^^^^■cfore,  that  it  was  Columbus  who  first  discovered 
dUco^ered^  this  declination  is  not  strictly  correct.  The  truth  perhaps 
thedeclina-  ^^>  ^^^^  the  variation  of  the  compass  from  the  true  north 
tion  or  was  known  before  the  date  of  the  voyage  of  this  cele- 
TariaUon,  brated  navigator,  and  that  he  was  merely  the  first  to 
discover  that  the  variation  was  not  the  same  in  all 
places.  His  son  Ferdinand  states,  that  on  the  14th  of 
September  1492,  his  father  first  discovered  the  varia- 
tion ;  and  that  in  consequence  his  crew  mutinied,  sup- 
posing that  the  needle  had  lost  its  polarity,  and  that 
they  would  not  be  able  to  find  their  way  back  to 
Europe.  If  this  means  any  thing  more  than  that  Colum- 


bus then  discovered  the  variatioil  to  be  differcat  in*-B«i 
different  latitudes,  it  is  erroneoof ;  at  least  if  it   ivms  ^""v 
then  for  the  first  time  discovered  by  C<diiinbiu»  it  k 
obvious  from  what  has  been  stated,  that  the  fiict  ittelf 
was  known  nearly  200  years  before  that  time. 

5.  The  next  important  discovery  in  magnetiam  it  die  Dip  4i 
to  our  countryman  Robert  Norman,  a  mathematical  "wji/ 
instrument  maker  in,  or  near^  London,  who  in  15f 6  **""* 
found,  that  besides  the  known  directive  power  of  the      '"* 
needle  in  azimuth,  it  had  also  a  certain  dire<!tiQn  of 
inclination  commonly  called  the  dip.  He  tells  us  in  Ins 
book,  T/ie  new  Attraciive,  that,  "  having  made  many 
compasses,  and  always  balancing  the  needles  before  ke 
touched  them  with  the  magnet,  he  found  continnally; 
that,  after  he  had  touched  them,  the  north  point  woidi 
incline  downward  under  the  horizon,  inasmuch  tfant 

the  fly  (or  card)  of  the  compass,  which  was  before 
level,  he  was  still  constrained  to  put  some  small  piece 
of  wire  on  the  end  thereof  to  counterpoise  it.*'  He 
then  communicated  his  discovery  to  some  ofhis  lite- 
rary friends,  who  advised  him  to  frame  an  instrument 
and  make  an  exact  trial  of  what  would  be  the  greatest 
angle  it  would  make  with  the  horizon,  and  he  found 
the  inclination,  or  dip,  when  the  discovery  was  made>  la 
be  71^  5(/  or  thereabouts.  Churchman's  Magnetic  jMat,         * 

6.  In  the  above  work,  and  in  A  Ducourte  on  ffoTM^II 
Variation  of  the  Compass  by  Borough,  the  friend  andiotaij 
patron  of  Norman,  and  Comptroller  of  the  Navy  of  ***■■•'' 
Queen  Elizabeth,  both  published  in  1581  and  bound 
together,  they  say,  "  the  variation  is  11®  15'  east,**  this 
being  deduced  from  actual  observation  made  by  Borough 

in  1580  at  Lime-house.    The  altitude  of  the  sun  was 
taken  by  him  to  each  degree  from  17®  to  95®,  beii^     * 
the  mean  of  nine  several  observations,  and  at  every 
altitude,  turning  his  compass  to  the  sun,  he  observed 
the  degree  and  minutes  cut  thereby :  then  comparing         ^ 
the  magnetical  azimuth  made  in  the  afternoon,  wiu         ^ 
those  in  the  forenoon,  the  half  difference  was  taken      '  V^ 
for  the  variation.    These  two  works  were  corrected, 
amended,  and  reprinted  in  the  year  1585  ;  but  the  vari* 
ation  is  still  given  as  being  11®  15'  £.  and  nothing  is 
said  relative  to  any  change  in  it,  or  as  it  is  termed,  of 
the  variation  of  th6  variation. 

7.  In  the  following  century,  professor  Gellibrand,  VaBHk 
who  was  the  next  English  writer  on  the  subject,  clearly  of  Aivai 
ascertained  this  important  fact ;    stating  the  variation """  ^ 
as  only  4®  h'  in  1633,  and  at  the  same  time  correcting 
Borough *s  observations,  or  rather  his  calculations,  for 
certain  omissions,  which  reduced  the  former  variation 
from  U**  15'  to  11®.  Bond,  however,  in  hU  Longitude 
Found,  says  that  the  declination   was  discovered  to 
vary  and  to  decrease  first  by  Mr.  John  Mair,  secondly 

by  Mr.  Gunter,  thirdly  by  Professor  Gellibrand,  and 
then  by  himself  in  1640.  Whether  these  several 
authors  and  observers  all  notice  this  fact  independently 
of  each  other,  is  now  very  uncertain  j  but  it  is  obvious 
upon  the  whole,  that  about  this  time,  the  annual 
change  in  the  variation  was  become  a  subject  of  in- 
quiry ;  and  soon  after  this  a  tolerably  regular  set  of 
observations  are  recorded,  as  will  be  seen  by  referring 
to  our  general  table  1. 

8.  The  first  idea  of  the  formation  of  variation  charts,  v»iati« 
had  its  origin  a  short  time  before  the  period  to  which  cbarts. 
we  have  now  arrived  j    for  in  the  year  1599,   a  work 

was  published  by  Prince  Maurice  of  Nassau,  lord  high 
Admiral  of  the  United  Provinces  of  the  Low  Countries, 
and   which  was   translated  into  English  by  Edward 
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^m.  Wright,  a  well  known  Biitisli  mathematician.  In  this 
*-^^f^  work  all  seamen  are  strongly  urged  to  keep  registers 
of  the  variation  in  all  places  they  may  visit,  in  order 
to  fecilitate  the  practice  of  navigation,  and  which  was 
thought  of  so  much  the  more  importance,  as  the  vari- 
ation in  the  variation  was  not  then  suspected^  altliough, 
as  we  have  sccuj  it  followed  soon  after. 

9.  Hitherto  no  attempt  had  been  made  that  we  are 
aware  of»  to  advance  any  theory  relative  to  the  nature 
of  terrestrial  magnetism;  this  however  now  began  to 
engage  the  attention  of  philosophers.  Dr.  William 
Gilbert,  physician  in  ordinary  to  Queen  Elizabeth*  took 
the  lead  in  this  pursuit  :  for  in  1600  he  published  his 
work  de  xMftgnete,  and  ofTercd  certain  theoretical  ideas 
on  the  nature  of  this  niyfiterious  power,  *'  He  supposed 
that  the  eartlt  itself,  being  in  all  its  parts  magnetical, 
and  the  water  not,  wherever  the  land  was  there  would 
the  needle  turn,  as  to  the  greater  quantity  of  mag- 
netical  matter,"  This  work  contains  a  number  of 
curious  experiments  and  many  ingenious  suppositions^ 
but  It  affords  no  hint  relative  to  the  variation  of  the 
variation.  We  shjdl  again  refer  to  this  treatise  when 
we  give  an  abstract  of  the  different  theories  of  mag- 
netism that  have  been  advanced  :  we  shall  confine  our 
remarks  in  this  jilace  to  the  discovery  of  phenomena. 

10.  We  have  seen  that  early  in  the  seventeenth 
centur)',  it  was  discovered  that  the  variation  was  not 
alwayi*  the  same,  and  that  it  was  at  that  time  in  London 
decreasing,  or  the  needle  approaching  nearer  in  direc- 
tion to  the  true  pcde  of  the  world.  Bond,  to  whom  we 
have  already  referred,  published  during  this  century 
two  different  works  on  the  subject  of  magnetism,  in 
which  he  not  only  clearly  points  out  this  variation  of 
the  variation,  but  he  also  attempts  to  compute  the 
annual  change  i  his  rules  however  were  merely  empi* 
rical,  and  were  soon  found  to  be  erroneous, 

11.  In  lCi83,  Dr  Edmund  Hal  ley  published  a  theory 
of  magnetism,  and  a  few  years  after,  in  consequence 
of  an  application  made  to  the  government  of  William 

f  '  and  Mary,  the  command  of  one  of  the  ships  in  the 
^tion  i"0)al  navy  was  given  to  him,  with  orders  **  to  seek 
by  obser\'ation  the  discovery  of  the  rule  for  the  vari- 
ation of  the  compass-  This  voyage  vras  made  in  1698; 
he  returned  in  lGf)9 ;  set  out  again  the  same  year,  and 
traversed  various  parts  of  the  Atlantic  and  Pacific 
oceans,  and  lastly  formed  a  chart  of  the  variation,  which 
is  highly  valuable  as  a  source  of  authentic  observations 
on  the  variation  of  the  needle  at  that  time.  An  account 
of  these  voyages  was  published  in  1*01.  Sec  also 
various  papers  by  Dr.  Halley  on  the  subject  of  mag- 
netism in  the  Ahrygement  of  the  FhiL  Trmis,  from  v(j1.  ii, 
to  vol.  vi.  inclusive.  Since  this  time  different  magneti- 
cal  charts  have  been  published  and  corrected  to  parti- 
cular periods, the  last  of  which  is  by  Mr,  Ycates  in  1S17, 

12.  In  the  year  1/22  another  curitms  fact  was  dis* 
covered  in  magnetism  by  Mr.  Graham,  an  ingenious 
philosopher  and  insinmicnt  maker  in  London,  lliis 
was,  that  the  needle,  besides  its  annual  change  in  its 
declination,  which  carries  it  constantly  to  the  wesiward, 
is  subject  to  a  daily  variation,  by  which  the  north  end 
of  the  needle  moves  westward  during  the  early  part  of 
the  day,  and  returns  again,  during  the  latter  part,  to 
the  bearing  h  had  in  the  morning  ;  remaining  sta- 
tionary or  nearly  so  during  the  night. 

When  i\Ir.  Graham  first  noticed  this  change,  he 
nttriimted  it  to  certain  defects  in  the  form  of  his 
needles  j  these  he  therefore  varied,  and  made  .some 
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light  and  some  heavy.  '*  But  after  many  trials  IMr.  G,  HJitory, 
found  all  the  neeillcs  would  not  only  vary  in  iheir  ^ 
direction  on  different  days,  but  freipiently  at  different 
times  of  the  same  day ;  and  this  difference  %vouhl  some- 
times amount  to  upwards  of  htdf  u  degree  in  t!ie  stime 
day,  sometimes  in  the  same  hour,  Mr.  G,  found  it  of 
no  consequence  whether  the  needle  was  drawn  aside 
or  let  alone,  the  shaking  of  the  floor  by  walking  upon 
it,  or  the  trembling  of  the  house  by  the  coaches  in  the 
street  was  sufficient  to  overcome  the  small  friction  oa 
the  point. 

"  The  box  was  placed  in  a  room  more  than  six  feet 
from  the  nearest  wall,  and  above  thirteen  feet  from 
the  grate  in  the  chimney,  and  no  iron  was  at  any  time 
brought  near  it.  The  needles  were  all  touched  by  that 
excellent  loadstone  presented  to  the  Society  by  the 
Right  Hon.  the  Lord  Paisley,  It  may  not  be  improper 
to  take  notice,  that  the  needles  were  not  touched  on 
the  naked  stone,  but  with  its  armour  on,  generally  on 
that  part  of  the  capping  nearest  the  poles  ;  but  there 
was  no  difference  in  the  direction  by  touching  them 
on  another  part.  When  the  needle  was  observed  in- 
creasing or  decreasing  in  its  variation,  Mr.  G,  very 
frequently  with  a  key,  drew  it  the  contrary  way  severai 
degrees,  from  the  place  it  stood  at  immediately  before, 
it  stopped  there  for  some  time  by  holding  the  key  at 
a  proper  distance,  and  withdrawing  his  hand  gradually, 
he  tried  to  make  it  stand  short  of  its  former  place^  but 
could  never  succeed.  By  this  method,  and  several 
others  made  use  of,  he  was  well  assured  these  changes 
in  the  direction  were  owing  to  some  other  cause  than 
the  friction  of  the  needle  on  the  pin  j  but  as  to  i\hat 
the  cause  was  he  did  not  attempt  to  offer  a  conjecture ; 
it  seemed  neither  to  depend  on  heat  nor  cold,  a  dry 
or  moist  air,  clear,  cloudy,,  windy  nor  calm  weathcTj 
nor  on  the  .state  of  the  barometer.  The  only  thing  that 
had  any  appearance  of  regularity  was^  that  the  variation 
was  generally  the  greatest  between  ten  o'clock  and 
four  in  the  day,  and  the  least  about  six  or  seven  in  the 
evening,'*  With  these  needles  and  their  apparatus,  the 
author  made  numerous  observations  on  many  days, 
from  February  5th  to  May  10th,  1*22,  and  for  many 
times  each  day,  under  all  variety  of  circumstances  : 
indeed  from  February  Gth,  1772,  to  the  loth  of  May 
following,  he  made  lOOO  observations  in  the  same 
place  ;  and  the  greatest  variation  westward  %vas  found 
14^  45'  and  the  least  13^  50' j  but  it  was  seldom  more 
than  14^  35'  nor  less  than  14''.  Jbridg.  PhiL  Tram, 
vol.  vii.  p.  29. 

l.S.  More  modern  obsenations  have  shown  us  that  jvfore 
the  limits  of  the  daily  variation  are  stated  too  widely  rrccet  oW 
in  the  above  paper,  as  it  seldom  exceeds  1 5^ ;  but  still  servaUons* 
the  account  is  important  as  fixing  decidedly  the  date 
of  this  discovery,  and  the  amount  of  the  variation  in 
London  at  that  time  ;  which  unquestionably  must 
have  been  between  the  limits  last  stated.  We  are  not 
aware  of  any  farther  attention  being  paid  to  the  diur- 
nal variation  till  the  subject  was  taken  up  by  Wargentin^ 
secretary  to  the  Swedish  Academy  of  Sciences  in  175Q, 
whose  observation  we  have  recorded  in  our  tables 
at  the  end  of  this  treatise;  and  about  the  same  ihiK%  viz. 
17^0,  Mr,  John  Canton,  an  English  philosopher,  ma<!e 
about  4QiMy  obsen^ations  on  the  same  subject,  and  vari- 
ous experiments,  with  a  view,  not  only  of  diFccivering 
the  actual  amount  of  this  change,  hut  of  explaining  its 
cause.  From  these  it  was  found  that  the  daily  variuti<m 
is  greater  in  the  summer  than   in  the  winter  moiuhs. 
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MugiKtifm.  and   iiH  observations  thnt  liave  since  been  made  have 
*"*— V"-^   tended  to  establish  this  faet.  According  to  the  genenil 

mciin  of  M  Canton's  results,  the  daily  vttriftfion  in  each 

of  the  twelve  months  is  fis  below. 

J^muary T    ^ 

Febninry 8  58 

Miireh    , n    17 

April ,  n  ^6 

May IS     0 

June 13  SI 

July  ,  _ 13   14 

August 1*2   19 

September    . . . , 11  43 

October     10  36 

November , 8     9 

December • 5  58 

The  grealest  deviation  was  always  found  to  take  pUee 
every  day  about  two  hours  after  noon»  commcnciiiff 
from  about  seven  or  eight  o'clock  iu  the  morning,  and 
returning;  to  its  morning  bearing  or  nearly  so,  about 
the  same  hour  in  the  evening.  Similar  observations 
were  more  recently  made  by  Van  Swiudeji,  with  nearly 
the  same  results,  except  that  he  found  sometimes  prior 
to  the  bour  in  the  morning  above  stated,  and  after  that 
hour  in  the  evening,  a  motion  of  the  needle  both  to 
the  eastward  and  westward  j  viz..  that  the  moniLng 
westerly  variation  of  the  needle  is  sometimes  preceded 
by  a  small  easterly  variation,  and  tlmt  the  principal 
easterly  variation  in  the  evening  is  followed  by  a  light 
westerly  variation-  So  that  the  course  of  tlie  sevcnd 
daily  changes  may  be  represented  as  follow  s  :  W.  E.  ; 
e,  \\\E. ;  c,  W.  E.  w.  the  roman  letters  indicating  the 
greater  change,  and  the  italic  the  less.  Sec  Recued  de$ 
MimQitu  sur  fAfmhgk  de  t  EkctricU^  et  du  Ma^  net  time. 
Observations  of  the  same  kind  have  also  now  been 
made  for  several  years  by  Colonel  Beaufoy.  and  jKd>- 
lished  monthly  In  the  Annals  of  Philosophy.  These  how- 
ever do  not  point  out  the  minor  variations  in  the 
morninH^  and  evening,  being  registered  only  three  times 
every  day  j  viz,  about  eight  o  dock  in  the  morning, 
at  half  past  one  o'clock  in  the  afternoon,  and  at  sbt 
o'clock  in  the  evening.  The  most  remarkable  fact 
deduced  from  this  series  of  observations  is,  that  the 
daily  variation  appears  to  be  the  greatest  in  June  and 
Augu»5t,  and  somewhat  less  in  July  ;  so  that  there 
seem  to  be  two  maxima  and  two  minima  of  variation 
in  the  course  of  the  year  ;  the  two  maxima  in  June 
and  August,  and  the  two  minima  in  December  and 
July  ;  the  latter  minima  however  is  much  greater  than 
the  former. 

The  daily  change  for  the  several  months  in  the  year^ 
taking  a  mean  for  1817#  1818,  1819,  is  as  below. 

April 1 F  48^' 

May 9  63 

June II   15 

July 10  43 

August » 11  26 

September 9  44 

October. .  ; 8  46 

iVovember 7  10 

December 4     7 

J  anuary  ...,•.,,..,,•,,,,..*     5     3 

February , . , . .     6     3 

March    8  « 

Professor  Hansteen,  the   distinguished  Norwegian 
professor,  has  also  made  numerous  observations  con- 


nected with  this  inquiry,  to  nrliicli  we  shall  have  ocen-  Sd 
5 ion  to  refer,  when  we  hare  to  treat  €if  the  daily  vnriation  --^ 
in  the  following  treatise.  Some  very  curious  exfien-  , 
fnents  on  the  daily  variation  have  also  been  lately  moile 
at  Woolwich  by  Messrs.  Barlow  and  Christie.  The 
account  of  them  has  been  read  before  the  Boyal 
Society,  but  they  have  not  yet  been  pahlisbed,  W 
shall  speak  of  them  more  at  length  in  the  course  of  the 
folio w'mg  treatise. 

14.  .\nother  curious  pbenomenomilMMiklal^o  be  men-  ^^ 
tinned  in  this  place,  and  which  was  we  believe  lirst  ™* 
noticed  by  Professor  Wargentin  in  1750,  that  it  t^  u^  ^ 
Bay,  tJic  effect  which  is  produced  on  a  needle  by  the  en i^ 
northern  lights.  At  the  time  of  this  meteor  the  oecdk 
is  found  to  be  in  a  perpetual  state  of  agitation,  varyiog 
as  much  as  3^,  4°  or  5^.  Some  ubser>iitiou8  of  this 
kintl  will  also  be  recordeil  as  we  proceed  j  the  &rt  is 
merely  noticed  in  this  place  to  preserve  a  certnta  con- 
nection in  point  of  date,  Ijetweeu  the  discoveries  of  the 
several  cluss  of  phenomena.  Mr.  Daltoci,  so  well  knowrn 
by  his  varioas  ingenious  works,  has  entered  minutelf 
upon  this  subject  in  his  Meieorohgical  06jerra4)ionf 
4snd  EssofM,  where  he  has  proved  in  the  most  &attf- 
fictory  manner  that  such  an  action  actually  takei 
place,  and  has  also  offered  an  hypothesis  by  way  of 
explanation,  to  which  we  shall  have  occasion  to  refer 
in  a  subsequent  article. 

1'he  above  are  the  principal  experimental  fecU  thiit 
have  been  established,  relative  to  the  natural  {pheno- 
mena of  the  magnetic  needle  ;  we  must  now  retrace 
our  steps  for  about  a  cenlury,  to  take  a  general  view 
of  the  several  theories  thnt  have  been  advanced,  aud 
theoretical  deductions  that  have  been  matle  dunng 
that  pericKl :  we  shall  also  have  to  lay  before  our 
readers  certain  experimental  facts  elicited  during  the 
same  period,  and  connected  with  the  laws  of  magnetic 
action,  althout^h  not  immetliately  dependent  on  the 
magnetism  of  the  terrestrial  sphere. 

\Ve  have  already   stated   that  Dr.  Gilbert  was  thtDr 
first   to  attempt  any   hypoUiesis   with   a  view    to  re-  ^\ 
ducine:  the  laws  of  magnetic  action  to  something  hke ' 
a  theoretical  form,  but  there   were  too  few  facts  yet 
known  to  enable  him  to  approach  to  a  correct  tlieoiy. 
To  htm,  however,  we  owe  the  first  idea  that  the  mnr« 
netic  action  of  iron  bodies  is   produced   by   i 
from  the  terrestrial  magnetism;  an  by  pot  he  ^ 
is  still  admitted  in  the  modern  theories.  After  this  lime 
Dr.  Halley's  hvfXTthesis  is  the  first  that  is  deserving  of 
particular  notice,  or  we  should  have  rather  said  hypo* 
theses ;  for  after  the  first  had  been  promulgated  for 
some  years,  during  which  he  had  made  various  obser- 
vations, and  collected  numerous  facts,  he  found  himself 
under  the  necessity  of  remodelling  his  first  theory,  and 
replacing  it  with  a  new  one. 

According  to  Dr.  Halley  s  first  ideas,  the  magnetism 
exhibited  by  the  earth,  was  caused  '*  by  four  poles  or 
points  of  attraction,  two  of  them  near  each  pole  of  the 
equator;  and  that,  in  those  parts  of  the  world  which 
lie  nearly  adjacent  to  any  one  of  those  magnetic  pole^, 
the  needle  is  governed  thereby,  the  nearest  pole  being 
alwavs  predominant  over  that  more  remote.  The 
parts  of  the  earth  wherein  these  magnetic  poles  lie,'* 
he  says,  *'  cannot  as  yet  be  exactly  determined  for  want 
of  sufRcient  data ;  but  as  near  as  conjecture  can  reach, 
I  reckon  that  the  pole  which  is  at  present  nearest  to 
us,  lies  in  or  near  the  meridian  of  the  Land's  End,  and 
not  above  7"  from  the  north  pole."     The  other  north 
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letUm.  magnetic  pole  was  supposed  to  be  on  the  niendian  of 

y    ^■'  California,  and  about  1 5  from  tlie  pole  of  the  earth.  The 
two  south  fM>les  he  conceived  to  be  sihiated,the  one  about 
Ifcf^  from  the  southern  terrestrial  pule,  and  in  a  meri- 
i  dian  about  "^0°  to  the  westward  of  Magellan *3  straits, 

^m       or  95''  W.  of  London.    Tlie  other,  winch  he  sup^Kjaed 
^V      the  greatest  or  most  powerful   of  the  four,  wa.^  con- 
ceived to  be  90**  from  the  sooth  pole  of  the  earth,  and 
in  about  1^0°  E.  long-itude  of  London.     By  inean^  of 
these,  the  author  endeavoured  to  explain  the  varioua 
bearing  of  the  needle  in  different  parts  of  the  world  : 
biit>  as  he  had  thus  made  no  provision  for  that  change 
of  variation  to  which  we  have   alluded,  he  proposed, 
as  we  have  stated,   some  years  afterwards,  his  new 
theory,   in  which  the  e\terior  surface  of  the  earth  is 
considered  merely  as  that  of  a  hollow  shell  j  and  that 
^m       within  this  shell,  tliere  is  a  solid  g^lohe  performing  its 
H      rotations   in  nearly  the  same  time  as  the  earth,  about 
!  the  same  centre  of  gravity.    He  further  supposed  that 

this  globe  has  two  magnetic  poles,  and  the  shell  two 
others;  and  that  the  variation  in  the  variation  is  caused 
by  the  want  of  coincidence  in  the  periods  of  the  times 
of  rotation  of  the  globe  and  sliell.  On  this  subject  the 
author  observes,  *'  So  then  the  external  parts  of  the 
globe  may  well  be  considererl  as  the  shelly  and  the 
internal  as  the  nucleus,  or  inner  globe,  included 
within  ours,  with  a  fluid  medium  between,  whirh 
having  the  same  common  centre  and  axis  of  diurnal 
rotation,  nmy  turn  about  with  our  earth,  each  in  twenty- 
four  hours  ;  only  this  outer  sphere,  having  its  turbi- 
nating motion  some  smnll  matter  either  swifter  or 
slower  than  the  internal  balL  And  a  very  minute  dif- 
ference in  length  of  time,  by  many  repetitions  becrmiitig 
sensible,  the  internal  parts  will  by  degrees  recede  from 
the  external,  and  not  keeping  pace  with  each  other, 
Trill  appear  gradually  to  move  either  to  east  or  west 
by  the  differenceof  their  motion.  Now  supposing  such 
^H  an  external  sphere,  having  such  a  motion,  we  may 
^B  solve  the  two  great  difficulties  in  my  former  hypo- 
^^  thesis  ;  for  if  this  exterior  shell  of  earth  be  a  magnet, 
having  its  poles  at  a  distance  from  the  poles  of  diurnal 
rotation,  and  if  the  internal  nucleus  be  likewise  a 
magnet,  having  its  poles  in  two  other  places  distant 
also  from  its  axis  j  and  these  latter,  by  a  gniduid  and 
slow  motion,  change  their  places  in  respect  of  the  ex- 
ternal, we  may  then  give  a  reasonable  account  of  the 
four  magnet ical  poles,  as  also  of  the  changes  of  the 
needle's  variation.  The  period  of  this  motion  being 
wonderfully  great,  and  there  being  hardly  a  century 
since  these  variations  have  been  duly  observed,  it  will 
be  very  hard  to  bring  this  hypothesis  to  a  calculus, 
especially  since,  though  the  variation  increases  and 
decreases  regularly  in  The  same  place,  yet  in  different 
places,  at  no  great  distance,  there  are  found  such 
casUal  changei^  of  it,  as  can  nowise  be  accounted  for 
by  a  regiilar  hypothesis  ;  as  depending  on  the  unequal 
and  irregular  distribution  of  the  magneiical  matter 
within  the  substance  of  the  external  shell,  or  coat  of 
earth,  which  deflects  the  needle  from  the  position  it 
would  acquire  from  the  effect  of  the  general  magnetism 
of  the  whole.  Of  this,  the  variation  of  London  and 
Paris  affordn  a  notable  instance  ;  for  the  needle  has 
been  certainly  about  ll°  more  easterly  nt  Paris  than 
at  London,  though  it  be  certain  that,  according  to  the 
general  effect,  the  difference  ought  to  be  (he  contrary 
way.  Notwithstanding  which,  the  variation  in  both 
places  changes  alike. 


'*  Hence,  and  from  some  other  reasons  of  the  like 
nature,  I  conclude,  that  the  two  poles  of  the  extern*d 
globe  are  ftxed  in  the  earth,  and  if  the  needle  were 
wholly  governed  by  them,  the  variation  would  be  al- 
ways the  same,  with  some  little  irregularities  on  the 
account  just  now  mentioned  j  but  the  internal  sphere, 
having  such  a  gradual  translation  of  its  poles,  intluencet 
the  needle,  and  directs  it  variously,  according  to  the 
result  of  the  attractive  or  directive  power  of  each  i>olc  j 
and  conaecjuently  there  must  be  a  period  of  revolution 
of  this  internal  ball,  after  which  the  variation  will 
return  as  before,"  Abridgement  Phil,  Trans,  vol.  iv* 
p.  470, 

Although  perhaps  no  philosopher  ever  admitted  the 
whole  of  Dr.  Hal  ley's  machinery,  yet  the  last  result, 
viz.  of  two  fixed  and  two  movable  poles,  or  of  four 
movable  poles,  bas  found  many  able  defenders, 
amongst  whom  we  may  mention  Professor  Hansleeo, 
whose  elaborate  work  on  this  subject  we  have  already, 
and  shall  hereafter,  have  frequent  occasion  to  quote. 
Others,  as  Eulcr,  thought  that  it  was  possible  to  ex- 
plain all  the  phenomena  by  the  admission  of  two  poles 
only.  Others  again  have  suppr>sed  a  greater  or  less 
number  of  poles  according  to  their  particular  fancies; 
but  very  few  have  attempted  to  submit  their  hjpo* 
theses  to  the  test  of  observation  and  experiment. 

15,  The  cause  of  this  motion  in  the  polarizing  axis 
or  axes  of  the  earth,  is  another  subject  on  which  con- 
jectures have  been  more  abundant  than  rational.  One 
has  attributed  it  to  the  oxidation  of  the  metals  in  the 
bowels  of  the  earth,  which  was  supposed  to  proceed 
with  order  and  regularity ;  another  to  a  sort  of  rota- 
tion in  a  principal  focus  of  cold,  which  is  supposed  to 
proceed  from  east  to  west  i  others  again  attribute  it 
to  the  solar  action  ^  others  to  electricity  and  so  on  ^ 
but  the  most  recent  conjecture  is,  that  it  is  due 
to  the  newly  discovered  electro- magnetic  action 
which  has  place  between  the  galvanic  and  magnetic 
fluids. 

16.  In  all  the  theories  to  which  we  have  referred, 
the  idea  has  been,  that  the  points  or  poles  to  which 
the  needle  is  directed,  are  found  either  on  the  surface 
of  the  earth,  or  at  no  very  considerable  depth  below  it. 
At  length,  after  the  scientific  travels  of  M.  Humboldt, 
who  made  numerous  accurate  observations  on  the  dip 
and  variation  of  the  needle,  in  various  parts  of  the 
earth,  sufficient  data  appeared  to  have  been  collected^ 
to  determine  to  what  points  in  the  supposed  terrestrial 
magnetic  axis,  the  needle  was  attracted  and  repelled. 
M.  Biot  undertook  this  determination  ;  he  assumed 
two  points  at  an  indeterminate  distance,  and  having 
obtained  his  genend  law  in  terms  of  that  distance,  and 
other  quantities  which  were  given,  he  compared  his 
actual  ex]>erimcntal  results  with  his  fornmla,  by 
taking  different  numbers  for  his  indeterminate  dis- 
tance ;  and  he  thus  found,  contrary  to  v^bat  liarl  been 
before  suppcjsed,  that  the  nearer  bis  two  poles  were 
taken  to  each  other,  the  nearer  the  couiputed  and 
observed  results  were  found  to  coincide  :  and  lastly, 
by  taking  them  indefinitely  near  in  the  centre  of  the 
earth,  the  two  agreed  with  each  other  Jis  nearly  as 
could  reasonably  have  been  exjwcted.  His  resulting 
expression,  however,  was  very  conjplicated  ;  but  in 
the  mean  time  Professor  Kraft,  of  St.  Petersburgh, 
in  lBf!9,  undertook  a  comparison  of  the  same  experi- 
mented results,  with  each  other,  and  with  their  res- 
pective Bittiations  on  the  globe,  and  hence  arrived 
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Magnetixm.  at  this  very  simple  law,  i.  e.  *'  supposing  a  circle 
^•— V"-^  circumscribed  about  the  earth,  having  the  two  extre- 
mities of  the  magnetic  axis  for  its  poles,  and  con- 
sidering it  as  a  magnetic  equator;"  he  found,  that 
the  tangent  of  the  dip  of  the  needle  in  any  magnetic 
latitude,  was  equal  to  double  the  tangent  of  that  lati- 
tude J  that  i^  tan  ^  =  9  tan  X,  where  A  «  the  dip  of 
the  needle  and  X  the  magnetic  latitude.  M.  Biot  after- 
wards, on  a  reexamination  of  his  formula,  found  that 
it  reduced  itself  to  the  same  simple  expression,  and 
thus  the  same  result  was  obtained  by  two  different 
philosophers,  independent  of  each  other,  and  on  prin- 
ciples wholly  distinct :  this  law  has  since  been  verified 
by  our  recent  Northern  expeditions,  and  may  perhaps 
be  admitted  as  the  first  established  principle  of  ler* 
rest  rial  magnetism. 

As  we  shall  have  occasion  to  enter  upon  this  subject 

at  length  in  the  following  treatise,  what  we  have  now 

advanced  may  be  considered  sufficient  for  our  present 

purpose,  which  is  altogether  historical. 

Action  of        ^T'.  We  have  hitherto  referred  only  to  the  discovery 

one  magnet  of  facts,  and  the  invention  of  hypotheses  relating  to 

on  another,  terrestrial  magnetism.     We  must  now  bestow  a  few 

pages  to  the  detail  of  some  other  interesting  inquiries 

which  were  entered  into  during  the  last  century,  in 

order  to  discover  the  cause,  and  to  develope  the  laws 

of  the  action  of  magnets  on  each  other. 

It  was  not  till  about  the  year  1750,  that  the  method 
of  communicating  magnetism  to  steel  bars  was  well 
understood  -,  indeed  we  are  not  aware  that  it  had  been 
before  attempted  on  bars  of  any  considerable  magni- 
tude, and  consequently  it  was  not  till  this  date  that  the 
great  advantage  which  these  bars  possessed  over  natural 
magnets  was  properly  appreciated.  This  discovery  we 
owe  to  Dr.  Knight  an  English  physician,  and  a  fellow 
of  the  Royal  Society.  Improvements  were  afterwards 
made  on  his  methods  by  Du  Hamel,  Michel,  Canton, 
and  others,  which  will  be  found  described  at  length  in 
our  second  part ;  and  which  we  shall  therefore  pass 
over  in  this  place. 

Another  important  investigation  also  now  began  to  be 
undertaken,  which  was,  to  determine  the  laws  accord- 
ing to  which  a  single  insulated  particle  of  magnetic 
fluid  acts  on  another  insulated  particle.  Hitherto  very 
different  deductions  had  been  made  by  different  au- 
thors ;  some  had  found  it  to  vary  inversely  as  the  fifth 
power  of  the  distance,  others  as  the  fourth,  some 
again  as  the  third,  and  some  inversely  as  the  square 
of  the  distance,  as  in  the  case  of  universal  gravitation. 
One  amongst  the  first  that  elicited  the  true  law  was 
Lambert  of  Berlin,  who  in  detailing  his  experiments 
observes,  that  the  great  difficulty  met  with  in  these 
researches  is,  that  when  we  wish  to  determine  the 
fundamental  laws,  probably  in  themselves  very  simple, 
it  is  necessary  to  find  means  of  simplifying  the  expe- 
riments to  such  a  degree,  that,  being  disengaged  from 
all  foreign  circumstances,  and  all  mechanism  of  too 
complex  a  nature,  they  may  present  nothing  but  the 
mere  effect  of  the  law  which  we  wish  to  discover.  But 
this  presupposes  an  acquaintance  with  those  circum- 
stances, and  that  mechanism,  and  a  knowledge  more 
or  less  accurate  of  the  influence  they  may  have  in  al- 
tering the  issue  of  the  proposed  experiment.  The 
magnet  presents  all  these  obstructions  ;  one  of  its 
poles  attracts,  while  the  other  repels  j  and  the  effect 
which  results  is  always  mixed.  The  number  of  poles 
may  be  augmented,  but  no  art  has  yet  succeeded  in 


reducing  them  to  one,  which  wotild  be  the  best  meaai  fliiU 
of  discovering  its  individual  effect,  unmingled  with  the  v«^ 
alteration  proceeding  from  the  dh-ectly  opposite  effeet 
of  the  other  pole.  Besides,  it  is  not  at  the  pole  aloae 
that  the  magnet  attracts  ;  it  attracts  more  or  less  at 
every  point  of  its  surface,  with  very  unequal  d^^ees  of 
force.  Hence,  the  mean  direction  and  the  compouod 
force  vary  in  a  manner  extremely  complicated.  To 
succeed  in  finding  the  elementary  laws,  we  shovld 
have  it  in  our  power  to  make  the  experiment  for  each 
isolated  point ;  but  experiment  can  show  us  nothing 
more  than  the  sum  that  results  from  the  oombincd 
action  of  all  the  points. 

To  these  difficulties  still  more  must  be  added*  la 
order  to  determine  by  experiment  the  forces  of  the 
magnet,  we  have  nothing-  to  present  to  it  but  ferru- 
ginous matters  or  another  magnet.  Now,  how  short 
soever  the  experiment  may  be,  the  iron  which  we 
brmg  to  be  attracted  by  the  magnet,  begins  itsdf  to 
share  in  the  magnetic  force,  and  the  effect  which 
results,  begins  of  course  to  be  more  or  less  distuihed. 
The  same  thing  happens^  if,  instead  of  iron,  we 
employ  another  magnet.  And  fiurther,  if  the  experi- 
ments require  a  considerable  space  of  time,  it  is  not 
certain  that  the  magnet  we  use  will  preserve  its  force 
invariably  till  the  progress  is  concluded ;  the  magnetic 
force,  and  its  mean  direction,  being  known  to  change 
from  one  moment  to  another. 

Obscured  by  these  uncertainties,  the  true  law  of 
magnetic  attraction  was  long  unknown  or  mistaken 
Newton,  and  his  commentators.  La  Jacquier^  and  La 
Sueur,  imagined  the  force  to  be  inversely  as  the  cube 
of  the  distance.  Muschenbroeck*8  experiments  led  him 
to  adopt  the  same  opinion  ;  some  even  contended  that 
it  was  not  proportional  to  any  power  of  the  distance. 
And  though  Mayer,  in  an  unpublished  paper  read 
before  the  Society  of  Gottingen  in  1760 ;  and  Lam- 
bert, a  few  years  later,  asserted  the  inverse  square  of 
the  distance  to  be  the  true  expression  of  this  law,  their 
statements  seem  rather  to  have  proceeded  on  general 
and  somewhat  vague  deduction,  than  on  decisive 
facts.  Coulomb  (1786)  was  the  first  who  established 
this  principle,  on  grounds  at  all  satisfactory.  By 
means  of  the  simple  instrument  which  he  constructed 
after  Michel,  and  named  the  Balance  of  Torsion,  he 
was  enabled  to  measure,  with  great  precision,  the 
force  necessary  to  make  a  magnetic  bar,  horizontally 
suspended,  deviate  by  any  number  of  degrees  from  the 
position  assigned  to  it.  Having  by  this  means  verified 
the  discovery  of  Lambert,  that  the  effect  of  the  terres- 
trial magnet  is  proportional  to  the  sine  of  the  angle 
which  its  meridian  makes  with  that  of  the  magnet 
acted  upon  by  it ;  and  having  farther  ascertained,  that 
a  magnetised  steel  wire,  24  inches  long,  and  H  line 
in  diameter,  requires  35°  of  torsion  to  force  it  one 
degree  from  the  magnetic  meridian  of  the  earth,  he 
took  another  wire,  of  equal  dimensions,  of  the  same 
degree  of  magnetism,  and  placing  it  vertically  in  the 
magnetic  meridian,  (so  that  its  ,extremities  or  poles 
would  have  intersected  the  homologous  pole  of  the 
horizontal  wire,  had  no  influence  existed  between 
them,  or  their  poles  not  been  homologous)  at  the  dis- 
tance of  an  inch  from  the  end  of  each,  he  observed  the 
force  of  torsion  necessary  to  overcome  certain  quanti- 
ties of  their  mutual  repulsion.  It  was  found  that  the 
vertical  wire  at  first  repelled  the  horizontal  one  24®  j 
that  three  circles  of  torsion,  or  three  complete  turns 
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of  the  mtcrometcr,  brought  the  latter  within  17*^  of 
the  furiner  ;  and  lastly,  that  eight  circles  bruught  the 
wires  within  1'2^  of  each  other  j  and  adding-  to  each  of 
these  results,  the  effer^t  of  the  terrestrial  niaijnet, 
already  estimated  at  :i5^  of  torsion  for  each  degree  of 
deviation,  Coufonib  calculated,  thait  to  keep  the  mag- 
netised wires  witliin  24"*  of  each  other,  24^x'24  x35° 
=864°  of  torsion  were  necessary  ;  within  17°  of  each 
other,  3x360°x  iT^'x  17  x35''=^l692'''  of  torsion  were 
necessiiry  J  and  within  1^'^  of  each  other,  HK36ifx 
13^x  12x35'  =  3:J12^  were  necessary.  At  the  dis- 
tance, 12"""*,  17^  and  24'^  therefore,  it  appears,  that 
the  fortes  of  repulsion  are  respectively  pro]>ortional  to 
the  numbers  3312.  1692,  and  804  :  now  had  these 
numbers  been  3312,  1(;50,  and  S28,  the  repulsion 
fomid  by  the  experinieut  would  h»ive  been  accurately 
in  the  inverse  duplicate  ratio  of  the  distances.  The 
errors  42  and  3G  then  might  be  supposed  to  result 
from  the  unavoidable  incorrectness  of  such  an  ex- 
periment. Their  existence,  however,  is  sufficiently 
explained  J  for  althout;h  the  portion  of  each  wire 
submitted  to  the  other  s  influence  was  very  small,  it 
did  not  consist  of  a  single  particle  as  the  calculation 
demands,  but  of  a  perceptible  space,  comprebendina; 
other  particles  besides  the  one  whose  action  was 
required  j  so  that  the  force  of  these  other  particles 
being  less  obliipie,  and  therefore  strong^er  at  greater 
distances,  it  ought  actually  to  produce  an  excess 
similar  to  that  found  in  the  experiments.  A  result 
entirely  analogous  was  found  when  the  amtntrij  poles 
of  the  same  were  exposed  to  each  other  j  ant  I  as  these 
facts  were  confirmed  by  others,  and  contradicted  by 
no  established  principle.  Coulomb  was  warranted  in 
concluding,  with  considerable  confidence,  that  the 
attraction  and  repulsion  existing  between  two  mag- 
netic particles  is  always  iuvcrselt/  as  the  square  of  the 
distance  ',  agreeing  thus  with  the  law  observed  in  elec- 
tricity, the  force  of  gravity,  and  with  every  other 
force  or  principle  emanating  from  a  centre  in  right 

^  lines. 

■       The  same  result  was  afterwards  furtber  verified  by 
the  experiments  of  Professor  Hansteen,  to  whose  work 

tive  have  already  referred  ;    and  no  doubt  any  longer 
remained,  of  the  truth  of  the  assertion  first  propagated 
by  Mayer  and  Lambert,  of  the  inverse  law  of  the  square 
of  the  distance, 
18.    In  this  state  of  the  science,  experiments  were 
i^j    undertaken   by    Mr.  Barlow,   of  the    Royal   Military 
irijd    Academy  j    and  from  these  he   first  deduced  certain 
^»r*  empirical    laws,    which    possessed    an    extraordinary 
degree  of  simplicity,  wiien  compared  with  the  various 
and  apparently  anomalous  action  which  is  exhibited 
between  one  magnet  and  another,  or  between  a  mag- 
net antl  simple  iron.     These   experiments  were  made 
by  observing  the    deviations   which  an   iron  ball  or 
shell  produces  on  a  compass  needle  freely  suspended, 
^m  \n  different  situations ;  and  in  the  course  of  which  a 
B  most  remarkable  fact  was  discovered  ;   namely,  that 
^B  the  magnetic  power  of  iron  resides  wholly  on  its  sur- 
^1  lace,  antl  is  theiefore  intlependent  of  the   mass  ;   this 
H  ftict,  since  confirmed  by  Captain  Kater,   (Phil.  Trans, 
H  1891,)   threw  a  new  light  on  the  nature  of  magnetic 
"  action  ;    and   which,    together   with   the   other  laws 
elicited   by    the    same    experiments,    have    been    the 
means  of  placing  magnetism  in  the  first  rank  of  phy- 
sical sciences,  and  of  reducing  all  its  varied   pheno- 
mena to  the  dominion  of  analysis.     The  following  is 
voL»  Hi, 


Mr,  Barlow*9  summary  of  his  laws  depending  on  expe-    Hifitory. 
riment,  as  they  were  given  by  him  in  the  first  edition  ^ 
of  his  Esitaj  on  Magnelic  Attract  tons. 

1.  "  There  exists  a  plane  of  m  attraciiofi  in  every 
ball  or  shell  of  iron,  which  plane,  in  this  latitiide, 
inclines  from  north  to  south,  and  forms,  with  the 
horizon,  an  angle  equal  to  the  complement  of  the 
dip. 

2.  *'  Considering  any  circle  in  this  plane  as  an 
equator  to  an  ideal  sphere  concentric  with  the  ball 
or  shell,  and  imagining  circles  of  latitude  and  longi- 
tude to  be  drawn  thereon,  the  first  meridian  being 
supposed  to  pass  through  the  east  and  west  pointSj 
we  shall  have  (while  the  diameter  of  the  ball  and 
the  distance  are  the  same,)  the  tangent  of  the  angle 
of  deviation  proportional  to  the  rectangle  of  the  sine 
of  the  double  latitude,  and  the  cosine  of  the  longitude 
of  the  place  of  the  compass  as  referred  to  the  above 
sphere. 

3.  **  Instead  of  conceiving  the  imaginary  sphere 
to  surround  the  ball,  we  may  imagine  a  similar 
sphere  concentric  with  the  pivot  of  the  needle,  then 
it  it  obvious  that  the  centre  of  the  ball  will  have  the 
same  relative  position  on  the  latter  sphere  as  the  pivot 
of  the  compass  has  with  respect  to  the  former,  so  that 
the  reference  may  be  made  to  either  at  pleasure  j  but 
when  the  mass  of  iron  is  irregular,  it  will  then  be 
preferable  to  refer  the  conmion  centre  of  attraction  of 
the  iron  to  the  imaginary  sphere  circumscribing  the 
compass. 

4.  *'  The  distance  only  being  variable,  the  tangent 
of  deviation  is  reciprocally  proportional  to  the  cube  of 
the  distance. 

5.  "All  other  things  being  the  same,  the  tangents 
of  deviation  arc  proportional  to  the  cubes  of  the 
diameters  of  the  balls  or  shells,  whatever  may  be  their 
masses^  provided  only  that  the  thickness  exceed  a 
certain  quantity. 

6.  *'  All  these  laws  may  l^e  expressed  by  the  general 
formula 


tan  A  = 


tan  A  — 


-5L 

Ad' 
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(sin  2  X  cos  /)  or 


(sin  2X  cos  /)  or 


where  A  is  the  angle  of  deviation,  X  the  latitude, 
and  /  the  longitude  on  the  ideal  sphere,  D  the  diame- 
ter, and  r  the  radius  of  the  ball  or  shell,  d  the  distance 
of  the  centre  of  the  ball  from  the  pivot  of  the  needle, 
and  A  a  cons  cam  coefhcicnt,  to  be  determined  by 
experiment. 

7.  "  Since  the  force  has  been  shown  to  vary  with 
the  surface  or  square  of  the  diameter^  independently 
of  the  mass,  while  the  tangents  of  deviation  are  as  the 
cubes  of  the  diameters,  it  follows  that  the  squares  of 
the  tangents  of  deviation  arc  directly  proportional  to 
the  cubes  of  the  forces. 

8.  *'  The  same  inference  may  also  be  drawn  from 
the  law  of  the  distances,  by  assuming;  that  the 
force  varies  inversely  as  the  square  of  the  distance  j 
for  then,  the  tangents  being  inversely  as  the  cubes  of 
the  distances,  while  the  force  varies  as  the  squares  of 
the  same,  it  follows,  as  above,  that  the  squares  of  the 
tangents  of  deviation  are  directly  as  the  cubes  of  the 
forces." 

9.  Mr*  Barlow  also^  in  the  ?econd  edition  of  the  same 
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m|Bnliiiii  work,  reports  the  results  of  seveml  curious  and  inter- 

*  esting-  experiments  on  the  relative  mtignetic  power  of 
dilTerent  descriptions  of  iron  and  steel ;  and  on  tlie 
effect  of  temperatTire  in  changing-  both  the  tpiality 
and  qu.intity  of  the  attractive  power  of  iron  \  but  ils  we 
shall  have  occasion  to  refer  more  }mrticu}arly  to  these 
cxperi orients  as  we  proceed,  the  above  notice  of  the 
results  will  be  sufficient  for  our  present  purpose, 
which  is  wholly  historical. 

Tlie  aboye  laws,  as  we  have  stated,  were  merely 
empirical,  having*  been  drawn  from  a  comparison  of 
different  results  obtained  under  different  circumstances  ; 
but  in  the  second  edition  of  the  same  work  above 
referred  to,  under  the  title  of  Jn  Essatj  on  Magnetic 
Attractions,  find  on  the  Laws  of  Terrestrial  and  Ekciro 
Magnetism,  the  author  shows  that  the  same  results,  (at 
least  with  certain  inconsidendjle  corrections,)  are 
dcducible  from  an  hypothesis  relative  to  the  nature  of 
magnetic  action,  extremely  simple  in  itself,  and  of 
easy  ap|>iication. 

His  hypothesis  differs  very  little  from  that  pre* 
Tiously  laid  down  by  Coulomb  and  Biot,  with  the 
exception  of  that  particular  modification  arisioj^  out  of 
the  experimental  fact  to  which  we  have  alhided  ;  vi^. 
that  the  magnetic  power  all  resides  on  the  surface  of 
iron  bodies,  and- is  independent  on  its  mass.  It  wo-s 
this  remarkable  circumstance  that  enabled  Mr.  Barlow 
to  get  a  general  analytical  expression  for  the  disturbing 
power  of  an  iron  ball  at  its  surface,  as  compared  with 
that  of  the  earth,  and  whereby  he  deduced  theoretically 
all  those  laws  he  had  before  found  by  experiment. 
The  power  of  magnetic  attraction  varies,  as  we  have 
seen,  like  all  other  emanating  forces,  inversely  as  the 
square  of  the  distance  from  the  centre ;  and  sinee  the 
surfeices  of  balls  and  shells  vary  also  as  the  squares  of 
the  diameter,  but  in  a  direct  proportion,  it  followed 
from  ^vhat  has  been  already  stated,  that  the  magnetic 
power  of  iron  balls  and  shells  at  the  surface  would 
always  be  the  same,  whatever  may  be  their  diameter  ; 
and  to  this  constant  value  Mr.  Barlow  was  indebted 
for  the  full  success  of  hb  investigation.  It  should, 
however,  be  stated,  that  notwithstanding  the  author 
succeeded  in  tliis  ultimate  determination,  and  per- 
formed the  experiments  on  uhich  it  was  founded,  yet 
the  first  idea  of  the  theoretical  investigation  is  due  to 
Mr.  Charles  Bonnycastle,  It  was  this  ingenious  ma- 
thematit^ian  who  first  undertook  the  solution,  and  who 
succeeded  in  deducing  the  greater  part  of  the  laws  j 
but  in  consef^uence  of  having  adopted  the  theory  of 
Tlieory  of  j^pintij*,  which  siijiposea  an  accumulation  of  the  two 
.fflljious.  magnetic  fluids  in  the  poles  of  the  body,  he  was  not  able 
to  deduce  the  whole  of  them*  See  Air,  Bonnycastles 
Investigation,  in  voL  Ix.  of  the  Philosophical  Magazine, 
19.  Having  alluded  above  to  the  theor)^  of  ^^pinus, 
and  as  we  shall  have  no  occasion  to  refer  to  it  in  the 
folloning  treatise,  it  may  not  be  impnr»per  to  conclude 
this  pnrt  of  our  historical  sketch  by  a  short  outline  of 
its  principal  features.  According  to  this  philosopher, 
iron  and  all  ferruginous  matter  contain  a  quantity  of 
magnetic  fluid,  which  is  equably  dispersed  through 
their  substance,  when  those  bodies  arc  not  magnetic  5 
in  which  state  tliey  shew  no  attraction  or  repulsion 
against  each  other,  because  the  repulsion  between  the 
particles  of  the  magnetic  fluid  is  balanced  by  the 
attraction  between  the  matters  of  those  bodies  and  the 
said  fluid,  in  which  case  those  bodies  are  said  to  be  in 
a  natund  state  j  but,  when  in  a  ferruginous  body,  the 


quantity  of  mn^etic  fluid  that  belong  to  it  is  dKreii 
to  one  end,  then  the  body  becomes  magnetic, 
extremity  of  it  being  now  overcharged  with  mmgnetjo 
fluid,  and  the  other  extremity  undercharged.  Bodici 
thus  constituted^ 
pulsion  between 
tue  of  the  rc| 
excess  of  magneti 
balanced  by  the 
an  attraction  exerted  between  the  overcharged  extre- 
mities of  one  magnetic  body,  and  the  undcrcluu^d 
extremity  of  the  other,  on  account  of  the  atlractioo 
between  that  fluid  and  the  matter  of  the  Wnly  ;  but  ta 
explain  the  repulsion,  which  take«  place  between  their 
undercharged  extremities,  we  must  either  imagine 
that  the  matter  of  fen-uginous  bodies,  -which,  deprived 
of  its  magnetic  fluid,  must  be  repulsive  of  its  own 
imrticles,  or  that  the  undercharged  extremttiet  apfteor 
to  repel  ejieh  other,  only  because  either  of  theis 
attract  the  ojiposite  overcharged  extremitie:»  j  both 
which  suppositions  are  embarrassed  with  difficulties,. 

A  ferruginous  body,  therefore,  is  rendered  nssgnelie 
by  having  the  equable  diffusion  of  maguetie  Qmi 
throughout  its  substance  disturbed,  sons  to  lutTe  att 
overplus  of  it  in  one  or  more  parts,  aiKl  a  «1 
of  it  in  one  or  more  other  parts  ;  and  it  rem  i 
netic  as  long  as  it  impermeability  prevents  the  re&tt*- 
ration  of  the  balance  between  the  overcharged  mil 
undercharged  parts.  Moreover,  the  piece  of  iron  i» 
rendered  mngnetic  by  the  vicinity  of  a  magnet ;  be- 
cause, when  the  overcharged  part  or  pole  of  the  mag- 
net is  i)resented  to  it,  the  overplus  of  raiii^netic  Uuid 
in  that  pole  repels  the  magnetic  fluid  away  from  the 
nearest  extremity  of  the  iron,  which,  therefore,  be- 
comes under clMirged,  or  jiossessed  of  the  eoutnu^ 
polarity  to  the  most  remote  part  of  the  iron»  which 
consequently  becomes  overcharged,  or  pogsrssed  of 
the  same  polarity  a^  the  presented  pole  of  the  nvigiift 
WTien  the  piece  of  iron  15  rendered  magnetic  by  pre- 
senting to  it  the  undercharged  extremity  or  pole  of 
the  magnet,  then  the  part  of  the  iron  which  is  nearest 
to  it,  becomes  overcharged,  ^c,  because  that  p»rt  of 
the  magnet,  being  deprived  of  its  mttg^wlic  fluid, 
attracts  the  magnetic  fluid  of  the  iron  to  tliat  extreimiy 
of  the  iron  which  lies  nearest  to  itself. 

In  consequence  of  which  it  appears,  that,  in  order 
(o  give  magnetism  to  a  body,  as  a  piece  of  steel,  the 
strength  of  the  magnet  employed  must  be  such  as  tn 
overcome  the  resistance,  which  the  substaiice  of  thfi 
steel  makes  against  the  free  passage  of  the  magnelic 
fluid  }  hence,  a  piece  of  soft  steel  is  rendered  mag' 
netic  more  easily  than  a  hard  one  ;  hence  a  stronger 
magnet  will  render  magnetic  such  ferruginous  bodies. 
as  other  smaller  magnets  have  no  power  upon.  The 
actions  of  two  magnets  upon  each  other  is  likewlie 
explainetl  by  this  hypothesis  ;  for  when  two  equal 
magnets  oppose  their  contrary  poles  to  each  other* 
they  preserve  and  strengthen  the  power  j  but  when 
the  homologous  poles  of  two  magnets  are  placed  near* 
then,  if  the  strength  and  quality  of  tho«e  ma^eld  be 
equal,  they  will  only  diminish  each  other's  magnetic 
power;  but,  if  they  l>€  unequal  in  power  or  other  qua- 
lity, as  in  their  hanlncss,  shape,  kc,  then  the  weaksft 
will  have  its  power  diminished,  destroyed,  or  chongtdf 
in  proportion  to  its  softness^  weakness  of  mngnelifiBly 
and  other  circumstances. 

There  is  undoubtedly  a  great  degree  of  ingeniuty  io 
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_  D.  the  BUfl^eations  here  advanced,  but  more  recent  expe- 
•'^^^'  fiments  have  proved  thtit  it  only  approximntes  to  the 
tnie  stiite  of  t lie  case.  It  will  be  seen  as  we  proceed, 
that  the  magnetic  duids  in  simple  iron  bodies  are  not, 
as  this  author  imagines,  accumulated  in  the  distinet 
parts  of  the  body,  but  that  the  di^iplaceinent  which 
prmJuces  the  pltcnomeaa  lakes  place  only  in  every 
individual  particle  \  which  arc  each  in  precisely  the 
some  state  as  ^-l^pinns  attributes  to  the  whole  body. 
vX  at-  ^O.  We  believe  that  we  have  now  enumerated  most 
^^  of  the  principal  facts  connected  with  ma§;:neLic  disco- 
veries J  many  of  them,  it  is  true,  have  been  touched 
upon  very  slii!^hth%  and  some  perhaps  may  have 
altogether  escaped  ns  ;  some  also  have  been  purposely 
deferred  till  we  arrive  at  the  proper  places  to  speak  of 
them  In  the  following  treatise.  There  is,  however, 
^tiil  fine  circumstance  to  be  mcntioFied,  %fhioh  can 
scarcely  be  callc<l  a  dL«^cover\,  because  it  was  t!\e 
neccsary  consequence  of  facts  lone;  established  j  we 
allude  to  the  local  attrariwn  of  vessels  on  the  compass. 
As  it  has  been  known  from  the  earliest  limes  that  iron 
attracts  the  mae:net,  it  was  a  necessary  inference  that 
the  great  (|uantity  of  iron,  particularly  in  ships  of 
war,  must  have  a  tendency  to  disturb  the  natural  direc- 
tion of  the  couipass :  but  so  little  was  known  of  the 
laws  of  magnetism,  that  it  was  supposed,  as  the  iron, 
^us,  &^e,  were  pretty  equally  distributed  on  each  side 
of  the  »hip,  that  the  attractions  would  act  with  equal 
power  on  the  needle,  and  thereby  leave  it  under  the 
same  circumstances  as  if  there  had  been  no  iron  on 
board.  It  is  only  within  a  few  years  that  this  vSonrcc 
of  error  has  been  detected  by  navigators;  but  since  it 
has  been  known,  it  has  attracted  considerable  atten- 
tion, and  all  conlidence  hits  been  withdrawn  from 
those  mngnetie  charts  which  attempt  to  lay  down  the 
variation  of  the  compass  for  dilferent  parts  of  the 
world  ;  these  having  been  all  constructed  from  obser- 
vations made  under  clrcuuistances  liable  to  this  source 
of  error. 

The  first  notice  of  such  an  effect,  that  we  arc  aware 
of,  occurs  in  llie  voyages  o£  Captain  Cook,  it  havin£^ 
been  first  observed  by  I\Ir.  Wales,  his  astronomer  ; 
the  cause  of  the  deviation  of  the  needle,  however, 
seems  n<it  to  have  been  suspected,  and  the  subject  at 
that  time  attracteil  little  attention. 

The  next  reference  to  the  loc;d  attraction  of  vessels, 
and  in  which  the  cause  is  clearly  pointetl  out,  is  fi;untl 
ki  W'idker's  Treatise  on  Maimctism,  published  in  l*tM  : 
it  is  contained  in  a  report  from  ^Ir.  Downie,  master  of 
his  Majei>ty's  ship  Glory,  where  he  says,  "  I  am  con- 
vinced that  the  quantity  and  vicinity  of  iron  in  nioj^t 
ships,  have  an  effect  in  attracting  the  needle;  for  it  is 
found  by  experience  that  the  needle  will  not  always 
point  in  the  same  direction,  when  placed  tii  different 
parts  of  the  ship,  ali^o  it  is  rarely  fcmnd  that  two 
ships  steering  the  same  course,  by  their  respective 
comprKsses,  will  go  exactly  parallel  to  each  other  ; 
yet  these  compitsses,  when  compared  on  board  the 
same  ship,  will  agree  exactly." 

A  few  years  afi  er  this,  the  action  of  the  iron  of  the 
TCSMcl  was  more  minutely  noticed  by  Captain  Flinders, 
who  WAS  the  tirst  to  trace  its  connection  with  the  dip 
of  the  needle,  and  thnmgh  whose  perseverance  some 
atttmtion  was  paid  by  government  to  the  subject,  and 
several  exf»erimeots  were  made,  by  order  of  the  Admi- 
mlty,  on  various  ships  at  the  Nore,  by  which  the 
gieneral  tact  was  established.     The  subject,   however. 
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seems  to  have  been  again  lost  sight  of,  till  Mr.  Bain  History, 
published  his  valuable  little  Treattstt  on  the  Fariaiimi  of 
the  Compftss ;  in  which  the  fattil  consequences  attending 
this  source  of  error  are  put  in  so  clear  a  point  of  \iew, 
as  to  strike  the  most  indifferent  rer^der.  And  as  at 
this  time  our  Arctic  expetlitions  were  in  contempla- 
tion, the  local  attraction  of  the  vessels  was  one  of  the 
objects  to  wliicli  the  attentifin  of  the  officers  was  par- 
ticularly flirected.  The  results  of  the  experiments 
luftdc  in  these  instances  are  given  by  Captains  Uoss 
and  Parry,  in  the  accounts  of  their  respective  voyages, 
as  al^o  by  Captain  Sabine,  in  the  Phitosophkal 
Transttcihm,  part  i,  IfiilD  j  another  memoir  on  this 
subject  is  also  published  in  the  same  volume,  by 
Captain  Seoresby.  These  statements  all  agree  in 
establishing  the  exifvtence  of  this  source  of  error,  and 
in  showing  the  necessity  of  some  method  of  correcting 
it,  particularly  in  high  latitudes. 

I'his  subject  we  shall  therefore  examine  as  we  pro- 
ceed in  a  subsequent  part  of  our  treatise  j  and  it 
would  consequently  be  useless  to  pursue  it  farther  in 
this  historical  sketch*  The  works  that  have  been  pub* 
lishcd  on  uiagnetism,  as  a  distinct  science,  are  very 
few  :  what  has  been  written,  has  been  generallv  given 
in  the  Transactions  of  the  learned  Societies  of  i5u rope, 
particularly  in  those  of  the  Royal  Society  of  London. 
But,  in  geneivd,  these  communications  are  merely  the 
details  of  some  isolated  facts,  unconnected  with,  and 
frequently  contra<licting  each  other.  A  Treatise  of 
A!(i;*H€tismj  by  Cavallo,  17^4  ^  aiu>th?r  by  Wnlker, 
(1794  j)  and  TAc  Mttgndic  AtUu,  by  Churchman,  IftO*, 
are,  we  helieve,  the  only  modem  English  works  on 
this  subject.  To  which  w^e  may  add,  the  Essmj  on 
Mngneik  Attractions ,  by  Mr.  Barlow,  although  it  does 
not  profess  to  be  a  com[)lete  treatise,  A  small  work 
has  also  lately  been  piiblished  by  Mr.  Lec<mnt,  a  mid- 
sliipman  in  the  Royal  Navy,  On  the  Polarization  of 
Iron, 
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§  I,     General   de/initwns ;    and  properties  peculiar   to 
magnetk  bodks. 

I.  As  it  U  the  property  of  attracting  and  being  DcfiaitUnii. 
attracted  by  iron  that  has  given  the  denomination  of 
magnet  to  the  mineral  possessing  that  quality,  s^l  we 
may  say  conversely,  that  any  mineral  in  which  this 
property  exists  is  a  natural  nwj^net ;  for  no  other 
condition  is  requisite  to  constitute  it  such  a  body. 
The  niineralogical  charucteriatic  of  the  tiative  magnet 
is  given  as  follows  in  Professor  Kidd's  Ouilifies  of 
Mmerahgti : — 

*'  Satire  Magnet,  Applicable  peculiarly  to  the 
amorphous  granular  varieties. 

**  It  is  not  malleable, 

*'  Of  a  grey  cfdour,  and  dull  metallic  lustre. 

"  The  colour  of  its  powder  is  black. 

"  All  varieties  are  attracted  by  the  magnet  ;  and 
some  have  the  attractive  power  of  that  substance :  the 
first,  according  to  Mr  Kirwan's  suggestion,  may  be 
calletl  passively,  and  the  latter  actively,  magnetic. 

"  Specific  gravity  varies  from  4^i  to  4'D3. 

'*  Primitive  form*,  the  regular  octohedron. 
Iron    ........      85     to     70 

Oxygen 15     to     S4 
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MAgncUim,  Wliat  is  stated  aljovc,  of  passively  magnetic  ore, 
has  the  property  of  common  ironj  viz.  it  is  attracted 
by  the  max^net,  and  will  of  course  attract  the  magnet  j 
but  it  has  no  perceptible  action  on  simple  iron* 

2.  Artificial  ma^i^ucts  are  those  which  have  the  mag- 
netic property  communicated  to  them  •  they  arc 
generally  bars  of  steel  reiulered  hard  for  the  purpose. 

3.  If  a  piece  of  natural  magnet  be  immersed  or 
rolled  in  iron  filings,  it  will  be  fotind  that  these  latter 
are  attracted  to  its  surface  in  various  places,  and  in 
different  quantities;  but  in  general  there  arc  two 
points  only  in  which  the  accumulation  is  very  con- 
aiderable.  These  points  are  called  the  poles  of  the 
magneL 

i  Let  now  a  small  steel  bar,  or  needle  which  has 
been  hardened,  be  brought  in  contact  with  these 
poles }  viz,  first  one  of  its  extremities  with  one  of  the 
poles,  and  then  its  other  extremity  with  the  other 
pole  J  and  it  will  be  found  to  have  actpired  a  magnetic 
property  similar  to  that  of  the  natural  magnet,  and 
more  or  less,  according  to  the  power  of  the  latter, 
and  the  time  it  was  allowed  to  remain  in  contact ;  at 
least  this  will  be  the  case  within  certain  limits  j  but 
its  power  can  in  no  way  be  made  to  surpass  a  certain 
quantity.  This  will  be  explained  as  we  proceed  ;  we 
luerely  mention  the  experiment  in  this  jdiice,  in  order 
to  show  how  the  communication  of  the  magnetic  pro- 
perty may  be  made,  and  that  we  may  be  able,  iusoon 
as  possible,  to  proceed  in  our  investigation  with  arti- 
ficial instead  of  natural  magnets;  the  former  having 
all  the  properties  of  the  latter,  with  the  advantages 
of  a  greater  uniformity  of  ligure,  texture,  and  distri- 
bution of  the  magnetic  power. 

5.  Let  us  conceive  imw  a  second  equal  steel  bar  to 
be  submitted  to  the  same  process  as  the  first  ;  viz*  to 
have  its  extremities  brought  respectively  in  contact 
with  the  two  poles  of  the  natural  magnet,  and  this 
likewise  will  have  acquired  the  same  properties  :  we 
shall  thus  have  a  pair  of  equal  magnets,  and  which,  in 
the  subsequent  part  of  this  chapter,  will  be  those  we 
shall  suppose  to  be  employed  in  the  experiments  we 
shall  have  occasion  to  refer  to. 
Figrn.  I  fttid  Let  us  now  suspend  each  of  these  magnetic  bars, 
2,  plate  t,  at  a  distance  from  each  other,  by  a  piece  of  untwisted 
silk,  so  that  they  are  perfectly  horizontal,  and  free  to 
take  any  directinn  ^  and  it  will  be  found  that  both 
bars  will  arrange  them  selves  according  to  a  certain 
direction  j  \ix,  nearly  north  and  south,  and  perfectly 
parallel  to  each  other  :  the  ends  of  each,  which  were 
touched  with  the  same  poles  of  the  natural  magnet, 
being  both  directed  towards  the  same  point.  Let  that 
end  of  the  one  magnetic  bar  which  is  turned  to  the 
north,  be  sup[>osed  to  be  marked  N' ;  and  the  cor- 
respoiuling  end  of  the  other  N  ;  also  let  the  other 
two  ends  be  marked  S  and  S',  as  in  figures  1  and  *2, 
plate  I,  Magnetism.  If  now  one  of  the  magnets  N8 
be  left  suspended,  and  the  other  removed,  and  if  the 
ends  of  this  last  be  applied  successively,  at  a  small 
distance  from  the  ends  of  the  other,  the  following 
phenomena  will  be  observ^ed  :  viz.  the  extremity  N'  of 
the  magnet  N'  8'  will  attract  the  extremity  S  of  the 
other  magnet,  and  will  repel  the  end  N  j  and  in  like 
manner  the  end  S',  will  attract  N,  and  repel  S  :  that 
is,  the  ends  which  have  a  contrary  direction  will 
attract  each  other,  and  those  which  have  the  same 
direction,  will  repel.  This  may  be  considered  one  of 
the  fundamental  principles  of  magnetic  action. 
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6.  The  magnetic  bar  N  S  being  supposed  still  sui-  fmA 
pended,  let  it  be  drawn  out  of  its  present  position  by  **— y^ 
the  action  of  the  magnet  N'  S',  or  in  any  other  way,  Of  ^nti 
and  then  left  to  itself,  and  it  will  be  found  to  osciHatc  ^^^-^ 
backwards  and  forwards  on  each  side  of  the  line  of  its 
natural  direction  ;  the  arcs  of  vibration  diminishing 
more  and  more,  till  at  length  it  will  come  to  rest  in 
its  first  position. 

As  this  is  the  case  in  all  parts  of  the  earth,  we 
must  attribute  this  tendency  of  the  bar  to  a  certain 
point  or  direction,  to  some  magnetic  power  in  the 
earth  itself,  and  which  operates  upon  a  magnet  itt 
particular,  in  something  like  the  same  manner  as  gra- 
vity acts  upon  any  pendulum  in  general,  when  the 
latter  is  disturbed  from  its  natural  vertical  position; 
and  this  power,  whatever  it  may  be,  we  arc  accus- 
tomed to  speak  of  under  the  denomination  of  ierrti" 
trial  magnetiim  ;  or  the  magnetic  power  of  the  earth, 

We  have  seen  that  one  em  I  in  particular  of  the  Dffiii^ 
magnet  will  direct  itself  towards  the  north,  and  theofpciek 
other  towards  the  south  ^  wc  must  therefore  admit  a 
north  and  soutji  polarity  in  the  earth ;  we  call  that 
north,  which  is  towards  the  north  terrestrial  pole; 
and  the  south,  that  which  is  towards  the  south  pole, 
but  then,  in  order  to  preserve  a  certain  analogy  in  our 
langurge,  it  must  be  observed,  that  the  end  of  our 
magnet  which  has  been  marked  N,  to  indicate  the 
direction  in  which  it  points,  is  in  reality  its  south 
pole  J  for  it  must  he  of  a  contrary  name  or  character 
to  that  pole  of  the  terrestrial  magnet  by  which  it  if 
attracted  ;  and  the  same  with  the  other  estfrcmity 
that  points  to  the  south,  which  must  be  considered  as 
the  north  pole,  being  attracted  towards  the  south  pole 
of  the  earth.  This  nomenclature  appears  to  be  neces- 
sary, for  the  sake  of  analogy  in  certain  cases  j  but  aa 
it  might  lead  to  some  ambiguity  if  generally  used,  we 
shall,  except  in  those  instances  where  it  is  actually 
necessary,  speak  of  the  noiih  end  and  south  end  of  the 
magnet,  meaning  thereby  the  ends  which  point  lo  the 
north  and  south,  and  which,  if  spoken  of  as  polef> 
must  be  Cidled  tlie  south  and  north  pole  respectively, 

7>  If  instead  of  balancing  the  bar  N  S  after  being pi^rfiii 
magnetised,  we  su|ipose  it  to  be  balanced  first,  ands^ 
then  touched  on  the  magnet,  it  will  be  found,  that 
the  needle  will  still  point  towards  the  north  and  south 
as  before,  except  th:it  it  will  be  no  longer  horizontal, 
but  will  have  its  north  end  (if  the  experiment  is  made 
any  where  in  these  hititudes)  inclined  below  ibc 
horizfui  several  degrees,  but  more  or  less  according  to 
the  place  in  which  the  experiment  is  performed.  This 
angle  is  called  the  dtp,  or  iitdlnaiion  of  the  magnetic 
needle,  and  the  angle  which  it  forms  with  the  true 
north  is  called  the  dLclmnihm  or  variation  ;  where  the 
deviation  of  the  north  end  is  to  the  eastward,  it  is 
called  east  variation,  and  where  it  is  to  the  westward, 
tteat  variation  i  that  is,  the  estimation  is  always  made 
in  referctice  to  the  north  end  of  the  needle. 

8.  The  vertical  plane  which  passes  through  thcf^.l 
needle  when  freely  suspended,  as  supposed  in  the  last 
experiment,  is  called  the  magnetic  meridian,  as  S  N  E  C  j 
and  the  plane  which  passes  at  right  angles  to  this, 
and  to  the  needle,  through  its  centre,  is  cidled  the 
magnetic  effuator  of  that  needle,  as  E  H  C  W,  (see 
fig.  3.)  and  which  therefore  inclines  to  the  horizon 
at  an  angle  equal  to  the  complement  of  the  dip.  These 
definitions  are  all  that  appear  necessary  for  our 
present  purpose,  and  we  shall  therefore  proceed  to 
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,  indicate,  in  the  raofit  concise  terma  possible,  the 
theoretical  principles  now  generally  admitted,  for 
explaining-  the  more  common  and  obvious  magnetic 
phenomena  j  the  complete  developeitientof  the  theory, 
however,  will  not  be  attempted  hi  this  division  of  our 
treatise* 

In  the  preceding  articles  we  have  shewn,  that  a 
small  steel  bar,  or  needle »  may  be  rendered  magnetic 
by  bringing  its  extremities  successively  in  contact 
with  the  poles  of  a  strong  magnet ;  this  experiment, 
however,  was  simply  referred  to  for  the  purpose  of 
furnishing  us  with  two  magnets,  in  order  the  better  to 
illustrate  our  definitions,  and  to  establish  the  first 
prineiples  of  the  science  j  for  although  small  pieces 
of  steel  wire  may  be  by  the  method  there  described 
rendered  permanently  magnetic,  yet  the  power  thus 
developed  will  be  very  inconsiderable.  To  produce 
magnetic  bars  of  great  power,  other  modes  of  pro- 
ceeding must  be  had  recourse  to,  and  which  it  will  be 
our  object  to  illustrate  in  the  following  section. 

9  It  is  our  intention  to  treat  this  part  of  the  subject 
merely  as  exjicri menial  j  yet,  in  order  to  see  some- 
what mor?  jntelligibly  the  intention  of  the  processes 
recommended  to  be  followed,  we  propose  to  explain 
concisely  the  theoretical  view  which  is  generally  taken 
of  the  subject. 

First,  us  there  are  obviously  two  distinct  species  of 
action  in  magnetic  bodies,  the  one  repelling  where  the 
other  lit  tracts,  philosophers  have  been  in  the  habit  of 
attributing  them  to  the  existence  of  two  fluids^  whose 
properties  are  such,  that  the  particles  of  the  one  will 
attract  the  particles  oJ  the  other,  but  each  of  them 
repelling  the  particles  of  the  same  kind  as  itself. 
This  at  least  is  supjiosed  to  be  the  case  as  soon  as  they 
are  separated  from  each  other  j  but  in  their  combined 
state  they  are  conceived  to  neutralize  each  other,  and 
thus  to  produce  that  state  which  wc  have  defined  by 
the  term  pd^ssweb/  mngnet'tc. 

This  is  precisely  the  case  in  simple  iron  and  soft 
steel  bars;  that  is*  they  possess  a  degree  of  mtignetiBm 
in  a  latent  slate,  which  may  be  immediately  called 
into  actioti  by  a  body  actively  magnetic;  but  they 
"will  produce  no  action,  nor  receive  any  impression 
from  another  passively  magnetic  body. 

10.  If  the  iron  or  steel  bars  on  which  we  are  expe- 
rimenting be  perfectly  soft  and  malleable,  the  mag- 
netism excited  in  them  by  the  presence  of  a  natural 
or  artificial  magnet,  will  remain  only  while  the  mag- 
net and  iron  retain  their  relative  situalions  ;  for  which 
reason  soft  iron  can  never  be  rendered  permanently 
magnetic ;  but  if  a  piece  of  steel  be  made  liard,  and 
then  rendered  magnetic,  it  will  retain  its  state  for  a 
long  lime  ;  in  fact,  it  will  become  permanently  mag- 
netic if  it  be  rendered  sufficiently  hard  j  \\z,  so  as  not 
to  admit  of  being  cut  by  a  file  j  but  otherwise  it  will, 
after  a  greater  or  less  time,  return  entirely,  or  very 
nearly,  to  its  natural  passively  magnetic  state, 

JL  With  reference  to  the  sepanilion  of  the  two 
magnetic  fluids  from  each  other,  it  is  proper  to  ob- 
serve, that  they  are  not  imagined  to  be  so  far  sepa^ 
rated,  as  tliAt  one  half  of  the  bar,  for  example,  shall 
contain  one  kirvd  of  magueli^m,  and  the  other  half 
the  contrary,  as  some  authors  have  supposed  :  on  the 
contrary,  there  are  strong  reasons  for  assuming  that 
the  dispkicement  takes  place  only  in  each  individual 
particle  of  the  iron  or  steel.  For  if  a  bar  rentk^red 
permanently  magnetic  be  parted  in  themiddlcj  it  will 


still  be  found  that  each  half  of  it  Is  a  complete  mag-  Part  Ih 
net,  having  a  north  and  south  pole  as  wlien  it  was  '-^''v-"^*^ 
whole  J  and  that  the  two  faces,  which  were  immedi- 
ately before  in  contact,  exhibit  now  opposite  mag- 
netic powers,  that  which  lielongs  to  the  h^iU"  bar,  or 
needle  where  the  north  pole  is,  becoming  a  south 
pole,  and  the  f<ther  face  a  north  pole;  and  this  will 
be  found  to  be  the  case,  however  minute  the  part  is 
which  is  detached  from  the  original  bar.  This  is,  we 
conceive,  a  decisive  demonstration,  that  the  fluids  are 
only  displaced  in  each  particle,  and  not  wholly 
separated,  as  Is  the  case  in  electricity, 

1^.  To  illustrate  this  hypothesis,  let  SN  (fig,  4,)  Fig,  4. 
represent  a  line  of  magnetic  particles  in  any  passively 
magnetic  body  j  then,  if  we  conceive  two  magnets  to 
be  applied,  with  contrary  poles,  at  N  and  S,  these,  by 
the  hypothesis,  will  separate  the  two  latent  fluids 
from  each  other,  and  produce  tliat  kind  of  arrange-  ' 
ment  which  we  have  endeavoured  to  indicate  in  lig.  .S; 
where  the  shaded  parts  are  supposed  to  represent  one 
species  of  the  magnetic  Huids,  and  the  light  parts  the 
other.  This  is  Jit  least  perfectly  consistent  with  the 
facts  stated  above,  that  ever)'  detachc<l  part  of  a  mag- 
netic bar  is  similar  to  the  whole,  which  would  not  Ije 
the  case  if  we  were  to  suppose  the  accumulation  of 
each  fluid  to  be  made  in  the  opposite  branches. 

13.  In  order  to  explain  the  well-known  fact,  that 
soft  iron  and  steel  will  only  admit  of  a  temporary  state 
of  magnetism,  while  steel,  properly  hardened,  receives 
it  pennauently,  it  has  been  assumed,  that  the  cohc- 
si\c  [»ou'er  of  the  hardened  steel  resists  the  recombi- 
nation of  the  fluids  after  separation  ;  hut  that  in  its 
soft  state,  the  resistance  of  the  metal  is  inferior  in  its 
power  to  that  with  which  the  fluids  have  a  tendency 
to  combine  ;  and  thus  it  is,  that  in  one  case  wc  pro- 
duce a  permanent,  and  in  the  other  only  a  teniporary 
magnetism.  This  hypothesis  is  rendered  the  more 
probable  from  the  known  fact,  that  the  harder  the 
steel  is,  the  more  dillkuH  it  is  to  produce  in  it  the 
full  degree  of  magnetic  developemcnt  j  the  separation 
being,  even  with  a  strong  exciting  power,  produced 
with"  difficulty,  and  the  recombination  seems  to  be 
impossible  without  the  application  of  a  similar 
process. 

On  the  other  hand,  perfectly  soft  iron  or  steel 
receives  its  entire  magnetic  developemcnt  almost 
instantaneously,  and  loses  it  with  eriual  facility  j  and 
in  all  iutermediale  states  of  hardness,  the  time  and 
labour  requisite  to  i>roduce  the  developemcnt,  seems 
to  be  proportional  to  those  with  which  the  recombi- 
nation is  effected. 

This  being  premi-Jcd,  it  follows  that  the  formation 
of  artificial  magnets  consists  only  in  the  separation  of 
the  two  fluids  from  each  other  j  and  this  will  serve  as 
an  illustration  of  the  processes  recommended  in  the 
following  experiments, 

^11.     Different  methods  of  proilucmg  artificial  magnets. 

It.  The  best  proportional  diuiensions  of  steel  bars  On  tltc  me- 
for  the  formation  of  artificial  uiagnets,  appear  to  be,  t^io<1  of 
to  have    the  length   about   ten  or   twelve  times  the  J!»^^^*^^^^ 
breadth,  and    the    thickne-s    about   one-third    of  the  ^„^„       ^^ 
breadth  ;  and  in  order  that  they  may  retain  the  mag- 
netism |>ermanent1y  after  it  has  been  excited,  the  bars 
should  be  ]»reviou5ly  rendered   as   hard   as  possible. 
We  shall,  in  a  subsequent  section,  examine  the  effects 
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M«irn«lisni.  of  eojxiper  on  the  excitement  nnd  retention  of  naagne- 

^— ^.^-^^  tism  ;  but  what  is  stilted  nhovc  appears  to  be  suflicient 
for  our  present  purpose  j  that  is,  we  shnll  suppose  the 
bars  prepared  for  the  experiment,  and  that  I  hey  only 
require  to  be  rendered  ma^elic  by  means  of  another 
mngnei. 

1.  Method  of  magnetising  pr  act  tied  hy  il\€  phUoaophen  of 
the  seven  teen  th  atntury, 

Tfj.  This  consisted  simply  in  rubbing  tbe  steel  bar 
to  be  magnetised,  at  ri^hf  angles  upon  one  of  the 
poles  of  either  a  natural  or  nrtiHiinl  magnet,  as  shewn 
Fig.  6.  in  fig.  6  ;  where  A  B  i.s  intended  to  represent  the 
given  magnet,  and  a  b  the  bar  required  to  be  magne- 
tised, whieh  is  supjjosed  to  be  passed  over  the  pole 
A  of  the  magnet  from  h  to  o,  and  wlileh  by  this 
means  will  be  found  slightly  magnetic  ;  but  tlie  de- 
velopement  can  never  be  complete  imleas  the  bar  be 
extremely  small,  or  the  magnet  very  powerful,  as  mil 
appear  from  the  follawing  considerations. 

For  tbe  sake  of  simpritying  our  remarks,  we  shall 
distinguish  the  two  ppecics  of  magnetism,  or  magnetic 
Huitls,  by  the  terms  austral,  or  southern,  und  boreal, 
or  northern,  it  being  understood  that  these  are  to  be 
employed  under  the  same  conditions  as  the  northern 
mill  stiutbern  }>oles,  (art.*;)  so  that »  ihat  branch, 
or  half,  nf  a  magnetic  bar  which  is  directed  to  the 
nnrtht  is  supposed  to  ha%"C  the  southern  or  austral 
iimgncti«m  predominant*  and  the  other  the  boreal  or 
northern.  This  bring  premised,  let  us  consider  the 
bar  a  h,  when  its  extremity  b  begins  to  be  first  applietl 
oti  the  pole  A  uf  the  magnet  A  B,  and  let  us  sujipose 
tliat  A  is  the  south  pole  of  this  loadstone.  In  this  case 
the  austnd  action  of  the  part  C  A  predominating  over 
the  boreal  magnetism  of  the  part  C  B,  it  will  produce 
in  h  a  decomposition  of  the  latent  fluids  ;  the  austral 
magnetism  of  each  jmrtrcle  will  be  repelled  towards  a, 
and  the  boreal  attracted  towiirds  b,  and  wmH  thus 
render  h  a  north  pole. 

But  when  the  pole  A  quits  the  extremity  6,  and 
comes  in  contact  with  the  succeeding  points  in  a  6,  it 
will  produce  upon  eitch  of  them  the  very  same  effect  j 
that  is,  it  will  attract  the  boreal  magnetism  of  each 
particle  towards  the  actual  point  of  contact,  and  will 
repel  from  it  the  austnil  magnetism.  But  the 
continuance  of  this  repulsion  \*'iU  at  last  be  found 
to  have  destroyed  entirely  the  first  decomposition 
^'hich  it  had  excited  by  immediate  contact  at  L  In 
proportion  as  it  advances  on  the  bar,  the  pile  will 
continue  to  produce  tlie  same  effect,  and  to  destroy 
aiiccesslvely  by  its  intluence  at  a  distance,  the  decom- 
position it  had  produced  by  actual  contact  upon  the 
points  which  it  had  previously  touched.  At  the  last 
extremity,  however,  this  destruction  no  longer  takes 
place,  so  that  the  extremity  a  of  the  bar  a  i,  is  ulti- 
mately left  either  precisely  or  very  nearly  in  the  state 
in  which  b  was  at  the  commencement  of  the  opera- 
tion ;  little  or  nothing  being  produced  in  this  way 
beyond  what  would  have  been  effected  by  simple 
contact. 

Another  method  of  procedure,  much  more  effectual, 
and  very  simple*  which  we  can  scarcely  conceive  not 
to  have  been  practised,  although  it  has  not  been 
describe<l  by  the  early  writers,  is,  to  rub  first  from 
the  middle  c  of  the  bar  upon  the  pole  A  the  half  c  A, 
and   then  on   the  pole  B^  the  half  c  a,   which   it    h 


obvious  must  have  produced  a  more  powerful 
vclopemcnt,    beenusc   in    this    ease,    each   extremity 
would  have  been  left  in  thitt  state  of  magaettc  actioa  I 
which  it  was  intended  U  should  possess. 

5.  To  magnetUe  steel  bars  actordingto   tlie  method  nf 
Dr.  Knight. 

16.  It  was  only  about  the  middle  of  the  la.st  centuiy 
that  any  Important  advance  was  made  in  the  formaUioa 
of  artificial  magnets  :  this  w  as  effected  by  Dr,  Gowan 
Kniglrt,  a  pliysician  in  London,  whose  mode  of  pr(>- 
cedure  was  afterwards  made  known  by  Mr.  WUson  j 
for  the  Doctor  himself  enveloped  his  discovery  in 
great  mystery,  and  refused  to  discover  the  secret ;  it 
appears,  however,  to  have  been  as  follows* 

Having  joined  by  th dr  contrary  poles  two  strong 
magnetic  bars  idaced  in  the  same  line^  he  laid  tlw 
middle  of  the  bar  he  intended  to  magnetise  cxjaclly 
over  their  point  of  junction^  (fig.  70  the  bar  or  needle 
having  been  tempcretl  at  what  the  workmen  call  the 
cherry  red  hfai.  He  then  separated  the  bars,  drawt 
them  straight  from  each  otiier,  and  by  this  mi 
each  h.df  was  passed  over  the  pole  of  tfic  contrarf| 
name  to  that  which  was  intended  to  be  given  to  the 
corresponding  ends  of  the  needle  or  magnet,  tmi 
which  thus  acquired  a  much  more  in  tease  degree  of 
magnetism  than  had  hitherto  been  obtained;  and 
perhaps  there  is  no  better  method  known  at  present 
when  we  hare  to  operate  upon  a  single  bar  or 
needle. 

It  is  obvious,  that  in  this  process  each  magnet  acts 
upon  the  half  of  the  small  bar,  which  it  passes  over 
as  in  the  former  method ;  but  in  that  case  the  influ-' 
ence  of  the  same  magnet  acted  alone  over  all  the 
length  of  the  bar,  in  order  to  develope  the  two  mag- 
netisms, whereas  in  this  way,  the  decomposition  ii 
favoured  by  the  presence  of  the  other  magrnet  j  fur  in 
all  the  points  which  lie  between  them,  their  inOuence 
is  combined,  and  the  kind  of  magnetism  tliat  is 
attracted  by  one  to  the  one  extremity  of  the  bar,  is  Bt 
the  same  time  repelled  by  the  other  to  the  same  extre- 
mity. By  employing  this  method,  and  making  U5c  of 
bars  very  large  and  strongly  mag^netii-ed,  it  is  still 
found  that  small  bars,  sucli  for  instance  as  compass 
needles,  will  acquire  nearly  all  the  magnetism  iXitJ 
are  susceptible  of.  Dr.  Knight  invented  also  a  p*\rtl- 
cular  sort  of  ferruginous  paste,  with  which  he  rondc 
bars  which  acquired  a  very  high  degree  of  magnetic 
power.  This  paste  is  described  at  length  in  a  sub- 
sequent article  -  at  present  it  will  be  more  to  oar 
purpose  to  proceed  with  an  account  of  the  differcat 
proceiises  for  magnetising : 

3.  Du  Itamets  method  of  touching  artificial  rnagnH*^ 

17^  This  philosopher,  to  whom  we  are  indebted  forpuH 
several  valuable  experiments  in  dillereat  bnanclies  of  n**** 
science,  proceeded  as  follows.  '^ 

Having  placed  pandtel  to  one  another  two  bars  of 
steel  of  the  same  length,  A  B,  A'  B'',  (fig.  8.)  he  ^ 
united  their  extremities  by  two  small  prisms  of  soft 
iron,  A  B',  A'  B,  so  as  to  form  a  right-angled 
I>arallelogTam.  He  then  took  two  bundles  of  barSt 
a  h,  €^l/j  previously  magnetised,  or  two  strong  mtg- 
nets,  and  united  their  poles  of  different  names  towanis 
the  midtlle  of  one  of  the  bars  of  steel ;  after  which, 
inclining  the  two  magnets  as  represented  in  the  %ure> 
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he  made  them  pass  towards  each  extremity  of  the  bar  > 

^^  and  by  a  successive  repetilion  of  this  friction  upon 
each  of  the  bars,  he  obtained  a  considerable  decree  of 
magnet  is  III*  By  this  arrangement^  each  bundle  or 
mag^net  acts  upon  the  half  of  the  bar  which  it  runs 
over,  as  in  the  first  method  \  but  there  is  here  this 
imjiortant  difTerenee,  that  the  soft  iron  becomes  as  it 
were  a  connecting  hnk  in  the  succession  of  points  or 
particles  of  the  developed  fluid,  and  thus  holds  them 
in  that  state,  while  the  system  or  bundles  of  magnets 
arc  employed  in  exeilinij;  a  farther  developement.  A 
system  of  small  njagnets  combined  have  also  a  decided 
advanta^  in  point  of  streag-th  over  a  solid  steel  bar 
of  the  same  size  j  because  the  magnetism  in  each  bar 
in  the  bundle  may  be  more  completely  excited, 
than  in  the  corresponding  interior  jKirticles  of  the 
solid  bar.  We  may,  however^  improve  this  method, 
by  adopting  a  part  of  that  of  ^Ivpinua  j  tliat  is,  by 
connecting  the  ends  of  the  steel  bars  required  to  be 
magnetised,  by  two  other  ^tmng  mitgneis,  instead  of 
usitii^  soft  Ironj  as  above  described.  Sec  asubsequeat 
article* 

4.  MicheVs  method  of  double  touch, 

18.  Mr-  IVIiebel  employed  two  bundles  of  bars, 
A  Bj  A'  H',  fig.  V,  stroni^ly  magnetised,  and  parallel 
to  each  other,  the  poles  of  contrary  name  having  been 
united  at  each  extremity,  in  sueh  a  manner,  however, 
that  there  remained  an  interval  between  them  of  about 
oiie-tbird  of  an  inch.  He  Iben  placed  in  the  saa^c 
straight  line  several  bars,  a  b,  a'  i/,  a"  6'',  which  he 
wished  to  magnetise  ■  iuid  tiien  he  caused  to  pass  over 
tliese  bars,  at  right  angles,  and  in  the  direction  of 
the  line  formed  by  them,  one  of  the  extremities  of  the 
double  bundle.  By  this  method  he  found  that  the 
intermediate  bars  in  the  chain  a  b,  g!  h* ,  8tc.  acquired 
a  great  magnetic  force  ;  which  ought  necessarily  to 
liappcn,  viewing  the  subject  in  the  light  wc  have 
given  of  it  in  {article  1*^.)  fig.  4  and  5.  For  the  dif- 
ferent bars,  a  £>,  g!  h\  &e.  placed  in  contact  by  their 
extremities,  have  here  the  same  clTect  as  the  small 
bars  of  iron  employed  by  Du  Hamel  j  but  with  this 
difference,  tlial  they  are  not  rendered  continuous,  and 
which  is  the  rciison  that  the  developement  iji  the 
extreme  bars  Is  inferior  to  that  in  the  intermediate 
ones. 


^ 


5.    Method  proposed  hij  j^pinus  for  touching  artiJiciQl 


lof        19,  This  method  is  exemplified  in  fig.  10  ;  it  differs 

I      from  that  of  Dv  Hamel  in  this>  that  he  allowed  the 

K       poles  of  the  two  systems  of  magnets  to  move  at  a 

1^- email  distance  from  one  another,  without  even  sepa- 

^P rating  them,  while  he  inclined  them  in   an  opposite 

^  direction,    as   recommended    by  the  former  p!ijlos»j- 

pher.       He    also    united   the   ends  of  the   bars  with 

strong  magnets,  instead  of  the  soft  iron  employed  by 

t)u    Hamel  ;    and   thus    produced   a    more    powerful 

^1  flpvehipement  of  magnetism,  where  the  bars  were  of 

^1  considerable  dimensions  ;   but  in  other  cases  this  had 

^^  no  advantage  over  the  former  method. 
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6.  Dr.  Robiions  method  of  making  ariifcial  magnetic 

20.  This  consisted  in  raising  the  temperature  of  the 
bar  at  the  moment  of  magnetising,  whereby  the 
resistance  to  magnetic  developement  is  much  dimi- 
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niabed  i  bm  there  is  a  danger  of  its  leaving  the  steel 
too  soft.  This  philoftopher,  also,  M*hcn  he  wished  to  ' 
produce  a  very  uniform  developement,  placed  the  bar 
heated  to  a  proper  degree  for  being  tempered,  betweea 
the  poles  of  two  powerful  magnets,  and  then  im- 
mersed the  whole  in  cold  water,  in  order  to  give  the 
proper  degree  of  temper  to  the  bar* 

7.  Coulomb^ s  method  of  forming   bundles  or  syatems  of 
magnets, 

21,  For  this  purpose  he  employed  steel  bars,  tem-  Of  the  for* 
pered  fit  a  cherry  red  heat,  having  a  length  of  about  maiion  of 
twetUy-onc  or  twenty-two  inches,  breadth  Aths  of  an  ^Jlj*"^"'^ 
inch,  and  a  tbicktiess  of  ^th. 

These  being  separately  magnetised  to  saturation, 
they  were  united  by  their  poles  of  the  same  natne, 
and  formed  into  beds  of  five  bars  each,  separated  by 
small  parallelopipeds  of  soft  iron,  and  which  pro- 
jected a  little  beyond  their  extremities,  (see  fig.  11,)  Fi^'^^ 
These  formed  his  fixed  batteries,  (fig.  12.) 

Tlic  moving  bundles  he  eommonly  formed  of  four 
bars  of  tempered  steel,  similar  to  the  above  j  sixteen 
inches  long,  -^ths  of  an  inch  broad,  and  ^th  thick. 
After  magnetising  them  as  strongly  as  possible,  he 
united  two  of  them  by  their  widths,  and  two  by  their 
thicknesses,  which  gave  to  each  bundle  or  system  a 
width  of  i^  inch,  and  a  thickness  of  itha  of  an 
inch. 

An  imfirovement  in  this  combination  is  recom- 
mended by  the  writer  of  the  article  Magnetism,  in 
Brewster's  Encychpadm,  which,  from  experience,  he 
says  he  has  found  to  be  of  considerable  importance. 
This  consists  in  making  the  centre  magnets  project  a 
little  beyond  those  nearer  the  sides,  the  centre  one 
having  the  greatest  projeetinn,  as  shown  in  fig.  13. 
The  whole  being  bound  tog«?ther  with  a  collar  ol"  soft 
iron,  held  firmly  by  a  screw.  The  soft  iron  at  the 
cvtremittes,  called  the  armour,  being  terminated  in  a 
trapezoidal  form,  as  represented  in  the  drawing. 
With  this  arrangement  the  operation  of  magnetism  is 
performed  by  placing  the  large  bundles  in  the  same 
stniight  line;  so  that  their  north  and  south  |>olcs  arc 
opposite  to  each  other,  (see  ^g.  13.)  The  bar  to  be  Tig,  13. 
magnetised  is  then  placed  upon  one  extremity  of  their 
armours,  in  such  a  manner  that  it  goes  very  little  over 
it  J  after  which,  two  moving  bundles  are  placed  upon 
the  centre  of  the  bar,  with  the  south  pole  of  ttie  on© 
opposite  the  north  pole  of  the  corresponding  fixed 
bundle,  and  the  north  pole  of  the  other  oppoiHie  the 
south  pole  of  the  other  fixed  bundle ;  and  the  two 
moveable  ones  in  dined  at  an  angle  varying  from 
15**  to  20°.  This  being  done,  we  may  proceed  ac- 
cortluig  to  the  methods  cither  of  Du  Hamel  or  .^?;pinus, 
and  it  was  in  this  way  that  Coulomb  was  enabled  lo 
make  the  eoraporison  between  these  two  processes, 
which  we  have  detailed  in  the  following  section. 

8,  Method  of  touching  and  forming  horse-thoe  magnets* 

22.  Thi»  denomination  is  derived  from  the  form  ofhors*- 
given  to  the  bar,  which   is  nearly  that  of  a  horse-  slme  mag* 
shoe,    except   that   experience  has  shewn,    that  the  ticts. 
branches  ought  to  be  longer,  and  the  two  extremities 
brought    nearer   to    each   other   than   in   the   actual 
horse-shoe  j  see  fig.  15.  Fig,  15. 

In  order  to  excite  magnetism  ia  a  bar  bent  into  thi« 
form,  we  must  coancct  the  two  extremities  wiih  a 
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Blagnetitm.  piece  of  soft  iron>  and  it  will  then  strongly  resemble 
^*^^\^^^  the  combination  of  Du  Hamel  explained  above,  and 
we  may  proceed  according  to  the  same  principle  to 
develope  the  magnetism  in  the  two  branches ;  or  we 
may,  after  the  manner  of  uEpinus,  apply  two  strong 
magnets,  one  to  each  pole,  and  connect  their  extremi- 
ties either  with  a  piece  of  soft  iron, .  or  with  another 
magnet  5   or   again,   we   may  apply   two  horse-shoe 
magnets  to  each  other,  uniting  them  so  as  to  have  the 
Fie.  16  and  ^^^^  which  are  intended  to  be  of  contrary  names  in 
17/  contact ;  we  may  then  rub  them  with  another  strong 

horse-shoe  magnet,  placing  the  latter  so  that  the  north 
pole  of  it  is  next  to  the  south  pole  of  one  of  the  horse- 
shoe formed  bars,  and  consequently  its  south  pole  next 
to  the  north  pole  ;  carrying  the  moveable  magnet 
round  and  round  always  in  the  same  direction,  it  does 
not  signify  which,  and  it  will  soon  be  found  that  a  very 
high  degree  of  magnetic  action  will  be  thus  excited ; 
we  believe  (after  numerous  experiments)  much  more 
than  can  be  done  by  any  other  means^  see  fig.  16^  17« 

9.  Compound  horse-shoe  magnets. 

Compound      23.  These  consist  of  a  number  of  bars,  or  plates 

horse-shoe  (all  of  the  form  last  described,)  combined  together  by 

"■^^firnets.     screws,   or   otherwise,   and   which  thus   acquire   an 

immense  sustaining  power^  even  to  the  amount  of 

several  hundred  weight. 

We  shall  describe  here  the  process  we  have  followed 
in  the  construction  of  a  small  compound  magnet  of 
this  kind,  sec  fig.  15.  The  bars  before  being  bent 
were  twelve  inches  each,  or  at  least  after  being  bent 
the  length  of  each  was  six  inches,  they  are  an  inch 
broad  at  the  curved  part,  three-fourths  of  an  inch  at 
their  extremities,  or  poles,  and  are  each  one-fourth  of 
an  inch  thick  :  they  were  filed  very  nicely  to  corres- 
pond and  lie  flat  one  upon  the  other.  They  were  then 
each  drilled  with  three  holes  as  shewn  in  the  figure ; 
through  these  holes  screws  passed,  and  nine  such  bars 
were  bovmd  firmly  together;  the  hole  of  one  of  the 
outside  bars  being  tapped  to  receive  the  thread  of  the 
screws,  and  the  holes  on  the  other  outside  one  coun- 
iersunk  to  receive  the  heads  of  the  screws,  in  order  to 
prevent  any  unsightly  appearance.  In  this  form  the 
face  or  ends  of  the  bars  were  very  nicely  filed,  so  as 
to  render  the  surface  of  both  very  plain  and  smooth. 
The  several  bars  were  then  disunited  and  each  carefully 
hardened  by  a  good  workman,  precautions  having  been 
taken  to  prevent  warping.  This  being  done,  and  the 
bars  well  cleaned  and  brightened,  but  not  polished, 
they  were  separately  magnetised  in  the  manner  above 
described  j  and  lastly,  they  were  reunited,  and  their 
extremities  connected  by  a  piece  of  soft  iron,  or  lifter, 
furnished  with  a  hook  to  suspend  a  weight  upon.  It 
should  be  stated,  that  notwithstanding  the  face  be 
perfectly  flat  before  hardening,  it  will  always  require 
to  be  properly  rubbed  down  with  putty,  on  a  flat 
surface,  after  hardening.  For  much  of  the  sustain- 
ing power  depends  upoii  the  accuracy  of  the 
contact  between  the  poles  of  the  magnet  and  the 
lifter. 

This  combination  suspends  with  ease  forty  pounds. 

Fig.  18, 19,  We  have  found  however  since,  by  experiment,  that 

*^»  more  than  a  proportionate  degree  of  power  is  obtained 

by  having  the  bars  longer,  in  comparison  with  their 

breadth,  different  views  of  this  magnet  are  shewn  in 

figure  18,  19,  and  20. 


10.  To  magnetise  a  number  of  steel  hart,  bf  meant  ^d  li 
horse-shoe  magnet,  s^ 

24.  The  method  described  below  we  have  practised  To  1 
with  very  great  facility  and  success  in  severid  instan-tiK< 
ces  ;  we  shall  select  a  particular  case  for  describing  ^< 
it.     Having  occasion  to  magnetise,  at  one  time,  ogli- 
teen   pair  of  bar   magnets,   each   twelve   inches  In 
length,    an  inch  and   a  quarter  broad,     and    iVths 
thick,  they  were  all  placed  on  a  large  platform,  or 
table,  so  as  to  form  a  square,  nine  feet  on  the  side ;  the 
end  of  each  bar,  marked  for  the  north  end,  haying 
been  brought  in  contact  with  •  the  south  end  of  the 
next  bar,  throughout.     The  interior  edges  of  the  bur 

at  the  angles  were  brought  together,  and  the  openhig 
thus  left  externally,  was  filled  up  by  four  pieces  of 
soft  iron,  an  inch  and  a  quarter  square,  and  of  the 
same  thickness  as  the  steel  bars  ;  as  shown  for  one 
angle  in  fig.  21.  The  horse-shoe  magnet,  which  wasr^l 
that  above  described,  was  now  placed  on  any  one  of 
the  bars,  so  that  its  north  end  was  towards  the  sontk 
end,  or,  that  intended  to  be  the  south  end  of  the  bar, 
and  its  south  to  the  north.  It  was  then  carried  or 
ru\)bed  along  the  entire  circuit,  after  which  the  bars 
had  obviously  acquired  considerable  magnetic  deve- 
lopement,  as  shewn  by  their  attraction  towards  eadi 
other  ;  the  same  was  repeated  without  removing  the 
horse-shoe  a  dozen  times,  and  then,  but  still  without 
removing  the  horse-shoe  magnet,  each  bar  was  turned, 
one  by  one,  with  its  other. side  upwards,  without 
breaking  the  connection ;  and  then  the  process  abore 
described  was  continued,  passing  the  horse-shoe  round 
again  another  dozen  times,  after  which  the  entire 
circuit  of  magnets  was  found  so  highly  charg;ed  that 
considerable  force  was  requisite  to  separate  the  bars, 
in  order  to  combine  them  in  pairs.  The  whole  oper- 
ation occupied  not  more  than  half  an  hour. 

The  processes  last  described,  although  they  are 
capable  of  exciting  almost  instantaneously  a  high 
degree  of  magnetic  developement,  yet  they  require 
powerful  magnets  lo  operate  with,  and  means  which 
are  not  in  the  possession  of  every  amateur  in  these 
experiments.  To  these  it  will  be  interesting  to  learn 
how,  by  more  slow,  but  not  less  certain  means,  we 
may  produce  magnetism,  where  no  such  power  is 
apparent,  and  hence  by  degrees  to  acquire  that  intense 
force  we  have  been  just  describing :  to  such  readers 
Mr.  Canton's  method  cannot  fail  of  being  highly 
instructive. 

11.  Cantons  method  of  forming  artificial  magnets. 

25.  The  following  is  Mr.  Canton's  directions  as 
they  are  given  in  Phil,  Trans.  Abridged,  vol.  x.,  p.  131. 
"  Procure  a  dozen  bars  ;  six  of  soft  steel,  each  three 
inches  long,  one  quarter  of  an  inch  broad,  and  Voth 
of  an  inch  thick,  with  two  pieces  of  iron,  each  half 
the  length  of  one  of  the  bars,  but  of  the  same  breadth 
and  thickness  j  and  six  of  hard  steel,  each  five  inches 
and  a  half  long,  hcilf  an  inch  broad,  and  -T^^oths  of  an  inch 
thick,  with  two  pieces  of  iron  of  half  the  length,  but 
the  whole  breadth  and  thickness  of  one  of  the  hard 
bars  ;  and  let  all  the  bars  be  marked  with  a  line  quite 
round  them  at  one  end. 

"  Then  take  an  iron  poker  Jind  tongs,  or  two  bars  of 
iron,(fig.21.phiteII.)  the  larger  they  are,  and  the  longer  ^«?-' 
they  have  been  used,  the  better  j  and  fixing  the  pokerf*"* 
upright  between  the  knees,  hold  to  it  near  the  top  one 
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Ism.  of  the  soft  bars,  having  its  marked  end  downwardi,  by 
^  a  piece  of  sewing  silk,  which  must  be  pulled  tigbt 
with  the  left  hand,  that  the  bar  may  not  slide  ;  then 
grasping  the  tongs  with  the  right  hand,  a  little  below 
the  middle,  and  holding  them  nearly  in  a  vertical 
position,  let  the  bar  be  stroked  by  the  lower  end,  from 
the  bottom  to  the  top,  about  ten  times  on  each  side, 
Tvhich  will  give  it  a  magnetic  power  sufficient  to  lift 
a  smalt  key  at  the  marked  end  ;  which  end,  if  the  bar 
Tras  suspended  on  a  [>oint,  would  turn  towards  the 
north,  and  is  therefore  called  the  north  end,  and  the 
unmarked  end  is>  for  the  same  reason,  called  the  south 
end. 

"  Four  of  the  soft  bars  being  impregnated  after  this 
manner,  lay  the  other  two,  (lig,  22.)  parallel  to  each 
other,  at  the  distance  of  about  one- fourth  of  un  inch, 
between  the  two  pieces  of  iron  belonging  to  them,  a 
north  and  a  south  pole  against  each  piece  of  iron  j  then 
take  two  of  the  four  bars  already  magnetic  at,  and  place 
them  together,  so  as  to  make  a  double  bar  in  thick- 
tiess,  the  north  pole  of  one  even  with  the  south  pole 
of  the  other,  and  the  remaining  two  being  put  to 
these,  one  on  each  side,  so  as  to  have  two  north  and 
two  south  poles  together.  iSeparate  the  north  pole 
from  the  south  pole  at  one  end  by  a  large  pin,  and 
place  them  perpendicularly  with  that  end  downwards, 
on  the  middle  of  one  of  the  parallel  bars,  the  two 
north  poles  towards  the  south,  ami  the  two  south 
poles  towards  its  north  end  ;  slide  them  backward  and 
forward  three  or  four  times  the  whole  length  of  the 
bar^  and  removing  them  from  the  middle  of  this,  place 
them  on  the  middle  of  the  other  bar,  as  before  directed, 
and  go  over  that  in  the  same  manner ;  then  turn  both 
the  bars  the  other  side  upwards,  and  repeat  the 
former  operation  :  this  being  done,  take  the  two  from 
between  the  pieces  of  iron,  and  placing  the  two  outer- 
most of  the  touching  bars  in  their  stead,  let  the  other 
two  be  the  outermost  of  the  four  to  touch  these  with  : 
and  this  process  being  repeated  till  each  pair  of  bars 
have  been  touched  three  or  four  times  over,  which 
will  give  them  a  considerable  magnetic  power*  Then 
put  the  whole  half  dozen  together,  after  the  manner  of 
the  four,  (fig,  23.)  and  touch  with  them  two  pair  of 
the  hard  bars,  placed  between  their  irons  at  the  dis- 
tance of  about  half  an  inch  from  each  other  :  then  lay 
the  soft  bar  aside,  and  with  the  four  hard  ones  let  the 
other  two  be  impregnated,  (fig.  24.)  holding  the  bars 
apart  at  the  lower  end  near  -tVths  of  an  inch,  to  which 
distance  let  them  be  separated  after  they  are  set 
on  the  pandlel  bar,  and  brought  together  again  before 
they  are  taken  off:  this  being  obser%'ed,  proceed 
according  to  the  method  described  above,  till  each  pair 
has  been  touched  two  or  three  times  over.  But  as 
this  vertical  way  of  touching  a  bar  will  not  give  it 
quite  so  much  of  the  magnetic  virtue  as  it  will  receive, 
let  each  pair  be  now  touched  once  or  twice  over,  in  their 
parallel  position  between  the  irons,  (fig.  25.)  with  two 
of  the  bars  held  horizontally,  or  nearly  so,  by  drawing 
at  the  same  time  the  north  of  one,  from  the  middle 
over  the  south  end,  and  the  south  of  the  other,  from 
the  middle  over  the  north  end  of  a  parallel  bar;  then 
bringing  them  to  the  middle  again  without  touching 
the  parallel  bar,  give  three  or  four  of  these  horizontal 
strokes  to  each  side-  The  horizontal  touch,  after  the 
vertical,  will  make  the  bars  as  strong  as  they  can 
possibly  be  made ;  as  appears  by  their  not  receiving 
any  additional  strength,  when  the  vertical  touch  is 
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given  by  a  greater  number  of  bars,  and  the  horizontal  Part  U. 
by  those  of  a  superior  magnetic  power.  This  whole  V^i^^y.-^^ 
process  may  be  gone  thrtmgh  in  half  an  hour,  and 
each  of  the  larger  bars,  if  well  hardened,  may  be  made 
to  lift  twenty-eight  troy  ounces^  and  sometimes  more. 
And  when  these  bars  are  thus  impregnated,  they  will 
give  to  a  hard  bar  of  the  same  size  its  full  virtue  in 
less  than  two  minutes,  and  therefore  will  answer  all 
the  purposes  of  magnetism  in  navigation  and  experi- 
mental philosophy,  much  better  than  the  loadstone, 
which  is  well  known  not  to  have  sufficient  power  to 
impregnate  hard  bars.  The  half  dozen  being  put  into 
a  case  (llg.  2t>.)  in  such  a  manner,  as  that  two  poles  Kl^,  26. 
of  the  same  denomination  may  not  be  together,  and 
their  irons  with  them,  as  one  bar,  they  will  retain  the 
virtue  they  have  received  ;  but  if  their  power  shoidd, 
by  making  experiments,  be  ever  so  far  impaired,  it 
may  be  restored  without  any  foreign  assistance  in  a 
few  minutes.  And  if  out  of  curiosity,  a  much  larger 
set  of  bars  should  be  required,  these  will  communi- 
cate to  I  hem  a  sufficient  power  to  proceed  with,  and 
they  may  in  a  short  time,  by  the  same  method^  be 
brought  to  their  full  strength."     Phil.  Trans.  1*50. 

12.  Capiain  Scoresby's  method  of  making  arlijicial  magnett, 

26.  Since  the  above  was  written.  Captain  Scoresby  has  Captajo 
published  in  the  Phil,  Tram,  for  Ib'i^i,  part  ii.,  a  set  of  Scoresby** 
experiments  relative  to  the  making  of  magnets  by  mediod. 
percussion^  of  which  the  following  extract  will  not  be 
uninteresting  J  it  is  much  more  simple  and  more  effec- 
tual than  the  preceding.  The  author  observes,  *'  The 
strong  magnetising  effects  of  percussion  on  soft  steel, 
induced  me  to  apply  this  property  to  the  formation  of 
magnets  j  for  this  purpose  I  procured  two  bars  of  soft 
steel,  thirty  inches  long,  and  an  inch  broad,  also  six 
other  flat  bars  of  soft  steel,  eight  inches  long,  and  bidf 
an  inch  broad,  and  a  large  bar  of  soft  iron.  The  large 
atecl  and  iron  bars  were  not,  however,  absolutely 
necessary,  as  common  pokers  answer  the  purpose  very 
w-ell^  but  I  was  desirous  to  accelerate  the  process  by 
the  use  of  substances  capable  of  aiding  the  developc- 
ment  of  the  magnetical  properties  in  steel :  the  large 
iron  bar  was  first  hammered  in  a  vertical  position,  it 
was  then  laid  on  the  ground  with  its  acquired  south 
pole  towards  the  south,  and  upon  this  end  of  it  the  large 
atecl  bars  were  rested  while  they  were  hammered  ; 
they  were  also  hammered  upon  each  other.  On  the 
summit  of  one  of  the  large  steel  bars,  each  of  the 
small  bars,  held  also  vertically,  was  hammered  in  suc- 
cession ;  and  in  a  few  minutes  they  had  ."dl  acquired 
considerable  lifting  powers.  Two  of  the  smaller  bars, 
connected  by  two  short  pieces  of  soft  iron  in  the  form 
of  a  parallelogram,  were  now  rubbed  with  the  other  four 
bars  in  the  manner  of  Canton^  These  were  then  changed 
for  two  others,  and  these  again  for  the  last  two.  After 
treating  each  pair  of  bars  in  this  way  for  a  number  of 
times,  and  changing  them  whenever  the  manipulations 
had  been  continued  for  about  a  minute,  the  whole  of 
the  bars  were  at  length  found  to  be  magnetised  to 
saturation ;  each  pair  readily  lifting  above  eight  ounces. 

*'  In  accomplishing  this  object,  I  took  particular  care 
that  no  magnetic  substance  was  used  in  the  process. 
All  the  bars  were  freed  of  magnetism  before  the  expe- 
riment, so  that  none  of  them,  not  even  the  largest^ 
produced  a  deviation  of  five  degrees  on  the  compass 
at  three  inches  distance.  Any  bars  which  had  been 
strongly  magnetised^  and  had  had  their  magnetisms 
5  X 
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Migoetism,  def^troyed  or  tipirf ralised,  (either  by  hRtnmer ing",  heat- 

^"V™^  ing^i  <»r  by  the  simultaneous  contact  of  the  two  poles 
of  another  magnet  plnced  ti-iin^verselVj)  I  alloys  found 
had  a  much  g^reriter  facility  for  receiving  polarity  in 
the  same  tKrectioii  as  before,  than  tiie  contrary. 
Hence  it  generally  happened^  that  one  blow  with  the 
original  north  end  downwards,  pro*liiced  ns  much 
effect  ag  two  or  three  blows  did  wiih  the  orfgitial 
south  end  downxvanl.'* 

By  followinf^  the  above  directions,  any  person  mnv 
supply  himself  ^^iih  magnefs,  by  merely  procuring 
steel  bars  proper  for  the  purpose  ;  and  with  these, 
any  number  may  be  afterwards  produced  by  any  of 
the  methods  described  abo%'c. 

13,  Dr,  Knight' i  mttliod  of  forming  ariifickU  magnetic 
paate. 

Dr.Kni^ht**  27,  This  process,  as  we  have  elsewhere  observed, 
^J*"*^^^*^  wa«  kept  a  secret  by  the  philoj^opher  in  question,  but 
*^^  wtts  at  length  pnbli*<hed  in  the  FhiL  Trans,  for  1779, 

by  Mr.  Benjamin  Wilson. 

'^  Having-  provided  him*?e1f  with  n  large  quantity  of 
clean  lUing;s  of  iron^  Dr.  K.  put  them  into  a  lurge  tub, 
that  wad  more  than  one -third  filled  with  clean  water  ; 
he  then,  with  great  labour,  wtirked  the  tub  to  and  fro 
fiir  many  hours  together »  that  the  friction  between  the 
grains  of  iron  by  this  treatment  might  break  off  such 
small  parts  as  would  remain  suspended  in  the  water 
fVjr  some  time  ;  the  obtaining  of  which  very  small 
particles  in  sufficient  quantity,  seemed  to  him  to  be 
one  of  the  principal  ilesiderata  in  the  experiment* 
.The  water  being  by  tliis  treatment  rendered  very 
mnddy,  he  poured  it  into  a  clean  earthen  vessel,  leav- 
ing the  filings  behind  ;  and  when  the  water  had  stood 
long  enough  to  become  clear^  he  poured  it  out  carefully, 
without  disturbing  such  of  the  iron  sediment  as  still 
remained,  which  w:is  now  reduced  to  almost  impal- 
pable po^vder  :  this  powder  was  afterwards  removed 
into  another  vessel,  in  order  to  dry  it,  but  as  he  hod 
not  obtained  a  proper  quantity  of  it  by  this  first  step, 
he  wtis  obliged  to  repeat  the  process  many  thnes* 
Ha%nng  at  Ijist  procured  enough  of  tliis  ver^^  fine 
powder,  the  next  thing  to  be  done  ivas  to  make  a 
paste  of  it,  and  that  with  some  vehicle  which  could 
contain  a  considerable  quantity  of  the  phlogistic 
principle  ;  for  this  purpose  he  had  recourse  lo  linseed 
oil,  in  preference  to  all  other  fluids.  With  these  two 
ingredients  only  he  made  a  stiff*  paste,  taking  parti- 
cular care  to  knead  it  well  before  he  moulded  it  into 
convenient  shapes*  Sometimes,  while  the  paste  con- 
tinued in  its  soft  slate,  he  would  put  the  impression 
of  a  seal  on  scvcra!  pieces  ;  one  of  which  is  in  the 
British  Museum.  This  paste  w^as  then  put  upon  wood, 
and  sometimes  on  tiles,  in  order  to  bake  or  dry  it 
before  a  moderate  fire,  at  about  a  foot  distance.  The 
doctor  found  that  a  moderate  fire  was  most  proper, 
because  a  greater  degree  of  heat  made  the  composition 
frequently  crack  in  many  places. 

*'  The  time  required  for  baking  or  drying  this  paste 
was,  generally,  five  or  six  hours,  before  it  attained  a 
sufficient  degree  of  hardness.  When  that  was  done, 
and  the  several  baked  pieces  were  become  cold,  he 
gave  them  their  magnetic  virtue  in  any  direction  he 
pleased,  by  placing  thciii  betw^een  the  extreme  ends  of 
his  magazine  of  artificial  nifLo;ncts  for  a  few  seconds 
or  more,  as  he  saw  occaeion.  By  this  method  the  virtue 
they  acquired  was  such,  that  when  any  one  of  those 


pieces  was  held  between  two  cif  liitt  best  tea 
bars,  with  its  j>oles  purposely  inverted,  it  immedK^ 
ately  of  iti^elf  turned  about  to  recover  its  natund  | 
direction,  which  the  force  of  those  vet^y  pcHiverliil  ban  ] 
wa£  not  sufficient  to  counteract*" 

^  Hi.  Esperimentt  made  wiih  a  view  qfoouiparing  thi 
power  excited  hy  the  nmthods  of  mag/tgtwmg  abant 
describudi  the  effect  of  temper,  Jigure,  SfC^ 

2H,  Beksmwrn  prooetd  farther  in  oar  inquiries,  itjgiq 
may  be  proper  to  offer  a  few  remarks  upon  the  bestpMi 
criterion  for  judging  of  the  advantages  or  disadi 
tages  of  the  different  modes  of  opemting,  which  1 
been  described  above  j  the  effect  of  ieiapcr,  and  of  the  ^ 
diffi^reut  forms  tttfit  we  may  give  to  our  bore  or  nemtkii> 
When  a  magnetic  needle,  or  bar,  freely  suasppinfed 
and  in  etpilibrio,  is  placed  in  diiierent  situations.  Ml 
very  remote  from  each  other,  in  couiparisoji  with  tlie 
dkineter  of  the  terrestrial  sphere,  it  will,  qlb  we  have 
tMn»  (art.  5.)  from  some  invisible  power  or  forDSi 
which  wc  have  called  terrestrial  ma^etism^  m* 
sutne  a  certain  direction,  which  under  the  litnkilioa 
we  have  supposed,  will  always  be  parallel  to  • 
plane,  which  has  been  called  the  magnetic  u 
those  places  *,  if  we  go  to  greater  distaiices* 
directions  are  not  paimllel  to  each  other,  ajr  we 
see  when  we  come  to  treat  of  terrestrial  niaguetasn  j 
but  at  present,  limiting  oursch'es  to  shorter  dtsi 
it  is  clear  that  the  centre  of  force,  wdierever  ii  mar 
and  to  whatever  it  may  be  d*ie,  is  so  ihr  distaot,  li 
we  may  consider  its  action  as  made  in  right  Imi 
parallel  to  each  other,  on  the  several  particles  of 
magnciie  fluifl  in  the  needle  -,  and  conse^ueiuly  thil, 
as  in  the  case  of  gravity,  we  may  estimate  the  nmooat 
of  a  magnetic  force  by  the  number  of  vibrations  whidl 
a  needle  makes  in  a  given  time,  the  latter  beiog  under 
the  influence  of  the  magnetic  force  only  j  that  is  its 
centre  of  gravity  being  supported,  as  we  have  si^ 
posed  above.  The  only  difference  in  the  two  cases  is» 
that  in  the  instance  of  gravity,  the  matter  in  tli« 
pendulum  remains  constant,  and  the  diflereoce  of 
power  is  caused  by  the  different  distances,  or  otlier 
circumstances  relating  to  the  power  of  the  actraeiiiiff 
body  ;  whereas  in  those  we  are  about  to  consider,  thi 
attracting  power  will  be  the  same,  and  the  chax]^  ii 
aeceleralion  will  be  due  to  the  greater  or  less  capadlf 
of  the  vibrating  biwly,  for  the  matter  on  wUicb  tiist 
power  is  exerted.  This  view  of  the  subject  is  all  " 
is  necessary  for  our  present  purpose,  and  from 
as  in  the  cmQ  of  pendulums,  it  will  follow,  that  litt 
time  in  which  the  same  magnetic  needle  vibrate^ 
under  different  degrees  of  magnetic  power,  will  vsry 
inversely  as  the  square  rotvt  of  that  j>ower ;  or  the 
force  will  be  inversely  as  the  square  of  the  timc<rf 
vibration,  or  directly  as  the  square  of  the  number  rf 
vibrations  performed  in  a  given  time. 

Another  methoil  of  estimating  the  direcli%-e  inten-Bf' 
sity  of  bars  and  needles,   is  by  the  balance  of  i^nm  ^^ 
(see  our  article  Bala^^ck.)      Here  the  needle  beiuf  *°^ 
suspended  on  its  cradle,  the  quantity  of  torsion  requi*it£ 
to  deflect  it  a  certain  number  of  degrees  from  its  nal  anil 
direction  is  noted,  and  iUq  intensity  of  tlie  noddle  wM 
be  proportional  to  the  torsion. 

Coulomb  employed  both  these  methods,  but  CaptaiQ 
Kater  used  only  the  latter;    they  are,   howi  . 
both  suRiciently  explained  to  enable  us  to  | 
the  detail  of  the  experiments  in  quesiicMi 
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Ahttract  of  Couhmb's  etperiments. 
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ib'a  ^9.  In  order  to  appreciate  witfc  occutticy  the  dif- 
ferent metboils  of  making  artificial  magneu,  this 
philosopher  unttertook  to  make  the  compungon,  by 

pIj*  me&ne  of  the  first  of  the  two  tests  we  have  just  been 
illustratmg,  viz.  by  causing'  them  to  vibrate,  and 
counting  the  number  of  vibrations  performed  in  a 
given  time.  He  first  employed  wires  of  tetni>ered 
ffteel  of  very  small  diiimeter,  and  tben  thin  plates  of 
steel  un tempered  by  aniienling^  from  this  he  passed 
to  equal  plates  of  small  thickness,  tern] jp red  at  a  rheny 
rffi  heat  J  imd  finally,  pre»ervin|»;  the  same  degree  of 
tempering,  he  magnetised  by  different  methods,  bars 
of  different  thiekne*ises,  forms,  and  lentcths. 

In  order  that  his  comparisons  should  he  roiule  with 
the  g^renter  accuracy,  he  began  by  procuring  ten  bars 
of  tempered  steel,  having- each  a  length  of  seventeen 
inches,  one  inch  wide,  anil  one-ftfth  of  an  inch  in 
thickness,  and  he  magnetised  ihem  one  after  anotlicr, 
as  strongly  as  possible,  by  subjecting  each  of  them  to 
a  aeries  of  operations,  so  that  their  ms^etism  might 
be  equaL 

His  first  experiment  Tvas  made  with  a  wire  of 
tempered  steel,  twelve  inches  long,  and  one  twenty- 
fifth  of  oil  inch  in  diameter  5  he  first  rubbed  it  at 
right  atigles  on  the  pole  of  a  single  artificial  magnet, 
he  then  made  it  oscillate  in  a  horizontal  plane,  by 
suspending  it  in  a  paper  dish,  with  an  assemblage  of 
writwiftted  fibres  of  silk,  in  order  to  observe  the  inten- 
sity of  the  action  exerted  upon  it  by  the  magnetic 
force  of  the  earth; 

The  following  are  a  few  of  his  Tesults  : 
1.  He  found  that  in  virtue  of  this  action^  it  per- 
formed 

■  Ten  riscdlations  in  sevcnfy-faUT  »ee<mds* 

^.  The   same   wire,  -when   rubbed   nt  right  nnglefi 
upon  the   pole  of  four  of  ten  tmited  bars,  did   not 
acquire  stronger  magnetism  j  for  it  likewise  perfornied 
7>n  ouiltaiitrnff  in  §ev§iUy-Jimr  stcontls. 

3.  When  nmgnetised  by  the  method  of  Du  Hamel, 
and  that  of  yKpitius,  liy  submitting  it  to  the  ftclioti  df 
a  large  apparatus  it  still  performed 

Tfn  osrithtions  in  seveuftf-fonr  seconds. 
From  which  it  was  concluded,  that  steel  wires  of 
amall  diameters,  acquire  by  all  the  different  metho<is, 
the  same  degree  of  magnetism  that  they  do  by  simple 
contact.  This  degree,  therefore,  has  been  deiiomi- 
Dated  the  state  ofjnagnHic  saturalionj  tlmt  is  to  say,  that 
the  greatest  ptissible  degree  of  magnetic  dcv elopement 
has  beeti  excited,  of  which  the  bar  is  susceptible. 

Afterwards,  instead  of  a  wire,  a  plate  of  annealed 
ateel  wa^  substituted,  twelve  inches  long,  one-third  of 
ao  inch  wide,  and  one  forty-second  of  an  inch  thick  ; 
fio  that  it  differed  only  in  its  width  from  the  preceding 
wire. 

4.  This  plate  being  rubbed  at  right  angles  upon  the 
pole  of  a  single  magnet,  it  performed 

Ten  mi?dl^tians  in  seventy *sin*cn  seconds, 
5*  Upon  the  ptde  of  two  united  bars, 

7e;«  oscit  lilt  tons  ia  seven  tt^ -Jive  seconds » 
6.  Upon  the  pole  often  united  bars. 

Ten  oscillations  iu  seventif-five  seconds, 
7^  By    the    methods    of   Du   Ilamel    and    JEpinas, 
employing  only  a  single  moveable  bar  on  each  side, 
Ten  OM:iUathons  in  seventy -five  seconds. 
In  these  experiments,    the  different  effect   of  the 


methods  began  to  be  perceptible,  but  it  was  still  very 
feeble.  It,  however,  manifested  itself  in  a  much 
stronger  degree  as  the  temper  was  changed. 

8.  A  plate  of  steel  about  6.5  inches  long,  T^ths  of 
an  inch  wide,  and  Vr^d  thick,  tempered  at  cherrif  red, 
and  rubbed  at  right  angles  upon  the  poles  of  two 
united  bars,  performed 

7  cm  OBOiUMiwm  mfifUf-ane  ieeondi^ 

9.  Upon  th«  poles  of  five  bars  united, 

TVr  ostiltatvms  m  forty-nine  seconds, 

10.  Upon  the  poles  of  eight  and  ten  bars  united. 
Ten  oscUtaiions  in  forty -t^en  seconds  and  a  half 

11.  By  uniting  only  two  bars,  and  rubbing  the  plate 
upon  the  poles  at  an  angle  of  15°  or  Wf^,  in  place  of  a 
right  angle,  the  needle  perlbrmed 

Ten  oscilUi lions  in  forty '^tvift  ^teonels  and  a  haif, 

12.  When  magnotised  by  the  method  of  Du  Hamel 
and  ^pinus,  with  only  two  moveable  bars,  it  per- 
formed 

Ten  oscillations  in  fbrt^f^seven  seconds  and  a  Italf, 
In  these  experiments,  as  well  as  in  the  subsequent 
ones,  we  can  only  draw  a  comparison  between  the 
duration  of  the  oscillations  performe<l  by  the  99mm 
plate,  successively  magnetised  by  the  same  methods^ 
for  in  diEferent  plates,  the  absolute  re^^ults  are  altered 
by  the  change  of  dimensions,  and  by  the  different 
degrees  of  temper.  As  the  thickness  of  the  plate 
increases,  tlie  difference  in  the  effect  produced  becomes 
more  perceptible. 

1.1.  A  plate  eight  inches  long,  ^^ihs  of  an  inch  wide, 
and  tV^^  thick,  after  being  rubbed  several  times  at 
;ight  angles  upon  the  pole  of  a  single  bar  iierformed 
Ten  oscillations  in  seventy* three  seconds, 

14.  Upon  the  pole  of  four  united  bars. 

Ten  oicitlatiumt  in  siTty-two  seconds, 

15.  Upon  the  pole  of  ten  united  bars, 

Ten  oiiillations  inffty-mue  seconds. 
IG.  By  uniting  only  two  bars,  and  rubbing  them 
upon  the  plate,   at  an  inclination  of  15^  or  20^,  the 
same  bar  performed 

Ten  oscilhiions  in  fifty- three  seconds, 

17.  At  the  same  inclination  with  four  united  bars. 

Ten  oscillations  in  forty-nine  seconds. 

18.  At  the  same  inclination  with  ten  united  bars. 

Tea  oscillations  in  forty -nine  seconds. 

19.  By  the  method  of  Du  Hamel  and  JEpinus,  with 
one  or  more  bars  on  each  side,  still 

Ten  osedkiiions  in  forty-nine  seconds. 
These  experiments  are  sufficient  to  shew  that  the 
methods  of  Du  Hamel  and  /Epinus  arc  superior  lo  the 
other,  eincc  they  give  the  same  degree  of  magnetbiii 
with  a  much  smaller  number  of  moving  bars.  It  will 
be  observed  also,  that  these  two  methods  are  e^^uallf 
effecti%'e,  when  we  apply  thcra  to  plates  which  are  ^V 
or  tV'Ii^  of  an  inch  thick,  but  when  the  bars  or  plates 
exceed  this  thickness,  that  of  ^^^pinus  has  decidedly 
the  advantage.  Coulomb  made  this  trial  upon  one  of 
the  large  bars  of  his  bundle,  which  was  sixteen  inches 
long,  -Aiihs  of  an  inch  wide,  and  one-fifth  thick,  tem- 
pered at  cherry  ted. 

20.  By  applying  to  one  of  them  the  method  of 
j^pinus,  with  two  moveable  btirs,  rubbing  upon  its 
surface,  it  performed 

Ten  oscilltitions  in  one  hundred  and  ten  seconds, 

21.  IJy  aagmenling  the  number  of  moveable  bars 
it  acquired  no  greater  power,  atid  had  therefore 
reached  the  state  of  saturatioo.     But  by  the  method 
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Mi^e^tau  of  Du  HameU  it  could  not  be  brought  to  the  same 
v«-^>^^^^^  state  without  employing  moveable  bimdles  composed 
of  four  bars  each. 

22.  The  same  comparison  was  also  repeated  on  still 
thicker  bars,  sixteen  inches  long,  one  inch  broad,  and 
iVths  of  an  inch  thick.  By  applying  to  it  at  first,  the 
method  of  ^pinus,  and  formhig  moveable  bundles 
of  one,  two^  or  three  bars,  it  acquired  a  magnetism 
progressively  increasing  ;  but  by  employing  bundles 
composed  of  four  bars,  or  even  of  ten,  or  a  greater 
number,  it  performed 

Teti  oscillations  in  one  hundred  and  fifty-three  seconds. 

By  employing  the  method  of  Du  Hamel,  it  was 
impossible  to  attain  the  same  degree  of  magnetbm, 
even  by  using  bundles  of  ten  bars  each.  By  this  last 
operation  the  bar  performed 

Ten  oscillations  in  one  hundred  and  sixty-two  seconds. 

The  former  method  therefore  gave  a  stronger  mag- 
netic force  than  the  latter,  in  the  ratio  of  (162)^  to 
(153)*  or  as  nine  to  eight  nearly* 

Such  were  the  principal  results  of  Coulomb,  as 
directed  to  this  inquiry :  the  following  are  the  expe- 
riments of  Captain  Kater,  published  in  the  PhiL  Trans, 
for  1821,  part  i. 

Captain  Katers  experiments  relative  to  the  different  effects 
of  magnetising f  8fc. 

Captain  30.  In  these  experiments  the  directive  force   was 

^^*^*  "-  ascertained  by  means  of  the  balance  of  torsion.  The 
penmenu.  j^y^j^Qj-'g  statement  of  these  comparisons  is  as  follows  : 
*'  Two  needles  were  made  of  the  same  kind  of  steel, 
in  the  form  of  right-angled  parallelograms,  five  inches 
long,  the  one  seven  inches  wide,  and  the  other  half 
this  width.  The  widest  was  reduced  in  thickness  till 
it  was  of  the  same  weight  as  the  other,  viz.  142 
grains.  They  were  in  the  same  state  of  softness  as 
was  necessary  to  work  them.  The  magnets  were 
placed  together  perpendicularly  on  the  centre  of  the 
needle,  their  opposite  poles  being  joined  -,  their  lower 
extremities  were  then  separated  and  kept  asunder,  by 
placing  a  piece  of  wood,  a  quarter  of  an  inch  thick, 
between  them,  their  upper  extremities  remaining  in 
conflict.  The  magnets  were  then  slid  along  the 
needle  b:vck wards  and  forwards,  from  end  to  end  :  this 
was  repeated  on  both  sides,  till  it  was  conceived  the 
needle  must  be  saturated.'* 

Experiment  I. 

Small  parallelogram  directive  force 655 

Lartre  parallelogram   674 

The  needles  were  again  magnetised  in  the  same 
manner  ;vs  before,  excepting  that  the  magnets  were 
separated  at  the  top  by  a  piece  of  wood  of  the  same 
thickness  Jis  that  at  the  bottom. 

Experiment  II. 

Small  parallel o<»;ram  directive  force 595 

Lar^c  f);irallel()grain   580 

The  magnets  were  placed  perpendicularly  together 
on  the  centre  of  the  needle,  and  their  lower  extremi- 
ties separated  by  a  piece  of  wood  to  the  distance  of 
hdf  the  length  of  the  needle,  the  upper  extremities 
remaining  in  contact.  They  were  then  slid  on  the 
needle  backwards  and  forwards,  from  end  to  end,  as 
before. 

Experiment  III. 

Small  parallelogram  directive  force 760 

Large  parallelogram   7S0 


The  magnets  joined)  placed  perpeodicolarly  on  the    h 
centre  of  the  needle,  as  before,  then  moved  in  oppo-  V^< 
site  directions,  from  the  centre  to  the  extremities, 
keeping  each  magnet  perpendicular  to   the  needle  | 
afterwards  joined  at  a  distance  from  the  needle,  placed 
again  on  its  centre,  and  the  operation  thus  continued. 

Experiment  IV. 

Small  parallelogram  directive  force 993 

Large  parallelogram 115& 

The  author  remarking  that  the  sarJbce  of  the  small 
parallelogram  was  unequal,  so  as  to  be  touched  by 
the  magnet  in  very  few  places,  he  filed  it  flat,  aad 
having  reduced  the  large  parallelogram  to  the  same 
weight,  they  were  magnetised  by  joining  the  magneta, 
placing  them  perpendicularly  on  the  centre  of  the 
needle,  separating  their  lower  extremities,  and  cany* 
ing  them  to  each  end  of  the  needle^  the  .upper  enda 
remaining  in  contact. 

Experiment  V. 

Small  parallelogram  directive  force    I0S5 

Large  parallelogram 1150 

The  needles  were  next  magnetised  according  to 
the  method  of  Du  Hamel,  the  magnets  being  inclined  t» 
an  angle  of  about  forty-five  degrees,  and  carried  is 
before  from  the  centre  to  the  ends  of  the  needle. 

Experiment  VI. 

Small  parallelogram  directive  force    1070 

Large  parallelogram 1 170 

The  magnets  forming  with  the  needle  an  angle  of 
about  twenty  degrees. 

Experiment  VII, 

Small  parallelogram  directive  force    1065 

Large  parallelogram 1195 

Magnets  forming  an  angle,  with  the  needle  of  about 
two  or  three  degrees. 

Experiment  VIII. 

Small  parallelogram  directive  force    1160 

Large  parallelogram 1275 

Magnets  laid  flat  on  the  surface  of  the  needle,  and 
drawn  from  the  centre  to  the  ends. 

Experiment  IX, 

Small  parallelogram  directive  force     115S 

Large  parallelogram 1261 

Magnets  forming  with  the  needle  an  angle  of  two 
or  three  degrees,  their  other  extremities  being  con- 
nected by  a  very  soft  iron  wire. 

Erperiment  X. 

Small  parallelogram  directive  force     1145 

Large  parallelogram 1261 

The  iron  wire  was  now  removed,  and  the  neetUe 
magnetised  as  before,  at  an  angle  of  about  two  or 
three  degrees. 

Experiment  XI. 

Small  parallelogram  directive  force     1 160 

Large  parallelogram 1273 

Both  the  needles  were  now  hardened  tbroll£r^""t  at 
a  bright  red,  and  then  softened  from  the  middlo  to 
within  three  quarters  of  an  inch  from  the  ends  till  the 
blue  had  disappeared.     This  was  done  by  la\ing  the 
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«d»m.  large  parallelogram  on  a  red  hot  poker  j  hut  from  the 
^r****  thickness  of  the  sniail  parallelo^raoi  this  heat  was 
found  iiisiithcicnt,  and  that  of  a  lamp  was  employed. 
The  r>eedics  were  then  magnetised  as  io  the  last  expe- 
riment. 

Experiment  XII. 

Small  parallelognim  directive  force    1815 

Large  pandlelogrdm , , 1G60 

It  here  occurred  to  the  authorj  that  the  heat  em- 
ployed ill  tempering'  the  large  parallelogram  might 
not  have  been  sufficient,  it  was  therefore  exposed  to 
the  flame  of  the  lamp  j  but  in  doing  this,  a  smidl 
piece,  which  wcighecf  ten  grains,  was  broken  oil  from 
its  end.  It  was,  however,  remaguetised,  and  the  direc- 
tive force  was  now  found  to  be  increased  to  IJ'^O. 

From  these  hist  experiments,  it  appears  that  the 
^eatest  directive  force  was  given  to  tlie  needle  when 
the  magnets  were  inclined  to  it  in  an  angle  not  ex- 
ceeding two  or  three  degrees,  and  that  this  force  is 
little,  if  at  all,  inftuenced  by  e\tent  of  surface  j  as 
Captain  Kaler  conceives  the  small  difference  in  favour 
of  the  greater  surface,  may  be  dne  to  some  difference 
in  the  quality  of  the  steel,  or  its  temper,  both  of  which 
appear  to  have  very  considerable  influence  on  the 
directive  force.  Two  needles,  the  one  live,  and  the 
other  eight  inches  long,  were  cut  out  of  the  same 
plate  of  steel  ^  they  were  of  equal  weighty  but  the 
short  one  was  of  greater  width  than  the  other  Being 
magnetised  to  saturation  their  directive  forces  were 
as  follows  : 

Esp^riment  XIII. 

Long  parallelogram  directive  force     2^75 

Short  parallelogram 1 193 

They  were  now  hardened  at  a  red  heat,  and  iem* 
pered  beyond  the  blue,  from  the  middle  to  within  an 
inch  of  the  extremities. 

Experiment  XIV. 

Long  parallelogram  directive  force     2^77 

Short  parallelogram l8CJr> 

If  the  mean  of  these  experiments  be  taken,  it  will 
be  found,  as  was  observed  by  Coulomb,  that  the 
directive  force  of  a  needle  of  a  greater  length  than 
five  inches  is  probably  as  its  length. 

In  a  subsequent  article  we  shall  give  Captain 
Hater's  experiments  on  the  best  form  for  com  pass 
needlea,  but  it  will  be  proper  Urst  to  describe  that 
instrument.  The  experiments  stated  above,  although 
in  fact,  directed  to  the  same  inquiry*  were  so  inti- 
mately connected  with  the  matter  delivered  in  the 
preceding  articles,  that  we  considered  it  best  given  as 
the  conclusion  of  this  section. 

I IV.  On  the  magnttic  mtifm  of  simple  iron  bodies^  and  the 

retaiive  powtr  of  fiifferenl  sptciei  of  metal. 

etiim      31.  We   have  defined    those   bodies  which  possess 

n        the  magnetic  fluids  in  combination,  or  in  a  latent  state, 

'•        Its    pftsxivelij   magnetic;    and    of  this    class    is    siniple 

malleable  iron,  that  is,   a  certain  degree  of  magnetic 

energy  may  be  temporarily  impressed  upon  it,  but  it 

Would   be  totally  inactive  without  the  presence  of  an 

exciting  magnet. 

In  fact,  we  cannot  examine  the  effect  of  iron  in  that 
latent  state  to  which  we  have  alluded,  in  consequence 
of  the  constant  presence  of  the  terrestrial  magnetic 


action,    which   ought    necessarily,  according  to   the     P«rt  If, 

hypothesis  we  have  advanced,  (art.  12.)  to  produce  a  ^^m^^s^^^mm^ 
developement  of  the  magnetic  fluids  in  the  iron,  in  the 
direction  in  which  the  former  is  most  active,  that  is, 
in  the  natural  direction  of  the  dippii^g  needle  in  any 
place  J  but  it  is  clear  that  such  a  body  can  fi^-rtr  pm- 
sess  a  direclive  quality ;  for  whatever  may  be  its  position, 
the  arrangement  of  its  magnetic  fluids  will  alwuys 
correspond  in  direction  with  those  of  the  terrestrial 
magnetism. 

If  a  bar  of  iron,  for  example,  he  held  in  a  line,  cor- 
responding with  the  natural  directiun  of  the  dip,  its 
lower  half  being  opposed  to  the  boreal  mugoetisni  of 
the  terrestrial  sphere  will  beconic  efiectually  a  south 
pole,  and  its  upper  end  a  north  pole,  corresponding 
in  quality  to  what  we  have  called  tlie  north  cud  and 
south  end  of  a  magnet*  The  lower  extremity  of  5uch 
a  bar  ought,  therefore,  to  attract  the  south  end  of  a 
nee<lle,  and  the  upper  extremity  the  north  end.  This 
effect  may  be  thus  exhibited. 

3^.  Suspend,  as  in  (fig.  5*2,  plate \'I.)  a  magnetised  bar  Illmtratire 
or  needle  at  its  centre  by  an  luiscmhlage  of  untwis^led  eacpcri- 
silk,   and   equilibnite   it  by  a  counter  weight  at  its  ""^"^ 
south  end,  so  that  it  may  maintain  itself  in  the  hori- 
zontal plane,  as  well  as  in  that  of  the  magnetic  meri-  ^^^'  ^2»  53^ 
dian.     Now  take  a  bar  of  soft  iron,    A  B,  about  two  P'^**^  ^^' 
and  a  half,  or  throe   feet  in  length,   and  half  an  inch 
square  :   then,  inclining  this  bar  very  nearly  or  exactly 
in  the  line  of  the  niagnetic  dip,  bring  its  lower  end  A, 
near  the  north  end  otthe  needle,  and  the  latter  vill  be 
repellc<l :  approach,  on  the  contrary,  the  upjK?r  end  II,  as 
in  fig.  53,  plate  \  1.  by  gradually  lowering  the  bar  parallel 
to  itself,  and  the  same  end  will  be  attracted.     We  see, 
then»  that  in  this  stale  of  inclination  the  bar  i.s  found 
suddenly  animated  with  the  magnetic  influence  of  the 
terrestrial  globe,  as  it  would  have  been  if  presented  to 
any  other  magnet;  its  inferior  or  lower  half  possessing 
a  magnetism  contrary  to  that  which  predominates  in 
our  hemisphere,  viz.  the  austral  magnetism  j  and  the 
uj»per  half  acquiring  the  opposite  species,  or  the  boreal. 

Tlie  two  ends  of  the  bar  are,  therefore,  in  the  same 
state  as  the  needle,  a  b,  itself,  ami  this  is  tlie  reason 
that  on  bringing  the  end  A  of  the  bar  to  the  extremity  a 
of  the  nee<lle,  we  observe  repulsion,  while  on  approach- 
ing the  other  end  of  the  bar  to  the  same  end  a  of  the 
needle,  we  find  attraction, 

In  order  to  i^bow  that  these  phenomena  depend  on 
a  sudden  animation  impressed  upon  the  bar  in  virtue 
of  its  position,  we  have  only  to  invert  it  end  for  end, 
its  inclination  remaining  the  same,  when  eac  b  of  its 
extremities  will  produce  again  the  same  phenomena 
as  we  have  described  above  j  and,  consequently,  these 
phenomena  will  be  directly  the  reverse  of  those  which 
the  same  ends  produced  in  the  first  inntance.  The 
magnetic  poles  of  the  bar  have  been  therefore  suddenly 
changed  by  this  inversion  }  but,  in  order  that  ttiis 
effect  may  be  instantaneous,  it  is  requisite  to  employ 
a  bar  of  soft  iron,  and  not  one  of  hard  iron  or  fiteeb 

33.  This  experin^ent  is  given  by  Biot,  and  we  have 
followed  him  in  requiring  soft  iron  for  the  purpuse  ; 
this,  however,  we  have  ascertained  not  to  be  actually 
necessary.  The  effect  is  greater  with  soft  iron  than 
with  hard  iron  or  steel  ;  but,  provided  the  latter  be 
not  previously  magnetised,  the  change  of  |»ower,  with 
a  change  of  position,  is  equally  instantaneous. 

It  appears,  therefore,  that  un magnetised  iron  or 
steel  posscsies  a  certain  portion  of  the  magnetic  fluids^ 
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MagMtisfn.  which  are  easily  and  inMantaneously  dtaplnced  by  the 
action  of  any  exciting  magnet^  without  contact,  and 
which  may  for  distinction  sake  be  called  free  ma^n«- 
tiam,  in  contradistinction  to  that  which  after  beings 
excited  in  hard  imn  antt  atcel,  is  retidered^crf  by  the 
resiating^  power  of  the  metal  to  a  recombination. 

3i.  \l  is  stated  abovc»  that  soft  malleable  iron  pos- 
sesses the  highest  magnetic  power,  which  is  eontTary 
to  what  was  for  a  long  time  thought  to  be  the  case, 
and  which,  in  fact,  remained  doubtfid  till  Mr,  Bnrlow 
undertook  a  course  of  experiments  directed  wholly  to 
this  inquiry  ;  from  which  it  will  be  seen^  that  soft 
iron  has  nearly  dotiblc  the  magnetic  power  of  east  iron, 
when  coidf  but  that  every  description  of  iron  and  steel, 
when  softened  in  a  furnace,  and  while  still  soft  from 
the  effect  of  the  heat,  possesses  the  same,  or  very 
nearly  the  same  quantity  of  free  magnetism  5  a  fact 
which  goes  far  towards  demonstrating  the  accuracy 
of  the  hypothesis  which  has  been  advanced  in  the 
preceding  articles,  for  illustrating  the  action  of  tlic 
iron  on  the  freely  suspended  noedle. 

Mr.  Bariow*s  experiments  on  the  rrUlwe  magnetic  power 
of  d0krent  descriptiojis  of  kon  and  steeL 

35,  In  these  experiments,  the  first  trial  wa«  made 
on  four  diiforent  kinds  of  nietni  3  viz.  east  iron,  soft 
or  mallealde  iron,  soft  blistered  steel,  and  hard  blis- 
tered steel.  Of  each  there  w^sre  two  ban?  formed, 
twenty-four  inches  in  length,  and  one  inch  and  a 
quarter  square.  The  four  bttrs  of  blistered  steel  were 
of  the  same  quality,  except  tliat  two  of  them  were 
softenef!,  and  two  hardened  for  the  experiments,  which 
latter  were  conducted  in  the  following  manner  : 

The  needle  was  first  placed,  so  as  to  read  correctly 
north  and  south  ;  u  situation  was  then  tak^^n  for  the 
bars,  so  that  the  lower  end  of  each,  successively,  wa« 
on  a  level  with  the  pivot  of  the  needle,  and  distant 
from  it  10 '6  inches,  first  to  the  east,  and  then  to  the 
west  :  the  bar  it»elf  being  mode  to  mcliae  in  the 
direction  of  the  dip. 

For  the  purpose  of  recording  tftie  results,  €he  er*ds 
of  each  bar  were  marked  A  and  B,  and  the  four  f»ce« 
were  numbered  I,  ^,  ;v,  4,  each  of  which  was  eucces- 
stvely  turned  towards  the  needle  ;  but  as  little  or  no 
difference  could  thus  be  detected,  the  author  simply 
gives  the  rei^ults  of  each  end  of  the  several  burs,  witl 
the  means  of  each  different  specimen. 

3jS^  Table  of  the  dewkUhw  prodmed  ^n  a  nLagnetitcd 
needta,  b^  di^rent  dvscripiions  ofir<m, 
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A  similar  series  of  eicperimetita  wtm  miade  at  Ibe 
distance  of  6*7  inches,  which  gave  angles  of  deviflliMt  ^ 
very  nearly  propurtional  to  the  above, 

37.  The  first  thing  whicli  calls  for  parliculsir  remark 
in  these  e\periments  is,  the  near  agreement  in  the 
mean  results  of  each  of  the  two  bars  of  the  same  kind, 
as  for  example  in  the  two  cast  iron  bars,  which  differ 
from  each  other  oaly  a  iew  minutes,  and  the  ttMM 
with  the  two  of  soft  iron.  With  the  »teei  bars  tbeie 
is  rather  a  greater  differ eace,  but  even  here  thc^^vee- 
uient  is  sidhciently  close  to  show  that  the  resuki 
obtained  were  not  Jiierely  accidental,  but  that  tbef 
exhibit  the  permanent  difference  in  the  ttuigvelic 
quality  of  these  diffecent  kiad%  of  iron. 

Another  remarkable  iact  is,  that  altbougii  we  find 
in  some  of  the  bars  a  considerable  difference  in  the 
action  of  their  two  cjttremities,  yet  the  mean  of  the 
two  still  agree  with  the  mean  of  the  other  bar  of  the 
same  kin4l.  This  is  particularly  exeinpUMed  io  the 
two  cast  iron  specimens. 

Uars  oi  shear  steel  of  the  same  lateral  dinieiiMiiii 
as  the  above  could  not  be  obtained,  at  Ica^  not  itilh- 
out  the  operation  of  forging,  which  it  was  apprebe«M 
might  injure  the  texture,  and  alter  the  duusKter  of 
the  metal.  In  order,  therefore,  to  obtain  a cnaapansoa. 
with  the  above  results,  the  author  took  four  hmtti 
shear  steel  from  the  rollers,  and  had  tw*o  of  tbcm 
hardened,  and  two  soiteued  for  the  €Xf>eriiDei3i ;  ha 
had  also  two  soft  iron  bars  imule  of  the  s&tne  dameo- 
sionfi  'j  viz*  twenty*6>ur  inches  long,  one  iacb  broadt 
<and  half  an  inch  thick  j  these  six  bars  were  tiiai  triad 
precisely  in  the  same  manner  as  in  the  lost  experi- 
ments.    The  results  were  as  below  ; 

Preceding  Table  amiinued* 
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aictal. 


Soft  iron   Jn^  2.  17     10 
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In  diese  ej(periuieota«  the  distaoce  betwaea  tlia 
bottom  of  the  bar  and  the  centre  of  the  coa>f«aaa  waa 
5*2  inches. 

The  same  remarks  apply  to  these  experimenta  as  la 
the  foregoing  j  viz.  that  each  bar  of  the  same  kind  of 
Kintal  ^ives  very  nearly  the  same  mean  result,  not- 
-withstaiidlng  the  tlijfereiice  in  the  acti<iii  ol"  their 
eactremities. 

Only  one  small  specimen  of  cast  steel  cauld  be  pra- 
cyred,  viz*  a  bar  nine  inchcis  lon^,  and  seven-ei^kts at 
an  inch  square  :  but  in  order  to  continue  the  cooipa* 
rison  as  above,  an  iron  bar  of  the  *;ame  dimenei*>oa  waa 
forged  ;  and  tliis  latter  wa^  tried,  first  ngaittst  ili€  iirel 
bar  rendered  soft,  and  then  against  the  aama  whao 
hardened  j  the  following  are  the  results : 
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Preceding  Tatk  canHnued. 

Dcucription  of 

East  of  Df  eclle. 

Wc?st  of  needle. 

Mean. 

End 
1     A. 

End 
B. 

End 
A, 

Efid 
B. 

Soft  iron     »     - 

ll    20 

17     20 

no( 

obscr. 

l2     50 

pist  5»oel,  soft 

14     20 

11       0 

uot 

obser. 

12     40 

Cast  ated,  bnrd 

8      0 

8     45 

moti 

obscr. 

S    22 

By  collecting  the  mi?an  results  from  the  three  pre- 
cecHng'  Ltahles,  and  cf>ii] paring  in  ench  the  particular 
deviations  with  the  corresponding  deviation  produced 
by  the  iron  har  ;  asuniing  also  the  tangents  of  the 
several  angles  as  the  me^i^ures  of  the  defecting  ]>ower, 
and  that  due  to  the  iron  bar  as  unity  ;  wc  shall  have 
the  relative  power  of  the  different  kinde  of  meiaA,  as 
in  the  last  column  of  the  following  tiible  : 

Table  of  the  pro^Kirthnal   magnetic  p^iwers  cf  different 
descriptions  of  iron  and  sted. 


Descriptitm  of  metni. 

Angles  of 
dc\'iAtion 
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ProportioiMiI  mag- 
netic power. 
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Sbear  steel,  hard  » 

22     15 
15       0 
12     17 
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I  000 
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Mnlleable  iron 
C«ii»t  steel,  soft      - 
Cftit  steel,  h«rd     - 

16     50 

12    40 

8     22 
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■  2247 

■  1470     1 

I'OOO 
•743 
^486 

Or  if  we  express  these  ratios  by  the  nearest  integral 
numbers,  they  will  stand  thus  : 
Malleable  iron 
Blistered  steel,  soft  - 
Blistered  steel,  hard  - 
bhear  steel,  soft  -     - 

Barlow's     -Esifl^     on 
edition* 


67 
53 

no 


Shear  steel,  hard 
Cast  iron  -     -     - 
Cast  steel »  soft 
Cast  steel,  bard    - 


Mugftctic    AUravtioHy 


-  53 

-  48 

-  74 

-  49 
second 


5  y.  On  the  effect  of  heat  upon   Ike  devehpement  of  free 
magnetism. 

38.  If  we  examine  the  results  obtained  by  the 
experiments  given  in  the  last  section,  it  will  be  seen 
that  the  hanler  the  metal  was,  upon  which  the  expe- 
rinvent  was  performed,  the  less  it  exhibited  of  a  mag- 
netic quality  ;  a  fact  equally  established  by  each  species 
of  iron  and  steel,  and  which  is  highly  favourable  to  the 
hypothesis  thnt  has  been  advanced  (art.  \0  ei  seq  )  rela- 
tive to  the  resisting  power  of  the  steel  preventing  the 
entire  de\'elopement,  as  it  does  also  the  recombination 
of  the  fluids,  when  these  have  been  displaced  by  the 
Contact  of  a  powerful  magnet.  But,  in  order  to  esta- 
blish it  bej-ond  every  possibility  of  doubt,  it  w^as 
necessary  to  ascortain  whether  they  would  each  exhibit 
the  same  powers  when  reduced  to  the  same  degree  of 
softness^  which  could  only  be  done  by  beating  them 


in  a  furnace,  and  making  the  trial  whilst  in  that  st^te  ;     l^art  U, 
and  it  was  concluded,  that  if  this  should  be  found  to  ^^-— y— *i 
be  the  ciise,  the  hypothesis  in  question  must  be  con- 
sridered  as  experimentally  established.     The  following 
reHults  will  show  that  this  is  actually  the  case. 

CGmparisofi  of  the  magnetic  powers  of  cast  and  fnaUe^ble 
irojtf  when  heated  in  aftirn^ce, 

39.  For  the  purpose  of  these  experiments  there  were  Eyperi- 
procured  a  bar  of  soft   iron,    twenty -five   inches  in  "J*'"t*  <>n 
length,  and  one  inch  and  a  quarter  srtjuare,  and  a  cast  y^J^ 
iron  bar  of  nearly  the  same  dimension. 

The  needle  was  placed  nearly  level  with  the  upper 
extremity  of  the  bar,  and  at  the  distance  of  six  inches, 
the  latter  being  inclined  ns  in  the  former  experimentft 
in  the  direction  of  the  dip. 

The  following  are  the  results  : 

ETperimtnt  I, 

Cast  iron^  f  End  A,  deviation  31°  3(/  >     ^«„  oi o 
lEndB,  ^1    3<)  /"^«^^l 


3(/, 


cold 
Ditto,  white  heat,  zero';  blood-red      -    -    62     O. 

E.j'jyerment  If. 

Malleable  iron,  /  End  A,  deflation  ^7*"^\^^,,^  inp  nr 

cold  lEndB,  43  O  |"^«^»*^0  ^' 

Ditto,  white  heat,  zero  ;   blood -red     -     -     -     55     Oi 

Thr.'?e  two  experiments  were  repeated  with  exactly 
the  same  results. 

The  pr^^fitbln*<  of  the  bars  were  now  changed*  viz. 
they  were  raised  about  two- inches,  but  the  dip  wtis 
still  observed. 

Experiment  111-. 

Cast  irotij  f  End  A,  deviation  S4'^  ^'  1  ^^^^  ^  .o  ^^^^ 
II       \  1?    1  i>  o  I  Oiv  r  mean  *i4   20  . 

cold       I  Knd  B,  24  20  J 

Ditto,  white  heatj  zero ;  blood-red      -     -     ^H   30. 

Experiment  IV, 

Hfdleable  iron,  f  End  A,  deviation  \ 

cold  t  End  B,  not  observetl,     J 

Ditto,  white  heat,  zero  ;   blood-red  .     -     -     T0°  S(f, 

These  experiments  were  repeated  with  the  same 
results. 

It  should  be  observed  here,  that  the  great  attraction 
produced  ijy  the  heat  did  not  subside  with  It,  provided 
the  bar  remained  in  its  place  undisturbed  j  for  after 
some  days  it  was  founil  that  tlie  power  of  the  bar 
continued  just  the  same  as  at  the  time  of  making  the 
experiment,  when  it  had  not  been  displaced  i  but  then 
the  bar  uiKjn  trial  was  always  found  to  possess  a 
certain  degree  of  fixed  magnetism,  its  other  extremity 
producing  an  opposite  effect  upon  the  needle^  but  if 
the  bar  was  inverted,  while  it  retained  any  visible 
colour  from  the  heat,  both  ends  jirnduced  exactly  the 
sauae  deflection  :  as  to  the  magnetic  effect  to  which 
we  have  alluded  above,  it  was  lost,  or  at  least  a  great 
part  of  it,  after  leaving  the  bar  for  some  time  hori- 
zontal, or,  after  its  being  thrown  about  with  other 
pieces  of  iron. 

It  is  also  proper  to  observe  that  the  needle  always 
began  to  indicate  the  power  of  the  iron  Ujion  it,  as 
soon  as  it  arrived  at  that  state  of  temperature  shown 
by  a  high  blood- red  heat,  and  its  motion  generally 
proceeded  gradually  till  it  had  reached  its  maximum 
deviation,   which  it   commonly  attained  in  about  .t 
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ment»  on 

heated 

■teel. 


Magnetiim.  minute  or  two.  It  will  be  remarked  as  very  singular, 
tliat  cast  iron,  which  is  so  decidedly  inferior  in  its 
action,  when  cold,  should  possess  an  equal  or  superior 
power  when  hot,  which  happened  uniformly  in  every 
experiment  that  was  made,  the  two  bars  being  placed 
under  like  circumstances. 

Comparison  of  the  magnetic  power  of  soft  iron  and  shear 

steel,  when  heated  in  a  furnace. 

40.  The  bars  employed  in  these  experiments  were 

those,  whose  effects  are  recorded  in  our  second  table 

of  the  preceding  section.     The  results  were  as  follow  : 

Experiment  V. 

Malleable  iron,  f  End  A,deviation  16°30'  \  ,^^^^  i  ko  i/y 

cold  lEndB,  13  30/"^^^^^  ^^- 

Ditto,  white  heat,  zero  j  blood-red   -     -     -    41   11. 

Experiment  VI. 

Soft  shear  f  End  A,  deviation  1 1®  SO'  \  _        no  /v 
steel,  cold  \  End  B,  10  30  /  °*^  ^  ^    ^- 

Ditto,  white  heat,  zero ;  blood- red       -     -    48  0 

Experiment  VII. 

Hard  shear  /End  A,  deviation  1.5°  30' \  ^^    , 

steel,  cold    1  End  B,  O   30  J  ^^^  ^   "  * 

Ditto,  white  heat,  zero  j  blood-red  -     -     .     47  30. 

There  can  be  no  question  after  the  above  experi- 
ments, that  every  species  of  iron  or  steel  possesses  a 
greater  ampacity  for  the  developement  of  its  magnetism 
when  rendered  soft  by  fire,  than  when  cold,  and  whence 
it  is  conceived  we  have  a  right  to  Conclude,  that  the 
complete  developement,  when  cold,  is  prevented  only 
by  the  hardness  or  resisting  power  of  the  fiietal,  agree- 
ably to  the  hypothesis  advanced,  (§1.  part  U.) 

§  VI.  On  the  destruction  of  the  magnetic  quality  of  iron 
and  steel  at  high  temperature,  and  the  anomalous  effect 
observed  during  the  bright  red  and  red  heats. 
Effect  of         41.  The   effect   of  temperature   in   changing  and 
white*h*      destroying  the  magnetic  power  of  iron  bodies  had  been 
*  long  imperfectly  known,  but  it  had  never  been  satis- 
factorily established  prior   to   Mr.  Barlow's  experi- 
ments.    It  is,  for  example,  stated  in  Newton's  Optics, 
that   red  hot  iron  has   no  magnetic  property,  while 
father  Kircher  asserts,  that  the  magnet  will  attract  red 
hot  iron  as  well  as  cold  j  Mr.  Cavallo  again  found, 
that   although    iron    at   a    red   heat    had    a   greater 
power  over  the  magnet  than  when  cold,  yet  at  the 
white  heat  it  had  less  ;  but  he  was  not  aware  that  it 
was  entirely  lost  at  a  white  heat ;  this  is,  however, 
obviously  the  case  from  all  the  preceding  experiments, 
and  it  is  certainly  a  highly  curious  fact,  of  the  cause  of 
which  we  cannot  venture  to  offer  the  slightest  conjec- 
ture. 
Of  the  The  following  is  a  still  more  extraordinary  circum- 

•nomalous  stance,  viz.  after  the  iron  loses  its  entire  i>ower  of 
red  hwt!  attraction  at  the  white  heat,  it  acquires,  as  that 
colour  subsides  into  the  bright  red  and  red,  an  attractive 
power,  the  reverse  of  what  it  had  when  cold  -,  so  that 
if  the  bar  and  needle  are  so  situated  that  the  north  end 
is  attracted  when  the  iron  is  cold,  the  south  end  will 
be  attracted  during  the  above  interval,  that  is,  while 
it  is  passing  through  those  shades  of  colour  mentioned 
above,  after  which  the  usual  attractive  power  again 
takes  place  in  the  high  degree  stated  in  the  preceding 
section. 


This  remarkable  fact  was  communicated  by  Mr.   M 
Barlow  to  the  Royal  Society^   and  published  in  part  L  ^<^ 
of  the  Phil.  Trans,  for  1821 ;  it  was  noticed  first  by 
him  while  carrying  on  the  preceding  series  of  experi* 
ments,  and  the  following  w  ere  whoUy  directed  to  this 
inquiry. 

42.  The  first  attempt  that  was  made  failed  of  detect-  hAt 
ing  this  effect,  but  it  appeared  that  the  position  o£  the  ^<^ 
bar  and  needle  was  not  the  same  as  in  those  cases  ""''^ 
where  it  had  been  observed  -,  the  bar  was  therefore 
raised  about  four  inches,  it  was  inclined  in  the  angle 

of  the  dip,  and  the  needle  placed  to  the  west  of  it, 
about  the  same  quantity  (four  inches)  below  its  upper 
extremity,  in  which  situation  an  obvious  negative 
attraction  was  observed,  amounting  to  4|°. 

Having  gained  this  by  raising  the  bar  four  inches^ 
its  base  was  now  raised  six  inches  ;  and  on  applyii^ 
it  in  this  place,  a  deviation  of  lOi^  was  obtained, 
which  remained  fixed  about  two  minutes  -,  when  Uie 
needle  suddenly  yielded  to  the  natural  magnetic  power 
of  the  iron,  and  obtained  almost  instantaneously  a 
deviation  of  81®  the  opposite  way. 
^  It  was  thus  rendered  obvious,  that  the  quantity  of 
negative  attraction  at  the  red  heat  depended  upon  the 
height  or  depth  of  the  centre  of  the  bar ;  and  as  the 
natural  effect  of  the  cold  iron  was  changed  by  placing 
the  needle  below  the  centre  of  the  bar,  the  next  ques- 
tion was,  will  the  character  of  the  negative  attraction 
change  also  ?  To  decide  this  point,  the  needle  was 
lowered  to  within  six  inches  of  the  bottom  of  the  bar ; 
in  which  position  the  cold  iron  attracted  the  south  end 
of  the  needle,  and  produced  a  deviation  of  21®  j  and 
upon  being  heated,  it  was  found  as  usual,  that  all  its 
power  upon  the  needle  ceased  at  the  white  heat  -,  but 
as  this  subsided  into  the  bright  red,  the  negative 
attraction  began  to  manifest  itself,,  and  it  soon 
amounted  to  10^°,  the  north  end  of  the  needle  being 
attracted  towards  the  iron  :  it  remained  stationary  foi 
a  short  interval,  and  then  returned  gradually,  first  to 
due  north,  and  ultimately  to  70°  SO"  on  the  opposite 
side. 

Having  made  these  preliminary  experiments  the 
author  proceeded  with  his  general  series,  and  which 
we  shall  give  in  his  own  words. 

43.  ''  In  the  experiments  detailed  in  the  following  Onen! 
table,  I  used  four  different  bars,  each  twenty-five  «rio« 
inches  long,  and  one  inch  and  a  quarter  square  ;  two  •*>"*■ 
of  them  of  cast  iron,  denoted  in  the  first  column  by  ""^ 
C  B,  No.  1,  C  B,  No.  2  j  and  two  of  malleable  iron, 
denoted  by  M  B,  No.  1,  M  B,  No.  2. 

*'  I  had  also  two  other  bars,  one  of  cast  and  one  of 
malleable  iron,  of  the  same  dimensions,  which  were 
not  heated,  but  kept  as  standards  for  determining  the 
quantity  of  cold  attraction,  as  this  could  not  safely  be 
done  by  the  bars  used  in  the  experiments  aAer  being 
so  repeatedly  heated. 

"  The  time  employed  in  each  experiment  was  about 
a  quarter  of  an  hour :  the  white  heat  commonly 
remained  about  three  minutes,  when  the  negative 
attraction  commenced  ;  this  lasted  about  two  minutes 
more,  when  the  usual  attraction  took  place  :  this 
sometimes  arrived  at  its  maximum  very  rapidly,  bat 
at  others  it  proceeded  increasing  very  gradually  ;  wid 
commonly  within  the  time  stated  above,  the  needle 
had  been  found  perfectly  stationary. 

"  In  the  following  table,to  avoid  confusion,that  attrac<> 
tion  which  took  place  according  to  the  known  lawa  of 
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^V 

ii«iii.  iron,  is  marked  phis,   whichever  end  of  the  needle     be  drawn  towards  the  iron,  but  when  tlie  needle  Id 

Fart  n.               ^M 

^^  approached   the  iniQ,  and  the  opposite  attraction  is     below  the  centre,   the  south  end  shouhl  approach  the 

K^^^^j-^m^'               ^M 

marked   mitius.      For   example,    w]je«  the    needle   is     iron ;  these  therefore  are  both  luarked  plusj  and  the 

^M 

fc    above  the  centre  of  the  bar,  the  oorth  end  of  it  should     contrary  attraction  at  the  red  heat  is  marked  minus,'*  • 

J 

^-                                                                                TABLE, 

^H 

F 

^f                            Showwg  iht  effect  of  iron  on  the  compass  needie  at  different  degrees  of  heat. 

1 

V 

No, 

Dcjcripiion  tit 

Hetgin  fir 

depth  of  ctfiire 

of  har  froin 

nf  bar 

frnm 

needle. 

Position  of 

Effect  Cold. 

Effect 
White 
Heal, 

Efr«t  Red 
Heat, 

Eifect 

HEMARIiS. 

Inch. 

Inch. 

0 

0     * 

o       t 

e        t 

o        t 

1 

C.  B.  No,l. 

0.0 

6.0 

S,  80  W, 

+    00 

0      0 

-   17     0 

0    0 

South  end  drawn  to  tlie  bur  at  red  beat. 

^^^^H 

2 

M.R.No.2. 

4.5  below. 

6.0 

ditto. 

+  30     0 

ditto. 

0     0 

+  45     0 

^^^^H 

3 

C.  11.  No,  2. 

ditto. 

6.0 

ditto. 

+  18     0 

diltu. 

0     0 

+  49     0 

^^^^H 

4 

M.B.Nt>,L 

ditto. 

6.0 

ditto. 

+  29  30 

ditto. 

-   12     0 

+  4  1     0 

^^^^H 

5 

ditto* 

13  below. 

6.0 

ditto. 

Not  aba. 

ditto. 

0     0 

+  52     0 

^^^^H 

6 

ditto. 

4.5  below. 

6.0 

N.  80  W. 

ditto. 

ditto. 

^   12  30 

+  70     0 

f  Tliii  bar  being  left  standing,  it  attracted 
i     the  same  three  da}*s  after. 

^^1 

7 

ditto. 

4.5  aboFC. 

6.0 

S.  80  W. 

ditto. 

ditto. 

-   12  30 

+  30     0 

^^^^H 

8 

ditto. 

ditto. 

6,0 

ditto. 

ditto. 

ditto. 

0     0 

+  25     0 

The  Dcedlc  au  spec  ted  to  totich  the  box. 

^^^^M 

9 

ditto. 

ditto. 

6.0 

ditto. 

ditto. 

ditto. 

-   19     0 

+  30     0 

^^^^H 

10 

ditto. 

1.0  abore. 

6.0 

ditto. 

ditto. 

ditto. 

-   15     0 

+   40 

^^^^H 

1   11 

M.JJ.No.2. 

12,5  below^. 

8.5 

N,  80  W. 

+  29  30 

ditto. 

0     0 

+  37  30 

lObserred  at  the  same  time  with  two' 
/     compoAsei), 

^^^^H 

12 

ditto. 

ditto. 

8.5 

N.  80  E. 

+  30     0 

ditto. 

0    0 

+  41     0 

^^^^H 

13 

C,  B.  N<>.L 

ditto. 

8.5 

N. SO  ^V, 

+  16    0 

ditto. 

0     0 

+  42  30 

]             Ditto. 

^^^^H 

14 

ditto. 

ditto. 

8.5 

N,  80  E. 

+  15  30 

ditto. 

0     0 

+  47  30 

^^^^H 

15 

M,B.No.2. 

9,0  below. 

8.5 

N.  SO  W. 

+  28  30 

ditto. 

^     1     0 

+  39  30 

}             Ditto. 

^^^^H 

IB 

ditto. 

ditto. 

8,5 

N.  80  E. 

+  29  .10 

ditto. 

-^     1  30 

+  42     0 

^^^^^H 

17 

C,  B.  NoJ. 

ditto. 

8.5 

N.  80  W. 

+  15  45 

ditto. 

-     1  30 

+  45     0 

}             DiUo. 

^^1 

18  1 

ditto. 

ditto. 

8,5 

N,  80  E, 

+  16    0 

ditto. 

-     1  30 

49    0 

^^^^^ 

19 

M.B.  No.2. 

6.0  below. 

8,5 

N.  BO  W. 

+  25    0 

ditto. 

-     3     0 

+  32  30 

J             Ditto. 

^^^^H 

20 

ditto. 

ditto. 

8.5 

N.  80  E. 

+  26    0 

ditto. 

-    3  :io 

+  33     0 

^^^^H 

21 

C.B.  Noa. 

ditto. 

8.5 

N.  80  W. 

+  11  30 

ditto. 

-     3  30 

+  36  30 

J             Ditto. 

^^M 

22 

ditto.               ditto. 

e.5 

N.  80  E. 

+  13    0 

ditto. 

Not  ob». 

+  36  30 

9    ^^^H 

23 

M.B.No.2.     3.0  below. 

6.0 

S.  80  E. 

+   80 

ditto. 

-  21  30 

Not  oba. 

}             Ditto. 

24 

ditto.               ditto. 

6.0 

N.  45  W. 

Not  obs. 

ditto. 

-  25  30 1 

+  25  30 

^^^^^1 

25 

M.  B.  No.L 

0.0 

6.0  . 

ditto. 

0     0 

ditto. 

-  40     0 

0     0 

North  cud  drawn  to  the  bar  at  red  heat. 

^^^^^H 

26 

M.B.No.2. 

1.0  above. 

53 

N,  60  W, 

+   20 

ditto. 

-     4  30 

+   5  30 

Both  att Dictions  very  jrradual. 

^H 

27 

M.B.No.  I. 

ditto. 

53 

ditto. 

Not  obs. 

ditto. 

-  12  30 

+   5  30 

f  Passed 'suddenly  to  121",  but  retimied 
X     iniTOediately. 

fl 

28 

MB.  No,  2. 

9  J  ftboi-e. 

6.0 

N.  85E. 

+  47  30 

ditto. 

-     2  30 

+  60     0 

AttractionJi  gradual. 

^M 

29 

iM.B,No,1. 

ditto. 

6.0 

ditto. 

+  47  30 

ditto. 

-     2  30 

+  60     0 

Ditto. 

^H 

30 

M.B.No-2. 

1.0  below. 

5.5 

N.  45  W, 

Not  obs. 

ditto. 

-  55     0. 

+   5  45 

Negative  attraction  ratber  sadden. 

^1 

31 

M.B.No.L 

4.5  aboTe. 

7,0 

N.  75  E. 

ditto. 

ditto. 

-     2  30 

+  33  30 

Motion  of  needle  very  ulow.                       1 

^H 

32 

M.B,No.2, 

1.7  below. 

5,5 

N.  45  W. 

ditto. 

ditto. 

+  100     0 

+  13  3fl 

100^  very  sudden,  returned  immediately. 

^H 

33 

M.  B.  No.  1. 

1,7  aboFC. 

5,5 

ditto.     ! 

ditto. 

ditto. 

-  26     0 

+  13  30 

Both  attractions  gradual. 

^^^^H 

34 

M.B.No.2. 

ditto. 

5^ 

ditto. 

ditto. 

ditto. 

+   30    0, 

+  13  30 

The  same  ai  No.  32 ;  both  aoomaloiu. 

^^^^H 

35 

M.B.No.1. 

4,5  abore* 

6.0    1 

N.  55  E. 

ditto. 

ditto. 

-     5  30 

+  35  30 

Attractions  rery  gradual. 

^^^^H 

36 

M.B.No.2. 

ditto. 

6.0 

ditto. 

ditto. 

ditto. 

-00 

+  35  30 ; 

^^^^H 

37 

M.B.No.1. 

0,0 

4.7 

West. 

+   3  30 

ditto. 

-  50     0 

+   80 

Motion  regular f  but  quieig 

^^^^^1 

3S 

M.B.No.2. 

0.0 

4.7 

North. 

0    0 

ditto. 

0     0 

0     0 

No  motion  in  the  needle. 

^^^^^^^^1 

44,  It  should  be  observed,  that  all  the  above  expe-         It  mav  be  proper  also  to  state,  that,  being  doubtful 

riment3  were   made  with   the  bars   inclined   in   the     how  far  the  heat  itselfi  independent  of  the  iron,  might 

^M 

direction  of  the  dipping  needle,    or  nearly  in   that     be  the  cause  of  the  anomalous  action  above  described. 

^M 

direction^  and  it  will  be  seen  that  the  negative  attrac-     the  author  procured  two  copper  bolts  of  rather  larger 

^M 

tionwas  the  greatest  where  the  natural  attraction  was  the    dimensions  than  the  iron  bars,  and  had  them  heated 

^M 

least  J  that  is,  opposite  the  middle  of  the  bar.  The  author     to  the  greatest  degree  that  metal  would  bear  ;  but  on 

^M 

was  led,  therefore,  to  make  a  few  experiments  with  the     applying  them  to  the  compass,  no  motion  whatever 

^M 

bar  inclined  at  right  angles  to  its  former  position,  but     could  be  discovered  in  the  needle- 

^M 

the  results  were  by  no  means  so  strongly  marked  as  in         It  may  not  be  improper  to  mention,  in  connection 

EfTect  pro-               ^^ 

the  preceding  experiments  :  he  always  found  a  certain     with  the  preceding  experiments^  the  results  obtained 

dueed  in                  ^^M 

quantity  of  nc^gative  attraction^  but  it  was  very  incon-     by  Mr,  Cavallo,  by  the  decomposition  of  iron.     This 

the  decatn-             ^^^ 

H    fiiderable,  never  amounting  to  more  than  2|^-                    philosopher,  after  trying  a  few  experiments  of  a  similar 

m        He  also  made  one  experiment  with  an  iron  twenty-     kind  to  the  foregoing,  but  on  a  smaller  scale,  was 

four  pound  ball,  but  the  heat  was  too  intense  to  make     desirous  to  ascertain  the  effect  produced  by  mixing 

poiiitioa  of        ^^^^H 

liy               ^^^^^^^H 

any  very  accurate  observation.    The  numbers  obtained    sulphuric  and  other  acids  with  iron  dust  or  filings  ; 

^^^H 

were                                                                                          with  this  view  he  placed  a  quantity  of  such  filings  in 

^^^H 

Cold  attraction  + 13^  SO*      White  beat  0'  ff-                     an  earthen  pot,  and  having  brought  the  vessel  near 

^^^H 

H    Bed  heat  -3*^  30^.                Blood-red  heat-H  19<»  2C/,       the  south  end  of  a  needle,  he  obsened  the  quantity  of 

^^^B 

J 
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Nf-ifrnctism.  its  attraction  j  lie  then  poured  some  sulpburic  acitl  to 
^-^-^^^  the  iron,  which  produced  an  effervescence,  and  in- 
creiLsed  the  power  of  the  ir*m  nn  the  needle;  the  same 
effect  wiw  protlnced  with  nitric  and  nitrous  ncida,  but 
it  was  neiudy  imperce[itible  when  he  employed  the 
niui'iatic  acid  j  this  effect  has  prt>b:»bly  some  relation 
with  electro  magnetism,  which  will  he  treated  of  ia 
its  proper  place, 

§  VII,  Description  of  natural  magnets,  and  the  method 

of  arming  thtm* 

Dcscrio-  '*'''*  ^®  ^^  *^  difficult  to  explain  and  illustrate  the 

tion  of  peculiar  properties  of  natural  magnets  without  sonic 
natural  previous  knowledge  of  the  nature  of  mngnetic  attrac- 
niajaet*.  tlons  and  repulsions,  and  as  this  knowledge  is  better 
deduced  from  uniform  artificial  bars  of  steel,  rendered 
iiuignetic,  than  from  the  naturid  magnet  itself  j  we 
have  deferred  to  this  place  any  further  descrijition  of 
the  latter,  than  was  sufficient  for  glvini^  us  two 
poles  ill  an  artincial  bar,  for  the  purpose  of  introduc- 
ing the  reader  to  the  first  principles  of  the  science  ^ 
we  propose,  however,  now  to  enter  a  Httle  more 
particularly  into  a  description  of  this  singular  natural 
body. 

We  have  already  (art*  L)  described  the  mineralo- 
glcal  characteristic  of  the  natural  niag^net  j  wc  have 
also  stated,  that  if  such  a  body  be  rolled  in  iron  dust, 
or  filings,  it  will  attract  a  quantity  of  them  to  itself, 
and  tliat  the  greatest  accumulation  will  be  found  in 
two  points  on  its  surface,  and  which  arc  accordingly 
denominated  its  poles.  If  the  natural  magnet  wevQ 
previously  cut  into  a  bar  form,  and  these  accumula- 
titms  were  found  only  nt  its  extremities,  there  would 
be  no  difference  between  such  a  bar,  and  one  of  steel 
magnetised,  at  least  as  fiir  as  regarth  its  magnetic 
properties ;  but  in  general  we  find  such  bodies  in  the 
most  irregular  forms,  and  their  poles  very  irregularly 
posited,  and  sometimes  several  such  poles  in  the  same 
magnet ,  the  power  of  them  also  is  generally  very 
inferior  to  those  artificial  bars  formed  for  the  purpose. 
It  has  been  observed,  that  of  natural  magnets  the 
smallest  generally  possess  a  greater  attractive  |K>\vcr 
than  those  which  are  larger.  It  has  been  saitl,  that 
certain  natural  magnets  not  exceeding  the  weight  of 
twenty  or  thirty  grains,  have  been  known  to  lift  a 
piece  of  iron  of  forty  or  fifty  times  their  own  weight. 
Mention  is  ma<le  of  a  small  magnet  that  Sir  L  Newton 
wore  in  a  ring,  weighing  only  about  three  grains,  that 
■would  lift  74G  grains,  or  nearly  *250  times  its  own 
ireight  j  and  Mr.  Cavallo  states  that  he  has  actually 
seen  one,  which  he  thinks  could  not  weigh  more  than 
six  or  seven  grains,  that  was  capable  of  raising  300 
grains.  These,  however,  are  very  rare  specimens,  for 
in  general  natural  magnets,  vnarmed,  posaesi  but  a 
very  inferior  suspending  power  J  and  in  no  case,  we 
believe,  has  a  natural  magnet  which  exceeds  two 
pounds  in  weight,  been  known  to  possess  a  power  suffi- 
cient to  support  a  weight  more  than  ten  times  its  own. 
In  reference  to  the  greater  proportional  power  of 
the  smaller  magnets,  it  may  be  observed,  that  the 
magnetic  ore  is  frequently  much  blended  with  other 
matter,  which  contains  little  or  no  magnetic  property, 
and  therefore,  if  such  a  body  be  fractured  into  various 
pieces,  some  of  those  pieces  may  be  found  to  possess 
a  great  accumulation  of  the  pure  ore,  and  others  little, 
or  none  at  all  j  and  consequently,  the  former  will  not 
only  possess  most  of  the  power  belonging  to  the  entire 


body,  but  being  now  in  a  more  condensed  farm,  it 
may  be,  and  indeed  has  been  known  to  be,  capable  «fS«^ 

suspending  a  greater  weight  than  the  wbok  body 
before  the  fracture, 

46.  As  both  magnetic  poles,   when  they   can  be 
simultaneously  applied  to  a  piece  t>f  soft  iron,  hQI ^ 
support  a  much  greater  weight  than  the  same  two  ^^ 
poles  separately,  and  as  the  two  |)oles  of  a  my 
magnet  are  generally  in  opposite  parts  of  its  sur 

in  which  situation  it  is  almost  imjjossible  to  adapt  the 
same  piece  of  iron  to  them  both  at  the  same  time  ;  it 
is  a  common  practice  to  apply  two  broad  pieces  of  soft 
iron  to  the  poles  of  such  a  ujagnet,  and  to  make  them 
both  project  on  one  side  as  shown  in  fig.  27-  In  that  p^^  35 
case,  the  two  pieces  of  iron  having  become  themscLve! 
mjignetic  by  their  contact  with  the  botly,  antl  hating 
thus  their  contiguous  extremities  iuiprcgiiHtcd  with 
the  opposite  magnetic  powers,  a  piece  of  iron  applied 
so  as  to  touch  them  both  will  be  strongly  attnu:tc<l, 
and  ihereby  the  suspending  power  very  considerably 
increased.  The  pieces  of  iron  are  generally  held  hat 
upon  the  magnet,  by  means  of  a  brass  or  silrer  bocj 
in  this  form  the  uuignet  is  said  to  be  armerf,  oni  Uie 
pieces  of  iron  are  called  its  armour  or  annature. 

The  process  and  construction  above  descrilied  are 
represented  in  Hg.  2*  ',  the  centre  part  of  the  fig^ire  ii 
a  section  of  the  natural  magnet  ;  the  two  aide 
pieces  arc  the  armour,  which  projecting  below  the 
magnet  constitute  its  poles,  to  which  latter  U  applied 
a  lifter,  as  in  the  horse-shoe  magnets.  This  lifter  is 
furnished  with  a  ring  and  hook,  or  a  senile  for  carrjing 
a  weight,  and  by  means  of  which  the  suspending  poller 
of  the  stone  may  be  ascertained,  On  its  upper  part  Is 
nUo  a  ring  attached  to  the  brass  or  silver  box,  where 
the  whole  may  be  suspended  in  any  dMivenieot 
situation. 

A  natural  magnet  thus  armed  may  be  strtrngthenfd 
in  the  same  way  as  we  have  described  for  nui^»etidiAg 
horse-shoe  magnets  j  or  its  suspending  power  may  be, 
perhaps,  excited  to  its  highest  pitch,  by  suapeiidiag 
from  the  hook  above  mentioned  a  small  scale  or  bag, 
into  which  is  to  be  inserted  as  many  small  shot,  orU 
much  sand  as  the  magnet  will  sujiport,  every  now  and 
then,  at  intervals  of  about  a  day.  adding  a  little  more 
shot  or  sand  j  by  which  means  the  magnet  will,  it 
length,  be  found  capable  of  supporting  two  or  lh«e 
times  the  weight  it  would  have  done,  if  it  had  beta 
all  applied  at  the  same  time.  It  will,  however,  he 
proper  to  observe,  that  if  we  at  length  pursue  oar 
additive  process,  until  we  overpower  the  atlractioa 
of  the  magnet,  its  power  will  be  reduced  to  nejirly  iJie 
same  as  it  was  at  first,  and  we  must  again  proceed  as 
before,  if  we  are  desirous  of  imposing  ui>on  the  magnet 
its  maximum  load.  But  if  before  we  have  actualld 
overpowered  the  attraction  of  the  magnet  wo  unloay 
it,  it  will  then  take  up,  when  the  weight  ia  reapplied, 
nearly  the  same  load  as  when  it  was  displaced.  ThiJ 
IS  not,  however,  peculiar  to  natural  magneu,  for  pre- 
cisely  the  same  applies  to  artificial  horse-shoe  mag- 
nets, as  well  as  to  those  of  the  bar  form,  although  the 
effect  is  not  so  obvious  iJi  the  Utter  case  as  in  the 
two  former.  _^ 

47.  Sometimes  a  piece  of  natural  magnet  ia  brotgw  Iw 
down  to  the  form  of  a  perfect  glol^e,  in  which  cije  it  J^ 
is  called  a  terrella,  and  was  supposed  by  the  early  ^ 
writers  on  magnetism  to  represent  the  eartli  j  wWncc 
its  denomination  f^  but  since  the  laws  of  mngnetiia 
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Bn.  have  been  better  understood^  snrh  forms  of  tbe  ma^ef 
m^  are  ver^'  seldom  had  recoirrse  to, 

§  VIIL  fy  the  magtietism  of  certain  suytancei  not  com- 
monhj  cuusldered  asforrugifwm. 

4H.  It  was  for  a  long-time  supposed  that  iron  was 
'^  tbc  only  substance  jiaturally  endowed  with  imij^netic 
^*  properties  ;  but  recent  experiments  have  sliown  that 
certain  nietak  and  stune  other  suljstances  Iiave  a 
iimikir,althoUi:^b  a  very  inferior,  magnetic  action:  some 
doubts  however  have  been,  and  arc  still  entertained, 
%vlicther  the  magnetism  exhibited,  in  many  of  these 
cases  at  least,  is  due  to  the  natural  magnetic  property 
of  the  matter  itself,  or  to  ferruginous  jiarticles  which 
may  be  supposed  to  enter  into  the  composition 
of  the  bodies.  After  numerous  experiments,  this 
matter,  as  we  have  said  above^  may  stdl  be  considered 
fts  doubtful, idt hough  pcrbajjs  the  general  tendency  of 
the  results  go  rather  to  establish,  that  the  magnetism 
belongs  to  the  proper  matter  of  the  body,  than  that  it 
is  derived  from  foreign  combinBtion. 

49,  Next  to  iron  uickel  possesses,  or  will  at  least 
receive  and  retain  the  magnetic  property  in  a  stronger 
degree  than  any  other  metal  ;  so  that  even  needles 
liave  been  forincd  of  it  which  had  an  obvious  direc- 
tive quality,  although  in  a  degree  very  inferior  to  those 
formed  of  steel  j  and  that  it  possesses  this  power  per 
§e  has  been  assumed  from  the  fact,  that  nickel  has 
been  known  to  retain  its  magnetism  after  being 
repeatedly  purified.  (Kirwan*s  Mineralogy,)  This, 
however,  has  been  denied  by  others,  who  have  not 
been  able  to  detect  such  a  power  in  this  metal,  that  is 
in  certain  specimens  of  it  j  and  from  which  circum- 
stance they  conclude  that  the  power  is  not  necessary 
€Lnd  inherent  iu  the  nickel,  as  it  is  in  iron. 

50.  Cobalt  is  likewise  attracted  by  the  magnet,  as 
are  also  zinc  and  bismuth,  as  well  as  their  ores  ; 
antimony  is  attracted  when  exposed  to  a  gentle  heat, 
but  arse  Die  is  not  in  any  perceptible  degree  affected 
by  the  strongest  magnet.  Cavallo's  Treatise  of  Mag- 
netism. Those  minerals,  which  are  not  metallic,  are 
nearly  all  attracted  by  the  oiagnet,  at  least  after 
having  been  exposed  to  the  action  of  the  fire.  Of  pure 
earths,  the  calciircous  is  the  least  or  not  at  all,  and 
siliciou5  the  most  fref|uently  attracted,  especially  the 
Black  Sea  sand,  which  evidently  contains  a  good  deal 
of  martial  earth,  or  rather  half  formed  iron. 

5K    Amber    and   other  combustible    materials    are 
generally  attracted  by  the  magnet,    and   particularly 
after  burning.       Of  the  precious  stones,    those  which 
are   pellucid,   as   the  diamonds   and   crystals,  are   not 
attracted.       The    amethist,    topaz,    chalcedony,    and 
;enerally  those  which  are  deprived  of  their  colour  by 
re  are  not  attracted.      The  other  precious  stones  are 
all  more  or  less  magnetic ;    viz.    the  ruby,  especially 
the   oriental,    the   chrysolite,    and   tourmidins.      The 
emerald,    and    particularly  the  garnet,    are    not  only 
attnictcd    but  frequently  they  exhibit   a  determinate 
polarity,  from  the  influence  of  a  strong  magnet,  so  that 
afterwanis    they    are    attracted  from    one    side   and 
repelled  by  the  other. 
ftnd      52,  Almost    every    p&rt   of  animal    and    vegetable 
«     bodies,  after  combustion,  is  in  some  measure  attracted 
by  the  m signet  ;    the  flesh,  ami  jmrtictilarly  the  blood, 
possesses  this  property  in  the  strongest,  and  the  bone 
in  the  weakest  degree  ;    vegetables  after  burning  are 
almost  generally  attracted,  but    not    all  with  equal 
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force  ;    but  unburoed  and  fresh  vegetable  and  nnimal 
substance*,   very  seldom  if  ever  show  anv  particular  ^^^ly*-^-' 
attraction  to  the  magnet.    It  is  also  sriid  that  sout,  and 
the  dust  which  usually  falls  njnm  whatever  is  exposed 
to  the  atmosphere  arc  sensibly  magnetic. 

In  most  ot  the  instances  above  citetl,  the  magnetism 
is  probably  due  to  tlie  con»hi nation  of  iron,  but  this 
does  not  appear  to  he  the  case  in  nickel ;  and  the  fol- 
lowing experiments,  made  by  Mr.  Ca\ano,  seem  also 
to  show  that  the  magnetism  sometimes  exhibited  by 
bra^ss  proceetis  from  son»e  cause  indcpcntlcnt  of  the 
presence  of  iron. 

Cojoalloi  ejcperimenii  on  the  magnetism  of  brass. 

55,  This  philosopher,  from  various  observutions,  Msiflrnctism 
had  detected  very  commonly  a  magnetic  power  in  wl  brass* 
brass,  and  he  moreover  noticed  that  il  more  com- 
monly was  exhibited  in  pieces  that  had  been  hammered 
than  in  those  which  bad  not  been  exposed  ti*  this  opera- 
tion ;  his  object  therefore  in  thetbllowiug  experiments 
was  princij^ittlly  to  examine  this  peculiarity,  and  the 
inquiry  being  of  great  importance,  as  connected  with 
the  construction  of  magnetical  instruments,  we  shall 
not  hesitate  to  give  the  experiments  at  length  in  the 
author* s  own  words. 

Experiment  I. 

**  An  oblong  piece  of  brass,  weighing  somewhat  Erperl- 
less  than  half  an  ounce,  being  examined,  by  presenting  meats. 
every  part  of  its  surface  to  the  suspended  needle, 
showed  no  sign  of  magnetism  whatever.  It  was  then 
hammered  for  about  two  minutes  j  the  conse<iuence 
of  which  was,  that  it  became  maijTietic  go  far  as  to 
attract  either  end  of  the  needle  from  about  a  quarter 
of  an  inch  distance.  This  sume  piece  of  brass  being 
now  put  into  the  ^re  so  as  to  become  red  hot,  by 
which  means  it  was  softened,  and  when  cold  being 
prcsenteti  to  the  suspended  needle,  its  magnetism  was 
found  to  be  entirely  gone.  Ilanmiering  made  it  again 
magnetic ;  softening  by  fire  took  the  magnetism  away 
a  second  time  :  anrj  thus  the  magnetism  was  repeat* 
edly  given  it  by  hammering,  atid  was  destroy^l  ^y 
softening ;  sometimes  shewing  to  have  atquirtd  a 
sensible  degree  of  that  ]Jower  even  after  two  or  three 
strokes  of  the  hammer.'* 

Experiment  IL 

'^The  result  of  the  first  exi>eriment  would  naturally 
induce  one  to  suspect,  that  the  hammer  and  smvil 
might  have  imparte<l  some  small  cpiantity  of  steel  to 
the  brass,  which  rendered  it  magnetic;  and  that  this 
magnetism  was  destroyed  in  softening  the  brass,  inso- 
much as  the  fire  calcined  the  small  quantity  of  steel 
that  had  adhered  to  it.  In  consequence  of  wliich 
consideratic)n,  I  took  other  pieces  of  brajfes  besides 
that  used  before,  and  hammered  them  between  card 
paper,  changing  the  pieces  of  paper  as  often  as  waa 
necessary,  since  they  were  easily  broken  by  the 
hammer  ;  but  the  pieces  of  brass  became  citnstiially 
mognetic  by  the  hammering,  and  tJicir  xiM^BetiaiB 
wiis  destroyed  by  Hre. 

"  In  this  experiment  I  generally  gave  to  the  brass 
not  above  thirty  strokes  w  ith  the  hammer." 

Ejtj^rimcnt  III. 
"  Still  susi»eeting  that  the  lumimer  and  anvil  might 
have  imparted  some  ^mall    quantity   of  iron  to  the 
5  F  -: 
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Magnetism,  brass,  because  the  pieced  of  card  paper  spmetimes 
'  were  broken  by  the  first  or  second  stroke,  in  which 
case  either  the  hammer  or  the  anvil  touched  the  brass, 
I  hardened  a  piece  of  brass  by  beating  it  between  two 
large  flints  ;  viz.  using  one  for  the  hammer  and  the 
other  for  the  anvil.  The  piece  of  brass  became 
magnetic,  though  in  this  case  it  seemed  to  have 
acquired  not  so  much  power  as  when  it  had  been 
hardened  with  the  hammer ;  but  it  must  be  observed, 
that  the  flints  being  rough  and  irregular,  the  piece  of 
brass  could  not  be  hardened  by  them  so  easily,  or  so 
equally,  as  by  the  other  method. 

"  The  flints,  being  examined  both  before  and  after 
the  experiment,  were  found  to  have  not  the  least 
degree  of  magnetism.*' 

Experiment  IV. 

''A  piece  of  brass,  which  by  hammering  had  been 
rendered  so  strongly  magnetic  as  to  attract  either  pole 
of  the  needle  firom  about  a  quarter  of  an  inch  distance, 
was  put  into  a  crucible,  together  with  a  considerable 
quantity  of  charcoal  dust,  which  surrounded  it  every 
where.  The  crucible  was  covered  with  clay,  and 
being  placed  into  the  fire,  was  kept  red  hot  for  about 
ten  minutes.  After  cooling,  the  piece  of  brass  was 
taken  out  of  the  crucible,  and  being  examined,  was 
found  to  have  entirely  lost  its  magnetism.  The  object 
of  this  experiment  was  to  ascertain  whether  the  loss 
of  magnetism,  in  a  piece  of  brass  that  was  softened^ 
was  owing  to  the  calcination  of  the  ferruginous  par- 
ticles, which,  notwithstanding  the  preceding  experi- 
ment, might  still  be  suspected  to  be  imparted  to  it ; 
because  in  this  way  of  softening  brass,  the  ferruginous 
particles  being  surrounded  with  charcoal  dust  could 
not  have  been  calcined ;  hence  the  brass  ought  not  to 
have  lost  its  magnetism,  which  however  was  not  the 
result  of  the  experiment.*' 

Experiment  V. 

''  One  of  those  pieces  of  brass,  which  had  been 
used  for  the  foregoing  experiments,  and  which  had 
been  deprived  of  magnetism  by  fire,  was  hammered 
between  two  large  and  pretty  thick  pieces  of  copper, 
which  had  not  the  least  magnetism  -,  and  after  a '  few 
strokes  of  the  hammer,  it  became  sensibly  magnetic." 

54.  The  author  next  examined  various  kinds  of 
brass,  foreign  and  English,  new  and  old.  He  found 
most  of  them  subject  to  become  magnetic  by  hammer- 
ing, but  some  were  not ;  these,  however,  exhibited  no 
external  peculiarity  by  which  to  judge  whether  or  not 
they  were  liable  to  become  magnetic  by  the  process 
described  :  and  although  the  precautions  taken  in  the 
latter  case  seem  to  prove  that  the  action  which  the 
Israss  exhibited  after  hammering,  was  entirely  inde- 
pendent of  any  particles  of  iron  that  could  be  acquired 
in  the  experiment,  yet  it  did  not  appear  to  be  quite 
satisfactory  whether,  supposing  iron  to  exist  in  small 
quantities  in  the  body  of  the  metal  itself,  these  might 
not  be  rendered  magnetic  by  the  process,  and  that 
this  property  was  again  destroyed  by  the  heat.  In 
order  to  examine  the  subject  under  this  point  of  view, 
the  following  experiment  was  made. 

Experiment  VI. 

"  Having  chosen  a  piece  of  brass,  which  would 
acquire  no  magnetism  by  hammering,  1  placed  it 
upon  an  anvil,  together  with  a  considerable  quantity 


of  crocus  martit,  which  crocus  had  no  action  on  the  9m 
magnetic  needle  |  then  b^;an  hammering  the  brass,  W^ 
and  turning  it  frequently,  in  order  to  let  part  of  the 
crocus  adhere  to  it  -,  and,  in  fact,  the  crocus  had,  in 
several  places,  been  fastened  so  well  into  the  brsss, 
that  hard  wiping,  with  a  woollen  cloth  would  not  mb 
it  off.  The  brass  appeared  red  in  those  places  ;  bot, 
after  having  been  hammered  for  a  long  time,  it  acquired 
no  magnetism  whatever.*' 

The  effect  of  the  hammering  was  therefore  not 
sufficient  in  this  case  to  render  the  iron  calx  magnetic* 

Experiment  \IL 
y  In  order  to  diversify  the  preceding  experiment,  1 
drilled  a  hole,  about  one-eighth  of  an  inch  long,  and 
little  more  than  one-fiftieth  of  an  inch  in  diameter,  into 
a  piece  of  brass  that  was  not  rendered  magnetic  by 
hammering,  and  filled  it  with  crocus  iiuir<ir;  then  I 
hammered  the  piece  of  brass,  thus  enclosing  the  cah 
of  iron,  and  afterwards  presented  it  to  the  suspended 
magnetic  needle  ;  but  there  was  not  the  least  sign  of 
attraction :  the  martial  earth,  therefore,  had  not 
acquired  any  phlogiston  from  the  brass  by  the  actioQ 
of  hammering.*' 

JEipcrimen^VIII; 

''  The  same  piece  of  brass,  containing  a  amaU 
quantity  of  calx  of  iron,  was  put  into  the  fire,' and 
was  made  quite  red  hot,  in  which  state  it  remained 
for  about  three  minutes.  Then,  after  cooling,  it  was 
presented  to  the  magnetic  needle,  and  this  wu 
attracted  by  the  brass  only  in  that  place  wherein  the 
calx  of  iron  was  contained.  The  action,  therefore,  of 
the  fire  had  rendered  the  martial  earth  so  far  phlc^is- 
ticated  as  to  attract  the  magnetic  needle  ;  hence,  if 
the  magnetism.of  brass  were  owing  to  any  ferruginoiis 
matter  contained  in  it,  a  piece  of  brass  ought  to 
become  magnetic  when  softened ;  which  is  oontmj 
to  the  foregoing  observations." 

Experiment  EX. 

''  A  hole,  similar  to  that  mentioned  in  the  seventh 
experiment,  was  drilled  in  a  piece  of  brass  that  wouki 
not  become  magnetic  by  hammering,  and  into  which 
was  put  some  black  calx  of  iron,  which  was  so  ht 
phlogisticated  as  to  be  attractable  by  the  magnet,  aod 
the  hole  w^s  closed  by  a  few  strokes  of  the  hammer. 
.  In  consequence  of  this,  the  piece  of  brass,  when  pre- 
sented to  the  suspended  needle,  would  attract  it  only 
about  that  place  where  the  magnetic  calx  was  con- 
tained. This  attraction  was  very  weak.  The  piece 
of  brass  thus  prepared,  was  then  put  into  the  fire,  and 
was  kept  for  about  six  minutes  in  a  heat  very  little 
short  of  that  necessary  to  melt  brass,  and  after  cool- 
ing I  presented  it  to  the  needle,  expecting  that  the 
fire  might  have  dephlogisticated  the  calx  of  iron  so  far 
as  not  to  let  it  act  any  longer  upon  the  needle  ;  but 
the  attraction  appeared  to  be  of  the  same  degree  it 
was  before  the  heating. 

"  It  seems,  therefore,  clear,  that  the  magnetism 
acquired  by  brass,  when  hammered,  is  not  owing  to 
iron  contained  in  it ;  and  consequently,  that  magnetism, 
or  the  power  of  being  attracted  by,  and  attracting,  the 
magnet,  may  exist  independent  of  iron.'* 

55.  From  these  and  other  similar  experiments  Mr.  StimBai 
Cavallo  draws  the  following  conclusions.  oiits^ 
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'*  First.     That  most  brass    becomes  magnetic  by 
'  hammering,  and  loses  the  magnetism  by  annealing  or 
softening  in  the  fire,  or  at  lea^t  its  magnetism  is  so 
far  weakened  by  it  as  afterwurds  to  be  only  discover- 
able when  set  to  float  on  tjiiicksilver. 

**  Secondly,  That  the  ae<[tnred  magnetism  is  not 
owing  to  particles  of  iron  or  Fteel  imparted  to  the 
brass  by  the  tools  employed^  or  naturally  mixed  with 
the  brass. 

**  Thirdly.  Tho.se  pieces  of  brass  which  have  that 
property,  retain  it  without  any  diminution  after  a 
great  number  of  repeated  trials,  viz.  after  having 
been  repeatedly  hardened  and  softened. 

**  Fourthly.  A  large  piece  of  brass  has  generally  a 
magnetic  power  somewhat  stronger  than  a  smaller 
piece  ;  and  the  flat  surface  of  the  piece  draws  the 
needle  more  forcibly  than  the  edge  or  corner  of  it, 

"Fifthly.  If  only  one  end  of  a  large  piece  of  brass 
be  hammered,  then  that  end  alone  will  disturb  the 
magnetic  needle,  and  not  the  rest, 

**  Sixthly,  The  magnetic  power  which  brass  acquires 
by  hammering  has  a  certain  limit,  beyond  which  it 
cannot  be  increased  by  further  hammering.  This 
limit  is  various  in  pieces  of  brass  of  diiferent  thickness, 
and  likewise  of  ditTerent  quality, 

*'  Seventhly.  Though  there  are  some  pieces  of  brass 
which  have  not  tl^e  power  of  being  rendered  magnetic 
by  hammering,  yet  all  the  pieces  of  rangnetic  brass, 
that  I  have  tried,  lose  their  magnetism^  so  as  no 
longer  to  affect  the  needle,  by  being  made  red  hot  -, 
excepting  indeed  when  some  pieces  of  iron  are  con- 
cealed in  them,  which  sometimes  occurs  j  but  in  this 
case,  the  piece  of  brass,  after  having  been  made  red 
hot  and  cooled,  will  attract  the  needle  nmre  forcibly 
with  one  part  of  its  surface  than  w  ith  the  rest  of  it ; 
and  hence,  by  turning  the  piece  of  brass  about,  and 
presenting  every  part  of  it  sncccj^sively  to  the  sus- 
pended magnetic  needle,  one  may  easily  discover  in 
what  jiart  of  it  the  iron  is  lodged. 

*'  Eighthly.  In  the  course  of  my  experiments  on 
the  magnetism  of  brass,  I  have  twice  observed  the 
following  remarkable  circumstance  : — a  piece  of 
brass,  which  had  the  property  of  beconjing  magnetic 
by  hfjmmering,  and  of  losing  the  magnetism  by 
softening,  having  been  left  in  the  fire  till  it  was  par- 
tially melted,  I  found,  upon  trial,  that  it  had  lost  the 
property  of  becoming  magnetic  by  hammerings  but 
having  been  afterwards  fairly  fused  in  a  crucible,  it 
thereby  acquired  the  property  it  had  originally,  viz. 
that  of  becoming  magnetic  by  hammering. 

"Ninthly,  I  have  likewise  often  observed,  that  a 
long  continuance  in  a  fire  so  strong  as  to  be  little  short 
of  melting  hot,  generally  diminishes,  and  sometimes 
quite  destroys,  the  property  of  becoming  magnetic  in 
brass.  At  the  same  time,  the  texture  of  the  metal  is 
considerably  altered,  becoming  what  some  workmen 
call  rotten.  From  this  it  appears,  that  the  property  of 
becoming  magnetic  in  brass  by  hammering,  is  rather 
owing  to  some  particular  conflguration  of  its  parts, 
than  to  the  admixture  of  any  iron  ;  which  is  confirmed 
still  farther  by  observing,  that  Dutch  plate  brass 
(which  is  made  not  by  melting  the  copper,  but  by 
keeping  it  in  a  strong  degree  of  heat  whilst  sur- 
rounded by  lapis  cataminaris)  also  possesses  that  pro- 
perty ;  at  least,  all  the  pieces  of  it,  iffhich  I  have  tried, 
have  that  properly. 
"From  these  observations  it  follows^  that  when 


bnisa  is  to  be  used  for  the  construction  of  instruments  Pan  It 
wherein  a  magnetic  needle  is  concerned,  as  dipping 
needles,  variation  compasses,  &c,  the  brass  should  be 
either  left  quite  soft,  or  it  should  be  chosen  of  such  a 
sort  as  wdi  not  be  made  magnetic  by  hammering  ; 
which  sort,  however  does  not  €»ccur  very  frequently.'* 

^6,  A   remarkable   instance  of  ihe  magnetic  power  ,        ♦«  r^ 
of  brass  is  mentioned  by  Mr,  Barlow,  in  piigeljof  his^fiiu^sc  in 
Esstf^  on  Magnetic  ^4t  tract  ions  ^  and  a  similar  effect  was  the  con- 
very  recently  noticed  by  Mr,  Napier,  a  Master  in  the  structmnof 
Navy.     This    gentleman    having    been    requested    to  ^"*n***«»» 
determine  tbe  variation  of  the  needle,  somewhat  par- 
ticularly, at  one  of  our  stations  on  the  American  coast, 
made  use  of  one  of  the  azimuth  compasses  belonging 
to  his  vessel,   and  found  some  part  of  the  brass  of  it  so 
strongly  magnetic  that  he  obtained  a  result  differing 
by  several  degrees,  according   as   the  instrument  was 
used  direct   or  reversed.     He  found    the   same  effect 
produced   by    several   different  azimuths,   and   which 
remained  even  after  the  pieces  had  been  heated   in  a 
furnace.       This    shows     the    impropriety    of    using 
hammered  brass  bowls  for   compasses,   and  the  great 
advantage  of  cast  and  turned  bowls  for  this  purpose  ; 
a  practice  that  has  been  long  adopted  by  Messrs.  W. 
and  T.  Gilbert,  instrument  makers  to  the  Hon.  East 
India  Company. 

§    IX,  Description  of  magneticul  instrumetits, 

57.   Of  ihe   horizonial  needle.     The   first  and    most  Mapncticid 
simple  magnetical  instrument  is  the  horizontal  needle  ;  iustrit- 
it  consists  of  an  uniform  steel  bar  of  almost  any  ahape  merits, 
and  any  length,  from  an  inch  or  less  to  a  foot  or  more,  ^i^^l'     * 
In  its   centre   it  is   made   sometimes   rather   broader '   ~ 
than  in  any  other  part,   and  is  there   tapped  with  an 
interior   screw  to  receive  the  exterior  screw  turned 
upon  a  brass  cap,  furnished  with  an  agate,   on  which 
the  needle  is  balanced  upon  a  steel  point.     We  have 
shown  a  needle  of  this  kind  in  fig.  28  ;   the  brass  cap 
and  agate,  fig.  30;  a  section  of  the  latter,  fig.  ^29  i   and 
the  needle    balanced   in   fig.  31,     Other  forms  of  the 
needle  are  seen  in  fig.  32,  33,  34,  35,  and  30. 

58*  Of  the  land  compass.  For  the  purpose  of  obser-  Lh^^  cons- 
vat  Ion,  the  needle  prepared  as  above,  is  placed  upon  uaa^, 
a  point  in  the  centre  of  a  brass  or  wooden  box,  fur- 
nished with  a  graduated  limb,  and  sometimes  the  ends 
of  the  needle  are  made  to  carry  a  vernier  scale,  in 
order  to  bring  down  the  reading  to  minutes  or  lower* 
The  box,  which  may  be  square,  round,  or  octangular, 
is  moreover  furnished  with  two  straight  edges  of  brass 
or  index  marks,  to  set  to  any  proposed  line,  and 
sometimes  with  sights  ;  the  top  being  covered  with  glass 
to  pre%^ent  the  needle  from  being  disturbed  by  the  actioa 
of  the  air  j  see  fig.  3*  and  39.  There  are  also  two 
small  pieces  of  brass,  one  of  them  turning  on  a  fixed 
point,  seen  in  the  figure,  but  more  particularly  in 
fig.  38,  which  is  used  to  cheek  the  oscillations  of  the 
needle.  That  is  by  pressing  upon  the  upper  end,  the 
ring  at  the  other  end  of  the  lever  is  raised  till  it 
touches  the  needle,  which  latter  is  thereby  rendered 
steady  :  the  lever  is  then  let  down  and  the  needle  left 
to  find  its  proper  direction.  Other  forms  of  the  hori- 
zontal compass  are  shown  in  fig.  39  and  40.  In  the 
latter  the  needle  is  mounted  with  a  card,  divided  into 
points  and  quarter  points  of  the  compass  j  the  north 
and  south  points  being  made  to  correspond  very 
exactly  with  the  axis  of  the  needle  ;  in  this  form  the 
general  direction  of  an  object   will    be   known    by 


for 


MAGNETISM. 


Scliiu&kal- 
der'«  siir* 
veylng 

COIUpASS. 


Ma^etisro.  observing  its  bearing  with  tbe  card,  which  will  always 
arrange  its*?lf  according  to  the  magnetic  meridian  of 
the  pUice  of  observation. 

59.  Schmalcatder*^  horizontal  or  surveying  compass. 
This  is  a  very  ingenious  and  useful  instrument,  it 
consists  of  a  smrill  round  brass  box,  with  two  sig'hls  j 
that  one  towards  the  eye  being  furniiihed  with  a 
pris  rail  tic  lens,  and  the  other  an  open  sight  with  a 
horse-hair  line  in  ita  centre.  The  pupil  of  the  eye 
being  bisected  by  the  upper  e<lge  of  the  prism,  the 
object  and  its  bearing  are  seen  at  the  same  time,  the 
former  by  direct  vision,  and  the  latter  by  reHection  in 
the  inclined  face  of  the  prism  from  the  divisions  of 
the  card  beneath  j  which  divijiions,  passing  to  the 
eye  from  a  single  reflection,  are  inverted,  in  order  that 
they  may  arrive  at  the  eye  in  their  proper  position.  As 
in  this  instrument  it  h  necessary  to  preserve  the  box 
horizontal,  it  would  be  difficult  to  observe  the  bearing 
of  an  object  having  any  considerable  degree  of  eleva- 
tion ;  a  defect  which  is  removed  by  placing  a  dark 
reflector  behind  the  horse- hair  sight,  so  that  by 
inclining  this  at  a  certain  angle,  the  object  reflected 
from  it  may  be  carried  horizontally  to  the  eye,  but 
at  the  same  time  the  eye-piece  is  furnished  with  shades 
or  screens  of  coloured  glass,  in  order  to  enable  the 
observer  to  take  the  bearing  of  the  iun  j  so  that  it 
becomes,  in  this  case,  an  azimuth  compass  ;  but  it  is 
only  calculated  for  land  observations.  The  above 
description  will  be  better  understood  when  we  speak 
of  Gilbert's  patent  azimuth  compass,  the  two  instru- 
ments being  founded  on  precisely  the  same  prluciples, 
and  parts  of  the  same  patent  right. 

60.  0/  the  Sifii  compass  or  steering  compass,  by  Gilltert, 
This  instrument,  except  the  box  or  bowl  in  which  the 
card  is  suspended,  resembles  that  shown  in  fig.  40 ;  but 
to  fit  it  for  its  particular  purpose,  the  card  is  sup- 
ported upon  a  pin  fixed  in  a  heavy  brass  box  or  bowl ; 
the  bowl  itself  being  hung  in  gimbals  in  a  wooden 
square  box,  or,  when  at  sea,  fitted  to  the  ship's 
binnacle.  On  that  part  of  the  compass  bowl  which  is 
fixed  directly  forward  in  the  vessel,  on  the  inside,  Is  a 
clear  black  line,  (the  inside  of  the  bowl  it^self  being 
white  :)  this  is  called  the  liMer  Une^  and  is  that  which 
the  steersman  uses  to  keep  his  required  cotirse  ;  that 
is,  he  must  always  keep  the  point  of  the  card  which 
indiciites  his  course,  directly  coinciding  with  the 
lubber  line.  A  compass  of  this  kind,  in  its  giuibalSj 
is  shown  in  fig.  4L* 

Considering  the  importance  of  this  instrument  in 
navigation,  it  is  astunishmg  to  see  how  very  imper- 
fectly it  is  generally  consitrurtcd,  and  what  little  value 
appenr^  to  hi-  set  upon  it  by  the  generality  of  seamen. 
The  following  direLtions  tur  its  ennst ruction,  however, 
are  deserving  of  their  consideration,  as  well  as  that  of 
the  nuikers  of  such  instruments. 

In  the  first  place,  the  needle  ought  to  be  of  sou>c 
uniform  figure,  (but  it  tloes  not  appear  to  be  of  much 
consequence  what  that  figure  is,'  and  mounted  with 
a  brass  rap,  furnished  witli  an  agate,  turned  or  ground 
down  to  a  decided  centre,  not  lo"o  sharp  at  the  bottoni. 
The  needle  should  balance  itself  very  accurately  on  a 
point  before  the  card  is  tijiplied,  and  the  cartl' itself 
shouhl  be  made  with  equal  uniformity,  so  that  the 
balance  may  be  still  preserved  when  it  is  fixed  uj»on 
the  needle.     For  the  better  fixing  of  the  needle  to  the 
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*  By  mittike  the  pointB  on  Ihe  card  mfe  omitted. 


card,  the  hale  in  the  midiUe  of  the  latter  should  hire 
a  thin  rim  of  brass  fixed  round  it,  and  the  br&ftft  cap^ 
should  be  made  suflicietitly  broad  at  bottam  but  verf 
thin,  whereby    the  latter  may  lie   «   little  ovisr  the 
former  wiien  this  is  screwed  into  the  needle,  by  which  < 
alone    the  card   and  needle  may  be  held  last  together. 
But  to  render  every  thing  secure,  the  needle  is  tapped 
with  a  small  screw  hole,   at  about  half  an  inch  from 
each  of  its  ends  j  and  then  the  card  being  brought  so  , 
that  its  meridian  coincides  with  the  axis  of  the  needle^ 
two  holes  arc  made  in  the  former,  and  a  small  screw,  j 
with  rather  a  broad  and  thin  head,  is  passed  throi^gk  1 
each  and  screwed   into  the  neeille  ;    by   tliis  meiM 
the  card  is  permanently  attached,  and  then  the  (venire 
screw  or  brass  cap  is  introduced  as  above  described* 
This  method  of  fixing  tlie  needle  to  the  card  is  prac- 
tised by  Messrs.  W.  and  T.  Gilbert,  and  is  decidedly 
preferable  to  that  commonly  adopted,  of  rivetting  the 
needle  and  card  together  by  leaden  rivets.     The  card  j 
being  thus  prepared,  the  next  thing  is  to  attend  to  itsJ 
suspension  and  to  the  construction  of  the  bowL     Thij  J 
latter  ought,  for  the  reasons  assigned  in  the  la&t  »ec- J 
tion,  to  be  made  of  new  brass,  first  cast  into  its  praper 
bowl  form  as  nearly  as  possible,  and  then  reduced  to 
its  proper  hemispherical  figure  by  turning.  Tbcadvau- 
tnge  of  which  figure  is,  that  at  every  inclination  of  the 
bowl  itself,  the  edge  of  the  card  will  always  be  at  the 
same  distance  from  the  lubber  line  inside,  and  wHewby 
this  distance  may  be  reduced  to  as  small   o 
as  possible,    it  being  first  observed  to  place  i. 
of  suspension  in    the  common  centre  «*f  cur»4*tur<^  uf 
the  bowl.     This    latter    is    now  to  be    placed    in  its 
gimbals,  observing  to  adjust  them  in  such  a  way  that 
the  point  of  susi*en8ion,   on  which  the  card    is  sap- 
ported,   may  fall   exactly  in  a  line   ivith  the  axis  of 
motion  given  to  the  gimbals  ;    by  this  rueans  a  very 
considenihle   motion  may  be  given  to  the  bowl  with-] 
out  in  any  way  displacing  the  point ;    that  is,  without^ 
giving  motion  to  the  point  on  which  the  card  is  sus* 
pended,  and  thereby  the  unsteadiness  of  the  bitler  at 
sea,   so    much   complained   of  by  nuvi^aiors^    is  id  a 
great  measure  prevented.    In  the  above  descriptioin  we 
have   exactly    intlicated    the  practice  adopted   by  the  [ 
makers  above  mentioned,w  ho  have  long b^eii deservedly  ] 
distinguished   for  the  accurticy  they  have  carried  iiUa  j 
the  construction  of  their  nautical   instruments. 

61.  TJjere  is  nothing  peculiar  to  the  above  ooostruc- J*^ 
tion,  except  the  care  ami  accuracy  en^ployed  in  Ihe 
manufactory  :  but  there  have  not  been  wanted  %ariaill 
contrivances  for  producing  those  elTeeti*  which,  in  the 
above  instance,  are  due  only  to  the  delicuicy  of  the 
wurkmanship.  These,  however*  have  been  loo  aflca 
rather  tfimciful  tlian  useful,  or  if  they  have  answtjred  ilie 
intended  purpose  on  shore  they  have  failed  ahogctiusr 
on  sbi[)board.  There  are  however  some  exccptbao&> 
anil  of  du^se  we  slmll  <Iestribe  the  following.  ^^ 

62,  M'  Cfttlodi's  patent  compass.  This  is  repr€aeul«d  *^ 
in  our  fig,  4'^  and  43  j  the  former  being-  a  aeclion.  and 
the  huter  a  peraj>ective  view  of  the  instrnment.  la 
this  compass,  both  the  compass  box  and  the  needle,  nfi^i 
with  the  card,  arc  suspended  uj>on  points,  the  exlrc* 
mi  ties  of  which  come  very  near  to  each  other  ;  which 
construction  is  intended  to  keep  them  horizoot^ 
without  any  gimbals,  as  will  be  easily  manifested  by 
the  following  description  in  fig.  4*2,  a,  a,  a,  a,  is 
the  common  wooden  box,  with  iis  lid  j  c  c  ihc  hta«s 
ooxnpasi  box,  with  the  glass  cover  to  itj  dd  ibe  hollow 
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iliiii.  conicul  bottom  ;  «  the  prop  upon  wkich  the  compass 

'^^  is  supported,  itisteud  of  ^mbula,  the  spherical  top  of 
which  if  finely  polbh^J,  and  the  apex  of  the  hoHow 

I  cone  is  fitted  Co  r^eive  it ;  ff  i»  a  qiMBiity  ol htMJ  run 
round  the  b^iUotii  and  the  cone  of  the  CPMupMa  box,  to 
halnnce  and  to  keep  it  steadily  liciriMiilftl ;  g^f  U  the 
Cjird  and  the  miigrnet  needle  %€Ol  i»  inell  a  manner  as 
t^  hmg  the  point  of  the  eoiiical  pivot,  on  which  it 
Mlli<et  and  is  sti]>|iorted,  verf  near  to  the  centre  of 
gnvfity,  as  well  us  to  the  centre  of  motion  ;  h  h  are 
twc»g:uartU,  which,  by  means  of  two  pins,  affixed  to 
the  compass  box,  prevent  itSr  turning  n»und,  and 
deceiving'  the  steersman.  In  ^ff.  43,  fxith  the  Ud  and 
IIm  ^nl  ol  the  box  are  removed ;  /*  h  are  the  ffu:irds  j 
iiWbrBAscompasB  box  ;  and  e  id  the  brass  pin  which 
supports  it,  Thiti  compass  however  has  never  been  ii 
Ittvourite  with  seamen. 
I  63.  A  different  kind  of  f^ea  CMnfMiM  is  shown  in  fij^. 

ex«    44 1   here   the   needle  itself,    fii*".  46,  is  suspended  by 
>        flivilMik,    f}^,  47^    beings  attached  to   the   latter  by 
""  four  screws,  the  holes  for  which  arc  seen  in  the  needle, 
►46,  $nd  two  others  at  the  eitrenaties,  whereby  tbe  latter 
5«  still   more  intimately  attached  to   the  card.     From 
the  centre  of  the  upper  arc  of  the  g^imiwds  proceeds  a 
dencendinn:  pnint,  t^'cn  in  fig,  47,  and  also  in  the  sec- 
tion, irj;.  14,    I'htii  point  rests  on  an  aji;;ate  let  into  the 
braM  ball  n,  which  fits  a  socket  of  the  i^iame  form  b  b, 
from  the  bottom  of  this  ball  proceeds  a  stem  c  c,  at 
the  lower  part  of  which  a  weight  is    attached,    and 
d  4  h  A  is  a  hollow  conical  support  within  which  the 
wei^rht  has  room   to  vibrate.     This  weight   having  a 
constant  tendency   to   preserve   the  verticality  uf  the 
tvire  stem   e  c,  will  of  course  keep  the  lower  face  of 
the   afi^te    horizontal,    and    thus    preserve    a   steady 
position  of  the  card.      Lastly  the  bowl  itself  is  hnng 
in  g:imbals  in  the  same  manner  as  in  (i^.  41.     This  is 
the   construction    of    Mr.  Preston  ;    and    Alexander's 
compass,  which  was  of  a  prior  date,  is  on  nearly  the 
some  principles,  except  that  in  the  latter  the  agate  ui 
its  cap  is  supported  by  gimbals  instead  of  the  ball  and 
socket  joint  above  described.     One  great  objection  to 
these  compasses  is,  that  if  by  any  accident  they  meet 
with  damage,  which  they  are  of  course  more  subject 
to  than  a  simple  needle,   they  are  not  readily  repaired 
on    board,    and  con sequet illy  become  useless  for  the 
remainder  of  the  voyage. 

It  would  be  as  endless  as  it  would  be  useless  to 
attempt  a  description  of  all  the  varieties  of  form  that 
has  been  given  to  sea  compasses,  we  shall  therefore 
only  slightly  mention  the  following, 

64.  Pope's  ComfMtss.  In  this  the  needle  has  a  motion 
.  in  the  direction  of  the  dip,  and  was  thought  not  only  to 
be  com]*etent  to  point  out  both  the  magnetic  meridiaa 
and  the  dip,  but  that  it  possessed  a  greater  directive 
power  ;  this,  liowever,  was  an  erroneous  assumption, 
for  whether  the  needle  be  horizontal  or  inclined^  its 
directive  powers  to  the  meridian  is  the  same  ;  and  as 
to  its  compound  motion  we  cannot  but  consider  it  as 
a  disadvantage  rather  than  otherwise* 
a  65.  Jenning' s  patent  insuLiting  campan*  This  differs 
-  very  little  in  its  general  character  from  the  common 
compaiis  except  that  the  brass  bowl  is  made  double, 
so  as  to  leave  a  space  between  the  outside  and  inside 
surfaces  of  about  a  quarter  or  half  an  inch,  which  is 
filled  with  pure  iron  dust  or  filings  j  the  needle  is 
therefore  surrounded  by  iron,  and  was  thought  thus 
to  be  insulated  from  the  action  of  the  guns  and  other 


iroil  of  the  ship.  The  idea  however  was  erroneous, 
and  tlic  iiistrunicut  is  very  little  listed,  alihoui^h  it 
received  a  good  report  inmi  Captain  Kosh,  in  his 
vovaj^  lo  t^HB  aortk 

66,  Hmgm§w  mthin  tompast.  In  this  com pai«s  the 
bowl  is  hung  up  with  its  glass  downwjinU,  across 
wldch  passes  a  light  brass  bar  carrying  a  jmini  upwards, 
on  which  the  card  is  suspended.  The  br;iss  cap  carry* 
ing  the  agate  is,  in  this  case,  screwed  into  the  neetlle, 
the  contniry  way  to  the  common  com[)assi  the  u|>pcr 
part  of  the  agate  being  on  the  plain  or  l>ack  part  of  the 
card  insteail  of  being  in  front,  as  in  the  usuid  con- 
struction,^  Instruments  of  this  kind  arc  commouly 
used  by  Captains  of  vessels  in  tlieir  cabins,  where  titey 
are  hung  up  over  he:ul,  and  whereby  at  any  mofoent 
a  mere  glance  of  the  eye  will  show  the  course  of 
the  vessel  j  i»iid  be  the  means  of  detecting  either 
error  or  trefichery  in  the  steersman* 

67.  Of  tfie  azitnuth  compass.  The  common  form  of 
this  inatrumcnt  differs  very  little  in  its  general  cha- 
racter from  the  steering  compass,  the  only  difference 
being  that  it  is  fitted  with  sights,  and  is  huiig  in 
detached  gimbab,  which  turn  on  a  stout  vertical  pia 
in  the  box,  or  the  pin  itself  is  fixed  below  the  box,  and 
being  inserted  in  a  proper  support,  the  instrument,  as 
itt  the  other  cases,  n»ay  he  directed  to  any  object 
to  determine  its  bearing  or  azimuth,  and  hence  its 
denomination.  See  fig.  47,  plate  l\\  where  E  is  the 
vertical  pin,  li  A  C  D  the  gimbals,  and  FQ  the  sights, 
whicli  in  some  insl rumen ts  shut  down  over  the  glass 
when  the  compass  is  not  in  use,  but  in  others  they  are 
connected  together  by  a  brass  bar,  and  are  then 
altogether  removed  when  the  instrument  is  set  aside. 
The  card  differs  also  in  some  respects  from  the  com- 
mon steering  cards,  the  latter  being  divided  only  to 
points  and  quarter  points,  which  are  brought  as  nearly 
as  possible  to  tbe  outside  edge  of  the  card,  whereas  in 
the  azimuth  the  points  are  merely  shown  as  a  mattef 
of  ornamenl,  or  for  general  reterence,  but  the  limb  is 
divided  into  degrees,  he*  sometimes  on  the  card  itself, 
but  more  commonly  upon  a  light  metal  rim  pro|M.'rly 
graduated.  The  sight  G  is  that  to  which  the  eye  is 
applied,  and  the  other  is  directed  towards  the  objectj 
so  that  the  latter  may  be  seen  upon  the  fine  silk  or 
horse-hair  line  in  the  sight  F.  A  fixed  line  or  sight,  inside 
the  box,  placed  vertically  below  the  horse-hair,  servca 
then  to  indicate  the  bearing  of  the  object,  by  pointing 
out  the  particular  divisioa  or  degree  corresponding 
with  it  on  the  card. 

In  consequence  of  the  motion  of  the  vessel,  it  if 
seldom  that  the  card  is  sufficiently  steady  to  allow 
tbe  bearing  of  the  object  to  be  taken,  and  then  for 
that  bearing  to  be  read  by  the  same  person  i  there- 
fore the  sight  in  the  box,  to  which  we  have  alluded, 
is  generally  made  moveable,  either  on  a  joint  below,  or 
it  is  fixed  to  a  spring,  whereby,  in  either  case,  the 
observer  as  soon  as  be  has  got  the  object  in  view,  and 
finds  the  card  steady,  may,  by  a  contrivance  for  th« 
purpose,  bring  the  sight  in  contact  with  the  card,  and 
thereby  prevent  its  future  motion,  and  he  can  then 
read  off  the  bearing  at  his  leisure.  It  b  seldom, 
however,  on  shipboard,  tlmt  the  card  is  sufficiently 
steady  at  the  moment  the  object  is  properly  seen  ;  and 
moreover  the  very  act  of  bringing  the  sight  suddenly 
up  to  the  card  will  frequently  displace  it  considerably, 
and  give  a  false  reading  ;  this  defect  is  very  com* 
pletcly  avoided  in  the  foUowing  LnstnimenL 


F^  II. 


ffR-nBtin^ 
cutu|;iiiii. 


Common 
a/iinulh 


766 


jTa'^W  e  t  t"s' 


Fig.  48, 


Migncdanu  SB.  Gilbert* i  patent  azimuth  compass*  We  have  given 
^— ^-^-^  a  perspective  view  of  Ihia  ingenious  instrument  in 
Gil»>eri'«  fig  49^  p\^if^  jy^  removed  out  of  its  box,  and  placed 
m  *tS*c*^*"-  ^P*^'^  ^  tripod  for  observation  j  the  brass  box  A  B> 
diflfers  but  little  from  that  of  the  common  azimuth 
box  described  in  the  last  article,  except  beinf^  made 
more  accurately  cylindrical,  and  of  greater  thickness 
of  metal ;  E  F  shows  the  gimbal  ring,  and  C  D  a 
support  of  brass  to  which  the  whole  is  appended.  In 
the  liorizontal  part  G  II,  is  a  circular  hole^  which 
fits  a  brass  pin  proceeding  upwards  from  the  plate,  at 
the  upper  part  of  the  tripod,  and  about  which  the 
compass  may  be  turned  in  any  direction  ;  but  in 
case  it  should  in  any  instance  be  necessary  to  leave 
the  instrument  fixed,  this  may  be  effected  by  a  set 
screw  I,  seen  just  below  G  H;  K  L,at  the  back  of  which 
the  eye  is  applied  for  taking  an  observation,  is  fur- 
nished with  a  triangular  prism  of  glass  in  a  brass  case 
e,  its  lower  face  being  brought  to  the  figure  of  a  lens 
by  which  the  degrees,  &c*  on  the  card  beneath  arc 
magnified.  The  eye  then  being  applied  to  the  slit 
hehinti  K  L,  sees,  just  over  the  upper  edge  of  the 
prism,  the  object  whose  bearing  is  rei|uired,  in  a  line 
with  the  hair  sight  j  and  at  the  same  time  the  reflected 
image  of  the  degrees,  &c,  on  the  graduated  edge  of 
the  card  beneath,  by  which  means  the  object  and  its 
bearing  are  taken  at  the  same  time  and  by  the  same 
person,  a  condition  of  the  greatest  importance  in 
observations  at  sea,  and  which  is  unattainahle  in  any 
other  manner ;  /,  g,  are  screens  of  coloured  glass  for 
making  observations  on  the  sun,  and  which,  turning 
on  a  joint,  may  be  brought  down  or  set  up  at  plea- 
sure ;  the  w^hole  frame  K  L  turns  also  on  an  axis 
ab,  in  order  to  adjust  the  prism  in  such  a  way  that 
the  object  and  its  degree  of  bearing,  shown  from  the 
card  beneath,  may  be  seen  in  complete  contact. 

The  optical  action  of  the  prism  will  he  better  seen 
in  fig.  49,  where  B  C  is  the  vertical  ^lane  siile,  A  B 
the  lens,  and  A  C  the  reflecting  face.  Here  it  is  obvious 
that  a  bj  being  an  object  placed  horizontally,  will  be 
reflected  from  a'  L\  and  is  thence  seen  magnified  and 
in  a  reversed  position,  by  an  eye  placed  at  D,  and 
which,  at  the  same  time,  sees  the  object  &  directly 
over  the  upper  edge  of  the  prism.  On  account  of  this 
inversion  of  the  object,  the  figures  on  the  rim  of  the 
card  are  engraved  reversed.  As  in  this  instrument  it 
is  necessary,  on  account  of  the  card,  to  keep  the  whole 
horizontid,  it  would  be  difficult  toobtainthe  bearing  of 
an  object  that  bad  any  considerable  altitude  ;  to  obviate 
which  difficulty  a  plane  reflector  p  n,  f\^.  4S,  turns  on 
n  joint  at  the  bottom  of  the  perpendicular  sight  N  O, 
and  which  must  be  placed  at  such  an  angli  as  to  bring 
the  reilected  rays  in  nearly  a  horizontal  direction  j  in 
this  case  the  eye  sees  the  refiected  instead  of  the  direct 
object.  The  pin  seen  at  M  is  attached  to  a  moveable 
piece  of  brass  inside  the  box,  for  the  purpose  of  stop- 
ping the  card  when  its  vibrations  are  too  great,  and 
the  brass  pin  qp,  is  connected  with  a  lever  resting  on 
the  bottom  of  the  box  inside,  and  wdiich  is  pressed 
down  when  the  sight  N  O  is  turned  on  its  joint,  in 
order  to  bring  it  flat  on  the  top  of  the  box  ;  and  by 
this  means  the  other  end  of  the  lever  is  raised,  and 
the  card  thus  lifted  off  its  pivot  when  the  compass  is 
not  in  use.  The  whole  of  the  upper  part  of  the  instru- 
rnent  may  then  be  removed  from  the  tripod  and  placed 
m  a  box  made  to  receive  it. 

This  very  beautiful  instrument  is  one  of  the  most 


Fig.  49. 


important  acquisitions  to  nautical  science   which  It    Bui 
has  received  for  many  years,  ^"^^ 

09.  l^aruttioH  compass.  This  being  only  intended  far  Van4 
ascertaining  small  changes  in  the  declination  of  the  "■f 
magnetic  needle,  either  annual  or  diurnal,  is  commonly 
more  limited  in  its  arc  of  vibration,  and  is  generally 
longer  than  the  needles  used  for  more  commoa  pur- 
poses^ it  is  also  furnished  with  conveniencies  for  reading 
closer  than  the  common  needle^  o  the  nv  is  e  any  needle  «o 
tnounted  aud  furnished  as  to  be  very  sensible  and  cap«r 
ble  of  being  read  off  to  minute  divisions  might  be  uted 
as  a  variation  comptiss.  In  general,  however,  needlet 
designed  for  this  purpose  are  constructed  in  a  parti> 
cular  manner^  having  only  a  very  small  part  of  the 
circle  graduated  ^  and  the  means  of  distinguishing 
small  changes  better  suited  to  the  eye  than  they  gene- 
rally are  in  common  horizontal  needles.  The  place 
in  which  they  are  fixed  requires  also  to  be  particularly 
firm  and  steady,  and  in  short,  every  precaution  is 
necessary  to  be  had  recourse  to,  in  order  to  avoid 
smaU  irregularities  -,  because  the  changes  to  be 
observed  are  in  themselves  so  small,  that  without  the 
greatest  accuracy,  they  may  be  either  overlooked,  or 
the  irregularities  of  the  instrument  so  combined  them* 
that  every  attempt  to  deduce  laws  from  them  woidd 
be  unavailing. 

The  following  is  the  variation  needle  employed  by 
Colonel  Beaufoy,  in  making  a  vMuable  series  of  mag- 
netic observations  from  the  year  1813  to  18^21  j  during 
%vhich  period  the  needle  passed  through  its  maximum        , 
of  westerly  variation  in  London.     These  results  were  ^M 
published  by  Colonel  Beaufoy,  in  successive  numbers -^B 
of  the  Annals  of  Philmophy ;  and  we  are  indebted  to  the        ' 
liberal  scientific  views  of  this  gentleman  for    his  per- 
mission to  use  his  drawing  and  description  gi%en  in 
the  number  of  the  above  work  for  August^  1813. 

7U*  Cotouet  Beaufoy  s  varmiion  compass.  The  pria-  DsW 
cipal  part  of  this  instrument,  viz,  its  needle,  with 
the  box  and  divided  arc,  to  measure  the  angle 
of  variation,  is  very  similar  to  the  instrument  in 
the  possession  of  the  Iloyal  Society  j  but  it  is  greatly 
improved  by  the  adtlition  of  a  small  transit  telescope, 
^vhich  readily  and  accurately  determines  the  true 
meridian,  or  the  zero  from  which  the  degrees  of  the 
variation  is  to  be  mcLisured.  This  addition  renders  it  pj^u^, 
particularly  well  adapted  for  travellers  who  wish  to 
make  accurate  observations  m  different  parts  of  the 
globe,  as  it  contains  every  thing  necessary  for  the 
observation  within  itself  j  and  as  every  part  admits  of 
adjustment,  it  may  be  depended  upon  for  accuracy. 
Plate  V.  contains  a  representation  of  the  whole 
instrument  in  perspective,  explaiiung  all  its  parts  at 
once.  The  box  containing  the  needle  is  not  fixed,  as 
in  many  compasses,  but  turns  horizontally  on  the 
centre,  and  has  an  index  fastened  to  it,  pointing  to  a 
divided  arc  on  the  brass  frame  on  which  it  turns.  The 
method  of  observing  is  to  move  the  box  until  a  line 
drawn  on  it  points  exactly  to  the  entl  of  the  needle, 
which  being  done,  the  angle  of  \arialion  is  shown  by 
the  lUvisions  on  the  arc  ;  F  F  is  a  mahogany  board, 
which  is  the  support  of  the  whole  instrument ;  it 
stands  on  the  points  of  three  screws  G,  H,  I.,  by  which 
it  can  be  levelled.  Above  this  is  a  flat  plate  of  brass 
EK, attaclied  to  theboiu-d  by  the  ceatre  pin,  and  resting 
upon  three  studs  projecting  from  the  board,  to  insure 
its  having  a  perfect  bearingp  whilst  it  admits  of  a  small 
horizontal  motion  round  the  centre  by  means  of  the 
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.  5crcw  W  X,  The  pkte  E  E  has  the  divided  arc  m, 
"^^  fixed  upon  one  end  of  it  ;  and  a  vernier  D|  traversies 
against  the  divisions  j  it  is  divided  upon  a  project! nt;' 
part  of  a  brass  pLnte  C  C,  which  moves  »ipon  the 
common  centre  pin  of  tlic  plate  E,  and  also  the  needle 
A  A,  The  phde  C  C  has  two  segments  of  brass  at 
each  end  of  the  needle,  and  these  have  the  centre 
lines  drawn  uj>on  them,  which  arc  brout^ht  to  tlie 
points  of  tlie  iicedle  when  the  observation  is  made* 
A  light  bnisa  box  d  d,  with  a  t^hiss  cover,  is  fitted 
over  the  plate C  C,  to  preserve  the  needle  from  distarb- 
anc^e  by  the  wind  ;  it  also  supports  a  small  double 
microscope  M,  intended  to  assist  in  examining  when 
the  index  line  points  exactly  to  the  end  of  the  needle  ; 
the  stem  of  the  microscope  is  fitted  to  a  dovetail 
groove  and  can  be  removed  to  the  opposite  end  of  the 
box  at  pleasure. 

The  centre  pin  of  the  plates  E  and  C  terminate  in  an 
extremely  fme  point,  on  which  the  needle  is  suBjrended, 
Laving'  an  a^ate  cap  B,  to  diminish  the  friction  as 
much  as  possible.  The  needle  is  of  a  cylindrical  figure, 
about  the  five-hundredth  of  an  inch  in  diameter,  and 
ten  inches  long  j  weighs  sixty -five  grains  and  a  half, 
and  is  terminated  by  two  conical  points  ;  the  circular 
enlargement  of  the  centre  has  a  hole  through  it,  for 
the  reception  of  the  brass  socket  B,  which  has  the 
agate  cap  fixed  in  it;  the  needle  is  j  of  course,  provided 
\vith  the  usual  apparatus  for  lifting  it  oiF  the  point 
when  not  in  use,  to  avoid  wearing  the  point  of  suspen- 
sion ;  rtj  (I,  are  two  arms,  screwing  dow^n  upon  the 
plate  J  carrying  the  vernier  D  j  they  support  a  brass 
frame,  which  has  the  usual  clamp  screw  L,  and 
tangent  screw  R,  the  former  to  fasten  it  to  the  arc  th, 
and  the  latter  to  give  a  slow  motion,  and  adjust  the 
box  for  the  observatiou. 

•  The  tnuisit  telescope  OP,  is  supported  over  the 
instrument  by  two  pillars  N,  N,  fixed  on  the  brass 
plate  E  E,  and  having  small  frames  or  boxes  /,  at 
the  top,  for  the  reception  of  the  ^'s,  in  which  the 
pivots  of  the  axis  Q,  of  the  telescope  are  supported  j 
this  axis  is  conical,  and  is  fixed  exactly  at  right  angles 
to  the  tube  O  P^  in  the  same  manner  as  other  transit 
instruments. 

On  the  extremity  of  one  of  the  pivots  of  the  axis,  a 
Bmfdl  divided  circle  H,  is  fixed,  and  has  an  arm  at  the 
opposite  side  mrning  about  at  the  centre,  and  provided 
"with  verniers  to  read  the  divisions  of  the  circle  j  to  this 
^rm  a  small  level  S,  is  attached  ;  the  whole  forming 
a  vertical  index  to  set  the  telescope  at  any  retpdred 
altitude,  by  setting  the  index  at  the  proper  division, 
and  then  moving  the  telescope  till  the  babble  of  the 
level  S,  shews  the  index  to  be  horizontal  j  the  eye- 
piece /i,  of  the  telescope  has  a  small  dovetail  in  it  to 
admit  a  dark  glass  for  observation  of  the  sun  ,  gg,  arc 
the  screws  for  adjusting  the  wires  in  the  eye-piece  as 
usual  ■  there  is  also  a  detached  level  to  adjust  the 
instrument, 
f  71*  Manner  of  adjusting  the  instrument  previous  to 

,ent,  observation.  First  place  the  feet,  of  the  detached  level, 
upon  the  brass  plate  E  E,  in  different  directions^  and 
bring  it  level  by  the  screws  H,  I,  G  j  then  apply  the 
level  upon  the  two  pivots  of  the  transit,  the  covers  of 
the  boxes/ opening  with  hinges  for  this  purpose,  and 
the  bottom  of  the  feet  having  notches  to  rest  upon 
the  pivots  J  if  the  axis  does  not  prove  level,  one  of 
the  y's  must  be  elevated  or  depressed  by  a  screw  in 
the  farther  pillar  N,  until  the  level  stands  horizontally, 
vox*.  JH. 


and,  reversing  it  end  for  end,  proves  every  thing  to    rart  If, 
be  correct,  ^..-^.^^^-— 

Now  set  the  vernier  D,  at  zero,  and  put  au  addi- 
tional object  glass  over  the  glass  P,  of  the  telescope, 
and  in  this  state  the  marks  A  A,  against  which  the 
needle  reads,  can  be  .seen  through  it  when  directed  to 
them  -,  this  proves  the  zero  of  the  division  to  be 
exactly  in  the  plane  of  the  telescope's  motion  ;  a  small 
screw^  near  Q  will  rectify  it,  if  nccessar),  by  moving 
the  y  a  small  quantity  in  the  box/;  the  transit  may 
be  reversed  in  its  y*s  to  rectify  every  thing* 

The  telescope  is  now  to  be  adjusted  to  the  meridian 
by  the  transit  of  the  stars  in  the  usual  manner,  the 
screws  W,  X,  being  used  to  turn  the  whole  instru- 
ment round  when  requisite ;  but  aj'tcr  these  observa- 
tions have  been  once  made  in  a  satisfactory  manner, 
distant  marks  should  be  set  up,  both  north  and  south, 
nml  these  will  give  the  means  of  adjusting  it  at  once, 
and  in  the  day  time, 

WHien  the  instrument  is  properly  placed,  the  taking 
of  the  obsen'ation  is  extremely  simple*  The  needle 
being  suffered  to  settle,  the  box  is  turned  abont  on  its 
centre  till  its  mark  comes  very  near  the  point  of  the 
needle  ;  the  clamp  screw  L,  is  then  fastened,  and  the 
screw  11,  is  employed  to  make  the  coincidence  exact, 
in  which  the  microscope  M,  greatly  assists  the  eye. 
The  vernier  D,  now  shows  the  angle  of  variation. 
It  is  proper,  after  the  needle  has  been  once  observed, 
to  attract  it  with  a  piece  of  iron,  and  cause  it  to  make 
a  slight  vibration.  When  it  settles  again,  it  wUl  not 
in  all  cases  come  to  the  same  point,  because  of  the 
friction  of  the  suspending  point  ;  it  is  therefore 
advisable  to  make  this  trial  three  or  four  times,  and 
take  the  mean  of  the  whole. 

The  instrument  is  placed  on  a  pillar  in  the  open 
air,  free  from  any  iron,  and  is  adjusted  before  every 
observation  ^  the  vernier  is  divided  into  half  minutes, 
and  if  the  meridian  be  not  at  a  considerable  distance, 
an  advantage  will  be  gained  by  diminishing  the  aper- 
ture of  the  object  glass  by  a  pasteboard  cap. 

It  may  be  worth  while  to  remark,  that  this  instru- 
ment will  serve  as  a  transit  instrument  for  naval 
officers  to  examine  the  rate  of  their  chronometers 
while  on  shore. 

72.  Dipping  needle.  We  have  already  stated  (art,  7.)  BlppiBg 
that  when  an  uniform  steel  bar  is  first  correctly  sus-  nrrdle. 
pended  at  its  centre  of  gravity,  and  then  magnetised, 
it  will  take  a  certain  inclination  j  one  extremity  dipping 
below  the  horizon,  and  the  other  rising  above  it.  We 
have  seen  also  in  our  historical  chapter,  that  this 
curious  fact  was  first  noticed  in  London,  by  Norman, 
in  157G,  and  that  at  this  time  the  inclination  in  London 
was  more  than  *  l'^.  It  was  many  years  after  this  date, 
however,  before  the  inclination  was  known  to  have  a 
variation,  but  the  fact  has  since  been  well  ascertained, 
and  various  instruments  denominated  dipping  needlex, 
have  been  constructed  with  a  view  of  ascertaining  the 
amount  of  the  dip,  in  different  places,  at  the  same 
time,  or  in  the  same  place,  at  different  periods  j  but 
it  was  only  towards  the  latter  end  of  the  last  century 
that  suflicient  accuracy  could  be  carried  into  their 
construction,  to  render  them  fully  competent  to  the 
delicate  task  they  were  intended  to  perform  ;  indeed 
it  is  questionable,  whether,  even  at  present,  they  are 
not  susceptible  of  larther  improvements.  We  shall, 
however,  ftirnish  our  readers  with  a  description  of  one 
of  the  most  recent  and  improved  construction. 
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Mh^ne^AEm.  JS.  Dipping  needle  by  Mtssn,  W,  and  T.  GilberL  A 
^^-•"X-^^  perspective  view  of  this  instrument  is  shown  in  fig.  51. 
(lUberUj's  It  consists  of  a  lower  brass  plate,  eupportet!  on  n  pkuic 
boaril  or  stand  by  the  three  adjusting  dcrcvvs  A,  B,  C, 
which  answer  a^  feet ;  on  this  plate,  and  concentric 
with  ill  h  Another  brass  ]»latc,  moveable  on  a  centre 
pin,  like  the  upper  plate  of  a  theodolite.  This  carrier 
two  levels  shown  in  the  figrure,  and  by  means  of  these 
the  instniment  is  mlj listed  to  horizon tallty*  when 
employed  in  experiments*  To  the  u|»per  plate  are 
firmly  attached  the  four  principrd  supports  E,F,G,  H, 
which  bear  the  circular  b(»K,  or  principal  case  for  the 
needle  ;  this  beintc  furnished  with  two  g*lass  faces, 
which  are  easily  removed  and  replaced  at  pleasure. 
Across  this  case  are  firmly  fixed  tvto  brass  bars,  one 
of  which  1  K,  is  seen  at  lar^,  and  another  equal  bar 
just  appears  behind  it,  in  the  figure,  the  upper  edge 
of  each  being  a  little  below  the  horizontal  diameter 
of  the  circular  case  :  to  the  centre  of  each  of  these 
crofts  bars  is  attached,  by  6ereiv*»,  admitting  of  adjust- 
ment, two  other  brass  pieces^  furnished  on  the  upper 
side  with  two  finely  polished  planes  of  ae:ate,  ufM>n 
-which  the  axis  of  the  needle  N  S,  rests,  and  on  which 
it  turns  freely.  The  brass  boxes  P,  Q,  attache^l  to 
the  side  of  tbe  principal  case,  arc  for  the  following 
purpose.  Inside  the  fixed  cross  bars  I  K,  arc  two 
thin  moveable  pieces  of  brass,  which  tijrn  on  an  tiids 
in  the  case  Q,  and  are  raised  and  lowered  by  uieanK  of 
the  milled  head  11,  in  the  box  P  ;  this  pin  carrymg 
an  eccentric  piece  of  brass  inside  for  the  purj>osc. 
The  rnitldle  of  each  of  these  inside  pieces  is  cut  in  the 
form  of  a  y,  so  that  when  ihe  pin  U  is  turned,  the 
axis  of  the  needle  is  cautiht  into  the  j/*s,  and  lifted  off 
the  ai^ate  planes  j  and  when  the  pin  is  turncrl  back 
ag-ain,  the  y's  leave  the  axis  on  the  a^ate  planes, 
exactly  coinciding  with  tire  centre  of  the  graduated 
circle  j  the  i/s  being  carefully  adjusted  for  the  purpose. 
Without  this  contrivance  it  would  be  impossible  to 
prevent  the  axis  slipping  on  one  side,  and  thus  ren- 
dering the  circular  arc  and  the  needle  eccentric,  and 
consequently  destroying  the  accuracy  of  the  instru- 
ment. In  the  particular  needle  in  question,  the  ends 
K,  S,  are  graduated  so  as  to  answer  the  purpose  of  a 
vernier  scale  to  6'j  viz.  the  arc  is  <livided  to  half 
degrees,  and  the  needle  is  exactly  such  as  to  admit  of 
five  degrees  of  the  arc  being  set  oflf  upon  it  in  its 
whole  breadth ;  and  this  being  divided  into  twelve 
equal  parts,  obviously  admits  of  reading  down  to  every 
C]  this  division  however  is  not  attempted  in  the 
dniwing.  The  instniment  is  also  furnished  Avith  a 
small  microscope  for  reading  oflf  j  it  is  so  attached  to 
the  rim  of  the  gltiss  face  as  to  be  easily  put  round  to 
nny  place  where  the  needle  settles.  The  screw  M, 
fieen  on  the  circular  plate,  is  for  the  purpose  of  clamp- 
ing the  two  plates  when  the  instrument  has  been 
brought  into  the  meridian,  or  into  any  other  proposed 
direction,  which  is  sometimes  cifected  by  a  tangent 
«ercw  applied  at  this  place.  Every  dipping  needle  is, 
or  ought  to  be,  provided  with  a  horizontal  needle^ 
which  turns  on  a  point  attached  to  some  part  of  the 
instrument,  and  furnished  with  indexes  or  lines  parallel 
to  the  face  of  the  principal  brass  box  or  case,  for  the 
purpose  of  bringing  the  latter  iuto  the  plane  of  the 
meridian.  In  the  instrument  we  are  describing,  the 
liorizontal  needle  turns  on  a  point,  fixed  in  a  brass 
plate,  which  latter  is  nicely  fitted,  so  as  to  be  easily 
placed  Just  above  the  agate  planes^  the  dipping  needle 


being  remoTed ;  and  when  this  adjustment  is  made 
the  horizontal  needle  is  taken  away,  and  the  farmer  ^ 
rested  on  its  agate  planes  as  above  described. 

Formerly  dipping  needles  were  ma^le  ut^on  a 
scale,  viz,  the  needle  was  commonly  twejve  or  llvirL 
inches  in  length  ;  latterly  they  have  been  made  i 
not  being  more  than  eight  or  nine  inches,  mid 
ticular  instrument  above  described  has  its  needle 
six  inches  in  length  ;  and  as  far  as  our  practice  | 
these    instrumeftta,    we    have  invariably    found 
smaller  the  instrument  the  more  accurate  its 
This  however,  of  course,  has  its  limits,  and  ]_ 
six  inches  is  the  least  dimensions  that  ctm  smfidy 
depended  uprm  ;   al though  fr«  should   much   like  tol 
eee  the  attempt  made  oa  a  needle  of  only  four  inches.! 
It  is,  of  course,  of  great  importance  to  reduce  the  size  ] 
of  dipping  needles,  not  only  on  accouiat  of  rcmkiiitg 
them  less  expensive,  but  because  they  thas  become 
more  portable,  and  consequently  more  uscfiii. 

0/  ifie  use  qf  the  difping  ne&lle^  and  meiliod  of  aUx::/' 

74,  The  instrument  being  placed  on  a  ste  i  ! 
dation,  and  at  a  dintance  from  any   iron,  it  i 
be  very  correctly  levelled,  by  adjusting  with  t!i 
which  serve  for  its  snpport ;  this  Ijeing  eflFect 
position,  the  clamp  screw  is  loosencdrthe  U; 
turned  on  the  one  below,  and  any  further  a 
made  that  may  be  neccssar\'  j  this  part  of  tf 
tton  being  precisely  the  same  as  that  wkli  the  i 

theodolite. 

One  of  the  glass  faces  is  now  to  be  removed,  and 
the  horizontal  needle  and  its  plate  applied  to  its  jTro|icr 
place  abo\e  the  agates,  or  to  any  other  place  intended 
for  it,  Tiie  instrument  is  oow  turn^  till,  by  meiBm 
of  this  needle,  the  face  of  it  is  found  to  be  exardy  in 
the  plane  of  the  magnetic  meridian,  when  the  cimp 
screw  is  turned^  and  the  whole  rendered  pexfectly  finn 
and  secure. 

The  horizontal  needle  is  now  to  be  removed,  nnd 
the  dipping  needle,  resting  by  its  axis  on  tbe  hoiixoiiUd 
agate  planes,  is  left  to  vibrate  ;  the  glass  fiuie  Wflf 
replaced,  when  the  vibrations  have  nearly  subsided, 
turn  the  st  rew  head  R,  thereby  lifting  tbe  needle,  «ni 
supporting  it  in  the  y's;  and  which  now,  when  agnla 
let  down,  wiU  have  its  axis  eicactly  comcidlng  with 
the  centre  of  the  graduated  arc. 

Every  thing  being  thus  prepared,  apply  a  small  ma^^net 
near  one  extremity  of  tlie  needle,  thereby  drawing  it 
out  of  its  present  state  of  rest  ;  then  removing  ibe 
magnet  leave  the  needle  to  vibrate  till  it  settles,  and  if 
it  be  properly  adjusJed  it  will  now  point  out  the  dip 
sought,  which  at  this  lime  in  London  is  about  70°, 

It  is,  however,  very  rarely  that  a  needle  can  be  so 
nicely  balanced  as  to  give  the  exact  dip  at  a  single 
observation  ;  the  usual  mode  of  proceeding  is  there- 
fore as  follows  :  Having  taken  eight  or  ten  observa- 
tions by  vibrating  the  needle  so  majiy  times,  as  oliove 
described,  turn  it  completely  about,  viz.  if,  in  the  first 
instance  the  face  was  to  the  efist,  turn  it  now  to  the 
west ;  or  to  the  east,  if  its  ftice  was  in  tlie  first  instance 
turned  to  the  west ;  which  is  very  easily  effected  by 
the  graduations  on  the  lower  limb  of  the  tnstrameat* 
Here  again  the  same  number  of  obscrvatiuos  arc  to  he 
taken  in  t1*e  same  manner  as  above  j  which,  from  slight 
defects  of  construction,  may  not  agree  precisely  with 
tbe  former :  let^  however^  the  mean  in  botli  casetf  ht  pit- 
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served,  by  dividing  the  sum  of  each  set  of  observations 
by  the  number  of  them.  The  needle  is  now  to  be 
reiaovetl  from  the  box,  anil  its  poles  inverted  by  any 
of  the  metbmb  of  magnetising:  tleacnbcd  in  section  11. ; 
90  that  when  replaced  on  its  axis,  that  end  wlirch  was 
before  below  the  horizon  will  be  now  above  it,  and  i£ 
the  neeiUc  be  correctly  balanced  by  exactly  the  same 
quiiniity  }  but  if  not,  iis  is  most  likely  to  luippen,  we 
must  get  two  other  means  tis  above,  and  the  general 
mcfin  of  the  four  will  be  very  nearly,  or  exactly/  the 
true  dip. 

The 
iUustrute  the  ubuve  dli'ec lions  : 


following  set  of  observations  will   serve  to 


Face  of  instrament  to  the  cnst,        Fiicc  ol  instrumcat  to  the  west. 


Obser. 

o 

/ 

Obior. 

o 

/ 

1 

70 

l^ 

I 

70 

0 

2 

70 

0 

o 

70 

0 

3 

CD 

50 

3 

70 

0 

4 

69 

54 

4 

70 

0 

5 

09 

54 

5 

70 

0 

G 

69 

54 

G 

70 

0 

7 

70 

0 

7 

70 

0 

8 

70 

0 

.    B 

70 

0 

9 

70 

0 

9 

70 

0 

10 

70 

o 

10 

10) 
Mean 

70 

0 

10) 

699 
69 

44 
56-4 

roo 

0 

Mean 

70 

0 

Poles  inveried. 

Tnce  to  the  coat.  Face  to  tbc  wcbU 

Obscr.  ^  ^  Olifier*  n  , 

1  69  54  1  69  54 

2  (J9  54  2  70  O 

3  69  52  3  70  0 

4  69  50  4  70  O 

5  G'J  54  5  70  O 

6  tSD  51  6  70  C 
r  69  54  7  70  6 

8  69     54  8         70       6 

9  ti9     no  9         70       6 
10           69     54                  10         70       O 

10)  COS     50  10)  700     IB 

Mean    69     53  Mean    70       IS 

First  mean 69  58'4 

Second  mean 70  O 

Thirt!  mean  ,.....,.  69  53 

Fi>urth  mean 70       1-8 

4)  '279     ^^^'^ 
True  dip     69     58-3 

It  appears,  by  examining  the  preceding  reaults^  that 
there  is  an  uncertainty  ia  the  action  of  the  needle 
amounting  to  15'  or  liZ-j  the  dip  in  the  different  obser- 
vations in  the  same  set  of  results  varying  by  this 
quantity,  and  we  never  before  used  a  needle  in  which 
the  agreeuieut  fell  within  such  narrow  limits  }  this 
tlierefore  is  not  to  be  considered  ai  a  defect  in  the 


jmrtieular   instrumeiit   in   question,    but  as    a   fault    F^t  H. 

common  to  idl  dipping  needles  acting  on  these  prln-  ^•>mm^y,^-mm 
clples.  Indeed,  if  we  examine  the  nature  of  the  force 
by  which  the  needle  is  brought  into  its  direction,  we 
shaU  see  that  it  Viiries  as  the  sine  of  the  angle,  between 
its  true  position  and  that  in  whicli  it  is  actually  found 
at  any  timt* ;  arul  therefore  when  the  needle  is  within 
15'  of  its  naturul  poftitiun,  the  lever  by  which  the 
power  is  communicated  to  the  needle  is  only  ctfiial  to 
the  sine  of  15' ;  or  the  power  of  the  terrestrial  mag- 
netism cm  the  needle,  in  this  position,  is  to  the  same 
>vliea  I  lie  latter  is  at  rii^ht  angles  to  the  dip»  iuj  radius  to 
sine?  15'  or  iig  I  :  "0043,  It  is  obvious  therefore  that 
the  least  possible  defect  in  the  axis,  or  the  iutcr[>osi'' 
tion  of  the  smallest  paiticle  of  dust,  will  be  sufBcient 
to  stop  the  motion  of  tiie  needle,  and  lead  to  that 
inaccuracy  in  tlic  results  that  has  been  noticed  above. 

Another  vteihod  ofcomtrucHon, 

75.  The  above  considerations  htive  led  to  another  Maycr^i 
niethod  of  construction,  or  principle  of  observation,  «l*pplo«^ 
xvhich  will,  we  have  no  doubt,  be  attended  with  con-  "^*^^ 
siderable  advantages.    It  consists  in  tapping  the  needle 
with  a  tine  interior  screw,  to  receive  a  line  steel  screw 
Avhich  projects  some  distance  from  the  needle,  and  on 
"whi^h  traverses  a  small  bra^s  balL     Hy  this  means  the 
needle  1?%  dcJlcrted  any  quantity,  at  pleasure,  from  the 
iictual  dip,  and  by  this  means  the  terrcstriid  action 
upon  it  increased  in  almost  any  proportion  j  this,  as 
we  have  seen,  always  vuryiug  as  the  sine  of  the  angle 
between  the  natural  line  of  the  dip  and  the  pubitiou 
of  the  needle. 

M'ith  an  instrument  thus  constructed  we  never  gtt, 
by  observation,  the  correct  1]]^,  the  position  of  the 
needle  being  partly  due  to  magnetism,  and  partly  to 
gravity  •,  but  by  rcscrvir\g  the  instruuient,  as  in  the 
preceding  experiments,  the  effect  of  gravity  may  be 
srparntcd  from  that  of  the  terreslrial  magnetism,  and 
the  correct  dip  computed  to  the  greiiteat  accuracy. 

Let  us  conceive  the  needle  to  be  truly  coitst  rue  ted, 
and  the  screw  correctly  inserted  as  supposed  above* 
Let  the  true  dip  of  the  needle  be  denoted  by  I,  and 
the  observe' d  angle  with  the  face  of  the  instrument  iti 
one  direction  by  F,  and  in  the  oj>posite  one  by/;  the 
former  exceeding,  and  the  latter  being,  of  course,  less 
than  ^.  Call  the  weight  of  the  ball  and  screw  W,  and 
the  force  of  miignetism  M  j  then  as  the  needle  is  by 
the  sujjpositiou  in  equilibrio  in  these  two  positions, 
we  shall  hare 

sin/,  W  =  sin  (^-/)M 
sinF.W  =rsin  (F  —  a)  M 
Hence  sin  (B^f)  _  sin  (F  —  f ) 

sin/  Bin  F 

or,  sin  c  cos/—  siu/cos  2      sin  F  cos  B  —  sin  l  cos  F 

sin/  ""  sin  F 

or,        sin  I  cot/—  cos  r  :s  cos  c  —  cot  F  sin  d 
Whence  dividing  by  sin  c,  we  have 

cot  ^  =  j  (cot  F  4-  cot/) 
that  is,  the  cotangent  of  the  dip  is  always  equal  to  half 
the  sum  of  the  cotangents  of  the  two  observed  angles, 
with  the  face  of  the  instrument  to  the  cast  and  to  the 
■west.  This,  however,  supposes  that  the  needle  is 
constructed  with  every  possible  degree  of  accuracy, 
so  that  prior  to  its  being  magnetised,  it  will  balance 
itself  on  iti  axis  like  the  beam  of  ou  assay  balance, 
5c  « 
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Magnetism,  living  the  brass  weighty  or  sphere,  vertically  below 
^^-,,^«^  the  line  of  suspension  ;  a  nicety  not  easily  attained  : 
it  will  therefore  in  this  case,  as  in  the  former,  be  better 
to  invert  the  poles  of  the  needle,  and  to  obtain  the 
four  angles  due  to  the  four  positions  of  the  instru- 
ment :  then  calling  the  first  two  arcs  F  and/,  and  the 
two  latter  O  and  g,  take 

tanF  -f  tan/=  A  ^ 

tanF  —  tan/=  B 

tan  G  -f  tan  ^  =  C 

tan  G  —  tan  ^  =  D 

A.D     .     B.C 

then  2  cot  a  =  ^-^  +  5-^ 

See   Transactions  of  the  Royal  Society  of  Sciences  at 
Gottingen  for  1814. 

To  determine  the  dip  of  the  needle  in  any  place,  by  com' 
paring  the  times  of  its  performing  a  given  number  of 
vU)rations  in  different  positions, 

Dipde-  76*  When  adipping  needle  of  the  usual  construction^ 

dnced  from  is  arranged  in  the  plane  of  the  meridian,  it  will>  as  we 
if*J;iISf*  ^^®  Been,  take  up  the  line  of  the  dip  either  exactly 
"'"'*"  or  approximatively ;  but  as  there  will  always  be  some 
doubt  of  the  accuracy  of  the  results,  in  consequence, 
of  the  extreme  delicacy  of  these  instruments,  every 
means  of  detecting  error  and  correcting  the  observa- 
tions should  be  had  recourse  to,  and  the  two  following 
are  perhaps  the  best  that  can  be  employed  $  the  first 
being  best  adapted  for  those  parts  of  the  earth  where 
the  dip  is  small,  and  the  second  where  it  is  con- 
siderable. 

First  method. 

First  77'  When  the  needle  is  in  the  meridian,  and  nearly  m 

method,  the  line  of  the  dip,  the  whole  force  M,  of  the  terres- 
trial mngnetism  is  employed  in  producing  its  vibra- 
tions 'y  but  when  it  is  placed  with  its  face  to  the  north 
or  south,  in  which  case  the  needle  becomes  vertical, 
the  force  which  produces  the  vibrations  will  be,  by 
the  principle  of  the  resolution  of  forces,  only  M  sin  B, 
B  denoting  the  dip  j  therefore  the  time  in  which  a 
given  number  of  oscillations  are  performed  in  the 
two  cases,  will  be  as  V  M  sin  B  ;  V  M,  or  as  V  sin 
0  ;  1 .  Let  therefore  f  be  the  time  of  performing  any 
number  (as,  for  example,  100)  vibrations  with  the 
needle  in  the  plane  of  the  meridian,  and  T  the  time 
of  performing  the  same  with  the  face  to  the  north  or 
south,  that  is  in  a  direction  perpendicular  to  the 
meridian  j    then  it  is  obvious  that  we  shall  have, 

t^  :  T« : :  sin  a  :  i 

whence,  sin  a  =  — 

the  sine  of  the  dip  sought. 

Second  method, 

78.  The  force  which  gives  direction  to  the  horizontal 
needle,  is  to  that  which  gives  direction  to  the  dipping 
needle,  as  M  cos  a,  to  M,  as  is  obvious  from  the  simple 
resolution  of  the  forces.  If  therefore  the  same  needle 
can  be  hung  so  as  to  vibrate  first  in  the  dip,  and  then 
horizon tidly,  and  the  times  employed  in  making  a 
given  number  of  vibrations  in  each  case  be  denoted 
as  before  by  t  and  T,  we  shall  have  as  above, 

«=  :T=::Mcosa  :M    • 

or  COS  a  =  ~ 


Second 
method. 


Note,  The  best  way  of  obtaining  the  vibration  in  Nifl 
the  horizontal  direction,  is  to  suspend  the  needle  by  ^^v^ 
attaching  a  piece  of  untwisted  silk  to  its  axis,  and  to 
balance  it,  if  necessary,  by  a  small  piece  of  leaf  cop- 
per :  the  vibrations  should  be  performed  under  cover, 
and  the  piece  of  untwisted  silk  of  as  great  a  length  as 
possible.  Captain  Sabine  took  the  dip  of  the  needle 
in  London,  in  September  J  821,  by  each  of  the  three 
latter  methods,  and  his  results  agree  so  nearly  with 
each  other,  as  to  confirm  in  a  remarkable  maiuier  the 
accuracy  of  each.    They  are  as  fielow : 

Dip. 

By  ten  experiments  with  Mayer's  needle. .     70®  OW 

By  the  times  of  oscillation  in  the  magnetic 
meridian,  and  in  a  plane  perpendicular 
to  it 70   04 

By  the   times   of  vertical   and  horizontal 

oscillation 70  02'^ 

Mean    70    08 


§  X.  Experiments  made  with  a  view  of  acertaining  the  best 
form  and  other  conditions  of  a  magnetised  needle,  so 
that  its  directive  force  may  be  the  greatest, 

79.  Having,  in  the  preceding  section,  given  a  pretty  p^^ 
general  view  of  the  most  approved  magnetic  instra-  to^, 
ments,  it  will  be  proper  to  conclude  this  part  of  ouru^^ 
treatise  with   an  examination   of  the  circumstancet'^j^' 
under  which  the  needle,  which  is  common  to  thein^,^! 
all,  may  be  rendered  the  most  efficacious  as  (km 
this  depends  on  its  form,  description  of  steel,  temper, 
&c. 

In  this  examination  we  shall  avail  ourselves  of  the 
experiments  of  Captain  Kater,  which  were  wholly 
directed  to  this  inquiry,  and  which  seem  to  leave 
little  farther  to  be  desired  on  this  subject. 

80.  Two  needles  were  prepared  of  blister  sied,Ca^ 
and  two  of  spur  steel,  the  weight  of  each  was  sixty- &fc^' 
six  grains.  They  were  of  the  form  of  a  long  ellipse, r"^ 
in  length  five  inches,  and  in  width  half  an  inch.  One 
of  each  sort  was  pierced  in  the  middle,  the  other  an 
uniform  plate  -,  but  the  former  made  thicker  than  the 
other,  that  the  weights  might  be  the  same  in  both, 
although  there  was  considerable  difference  in  the  • 
extent  of  surface. 

Captain  Kater  had  also  two  needles  made  of  shear 
steel,  in  the  shape  of  a  rhombus  j  they  were,  when 
complete,  of  the  form  shown  in  fig,  36,  the  cross  piece 
of  one  being  of  brass,  and  in  the  other  of  steel.  TTie 
weight  of  each  of  these  needles  was  forty-five  grains. 
To  ascertain  the  directive  force,  the  author  employed 
the  balance  of  torsion.  This  instrument,  as  is  well 
known,  consists  of  a  fine  wire  attached  to  an  index 
moveable  round  a  circle  divided  into  degrees  ;  to  the 
other  end  of  the  needle  is  fixed  a  cradle,  to  receive 
the  needle  which  is  the  subject  of  experiment.  The 
needle  being  in  the  magnetic  meridian  when  the  wire 
has  no  torsion,  is  afterwards  forced  to  deviate  from  it 
to  a  mark  distant  about  (>0°,  by  turning  the  index,  and 
consequently  twisting  the  wire.  The  number  of 
degrees  passed  over  by  the  index  will  be  as  the  direc- 
tive force  of  the  needle. 

The  needles  above  described  were  first  made  soft, 
and  then  hardened  merely  at  their  ends  ;  they  'w^rc 
not  polished,  and  were  magnetised  to  saturation. 
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Experiment  h 
[Needles  soft  and  then  hardened  at  the  ends.] 

Wo  i  gilt    Direr  tire 
of  needle,      force. 

Blister  steel,  solid  ellipse 6*6         500 

Blister  steel,  open  ellipse 66         540 

Spur  steel,  solid  eHipse 6(S         540 

Spur  steel,  open  ellipse  ., G6         f»00 

Shear  steel,  rhombus 45         235 

Shear  sleel,  rhombus  %vith  cross  piece 

of  brass ..,*,..  45         435 

By  the  experiments  on  ma^etism,  byM.  Coulomb, 
it  ajjpears  that  the  directive  forces  of  needles  of 
similar  form  are  to  each  other  as  their  masses ;  the 
directive  force,  therefore,  of  a  needle  of  the  form  of  a 
pierced  rhombus  of  siitty-si3£  grains  would  be 
expressed,  according  to  the  preceding:  exi>criment,  by 
638.  From  many  other  experiments  made  by  Captain 
Kater^  but  not  registered  at  the  time,  it  appeared 
that  shear  gteel  was  capable  of  receiving  the  greater 
magnetic  force,  and  that  the  pierced  rhombus  was  the 
best  form  for  a  compass  needle,  Needles  of  cast 
steel  were  tried^  but  found  so  very  inferior  as  to  be  at 
once  rejected. 

81,  The  next  object  was  to  determine  the  effect  of 
f  polish,  and  of  various  modes  of  hardening  and 
tempering  the  needles  j  with  this  view,  in  addition  to 
the  former  needles,  two  were  made  of  dock  spring  of 
the  pierced  rhombus  form,  five  inches  long\  two  inches 
wide,  and  weighing  sixty-six  grains.  One  of  these 
"was  first  softened,  then  hardened  at  the  ends,  and 
left  unpolished  ;  the  other*  as  well  as  the  solid  ellip- 
tical needle  of  S]Hir  steel,  was  hardened  throughout, 
and  polished.  The  needles  were  then  magnetised  to 
saturation. 

Ejtpetlmeni  II, 

Directire  force. 

Unpolished  rhombus,  hard  at  the  ends, HOO 

Polished  rhombus,  hard  throughout 367 

Pol  i  s  li  e  d  el  I  ip  t  i  c  ill  u  ee  d  I  e ,  h  ard  t  h  roughout . ,      380 
Polished    elliptical    needle,    softened    in   the 

mifldle  by  laying  it  on  a  red  hot  poker. ,  . .      620 
Polished   rhombus,  softened  in  the  middle  in 

the  same  manner. , , .,..,.,.,..      590 

The  needles  were  now  laid  aside  iiil  the  foilowing  dny, 
when  the  directive  force  was  again  exammed. 

Unpnlislied  rhombus,  hard  at  the  ends 805 

Polished  elliptical  needle,  softened  in  the  middle   6^5 
Polished  rhombus,  sofiened  in  the  middle  . ,      580 

The  polished  rhombus  was  now  softened  through- 
out, and  (■he  extremities  being  hardened  at  a  red  heat, 
the  directive  force  was  found  to  be  SOO.  It  is  scarcely 
necessary  to  say,  that  the  needles  were  remagnetisetl 
to  saturation  previous  to  each  experiment. 

From  these  experiments  the  author  draws  the 
following  conclusion. 

That  of  the  steel  employed,  shear  steel  is  the  best 
kind  for  compass  needles. 

That  the  best  form  for  a  compass  needle  is  that  of  a 
m    pierced  rhombus, 
f        That  polish  has  no  influence  on  the  directive  force. 

That  hardening  the  needle  throughout,  considerably 
diminishes  its  capacity  fi>r  ina^etism. 

That  a  needle  sofl  in  the  middle,  and  its  extremities 
hardened  at  a  red  heat,  appears  to  be  snsceplible  of  the 
greatest  directive  force.  That  the  directive  force 
does  not  depend  on  the  extent  of  surface,  but  on  the 
mass* 


82.  Tlie  next  experiments  were  made  with  three 
neediest,  two  of  which  were  rcrtangular  pandle  log  rams  ^ 
of  equal  lengdi  and  weight,  hut  the  one  only  half  the 
width  of  I  lie  other.  The  third  needle  was  a  pierced 
rhombus  ;  the  whole  were  made  of  clock  spring. 
These  needles  were  made  perfectly  hard,  and  mag- 
netised, as  was  always  *he  case,  to  saturation, 

Ejj^fTiment  111, 
[N<?cdleii  perfectly  hard.] 

Directive  force* 

Wide  parallelogram 490 

Narrow  parallelogram 480 

Pierced  rhombus  . .  . , , ,  ♦  , ,      53^ 

An  accident  happened  to  these  needles  which 
rendered  them  unfit  for  further  experiment.  It  how- 
ever appears  from  that  above  slated,  that  the  directive 
force  is  nearly  aa  the  mass,  and  not  its  the  surface  ; 
and  that  the  pierced  rhombus  is  superior  to  the  paral- 
lelogram. 

M,  Coulomb  having  found  that  a  needle  of  the 
rhombus  form  that  was  pierced,  and  which  he  called 
"une  lame  iadk^e  enflrche,"  was  susceptible  of  a  greater 
directive  power  than  a  parallelogram.  Captain  Kater 
was  therefore  desirous  of  repeating  this  experiment, 
as  well  as  comparing  this  form  with  the  pierced 
rhombus.  For  this  purpose  four  needles  were  made, 
four  inches  and  a  half  long,  each  weighing  sixty- three 
grains  J  one  was  a  parallelogram,  0*44  inch  ^^idej 
another  a  rhombus,  whicli  we  may  call  the  large 
rhombus,  OS  wide  ;  the  third,  a  pierced  rhombus, 
14  wide  in  the  middle,  having  its  sides  0  2  wide; 
these  were  made  of  clock  spring.  The  fourth  needle 
or  rhombus,  whicli  may  be  called  the  small  rhombus, 
D'4  wide,  was  made  of  that  kind  of  steel  which  is  used 
for  saw  blades,  or  shear  steel.  This  hist  needle  was 
much  thicker  than  the  other.  The  steel  of  whicii 
these  needles  were  made  had  been  exposed  to  a 
sufUcient  degree  of  heat  to  render  it  soft  enough 
to  be  workedj  and  in  this  state  the  needles  were 
magnetised. 

Ejrptrimeni  IV, 
[Steel  soft  fts  worked.] 

Dircclire  force. 

Parallelogram , .  . .  7^0 

Small  rhombus  . 530 

Large  rhombus    .,,....;;,*#...• 7^5 

Pierced  rhombus 813 


Experiment  V- 
[The  ends  of  tbc  neeillcs  at  aa  obscure  red  beat.] 

DircctiAT  force. 

Parallelogram » •  715 

Small  rhombus ^ ^77 

Large  rhombus     * ♦ .  -  < 79^ 

Pierced  rhombus , . . , .  840 

Erperitneni  VL 
[The  roda  hardened  at  a  red  heat.] 

Directive  foree. 

Parallelogram 74» 

Small  rhombus    * •  •  ^"3 

Large  rhombus * 7^5 

Pierced  rhombus •  •  *  *  ^^^ 
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Ma^etism.  Erperiment  VII. 

^^•^^V^"*^  [Hardened  with  a  bright  red  heat,  and  then  softened  by  a  red 
heat  from  the  middle  towards  theends,  the  extremities  for  aboat 
an  inch  remaining  hard.]  Directive  f<ffce« 

Parallelogram 611 

Small  rhombus    710 

Large  rhombus    660 

Pierced  rhombus 685 

Experiment  VIII. 
[Softened   at  a  red  heat  between  two  plates  of  steel,  tlie  whole 
belnff  allowed  to  cool  prndimllv,  and  then  the  extremities  of  the 
needle  hardened  at  a  red  heat  J  Directive  force. 

Parallelogram 520 

Small  rhombus 585 

Large  rhombus 554 

Pierced  rhombus 590 

Effect  of  As  it  appeared  from  the  above  experiment  that  the 
repeated  needles  had  suffered  a  gradual  deterioration,  it  was 
heating.  imagined  that  this  might  have  occurred  in  consequence 
of  their  having  been  exposed  to  the  heat  of  a  coal  fire, 
by  which  some  portion  of  the  carbon  of  the  steel  might 
have  been  destroyed  j  they  were  therefore  recar- 
bonized,  by  surrounding  them  with  shreds  of  leather, 
and  exposing  them  for  several  hours,  in  a  close 
vessel,  to  a  considerable  beat.  After  they  had 
gradually  cooled,  the  ends  were  hardened  at  a  red 
neat. 

Eiperiment  IX. 
[Needles  soft  and  then  the  ends  hardened  at  a  red  heat.] 

Directive  force. 

Small  rhombus    477 

Large  rhombus    415 

Pierced  rhombus 450 

Here  we  may  remark,  that  though  the  needles  were 
apparently  in  the  same  state,except  being  recarbonized, 
as  in  the  last  experiment,  they  had  suffered  con* 
siderable  deterioration. 

The  needles  were  now  covered  with  a  mixture  well 
known  to  workmen  to  prevent  decarbonization ;  this 
had  been  before  neglected,  but  was  used  in  all  the  sub- 
sequent experiments.  They  were  hardened  at  a  bright 
red  heat,  and  afterwards  tempered  throughout  rather 
beyond  a  blue  colour.  The  large  rhombus  and 
parallelogram  were  accidentally  broken. 

Erperiment  X. 
[Hardened  at  a  bright  red,  and  then  tempered  beyond  a  blue.] 

Dircctire  force. 

Small  rhombus     660 

Pierced  rhombus 577 

From  these  last  experiments  little  can  be  gathered, 
except  that  the  needles  became  less  susceptible  of 
directive  force  from  repeated  exposure  to  heat,  and 
that  this  effect  was  not  occasioned  by  a  decarbonization 
of  steel.  The  small  rhombus  of  saw  blade,  perhaps 
from  being  the  thickest,  suffered  less  than  thos^ 
made  of  clock  spring.  The  springs  of  clocks  are  made 
by  passing  the  steel  between^  rollers  ;  and  it  thus 
undergoes  great  compression.  May  not  this  state 
be  favourable  to  magnetism  -,  and  the  repeated  expan- 
sion of  steel  by  heat,  destroying  this  state,  have 
occasioned  the  deterioration  ? 
Expcri-  ^^^'  The  needles  which  were    made  of  saw   blade 

montson     having  suffered  less  than  the  others  in  the  preceding 
other  experiment,    three  .other  needles   were  procured  of 

needles  ^j^jg  material ;  they  were  cut  out  of  the  same  plate ; 
the  weight  of  each  was  1^0  grains,  and  their  length 
four  inches  and  a  half.      One  was  a  parallelogram. 


0*46  inch  wide ;   and  another  a  rhombus  as  before,.  ^i 
0*87  inch  wide  ;  and  the  third,  or  pierced   rhombus  Vi»y« 
having  the  middle  15  inch,  and  its  sides  0-25  wide. 
V    These  needles  were  macle  without  its  being  fcMmd 
necessary  to  soften  the  steel  plate ;   they  coDsequently 
were  all  as  nearly  as  possible  of  the  same  degree  oc 
temper.    In  this  state  they  were  magnetised. 

Experiment  XL 
[Steel  the  same  as  worked.] 

DirectiTC  ibrce. 

Parallelogram 1148 

Rhombus 1020 

Pierced  rhombus 10t>5 

Wishing  to  try  whether  the  needles  were  magnetised 
to  saturation,  these  were  carefully  remagaetised. 

Experiment  XII. 
[Xeedlea  remagnetised.] 

Directive  Ibrei. 

Parallelogram 1140 

Rhombus 955 

Pierced  rhombus 1069 

It  was  now  found  that  the  directive  force,  instead 
of  increasing,  had  lessened  in  each  of  the  needles,  and 
the  author  became  anxious  to  discover  the  cause  of  so 
unexpected  a  phenomenon.  It  has  been  observed  by 
M.  Coulomb,  and  more  fully  entered  upon  by  Biot, 
that  if  a  needle  be  magnetised  to  saturation  by  strong 
magnets,  and  afterwards  weaker  magnets  be  applied, 
the  needle  will  lose  some  part  of  the  force  it  had 
before  acquired.  Now,  if  in  using  the  same  set  of 
magnets,  a  certain  degree  of  force  be  communicated 
to  a  needle,  and  the  magnets  be  afterwards  arranged  in 
a  manner  less  favourable  for  imparting  the  magnetic 
force,  it  should  seem  that  this  second  operation  would 
produce  the  same  effect  as  would  follow  the  use  of 
magnets  of  less  force,  and  that  the  magnetism  of  the 
needle  would  suffer  a  diminution. 

84.  The  method  the  author  had  hitherto  employed  TVcft 
in  magnetising  the  needles  was  that  of  Du  Hamd,  by^^g 
jpining  the  opposite  poles  of  the  magnets,  and  pladug  "^^ 
them  on  the  centre  of  the  needle,  so  inclined  that 
each  formed  an  angle,  as  was  afterwards  ascertained, 
of  about  thirty  degrees  with  the  horizon ;  the  magnets 
were  then  slid  from  the  centre  to  the  extremities  of  the 
needle,  andtheir  poles  being  again  joined  at  the  distance 
from  the  needle,  the  operation  was  repeated.  As  the 
author  could  in  no  way  account  for  the  diminutioi 
of  directive  force  which  has  been  remarked  abtire, 
except  by  supposing  that  he  had  inadvertently 
changed  the  inclination  at  which  the  ma^ets  were 
held,  he  resolved  to  try  whether  a  variation  of  this 
angle  produced  any  considerable  difference  in  die 
degree  of  magnetism  communicated.  For  this  pur- 
pose he  remagnetised  the  needles,  by  laying  the 
magnets,  with  their  opposite  poles  joined,  flat  upoB 
the  needle,  the  junction  of  the  magnets  being  upoa 
the  centre.  They  were  then  separated  and  drawn  to 
the  extremities  of  the  needle,  the  surface  of  the  needle 
and  that  of  the  magnets  being  in  contact  the  whole 
time.  The  poles  were  then  joined  and  the  operatioa 
repeated,  using  but  little  pressure. 

Experiment  XIII. 
niagnct  moved  flat  upon  the  needle  with  little  pressure. J 

Directiw  forte. 

Parallelogram 1^^ 

Rhombus 104» 

Pierced  rhombus 1 130 
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Uhm,  This  manner  of  magnetising:^  therefore,  appears  much 
superior  to  that  before  employ  eel.  The  needles  were 
a^aiii  magnetised  in  ilte  same  manner  as  in  the  last 
experiment,  except  that  the  ends  of  the  magnets 
wcie  pressed  pretty  strongly  sigaitist  the  needle. 

Erperiment  XJV. 
[IVfagDcta  moved  as  before  but  with  strong  firessure.] 

DirectiTc  force. 

Parallelogram 1263 

Kht>m!ms 1005 

Pierced  rhombus  ....*,•,..,. 1131 

No  advantiige  appears  to  have  resulted  from  the 
increased  presiaire,  but  the  arrow  shaped  needle 
siiffered  a  diminution  of  power. 

The  magnets  were  now  iilid  from  the  middle  to  the 
extremities  of  the  ncedlcj  at  an  indination  of  only 
t\Ko  or  three  degrees,  and  the  following  were  the 
results. 

Experhn^t  XV, 
pfagiicts  mcliiicd  iii  an  angle  of  two  or  throe  dcg^rees.] 

Directive  force. 

Parallelogram 127  5 

Rhombus 1051 

Pierced  rhombus  , 1 150 

This  method  appears  to  be  preferable  to  any  the 
author  had  yet  tried;,  and  was  therefore  employed  in 
the  subsequent  experiments  of  the  present  series.  The 
rhombus  of  sixty-three  grains,  which  in  Experiment 
X.  was  left  with  a  directive  force  of  577,  on  being 
magnetised  in  this  mauaer  had  its  power  increased 
to6O0. 

The  ends  of  the  needles  were  now  hardened  at  a  red 
heatj  the  middle  remaining  soft  as  before. 

Experiment  XVL 
[Necdlea  hardened  at  the  ends  at  a  red  lieat.] 

Directive  force. 

Parallelogram . ,      1315 

Rhombus , , 1020 

Pierced  rhombus 1 185 

Experiment  X^TI, 
[Ends  hardened  at  a  brig^lil  red.  ] 

Directive  force. 

Parallelogram 125S 

Rhombus  ,.....,. 970 

Pierced  rhombus 1085 

The  ends  hardened  at  a  red  heat  as  near  to  that 
employed  in  Experiment  XVI,  as  possible. 

Erperimtni  XVIII. 
[Euds  bardeoed  at  a  red  heat.] 

Directive  force. 

Parallelogram , . , , .      1^50 

Rhombus  .  _ H21 

Pierced  rhombus 1205 

Here  it  shoultl  seem  that  an  increase  of  power  was 
obtained  by  the  ends  of  the  needles  having  been  first 
hardened  at  a  higher  temperature,  and  then  at  a 
lower. 

The  needles  were  now  hardened  throughout  at  a 
bright  red  heat. 

Expermieni  XIX. 
[Hardened  througliont at  ft brig^ht  red] 

Dipectjw  force. 

Parallelogram 1 130 

Rhombus 1W5 

Pierced  rhombus 1080 


I 

I 


The  needles  ggltetoifc^  liy  iayiiig  them  on  a  red  hot     Tiirt  U. 
poker  till  they  passed  beyond  the   blue  or  greyish  *^^— ,-*- 
white.     This  was  carried  to  withio  an  inch  of  their 
extremities,  which  remained  hard. 

Experimeut  XX. 
{Softened  from  the  middle  to  a  greyijU  white,  emli  hardened,] 

Dirt'Ctive  farce. 

Parallelogram 13CJ0 

Rhombus .•#*- -    •• .,      U40 

Pierced  rhombus * 1210 

The  tempering  was  carried  throughout  the  needles, 
the  paralielogram  was  reversed  for  another  purpose. 

Erperm&U  XXI. 
[Softened  througboat  to  «  ^rcyisk  white.] 

Directive  ioTce* 

Rhombus I075 

Pierced  rhombus 1 145 

El I'i )  i til '.  ''i t  XXII. 

[Softened  throughout  to  a  grryi$1i  wUile,  tlie  eads  hartlcoed  ftt  a 
red  heat  J 

Directive  force. 

Rhombus 10^5 

Pierced  rhombus .\  .. .      1185 

Experiment  XX III. 

[Uardc&ed  throughout,  and  tlieti  softcued  to  a  greyisti  white,  as 
ill  Exi>erinierit  XXL] 

Directive  force. 

Rhombus  , 1  Ot;5 

Pierced  rhombus 1 180 

This  last  series  of  experiments  presents  a  curious 
circumstauce.  From  the  experiments  made  !iy 
Coulomb,  as  well  ns  from  the  general  tenour  of  the 
above,  the  rhonibus  was  found  capableof  receiving  a 
greater  directive  energy  than  the  jmrallelogram  ;  yet 
here  we  perceive  that  tlie  parallelogram,  though 
formed  of  the  very  same  plalc  of  steel  as  the  other 
needles,  is  not  only,  under  every  circumstance,  superior 
to  the  rhombus,  but  also  to  the  pierced  rhombus.  It 
is  diflicult  to  form  any  plausible  conjecture  as  to  the 
cause  of  this  difference. 

The  weight  of  the  rhombus,  in  Experiment  X.  made 
of  clock  spring,  was  sixty-three  grains  j  that  made  of 
saw  blade  weighed  120  grains  or  very  nearly  double. 
The  directive  encrg}'  of  the  former,  after  having  suf- 
fered great  deterioration,  and  when  not  tempered  in  the 
most  favourable  manner,  compared  with  the  greatest 
directive  energy  of  the  latter,  was  as  ^K)0  to  1210  j 
but  if  we  refer  to  Experiment  VL  it  may  be  seen  that 
the  greatest  directive  energy  of  the  clock  spring 
rhombus  was  8J4;  which  gives  it  an  advantnge  of 
about  one- third  in  directive  energy  over  a  needle  of 
eipial  weight  made  of  saw  blade. 

From  Experiment  XX.  it  should  seem  that  a  needle 
is  susceptible  of  the  greatest  directive  power,  other 
circumstances  being  similar,  when  it  is  burdened 
throughout  at  a  red  heat,  and  then  softened  from  the 
middle  to  within  an  inch  of  llie  extremities,  till  the 
blue  colour  which  arises  has  again  disappeared.  See 
Philosophical  Transactions  for  1821  j  see  also  other 
experiments  by  this  author  in  our  section  IL 

85.  The    importance    of    obtaining    the     greateft  Remftrks. 
possible  directive  power  in  a  compass  needle  will  be  a 
sufRcient  apology  for  the  length  at  which  we   have 
detailed  Captain  Kater'a  experiments,  as  it  will  akci 
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of  ti  card 
biung 
mounted 
with  seve- 
ral ncedk'S, 
Fig.  5:3. 


^  for  the  few  further  remarks  we  have  to  make  on  this 
subject.  It  is  the  opinion  of  many  seamen,  that  in 
rough  ^veather  il  is  necessary  to  give  considerable 
weight  to  the  card  to  preserve  it  steady,  and  it  is  too 
often  done  l>y  loading  it  with  scaling  waxj  the  conse- 
quence of  which  18,  that  the  weight  beiug  thus 
increased  while  the  directive  force  of  the  needle  remains 
the  same,  the  latter  has  not  power  to  overcome  the 
friction  on  the  point ;  and  thus  to  avoid  one  defect, 
another  is  introduced  which  is  of  still  greater  conse- 
quence ;  for  the  card  remaining  steady »  the  steersman, 
unsuspicious  of  danger,  pursues  his  course,  till  too 
frequently  he  is  first  warned  of  the  error  of  his  conqjass 
by  finding  himself  on  a  shore  supposed  at  many  miles 
distance.  We  arc  inclined  to  think  that  this  defect, 
if  weight  be  actually  necesiiary,  might  be  avoided  by 
using  three  or  five  needles  parallel  to  each  other  j  for 
by  this  means  the  weight  and  magnetic  power  increas- 
iJig  in  nearly  the  same  ratio,  the  directive  power  will 
be  the  same  as  in  the  simple  needle,  and  every  neces- 
sary weight  may  thus  be  obtained  without  effecting 
the  due  action  of  the  instrument. 

hiteHiigatio}!  of  the  circumstances  attenditig  the  dirccfive 
force  of  a  comjHis.s  card  carrt/ing  Jive  needles  paraikl  to 
each  othevt  and  placed  at  equal  intervaU,  om  in  figure  5*3, 
plate  V, 

80".  Let  N  E  S  W  represent  the  card  in  question  ; 
NS,  N'S',  N"8^  kc.  being  five  parallel  needles 
crossing  the  diameter  E  VV  at  the  equal  intervals  W  a\ 
a'  b*,  b'  O,  &c.  The  radius  being  1 ,  \V  a  =\,  \V  iz^^h 
and  the  arcs  E  N"  -  48°  12',  E  N'-  70" 3^',  N  N'  = 

Let  I  denote  the  length  of  the  middle  needle,  then 
I  sin  70°  32'=  '942  /  =  length  of  N'  S',  N''^  S"' 
I  sin  48    12  ^  745  I  =  length  of  N'^S^  N^^  S*^ 
And  since  the  directive  forces  of  needles  are  as  their 
masses,  or  as  their  lengths  when  their  other  dimen- 
sions are  the  same   (art,  30,  exper.  14.)   if  we  denote 
the  intensity  of  the  centre  needle  by  i, 

the  intensity  of  N'S',  N'^'S'"  will  be   "942  i 

the  intensity  of  N''  S",  N'*  S'^  will  be  ^45  i 

Ot,  denoting  '9^2  by  tu,  and  '7^5  by  n,  we  shall  have 

leuL^th  of  centre  needle  ^  /,  its  intensity  =  i 

length  of  N'  S\  K'""  S'''  -  m  I,    intensity  =  m  i 

length   of  N''  S^',  N''  S*'  —  n  /,     intensity  —  n  i 

Let  now  the  card  be  freely  suspended  and  drawn  out 

of  its   natural  direction,  so  that  N  comes  to  some 

point  a,  and  N^  to  b  ^  S  to  d,  and  S'  to  c,  and  let  the 

angle  N  O  n,  be  denoted  by  c  3  then  N  O  6  will  be  19"^ 

28'  4-  ^,  and  $  O  c  =  ID''  28^  —  f  ^  or  denoting  the  arc 

K  N'  =  19^  28',  by  a  ;  these  will  become 

N  O  a  =  (T  +  a,  S  O  c  =  rt  —  5 

and  in  the  same  way  representing  thearcNN''i=4l^48' 

by  h,  the  angles  formed  by  the  radii  connecting   the 

extremities  of  the  other  needle  N"  S''"',  will  be  6  +  ?, 

and  h  -*  ?, 

Now  the  power  of  the  centre  needle  to  return  to  its 
proper  direction  by  means  of  the  directive  power  at  a, 
will  he  i  sin  «,  or  taking  into  the  account  the  force  at 
each  extremity  it  will  he  2  i  sin  5.  In  the  needle  N'S 
the  power  fit  b  to  cause  the  needle  to  return  will  be 
m  i  sin  {a  -j-  ^)  and  at  c,  it  w  ill  be  m  i  sin  (a  —  i) 
which  acting  in  opposition  to  each  otijer  will  give  a 
resultant  —  mi  \  sin  (a  -f  o)  —  sin  (a  —  c)  ]  j  and  in 
the  same  way  the  power  which  tends  to  bring  hack 
the  needle  N''  S''  to  its  proper  bearing,  will  be  n  i 


\  sin  (b  -\- 1)  ^  §m  (b  —  B}  }  or,  taking  into  aceonnt    1^^ 
all  the  several  needles,  we  shall  have  for  the  sum  of  p7! 

all  the  directive  forces. 

Needle  N  S  =  i  sin  e  ^^^ 

Needles  N'S',  N'"S  "=2  m  t  { ain  (tf-ha)-sjn  (o-a)  f 
Needles  N'^  S",  N^^  S*'=2  n  1  {  sin  (h  +  B)  -  sin  fc^S) } 
or,  by  reduction ; 

Needle  N  S  =  t  sin  « 

Needles  N'  S',  N'"  S'"  =  4  w»  i  cos  a  sin  ^ 

Needles  N"  S'',  N^^S*^  =  4  »  i  cos  6  sin  3 

Or,  since  i*os  a  =:  ui,  cos  b  =^  n^  these  may  be  expressed 

in  one  sum,  viz. 

directive  force  of  card  or  \  =i  sin?  [2  4-4  (m*  -f  n*) } 
combination  of  needles  /  =  7'769  »  sin  c 

The  directive  force  therefore  of  such  a  combinatioa 
of  needles  will  be  nearly  four  times  that  of  a  single 
needle.  It  may  be  observed,  however,  that  the  weight 
and  friction  on  the  point  being  also  increased  in  nearly 
the  same  proportioi^,  no  advantage  would  be  gained 
by  the  construction  but  for  this  circumstance,  viz. 
that  in  sea  compasses,  and  particularly  in  those  for 
boat,s,  it  is  always  necessary  to  make  the  card*  heavy, 
in  order  to  render  them  steady  :  now,  in  the  present 
construction,  we  have  a  sufficient  weight  for  this 
purpose,  and  il  is  all  cflective  in  giving  direction  to  the 
needle  j  wliercas  when  the  card  is  incumbered  with  a 
dead  weight,  the  power  of  a  single  needle  is  insuffi- 
cient to  bring  it  to  its  proper  bearing  j  and  hence  the 
only  essential  quality  of  the  compass  is,  in  a  grc*t 
measure  counteracted  or  destroyed  ;  whereas,  by  em- 
ploying three  or  five  needles,  the  weight  and  directive 
IKiwer  being  nearly  pro|K>rtional  to  each  other,  wc  thui 
obtain  the  former  quality  without  sacrilicing  the  latter. 


FART  III. 


THEORETICAL     INVESTIGATIONS    CONVKCTED     WITII    THl 
LAWS    OF    MAGNETISM. 

\  XI.  On  the  magneik  propertiei  of  dmple  iron. 

87.  Although  it  is  our  intention  in  this  part  of  ourbitrc^ 
treatise  to  investigate,  on  mechanical  and  theoretical^ 
principles,  the  laws  of  magnetic  action ,  yet  it  will  be 
advantageous  to  the  reader  to  be  informed  of  the 
nature  of  the  experiments  which  led  the  way  to,  and 
laid  the  foundation  of  the  theory  in  question  -,  and  if, 
by  this  means,  we  in  some  measure  blend  experiment 
with  theory,  and  thus  far  internipt  the  scientific  con- 
catenation that  some  readers  might  expect  from  tlic 
title  to  this  division  of  the  work,  yet  we  are  con- 
vinced that  it  wdl  so  much  simplify  the  ideas  we  are 
desirous  of  conveying,  that  we  do  not  hesitate  to  adopt 
this  arrangement,  in  preference  to  that  of  a  rhpA 
adherence  to  the  common  mode  of  treating  physical 
subjects. 

DescripiioTt  of  Mr,  Barlow  s  apparatus  for  making  mag- 
netical  experiments  on  simple  iron  bodies. 

88.  Tills  apparatus  is  shown  in  fig.  54,  plate  VLMt.P 
It  consists  of  a  large  and  svibstantiiU  roiand  ishh^^^ 
rendered  perfectly  steady,  and  its  plane  horizontal. 
Its  upper  tace  is  divided  into  the  points  of  the  compos*.  1^3^ 
degrees,  &.c.  In  its  centre  is  a  hole  eighteen  inctof'*' 
and  a  quarter  in  diameter,  and  above  the  latter  is 
suspended,  by  a  system  of  pulleys,  an  eighteen  iach 
iron  shell,  or  any  smaller  ball  or  shell,  which  hy  lueaas 
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«*i«in»  of  the  pulleys>  (the  power  of  which  is  tiventy-four  to 
^'^^  one,)  tnay  be  rai3ed  and  lowered  at  the  pleasure  of  the 
experimenter.  The  tiibk  is  so  atljusted  that  one  of  its 
diameters  is  brouglit  very  exactly  into  the  magnetic 
lueridian,  and  then  the  whole  is  rendered  perfectly 
firm,  steady,  and  immoveable. 

Every  thing  being"  thus  prepared,  it  is  found,  that 
in  whatever  part  of  the  table  a  couipass  needle  is 
placed,  except  in  the  meridian »  the  south  end  of  the 
needle  is  drawn  towards  the  ball,  when  the  latter  is 
wholly  above  the  plane  of  the  table  j  and  supposing  it 
to  be  considerably  above,  the  first  attraction  is  very 
email  5  but  as  the  ball  descends  the  attraction  increases 
to  a  certain  point,  which  is  the  maximum  j  it  then,  as 
the  ball  is  lowered  still  more,  dimiuishes,  and  at  length 
vanishes  \  continuing  still  to  lower  the  ball,  the  north 
end  of  the  needle  is  attracted  by  it,  and  this  attraction 
now  increases  to  a  certain  point  where  it  is  a  maximum, 
and  thence  decreases  again  towards  zero  as  the  ball  is 
made  to  descend  farther.  This,  as  we  have  stated 
above,  is  found  to  be  the  case  in  whatever  part  of  the 
table  (except  in  the  meridian)  the  compass  is  placed  ; 
that  is,  in  all  casesj  we  pass  throue^h  a  point  ivhere 
the  attraction  changes,  and  w^nere  the  action  of  the 
iron  on  the  compass  is  zero, 

89.  If  wc  examine  the  situation  of  the  ball  at  the 
i>f  tto  moment  when  this  action  ceases,  w^e  shall  find  it  dif- 
^oiL  ferent,  according  to  the  situation  of  the  compass  and 
its  distance  from  the  centre.  In  some  positions  of  the 
compass,  that  is,  when  it  is  due  east  or  west  of  the 
bail,  the  action  is  zero  when  the  horizontal  great 
circle  of  the  ball  is  coincident  with  the  pivot  of  the 
needle,  or  when  the  ball  is  just  half  above  and  half 
below  the  plane  of  the  table >  or  rather  the  plane 
parallel  to  it  passing  through  the  needle  j  but  if  the 
compass  be  between  the  east  or  wxst  and  the  north, 
then^  when  the  action  ceases,  the  ball  is  found  below 
the  plane  of  the  table,  and  it  is  so  much  the  lower  as 
the  compass  is  nearer  to  the  north,  and  more  distant 
from  the  centre.  But  when  the  compass  is  towards 
the  south  of  the  east  or  west,  then  the  centre  of  the 
ball  is  above  the  plane  of  the  table  when  the  action 
ceases  J  and  so  much  the  more  as  we  are  nearer  the 
south,  and  more  distant  from  the  centre  of  the  table. 
These  facts  clearly  show  that  the  several  points  of 
tto  aUrncHon  are,  at  least,  not  situated  in  the  same 
horizontal  plane  ;  but,  if  in  a  plane  at  all,  in  one 
forming  an  oblique  angle  with  the  horizon  descending 
from  the  north  to  the  south. 

After  several  experiments  of  the  kind  above  indi- 
cated,  (in  which  the  compass  was  kept  at  the  same 
constant  distance  from  the  centre  of  the  table,  and  the 
height  or  depth  of  the  centre  of  the  ball,  above  or  below 
the  plane  of  the  table  when  the  attraction  vanished, 
carefully  measured,)  it  was  found,  that  those  points 
of  no  attraction  were  actually  all  situated  in  one  planCj 
and  that  this  latter  formed  an  angle  with  the  horizon 
equal  to  the  complement  of  the  dTp  of  the  needle,  and 
hence  this  fundamental  principle  was  established,  viz. 
iji-        In  every  bail  or  shell  of  plane  unmagnelised  iron  there 
al     exisls  a  plane  of  no  attraction,  or  a  plane  in  which  the 
^^*    iron  produces  no    disturbance  in   ike  tteedle^  and  which 
plane  inclines  from  north  to  south,  fmagneticj  forming  with 
the  horizon  an  angle  equal  to  the  complement  of  Itie  dip. 

90.  Dhison  of  the  magnetic  sphere,  1.  The  plane 
above  specified  obviously  cuts  the  surface  of  the  ball 
in  a  great  circle^  which  may  be  called  the  magnetic 
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equator  of  the  sphere  :  it  ia  represented  in  fig,  54^  by    Pari  ITL 
the  circle  e  q,  v^-^^^^^ 

2.  This  preliminary  step  naturally  suggested  to  the  I^i^l»»ori  oi 
author,  the  idea  of  giving  two  poles   to  this  equator,  **^;°^^5' 
which  would  necessarily  have  a  direction  corresjiond-  sphere. 
ing  with  that  of  the  dipping  needle  :  these  are  indi- 
cated in  the  figure  by  n,  s.  *^^*  ^ 

3.  And  hence  again  by  a  natural  step,  succeeded  the 
idea  of  defining  any  [joint  on  the  sphere  by  its  magnetic 
latitude  and  longitude ;  by  meridian  and  parallels,  as 
indicated  by  sn,  sm  and  1 1,  &c.  The  hemisphere 
below  the  equator  is  considered  as  the  northern,  and 
that  above  as  the  southern  ,  the  latitiule  in  the  two 
cases  having  the  same  designation 

4.  Any  meridian,  at  plefisure,  might  be  assumed  as 
the  principal  meridian  :  the  author  has  taken  that 
w  hich  passes  through  the  east  and  west  pointSj  because 
in  this  meridian  the  attraction  was  supposed  to  be 
greater  than  in  any  other. 

5.  We  have  hitherto  spoken  of  these  circles  as 
applied  immediately  to  the  surface  of  the  ball ;  but  it 
is  obvious  that  by  merely  conceiving  these  planes  to 
be  produced,  to  cut  any  other  sphere  circumscribing 
and  concentric  with  the  ball,  the  same  mode  may  be 
adopted  for  defining  the  situation  of  any  point  in  space 
with  reference  to  the  centre  of  the  sphere.  This  is 
illustrated  in  fig.  55.  Fig.  55. 

6.  Moreover,  instead  of  conceiving  the  imaginary 
sphere  to  surrotmd  the  ball,  we  may  imagine  a  similar 
sphere  to  be  concentric  with  the  pivot  ol  the  needle  : 
then  it  is  obvious  that  the  centre  of  the  ball  will  have 
the  same  relative  position  on  the  latter  sphere  as  the 
pivot  of  the  compass  has  w^ith  respect  to  the  former, 
except  the  name  of  the  latitude  and  longitude  being 
changed,  so  that  the  reference  may  be  made  to  either 
at  pleasure. 

Experiments  made  with  a  view  of  deducing  the  lau^s  of 
magnetic  action  on  di£erent  points  of  the  sphere. 

91,  Having  established  the  above  fundamental  fact  Mr.  Bar- 
relative  to  the  plane  of  no  attraction,  or  the  magnetic  ^9^*8  c*P«^- 
equator,  and  having  found  the  attraction  to  be  of  dif-  ^^™*-'^^** 
ferent  characters  on  its  opposite  sides  ;  and  of  the 
same  character,  but  of  different  magnitudes  in  different 
situations  on  the  same  side  ;  the  next  object  was  to 
ascertain,  whether  the  quantity  of  deviation,  which 
had  obviously  a  relation  to  the  particular  point  in 
which  the  compass  was  placed,  could  be  expressed  by 
any  function  of  the  latitude  and  longitude,  the  distance 
from  the  centre  of  the  ball  and  the  mass  of  the  latter 
remaining  constant*  But  as  it  was  desirable  to  sepa- 
rate  in  this  investigation  the  effect  of  latitude  and 
longitude,  the  first  experiments  were  made  by  positing 
the  compass  in  such  a  situation  ou  the  table,  and  the 
ball  in  such  a  point  in  the  vertical  line,  that  the  former 
might  always  be  found  in  that  circle,  or  principal 
meridian,  in  which  the  longitude  was  zero,  but  in 
different  latitudes,  varying  from  nothing  to  90^,  both 
north  and  south.  The  next  object  therefoic  was  to 
compute  at  what  azimuth  the  compass  must  be  placed 
on  the  table,  and  at  whnt  distance  from  its  centre,  and 
how  much  the  ball  must  be  raised  ab<*ve,  or  depressed 
below  the  plane  of  the  table,  that  the  centre  of  the 
needle  might  be  situated  in  the  plane  of  the  principal 
meridian  at  a  given  distance  from  the  centre  of  the 
ball  and  in  a  given  latitude.  To  effect  this  the  follow- 
ing calculations  were  made,  in  wliich,  however,  instead 
5  u 
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of  supposing  the  UtHude  g-iven,  and  thence  computing 
tbc  arc  of  azimulh  on  the  table,  the  Uvtter  is  assumed 
and  the  former  computed ;  but  this  is  merely  a  matter 
of  convenience,  which  enabled  the  experimenter  to 
place  his  compass  on  some  one  of  his  lixeil  divisions 
on  the  tablcj  and  thereby  throwing  the  fractionul 
results  upon  the  latitude,  instead  of  having  them 
attached  to  his  azimuths.  The  calculations  necessary 
in  this  case  may  be  thus  stated. 

92.  Let  H  Z  R  (fig.  5(J)  represent  the  sphere  con- 
centric with  the  shell  whose  centre  i^  at  C  i  N,  S  its 
north  nod  soutli  poles  with  reference  to  the  etjuator 
QQ'  f  7j  the  zenitb  of  the  sphere  ;  H  R  a  circle  parallel 
to  the  horizon  j  and  S  E  another  circle  or  priucipid 
meridian  passing  through  the  poles,  and  tlirough  the 
mag'netic  cast  and  west  points  of  the  horizon,  where 
it  abo  meets  Q  Q\  Imagine  also  the  cjuadrant 
Z  L  V  to  be  drawn  to  any  point  V  in  the  horizon, 
cutting  SE  m  the  point  L  j  from  L  let  Ml  the  per- 
pendicular L  ]M,  which  will  mecX  tlie  plane  II  R  m  the 
line  joining  V  with  the  centre  C. 

Now  the  arc  E  V  being  supposed  given,  w^e  may 
readily  compute  the  point  L,  where  the  arc  SE  is 
intersected  by  the  quadrant  Z  V,  and  the  arc  L  K  will 
be  the  lalitude  of  that  point,  with  reference  to  Q  Q'  as 
an  equator,  and  the  lines  L  M  and  C  M,  (the  sine  and 
cosine  of  the  arc  V  L  to  any  jissigncd  radius,)  will  shew 
how  much  the  compass  ought  to  be  elevated  above 
the  centre  of  the  bidl,  and  at  what  distance  it  oyght  to 
be  placed  from  the  centre  of  the  table  to  correspond 
with  the  point  L. 

iXi.  The  formuhia  for  theae  computations  arc  as 
follow,   viz.   in    the    right-angled  spherical   triangle 

V  E  L,  we  have  given  the  right  angle  at  Vj  the  angle 
LEV  equal  to  the  dip  and  the  arc  E  V,  to  find  the 
hypothenuse  LE,  or  the  latitude,  and  arc  or  perpen- 
dicular L  W     For  the  former  we  have 

tan  L  E  —  tan  V  E  .  sec  V  E  S 
and  for  the  latter, 

tan  V  L  =  sin  V  E  •  tan  V  E  S 
and  hence  again, 

LM  =  LC.sinVL 
M  C  =  L  C  .  cos  V  L 

V  L  being  the  given  distance. 

By  means  of  this  conjputation  it  was  easy  to  com- 
pute the  latitude  of  a  variety  of  points  in  the  arc  N  E  S, 
and  to  observe  the  corresponding  deviations  of  the 
needle  ;  and  the  results,  when  compared  with  each 
other*  showed  very  distinctly  tliat  there  was  such  a 
relation  between  the  deviations  and  the  several  lati- 
tudei^  as  was  sought ;  for  it  was  found  that  the  rectangle 
of  the  sine  and  cosine  of  the  latitude,  divided  by  the 
tangent  of  the  deviation,  gave  always  a  constant  quan- 
tity. The  law  therefore  in  this  case  might  be  stated 
as  follows ; 

94.  The  tangent  of  deviation  is  proporlional  to  Otc 
rectmigk  of  the  sine  and  cosine  of  ike  iutUiide  /  or  to  Ike 
sine  of  the  double  latitude^  The  mass  and  distance 
being  constant. 

95.  The  next  step  was  to  find  the  law  of  the  deviation 
as  it  dc^^nded  on  the  longitude,  and  here  three  differ- 
ent methods  presented  themselves,  >iz.  first,  the 
compass  might  be  passed  over  a  great  circle  in  whicli 
the  longitude  w  as  constant  j  secondly,  over  a  small 
circle,  in  which  the  latitude  was  constant  j  or  thirdly, 
over  a  circle  in  which  both  the  latitude  and  the  longi- 
tude were  variable.     The  first  and  third  presenting  the 


least  difficult  cases  for  computation  were  thofie  selected   ha 
by  the  author.     The   nature  of  the  operations  in  the' 
former  case  may  be  thus  illustrated 

96,  Let  II  Z  R  (fig.  57)  represent  a  sphere  con- pjj. » 
centric  with  the  bidl,  whose  centre  is  at  C  ;  QQf  the 
equator  j  H  R  the  horizon  ^  N  S  the  nortK  and  soutii 
poles  I  Z  the  zenith  of  the  sphere,  and  $  L  anj 
meridian,  which  let  be  produced  to  meet  H  R  in  B  j 
the  longitude  E  P  of  the  point  P  being  given,  which 
will  also  be  the  longitude  of  the  point  L,  situated  in 
thut  meridian  j  or  we  may  otherwise,  as  in  the  former 
case,  consider  the  point  B  as  given,  and  compute  the 
longitude  of  the  point  P,  or  of  the  meridian  SLP. 
Imagine  also  a  quadrant  Z  V  to  be  draw^n  from  Z, 
perpendicular  to  H  R,  and  cutting  the  circle  S  P  in  Lj 
nlbo  let  fall  the  perpendicular  L  M,  which  will  fall  in 
the  line  joining  V  and  the  centre  C  j  so  will  C  M 
(the  cosine  of  the  angle  L  C  V  to  any  proposed  radius) 
represent  the  distance  of  the  i>oint  L,  from  the  vertical 
axis  of  the  ball,  or  from  the  centre  of  the  table,  and 
L  M  (the  sine  of  the  same  angle)  the  altitude  of  I^ 
aljove  the  plane  II  R.  In  order  therefore  to  have 
the  centre  of  the  coo^ipass  placed  .^o  as  to  coincide  witli 
the  point  L,  the  centre  of  the  ball  must  be  depressed 
below  the  plane  of  the  tabic  by  a  quantity  equal  to 
L  M,  at  the  game  time  that  the  compass  must  f>e 
approximated  towards  the  centre  of  the  table  in  the 
line  V  C,  till  its  distance  is  equal  to  C  M.  The  lati- 
tude and  longitude  may  then  be  computed  as  follow: 
y^  f  the  arci5  E  B,  the  distance  C  L,  and  the  angles 
^''^''  is  C  H,  and  II  C  Q,  or  P  E  It.  i 

Here  tan  E  P  =  tan  long.  =  tan  £  B  cos  F  E  B      ^ 
tan  E  U  P  =  cos  P  E  B  .  sec  E  B 
sin  P  B  =  sin  E  B  .  sin  PE  B 
Kow,  asmning  different  arcs  for  B  \\  we  may  from  the 
preceding  data  find  the  corresponding  arcs  B  L,  \'  L  ^ 
from  B  L  deducting  B  P,  we  shall  have  the  latitude 
PL  of  the  point  L  ;  and  the  sine  and  cosine  of  L  V  to 
any  proposed  radius,  will  give  the  position  of  the  ball 
and  compass  as  cxpLaiucd  above.    The  following  are 
tli^  formulas  for  these  detcrniinations*  viz, 
tan  L  B  =  tan  \'  B  .  sec  V  B  L 
tail  L  V  =  sm  V  B  ,  tan  \^  B  L 
LIM  —  L  C  sin  L  C  V  J  M  C  =  L  C  .  cos  L  C  V 

These  computations  and  the  corresponding  obscrva* 
tions  being  made,  it  ^vas  found  that  the  product  of  the 
fine  of  the  double  latitude  and  cosine  of  the  longitude^ 
divided  by  the  tangent  of  the  deviation,  gave  agola 
the  same  constant  numbers  as  in  the  precetlit^  case^ 
but  with  rather  stronger  aberrations.  WTience  was 
deduced  this  second  law,  viz. 

97-  The  mass  and  distance  remaining  comltrnt,  tht  toM-  Uwl 


gent  of  the  deviation  is  nearly  proportional  ta  Ote  sine  o/*[*  ^ 
tht  double  latitude  multiplied  by  the  cosine  of  the  longiiude^  JtJ} 

These  two  laws  being  estabfished,  the  next  ohjed 
was  to  find  the  law  for  the  distance  9  and  vinth  fM^ 
view  havuig  compared  together  the  constant  numben 
obtained  on  the  principles  above  indicated  at  di&rcat 
distances,  it  was  found  that, 

9S.  M  other  things  being  the  same ,  the  tangent  of  /JUi 
viation  is  inverselif  proportional  to  the  cube  of  the  distancgl- 

It  remained  now  only  to  examine  the  law  ivhidi 
was  observed  with  respect  to  the  mass,  and  hcrt  a 
most  unexpected  result  was  obtained,  vix, 

99.  That  the  tangent  of  the  deviation  u  direcil^ 
portlonal  to  the  cube  of  ike  diameter  of  the  ball  or  j 
hut  is  still  wholly  indepettdent  of  the  mau,  bang  ike 
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in  quaniky  whatever  be  the  ihickneBs  of  the  metal,  pro* 

f^m^  Ptdcil  only  that  it  exceed  about  v<,(4  of  an  inch. 

We  shall  aa  we  proceed  exhibit  the  nuraerical 
results  by  which  these  seveml  laws  have  been  experi- 
mentally established  ^  the  hemls  are  merely  sttitcd  in 
this  place  as  useful  preliminary  Btej>s  to  the  g^eneral 
investigution  on  which  we  arc  now  about  to  proceed* 

§  XII,   Investigation  of  the  analytical  formuh  exhibiting 
the  uuigneiic  action  of  iron  spheres. 

a  of  100»  Although  we  have  lhou|^ht  tt  advantageous  to 
^-  enumerate  the  several  experimental  laws  above 
detailed,  as  a  means  of  indicating  to  the  reader  the 
objects  of  our  investigation,  yet  there  is  only  one  of 
them  that  it  is  essential  to  employ  as  an  established 
experimental  fact,  which  is,  that  last  described  ^  viz. 
that  the  entire  magnetic  power  of  an  iron  sphere  resides  on 
the  surface  and  i$  independent  of  the  solid itt/  ;  this  it  is 
necessary  to  introduce  to  enable  us  to  arrive  at  specific 
numerical  formulas  j  the  other  laws  arc  then  deducib?c 
from  the  investigation,  and  thus  serve  to  confirm 
reciprocally  the  accuracy  both  of  the  experimental 
and  theoretical  deductions, 
hcus,  lOL  The  hypothesis  on  which  we  shall  proceed 
may  be  thus  cniimcratctL 

1.  Magnetic  phenomena  arc  due  to  the  existence  of 
two  fluids  in  a  greater  or  less  degree  of  combination, 
and  such  that  the  particles  of  the  same  fluid  repel,  and 
those  of  an  opposite  nature  attract  each  other. 

2.  These  fluids  in  iron  bodies  exist  naturally  in  a 
state  of  combination  and  equilibriumj  till  that  state  is 
disturbed  by  some  exciting  cause, 

3.  But  if  a  body  already  magnetic,  i.  e.  one  In 
which  the  fluids  are  held  in  a  state  of  separation,  be 
brought  within  the  vicinity  of  a  ni^iss  of  iron,  sneh  as 
is  supposed  above,  the  concentrated  action  of  each 
flniil  in  the  magnetised  body  will  act  upon  the  latent 
fiuids  hi  the  quiescent  body,  by  rei>elling  those  of  the 
same^  aild  attracting  those  of  the  contrary  kind,  and 
thus  impress  upon  the  latter  a  temporary  state  of 
magnetic  action,  which  will  remain  only  while  the 
two  bodies  maintain  their  respective  situations. 

4.  The  quantity  of  action  thus  impressed  upon  the 
iron  body  will  depend, jfrsf,  upon  the  intensity  of  the 
exciting  msignet  j  secondly,  upon  the  capacity  of  the 
quiescent  body  for  magnetism,  or  the  quantity  of  those 
fluids  contained  in  it;  and  i/«rf%^  upon  the  cohesive 
power  of  the  iron  ;  which  latter  quality  determines  the 
depth  to  which  the  eliciting  magnet  is  able  to  disen* 
gage  the  two  fluids. 

I  The  above  embraces  every  case,  viz.  of  any  magnet, 

natural  or  artificial^  developing  the  magnetism  in  any 
given  iron  body;  but  that  to  which  our  attention 
will  be  principally  directed,  namely  the  displacement 
occasioned  by  the  magnetic  action  of  the  earth  on 
spheres  of  iron,  we  shall  fmtl  more  limited  in  its 
results,  and  more  susceptible  of  correct  mathematical 
investigation, 

5.  In  this  case,  for  instance,  we  may  suppose  the 
action  to  take  place  on  every  particle  of  the  mass  in 
lines  parallel  to  each  other,  and  corresponding  in 
direction  with  the  dipping  needle  j  also  that  every 
ptiirticle  is  at  the  same  distance  from  the  centre  of  the 
disturbing  force,  and  consequently  that  the  displace- 
inent  in  each  particle  is  equal  also-  conditions  which 
throw  great  facilities  into  the  analytical  investigation 
of  the  laws  of  action* 


6.  For  the  sake  of  illustration,  let  ABE  D,  fig.  58,  Part  IIL 
represent   a  sphere  of  iron   in   its  non-magnetic  or  v^^^^-,*,,/ 
quiescent  state,  and  let  C  M  be  the  line  in  which  the  Hyiwihi-sis 
terrestrial    mngnetism   is   exerted   from    a  centre  nf  ^""^^™^'*■ 
aclion    M,    wliich    is   at    such    a   distance    thai    tlie  Fig.  58, 
diameter  of  the  sphere  is  inconsiderable  in  comparison 
with  it ;    then  every  particle  on  its  surface,   and  to  a 
certain  distance  within  it,  will  be  acted  npon  by  equal 
powers,    and    in    directions    parallel   to   each   other  j 
whereby  the  fluids  in  the  qnicscent  body,    before  in  a 
state  of  combination,  will  be  separated  in  each  particle; 
and  the  two  fluids  may  now  therefore  be  conceived  to 
form  two   spherical   shells  A  e  B  d,  A  e'  B  <f ,  whose 
centres  of  action  will  be  in  cc\  their  distance  from 
each    other   being  greater  or  less  according  to  tlie 
circumstances  stated  in  No.  4. 

7»  Therefore  in  computing  the  action  of  such  a 
mass  of  iron,  in  its  temporary  state  of  miignetism, 
upon  a  distant  particle  of  magnetic  fluid,  we  may 
refer  it  to  those  centres  j  we  shall  also  asume  tliat  the 
law  of  action  in  this,  as  in  all  other  cases  of  emanating 
forces,  is  invcrsf^ly  as  the  square  of  the  distance. 

lf>2.  Such  is  the  hypothesis  upon  which  is  founded 
the  following  investigation,  and  which  it  mil  be  seeuj 
will  enable  "us  to  deduce  idl  those  laws  previously 
drawn  from  experiment,  aa  likewise  to  infer  several 
curious  consequences  arising  ont  of  our  analytical 
formulas  -  the  probable  accuracy  of  which  will  be 
estimated  by  the  coincidence  in  those  cases  between 
theory  and  experiment  where  the  comparison  can  be 
made. 

It  should  be  here  observed  that  this  hypothesis 
differs  from  that  advanced  by  Mr.  Bonnycastle,  in 
Philosophkal  Magazine,  vol.  55,  p.  13*2,  only  in  this,  i.  e. 
he  imagined  the  fluids  to  be  separated  from  each  other, 
and  to  be  accumulated  in  distinct  poles  or  centres  of 
action  ;  whereas,  according  to  the  suppositicm  made 
above,  the  displacement  takes  place  in  each  particle, 
and  the  centres  of  action  are  therefore  indefinitely 
near  to  each  other  in  the  common  centre  of  attraction 
of  the  surface  of  the  body.  It  differs  also  from  the 
theory  advanced  by  Coulomb  in  this,  that  he  conceives 
the  displacement  to  take  place  in  every  particle  of 
the  mass,  whereas  we  suppose  it  to  be  conflned  to  the 
surface,  a  fact  which  has  been  already  established  by 
ex[>eriment,  (art  97-)  His  centres  of  action  are 
therefore  in  the  centre  of  attraction  of  the  mass,  and 
ours  in  the  centre  of  attraction  of  the  surface.  These 
are  coincident  in  spheres  but  in  no  other  bodies. 

103.  Agreeably  to  the  hypothesis  which  has   been  General  in- 
advanced,  let  A  B  (fig.  59)  represent  a  sphere  of  soft  vesti^aUou. 
iron,  which  has   acquired   a  magnetic  action   in   the 
direction  SN,  from  the  effect  of  "the   terrcstri;d   mag- 
netism ;    8  N  denoting  the  line  of  the  dip;    and  let  F 

be  an  indefinitely  small  magi^etic  particle.  Tlien  this, 
by  the  supposition,  will  be  acted  upon,  first  by  the 
terrestrial  magnetism  in  a  direction  parallel  to  S  N, 
and  also  by  the  sphere  A  B  from  the  two  centres  c,  c 
indefmitely  near  to  each  other,  and  to  the  geometrical 
centre  of  the  sphere  O;  being  repelled  from  one  of 
those  centres  and  attracted  towards  the  other,  by 
forces  iTirying  inversely  as  P  c^  and  Pc^;  and  in 
consequence  of  these  forces  the  particles  at  P  will 
assume  a  cert^un  direction,  which  it  is  our  object  to 
compute. 

104.  Let  /  be  the  centre  towards  which  the  par- 
ticle is  attracted,  and  c  that  from  wliich  it  is  repelled  j 
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and  let  the  effect  due  to  the  former  be  denoted  by 

/ 


then  that  due  to  the  latter  will  be 


Pc» 


In  the  same 


way  If  we  consider  the  action  on  the  other  pole  of  the 
particle  at  F,  we.  shall  find  the  repulsion  upon  it 

/  / 

denoted  by  ^/  ^  and  the  attraction  by-:^—-,  which  will 

P  r*  P  c» 

produce  precisely  the   same  results  as  the    former 

forces;   we  may    therefore  consider    each  of  these 

^PTT^^Pli-- 

Jliet  the  distance  P  O  be  denoted  by  d,  the  angle 
S  O  P  by  0^  and  the  indefinitely  short  distance  c  0= 
c'Obye. 


forces  as  being  doubled  andtobecome^-^  and 


Conceive  the  force  -^  to  be  resolved  into  two 
Pc* 

2/ 
forces  in  the  direction  O  P,  c  O,  and  the  force  ^-^  into 

two,  in  the  directions  P  O,  O  e'. 
lliat  is,  resolve 

Pc« 
11 

F<r 


may  observe  that  agreeably  to  our  experimeiit«(art.  97.)  IWUI 
it  follows  that  in  iron  of  the  same  species,  and  oCji  s^cyi 
thickness  greater  than  the  depth  of  metal  at  which  tbtt 
developement  is  effective,  the  quantity  of  displaced 
magnetism  will  be  directly  as  the  surnce,  or  aa  the 
square  of  the  radius  5  but  its  central  action  upon  a 
particle  at  the  sur^ure,  will  be  inversely  as  the  square 
of  the  distance,  that  is  of  the  radius  i  consequently 
the  action  of  those  centres  on  a  particle  at  the  surftce 
will  be  the  same  for  spheres  and  shells  of  all  dia- 
meters and  dimensions :  hence  our  force  (2)   at  the 

4/e 
surface,  which  there  becomes -j  is  a  constant  quantity, 

whatever  may  be  the  value  of  r ;   make  it  equal  to  C 
and  we  shall  have 


/•  = 


iQto  ,;  «  and 
Pc* 


u  "1  ■  into 


a/d 


and 


Pc» 

Pc'»  Pc^' 

105.  The  first  of  each  of  these  pairs  of  forces  are 
opposed  to  each  others  action,  and  their  resultant  is 
therefore  equal  to  their  difference ;  but  the  others 
acting  in  the  same  direction  c  c'  must  be  added  3  our 
forces  thus  become 

2/d      2/cJ 

5^  —  -r~r-  in  the  direction  P  O, 

re  X  <r 

Ml  .^-^^ 

Pc^ 

The  latter  being  opposed  to  that  of  the  terrestrial 
action.  Now  by  trigonometry, 

P  c  =  v'  ( ^/«  +  c«  +  2  de  cos  0) 
Pc'  =  ^(d<  +  €«  -2dcco80) 
The  above  expressions  therefore  become 
2/d 2/d 


=  C,  or, 

Cr» 
4e 

substituting  this  value  of/ into  our  forces  (1)  and  (9), 
and  combining  with  the  latter  the  constant  directive 
force  M,  we  shall  have  for  the  forces  acting^  on  the 
particle  P 

3  C  r*  cos  0  _ 


s=  force  in  P  O 


M- 


Cr» 


=  force  in  S  N 


(3) 

i*) 

For  the  more  convenient  estimation  of  these  forces, 
let  the  former  be  resolved  into  two,  the  one  perpen- 
dicular to  S  >f ,  and  the  other  parallel  to  it ;  by  which 
means  our  forces  will  become 

3  C  r*  cos  0  sin  0      -  .     -,  -._  ,^. 

-=s  force  perp.  to  S  N  (5) 


and 


+"^^  in  the  line  c  c'  or  N  S. 


M  + 


3Cr«cos*0 


Cr» 


=  force  in  S  N 


(6) 


Let  A  represent  the  angle  which  the  resultant  of  teal 
these  forces  form  with  N' S',  or  PN'j  then,  bythe*""* 
principle  of  forces,  we  shall  have 

3  C  r*  cos  0  sin  0 

tan  A  = 


(d«-|-e^-2rfecos  0)J 
2/e 


i-H 


(rf»-|-c«  +  2dccos^ 
2/c 


InPO       or,      tan  A  = 


Md»  +  3  C  r 
3  cos  0  sin  0 


cos*  0  —  C  r' 


Md' 


(7) 


+  3  cos«  0—1 


inNS. 


(r/«+c«— 2  d  e  cos  0)ir      (rf^  +  e«-|-2^/ccos0)7 

But  since  e  is  indefinitely  small  in  respect  to  d,  we 
may  omit  in  the  developement  of  these  formulas,  all 
those  terras  in  which  e  enters  in  any  power  higher  than 
the  first,  and  which  thus  reduce  to 

12/CCOS0       ^  .     ^ .. 


dJ 


-  =  force  in  P  O 


4i  =  force  in  N  S 


(8) 


The  forces  therefore  arising  from  the  action  of  the 
sphere  upon  the  particle  P  are  resolved  into  two, 
which  may  be  represented  by  the  lines  P  m,  Pn;  and 
consequently  their  residtant  will  fall  somewhere  within 
the  angle  m  P  n.  Let  us  however  before  we  attempt 
this  composition  introduce  the  natural  directive  power 
of  the  earth  upon  the  needle,  and  ascertain  the  proper 
analytical  value  of  the  force  denoted  by/. 

106.  With  respect  to  the  former,  since  it  is  con- 
stant in  the  line  S  N,  it  will  be  sufficient  to  denote  it 
by  any  constant  quantity  M ;    and  for  the  latter,  we 


107.  In  this  expression,  a  obviously  denotes  tbe 
deviation  of  the  magnetic  particle,  from  its  natural 
direction  S  N,  or  of  an  indefinitely  short  needle  freely 
suspended  at  that  point.  This  deviation  being  there- 
fore that  due  to  a  needle  freely  suspended,  will 
necessarily  take  place  in  the  plane  which  passes 
through  the  centre  of  the  needle  and  the  attractiDg 
body.  To  estimate  the  effect  of  this  force  in  deflecting 
a  horizontal  needle,  the  two  forces  (5)  and  (6)  may 
be  resolved  into  two,  perpendicular  and  parallel  to 
the  meridian  ;  and  to  estimate  the  same  on  a  dipping 
needle  suspended  in  the  plane  of  the  meridian,  they 
may  in  like  manner  be  resolved  into  two,  the  one  per- 
pendicular and  the  other  parallel  to  the  horizon.  Or 
which  is  perhaps  more  simple,  we  may  project  th» 
arc  A  (7)  5"  ^^^  plane  above  alluded  to,  ujmn  the 
horizontal  plane  and  on  the  plane  of  the  meridian,  and 
thus  determine  the  deviations  required. 

Of  the  horizontal  needle. 

108.  First,  for  the  horizontal  needle  j    let  S  N  (fiff. 


MAGNETISM. 


779 


tUit^sm, 


'  SO,)  represent  the  needle  in  its  natural  direction,  about 
which,  ^^^  concentric  with  it,  conceive  a  sphere  to 
be  described  |  let  P  denote  the  centre  of  the  attract- 
ing" body,  and  S  S"  the  arc  of  deviation  in  the  plane 
SS'OP^  (which  has  been  denoted  by  A)  H  H' the 
horizon,  Q  Q^  the  equator,  or  plane  of  no  attraction  ; 
and  let  the  angle  which  the  plane  SOP  makes  with 
the  meridian  be  denoted  by  i ,  that  is,  make  /  Z  S  S^ 
=  i  (Z  bein^  the  zenith)  the  angle  S  O  P  =  0  as 
before,  and  the  arc  H  S  =  B  the  dip  of  the  needle* 

If  now  from  the  zenith  Z,  we  draw  the  arc  Z  S  V, 
H  V  will  be  the  projection  of  the  arc  S  S'  upon  the 
horizontal  plane,  and  will  ochibit  the  angle  of  devia- 
tion in  a  needle  limited  in  its  motion  to  that  plane. 
"  Make  this  last  angle  =,  ^',  then  by  a  trigonome- 
trical formula  readily  deduced,  we  have 

tan  A^  sin  i 
tan  A   = 


cos  S  — 


sin  I  cos  t 


cot  A 

Into  which  introducing  the  values  of  Ian  ^i  already 
determined^  viz. 

3  cos  0  sin  0 


tan  a'  — 


C  r^ 


+  3  cos*  0  -  1 


we  find 


tan  A^  — 
3  cos  0  sin  0  sin  t 


(8) 


M   d* 

—  *  —cos  o^{3  cos*  0— 1)  COS  S— 3  sin  0  cos0  cos « sin  5 

or  which  is  the  same 

tan  a'  = 

-^  sin  2  X  cos  I 

M    d'  ^  _  ■ 

-—  •  --cos  ?  +  (3  iin*  X—  1)  cos  £ 4-3  sin  2  X  sin  X  sin  I 

C      r^ 

or  making 

(3  sin^  X  —  1)  cos  S  T  3  sin  2  X  sin  ^  sin  i  ^  N 
The  lower  sign  applying  to  the  case  oft  £  DO*',  we  have 
more  concisely 

sin  3  X  cos  f 


tan  a'  ~ 


M    2d* 


(9) 


N 


where  X  denotes  the  complement  of  the  angle  0,  or 

the  latitudcj  and  I  the  complement  of  the  angle  i,  or 

the  longitude,  conformably  with  the  ideas  advanced  in 

(art.  90.) 

oil-         109.  The  above  is  a  rigorous  formula  for  all  dis- 

^^^'    tances,  and  for  a  ball  or  shell  of  any  radius,  and  of  any 

description  of  iron ;  but  the  value  of  the  coefEcient 

M 

—  is  different  in  iron  of  different  kinds.     In  the  case 

i^ 

of  cast  iron,  it  will  be  seen  in  a  subsequent  article 

that  it  is  nearly  equal  to  unity,  and  consequently  in 

this  case,  when  d  exceeds  two  three  times  r,  as  in  the 

following  experiments,  the  quantity  denoted  by  N, 

which  is  made  up  with  the  sums  and  differences  of 


products^  of  which  each  of  the  trigonometrical  factors    P*rt  IIL 
are  less  than  unity,  is  small  in  comparison  with  the  ' 

other  term  —  *  - — —  cos  c,  and  we  shall  therefore,  by 
1^      J  r 

dropping  the  former^  have  as  an  approximate  fortnula 
C  3r» 


tan 


^^  {  2  X  ■  cos  0 


(10) 


2d'  cos  c 
which  exhibits  in  one  term  all  the  approximative  laws 
to  which  we  have  alluded,  (art,  1^4,  ei  seq.)  aud  which 
werCj  as  we  have  seen,  deduced  wholly  from  experi- 
ment indejiendent  of  any  theory  whatever. 
It  follows,  for  instance,  from  this  fornmla  ; 

1.  That  although  by  the  hypothesis  the  develope- 
ment  of  the  magnetism  of  the  ball  or  slieU  takes  place 
only  at  the  surface,  yet  the  effect,  as  shown  by  the 
tangent  of  the  deviation^  is  proportional  to  the  cube  of 
the  diameter. 

2.  That  the  tangent  of  deviation  is  inversely  as  the 
cube  of  the  distance, 

3.  That  the  tangent  of  deviation  is  proportional  to 
the  sine  of  the  double  latitude  and  cosine  of  the  lon- 
gitude ;  the  latter  being  estimated  from  the  east  or 
west  points. 

Which  are  precisely  the  laws  we  have  stated  in 
the  article  above  referred  to  as  being  deduced  from 
experiments  only, 

We  shall  now  exhibit  the  detail  of  these  experi- 
ments, that  the  reader  may  be  able  to  judge  of  the 
approximation  between  the  results  obtained  from 
actual  observation^  and  those  derived  from  calculation. 

§  XHI,  Comparison  of  the  preceding  theoretical  formulas, 
with  the  results  obtained/rom  experiments  on  the  horizontal 
needle, 

110,   We  have  already  explained  the  apparatus  and  Comimri- 
the  method  of  performing  the  experiments  on  the  iron  son  of 
ball,  and  also  the  formulas  and  the  principles  of  calcnla-  ^^ppnjaeijt 
tion  by  which  the  compass  was  brought  into  any  pro-  ^^       ^**' 
posed  situation,  with  respect  to  its  latitude  and  longi- 
tude  on    the   iraaginnry    sphere ;    without   therefore 
retracing  our  steps  we  may  proceed  at  once  to  exhibit 
the  results  of  the  experiments,  observing  only  that 
the  last  column  in  each  of  the  following  tables  Is 
obtained  by  simply  dividing  the  product  of  the  sine  of 
double  the  latitude  into  the  cosine  of  the  longitude, 
by  the  tangent  of  tlic  observed  deviation ;  the  quotients 
arising  from   which,   according   to   our  approximate 
formula  (10),   ought  (at  the  same  distance^  and  with 
the  same  ball)  to  give  a  constant  numberj  very  nearly ; 
that  is  to  say,  we  ought  to  find 

sin  2  X  ,  cos  i  _  M     2  d'  COS  * 


tan  a' 


3f3 


a  constant  quantity. 

The  ball  with  which  the  following  experiments 
were  made  was  a  solid  thirteen  inch  mortar  proof  hall, 
weighing  28B  lbs.  ;  it  was  suspended  as  described  in 
fig.  54,  plate  VI.  and  the  observations  were  made  in 
the  manner  explained  in  article  1^1^  e^  teq^ 
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1 11.  Fint  9et  of  experiments  to  compare  the  law  ofdeviatiom  at  it  depended  on  the  laiHude  oii%.     The 
^^^y"^*^  k^ing  been  carried  round  the  ball  in  the  principal  meridian  at  tlte  several  distances,  twelve,  J^teen,  aighti 

to  the 

latitude.  EXPERIMENTS. 

In  the  circle  S  E,  of  which  the  longitude  is  0\     Ball  268  lbs. 

BADIU8    OF    CIRCLE    TWELYB   INCHES. 


Pontionof 
compass. 

latfitnde. 

Longi- 
tude. 

Height  of 
centre. 

DisUnce 
from  the 
centre  of 
the  table. 

DcTiadon 

of  compass, 

cast. 

Deriation 

of  compass, 

wesL 

Mean 
deviation. 

Ratio  of 
Bin.2X* 

tan. A 

o 

/ 

o 

/ 

o         # 

inches. 

inches. 

o 

/ 

o 

# 

o 

4 

8 
E.or 

30) 

W.J 

7 

27 

0     0 

1-465 

1191 

10 

0 

10 

15 

.10 

7h 

1*439 

5 

0 

14 

41 

ditto 

2-87 

11-65 

19 

30 

19 

45 

19 

^7if 

1-375 

7 

30 

21 

31 

ditto 

415 

11-26 

26 

30 

26 

30 

26 

30 

1-369 

10 

0 

27 

51 

ditto 

5-28 

10-77 

32 

0 

31 

30 

31 

45 

1335 

12 

30 

33 

35 

ditto 

6-26 

10-28 

34 

15 

34 

0 

34 

7i 

1*365 

16 

0 

38 

45 

ditto 

708 

9*68 

35 

45 

35 

30 

35 

37? 

1363 

17 

30 

43 

22 

ditto 

7-76 

915 

36 

15 

36 

15 

36 

15 

1-362 

20 

0 

47 

28 

ditto 

833 

8*63 

35 

30 

36 

0 

36 

15 

1'32S 

25 

0 

54 

24 

ditto 

920 

7-76 

34 

0 

35 

0 

34 

30 

1-378 

30 

0 

59 

58 

ditto 

979 

693 

32 

15 

32 

30 

32 

224 

1367 

35 

0 

64 

30 

ditto 

ia21 

630 

30 

0 

29 

45 

29 

52: 

1353 

40 

0 

68 

18 

ditto 

10-51 

579 

26 

45 

26 

45 

26 

45 

1-363 

50 

0 

74 

21 

ditto 

10-88 

503 

21 

0 

21 

0 

21 

0 

1-354 

60 

0 

79 

6 

ditto 

ii-io 

4-54 

15 

15 

15 

15 

15 

15 

1*362 

TO 

0 

83 

4 

ditto 

11*22 

4-23 

10 

0 

10 

0 

10 

0 

1-359 

80 

0 

86 

38 

ditto 

11-30 

405 

5 

0 

5 

45 

4 
I 

52i 

1-375 

^ean 

1*365 

In  the  circle  S  E,  ofwhkh  the  lomgihtde  is  0\     Ball  288  lbs. 

BADIU8   OF   CISOLE   FIFTEEN   INCHES. 


Position  of 
compass. 

Latitode. 

Longi- 
tude. 

Height  of 
centre. 

DUtance 
from  the 
centre  of 
the  Uble. 

Deviation 

of  compass, 

east. 

Deviation 

of  compass, 

west. 

Mean 
deviation. 

Ratio  of 
tin.  2a 

tan. A 

o 

/ 

o 

/ 

e         * 

inches. 

inches. 

o 

/ 

• 

/ 

o 

/ 

2 
E,or 

30I 

W.f 

7 

27 

0     0 

1-83 

14-88 

5 

15 

5 

0 

5 

7i 

2-867 

5 

0 

14 

41 

ditto 

358 

1456 

10 

15 

10 

0 

10 

7i 

2746 

7 

30 

21 

31 

ditto 

5  19 

1407 

14 

0 

14 

15 

14 

7* 

2-712 

10 

0 

27 

51 

ditto 

6-60 

1347 

16 

45 

17 

0 

16 

52 
374 

2-724 

12 

30 

33 

35 

ditto 

7-82 

12-79 

18 

30 

18 

45 

18 

2-736 

15 

O 

38 

45 

ditto 

8-85 

12  11 

19 

30 

20 

0 

19 

45 

2719 

17 

30 

43 

22 

ditto 

971 

1143 

20 

0 

20 

30 

20 

15 

2706 

20 

O 

47 

28 

ditto 

1042 

1079 

20 

0 

20 

15 

20 

7il 

2719 

25 

0 

54 

24 

ditto 

1150 

9-65 

19 

0 

19 

30 

19 

15 

2-711 

30 

0 

59 

58 

ditto 

12*24 

8-67 

17 

30 

17 

45 

17 

374 

2-728 

35 

0 

64 

30 

ditto 

12-76 

7-98 

16 

0 

16 

0 

16 

0 

2710 

40 

0 

68 

18 

ditto 

1314 

7-24 

14 

0 

14 

10 

14 

5 

2732 

60 

0 

74 

21 

ditto 

13-60 

630 

10 

30 

11 

0 

10 

45 

2-736 

.60 

0 

79 

6 

ditto 

13-88 

667 

7 

30 

7 

30 

7 

30 

2-821 

70 

0 

83 

4 

ditto 

1403 

5-29 

5 

0 

5 

0 

5 

0 

2739 

80 

0 

86 

38 

ditto 

1412 

507 

2 

30 

2 

30 

2 
M 

30 

2-685 

ean 

2-737 

*  X  here  denotes  the  latitude,  and  A  the  angle  of  deviation  from  the  magnetic  north. 
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In  the  circle  S  E,  of  which  the  longitude  is  0°.     Ball  2d8  lbs. 

RADIUS    OF    CIRCLE    £IGBT£EK    1NCUE8. 


rartUJ- 


Poiitioti  of 
compass. 

Latitude, 

Longi- 
tude. 

Height  of 
centre. 

Di^itante 
from  the 
centre  of 
llie  tiihle. 

De^i&tion 
of  compass, 

DeriftUon 

of  compass, 
west. 

Afean 
deriatiua. 

Ratio  of 
tiin,2\ 
tMi.A 

(1 

/ 

0 

^ 

«       / 

inches. 

inches. 

o 

f 

« 

o 

4 

0            f 

2 
E,or 

30 1 

7 

27 

0     0 

232 

17-87 

3 

0 

3 

O 

3 

O 

4  90r 

5 

0 

14 

41 

fHtto 

4^31 

17*48 

5 

45 

5 

45 

5 

45 

4-869 

7 

30 

21 

31 

ditto 

623 

i     16  90 

8 

15 

8 

0 

8 

74 

4  7  HO 

10 

0 

n 

51 

ditto 

792 

16  17 

10 

0 

10 

0 

10 

0 

4'686 

12 

30  , 

33 

35 

ditto 

939     , 

15  36 

U 

0 

11 

O 

11 

0 

4'741 

15 

0 

38 

45 

ditto 

10«>2 

14-53 

11 

40 

12 

5 

u 

521 

4642 

17 

30 

43 

qq 

ditto 

1165 

13-73 

12 

O 

12 

30 

12 

15 

4-590 

SO 

0  1 

37 

28 

ditto 

1251 

12-96 

U 

50 

12 

10 

12 

O 

4-687 

25 

0 

54 

24 

ditto 

13  80 

11.58 

11 

0 

11 

30 

11 

15 

47'^9 

30 

0 

59 

58 

ditto 

14  69 

1041 

lO 

15 

lO 

15 

10 

15 

4793 

35 

0  1 

64 

30 

ditto 

15-32 

946 

9 

30 

9 

15 

9 

221 

4707 

40 

o 

6S 

18 

ditto 

1677 

8-69 

8 

30 

8 

30 

8 

30 

4-595 

1  50 

0 

74 

21 

ditto 

16-32 

756 

6 

20 

6 

20 

6 

20 

4-681 

60 

0 

79 

6 

ditto 

16-6G 

6  82 

4 

30 

4 

SO 

4 

3f) 

4719  ' 

70 

0  1 

83 

4 

ditto 

16'84 

6-35 

3 

0 

2 

45 

2 

574 

4*638 

80 

0 

86 

38 

ditto 

1695 

609 

1 

30 

1 

20 

1 
J 

25 

4741   . 

Vfean 

4709 

In  the  circle  S  E,  of  which  the  hngitttde  is  0°.     Ball  288  lbs, 

KADItJS    OF    CIRCLE    TWENTY    INCHES. 


Posit iciD  of 
compass. 

Latitude* 

Longi- 
tude. 

Height  of 
centre. 

Distance 
from  the 
centre  of 
the  tahlc. 

Devintion 

of  compass^ 

east. 

Depialion 

of  compassi 

west. 

^felln 
deviallon. 

Ratio  of 
sin.2X 

tun  .A 

o 

30) 

D 

/ 

o        * 

inches. 

inches. 

o 

t 

a 

/ 

o 

t 

2 
E.or 

7 

27 

O     O 

2-44 

19-85 

2 

15 

2 

15 

2 

15 

6545 

5 

0 

14 

41 

ditto 

478 

19' 42 

4 

30 

4 

30 

4 

30 

6  231  ' 

7 

30 

21 

31 

ditto 

6'92 

18-77 

6 

O 

6 

10 

6 

5 

6'403  , 

10 

O  ! 

27 

51 

ditto 

S-80 

17'96 

7 

20 

7 

15 

7 

17* 

12l 

6  456 

12 

30 

33 

3o 

ditto 

10-43 

17  06 

8 

10 

8 

15 

8 

6-389 

15 

O 

38 

45 

ditto 

11 -80 

16- 14 

8 

40 

8 

30 

8 

35 

6  465 

17 

30 

43 

22   ! 

ditto 

12*94 

15-25 

8 

45 

9 

0 

8 

52| 

6394 

20 

O 

47 

28 

(iitto 

13-89 

1439 

S 

40 

8 

45 

8 

421 

6*460 

25 

o 

54 

24 

ditto 

15-33 

12-86 

8 

20 

8 

20 

8 

20 

6  463 

30 

o 

59 

58 

ditto 

16-32 

1156 

7 

45 

7 

30 

7 

la 

6*473 

35 

0 

65 

30 

ditto 

1702 

1051 

6 

45 

7 

0 

6 

6-446 

40 

o 

68 

18 

ditto 

1752 

965 

i     ^ 

10  1 

6 

0 

e 

5 

6-447 

50 

o 

74 

21 

ditto 

18*13 

8-39 

4 

40 

4 

45 

4 

42^ 

6'308 

,  60 

0 

79 

6 

ditto 

18  51 

7*57 

3 

20 

3 

20 

3 

20 

6*376 

70 

0 

83 

4 

ditto 

1871 

1      705 

2 

10 

2 

10 

2 

10 

6-338 

SO 

0 

86 

38 

ditto 

18'83 

676 

1 

O 

1 

0 

1 

0 

6717 

Mean  6-432 

_ 

i 

The  very  near  approximation  of  tbe  numbers  or 
ratios  in  the  last  column  in  eacli  of  the  preceding 
tables  towards  an  equality,  cannot  allow  us  for  a 
moment  to  doubt  that  the  law  which  has  been  deduced 
from  our  theoretical  inveatigation,  is  actually  the  law 


of  action  between  the  iron  and  the  compRSSj  viz.  that 
the  tangent  of  the  angle  of  deuuJtMm  is  proportional  to 
the  rectangle' of  the  sine  and  cosine  of  the  tatilude,  or 
to  the  sine  of  tlie  doulfk  latitude^  the  longitwk  being 
zero. 
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MAGNETISM. 


Magnetism.      112.  Second  tet  of  expetvnenis  to  compare  the  law  as  it  depends  on  latitude  and  longitude  combined.     The  compoit 
^-"^V^^^  having  been  carried,  round  the  ball  in  a  meridian,  whose  longitude  was  58^31%-  at  the  distances  of  eighteen  (md  ^ 
twentif  inches. 


EXPERIMENTS. 

In  the  circle  SB,  of  which  the  longitude  is  58^  3 1'.     BaU  288  Ihs. 

BADIUS   OF   CIRCLE    EIGHTEEN   INCHES. 


Position  of 
compass 
fromB. 

Utitade. 

Longi- 
tude. 

Height  of 
centre. 

Distance 
from  the 
centre  of 
the  table. 

Deviation 

of  compass, 

east. 

Demtion 

ofcompass, 

west. 

Mean 
deviation. 

Ratio  of 
sin.2Xco8/ 

tan. A 

•       / 

• 

/ 

•      / 

inches. 

inches. 

o 

/ 

• 

/ 

• 

t 

2     30| 
E.  or  W.J 

2 

45S. 

58     31 

4-30 

17-48 

0 

30 

0 

30 

0 

30 

* 
•  •  •  • 

5       0 

9 

50N. 

ditto 

7-94 

16  16 

2 

20 

2 

20 

2 

20 

4-314 

7    30 

20 

14 

ditto 

10-68 

14-49 

4 

15 

4 

25 

4 

20 

4-473 

10      0 

28 

30 

ditto 

1260 

12-86 

5 

20 

5 

30 

5 

25 

4-615 

12     30 

34 

19 

ditto 

13-93 

11-41 

6 

0 

6 

0 

6 

0 

4-628 

15       0 

40 

8 

ditto 

14-85 

10-71 

6 

0 

6 

0 

6 

0 

4-786 

17     30 

44 

16 

ditto 

15-51 

2-14 

6 

30 

6 

30 

6 

30 

4-582 

20       0 

47 

35 

ditto 

1599 

8-28 

6 

30 

6 

SO 

6 

30 

4-565 

25       0 

62 

41 

ditto 

1660 

6-96 

6 

30 

6 

0 

6 

15 

4-598 

30       0 

56 

23 

ditto 

16-97 

602 

6 

0 

6 

0 

6 

0 

4-582 

35       0 

59 

12 

ditto 

17-20 

5-31 

6 

0 

6 

0 

6 

0 

4-271 

40       0 

61 

27 

ditto 

17-36 

4-78 

5 

30 

5 

30 

5 

30 

4-554 

50       0 

64 

52 

ditto 

17-54 

406 

5 

0 

5 

0 

5 

0 

4-590 

60       0 

67 

27 

ditto 

17-64 

3-60 

4 

30 

4 

30 

4 

30 

4-699 

*  This  number  is  omitted  in  consequence  of  the  latitude  and  deriation  being  of  a  contnuy  name  to  all  Jthat  follow  \  the 

in  this  experiment  being  situate  between  P  and  B  fig.  57. 


In  the  circle  S  B,  of  which  the  longitude  U  58"  31^    BaU  288  Ihs. 

RADIUS    OF   CIRCLE    TWEN17   INCHES. 


Position  of 
compass 
from  B. 

Latitude. 

Longi- 
tude. 

Height  of 
centre. 

Distance 
from  the 
centre  of 
the  table. 

Dev'iation 

of  compass, 

east. 

Deviation 

of  compass, 

west. 

Mean 
deviation. 

Ratio  of 
sin.  2X  cos/ 

tan. A 

•       / 

e 

/ 

•       / 

inches. 

inches. 

e 

/ 

o 

/ 

o 

» 

2     30) 
E.orW.j 

2 

45S. 

58     31 

4.77 

19-42 

0 

30 

0 

45 

0 

37i 

•  .  a  • 

5       0 

9  50N. 

ditto 

8-82 

17*95 

1 

30 

1 

30 

1 

SO 

6-712 

7    30 

20 

14 

ditto 

11-86 

1610 

3 

10 

3 

10 

3 

10 

6135 

10       0 

28 

30 

ditto 

1400 

14-28 

4 

15 

4 

0 

7h 

6-085 

12     30 

34 

19 

ditto 

15-47 

1267 

4 

0 

4 

0 

0 

6-954 

15       0 

40 

8 

ditto 

16-50 

11-30 

4 

30 

4 

15 

2% 

6-741 

17    30 

44 

16 

ditto 

17-23 

1015 

4 

30 

4 

45 

S7J 

6-465 

20      0 

47 

35 

ditto 

17-76 

9-20 

4 

45 

5 

0 

52j 

6109 

25       0 

62 

41 

ditto 

18-44 

7-73 

5 

0 

4 

45 

52] 

6-913 

30       0 

56 

23 

ditto 

18-85 

6-68 

4 

30 

4 

30 

30 

6119 

35       0 

59 

12 

jditto 

1911 

6-90 

4 

0 

4 

0 

0 

6-879 

40       0 

61 

27 

ditto 

19-28 

531 

4 

0 

4 

0 

0 

6-271 

50       0 

64 

52 

ditto 

19-48 

4-51 

3 

45 

3 

45 

3 

45 

6-127 

60       0 

67 

27 

ditto 

19-59 

4-00 

3 

30 

3 

30 

3 

30 

6-048 
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itsni.  The  numbers  In  the  last  columns  of  the  above  tables 
'"^  are  not  so  ap|iroximative  as  iii  the  four  ]>receding,  in 
which  tlie  latitude  only  enters  ;  but,  on  the  other 
hand,  it  is  to  be  observed  that  the  deviations  ore  here 
considerably  smalhT  than  in  that  case  j  and  conse- 
quently any  trifling  error  of  ob  sen' at  ion  produces  a 
more  sensible  effect  j  while  the  compass  itself  is 
brought  much  nearer  the  centre  of  the  tablcj  where  a 
small  error  in  the  adjustment  is  more  easily  made^,  and 
gives  rise  to  a  s^rcater  discrepancy.  Moreover  the 
formnhis  we  have  taken  are  not  peri'ectly  correct  but 
approximative,  and  ought  therefore  to  be  expected  to 
e:ive  aberrations  in  the  results  fully  lo  the  amount  of 
those  in  the  table.  \*i^  shall  in  a  subsequent  article 
submit  a  scries  of  experiments  to  a  test  hy  the  cor- 
rect fonnulaSj  and  in  these  we  shall  tind  a  nearer 
coincidence.  At  present  we  may  he  permitted  to 
assert,  that  nil  other  things  being  the  same  the  tangents 
of  the  deviations  are  XiYij  near i if  proportional  to  the 
sine  of  the  double  latitude  multiplied  by  the  cosine  of 
the  longitude,  as  exhibited  in  our  approximate 
formula  (art.  110.) 

Comparuon  of  the  preceding  results    mth  the  latcs  in 
reference  to  distance. 

tUe  1 13,  We  have  seen  that  according  to  the  theoretical 
»  deductions  (art.  109)  we  ought  to  find,  when  all  other 
*"*  things  are  the  same,  that  the  tangents  of  deviation  are 
inversely  proportional  to  the  cubes  of  the  distances  j 
and  we  might  therefore  content  ourselves  with 
examining  bow  nearly  tlie  constant  numbers  obtained 
in  the  preceding  tables  correspoud  with  this  law  j  but 
it  will  i>erhaps  be  more  satisfactory  to  asccrtaia  what 
law  we  shall  be  able  to  deduce  from  these  results 
indejiendent  of  any  theory  whatever,  on  the  principles 
by  Avhich  tlic  author  arrived  at  this  important  deduc- 
tion.    On  this  point  he  observes, 

'^  Having,   in  the  experiments  for  a  comparison  of 

(the  latitudes,  obtained  four  mean  results,  correspond- 
ing to  the  four  distances  12,  15,  IS,  and  ^O  inches,  let 
us  examine  whether  any  law  exists  between  those 
mean  ratios  and  any  power  or  powers  of  the  distances. 

^ These  ratios  and  distances  are  as  below  ; 
Dlstanct.  Ratio. 

I'i  inches , , 1-365 
15,__, .2737 

IS 470& 

20 G*432 

"  In  order  to  investigate  this  question,  let  m  denote 
any  indeterminate  index,  and  let  us  assume  that 

L  12"* :  15'"::  1365  :  27^7 

^L^  12" :  is™>:  1365 : 4-09 

^^■p  12*" :  20"": ;  1365  ;  6432 

^^K  IS'" :  18'^:  ;^737 :  4709 

^^K  IS'" :  20^:  :97S7 :  64m 

^■F  18'* :  20™:  :470D  :  6432 

'^  If,  in  all  these  proportions,  we  find  m  equal,  or 
nearly  equal,  to  one  determinate  number,  we  may 
conclude  that  such  value  of  w  will  express  the  power 
of  the  di^itance,  which  is  proportional  to  the  inverse 
ratio  of  the  tangents  of  the  deviations,  the  position  of 
the  ball  and  compass  remaining  the  same  in  respect  to 
Itttitnde  and  longitude. 

'*  Now  the  preceding  proportions  give 

log  2737-  loic  13tT5 

log  ;>  -^  log  4 
▼    L,  III. 


2.. 


_  Iog4709- log  1365  _ 

log  3  —  log  2 

log  6432-  log  1365 

,  m  =  — - — ■ z-^-^ ^ 

log  5  —  log  3 

102:4709^ log  2737 

m  ^  — "' .—  -  — — - — 

log  C  —  log  5 

^^^  ^  log  6432^  log  2737 

log  4  ^  log  3 

_  log  6432  -^  log  4709 

~      log  10  ^  tog  9 


^  3*054 


3*035 


Part  IlL 


=  2  97<? 


=  2'970 


=  2  969 


Mean  . .  3  019 
'^  The  approximation  of  all  these  mtios  towards  the 
integer  3,  seems  to  indicate  that  the  tangents  of  the 
devialiona  vary  reciprocally  as  the  cubes  of  the  dis- 
tances, the  position,  with  regard  to  latitude  and 
longitude,  remaining  the  same  j  hut  as  this  law  is  not 
exactly  uniform  in  tlie  above  results,  let  us  examine 
and  determine  the  least  change  that  can  he  made  in 
the  mmibers,  as  drawn  from  our  experiments,  in  order 
that  a  complete  coincldejicc  may  be  obtained. 

*'  This  will  be  best  done  by  a  particular  application 
of  the  method  of  minimum  squfires,  as  follows  :  let 
1-365  =  rt,  2  737  —  ci\  4709  =  a'\  and  6^432  =  a". 
*'  Now,  if  these  numbers  had  the  exact  ratio  of  the 
cubes  of  the  respective  distances  12,  15,  18,  20,  they 
wouhlj  hy  the  supposition,  require  no  correction  ;  but 
this  not  being  the  case,  let  us  endeavour  to  find  the 
four  quantities  x,  j^\  x",  x"\  which  added  respectively 
to  a,  a%  a",  a^^%  shall  make^ 


a  +  r,  a'  +  y,  a''  +  i-'^  a" 
proportional  to  12',  15'^,  18^,  20*, 
and  such  also  that 


+  x'' 


j.'i  +  x'i  ^  y*  +  x^f'^  =  a  minimum. 
That  is  J  we  must  have 

=©'=(f)'= 


a 

a  -Ir  X 
a   4-r 


L'' 


and  *•  +  ^'*  +  ^'^  +  ^'*'^  =  ^  minimum. 
'  The  first  three  equations  give 

a  4-  z  =  ?>  fl*  +  6  ar^ 
a  +  r  ^  L' €i''  -{- b' x" 
a  +  X  ^b"a"'-\-b"x*' 
a  —   b  a'  -{-  X        J 


or^  X  — 


-f  c 


b 
-  b'  a" 


a  -  b"'  a" 


+  x 


b'' 


JT    +    c' 


consequently, 

"  This  expression,  when  reduced,  gives 

X     c  y^  y^^  +  c  1/^  b^"^  +  c"  />«  i^ 


Whence  we  find  in  numbers  x 
preceding  ratioe,  when  corrected,  become 
5t 


) 


—   024  ;    and  thus  the 
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^  y  +  c/  =  5271^  L 
x"'  +  a''  =  4'6S7  r 
jt'^  +  a^'^  6-430  j 


Eipcri- 

tire  to 
distance* 


the  corrections  beijig<  .^^ 

"  These  numbers  have  exactly  the  i averse  ratio  of 
tbe  cubes  of  the  distances,  ancl  either  of  them  will* 
give  for  the  number  corresponding  to  the  unit  of 
distance,  A  =  00080382,  We  have  therefore  the 
followinc:  formula  for  computing  the  deviation  for 
any  distance,  the  hititude  and  longitude  being  g^vcn^ 
Eud  the  muss  remaining  the  same,  viae. 

sin  2  \.  COS  L 
tanA  =  — — -— 

•oooHoas'i  (p 

where  X  is  the  latitude,  I  the  longitude,  and  d  the 
distance  in  inches/* 

111.  As  the  above  constant  coefficient  is  obtained 
from  the  corrected  numbers,  ant!  aa  it  might  appear 
doubtful  how  far  these  corrections  would  affect  the 
uniformity  of  the  law  as  determined  from  the  pre- 
ceding experiment:*,  the  author  undertook  to  compute 
nnd  observe  the  deviations  in  four  different  positions 
of  the  compass,  for  the  several  circles  whose  radii  are 
12,14,  16,  18,20,  22,  and  24  inches,  selecting  for 
those  positions  of  the  compass  the  divisions  15**,  17§°j 
20",  25°,  from  the  east  or  west,  these  being  the  points 
"where  the  deviations  are  the  greatest,  in  order  that 
any  error  might  render  itself  the  more  obvious.  The 
following  are  the  results  of  these  observations  with 
the  corresponding  computed  deviations  : 

Experbnents  in  the  circle  SE  to  seteral  radii    Ball  28S  lbs. 


Puihion 

Computed  deris- 

Mean 

of  cam* 

fromE. 
orW. 

L«rt. 
tilde* 

UUCC. 

Bill  2  X.  COi  f« 

of  ob- 

Error. 

'0U0B0382  </» 

« 

« 

f 

0   t 

iucbej 

9 

t 

•     1 

^U 

:i8 

45 

0  0 

12 

35 

18 

35  37 

'    -flf* 

jm 

43 

22 

ditto 

12 

35 

54 

M  15 

+  2J    1 

i  20 

47 

28 

ditto 

12 

as 

50 

35  50 

0 

l25 

54 

24 

clUto 

J2 

34 

28 

34  30 

+   2 

^15 

M 

45 

ditto 

14 

24 

2 

24     0 

-  2 

j  I7i 

4!) 

22 

ditto 

14 

24 

31 

24  30 

-  i  ; 

V2*J 

47 

28 

ditto 

14 

24 

28 

24  30 

+  2 

^25 

54 

24 

ditto 

14 

23 

23 

23  30 

+  7 

rl5 

38 

45 

ditto 

Ifi 

16 

37 

K;  30 

-  7 

m 

43 

22 

dUtA> 

Iff 

16 

59 

17     0 

+  1 

I20 

47 

28 

ditto 

in 

16 

56 

17     0 

4-  4 

^-25 

f»4 

24 

ditto  1 

16 

la 

9 

la   0 

-  y 

^15 

38 

45 

dittii 

18 

11 

51 

11  52 

+  1 

J  ^H 

43 

22 

ditto 

18 

12 

7 

12  15 

+   8 

>  20 

47 

28 

ditto 

18 

12 

5 

12     0 

-  5 

^25 

54 

24 1 

ditto 

18 

11 

30 

11   15 

--15 

^15 

3B 

45 

ditto 

20 

B 

42 

8  35 

-  7 

J  ^^ 

43 

22: 

ditto  1 

20 

8 

53 

8  52 

-  1 

\  20 

47 

28' 

ditto 

20 

8 

52 

S  42 

-10 

I25 

M 

24 

ditto 

20 

8 

26 

a  20 

-  6 

.Ih 

48 

45 

ditto 

22 

6 

34 

(J  30 

-  4 

(^^ 

43 

22 

ditto 

22 

6 

42 

6  40 

-  2 

<  20 

47 

28 

ditto 

22 

6 

41 

6  3t) 

-u 

I25 

54 

24 

ditto 

22 

6 

22 

\  6  25 

^■  3 

^15 

38 

45 

ditto 

24 

5 

4 

5     0 

-  4 

jm 

43 

22 

ditto 

24 

5 

11 

5  15 

4-  4 

<20 

47 

28 

ditto 

24 

5 

10 

5  10 

0 

125 

54 

24 

ditto 

24 

4 

55 

5     0 

+  5 

The  remarkable  coincidence^  or  at  least  the  close 
approximation,  between  the  observed  and  computed 
rcsidts  in  these  experiments,  can  leave  no  doubt  that 
the  law  of  attraction  as  respects  the  distance  is,  that 
the  tangents  oftlie  angles  of  dm^iation  are  redprumlhj 
proportional  to  the  eubei  of  the  distam-es* 


tti;it 
itli^H 


Since  the  magnetic  force  varies  inversely  as  the    Pu 
square  of  the  distance,  and  the  tangent  of  deviation 
inversely  ob   the  cube  of  the  same  j    it  follows  that 
the  s<iuare  of  tlie  taageut  of  deviation  is  directly  as  tl] 
cube  of  the  force  j   or   that  the  tangent  of  dcciat 
varies  directly  as  tlie  \ power  of  the  force. 
On  the  law  of  attraction,  as  dependent  on  the 
surface, 

lis.  This  is  one  of  the  most  important  laws  we  bare  Ur 
hitherto  had  to  examine,  because  it  is  this  which  has  iii«l 
enaljled  us  to  reduce  our  theoretical  investigation  to  «"^ 
numerical  and  determinate  results.     Prior  to  the  ex- 
periments we  have  been  detailing,  no  doubt  was  ever 
entertained  tlmt  the  power  of  attraction  in  iron  bodies 
of  similar  forms,  was  directly  proportional  to  their 
masses,   or  to  the  cubes  of  their  like  linear  dimea* 
fiions  j  and  it  was  under  this  imprecision  that  I^Ir.  Barlow, 
for  the  sake  of  verification,  procured  a  solid  ten  inch 
ball,  such  as  is  employed  in  proving  ten  inch  mort^irs, 
and  w^hich  weighs  12 S  poimds,  or  just  four-ninths  of 
the   thirteen    inch   ball,    with   which   the   precediag 
experiments   were   performed,   and   with  the  fonner 
he  repeated  all  the  experiments  detailed  in  art.  HI. 
The  following  are  the  results  as  given  by  each  halt 
Exptriments  in   the  circle  S  JT,  with  halts  of  286  lbs, 
und  128  Ibi^  ^dii  15  inches  and  12  oickeM, 


of  i 

^Tincf'  121nclieji 

RmIo 
of  tnn- 

Diitancc  15  fnrbr* 

,,  ,^ai 

tion,  LiaJI 

lion,  bfttl't: 

t4a- 

pu,-..- 

28K  lbs. 

128  Ibit. 

geats. 

288  lbs. 

l2iiiU^ 

2-279 

2*^30' 

10^ 

7i' 

4° 

0* 

2  552 

5^   rv 

T    W 

5     0 

1!» 

37^ 

8 

30 

2-3B5 

10      7* 

4    :4ii 

^^fi7 

7  ao 

26 

30 

It 

45 

2*3U7 

14       74 

6     30 

2-207 

10   0 

31 

45 

15 

J5 

2'2f>a 

16     52i 

7     45 

2-227 

12  30 

34 

'i 

17 

0 

2216  i 

18    37^ 

9     30 

2254 

15     0 

35 

17 

3Q 

2*272 

19    45 

'J       0 

2-267 

17  m 

36 

18 

15  1 

2353 

30     15 

y     15 

2-265 

JO    0 

M 

15 

18 

15 

2-35,*? 

20      7i 

9     IS 

2-2;50 

25     0 

34 

:jo 

17 

0  , 

2*248  , 

19     15 

8     4^ 

2-2^ 

30    0 

32 

22* 

15 

45 

2'246 

17    37§ 

8       0 

2-2o:« 

35     0    , 

211 

52i 

14 

15 

3-261 

1^      0 

7     IS 

2-251 

40     0 

2G 

45 

12 

0 

2'3S6 

14       5 

6     IS 

2319 

50     0 

21 

0   , 

y 

45 

2-238  i 

10    45 

4     4S 

2^883 

m   0 

15 

16 

7 

0 

2-222 

7     30 

3     20 

2-2(1 

70     0 

iO 

0  1 

4 

0 

2-521 

5       0 

2    is 

2-227 

80     0 

4 

r.2i 

2 

15 

2-172 

2    30 

*  *  ■  • 

"  •*  1 

4 


The  mean  of  the  Erst  ratios  is  2-318^  and  of  tbe 
second  ratios  2*259;  and  the  mean  of  the  two  2  28a 
Now  the  ratio  of  the  masses,  or  of  the  cubes  of  the 
diameterj  is  225,  whence  then  we  may  conclude, 
agreeably  to  our  theoretical  deduction,  that  the  isstgenis 
of  the  deviations  are  proportional  to  the  cssbtM  cf  Jit 
diameters,  ?ill  other  things  being  the  same* 

UG,  The  cul^s  of  the  difimcters  being  proportio&ftl  llti 
to  the  masses,  the  obvious  conclusion  seemed  to  be*  ^ 
that  the  tangents  of  the  deviation  were  also  proper-' 
tional  to  the  masses  j  and  such,  in  fact,  was  the! 
concluaion  the  author  had  drawn, when  he  fortunately 
moile  trial  of  a  ten  inch  shell,  whose  weight  was 
ninety-six  pounds,  or  just  three-fourths  of  thet  of 
the  last  sohd  ball  of  the  same  dimensions  5  and  he 
was  not  a  little  surprised  to  find,  tliat  he  could 
obsen-e  no  difference  whatever  betw*eesi  these  resite 
and  the  former.  He  then  determined  on  a  icgokr 
course  of  experiments  with  the  shell,  at  the  saiaa 
distances,  &c.  as  had  been  adopted  with  the  ball  \  tad 
having  completed  them,  he  found,  on  a  comparison  of 
the  restiltSj  that  they  agreed  with  each  other  through- 
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rtfem.  out.    In  fact,  ii  appeared  ihat  if^e  pcicer  of  altraction 
r— *^  resided  tthoUy  oh  the  surfa  e,  and  was  independent  of  the 
mass. 

Beings,  however,  unwilling  to  lea%'e  any  tiling 
doubtful  respect! ne:  a  result  which  appear eil  so 
extremely  novel  anil  unexpected,  he  tried  two  other 
ten  ineh  shells,  lest  there  should  have  been  any  tbing" 
peculiar  in  the  one  above  referred  to :  he  then  em- 
|jloyed  other  shells  of  ditferent  diameters  and  tluck- 
nesse*,  the  whole  of  which  still  indicated  the  same 
law  ;  viz.  that  the  tan  stents  of  the  deviations  are  prapor^ 
f tonal  to  the  cubes  of  the  diameters,  or  to  the  ^  power 
of  the  surfaces^  vchateter  matf  he  the  wev^ht  and 
thickness. 

The  author  however  fonnd  afterwards  that  this  law 
only  obtains  within  certain  linnts,  for  having' procured 
a  ten  inch  8hell  of  tin,  and  another  of  iron  plate,  the 
former  weighing  two  poimds  eleven  ounces  or  forty- 
three  oiinees.  and  the  latter  two  pounds  thirteen 
ounces  or  forty -five  ounces.  He  found  that  the  power 
of  neither  of  these  was  so  g^reat  as  that  of  the  solid 
ball  of  the  same  diameter,  but  approached  to  the 
former  in  about  the  ratio  of  two  to  three.  Now  the 
thickness  of  the  iron  being  here  at  a  medium  about 
ii^th  of  au  int'li,  the  conclusion  which  the  author  drew 
from  it  was  that  the  magnetic  fluid  appears  to  require 
a  certain  thickness  of  mctid  exceeding  ^'(jth  of  an 
inch,  in  order  effectually  to  develope  itself  and  to  act 
with  its  maximum  power :  a  deduction  which  he 
afterwards  veriiied  by  other  cxpcri mentis  on  plates  of 
iron  of  various  thicknesses. 

Captain  Kate/$  verification  of  the  above  law, 

llj.  Considering"  the  novelty  and  importance  of 
the  deduction,  that  the  magnetic  power  of  iron  bodies 
resides  wholly  on  their  surfaces^  it  was  to  be  expecteit 
that  philosophers  would  verify  it  by  distinct  experi- 
ments before  they  would  feel  disposed  to  admit  it  as 
an  estiiblished  philosophical  fact,  and  this  task  was 
first  undertaken  by  Ciiptiiin  Kater,  who  puhlished  the 
result  of  his  experiments  in  tlie  Phitosophivfd  Transac 
lions  for  Wll.  For  these  experiments,  he  had  three 
cylinders  made  of  soft  iron,  about  two  and  a  half  inches 
in  diameter,  and  nearly  the  same  in  height.  One  of  the 
cylinders  was  of  sheet  iron,  less  than  y^^th  of  an  inch  in 
tliickncss  j  the  second,  of  tliat  sort  called  chest  jjlate 
0-1S5  inch  thick;  and  the  third  was  of  solid  wrought 
iron  :  the  first  weighed  2*60  grains,  the  second  93*6 
g'rains,  and  the  solid  cylinder  'i'20^0  grains.  Previous 
to  the  experiments  they  were  all  made  red  hot,  to 
destroy  any  accidental  miignetism.  The  compass  em- 
ployed was  of  a  very  delicate  construction,  and  the 
cylinder  was  so  placed  that  its  centre  was  lu  the 
direction  of  a  laugent  to  the  zero  of  the  compass^  and 
at  the  distance  of  4  35  inches  from  the  southern 
extremity  of  the  needle.  The  position  of  the  cylinder 
was  varied  six  times,  and  the  following  were  the 
deviations  of  the  needle. 


t 
itioQ 


Sheet  iron  cylinder. 

ChcBt  plate  cylinder. 

Solid  cylinder* 

*         f 

o 

^ 

2       15 

2     r.o 

2         55 

'               2       1-5 

3       4 

3         15 

2       4'y 

3      20 

2        57 

2      5" 

3       45 

2      r.o 

2       5- 

3       10 

2        i>5 

2       10 

3      30 

2        30 

I^letin    2       Iti 

3       16 

2         54 

L 


Suspecting  an  error  in  the  experiment  with  the   Part  III. 
sol  id  cylinder,  fro  man  accident  which  occurred,Captaia  ^ 
Kater  repeated  the  whole  with  the  utmost  attention. 
The  position  of  each  cylinder  was  now  varied  eight 
times,  and  the  results  were  as  follows. 


Sheet  Iroa  cylimlcr. 

Chcit  pUtc  C}'lmder. 

Solid  cylinder. 

e 

»          * 

»           f 

2        3 

2        55 

3         15 

2        22 

2        50 

3         12 

2         32 

3        20 

3         15         1 

2        20 

3         40 

3          0 

1         fiO 

3        40 

3         15 

;               2        45 

3        28             , 

2         [iH         1 

2        45 

S         10 

2         4.^         1 

1         55 

3          5 

3         5K 

WeAii    2         IB 

3         16 

3          4 

*'  The  surfaces  of  the  cylinders,  determined  by  very 
careful  meas^urement,  were>  the  sheet  iron  28*54 
inches  J  the  chest  plate  30/7  inches ;  and  the  solid 
cylinder  28^94  inches, 

'^  Reducing  the  deviations  to  the  snmc  extent  of 
surface  ;  viz.  to  that  of  tlie  solid  cylinder,  they  become 
respectively  141,  184,  and  lb4  minutes,*'  WLieh 
may  be  considered  as  a  highly 'satisfactory  verifica- 
tion of  the  law  in  question.  See  Fhilosophical  Tram* 
actions,  part  L  for  18^1. 

DetanamaUoii  of  (he  numerical  value  qf  tJie  constant 
coefficient  -^  -   "—7; r- 

118.  The  value  of  this  constant  coefficient  may  be  Vtilue  of 
deduced  fron^  our  experimental  results  given  in  the  numerical 
four  tables,  art  111,  or  rather  from  the  two  latter ;  ^^^f^J^^j 
because  the  distance  in  these  urc  greater  than  in  the 
two  former,  and  it  is  obvious  from  our  formuhi,  that 
the  approximation  will  be  nearer  as  the  distance  is  « 

greater,  the  rejected  term  >J  (art*  109.)  being  in  that 
case  less  considerable  in  respect  to  the  constant  parL 

Heucc^  since 

C  3  r' 


tan  A   =  TF 


:(sin  2  X  cos  1} 


M      *^d^cost 
we  have,  when  cos  i  =  I,  as  in  the  experiments  in 
question^ 

.  sin  ^  X  _  M      S  d^  cos  J^ 

tan  a'  ^  C"  '        3  r> 

Kow  the  exact  diameter  of  the  ball  on  which  the 
experiments  were  made,  is  1'*'8  inches,  or  radius  6'4 
inches,  and  in  one  case  the  distance  is  eighteen 
inches^  and  in  the  other  twenty  inches. 

Hence  our  tabular  numbers  give, 

M    2- IS',  cos  roi* 


3. 


M 

C 


3'2o^>  cos  ro^^ 


47  ir 


3, 6,  4* 
c 

From  the  first  of  these  we  have  —  s 


(5-418 


10496, 


and  froxii  the  second 


Mean 


^=  10539 
M 


M 


^  1  0539 


This  number  is  constant  for  cast  iron  balls  and 
shells   of  every  diameter,   and  for  all  distances  and 
positions  ^  our  correct  formida  (^)  therefore  becomes 
6  i3 
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Migmetism. 


tan  a'  = 

sin  9  X  cos  / 


X  —  1  !co5  6  +  siQ2  X  sin  ^  sin  i 


or. 


J^L 


cot  a' 


0») 


Mr.  dim- 
tic's  9xpe^ 

nmeot$. 


3li^in:i  10533  ,.+3«iP''^-^J<««^-W°  I+HUH^I 

which  is  the  most  convenient  form  for  computation. 
110,  As  this  ibrmiila  is  wholly  theoretical,  with  the 

exception  of  the  numerical  coefficient ,  it  will 

be  satisfiictory  to  compare  the  results  deduced  from 

it  with  those  obtained  from  actual  experiment^  and  we 
have  an  excellent  ojjjiortunity  of  doing  this  by  means 
of  the  table  of  experiments  published  "by  Mr.  Christie, 


in  the  first  part  of  the  Tranmctwm  of  the  Ca$nhridgi  hi 
PhtlmfiphiaU  Society^  These  were  made  by  tbat\^ 
gentleman  on  the  same  apparatus  which  Mr,  Barlow 
employed,  but  in  different  circles  j  namely,  in  paral- 
lels of  latitude  corresponding  to  30°,  45",  and  GO",  and 
at  every  tenth  degree  of  longitude.  They  were  made 
with  a  new  and  accurate  compass  constructed  for  the 
purpose,  jmd  every  precaution  was  used  to  assure  the 
greatest  possible  accuracy  in  the  results. 

The  distance  iti  all  these  e\|)enments  was  eighteen 
inches,  or  <i  =  18^  the  radius  of  the  ball  was  6A 
inches,  or  r  =:  6*4  ;  and  dip  i  =  70^  3(/ j  whence  the 
constant  part  of  the  formula  (11)  for  each  diSerent 
parallel  of  latitude  are,  for 

lat.  30° cot  A'  ^  5  3*K)1  sec  /  +  tan  1  sin  7(4* 

kt.  45«* cot  A'  =  4  8090  sec  i  +  tan  i  sin  7%"^ 

lat.  60° cot  A'  =  5  7455  sec  i  +  tan  i  sin  70|* 


< 


TABLE. 


1^.  Coniaininf^  a  compariton  hctwe&i  Mr.  Christie's  experimenU,  and  thejkeoretkal  retults  cotnputed  ^  the 

preceding  fornm  la* 


Lonsrl- 
ttide. 

Lftlltuclc  aO°. 

Longt* 

iudc. 

utittidc  45^. 

tude. 

L&titude  GO"".                  j 

Computed. 

Observed, 

Error, 

Computed. 

Obftcrvctl. 

Error. 

Computed. 

Obscrrcd. 

Error.  , 

HON. 

0 
2 

14 

/ 
2 

i 
20 

_ 

6 

8UN. 

0 
2 

i 
34 

0 
2 

33 

+ 

1 

^>N. 

0 
2 

/ 
4 

0 
2 

5 

—      1 

ro 

4 

"i^l 

4 

44 

— 

m 

70 

5 

2 

5 

0 

+ 

2 

70       1 

4 

1 

3 

58 

+     3 

60 

6 

17 

Q 

52 

— 

35 

m 

7 

9 

i 

12 

3 

GO 

5 

48 

5 

43 

+      5 

50 

i 

53  , 

8 

IG 

— 

23 

50 

S 

57 

8 

53  j 

+ 

4 

50 

7 

18 

7 

29 

-  n 

40 

11 

1* 

9 

21 

— 

15 

40 

10 

20 

10 

1 

+ 

19 

40 

6 

29 

8 

2G 

+    3 

30 

10 

0 

9 

58 

+ 

4 

30 

18 

10 

54 

+ 

24 

30 

9 

19  1 

9 

5 

4-    14 

^0 

10 

34 

10 

23 

■1- 

11 

so 

50 

11 

2il 

+ 

21  1 

20 

9 

50 

10 

1 

—  11 

10 

10 

44 

10 

38 

+ 

6 

10      1 

58  i 

11 

45  1 

+ 

13 

10        1 

10 

1 

9 

4G 

-f    15 

0 

10 

34 

10 

17 

+ 

17 

0 

45 

u 

32 

+ 

13 

0 

9 

52 

9 

43 

+     9 

10  S. 

10 

7 

0 

5^; 

+ 

11 

10  s. 

13 

11 

8 

-(- 

5 

10  S. 

9 

27 

9 

21 

+     G 

20 

9 

23 

0 

8 

+ 

15 

20 

10 

22  [ 

10 

1(1 

+ 

G 

20 

8 

48 

8 

38 

H-    10 

30 

8 

27 

8 

16 

+ 

11 

30 

0 

19 

9 

17 

+ 

2 

30 

7 

5G 

7 

49 

■h     7 

4a 

7 

19 

7 

3 

+ 

16 

40 

8 

3 

7 

58 

+ 

5 

40 

6 

53 

G 

45 

H-     8 

50 

a 

2 

G 

3 

— 

1 

50 

6 

SB 

G 

37 

-f 

1 

50 

5 

41 

5 

35 

+     6 

50 

4 

38 

4 

3B 

0 

m 

5 

5 

5 

0 

-h 

5 

60 

4 

21 

5 

25 

—     4 

70 

3 

8 

3 

9 

— 

1 

70 

3 

27 

3 

20 

+ 

7 

70 

2 

58 

2 

54 

4.     4 

80 

1 

35 

1 

38  i 

- 

3 

&0 

1 

44 

1 

40 

+ 

4 

\ 

80 

1 

29 

1 

30 

1 

4 
4 


It  would  be  useless  to  expect  a  closer  approximation 
betweeu  theory  and  practice  in  experiments  of  such  a 
nature,  wliich,  notwithstanding  all  the  care  that  can 
be  used,  are  subject  to  errors  whirh  it  is  impossible 
to  estimate  ;  the  dally  variation  alone »  ftir  example, 
may  cause  an  error  of  15',  and  very  few  of  our  errors 
in  the  preceding^  table  exceed  this  amount  \  besides 
which  we  have  to  idlow  for  any  trifling  deviation  in 
placing  the  meridian  line  on  the  table  in  the  plane  of 
the  actual  meridian,  in  the  iwljustiiiCDt  of  the  compass 
at  each  place  of  observation,  and  in  measuring  its 
distance  from  the  centre  of  the  table,  and  its  depth 
below  the  centre  of  the  ball,  AV^hcn  these  sources  of 
error  are  properly  considercdj  it  wit!*  be  found  that  the 
agreements  between  the  theory  and  experiment  is  as 
close  as  can  be  reasonably  expec^ted*  It  is  to  be 
further  observed*  that  we  have  assumed,  tor  the  sake 
of  simplifying  the  computalioUj  that  the  nee  tile  is 
indelinilely  smaU^  whereas  it  must  necessarily  be  of  a 


determinate  length  ;  but  while  this  is  less  than  one- 
third  of  the  distance,  the  errors  thence  arising, 
although  of  some  amount,  are  very  inconsidemble. 

§  XIV.  Comparison  of  the  preceding  theoretical  formulat 
with  (he  results  Mained  %  observations  on  the  dipping 
needle. 

12K  Having  completed  our  ini'estigation  relative  to  U*^"^ 
the  horizontal  needle,  let  us  next  inquire  what  the  **^' J^ 
effect  will   be  upon  a  dippiiig  needle   limited   in  it*  nljjfc 
motion  to  the  meridian.      For  this  purpose  we  have 
only  to  project  the  arc  ^»   determined  in  (art.  106.) 
\ipon  the  plane  of  the  meridian*  by  drawing  the  arc 
S'E  (fig.  60)  perpendicular  to  the  circle  HZH^eo 
will  S  E  be  the  deviation  sought. 

Since  S'ES  is  a  right-angled  triangle,  wc  have 
immediately, 

tan  S  E  =  tau  S  S'  cos  t 

But  S  S'  ?=  /5^,  and  by  formula  (7) 
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tan  A  = 


3  sin  0  cos  0 


M 
C 


d3 

7^  + 


3  cos«9i- 1 


Whence  denoting  the  arc  S  E  by  A''»  'we  hare 

3  iin  0  COS  0  cos  i 


tan  J^^'  ^ 


d^ 


in) 


—  *  ~  +  3  cos*  0  —  1 


M 

C      r- 

From  which  the  angle  A^'  niay  in  any  case  be  com- 
puted. 

But  for  the  purpose  of  comptitatiotij  it  will  be  best 

to  convert  the  above  expression  into 


The  above  mean  dip  70^  40^,  was  with  one  end  of    Part  IIL 

the  needle  only,  without  inverting  the  poles |  the  error  * 
of  the  instrument  is  not  included* 

194*  Table  thawing  the  deviatiom  produced  in  a 
dipping  needle  by  an  eighteen  inch  shell,  and  the  computed 
deviations  from  the  preceding  formula.  Distance  twenty 
inches,  mean  detached  dip  70"^  11'* 


cot  A' 


cot  a"  -  '   ^    .     . r r 

"  3  sin  0  cos  0  cos  i 


cosec  9  /*  +  tan  X  vcosec  2 


■  ( VC       3  r^       3  7  '      "    "^    J 

In  which  it  is  only  requisite  to  introduce  the  proper 

value   of   the    several  quantities   as    determined  in 

(art.  118.) 

,,ireA        1^2-  The  experiments  of  which  the  results  are  ^ven 

5spe-  in  the  following  table  were  made  on  the  same  appa- 

it.        rat  us  as  that  employed  in  the  preceding  cases. 

The  needle  was  placed  only  in  the  plane  of  the 
meridian,  at  such  distances  from  the  centre  of  the 
table,  and  the  ball  elevated  so  much  above  the  centre 
of  the  needle,  as  to  bring  it  into  the  several  latitudes, 
7|^,  15^  *22|^  &c.  keeping,  in  all  the  experiments, 
the  centre  of  the  hall  and  centre  of  the  needle  tit  the 
constant  distance  of  twenty  inches  from  each  other  j 

we  have  therefore -:^  =,— rrrr (art.  118.), r=6" 4 inches. 


Hence  the  above  for- 


C  15039 
d  ^^  20  inches,  and  cos  l^  I . 
inula  in  numbers  becomes 

cot  a"  =  1S'<539  cos  5  \  -f-  tan  X 
From  which  the  column  of  computed  deviations  in  the 
first  of  the  annexed  tables  has  been  calculated. 

If  we  take  r  —  8*85,  the  radius  of  an  eighteen  inch 
shell,  then  the  abo%T  becomes 

eot  A^'  =  G^^-l  1  cosec  2  X  +  tan  X 
which  is  the  formula  employed  in  Table  *2. 

153*  Tabk  showing  the  deviations  produced  in  a  dipping 
needle  htj  an  iron  ball  thirteen  inches  in  diameter,  and  the 
computed  deviations  from  the  preceding  formula.  Distance 
twenty  inches,  mean  detached  dip  70^  4D\ 


I 


Latitude. 

Obfienred  di|>. 

Obierred 
derintion. 

Compated 
deviiitloti*     1 

o 

i 

o 

/ 

0          / 

D          / 

0 

0 

70 

40 

0        0 

0        0 

7 

30 

69 

40 

1        0 

0     48 

15 

0 

68 

55 

1      45 

i     31 

22 

30 

68 

20 

2     20 

2       9 

30 

0 

68 

10 

2     30 

2     36 

37 

30 

67 

40 

3        0 

2     51 

45 

0 

67 

40 

3        0 

3        4 

j     52 

30 

67 

55 

2     45 

2     41 

60 

0 

68 

10 

2     30 

2     24 

^ 

30 

m 

40     ' 

2       0 

1     58 

75 

0 

m 

10 

1     30 

1     23 

B2 

30 

m 

40 

1       0 

0     43 

90 

0 

70 

55 

0     15 

0       0 

Ladttide* 

Obterrcd 

dip. 

Observed 
dcvi»tk»a. 

Computed 
dcriatlon. 

Time  of 
mAtiiiig  40 
vibratloM. 

O            i 

O            i 

o        / 

d         / 

it 

0       0 

11^    u 

0       0 

0        0 

1253 

15       0 

66       7 

4       4 

4      14 

12444 

30       0 

63     49 

6     22 

6     56 

1213 

33     30 

120-3 

45       0 

62     43 

7     28 

7    28 

116  5 

60       0 

64     22 

5     49 

6       5 

U3-58 

75       0 

65     44 

3     27 

3     21 

112^3 

90       0 

70     11 

0       0 

0       0 

110-2 

The  above  experiments  were  made  with  a  different 
instrument  to  the  former  j  the  needle  was  on  CapUiin 
Rater's  construction,  vii.  diamond  formed  ;  seven 
inches  in  length  :  the  action  of  the  needle  remarkably 
correct.     The  above  is  the  dip  with  one  end  only* 

125.  The  last  column  shows  the  number  of  seconds 
in  which  the  needle  made  forty  vibrations  in  each 
position  J  the  object  was  to  compare  the  computed 
with  the  observed  intensity,  as  will  be  explained  in  a 
subsequent  article.  These  observations  were  made 
with  great  care,  the  time  being  counted  by  a  machine 
which  would  register  to  40ths  of  seconds.  The  face 
of  the  instrument  was  firttt  turned  to  the  east  and 
then  to  the  west.  The  dip  and  vibrations  being  regis- 
tered four  times  in  each  position,  and  the  mean  of  the 
eight  results  taken  as  they  arc  given  in  the  foregoing 
table. 

Confining  ourselves  here  only  to  notice  the  devia- 
tions, we  think  it  must  be  admitted  that  the  agree- 
ment is  as  near  as  can  be  reasonably  expected  ;  both 
the  instniments  employed  were  perhaps  amongst  the 
most  perfect  of  their  kind;  but  every  one  who  is 
acquainted  with  the  dipping  needle,  will  be  aware  that 
it  is  not  so  constant  in  its  action  as  we  might  desire ; 
the  difference  between  any  two  dips,  however,  in  the 
same  position,  never  exceeded  half  a  degree  ;  and  as 
to  the  number  of  vibrations  they  seldom  differed  from 
each  other  by  half  a  second. 

Gefieral  results, 

126.  If  we  now  collect  under  one  point  of  view  our  Summflry 
principal  formula,  {7},  (9)  and  (10),  and  substitute  in  of  tlie  pre 
them  the  proper  values  in  \  and/,   instead  of  their  *^*^*^"*S"" 
complements  0  and  t,  we  shall  have,  after  the  requi-  ' 
site  reductions^ 

^'^^^^  /,„* 


M    2  rf^ 

sin  2  X  cos  I 


(U) 


_.__cosa  +  _N 
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Miigiietisin* 


tan  A    = 


H  «-  , 


sin  2  X  sin  / 


2d» 


(15) 


+  3  8in«X~l 


M 

C    3r3 

127.  These  are  all  rigorous  formulas;    the  first 

shows  the  deviaticm  of  a  needle  freely  suspended,  or 

free  to  move  in  every  direction  3  the  second,  the 

deviation  of  a  needle  limited  in  its  motion  to  the  plaae 

of  the  horizon ;  and  the  thirds  the  deviation  caused  in 

the  dipping  needle  placed  in  the  plane  of  the  meridian. 

And  if,  in  these  formulas,  we  reject  all  the  terms  in 

their  respective  denominators  beyond  the  first,  for  the 

reasons  assigned  (art.  109),  wc  shall  have  the  following 

simple   approximate    formulas    answering   to    these 

respective  cases,  viz. 

C  ■  3  r3 
tan  A  =  77-2r:7^8ia2\  (16) 


M    2d' 

C    3  r' 

tan  a'  =  T7-  •:r-7:  sin  2  \  cos  Z  sec  h 
M 


2d* 
3  r» 


sin  2  X  sin  2 


(ir) 

(18) 


tan  a"  =  — 

^        M    2  d^ 

Theoretical      128.  From  these  formulas,  or  from  the  three  pre- 
deductioM.  ceding  ones,  we  may  draw  several  curious  results,  viz. 

1.  It  is  obvious,  that  in  all  the  above  formulas 
when  X  s  0,  the  deviation  will  be  zero,  which  answers 
to  the  case  of  the  body  being  placed  in  the  plane  of 
no  attraction. 

2.  In  the  second  formula  we  shall  also  have  a'=  o> 
when  cos  <  s=  o,  or  when  /,.the  longitude,  is.  90°,  which 
answers  to  the  plane  of  the  merid^. 

3.  Again,  in  the  third,  ^  =s  0,  when  sin  2  =  0,  or 
when  the  lon^tude  is  zero,  which  answers  to  the  plane 
cutting  the  equator  or  plane  of  no  attraction,  at  right 
an^es,  and  passing  through  the  east  and  west  points 
of  the  horizon. 

There  are  therefore  three  planes  of  no  attraction,  of 
which,  however,  one  only  is  general  for  all  cases; 
the  two  others  are  partial,  one  belonging  to  the  hori- 
zontal, and  the  other  to  the  dipping  needle,  as  above 
stated. 

129.  We  may  draw  similar  conclusions  in  reference 
to  the  maximum  of  deviation,  but  they  would  be 
somewhat  complicated  if  we  deduced  them  from  our 
correct  formulas,  (13),  (14),  (15) ;  they  are,  however, 
equally  as  simple  as  the  above,  if  we  confine  ourselves 
to  the  approximate  formulas,  (16),  (17),  (18),  which, 
although  they  are  not  strictly  correct,  will  give  results 
very  nearly  true. 

From  these,  it  appears, 

1.  That  every  thing  being  supposed  constant  but 
the  latitude,  the  deviation  will  be  the  greatest  when 
«in  2  X  is  the  greatest,  that  is,  when  X  or  the  latitude 
=  45°.     This  is  common  to  all  the  three  cases. 

2.  Every  thing  being  constant  but  the  longitude, 
the  deviation  will  be  the  greatest  in  the  horizontal 
needle,  when  cos  I  is  the  greatest,  that  is,  when  cos  I 
=  1,  or  Z  =  0. 

3.  IJhe  same  being  supposed  as  above,  the  deviation 
will  be  the  greatest  in  the  dipping  needle,  when  sin  I 
is  the  greatest,  or  when  sin  /  =  1,  or  i  =  90°. 

Hence  the  deviation  in  the  dipping  needle  will  be 
the  greatest  where  the  horizontal  deviation  is  nothing, 
and  the  deviation  in  the  horizontal  needle  the  greatest 
where  that  of  the  dipping  needle  is  nothing.  Every 
thing  but  the  longitiide  being  supposed  constant. 

4.  We  may  also  compare  the  actual  quantity  of 


the  deviations  in  the  two  needles  under  the  same  cir-  Fbt 
cumstances  of  latitude,  longitude^  &c.  for  it  is  obvious  V^v 
that  ^ 

tan  a'  *.  ton  A^^  M  <^o^  ^  sec  ^  I  sin  2^  or 
tan  a'  I  tan  a"'  :;  1  1  tan  Z  cos  3 

When  I  =  45°,  the  last  analogy  becomes 

tan  a'  '  tan  a''  M  1  '.  cos  h 
Which  is  abo  the  ratio  of  the  respective  naxinuim 
values  of  those  angles  \  for  from  what  is  stated  above, 
these  will  be 

tan  a'  '.  tan  js^  :  sec  a  :  1  : :  1  :  cos  a 

5.  As  the  Cos  h  in  these  latitudes  is  nearly  equal  to 
one-third,  it  follows,  that  in  London  the  greatest  devi- 
ation caused  in  a  dipping  needle  by  the  action  of  a  mass 
of  iron,  will  be  but  one-third  of  the  greatest  eflPect 
which  the  same  mass  will  produce  in  a  horizontai 
needle  5  the  distance  in  both  cases  being  the  same. 

6.  But  when  cos  6  =  1;  that  is,  when  the  dip  is 
zero  \  then  the  deviations  of  both  needles  at  their 
maximum,  and  in  the  longitude  45°,  will  be  equal  to 
each  other. 

>  ISO.  Another  remarkable  deduction  from  our  for- 
mula (17)  is,  that  while  the  compass  is  placed  in  the 
horizontal  circle  passing  through  the  centre  of  the 
ball,  the  amount  of  deviation  is  independent  of  the 
dip  ;  or  is  the  same  in  all  parts  of  the  world.  For  let 
m  (fig.  62,  plate  VII.)  be  the  plane  of  the  compass  in  Fig.  CI 
the  horizontal  circle  H  W,  then  its  latitude  X  will  be 
denoted  by  the  arc  m  n,  and  its  longitude  I  by  W  a, 
also  the  angle  m  W  n  will  be  the  complement  of  the  dip. 
Uence  in  the  right-angled  triangle  m  W  n  we  have 

sin  W  m  =  sin  m  n  cosec  w  W  n  ^  sin  X  sec  h 
cos  W  «  =  cos  m  n  cos  W  n  =  cos  X  cos  I 

therefore 

sin  W  m  cos  W  m  =  sin  X  cos  X  cos  I  sec  d 
or,  sin  2  W  m  =  sin  2  X  cos  I  sec  h 

Hence  in  the  particular  case  in  question,  our  for- 
mula (17)  becomes,  (by  making  Wwi  =  h) 


tan  a'  = 


C3  r^ 

M2d5 


sin  2^ 


Where  A  is  simply  the  arc  subtended  between  the 
compass  and  the  east  or  west  points  of  the  horizon. 

When  the  compass  therefore  is  thus  situated,  the 
deviation  is  the  same  at  the  same  points  in  all  parts  of 
the  world;  the  radius  r,  and  distance  d  being  constant. 

131.  This,  however,  is  on  the  supposition  that  the 
ratio  of  C  to  M  is  a  constant  quantity,  which  may  not 
perhaps  be  strictly  true  :  according  to  our  h^-pothesis 
C,  which  denotes  the  power  developed  at  the  surface 
of  the  sphere,  is  greater  or  less  acconiing  to  the  power 
of  the  exciting  magnet,  and  therefore  ought  to  vary  as 
M  varies,  the  latter  representing  the  natural  magnetic 
intensity  at  any  place  ;  and  that  this  change  actually 
takes  place  there  can  be  no  doubt  \  but  we  are  not  so 
certain  that  the  \Tdue  of  C  is  exactly  proportional  to 
M,  because  the  resisting  power  of  the  iron  is  the  same 
in  all  cases,  and  therefore  opposes  in  all  an  equal 
resistance  5  and  the  coefficient  C  .having  reference  to 
the  resistance  to  developement  as  well  as  to  the 
exciting  power,  may  not  be  exactly  proportional  to  Wu 
This  however  is  a  question  which  can  be  satisfactorily 
answered  only  by  experiment  in  diflferent  parts  of  the 
earth. 


I 
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rnetiim.      Should  this  equality  of  ratio  between  C  and  M  be 

■V-^^  ultimately  establjsbetl,  then  it  will  follow  from  our 

formula  (17)*   that  under  like  circura stances  of  mass, 

distance,   and  magnetic  pobition^   the  deviation  in  a 

horizontal  needle  will  vary  as  the  secant  of  the  dip  ; 

I  but  thai  in  the  dipping  needle  the  deviation  will  be 
constant  j  the  formala  (18)  expressing  this  deviation, 
having'  reference  only  to  mass,  difftance,  and  position, 
§  XV.  Comparison  of  the  preceding  formulas  wiih  the 
result  of  expurlmenis  on  regular  formed  iron  bodieit  of 
diferentjlgures. 
13^.  Hitherto  we  have  only  submitted  to  the  test 
of  experiment  the  action  of  iron  spheres  or  shells, 
which  bodies  possess  the  peciilitir  property  of  having; 
the  centre  of  attraction  in  the  centre  of  the  mass  j  and 
it  would  be  tjuestionable,  perhaps,  if  we  confined 
ourselves  wholly  to  the  result  thus  deduced,  how  far 
the  laws  we  have  hitherto  found  to  obtain  were  gene- 
ral in  their  application  i  it  will  be  proper  therefore, 
before  we  conclude  this  part  of  our  treatiine,  to  examine 
the  case  of  iron  bars  and  plates,  in  which  the  peculi- 
arity above  noticed  has  not  place. 

Ou  tlie  magnetic  action  of  iron  bars, 

133.  In  order  to  compute  the  action  6f  a  bar  (con- 
sidered as  a  line)  on  a  maenetic  needle,  we  must  first 
determine  the  position  and  distance  of  the  centre  of 
attraction,  or  at  least  the  amount  of  that  attraction 
on  a  given  point.  This  part  of  the  computation  may 
be  effected  as  follows  : 

Let  AB  (fi^.  63,  plate  \1L)  represent  the  given 
bar,  C  the  place  of  the  compass,  or  the  point  to  which 
the  attraction  is  referred.  Draw  the  perpcndicnhir 
D  C  and  join  A  C,  B  V,  Make  AD-  />,  D  C  =  a, 
A  C  ~  c,  and  jn  D,  any  variable  distance,  =  r.  Then 
the  attraction  being  inversely  as  the  square  of  the 
distance,  the  attraction  between  m  and  C  will  vary 

^  7;— 5  —  —^. — '*    Resolve  this  into  the  two  direc- 

iions  D  C,  D  m,  and  we  shall  have 


I 


pftetic 

EkQof 

Ion 

Ik 


a 


consequently^ 
adx 

xdx 


)* 


=  attraction  in  the  line  D  C 


==  attraction  in  the  line  D  m 


f 


~  1 


(a'^  +  x=)^       {a^  +  x«)i 


—  being  the  correction* 


=  attraction  in  D  C 


'  =i  attraction  in  D  m 


These  results,  when  1.'  becomes  equal    to  h,  that  is, 
the  whole  attraction  of  the  line  D  A,  will  be 


In  the  same  manner,  denoting  the  lines  on  the  other 
si  fie  of  D,  by  the  corresponding  letters  a^  a\  c',  we 
shall  have  for  the  ivttraction  of  the  part  D  B 


a  ^  (a»  -h  t«) 


—  — .  —  force  in  D  C 
ac 


1  1 

—  =  ^ —  =  force  in  D  A 

a         c 


r  =  force  in  D  B 

a        c 

The  two  rectangular  forces  therefore  due  to  the  whole 
line  will  be 

! r  =  force  m  D  C 


—- =  force  in  D  A 

c  c 

Let  the  former  of  these  be  denoted  by  m,  and  the  latter 

by  n ;  then  the  resultant  JXj  by  the  known  principle  of 

forces,  will  be 

R^  ^  (m^  +  n'^) 

If  now  we  denote  by  0  the  angle  which  this  resul- 
tant makes  with  the  line  A  B,  we  shall  have 

'* 
tan  0  =  —   . 

Whence  the  attraction  of  the  line  A  B,  upon  the 
point  C  becomes  determined,  both  in  quantity  and 
direction. 

134.  But  to  apply  this  result  to  the  case  of  mag- 
netic attractions  we  must  refer  to  our  approximate 
law  (art,  114.);  from  which  it  appears  that  the  tangent 
of  deviation  of  a  needle  varies  as  the  cube  of  the 
distance  inversely  (or  as  the  f  power  of  the  force 
directly)  inuUiplied  by  the  product  of  the  sine  and 
cosine  of  the  latitude  (or  of  the  eolatitude)  and  the 
cosine  of  the  longitude. 

In  the  present  civse  if  we  suppose  the  bar  to  be 
plnced  in  tlie  direction  of  the  dippincj  needle,  the  angle 
0  will  be  the  eolatitude,  and  we  have  obviously 

gin  <p  ^ 


cos  0  = 


V'  (m=  +  ««) 
The  tangents  of  deviation  ought  to  vary  therefore  as 

R  ^  bin  0  C06  0  cos  / 
(I  being  the  longitude),    or  substituting  the  above 
values  of  R^  cos  0  and  sin  0,  the  above  becomes 
131  n  cos  I 


that  is    tan  ^  =  A 


VI  n  cos  i 


(l£>) 


Where  A  denotes  the  angle  of  deviation,  and  A,  a 
constant  coefficient. 

In  the  experiments  with  which  it  n  proposed  to 
compare  this  formula,  the  compass  was  placed  due 
east  and  west  of  the  bar,  consequently  the  longitude 
of  its  position  was  zero,  and  therefore  cos  i  :=  1. 
Hence  in  this  particular  case  the  formula  i:?  farther 
reduced  to 


tan  A  =  J^ 


or,    tan  a 


>n  n 

(>«<" 

+  J» 

')^ 

{m« 

+  " 

.)+ 

=  A  (I  ccnstami  ^uaMki^^  (^0) 


wliatever  may  be  the  distance  of  the  coiD|ias£  or  ita 
position^  provided  the  longitude  be  zero. 


rfL_J 
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Magnetism*  The  experiments  we  sliall  have  recourse  to  were 
performed  by  Mr.  Charles  Bonnycastle,  on  a  bar 
twenty-four  inches  in  length,  and  one  inch  and  a 
quarter  square  ;  inclined  in  the  direction  of  the  dipping 
needle,  and  the  compass  was  placed  to  the  cast  and 
west  of  the  bar  ;  first  opposite  to  its  centre,  and  then 
at  every  three  inches  from  the  centre  towards  the 
extremities^  at  the  distances  of  twelve  and  sixteen 
inches  from  the  axis  of  the  bar. 

The  following  arc  the  obser^'ed  results^   and  the 
f  ompntcd  value  of  the  constant  coefficient. 

135.  Tatle  of  observed  deviations,  and  comjruted  value  of 
the  constant  quaniiiy  A, 


Dnt.nf 

Va]ii«  uf 

cwmp<.u 

DiiU 

Obifnred 

Value  of 

Value  of 

m  pi 

Valae  J, 

centre. 

<Ievibtion« 

m. 

ft. 

A. 

(m^  +  i|5ji 

incbci. 

iDchct. 

s 

](i 

3 

20 

•073:^8 

■00887 

•002396 

17  03 

ditto 

6 

4 

45 

■06860 

*01699 

•0043«4 

17  62 

ditto 

9 

5 

43 

'06123 

■02355 

■0056^11 

17  88 

ditto 

12 

6 

0 

'0,-i201 

■02783 

•005960  1 

17-6:i 

12 

3 

5 

20 

♦IK'iOO 

'OHCrO 

'004840 

19'28 

ditto 

6 

10 

0 

*I0610 

•02830  1 

"008989 

19  62 

ditto 

9 

12 

0 

■09251 

■03y49 

*0 11521   i 

1845 

ditto 

U 

U 

30 

07450 

■04606 

*0 11600 

17-54  j 
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In  examining'  the  computed  value  of  A  in  the  last 
column  of  the  above  table»  it  should  be  remembercci 
that  we  have  only  employed  our  approximate  formula, 
which  at  small  distances  gives  rise  to  certain  inequali- 
ties suflicient  to  account  for  all  the  discrepances  in 
the  coeflicients  in  the  fifth  and  sLxth  experiments  j 
but  it  may  be  proper  to  observe,  that  Ihe  excess  of 
these  above  the  mean,  amounts  to  but  a  small  fractioa 
of  a  degree  j  and  therefore  we  may  be  allowed,  it  is 
presumed,  to  cite  these  experiments,  as  well  as  those 
in  the  foregoing  section Sj  as  a  proof  of  the  accuracy 
of  the  liypothcsis  upon  which  all  our  investigationa 
hitherto  have  been  founded.  We  shall  likewise  see 
in  the  following  article,  that  the  same  accurate  agree- 
ment has  place  ivhcn  we  make  use  of  iron  plates, 
instead  of  the  balls  and  bars  ;  and  that  we  have  there- 
fore every  reason  to  conclude  the  laws  we  have 
deduced  are  general  and  applicable  to  bodies  of  every 
form. 

On  the  magnetic  action  of  iron  plates, 
Mtignctk  130.  The   ex])enments  and  investigation  we   shall 

?raa  "bus    ^^^^  ^^^^^  ^^*   ^^^^^  ^^^^  "^  *^^  former  made  by  Mr. 
^       '  Charles  Bonnycastle,   and   communicated  by  him  to 
Mr.  Barlow,  who  has  published  the  series  in  his  Essajf 
on  Magnetic  jfttractkms.     The  following  is   a  copy  of 
the  former  gentleman's  letter- 

"  I  placed  the  plate  w^ith  its  edge  A  B,  (fig.  GA) 
parallel  to  the  horizon,  and  at  right  angles  to  the 
meridian  ah;  and  having  catised  it  to  revolve  about 
A  B  until  the  angle  B  A  6  was  20*^  j  I  then  observed 
its  attraction  upon  a  compass  at  O,  which  is  in  the 
line  BA  produced  j  this  attraction  was  zero,  as  it 
ought  to  be,  very  nearly,  which  renders  it  probable 
that  there  is  but  little  permanent  magnetism  in  the 
plate.  Having  ascertained  this  point,  1  next  resolved 
the  plate  about  A  B,  and  through  the  various  angles 
jyAby  jy  A  l>\  hc.f  taking  at  each  the  deviation  of 
the  compass  at  O  j  the  results  of  these  experimenta 
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arc  recorded  in  the  table  which  h  given  below,  and  it 
only  remained  for  me  to  calculate  theoretically  the 
corresponding  deviations  in  order  to  decide  upon  the 
point  in  question. 

*'  For  the  attraction  to  the  plane  ABED  in  fht 
directions  O A,  AD,  is  the  same  as  that  of  the  plane 
A  B  E'  D  in  the  directions  O  A,  A  D'^  or  of  A  B  W  E" 
in  the  directions  AO,  AD'',  &c. j  and,  therefore,  the 
deviation  of  the  needle  will  vary  as  the  same  function 
of  the  angle  D  A  b,  whatever  be  the  form  of  the  plate 
in  question,  or  the  quantity  of  its  attraction,  provided 
that  the  depth  to  which  the  magnetic  action  penetrates 
is  always  the  same  j  but  if  this  depth  depends  on  the 
position  of  the  surface*  with  resiiect  to  the  dip,  it  is 
manifest  that  in  the  various  positions  of  the  plate 
which  arc  represented  above,  the  law  of  attraction  wiU 
vary  considerably  from  that  obtained  on  the  hypothesis 
of  a  constant  penetration, 

''  That  this  hypothesis  is  correct^  will,  however, 
readily  appear  from  the  following  calculation  of  the 
deviations  according  to  theory,  and  the  comparison  of 
the  results  with  those  actually  observed. 

'^  Let  C  (fig,  65)  be  the  centre  of  the  compass,  C  O 
the  line  about  w^bich  the  plate  revolves,  E  the  centre 
of  attraction,  S  N  the  dip,  A  D  B  F  the  equator,  and 
a  b  the  meridian.  Join  C  E  j  draw  E  d  perpendicular 
to  A  B,  and  join  C  d.  Then  the  supplement  of  the 
colatitude  is,  evidently^  equal  to  C  E  J,  and  the  lon- 
gitude is  equal  to  d  CO  t  but  by  what  has  been 
observed  above,  the  centre  of  attraction  E,  is  always 
found  in  the  circle  BE  A,  and  therefore  as  C  O  is 
invariable,  C  E  will  be  also  invariable  ;  and  (putting 
colat  =  0,)  cos  0  will  vary  as  ED,  that  is  ^s  the 
cosine  of  S  E*  For  the  same  reason  sin  0  will  vary  as 
C  d  ;  and  sin  0,  cos  I  will  vary  as  C  d,  cos  d  C  o  ;=  C  o, 
which  is  constant ;  and  consequently  sia  0^  cos  I  art 
aliso  constant 

"  But  the  approximate  formula  for  the  deviation  is 


fmi 


4 


Fi^-es 


tan  a  =:  A 


cos*  .  sin  0  cos  0 


and  In  this  case  d\  and  the  rectangle  cos  I  sin  0  arc 
constant,  and  cos  0  varies  as  cos  S  E,  or  aa  cos  c, 
(putting  S  E  =  «)  J  wherefore 

tan  a 
^  =  M, 

cos  « 

where  ]M  is  a  constant  quantity. 


Angle  f. 

Oi]i»prTC<i 
deflection. 

Value  of  M.  \ 

no 

OO 
50 
20 

-30 
-70 

SOW, 
O     0 

9  20  E. 

14  35 

15  45        1 

5  40 

•2558 

'27687 
•^82029 
'528542 
*S9012 

'^  Note.  The  distance  of  the  compass  from  the  plate 
was  six  inches,  and  the  deflections  were  the  means  of 
two  sets  of  observations  made  with  opposite  ends  of 
the  plate,  the  results  of  which,  however,  differed  in 
no  case  more  than  twenty  minutes  from  each  other 
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fsedsm,      ""  As  the  first  and  last  values  of  M  ought,  evidently^ 
^V-^i^  to  be  the  same,  H  appears  that  the  difference  between 
the  numbers  in  Ibe  last  column  arises  from  a  perma- 
nent magnetism  in  the  plate." 

When  it  is  remembered  that  the  above  numbers  n re 
obtained  from  an  approximate  formula,  and  the  aberra- 
tions are  such  as  would  be  compen!>ated  by  a  change 
of  only  a  few  iniriutes  in  the  observed  angles ;  there 
can,  we  presume,  be  no  doubt  that  the  developement 
of  magnetism  takes  place  according  to  the  hypothesis 
tbat  has  been  advanced »  viz.  to  only  a  certain  depth, 
and  to  the  same  depth  w^hatever  be  the  position  of  the 
body  or  the  thickness  of  the  metal^  provided  it  exceed 
a  certain  quantity. 

§  XVL  On  the  change  of  magnetic  intensiiy  of  a  needle  as 
effected  by  iron  spheres, 

1*^  137-  We  have  hitherto  limited  our  investigations  to 

iBity  of  |]^g  determination  of  the  qiwntity  of  deviation  produced 
'  on  a  freely  suspended  horizontal  or  dipping  needle,  by 
the  magnetic  action  of  iron  bodies  of  d liferent  figures  j 
tbat  is,  we  have  bad  only  to  compote  tbe  aiip;!e  which 
the  resultant  of  our  forces  (5)  and  (Gj  makes  with 
the  natural  direction  of  the  magnetic  force  j  we 
propose  now  to  fmd  the  value  of  that  resultant,  or  of 
the  magnetic  intensity  of  the  needle  when  under  this 
influence. 

This  from  the  known  principles  of  mechanics  will 
be,  from  our  formulas  (5)  (tJ). 


(«-^" 


d' 


coa*0 


)•} 


or  dividing  all  the  terms  by 


3Cr^ 


CO9  0 


1  = 


3Cr^ 


( 


d^ 
Md^  --  Cr 


cos  0 


v/{ 


sin  ■  0  H- 


and  midLing 


3  Cr^ 

M  d*  ^  C  r 


sec  0  +  cos  0 


)■} 


3  C 


=  A 


this  reduces  to 


3Cr^         ^      /r  .       . 
i  =  —  j—  cos  0 1/  I  sm  ^  0  +  (A  sec  0  +  cos  0) 

►s  04/(1  +  ^  A  4-  A-  sec'  0) 


.1 


3  C  rj 

d^ 
3C  r^ 


Or  reestablishing  the   value  of  A,   and   calling  the 
natural   magnetic   intensity  M  —  1,    in   ivbicb    case 
C  =  r0539  (art,  118.)  we  have  tor  the  resultant  I. 
(2d^  +  Cr' 


=x/{- 


3  C  r^  cos«0  H- 


(21) 


from  which   I   may  be  computed. 

As  an  example,  if  d  =  *30,  or  distance  =  20  inches^ 

the  radius  of  the  ball  r  =  64  inches,  and  C  =  1'0539, 

as  determined  above  for  cast  iron,  then  we  shall  find 

1  = 


^/ {'16743  cos  ^-0  +  -93213) 


Or,  If  all  the  rest  remain  the  same  except  r,  and  we  P^rt  IH. 
make  this  ^  88S,  the  radius  of  what  is  called  an**--^^'* 
eighteen  Inch  shell,  we  shall  have 

I  =  ^  (-57288  co9«  0  -f-  -82582) 
or  1  ^  V  (-5*288  sin«  X  -h  '82582} 

138.  In  order  to  compare  these  results  with  experi* 
ment,  we  must  consider  the  vibrations  of  a  magne- 
tised needle  under  the  same  point  of  view  as  those  of 
a  simple  pendulnm  j  that  is,  we  must  estimate  the 
force  as  |)roportioual  to  the  scpiare  of  the  numher  of 
vibrations  mude  in  a  given  time^  or  the  number  of 
vibrations  as  proportional  to  the  scjuare  root  of  the 
force  5  we  have  therefore  only  to  give  the  proper 
values  to  on r  angle  0,  or  \,  and  compute  the  value  of 
L  Then  since  the  natural  magnetic  intensity  has 
been  called  unity,  we  shall  have 

1  :  -/I :: N  :  n 

where  N  is  the  number  of  vibrations  made  by  a  dipping 
needle  in  any  given  time,  when  removed  from  every 
extraneous  magnetic  action  ;  and  n  the  number^  made 
in  the  same  lime,  when  the  instrument  is  placed  in 
any  given  latitude  on  either  of  the  iron  balls,  and  at 
twenty  inches  distance  from  their  centre.  If  the  dis- 
tance was  different  from  this,  the  number  in  the  above 
numerical  formula  would  be  different  aIso»  This 
distance  Is  merely  chosen  for  convenience,  viz.  that 
we  may  be  able  to  compare  the  formulas  with  the 
results  obtained  in  our  experiments  in  the  last  column  of 
the  table,  (art,  124)  where  we  have  given  the  number 
of  seconds  employed  by  the  needle  («even  inches  in 
length)  in  making  forty  vibrations.  The  time  wag 
taken  by  a  machine  which  gave  the  inten'als  to  the 
40lhs  of  seconds*  but  it  was  not  attempted  to  register 
nearer  than  to  quarter  seconds. 

139.  Tuble  showing  the  computed  and  observed  intens- 
ifiesof  a  dipphtg  needle  in  different  positwns  in  (he  vicinity 
of  an  eighteen  inch  shell. 


Vidm  of 

1=  =('57288 

tiii-A  + -82582) 

Time  of  40 
vibnitiona 
dctncbcd 
from  ironi. 

Ci>mputed 
tiint*  of  40 
I'ihratjons 
in  cliffereut 
latitudes. 

Obscri'od 
time  of  40 
vibratioua 
in  diffcffut 
Utitude«,    1 

LaCitnd^. 

Value  of  R^ 

• 

0        0 

'82582 

120 

12578 

125*3  : 

15       0 

•8G419 

ditto 

12446 

124*44 

30       O 

96940 

ditto 

120-95 

1213 

33*  30 

lOOOCXI 

ditto 

120  00 

1203 

45       0 

l-112<2f3 

ditto 

116  S5 

1 16-5 

(;o      0 

1*25548 

ditto 

113  36 

113  58 

75        0 

1-360.33 

ditto 

11112 

112  3 

90        0 

1-39B70 

ditto 

110  35 

110  23 

140.  The  remarkable  approximation  to  equality  be- 
tween the  computed  and  observed  times  of  vibration  in 
the  last  two  columns  of  the  above  table,  is  one  of  the 
best  tests  we  have  yet  met  with  for  deciding  rej^pecting 
the  accuracy  of  our  hypothesis,  by  which  the  action 
of  the  ball  is  referretl  to  two  centres  indefinitely  near 
to  each  other,  and  to  the  geometrical  centre  of  the 
ball  itself,  and  by  which  it  is  distinguished  from  the 
theory  of  Coulomb,  or  at  least  the  interpretation 
usually  given  to  his  theorj-,  where  the  two  centres  are 


•  The  proper  Tnhic  of  X  wtiea  1 
=  •17418  is  \  =33^28'. 


I J  thm  is,  wk-n  •57288  \» 


m 
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On  tlie  laws 
of  ti^aturo] 
find  arti- 
fickl  mM£- 


EiUibited 
b)'  experi- 
ment. 


assumed  to  be  at  the  extremity  of  that  axis  wMch 
coincides  with  the  magnetic  direction  of  the  earth. 
Whereas  accordin|j  to  our  hypothesis,  the  ball  has 
merely  polarity  ^ven  to  it,  but  it  is  supposed  to  be 
distributed  over  the  surface,  and  to  have  its  centres  of 
action  iJidefinitely  near  to  each  other  as  above  stated. 
This  latter  conditioo  is  one  of  the  distinguishing 
characteristics  of  soft  unmag^netised  iron,  and  in  which 
its  action  tlilfers  the  most  from  bodies  actually  mag- 
netic or  possessing  fixed  poles  ;  for  in  the  latter  case 
we  must  no  longer  refer  our  centres  of  action  to  the 
eentre  of  attraction  of  the  mass  or  surface,  but  to  two 
fixed  and  determinate  points  j  the  situation  of  which 
will  depend  upon  the  accumulation  of  tiie  magnetic 
fluids  developeti  in  the  act  of  magnetising.  This  dis- 
tinction will  form  the  subject  for  mveet%atioE  in  the 
following  section. 

5  XVII.  On  (he  dmiationt  produced  in  herixmtal 
needki  by  the  action  of  natural  and  ariijivial  magwiUs 
and  on  the  general  plienomena  exkUtiUd  ^  such  bodies, 

141,  We  have  seen  that  in  order  to  compute  the 
effect  which  simple  iron  bodies  produce  in  deflecting  a 
magnetised  needle  from  its  natural  direction,  we  are 
under  the  necessity  of  referring  the  centres  of  action 
to  two  points  indefinitely  ne*u*  to  each  other  in  the 
common  centre  of  attraction  of  the  surface  of  that 
body  J  but  this  assumption  will  not  enable  us  to  com- 
pute the  effect  produced  by  the  action  of  a  body 
permanently  magnetic  ;  we  Diust  in  this  latter  case 
refer  our  centres  of  attraction  and  repulsion  to  two 
points,  whose  situations  are  determined,  and  which  in 
magnetised  steel  bars  are  commonly  very  nearly  at 
the  two  extremities.  This  fact  may  be  in  some 
measure  exhibited  by  a  very  esisy  experiment,  as 
follows  : — take  a  bar  magnet  of  any  length,  let  ua  say 
eighteen  inches,  and  place  it  in  the  magnetic  meridian ; 
take  also  a  small  and  very  delicate  needle  on  a  pivot, 
or  suspended  by  a  thread  of  fine  silk,  and  carry  it  very 
near  the  bar  from  one  extremity  to  the  other  ;  and  it 
will  be  seen  that,  when  the  needle  is  in  the  centre  of 
the  bar,  it  will  stand  parallel  to  the  latter  j  its  direc- 
tion being  inverted,  or  at  least  the  north  end  of  the 
needle  will  point  towards  that  part  in  which  the  south 
end  of  the  bar  is  placed,  and  its  south  end  towards 
the  north.  As  we  now  carry  the  needle  towards 
either  extremity,  it  will  advance  more  and  more 
towards  a  perpendicular  position  with  respect  to  the 
bar,  and  which  it  will  completely  attain  just  before  we 
arrive  at  the  actual  extremity,  and  lo  this  point 
ui  the  bar  the  end   of  the   needle  will  continue  to 


to  be  directed  while  wc  pass  the  Utter  round  the  F^ 
end  of  the  former  j  tlius  exhibiting  an  ocular  deoiOD-  ^»— ^ 
stration  of  a  strong  centre  of  attraction  at  this  point ; 
and  precisely  the  same  phenomeDa  occur  at  the  other 
extremity  of  the  bar,  but  with  the  contrary  end  of  the 
needle,  as  ought  obviously  to  be  the  case.  Another  SetM* 
method  of  exhibiting  this  effect  is  to  place  an  artificial  P««m 
bar  UMignct  on  a  table  in  any  direction^  and  ammging 
about  it  a  number  of  small  needles,  as  shown  in 
fig.  6i?;  when  they  will  take  the  several  positions  p^,j| 
indicated  in  the  figure  j  and  although,  in  tins  case, 
the  needles  naturidly  disturb  eiich  other,  and  are 
under  the  iuiuence  also  of  the  natural  mamictism  of 
the  earth,  yet  their  directions  are  stlU  such  as 
obviously  to  indicate  the  existence  of  two  centres  of 
action  not  in  the  centre  of  the  bar,  as  in  the  case  of 
simple  iron  balla  or  shells^  but  at  the  extremities  as 
above  staled. 

149.  These  experiments,  however,  after  all,  are  Dot 
sufHciently  conclusive  for  mathematical  purposes  ;  it 
will  therefore  be  proper  to  explain  a  much  more**"^* 
decisive  and  indisputable  method  of  demonstrating  the 
truth  of  the  doctrine  wc  have  advanced  above,  Thi* 
is  as  follows  :  place  a  small  compass,  nicely  sus- 
pended on  a  pivot,  in  the  centre  of  a  large  table>  a&d 
neutralise  the  terrestrial  action  upon  it,  by  opposia^ 
two  magnets  to  its  extremities,  so  that  its  directive 
force  may  be  altogether  imperceptible.  Pcicribc 
about  the  compass,  taking  its  pivot  as  a  centre,  a 
circle  of  any  diameter  from  two  to  three  feet  j  and 
divide  this  circle  into  points  and  qtiarter  points.  At 
each  of  these  divisions,  in  succession,  place  a  bar 
magnet,  exactly  in  the  magnetic  meridian,  and  with 
its  centre  coinciding  with  the  division  in  the  ctrcura- 
ference.  Then  coiiipute  the  actual  deviation  which 
ought  to  arbe  from  the  action  of  the  two  poles  of  tht 
bar  according  to  the  above  hypothesis^  on  each  of 
these  points  of  division  3  and  afterwards  observe  the 
same  experimentally,  and  it  will  be  seen  that  the 
agreement  between  the  theory  and  practice  is  so  com- 
plete, as  to  leave  no  doubt  as  to  the  truth  of  the  prin- 
cijdes  on  which  the  former  is  founded.  The  com- 
putation alluded  to  will  stand  thus. 

143.  Let  N  S  (fig.  67)  represent  a  bar  magnet,  and 
e  e'  its  two  centres  of  attraction  and  repulsion,  which 
may  at  present  be  considered  as  indetermiDate,  but 
equally  distant  from  the  centre  o.  Let  P  be  a  magnetic  Rf***! 
j)artiele  or  very  short  needle,  which  by  haTing  the 
terrestrial  action  neutralised  as  above  described,  will 
lie  fi'QQ  to  obey  any  force  impressed  upon  iL  Maka 
0  P  =^  d,  and  a  e  :=  0  e'  =  e,  Then  adopting  the 
principle  of  resolution  as  in  art.  105^  wt  shall  have 


I 


S/rf 


2/ a 


(d«+e«— Sd  eco9  0)*      (d»  +  e"  +  «  d  ccos  0)* 


«/« 


«/« 


=  force  in  P  o 


-  E=  force  in  N  S 


(d^^e'^—idecostfi)^        (d*  -f  e"  +  2  d  c  cos  0)tF 

If  now  instead  of  assuming  e  to  be  indefinitely  small,  as  in  the  article  referred  to,  we  consider  it  as  reprc- 
nting  half  the  length  of  the  magnet,  and  the  distance  d  ^  m  e  (m  being  an  indeterminate  multiplier)  the 

2  m  €  f 


renting 
above  become 


2  me/ 


=  force  in  Po 


(d«  +  e«  -  Sdecos0)*        (d«  +  e»  +  2  d  e  eos 0)* 

ge/ %ef _  ■    KS 
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^mef  ^_    %me/ 

**'*  f  (ff|3  + 1)  t^-2m  e*  eofl  0]*        {  (m« >  1)  c^  4-  2  w  e«  cos  0  {^ 

{(m^  H-  1)  e*  -  '2we*cos0!*  "^   { f m*  +  1)  e»  +  2mc«cos0}* 

T*t  • — ^ =  »i  ^B^o  we  have 

2  m/    f  I 


I ^l,. 

e*i2m)T  \{n   -    cos  <p)^        (n  +  cos  0)t  ) 

CK^W)^  J  (rt  —  COS0)f  («    +  COS  0)^  j 


farce  m  P  0 
force  in  N  S 

-  force  in  P  0 
force  in  N  S 


Resolve  tUe  former  into  two  forcesj  perpendicular  and  parallel  to  N  S  j   viz. 

2  m  f  gin  4^  f  I I  ( 

'if9m\^     \(n  — COS  0)^       (n  +  con  0f  j 

I  1 


2  m  /  cos  0 


perpendicular  to  N  S 


{.-^ 


A  . imrallcl  to  N  S 


e»  (2  ni)-^      I  PI—  co9  0)t      (/i  -^  cog^)"i' 
Deducting  from  the  latter^  equation  (C)  and  dividing^  by  equation  (7),  we  have 


(3), 
(4) 

(5) 
(6) 

(7) 


PartUI. 


cot  A  =  cot  0 


coscc  ii> 

m 


} 


or  reestablishing  m 


r. 
I 


cot  A  ^  cot  0  -*  —  cosec  0 


f  (>*  +  gQ^  0)^  +  (/i  —  cos  0)^ 
(  («  +  cos  0)^  —  (»  —  cos  0)i 


*y-c 


9w 


cos  0)^  7 

cos  01^  J 


An  expression  from  which  we  may  compute  the  deviation  for  any  situation  of  the  magnet  or  any  angle  0 
and  at  any  distance  d  =^  vi  e. 

If  we  take  the  distance  of  the  needle  equal  to  the  length  of  the  ma^et,  or  wt  =  ^,  then  the  above  becomes 


cot  A  ^;  cot  0  —  i  cosec  0 


U  + 


cos  0T    +  ^  —  coe 


cos 


5&T 


—    -I-     —    cos    0 


^1 


From  which  the  numerical  values  of  A  are  easily 
determined^  tvnd  may  then  be  compared  with  obser- 
vation J  we  niay  in  like  manner  compute  the  same 
for  any  other  value  of  m,  or  any  distance  fi  —  mcj  and 
by  a  comparison  of  the   numbers  thus  obtained  with 

Pe3tperimenl|  it  will  be  seen  that  in  the  case  of  fixed 
poles,  these  latter  arc  not^  as  in  bodies  passively  mag- 
netic, in  the  common  centre  of  attraction  of  the 
surface, hut  in  the  extremities;  as  we  have  assumed  in 
the  beginning  of  this  section. 

We  must  acknowledge  that  we  are  unable  to  give 
any  satisfactory  explanation  of  tliis  difference  in  tbe 
action  of  bodies  permanently  and  temporarily  mag* 
netic  ;  but  that  Buch  is  actually  the  case  is  unques- 
tionable, and  our  business  is  ratlier  with  facts  than 
hypotheses ;  we  have  little  doubt  however  that  the 
energy  with  which  maf^netical  imestig^ations  are 
pursued  at  preeent,  not  only  in  England  but  thiough- 
out  all  Europe,  will  soon  lead  to  some  facts  which 
will  serve  to  reduce  to  one  general  principle  these 
two  systems  of  phenomena,  which  are  at  present 
a|>pareutly  io  distinct  from  each  other. 

^^      §  X\^II.  lihtstrathn  of  cerittin  popular  magnetic  expert' 
^p  ments,  properties  of  the  magnetic  mrve,  ^c. 

m  of  144.  If  we  cover  a  etron^  bar  magnet  with  a 
leto  on  piece  of  white  paper,  or  with  a  piece  of  thin  smooth 
^^fi^*  glass,  and  spread  over  the  paper  or  glass  a  quantity 
of  iiue  iron  or  sted  Mugs,  using  for  this  purpose  a 


sieve,  or  a  box  similar  to  that  which  is  common  for 
dusting  sand  over  writing  ;  we  shall  tind  that  these 
filings  will  arrange  themselves  in  very  e!egant  curves 
about  the  poles  of  the  magnet  j  varying  in  their 
figure  a^  we  employ  one,  two,  or  more  magnets,  and 
as  we  place  towards  eneh  other  jioles  of  the  same  or  of 
a  contrary  name.  See  fig.  6^,  and  6D,  Tiiese  curves  Fig,  68,69, 
have  given  rise  to  the  most  fanciful  theories  of  mag- 
netism, having  been  assumed  as  the  traces  of  an 
invisible  fluid  perpetually  circulating  between  the 
poles  of  the  magnet ;  and  this  circulation  has  been 
afterwards  employed  for  ilhistrating  every  variety  of 
magnetic  phenomena,  but  in  such  a  way  as  to  leave 
the  subject  involved  in  greater  mystery  than  at  first. 
The  fact  is  that  these  curves  are  the  necessary  con- 
sequences of  the  forces  we  have  been  just  examining 
in  the  preceding  articles,  and  the  arrangement  of  the 
needles  exhibited  in  fig.  66,  may  be  considered  as  the 
elementary  principle  of  the  curves  in  question.  We 
have  only  indeed  to  conceive  the  needles  in  this  figure 
to  be  reduced  in  Icng'th  to  that  of  the  particles  of  iron 
dustj  and  the  number  of  them  to  be  indefinitely 
increased,  and  we  shall  see  inj mediately  the  principle 
to  which  we  ought  to  refer  the  arrangement  ejihibited 
in  the  diagrams  above  referred  to. 

The  curve^  which  any  line  of  these  particles  will 

assume,  is   called  a  magnetic  curve  ;    it  has  certain 

very  curious  properties   belonging  to  it,    and  gives 

rise  to  some  pleasing  geometrical  deductions  5    which 

5  K  ^ 
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Magoetbm.  although  not  necessarily  connected  with  our  present 
V-*--  ^^m^  inquiry,  may,  it  is  presumed,  be  introduced  without 

impropriety  in  conclusion  of  this  part  of  our  treatise. 

In  stating  these  properties  we  shall  avail  ourselves 

of  the  article  Magnetic  Curves,   as  given  by  Professor 

Leslie  in  his  Geometrical  Analysis. 


Geometri- 
cal pro- 
perties of 
magnetic 
cmnres. 

Fig.  71,  72, 


Proposl- 

tiODS. 


Hie  same 
analyti- 
cally. 

Rg  70. 


Properties  of  magnetic  curves. 

145.  Def.  I.  The  lines  drawn  from  the  two  poles 
of  any  magnet  to  any  point  in  the  curve  are  called  the 
radiants;   as  A  C,  B  C,   fig.  71,  72. 

Def.  II.  The  line  which  joins  the  two  poles  is  called 
the  base  of  the  curve,  and  its  extension  the  axis. 

Def.  III.  The  angles  B  A  C  and  A  B  C,  which  the 
radiants  make  with  the  base  are  called  the  polar  angles. 

Generation  of  tfie  curve. — Let  A  C  and  B  C  be  two 
radiants  which  turn  about  the  poles  A  and  B,  and  let 
them  in  the  same  instant  move  into  the  proximate 
positions  A  C,  B  C  $  if  the  angle  CAc  betoCBc 
as  A  C  to  B  C,  the  points  C  and  c  will  occupy  a  mag- 
netic curve. 

It  is  obvious  that  the  magnetic  curve  will  assume 
two  distinct  forms,  according  as  its  radiants  turn  in 
the  same  or  in  opposite  directions.  In  the  latter 
case  both  the  polar  angles  augment  at  the  same  time> 
and  the  curve  will  consist  of  a  single  concave  arc  3  but 
in  the  former  case,  the  angles  from  one  pole  increas- 
ing, while  those  from  the  other  are  diminishing,  the 
curve  will  divide- and  spread  itself  into  two  branches. 
The  one  species  of  curve  is  hence  called  a  converging 
curve, or  a  convergent,  fig.7I>  and  theother  h<Uvergent, 
as  in  fig.  72. 

146.  Prop.  I.  The  sines  of  the  angles,  which  a 
tangent  forms  in  the  magnetic  curve,  with  the  radiants 
drawn  to  the  point  of  contact,  are  proportional  to  the 
square  of  those  lines.  Let  TC,  (fig.  71,  72)  touch  the 
curve  at  the  point  C,  and  make  the  angles  T  C  A  and 
T  C  B,  with  the  corresponding  radiants,  then  will 

sinTCA:  sinTCB  ::  AC«  :  BC« 

For  assume  tlie  approximate  point  c,  to  which 
inflect  the  radiants  Ac,  Be,  make  BD  equal  to  ^ A C, 
and  from  A  and  B  describe  the  minute  arcs  ca,  C  fi. 

The  arcs  c  a  and  D  8  are  obviously  the  measures  of 
the  elementary  angles  CAc  and  C  B  c,  and  conse- 
quently from  the  genesis  of  the  curves  ;  co  -.  D  B  ',[ 
A  C  :  B  C ;  but  since  the  sectors  C  B  y3  and  D  B  3 
are  similar,  D  a  :  C  /3  ; :  B  D  or  A  C  :  B  C  ;  wherefore 
by  composition  of  ratios  c  a  :  C  /3  1 1  A  C«  :  B  C^. 
Again  the  right  angled  elementary  triangle  ca  a  and 
C  fia  having  a  common  verticle  angle,  are  similar  and 
c  a  :  ac  ',]  C  fi  :  C  a,  or  alternately  c  a  :  C  /3  ;  *  a  c  : 
C  a:  whence  by  identity  of  ratios  a  c  :  C  a  '.  I  A  C  : 
B  C*.  Now  in  the  triangle  C a  c,  c  a  :  C«  1 ;  sin  c  C  a 
or  sin  T  C  A  :  sin  C  c  a  or  sin  T  C  B  3  wherefore 

sinTCA  :  sin  TC  B  1 1  AC«  :  BC« 

147.  The  same  may  be  demonstrated  analytically  by 
a  simple  resolution  of  forces  on  the  principles  employed 
in  the  preceding  articles  and  sections  of  this  treatise. 

Let  A  B  (fig.  70)  be  the  two  poles  of  a  magnet,  and 
P  any  point  or  piirticle,  make  AF  =  d,  h  P  =  e,  and 
let  the  force  at  the  distance  1  be  1,  then  the  force  at 

the  distance  d  will  be —and  at  the  distancee,— jlet  the 

latter  represent  attraction  and  the  former  repulsion. 


Let  the  force  —  be  represented  by  Pa,  and  reaoWe  ^J^ 
it  into  two  forces,  perpendicular  and  parallel  to  P  B; 

.     Mn  0  COS0 

via.——'   and——,  (the  angle  A  P  B  being  denoted 

by  0);  then    the    rectangular  forces  at  P  will  be 

sin  0  /I       cos  0\ 

^    and  ( -7  +  -^5—  j  i  and  the  resultant  from  the 

known  principle  of  mechanics  will  be 

-  .       sin*  0      cos*  0   .    2  cos  0       1 
re,ulf  =  -^  +  -^  +  -^  +_,  or 

since  8in*'0  +  cos  *  0  =  I,  it  becomes 

1    .     1    .2  cos  0 
result*  =  34  +  -r  +    ^^ 
dr        r        d*  ^ 


and  sin*  A  = 


sin*  0 


1       2_     2cos0 


A  bein^  the  angle  which  the  resultant  makes  with  P  B. 
Or  if,  instead  of  this  resolution,  we  resolve  the  force 

—  upon  the  line  A  P,  and  perpendicular  to  the  same, 

we  shall  find  precisely  in  the  same  way  that 
sin*  0 


sin«A'  = 


?"'*""5""^     <^d* 


where  A^  is  the  angle  which  the  resultant  makea  with 

PA, 

therefore. 


sin*  A  :  sin*  A'  : 


sin*  ^     sin*  0  , , 


Ki*:^ 


c*  d* 

Whence  again 

sin  A  :  sin  A'  : :  d«  :  e* 

the  same  result  as  before. 

Cor.  I.  Referring  to  our  geometrical  investigation  it 
follows,  that  a  tangent  cuts  the  extended  base  into 
segments,  which  are  as  the  third  powers  of  the 
corresponding  radiants.  For  draw  A  E  parallel  to 
B  C,  and  the  triangle  E  A  C  (fig.  71,  7«)  being 
similar  to  c  a  C, 
A  E  :  A  C  : :  c  a  :  C  a  : :  A  C*  :  B  C*;    wherefore 

A  E  :  B  C  : :  A  C^  :  B  C  ;  but  from  the  property  of 
parallel  and  diverging  lines,  AE:BC;iAT:BT 
and  consequently  A  T  :  B  T  1 1  A  C»  :  B  C*.  In 
fig.  71  and  72  the  radiants  A  C  and  B  C  are  as  2  :  3; 
whence  T  A  :  T  B  :  I  8  :  27.  Wherefore  A  T  in 
fig.  71,  is  tV  ths  of  A  B  ;  but  in  fig.  72,  it  is  equal 
only  to  Vrths  of  the  same  distance. 

Cor.  II.  Hence  if  tangents  be  drawn  from  any  point 
in  the  axis  to  diflferent  magnetic  curves  constituted 
upon  the  same  base,  the  points  of  contact  will  lie  in 
the  circumference  of  a  given  circle.  For  T  being  a 
given  point,  the  ratio  of  A  T  to  B  T  or  that  of  A  C  to 
B  C  is  given,  and  consequently  that  of  A  C  to  B  C  is 
given,  and  the  locus  of  C  (Leslies  Jnal.  iii.  1:5)  is  a 
given  circle.  In  the  illustrative  fig.  74  and  75,  where 
the  radiants  A  C  and  B  C  are  as  two  to  three,  the 
distance  A  X  of  the  circle  of  contact  is  two-fifths  of 
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.  A  B,  and  its  nwliua  six-fifths.     The   correspondence 
'  with    theory    in     these    delineations    is    stifficieotly 
striking. 

The  method  tif  applying  a  tangent  to  tlie  magnetic 
ciirv'e  is  hence  easily  perceived.  In  the  convergent 
curve,  the  tangent  C  T  lies  beyond  the  nearer  jiolcj 
but  in  the  divergent  cur^^e,  C  T  fsdls  witbin  the  poles. 
The  former  species  of  cunT  is  therefore  always  con- 
cave towards  its  base^  while  the  latter  is  convex- 

Since  €  a  .  c  a  H  BC^  :  A  C»,  the  litlle  spaces 
C  a  and  c  a,  in  the  direction  of  tlie  poles  A  and  B,  are 
inversely  as  the  squares  of  the  distances  C  A  and  C  B. 
These  spaces  may  therefore  represent  the  forces  of 
magnetic  attraction  or  repulsion  emanating  from 
A  and  B,  An  attraction  C  n,  combined  with  a  repnl- 
fiion  a  c,  would  produce  the  obliqne  direction  C  e^ 
fig.  71  1  while  the  same  attractive  force  conjoined 
with  another  attraction  ca\  would  give  the  result  C  c 
fig.  72.  Hence  very  short  needles  or  iron  filings, 
subject  to  tbose  attractive  or  repnlsive  powiTS^  but 
allowed  to  arrange  themselves  freely,  will  coalesce 
into  the  eletnentiiry  portions  of  the  curve»  If  A  and 
B  be  dissimilar  poles,  the  curve,  being  composed  of 
projecting  portions,  C  c  will  exhibit  the  convergent 
form ;  but  if  these  poles  be  similar,  the  curve  con- 
sisting of  minute  reclined  portions  will  become 
divergent. 

148,  Prop.  IT.  The  sura  of  the  cosines  of  the  polar 
angles  in  the  convergent  magnetic  curve,  but  their 
difference,  in  the  divergent  form  of  the  curve  remains 
constant. 

The  cosines  of  the  angles  B  A  C  and  ABC  fig.  7 1 , 
compose  by  addition  a  certain  invariable  amount  at 
every  point  of  the  curve  ;  but  in  fig.  72,  the  cosines  of 
the  polar  angles  have  always  the  same  difference 
throughout  ejuh  branch  of  the  curve.  For  let  fall 
upon  the  axis  the  perpendiculars  c  0  F  and  D  d  G,  and 
draw  the  parallels  «  0  and  t  d.  ■  The  elementary 
triangle  c  0  a  is  evidently  similar  to  the  right  angled 
tnani2:!e  A  F  c,  and  ac  :  a  0  ; :  A  c  or  A  C  :  c  Fj  but 
the  triangles  B  (/  ^  and  B  F  c,  being  likewise  similar, 
I>  £  :  ^  J  : :  B  C  or  B  c  ;  c  F.  By  alternating  both 
analogies  «  c  :  A  C  : :  a  0  !  c  F,  and  D  B  :  B  C  ;  I 
^  rf  :  C  F ;  but  a  c  and  D  S,  being  the  measure  of 
the  variation  of  the  polar  angles  B  A  C  and  A  B  C,  are 
as  the  radiant  A  €  to  BC,  consequently  a  0  :  c  F  ;  • 
^d  :  c  V\  and  ft  0  =  5  <i  or  /  F  =  G  g.  Now  /  F 
(fig,  71)  is  the  diminution  which  the  cosine  A  F  suffers 
in  the  movement  of  the  radiant  A  C,  from  the  point 
C  to  c;  and  the  equal  portion  t  d  is  the  equal  increase 
which  cosine  B  G  receives  in  the  corresponding 
advance  of  tlie  nidiant  B  C.  IVlierefore  the  cosines 
A  F  and  B  G  must  maintain  the  same  amount 
throughout  the  convergent  curve. 

In  the  divergent  curve  (fig.  7^)  a  0'  lies  on  the 
other  sitle  of  the  perpendicular  c  F,  the  cosines  of  the 
polar  angles  B  A  €  and  ABC  both  receive  equal 
increments,/'  F  and  GV  ^  the  radiants  expand  from 
c  to  C,  and  consequently  those  cosines  A  F'  and  B  G', 
must  have  always  the  same  difference. 

It  is  hence  easy  to  traee  through  any  point  C,  a 
magnetic  curve  whose  poles  are  given.  From  A  and 
B  with  a  radius  A  O,  (fig.  7I  und  7^)  equal  to  half 
their  distance,  describe  two  semicircles;  draw^  AC 
and  B  C  to  cut  the  circumference  in  the  points  H  and 
1 ;  from  which  let  fall  tlie  perpendiculars  II  K  ami  I  L ; 
take  any  segment  K  Q  and  make  L  R  equal   to  it^ 


either  on  the  same  or  on  the  opposite  side,  according  Pan  UK 
as  the  curve  is  convergent  or  divergent ;  erect  the  ^h,-"->^,-*- 
perpeiidiculars  Q  M  and  R  N  to  meet  the  circles,  and 
inflect  the  radiants  AMP  and  B  R  N;  whose  inter- 
section P  will  be  a  point  in  the  curve.  But  if  L  r 
(fig,  7^)  be  made  equal  to  O  Q,  and  the  perpendicular 
r  n  erected,  the  radiant  B  n  will  by  its  intersection 
with  the  radiant  AM,  assign  the  point  p  in  the  other 
branch  of  I  he  curve. 

When  the  radiant  B  C  coincides  with  the  axis,  the 
radiant  A  C  will  become  a  tangent  to  the  curve,  and 
will  consequently  mark  the  direction  of  its  origin. 
To  find  this,  maite  K  S  equal  to  L  O,  either  on  the 
same  side,  as  in  fig,  71,  or  on  the  opposite  side,  as  in 
fig.  7^ ;  erect  the  perpendiculars  iS  V'  to  meet  the 
circle,  and  S  V  will  be  the  radiating  tangent. 

But  a  system  of  magnetic  curves  may  be  constructed  Construes 
more  expeditiously.  Divide  the  radiut*  of  the  circle  *i«^  "^  *^ 
into  any  even  number  of  equal  parts,  suppose  twelve,  '"  * 


ivptem  of 
mi^nictic 


erect  ordi nates  from  all  the  points  of  extended  section,  cJ^cg. 
and  draw  radiants  through  their  summits.  Suppose 
the  radiants  of  the  pole  A  (fig.  71)  to  be  reckoned 
from  X  to  Y,  and  those  of  B  from  X  to  Z.  For  the 
convergent  curve,  the  intersection  of  the  radiant  1, 
from  the  pole  A,  with  the  radiant  1,  from  the  pole  B, 
will  assign  the  limit  of  the  curve  next  the  axisj  the 
intersection  of  the  radiants  2  and  1  from  A,  with  the 
radiants  1  and  2  from  B,  will  mark  two  points  in  the 
next  curve ;  the  intersection  of  the  radiants  3,  %  and 
1  from  A,  with  the  radiants  1,  2,  and  3  from  B,  will 
give  three  points  in  the  curve  beyond  it  j  and  the 
intersection  of  the  radiants  4,  3,  ^,  and  1  from  A, 
with  the  radiants  1,  *2.  3,  and  4  from  B,  will  trace 
another  exterior  curve.  In  this  way  the  process 
may  be  pursued  through  the  whole  series  of  curves, 
the  corresponding  initial  and  final  tangents  being  the 
succeeding  radiants  %  S,  4,  5,  &c,  from  the  poles  A 
and  B. 

For  the  divergent  curve  the  intersections  of  the 
radiants  1,  %  3,  4,  5,  &c.  from  the  pole  B,  with  the 
radiants  %  3,  4,  5,  6,  &c.  from  the  pole  A,  will  mark 
the  first  branch  from  O  towartls  Y  ;  the  intersections 
of  the  same  radiants,  with  the  radiant  3,  4,  5, 6.  7,  &c, 
will  trace  the  next  bnmch,  ajid  the  intersection  of 
still  the  same  radiants  with  the  radiants  4,  5,  G,  7»  B, 
&c.  will  assign  the  third  branch ;  this  procedure  is 
easily  carried  on,  and  a  similar  mode  will  assign  the 
opposite  branches.  The  radiants  1,  2>  3,  4,  5,  &a 
from  A,  will  by  their  intersection  with  the  radiants 
2,  3,  4,  5,  kc.  from  B  with  the  radiants  3,  4,  5,  6,  7» 
&c.^  and  with  the  radiants  4,  5,  «,  7,  »•  &c,  will  truce 
out  the  successive  diverging  curves  from  O  to  Z. 

The  tangents  to  all  these  curves  at  A  and  B  are  the 
preceding  radiants  O,  I,  2,  3,  &c. 

The  figures  74  and  75  were  reduced  from  curves 
actually  delineated  in  this  way,  omitting  only  for  the 
sake  of  distinctness  some  of  the  initial  and  interme- 
diate curves.     Leslie's  Geometrical  JnaUftis, 

5  XIX.  Applkaiion  of  the  laws  qf  induced  magtielism,  to 
the  correction  0/  the  local  atiraction  ofves&eU. 
149.  After  what  has  been  illustrated  in  reference  to  OntWloca 


the  action  of  masses  of  iron,  in  deflecting  a  mag 
netised  needle  from  its  natural  direction  ^  it  will  seem 
astonishing  that  navigators  were  not  sooner  aware  of 
the  effect  which  the  iron,  entering  into  the  construc- 
tion and   equipment  of  vcsscUj  particularly    in  ships 


1.  HLtrACtioQ 
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Mr^ettnn.  of  war^  mu^t  necessarily  bave  in  cleHecting  tbe  com* 
^-— ^^-i**^  pass  from  its  proper  bearing;  and  tbat  even  after 
the  irre^alarities  of  the  neeille  under  different  direc- 
tions of  tbe  ship's  head  hiid  been  remarked,  it  was 
still  not  known  to  what  c:iusc  the  error  ouy^ht  to  be 
attributed.  It  appears  that  the  first  notice  uf  such  an 
effect  occurs  in  the  voyages  of  Captain  Cook  *  having 
been  tirst  observed  by  Mr,  VVides  his  astronomer ; 
but  the  cause  of  the  deviation,  as  stated  above,  was 
not  then  Busf?ected,  and  the  subject  at  that  lime 
attractetl  but  little  attention.  The  next  reference  to 
the  local  ultraction  of  vessels,  that  is,  to  tbe  deflec- 
tion of  the  needle  from  its  nnt\tral  bearings,  in  conse- 
quence of  the  influence  of  the  ship's  iron,  and  in 
which  tbe  eau^c  is  clearly  pointed  out,  is  found  in 
Walker's  Treatise  on  Magnetism,  publiahed  in  1794;  it 
is  contained  in  a  report  from  Mn  Do>^'nie,  master  of 
his  Majesty^a  ship  Glor>%  in  which  be  says  ;  *'  I  am 
convinced  that  the  c|uantity  and  vicinity  of  iron  in 
most  ships  have  an  effect  in  attracting  the  needle  ;  for 
it  is  found  by  experiment  that  the  compass  will  not 
always  point  in  the  same  direction,  when  placed  in 
diifcrent  parts  of  the  ship ;  also  it  is  rarely  found 
that  two  ships  steering  tbe  same  course,  by  their 
respective  compasseSj  will  go  exactly  pandlel  to  each 
crtber ;  yet  these  com|msses  when  compared  on  bonrd 
tbe  SHme  ship,  will  asi^rce  exactly  with  each  other." 

A  few  years  after  this^  the  action  of  the  iron  of  the 
vessel  was  more  minutely  noticed  by  Captain  Flinders, 
who  was  the  first  to  trace  its  connection  with  the  dip 
of  tbe  ne^^dle^  and  throiii^b  whose  perse  reran  cc 
some  attention  was  paid  by  Government  to  the  subject, 
«nd  several  exfieriments  were  made  by  order  of  the 
Admiralty,  on  various  ships  at  the  Nore  and  Spithead, 
by  which  the  general  fact  was  fully  established.  The 
subjeet,  however,  seems  to  have  been  again  lost  sight 
of,  till  Mr*  Bain  published  his  valuable  Treatise  on 
the  I  aria t ion  of  the  Compass,  where  the  fatal  conse* 
quences  attending  this  source  of  error  are  put  in  so 
clear  a  point  of  view%  as  to  strike  the  most  indiiFerent 
reader.  And  as  at  this  time  our  first  Arctic  e^cpedi- 
fions  were  in  contemplation,  the  local  attraction  of 
tbe  vessels  vaxs  one  of  tbe  objects  to  which  the  atten- 
tion of  the  officers  was  particularly  directed.  Tbe 
results  of  the  experiments  made  in  these  instances  are 
given  by  Captain  lloss  in  the  account  of  his  voyage  j 
by  Mr.  Fisher,  who  accompanied  Captain  Buchan,^  in 
the  Journal  of  the  Rmjal  ImiUulwn  ;  and  by  Captain 
Sabine  in  the  Philosophical  Tranmctions,  part  i.  for 
IS  19  J  from  which  latter  paper  we  make  the  follow- 
ing abstract,  in  order  to  apprise  our  readers  of  the 
amount  of  the  error  that  may  thus  be  produced  in  a 
ship's  reckon iag,  and  the  necessity  tiiere  must  be  of 
adopting  some  method  of  correction.  In  order, 
however,  to  understand  Captain  Sabine's  remarks,  it 
may  be  proper  to  st^te  that  Captain  blinders  had  not 
merely  made  barren  observations  on  the  local  attrac- 
tion uf  his  ship,  but  had  furnished  seamen  with  a  rule 
for  correcting-  the  same.  He  assumed  that  on  the 
magnetic  equator  of  the  earth,  the  iron  of  the  ship 
produced  no  disturltance  of  the  needle,  but  as  the 
dip  increased  the  power  of  the  iron  increased ;  also 
that  the  attraction  was  greatest  with  the  ship's  head 
cast  or  west,  nothing  at  north  and  south  ;  and  that  tlie 
deviation  at  any  other  jioint  was  to  that  at  east  or 
west,  as  the  sine  of  the  angle  betw-een  the  ship's  head 
uxkd  tbe  north  or  south  point  to   radius*     He   aLbo 


gave  a  rule  for  detenninlQg  a  multiplier  for  diEereni 
dips  of  the  needle^  so  as  to  suit  bis  furmula  to  eveij 
part  of  the  globe,  provided  the  dip  of  the  needle  WB* 
known. 

This  being  premised,  the  following  remiLtks  and 
observations  of  Captain  Sabine  will  be  readily  under- 
stood i    we  shall  give  them  nearly  in  his  own  words. 

1 50.  The  first  opportunity  Captain  Ross  fuuod  of 
ascertaining  tbe  local  attraction  of  tbe  Isabella,  was 
while  that  vessel  was  at  anchor  in  Brassa  Sound, 
Shetland.  Here  her  bead  was  placed,  by  means  of 
waq>s,  on  each  point  of  the  compass  successively,  and 
the  bearing  of  a  pile  of  stones  on  the  summit  of  a 
distant  hill,  noted  by  her  compass  at  each  point-  At 
the  same  time  that  these  observations  were  made  on 
board,  her  bearing  from  the  hill  was  also  observed  by 
a  compass  placed  on  the  pile  of  stoned  ',  the  agreement 
in  bearing  showed  the  prjinis  of  no  error^  and  tbe 
difference,  the  error  at  each  point. 

The  following  table  exhibits,  at  one  view,  the  fesults 
of  these  observations ;  the  amount  of  the  errors 
towards  the  east  and  west,  it  will  be  seeo,  is  half  a 
point  nearly  in  opposite  directions,  and  consequently 
is  such  as  to  produce  a  total  error  of  nearly  a  point  in 
the  ship's  course. 

Table  of  the  errors  in  the  hahella^s  compau.  Skettani, 
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Local  aitraciion  of  the  Alexander, 
Tbe  Alexander  being  alongside  a  float  of  ice  ia  Of  tk 
Baflin  s  Bay,  the  true  magnetic  bearing  from  the 
ship  of  a  very  distant  and  well  defined  object  on 
th^  main  land  was  fnund,  by  carrying  a  compii^  on 
the  ice  in  an  opposite  direction ,  to  a  distance  which 
ensured  its  being'  perfectly  free  from  local  influence. 
The  ship's  head  being  then  warped  round  to  each 
point  of  the  conjpass  succc3si\  elVj  the  errors  in  each 
were  determined  by  the  differences  in  bearingc^  as  in 
the  last  instance. 
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Tabie  of  the  erron  in  the  Alexander  s  compau,    Baffias 
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Bay,      Lai,  75''  25'i    long.  5(i^   26'  fK,  dip  84=^  CtO'; 
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"The  re^larity  in  the  above  results  is  the  best 
testimaoy  that  the  Eiethod  is  a  satisfactory  onej  but 
certaitj  ^recaulions  must  be  attended  to  :  thus  the 
object  mu«t  be  sufficiently  distant,  that  the  space 
occupied  in  warping  the  ship  round  may  not  subtend 
any  sensible  parallax.  The  direction  of  the  ship's 
head  should  be  noted  by  the  compass  by  which  tUe 
betirings  are  taken,  A  short  time  must  be  allowed  to 
elapse  after  the  ship  is  steady  on  any  pointy  to  cnsntc 
the  traversing  of  the  cards :  this  is  parlicuUrly 
necessary  in  high  latitiules,  where  the  eompasAes 
move  very  sluggishly.  And^  hksUvj  the  ohser  vat  loos 
should  he  repeated, 

'*  It  will  be  observed  by  the  above  results^  in  the 
Isabella  and  Alejtander,  that  the  points  of  no  error 
were  not  coincident  io  either  ship  with  those  of  the 
magnetic  meridian  i  in  the  Alexauder  especially*  they 
were  more  nearly  at  right  angles  to  it.  That  this 
ship  »honhl  have  differed  so  materially  from  all  the 
instances  an  recordj  may  be  attributed  to  her  compciss 
being  so  near  the  level  of  the  deck,  and  therefore 
being  more  affected  by  the  influence  of  a  considerable 
cjuantity  of  iron  articles,  (such  as  ice  anchors,  ice 
sawSj  &c,)  which  were  carried  on  the  after-part  of  the 
deck  for  convenience  in  use,  than  it  would  have  been 
had  it  been  raised  higher.  This  was  proved  by  plac- 
ing a  compass  on  a  plank,  elevated  for  experhueot  id 
front  of  the  companion,  to  the  same  height  as  in  the 
Isabella,  namely,  nine  or  ten  feet.  The  points  of  no 
error  were  found,  in  this  position,  to  be  about  north 
and  south,  and  the  amount  of  error  at  eight  points^ 
nearly  twenty  degrees  j  the  same  as  in  the  Isabella  : 
the  greatest  error  at  the  same  time,  by  the  Alexander's 
standard  compass,  vix.  the  one  nearer  the  decks 
being  8^  20^  at  N.  N.  E.     The  dip  was  84'  09^: 

*'  The  propriety  of  Captain  Flinders's  recommenda- 
tion to  determine  the  points  of  no  error  in  a  fixed 
compaas,  by  actual  observation  in  every  ship  as  soon 
as  the  distribution  of  iron  is  completed,  may  therefore 
be  cfinsiidered  as  confirmed  by  the  observations  io  the 
IsabeUa  and  Alexander  :  whilst  his  rule  of  proportion 
may  reccixe  a  verbal  alteration  to  render  it  more 
suitable  for  general  application :  so  corrected,  it 
would  be  ad  follows  j  the  expressions  substituted 
being  marked  in  italics,  and  the  original  words 
entered  in  the  margin. 


'*  The  error  produced  in  any  direction  of  the  ship's    Part  III. 
hoadt  will  be  to  the  error  at  the  point  of  the  greatest  ^»^-v*i-i' 
irtegularili^,  Jis  the  sine  of  the  angle  between  the  sbipB  ^'^^^  <^^ 
head  and  the  pvintt  of  no  error  to  the  sine  of  cig;ht  J^j^Q^^np^j^, 
points  or  radius,  ^  meridiftn, 

*'  Thirdly,  Captain  Flinders's  experience  in  the 
Investigator^  showed  that  the  maximum  of  error  In 
the  same  compass  would  he  tUtferent  in  different  partf 
of  the  world,  although  the  use  of  the  compctss  wia 
confined  to  one  particular  spot  in  the  ship,  and  every 
precaution  taken  to  avoid  an  interference  with  the 
distribution  of  the  ship's  iron. 

'*  It  is  worthy  of  remark,  that  by  multi{>lying 
observations,  and  by  comparing  the  series  one  with 
another,  he  ^^-as  thus  praciicaittf  led  to  trace  a  connec- 
tion between  the  amount  of  the  errors  and  the  dip  of 
the  needle ;  a  knowledge  of  the  fact  preceding,  in  his 
mind,  any  theoretical  auggestioQ  that  such  might  be 
the  caae. 

"  It  does  not  appear  indeed  that  the  principal  cause 
of  this  connection  was  subsei^uently  known  to  him; 
he  perceived  that  the  influence  of  local  attraction  on 
the  compass  needle  increased  as  the  dip  became 
greater.  He  endeavoured  to  account  for  this  cir- 
cumstance, on  a  supposition  that  all  iron  might 
receive  an  ahsoiute  increase  in  the  intensity  of  ita 
attractive  power  by  approadiing  the  tuagiietic  pole. 

"  The  increase,  however,  i* liich  was  the  suijjcct  of 
hU  observation,  was  a  relative  one,  betog  in  com* 
paiKtaon  to  the  directive  power  of  iii«^iietism.  A 
diminution  of  the  latter  would  tlierefore  prtiduce  the 
effect  equally  with  an  absolute  augmentation  in  tlie 
former  j  and  that  such  a  diminution  does  take  place, 
and  in  a  degree  which  is  sufficient  to  account  for  all 
the  effects  oljserved.  will  be  evident  to  every  person* 
who  reflects  that  although  the  magnetic  force  is 
greatest  at  the  pole,  its  directive  power  must  then 
have  wholly  ceased,  having  become  less  on  the 
horizontal  traversing  of  the  needle  in  proportion  a§ 
the  point  of  attraction  has  been  brought  beneath  the 
compass  ;  indicated  by  the  angle  which  the  dipjung 
needle  makes  with  the  horizon.  This  is  doubtless  the 
principal  cause  of  the  cimnection  which  Captain 
Flinders  was  the  first  to  trace, 

"  It  is  not  designed  to  say  that  this  cause  may  not 
be  aided  by  the  increased  miignetism  of  portions  of  the 
ship  s  iron,  such  as  bars  and  stanchions ;  which, 
being  fixed  in  an  upright  jx>sition,  may  receive  an 
addition  to  their  attractive  power  where  the  positioa 
of  the  dipping  needle  is  always  coiticident  with  theirs  j 
but  merely  to  observe,  that  a  cause  is  known  to  exist  for 
the  connection,  independently  of  supposition  ;  which 
cause,  conjointly  with  experience,  shows  the  inade- 
quacy of  the  rule  pmposed  by  Coptain  Flinders^ 
whereby  the  amount  of  error,  under  any  known  dip^ 
being  ascertained,  the  amount  may  be  calculated 
for  any  other  dip,  by  using  as  a  multiplier  the  decimal 
expression  of  the  proportion  which  the  error,  in 
the  one  ascertained  instance,  may  have  borne  to  the 
dip. 

*'  In  the  obser\'ations  made  in  the  liiabella  at  Sheir'' 
land,  where  the  dip  is  74^  ^ij',  the  waknum  of 
error  was  5*^  34'  easterly  of  the  true  Tariaikm,  with 
the  shi{*'s  head  at  E,  S,  E.,  and  5"  46'  westerly  at  W* 
N.  W*,  making  an  extreme  difference  of  11"  9Q* 

"  By  Captain  Flinders's  rule,  the  comiDOli multiplier 
for  this  compass  would  have  been  about  one* twelfth. 


Magrtetiim.  or  .0H3,  wliich  at  a  dip  of  66^  Of*',  which  wan  the 
'  greatest  obsened  (lorifig^  the  Inte  voynore,  would  have 
given  an  error  of  between  7^  and  8*^,  milking  the 
extreme  difference  IfV  ;  whereas  repeated  observation 
8howc{l  it  to  be  at  thnt  time  more  nearly  50°,  if  not 
exceeiiing  that  amount. 

"  The  inadequacy  of  the  rule  will  also  appear  by 
reference  to  the  observations  made  by  the  Alexander 
in  Baffin's  Bay.  The  error  at  eiglu  points  being 
6"^  46",  at  a  dip  of  84°  ao'j  it  ought  scarcely  to  have 
exceeded  7  at  the  greatest  possible  dip,  making  an 
extreme  diflference  of  less  than  15*^.  No  opportunity 
occurred  indeed  of  making  accurate  observations  at  a 
greater  dip  than  the  above ;  but  the  difference  in 
the  bearing  of  objects  before  and  after  tacking,  indi- 
cated with  sufficient  certainty  that  the  error  had 
increased  to  an  amount  far  beyond  15°  i  frequent 
instances  of  an  extreme  difference  of  from  three  to 
four  points  being  remarked  as  the  ship  approached  the 
farthest  western  longitude  to  which  she  attained  in  a 
high  latitude  :  this  was  in  Lan caste r*s  Sound  of 
Baffin,  into  which  inlet  the  expedition  sailed  beyond 
the  IH^  of  west  longitude  in  the  parallel  of  74^  and  a 
few  minutes. 

*'  It  is  much  to  be  regretted  that  the  sen  ice  did 
not  admit  an  opportunity  to  be  afforded  of  making 
observations  on  the  various  magnetic  phenomena,  with 
the  excellent  instruments  supplied  to  the  expedition, 
at  this  very  interesting  place,  where  a  nearer  approach 
was  made  to  one  of  the  magnetic  poles  than  had  ever 
been  known  before. 

*'  Bui  in  the  absence  of  any  actual  observation  on 
the  dij)  of  the  needle,  this  fact  of  the  error  of  the 
compasses  having  increased  from  local  attraction  so 
greatly  beyond  the  amount  which  had  been  before 
observed,  is  worthy  of  notice,  as  affording  an  indica- 
tion that  the  dip  had  also  increased,  and  not  incon- 
siderably. The  greatest  which  was  observed  was 
80^  UD'j  and,  after  this  observation,  the  ship  continued 
to  sail  for  six  days  in  the  direction  in  which  the  dip 
had  hitherto  been  found  to  increase. 

"  In  concluding  this  paper,  it  may  be  permitted  to 
remark,  that  it  is  to  the  voyages  of  discovery  under- 
taken during  the  reign  of  his  late  Majesty  that  a 
knowledge  of  the  extent  and  causes  of  the  errors  to 
which  a  compass  is  subject  in  ships,  is  to  he  principally 
attributed  j  as  well  as  the  steps  that  have  been  taken 
towards  the  investigation  and  remedy  of  the  incon- 
venience they  occasion,  to  practical  navigation. 

"  The  care  and  exertions  of  Captain  Flinders  in 
collecting  observations  for  this  purpose,  give  his 
opinions  and  rules  a  peculiar  claim  to  attentive  con- 
sideration. No  one  could  have  been  more  fully 
persuaded  than  he  was,  that  a  rule,  founded  on  the 
effects  experienced  in  a  few  ships,  would  require  a 
far  more  extensive  trial  before  it  could  be  depended 
on  for  general  application. 

'*  To  carry  this  on,  therefore,  is  to  follow  his  useful 
example,  and  to  effect  what  he  was  desirous  to  have 
done  himself,  had  his  life  been  spared."  Philosophical 
Transact lonx^  part  i,  1819. 

151.  The  foregoing  observations,  which  are  given 
rather  more  at  length  by  Captain  Ross,  are  the  first 
that  were  published  after  the  rc^  ival  of  this  iiKpnry,  but 
these  having  shown  the  great  amount  of  this  source  of 
error,  particularly  in  high  latitudes,  much  attention 
lias  been  since  drawn  to  the  subject  by  many  eminent 


philosophers  and  navigatorSj  ttot  only  in  England  but  hni 
in  Europe  and  America.  Admiral  L.  Low^norn  of 
the  Banish  na^-y ;  Admiral  Knisenstern,  of  the 
Russian  navy  ;  and  several  ofHcere  in  the  Ameri4rati 
naval  sen  ice  are  at  this  time  engaged  in  investig^ttag 
and  experimenting  upon  ihiB  source  of  error,  which,  if 
suffered  to  remain,  would  be  a  disgrace  to  the  science 
and  philosophy  of  the  nineteenth  centur\\  It  is 
scarcely  credible  that  to  tliis  day  the  course  of  a 
vessel  should  be  in  error  or  uncertainty  as  much  as  a 
point,  or  11°  15',  without  that  error,  in  nine  cases 
out  of  ten^  being  even  suspected  and  much  less 
corrected*  We  are  aware  that  in  the  present  state  of 
navigation  much  less  attention  is  paid  to  the  compatt 
than  formerly,  bccaiise  the  situation  of  a  vessel  mtSSf 
be  much  better  dctcniiined  from  celestial  abserv^atioos 
than  from  the  mere  reckoning  by  the  log.  But  whea 
we  consider  that  it  frequently  happens  that  those 
observations,  in  consequence  of  the  state  ot  weather, 
cannot  be  made  for  several  days  together,  nod  that 
then  the  compass  is  the  only  guide  the  navigator  can 
have  recourse  to  ;  it  certainly  becomes  aii  important 
question  to  rid  this  instrument  of  every  possible  sotirte 
of  error,  and  with  this  view  those  experiments,  to 
which  we  have  above  alluded,  are  now  proceeding 
with  all  that  earnestness  the  importance  of  the  subject 
demands, 

Mr.  Barlow* s  proposition  for  correcting  the  local  attrticHoM 
of  v€s*eU. 

152,  A  moment*s  consideration  will  be  sufiiclent  to 
show  that  the  laws  of  magnetic  action  discovered  by 
Mr.  Barlow,  and  which  are  described  in  sections 
XI.  and  XII.  are  strictly  applicable  to  the  correction 
in  question.  For  from  these  it  appears  that  the  two 
centres  of  action  in  any  mass  of  iron  are  indefinitely 
near  to  each  other  in  the  common  centre  of  attraction 
of  the  ma*s,  or  rather  of  the  surface  of  the  mass  ;  so 
that  whatever  may  be  the  dip  oi  the  needle,  the  com- 
pass and  the  common  centre  of  attraction  of  the  iron 
will  remain  ot  the  same  constant  distance  in  all  parts  of 
the  world,  the  situation  of  the  iron  and  compass  not 
being  altered  during  the  voyage*  The  only  change  of 
magnetic  power  will  therefore  proceed  from  the 
change  of  the  latitude  and  longitude  of  the  centre  of 
attraction,  as  referred  to  the  ideal  sphere  circumscrib- 
ing the  compass,  agreeably  to  the  idea  advanced  in 
art.  90.  Hence  having  determined  the  situatioa  of 
the  centre  of  attraction,  by  experiment,  in  any  part  of 
the  world,  the  same  will  become  known  in  every 
other  part  where  the  dip  of  the  needle  had  been  pre- 
viously ascertained,  and  the  local  attraction  being 
observed  in  the  former  case^  may  then  be  computed  111 
the  latter* 

This,  method,  however,  although  it  possesses  all 
the  accuracy  that  can  be  desired,  involves  ratber 
a  troublesome  course  of  calculation,  and  unfortunatdj 
like  every  other  fom^ula  yet  proposed,  it  requires,  «S 
a  first  datum,  the  dip  of  the  necdle»  which  generally 
is  not  known,  and  cannot  be  determined  on  ship^ 
board ;  so  that,  notwithstanding  the  correctness  of 
the  principles  upon  which  it  is  founded,  it  Is  actually 
impracticable  at  se^. 

153.  The  author  was  aware  of  this  defect,  afid, 
therefore  sought  an  experimental  method  of  piro*' 
cceding,  which  should  give  the  attraction  of  the 
vessel  at  all  times  and  in  all  places^  independent  ofih& 


Mr.Bvl 
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Siigiiie^iii  dip,  and  the  melliod  be   has  suggested  is  certRinly 

^"V***^  extremely  sim^jlcand  practicable^  for  since  the  deflec- 
tion produced  by  a  mass  of  iron  depends  ypoii  its  dis- 
^L  tanre,  and  a  certain  function  of  the  latitude  and  lon- 

^H  g^itude,   as  referred  to  the  ideal  sphere  to  which  we 

^M         have  all^ided,  it  is  obvious  that  whatever  effect  a  large 
^r  mass  of  iron  raay  produce  on  the  compass  at  a  great 

distance,  a  small  muiaS  placed  with  its  centre  of  attrac- 
tion in  the  line  w^hich  joins  the  centre  of  attraction 
of  the  whole  mass  and  the  pivot  of  the  needle,  but 
at  a  less  distance,  may  be  made  to  produce  the  same 
effect ;  and  since  the  power  of  the  iron  is  resident  on 
the  surface,  and  is  independent  of  its  mass,  it  is  very 
easy  to  introduce  a  yd  ate  or  ball  of  iron  near  the  com- 
pass, so  that  under  all  circumstances  its  effect  on  the 
!  needle  shall  be  the  same  as  the  iron  of  the  vessel,  that 

13  so  as  to  do*d>l3  the  original  effect.* 
I  154*  Nothing  can   be  more  obvioUs  than  this  prin- 

ciple of  correction,  nor  more  simple  in  its  application, 
but  still  it  would  necessarily  be  considered  speculative, 
till  submitted  to  actual  practice  j  and  with  a  view  of 
obtaining  this  test,  the  author  addressed  a  memorial  to 
the  Lords  of  the  Admiralty,  requesting  permission  to 
have  the  experiment  tried  on  any  vessel  or  vessels 
,  their  lordships  might  be  pleased  to  direct ;  and  having 

received  a  favourable  reply  to  this  request,  experi- 
ments have  since  been  made,  and  the  method  of  cor- 
rection practised  with  the  best  success  in  several  of 
his  Majesty's  ships,  of  which  we  have  some  accounts 
;  in  the  author's   Essay  on  Magnetic  Aiiraciwnty  from 

which  the  following  is  extracted : 


ft 


local 


jIh   accouni  of  some  experiments   made  on   board  his 
Majeiti/'s  ships  Leven^  Conwatf,  and  Barracouta* 

155.  The  first  opportunity  which  presenttd  itself 
of  putting  the  orders  of  the  Lords  Commissioners  of 

•acUmi    ^^^  Admiralty  into  effect,   was  on  board  the  Leven, 

H.  M.  S.  which  was  fitting  at  Woolwich,  for  a  survey  of  some 

rcn^CoE-  part  of  the  western  coast  of  Africa. 

ff  ftod         Xhe    first   object,    in    course,    in   all   cases    is   to 

^'  determine  the  quantity  of  the  local  attraction  of  the 
vessel  J  and  the  method  adopted  for  this  determina- 
tion in  the  present  instance,  will  be  easily  understood 

'  by  the  following  extract  from  Mr*  Barlow's  re]mrt  to 

i  the  Admiralty, 

*'  The  heven  having  dropped  down  to  Northfleet 
on  the  fifteenth  of  April,  18^0,  I  went  down  on  the 
seventeenth,  for  the  piirpose  of  making  a  aeries  of 
experiments   before  the  guns  should   be  brought  on 

I  board,  these  observations  were  conducted  as  below. 


•  It  should  be  observed  thiit,  strictly,  it  is  not  the  angle  of 
denation  that  is  doubled  by  the  experiment,  but  the  tangent  of 
the  angle ;  hut  An,  m  small  anifles^  the  tan  jenta  liare  nearly  Ihc 
tome  ratio  as  the  area,  it  will  be  sufficif  iu!y  c Direct  to  conwder 
It  fts  aborc  stated.  If  fieater  accyracy  should  be  thought 
desirable,  let  x  be  the  angle  of  deviation  produced  by  the  gnus, 
&c.  and  a  the  angle  produced  beyond  the  fomicr  by  the  plate ; 
then  we  shall  have  , 

.       ,  .        tan  jr  Hf  tan  a 

tan  {x  +  fl)  =  ,^  ^      — ^ —  =  2tan  * 
1  ~taii  X .  tan  a 

4  tan  it 
Thii  form^  miy ,  howcrerj  in  general  be  dispensed  with. 


"'First,  Finding  tliat  there  would  be  great  difti-     Part  UL 
culty  in  warping  the  vessel   round  in  the  liile  way  of  '^— *v*^ 
this  place,  I  proposed,  and  it  was  agreed  to  proceed  in 
the  following  manner. 

"  *  I  took  on  shore  an  excellent  azimuth  compass, 
by  Messrs,  W.  and  T,  Gilbert,  which  I  had  procured 
for  the  purpose,  as  also  n  theodolite,  hy  SchniaU alder. 
With  the  azimuth,  the  bearing  of  a  distant  object  was 
taken,  and  found  to  be  N.  35°  5(y  E.,  and  the 
theodolite  %vas  then  adjusted  to  the  same  reading,  viz, 
35°  50'  from  zero  ;  hy  means  of  which  the  zero  of 
the  theodolite  was  brought  to  the  true  magnetic  north, 
and  consequently  t!ic  bearing  of  an  object  might  now 
be  determined  without  :xny  further  reference  to  the 
needle.  It  will  of  course  he  understood,  that  the 
theodolite  was  fixed  ini mediately  over  the  spot  where 
the  azimuth  compass  was  first  erected.  The  lalter 
instrument  was  now  taken  on  board,,  for  the  purpose 
of  the  experiments,  while  Lieutenant  Mudgc  remained 
on  shore  to  take  the  bearings  of  the  pedestal,*  or 
pillar,  oil  board  with  the  theodolite. 

*' '  The  sliip  now  beginning  to  swing  to  the  tide,  the 
-ivord  was  giveo  '*  look  out/'  at  which  signal  Lieute- 
nantViflal,  at  the  azimuth  compass  on  hoard,  kept  Lieu- 
tenant Mudge  on  shore,  in  the  line  of  the  sights,  while 
the  latter  gcntlemnn  kept,  in  the  same  way,  Lieutenant 
Vidal  in  the  field  of  the  telescope.  Being  thus  pre- 
pared, the  word ''^  stop*'  was  given,  at  which  each 
registered  the  bearing  of  the  other  at  the  same  instant. 
These  bearings,  independent  of  the  local  attraction  of 
the  vessel,  ought  to  have  been  diametrically  oppoaite, 
and  consequently  the  difference  between  the  two  read- 
ings, was  the  error  due  to  the  attraction  of  the  iron  on 
board. 

"  *  The  first  observation  being  registered,  the  word 
"lookout"  was  again  given,  and  then  the  word 
*'^  stop,"  and  the  same  was  repeated  as  often  as  pos- 
sible while  the  vessel  was  swinging  ;  Lieutenant  (now 
Captain)  Baldey  taking  every  time  the  hearing  of  the 
ship's  head,  by  the  ship's  azimuth  compass  at  the 
capstan. 

*' '  The  advantages  of  this  metliod  are,  that  both 
bearings,  viz,,  on  hoard  and  on  shore,  are  made  to 
depend  on  the  same  compass,  and  thus  the  errors 
arising  from  the  use  of  different  needles  are  avoided, 
as  are  also  those  arising  from  the  parallax  of  a  distant 
object  while  the  vessel  is  swinging]  a  source  of  error 
which  nmst  have  attended  all  former  observations  of 
this  kind. 

"  *  The  only  thing  actually  necessary  in  this  case, 
is  a  fine  free  azimuth  compass,  those  commonly  served 
out  to  the  Navy  arc  so  sluggish,  that  it  is  impossible 
(while  there  is  no  motion  in  the  vessel)  to  depend 
upon  their  settling  within  two  or  three  degrees  of  the 
true  magnetic  north. 

''  *  The  experiments  above  referred  to,  were  made 
before  the  guns  were  got  on  board,  but  the  same 
were  again  repeated  on  the  nineteenth  of  April,  after 
they  had  been  all  shipped.  The  following  are  the 
results  of  both  series  of  obsen^alions  :*  " 


*  Capuiis  Bartholoniew  had  ordered  a  pedestal  to  be  erected 
jufit  before  the  ini^cn  maj)t»  as  a  6jced  lit  nation  for  taking  htf 
azimuthti  during  the  voyage. 
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Mignedsm.      ^55.  Experimenis  on  hoard  H.  M.  S.  Leven,  at  Northfieet,  April  17  and  19>  1820^  hy  Mr.  Barhm  mtd  9ke     ^^ 

OJkertof  the  above  vestel.    Dip  70°  ^f.  ^^ 


Experi- 
ments on 
the  Leren, 
first  Toy- 
age. 


Oaof  Bot  on  bonrd. 

Gnns  on  board. 

Na.of 

ecperi- 
ments. 

Bemingof 

ship's  head. 

Biffermceio 

bearing  or  local 

attraction. 

No,  of 
eacperi- 
ments. 

Bearinf  of 
ship's  head. 

Diffieraioeof 

bearing  or  local 

attraction. 

Local  attrftc- 

ttonshownbf 

the  plate. 

1 
2 
S 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

16 

19 

N.  77      -OW. 
N.  68    SOW. 
N.  57      0  W. 
N.  47      0  W. 
N.  32      0  W. 
N.  20      0  W. 
N.  14    30  W. 

Nottk. 
N.    6      OE. 
N.  16      0  E. 
N.  32      0  E. 
N.  45      1>  E. 
K.  52      0  E. 
N.  67      0  E. 
N.  74      (0  fi. 
N.  83      0  E. 

East 
S.  Bl     15   £.  : 
S.74    30  E. 

+  8  ^ 

+  2    25 
+  1    87 
<f  1    54 
+   1     12 
+   1    20 
4-  0    *2 

-  0     15 

-  0    54 

-  1     32 

-  1     43 

-  2    25 

-  2    26 

-  3     15 

-  3      6 

-  2    13' 

-  2    34 

-  2    SO 

1 

2 

S 

4 

5 

6 

7 

8 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 

19 

• 

N.  ?!    0  W. 
N.  6«    0  W. 
N.  57    0  W. 
K  47    0  W. 

N.    31        0     W.    ; 

N.  24    0  W. 
N.  15    0  W. 
N.    6    •  W. 
N.    4    0  W, 

North. 
N.    5    0    E. 
N.  13    0    E. 
K  23    •    E. 
N.  57    0    £. 
N,  59    0    E. 
N,  72    0    E. 
N.  80    0    £. 
N.  86    0    E. 
N.85    0    S. 

•f*2    5l' 

+  2    •7              2      20 

+   1    39 

+   1     45 

+   1    39               1      SO 

+   1     10               1        « 

+   I     19 

^  0     17               0      40 

-  0      8 

-  0    24      ,         0        0 

-  0    11 

«-  0    29              •      40 

-  «    46               1        • 
r-  1    27               a      30 

-  2    32 

-  2    23               2      10 

-  2    51 

-  2    11               S      30 

-  i    S4               2      30 

Hie  rapidity  Jind  force  <^f  ike  Me  at  Nortbfleet,  at  the  time  of  nakkig  the  ex{>erinieni8  ob  the  I^rtM, 
would  not  admit  of  warfMflg  the  vessel  about  poioit  by  point,  v^hich  is  doubtless  the  best  way.  Thts>  how 
tswr,  b  easily  4biie  in  Portemouth  haa4K>ur«  and  was  the  method  adopted  by  Captain  Hatl^  in  his  experiments 
on  the  Conway :  reported  in  the  following  table. 

Where  the  apparent  or  observed  westerly  beariag  exceeds  the  true  westerly  bearings  ibe  ennor  or  local 
vttraction  is  marked  -f  {plno);-  and  where  the  former  is  less  than  the  latter,  the  error  is  marked—  (minus). 
With  the  ship's  head  at  west,  the  object  on  shore  could  not  be  tseetu 

157.  Experiments  on  the  local  attraction  <^  H.  Jf.  S.  Comoeuf,  Torimnmitk  harheur.  The  mumhen  mun-kei  *, 
-were  the  mean  of  several  observations.  July  84^  1820.  By  Captaim  Bmml  HaU  mtd  Mr.  Bmim§,  Royml  MUHury 
jicademy. 


Experi- 
ments on 
the  Conway 


Dip,  70"  30^  3. 

Observed 

Si^ 

bearing  of  the 

Bearing  of 

n 

Obaen^d 

Bearing  of 

S  0 

Direction  of 
ship's  head. 

station  on 
Bliore  from  the 

compass  on 
board  by 

Local 
attrac- 

Direction  of 

bearing  of  the 
station  on 

compass  on 
board  by 

Local 
attrac* 

"^1 

Biiip,  by  Cap- 

Mr. Foster  on 

'  tion. 

•St 

ship's  bead. 

shore  by  Cap- 
tain Hall. 

Mr.  Foster  on 

lion. 

II 

1 

tain  Han  on 
board. 

flbore. 

0  5 

;z;'o 

shore. 

S.  by  S. 

N.9r      OE. 

S.95  40  W. 

-1  20 

17 

S.  S.  E. 

N.97    OE. 

S.97  15  w^ 

4-0  15 

2 

Soutb. 

96       0 

94     3 

-1  57 

18 

S.  E.  by  S. 

95  50 

96  22 

-f  0  32 

3* 

S.byW. 

95     20 

92  57 

-2  23 

19 

S.E. 

94  10 

95  16 

+1     6 

4* 

S.  S.  W. 

95     10 

92  19 

—2  51 

20 

S.E.byE. 

93  20 

94  24 

+  1     4 

5* 

S.W.byS. 

94       8 

91     0 

-3     8 

21 

E.  S.  E. 

91     0 

92  30 

-hi  30 

6* 

s.  w. 

94       2 

90  47 

-3  15 

22 

E.  by  S. 

89  30 

91  52 

-f  2  22 

7* 

S.W.byW. 

93     35 

90  15 

-3  20 

23 

East. 

87  M 

9i  15 

4-2  26 

8 

W.  S.W. 

93     30 

88  32 

-4  58 

24 

E.  by  N. 

85     0 

89     5 

-h*     5 

9* 

W.byS. 

92     10 

87  32 

-4  38 

25 

E.N.E. 

83  20 

86  34 

-hS   14 

10 

West. 

26 

N.  E,  by  E, 

82  10 

85  31 

4^3  21 

11 

W.  by  N. 

88       0 

84  25 

-3  35 

27 

N.  E. 

82  15 

84  58 

4-2  43 

12 

W.  N.  W. 

86     35 

83  12 

-3  23 

28 

N.  E.  by  N. 

83     0 

85  13 

4-2   13 

13 

N.W^byW. 

85     20 

82  27 

-2  53 

29 

N.  N.  E. 

86  50 

88     4 

4-2   14 

14 

N.  W. 

83     25 

81  46 

-1   39 

30 

N.byE. 

84  40 

85  47 

4-1     7 

15* 

N.W.byN. 

84     17 

82     7 

-2   10 

31* 

North. 

83     0 

83     7 

4-0     7 

16* 

N.  M.  W. 

83     35 

82     3 

-1  32 

32* 

N.  by  W. 

82  28 

81  38 

—0  50 

^^^^                                         M  A  G  N^E^T^I  S  M.      ^^^^^^^^^^^^SO^^^^^J 

^ii»n.      Erperiments  on  hoard  his  Majtstyi  $hip  Leiden,  (Cap-     except  that  the  land  station   being  at  a  greater  tlis 

K  Pmiiir.         ^1 

S^^^^^  tain    Owen,)    and   o7t    his    Majestt/s    brig    Barracoula,     tance/sigriab  by  flags  were  employed  ;  warps  were  also  ^^^-x^-^ii^           ^H 

(Captahi    Cuifielil,)    previoui   io  the  departure    of  these     Used  in  this  instance,  and  the  observers  thus  enabled                              ^H 

vessels  for  the  eastern  coast  of  Jfrica.                   '                  to   steady  the  vessel  on   any   proposed  point,   and  to                              ^| 

158.  The  Leven   on  her   return  from  the  western     take  the  observation  on    bofird  with  more  precision. 

H 

coast  of  Africa,   having  been  ordered   to  survey  the         A  second  situation  was  also  taken  for  a  compass, 

V 

eastern  coast  of  that  continent,    and  the  coiiniiind  of    little  forward   of  the  foremast,    where    a  pillar  was                               ^| 

her  given  to  Captain  (>vven;  who  deservedly  enjoys  tlie     fixed,  and  the    two  compasses  placed  under  like   cir 

^1 

reputiition  of  one  of  the  most  able  scientific  ofHcers  of    cumstanccs,   except   theic  different  situations  in   the                             _^| 

the  Navy  ;    the  nuthorhad  another  excellent  o|>portu-     vessel.    Another  compass  was  also  plnced  on  the  gun 

^H 

nity  of  making  his  experiments   both   on   this  vessel     room  table,  with  which  the  sliip's  head  was  registered                           ^^| 

and  on  tljc  ]iarracouta.                                                              ever)'  time  it  was  taken  with  the  other  two. 

^H 

lie  proceeded  here  nearly  as  in  the  cases  above.         The  following  are  the  results  of  these  experiments.                           ^H 

159.  Experiments  made  to  cLsceriain  the  quantitif  of  local  attraction  in  H,  M.  S,  Ltven,  on  two  compasses,  one 

^H 

forward  and  one  aft,  under  the  direciion  of  Captain  Owen^Januarij  15,  1832,    at  Northfltet, 

I 

H* 

After  compass. 

Farcin ast  compass. 

Sbip's  head 

1  on 

J                   1 

^^^^^H 

iBvcnj 

Bp«rini(  of 

Bearingr  of 

Bparing-  of 
sLiip'a  bead 
by  foremast 

Bearing  of 

B^arin?  of 

by  comp&BS  on 

^^H 

d 

BeftHnG^  of 

Lie  at.  Ouen 

Lieut,  VkUi  at 

Difference 

Mr.  Daniert 

Lieut,  Boteler 

Difference 

irun-rooQi 

^^^H 

r- 

a  flip's  head  by 
after  coinpaBA. 

At  short"  sta 
tioD  from  nftcr 

nftcr  compass 
from  &hore 

or  local 
at  tract  ton. 

Rl  shore  sta- 
tion from  fore- 

at foremast 
compass  from 

or  locnl 
attraction. 

tabli;. 

^1 

compnss. 

staticjii. 

compass. 

mast  Compaq 

iiliorc  stadon. 

■ 

a          t 

a        * 

0     / 

0        i 

1         «      * 

1         0      ' 

•      i 

0     ' 

0 

N.   4  00  E* 

S.34  30  W. 

iy.34  23  E. 

+0    7 

N.  5  00  E. 

S.33  30  W. 

N.32  20  E. 

^    1    10 

^^1 

lO  00 

30  30 

34     6 

-3  36 

IS  30 

33  30 

. 

N.I7  30  E. 

^H 

1(>  00 

30  30 

33  30 

-3     0 

21   30 

^-> 

32  40 

— .  — 

^^*  '^~ 

^H 

^0  00 

^9  30 

34     3 

^4  33 

28  30 

33  30 



25  30 

^H 

9^  00 

30  00 

34  23 

-4  23 

29  30 

^  i 

34  00 



26  30 

^H 

28  00 

^Z  30 

35  52 

-2  32 

36  30 

a.g 

34   12 



33  00 

^H 

40  ao 

29  30 

34  43 

1   -5   13 

51   00 

a  t5 

34  47 

, 

. 

^H 

50  00 

29  00 

34  40 

—5  40 

—  «— 

35   10 

—  — 



^H 

57  00 

28  50 

34  35 

—5  45 

—  ^^ 

J 

35   17 





^H 

67  00 

29  00 

34   19 

-5   19 

78     0 

43    15 

35  54 

+  7  21 

72  00 

^H 

89  OO 

26  00 

33  47 

-7  47 

84  30 

43   15 

35  45 

-1-  7  so 

N.89  00  E. 

^H 

89  OO 

26  30 

33  25 

—  6  55 

83  00 

43     0 

35  26 

+  7  34 

S.88  00  E. 

^^H 

East 

27  20 

34   U 

-6  51 



w-     

—  .— 



^-  -^ 

^H 

S.  80  00  E. 

37  00 

33  01 

-6  01 

S.67  30  E. 

42  30 

34  47 

+   6  43 

73  CK> 

^H 

70  00 

27  40 

32  45 

-^5  45   1 

56   15 

41     0 

34  20 

+   6  40 

65  00 

^H 

63  00 

27  10 

32  28 

«5   18  1 

60  30 

40  30 

34  27 

+   6   13 

58  30 

^H 

56  00 

27     0 

32  25 

-^5  25  1 

47   15 

39  30 

34  12 

+   4  48 

52  30 

^H 

49  00 

26  20 

31   57 

-5  37 

39  30 

38  45 

^  45 

+   5  00 

45  30 

^H 

44  no 

28  00 

31    56 

-3  56 

38  30 

37  30 

33  40 

+   3  50 

41   30 

^H 

40  00 

'     28  00 

31  45 

-3  45 

33   15 

37  00 

ZZ  23 

+   3  37 

37  30 

^H 

27  OO 

27  00 

30  57 

-3  57 

20  00 

—  _ 

27  00 

^  — 

^H 

South* 

32  00 

31    14 

-^0  46 

S.    5  00  E. 

31  30 

30  00 

+    1   30 

S.    6  00  W. 

^H 

S.  13  00  W. 

'       1 





S.    7  00 W. 

25  30 

31  23 

—  5  57 

9  00 

^H 

17  OO 

34  20 

31  05 

H-3  15 

12  30 

25  30 

30  50 

«   5  20 

43  00       i 

^H 

2G  00 

34  00 

31  06 

+2  54 

18  00 

24  30 

30  50 

-  6  20 

21  00 

^H 

33  OO 

34  30 

31  02 

+  3  28 

26  00 

23  00       1 

30  31 

-  7  31  1 

28  30 

^H 

39  00 

35  00 

31   09 

+3  51 

31   30 

22  30 

30  38        1 

—   8  08 

34  00 

^H 

50  00 

35  40 

31  36 

+  4     4 

37  30 

22  30 

30  49 

—   8   19 

43  30 

^H 

57  00 

34  00 



—  , — 

45  00 

21   30 

30  58 

-   9  28 

50  30       1 

^H 

60  00 

35  00 

31  23 

+3  47 

m ^ 

22  30 

29  30 

—  7  00 

«^  .^. 

^H 

70  OO 

38  50 

33  24 

+  5  26 

57  30 

91  30 

32  00 

—  10  30 

65  35 

^H 

80  00 

40  20 

34  05 

+  6   15 

68  30 

22  00 

32  54 

—  10  54 

75  30 

^H 

West. 

40  00 

34  36 

+  5  24 

77  30 

22  30 

32  36 

—  10  06 

S.  87  30  W. 

^H 

N74  (X)W. 

41    10 

35  00        1 

^n  10 

N,87  m\\\ 

21  30 

32  56 

—  11  26 

N,76  00  W, 

^H 

63  00 

39  50 

35  22 

+4  28 

77  00 

22  00 

33  02 

—  11  02 

64  30      : 

^H 

53  00 

39  40 

35  29 

-1-4  11 

58  30 

24  15       i 

33   15 

—  9  00 

50  00 

^^1 

43  00 

40  30 

35  32 

^.4  58 

50  00 

25  30 

33  08 

-  7  38 

48  00 

^^1 

33  00 





, . 

_  — 

^_ 

^ ^ 

-  -  _ 

^^  -  - 

^H 

^Z  DO 

39   10 



. 

27  30 

30  45 

36  00 

-  5  15 

^-.  .^ 

16  00 

38  30 

37  30 

+  1    0  ! 

19  00 

30  45 

35  22 

-    4  37 

—  ^^       1 

VI  m 

38  00        1 

37  57 

+  0     3 

15  00 

31   30 

35  43 

-   4   13 

10  30        i 

L 

(Signed)                                                      A,  11.  \'iiJAL,  First  Lieuteaant  of  \\.  JVL  S.  X^ven 

1                                                                                                                                              5l2 

1 

802 


MAGNETISM. 


MAgfnetism.  150^ 


Ezperi- 
menti  on 
theBtfra- 
couta. 


Experlmenti  made  to  ascertain  the  local  attraction  of  H.  M.  S.  Barracouta,  at  Nortlt/leet,  January  15,  IWl, 

by  the  Officers  of  that  vessel. 


Ptf 


Correcting 
plate  de- 
scribed. 


Bearing  of 

Bearing  of 

Bearing  of 

Bearing  of 

"* 

Direction  of 
ship's  head 

«hore  station 

from  compass 

on  board, 

compass  on 

board  from 

shore  sUtion, 

Local  attrac- 
tion. 

Direction  of 
ship's  head. 

shore  station 

from  con.pass 

on  board. 

compass  on 

board  from 

shore  station. 

Local  attrac- 
tion. 

Lieut.  Madge. 

Mr.  Durnford. 

Ueut.  Mudge. 

Mr.  Durnford. 

0        i 

0        i 

0 

/ 

0        / 

0        / 

N.  by  E. 

s.sr  00 vv. 

N.sr    OOE. 

0 

0 

North. 

s. w. 

N.—  — W. 

N.  N.  E. 

34     40 

38     40 

-   4 

0 

N.  by  W. 

—     

N.E.byN. 

35     40 

39     10 

-   3 

30 

N.  N.  W. 

48     10 

41     SO 

+  6 

40 

N.E. 

34     40 

41     20 

~  6 

40 

N.W.byN. 

51     00 

42     00 

+  9 

00 

N.  E.  by  E. 

33     00 

42     20 

-   9 

20 

N.  VV. 

—     — ■ 

44     47 

... 

E.  N.  E. 

—     — 

—     — 

— 

— 

N.W.byW. 

52     30 

44     20 

+   8 

10 

E.  by  N. 

—     — 

—     — 

— 

— 

W.  N.  \V. 

56     40 

43     40 

+  13 

00 

East. 

26     20 

42     40 

-16 

20 

VV.  by  N. 

55     40 

43     30 

+  12 

10 

E.  by  S. 

27     20 

40     40 

-13 

20 

West. 

54     00 

40     59 

+  13 

01 

E.  S.  E. 

25     00 

39     30 

-14 

30 

W.  by  S. 

54     40 

43     00 

+  U 

40 

S.  E.  by  E. 

32     00 

38     00 

-  6 

00 

\V.  S.  VV. 

49     18 

41     SO 

+  7 

46 

S.E. 

33     00 

36     00 

-  3 

00 

S.VV.byW. 

—     — 

—     — 

^. 

S.  E.  by  S. 

32     00 

35     30 

-  3 

00 

S.  VV. 

—     — 

—     — 

— 

— 

S.  S.  E. 

32     50 

35     00 

-  2 

40 

S.  VV.  by  S. 

—     — 

—     — 

— 

— 

S.  by  E. 

—     ... 

.._     — 

._ 

— 

S.  S.  W. 

—     — 

—     — 

— 

.-. 

South. 

36     00 

34     58 

+  1 

2 

S.  by  VV. 

"— "     """ 

"—     — " 

— 

(Signed) 


VVm.  Mudge,  First  Lieutenant  of  H.  M.  B.  Barracouta. 


The  points  omitted,  with  the  exception  of  the 
N.  W.,  were  those  on  which  the  vessel  could  not  be 
brought,  in  consequence  of  the  wind  and  tide  5  the 
observation  (on  board)  at  the  N.  VV.  is  omitted,  there 
being  obviously  an  error  in  registering  the  result. 

The  great  difference  in  the  amount  of  tlie  local 
attraction  of  the  Leven,  this  time  and  the  former,  is 
attributed  by  the  author  to  her  being  fitted  with  a 
new  patent  capstan,  the  spindle  of  which  is  about 
eleven  feet  long,  and  its  mean  diameter  not  less 
than  five  inches  ;  it  commences  from  the  capstan 
head,  passes  through  the  upper  deck  and  gun  deck, 
and  steps  into  a  carling  below  the  beam.  Being 
vertical,  the  power  on  the  compass  is  very  consider- 
able, although  the  station  for  observation  is  taken  as 
far  aft  as  possible. 

In  the  Barracouta,  the  spindle  is  of  the  same  length, 
and  the  place  for  observation  is  necessarily,  from 
the  small  dimensions  of  the  vessel,  proportionally 
nearer  to  it. 

Description  of  the  correcting  plate,  method  of  adjusting 
it,  Sfc. 

161.  The  plate  employed  in  all  the  preceding 
experiments,  as  well  as  those  which  have  been  sent 
with  Captain  Parry,  in  the  Fury,  and  with  Captain 
Sabine,  in  the  Iphigene  frigate,  have  been  double  j 
viz.,  each  consists  of  two  thin  plates  of  iron  screwed 
together,  in  such  a  manaer  as  to  combine  any  strong 
irregular  power  of  one  plate,  with  a  corresponding 
weak  part  of  another,  by  which  means  a  more  uniform 
attraction  is  obtained  ;  it  does  not,  however,  appear 
that  these  precautions  are  necessary,  if  iron  weighing 
about  six  pounds  to  the  square  foot  is  made  use  of  j 
but  with  thinner  plate  iron,  viz.  of  about  three  pounds 
to  the  foot  it  is  requisite,  not  only  for  the  purpose 
above  stated,  but  to  prevent  any  accidental  bending 
by  a  fall  or  otherwise. 


The  plates  are  twelve  or  thirteen  inches  in  diameter, 
having  a  hole  in  their  centre,  through  which  is  passed 
a  brass  socket  with  an  exterior  screw  ;  a  brass  not 
about  an  inch  and  a  half  in  diameter,  screws  on  the 
exterior  of  each  end  of  the  socket,  compressing  thereby 
the  plates  together,  with  an  interposed  thin  circular 
piece  of  board,  which  is  intended  to  increase  some- 
what the  thickness  of  the  plate,  without  increasing 
its  weight.  It  appears  also  that  the  compound  plate 
is  more  powerful  when  the  two,  of  which  it  is  formed^ 
are  thus  separated  from  each  other. 

In  order  to  render  the  union  the  more  permanent, 
the  plates  are  also  fixed  to  each  other  by  two  or  three 
small  iron  screws  near  their  edges. 

162.  The  plate  being  thus  prepared,  the  next  object  Mui* 
is  to  ascertain  its  proper  situation  in  the  ship;  for^^^ 
which  purpose  we  may  proceed  as  follows  :   let  a  box  jJf^ 
or   log  of  wood,   having  no  iron  about  it,  as  AB^' 
(fig.  76.)  be  taken  on  shore,  and  let  holes  be  bored  in 

it,  at  eight,  nine,  ten,  eleven,  &c.  inches  from  its 
upper  part,  to  receive  the  brass  or  copper  horizontal 
rod  R,  which  is  to  carry  the  plate.  This  pin  being 
inserted  in  one  of  the  holes,  and  the  compass  placed 
securely  on  the  top  of  the  box  or  log,  turn  the  latter 
with  the  pin  successively  to  the  several  points  of  the 
horizon,  and  by  attaching  and  removing  the  plate, 
observe  its  power  of  attraction.  If  the  results  thus 
obtained  agree  with  those  observed  on  ship  board,  we 
have  the  right  position  of  the  plate  ;  but  if  this  should 
not  be  the  case  (as  is  most  likely  to  happen)  shift  the 
height  and  distance  of  the  plate,  and  repeat  the  expe- 
riments again,  and  after  a  few  trials  we  shall  be  able 
to  obtain  the  same  attraction  with  the  plate,  as  was 
observed  in  the  vessel. 

163.  This  being  done,  measure  carefully  the  dis- 
tance of  the  plate  from  the  vertical,  passing  through 
the  pivot  of  the  needle,  and  its  depth  below  the  plane 
of  the  card,  and  cause  a  hole  to  be  bored,  and  a  socket 
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pietJam.  to  be  introduced  into  one  of  tKft  legs  af  the  tri|>od, 
X-"^'  used  for  the  azimuth  compass  on  board,  so  that  when 
7^-  the  bra^f  pin  is  inserted  as  shown  in  fig.  77,  the 
centre  of  the  plate  may  be  at  the  same  depth  below, 
and  distance  from  the  vertical  passing  through  the 
pivot  of  the  compass  as  was  determined  on  shore^  and 
it  will  be  the  fixed  situation  required.  If  a  fixed 
pedestal  be  used  on  board,  as  a  stand  for  the  azimuth 
compass,  which  is  to  be  preferred,  the  same  direction 
of  course  will  apply  to  this  as  to  the  tripod.  The  plate 
and  pin  are  both  moveable,  and  are  laid  aside  except 
at  the  time  of  observation. 

It  may  be  proper  t(»  observe,  that  as,  from  the 
iinavoidiible  errors  in  ob^iervations,  it  is  probably 
imfJOi^sible  to  get  the  plate  to  give  the  same  attraction 
as  the  vessel  at  every  point,  the  object  ought  to  be 
to  take  a  mean  between  the  deviations  at  (S.E.,  S.  W.), 
(N.E.,  N-  W.},  (E.  W.),  (N.S),  and  if  the  mean  at 
those  pointa  in  the  ship,  and  with  the  plate  on  shore 
agree,  the  other  errors  will  be  inconsiderable, 

16*4.  After  all,  however,  this  is  by  far  the  most 
difficult  part  of  the  experiment,  and  the  best  way  is 
undoubtedly  to  ]}rocure  a  plate  already  corrected,  that 
is,  a  plite  whose  attraction  has  been  found  experi- 
m  en  tally  for  several  distances  and  positions  j  the 
results  of  which  are  ejiven  in  a  table  with  it,  so  that 
having  obtained  the  local  att faction  of  the  vessel,  the 
same  attraction  may  he  selected  out  of  the  table 
above-mentioned,  and  opposite  to  it  will  be  found 
the  proper  corresponding  height  and  distance.  Plates, 
with  the  requisite  tables  are  sfdd  by  Messrs.  W.  and 
T.  Gilbert,  H8,  Leadenhall-street. 

It  is  to  be  observed,  however,  that  these  tablei  only 
apply  to  experiments  made  in  these  latitmles  ;  viz,,  in 
any  Britiiih  harbour,  but  they  will  not  be  applicable  if 
the  experiments  arc  made  in  a  port  where  the  dip  oi 
the  needle  is  very  diflcrcnt  from  what  it  is  in  London. 
That  is,  the  experiments  on  the  plate,  and  on  the 
vessel  ought  always  to  be  made  in  the  same  place. 


la*  ac/lst.  mean       to      IS*'  30' 
30     10  2d.   mean       add     3       0 


Pirtlir, 


the 


Method  of  ming  the  plate  on  Mp  board, 

165.  In  the  first  instance  Mr,  Barlow  proposed  to 
apply  the  i>late  to  the  binnacle  compasses,  but  on  the 
suggestion  of  the  officers  of  the  Leven,  he  changed 
the  application  of  it  ti>  the  azimuth  compass,  as  being 
more  susceptible  of  nice  obser^  ation,  besides  possess- 
ing advantsiges  not  to  be  obtained  in  the  other  case. 

The  folhjwing  are  the  directions  left  with  the 
officers  of  the  above  ship  for  using  the  plate  : 

166.  *'  When  an  azimuth,  or  amplitude  of  the  sun, 
or  other  heavenly  body,  is  taken  tor  the  pnrjiose  of 
determinirig  tlie  vrjriation,  the  observations  are  ro  l>e 
first  made  in  the  usual  way,  and  then  immediately 
repeated  with  the  plate  attached,  and  the  difference 
between  the  two  bearings  will  be  the  local  attraction. 

**  For  example  :  sup[>ose  the  mean  of  the  first 
series  of  observations  to  give  the  bearing  C*'^,  and  the 
second  with  the  plate  attached  70^  SC; 

Then,  70"    30^  2d.  mean        from  67°     0' 
67    OO   1st,  mean       take     3     30 


3     30  local  attraction.       63 


3^1  correct 
laznnutb. 


*'  Again,  let  the  amplitude  by  common  observation 
be  13°  30',  but  with  the  plate  only  10**  30',  then 


3       OlocaUttraction.       16     30  ( *''"^^'^";i'^« 

I  ampbtude. 

"  Note. — In  all  cases,  when  the  first  observed  beiiring 
of  an  object  is  diminished  by  the  plate,  the  difference 
or  local  attraction  is  to  be  added  to  the  first  bearing  | 
and  when  the  first  angle  is  increased  by  the  plate,  the 
difference  is  to  be  subtracted." 

I67.  It  is  to  be  observed,  that  this  supposes  the 
plate  to  be  applied  immediately  after  the  mean  of  the 
first  series  of  observations  hiis  been  obtained,  and 
before  any  considerable  change  has  taken  place  in  the 
azinjuth  of  the  celestial  body.  To  avoid  every  possible 
chance  of  error  from  this  cause,  the  officers  of  the 
above  ship,  computed  their  variation  for  both  series  of 
observation  j  viz.  with,  and  without  the  plate,  and 
the  difference  gave  them  the  local  attraction.  This  is 
some  additional  trouble,  but  the  result  is  proportbn- 
ately  more  correct. 

The  above  are  all  the  directions  necessary  for  using 
the  plate,  and  they  are  such  as  cannot,  it  is  presumed, 
be  misunderstood  by  any  seaman  entitled  to  the  cha- 
racter of  a  I J  radical  navigator. 

Wc  had  intended  to  follow  up  this  subject,  by 
reporting  tlje  results  of  the  experiments  made  in  the 
Conwav  by  Captain  liasil  Hall,  through  more  than 
1 10^  of  latitude,  viz,  from  :mO°  N..  to  60^S.  We  find, 
howc\  er,  it  woultl  carry  us  too  far  5  we  can  therefore 
only  inform  our  readers  that  the  experiments  were 
attended  with  iUc  best  success,  and  that  they  answered 
in  every  particular  to  the  entire  satisfaction,  both  of 
the  expe  imenters  and  the  author.  Similar  results 
were  obtained  by  the  officers  of  the  Leven,  but  this 
voyage  was  mt»re  limited  in  its  extent,  and  conse- 
quently the  deductions  made  in  it  less  decisive. 

5  XX.  On  the  effects  produced  in  the  rata  of  chrono* 
meters,  %  the  magnetic  action  cf  a  ships  guns,  ^c.  on 
the  baitmce. 

168,   It  having  lieen  ascertained  during  the  voyage  Effect  of 
made  by  Captain  Buchan  to  the  Arctic  regions,  in  the  ironoa 
year  1818,   (see  PhiL  Trans.  1820,)    tliat  ^thc  rates  of  chronomc^ 
the  chronometers  were  considerably  different  on  board  ^^"* 
and  on  shore,  and  this  change  having  been  attributed 
to  the  irr>n  of  the  v\sscl^  Mr.  Barlow  undertook  the 
task  of  ascertaining  whether  the  proximity  of  a  mass 
of  iron  had  actually  any  effect  in  changing  the  rate  ; 
and,  secondly,  supposing  this  to  be  the  case,  to  deter- 
mine,   if  possible,  the  laws  and  principles  by  which 
that  action  wils  governed.     See  PhiL  Trans,  for  IS20, 
part  ii. 

lie  accordingly  procured  six  excellent  chronome- 
ters, and  having  made  the  requisite  preparations,  he 
began  bis  series  of  observations  on  them  on  the  llth 
of  IVIarch.  1821,  and  continued  them  daily  till  the  25th 
of  May  ;  when,  having  obtained  a  considerable  number 
of  results,  they  were  discontinued.  It  will  however 
he  proper,  before  we  proceed  to  the  detail  of  particu- 
lars, to  cvpljun  the  views  the  author  had  formed  on 
the  subjecl,  and  the  principles  upon  which  he  con- 
dueled  the  experiments. 

It  was  conceived,  that  if  such  an  effect  as  that 
described  by  Mr,  Fisher,  were  generally  produced  on 
the  rates  of  watches  and  chronometers,  it  must  arise 
from  the  spring,  or  some  part  of  the  balance  having 
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Bfagnetiiiii.  become  magnetic,  and  the  consequent  attraction  of 
'  the  iron  upon  it ;  for  the  experiments  and  observa- 
tions which  Mr.  Fisher  describes  as  having  been  made 
with  a  strong  bar  magnet,  brought  within  two  inches 
of  the  balance,  arc  perfectly  distinct  in  their  nature 
from  those  which  were  made  by  him  on  board  aad  on 
shore  at  Spitzbergea  3  for  a  magnet  of  such  power, 
brought  within  the  distance  of  two  inches  of  any 
Moall  piece  of  steel,  will,  whether  the  latter  be  pre- 
•  iously  magnetic  or  not,  impress  upon  it  a  strong 
tem|)o'rary  derangement  of  its  latent  magnetism,  and 
give  to  the  part  nearest  the  noagnet,  a  contrary  pole 
to  that  by  which  it  is  opposed ;  and  consequently, 
there  will  exist  between  the  balance  and  the  magnet 
a  strong  power  of  attraction  snfiicient  to  cause  that 
acceleration  so  strongly  indicated  in  Mr.  Fisher*8 
experiments ;  and  this  will  be  the  case  whichever  end 
of  the  magnet  is  opposed  to  the  balance,  and  to  what- 
ever part  of  the  latter  the  application  is  made ;  because, 
in  this  instance,  the  effect  does  not  depend  upon  the 
previous  magnetic  state  of  the  balance,  but  upon  that 
temporary  state  excited  by  the  proximity  of  the  mag- 
netic bar,  and  which  ceases  when  the  bar  is  removed. 
*  This  explanation  will  not,  however,  f^ly  to  the 
action  of  plain  unmagnetised  iron ;  for  notwithstanding, 
according  to  the  theory  of  magnetism  that  has  been 
advanced,  every  mass  of  soft  iron  becomes  a  tempo- 
rary magnet  by  induction  from  the  earth  ;  yet  we  are 
not  aware  that  ever  any  particular  action  has  been  dis- 
covered between  two  pieces  of  iron,  whether  hard  or 
soft,  which  had  not  previously  acquired  a  polar  quality; 
the  largest  mass  of  iron,  for  instance,  will  not  attract 
and  give  direction  to  the  lightest  and  most  freely 
suspended  needle  of  soft  iron,  or  of  unmagnetised 
steel. 

Now,  if  this  be  admitted,  it  necessarily  follows,  that 
plain  unmagnetised  iron  can  only  be  supposed  to  act 
on  the  balance  of  a  chronometer,  when  that  balance 
has  acquired  a  polar  or  directive  quality ;  and  then, 
as  we  have  already  stated,  it  will  have  a  tendency  to 
produce  an  acceleration,  or  retardation,  according  to 
its  position  with  respect  to  the  balance,  and  the  pre- 
vious adjustment  of  the  machine. 

If  this  be  actually  the  case,  it  may  probably  appear 
singular,  that  all  Mr.  Fisher's  chronometers  were 
accelerated  ;  but  it  is  not  much  less  so,  that  five  out 
of  the  six  used  in  these  experiments  were  as  decidedly 
retarded.  It  will  likewise,  after  examining  these 
experiments,  be  difficult  to  accouiit  for  that  high 
degree  of  acceleration  noticed  by  Mr.  Fisher  j  for  it 
will  be  seen  that,  although  some  of  the  chronometers 
were  brought  to  within  two  or  three  inches  of  the 
surface  of  an  iron  ball  thirteen  inches  in  diameter,  the 
utmost  effect  which  could  be  produced  did  not  exceed 
4"'  per  day  ;  whereas  Mr.  Fisher  makes  his  amount  to 
8"  or  9"  per  day ;  and  yet  we  can  scarcely  imagine 
that  he  brought  his  chronometers  so  closely  within 
the  immediate  sphere  of  action  of  any  mass  of  iron, 
more  powerful  than  that  described  in  these  experi- 
ments ',  indeed  we  are  led  strongly  to  suspect,  that 
the  remarkable  change  in  the  rates  of  the  nine  chro- 
nometers of  the  Dorothea  and  Trent,  reported  by  Mr. 
Fisher,  must  hjive  been  produced  by  some  extraordi- 
nary cause,  not  commonly  operating  on  ship  board. 

We  have  already  observed,  that,  according  to  the 
idea  we  entertain  of  the  action  of  iron  on  the  balance 
of  a  chronometer,  it  is  actually  necessary  to  conceive. 


that  part  of  the  machine,  or  at  least  its  spring,  to  have  Vmi 
acquired  a  certain  polar  or  directive  quality,  whereby,  Wy« 
independent  of  any  other  power,  the  balance  would 
have  a  tendency  to  assume  a  certain  direction,  when 
brought  within  the  sphere  of  action  of  a  given  mast 
of  iron  ;  and  the  anMHint  of  that  tendency  mig^t,  it 
was  conceived,  be  estimated,  by  counting  the  number 
of  vibrations  which  a  small  magnetised  needle  would 
make  in  a  given  time,  in  any  assigned  sitnation,  near 
the  iron,  and  comparing  the  result  with  the  number 
it  would  m^e  under  like  circumstances,  and  in  the 
same  time,  when  wholly  removed  from  any  attracting 


169.  In  order  to  illustrate  this  view  of  the  subject 

a  little  more  particularly,  let  A  B  C  D  (fig.  78.)  repre-  R|-78. 
sent  the  balance  of  a  chronometer,  <  i'  its  spring,  and 
let  D  be  that  part  of  the  rim  which  is  attracted  by  the 
centre  o,  of  an  iron  ball  or  shell.  If  now  we  conceive 
the  spring  to  be  detached  from  the  fixed  part  of  the 
machine,  it  will  be  free,  with  the  balance  itself  to 
take  any  position.  The  point  D  will  therefore  be 
attracted  towards  o;  and  if  it  be  displaced  from  this 
position,  it  will  have  a  tendency  to  oscillate  on  each 
side  of  the  point  D  3  and  the  number  of  vibrations 
which  it  would  make  in  a  given  time  would  serve,  if 
we  could  obtain  such  results,  to  estimate  the  intensity 
of  action  of  the  attracting  body. 

But  although  we  cannot  detach  the  balance  for  such 
an  experiment,  we  may  still  form  some  idea  of  the 
intensity  of  action,  by  causing  a  small  magnetised 
needle  to  oscillate  in  the  place  of  the  balance,  and  by 
counting  the  number  of  its  vibrations  as  above  de- 
scribed. Indeed  there  is  not  much  difficulty  in  esti- 
mating, theoretically,  the  change  of  intensity  due  to 
a  certain  change  in  the  position  and  distance  of  the 
attracting  body  3  but  experiment  was  in  this  case 
preferred  as  more  satisfactory  to  those  who  may  not 
be  able  to  follow  out  completely  the  mathematical 
investigation  on  which  such  a  computation  must 
depend.  With  this  previous  view  of  the  subje<!t,  the 
author  began  with  first  ascertaining  the  time  in  which 
forty  vibrations  were  made  with  a  small  magnetic 
needle  in  diflFerent  situations  with  respect  to  an  iron 
shell  eighteen  inches  in  diameter,  and  at  eighteen 
inches  distance  from  its  centre  j  the  weight  of  the 
shell  being  496  lbs. 

But  as  the  degree  of  intensity,  as  well  as  the  quan- 
tity of  deviation,  occasioned  by  the  iron  ball,  has 
reference,  not  to  the  plane  of  the  horizon,  but  to  the 
plane  of  no  attraction,  he  proceeded  with  these  experi- 
ments as  follows  : 

170.  Let   SONiy  (fig.  79.)  represent    the   ironFij.TS. 
shell,  or  a  sphere  concentric  with  it  j  Q  Q^  its  mag- 
netic equator,  or  plane  of  no  attraction,  and  ab,  cd,  ef, 

&c.  parallels  of  latitude  answering  to  60^  45°,  30*»,  &c. 
H  H'  the  horizon,  and  S  N  the  natural  direction  of  the 
magnetic  action  in  this  place  ;  the  circle^  S  Q  N  Q* 
denoting  the  plane  of  the  magnetic  meridian,  agree- 
ably to  the  division  of  the  magnetic  sphere,  as  de- 
scribed in  (art.  90.) 

He  now  first  placed  the  compass  at  Q,  eighteen 
inches  from  the  centre  of  the  shell,  and  observed  the 
number  of  seconds  which  the  needle  employed  to 
make  forty  vibrations  j  then,  still  keeping  the  needle 
in  the  circle  Q  Q',  he  placed  it  30°  from  Q  towards  E, 
or  in  longitude  60°.  He  then  brought  it  30°  nearer 
to  E,  or  into  longitude  30°  5  then  to  E,  or  longitude 
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pietism.  O'' ;  and  so  ou  at  every  30°  tbrougli  the  whole  circle. 

•V'-^'  The  same  was  then  repeated  in  the  eircles  a  b,  t  </,  ef, 
kc.  I  and  by  taking  the  mean  of  the  results  for  each 
corresponding  aituation  on  each  side  of  the  meridian, 
he  obtained  fhc  numbers  given  in  the  foUouing  table  : 
171.  Table  showing  the  tme  of  making  im  vibraiims 
with  ajme  magnetic  needk  in  different  mtuaiions,  eighteeti 
inchtM/rom  the  cmtre  of  an  iron  shell,  eighteen  inches  m 
diameieTi  weighing  496  lbs. 


Lati- 

Mean time  of  makbjg  tea  \ab rations. 

tude. 

Longr- 

Lonf, 

Long;. 

Long. 

Lonir. 

Looir. 

Lo»g. 

90«N. 

SO-^R 

3«PN. 

0° 

30°  S. 

60«S. 

90^  S. 

90  N. 

30-25 

ti 

u 

n 

t* 

/f 

60N. 

26-00 

27^25 

28^00 

29^75 

34-50 

35-75 

38-25 

45  N. 

26'25 

2;-50 

28-25 

3000 

35-25 

39-23 

43-50 

30  N. 

2725 

27-50 

29  00 

31*25 

3400 

41-25 

46.^0 

0 

34-50 

34^75 

34^75 

35  50 

35-00 

1  3500 

3500 

30  vS. 

4fi-50 

41-25 

3400 

31  25  ' 

2y*oo 

27%50 

27-25 

♦5  S. 

43-50 

3R-25 

35  25 

3O0O 

2825 

27-50 

'ifri:^ 

60  S. 

38'2S  , 

a5-75 

34^50 

29*75 

2800 

27  25 

2600 

90  S. 

30-25 

Mean  tinjc  of  nuLkiag  ten  Tibrntions  detacLed  from  the  troii 

:                                          ball  32":j0^ 

These  experiments  were  made  with  a  imall  steel 


bar  or  magnetic  needle,  ftnely  suspended  with  un-  Part  IIL 
twisted  silk  in  a  glass  vessel,  and  some  care  was  ' 
taken  to  get  the  lime  es  accurately  as  seemed  desir* 
able  for  the  purpose  j  but  as  the  only  intention  of  the 
experimcDts  was  to  have  5ome  general  ideas  of  those 
situations  near  the  ball,  where  a  compass  needle  would 
be  the  most  affected  in  its  vihratiouSj  and  where  also^ 
according  to  the  ideas  above  advanced,  the  chrono- 
meter would  be  most  affected  in  its  rate,  it  was  not 
considered  necessary  to  carry  these  abser\atiotis  to 
the  utmiMt  degree  of  precision. 

172.  It  d<#es  not  appear  recjuisite  for  our  present 
purpose,  to  give  tlie  detail  of  these  experiments  at  full 
length  J  it  ^ill  be  s^ufticient  here  to  state  the  mean 
results,  and  to  r^fer  those  renders  who  are  desirous  of 
more  particular  information  to  the  volume  of  the 
Transactions  above  quo  let  L 

In  the  following  table,  the  first  column  describes 
the  situation  of  the  chronometer  \  th«  second  the  mean 
daily  mtc  j  the  third  the  gain  or  loss  per  day  in  each 
position  ;  the  fourth  the  number  of  days  <he  watch 
was  in  each  situation  \  and  the  lifth  the  |>roportional 
magnetic  intensity  of  the  iron  cm  the  balance,  eiliuiated 
by  the  number  of  vibnUions  which  a  freely  suspended 
horizonlai  needle  matle  in  the  place  where  the  chro- 
nometer stood  i  the  intensity  of  the  needle  when 
wholly  detached  from  iron  being  called  100. 


TABLE^ 
173.  Ofexperimenis  Oft  the  rates  of  thronometers  hy  the  proximity  of  masses  of  iron. 


I 


i 


Situatiotij  &c.  of  Oie  ciirooo meters* 


Chronometer  denoted  by  No,  I, 

Rate  of  chronometer  before  it  was  applied  to  the  ball       ------ 

Chronometer  to  the  south  of  the  ball  *^l  inches  from  the  floor,  and  distant 
from  vertical  passing  through  the  centre  of  the  ball  I*  31  inches,  cor- 
responding to  lat.  U®  long.  90  J  distance  from  centre  of  ball  18  inches* 
12  o'clock^  south         ----_---•--     _---^ 


Chronometer  No,  IL 

Hate  of  chronometer  before  it  was  applied  to  the  hall       ---,,. 
Ditto  ditto        ----.-_-.     ^.     _----- 

Chronometer  placed  above  the  ball,  height  from  floor  23  inches,  distance 
from  vertical,  through  the  centre  six  inches  to  the  south,  corresponding 
to  lat.  90°  S.,  and  distance  18  inches.     12  o'clock,  north  -     -     -     -     - 

Detached  from  ball         -•------_--_--.- 

Ditto  ditto        ---------.---_.-- 

Chronometer  placed  to  the  north  of  ball,  height  lOi  inches  ;  distance  from 
vertical   11*31    inches,  corresponding  to  lat*  O^  long.  90  ,  distance  12 
inches.     1^  o'clock,  south    -----^--.----- 

Detached  from  ball   ----------------- 

Plneed  above  the  ball  ;  height  from  Hoor  17'3  inches,  disUmce  from  vertical 
four  inches  to  the  south  of  the  ball  ;   or  lat.  9iY*  S.  j   distance  1*2  inches, 
1^  o'clock,  south         ----.------_--.- 

Same  latitude  j  distance  18  inches.     1*J  o*clock^  south      ------ 

Detached  from  the  ball  -------.     ^-*----- 


Duly 

rate. 


-32   ,        — 


-5*fi     — «  4 


-l-5'O 
-1-40 

+  4*3 


Gain  Of 
loss  per 

day* 


No.  of 

da}"*  in 

each 
positioD. 


+  1*5 


-fO*9 


Prop, 
mag.  in- 
Irasaty. 


14 


100 


91 


8»8 


MAGli  ETIBU. 


Captain 
Scorcsby*! 
method  of 
correction. 


^e  fop  of  the  box  a  convenience  for  placing  the 
chvoBOineter.  Then,  having  faken  its  rate  in  the 
iimild*  tnay^  let  it  be  taken  again  while  the  chronometer 
1$  placed  on  the  pedestal;,  keeping  the  plate,  generally, 
at  the  distanee  of  abo«i%  twelve  inches  froiB  the  vertieal 
through  the  centre  of  the  dial,  and  its  centre  about 
tlie  same  depth  below  the  planie  of  the  balance,  and 
the  rate  Ihus  obtained,  will- be  a  very  close  approxima- 
tion to  the  ship  rate  of  the  instrument,  pro%*ided  care 
be  taken,  when  h  is  removed  on  board,  to  keep  it  out 
of  the  ink  mediate  action  of  any  partial  mass  of  iron. 
The  plate  for  this  purpose  should  be  a  douMe  one, 
such  as  have  been  described  in  the  preceding  section. 
It  should  be  observed,  that  the  plate  16  meant  as  a 
stibstitvte  for  the  iron  forward  ;  and  therefore  the 

table  of  the  land  and  sea^  rates  of  the  chronometer  supplied  to  H.  M,  S  ,  Leven, 

Ferd  Island,  in  the  fear  1849. 


c'hronoiucicr  wherr  oir  buurd,  shtiuld  \fc  piBced*  nr  tfac  £■! 
same  direction  in  reference  to  the  ship's  head,  as  H  — 
halt  with'  MsjMdO  »» the  inm  plate  when  its  rate  was  ^^ 
determined  3  that  is,  if  the  12  o'clock  mark  of  the  ^^*^ 
dial  be  turned  to  warda  the  iroa  plate  on.  shoie^  then 
must  the  same  be  turned  towards  the  ship's  bead 
when  taken  on  hnnrcT. 

177.  The  follfiwii^  table  of  the  land  and  sea  nies  UeoL 
of  the  four  chroiMiiiietera,  whose  numbers  art  specified  ^"^P 
la  it,  is  taken  from  the  Ediuburgh  PhiHoeaphical  Journal^  ^^ 
for  October  1,   1821.     It  is  contained  in  a  commoni* 
cation  to  the  Editor,  from  Lieut.  William  Mudge^and 
is  copied  fro\n   the  journal  of  H.  M.  S.  f^even^  the 
rates  having  oeea  ast*ertained  conjointly  by  the  above 
gentlemon,  and  by  Lieut,  (now  Captain}  Vidal, 

durmg:  her  veefo^  ia  ike  Capede 


Particnlars  at  ttme  And  pUc«. 

Anold 
nte. 

Mb.49S, 

Arnold 

rate. 

No,lMS» 

Harris  aad 

Hotftfn 

nue. 

rata. 

S.  R.  Lisbon,  Jan.  2,  to  Jan.  28,  1819  -     - 
S.  R.  St.  Jago,  Feb.  8,  to  Feb.  14     -     -     - 
S.  R.  Isle  of  Sal.  Feb.  28,  to  March  28     - 
S.  R.  Ditto,  March  28,  to  April  20  -     -     - 
S.  R.  Quarl.  Ishind,  April  27,  to  May  4     - 
S.  R.  Ditto,  May  4,  to  May  12     -     -     -     - 

Mean  S.  R.  from  the  above 

// 

1.   17-30 
1.   16-27 
I.   1699 
1.    17  90 
1.   17  66 

1.  3  70 
1.    1-98 
1.    1-25 
1.  099 
g.  026 
g.  066 

g.  8fitf 
g,  6  98 
g.  6-8» 
g.  6-89 

g.  6»4 
g.  6-56 

g.  7T4 
g.  &«8 
g.  7«9 
g.  9-80 
g.  10r39 

g.   9-«e 

1.   16-95 

1.  1-47 

g-  6'S2 

g.    d-47 

L.  R.  Madeira,  June  20,  to  July  7    -     -     - 
L.  R.     Ditto,    July  7,  to  July  17    -     -     - 
t.  R.    Ditto,    July  17,  to  July  28   -     -     - 
L.  R.     Ditto,    July  28,  to  Aug.  6     -     -     - 
L.  R.     Ditto,    Aug.  6,  to  Aug.  24    -     -     - 
L.  R.     Ditto,    Aug.  24,  to  Sep.  1     -     -     - 
L.  R.     Ditto,    Sep.  1,  to  Sep.  13     -     -     - 
L.  R.     Ditto,    Sep.  13,  to  Sep.  19    -     -     - 

Mean  L.  1X,  from  the  above     -     -     -    -     - 

1.  14-88 
1.   13-90 
1.    13-72 
I.   14  40 
1.   13-85 
1.    14  23 
1.    14  10 
1.    1410 

g.   1-^ 
g.  3  85 
g.  2  83 
g.  2-73 
g.  260 
g.  2  76 
^.  3  20 
g.  3-.30 

g.  200 
g.  1  86 
g.  3  64 
g.  2-84 
g.  «-87 
g.  «-26 
g    3  50 
g.  3-50 

g.  I3«« 
g.  14-85 
g.  13-82 
g.  13-51 
g.  1315 
g.  19^90 

g.  ueo 

g.  14-60 

1.    14  17 

g.  2  69 

g.  275 

g.  13-80 

Difference  between  mean  land  and  sea  rates 

2-78 

322 

3-77 

5-33 

Hie  Iftnd  rfttes  were  taken  with  the  aetronomical  qnndranf  At  the  house  of  the  British  Consul. 


178.  Captain  Scoresby,  whose  name  is  so  well 
known  in  the  scientific  world,  has  considered  this 
subject  under  a  different  point  of  view.  He  argues, 
that  if  the  magnetic  action  of  the  iron  of  a  ship  be 
sufficient  to  affect  the  balance  of  a  chronometer,  much 
more  must  the  terrestrial  magnetism  affect  it,  accord- 
ing to  the  direction  of  the  ship's  head  ;  this  force  far 
exceeding  that  proceeding  from  the  iron.  He  pro- 
poses therefore  to  place  the  chronometer  when  on 
board,  suspended  in  gimbals,  and  resting  on  a  base  to 
which  is  attached,  at  a  distance  below  a  needle  suffi- 
cient to  bring  the  chronometer  always  to  the  same 
bearing,  and  therefore  always  in  tbe  same  direction 
with  respect  to  the  meridian,  (ng.  80.)  There  seems, 
however,  some  danger  in  this  case,  of  the  magnet 
itself  affecting  the  rate,  not  merely  by  its  own  action, 
but  by  communicating  some  portion  of  fixed  mag- 
netism to  the  balance,  more  than  it  originally  pos- 


sessed.    See  the  last  volume  of  the  TVniucrr^iooi  <^  the 
Royal  Society  of  Edinburgh, 


PART  IV. 

ON    TRaRESTBlAL    MikGNBTIftM. 

(  XXI.  Laws  of  tertestrial  magnetis^if,  espressmg  the 
tehtion  bettsetn  (he  dip  and  intensity  of  tke  needle  m 
different  parts  of  the  earth. 

179.  HiTffBKTO  our  investigations  have  been  coo-Termtn 
fined  to  the  examination  of  the  laws  of  magnetism  > 
exercised  by  temporary  and  permanent  magnets  j  and 
in  order  to  reduce  these  to  computation,  we  hare  been 
under  the  necessity  of  mixing  with  the  effect  produced 
by  the  iron  or  magnet,  the  directive  power  of  the 
earth  itself  3  and  afterwards,  by  means  very  commonly 
had  recourse  to  in  analytical  investigations    equating 
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MAGNETISM. 


The  Mune 
otherwiie. 


MagnetSfm       189.  We  may  arrive  at  this  conclusion  in  a  more 
^■^^^■^  simple  way,  by  referring  to  our  two  forces  (3)  and 

(4),  only  rejecting  M,  as  above^  out  of  the  latter, 

which  thus  become 

A  3  cos  0  in  the  direction  P  O, 

{  —  A     in  the  direction  S  N, 
or  A     in  the  direction  N  S, 

Cr' 

taking  A  to  denote  the  coefficient  -jj-^ 

Draw  PH  (fig.  61)   perpendicular  to  PO,  which 

will  thus  represent  the  horizon,  or  a  line  parallel  to 

it ;  consequently  S'  P  H  will  be  the  latitude  =  X,  and 

HPn  =  the  dip  =  5.     Resolve  the  latter  force  SN 

into  two  ;   one  in  the  direction  P  H  =  A  cos  X,  and 

the  other  into  O  P  =  A  sin  X ;  by  this  means  our 

rectangular  forces  will'be, 

A  cos  X  in  the  direction  P  H, 

A  (3  cos  0  —  sin  X)  in  the  direction  P  O. 

But  cos  0  =  sin  X,  they  therefore  reduce  to 

A  cos       X  in  the  direction  P  H  (18) 

A  .  2  sin  X  in  the  direction  P  O  (19) 

and,  consequently,  the  angle  of  their  resultant,  or  the 

angle  it  forms  with  the  horizon  will  be 

A  2  sin  X 

tan  «  =  -r ;— =  5  tan  X  (20) 

A  cos  X  ^     ^ 

the  same  result  as  above.  This  law  of  terrestrial 
magnetism  was  first  deduced  in  a  complex  form  by 
M.  Biot,  and  afterwards  in  the  above  simple  shape  by 
Mr.  Kraft,  of  St.  Petersburg.  See  our  historical  part, 
(art.  16.) 

184.  With  resfiect  to  the  magnetic  intensity  in  any 
place,  this  may  be  deduced  from  our  formula  (17),  by 
making  M  =  o,  but  it  is  more  readily  drawn  from 
the  above  forces  (18)  and  (19). 

For  here  we  have  immediately,  for  the  resultant  of 
those  forces,  or  for  the  intensity  in  the  natural  direc- 
tion, (which  we  may  denote  by  I.) 
I  =  A>v/(4sin«X-f  cos«X)=A  >/ (3  sin«X  +  1)  (21) 
while  that  for  the  horizontal  needle  V,  is  expressed  in 
the  first  force  itself,  viz. 

P  =  A  cos  X  (22) 

The  intensity  therefore  of  a  dipping  needle,  in  any 
part  of  the  earth,  varies  as  the  square  root  of  three 
times  the  square  of  the  sine  of  the  magnetic  latitude 
plus  unity  ;  and  that  of  the  horizontal  needle  varies  as 
the  cosine  of  the  magnetic  latitude. 

In  order  to  express  these  values  in  terms  of  the  dip, 
we  have  only  to   employ  the   relation  already  esta- 
blished between  the  latitude  and  dip,  namely, 
tan  5  =  2  tan  X 

8in«^  sin«  3  4  sin«  X 

or. 


=  2Ay^; 


Of  the 
magnetic 
intensity 
in  different 


Law  of 
intensity 
in  the 
dipping 
needle. 

In  terms  of 
the  dip. 


COS*  a 


1  —sin 


whence,  sin*  X  = 

In  the  same  manner 


S       1  —  sin«  X 
sin*  5 


4  —  3  sin*  i 


cos*  X  = 


3  -I-  sec*  a 

and  substituting  these  values  in  the  preceding  expres- 
sions for  I  and  I',  we  have 


3+"iJ^  («^)v-V 

that  is,  the  natural  magnetic  intensity  Taries  inversely  ~jj 
as  the  square  root  of  four  minus  three  times  the  square  magin 
of  the  sine  of  the  dip ;  and  that  of  the  horizontal  lav. 
needle,  inversely  as  the  square  root  of  three  increased 
by  the  square  of  the  secant  of  the  dip,  which  are  both 
known  laws  of  terrestrial  magnetism,  depending  .upon 
the  investigation  of  M.  Biot,  above  referred  to. 

185.     These  formulas  have  been  compared  by  Cap-  Captdi 
tain  Sabine,   with  the  results  of  observation   made^*^' 
during  the  interesting  voyage  of  Captain  Parry  through  "JJ?" 
Barrow's  Sti^its  j  that  is,  having  taken  the  times  of  a  ^^^ 
dipping  needle,   making  one  hundred   vibrations   inofckw 
London,  Sheerness,  Baffin's  Bay,  and  Melville  Island ;  Inn. 
and  the  times  of  making  ten  vibrations  on  two  hori- 
zontal needles  at  the  same  stations,  he  was  enabled 
to  compute  the  value  of  the  intensity  in  these  cases, 
and  afterwards  to  compare  them  with  the  values  of 
the  same  as  drawn  from  the  preceding  theory  -,  and 
the  agreement  is  certainly  much    closer  than    from 
the  nature  of  the  subject  there  was  any  good  ground 
to  expect. 

Before  we  repeat  this  comparison,  it  may  not  be 
amiss  to  furnish  our  readers  with  Captain  Sabine's 
actual  observations. 


186.  Observations  on  the  intensity  of  the  magnetic  force, 
with  Mr,  Browne  s  dipping  needle,  1819,  March,  In  the 
RegenCs  Park,  London,  latitude  51«  31'  40^^  N.,  longi' 
tude  &  W.     Dip  70°  30'3  N. 


I  =  2Aa /- -?-— - 

V     4  —  3  sin*  < 


(23) 


In  the  magnetic  meridian.                      [ 

No.  of 
iibratioas. 

InEenrat. 

Menn 

NVofH- 

Ar... 

!!)t«rr»l. 

lOO 

loo 
loo 

m    s 

8  OI  5 
8  08 
7  5«'5 

10 
10 
10 
10 

10 

m 

10 
10 
10 
lO 

o 

71 

55 

40 

30 

23 

17 

13 

9 

6 

3 

1 

S 
50 
49 

48 

49        1 

48 

47 

48 

48-5 

47 

47 

ICX) 

8  0*3 

Perpendicular  to  the  meridian.                 j 

Ko  of 

vibnUion*. 

Interval. 

I 

Np^r^fri- 

hnitloaa. 

Arct. 

Inlcml. 

100 

m    s 
8  18  5 

10 
10 
10 
10 

lo 

10 
10 
10 
10 
10 

a 

90 
55 
40 
30 

m 

16 

11 

7 

4 

2 
1 

52 

h^ 

493 

49^5 

49 

4B5 

495 

4S-5 

50\^ 

495 
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Um       18*20,   July,      In   the  ohservatofy,   Winter   HatbouT, 
^^  laiituiU  74''  47'    19^  N.,    longitude   110°  48'  30'   \V. 
Dip  88«  43'  5  N. 


In  the  magtietic  meridiiin. 

No.  of 

Interv^d. 

Mean 

No.of  vi- 
bration!. 

Arci, 

Interval. 

lOO 
100 
lOO 
100 

ni    a 

7  S7'^ 
7  ^6-5 
7  ^5  5 
7  25  8 

'      10 

j      10 

1      10 

10 

10 

lo 

10 
10 

lo 
10 

o 
88 

G7'5 
535 
415 
33 
26.5 
21 
15  5 
12  5 
95 
e'5 

8 

48-8 
463 
45 
44  5 
44 
433 
435 
43^ 
43"B 
432 

100 

7  *3ti'^5 

Perpendietikr  to  the  menilbin. 

No.  of 
vibmtinns. 

Ititervtl, 

Menn 

No.of  vi- 
brutiuns. 

Aits. 

luim'RU 

100 
100 

m  3 
7  27 
7  258 

lo 

10 
10 
10 
JO 
lO 
10 
10 
10 
10 

7B 
54 

34 
27 
22 
17 
13 
10 
8 

4II7 

4fj8 

4  15 

44  5 

44 

44 

438 

43 

43-2 

435 

lOO 

7  ^6  4 

IS^O,  December.     In  the  Rpgenfa  Parkt  London,  lati' 
tude  51°  31'  N..  longiitide  O   Oh'  W.     Dip  'O'^  33'  3  N. 


in  the  magnetic  meridian. 

No,  of 
Tibnvtloris. 

lalerral. 

Mean 

No.of  vi- 
Itrattont. 

10 
10 
lO 
10 
10 
10 
10 
10 
10 
10 

Arc3, 

Interval . 

100 

loo 

m  s 
8  m     , 

7  58 

8  00 

o 

70 

46 

36 

28 

21 

16 

12 

9 

7 

5 

3 

S 

31 
50 
5f» 
48*5 
48 
475 
465 
466 
4G 
46 

loo 

8  00 

With  netdki  suspended  horizonfatly, 

187.  Tlie  needles  used  in  these  experiments  were 
bars  of  steel  of  seven  inches  in  length,  '*25  in  breadth, 
and  *15  in  thickness,  magnetised  to  satnralion  pre- 
vious to  the  voyage,  and  their  magnetism  not  inter- 
fered with  suhsequently. 

Three  such  bars  had  been  provided,  numbered  from 
l  to  III,  whereof  Nos.  II  and  III  were  kept  together 
when  not  in  use,  with  their  opposite  poles  connected  | 
No.  I  was  kept  by  itself. 


ICtich  of  the  needles  successively  was  placed  for  use 
in  an  instrument  m;ide  for  the  oecasion  ;  consisting  of  ^ 
a  circular  plate  of  ten  inches  diameter,  centred  as 
usual,  and  adjusted  horizontally  by  foot  screws,  as 
shewn  by  spirit  levels  fixed  at  right  angles  lo  each 
other  'f  a  graduated  ring,  eight  inches  in  diameter, 
was  attached  to  the  plate,  and  rose  half  an  inch  above 
it ;  on  the  outside  of  the  ring  were  three  pillars  nine 
inches  in  height,  bearing  a  tripod,  from  the  centre  of 
which,  a  stir  nip  -was  susfiended  by  a  silk  line.  The 
needle  being  slid  into  the  stirmi*  until  it  balanced 
horixontally,  and  being  left  to  itself,  and  the  instru- 
Mient  protected  from  the  air  by  a  bell-glass,  it  indi- 
cated, on  settling,  the  magnetic  meridian.  The  brass 
plate  was  then  moved  in  azimuth  until  the  zeros  of 
the  ring  coincided  with  it,  when  the  needle  being 
removed,  and  a  bniss  bur  substituted  in  the  stirrup, 
all  twi^t  was  taken  out  of  the  silk,  and  the  point  of 
suspension  adjusted  (it  having  a  motion  for  that 
purpose)  until  the  brass  bar  rested  in  the  same  direc^ 
tion  a.s  the  needle  had  done ;  the  needle  being  then 
replaced,  was  drawn  by  a  magnet  60**  from  its  natural 
dircc!i(»n,  released,  and  suffered  to  vibrate  until  the 
arcs  became  loo  small  to  be  discerned  j  the  time  mid 
arc  being  noted  at  each  tenth  vibration. 

The  whole  instrument  was  of  brass ;  the  silk  line 
consisted  of  as  few  fibres  of  raw  silk  as  were  suflicient 
to  supfjort  the  weight  of  the  needle,  the  length  of  the 
suspension  being  about  nine  inches. 

181f),  Mfty.  On  the  Sea  Beach,  at  ShecrnesSt  latitude 
51*=  2G'  N.,  iongUude  O'^  44'  W,  Dip  of  the  needle  69** 
65' N. 


Part  IV. 


1  ^ 

m 
t 

<n  o*  0^  0^  Oi  0*  ^  Q* 

< 

«  ci  1*-.  "o  *o  »/:?•?  *f  in 
©♦  0*  c^  3^  c^  a>  c^  Of 

^ 

< 

4C  *n                     »c  , 

.  C  ^»  ?:>  C'  ^  i^  ^  c  i*  1 

1 

\ 

^  ifi  in  ifi 

d 
< 

,  ©  *-  t-  c  i."^  c»  t>*  6»  e« 

**4 

1 

1 

ii>      ^  in  >a 

i 

< 

%n       t^       tf>  iO       m 
jj  Q  X  a-*  6»  r^  9^  6  ^  ^ 

"  e.  ^  00  V5  0»  01  Q»  »-•  ^ 

cococooo 

sit 


M  A  GN3B  TI  S  M. 


MagoitfAam      1619>  June^th.    On  Ice  in  Davis  Sinii,  latUnde 
-'  64P  V,,1mgiimie€l''  50"  W.  distant  922  yards  frmn  the 
s^n.    D^  83^  4^  N.«  ft^r  an  md^ent  observation. 


bcstiofli. 

Needle  No.  JL 

Needle  No.  III. 

Arcs. 

(atenral. 

Arcs. 

Intonrml. 

Arcs. 

latonral. 

10  ; 

10 
JO 
lO 
10 
10 
10 
10 

52 
44 
36 
32 
28 
25 
23 
21 

m  8 

2  40 
2  36 
2.35 
2  33 
2  32 
2  32 
2  32 
2  31*5 

o 

60 
42 
54 
26 
24 
19 
14-6 
10-5 

9 

m   8 

2  32 
2  27 
2  27 
2  24 
2  24 
2  24 
2  24 
2  24 

o 

60 

45 

37-5 

32 

23 

20 

16 

14 

10-5 

m  8 

2  33 
2  29 
2  26 
2  24 
2  24 
2  24 
2  24 
2  23-5 

ISIS,  July  29r<2«irf  S4t&.     On  Ice  in  Bajfin'^  Bay,  telt 
feeihide  TS""  N.,  Joii^tliide^l'' SO' N.,  ai  a  oMMidrra^i^^ 
tancefrom  the  ships;  the  dip  was  not  observed  on:ihe.tpoi, 
but  from  other  observations,  iimaeihave  ^een^abomt  M^ 
SO'. 


NlUlfYi- 

faratioiis. 

Needle  No.  II. 

Needle  No.  Hi. 

Arcs. 

interral. 

Arcs. 

latenraL 

Arcs.  Inienral. 

10 
It) 
10 
10 
10 
10 
10 
10 
10 
10 

o 
60 

43 
38 
25 
22 
20 
18 
16 
10 
9 
B 

m  8 

2  54 
2  48 
2  47^5 
2  45-5 
2  44 
2  43-5 
2  43-6 
2  43-5 
2  43 
2  43 

i> 
81 
25 
16 
12 
6 
4 

m  « 
2  40 
2  84*5 
2  32 
2  32 
2  33 
2  33 

o 
«0 

38 
S7 
16 

8 

7 

6 

m  8 

840 
2  M 
2  32-5 
2  31-5 
2  31  5 
2  32 

1819,  1620.     -if/ Yfe  dbservaiary.  Winter  Harbour,  Melville  Island,  latitude  7 4""  47' N.,  hngitsuk  L10°  49' W. 

©^  88°  43'-5. 


'                                                                                Needle  No,  L 

Inly  10, 
5  A.M. 

July  10, 
6  A.M. 

July  10, 
7A,M. 

July  10, 
3  l\  M. 

July  12, 
3  A.  M. 

July  12, 
4  A.M.        : 

Arcs. 

1  tnterral. 

Arcs. 

I&t£rv^. 

Am, 

rntenr«l. 

Arcs. 

laUrvil. 

Artyi. 

iDtervtL 

Ai^cs. 

InterraL 

10 
10 
10 
10 
10 
10 

60 
34 
22 
14 

11 

7 

m    fl 
5  50*5 
5  43-5 
5  40  5 
5  40-5 
5  39  5 

o 
60 

42 

32 

21 

16 

13 

9 

m  i 
5  56 
5  50 
5  43-5 
5  40  5 
5  39-5 
5  40 

o 
60 

44 

31 

22 

16 

n 

8 

m  a 

5  58 

6  51 
5  44 
5  42 

5  41-5 
5  40 

0 

60 
44 
S3 
25 
21 
15 
11 

m  9      1 
5  58 
5  50 
5  45 
5  42-5 
5  41 
5  39'5 

ti 

60 
41 
28 
20 
14 
8 

m  8 
5  59  5 
5  50 
S  47 
5  42  5 
5  4a5 

o 

f>o 

42 
29 
21 
16 
U 
8 

m   9 
&  58 

5  58 

6  45 

5  40 
5  4a 

Needle  No.  II. 

Number 
ofvUira. 
tioni. 

July  7, 
6  P.M. 

July  7, 
7  P.M. 

July  7, 
10§  P.  M. 

July  7, 

Hi  P.M. 

July  7, 
12$'?.  M. 

Julv  9, 
7  P.  M. 

July  9, 
9  P.  M. 

July  9. 
10  P.M. 

July  10, 
4  A.  M. 

Arcf. 

Interval 

Arc*. 

Interi-al 

Arti 

Intenral 

Arcs. 

Interval 

Arcs. 

Interval 

Arcs. 

Interval 

1 
Arcs.   Interval 

1 

Arts. 

Intenral 

Arcs, 

& 
43 
33 
2o 
18 
13 
19 
7 

Interval 

10 
10 
10 
10 
10 
10 
10 

o 

60 
33 
26 
20 
11 

Dl    8 

5  46 
5  31-5 
5  28 
5  26 

6^0 
39 
30 
!.'> 
11 

m   8 

5  44 
5  33-2 
5  26*4 
5  26-4 

So 

39 
28 
18 
11 

m    8 
5  49 
5  30 
5  26 
5  26 

o 

60 
41 
31 
20 
10 

m    R 
5  46 
b  41 
5  32 
5  30 

io 

44 

28 

13 

9 

m    8 
5  45 
5  38 
5  26-5 
5  25 

43 
31 
23 
17 
13 
8 

m    8 
5  45-5 
5  59 
5  34 
5  31-5 
5  29-5 
5  28 

60   '™    * 
l\    5  43-5 

\\    5  37-5 

i\  '5  34-5 

17  i^  ^ 

13  r^  ^^ 
*^  l5  28 

& 
42 
29 
22 
17 
13 
8 

m    S 
5  47-5 
5  38-5 
5  34-5 
5  32 
5  29 
5  28 

m    S 
5  44-5 
5  37-5 
h  33  5 
5  31-5 
5  ^^5 
5  29-5 
5  29 
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Fkrt  IV. 


Needle  NiK  Ul. 

of  fibnt^ 

Nor.  4, 
Tber,  zero. 

Tber.— a. 

Jiilr  10, 
9  A.  M. 

Jiilv  10. 
10  A.M.     1 

July  10, 

JdyU, 
10  A.  M. 

July  LI, 

Noon. 

ArcK 

InierriJ 

htjm. 

Lnt^TMl 

Arc*. 

Inur^  JAvci. 

Intenr*! 

Aro. 

[ntemt 

Arc*,  irmcrviil 
1 

A  ret. 

inurrmi 

Area. 

Interritl 

60 
41 
34 
24 
18 
13 
9 

Initrrvwt 

10 

10 
10     1 

10 
10 

'  4 

43 
32 
28 
1% 

m    B 

5  34-5 
5  26 
5  2fl 
5  17 

60 

39 

27 

22 

17-5 

10  1 

HI    s 

5  3fi'5 
5  29 
5  24^5 
5  20 
3  16-5 

39 
25 
15-5 
12 

m    a 
5  35-75 
5  31-75 
3  24-5 
5   18-3 
3   W% 

6% 
41 
29 
22 

la 

12 

m   a 

3  37 

5  29 
5  25  5 
5  21-5 
5   15 

43 
31 
23 
16 
11 
S 

in    9 
r.  37 
S  30-5 
^  24     I 
5  22 
1  21 
3  20 

9 

m 

43 

32 

2a  1 

13 

u 

7 

m   s 

5  32 

5  25 
3  21  3 
'5   15 
5  1:^*3 
5  13 

60   ' 
43 
30 
22 

13 
10 
8 

m    8 
5  30 
%  l!^ 
5   17"3 
5  16'3 
5   l(i'5 
5  VSb 

a 

60 
44 

3:t 

33 
18 

12 
7 

m   s 
5  3C'5 
3  28 
5  25 
3  22 
3  20 
5  17 

ro   » 

5   39 
5  27-5 
3  225 
5  22 

5  m 

3   1& 

4Sl" 
446^5 


See  Appeodtx  to  P«uTy*s  Votfagt. 
1**  IS8.   Collectings  from    the    foregoing   tabka    the 

pared,  several  mean  results,  they  will  stand  thus : 

Doping  needle. 
London  dip  70^  30'-3  mean  time  "\ 

of  making  100  vibrations       -  48^^  fgeneral  mean^ 
On   thu   return  of  the  expedi-  ( 

tion   -     ■      -     -     ^     *     ,     ,  4gO  J 
Winter  Harbour  dip  83"*  43'       -     -     -     - 

RoTizQnUd  needle, 
Ne«dles, 

No.  2.  Sheerne'^s  dip  69^  55'  time  of  10  vib.     90" 
No.  3-  Ditto  ditto  65 

No.  2,  Ice,  Davia'  Strait  dip  fiS''  4'  ditto  1 515 

No.  3.  Ditto  ditto  143  75 

No.  2.  Baffin's  Bsiy  dip  84**  3'         ditto  163 

No.  3.  Ditto  ditto  Ihl^ 

No.  %,  Winter  Harbour  dip  SH°  43'  5  ditto       329 
No,  3.  Ditto  ditto  313 

Now  first  for  the  dipping  needle,  according  to  our 
forumla^  we  should  find 

{4— SsinMTO'^SO'S)}*  :    {4 —3  810^68°  43')  j^  ;  I 
481  :  446  25 
and   we  have 
447  Hi'' 


in    actual   numbers   for  the  last    terra 
which  is  a  near  approximation,  and  thus  far 
therefore  confirms  the  truth  of  our  theory. 

Apain  ft>r  the  horizontal  needle,  cum  paring  the 
results  at  the  greatest  <if  the  above  dips  with  the  least, 
we  ought  to  have,  taking  the  means  of  the  two 
needles, 

\±±  ^ec^f  55')!*    :    {S  4-  sec*  (88°  43'}}*  :: 


right  to  conclude,  that  the  laws  we  have  deduced  are 
those  actually  existiui;  in  the  case  of  terrestrial  mag- 
netism ;  that  i«^  the  forces  which  give  direction  to  a 
magnetised  needle  at  the  earth's  surface,  must  be 
referred  lo  two  centres,  indefiaitely  near  to  each  other 
in  the  centre  of  the  terrestrial  spliere  ;  precisely  as  we 
have  found  it  in  the  ca^e  of  simple  iron  balls  and 
shells,  and  not  to  the  extremity  of  any  assumed  axis^ 
as  would  be  the  case  in  bodies  permanently  magnetic* 
It  is  indeed  surprising,  that  philosophers  should  have 
so  long  looked  for  the  situation  of  the  terrestrial 
magnetic  poles  so  near  the  surface  j  for  a  little  con* 
sideration  would  have  shown  thetn  that,  in  this  case, 
the  increase  of  intensity  in  approaching  the  poles 
must  have  been  incomparably  greater  than  there  wai 
any  reason  to  expect  to  liud  it,  as  far  as  could  be 
judged  from  experiments  and  observations  made  in 
those  regions. 

Method  of  determining  the  dip  at  yea,  bti  obsf^ cations  on 
the  intensity  of  the  horizon ial  needle. 

1S9.  The  relation  between  the  dip  and  intensity,  or  To  Sad  the 
time   of  vibration,   suggested   to  Cap Utin  Sabine   the  diponihip- 
idea  of  obtaining  the  former  by  means  of  the  latter,  boird. 
For  example,  let  D  denote  the  dip  in  any  place  where 
it  is  known,   and  let   n  be  the  nuujber  of  vibrations 
made  by  a  finely  suspended    horizontal  needle  in  the 
same  place,   in   any  gi%  en   time.     Let  also  N  be   the 
number  of  vibrations  which   the  same  needle  makes 
in  the  same  time,   in  any  other  place  where  the  dip 
(d)  is  required  ,  then 

(3  +  sec«  D)*  :   (3  -h  «ec«  d)h  ; ;  N*  :  »• 


^d   we    have  in    actual   numbers  for  our   last  term 
317 7 1»   J  which  is  also  a  very  close  approximation. 

In  like  miiiiner  we  should  have 
{3  4-  sec^  {m°  5;V)  [I   ;     -3  +  see*  (84°  30^)  ji  ;:     ^.hence 


or. 


or. 


(3  +  sec*  dj*  = 


(3  -f  sec»D)^n» 


3  +  8ecM=^^  (3  -h  sec'D) 
»ec  d  =  j  ^  (3  ^  »«€«  D)  -sj* 


(«5) 


-h  see*    (83^  4')} 


and  the  last  term  is  154  Stf* 

Also 

{3  +  sec«   (69^  55');*    :     [ 

§7^* :  147^* 

but  the  coir[jutation  gives  the  last  term  138  2^**  This 
is  a  greater  aberration  than  in  the  preceding  cases; 
but  stUl  a  very  slight  error  in  taking  the  dip  would  be 
amply  sufficient  to  account  for  it. 

Up>n  the  whole  therefore,  we  conceive  we  have  a 


N,  and  D,  being  giveiif  d  alao  becomes 


Where  n, 

known. 

It  is  to  be  observed  that  n  and  D.  when  nnce  deter- 
mined for  any  gi\  en  place  ;  us  for  example,  London, 
will  be  constant ;  let  therefore  n*  (3  +  gee*  D)  =  A, 
then  the  above  becomes  simply 


sec  d 


=  \/w- 


or,  if  instead  of  counting  the  number  of  vibration* 
made  in  a  given  time,  we  take  the  time  that  the 
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secd  =  1—  (3  +sec«D) 


M^i;neti8m  needle  is  in  performing  a  given  number  of  vibrations^ 
(which  is  the  best  where  we  have  a  good  stop  watch, 
or  other  instrument  for  marking  shorter  intervals  of 
time  ;)  then  denoting  the  times  by  T  and  tj  the  above 
formula  is  transformed  into 

■sj^  (26) 

which,  like  formula  (25)   is  reducible  to  the  simple 
form 

sec  d  =  ^  T*  A'  -  3 
after  the  dip  D,  and  time  t,  have  been  ascertained  in 
the  first  place  of  observation. 
Eumples.  190.  We  may  take,  as  examples,  the  numbers  given 
in  (art.  188,)  where  it  appears  that,  with  the  dip  69® 
55',  the  mean  time  of  making  ten  oscillations^  was 
87''*5  ',  whence 


A  = 


Apparent 
objection 
answered. 


Method 
submitted 
to  experi- 
ment. 


3  -f-  8ec«  69®  55^ 


=  -00000019584 


Now  at  Winter  Harbour,  Melville  Island,  the  mean 
time  of  making  ten  vibrations  was  323'''5.     Whence 
we  have  for  the  dip  at  the  latter  place, 
sec  d  =  V  (323-5"*  x    00000019584  -  3)  =  88°  46' 
In  Baffin's  Bay, 

sec  d  =  >v/  (1577*  X  -00000019584  —  3)  =  84®  43' 
In  Davis*  Strait, 
sec  d  =  ^  (147-6^*  x  -00000019584  —  3)  =  83°  57' 

Now  the  actual  observed  dips  in  those  places  were 
88°  43',  84°  30^,  and  83°  4' ^  consequently,  the 
approximation  by  computations,  at  least  with  the 
exception  of  the  last,  is  as  close  as  we  have  any 
reason  to  expect  in  calculations  of  this  kind. 

191.  One  apparent  objection  to  this  mode  of  deter- 
mining the  dip  is,  that  the  iron  of  the  vessel  may  so  far 
affect  the  intensity  of  the  needle  as  to  leave  the  results 
doubtful  as  to  the  actual  amount  of  the  quantity 
sought ;  but  this  objection  is  merely  apparent,  and 
not  real,  at  least  the  effect  thus  produced  on  the 
intensity  is  very  inconsiderable.  Mr.  George  Harvey, 
of  Plymouth,  an  ingenious  and  able  mathematician, 
undertook,  in  consequence  of  certain  ideas  he  enter- 
tained relative  to  the  nature  of  local  attraction,  a 
very  extensive  series  of  observations  on  the  inten- 
sity of  needles  in  various  parts  of  different  ships  of 
war  in  the  above  Port  3  .and  from  these  it  appears, 
that  in  no  instance  while  the  observations  were  made 
far  aft,  viz.  in  the  Captain's  cabin,  and  even  on  the 
quarter  deck,  was  the  intensity  increased  or  diminished 
by  more  than  ^Vth  part ;  consequently,  although  an 
error  to  this  amount  may  enter,  yet  we  may  still 
expect  to  obtain  the  dip  on  shipboard,  by  this  method, 
much  nearer  than  by  any  other  we  are  acquainted  with. 

192.  A  trial,  it  seems,  of  this  principle  of  deter- 
mining the  needle's  inclination,  is  at  this  time  making 
on  boryd  H.  M.  S.  Levcn.  The  needle  is  suspended 
by  a  fine  fibre  of  silk  from  an  arc,  rising  above  a 
common  compass  bowl  fitted  up  for  the  purpose ;  but 
it  is  still  kept  to  its  centre,  by  means  of  a  fine  point 
and  agate  cap  on  which  it  is  slightly  rested  ;  the  silk 
suspension  having  an  adjustment  by  which  this  can 
be  effected.  Mr.  Barlow,  who  had  embodied  the  for- 
mulas for  this  experiment,  made  the  first  trial  of  the 
instrument  at  Northfleet,  at  a  time  when,  in  conse- 
quence of  the  wind  being  very  high,  there  was  con- 
siderable motion  in  the  vessel,  and  from  which  alone 


the  needle  was  in  a  continual  state  of  oscillation;  in    ivrti 
short,  arcs  of  about  5°  on  each  side  the  north.  v«p^ 

By  means  of  a  watch  which  registered  time  to  12ths 
of  seconds,  the  time  of  the  needle  making  100  vibra- 
tions, was  counted  and  found,  by  a  mean  of  several 
trials,  to  be  6"  22"-4,  therefore  in  this  case 


A'  = 


sec«  D  +  3 


=00000000056 


(382"-4)* 

and,  conse(|uently,  hi  any  other  case  the  dip  will  be 
found  by  the  formula, 

sec  d  =  V  (00000000056  T*  —  3) 
T  being  the  number  of  seconds  in  which  the  needle 
will  perform  100  vibrations. 

It  may  be  necessary  to  observe,  that  in  order  to 
preserve  the  needle  when  not  in  use,  in  a  constant 
state  of  saturation,  it  should  be  kept  connecting  the 
extremities  of  a  magnet  in  the  form  shown  in  (iig.73.) 

§  XXII.  On  the  situation  and  direction  of  the  terrestrial 
magnetic  axis. 

193.  It  appears  from  the  preceding  investigation 
and  comparison,  that  the  two  centres  which  give 
direction  to  magnetised  needles  at  the  earth*s  surface, 
are  situated  in  two  points  indefinitely  near  to  each 
other  in  the  centre  of  the  terrestrial  sphere.  If  we 
conceive  the  indefinitely  i«hort  lines  which  unite  these 
centres  to  be  produced  both  ways  to  the  surface,  the 
diameter  thus  formed  is  called  the  terrestrial  Magnetic 
axis.  The  circle  cutting  this  axis  at  right  angles  is 
the  terrestrial  magnetic  equator ;  and  the  extremities  of 
this  axis,  or  diameter,  the  poles  of  this  equator,  or  the 
terrestrial  magnetic  poles,  where,  it  will  be  observed, 
the  term  poles  is  used  simply  according  to  the  usoal 
principles  of  geometry,  and  not  as  centres  of  action, 
as  is  commonly  understood  by  this  expression  in 
magnetical  inquiries.  The  magnetic  sphere  therefore 
is  founded  on  these  bases ;  the  circle  last  defined  is 
its  equator,  and  the  extremities  of  the  terrestrial 
magnetic  axis,  its  poles.  The  magnetic  latitude  of  any 
j)lace  is  its  distance  from  this  equator  measured  on 
the  meridian  passing  through  it ;  and  the  magnetic 
longitude  may  be  estimated  from  any  fixed  meridian 
at  pleasure. 

If  the  magnetic  poles  coincided  with  the  poles  of 
the  earth,  the  magnetic  equator  would  in  like  manner 
fall  upon  the  terrestrial  equator ;  and  the  magnetic  and 
geographic  meridians  would  also  coincide,  and  the 
needle,  in  all  places,  would  point  duly  north  and 
south  ;  moreover,  a  needle  upon  the  equator  would 
in  that  case  be  equally  distant,  and  under  equal  in- 
fluence from  both  poles,  or  rather  from  both  centres, 
and  would  therefore  have  no  dip  or  inclination. 

We  know,  however,  that  the  needle  does  not  every- 
where point  duly  north  and  south,  and  that  the  cirde 
on  the  globe,  in  which  the  needle  has  no  inclination, 
is  not  coincident  with  the  terrestrial  equator.  The 
magnetic  and  terrestrial  poles,  therefore,  are  not 
coincident,  and  our  object  is  to  determine  the  situa- 
tion of  the  former  in  comparison  with  the  latter. 

194.  If  we  knew  distinctly  the  direction  of  the 
circle  on  the  terrestrial  surface  in  which  the  dip  was 
zero,  this  alone  would  be  sufficient  to  iletennine  the 
place  of  the  poles  ;  but,  unfortunately^,  the  imperfec- 
tion of  magnetical  instalments,  and  the  disturbance 
which  iron  and  other  ferruginous  matter  produce 
on  the  needle,  are  such  as  not  to  admit  of  our  getting 
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Omjmted  $itualion  of  tke  magnetis  north  pole  <^  the  earth  aMmued. 


Inocitiulc 

acticpok. 

PUce  of  oUervatioo. 

Date 

^ 

JWp. 

Variation. 

Na»cof«Ucms; 

Latitude. 

Lonptude. 

VArtH 
latitude. 

longUude. 

56     41 N. 

109     51 

&      V 

25      2E. 

6*5      U 

iSo  '5^ 

58     42 

HI      18 

85     23 

22    49 

64    47 

102     U  f 

1821 
and 
1822 

62     17 

114       9 

86    38 

33    36 

67    S5 

104    25  f 

DiiferPBt  sUtions  inl 
North  America  ...  J 

64     15 

in      2 

87    20 

36    54 

68     17 

104    24  \ 

67       1 

116    27 

87    31 

44     11 

70     17 

106    21  / 

Capteia  TnxAJhL 

67    47 

115    36 

88      5 

46    25 

6$    51 

107    31  1 

67     19 

109     44 

88    58 

41     43 

68    58 

105     54  1 

68     18 

109     25 

89    31 

44     15 

68    50 

107    33^ 

Everj  place  ]  98.  On  these  results  it  may  be  observed  that,  although 
have  Its  ^  ^"  lieterminations  relative  to  the  dip  and  variation  of 
particular  *^*  needle,  we  cannot  expect  the  utmost  accuracy, 
axis.  yet  it  is  very  obvious  from  the  preceding  table,  that 

the  aberrations  in  the  latitude  and  longitude  of  the 
magnetic  pole  are  much  greater  than  can  be  attributed 
to  errors  of  observation.     It  will  be  seen,   that  the 
place  assigned  to  it    differs    in  longitude  as   much 
as  57^j  between  one  set  of  observations  and  another, 
and  as  much  as  14    in  latitude.     It  will  also  be  ob- 
served, that  the  more  we  approach  the  north  and  west, 
the  more  westerly  we  find  the  place  of  the  pole ;  and 
the  more  easterly  the  place  of  observation,  the  greater 
is  its   latitude.      In    short,  it    is    evident   from  the 
few  examples  we  have  tidcen,  that  every  place  has 
its  particular  polarizing   axis,   which,    probably    in 
all    cases,  fall    within   the  arctic    circle ;    but   that 
this  is  the  narrowest  limits  we  are  able  to  assign ; 
that  is,  the  local  attraction  or  particular  influence 
which  the  compass  in  every  place  is  under,  besides  that 
of  the  general  directive  power  of  the  globe,  is  such, 
as  to  displace  the  needle  so  much  from  its  natural 
direction,  as  to  give  a  different  pole  to  almost  every 
different  set  of  observations  ;  so  that  instead  of  the 
magnetism  of  the  earth  possessing  that  degree  of 
tmiformity  which  appertains  to  a  perfectly  formed  iron 
ball,  it  may  rather  be  said  to  resemble  that  species  of 
action  which  we  might  expect  to  find  in  an  irregularly 
formed  mass  of  iron,  approximating  in  its  general 
character  to  that  of  a  globe,  but  not  perfectly  such  ^ 
and  if  the  magnetism  of  the  earth  be  imagined  to  be 
under  the  influence,  or  affected  by  the  iron  distributed 
in  its  interior,  we  ought,  in  fact  a  priori,  rather  to 
expect  this  sort  of  action,  than  that  which  belongs  to 
a  perfectly  formed  iron  sphere. 

199.  It  is  true  that  the  observations  we  have  used 
were  not  made  simultaneously,  and  that  a  change  is 
perpetually  going  on  in  the  direction  of  the  axis  of 
polarization,  which  circumstance  alone  would  grve 
rise  to  some  discrepancies  ;  but  not,  as  will  be  seen 
in  the  following  section,  to  the  amount  shown  in  the 
preceding  table.  Every  place,  therefore,  appears  to 
have  its  proper  poles  ;  and  the  only  limit  we  are 
enabled  to  assign  to  their  situation  is,  that  as  far  ns 
observations  have  yet  been  carried,  they  appear  to  fall 
somewhere  within  the  two  frigid  zones,  but  varying 
through  all  possible  degrees  of  longitude  and  latitude 
within  these  limits.  These  aberrations  being,  how- 
ever, attributed  to  local  inequalities  in  the  di:itribution 
of  the  femginous  parts  of  the  terrestrial  sphere,  we 
ought  still  to  expect  a  certain  degree  of  uniformity  in 
the  annual  changes  which  take  place  in  the  situations 


of  the  poles  of  any  particular  place,  aoppoauig  tbcae 
changes  to  arise  from  some  general  cauae  acting 
equally  on  all.  Let  us  then  examine  the  circum- 
sUnces  attending  the  anniud  variation  of  the  needk, 
and  ascertain  how  far  this  phenomenoa  is  redveible  io 
determinate  laws. 

I  XXIII.  On  the  annual  change  m  ihe  vmriaiwm  of  ike 
magneik  needle. 

ilOO.  In  the  preceding  section  the  needle  has  beea  Aim 
considered  as  pernEianently  pointing  to  the  same  part  cki^ 
of  the  globe,  viz.   we  have   supposed  the   observa-^^ 
tions   emi^yed  as  made  simultaneously,  or  at  least  '^ 
within   a  short   period  of  time;  we   have   now  to 
examine  the  circumstances  respecting  the  change  ia 
the  variation  of  the  needle,  as  it  takes  place  from  jeir    - 
to  year,  in  any  given  place.     It  has  been  seen  that  the 
needle  does  not  in  every  phice  point  due  north  and 
south ;    that  is,    there  is  a  certain  angle  oontaioed 
between  the  natural  and  the  nuignetic  meridian,  which 
angle  is  the  measure  of  what  is  termed  the  variatioa 
of  the  needle.     Where  the  north  end  of  the  needle 
points  towards  the  west  of  the  true  meridian^  the 
variation  is  called  west ;  and  where  to  the  eastwaid^ 
it  is  called  east,  viz.  the  variation  is  always  indicatfd 
with  reference  to  the  north  end  of  the  needie. 

For  many  years  after  the  directive  power  of  the 
needle  was  known,  it  was  supposed  to  point  doe  north 
and  soath  ^  at  length  the  variation  was  dtscovered  ; 
and  then,  althoagh  it  was  ascertained  that  it  did 
not  point  due  aerth,  yet  it  was  not  suspected  that 
this  variation  was  subject  to  any  change.  About  the 
year  1622,  however,  it  was  discovered  that  the  varia- 
tion was  less  east  than  it  had  been ;  and  continued 
observations  proved  that  the  needle  was  constantly 
approaching  towards  the  true  meridian,  which  it  passed 
in  London  about  the  year  1658  or  1660 ;  from  which 
time,  till  within  the  last  fi«ir  or  five  years,  its  westeriy 
motion  unifonnly  continued  -,  but  at  the  present  time 
it  is  unquestionably  again  on  the  return  to  the  true 
meridian,  its  greatest  deviation  having  been  about 
24*  30'  west,  in  London,  in  1818. 

201.  It  is  not  our  intentttm  to-  offer  in  this  plaeeAiBid 
any  conjecture  respecting  the  cause  of  this  annual  duf* 
change  ;  it  is  sufficient  that  we  know  the  general  feet,  <  ^ 
viz.  that  the  polarizing  axis  of  any  particular  place  ia 
perpetually  changing  its  direction.  Now  this  diree* 
tion  being  known  at  certain  times,  and  the  rate  of 
change  supposed  uniform,  we  shall  be  able  to  com- 
pute what  it  ought  to  be  at  others,  and  then  by 
'comparing   these  results  with  known  obserratioQS, 
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be  enabled  to  judge  of  tBc  accuracy  of  our  first  w- 
BUtBptions* 

It  has  been  seen  (art.  197)  that  the  longitude  of  the 
polarixing  axis  which  governs  the  needle  in  London, 
was  67°  41'  W.  in  IS  18,  and  that  its  latitude  was 
75°  2'  N,  Now  in  1660  the  variation  in  London  was 
nothing ;  consequently  we  hare  a  right  to  assianie 
that  in  the  latter  year  the  longitude  of  the  pole  was 
zero  :  and  if  it  be  farther  snpfjosed  that  ihe  motion 
during  this  time  has  been  nniform,  and  maile  at  the 
same  distance  from  the  terrestrial  pofe^  w^  shall  find 
it  amount  to  about  4"*  14'  in  ten  years  ;  ami  hence  it 
will  be  easy  to  compute  the  situation  of  the  pole^  and 
what  ought  to  have  been  the  dip  and  variation  of  the 
needle  in  London,  from  the  year  166Q  to  the  present 
time,  agreeably  to  these  suppositions. 

For  example,  let  N  S  E  Q  (fig.  82)  represent  the 
terrestrial  sphere,  N  its  north  pole,  t  the  magnetic 
pole  which  governs  the  direction  of  the  needle  in 
London  ^  S  L  N  the  meridian  of  the  latter  place,  and 
pp  the  parallel  of  latitude  in  which  the  pole  tt  revolves. 
Then  in  the  triangle  t  N  L,  the  arc  N  L,  or  colatitude 
of  London,  is  known,  and  -N,  the  colatitude  of  the 
magnetic  pole  is  supposed  to  be  given,  as  also  the 
angle  jt  N  L,  the  latter  angle  increiising  at  the  rate  of 
4°  I  r  for  everj'  ten  years,  beginning  frtim  the  year 
1658  or  1660,  when  the  pole  r  corresponded  nith  the 
naeridtan  S  L  N, 

So  that  in  the  spherical  triangle  x  N  L»  we  have 
alwa3's  the  two  sides  :r  N,  L  N,  and  the  included  angle 
3r  N  L  given,  to  find  the  angle  N  L  t^  or  the  variation. 
And  as,  in  this  case,  the  two  sides  ^  N,  N  L  are 
constant,  and  only  the  angle  «"  N  L  variable,  wx  may 
give  for  this  computation  the  following  rule  : 

"  To  the  cotangent  of  half  the  angle  jt  N  L  add 
the  constant  log.  165642;  find  the  angle  of  which 
the  sum  is  the  tangent,  and  call  it  arc  (A),  To  the 
same  cotangent  add  the  log.  0*33987,  and  find  the  arc 
of  which  the  sum  is  the  tangent,  and  call  it  arc  (B)." 

Then  B  ~  A  will  he  the  variation,  or  angle  irL  N. 

To  find  the  dip  we  most  compute  the  arc  ^  L,  and 
then  2  cotan  it  L  =  tan  of  the  dip. 

By  this  rule  ihe  following  variations  have  been 
computed. 

302.  Tabk  of  computed  and  ohierved  varUttiQn  in  London, 
from  ihe  year  1660  io  1818, 


By  compuUCion. 

By  obKmtieB. 

Varution, 

Dip. 

VftTutian, 

mp. 

Ye*f. 

Authority^ 

f 

t 

8 

i 

o 

t 

o 

' 

1658 

7           i 

or 

r 

0 



-~^ 

0 

0 



, 

or 

>  Bond. 

urn 

) 

trrfrO 

1670 

2 

44 

— 

^- 

2 

30 

^^ 

. 

lfi72 

Haltcv. 

iif;8f) 

6 

25 



^- 



.^ 

73 

30 

1676 

Bond. 

7 
10 

59 
26 

^^ 

^^ 

6 

0  1 

— 

IG$2 

HftUey. 

i7io; 

12 

43 

. 



^ 

_ 

_^ 

172» 

14 

47 

76 

27 

14 

17 

74 

42 

1723 

GfabAm. 

17.10 

16 

41 

{  » 

—, 

^_ 

^_ 

1740     18 

20 

^- 

— 

17 

a 

_^. 



1745 

GrAbun* 

1750'   19 

47 

_ 

— 

17 

48 

_. 



1748 

Ditto. 

1760    21 

1 

»* 

^^ 

, 

, 





1770'   22 

4 

;;* 

40 

21 

!) 

72 

19 

i773 

Hd>erdwi. 

1780 !  22 

54 

73 

IB 

23 

17 

72 

» 

i7HfJ 

tii)|Tiii. 

17IMJ    2:4 

33 

72 

39 

23 

39 

71 

63 

I7j)fl 

Ditto. 

1800,  24 

I 

71 

5S  , 

24 

3 

70 

25 

1800 

Ditlo. 

ISIO    24 

18 

71 

15 

24 

11 

— 

— 

1809 

DitllK 

1818,  24 

30 

70 

54 

24 

30 

70 

34 

1   Kilter, 
r  Che  dtp. 

Unfortunately  we  are  not  able  to  make  this  com-  PirtlV. 
parison  between  computation  and  observ avion  in  ^.— -^.-*** 
many  places.  There  arc  no  ohservMtions  recorded 
ikr  enough  back  to  make  this  comparison,  except  in 
London,  Paris,  and  Copenhagen.  It  has  been  seen 
by  the  preceding  table  how  near  the  results,  as  com^ 
puted,  agree  with  those  recorded ;  and  we  shall  find, 
that  upon  the  whole,  the  agreement  is  still  better  in 
the  two  following  cases. 

yariation  at  Paris. 

203.  -According  to  the  table,  art,  1 97 » the  longitude  of  Anaiwd 
the  magnetic  pole  for  Paris,  reckoning  from  London,  cbange  at 
was  67° 4'  west,  in  1814  ;  to  which  adding  ^^  ^0%  the  '''"^ 
longitude  of  Paris,  east  of  Lontlon,  makes  the  longi- 
tude of  the  magnetic  pole  from  Paris,  in  181 1,  69** ^4' 
west.  Now  in  JG64,  or  1666,  the  needle  pointed  due 
north  at  Paris,  or  its  longitude  was  then  zero  ;  the.-e- 
fore  in  150  years  the  poles  kive  moved  through  GB^  "24' 
of  longitude,  which  is  at  the  rate  of  about  4^  37' in 
ten  years,  or  about  2'  annoaOy  faster  than  we  found 
it  for  London.  If,  with  this  number,  and  with  the 
proper  latitude,  &c.  for  Paris,  we  proceed  as  above  for 
London,  there  will  be  obtixincd  the  following  com- 
puted variations,  which  are  compared  with  the  ob- 
served variations  as  recorded  by  the  best  observers, 
(see  the  table  of  variations  for  Paris  at  the  end  of  this 
treatise.) 

TabU   of  computed   and   recorded  variation    at    Parii, 
from  W64  to  1814. 


By  computation* 

By 

record. 

Venr. 

Vanfttioa, 

Vrnr* 

Vafiniion. 

o        / 

o 

/ 

1664^ 

or     } 

0       0 

1666 

0 

0 

1666) 

1676 

2    36W, 

1680 

s 

40 

16S6 

5     U 

1696 

4 

30     1 

i       1696 

7     38 

— 

7 

8 

1706 

9     58 

— 

9 

48 

1716 

19       6 

^^ 

12 

IS   ; 

J  7^6 

14       7 

— 

13 

45     1 

1736 

15     53 

>^^ 

15 

40 

1746     1 

17     27 

— 

16 

15 

1/56 

IH     46 

17&7     1 

16 

0 

1766 

19     &4 

1770 

19 

55 

177^ 

20     48 

1777 

^ 

27 

1786 

21     30 

— 

21 

37 

1796 

^       3 

1798     1 

2^ 

IT 

1806 

^?     24 

1804> 
1807i 

^S 

tB 

1814 

^%     34 

^^ 

22 

34     1 

The  agrcemetit  here,  as  stated 
more  satisfactory  than  in  the  table 
London. 


above,   is  ttlll 
of   resulu  for 


Variation  at  Copenhagen, 
204.  According  to   the  table,  art,  lf>7,   the  longi-  \tinaal 
tudc  of  the  magnetic  pole  for  Copenhagen,  in  1813,  ihwige  for 
was  67   48' west,  to  which  adding:  (he  etW  longitude  ^P*^*^*^ 
of  Copenhjigcn  \^  3'>\  we  have  >br  the  longitude  of  *'*^^'** 
the  magnetic  pole  in  the  above  year  SO**  23'  as  referred 
5  N  2 
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Mnguetitiu  to  the  meridian  of  that  place.  Unfortunately,  the 
'  time  of  the  needle  being  due  north,  is  not  registered, 
we  must  therefore  assume  the  annual  motion ;  sup- 
posing it  to  have  been  at  the  same  rate  as  at  Paris, 
or,  for  the  sake  of  simplifying,  calling  it  4^  4(/  in  ten 
years,  instead  of  4°  37',  we  may  then  make  the  com- 
putation as  above,  and  the  results  will  be  as  follow. 

Table  of  computed  and  observed  variation  at  Copenhagen, 
from  1G73  to  1813. 


By  computHtion. 

By  observation. 

Year. 

Variation. 

Year. 

Variation. 

o        / 

o         / 

1673 

4       0 

167« 

3     35 

1733 

13     51 

1731 

11      15 

1763 

15     45 

1765 

15       5 

1773 

17     23 

— 

16     12 

1763 

17     53 

— 

17     49 

1793 

18     14 

— 

18     15 

1803 

18     ^6 

1806 

18     25 

1813 

18       8 

^— 

18       8 

Although  there  is  not  in  the  above  tables  that 
accurate  coincidence  between  the  computed  and 
observed  variations  we  might  desire;  yet  the  agree- 
ment is  too  close  in  all  those  cases  (and  they  are  the 
only  comparisons  we  can  make  for  want  of  recorded 
observations,)  to  allow  us  to  suppose  that  the  agree- 
ment is  all  accidental ;  on  the  contrary,  there  can  be 
no  doubt  that  a  motion  of  rotation,  very  similar  to 
that  supposed,  actually  takes  place,  although  some  of 
its  elements  may  have  been  erroneously  assumed. 
At  the  same  time,  however,  great  allowance  is  to  be 
made  for  the  errors  and  uncertainties  of  magnetical 
observations  j  our  authorities  are,  it  is  true,  derived 
from  the  best  sources,  but  this  will  not  insure  us 
against  local  inequalities.  Of  this  there  is  a  remark- 
able instance  in  the  volume  of  the  Philosophical 
Transactions  for  1821,  where  the  dip  is  stated  to  be 
71°  36' J  which  is  unquestionably  more  than  a  de- 
gree greater  than  it  really  is  in  the  neighbourhood 
of  London,  although  it  may  be  correct  for  the  Royal 
Society  Rooms,  viz.  some  iron  in  the  building,  or 
some  other  hidden  cause,  may  increase  the  inclination 
at  least  a  degree  beyond  what  the  same  would  be 
found  in  the  ojien  fields. 

Present  ^^^'  "^^^^  *^^  ^^^  ^*  *^^^  **"^^  ^°^^  "^*  exceed  70^° 

amount  of  is  proved  by  a  number  of  independent  observations, 
the  dip  in  For  example.  Captain  Kater  found  the  dip  in  the 
London.  Regent's  Park,  in  1818,  to  be  70"  34'.  Captain  Sabine, 
on  his  return  from  the  Arctic  voyage  of  that  year, 
found  it  still  the  same,  and  still  less  prior  and  subse- 
quent to  his  second  voyage.  Mr.  Uarlow  has  also 
taken  the  dip  at  Woolwich  with  four  different  instru- 
ments, and  the  results  of  his  mean  observations  have 
always  fallen  within  the  limits  of  70°  35'  and  70^  17'; 
there  cannot  therefore  be  the  least  doubt  that  the  dip 
published  in  the  volume  of  the  Philosophical  Transac- 
tions referred  to,  is  in  error  at  least  a  degree.  And  if 
in  the  present  day,  when  magnetism  is  becoming  a 
mathematical  science,  we  arc  liable  to  uncertainties 
of  this  kind,  we  may  easily  reconcile  ourselves  to  the 
discrepancies  between  the  computed  and  observed 
variations  and  inclinations,  which  appear  in  the  pre- 


ceding tables,  without  suspecting  the  hypothesis  oo  Hnvi, 
which  the  computations  are  founded  to  be,  io  its  ge-  ^^-^^v^ 
neral  principle,  erroneous. 

206.  We  have  indeed  a  very  remarkable  coincidence.  Of  tktii 
highly  favourable  to  the  supposition  of  an  uniform  of  gn^ 
motion  of  rotation  of  the  polarizing  axis  -,  which  is,  ^'^f'^ 
by  computing  the  time  when  the  needle  ought  to  have  ^™*** 
its  greatest  westerly  variation,  and  commence  again 

its  return  towards  the  true  meridian,  and  comparing 
the  result  with  obser\'ations. 

It  is  obvious,  from  the  principles  on  wbich  we 
have  proceeded,  in  our  computation  for  London,  that 
the  variation  will  be  the  greatest  when  L  ir  N  (fig.  82) 
is  a  right  angle.  We  have  therefore  in  this  case  the 
side  »  N  =  14^  58^,  and  the  Z  L  ir  N  =  90^  to  find 
the  angle  ir  N  L,  which  is  found  to  be  7(f  23' ;  the 
variation  therefore  ought  to  be  the  greatest  when  the 
longitude  of  the  magnetic  pole  is  70®  23'  W. 

Now  it  has  been  seen  that  this  longitude  was  67^  4l' 
in  1818,  and  as  the  pole  revolves  at  the  rate  of  4^  l4^ 
in  ten  years,  it  follows  that  the  longitude  ought  to 
be  70°  23',  some  time  in  the  present  year  1823  j  and 
consequently,  in  this  year,  the  variation  ought  to  be 
at  its  maximum,  according  to  the  principles  and  data 
on  ii'hich  we  have  proceeded ;  and  as  there  is  every 
reason  to  believe  that  the  needle  has  already  attained 
its  maximum  of  westerly  variation,  and  is  about  to 
return  again  towards  the  north, — the  agreement  in 
this  case  between  computation  and  observation,  is 
perhaps  more  satisfactory  than  the  uncertain  nature 
of  our  data  could  have  led  us  to  expect. 

207.  As  another  instance,  shewing  the  uncertain  Ca|<.  Sb- 
nature  of  observed  results  on  the  dip  of  the  needle,  bine'ioi- 
we  may  refer  to  Captain  Sabine's  experiments  on  this  "'^'jf? 
subject,  with  his  new  needle  in  18Z\,  and  published  **°  ^ 
in  the  Phil,  Trans,  for  1822,  of  which  we  have  given 
some  account  in  art.  75.    Here  the  dip  was  first  taken 

by  Meyer's  needle  -,  secondly,  it  was  computed  by  a 
formula  proposed  by  La  Place,  and  explained  in 
art.  77,  and  again  by  a  formula  proposed  by 
Captain  Sabine  (art.  78.)  The  several  menus  deduced 
from  all  these  different  methods  were  as  follow : 

*  ^       ' 

With  Meyer  s  needle 70  2-9 

La  Place's  formula 70  4 

Capt.  Sabine's  formula 70  2*6 

3)  210     9-5 

General  mean. ...   70     3*2 


The  dip  it  appears  is,  therefore,  nearly  half  a  degree 
less  than  we  have  reckoned  it  to  be  in  1818,  and 
more  than  a  degree  and  a  half  less  than  the  amount 
stated  in  the  volume  of  the  Philosophical  Transactions 
to  which  we  have  referred. 

208.  It  is  to  be  observed,  however,  that  the  dip  we  AnimiJ 
have  used  (viz.  70°  34')  was  taken  in  the   year  1818  j  *?*^" 
and  that   according  to  the  principles  of  calculation  ™fISri 
adopted  in  this  chapter,  this  angle  ought  to  diminish 
as  the  longitude  of  the  magnetic  pole  increases.     Let 
us  therefore  compute  what  the  dip  ought  to  be  in  the 
present  year,  (1823)  at  which  time  we  have  seen  that 
the  variation  will  be  at  its  maximum,  and   the  longi- 
tude of  the  magnetic  pole  70°  23' :  that  is,  referring  to 
(fig.  82)   we  shall  have  in  the  right  angled   triangle 
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netism  TT  N  L,  ihe  siile  N  ir  given,  —  14*^  SB';    the  angle 
py-^*-'  sr  N  L  —  70"^  "^y  to  find  L  tt  the  iiKijrnetic   colatitudc 
of  l^xuloii  i  and  consequent !y  the  iimgnetic  latitude 
becomes  known.     And  hence  o^in  the  dip  from  the 
formula 

tiin  dip  =  2  tan  mng.  Int. 

Now        tan  x-  L  «  sin  tt  N  tun  ?r  N  L 
or 

tan  TT  L  =  sm  14°  58'  x  tan  70 '  23'  ^  tan  35"^  56' 
whence     mag.  lat.  of  Lfindon  =  54'*  04'  in  18^3j 
and  *2  tan  54"*  4'  =  tan  70°  5' 

the  dip  at  that  It  pre. 

The  dip  therefore,  as  computed  on  our  hypothesis^ 
ought  to  be  70'^  5',  in  the  year  18*23  j  and  it  has  been 
found,  from  the  most  accurate  observations  ever  yet 
made,  to  liave  been  70^  3*^2  in  September  lh2l  :  a 
coincidence,  or  exceedingly  clo^e  approximalron  which 
could  scarcely  have  been  expected  ;  and  which  will, 
we  are  persuaded,  be  duly  estimated  by  the  randid 
ph  il  osoph  teal  intjui  rcr 

Cajjtain  Snbine,  ljy  comparing  the  present  dip  with 
the  dip  47  years  back,  finds  the  mean  annual  diminu- 
tion to  be  about  3'.  According  to  our  hypothesis  the 
dip  has  not  an  uniform  decrease,  but  is  changing  now 
more  rajiidly  than  it  has  ever  before  done  since  rairg"- 
neticai  observution:^  have  been  made.  Its  decrease 
during  the  last  five  years,  has  been  nearly  half  a  de- 
gree J  and,  if  our  principles  be  correct,  it  ought  to 
decrease  nearly  the  same  during  the  next  five  years  ; 
a  short  time  therefore  will  either  confirm  or  refute 
the  hypothesis  on  which  we  have  founded  the  pre- 
ceding computations*  Agreeably  to  which  we  ought 
to  find  in 

18^8,  the  variation  24°  29'  dip  GD°  43' 
1833,    24   26     ..     6*S>  21 

The  dip,  therefore,  is  at  present  clmnging  more 
rapidly  than  the  variation  j  and  it  will  continue  to 
decrease  with  the  latter  for  about  20O  years,  when 
the  longitude  of  the  magnetic  |)ole  will  be  180°;  the 
variation  will  therefore  then  he  nothing,  and  the  dip 
only  56**,  which  will  be  its  minimum  ;  they  will  then 
both  increase  together  for  the  next  260  years,  when 
the  needle  will  have  its  greatest  easterly  variation, 
and  wiU  then  ngain  return  towards  the  north,  the 
variation  decreasing,  but  the  dip  still  increasing,  for 
l<i5  years  longer  ;  viz.  till  about  the  year  2510,  when 
the  nuignetic  pole  will  be  again  on  the  meridian  of 
London  ;  the  variation  will  be  zero,  and  the  dip  being 
then  at  its  maximum  will  ainount  to  77^  43'» 

Such,  at  least,  are  the  results  arising  out  of  the 
hypothesis  on  which  the  preceding  calculations  arc 
founded.  They  are  unquestionably,  in  some  measure, 
speculative,  and  are  only  given  as  such  j  but  we  may 
perhaps  be  permitted  to  say  that  as  far  as  comparison 
could  be  made  with  well  authenticated  observation 
it  has  i>een  done  j  and  the  approximations  towards 
coincidence  have  been  throughout  more  favourable 
than,  from  the  nature  of  the  inquiry,  we  could  have 
had  any  reason  to  expect.  Further  comparisons  may 
also  still  be  made,  and  a  few  years  will  be  sufficient 
to  confirm  or  refute  the  hypothesis,  of  an  uniform 
motion  of  rotation  in  the  terrestrial  polarizing  axis. 

It  is  however  proper  to  state,  that  if  we  had  carried 
our  computations  back  to  the  sixteenth  century,  and 
compared  them  with  observation,  the  agreement  would 
not  have  been  found  so  close  as  in  the  eases  men- 
tioned in  the  preceding  table  j  but  we  think  it  may 


be  qyestjoned  how  far  these  observations  are  to  be  I^^rtlV, 
depended  upon  ;  one  of  which,  out  of  the  only  three,  ^^i-^^v"^^ 
recorded,  having  been  made  previous  to  the  time 
of  the  variation  in  the  variation  being  known.  At 
the  same  time  we  are  by  no  means  disjrosed  to  assert 
that  the  elements  of  the  motion  here  assumed  are 
perfect.  It  is  to  be  observed,  that  we  have  deduced 
them  from  two  observations  *»iily ;  viz.  the  dip,  as 
taken  by  Caption  Kater  in  1818,  and  the  variation  at 
that  time;  it  is  from  these  only  we  have  determined  the 
latitude  and  longitude  of  the  magnelie  pole,  and  thence, 
by  assuming  the  longitude  to  have  been  zero  in  1660, 
for  London,  we  have  determined  the  annual  motion* 
There  is  little  doubt  that  we  should  have  found  a 
nearer  approximation  by  taking  the  pnlur  distance  of 
the  magnetic  pole  greater  or  less  iban  has  been  done; 
but  our  object  has  not  been  to  tind  how  nearly  it  was 
possible  to  approximate  to  observation,  but  how  nearly 
the  deductions,  legitimately  arising  out  of  our  first 
hypothesis,  corresponded  with  the  same*  Churchman^ 
in  his  Magmlio  Ailm,  has  assumed  a  certain  distance 
and  movement  of  rotation,  which  give  as  near  approxi- 
mations as  those  found  above,  but  they  are  de- 
pendent upon  no  previous  principle,  and  are  incon- 
sistent with  every  other  magnetic  law  j  wherea!*  our 
distance  anil  motion  are  drawn  immediately  from  an 
independent  hypothesis,  and  are  perfectly  consistent 
with  every  known  princi]>le  of  terrestrial  magnetism. 
Sec  Barlow's  Essaij  on  Magttetk  Attractions, 

4   XXIV.  On  the  diurnal  vanation, 

209.  It  has  been  stated  in  our  historical  chapter,  that  Nature  of 
the  horizontal  needle,  besides  the  annual  change  in  ifa<?  <l*dy 
direction,  examined  in  the  preceding  section,  is  also  '^*"|'>*°  j 
subject  to  a  daily  change,  amounting,  at  certain  sea- 
sons  of  the  year,  to  about  14' or  15'.  This  extraortlinary 
motion  was  first  noticed  by  Mr.  Graham  in  London, 
about  the  year  1722 ;  and  the  circumstances  attending 
his  observations  were  communicated  to  the  Royal 
Society  in  1723  j  it  has  been  since  registered  with 
great  diligence  and  attention  by  Wargentiui  Canton, 
tiiljiin,  Van  Swinden,  Col.  Beaufoy,  and  others; 
and  various  theories  have  been  advanced  to  account 
for  the  phenomenon  j  but  no  one,  that  we  are  aware 
of,  has  been  considered  perfectly  satisfactory.  There 
seems  no  question  that  the  sun  is  the  agent,  by  which 
this  change  in  the  direction  of  the  needle  is  effected; 
but  in  what  manner,  whether  simply  by  heat,  or 
whether  the  solar  beams,  acting  on  the  atmosphere, 
produce  any  magnetic  or  electro-magnetic  action 
which  is  sufficient  to  cause  the  disturbance  in  ques- 
tion, is  at  present  undetermined.  When  the  daily 
variation  was  first  noticed,  it  was  supposed  that  the 
needle  had  only  two  changes  of  motion  during  the 
day ;  viz.  that  from  about  seven  o'clock  in  the  morn- 
ing the  north  end  began  gradually  to  deviate  towards 
the  west,  and  that  it  attained  its  greatest  daily  westerly 
bearing  about  two  o'clock  in  the  afternoon  ;  and  that 
from  two  or  three  o'clock  it  again  returned  to  the 
eastward,  till  it  obtained  its  original  bearing,  and  then 
remained  stationary  till  the  next  moniing. 

More  accurate  observations,  however,  at  length 
shewed  that  this  was  not  strictly  the  daily  course  of 
the  needle  j  it  was  discovered  that  the  motion  began 
much  earlier  than  seven  o'clock,  but  that  it  was  to  the 
eastward^  and  still  more  recent  observations  have  shewn 
that  it  attains  its  maximum  in  that  direction  about 
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Magnetini  seWn  o'doek  OT  bs!f  ]«st  wvoa  to  the  ■Mnifaigi  tbal 
^  it  eonfiiiQeB  taoting  westward  at  above  stated  tsU  two 
o'clock  in  the  aAemxm ;  it  then  returas  to  the  east- 
ward tai  the  evening;  H  has  then  again  a  slight 
westerly  motioo  ;  and  ia  the  course  of  the  tright,  or 
early  la  the  monung,  attains  the  bearing  it  had  twenty- 
fonr  hours  before^  or  Tery  nearly.  It  has  also  been 
atoitted  by  all  observers,  that  the  daily  motion  dur- 
ing the  summer  months  is  the  greatest,  and  during 
the  winter  months  the  least ;  but  the  particular  month 


in  t^  summer,  when  the  daily  change  is  the  greatest; 
is  a  little  uncertain  ^  Canton  and  Wac^eatin  make  n 
it  about  July;  but  Col.  Beaufoy  found  it  greater  in 
June  and  August  than  in  July;  the  diffiereooe,  how- 
ever, is  inconsiderable,  and  n)ay  in  the  particular  case 
in  question  be  accidental ;  although  it  must  be  ac- 
knowledged, that  it  was  the  same  in  five  succeasnre 
years  while  this  gentleman  continued  his  observations. 
The  foilowiag  are  Col.  Beaufoy's  mean  results  fiir 
two  years. 


Colonel 
Beaufoy*! 
observa- 
tions. 


910.    Table  of  the  mean  monthly  diurnal  variation  of  tlie  compau  from  4P^^^  ^^^7  to  March  1819.     jB^  CoUmd 

Beat/foy,  at  Stanmore  Heath, 


OtflTBrftifeCA. 

Diflerence, 

Difference, 

1 

FitMB  April  1817  to 
March  1819. 

The  years  1817 
and  1818,  wes 
tcrly  variation. 

The 
and 
teriy 

years  1818 
1819,  wes- 
variation. 

morning, 
■oon, 

morning, 

noon, 
evening. 

morning, 

noon, 
evening, 

Meamoftke 
two. 

efening. 

UJ17, 

1818. 

1818,  1819. 

o          1 

II 

o 

/ 

// 

/ 

II 

/        M 

/ 

M 

"Morning 

34     31 

52 

24 

34 

6 

n-  —  m.  r 

12 

61 

10    44 

11 

48^ 

April 

Noon 

—    44 

43 

— 

44 

50 

n.-e.  J 

8 

45 

8     14 

8 

3oi 

.Evening 

—     35 

58 

— 

36 

36 

e.  — m.  L 

4 

6 

2     30 

3 

I8j 

r  Morning 

—    32 

20 

— 

36 

18 

n.  —  m.  r 

10 

15 

9     31 

9 

53^ 

May 

^Noon 

—    42 

35 

-^ 

45 

49 

n.  —  e,  ^ 

7 

60 

7     14 

7 

say 

LEvening 

—     34 

45 

— . 

38 

35 

e.  —  m.  L 

2 

25 

2     17 

2 

81 J 

r  Morning 

—     31 

9 

-^ 

33 

47 

n.  —  m,  r 

11 

6 

11     24 

11 

15  a 

June     • 

<  Noon 

—     42 

14 

— 

45 

11 

n.  —  e.  J 

8 

9 

7    31 

7 

50\ 

LEvening 

—     34 

5 

— 

37 

40 

c  — m.  L 

2 

56 

3     53 

3 

25/ 

r  Morning 

—     31 

14 

— 

34 

24 

n.  —  m.  r 

10 

52 

10     35 

10 

43^ 

July     . 

<^Noon 

—     42 

6 

^- 

44 

69 

n.  —  e.  -. 

6 

23 

6     45 

6 

34  I 

LEvening 

—     35 

43 

— 

38 

14 

e.  —  m.  L 

4 

29 

3     60 

4 

9/ 

r  Morning 

—     31 

16 

— 

34 

40 

n.  —  m.  r 

11 

35 

11     18 

11 

26^ 

Aug. 

^Noon 

—     42 

51 

<-^ 

45 

58 

n.  —  e.  J 

9 

6 

8       8 

8 

34}. 

LEvening 

—     33 

45 

-» 

37 

60 

e.  —  m.  L 

2 

29 

3     10 

2 

62  J 

("Morning 

—    33 

2 

<— 

34 

29 

n.  —  m.  r 

8 

34 

10    63 

9 

44  ^ 

Sept 

<{Noon 

— .     41 

36 

— 

45 

22 

n.-e.  J 

6 

68 

7     54 

7 

26-  V 

LEvening 

—     34 

38 

— 

37 

28 

e.  — m.  L 

1 

36 

2     69 

2 

18/ 

rMorning 

—     31 

6 

^. 

35 

36 

n.  —  m.  r 

9 

40 

7     62 

8 

46a 

Oct. 

^Noon 
LEvening 

—     40 

46 

— 

43 

28 

n.-e.  J 
e.  —  m.  L 

} 

rMorning 

—     31 

49 

— 

33 

24 

n.  —  m.  r 

6 

6 

8     17 

7 

10  ^ 

Nov. 

<  Noon 
LEvening 

—    37 

55 

"— 

41 

41 

{ 

*" 

f  Morning 

—     34 

3 

— 

37 

4 

n.  —  m.  r 

3 

69 

4     16 

4 

7y 

Dec. 

^Noon 
LEvening 

—     38 

2 

•"" 

41 

20 

{ 

} 

rMorning 

—    34 

2 

— 

35 

42 

n.  —  m.  r 

6 

55 

4     12 

6 

*1 

Jan. 

^Noon 
LEvening 

—    39 

67 

•••M 

39 

64 

{ 

} 

rMorning 

—     34 

22 

— 

34 

17 

n.  —  m.  r 

6 

29 

5     38 

6 

^1 

Feb. 

<  Noon 
LEvening 

—     40 

51 

— 

39 

55 

{ 

} 

rMorning 

—     33 

18 

.^ 

33 

18 

n.  —  m.  r 

8 

19 

8     24. 

8 

22. 

March 

^Noon 

—     41 

37 

— 

41 

42 

n.-e.  \ 

7 

50 

6     25 

7 

'^J' 

^Evening 

—    33 

47 

— 

35 

17 

e.  —  m.  L 

0 

L- 

29 

1     59 

1 

I5j 

observa- 
tions. 


Reference  211.  It  was  intended,  and  is  stated  in  our  his- 
to  recorded  torical  chapter,  that  we  would,  in  this  place,  give 
the  sereral  numerical  results  obtained  by  Wargentin, 
Canton,  and  Gilpin,  relative  to  this  daily  change  in 
the  direction  of  the  magnetised  needle  -,  but  our  trea- 
tise having  already  exceeded  the  limits  intended, 
we  shall  content  ourselves  with  referring  the  reader 
to  thoee  obsenrataons  as  they  are   recorded  in  the 


Pfulosophical  TransaoHons  for  1756,  and  1806^  and 
particularly  to  Hansteen*s  Treatise  on  Magneiism,  to 
which  we  have  already  frequently  referred  ;  and  the 
remaining  part  of  this  chapter  we  shall  appropriate 
to  the  experiments  on  the  daily  variation  recently 
made  by  Messrs.  Barlow  and  Christie  at  Woolwich, 
which  appear  to  have  thrown  a  new  lig^ht  on  this 
interesting  subject 
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2l*Z.  It  occurred  to  the  former  gentleman  about  the 
begiQDing:  of  the  present  year  (1823,)  that  if  he  were 
to  neutralize  the  terrestrial  magnetic  direction  of  the 
needle,  by  opposing  to  the  latter  two  artificial  mag-nets^ 
so  that  while  the  needle  ahotild  retain  all  its  natural 
power,  its  direction  should  be  reduced  to  zero,  or  to 
m  very  J  neons  id  erable  quantity ;  that,  then,  thfit  power, 
whatever  it  may  be  which  produces  the  daily  change, 
would  render  itself  mi>re  obvious,  and  increase  the 
usual  daily  variation  from  about  14'  or  !5'  to  3^  or4°', 
or,  in  short,  to  almost  any  amount  at  pleasure  ;  and 
thereby  rentier  all  the  changes  of  Ibe  neetlle  ihe  more 
obvious,  and  point  out  with  greater  accuracy  the 
time  of  maximum  and  minimum  effect. 

Suppose  J  for  example,  the  time  in  which  a  finely 
suspended  horizontal  needle  makes  one  vibration  to 
be  2",  under  the  usual  terrestrial  influence,  and  that 
by  reducing  its  power  by  raat^nets  properly  disposed, 
that  time  is  increased  to  8",  its  original  direction 
being  preserved,  then  it  would  follow  that  the  di- 
rective power  was  reduced  to  one- sixteenth  of  the 
former;  and  consequently  that  any  lateral  magnetic 
force,  acting  upon  it,  would  produce  an  effect  sixteen 
times  greater  than  before;  so  that  if  the  former  were 
IS',  the  new  effect,  or  deviation,  might  be  expected 
to  amount  to  between  three  and  four  degrees,  and 
therefore  such  as  to  admit  of  distinct  and  satisfactory 
observations, 

A  course  of  experiments  carried  on  for  a  few  days, 
convinced  the  author  that  his  ideas  were  correct,  and 
that  he  might,  while  the  needle  was  kept  in  its  natu- 
ral direction,  produce  a  daily  variation  to  almost  any 
amount  at  pleasure  ;  he  obtained,  for  instance,  the 
first  day,  a  maximum  deviation  of  3**  40',  the  second 
day  he  increased  it,  by  bringing  up  his  magnets,  to 
7°  ;  the  third  day  it  was  reduced  to  *2^,  and  so  on. 
He  found  also  that  he  cotdd  exhibit  a  very  sensible 
daily  change  with  the  needie  in  an  inverted  position, 
viz-  with  the  north  end  held  to  the  south,  by  a  mag- 
net jdaced   either  to  the    north  or   south,   or  one  at 


four^^**^'^"*'*^^* 


each  place  ;  and  so  also  with  it  at  east  and  west  j    Ptrt  1V« 

or,  in  short,  in  any  position  whatever.  For  this,  it  ^-^ ->/*^^*' 
was  only  necessary,  first,  by  means  of  one  magnet,  to 
draw  or  repel  the  needle  into  its  desired  direction^ 
and  then  to  modify  itii  directive  power  by  another 
magnet,  in  the  same  way  as  when  it  was  in  its  na- 
tural meridian;  or  the  same  might  be  done  by  first 
neutralizing  the  power  of  the  needle  by  two  magnets 
placed  in  the  meridian,  with  their  of>posite  poles  op- 
poftcd  to  the  corresponding  poles  of  the  needle,  (the 
latter  being  in  a  line  between  them,)  and  then  slightly 
changing  their  positian  till  the  desired  direction  was 
obtained. 

213.  With  these  ideas  Mr.  Barlow  commenced  a  course  Expcri- 
of  observations  and  experiments  with  the  needle,  mcQts  on 
directed  first  with  the  north  end  to  the  north,  then  J^«^'?^*^dlc 
two  points  from  the  north  towards  the  east, 
points  to  the  east,  and  so  on  throughout  the  entire  ^^, 
circle.  The  results  of  these  se%'eral  experiments  are 
contained  in  the  ftdlo%ving  table  ;  by  which  it  will 
appear  that  the  north  enil  being  directed  to  any  point 
from  the  south  to  the  N.  N,  W.,  its  motion,  during  the 
forenoon,  is  towfird  some  point  between  the  N,  N.  W, 
and  N.,  passing,  therefore,  to  the  left  hand  of  an 
observer,  situated  so  as  to  be  facing  the  north  end  of 
the  needle ;  and  that  while  it  is  directed  to  any 
point  from  the  8. 8,  E.  to  N,  it  passes  to  his  riirht  hand, 
and  is  therefore  strll  tarrieil  to  some  point  between 
the  K,  and  N.  N,  W.,  the  south  end  of  course  at  the 
same  time  passing,  in  both  cases,  to  some  point  be- 
t\%een  the  i^.  iS.  E.  and  S.  So  that  it  would  appear  that 
there  ought  to  be  some  position  of  the  needle  between 
those  limits  in  which  the  dady  motion  would  be- 
come zero  •  which  position,  from  the  following  table, 
appears  t*j  be  sotnewhere  very  nearly  ot  N.N.  W.,  or 
rather  at  N.  1(>°\V.,  and  the  line  of  maximum  daily 
change  at  right  suigles  to  this  line  of  the  minimum- 
This  will  be  fully  understood  by  examining  the  fol- 
lowing results,  and  conjparing  them  with  the  diagram 
(fig.  83.)    Pluimophicat  Tranaaclions,  pajt  ii.  forlb23. 
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Table  of 
observa* 
tions. 


214.  Table,  containing  the  results  of  observations  on  the  daily  variation  of  the  horizontal  needle  made  in  the  open^ 
air,  arranged  according  to  the  direction  in  which  the  needle  pointed. 

The  character  of  the  deviations  are  distinguished  as  follow :  The  reader  should  conceive  himself  as 
facing  the  north  end  of  the  needle,  then  those  deviations  which  are  made  towards  his  right  hand  (and  which 
therefore  increase  the  westerly  variation  with  the  north  end  to  the  north,)  are  marked  plus,  and  those  which 
pass  to  his  left  hand  are  marked  minus.  The  direction  of  the  needle  at  six  o*clock  every  morning  being 
marked  zero. 


North  ead,  N. 

North  end,  S. 

Hour. 

First  day. 

Second 

day. 

Third 

day. 

Hour. 

First  day. 

Second 

day. 

Third  day. 

h 

m 

o       / 

o 

/ 

o 

/ 

h 

m 

o       / 

x> 

/ 

6 

0 

0       0 

0 

0 

0 

0 

6 

0 

0       0 

0 

0 

7 

0 

-   0     10 

+  0 

5 

—  0 

5 

7 

0 

-   0     30 

-  0 

15 

8 

0 

+   0     10 

+   0 

15 

4-  0 

20 

8 

0 

-  0     40 

—   0 

45 

9 

0 

+  0     30 

+  0 

50 

4-  1 

0 

9 

0 

-  0     55 

-    1 

5 

If 

10 

0 

.— .     _ 

4-   1 

0 

— 

— 

10 

0 

—     — 

—    1 

25 

•S 

10 

30 

+    1       6 

+  1 

0 

4-   1 

50 

10 

30 

-    1      10 

-    1 

60 

.2 

11 

0 

4-    1     45 

+  1 

30 

4-  2 

10 

11 

0 

-    1      10 

-    1 

50 

•s 

11 

30 

+  2       5 

4-   1 

45 

4-  2 

20 

11 

30 

-    1      10 

-  2 

0 

§ 

12 

0 

+  25 

4-   1 

45 

4-  3 

0 

12 

0 

—    — 

— 

— 

.1 

0 

-f  2     50 

4-   1 

45 

4-  3 

10 

1 

0 

-   1      15 

-  2 

20 

o 

2 

0 

-f  2     40 

+   1 

30 

4-  2 

45 

2 

0 

-   1       5 

-  2 

20 

S 

8 

0 

+  2     30 

4-   1 

30 

4-  2 

45 

3 

0 

-    1       0 

-  2 

20 

4 

0 

+  2       0 

4-   1 

30 

— 

— 

4 

0 

—     — 

—  1 

30 

1 

5 

0 

+    1     30 

4-   1 

0 

4-  1 

40 

5 

0 

—     — 

-  1 

10 

o 

6 

0 

f   1     30 

— 

— 

— 

— 

6 

0 

-  0     45 

-  1 

10 

;z; 

7 

0 

+   1     10 

— - 

— 

4-  1 

0 

7 

0 

-  0     35 

— 

— 

8 

0 

+   1       0 

— 

^~• 

4-  0 

45 

8 

0 

—     — 

—  0 

45 

9 

0 

+  0     45 

— 

-^ 

4-  0 

SO 

9 

0 

-  0     15 

—  0 

30 

10 

0 

—     —      +  O 

15 

4-  0 

30 

10 

0 

—     — 

-    0 

30 

Ho 

North  end 

,  N.N.E. 

North  end 

,  S.S.W. 

ur. 

First  day. 

Second  day. 

Third  day. 

Hour. 

First  day. 

Second  day. 

Third  day. 

h 
6 

m 
0 

o        / 
0       0 

o       / 
0       0 

h 
6 

m 
0 

o       / 
0       0 

o       / 
0       0 

7 

0 

-   0       5 

0       0 

7 

0 

-  0     10 

-  0     20 

8 

0 

4-   0     15 

4-   0     20 

8 

0 

-  0     30 

-  0     40 

9 

0 

4-   0     40 

4-   0     45 

en 

9 

0 

-   0     45 

-    1       0 

.S 

10 
10 

0 
30 

4-    1       0 
4-    1       5 

—     — 

10 
10 

0 
30 

-  1       0 

-  1      10 

-    1     20 

11 

0 

4-    1      40 

4-    1     45 

11 

0 

1     30 

—     — 

rS 

11 

30 

4-    1     40 

4-2       0 

d 

11 

30 

-    1     30 

-  2       0 

g 

H 

0 

4-2       0 

—     — 

o 

12 

0 

-    1     SO 

-  2     20 

o 

I 

0 

4-  2     10 

—    — 

i 

1 

0 

-   2       0 

-  2     30 

i 

2 

0 

4-  2     10 

4-2       0 

'^ 

2 

0 

-   2       0 

—     — 

'"S 

3 

0 

—    — 

4-    1     50 

t 

3 

0 

—     — 

—    — 

t 

4 

0 



-:-      — 

CO 

4 

0 

—     — 

-    1     SO 

u 

5 

0 

4-    1     30 

4-    1     45 

o 

5 

0 

—     — 

—    — 

•§ 

Cy 

0 

4-    1     35 

—     — 

i 

6 

0 

-    1      10 

-    1     15 

o 

7 

0 

— 

4-  0     55 

7 

0 

-    1        0 

—  0     55 

#z; 

8 

0 

4-    I     10 

4-  0     55 

8 

0 

-    1       0 

—  0     50 

9 

0 

4-  0     50 

4-  0    45 

9 

0 

-    1        0 

—     _ 

10 

0 

4-   0     30 

4-0      0 

10 

0 

-    1     30 

0     40 

U 

0 

—  Q       0 

-  0     10 

11 

0 

•*■     ""• 
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Part  IV. 


Observationi  an  the  daily  variation  of  the  horizontal  needle  continued. 


North  end,  N.E. 

North  end,  S.  W. 

Hoar. 

First  day. 

ScCODd 

d.y. 

Third  day. 

Hour. 

Ftrtt  day. 

Second  day. 

lliird  day. 

h 

m 

o       / 

o 

/ 

h 

m 

0         / 

o        / 

6 

0 

6 

0 

•.-     — 

7 

0 

+  0     10 

+   0 

15 

7 

0 

—  0     20 

».     .... 

8 

0 

+   0     30 

4-  0 

15 

8 

0 

-  0     35 

—  0     20 

9 

0 

+   0     45 

4-  0 

50 

^ 

9 

0 

—  0     45 

—  0     30 

iL 

10 

0 

+   1       0 

— 

.— 

t 

10 

0 

-  0     45 

—  0     40 

^ 

10 

30 

+    1     20 

— 

.— 

.a 

10 

30 

-    I      10 

.^     — 

m 

11 

0 

+    1     50 

+  1 

30 

-3 

11 

0 

-   1      10 

—  •  — 

s 

11 

30 

-h    1     50 

— 

.. 

o 

11 

30 

-    1      10 

—    1     30 

c 

12 

0 

+  2       0 

+  2 

10 

o 

12 

0 

-   1     50 

-    1     30 

09 

1 

0 

4-2       0 

— 

8 

o 

1 

0 

-   1     50 

-    1     30 

2 

0 

+    1     45 

+   1 

15 

'5 

2 

0 

-    1     40 

-   1      15 

d 

3 

0 

—     .. 

+   1 

15 

s 

la 

3 

0 

—     — 

...     — 

t 

4 

0 

...     ... 

+    1 

15 

4 

0 

...     _ 

-    1        0 

s 

5 

0 

—     — 

+   1 

0 

-§ 

5 

0 

_     ... 

-    1        0 

o 

6 

0 

+  0     45 

+   0 

45 

o 

6 

0 

-  0     45 

—  0     50 

^  • 

7 

0 

+  0     45 

... 

Z 

7 

0 

—  0     30 

...     — 

<< 

8 

0 

4-  0     30 

+  0 

25 

8 

0 

-  0     30 

...     ... 

9 

0 

+  0       5 

+   0 

25 

9 

0 

—     ^^ 

—     .— 

10 

0 

-  0       5 

— 

— 

10 

0 

4-0       5 

—     — 

11 

0 

-  0       5 

— 

"— 

11 

0 

4-0       5 

-h  0     10 

North  end,  E.N.E. 

North  end 

,  W.  S.  W. 

Honr. 

First  day. 

Second  day. 

Aiurd  day. 

Hour. 

First  day. 

Second  day. 

1    Third  day. 

1 

h 

m 
0 

o       / 

o       / 

h 
6 

m 
0 

o       / 

o          / 

7 

0 

4-  0     10 

4-  0     40 

7 

0 

—  0     80 

—  0     40 

8 

0 

4-   0    45 

4-  0     65 

8 

0 

-   1        0 

—     — 

9 

0 

4-    1      15 

4-   1     30 

, 

9 

0 

—   1       0 

...     — 

^ 

10 

0 

4-2       0 

4-  2     10 

1 

10 

o 

-    1     45 

-  2       0 

^ 

10 

30 

4-  2     10 

4-  2     40 

10 

30 

-  2     25 

-  2     30 

Jl 

0 

.^    — 

...    — 

11 

0 

-  2     50 

—  2     45 

5 

11 

30 

_    — 

...    — 

n 

11 

30 

-  2     60 

..    ... 

a 

12 

0 

—    — 

...    .... 

o 

a 

12 

0 

-  2     50 

...    ... 

o 

1 

0 

4-2       0 

4-  2     30 

1 

0 

-  2     10 

2     10 

g 

2 

0 

4-2      0 

4-  2     10 

'a 

2 

0 

..    ... 

...    — 

^ 

3 

0 

—    — 

_    — 

^ 

3 

0 

.-.    ... 

2     15 

> 

4 

0 

— .  — 

4-   1     40 

9 

4 

0 

—    — 

._    ..- 

8 

5 

0 

—    — 

4-   1      O 

•§ 

6 

0 

-    1     30 

2       0 

•§ 

6 

0 

•.—    _ 

-        .1.. 

o 

6 

O 

...        1 

,        ^.. 

^ 

7 

0 

4-  1     10 

...    .... 

"^ 

7 

0 

...    ... 

..    — 

^ 

8 

0 

4-  0     40 

4-  0     50 

8 

0 

-   1       0 

1     30 

9 

0 

4-  0    20 

4-  0    20 

9 

0 

—  1       0 

1     15 

10 

0 

—    — 

-  0       6 

10 

0 

-  0    25 

0     50 

11 

0 

-  0     15 

—    -^ 

11 

0 

4-0      5 

-  0    20 

TOt..  III. 


6  0 


824 


MRgnetifm 


MAGNETISM. 


Tkr 


Oh$ervatwni  w  the  daify  striatum  qf  the  horuumtal  needle  cotiimued. 
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Obsetvatiotu  on  the  daily  variation  of  the  horitonlat  needle  continued. 
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*  The  needle  was  readjusted  this  day,  and  the  directive  power  reduced  as  much  as  possible. 
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MAgnctism  215.  Wliile  the  author  was  pursuing  this  course  of  heat  has  a  tendency  to  diminish  the  attractive  powers 
r^^  experiments,  his  friend  Mr.  Christie,  also  of  the  Royal  of  a  magnet,  and  assuming  that  the  direction  of  the 
°^      Military  Academy,  undertook,  at  his  suggestion,  a    needle  was  merely  due    to  the  resultant  of  all  the 

magnetic  forces  of  the  terrestrial  sphere  upon  it ;  he 


Partr 


Time 

and  iniai-  totally  independent  course  of  similar  hur^inore  ^x* 
mumdem- ^i^^e^  experiments;  from  which  it  is  shewn,  (see 
tion.  Fhxl.  Trans,  part  ii.  for  1823  above  referred  to,)  that 

while  the  needle  is  directed  to  the  north,  its  first 
motion  commences  very  early  in  the  morning  to  the 
eastward  -,  thatit  obtains  its  greatest  deviation  in  this 
direction  at  about  seven  o'clock,  or  half  past  seren 
o'clock,  in  the  morning;  from  this  time  the  easterly 
deviation  diminishes,  (the  motion  of  the  needle  be- 
ing to  the  westward,)  till  about  half  past  ten  or  eleven 
o'clock  in  the  morning,  when   the  deviation  is  zero  j 
and  when,  it  will  be  observed,  the  sun  is  upon  the 
magnetic  meridian  j  from  this  time  the  westerly  de- 
viation commences,  and  consequently  the  westerly 
motion  of  the  needle  continues  till  about  half  past 
one    o'clock  or  two  o'clock,  when  the  westerly  de- 
viation is  at  its  maximum,  and  then  begins  to  di- 
minish, the  motion  of  the  needle  being  now  to  the 
eastward  j    at.  about  five  o'clock  the  deviation  again 
vanishes,  and  the  needle  points  once  more  north  and 
south,  (magnetic,)  but  its  easterly  motion  continues 
till  very  late  in  the  evening.     It  appears,  therefore, 
that  three  times  during  the  day  the  needle  points 
to  the  true  magnetic  north  and  south ;  that  is  to  say, 
when  the  sun  is  upon  the  magnetic  meridian,  and 
about  six  hours  before  and  after  it  attains  this  posi- 
tion ;  and  that  its  maximum  easterly  and  maximum 
westerly  variation,  happen  about  three  hours  before  and 
after  the  transit  of  the  sun  over  the  same  meridian. 
21G.  These  facts  are  highly  important,  as  pointing 
General  de-  to  the  first  cause  of  the  daily  motion,  which  is  thus  very 
ductions.     obviously  shewn  to  depend  upon  the  relative  position 
of  the  sun  with  the  magnetic  meridian  j  but  at  pre- 
sent the  results  ar6  too  limited  to  admit  of  founding 
upon  them  a   complete  theory  of  the    phenomena. 
The  position  of  the  sun,  at  the  same  hour  of  the 
day,  but  at  diflferent  times  of  the  year,   changes  very 
considerably,  and  it  would  therefore   require  us  to  be 
in  possession  of  a  complete  set  of  observations  for  a 
year,  before  we  could  allow  ourselves  to  venture  upon 
a  complete   theory.      The  above   observations  were 
made  during  the  months  of  April,  May,  and  June ; 
and,  r.s  far  as  they  extend,  it  appears  that  while  the 
sun  is  between  the  N .  and  E.,  (magnetic,)  the  north 
end  of  the  needle  deviates  to  the  west ;  while  it   is 
between  the  east  and  south,  the  north  end  deviates  to 
the  east,  pointing  correctly,  or  very  nearly,  north 
and  south,  with  the  sun  at  the  east  or  south,  (mag- 
netic.)    Again,  when  the  sun  gets  between  the  south 
and  west,  the  deviation  is   to  the  west;  and  when 
between  the  west  and  north,  the  deviation  is  eastward  : 
so  that,  generally,  it  may  be  said  that  the  sun  ap- 
pears to  repel  that  end  of  the  needle  to  which  it  is 
the  nearest,  and  that  its  action  is  greatest  when  the 
angle  between  the  sun  and  the  magnetic,  meridian  is 
about  45°;    modified,  however,   by   its    intensity   of 
action  and  angle  of  elevation ;  anjl  mpst  probably  by 
the  position  of   the  solar   orb    upon  the  imaginary 
magnetic  sphere,  which  has  been  the  foundation  of 
all  our  analytical  deductions  in  Part  JIT. 

217.  Canton,  who  made  a  great  number  of  obser- 
Canton*s  vations  and  experiments  on  this  subject,  endeavoured 
theory  of  to  account  for  the  daily  variation  by  the  operation  of 
the  diuly      ii^Q  gQiar  heat;  he  ascertained,  from  experiment,  that 


concluded,  that  while  this  body  was  to  the  eastward  of 
the  needle,  the  forces  lying  to  the  eastward  suffered 
a  diminution  of  power ;  in  consequence  of  which  the 
westerly  force  prevailed,  and  the  north  end  deviated 
to  the  westward  ;  and  that  when  the  sun  was  to  the 
westward,  the  powers  on  that  side  diminishing,  the 
needle  returned  again  to  the  eastward  :  but  not  being 
in  possession  of  some  of  the  facts  above  stated,  his 
explanation,  although  very  ingenious,  was  certainly 
incomplete,  particularly  that  part  of  it>  in  which  he 
endeavours  to  explain  what  he  denominatea  the  irre- 
gular daily  variation ;  that  is,  the  small  easterly 
motion  of  the  needle  in  the  early  part  of  the  morn- 
ing. At  the  same  time,  the  observations  we  have  in 
some  measure,  abridged,  on  the  daily  variation  at 
Woolwich,  seem  to.be  strongly  in  favour  of  his  hypo- 
thesis, after  some  slight  modification  rendered  neces- 
sary by  the  new  facts  these  experiments  have  elicited, 
of  which  the  following  is  an  exi^nple. 

While  carrying  on  his  es^periments,  the  author 
removed  his  apparatus  from  his  house  to  the  garden; 
and  he  was  surprised  to  find  that  while  the  needle 
was  pointing  any  where  towards  the  east  and  west, 
according  to  the  method  of  observation  described  in 
(art.  S212.)  the  morning  motion  of  the  needle,  was  in 
the  house,  the  reverse  of  what  it  was  in  the  garden, 
and  that  its  maximum  of  variation  happened  at  a 
different  hour  of  the  day.  This  circumstance  caused 
him  considerable  perplexity,  particularly  as  the  very 
same  effect  was  observed  by  Mr.  Christie  ;  but  after 
some  weeks  observation,  the  latter  gentleman  began 
to  suspect  that  it  was  caused  by  the  difference  of 
temperature  within  doors  and  in  the  garden  ;  and 
the  following  experiment  seems  fully  to  confirm  the 
accuracy  of  the  supposition. 

Let  n  s  (fig.  84)  represent  a  very  delicate 
compass  needle,  and  N  S  a  strong  magnet  placed 
in  the  magnetic  meridian,  so  near  to  the  former  as 
to  deflect  it  into  an  east  and  west  direction.  If  now 
only  the  hand  be  applied  to  the  magnet  N  S  for  a 
few  minutes,  the  warmth  thus  communicated  to  the 
steel  will  have  an  obvious  effect  upon  the  needle ;  the 
north  end  gently  approaching  towards  its  natural 
direction,  and  when  the  hand  is  removed,  the 
needle  will  again  return.  If  the  needle  is  placed 
in  a  copper  vessel  in  water,  and  a  lamp  be  applied 
beneath  it  to  raise  the  temperature  gradually,  the 
needle  will  as  gradually  approach  towards  the 
pole  N  of  the  magnet,  moving  in  seme  cases 
about  a  degree  for  every  increase  of  one  degree  of 
temperature.  It  appears,  therefore,  not  only  that 
temperature  has  an  effect  upon  the  power  of  magnetic 
bodies,,  but  that  the  slightest  change  of  temperature 
may  be  thus  rendered  perceptible.  Consequently,  if 
we  assume,  as  there  appears  every  reason  to  do,  that 
the  direction  of  the  needle  is  due  to  the  resultant  of 
a  system  of  forces  acting  on  all  sides  of  it,  super- 
ficially distributed  over  the  snrface  of  the  earth ;  we 
shall  see  that  while  the  sun  is  between  the  magnetic 
east  and  south,  those  parts  being  the  most  heated, 
their  power  will  be  diminished,  and  the  south  end 
of  the  needle  ought  to  incline  to  the  west,  or  the 
north  end  to  the  east,  as  it  is  found  to  do  by  the  ex- 
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periments  above  reported ;  and  we  ou^bt  to  expect 
^•^^  that  the  greatest  declination  eastward  should  take 
place  when  the  sun  is  found  equally  distant  between 
those  points  J  as  the  snn  approaches  nearer  the  sonth, 
the  parts  to  the  west  of  ihe  magnetic  meridisin,  as 
well  as  lliose  to  the  east,  become  heated,  and  the 
eastern  deviation  ought  to  decrease  and  disappear 
entirely,  as  the  snn  transits  the  magnetic  meridian ; 
because  then  the  effects  on  each  side  of  that  meridian 
are  equal  to  each  other,  which  is  precisely  consistent 
with  the  observations  {art.  ^15.) 

Beyond  this  period  the  south-westero  parts  will 
receive  the  e^reatest  power  of  the  solar  rays,  become 
weakened  in  their  action,  and  the  south  end  of  the 
needle  will,  in  consequence,  deviate  to  the  eastward, 
or  the  north  end  to  the  westward,  and  continue  in- 
j  creasing  in  its  deviation  till  the  sun  becomes  S.  \V. 
I  (magnetic,)  which  happens  between  one  and  two 
o'clock  in  the  afternoon  5  a.nd  then,  as  in  the  morning, 
at  S.  E.,  its  effect  will  be  the  most  obvious  j  and  will, 
in  general,  be  greater  than  the  morning  easterly  de- 
viation *  because  it  happens  when  the  sim  has  a  greater 
altitude,  and  consequently  a  more  intense  action, 
which  is  precisely  what  has  been  observed  in  the 
experiments  referred  to. 

From  this  period  the  western  deviation  owght  to 
diminish,  till  the  gun  becomes  west  (magnetic,)  when 
it  ought  to  cease  entirely  |  because  then  the  parts  on 
the  western  side  of  the  needle  being  equally  heated, 
both  to  the  north  and  to  the  south,  there  can  be  no 
tendency  in  cither  end  to  incline  from  the  meridian ; 
for  although  the  power  on  the  western  side  will  be 
less  than  on  the  eastern,  yet  it  will  affect  both  ends 
the  same;  but  beyond  this  point,  the  north-west  parts 
will  be  more  heated  than  tlic  so\ilb-west,  and  the  north 
end  will  deviate  to  the  eastward,  the  motion  of  the 
needle  continuing  the  same  as  before  the  sun  passed 
the  western  point  ;  only  in  the  tbrmcr,  the  needle  was 
losing  its  western  deviation,  whereas  it  will  now  be 
increasing  in  its  eastern  ;  but  as  the  sun  approaches 
the  north*west,  its  altitude  and  power  will  be  small, 
and  its  effect  upon  the  deviation  will,  in  conset[tience, 
be  but  inconsiderable,  and  ought  to  vanish  entirely, 
as  the  sun  again  crosses  the  magnetic  meridian  about 
eleven  o'clock  at  night. 

,  To  illustrate  this  by  experiment,  let  n  s  (fig,  65) 
be  a  finely  suspended  compass  needle,  which  may 
be  neutralised  by  two  magnets,  as  described  in 
(art.  212.)  and  let  S  N,  S'  N',  &c.  be  four  magnets 
so  placed  as  to  give  to  the  needle  its  true  direction. 
If  now  to  represent  the  effect  of  the  sun  at  the  mag- 
netic east,  we  apply  an  artificial  heat  to  the  magnets 
S  N,  S'  N'  we  shall  fmd  no  disturbance  in  the  needle ^ 
but  if  we  heat  alone  the  magnet  S'  N',  its  power 
being  diminished,  the  south  end  will  approach  to- 
wards the  west,  and  its  north  end  tlie  east,  as  happens 
when  the  sun  is  at  S  E  (magnetic,)  about  seven  o'clock 
in  the  morning.  If  now  again,  we  equalise  the  heat 
upon  the  magnets  S'  N^  S''  N'',  the  defect  of  power 
being  eqtml  on  both  sides,  the  needle  will  return  to 
its  true  bearing.  This  represents  the  efft-ct  of  the 
sun  at  half  past  ten  or  eleven  o'clock  in  the  morning, 
fallen  bje  if  npon  the  magnetic  njeridian. 


Let  now  the  heat  be  applied   principally  to  the    TuxtW* 

magnet  N''  S'^  then  thc^-power  of  it  being  thu^s  di-  '-^^^y^^ 
minished,  the  south  end  of  the  needle  will  pass  to 
the  cust»  and,  consequently,  the  north  end  to  the 
wc&t,  as  really  happens  when  the  sun  is  towards  the 
south- west  magnetic  point,  at  about  half  past  one 
or  two  o'clock  in  the  afternoon.  Again,  let  the 
magnets  N"  S''  and  N'"  S"'  be  equally  heated,  and 
then,  as  before,  the  needle  will  attain  its  true  bear- 
ing, as  at  half  past  four  or  five  o'clock,  when  the 
sun  is  west  of  the  magnetic  meridian.  Lastly*  let 
the  magnet  N'''  S'^'  be  rendered  the  hottest,  and  it 
will  be  seen  that  the  north  end  will  again  pass  to 
the  eastward,  as  it  is  tbund  to  do  in  the  experiments 
above  referred  to.  According  to  this  view  of  the 
subject,  there  is  no  occasion  to  have  recourse  to  the 
irregular  al traction  mentioned  by  Canton  }  for  every 
known  motion  of  the  needle  is  thus  in  its  general 
character  explained  j  and  with  regard  to  quantity, 
although  we  are  not  enabled  to  ascertain  its  actual 
amount  at  different  seasons  of  the  year,  yet  attri- 
buting its  effect  to  heat,  it  is  obvious  that  it  oughts 
according  to  the  suppositions  we  have  made,  to  be 
greater  in  suumier  than  in  winter,  as  it  is  shewn  to 
be  by  all  observations  yet  made  3  but  at  the  same 
time  it  ought  not  to  be  very  considerable  in  parts 
near  the  equator,  where  the  heat  is  very  great }  be- 
cause here  the  sun  always  rises  nearly  e:ist  and  sets 
nearly  in  the  opposite  quarter,  its  daily  course  being- 
almost  wholly  in  the  direction,  east  and  iciest ;  so  that 
in  these  cases,  the  heat  being  equal  on  each  side  of 
the  east  and  west  line,  little  or  no  motion  will  ensue  ^ 
and  tliis  also  is  consistent  with  observation,  see  Pkil. 
Trans,  for  1796.  This  hypothesis  is  still  fartlicr  con- 
firmed by  the  observations  on  the  daily  variation  made 
by  Lieutenant  Hood,  during  Captain  Franklin's  recent 
expe<iition  to  the  mouth  of  the  Copper-mine  river,  of 
which  an  abstract  is  given  in  the  following  table.  It 
will  be  seen  in  this,  that  the  variation  being  easterly, 
it  diminishes  while  ours  increases,  that  is,  during  the 
morning  ;  but  which,  of  course,  still  indicates  a  wes- 
terly motion  of  the  north  end  :  it  is  remarkable  also^ 
that  the  westerly  motion  commences  and  attains  its 
maximum  about  three  hours  after  the  time  it  docs  in 
London.  Now  our  variation  being  about  24|**  west, 
and  at  Cumberland  house  17°  I7'  east,  the  magnetic 
meridian  is  about  4^1"^  more  to  the  west  than  it  is 
here;  and  therefore  the  transit  of  the  sun  over  it»  will 
happen  very  nearly  three  hours  later,  which  is  a  sin- 
gular confirmation  of  the  hypothesis  in  questioa. 
Thc  unfortunate  death  of  this  valuable  young  oflicer 
will  be  much  regretted  by  every  lover  of  science  ;  all 
his  records  display  talents  which,  luid  his  life  been 
spared,  could  not  have  failed  of  placing  him  in  the 
first  rank,  not  only  in  his  profession  but  in  science. 
The  variations  given  by  Captrtin  Franklin  in  the  fol- 
lowing tables,  cannot  be  used  in  the  same  mrmner  as 
a  test,  because  they  are  blended  with  the  effect  of 
the  aurora  borealis,  and  are  not  due  to  the  daily  va- 
riation only,  as  those  are  of  Lieutenant  Hood'a  to 
which  we  hiive  referred.  See  pages  595  and  6^9  of 
Captain  Franklin's  Journetf  to  the  Polar  Sea* 
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A  table  of  daily  variations,  at  dijf  event  stations  in  North  America. 


Mean  diurnal  variation  of  the  compass  for  four  months,  observed  at  Cumberland  House,  by  Lteutenant 
Hood,  R.  N. ;  latitude  53°  56'  40'^  N.,  longitude  102°  16'  41''  W.     Dip  83°  12^  50'^ 


Month. 


1820. 
February 
March    . . 
April . .  . . 
May  . .  . . 


8  A.M. 


17     15    7E. 
17     16    9 


9  A.M. 


o  /        // 

17     16    OE 
17     16     9 


1  P.M. 


o         /  // 

17     11  2 

9  5 

8  8 

7  8 


17 
17 
17 


4  P.M. 


o  / 

17  9 

17  9 

17  9 

17  8 


8  P.  M. 


o  /  ft 

17  12  4 

17  12  1 

17  12  3 


12  P.M. 


o  t  it 

17  13  O 

17  13  4 

17  13  9 

17  14  7 


ftft 


Monthly  abstract  of  diurnal  variation  observed  at  Fort  Enterprise ;  latitude  64°  28^  24'*'  N.,  langitode 

113°  6MT.     Dip  860  58^  42^'. 

Month. 

Variation, 
East. 

Variation, 
East. 

Variation, 
East. 

Variation, 
East. 

Variation^ 
EaaC 

VaiiaiioB, 
EasL 

EmK. 

1821. 
January 

February 

March 

o      /      // 

10  A.  M. 

36  27  57 

9  A.M. 
36  31  45 

8  A.M. 
36  29  36 

7  A.M. 
36     7  45 

7  A.M. 
36  42     a 

o      /     /y 

Noon. 
36  22     9 

36  21  57 

36  17  21 

36    6    3 

36  29  45 

0       /       // 

2  P.M. 
36  12  39 

36  17  27 

36  21     9 

o      /      // 

3  P.M. 
36  12     3 

36  15  51 

36  10  45 

36     2  51 

36  21     9 

o      /      // 
6  and  5  P.  M. 
36   18  57 

5  and  4  P.M. 
36  13     3 

4  P.M. 
36     6  15 

5  P.M. 
36     0  15 

36  14  57 

o      i      f 

9  P.M. 
36  16     9 

36  13  51 

se    6  37 

35  56  15 

36  12    9 

•      i     tt 

MldnighC. 

36     9     9 

36  11  57 
36  12  33 

35  40    3 

36  11  33 

April    

«SJ^*U.          •••••••••• 

May 

Mean  variation  observed  with  the  needle  attached  to  the  transit  instrument^  placed  at  a  greater  diitanoe 

from  the  buildings  at  Fort  Enterprise. 


Between  May  12, 
and  June  13,  1821. 


8  and  9  A.  M. 

o        /       // 
37     25     5E. 


Noon. 

o        /       // 
37     24     1 


4  and  5  P.  M. 

o        /       // 
37     26     1 


9  and  10  P.  M. 

o         /        // 
37     22     8 


Miairijht. 

o         /       /f_ 
37     23     OE. 


Monthly  abstract  of  diurnal  variation  observed  at  Mouse  Deer  Island,  Slave  Lake  5  latitude  61°  11'  g'^N., 

longitude  113°  51' 37^' W. 

Month. 

Variation, 
East. 

Variation, 
East. 

Variation, 
East. 

Variation, 
East. 

Variation. 
East 

Variatxm, 
EmC 

1822. 

January  

February   

March    

April  .•.••••••• 

From  7  A.  M.  to 
9  or  10  A.  M. 

0        /       // 
25     42     52 

25     40     10 

25     40     52 

25     42     16 

Noon. 

0         /       // 
25     42     23 

25     38     56 

25     39       6 

25     40     23 

3  P.  M. 

0        i       It 
25     41     12 
25     38       9 
25     37     50 
25     38     21 

5  P.M. 
0         /        A 

25     39     27 
25     37     16 
25     38     10 

9  P.M. 

0        i       M 
25     40     42 

25     39       7 
25     37    47 
25     38    49 

Midnight. 

0        ^       ii 
25     39     55 
35    3T     26 
25     36       2 
25     38     15 

Mean  of  the  three  "1 
complete  roonth8,Feh.  > 
March,  April    ,    .    .J 

25     41       6 

25     39     28 

25     38       7 

25     38     18 

25     38     34 

25     37     14 

iVb/e.— In  the  last  three  tables  the  effect  of  the  Aurora  is  included}  in  the  first  it  is  excluded. 
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ifaetism  §  XXV,  Of  magnetic  charh, 

*"V"*^  218.  It  has  been  already  stated  in  our  historical 
chapter^  that  Dr.  Halky  was  the  first  who  undertook 
the  construction  of  a  magnetic  chart,  limited,  however 
to  the  Atlantic  and  Indian  seas  ;  this  was  published  in 
IJOl,  and  was  afterwardfi  republished  on  an  enlarged 
scale  in  Holland,  In  the  year  1745,  the  same  chart 
WELS  again  reprinted,  with  considerable  alterations,  by 
Messrs.  Mountain  and  Dodson,  making  the  necessary 
corrections  for  the  time  elapsed  ;  and  this  again  was 
also  copied,  on  a  reduced  scale,  by  M,  Belli n,  hydro- 
grapher  of  France,  in  IT^^S  ;  and  in  1794,  a  corrected 
edition  of  Messrs.  Mountain  and  Dodson's  chart  was 
printed  in  London  for  that  period. 

In  1807  a  new  magnetic  chart  was  published  in 
London  by  Mr.  Yeats,  in  which  the  variation  is  given 
for  all  known  seas,  between  lat,  60°  N.  and  lat.  Gu"^  8., 
and  which  contains,  besides  the  Halleyan  lines,  indicat- 
ing the  lines  of  equal  variation,  the  curve?^,  shewing  the 
actual  bearing  of  the  needle  in  every  part,  geome- 
trically as  well  as  numerically.  Professor  Hanstcen 
of  Norway,  has  also  published  a  very  extensive  Mag- 
netic Atlas,  containing  charts  both  for  the  variation 
and  dip.  As  this  atlas,  although  not  of  so  recent  a 
construction  m  that  above  mentioned, has  been  formed 
on  a  series  of  most  extensive  observations,  we  have 
been  induced  in  a  few  doubtful  cases  to  adopt  some 
of  its  lines,  in  preference  to  the  former  s  Bee 
plate  IX.  Unfortunately,  the  perpetual,  but  in- 
constant change  to  which  the  compass  is  subject^ 
renders  such  charts  as  those  above  described,  of  a 
very  temporary  use  j  yet  they  would  be  highly  im- 
portant and  interesting,  in  pointing  out  the  direction 
of  the  motion  of  the  magnetic  pol^s,  if  they  could 
be  securely  depended  upon.  But  they  are  constructed 
from  observations  made  on  shipboard,  which  we 
have  seen,  in  our  chapter  treating  on  Local  attraction, 
must  necessarily  be  erroneous ;  Ijccause  hitherto 
little  attention  has  been  paid  to  this  source  of  in-* 
accuracy  ]  and  where  ship  obscn^ations  fail,  recourse 
is  had  to  calculations,  founded  on  principles  altogether 
imaginary.  So  that  we  must  only  consider  variation 
charts  as  giving  very  rough  approximations  to  the 
actual  state  of  the  needle  j  and  probably  many  of  the 
fanciful  formed  lines  which  they  all  exhibit,  are  wholly 
attributable  to  inaccuracies  of  observations. 

In  the  Atlantic  Ocean,  as  the  part  of  greatest 
traffic,  we  have,  perhaps » the  most  certain  information 
relative  to  the  state  of  the  needle  j  and  the  charts  of 
recent  construction  are  not,  perhaps,  in  these  parts, 
very  defective.  Here,  therefore,  we  may  trace,  with 
some  certainty,  the  course  of  the  line  of  no  variation. 
If  there  were  a  decided  north  and  south  magnetic 
pole,  diametrically  opposite  to  each  other,  the  line 
of  no  variation  would  necessarily  fall  on  some  one 
meridian,  and  would  exhibit  itself  in  the  form  of  a 
right  line  on  the  chart,  although  all  the  lines  of  equal 
variation,  on  each  side  of  this,  would  necessarily 
assume  that  particular  form  sliewn  in  the  chart,  or 
one  approaching  towards  it.  But  instead  of  the  line 
of  no  variation  falling  on  anyone  meridian,  it  ap- 
pears, from  the  recent  observations  of  Capt,  Parry, 
(who  found  the  place  ot"  the  pole  in  102"  \V.  longitude, 
and  in  latitude  73^^  N,)  to  proceed  from  this  point,  to 
the  extreme  point  where  it  is  marked  in  Veatii*s  chart 
for  1807-  viz.  in  longitude  17*^  VV.  and  in  latitude  6U^  S. 
Its  direction,  therefore^  instead  of  being  north  and 
souths  is  nearly  N,  N.  W,  and  S.  S.  K, ,  and  a  part 


of  the  other  line  of  no  variation  in  the  Indian  Ocean,   P^rt  IV. 
runs  for  a  considerable  distance  nearly  east  and  west. 

This  view  of  the  subject  seems  to  confirm  what  we 
have  advanced  in  section  XXIIL,  that  12  to  say,  that 
c\ery  place  has  its  particular  polarizing  axisj  and  that 
nothing  can  be  more  mistaken  than  the  idea  of  search- 
ing for  certain  determinate  poles  common  to  the  whole 
earth.  At  the  same  time,  the  near  approximation  of 
observation  and  theory,  on  those  points  in  which  the 
variation  is  not  concerned,  viz.  as  respects  the  dip 
and  intensity  of  the  needle,  seems  to  sliew^  that  our 
general  principle  of  computation  on  these  matters  ia 
founded  on  correct  views  of  the  subject ;  and  the 
fiame  appears  from  the  calculation  relative  to  the 
annual  change  in  the  direction  of  the  needle  for  the 
last  150  years  in  London  and  Paris.  The  conclusion, 
therefore,  to  whicii  we  arc  led  from  all  these  con- 
siderations is,  that  the  needle  is  subject  to  some 
general  polarizing  principle  resident  on  the  ter- 
restrial surface,  and  is  so  far  under  the  dominion  of 
certain  laws,  probably,  as  determinate  and  fixed  in 
their  operation  as  those  which  govern  the  celestial 
motions  j  but  that,  beside  this  general  directive  power, 
the  needle,  in  every  place,  is  under  a  certain  local 
influence  from  iron  mines  and  other  ferruginous 
matter,  sufficient  to  change  altogether  its  bearing, 
without,  in  any  important  degree,  affecting  the  in- 
tensity of  its  action,  or  !he  rate  and  direction  of  its 
annutd  motion.  It  is  obvious,  for  instance,  that  we 
may  very  considerably  deflect  a  needle  from  its  natu- 
ral meridian,  by  the  application  of  a  ball  of  iron  at 
some  distance  ;  and  yet  the  needle  may  vibrate  aA 
many  times  in  a  given  period,  as  when  it  wa« 
undisturbed,  or  very  nearly.  Moreover,  the  intensity 
of  the  needle  in  the  natural  direction  of  the  dip,  is 
greater  than  when  brought  into  a  horizontal  plane, 
in  the  ratio  of  the  secant  of  the  dip  to  radius }  and 
if,  therefore,  the  whole  disturbing  power  acted  on 
the  dipping  needle,  it  would  be  dcllected  less  than  the 
horizontal  needle,  in  the  ratio  of  radius  to  secant,  or  in. 
our  latitudes  nearly  as  1  to  3  ;  but  in  case  of  a  lateral 
attraction  towards  the  east  or  west,  the  ratio  wilt 
be  much  greater  j  it  follows,  therefore,  that  such  a 
disturbance  may  take  place  in  the  horizontal  needle, 
as  totally  to  destroy  all  uniformity  in  the  conditions 
of  variation,  while  all  the  other  magnetic  laws  may 
remain  almost  wholly  una  flee  ted. 

With  respect  to  the  cause  of  magnetic  action  &ii4 
direction,  it  is  perhaps  impossible  to  form  any  conjec- 
ture; and  the  cause  of  tlie  constant  change  in  the 
direction  of  the  needle  in  any  given  place,  is  not  much 
less  mysterious,  although  the  recently  discovered  sci- 
ence of  Electro-Magnetism  seems  calcubted  to  throw 
some  light  upon  this  interesting  subject  j  we  shaE 
reserve,  however,  what  we  have  to  say  on  this  head, 
and  on  the  effect  of  the  aurora  borealis,  till  we  have  to 
treat  upon  tlie  latter  science  in  the  following  volume^ 
and  shall  here  conclude  our  treatise  on  maL,aeli6ra 
with  a  genend  table  of  the  variation  of  the  needle 
in  different  j)bces,  and  at  different  periods,  from  the 
earliest  authentic  records  to  the  present  time  ;  and  q 
similar  table  of  observed  dips,  if  not  to  the  same 
extent^  at  least  to  the  greatest  that  has  been  yet 
given.  We  arc  indebted  to  Mr.  Hansteen  for  the 
fundamental  jKirts  of  these  tables,  which  he  has 
collected  with  great  care  and  labour  j  and  they  will, 
we  trust,  be  found  highly  useful  as  references,  to 
every  one  interested  with  magnetical  inquiries. 
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MAGNETISM. 


Magnttifm 


AitD 


Table,  thewmg  the  variation  of  the  needle  in  variout  parts    of  tfte  earth  from   the  earUest  ohsennUions  to   the 

present  time.     All   taken  on  shore, 

Ab/e.— -Where  more  than  one  observation  is  made  at  any  place,  the  name  of  the  place  is  inserted  in  the  last 
column.     In  other  cases^  only  the  latitude  and  longitude  are  given. 


Denmark,  JVanrniy,  Sweden, 


AuilKtrity. 


Vibe  ,.. 
Ditto  . .  p . 
Diuo  , . . . 
Bonn,... 
Vilw  .... 
DJUo .... 
Ditto .... 

Holm 

Aiibcrt  ,, 
Holm.,., 
Ditto  „ . . 

Bail3tC9Q 

Ditto 

Ditto .... 


Ditto  ..... 
Ditto 

HftuKteen  . 
Gidilii  ... 
EXwius  . . , 
Lowenora , 

Ditto 

Halm 

Ditto  ..... 
Ditto  ..... 
Bartholia  . 
Astr.  Jabrb. 
Hlorter  ...... 

Helknt 

Holtn. ..  t . , .« 

Ditto 

ViW 

^biiltea    - . . . 
Ditto  ........ 

Ditto 

Hiorter  ...... 

Hdlftnt 

Luchtt*mnchcr 
Bartholin  . .  .. 

Loui  (SeoiarJ 
Ditto  ........ 

LouN  (Junior) 

Ditto 

Ditto 

Ditto < 

Ditto 

Ditto ......,, 

Ditto  .  p . 

Ditto ., 

Ditto * 

Ditto ... 

Ditto  ......* 

Ditto  ....... 

Ditto ....... 

Ditto  ....... 

Ditto 

Ditto  ....... 

Ditto 

DWto  ....  ... 

Ditto  ....... 

Ditto 


1?79 


Variation. 


17&6  1 

ii 

20W 

m9 

17 

25 

um 

17 

40 

irm 

19 

207 

1791 

24 

45  y 

um 

25 

.30 

un 

24 

52 

1780 

^4 

SO 

)7(i8 

16 

30 

1794 

23 

0 

i;ci 

15 

15) 

i;6& 

16 

45  ( 

me 

20 

15  f 

isir 

20 

3J 

1799 

17 

5 

1716 

11 

15 

178C 

42 

41 

1799 

IB 

45 

1783 

19 

29 

1810 

IS 

50 

mi 

8 

307 
40  f 

1748 

12 

1786 

35 

21 

I7B6 

43 

9 

1765 

6 

50 

1766 

7 

0 

1768 

16 

25 

1672 

2 

35 

1761 

14 

0 

1748 

9 

10 

1?76 

U 

30 

irct: 

5 

30 

I7f;8 

6 

50 

1779 

17 

30 

I8u:i 

21 

0 

1799 

17 

15 

1799 

17 

25 

1746 

9 

30 

ir;G 

5 

:\Q 

1619 

I 

30E 

1672 

.■? 

35W 

1730 

V    10 

37 

1731 

11 

Ifi 

176S 

15 

5 

176.1 

15 

3 

1767 

15 

7 

I7li8 

15 

13 

I7fi8 

15 

0 

I76rt 

15 

2 

1768 

H 

50 

1768 

14 

56 

176y 

15 

30 

1769 

15 

29 

1769 

l.'i 

34 

1769 

15 

22 

1770 

15 

32 

1770 

15 

32 

1770 

15 

32 

1770 

15 

32 

1770 

15 

37 

1771 

15 

32 

1771 

15 

42 

1771 

16 

2 

59  55 
CbmUAiita. 

Carlberg^. 

56  10 

65     52 

60  36 
58      6 

Fredriclcibefr. 

57  42 
Goelheber^. 

64      4 


Pl*ce,  or 
Lalltudt!.    I'    tough  u^e. 


58  MS 

59  23 

59  55 

60  24 
Bergen. 

.•^9  34 

64  16 


63 

58 


8  iSE 

15  45 

16  33 
5  21 


4  19 

337  56 

8  6 

7  58 

10  42 


64       9 
70     40 


71 
55 


8 

2 

.•>4 


55     57 


15  31 

341  U 

15  35 

6  57 

11  54 


.338  9 

338  9 

23  36 

N.  Cftpc. 

11  6 

12  42 
V2  38 


Hedmorm,  Sweden. 


67  51 

71  0 

69  28 

60  12 

56  IB 

59  m 

59  52 


20  55 

26  1 

25  15 

12  5 

12  28 

35  t^6 

14  57 


Kongiior,  Sweden. 

65     51 
"I  55     41 


29 

12     35 


^Copenlmgeo. 


Auihority. 


Lous  (Junior)    . . 
VercluQ  ........ 

1772 
1772 
1773 

Ditto.,.. 

1773 

Ditto 

1773 

Ditto  .......... 

1773 

Ditto .......... 

Ditto 

1773 
1773 

Ditto 

1774 

Ditto 

1774 

Ditto 

1774 

Ditto 

1774 

Ditto 

1775 

Ditto  - . . .  ...... 

1775 

Ditto , , 

1775 

Ditto.. ......p. 

1775 

Ditto 

1775 

Ditto 

1776 

Ditto 

1776 

Ditto 

1776 

Ditto 

r76 

Ditto  .......... 

1776 

Ditto 

1777 

Diuo : . . , . 

1777 

Ditto 

1779 

Biigg 

Ditto  ......  .... 

1783 
1783 

Loui 

1784 

B"|g«    < 

iJitto 

1784 
1785 

Ditto  i*. 

1786 

Ditto 

1792 

Ditto  ....  ...... 

1793 

Wleiigfl 

Ditto 

1B06 
1807 

Ditto 

1808 

Ditto  . . .  * 

1809 

Ditto  , .  ......  . . 

IHIO 

Ditto 

1812 

Ditto  , , ., 

1813 

Ditto ...., 

1813 

Bugffc 

Ditto 

1813 

1813 

Ditto  * .  ........ 

18 13 

Wleugel.. ...... 

Ditto 

1814 
1814 

Ditto * . 

18U 

Ditto  . .  ^ 

1815 

Ditto  ,.,.....,. 

1815 

Ditto . . 

1815 

Ditto  ....  ..... 

1816 

Ditto  .... 

1817 

Ditto..... 

1817 

liiU 

160:^ 

H  idioii     ...... 

i>itto , . 

IfiOS 
1609 

Bhl 

1785 

Holm 

1768 

Hiorter 

^^7^^r 

Ditto  .......... 

1746 

17(;9 

1799 

Ditto  .......... 

1799 

VevtJua 

1772 

Vftri«tii<»Q. 


16  fzw 
16   0 

16  12 

U  16 

U  17 

16  22 
16   9 

16  20 

1$  U 

16  20 

16  32 

16  27 

16  37 

16  20 

16  33 

16  26 

16  27 

16  27 

16  30 

16  30 

16  28 

16  32 

16  20 

16  39 

17  5 
17  41 
17  49 

17  42 

18  Q 
18  7 
18  9 
la  23 
18  15 
18  25 
18  21 
18  22 
18  22 
18  16 
18  17 
18  22 
18  11 
IB  10 
18  14 
18  8 
17  58| 
17  56 
17  56 


18 
IS 
18 


6 
3 
5i 


18  15 

18  5 

17  554 
7  lOK 
0  0  1 
0  of 

19  30W 
19  20 

9  36 
6   0 

18  35 
17  35 
33  30 


Latitude.    Lanfitode. 


55  4'lN. 


9   ' 
12  35£ 


^CapenljAge 


57     50 

68     46 


7     14 
9     2? 


Lx>ftied«a  l!»1efi^  Norwar. 

58  27  €  3$ 
60     22 

Lindesberj^ 

71     10  25  50 

59  30  14  59 
8  15  21 

65    36  336  16 
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MAGNETISM. 

yistrktHon  oftheneBile  m  vmoms  parts  of  iht  mrih,  cmthmed. 


Wm 


Ahthority. 


Date. 


YiulKtlon. 


nace«  or 
Ladtnde.    {   LoBglnide. 


Aathorttj. 


Dmtc. 


Yurlafloa. 


^    ,      Pl«c<^  or 
Utltnde.    I  LcmglnKle. 


Jshrb  •••••! 
Schubert    .. 

Ditto 

Stralenberg 
Chappe  . . . . 
Schubert  .. 
Inochodtow 

Pictet 

Astr.  Jahrb. 
Islenief  . . . . 
Inochodzow 

Ditto 

Aitr.  Jahrb. 


1770 
1805 
1805 
1716 
1761 
1805 
1784 
1769 
1769 
1770 
1785 
1783 
1770 


50W 
6E 

37 
0 

46E. 
9 

45W 

30 

1  30E. 

2  0 

3  52W 
8      0 

4  50 


47  13N. 
56  55 
56  30 

}58  12 
ToboUk. 

52  44 

66  44 

54  43 

49  56 

59  13 

51  40 

48  42 


39  50E. 
74      5 

90  10 

68  95 


41  45 

34  13 

55  53 

82  40 

40  10 

39  15 

44  27 


Holland,  Netherlands,  Prussia,  Switzerland. 


1600 

9 

OR. 

51     13 

Astr.  Jahrb 

1767 

17 

30W 

52    22 

Ditto 

1772 
1798 

16 
18 

40 
26 

1.48    24 
J  Augsburg. 

Humboldt 

Kirch 

1717 
1717 
1724 
1725 
1725 
1751 

10 
10 
U 
U 
11 
14 

42 
52 
45 
56 
52 
16 

'   52    32 

Ditto • . 

Ditto 

Ditto 

Ditto 

Reccard 

1764 

14 

15 

Bernoulli 

1770 

16 

9 

1773 

16 

48 

1774 

16 

54 

Schulxe 

1775 

17 

14 

Ditto 

1777 
1777 
1777 
1778 
1779 
1780 
1782 

16 
16 
16 
16 
16 
16 
17 

42 

45 

42 

45 

46i 

48 

47 

'Berlin. 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto • . .  • . 

1783 

17 

51 

1784 

17 

57 

1785 

18 

3 

1786 

18 

20 

Bode 

1787 
1788 
1805 
1805 
1805 
1782 

17 
17 
18 
17 
18 
17 

44 

5 

5 
57 

2      . 
20 

V50    41 

Ditto 

Ditto 

Ditto 

Ditto  .••••••... 

1784 

17 

41 

>Buim. 

1787 

18 

1 

1788 

18 

55 

1628 

1 

0 

54    21 

1642 

3 

15 

1670 
1682 

7 

8 

20 

48 

"Dantzic. 
51     14 

1760 

11 

0 

Koch 

1811 
1783 

13 
20 

48      . 
0 

Kdhler 

1797 

18 

30 

51       3 

1769 

15 

40 

50     53 

1774 

16 

32 

50       7 

V.Swinden  .... 

1771 
1773 

19 
18 

30 
30 

|Franeker. 

1797 

19 

40      • 

'  46     12 

1800 

21 

30 

1801 
1802 

21 
21 

26 
27 

^•Geneva. 

1803 

21 

18 

1804 

21 

13 

1770 

15 

50 

47      4 

Mayer   

1777 

16 

48 

51     32 
^      3 

Vander  Heyde  . . 

1782 

20 

16 

Tallinger 

1787 

22 

40 

47     15 

4  24 

4  52 

10  53 

13  21 


18    38 


6  46 

13  42 

13  17 

8  38 


6      9 


15  25 

9  44 

4  5 

11  20 


Reeeand.. 
Heinsios 


Beitler  .. 
Eimmart 


Kampf 
Ditto.. 


KrafFt.. 
Ditto  .. 
Ditto . . 
Ditto  ., 
Ditto  . . 
Stopel 

Chappe 


Dc  la  Hire. 
Ditto 


De  la  Hire. 
VerduQ  , . . 
Rochoa  • . . 
Picard    ... 


Bcaulieu 


Lowcnorn . .  , 
Niebuhr. ... 
Humboldt  .., 
Picard    . . . . , 

Cook , 

Bellarmatus  , 

Oront , 

Sennertus  ... 
Naotonnier  , 


Petit  , 


Pfcard 
Ditto  . , 
Ditto.. 
Ditto  . . 
Ditto . , 
Ditto*. 


1600 

1628 

1642 

1774 

1749 

1776 

1785 

1786 

1787 

1788 

1783 

1786 

1788 

1685 

1774 

1775 

1781 

1782 

1786 

1787 

1767 

1784 

1785 

1786 

1747 

1748 

1749 

1750 

1752 

1814 

1638 

1760 

1781 

1782 

1783 

1784 

1785 

1786 

1787 

1762 


1682 
1680 
1767 
1679 
1771 
17y8 
1681 
1767 
1619 
1767 
1767 
1782 
1761 
1798 
1681 
1776 
1541 
1550 
1580 
1603 
1610 
1630 
1642 
1659 
1660 
1664 
1666 
1667 
1670 
1680 
1681 
1682 


0  0 

1  OW 
1   5 

13  30 
13  0 
48 
44 
53 

2 

5 
52 
14 
56 

5 
45 
15 


ii    42N. 
>Ko«ilg8b«rg. 


20  2aL 


51 
49 


19 
29 


^Mmhciini. 


16  50 

17  44 


18 
17 
19 
17 
19 
19 
13 
14 
14 
14 
14 
19 
0 
13 
18 
18 
18 
18 
18 
18 
18 
15 


9 

20 

0 

49 

1 

11 

34 

22 

45 

30 

37 

0 

0 

0 

40 

40 

39 

30 

33 

31 

35 

15 


56 
51 

49 
50 


30 

27 
5 


^Prague. 


12 
8 


23 
3 

11 
14 


51  55 

}49   0 
Regensbur^. 

48    31 


4 
18 


91 
27 


43 

27 

7 
25 


29 
3 


) 


^TVibingen. 


52 


32 
13 

/Vienna. 

-  49    46 


16    28 
9    55 


>>Wurtzbiirg. 


47  22 


8  29 


Erance. 

3  40W 
1  20 

17  26 

1  45 
20  10 
25  30 

4  30 
19  30 

6  30E. 

18  33W 

19  15 

22  15 
18   0 

20  55 

2  0 

23  1 

7  OE 

8  0 
11  30 

8  45 
8  0 
30 
30 
0 
0 
40 
0 
15W 


1  30 

2  40 
2  30 
2  30 


43  35 
43  29 

50  44 

}48  23 
Brest. 

150  57 

/  Calais. 

49  55 

51  2 
\49  29 


7  8 

8  30 
1  37 

355  29 


1  51 

1  4 

2  22 
6 


J  Harre  de  grace. 

143     18     I       5    22 

/Marseilles. 
48    39        357     58 
48    28        354     41 
48    50  2     20 


^Pa 


^ 

1 
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yariati^m  of  the  needle  in  wirious  parti  o/*  the  earth,  continued^                                                P*»t  17.            ^M 

AofcHority^ 

1    Date. 

Wr\i.iiom. 

Pltc< 
Latitude, 

i  or 
LDnfkudr. 

Authority. 

Date. 

Variation,    j 

PItc* 
LaUtudf. 

er 
t4:ingttude. 

La  Hire.; 

Ditto  ...  ^ ..... . 

1683 

168^1 
1685 
1686 
1687 
1688 
1689 
1691 
1693 
1693 
1695 
1696 
1697 
,  1698 

1699 
1700 

1701 

1702 
1703 
1704 

Mar> 

1705/ 
July. 
Dec. 
1706 
1707 
1708 
1708 
1709 
1709 
1710 
1710 
1711 
1711 
1712 
1712 
1713 
1713 
1714  1 
1714 
1715 
1716 
1716 
1716 
1717 
1717 
1718 
1718 
1719 
1720 
1721 
1721 
1722 
1722 
1723 
1723 
1724 
1725 

!  1725 
1725 
1726 
1727 
1728 
1729 
1730 
1731 

i  1732 
17.33 
1734 

o        / 

3  &0W" 

4  10 
4     10 

4  30 

5  12 
4     30 

6  0 

4  40 

5  50 
;       6     20 

6  48 

7  fl 
7     40 

7  40 

8  10 
7    50 

7  40 

8  12 
8    25 
8    48 
8     48 

8  50 

9  0 
9       6 
9     20 
9     20 

9     25 

9     30 

9     35 

9     48 
10     10 
to     15 
10     15 

10      40       ; 

10     30 
10     50 
10     50 
U      0 

10  50 

11  23 

11  15 
U     40 
il     12 

12  0 
11     30 

11  10 

12  15 
12     30 
12     30 
12     45 
12    40 
12    30 
12     30 

12  30 

13  0 
13       0 
13       0 
13       0 
13       0 
13       0 
13       0 
13       0 
13       0 
13     15 
13     15 

13  45 

14  0 

13  50 

14  10 
14     25 

14  45 

15  15 
15     45 

,     15     35   ^ 

^  &    SON. 
^Paris. 

0         ' 
2    20E. 

Biiacbc 

Mariddi ........ 

Ditto 

1734 

1735 
1735 
1736 
1736 
1737 
1738 
1738 
1739 
1740 
17*0 
1741 
1742 
1742 
1743 
1744 
1745 
174G 
1747 
1748  1 
1749 
1750 
1751 
1752 
1753 
17.54 
1755 
1757 
1758 
1759 
1760 
17r>5 
1770 
1771 
1772 
1772  \ 
1773 
1773 
1774 
1774 
1777 
1778 
1778 
1779 
1/79 
1779 
1779 
1779 
1779 
1780 
1780 
17S0 
1780 
1780 
Miivl8 
'  19 
20 
21 
22 
23 
24 
25 
26 
27 
28| 
29, 
31 
June  1 
2 
3 
4 
.S 
6 
9 
13 

15     4W- 
15     45 

14  55 

15  40 
15     40 

14  45 

15  10 
15     20 
15    30 
15     45 
15     30 
15     40 
15     40 
15     10 

15  10 

16  15     ' 
16     15 
16     15 
16    30 
16     15 

16  30 

17  15 
17      0 
17     15 
17    20 
17     15 

17  30 

18  0 
13      0 
18     10 

18  30 

19  0 
19     55 

19  .50 

20  13 
20       2     I 
20       4 
20       0     , 
20     17 
20     12 
20     27 
20    37 
20     41 
20     31 
20     .35 
20     33 
20     40 
20     31 
20     35 
20     35 
20     45 
20    40 
20    42 
20     49 

20  42 

21  4 
20    49 
20     45 
20    42 
20     57 
20     44 
20     48 
20     46 
20     47 
20     43 
20     47     ; 
20     42 
20     45 
20     45 
20     48 
20    39     ' 
20     49 
20    ;t9 
20     39 
20     48 

4*8    5'ON. 
VParis. 

r' 

JUIUo 

Ditto 

Ditto 

Cawiioi 

Citssijii  ........ 

UHire.. 

La  Hire 

La  Hire 

Ditto . 

Ditto 

Ditto 

Casaini 

I>itto  . » 

MariLldl,. 

Ditto.. ........ 

Ditto 

Ditto  . . , , , 

Ditto 

Ditto  ........ 

Ditto 

Cttiaini  

Ditto , , 

Fouchy 

Maraldi 

Flitl'n 

La  Hire.., 

Cansiai 

La  Hire  ....  .... 

Ditto 

Caasioi 

Ditto... 

La  Hire 

Ca^nirii  ..,*..., 
La  Hire ... 

Ditto 

Cawitil 

La  Hire... 

Cassini 

La  Hire , 

Caisitti  ........ 

La  Hire  . , 

Caiisiai   . .  4 . , . , . 

La  Hire. 

Cw55ini  ...  ^  ... . 
La  Hire. ....... 

Cassini 

La  Hire 

C&Mini 

La  Hire.. 

CnH^ini 

La  Hire  ...   .... 

Cassioi 

La  Hire  ........ 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

l^e  Monnier  .... 
Ditto 

Maraldi 

Le  Montiier  .... 

Maraldi. 

Le  Monnier  .... 
Ditto 

Ditto 

Ditto  ,,,,,..,,. 

Ditto 

Ditto  ..,,,..,.. 

Ditto ,  * . 

Ditto 

Ditto 

Ditto 

Cas^ini  ..  , 

Ditto 

Ditto 

La  Hire 

Cassini  , 

UHire 

CHBsinl  ........ 

La  Hire 

Maraldi 

Ditto  . .  ........ 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto  , . 

Ditto  ,. ,. 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto  .,,.....,. 

Ditto 

Ditto  .,,....... 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto  ....  i .... . 

Ditto 

Ditto , 

Ditto 

Ditto 

Ditto , . 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto .,...,.,.. 

Ditto  . 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto  , 

Ditto 

Ditto  ........,- 

Ditto , 

Ditto 

1 

5  p  S 

1 

^4 


Mignetism 


MAGNETISM. 

Variation  of  the  needle  m  variout  part*  of  the  earth,  oontmued.. 


Authority. 

Date. 

Vviation. 

PUu 
Latitude. 

ce,  or 

Longitude. 

Authority. 

Date. 

Variation. 

Place,  or 
Latitude,    i  Lonfatndc, 

■ 

Le  Mounter  . . . 
Ditto 

JuDel6 

18 

19 

22 

24 

25 

26 

27 

28 

30 

July  3 

5 

7 

8 

Aug.l6 

Sep. 19 

21 

22 

23 

Dec.  19 

1781 

Jan.  27 

Mar.  7 

Apr.   1 

17 

May  8 

12 

29 

Juiie23 

Oct.   8 

10 

n 

1782 
June28 
July  4 

1783 
Junc23 
Auff.  5 

1784 
Feb.  29 

1785 

1786 
June21 

1789 

1790 
Aujr.  7 

1791 
July  30 

1792 

1793 

1798 

1799 

1799 

1800 

1801 

1802 

1802 

1802 

1803 

1804 

1807 

1814 

IGPO 

16R2 

1747 

1748 

1749 

1750 

1751 

1752 

1753 

1754 

1755 

1756 

2^1       4W 
20    43 
20    45 
20     54 
20    50 
20    42 
20    39 
20    42 
20    38 
20    44 
20    36 
20    51 
20    39 

20  44 

21  0 
20    45 
20    50 
20    42 
20    46 
20    56 
20    47 
20    40 
20    47 
20    59 
20    50 
20    51 
20    51 
20    51 

20  57 

21  3 
21       9 
21      3 
21       1 
21     16 
21     12 
21     12 
21    22 
21    27 
21    27 
21    24 
21    35 
21    37 
21    27 
21    56 

21  0 

22  52 
22      2 
22      4 
22    45 
22    49 
22     17 
22    49 
22      0 
22     12 
22       1 

21  45 

22  3 
21     45 

21  59 

22  5 
22     34 
22     34 

1     20 

3     45 
15     10      - 
15       0 

15  10 

16  5 
16       0 

15  45 

16  45 
16    40 
15      0 
15     45 

'  48     50N 
NParia, 

45     37 
43       7 
43     36 

/foulonse. 

2     26£. 

358     58 
5     57 
1     25 

Sturmy 

Ditto .   ... 

England,  Ireland,  ifc. 

367     lOE. 
353    41 

00    00 

356    23 

nd. 
351     40 
10       7 
353    43 

Ditto 

1666 
1667 
1745 
1751 
1772 
1786 
1788 
1790 
1791 
1580 
1622 
1634 
1657 
1665 
1672 
1692 
1723 
1745 
1745 
1746 
Mar.21 
Apr.  22 
May  4 
14 
16 
Dec.  18 
1747 
1747 
1748 
1773 
1774 
1775 
1786 
1787 
1788 
1789 
1790 
1791 
1792 
1793 
1794 
1795 
1796 
1797 
1798 
1799 
1800 
1801 
1802 
1803 
1804 
1805 
1809 
1814 
July 
Aii{r. 
Sept. 
1733 
1774 

1     27W 
1     33 

18  0 

19  0 
23    30 
26    21 

26  50 

27  15 
27    23 
11     15E. 

5  56^ 
4      6 

0  OW 

1  221 

2  30* 

6  0 
14     17 
17      0 
17      0 
17    10 
17     10 
17     15 
17     18 
17    20 
17     15 
17    25 
17    30 
17    40 
17    40 
21       9 
21     16 
21     43 
23     17 
23     19 
23    32 
23     19 
23    39 
23    36 
23    36 
23    49 
23    56 

23  57 

24  jO 
24       1 
24    0-6 
24    1-8 
24    3-6 
24    4-2 
24    6-7 
24    8-8 
24    8-4 
24    8-8 
24  110 
24  16-7 
24  17  9 
24  21-2 
24  20-5 

151     28N, 
/Bristol. 
153    21 

^•Dablin. 
51    31 

}  London. 

Ditto 

Ditto 

Ditto 

Kendrick 

Gibson 

Harding    

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto ..... 

Ditto 

Ditto 

Ditto 

Burrows    

Guntcr 

Gellibrand 

Bond 

Ditto 

Ditto 

Ditto 

Ditto 

Gellibrand 

Halley   

Ditto ' 

Ditto 

Ditto 

Ditto 

Graham 

Ditto 

Ditto 

Ditto 

Ditto  . .   . . 

Ditto 

Ditto   .   . 

Ditto 

Ditto 

Ditto 

Ditto ...... 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto , 

Ditto 

Ditto 

Ditto 

Heberdcn 

Cayerdish 

Ditto 

Ditto 

Ditto 

Ditto 

Gilpin    

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Dit'o 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Cotto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Rouvard    

Ditto 

Ditto 

DiMo 

Cottc 

Ditto 

Ditto 

Ditto 

Bouvard    

Ditto 

Hoxton 

Hutcbius   

P 

Humboldt 

Butler    

Lana 

13    27 W  PljTnonth. 
24       0          M     M 

Ullire 

Ditto 

Marcorcllc    

Ditto 

1798        19    25WI 

Aranjuex. 

\lbcme  IsU 
41     33 
45    29 

^  36    32 

^adiz. 

Ditto 

1733 
17(11 
1676 
1724 
1769 
1769 
1771 
1776 
1791 

14     12 

16  15 

4  OE. 

5  25W 

17  15 

18  40 

18  0 

19  42 
21     56 

Ditto 

Ditto 

Ditto 

FcuilU-e 

Fleuricn 

Ditto 

Ditto 

Ditto 

Ditto 

Verdun 

Ulloa. 

Ditto 

Lowenom 

MAGNETISM. 
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CLffaetism 


Variatum  of  the  needle  ift  varioui  parti  of  tite  earth,  continued. 


PirtlV. 


AuUionty, 


Btitler  .,, 
Ditto  . , . .  , 
Ditto  ...  , . . 
Wri^Ut  ... 

Marchand  . 
Lana  . .  , . « 
Butler  .«. 
Host  ..... 
Mnrrlmnd  , 
Martini  u  a  . 

Ditto 

Couplet . . , 

Noel 

Ross 

Borda 

Lowcoorn . 
Condnniiiie 
tliimbaldt . 

DiUa  . ,  . , . 

Butler  - ,  . 
Poleni  , . . 
Ditto  . » . . . 

Ditto 

Auzout  . . . 
Ditto  . . , .  . 
Cftssioi  . . . 
Ditto  , .  . , . 


Bate, 


1733 
1733 
1734 

ir»8y 

1758 
1792 
l'i77 
1733 
1761 
1792 
1^39 
1668 
1683 
1697 
1706 
1762 
1776 
1782 
l7f»G 
U9B 
WJi 
1694 
1708 
1733 
1725 
1730 
1770 
1670 
1681 
I69h 
1730 
1782 
1783 
1784 
1785 
1786 
1787 
1788 


13 

13 

14 

7 

21 

19 
ft 

13 

17 

22 

7 

0 

3 

4 

5 

17 

ly 
ly 

l!i 

19 

9 

9 

10 

H 

13 
13 
16 

2 

7 
11 
16 
16 
16 
17 
17 
17 
17 


49W 

56 
20 
40E. 

4\\ 
23 

0 
38 
11 

6 
39  E. 
50W 

0 
18 
30 
32 

0 
51 
35 
5!l 
15 
45 
25 
34 

0 

0 
20 
15 

0 
30 

0 
49 
49 
hi 

0 

4 

7 
12 


FtlLCP,  i>T 

Latitude.         Lcmiitude. 


Cape  St.  ViQcent 
Cape  dc  GaCa,  Spain. 

Cftpe  St.  Marv,  Portugai 
^  42     52     fSaO     41 

Ciipc  Ftnistcnr. 

38     40 


44  54 
36  5 
GibraUar  B»y. 


11  36 
355   1 


38  42 


Lisbon. 


43  27 

40  25 
I  35  64 
^Alaltft. 

Minorra. 
45  24 
45  24 
Padua. 

41  54 


>'Rome. 


350  51 


13  45 
356  31 

14  28 


11  52 

11  53 

12  28 


Hungary  and  Eumpean  Turkey, 


Astr.  Jahrb. 
Inochodzow 

Founiier  . . 
C  haze  lies  , , 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto , . 

Ditto 

Clinzdies  ,, 
MiddlptoQ . . 
Dnuntoa    .. 

Mritbews    . . 
Ditto  ...... 

DuchnlJi,- .  . . 
Beuuclmmp 
Mntlioua    .% 
Davis     .... 

Kiebubr  .. 
Pnm 

Brf ftlbews   , . 

Ditto 

Ditto 


1771 
1772 
1772 
1600 
1625 
J  694 
1694 
1781 
1782 
1783 
1781 
1785 
1787 
17tiB 


1694 
1612 
1612 
1674 
1723 
1723 
16Ha 
1781 
1723 
1^10 
17ri2 
1612 
1676 
1721 
Sept  12 
1722 


25W 

45 


11     3(; 
0       0 


2 
9 
12 


16  45 

15  58 

15  36 

15  40 

15  48 

16  26 
16  36 

Asia, 

14  22W 
13     40 

12  40 

15  0 

13  50 

13  42 
5       0 

12  30 

14  20 
19  50 
11  50 

48R 

OW 

12 

IS 

7 


46  12 

46  51 

44  27 

^41  1 


30  44 

29  36 

26  a 

28  56 


; 


Constantinople 


■^  47     30 


^Buda* 


4 

12 
5 
5 
5 


36    35 
13      0 


36    20 
47     22 


21       0 

96    20 

36     11 

37     11 

12     40 

44    25 

6       OS. 

72       0 

14     31 

43       1 

0     51 

Am  axon  Bay 

^19       0 

71     45 

>  Bombay. 

Auiboniy. 


Mathews 
Ycatca  .. 

Mare  band 

Mathews 

Venuanus 

FoQteaay 

Ycatea  .. 

Cook  . ,  , , 
Mathews 
Ditto..., 
Ditto ...» 
Carteret 
Mathewi 
Daris «... 
Best    .... 
Boners  .. 

Mathewi 
Ditto  .. ., 

Ditto 

Ditto .... 
Ditto  .... 
Ditto  ,. .. 
Castle  ton 
Mathewsj   , 

Ditto 

IJondicr  . . 
Ditto  .... 


Pring . .  , , , 

No4«l  

Mathews   , 

Best  . ,  . . . 
DauntoQ  . 
Ditto 

Ssfis  ..... 
Ditto 

Ditto . 

Aleuislus  . 

NotI   

Mfttbews   . 

Ditto . 

Ditto  . . , . . 

Ditto 

PftTton  ,,  . 
Cbilde  ... 
Sm*is  ..... 

Ditto 

WalliB    ..,, 

Carteret 

Daris 

Beauchainp 

Mid  die  ton., 
Cook  . . , .  , 
Gonyc  . , , , 
Jesuiten. , , 
Fnntcnoy  , 
Richatid. ,  tt 

wm\s  ..., 
MuthewR   . , 
Ditto  ...... 

Yentes  ♦. ., 
Ciirter^'t.. . 


1723 
1617 
1791 

1680 
1722 
1616 

1690 
1722 
1817 
1779 
1722 

Novas 
1722 
1767 
1721 
1601 
1612 
1612 
1620 
1680 
1688 
1723 

Oct,  18 
19 
20 
1722 
1722 
1613 
172:* 
I72;i 
1731 
1735 
1743 
1745 
1747 
1750 
1614 
1706 
1722 
1722 
1724 
1724 
1612 
1610 
1611 
1712 
1612 
1613 
1613 
1609 
1706 
1722 
1723 
1723 
1724 
1613 
1616 
1613 
1609 
1767 
1768 
1605 
1787 
1797 
1607 
1776 
1685 
1685 
1686 
16B8 
1767 
1722 
1723 
1817 
1768 


VtK«tion. 


5  low 

0   0 

0  0 
8  20 
3  33 

1  30 
25 
30 

0 
32 

5 

9 
40 
16 
27 

0 

0 


14  30 

14  20 

8  45 


30 

51 

48 

50 

9 

12 

2  21 

13  24 

2  46 


2 
3 
2 

1 
0 
0 
15 
6 
3 
3 
3 
4 


45 

0 

0 

20 

0 

0 

0 

0 

20 

34 

63 

26 

16 

16  .10 

15  31 

16  30 
12  0 
15   2 

5 
2 
IS 
6 
4 
5 
5 
5 


Flacf,  or 


1  '    * 
>  Bombay. 

1  30  S. 

21  22 
20  50 

•22  13 

xCanton, 

22  8 
122  34 

J  Calcutta. 
15   0 

5  30  S. 
18  40N 

7  34 


K^ape  Comorin. 


20  E. 
50  E. 

OW 
40 
57 
13 

3 
41 


17  15 

18  0 


60 
0 


1  25 
0  25 


8  II 

4  13 

27  44 

4  45 


30? 

43 

30 

0 


106 
86 


86  10 
113  35 


113  43 

88  22 

73  50 

117  45 

72  0 

78  14 


j^Ceylo 


22  51 


80  37 


88  29 


^bandcrnagor. 


9  58 


^Cochin. 


Daman. 


32 


55 


7  43  5 

2  35 
33  30 
15  31 

^Goa. 
24  30 


18  19 

6  20  S. 

6   9S. 
Uatavia. 

6  45  S. 
32  25 
41  12 

5  30  S. 
48  41 

}14  44 
Lourcau. 

3  lis. 
52W|113  15 
16   VMadi^. 

oe'J 

30W   7   7S, 


72  45 

47  23 

126  BO 

323  25 

73  45 


63  42 


Havnflm. 

105 

21 

106 

54 

104 

0 

52 

50 

39 

53 

101 

35 

69 

11 

101 

0 

106 

17 

79 

57 

112  49 
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FarkUim^  ^  the  medle  in  parimt-pmrtt  9f  the  mrtk^ 


aiithwit/. 

Pmt«. 

Vsria^oo. 

A>ithority. 

Date. 

YiTiailon. 

\atbews    ,,.,.. 

1722 
1610 
I;i612 
16U 
1605 
1722 
1613 
m3 
1776 

tsas 

1611 
1613 
16U 
1611 
tSl3 
tG89 
17€J 
1780 
1@20 
1780 
1755 
1677 
1610 
17^ 

ifiia 

1610 
1611 
1612 
1615 
1613 
1797 
1611 
1612 
1722 
1723 
1723 
1689 
16in 
17!H 
1795 
1612 
1613 
1722 
1612 
16S2 
16B2 

163B 
1761 
17dB 
167S 
1754 
1768 
1775 
1806 
1726 
16U 
1612 
1723 
1731 
1589 
1775 
1600 
1610 
1723 
1610 
1614 
1722 
ISIB 
1726 
1726 

5    2iW 
13    22 
4     12E. 

3  28E. 
17      OIV 

4  16 
20     10 

15  34 

11  20 

1     45E. 

0  0 

7       5W 
13     15 
13     10 

12  47 

12  22 

13  50 

7  0 

1  0 

0  54 

1  0 

0  14 

2  0 
23    30 
23    30 

4  58 
19     20 

16  40 

16  30 

17  0 

3  30 
16    45 

10  IB 
16    23 

16  50 

5  50 
5     59 

5  22 

3  17 

6  25 

1  lOE. 
1       8E. 

4  low 
4     50 

4    21 

4  40E. 

0  ow 

1  40E, 

Africa, 

5  45W 

11  4 

13  6 

1       0E» 

8  6W 

9  53 

10  52 
15     40 

11  25 

12  1 

17  23 

12  43 

14  0 

3       5E. 

22  7W 

0  0 

1  40  R. 
14     20\V 
19     50 

23  4S 
19    49 

13  13 

11  55 

12  10 

13      ON. 

t5    11 
0    U    , 

I  6    30 

20    30 
\B    16 
fMocba, 

6     15 
32      5 
6    30    1 
113     35 

1  16       0 

^Fet«poUL 

11    56  S. 

\   6    36S. 
/Jafa.        1 

8    40 

dS    54 
38      OS. 
U       OS, 
16    50 
^T2    34 

SQudaSlrai 
24     30 
42     14 

>^2l     10 

Isurate.     | 

34     17 

5    22 

\  3    15  S. 

1  Sumatra. 

0     50  S. 

0     3BS. 

TVIUcherry. 

Te^^ulaWl. 

41     56 

44     20 

7i 

80 

136 

73 

56 
43 

127 

118 

93 

80 

SO 

79 
105 

106 

U6 
77 
65 
73 
60 

35 

72 

10» 

95 
101 

99 
Priam 

123 

l'I7 

3i 
54 

ao 

50 

50 
10 

12 
47 
20 

20 

20 

51 

17 

19 

25 
20 
35 
10 
21 

12 
22 

57 
34 

50 

43 

aa. 

54 
15 

55 

39 
i. 

57 
30 

33 

13 
27 

2 

n 

25 

0 

30 

50 
50 

FtmiUe 

Pleurieu    ...... 

Traalierf , 

Dtoria..., ...... 

1724 
1769 
1802 
1610 
1727 
1766 
1766 
1771 
1783 
1802 
1B30 
1610 
1769 
1770 
1776 
1776 
1785 
1788 
1792 
1803 
1611 
1721 
1721 
1721 
1722 

1725 
1766 
1766 
1772 
1791 
1820 
1725 
1776 
16J0 
1694 
1761 
1762 
1798 
1694 
1611 
1511 
1776 
1609 
1722 
1722 
1722 
1722 
1817 
1605 
1609 
1614 
1614 
1667 
1675 
16^7 
1699 
1702 
1706 
1708 
1721 
1734 
1724 
I7.'i2 
1768 
1/72 
1775 
1780 
17BS 
1791 
1792 
1804 
1682 
1769 
1772 

s 

17 

19 

6 

6 

14 

16 

18 

18 

20 

19 

6 

15 

15 

14 

15 

15 

20 

16 

16 

13 

19 

19 

20 

20 

20 

4 

8 

8 

10 

14 

15 

3 

9 

3 

12 

12 

11 

12 

12 

17 

17 

26 

21 

18 

18 

19 

19 

15 

0 

0 

1 

1 

7 

8 

3 

11 

12 

13 

u 

16 

16 
16 
19 
19 
20 
2L 
22 
23 
2.^ 
24 
25 
0 

12 
10 

w 

30 

55 

sew 

10 

0 

0 
22 
21 
59 

6E- 
43W 
30 
41 
55 
25 

1 
32 

1 

0 
12 
44 
33 
39 
33 

5 
20 
20 
45 
12 
55 

32     1 
32§ 
30E. 
15W 
25 
40 

0 
30 
36 
20 
15 

0 
46 
3S 

7 
45 

0 
30E. 
12W 
30 
45 
15 
28 
;iO 

0 
50 
40     ! 

0 
25 
27 
18 

0 
30 
26 
14 
16 
16 
40 
30 

4 

0 

30 

lib      ON. 
VFeiTo. 

as    32 

32  36 

'^Madtfka. 

Grtat  Cauar 

^28     27 

^15     40S. 

^  14    54 
^t,Jago. 

^l5  6 

,   St.  Mayo. 

16    38 
>30      3 

h 

31    43 
6    27 
6     27 

47     15S. 
"  20     105. 

33  5.^S. 

346    56 

342  57 

343  4S 

37    30 
336    31 

336  50 

337  4 
31       7 

31     23 
48     50 
48     50 
40     48 
^7    m 

aoce. 

Ditto,......,.. 

M^em   , 

Pigtail  .,,.*.,, 

M»tbi?wi    

PnatpD  ..,..,>. 

Tluvmu  ,  * 

Duns.......... 

Gray ,*. 

Waflii 

Cutcrel. ...  ,,,. 

Ytritm  ,., 

Loweuora...... 

Tratiberr  .,..., 

Miidg« 

Davia,  * 

Sfr«-:::::: 

Hlppon 

Ditto 

Fleurieii    ...... 

Verdun  ,.,*,... 
Cook 

Dor  Uiloa 

La  Perouta  .... 
Blurb ,•,,. 

Mkr]oir«    

Rklmiid,..,.... 

Walli*    

Cook 

Saris  .,,. 

n»j«.. 

Cook 

Maibewi   ,, 

Ditto  , 

Amiot    . .  - 

D»tU.. .,. 

Ditto 

IVUlhriri   ...,., 

PHjtori  » , 

DaudIoq    

Middleton......! 

Boners 

MUlword  ...... 

Paftott  ., 

B«ftt  - . , 

Mathews    ...... 

Carteret........ 

WallU    

Vcrdfm  *.,.»,*. 
Marchasd  ».,,,. 

Mudgf! 

Matbewi    

Cook...., 

Bamn 

Muthewt   

Ditto -, 

Fonten&f 

Dam,, 

Daria.  .,.,,*.*. 

Cbaxcllcs 

Nlcbubr... 

Ditto 

Nou£t    .., 

Cba^ellci   

Saris 

MHcdonaia    •.., 

CuCtetoa  ...,., 
MAtheirs  . ,  .... 

Banm    

Werbiest   ...... 

Ditto 

Ditto  „ 

Cook  . ; 

Matbemi    ...... 

Yeatca    ........ 

HftTia. 

Gradna »,,,,,,. 

Nicbabr 

Nouet 

Cailk ,p,. 

131     12    1     29 

Prmg... 

Cape  Ag^uifl  us. 
^Aldaaha  Bav. 

vAlenindrij 
^    7    56S. 
Utcecisloi: 

5  28 
16    10  S. 

n   27 

12     30 
36     49 
\38    32 
jFayat  Ba) 
39     40 
36     57 
12     40 

6  OS. 
20     58  S. 

SL  Paul's  B 

,     16    34  S. 

5      0 

5       0 

1. 

345 

IfilajK 

I 
37 

51 

2 

331 

"37>0 

44 
72 
55 

ik>ob 
0 
0 

DaUQton     

Leydcker 

Mathews   ...... 

CwiUe,. 

Tablr  Ba3 
14     40 

342    3S 

Wnllin   ., 

Coot  _ 

Mftthewt    ..IT.*. 
Saris  , ,  ..,,.,.» 
Ditto  ,  ,,^ ., ,.. , 

Condamine    «... 
Cook  ...,.*.... 

WalUs    ........ 

Cook 

Da?U 

Ditto 

Ditto  ...    *..... 

M&ibews   

BJifk. 

Vflnconver- ..... 
DcEitrecasteaHx. . 
Bj/nsgfl  ......  . . 

Varin...* 

Flcurieu     ,,.,.. 
Verdun  ....«,  . . 

CAStlcMi  ...*.. 
Mathews   ...... 

Ckilde    

M«tb«w^$   ...... 

Ditto 

P 

^^^^^  A  G  N  E  T  I  S  M.      ^^^^^^r      m        ^ 

VatiatUm  of  the  needle  m  varUms  parts  of  the  earthj  crmtinued,                                             Ptrt  IV.    1 

1 

Authority. 

I>it«. 

VArtAtlun. 

Pl*e 

e»  or 

AuUtorily. 

D»U'. 

V«riiLtion. 

PUctt  or 
LatJiodr,        LgiigHttde, 

1 

H 

Middletoa 

Suriri 

1610 
1612 
1721 

1723 
1610 
1612 
1600 
1604 
1610 
1623 
1677 
1691 
1724 
1764 
1768 
1775 
1785 
1789 
1796 
1806 
1607 
1607 
1610 
1611 
1613 
1721 
1661 
17G1 
1661 
1761 
1762 
1600 
1610 
1722 
1722 
1610 
1?22 
1722 
1722 
1722 
1722 
1722 
1735 
1609 
1725 
1606 
1611 
1612 
1674 
1723 
1723 
1723 
1723 
1723 
1723 
1776 
1817 
1726 
1726 
1733 
1615 

imerkd 

1744 
1730 
1774 
1727 
1670 
1596 
1^10 
1781 
1781 

Jolyao 

31 

17     35W 

17  34 

11  11 

12  34 

18  55 
17     23 

8       OE. 
7     45 
7     13 

6  0 

0  40 

1  OW 

7  30 

11  38 

12  47 
12     18 

14  18 

15  30 
15     48§ 

17  18 
15     30 
15     26 

14  50 

15  11 

15  40 
23     48 
22     50 

18  0 

19  0 

22  7^ 

16  45 
16       0 
16     40 
19       1 

18  36 

19  50 
19     53     , 
19     52 

19  25 

20  0 
t9     45 
19       5 
12     19 

1     .-iOE. 

5  12W 

21  a 

16  0 

17  22 
17       0 
U     25 

11  36     1 
U     38 

12  4 

11  57 

12  20 
B       6 

6  0     ' 
14     48 
14     32 

13  22 

12  OE, 

and  its  hi 

3  OE. 

23  aw 
17      0 

4  28E. 

5  30E, 

13  OW 
13    30 

7  6 
j       7       0 

7     e 

7      0 

^  U     45N. 
VOuardafti 

U     72 

-   15     55  S. 

^SL  Hekni 
123    35  3, 

9             / 

52    32 

i. 

354     12 
43      9 

Mathews 

Rosa  ,»^, 

1781 
Aug.  6 
1726 
1760 
1761 
1726 
1726 
170B 
1741 
1615 
1730 
1708 
1708 
1708 
1763 
1780 
1782 
1783 
1705 
1726 
1783 
1817 
1726 
1726 
1726 
1732 
1672 
1982 
1709 
1700 
1704 
1799 
1732 
1789 
1605 
1712 
1785 
1804 
I6fc;4 
1792 
1792 
1793 
1726 
1772 
1776 
1783 
1728 
16^0 
1768 
1610 
1726 
1774 
1769 
1784 
1787 
1726 
1707 
1767 
1726 
1726 
1732^ 
1726 
1817  , 
1709 
1769 
1769 
16B2 
1704 
1704 
1706 
1760 
1726 
1701 
176& 
1767 

• 
7 
7 
4 
4 
3 
3 
7 
9 
7 
24 
39 
15 
11 
9 
7 
7 
6 
6 
7 
6 
3 
2 
4 
4 
4 
4 
11 
5 

10 

8 

6 

4 

4 

6 

12 

12 

12 

7 

4 

21 

19 

11 

3 

5 

5 

5 

6 

12 

6 

8 

3 

24 

24 

50 

51 

3 

20 

11 

6 

4 

6 

6 

6 

6 

5 

5 

4 

6 

6 

6 

5 

3 

7 

9 

10 

OW 

1 
24E. 
30  VV 
47 

26E. 
48 

OW 
30 

0 

0 
32E. 
30 

OW 

t» 

2 
45 
52 
I2li:, 
50 
20 
50 
10 

0 
24 
30 

0 
30 
20 
32 
40 
14 

58W 
45     ! 
15 

OE. 

0 
51 
28 
30 
16 

0 
27 
20 
30 
32 

2 
10 
40 
10 
26 
43 

9 
30W 
31 
22E. 

0 

0 

2 
31     1 

2 
20 

0 
15 
20 
35 
10 

5 
10 
10 
41 
40 

6 
36 
24 

14*2     3m 
/Beverley. 
113       5 

O          1 

300     23 

V 

Miithews 

Ditto  „,    , . , .    . 

^1 

Mkldleton* 

Sam  . , , , , 

Ditto * , 

Mlarbadoes, 
Bctftimentoft  Inland. 

^^^H 

Mathewi    

Ditto , . , , 

^^^H 

Kolthurat 

Davis ,.,.,»  .,,. 

Halley 

Mathew's    ,,..,. 

Nicholson , 

WeIIw 

Cook 

^^^H 

Baffin 

42     25        289     23 
Bo&ton. 

>60     40        292     22 
/  Button's  hiaiuls. 

34     35  S.    301     29 

13     10  SJ 
^42    23i      289     18 

VCambridge. 

110     26        294     .30 

j  Carthai^'eiui. 

1l7     45        295     11 

/St.  Croix, 

\  17     19        297       7 

B 

MSdillctoo 

Fmnll45c 

No*I 

■ 

Brattle 

Winthorp  ...... 

Wmioms   

Ditto 

H 

Lodlxrg    .  t , .  . . 
Hunter , 

Mae-donntd    .... 
Kruscostcra  .,  ». 

Ktclitig 

Ditto 

^^^H 

Ditto 

^^^H 

Feuilk^e, 

Mathews 

Lowenorn 

ThomiK>D    , 

Mathews    ,...,' 
Ditto  . , 

■ 

DAvis .  ♦ 

I  Aiig^iisriti's  Bay            j 
Madajsrasfi^r.                  li 

^^^H 

Saris  * 

Panon    ♦  . . 

Mathews    

Flacourl     ...,,. 

Lc  Gendl 

Flnrourt     ...... 

Le  Gcntil 

Diito 

'  St.  Chnst'^tih^^' 

^^^H 

"^^IS     28S, 

'  Anlongil 

'  25       IS. 

'  Fort  Dttu 

17     40S. 

12    42  S. 

>Sl.  Sebast 

^IS     30  S. 
^Mudog&sc 

113      4S. 

33     43  8. 
\   B    36 
/Skrm  Let 

31     48  S. 
^  12     47 

49     56 
Bay. 

*46    49 
»bin. 

49     56 

47     40 

lan. 

ir. 
47      5 

IT. 

353    22 

346    37 
ine. 

56       0 

Ditto ,, 

23       2 

23       B 

1    4     56 

/Cflycnne. 

36     43  S. 

1  29     55  S, 

278     16 
277     28 
307     45 

287     20 

9«)R      AA 

^^^H 

Harrli    

Richer   • , 

Hnyes    »,* 

Feuill^c , , 

Ditto ., .. 

■ 

Ditto  . . , , , 

/  tViquimbo. 
10     28     1  295     50 

^^^H 

Lancaster  .,.,., 
Davis 

Humboldt 

Hoxton , . 

Hall   .. ,, 

^^ 

Mathews    

Barh , ..  ,, 

Mftthciri    

M&thews    ,...,. 

Btilkr   

Keeling 

Maihews 

Lane  lister  , 

Middlctnn 

Saris  .......... 

Mathewi   ,««,.. 
Ditto  . , 

Cod  Bay. 
62     38 
127     19  S. 

>St.Cather 

5       0 
48      2 
50     11 
32    39 

16  25 
1  HI     46 

^St,  Domir 
J  C«p«  Frai 

17  13 
122     57  S. 

1    3     56  S, 

308     44 

312    20 

ine  a  Utaud. 

262    30     1 
237    22 
2.35     21 
242    43 
298    4<* 

287  42     1 

288  21 
318     28 

^H 

Frezier , 

La  Fer&tia«    . . . , 
KruMtisierii  • .  > . 
Datapier    ...... 

Vancoairer*  * . .  • 
Ditto  ..»•*.  .««. 

1 

Ditto 

^^1 

Malhewa    

Verdun  ....  .... 

Don  Ulloa 

Lowccorn ,..,,, 
Gray .. 

1 

Cook 

^H 

Daris 

^^^H 

Miitheiri  

Cook 

/  Cnpe  Florida. 
55     52  S.    289     57 
54     SOS.    294     35 

164     10        308     12 

^^^H 

Ditto 

^Snmtra  iKi-njit               ' 

^^^H 

Ditto 

>StThomi 

32     54 
20     45  S. 

ands, 

16  51 
52     22 

j' Albany  F( 

17  4 

6       OS. 
174     10 

us. 

13       5 
330     30 

260     10 
277     33 

298       5 

324     22 

16       0 

DJtto , 

^^^H 

Ditto 

Gingc    ........ 

Ditto    ..* 

^^^H 

Ditto 

^^^H 

Panton  ........ 

Vcjitea 

Itf athews    

Ditto 

Mathews   ...... 

FenilK-c,...,.  ,. 

Carteret 

Maiheirs   

Ditto 

15     591 

56       63. 

33    40  S. 

17      6 
1      Port 
>  Hoyal, 
I  Jnoiaica. 

12       3S. 
>J9     36 
/Mexico, 
^  14     36 

>MftTfiBiau 

298     15 
Hf  rmit  IsL 

281  0 
28S       1 
283     14| 

282  52 
260     54§ 

298     51 

■ 

Bntkr    

Schuuten 

Aimon     .,,...,, 
Midtlleton. . ,, .. 

Htjtrhins 

Malhe^FS    ' 

Hallfy   

BsrcDtz*. ,, .«  4. 

Ho<de 

WillajHit 

^^^H 

Harris    » * . 

Ditto ., 

^H 

Veatea 

Feiiint'-e 

Don  AUate  .... 

Hayes 

Feuillte 

Ditto 

1 

Ditto  .......... 

^^^H 

i  Bear  Island.                 1 

Robs 

J 

15     32 
11     20 

133     45  S. 

300    44 
285     91     , 
279      e 

^^^H 

^42     36 
^Beverley. 

Mathews  .,,... 

Fewill^ 

Byron    

Carteret..,.,... 

■ 

U 

^ 

mM 

83a 


Magaetimi 


MAGNETISM. 

Variation  of  the  needle  in  varknu  parts  of  the  earth,  continued. 


Authority. 


VancouTcr. , 
Carrcri  . . . , 
Peroase.'. .. 
Hatchins  ., 
Pickersgill 
Vancouver. . 

Rou 

Verdun  . . . , 

Cook 

Vancourer. 
Cook 

Fenill^e.... 

Ditto 

Couplet . . . . 
Bouguer  . . 
Bressan. .  . . 
Des  Hayes. . 

Cocjc 

Hnnter  . . . . 

Baffin 

Ditto 

Ditto 

Espinoza  .. 
Dampicr    . . 

Baffin 

Barentz . . . . 

Poole 

Baffin 

Ditto 

Fotherby  .. 

Baffin 

Barentz. . . . 
Phipps   . . . . 

Cook 

Don  Ulloa. . 
FeuiU^.... 
Vancouver. . 
Basil  Hall.. 
Narborough 
Middleton . . 

Ditto 

Ditto 

Wales    .... 

Fcuill^e 

Wells 

Burnet  . . . . 

Erans 

Parry 

Ditto 

Ditto 

Ditto 

Ditto 


Dentrecasteaux 

Tasman 

Cook 

Ditto 

Carteret 

Cook 

Ditto 

Dentrecasteaux 
Albrechtsen  .. 

Ditto 

Wallis    

Vancouver.... 
Broughton    . . 

Wallis    

Ditto 

Cook 

Ditto 


Date. 


1/95 
1693 
1786 
1774 
1776 
1795 
1760 
J  772 
1778 
1792 
1778 
IT70 
1704 
1707 
1698 
1742 
1649 
1686 
1768 
1787 
1615 
1615 
1616 
1794 
1683 
1613 
1596 
1610 
1613 
1613 
1614 
1613 
1596 
1773 
1778 
1776 
1709 
1795 
1821 
1670 
1725 
1738 
1742 
1769 
1710 
1686 
1723 
1750 
1755 
1789 
1820 
1820 
1820 
1820 
1820 


Variation. 


Place,  or 
Latitude.        Longitude 


9  15E 
2   0 
14  24 

17  OW 
50  36 
12  22E. 

5  32 
19  15W 
19  45E. 

18  22 
25  45 

8W 
25E 

0 
35 
30 

OW 


3 

7 
7 
5 
8 
16 


15  30 


7 

6 

24 


34  E. 
12 
6W 


64  31 

40  10 

9  33 
Pisco. 

6  58  .S. 

0  14  S. 

46  55 
Quebec. 

'  22  54 


27  30 

57  0 

14  28E. 

23  10 

13  IIW 

16  0 


16 
13 


12  14 

25  0 

15  21 

16  0 
20  38 
19  59E. 

7  30 
9  30 

14  49 

14  43 

8  10 
OW 
0 
0 

41 

6  38E. 
8  45W 

7  20 
6  22 
5  0 
4  20 

60  20 

118  16 

82  2 

108  46 

127  46E. 


21 
18 
17 

9 


} 


33  45N. 
40  29 


51  20 

64  55 

36  36 

16  48 

46  46 

149  35 
J  Nootka  Sound. 


o  ' 

279.  6 

235  31 

;277  21 

307  4 

238  9 

297  52 

303  42 

233  23 


197       5 
284     44 

280     10 


281     15 
290      7 

317     15 


61  45 

62  30 

78  0 
33  28  S. 
51  OS. 

79  44 
79  44 

}76  55 
Horn  Sound. 

79  34 

78  24 

79  42 
79  53 
53  5 

Verra  Cruz. 
133  OS. 
J  Valparaiso. 


292  25 
287    22 

293  0 
289  10 
293    42 

Bell  Sound. 


Magdalen  S. 

Poppy  Bay. 

Read  Bay. 

12       1 

193    28 

287    46 


Valdivia. 
^58    48 


265    48 


>Princ«  of  Wales  Fort. 


} 


17    36  S. 
40    43 

New  Yort 


67  37 

71  10 

71  13 
69  40 

72  12 


288    47 


265  34 

261  46 

262  57 
260  50 
257  14 


Australasia. 


1792 
1643 
1774 
1777 
1767 
1773 
1770 
1792 
1799 
1799 
1767 
1795 
1795 
1767 
1767 
1773 
1778 


1  14W 

6  20E 

9  47 

8  30 


6 
14 
8 
0 
0 
0 
9 
7 
5 
7 
5 
15 


30 

3 

0 
54W 
18E. 
19 

0 
45 
14 

0 
20 

2 


6  22 


3  42S.|  128  29 
120  15   185  11 


145  23 

174  1 

151  23 

127  21 


184  42 

273  5 

209  35 

219  18 

221  48 

174  0 

202  30 


Authority. 


Bayley 

Wales    

Ditto 

Ditto 

Cook 

Tasman 

Bayley , 

Ditto 

Cook 

Bligh 

Dentrecasteaux 

Wales    

Vancouver..  ,. 

Forest    

Cook 

Wallis    

Bavlcy  ...... 

Cook , 

La  Perotise    . .  < 

Cook 

Bayley 

Vancouver. .  . . . 

Carteret 

Vancouver.. .. . 

Bvron    

Wallis 

Ditto 

Cartcrot 

Wallis    

Tasman , 

Cook 

Bayley   

Cook , 

Grant 

Cook < 

Wallis    

Cook 

Le  Gentil 

La  Perouse    . . , 

Bligh 

Cook 

Tasman 

Cook 

La  Perouse    . . . 

Cook , 

Dentrecasteaux, 

Tanman , 

Wallis    

Ditto 

Cook 

Ditto 

Ditto 

Ditto , 

Vancouver. .  . . , 
Broughton. . . . , 

Cook 

Marchand  . . . . , 

Wallis    

Broughton .... 

Cook 

Vancotiver. . . . , 
Broughton. . . . 

Cook 

Ditto 

Carteret 

Cook 

Wallis   , 

Ditto 

Cook 

Hunter 

Broughton.. .. 
Tasman 


Date. 


1773 
1773 
1773 
1774 
1777 
1642 
1793 
1773 
1777 
1788 
1792 
1773 
1793 
1775 
1774 
1767 
1773 
1774 

1786 
1774 
1773 
1794 
1767 
1791 
1765 
1767 
1767 
1767 
1767 
1643 
1769 
1773 
1777 
1800 
1777 
1767 
1777 
1766 
1787 
1788 
1769 
1642 
1770 
17^6 
1774 
1793 
1643 
1767 
1767 
1769 
1773 
1774 
1777 
1794 
1795 
1774 
1791 
1767 
1796 
1779 
1793 
1796 

1774 
1774 
1767 
1774 
1767 
1767 
1770 
1788 
1795 
1643 
1773 


Variation. 


13  ii 

14  15 

13  52 

14  9 


12 
0 


10  34E 

9  6 

5  15 

8  33 

7  40 

13  49 

14  56 


141      6S.    173    26 
>Ch«rlotte  Soiiad. 

41  6     I  174    25 
Ship  Cove. 

42  25     I  142      8 

43  22        147    29 


1 
10 
6 
9 
4 
3 
3 


30 

6 

0 

3 

30 

32 

10 


10    29 
12     12 


0 
20 
20W 


1     20 

1  3 

7  lOE 

8  20 

7  40 

8  40 
11     25 

6    31 
5  l3iW 

2  50E. 
8     12 

0 
12 

15W 
33 
36  E. 


12    40 
9      0 


13 
8 

11 
9 
5 
6 
5 
4 
5 
5 
5 
6 
3 
3 
5 
6 


5 
42 

3 
30 
30 

0 
30 
45§ 
40 
49 
34 
12 
43 
31 
50 

0 


10  54 

8  6 

7  47 

8  15 

9  12 
10  24 
10  1 

2  46 

8  33 


10 

1 
8 


0 

OW 

OE. 


8    30 
11       9 


30 
51 


PUce,  or 
Latitude.        Longitude. 


^Adventure  Bay. 


43 

32 

147 

6 

45 

47 

166 

18 

45 

45 

166 

16 

0 

21 

131 

0 

18 

43 

169 

28 

19 

20 

221 

22 

21 

21 

185 

26 

27 

6 

250 

14 

S*  Easter  IsUumL 


14  39 

40  18 


0 

5 

35 

21 

21 


} 


44 

0 
6 

8N. 
4 

19  11 
7  56 

16  46 
34  35 

34  0 
16  45 

16  43N. 
38  29 

20  15 
15  53 
20  15 
14  34N. 
14  29N. 

17  53 

35  50 
40  3& 

20  SOX. 

29  2 

20  17 

0  26 

17  43 

17  30 

17  29 

17  29| 

17  29\ 

17  294 

[17  30^ 


9  55 

9  59 

17  51 

21  51N. 

19  28N. 

►whyee. 


F 


} 


18 

18  0 

25  2 

20  18 

10  ION. 

2  28N. 

33  50 

33  50 

33  52 

22  26 


166  49 

173  10 
267  54 
152  11 
118  14 
118  6 
120  52 

219  46 
158  48 
205  39 

172  0 

208  51 

208  52 
144  40 
185  11 
184  39 
18.')  11 

120  51 

121  11 

211  49 

174  45 
174  0 

203  .^5 
1G8  16 
164  36 
126  0 
210  .37 

209  52 

210  30 
210  39 
210  18 
210  22 
210  24 

220  51 

221  51 

212  22 
199  37 

204  0 


164  41 

196  0 

226  43 

164  41 

167  47 

104  52 

151  23 

151  25 

151  10 

184  1 
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Authority. 

Dmte. 

Variation. 

Plac 

Latitade. 

e,  or 
Longitude. 

Authority. 

Ddite. 

Variation. 

Place,  oT 
Utitnde.    1   Longitude. 

Cook 

1770 
1773 
1767 
1767 
1774 
1773 
1643 
1773 
1777 
1793 
1767 
1774 
1774 
1773 
1774 
1277 
1796 
1775 
1793 
1767 
1767 
1767 
1767 
1817 
ditto 
ditto 

f4 
13 

8 

6 

11 

13 
7 

10 
9 

10 
6 

12 
7 
6 
6 
6 
9 
1 
1 
6 
7 

10 
6 
7 
7 
7 

OE. 

1 

0 
30 
25 
40 
15 
11 
44 

0 
20 
28 
14 
10 

4 
19 
41 

0 
14 

0 

0 

0 

0 
47 

0 
18 

14*1     37  S. 

16  28 

17  28 
19      3 
38    21 

^21       9 
>TongaUb( 

21       8 
14     ."iSN. 
19    48 
19     32 
16     45 
16     46 

16  45( 
21     18N. 

0      0 

0       1 

19     26 

19       0 

13     18 

17  28 
.33     40 

33  15 

34  8 

1/4 

204 
208 
190 
178 
184 

184 
150 
182 
169 
208 
208 
208 
202 
127 
131 
221 
218 
182 
209 
148 
147 
146 

30 

28 
48 
20 
34 
55 

50 
42 

0 
49 
35 
23 
25 

1 

0 
13 
56 
46 
52 
36 
21 
16 

3 

Oxley,  (In  the  in- 
terior of    New 
HolUod)    .... 

1817 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
1818 
ditto 
dittf) 
ditto 
ditto 
dittri 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 
ditto 

8 
7 
7 
6 
7 
7 
'      7 
5 
7 
8 
8 
8 
7 
8 
6 
7 
8 
9 
8 
10 
8 
10 
10 
9 

4'4E. 

0 
45 
.30 
49 
25 
51 
23 
20 
H 
38 
40 
22 
48 
14 
22 

0 
42 
58 
51 
39 
22 

5 
11 
33 

3^4 
34 
33 
33 

33 
33 
•Xi 
33 
32 
32 
32 
33 
31 

:ii 
:n 

31 
"  31 
30 
31 
31 
31 
31 
31 
31 
31 

iis. 

13 
24 
22 
22 
53 
14 

4 
•47 
44 
32 
27 
49 
IS 
14 
13 
13 
57 

4 

1 

19 
23 
24 
25 
3S 

145  56 

146  0 
145     46 
145     24 

145  5 
144     33 

146  7 

146  31 

147  23 

147  46 

148  51 

149  28 
147     .52 

147  31 

148  18 
148     38 

148  41 

149  20 
151       5 
151     26 

151  49 

152  8 
152    51 

151  53 

152  48 

Baylcy 

WtUis    

Ditto 

Cook 

Bayiey 

TMman 

Cook 

Ditto 

Dentrecasteaiix. . 

Willis   

Cook 

Ditto 

Baylcy 

WallU   

Cook 

BFOughton    .... 

Forest    

Dentrecastcaux. . 

WallU   

Ditto 

Ditto 

Ditto 

Oxley,  (In  the  in- 
terior of  New 
Holland)    .... 

Part  IV. 


Note,    In  tlie  preceding  table  of  rariations  in  Australasia,  the  latitudes  not  marked  by  the  letter  N  are  South;  in  all  the  preceding 
part,  the  latitudes  not  marked  with  S  are  North.    The  longitude  throughout  is  East, 
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Mifnttiim 


Tidfle,  shewimg  the  dip  of  the  needle  in  various  parts  cf  the  earth,  from  the  earliest  ohservatknu  to  the 

present  time,  taken  on  shore. 


Place. 

Aothority. 

Date. 

XMp. 

Latitude. 

Loa^tnda.   1 

Ancona 

Basil  Hall 

Nouet     

Humboldt 

Ditto 

1821 

1799 

1805 

1800 

1754 

1775 

1771 

1761 

1776 

1776  • 

1792 

1791 

1755 

1761 

1769 

1805 

1805 

1800 

1776 

1770 

1794 

1751 

1754 

1820 

1766 

1770 

1793 

1800 

1799 

1799 

1799 

1799 

1799 

1805 

1799 

1805 

ISOO 

1799 

1782 

1776 

1791 

1799 

1820 

1780 

17S2 

1783 

1710 

1710 

1778 

1780 

1794 

1794 

1795 

1785 

1783 

1786 

1809 

o 
6 

47 
66 
14 
11 

8 
45 
46 

4 
79 
20 
71 
71 
72 
72 
69 
64 
64 
34 
26 

rs 

52 
54 
69 
52 
67 
20 
SO 
39 
38 
35 
38 
8 
66 
64 
66 
20 
10 
65 
61 
62 
62 
58 
69 
69 
69 
47 
55 
11 
26 
77 
78 
19 
30 
49 
10 
66 

15  S. 
SON. 
53  N. 
26  N. 
ION. 
57  N. 
SOS. 
9S. 

23  S. 

20  N. 
37  S. 
SON. 
45  N. 

ON. 
45  N. 
53  N. 
48,N. 
37  N. 

21  N. 
ON. 

ISN. 

52  S. 

22  S. 
45  N. 
56  S. 

IS 
SOS. 

24  N. 
47  N. 

53  N. 
15  N. 
20  N. 
43  N. 
12  N. 

34  N. 
9N. 

47  N. 

35  N. 
ON. 

52  N. 

25  N. 
25  N. 
22  N. 
51  N. 
41  N. 
41  N.  . 
25  S. 
SOS. 

54  S. 
3S. 
8iN. 

58lN. 
45N. 
SOS. 
15  N. 
15  N. 
15  N. 

o 
11 

31 
0 

35 
15 

8 
52 

3 
48 

r 

44 
41 
24 
23 
48 

20 

34 

3 

6 

10 

10 

10 

10 

2 

45 

1 
11 
46 

^28 

h 

29 
36 

.1 
6 

60 

58 

5 
27 
17 

9 
50 

12  X. 

0 

56  S. 

I'SS. 
28  S. 

41  N. 

22  N. 

42  S. 
28  N. 

32  N. 

SON. 

23  N. 
16  N. 

ON. 
83  N, 

52  S. 

58  S. 
OS. 

22  S. 

34  N. 
28  N. 
16  N. 
26  N. 
ION. 
55  N. 

44  N. 

52  N. 

33  N. 
38  N. 
SON. 

23  N. 

55  S. 

43  S. 

59  N. 
8S. 

16  N. 
12  N. 

35  N. 
21  S. 

45  N. 
58  N. 

ON. 

2§2 
29 

282 
345 

50 

76 

277 

128 

355 

IS 

11 

2 

38 

237 
55 

55 
151 
127 
292 
295 
296 
284 
296 
280 
8 

292 

282 

32 

343 

289 

288 
287 
202 
105 
213 
223 
273 
312 
295 
76 
36 

/ 

52 
55 

B 
37 

33 
54 
» 
29 
29 
21 

12 
SO 

33 
SO 

30 

23 

21 

2 

50 

1 
SO 

1 

46 
53 

lO 
36 
40 
29 

18 

44 
20 
SO 
36 
22 
55 

5 
20 
11 

3 
26 

Alexandria 

Altorf 

Antonio 

Ascension 

LaCaille    

Cook 

Agulhas 

Ekeberg     

Le  Gentil 

Panton 

Hutchins 

Dentrecasteaux. . 
Ditto 

Antongil  Bay     

Anjenga 

Albany  Fort 

Amboina    

Brest 

Berlin     

Euler 

Ditto 

Ditto 

Ditto 

Humboldt 

Ditto 

Bologna.' 

Barcelona 

Ditto 

Bareedy 

Panton   

Ekeberg.  •• 

Vancoaveir 

Manevillctte 

LaCaille    

Barlow 

Le  Gentil 

Cook 

Booca  Tigris, 

Birch  Bay    .  • 

Bourbon  Island 

Boulogne , . 

St.  Paul's 

Botany  Bay 

Bourou  Island 

Carrichana     

Dentrecasteaux. . 

Humboldt 

Ditto 

Cumana 

Cumanacoa    

Ditto 

Cathagena 

Ditto 

CocoUar 

Ditto 1 

Cuenca 

Ditto 

Como 

Ditto 

Cambrilis  

Ditto 

Cenis 

Ditto 

Carlos,  Saint 

Ditto 

Chancay 

Ditto 

Cherson 

Inochodzof    .... 
Cook 

Cruz,  Saint,  Teneriffe  . . 
Ditto 

Dentrecasteaux. . 

Humboldt 

Mudge 

Williams    

Ditto 

Ditto 

Ditto 

Cambridge    .    

Coquimbo 

Ditto 

Feuillde 

Ditto 

ConceDtion     

Christmas  Island 

Cracatoa  Island 

Chalmcr's  Haven 

Cross  Sound 

Cook 

Ditto 

Vancouver 

Ditto 

Cocos  Island 

Ditto 

Catherine,  Saint,  Island 
Croix,  Saint,  Island  .... 
Cochin   

La  Perouse    

Lowenorn 

Le  Valois 

Huth 

Charkow    
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Pirt  m 


Plftce. 

Aythority. 

Date. 

Dip, 

Latitude.       ' 

Longitude. 

CLarlotte  Sound,  New  > 
Zealand j 

CovCf  Ship, .,.,,..,,,, 

Cook ' 

1770 

1773 
1773 

1773 
1774 

1777 

17S7 
1773 
1731 
1813 

1777 

1792  , 
17^1*2 

1793 

1793  \ 

1773 
1791 
1761 
1792 
1793 

J7m 
1799 
1770 
1751 
1754 

IBOS 
1803 
1799 
1765 
1775 
1762 

1769 
1769 
1774 
1786 
1821 
1806 
1806 
1B14 
1805 
1799 
1799 

1799 
1799 
1799 
1751 
177« 
1775 
1776 
1780 
1792 
179S 
1795 
1791 
1776 
1776 

0 
54 

64 
64 
64 
64 
63 
11 
71 
71 
71 

70 
70 
70 

72 
70 

70 
69 
5^ 
74 
59 
79 
55 
36 
52 
52 
63 
63 
68 
72 
71 
48 

68 
65 
66 
63 
12 
1     69 
69 
69 
64 
66 
64 

66 
G6 
65 
43 
45 
45 
46 
46 
47 
6 
2 
64 
11 
13 

50  S. 
444  S. 

39  S. 
218. 
38|  S. 

42  S. 
5N, 

45  N. 

20JN. 

«6N. 

15  S. 

50  a 

30  8. 

22  S. 
IDS. 

6S. 

43  S. 
5S. 

SON. 
13  N. 
30  N. 
58  N. 
OS. 
52  S. 

17  S. 
57  N. 
54  N. 
32  N. 
12  N. 
IN. 
32  S. 

51  S. 
OS. 

54  S. 
OS. 

llfN. 
29  N, 
26  N. 

9N. 
45  N. 

9N. 
34  N. 

42  N. 

22  N. 

55  N. 
OS. 

37  s. 
l&S. 
26  S. 
47  s, 
25  S. 
ON. 
20  N. 
54  S. 
37  N. 

23  N. 

0 
>.4l 

14 
\  55 

43 
43 
43 
43 
43 

45 

25 
48 
34 
65 
3 
15 
1  20 

43 

43 
53 
38 
17 

55 
54 

2 

r 

44 

34 
33 
0 
0 
35 
14 
15 

Vs. 

29  N. 

41  N. 

21  S. 
32  S. 
32  S. 
34J  S. 
34|  S. 

47  s. 

IS. 

21 N. 

42  N. 
52  N. 
lliN, 

26  S. 
10  S. 

46|  N. 

29  N. 

UN. 
32  N. 

41  S, 

50  S. 

22  s. 
35  S. 
13  S. 
32  N. 

25  N, 

55  S. 

20  s, 
55  S. 
37s. 
44  S. 
5S. 
24  K. 
29  N. 

0 
175 

111 
12 

147 
146 
147 
146 
146 

166 

46 
237 
243 
341 

293 
145 

S7 

a 

351 

331 

49 

294 

289 

294 

2SO 

9 

8 

18 

18 

IB 

270 

267 

118 

43 

43 

/ 
25 

U 
35 

29 

56 

6 

56 

56     > 

18 

49 
22 
7     1 
10 

57 
12 
28 

15 

45 

27 

56 

35 

57 
16 
15 
54 

58 

£4 

29 
24 

22  ; 

54 

14      ; 

35 

12 

Bayiey    •.,...., 

Walea 

Ditto  ..*•.••.., 

Ditto  * . , , 

Ditto ,  • 

Cook 

Cavite,  Manilla , . 

Copenliagen  ...•.•••.. 

La  Perouse    . , . , 
Ijous  » 

Diemens  Land: 

Adventure  Bay , , 

North  Port     

Bugge    

IVlengel     

Cook 

Bertrand     

Dentrecaiteaux . . 
Ditto 

Cape  Diemen , , 

South  Port    , , 

Dusky  Bay,  New  Zealand 
Ditto 

De  Rossee . . 

Cook 

Vancouver 

Le  Gentil 

Vancouver 

Ditto  , 

Dauphin,  Fort,  Madagas. 

Discovery  Haven 

Diego,  Saint 

Dynefiord's  Haven    • . ,  . 
Esmeralda  ♦ * 

Lowenorn 

Huniboldt 

Cook , 

Endeavour  River  , 

France,  laic  of  , 

Florence    •«•••«*•••>. 

Mannevikle    .... 

La  Caille   

Humboldt  ...*.. 
Ditto 

FiUinza , . . 

Ferrol 

Ditto  -. ., 

Francker    •••4 ••««•••. 

Bru£;nianus    .... 
Cook  . .  . , 

Fayal  Bay  •...,.»...». 

Foulpoint,  Madagascar 

Fuego,  Terra  del  » 

Success  Bay  •••.,«,*,. 

Le  Gctitil  . , 

Cook 

j  Christmas  Sound  • 

Saint  Vincent    •«,....* 
Guayaouil ».  •••••«i*.. 

Ditto  ••.•••.... 

Ditto* 

La  Perouse    .... 

Basil  Hall 

Humboldt , 

Mayer 

Ditto  .,.•«..«.. 

Gottingen  ,..»•«..*«,. 

Genoa    ••«»••««•«•••■ 

Humboldt 

Ditto  ^...^ 

Ditlo  «.,««..«., 

La  Caille    

Bnylcy    .•*..,.* 
Ditto 

Guadarama    *C4« •«•««« 

Gironna. ^  « ,  •*  * , 

SaiDt  Goihard    ,••«.•.. 
Saint  Ursem  .».,...••. 

Saint  Hospiz - ,  •  , . 

Saint  Airolo    ...  * 

1   Good  Hope    • » . , 

Falte  Bay  ....*,,.*,». 

Alierccombje  . ,  * . 
Cook 

Sicaon*!  Bay  ,.,.,..••. 

Bertrand     

Coinet    . ,  . .  :   . , 

Vaticoaver. 

Ditto 

George  IIL  Sound     , , . , 

GebclZeghir 

GebelTeir ,.., 

PaniM 

Ditto • . 
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Dip  of  the  needle  in  various  parts  of  the  earth,  continued. 


Place. 


Havnefiod*8  Haven 
Holinen*8  Haven  . . 
Helena,  Saint  . .  . . 


Heidelberg    

Heilbronn 

Huaheine>  Owhyee 

Judda 

Irkutsk 

Javita     

Impossibile   

Kola 

Klcve 

Landscrone 

Loxa 

Lima 


Lucem 

Lucie  le  Bois 

Lyons    

London  


Lefooga  Island 

Maria  Island^  Madagasc, 

Manilla , 

Madras 

Mocha    , 

Macao 

Musketto  Cove 

Madrid 

Montpellier   

Marseilles 

Medina  de  Campo     . . . . 

Magdeburg   

Michael^  Saint 

Modane 

Milan 


Authority. 


Lowenorn  . 

Ditto 

LaCaille  . 
Ekeberg     . 

Cook 

Humboldt . 

Ditto 

Cook 

Pan  ton  . . . 
Schubert  . 
Humboldt . 

Ditto 

Rumowsky 
Humboldt . 
Wilcke  ... 
Humboldt . 
Feuill^e ... 
Humboldt . 

Ditto 

Ditto 

Ditto 

Norman . . . , 
Gilbert  .... 
Ridley  .... 
Bond 

Whiston..., 


Graham  .... 

Nairne    

Cavendish  . . 

Gilpin     

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Sabine    

Cook 

Le  Gentil  . . . 

Ditto 

Abercrombie . 

Panton 

Ekeberg 

Cook 

Pickersgill. .  . 
Humboldt . . . 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 

Ditto 


Date. 


1786 
1786 
1754 
1771 
1775 
1805 
1805 
1777 
1776 
1805 
1799 
1799 
1769 
1805 
1770 
1799 
1710 
1799 
1805 
1805 
1805 
1576 
1600 
1613 
1676 

1720 

17^ 

1772 

1775 

1786 

1787 

1788 

1789 

170O 

171)1 

1795 

1797 

1798 

1799 

1801 

1803 

1805 

1621 

1777 

1762 

1766 

1775 

1776 

1770 

1779 

1776 

1799 

1799 

1799 

1799 

1805 

1805 

1805 

1805 


Dip. 


o 
80 

78 
9 
13 
11 
68 
68 
^ 
26 
67 
24 
38 
77 
70 
72 
5 
10 
9 
67 
68 
66 
71 
72 
72 
73 

(-73 

175 

r74 

174 
72 
72 
72 
72 
72 
71 
71 
71 
71 
70 
70 
70 

70 

70 

70 

70 

36 

48 

11 
5 
8 

23 

21 

81 

67 

65 

65 

66 

69 

66 

66 

65 


'on. 

30  N. 
OS. 
0  8. 

25  S. 

39  N. 
IN. 

28  N. 
ON. 
ON. 

19  N. 

SON. 

45  N. 
8N. 

SON. 

24  N. 

30  8. 

59  S. 

ION. 

ION. 

14  N. 

SON. 
ON. 

30  N. 

SON. 

45 

10 

42 

42 

19 

31 
81 
25 
4-0 

54-8 

537 

23-7 

11-4 

594 

55-4 
522 
35-6 
320 
210 

3-2 
55  S. 
31  S. 
41  N. 
15  N. 
23  N. 

7iN. 

IN. 
22  N. 
41  N. 
53  N. 
ION. 

9N. 
35  N. 
12  N. 

6N. 
40  N. 


Latitude. 


} 


64 
64 
15 


49 
40 
16 
20 
52 

2 
10 
68 
51 
55 

4 
12 


4N. 

9N. 

55  S: 


24  N. 

roN. 

43  N. 
59  N. 
17  N. 
48  N. 
26  N. 
52  N. 
48.  N. 
52  N. 

OS. 

SS. 


45  46  N. 
1  51  31  N. 


20 
16 
14 
13 
13 

22 
64 
40 
43 
43 


15S. 
SOS. 

34  N. 
15  N. 
22  N. 

9N. 
53  N. 
25  N. 
36  N. 
18  N. 


52  ION. 

45  23  N. 

45  28  N. 


LoogUude. 


338  8 
338  8 
354  12 


44  O 

9  7 

208  52 

39  56 

104  11 

291  58 

295  54 


33 
6 


O 
5 


12  4D 
280  36^ 
2S9  52 


4  49 
0   O 


185 

11 

120 

51 

79 

57 

44 

lO 

113 

49 

307 

3 

356 

17 

5 

52 

5  23 
11  45 
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Fkrtir, 


L 


Place. 

\uthority. 

Date. 

I           ^H'^ 

latitude. 

tx>n«;itiidc. 

Modeoa 

Humboldt 

Beitler    .... 

Le  Valois  ..,,,. 

Don  Algate    . 

Humboldt 

Parry 

I8a5 

1783 
17S6 
177S 
1799 
1820 
1794 
1820 
1820 
1760 
1799 
1805 
177s 
1794 
1778 
1781 
1754 
1769 
1773 
'     1774 
1777 
1791 
1777 
1793 
1778 
179.'^ 
1774 
1671 
1754 
1776 
17*50 
1791 
1798 
179B 

m>6 

1814 

1755     1 

1769 
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La  Came 
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Btiim      ThefoUowh^  obiervaiioni,  giving  both  the  dip  and  variaHon,  are  taken  from  the  append  to  Captain  ErankUn*$  Part  IV. 
*^^  Journey  to  the  shores  of  the  Polar  Sea;  to  toliich  are' added  the  computed  latitude  and  longitttde  of  the  terrestrial  ^^^m^^mmJ 
magnetic  pole,  (art.  197.) 
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67 
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11 
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17 
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6 
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31 

31. 

67 

19 
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2 
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59 

06 
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54 
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18 
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5 

/89- 
\89 

56 
6 
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0    24/ 

44 

15 

68 

50 
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33 

Point  Tomagain, 

Note,  The  column  showing  the  difference  of  dip,  with  the  fiice  of  the  instrumeiit  in  diifiBrf  nt  directions,  appears  to  indicate  a 
want  of  adjustment  in  the  dipping  needle,  and  may  l«Ad  to  some  dooht  respecting  the  accuracy  of  the  mean  results.  It  is  presumed, 
lioweTer,  that  the  error  is  not  ^'ery  considerable. 
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Segncr. 

Page. 

Col. 

lAnt,                               Error, 

Coirreclinn, 

190, 

2, 

15,  24,  from  bott.         O, 

a. 

273, 

1, 

3  from  bott.                  A, 

K. 

280, 

2, 

18  from  bott                AEFD, 

A  FEB. 

PLANE  ASTRONOMY. 

The  TAble  of  Ck>n8tellaUons,  p.  507,  the  following  principal  Stars  are  misplaced, 

being  set  one  line  too  high,  i>  e. 

Betelgense  »hould  be  placed  oppoeiie  Orion. 

Canopus  "  Argo. 

Cor  Hydm  «  Hydra. 

Page  522, /or  meridian,  read  horizon. 

NAUTICAL  ASTRONOMY. 


Page, 

Col, 

lAne. 

Error. 

Correction, 

608, 

1, 

16. 

80*  east. 

80*  30'  east. 

do. 

do. 

39, 

longitude, 

latitude 

i. 

do. 

do. 

43. 

after  lop, 

ituert  under  4. 

do. 

do. 

49. 

3-  48-5, 

3-  45-2 

K 

do. 

2, 

10,  11, 

24k  3-  56^55  ;  31  se-ss  ; 

24»'  3-  55*  91, 

24>»3- 

56-55  :  3-  56-55  : :  24*  :  3«  55-91. 

do. 

do. 

21.  25, 

February, 

AprU. 

610, 

1, 

55, 

-  55«  2, 

-  15«-2 

1. 

612, 

10, 

10' 6" 

9'  54",  and  make  the  corresponding  corrections. 

613, 

2, 

19, 

dele(^   " 

'  G£  m,). 

617. 

1, 

33, 

18  feet. 

16  feet. 

619, 

2, 

21, 

PA, 

ZA. 

622, 

do. 

24, 

lay-to, 
after  time) 

lie-to. 

628, 

do. 

34. 

insert  it 

632, 

14. 

Barometer 

+  O'  35". 

Barometer  +  0'  16''. 

do. 

15, 

Thermometer  +  0'  56", 

Thermometer  +  0'  22",  and  make  the  correspond- 

ing 

corrections  throughout  the  example. 

636,' 

1, 

44, 

after  horizon. 

insert  4 

the  refraction. 

645, 

Table  VI. 

sideral, 

sidereal 

646, 

Table  VII 

.  sideral, 

sidereal 

In 

plate  I.  fig. 

2,  the  centre  of  the  circle  ])  1 

m  Z  should  be  C  and  not  £. 

PHYSICAL  ASTRONOMY. 

Pag^,Col, 

JAm, 

Oorreetion. 

647,    1, 

21, 

power. 

powers. 

do.      do. 

47, 

conTenng, 

converging. 

do.      do. 

63, 

limits. 

stretch. 

648,    do. 

47, 

laws. 

law. 

654,   2, 

14, 

gifes. 

have. 

659,   do. 

18. 

:  VaR 

:  >/AC 

664,    1, 

marg.linell; 

»    a/)r^  let  S  be  the  sun, 

insert  (Fig.  8.) 

670,    do. 

9, 

plane. 

planet. 

679, 

3  and  5 , 

a  t 

T 

a  t 

684, 

9  from  bott. 

(-flc) 

(1-ac) 

do. 

7  fipom  bott. 

(at  +  2aa'] 

1 

(a«-2««') 

689, 

30, 

A 

Ci,r,r/  &c. 

716, 

9, 

u 

717, 

H, 

(250J 
(241) 

(241.1) 

do. 

13, 

(241,2) 

718, 

7, 

m 

""75 

721, 

10, 

A.  COS  re 

A.  cos  B  e 

722, 

1, 

to. 

of. 
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